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Abstract

This thesis studies a specific transport planning problem, which is based on a
realistic scenario in the transport industry and deals with the delivery of goods by
transport companies to their customers. The main aspect of the planning problem is to
consider if each company should deliver the cargo on its own or through a collaboration
of companies, in which the companies share the deliveries. In order to find out whether
or not collaboration should take place, the transport planning problem is represented in
terms of a mathematical optimization problem, which is formulated by using a column
generation method and whose objective function involves minimization of costs. Three
different solution cases are considered where each of them takes into account different
combinations of vehicles used for delivering the cargo as well as the different maximum
allowed driving time of the vehicles.

The goal of the thesis is twofold; firstly, to see if the optimization problem can be
solved and secondly, in case the problem is solvable, investigate whether it is beneficial
for transport companies to collaborate under the aforementioned circumstances in
order to incur lower costs in all instances considered. It turns out that both goals
are achieved. To achieve the first goal, a few simplifications need to be made. The
simplifications pertain both to the formulation of the problem and its implementation,
as it is not only difficult to formulate a transport planning problem of this kind
with respect to real life situations, but the problem is also difficult to solve due
to its computational complexity. As for the second goal of the thesis, a numerical
comparison between the different instances for the two scenarios demonstrates that the
costs according to collaborative transport planning turns out to be considerably lower,
which suggests that, under the circumstances considered in the thesis, collaboration
between transport companies is beneficial for the companies involved.
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Chapter 1

Introduction

1.1 Background

Among the customers of Scania there are many transport companies that have trucks or
Heavy Duty Vehicles, hereafter referred to as HDVs. The companies use the HDVs to transfer
goods from one location to another for their customers, a process which will hereafter be
referred to as delivery of assignments. Most of these transport companies are relatively
small and do not have many HDVs at their disposal. In fact, according to a report from
2011, around one half of the transport companies in Sweden only have one HDV at their
disposal while roughly 80% of the companies own five HDVs or less [28] as can be seen in
Figure 1.1.

Figure 1.1. Ratio of size of transport companies in terms of HDVs at disposal.

It is strongly suspected that the transport companies are not collaborating with each
other but instead plan and deliver assignments independently from one another. Hereafter,
such scenarios will be referred to as local transport planning; the transport planning is
only locally optimized but not considered to be optimal in terms of a collaboration of
transport companies, while at the same time, it is inefficient with respect to resources and
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2 CHAPTER 1. INTRODUCTION

environment, which results in a low profitability. The reasons why the companies focus
on local transport planning can be many. While it is possible that the companies either
do not have the power nor competence to investigate if a collaboration between companies
of similar size is beneficial, let alone follow through with it, it might also be because the
companies do not believe that collaboration is the right way to proceed. For instance, the
idea of sharing important information with a company, which under normal circumstances
would be your competitor, is perhaps not ideal. Instead of collaborating with each another,
the companies focus on doing the best they can with their current set-up, which, again,
may be understandable.

However, from Scania’s point of view, things are different. What Scania sees is a
number of transport companies of similar size and Scania might wonder if a collaboration
between these companies, which also happen to be its customers, could be established
so that both the transport companies and Scania can benefit from it. Firstly, it could
prove to be beneficial for the transport companies as they might spend less money on
making the deliveries in a collaborative transport planning, which, in contrast to local
transport planning, is the process when all local transport planning has been combined
into a global problem where a collaboration between the transport companies occurs.
Secondly, Scania might be able to increase its profit margin when they sell their HDVs
by providing its customers with additional service regarding the collaborative transport
planning. By doing that, Scania would continue to expand its possibilities and business.
Finally, collaborative transport planning leads to a more efficient use of resources, which is
good for the environment and society.

The collaborative transport planning scheme consists of resources being shared between
companies which means that HDVs and assignments from all participating companies belong
to the collaboration, which can be viewed as being one transport company as depicted in
Figure 1.2.

Figure 1.2. Vehicles, drivers and assignments of transport companies belong to a
collaboration. Outputs from an optimized planner are schedules for each collaborative
company. The original figure is taken from [27].

1.2 Goal of the Thesis

The goal of the thesis is twofold. Firstly, a transport planning problem is studied by means
of a mathematical optimization problem to see if it is solvable. Secondly, in case it can
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be solved, it will be investigated if it is in fact beneficial to combine all local transport
planning into a collaborative transport planning so that the total cost of collaboration is
less than the total cost of each participating company working independently. Specifically,
the question is whether the costs of a local transport planning is less than the costs of a
collaborative transport planning for two companies A and B according to

Costs(A) + Costs(B) ≥ Costs (A+B) (1.1)

where the left and right hand sides denote the costs of a local and collaborative transport
planning, respectively. While it is initially suspected that the cost for each company is less
within the collaboration than outside it, as it is probable that the collaborative scheme will
find a solution which is as least as good as the corresponding solution in a local transport
scheme, it remains to be seen if the difference will be significant.

Restrictions
The thesis studies whether a successful collaboration between transport companies can be
established by comparing the costs of participating companies according to a local and
collaborative transport planning for a given problem. However, the actual reasons why
companies would want to participate in the collaboration are beyond the scope of the
paper. Likewise, in case of successful results, resource and cost or profit allocation between
participating companies will not be considered as well as how interested customers could
be attracted. Unsurprisingly, these aspects would need to be studied in great detail if a
collaboration between transport companies were to take place. Other aspects than financial
might well need to be taken into consideration as well.

1.3 Outline

The rest of thesis is structured as follows.
Chapter 2 describes the theoretical background required to understand the formulation and
solution procedure of the transport planning problem. This includes discussing well-known
optimization problems and methods for solving such problems.
Chapter 3 is dedicated to the formulation of the transport planning problem. After the
problem statement and assumptions have been described, the transport planning problem
is stated in terms of a mathematical optimization problem.
Chapter 4 covers the solution procedure and implementation process for the transport
planning problem. A few assumptions and simplifications are introduced in that regard
before an example problem is given to illustrate the solution procedure.
Chapter 5 is devoted to solving and analyzing a numerical case study for the transport
planning problem, whose purpose is to compare local and collaborative transport planning
schemes.
Finally, conclusions are drawn and other solution approaches are discussed in Chapter 6.





Chapter 2

Theoretical Background

In the thesis, the formulation of the transport planning problem, which will be introduced in
Chapter 3, will be based on two different approaches for formulating integer transportation
problems that deal with supply and demand relationship between suppliers and customers.
One approach is called Vehicle Routing Problem (VRP) while the other approach is called
Origin-Destination Integer Multi-Commodity Flow Problem (ODIMCFP). Furthermore, a
so-called column generation method and a graph algorithm, both of which will be used
in the solution process of the transport planning problem, will be introduced. However,
it is appropriate to start the coverage with discussion on particular types of optimization
problems.

2.1 Optimization Problems

Integer Programming Problem
An integer programming (IP) problem is a problem on the form

minimize cTx

s.t. Ax = b

Fx ≤ d
x ≥ 0, integer

(2.1)

It is difficult to solve Equation (2.1) as IP problems are in general known to be NP hard
according to Garey and Johnson [16], which means there are no known methods of solving
all such problems efficiently [14].

Liner Transportation Problem
The following describes a linear transportation problem

minimize cTx

s.t. Ax = b

x ≥ 0
(2.2)

5



6 CHAPTER 2. THEORETICAL BACKGROUND

Equation (2.2) deals with a homogeneous product and was introduced by Dantzig [9]. The
constraints are described by a supply-and-demand relation between m suppliers and n
customers. Equation (2.2) can be solved by standard linear programming methods where
the solution vector x, which in this case is continuous, denotes how much of the product
should be sent between specific suppliers and customers.

2.2 Graph Notation

Consider a graph
G = (V,A)

where V and A are the set of vertices and arcs, respectively, of the graph. The vertices
represent cities or towns considered in the transport planning problem, while the arcs are
the links between the vertices and represent the roads between cities. The arc notation
indicates the direction of travelling. Thus, for vertices v, v′ ∈ V the arc (v, v′) ∈ A denotes
travelling from vertex v to vertex v′. Furthermore, it is assumed that whenever there is an
arc (v, v′) from v to v′, then there is also an arc (v′, v) from v′ to v.

Additionally, the graph used in this thesis is assumed to be both connected and incomplete.
It should be possible to travel between any two vertices, which explains the graph connectivity.
Meanwhile, a graph is incomplete if there exists at least one pair of vertices, which is not
connected by an arc. Specifically, in case it is impossible to travel directly from v to v′, i.e.
there is no direct arc between them, it should, however, always be possible to travel from v
to one or more intermediate vertices on the way to v′.

A typical graph used for the transport planning problem is depicted in Figure 2.1. When
a graph has numeric values, such as when arcs have numbers to indicate distances between
vertices, it is customary to speak of a network instead of a graph.

v1

v2

v3

v4

v7

v6

v8

v5

v10

v9

Figure 2.1. Graph with vertices vl for l = 1, . . . , 10 and corresponding arcs between every
adjacent vertices. The graph is both connected and incomplete.
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2.3 VRP

The VRP is a combinatorial optimization and integer programming problem that seeks
to find an optimal way of serving a number of customers with a fleet of vehicles [12].
Specifically, each vehicle, i.e. HDV, starts its route at a depot, visits a subset of customers
before returning back to the depot [6]. A typical graph representation of VRP is illustrated
in Figure 2.2. Additionally, each customer has a demand for a given product, which is kept
in the depot, and each HDV has a capacity. The objective of the VRP may for instance
refer to minimization of travelled distance, travelling time or number of vehicles used [30]
while the constraints require that

• each customer is visited exactly once,

• the sum of customer demands for the given product does not exceed vehicle capacity
and

• the HDV begins and ends each trip at the depot.

v1

v2

v3

v4

v7

v6

v8

v5

v10

v9

Figure 2.2. Example of two routes (in red and blue) starting and ending at a depot
vertex, which is marked with a bigger dot.

VRP is applicable in many different fields, such as street cleaning, school bus routing
and routing of salespeople. The well-known travelling salesman problem (TSP) is a special
case of VRP according to Toth and Vigo [30]. Specifically, when only one vehicle is available
at the depot and no other operational constraints are imposed in VRP, the circumstances
are the same as in TSP. Furthermore, Laporte [20] states that TSP is a relaxation of the
VRP.

The general case of the capacitated VRP, which up until now has been discussed, can be
extended, which makes it possible to consider special cases where additional requirements
are included. For instance, time-windows, which will be used in the transport planning
problem, can easily be added to the VRP. The additional requirements imposed state
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that each customer must be served within a specified time window. The case of VRP
where both time-windows and capacity constraints are considered will be abbreviated as
VRPTW. Other extensions to VRP include multiple depots and fleet sizes, both of which
will be considered in this thesis.

VRPTW is NP-hard in the strong sense [7, 30], while even finding a feasible solution to
the VRPTWwith a fixed fleet size is a NP-complete problem in itself according to Savelsbergh
[26].

2.4 ODIMCFP

ODIMCFP deals with the case when a number of commodities, i.e. assignments, need to
be delivered from given supply vertices (origins) to specific customer vertices (destinations)
in a network. Specifically, each assignment may only use one particular route from origin
to destination [5]. A typical graph representation of ODIMCFP is illustrated in Figure 2.3.
Similar to the VRP, the objective for ODIMCFP involves minimization of travelled distance
while the constraints state that

• each assignment needs to be delivered from its origin to its destination and

• each arc in the network has a capacity limit

v3

v4

v7

v8

v5

v9

Figure 2.3. Example of two routes (in red and blue) from origins (non-filled vertices) to
destinations (filled vertices).

Common use of ODIMCFP includes bandwidth packing problems in communication
and package flow problems in transportation [5]. The real benefits of including aspects
of the ODIMCFP formulation is that it considers many assignments, each of which has
a specific origin-destination combination. These conditions also apply to the transport
planning problem even though additional constraints, such as time windows and vehicle
capacities, need to be included as well. This is where the formulation of VRP is of assistance,
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because time windows and vehicle capacities are considered there. Thus, with respect to
stating necessary characteristics of the transport planning problem, which is introduced in
Chapter 3, the formulations of VRP and ODIMCFP complement each other well.

Regarding the computational complexity of ODIMCFP, Barnhart, Hane, and Vance [5]
state that when column generation is used along with standard branch-and-bound approach,
it is not possible to identify feasible IP solutions for some large problems, which probably
implies NP-hardness of the problem.

2.5 Column Generation

Column generation is a solution procedure where a mathematical optimization problem is
solved by iteratively adding variables to the model until the optimal solution is found [13]. In
order to solve a optimization problem, column generation decomposes it into two problems
with different structures and purposes; a master problem and one or more subproblems,
which are solved individually. The following explains both problem structures.

Suppose the master problem, denoted MP, consists of the following minimization problem

minimize
n∑

j=1
cjxj

s.t.
n∑

j=1
aijxj ≥ bi, i = 1, . . . ,m

xj ≥ 0, j = 1, . . . , n

(2.3)

with n decision variables, xj , and m constraints, where yi denotes a dual variable
associated with constraint number i. When column generation is applied to a problem, it
typically contains a huge number of columns, i.e. decision variables, even though the optimal
solution only considers a tiny fraction of them [22]. Because of this, a so-called restricted
master problem (RMP), which contains only a subset of the columns in Equation (2.3), is
used to represent MP [5]. That means that the number of columns in the column generation
procedure is small to begin with, but increases as long as the solution to the RMP can be
improved. This is done instead of explicitly listing all the columns in Equation (2.3).

It all depends on the subproblems if the solution to RMP can be improved. Specifically, a
non-basic variable with negative reduced cost is sought in the subproblem, which is denoted
as SP. The reduced cost is indicated by

min
j=1,...,n

{
cj − yTAj

}
(2.4)

where yT = [y1 . . . ym] and Aj = [a1j . . . amj ]T , both in Rm, are the dual variable vector and
j-th column vector, respectively, of Equation (2.3) above. If the value of Equation (2.4)
is negative, it means that a new column Aj is added to RMP. In other words, a column
is created, which explains the name of the method and consequently, RMP iterates. The
process is repeated until the reduced cost becomes nonnegative, which means that the
optimal solution to the problem has been obtained. Figure 2.4 shows the relation between
RMP and SP.
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Master
problem Subproblem

Dual variables

New columns

Figure 2.4. Communication between restricted master problem and subproblems.
The figure is taken from [19].

Column generation is suitable for either IP problems or LP problems that have a
block-diagonal structure [22]. Applications of column generation for IP problems include
the well-known Cutting stock problem, which was introduced by Gilmore and Gomory [17].
It deals with finding an optimal way of cutting rolls of width W such that minimal number
of rolls are used and demands of bi rolls of widths wi, i = 1, . . . ,m are satisfied according to

m∑
i=1

aijwi ≤W, Aj ≥ 0, integer

where aij denotes the number of rolls of type i belonging to a cutting patternAj = [a1j . . . amj ]T
[15]. The characteristics of the cutting stock problem are described in Table 2.1 while
Figure 2.5 illustrates one example of a cutting pattern.

xj Decision variable Specifies how many rolls are cutted according to cutting pattern Aj

yi Dual variable Characteristics of constraint describing width i (Simplex multiplier)
wi Parameter Width of roll of type i; assumed to be an integer
aij Parameter Specifies how often width of roll i appears in cutting pattern Aj

bi Parameter Demand for roll of type i; known beforehand
Table 2.1. Description of parameters and variables in the cutting stock problem.

spillw7w3w12w2

W

Figure 2.5. An example of a cutting pattern for a roll of width W in the Cutting stock
problem. The figure is taken from [15].

The optimal way of cutting the rolls is described by which cutting patterns should be
used to obtain minimal number of rolls. Specifically, the master problem of the cutting
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stock problem consists of the following minimization problem

minimize
n∑

j=1
xj

s.t.
n∑

j=1
Ajxj ≥ b

xj ≥ 0, j = 1, . . . , n

(2.5)

where the columns Aj correspond to cutting patterns. In accordance with Equation (2.4)
above, the reduced cost of non-basic variables in the cutting stock problem is given by

min
j=1,...,n

{
1− yTAj

}
= 1− max

j=1,...,n

{
yTAj

}
which means that the subproblem of the cutting stock problem is given by

1−maximize yTAj

s.t. wTAj ≤W
Aj ≥ 0, integer

(2.6)

where the constraints describe the feasibility of the cutting patterns with respect to the
width of the rolls W . Because of its structure, Equation (2.6) is a so-called knapsack
problem while the optimal solution of Equation (2.6) corresponds to a new cutting pattern
Aj in Equation (2.5). The number of iterations depends on how well the current solution to
Equation (2.5) can be improved; a new cutting pattern Aj is introduced until the optimal
value of Equation (2.6) becomes nonnegative.

For many hard combinatorial problems, the subproblems in column generation based
algorithms are NP-hard according to Zhu, Huang, and Lim [31]. In general, branch-and-bound
is a procedure for obtaining integer solutions for IP problems where feasible solutions are
obtained by relaxing the integer requirements of the decision variables, in which case the
corresponding LP problem provides upper (lower) bounds for maximization (minimization)
problems. The process is similar for IP problems, to which column generation is applied.
In order to obtain integer solutions in case of fractional solutions, it is possible to perform
a so-called branch-and-price strategy, which is a LP based branch-and-bound procedure for
column generation [4, 24].

Column Generation for VRP & ODIMCFP
Both VRP and ODIMCFP have been solved successfully by a column generation method.

For the VRPTW, the subproblem becomes an elementary shortest path problem with
capacity and time windows constraints, which is NP-hard according to [7]. A column
generation approach for daily aircraft scheduling based on VRPTW, which takes fleet sizes
into consideration as well, is presented in Desaulniers et al. [10].

As for the ODIMCFP, Barnhart et al. [5] use column generation to solve the ODIMCFP
LP-relaxation while Moccia et al. [23] take that approach one step further and include
multiple time windows and vehicle capacity constraints as well.
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2.6 Depth-First Search Algorithm

As mentioned in the introductory text for Chapter 2, a graph algorithm is used in the column
generation implementation. More specifically, its purpose is to represent the sequence of
visited vertices (cities) in each route, which then gives a candidate column for selection in the
optimization problem Equation (3.2). An explanation of how the sequence is constructed
is appropriate.

By using the notation of Section 2.2, consider the graph

G = (V,A)

where G is indicated by a adjacency matrix with index gvv′ such that

gvv′ =
{

1 there exists an arc between vertices v and v′ ∀v, v′ ∈ V
0 otherwise

The adjacency matrix is symmetric; if it is possible to travel from v to v′, then it is also
possible to travel from v′ to v in accordance with Section 2.2. The adjacency matrix gives
a necessary platform for finding a way of moving across the graph, e.g. from origin to
destination, in which case a so-called Depth-First Search (DFS) Algorithm will be used.
DFS was introduced by Tarjan [29] with applications ranging from combinatorial theory to
artificial intelligence.

DFS is a special technique for traversing either a graph or a tree, which is a connected
graph that contains no cycles. DFS is best explained by illustrating its use on a tree as in
Figure 2.6. Suppose there is a root vertex to start from. Then one of the branches of the
tree is followed until either a destination vertex or a leaf vertex, which has no children, is
reached. In the latter case, the search is continued at the nearest ancestor with unexplored
children vertices [1]. To explain the name of DFS, a search is the process of traversing the
graph while depth-first indicates that an arc leading from the most recently visited vertex,
which still has unexplored arcs, is chosen each time [29].

1

2

3

4 5

6

7 8

9

10 11

12

Figure 2.6. The numbers denote the sequence in which the vertices are visited in DFS.
The figure is taken from [1].

Suppose that |V | denotes the number of vertices of the graph G. Then, in case G is
represented in terms of an adjacency matrix, the computational complexity of DFS is given
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by O(|V |2) [21] while it is possible that the whole graph needs to be traversed before the
destination vertex is reached.





Chapter 3

Problem Formulation

The current chapter introduces the problem formulation, which includes stating necessary
restrictions and assumptions that need to be considered for the transport planning problem.
Some assumptions and simplifications need to be made in order to make the problem easier
to handle while the assumptions will help shine a light on the problem structure.

3.1 Problem Statement

Firstly, it is assumed that each assignment goes from a given initial place called the origin
to a specific ending place called the destination. Thus, a delivery of an assignment starts
when an HDV picks up an assignment at the origin and ends when the same HDV has
delivered the assignment at the destination.

Secondly, it is assumed that there exists a specific time window for each assignment,
which is the time from earliest pick-up at origin until latest delivery at destination. That
means that each assignment needs to be delivered from the origin to destination within the
specified time windows.

Thirdly, each assignment has a weight associated with it. This relates to the fact that the
HDVs, which are used to deliver the assignments, have a certain weight capacity associated
with them, which means that there is a limit on how many assignments can be loaded
simultaneously.

Fourthly, the HDVs are assumed to begin and end each journey at the same place, a
place which will hereafter be referred to as depot. The depot denotes a place where one
or more HDVs are stationed. For each depot, there is a limit on the number of times the
HDVs, which belong to that particular depot, can be used. This will later be explicitly
stated as a constraint that needs to be fulfilled.

Fifthly, an HDV is said to be driving a route when it departs from a particular depot,
picks up an assignment at the origin and delivers it to destination before returning back to
the same depot as it departed from. However, it is also possible to deliver more than one
assignment in a route.

Finally, it is assumed that the assignments belong to one of the transport companies
that are stationed in the depots vertices. This means that in local transport planning,

15
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the transport companies must deliver the assignments that belong to them while in the
collaborative transport planning, any transport company can deliver the assignments as
the assignments belong to the collaboration, as depicted in Figure 1.2.

In Figure 3.1, the notations of origins, destinations, depots and routes are illustrated.
A couple of routes are shown in red and blue where in each one the direction of arrows
denotes the sequence in which vertices are visited. In both cases, the HDVs depart from the
depot and arrive at origins where they pick up particular assignments. Next, they deliver
the assignments at destinations before they end the routes by returning to the same depot
as they departed from.

v3

v4

v7

v8

v5

v9

Figure 3.1. A graph that contains the characteristics of the transport planning problem
such as origins (non-filled vertices), destinations (filled vertices) and depot, which is marked
with a bigger dot. A dashed line represents a segment where an HDV has no assignments
loaded.

By summarizing the problem statement for the transport planning problem, the assignments
need to fulfil the criteria of being delivered between the right places during the right time
interval as well as satisfying weight considerations. Later on, these criteria will be stated
as constraints that need to be fulfilled in a mathematical optimization problem.

3.2 Assumptions

Firstly, the main reason for why the graph used in the thesis is considered to be incomplete
is that it simplifies the computation complexity of the transporting planning problem.
In case the number of vertices in a complete graph is indicated by |Vc|, then there are
|Vc| (|Vc| − 1) /2 arcs in total in a complete graph, which indicates that a complete graph
with many vertices will involve a large number of arcs. For example, there are 105 arcs in
a complete graph for |Vc| = 15 while there are 435 arcs in a complete graph for |Vc| = 30.

Secondly, all assignments considered in the transport planning problem are known
beforehand. This means that all so-called “on-the-fly” deliveries, which include urgent
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deliveries that transport companies get quite often in reality, are not considered. This
makes the problem static as opposed to dynamic. As a result, the problem is much easier
to solve since a possible solution to the problem does not need to be updated once an order
for a new assignment has been made.

Thirdly, the HDVs are considered to be homogeneous, i.e. they are of same type and
size and have the same weight capacities. This is not quite the case in reality as there are
many different types of HDVs that can handle different types of cargo. In some way, it is
reasonable that they are homogeneous since only weight but not volume of the cargo will
be considered. Additionally, service times at origin and destination are omitted, i.e. there
are no loading and unloading times at origin and destination, respectively, for the HDVs.
However, the most simplification regarding the HDVs is the fact that fuel consumption
will not depend on weight of the cargo, which is not quite the case in reality, but depends
entirely on distance covered by the HDVs.

Finally, driving conditions are considered to be less restrictive than in reality. For
instance, no drivers are considered in the problem, which means that various regulations that
apply to drivers, such as maximum allowed driving time without a rest and minimum resting
time, can be disregarded. Similarly, driving conditions are thought to be homogeneous,
which means that different traffic patterns or different types of roads between places will
not be considered. This means that the speed at which the HDVs drive between cities can
safely be assumed to be constant. Additionally, the travelling time between two given cities
only depends on the distance between them.

3.3 Objective of the Transport Planning Problem

The local and collaborative transport planning problems deal with how to deliver the
assignments from their origins to their respective destinations in an efficient way. As
stated in Section 3.1, the assignments need to fulfill specific criteria regarding origins and
destinations, time windows and weight capacities. But what could be meant by an efficient
way of delivering assignment in local and collaborative transport planning? Two different
alternatives are considered before the cost function of the transport planning problem is
chosen.

Profit of Assignments
One way is to look at the profit of the assignments. The profit in case of the transport
planning problem is a little bit different from profit in the normal sense where profit equals
revenue minus costs. Specifically, under the circumstances in this thesis, the only revenue
term that should be considered is when an assignment is picked up at its origins and delivered
to its respective destination, which results in a transport companies receiving payment for
the services provided. However, since all assignments are known beforehand, it means that
the revenue is constant. Thus, the concept of maximizing profits will correspond to cost
minimization, which again equals minimizing distance covered in the routes by the HDVs.
For the reason mentioned above, the costs of local and collaborative transport planning are
considered instead of profits in Equation (1.1).
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Fill-Rate
In the transport industry today, there is a great emphasis put on a parameter called fill-rate,
which is a measure of efficiency for the HDVs. Hosseini and Shirani [18] investigate several
ways of measuring it, one of which is to consider the relationship between travelled distance
with and without full capacity of cargo for each HDV. Suppose route j with j = 1, . . . , n is
divided into q segments with index r where r = 1, . . . , qj , then a more formal definition of
fill-rate is the following

fill-rate route j =

qj∑
r=1

(distr × weightr)
qj∑

r=1
distr × cap

(3.1)

where distr, weightr and cap denote the distance of segment r, total weight of cargo
carried by an HDV on segment r and max capacity of the same HDV, respectively.

Cost Function of the Transport Planning Problem
One of the benefits of applying any kind of transport planning, particularly in the collaborative
sense and to some extent in the local sense, is to combine routes for different assignments. In
some cases, it could be possible to increase the fill-rate and lower costs. For instance, using
one HDV to deliver two assignments to the same or different destinations could be more
efficient than using two HDVs for the same tasks. Whether it is efficient or not depends
on the circumstances, such as the location of origins and destination of each assignment as
well as on the distance between the origin of the second assignment and the destination of
the first one. Figure 3.2 illustrates an example of this.

v1

v2

v3

v7

v6

v8

(2) 4

(2)4

2

(1)

10

(3)
4

(3)
4

Figure 3.2. An illustration of how three options give different results with respect to the
two different objectives of the transport planning problem.
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Suppose an HDV with capacity equal to 25 weight units (WUs) leaves its depot (big
black vertex) and arrives at origin of a particular assignment (non-filled red vertex) with
weight 10 WUs. The HDV has three obvious options of reaching the destination (filled red
vertex) from the origin. The options are indicated by the coloured letters in parenthesis
while the distances between the vertices are also given. The first two options involve delivery
of the assignment according to two different ways that vary in length while the third option
includes delivery of additional assignment, which has weight equal to 15 WUs and whose
origin and destination are represented by the non-filled and filled blue vertices, respectively.
The violet arc represents that both assignments, which are represented by red and blue
characteristics, are loaded simultaneously. The three alternatives are not that simple to
choose between and depend on the objective of the problem; the third option provides the
best fill-rate of the three options — 0.30 at best compared to 0.18 and 0.16 at best for
options one and two, respectively, according to Equation (3.1) — while the second option
provides the shortest distance to the destination — 20 at best compared to 22 and 24 at
best for options one and three, respectively. Even though better fill-rate is obtained by
delivering the other assignment as well, it comes on the expense of longer distance, which
suggests that choosing which option to take is not that simple.

However, in other cases, it might be possible to find routes that misuse the term fill-rate.
As an example of this, consider Figure 3.3. The figure considers the three options from figure
Figure 3.2 and additionally offers the fourth option, which involves choosing another way
to the destination, which is represented by a filled blue vertex. The fourth option provides
a better fill-rate than option three — 0.52 at best compared to 0.45 at best according to
Equation (3.1) — even though the distance is longer — 24 at best compared to 35 at best.
Thus, simply by travelling a longer way with the cargo results in a better fill-rate even
though it does not involve delivery of an additional assignment.
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Figure 3.3. An illustration of how high fill-rate value can be achieved by choosing option
four even though it can not be considered as being logical.
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In the following chapters, the cost function of the transport planning problem will be
taken as the minimal distance of the routes needed to deliver all assignments to the right
places. The reason is mainly due to simplicity. Firstly, the fact that the cost term depends
only on distance is a somewhat justified simplification; even though it only considers some
aspects that need to be considered in real cases with respect to profitability of the companies,
it captures the most important factor, which is the distance covered in the routes by
the HDVs. Secondly, with respect to the solution approach in subsequent chapters, the
minimizing distance approach of the cost function is easier to implement than the fill-rate
approach.

It should be noted that under the assumption that travelling time depends only on
travelled distance as a result of the speed being constant according to Section 3.2, minimal
time and minimal cost criteria are equivalent.

3.4 Combining VRPTW and ODIMCFP

Both the VRPTW and ODIMCFP will be useful in the formulation of the transport planning
problem since it takes into account advantages from both approaches. Specifically, the
following is based on the formulation of VRPTW:

• Each HDV begins and ends its route at the depot node.

• Time-windows and vehicle capacity constraints considered.

• Multiple depots and varying fleet sizes are included.

while the following is based on the ODIMCFP formulation

• Many assignments considered.

• Each assignment starts at the origin and ends at the destination.

• Each assignment needs to be delivered.

The only real difference between VRPTW and the planning problem is that in the latter,
each assignment starts in a specific origin, which could be unique, instead of the depot, which
is a common starting place for all the assignments in the VRP. One possible way of dealing
with this issue is to include necessary aspects of the aforementioned ODIMCFP formulation.

Meanwhile, the biggest difference between the weight capacities of the ODIMCFP formulation
and the planning problem is that in the former, the weight capacities are considered for
each arc instead of each HDV. In order to deal with this issue, weight capacities will be
fitted into the column generation framework of the planning problem instead of explicitly
stating them as constraints like in the ODIMCFP formulation.

3.5 Transport Optimization Problem

The goal of the thesis is to study if and how the minimal costs of collaboration in the
transport planning problem can be achieved by the means of a mathematical optimization
problem, in which a given objective function is minimized so that certain constraints are
fulfilled. Specifically, in accordance with the discussions in Sections 3.1 to 3.3, the following
is a statement of the transport optimization problem.
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minimize total costs
s.t. assignments delivered

time windows satisfied
load restrictions fulfilled
limit on trips for depots

where, in addition to the constraints considered in Section 3.1, the last constraint denotes
a limit on the number of times the HDVs that belong to a particular depot can be used.

The formulation of the transport optimization problem is based on a column generation
method and involves creating routes for deliveries of assignments in the transport planning
problem. For each assignment, a number of feasible routes are created so that the time
windows at both the origin and destination are satisfied while at the same time the load
restrictions of the vehicles are fulfilled. The main criteria in the column generation formulation
is deciding which routes should be chosen to incur minimal cost and satisfy constraints.
Therefore, the decision variables in the optimization problem are xj , j = 1, . . . , n with the
following property

xj =
{

1 route j is chosen in optimal solution,
0 otherwise

Consequently, the problem is an IP problem with n binary decision variables,m assignments
where m� n and p depots on the form

minimize cTx

s.t. Ax = b

Fx ≤ d
x ≥ 0, x binary

(3.2)

where

c ∈ Rn is a column vector denoting the cost of the routes,

A ∈ Rm×n is a incidence matrix for the assignments,

x ∈ Rn is a decision variables vector consisting of binary values,

b ∈ Rm is a column vector consisting of ones,

F ∈ Rp×n is a incidence matrix for the depots and

d ∈ Rp is a column vector denoting the upper limit of how many times a route can
be taken from a given depot

Section 2.1 considered a couple of well-known optimization problems. In that regard,
the problem in Equation (3.2) has a similar structure to the one described in Equation (2.1),
which indicates that the former problem might be difficult to solve. In addition, the
problem described by Equation (3.2) considersm different assignments, each having different
origin-destination combination from any other. Thus, it is more difficult to handle than a
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general linear transportation problem described in Equation (2.2).

Below is an illustration of what the matrices A and F consist of.

minimize total costs
s.t. assignments delivered

time windows satisfied −→ A matrix
load restrictions fulfilled
limit on trips for depots −→ F matrix

The following subsections explain in further detail how these matrices are constructed
along with other parameters.

Structure of Matrix A

The first constraint set in the problem defined by Equation (3.2) is the following set
partitioning statement

Ax = b (3.3)

where A is a m× n incidence matrix for the relationship between the n feasible routes and
m assignments that need to be delivered to their destinations. Specifically, by decomposing
A into n column vectors

A = [A1 A2 . . . An]

then Aj = [a1j a2j . . . amj ]T indicates which assignments i = 1, . . . ,m are delivered in
routes j = 1, . . . , n. In other words, the index aij in the matrix A is such that

aij =
{

1 assignment i is delivered in route j
0 otherwise

This means the structure of A is as follows

A =
[
A1 A2 · · · An

]
=



route 1 route 2 · · · route n

assignment 1 a11 a12 · · · a1n

assignment 2 a21 a22 · · · a2n

...
...

...
. . .

...
assignment m am1 am2 · · · amn



Since column generation method will be used to create n feasible routes form assignments
that need to be delivered where each assignment can be delivered in numerous ways, this
means that m � n. This also means that at most m routes need to be chosen so that
all deliveries are made in case each route only allows for one assignment. However, it is
hopefully possible to combine a number of assignments so that some HDVs carry out more
than one assignment per route, meaning that some column vectors Aj would have two or
more indices equal to one. If delivering more than one assignment per route involves lower
costs in some cases, that implies benefits of a collaboration between the companies. Even
though it is also possible to combine assignments in local transport planning, the possibility
of doing so is greater in collaborative transport planning, the reason being that in the
former, the assignments belong to specific transport companies but not to the collaboration
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as mentioned in Section 3.1.

Finally, the vector b in the right hand side of the set partitioning statement in Equation (3.3)
consists of ones, which refers to that all assignments need to be delivered.

Cost of the Routes
There is a cost term cj associated with each route j which corresponds to the total distance
covered in that specific route. Since each route begins and ends at the same place, the cost
cj will denote the travelled distance from the depot to the origin, from the origin to the
destination and then finally back to the same depot as it departed from.

Structure of Matrix F
In the problem given by Equation (3.2), the following set packing constraint

Fx ≤ d

is a relation between the depots and routes. The vector d puts a limit on the number of
times the HDVs belonging to a specific depot can be selected to drive routes while the index
fkj , k = 1, . . . , p; j = 1, . . . , n in matrix F is such that

fkj =
{

1 depot k is used for route j,
0 otherwise

For reasons explained later, in case of collaborative transport planning, the matrix F will
consist of p× p identity matrices I according to

F = [I I I · · · I]





Chapter 4

Solution Procedure and Implementation

The current chapter describes the solution procedure and implementation process for the
transport planning problem. The solution procedure revolves around applying column
generation method with the support of a DFS algorithm. The rest of the chapter is dedicated
to the implementation process before a small example problem, which uses the notation
introduced in various chapters of the thesis, is presented.

4.1 Column Generation

In the optimization problem defined by Equation (3.2), the columns that are created in the
column generation will correspond to routes that start and end at specific depots. The routes
involve delivery of one or more assignments depending on possible combinations of two or
more assignments. The implementation is described in further detail in subsequent sections.

Section 2.5 described how column generation is normally applied to a problem. However,
the column generation method used in this thesis is a bit different from how column
generation is usually applied. Namely, only the master problem is considered whereas the
subproblems are omitted. This means that instead of starting off with a few feasible columns
and let the subproblems create new and better columns in case of a negative reduced cost,
all the columns are explicitly stated in the master problem to begin with. As a result, the
optimization problem involves creating candidate routes among which the optimal ones are
known and are selected so that the minimal cost is obtained and the constraints are satisfied.

The reason for applying the column generation this way is mainly technical; it simplifies
the solution procedure considerably as the case of several depots, fleet sizes and number of
assignments in one route, all of which are considered in Equation (3.2), make the problem
difficult to formulate. In addition, the subproblems for VRPTW-like problems are NP-hard,
as mentioned in Section 2.5. Consequently, it suggests that the problem in Equation (3.2)
is in fact NP-hard, at least NP-complete since it shares some similarities with the VRPTW.
The relation between NP-complete and NP-hard problems is that NP-complete problems
are not as difficult to solve as NP-hard problems [16].

The main drawback of generating all columns from the start is that, in general, the
number of columns may grow exponentially in the number of vertices and assignments
unless the time windows are very tight. As a result, it might be impossible to generate all

25
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columns for large-scale problems in practice. However, the approach should work very well
for the medium-scale problem, which is considered in the thesis.

4.2 DFS

Suppose the task is to create routes from a given origin vertex v to a destination vertex u in a
given graph G. The DFS-algorithm, which in the case of the transport optimization problem
defined by Equation (3.2) is a bit modified from the original version, would start by choosing
an edge to visit from v, which leads to a new vertex w. The process is then repeated; in each
iteration an unexplored edge is selected from the most recently visited vertex and traversed
until the destination vertex u is reached. Once u has been reached, a new exploration
begins from an unvisited vertex and the same process is repeated. Algorithm 1 lists the
DFS algorithm, which is taken from [25]. As the output of the DFS-algorithm is a sequence
of vertices from an initial vertex v to a destination vertex u, it means that the segments
from depots to origins, origins to destinations and destinations back to depots can all be
created in this way.

Algorithm 1 Recursive DFS algorithm for Equation (3.2)
Input: A graph G, initial vertex v ∈ V and destination vertex u ∈ V.
Output: A sequence of vertices from initial vertex v to destination vertex u ∈ V

1: function DFS(v)
2: if v is unmarked then
3: mark v
4: for each edge (v, w) ∈ E do
5: DFS(w)
6: end for
7: end if
8: end function
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ROUTES{1} =

1 2 3 4 5 6

ROUTES{2} =

1 2 3 4 5 8 6

ROUTES{3} =

1 2 3 4 5 8 7 6

ROUTES{4} =

1 2 3 4 5 9 8 6

ROUTES{5} =

1 2 3 4 5 9 8 7 6

(b)
Figure 4.1. (a) An illustration of applying DFS for Equation (3.2) that shows five
routes for a particular assignment. (b) The corresponding routes shown as outputs from
implementation of DFS.

Figure 4.1 depicts two kinds of outputs from implementation of the DFS algorithm on a
particular graph. Suppose there is an assignment whose origin is in vertex v1 and destination
in vertex v6. Figure 4.1a shows five possible routes for the particular assignment. The
part from v1 to v5 is the same in all cases while the numbers 1-5 represent five different
ways of reaching destination vertex v6 from v5. In total there are 179 routes created in
total for this particular graph. Meanwhile, Figure 4.1b on the right illustrates how the
five routes in Figure 4.1a are represented in terms of sequence in which the vertices are
visited. The construction of the route corresponds to how a typical column is created in the
column generation implementation and given as a candidate for selection in the optimization
problem given by Equation (3.2).

4.3 Assumptions and Simplifications

Firstly, for the first assignment that an HDV carries out for a route, it is assumed that the
HDV arrives exactly at the time of earliest pick-up at origin. However, the time at which an
HDV departs from its depot is of no importance except that the distance from the depot to
the origin is accounted for in the cost of the route. As the arrival times at origin are exact
and not determined by other means, e.g. some probability distribution, this means that the
number of instances that would otherwise need to be considered decreases considerably.

Secondly, only the shortest route between any two given vertices will be considered. This
will apply for different parts of routes; firstly, for parts between origins and destinations
and, secondly, for parts between destination of one assignment and the origin of the next
assignment. This is not necessarily an oversimplified assumption as it was assumed in
Section 3.2 that driving conditions are homogeneous and travelling times depend only on
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distance. Additionally, the objective function of the optimization problem in Equation (3.2)
involves minimizing distance. Consequently, choosing the shortest route under those circumstances
can be considered as being logical. As a result of the simplicity being made, the number of
routes that need to be considered are not as many as otherwise would be.

Finally, the most significant simplification has to do with the fact that for each HDV,
only one assignment is carried out each time. This means that each HDV carries out a
specific assignment before even considering its next assignment regardless of how much
space is available in the HDV for other assignments. Unsurprisingly, this would not be the
case in reality where, instead, the planning would always focus on which assignments, if
any, could be carried out simultaneously in a route. Even though only one assignment can
be considered each time, it does not change the fact that several assignments can still be
delivered in each route. It should be noted that it is implicitly assumed that each assignment
fits in an HDV and that each assignment is delivered by exactly one HDV. As a result of
this simplification, the load restrictions are automatically satisfied in each route and do not
need to be considered any longer. Therefore, the set-partitioning statement

Ax = b

will only consider which assignments that satisfy their time windows are delivered. This
changes the statement of the optimization problem in Equation (3.2) to

minimize total costs
s.t. assignments delivered

time windows satisfied
limit on trips for depots

even though the notation is the same as before

minimize cTx

s.t. Ax = b

Fx ≤ d
x ≥ 0, x binary

(4.1)

In light of this simplification, it is probable that the sets of columns in Equations (3.2)
and (4.1) will be slightly different from one another, which means that the matrix A would
not be the same for the two cases.

Furthermore, all considerations about fill-rate will be excluded hereafter because circumstances
where fill-rate is of real interest, which is when two or more assignments are carried out
simultaneously, do not apply.

However, one final thought regarding weights of the assignments is worth mentioning.
It turns out that the weights are not that difficult to incorporate in the objective function
of the optimization problem defined by Equation (4.1). Specifically, in each route j the
column Aj represents which assignments are delivered in that particular route which means
that the segment from origin to destination for each delivered assignment in the route is
known. Therefore, it would have been possible to calculate the weight carried by the HDV
at each segment of the route and, additionally, incorporate it into the objective function of
the optimization problem.
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4.4 Important Time Instances of Assignments

Let oi and di denote the origin and the destination, respectively, of assignment i, i = 1, . . . ,m.
Similarly, let t(earliest(oi)) and t(latest(di)) denote the times of earliest pick-up at origin
and latest delivery at destination, respectively, of assignment i so that

[t(earliest(oi)); t(latest(di))]

reflects the time window for the assignment, i.e. the time interval in which assignment i
needs to reach the destination di from the origin oi. A priority assignment is defined to
be the first assignment of a particular route or, equivalently, an assignment that should be
carried out in the route. Since priority assignments are picked up at the time of earliest
pick-up at the origins, t(earliest(oi)) will hereafter be replaced by t(oi) for those assignments.
It should be emphasized that each route will only have one priority assignment even though
the same assignment can be a priority assignment for a number of routes. Similar to the
notation of a priority assignment, an alternative assignment is defined as an assignment
that can be carried out once the priority assignment has been delivered. The alternative
assignments could just as well be several even though only one is carried out each time in
accordance with the assumptions set forth in Section 4.3.

The existence of time windows stress the importance of knowing which routes to take
between any two given vertices, e.g. origin to destination, so that the assignments are
delivered within the given time windows. This is where the DFS-algorithm plays an
important role. As stated in Section 4.3, only the shortest route between two places is
chosen. The shortest route is obtained by applying the DFS-algorithm so that it find
the shortest segment between every instance of initial vertex v and destination vertex
v′. This means that the travelling times and distances for any particular segments are
known, which, along with characteristics of the assignments in Equation (4.1) is useful when
determining the optimal solution of the local and collaborative transport planning problems.
Furthermore, the shortest segment for all the instances is kept stored in a matrix in case
they need to be used more than once, see Figure 4.2. This simplifies the implementation
process as the same segment only needs to be found once and repetition of same calculations
can be omitted. In a problem of moderate size, this simplification can be very important.
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Figure 4.2. (Left) A network with numbers indicating the distance between vertices.
(Right) Demonstration of how the shortest segments between a few vertices of the network
are stored in a matrix.

The relation between two assignments will be discussed on the following pages and a
few instances mentioned. In those instances, index i will be used as before to refer to one
of the assignments, while index h, h = 1, . . . ,m; h 6= i will be used to refer to the other
assignment. Some new parameters are introduced below and shown with other parameters
that have already been introduced to complete the list of necessary parameters needed to
help explain the implementation process.

t(earliest(oi)) time of earliest pick-up at origin of assignment i
t(latest(oi)) time of latest pick-up at origin of assignment i

t(oi) actual time of pick-up at origin of assignment i
t(latest(di)) time of latest delivery at destination of assignment i

t(di) actual time of delivery at destination of assignment i
t [oi → di] travelling time from origin of assignment i to destination of assignment i
t [di → oh] travelling time from destination of assignment i to origin of assignment h

Table 4.1. List of parameters defined for the implementation of the problem defined by
Equation (4.1).

The term time of latest pick-up at origin of an assignment, t(latest(oi)), in Table 4.1
refers to the time at which assignment i needs to depart from the origin at the latest for it
to reach the destination before the time window for assignment i closes, which is indicated
by the latest delivery of the assignment, t(latest(di)). The terms t(latest(di)) and t [oi → di]
in Table 4.1 are known for assignment i, in which case, t(latest(oi)) is given according to
the following statement:

t(latest(oi)) = t(latest(di))− t [oi → di]
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4.5 On the Possibility of Combining Assignments

In order to find out if more than one assignment can be delivered in a given route j, a
couple of logic tests have to be performed that explore whether times instances of pickup
and delivery for priority and alternative assignments of the HDVs occur within the given
time windows. Specifically, once an assignment i has been delivered in route j, another
assignment h can also be delivered if and only if both of the following conditions are satisfied
for that particular route:

1. Assignment h is picked up at oh between the times of earliest and latest pick-up
according to

t(earliest(oh)) ≤ t(oh) ≤ t(latest(oh)) (4.2)

where t(oh) is given by

t(oh) = t(di) + t [di → oh] = t(oi) + t [oi → di] + t [di → oh] (4.3)

Unsurprisingly, the condition of Equation (4.2) is always satisfied for the priority
assignments.

2. Assignment h is delivered at dh before latest delivery according to

t(dh) ≤ t(latest(dh)) (4.4)

Regardless of how many alternative assignment have been delivered up until a certain
time instance in a route, Equations (4.2) to (4.4) also apply for all additional alternative
assignments that can be delivered. Moreover, there exists no limit on how many assignments
can be delivered in a route. However, there is a limit of how long an HDV can stay on the
road and it will hereafter be referred to as a time horizon. In a way, the time horizon
corresponds to real regulations that state that HDVs can only drive for a specific time. In
the solution process of Equation (4.1), the time horizon, which will be denoted as L, refers
to the maximum allowed time, in hours, from when an HDV arrives at origin of the priority
assignment until it has to return to its depot.

In the implementation process, each assignment will have the role of a priority assignment.
This means that the time of earliest pick-up of each assignment will indicate the start of a
specific time horizon. Even though the sequence in which assignments can be delivered can
often be the same, hopefully, this gives more possibilities of combining assignments. Thus,
for each assignment, an attempt is made to deliver a number of alternative assignments
until the value of L of the time horizon is reached.

4.6 Role of Depots in the Implementation

In the implementation for the collaborative transport planning, each route will be represented
in p different but very similar ways that correspond to the p different depots used in
Equation (4.1). Specifically, the segments from the origin of the priority assignment to the
destination of the last alternative assignment, i.e. the part of the routes that explore which
assignments can be delivered in them in accordance with the explanation in Section 4.5, are
homogeneous in all p instances. However, the only differences between them are two parts
of a route; firstly, the part from the depot to the origin of the priority assignment and,
secondly, the part from the destination of the last alternative assignment back to the depot
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on the other hand, i.e. the segments that start and finish the routes. Figure 4.3 depicts
the part from each depot to the origin of the priority assignment in an example with two
depots. The part from the destination of the last alternative assignment in the route back
to the depot is completely analogous. The p different instances explain the p× p structure
of the matrix F mentioned in Section 3.5.

v1

v2

v4

v7

v6

v8

v5

v9

Figure 4.3. Example of how the part from origin to destination (in gray) for an
assignment is the same even though there are two different depots used. The parts from
the depots to the origin are represented in red and blue dashed lines.

Even though the routes are represented in essentially the same way in all instances
and do not differ with respect to time instances, they will, however, have different costs
associated with them. Thus, the route can be taken from every depot while the minimal
cost criteria of the objective function of the problem in Equation (4.1) and limits for the
depots indicated in the matrix F , will no doubt influence which depots are selected.

4.7 Summary of Implementation Steps

In order to clarify the steps of the implementation process mentioned in Sections 4.3 to 4.6,
a summarizing algorithm is shown in Algorithm 2.
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Algorithm 2 Summarizing algorithm of implementation approach

1. Find the shortest feasible segments between all vertices and store in a matrix, which
is analogous the one in Figure 4.2. Similarly, store the cost of the segments in another
matrix.

2. Let assignment i, i = 1, . . . ,m be a priority assignment. Repeat the following process
for every priority assignment:

I. Check which alternative assignments can be delivered, i.e. check whether
Equations (4.2) and (4.4) are both satisfied for each candidate. All the segments
are obtained from the matrix mentioned in Step 1.

II. Repeat for every additional alternative assignment until either no assignments
can be delivered or L is reached.

III. For every additional alternative assignment that can be delivered, create a new
route, which also includes the priority assignment and all alternative assignments
that have been delivered up until the time instance of the newly delivered
assignment. All the segments are obtained from the matrix mentioned in Step 1.

IV. Map the routes to entries in the matrix A.

3. Make p instances of each route, where p indicates the number of depots. For each
instance, add the segments from and to a specific depot to the start and end of each
route, respectively.

4. Map the depots used in the routes to entries in the matrix F .

5. Calculate the cost of the routes with the help of the cost matrix mentioned in Step 1.

4.8 Example Problem

In order to illustrate the solution process mentioned in Sections 4.1 to 4.7 for the problem
given by Equation (4.1), a small example problem will be considered, which uses the network
depicted in Figure 4.4. The example solves Equation (4.1) and compares the minimal costs
obtained according to local and collaborative transport planning schemes. Hereafter, local
transport planning and collaborative transport planning will be abbreviated as LTP and
CTP, respectively. Furthermore, the example will demonstrate how it is possible to deliver
several assignments in one route and, additionally, how the routes correspond to entries in
the A matrix.
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Figure 4.4. The network considered for the example problem with five vertices and as
many assignments. Depots are located in nodes A and C. The numbers indicate the distance
between nearest vertices.

Similar to the graph in Section 2.2, the network in Figure 4.4 is both incomplete and
connected; it is possible to visit every vertex from any other even though there is not a direct
link between some of them. For example, in order to travel from A to C, either B, D or E need
to be visited first. It is assumed that the assumptions made in Sections 3.1 and 3.2 hold
while, additionally, it is assumed for simplicity that time equals distance. Thus, a time unit
(TU) can be used to refer to both. Suppose there are five assignments with characteristics
shown in Table 4.2.

Earliest Latest Belongs to
Assignment Origin Destination pick-up delivery depot

1 A D 1 9 A
2 B E 0 5 A
3 C A 5 20 C
4 D B 4 13 C
5 E C 2 6 C

Table 4.2. Characteristics of example problem.

The last column in Table 4.2 only applies to LTP and denotes to which of the two
transport companies located in vertices A and C each assignment belongs. It is appropriate
to reiterate what was stated in Section 3.1 that in LTP, an assignment belongs to a specific
transport company stationed in a depot vertex and thus needs to be picked up by one of
the HDVs belonging to that company while in CTP, a HDV from any company can pick up
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the assignment. This illustrates how the characteristics of CTP are different from LTP. For
instance, there is a greater possibility of combining assignments in CTP than in LTP. As a
result of this difference, the solution to the problem defined by Equation (4.1) according to
CTP will be completely different from the solution according to LTP.

The size of the problem is quite limited with only a few arcs to choose from in every
vertex. However, in order to simplify explanation, it is still assumed that between any two
given vertices the shortest route is chosen each time. Figure 4.5 shows the shortest routes
from origin to destination for each assignment.

A B

CD

E

(a) i = 1

A B

CD

E

(b) i = 2

A B

CD

E

(c) i = 3

A B

CD

E

(d) i = 4

A B

CD

E

(e) i = 5

Figure 4.5. The shortest way from origin to destination for each of the five assignments
in the example problem. The index i denotes which assignment is considered.

Additionally, Figure 4.5 illustrates how the direction from one vertex to the other
indicates the sequence in which the vertices are visited from origins to destinations. Table 4.3
shows how the same sequence is displayed as an output of the DFS-algorithm for each
assignment in the example problem.

Assignment Sequence
1 A D
2 B E
3 C E A
4 D E B
5 E C

Table 4.3. The part from origin to destination displayed in terms of sequence of vertices
visited.

Only parts of routes have been considered so far in the example problem where the
segment from origin to destination has been emphasized. However, a route consists of
parts from and to a specific depot as well. As there are two depots available (p = 2), each
assignment in CTP needs to be considered for both depots, as mentioned in Section 4.6.
Figure 4.6 illustrates the route for assignment 2 from Figure 4.5 for both depots according
to CTP.
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(a) Depot in vertex A.

A B

CD

E

(b) Depot in vertex C.

Figure 4.6. The routes for assignment 2 illustrated for both depots, where the depots
are shown in gray. The dashed red line shows the part of the route from/to depot while the
whole red line shows the part of the route from origin to destination.

By considering the characteristics in Table 4.2, it is noticeable that for CTP there are
several possibilities of delivering more than one assignment for a route and still satisfying
the applicable time windows. For example, assignment 1 is picked up at A at TU 1 and,
with distance of route equal to 4 TUs, delivered at D at TU 5. Since assignment 4 has
earliest pick-up at TU 4 and latest delivery at TU 13 at B and distance of 5 TUs, it means
that it can be delivered as well. In case the depot in question is depot A, the route that
delivers both assignments 1 and 4 has the following output from the DFS-algorithm

A D E B A

The route gives a candidate for selection in the column generation process. It should be
noted that delivering assignments 1 and 4 in the same route is only possible in CTP as the
assignments belong to different transport companies as indicated in Table 4.2. The next
two subsections show characteristics of the problem in Equation (4.1) with respect to CTP
and LTP, respectively, for the example problem.

Characteristics of CTP
Tables 4.4 and 4.5 show for depots A and C, respectively, the 36 feasible routes created
(n = 36) for the five assignments (m = 5) considered in the example problem. Associated
costs of the routes are also shown.
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j Route cj

1 A D C E A 12
3 A D E B A 12
5 A D E B C E A 18
7 A D A 8
9 A B E A D A 16

11 A B E A D C E A 20
13 A B E C E A 13
15 A B E D E B A 16
17 A B E D E B C E A 22
19 A B E C E A 13
21 A B E C E A 13
23 A B E C D E B A 19
25 A B E A 8
27 A E C E A 10
29 A D E B C E A 18
31 A D E B A 12
33 A E C D E B A 16
35 A E C E A 10

Table 4.4. All the routes created for depot A with corresponding indices j and costs cj

j Route cj

2 C E A D C E A E C 22
4 C E A D E B C 18
6 C E A D E B C E A E C 28
8 C E A D C 12

10 C B E A D C 16
12 C B E A D C E A E C 26
14 C B E C E A E C 19
16 C B E D E B C 18
18 C B E D E B C E A E C 28
20 C B E C 9
22 C B E C E A E C 19
24 C B E C D E B C 21
26 C B E C 9
28 C E A E C 10
30 C D E B C E A E C 22
32 C D E B C 12
34 C E C D E B C 17
36 C E C 5

Table 4.5. All the routes created for depot C with corresponding indices j and costs cj

Table 4.6 shows the correspondingAmatrix for the 36 feasible routes created in Tables 4.4
and 4.5. It is noticeable that the number of routes that can deliver multiple assignments is
considerable.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
3 1 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
4 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 0 0 0 0 1 1 1 1 1 1 0 0
5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1

Table 4.6. The A matrix for the example problem.

It is noticeable that routes 13, 19 and 21 in Table 4.4 are identical and, unsurprisingly,
have the same cost associated with them. However, each of these three routes represents
unique combination in terms of delivered assignments. Specifically, by looking at Table 4.6
the columnsAj corresponding to indices j = 13, j = 19 and j = 21 are [0 1 1 0 0]T , [0 1 0 0 1]T
and [0 1 1 0 1]T , respectively. This means that the first instance involves delivery of
assignments 2 and 3 while assignments 3 and 5 are delivered in the second instance. Finally,
all of these three assignments are delivered in the third instance.

This is an example of how different combinations of delivered assignments are given as
candidates for selection even though it is not likely they are chosen. Therefore, routes 13
and 19 are still given as candidates for selection in the column generation even though route
21 is obviously better than the other two routes in terms of number of assignments delivered
in a route.

By noting that every j index is odd in Table 4.4 and even in Table 4.5, it is clear that
the structure of F is the following

k j 1 2 3 4 5 6 · · · 31 32 33 34 35 36
A 1 0 1 0 1 0 · · · 1 0 1 0 1 0
C 0 1 0 1 0 1 · · · 0 1 0 1 0 1

Table 4.7. The structure of F matrix for example problem.

Characteristics of LTP
From the above discussion about the difference between CTP and LTP, it is evident that for
LTP there will not be as many candidate routes to choose from compared to the possibilities
in CTP. In fact, as indicated in Tables 4.8 and 4.9, there are 8 routes created according
to LTP compared to 36 according to CTP. In addition, all the routes created for LTP are
also candidate routes for CTP, which can be noted by comparing Table 4.9 for LTP with
Tables 4.4 and 4.5 for CTP. Specifically, routes 1, 2 and 3 in LTP correspond to routes 7, 9
and 25, respectively, for CTP while routes 4, 5, 6, 7 and 8 in LTP correspond to routes 28,
30, 32, 34 and 36, respectively, for CTP.

Therefore, it is evident for this particular problem that if the routes created according
to LTP in Table 4.9 are excluded from the list of routes in CTP in Tables 4.4 and 4.5 and
among the routes left in the list for CTP there are a number of routes which give a better
solution than those limited number of routes created for LTP, this means that the solution
according to CTP has lower costs than the solution according to LTP. The question remains
if that is the case.
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i j 1 2 3 4 5 6 7 8
1 1 1 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0
3 0 0 0 1 1 0 0 0
4 0 0 0 0 1 1 1 0
5 0 0 0 0 0 0 1 1

Table 4.8. A matrix for LTP for the example problem.

j Route cj

1 A D A 8
2 A B E A D A 16
3 A B E A 8
4 C E A E C 10
5 C D E B C E A E C 22
6 C D E B C 12
7 C E C D E B C 17
8 C E C 5

Table 4.9. List of routes created and associated costs for LTP in the example problem.

k j 1 2 3 4 5 6 7 8
1 1 1 1 0 0 0 0 0
2 0 0 0 1 1 1 1 1

Table 4.10. F matrix for LTP in the example problem

Solution to Example problem
Once the routes have been created and A and F matrices established, it is possible to solve
the cost minimization problem

minimize cTx

s.t. Ax = b

Fx ≤ d
x binary

The problem consists of selecting the right columns so that objective function is minimized
and constraints are fulfilled. The optimal solution relates to decision variables xj , j = 1, . . . , n
so that

xj =
{

1 if route j is chosen in optimal solution
0 otherwise

The parameter b in the set-partitioning statement Ax = b denotes that every assignment
needs to be fulfilled, so it will have the following structure

b = [ 1 1 1 1 1 ]T

In addition, the limit, which indicates the number of times the HDVs of a particular
depot can be used, is twice per depot, which indicates a moderate fleet size of the HDVs to
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take care of the deliveries. Therefore, the parameter d in the set-packing statement Fx ≤ d
is given by

d = [ 2 2 ]T

For the choice of d = [ 2 2 ]T , the optimal values for CTP and LTP are 25 and 43,
respectively, so the CTP gives a considerably better results than the LTP. In terms of
minimizing cost, a collaboration between transport companies is beneficial for the small
example problem. Tables 4.11 and 4.12 show optimal solutions for different values of
parameter d where “unrestricted” means that only the set-partitioning constraint Ax = b
is used and no limit exist on the number of times the HDVs can be used.

d Routes chosen Optimal solution
unrestricted {3, 21} 25

[ 2 2 ]T {3, 21} 25
[ 1 1 ]T {5, 20} 27

Table 4.11. Optimal solution for CTP for different values of d.

d Routes chosen Optimal solution
unrestricted {1, 3, 5, 8} 43

[ 3 3 ]T {1, 3, 5, 8} 43
[ 2 2 ]T {1, 3, 4, 7} 43
[ 1 1 ]T - infeasible

Table 4.12. Optimal solution for LTP for different values of d.

4.9 Practical Implementation

The following outlines how the implementation process is carried out for the transport
planning problem.

Firstly, the implementation was mostly done in Matlab. That included the implementation
of the DFS-algorithm, creation of routes as well as filling the entries in matrices A and F
and the vector c with correct values.

Secondly, the problem in Equation (4.1) was modelled and solved with GAMS, which
stands for General Algebraic Modelling System and can be used to solve mathematical
programming and optimization problems [2]. To be able to model the problem, all the
parameters that were calculated in Matlab had to be exported to a suitable format so that
GAMS model could recognize it. This is where GDXMRW, which is an interface between
GAMS and Matlab [11], played an important role. It made it possible to express the
parameters from Matlab as input parameters in the GAMS model. Finally, the only thing
left at that point was to solve the model. However, due to the size of the model, an online
server called NEOS had to be used to solve it. The NEOS (Network-Enabled Optimization
System) Server is a free Internet-based service for solving optimization problems [3] and
offers various solvers for solving different types of problems. In the case of solving the
problem described by Equation (4.1), which is an integer programming problem, the solver
XpressMP was used. All the models that represented the different solution cases in the thesis
could be solved by using the online server and in all those instances where the solution to
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Equation (4.1) was feasible, an optimal solution was identified. The largest model included
275 000 binary variables and its upload time to NEOS Server took about four minutes.

The only difference between the solution process of the optimization problem given by
Equation (4.1) and the example problem in the previous section is that the latter problem
contains few enough decision variables in which case the limited version of GAMS is able
to solve it.





Chapter 5

Results and Analysis

The chapter is dedicated to solving and analyzing three numerical case studies for the
optimization problem given by Equation (4.1). First, the graph used for the problem is
introduced before characteristics of the assignments used in the problem are stated. Next,
characteristics of the assignments in the three solution cases are introduced. Finally, the
results from the case studies according to CTP and LTP are presented.

5.1 Choice of Cities as Vertices

The places used in the thesis to represent the vertices of the graph consist of 15 Swedish
cities and towns spread across the southern part of Sweden. Even though the example
problem in Section 4.8 used letters to represent the vertices, numbers will be used in case
the vertices need to be referred to in the following. As there are more vertices used in
the case study than in the example problem, that kind of representation will cause less
confusion.

1 Stockholm 6 Västerås 11 Jönköping
2 Göteborg 7 Uppsala 12 Umeå
3 Helsingborg 8 Gävle 13 Sundsvall
4 Linköping 9 Karlstad 14 Kalmar
5 Örebro 10 Malmö 15 Borlänge

Table 5.1. The 15 Swedish cities chosen for the case study and their corresponding indices.

The graph used to represent the Swedish road network for the problem is depicted in
figure Figure 5.1 and includes the cities as vertices and the arcs between them representing
roads. As noted, the graph is both incomplete and connected in accordance with the
notation of Section 2.2.

43
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Figure 5.1. Map of Sweden as a graph with vertices and arcs. Depots are marked with
bigger dots. Original map taken from [8].

The graph resembles the Swedish road network considerably well. For instance, there is
only an arc between any two adjacent vertices in the network as long as there is a direct
road between the corresponding cities in reality. For that reason, there is not a direct link
between Borlänge and Sundsvall in Figure 5.1. Thus, when travelling between those two
places one must travel through Gävle en route to destination. Similarly, there is not a direct
road between Stockholm and Jönköping in the network since the cities are not adjacent to
each other while the road that connects them passes through Linköping. Therefore, one
must travel to Linköping first on the way to destination. Finally, in those cases where an arc
exists between two cities and there are several possible roads to choose from, the shortest
distance is always chosen for simplicity. The distances between any two adjacent cities can
be seen in Appendix A.1.

According to the simplifications set forth in Section 3.2, the speed at which the HDVs
drive between places is assumed to be constant and is assumed to be 100 km/h. As a
result, travelling time between two given places is given by the following, with units given
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in brackets
travelling time [h] = travelling distance [km]

100 [km/h]

5.2 Characteristics of Assignments

The case studies of the problem defined by Equation (4.1) consider 45 assignments with
different characteristics with respect to origins, destinations, weights and time windows
and to which depots the assignments belong in LTP. The origins, destinations and weights
were created randomly and independently of other parameters while the time windows
are dependant on distance between origins and destinations of the assignments. Similarly,
choice of depot locations, number of available HDVs for the depots and to which transport
companies the assignments belong were at least to some extent made deterministically.
Appendix A lists all the characteristics of the assignments for the first case study.

When determining the possession of the assignments in LTP, each assignment belongs
to the transport company, which is either located in or closest to origin and destination
vertices of the assignment. An attempt was made to have the possession of assignment
between the four transport companies as evenly distributed as possible.

The time windows were chosen in the following way with units given in brackets

time window for assignment i [h] = δ(Di)×Di [km]
100 [km/h]

where δ(Di) is a parameter that is dependant on the distance Di between origin and
destination of assignment i. In order to illustrate how the parameter δ(Di) and choice
of depot locations influence the solution, a total of three solution cases will be considered.
The difference between them is indicated in the next three subsections.

Solution Case 1
The parameters δ(Di) for the first solution case were chosen in the following way

Distance range [km] δ(Di)
Di ≤ 200 2.5

200 < Di ≤ 400 3
401 < Di ≤ 800 3.5

Di > 800 4

It is clear that assignments that have the longest distance between origin and destination
also have the longest span of time windows, which gives those assignments a greater chance
of satisfying the time windows. The depots are located in Stockholm, Göteborg, Västerås
and Gävle.

Solution Case 2
For the second solution case, the parameter δ(Di) = 2 independent of Di. Depots are also
located in in Stockholm, Göteborg, Västerås and Gävle.
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Solution Case 3
For the third solution case, the parameter δ(Di) has the same values as in analogous
situations in the first solution case. However, the depots are now located in Helsingborg,
Linköping, Uppsala and Karlstad.

It is noticeable that the difference between case 2 and the others is that the time
window parameter δ(Di) is the same for all assignments, regardless of Di. Even though it is
logical that instances where Di is long should always have larger time windows than for the
assignments where the distance is shorter, it remains questionable whether the parameter
δ(Di) should be varying as well. Increasing the parameter increases the chances of delivering
multiple assignments in those routes.

5.3 Parameters in the Solution Procedure

What the solution cases have in common is that the solution procedure is the same regarding
the parameters d and L. Specifically, each case study for the problem given by Equation (4.1)
will be solved according to CTP and LTP, where, in addition, each case study will consider
varying combinations of d and values for L. The results are presented in different forms in
Sections 5.4 and 5.5, depending on whether minimum costs obtained from Equation (4.1)
or number of HDVs used are compared even though the comparisons revolve around the
two different types of planning, CTP and LTP, in both cases.

The vector d, which lists the number of HDVs available for the depots, was chosen in
the following way

d = [4 5 6 5]T

Additionally, each case considers the change in costs when the number of HDVs available
at one depot location is changed while the number of HDVs available at the other depots
remains unchanged. The varying number of HDVs ranges between 3 and 7 for each depot.
This will result in plenty of different combinations of d while the total number of HDVs
available will range between 17 and 23.

As for the time horizon L, the different values are chosen such that L ∈ {8, 12, 16, 20}.
Unsurprisingly, as the value of L increases, the greater the option becomes of delivering
additional assignments in the routes.

5.4 Comparing Minimum Costs

Tables 5.2 to 5.5 show the minimum costs obtained according to L = 8, 12, 16, 20, respectively,
for all three solution cases and all instances of d. Additionally, the difference between the
costs according to CTP and LTP is shown in % in those instances where the solutions to
both problem types are feasible, in which case they are both indicated by numerical values.
Meanwhile, Figures 5.2 to 5.4 illustrate a graphical representation between the difference
in % between costs obtained according to CTP and LTP, for solution cases 1, 2 and 3,
respectively.

It is noticeable that the solution from Equation (4.1) according to CTP is superior to
the one according to LTP for every value of L and every combination of d. The difference
between the solution ranges between 21.3-27.0% for solution case 1, between 24.4-33.5% for
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solution case 2 and between 29.1-31.4% for solution case 3. In addition, the solution from
Equation (4.1) according to LTP is infeasible for both L = 8 and L = 12.

Case 1 Case 2 Case 3
d CTP LTP Diff. CTP LTP Diff. CTP LTP Diff.

[4 5 6 5] 264.15 infeasible — 304.06 infeasible — 260.76 infeasible —

[3 5 6 5] 264.15 infeasible — 304.15 infeasible — 264.05 infeasible —
[5 5 6 5] 264.15 327.2 21.3% 304.06 infeasible — 258.19 352.87 31.0%
[6 5 6 5] 264.15 327.2 21.3% 304.06 infeasible — 258.13 352.87 31.0%
[7 5 6 5] 264.15 327.2 21.3% 304.06 infeasible — 257.01 352.87 31.4%

[4 3 6 5] 268.06 infeasible — 312.78 infeasible — 261.78 infeasible —
[4 4 6 5] 266.02 infeasible — 307.41 infeasible — 261.38 infeasible —
[4 6 6 5] 262.76 infeasible — 299.16 infeasible — 260.76 infeasible —
[4 7 6 5] 262.4 infeasible — 298.35 infeasible — 260.76 infeasible —

[4 5 3 5] 264.21 infeasible — 308.42 infeasible — 265.76 infeasible —
[4 5 4 5] 264.15 infeasible — 304.3 infeasible — 263.07 infeasible —
[4 5 5 5] 264.15 infeasible — 304.12 infeasible — 261.63 infeasible —
[4 5 7 5] 264.15 infeasible — 304.06 infeasible — 260.12 infeasible —

[4 5 6 3] 264.15 infeasible — 304.24 infeasible — 260.95 infeasible —
[4 5 6 4] 264.15 infeasible — 304.06 infeasible — 260.76 infeasible —
[4 5 6 6] 264.15 infeasible — 304.06 infeasible — 260.76 infeasible —
[4 5 6 7] 264.15 infeasible — 304.06 infeasible — 260.76 infeasible —

Table 5.2. Minimum costs obtained in units of 100 kr for different combinations of d and
time horizon L = 8.
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Case 1 Case 2 Case 3
d CTP LTP Diff. CTP LTP Diff. CTP LTP Diff.

[4 5 6 5] 244.12 315.26 25.4% 280.19 infeasible — 240.97 326.65 30.2%

[3 5 6 5] 244.12 infeasible — 280.71 infeasible — 242.41 infeasible —
[5 5 6 5] 244.12 315.26 25.4% 280.16 infeasible — 240.13 326.65 30.5%
[6 5 6 5] 244.12 315.26 25.4% 280.16 infeasible — 238.12 326.65 31.4%
[7 5 6 5] 244.12 315.26 25.4% 280.16 infeasible — 238.12 326.65 31.4%

[4 3 6 5] 246.66 infeasible — 288.99 infeasible — 240.97 infeasible —
[4 4 6 5] 245.3 321.89 27.0% 284.65 infeasible — 240.97 329.03 30.9%
[4 6 6 5] 244.12 315.26 25.4% 279.49 infeasible — 240.97 326.65 30.2%
[4 7 6 5] 244.12 315.26 25.4% 279.04 infeasible — 240.97 326.65 30.2%

[4 5 3 5] 244.12 infeasible — 284.03 infeasible — 248.01 infeasible —
[4 5 4 5] 244.12 infeasible — 280.88 infeasible — 245.99 infeasible —
[4 5 5 5] 244.12 infeasible — 280.68 infeasible — 243.62 infeasible —
[4 5 7 5] 244.12 310.06 23.8% 280.19 infeasible — 238.83 324.21 30.3%

[4 5 6 3] 244.47 317.94 26.1% 280.19 infeasible — 240.97 326.65 30.2%
[4 5 6 4] 244.12 315.26 25.4% 280.19 infeasible — 240.97 326.65 30.2%
[4 5 6 6] 244.12 315.26 25.4% 280.19 infeasible — 240.97 326.65 30.2%
[4 5 6 7] 244.12 315.26 25.4% 280.19 infeasible — 240.97 326.65 30.2%

Table 5.3. Minimum costs obtained in units of 100 kr for different combinations of d and
time horizon L = 12.
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Case 1 Case 2 Case 3
d CTP LTP Diff. CTP LTP Diff. CTP LTP Diff.

[4 5 6 5] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%

[3 5 6 5] 236 299.22 23.6% 270.47 infeasible — 235.09 319.25 30.4%
[5 5 6 5] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%
[6 5 6 5] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%
[7 5 6 5] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%

[4 3 6 5] 237.17 infeasible — 270.96 infeasible — 234.31 infeasible —
[4 4 6 5] 237.13 299.22 23.2% 270.51 infeasible — 234.31 318.09 30.3%
[4 6 6 5] 235.22 299.22 24.0% 270.02 347.94 25.2% 234.31 316.29 29.8%
[4 7 6 5] 235.22 299.22 24.0% 270.02 345.02 24.4% 234.31 316.29 29.8%

[4 5 3 5] 236 infeasible — 270.62 infeasible — 239.05 infeasible —
[4 5 4 5] 236 304.66 25.4% 270.47 infeasible — 237.15 320.86 30.0%
[4 5 5 5] 236 299.22 23.6% 270.47 infeasible — 236.03 316.29 29.1%
[4 5 7 5] 236 299.22 23.6% 270.47 355.52 27.2% 234.07 316.29 29.9%

[4 5 6 3] 236 301.9 24.5% 270.47 infeasible — 234.31 316.29 29.8%
[4 5 6 4] 236 299.22 23.6% 270.47 379.19 33.5% 234.31 316.29 29.8%
[4 5 6 6] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%
[4 5 6 7] 236 299.22 23.6% 270.47 367.56 30.4% 234.31 316.29 29.8%

Table 5.4. Minimum costs obtained in units of 100 kr for different combinations of d and
time horizon L = 16.



50 CHAPTER 5. RESULTS AND ANALYSIS

Case 1 Case 2 Case 3
d CTP LTP Diff. CTP LTP Diff. CTP LTP Diff.

[4 5 6 5] 232.16 293.54 23.4% 264.45 355.79 29.5% 231.55 312.71 29.8%

[3 5 6 5] 232.16 293.54 23.4% 264.47 infeasible — 231.55 315.67 30.7%
[5 5 6 5] 232.16 293.54 23.4% 264.45 355.79 29.5% 230.67 312.71 30.2%
[6 5 6 5] 232.16 293.54 23.4% 264.45 355.79 29.5% 230.67 312.71 30.2%
[7 5 6 5] 232.16 293.54 23.4% 264.45 355.79 29.5% 230.67 312.71 30.2%

[4 3 6 5] 232.16 302.22 26.2% 267.11 infeasible — 231.55 315.44 30.7%
[4 4 6 5] 232.16 293.54 23.4% 264.92 infeasible — 231.55 312.71 29.8%
[4 6 6 5] 232.16 293.54 23.4% 263.39 340.95 25.7% 231.55 312.71 29.8%
[4 7 6 5] 232.16 293.54 23.4% 263.39 338.03 24.8% 231.55 312.71 29.8%

[4 5 3 5] 232.16 infeasible — 264.47 infeasible — 233.93 infeasible —
[4 5 4 5] 232.16 300.76 25.7% 264.45 infeasible — 232.97 317.42 30.7%
[4 5 5 5] 232.16 296.16 24.2% 264.45 infeasible — 232.04 314.87 30.3%
[4 5 7 5] 232.16 293.54 23.4% 264.45 345.58 26.6% 231.02 312.71 30.0%

[4 5 6 3] 232.16 296.22 24.2% 264.45 infeasible — 231.55 312.71 29.8%
[4 5 6 4] 232.16 293.54 23.4% 264.45 355.79 29.5% 231.55 312.71 29.8%
[4 5 6 6] 232.16 293.54 23.4% 264.45 355.79 29.5% 231.55 312.71 29.8%
[4 5 6 7] 232.16 293.54 23.4% 264.45 355.79 29.5% 231.55 312.71 29.8%

Table 5.5. Minimum costs obtained in units of 100 kr for different combinations of d and
time horizon L = 20.



5.4. COMPARING MINIMUM COSTS 51

Figure 5.2. Histogram of occurrences for the differences between CTP and LTP for
solution case 1.

Figure 5.3. Histogram of occurrences for the differences between CTP and LTP for
solution case 2.
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Figure 5.4. Histogram of occurrences for the differences between CTP and LTP for
solution case 3.

5.5 Comparing Number of HDVs Used

Tables 5.6 to 5.9 show the number of HDVs used in the optimal solutions to the problem
given by Equation (4.1) according to L = 8, 12, 16, 20, respectively, for all three solution
cases and all instances of d. The NaN ’s correspond to those instances where the solution
according to LTP is infeasible for a particular combination of d and L.

Unsurprisingly, it can be noted that the optimal solution to the problem defined by
Equation (4.1) requires less number of HDVs in CTP compared to LTP for every combination
of d and each value of L.
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Case 1 Case 2 Case 3
d

∑4
k=1 dk CTP LTP CTP LTP CTP LTP

[4 5 6 5] 20 17 NaN 19 NaN 19 NaN

[3 5 6 5] 19 16 NaN 19 NaN 18 NaN
[5 5 6 5] 21 17 21 20 NaN 17 20
[6 5 6 5] 22 17 21 20 NaN 19 20
[7 5 6 5] 23 17 21 19 NaN 19 20

[4 3 6 5] 18 17 NaN 18 NaN 17 NaN
[4 4 6 5] 19 17 NaN 18 NaN 17 NaN
[4 6 6 5] 21 17 NaN 20 NaN 19 NaN
[4 7 6 5] 22 17 NaN 20 NaN 19 NaN

[4 5 3 5] 17 16 NaN 17 NaN 17 NaN
[4 5 4 5] 18 16 NaN 18 NaN 16 NaN
[4 5 5 5] 19 17 NaN 19 NaN 18 NaN
[4 5 7 5] 21 17 NaN 19 NaN 18 NaN

[4 5 6 3] 18 17 NaN 18 NaN 18 NaN
[4 5 6 4] 19 17 NaN 19 NaN 19 NaN
[4 5 6 6] 21 17 NaN 19 NaN 19 NaN
[4 5 6 7] 22 17 NaN 19 NaN 19 NaN

Table 5.6. Actual number of HDVs used for different combinations of d and time horizon
L = 8.
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Case 1 Case 2 Case 3
d

∑4
k=1 dk CTP LTP CTP LTP CTP LTP

[4 5 6 5] 20 17 20 18 NaN 15 19

[3 5 6 5] 19 16 NaN 18 NaN 15 NaN
[5 5 6 5] 21 17 21 18 NaN 16 18
[6 5 6 5] 22 17 21 18 NaN 16 18
[7 5 6 5] 23 17 21 18 NaN 16 18

[4 3 6 5] 18 15 NaN 17 NaN 15 NaN
[4 4 6 5] 19 17 19 18 NaN 15 17
[4 6 6 5] 21 17 20 18 NaN 15 19
[4 7 6 5] 22 17 20 19 NaN 15 19

[4 5 3 5] 17 16 NaN 17 NaN 15 NaN
[4 5 4 5] 18 16 NaN 18 NaN 15 NaN
[4 5 5 5] 19 16 NaN 18 NaN 15 NaN
[4 5 7 5] 21 16 21 19 NaN 15 19

[4 5 6 3] 18 17 18 18 NaN 15 18
[4 5 6 4] 19 17 19 18 NaN 15 19
[4 5 6 6] 21 17 20 18 NaN 15 19
[4 5 6 7] 22 17 20 18 NaN 15 19

Table 5.7. Actual number of HDVs used for different combinations of d and time horizon
L = 12.
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Case 1 Case 2 Case 3
d

∑4
k=1 dk CTP LTP CTP LTP CTP LTP

[4 5 6 5] 20 14 19 18 20 12 17

[3 5 6 5] 19 14 18 19 NaN 12 16
[5 5 6 5] 21 14 19 19 20 13 18
[6 5 6 5] 22 14 19 19 20 13 18
[7 5 6 5] 23 14 19 19 20 13 18

[4 3 6 5] 18 13 NaN 17 NaN 12 NaN
[4 4 6 5] 19 15 18 17 NaN 12 17
[4 6 6 5] 21 14 19 19 21 12 17
[4 7 6 5] 22 14 19 18 22 12 17

[4 5 3 5] 17 14 NaN 17 NaN 14 NaN
[4 5 4 5] 18 14 17 18 NaN 12 16
[4 5 5 5] 19 14 19 18 NaN 15 17
[4 5 7 5] 21 14 19 18 21 13 17

[4 5 6 3] 18 14 18 18 NaN 12 18
[4 5 6 4] 19 14 19 18 19 12 17
[4 5 6 6] 21 14 19 18 20 12 17
[4 5 6 7] 22 14 19 18 20 12 17

Table 5.8. Actual number of HDVs used for different combinations of d and time horizon
L = 16.
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Case 1 Case 2 Case 3
d

∑4
k=1 dk CTP LTP CTP LTP CTP LTP

[4 5 6 5] 20 13 17 16 19 12 18

[3 5 6 5] 19 13 17 18 NaN 12 17
[5 5 6 5] 21 13 18 17 20 12 18
[6 5 6 5] 22 13 18 17 20 12 18
[7 5 6 5] 23 13 18 17 20 12 18

[4 3 6 5] 18 13 17 17 NaN 12 16
[4 4 6 5] 19 13 17 18 NaN 12 17
[4 6 6 5] 21 13 17 17 20 12 18
[4 7 6 5] 22 13 17 17 21 12 18

[4 5 3 5] 17 13 NaN 17 NaN 11 NaN
[4 5 4 5] 18 13 16 16 NaN 12 15
[4 5 5 5] 19 13 16 17 NaN 11 17
[4 5 7 5] 21 13 17 16 20 13 18

[4 5 6 3] 18 13 16 17 NaN 12 18
[4 5 6 4] 19 13 17 17 19 12 18
[4 5 6 6] 21 13 17 17 19 12 18
[4 5 6 7] 22 13 17 16 19 12 18

Table 5.9. Actual number of HDVs used for different combinations of d and time horizon
L = 20.

Comparison against Minimum Costs
Figures 5.5 to 5.7 illustrate the difference between the two different planning types in terms
of minimal costs obtained from the optimization problem defined by Equation (4.1) against
number of HDVs used in optimal solutions.

The figures all show a similar pattern; better solution are obtained in terms of lower
costs and fewer HDVs as L increases. Additionally, the costs according to CTP are clearly
distinguishable from the costs according to LTP in each figure.
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Figure 5.5. Minimum costs as a function of number of HDVs used for every value of L
and both planning types in solution case 1.

Figure 5.6. Minimum costs as a function of number of HDVs used for every value of L
and both planning types in solution case 2.
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Figure 5.7. Minimum costs as a function of number of HDVs used for every value of L
and both planning types in solution case 3.

Role of Limitation Constraint
The parameter d in the set-packing constraint of the optimization problem in Equation (4.1)

Fx ≤ d

puts a limit on how often the HDVs can be used to deliver assignments. Similar to studying
how different combinations of d influence the minimum costs obtained, it is possible to
compare the optimal solutions obtained when the knapsack constraint is omitted from
Equation (4.1) in which case its constraint set is only described by the set-partitioning
statement

Ax = b

Tables 5.10 to 5.12 compare the two different situations for solution cases 1, 2 and 3,
respectively, and all values of L. For each L in these tables, there are two instances listed
in the second column; Restricted, which indicates that the knapsack constraint is included
in the constraints set and Unrestricted, which indicates that it is omitted from it. For the
former, the value under Minimum costs in columns three and four are the lowest value of
minimum cost obtained for a particular value of L according to CTP and LTP, respectively,
while the last two columns represent how many HDVs are used in the optimal solution
for the specific combination of d, which gives the lowest cost. Meanwhile, columns three
and four for Unrestricted list the minimum costs obtained when the knapsack constraint is
omitted from Equation (4.1) while the last two columns denote how many HDVs are used
in the corresponding optimal solution.

A comparison between the minimum costs obtained from the two different problem
structures shows that, in general, there is not a great difference between the costs. However,
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it should be noted that the number of HDVs used in the optimal solutions does not
necessarily tell the whole story, because the entries of d also play their part.

Minimum costs Number of HDVs used
L Status CTP LTP CTP LTP
8 Restricted 262.40 327.20 17 21
8 Unrestricted 262.03 319.72 17 25

12 Restricted 244.12 310.06 16 21
12 Unrestricted 244.12 310.06 17 24

16 Restricted 235.22 299.22 14 18
16 Unrestricted 235.22 299.22 14 20

20 Restricted 232.16 293.54 13 17
20 Unrestricted 232.16 293.54 12 19

Table 5.10. Comparison between restricted and unrestricted situations for Case 1. Units
of costs are in 100 kr.

Table 5.10 shows that for L = 12, 16, 20 in both CTP and LTP of solution case 1, the
costs obtained from the different problem structures are equally low even though, perhaps
surprisingly, there is a difference in number of HDVs used.

Minimum costs Number of HDVs used
L Status CTP LTP CTP LTP
8 Restricted 298.35 NaN 20 NaN
8 Unrestricted 295.01 354.98 21 29

12 Restricted 279.04 NaN 19 NaN
12 Unrestricted 279.01 344.69 21 27

16 Restricted 270.02 345.02 18 22
16 Unrestricted 270.02 332.98 19 24

20 Restricted 263.39 338.03 17 21
20 Unrestricted 263.39 327.82 17 22

Table 5.11. Comparison between restricted and unrestricted situations for Case 2. Units
of costs are in 100 kr.

Table 5.11 shows that the costs are equally low for L = 16 and L = 20 in CTP of solution
case 2 even though the costs differ for the same instances in LTP. Based on the number of
HDVs used in the solutions of the unrestricted case for L = 8 and L = 12 in LTP (27 and 29,
respectively), for which the corresponding solutions in the restricted case are infeasible, it is
evident that a few more HDVs are needed to obtain a feasible solution in the restricted case.
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Minimum costs Number of HDVs used
L Status CTP LTP CTP LTP
8 Restricted 257.01 352.87 19 20
8 Unrestricted 255.50 350.43 20 23

12 Restricted 238.12 324.21 16 19
12 Unrestricted 238.12 324.21 16 21

16 Restricted 234.07 316.29 13 17
16 Unrestricted 233.19 316.29 15 17

20 Restricted 230.67 312.71 12 17
20 Unrestricted 230.67 312.71 12 18

Table 5.12. Comparison between restricted and unrestricted situations for Case 3. Units
of costs are in 100 kr.

Finally, from Table 5.12 it can be noted that the minimum costs obtained from the
different problem structures are equally low for L = 12 and L = 20 in both CTP and LTP
of solution case 3 while, additionally, the number of HDVs used in the CTP are the same
in the restricted and unrestricted situations even though there is a difference between them
in the LTP.

5.6 Additional Results

Number of Routes Created

Case 1 Case 2 Case 3
L CTP LTP CTP LTP CTP LTP
8 6388 240 1648 115 6388 240
12 21384 406 3656 154 21384 406
16 76172 648 7444 193 76172 648
20 273500 1029 14260 224 273500 1029

Table 5.13. Number of routes created for each instance of L.

Table 5.13 shows the number of routes created for all values of L in every solution case. It
is evident that the number of routes are the same in all instances for solution cases 1 and
3, which requires an explanation.

Let’s denote the total number of routes created for time horizon L in solution cases
1 and 3 as nL with indices jL = 1, . . . , nL. As a result of the implementation process
considered in the thesis, routes jL in solution cases 1 and 3 are essentially the same route.
More specifically, there are only two distinct parts between them; firstly, the part from
depot to origin of the priority assignment and, secondly, the part from destination of the
last alternative assignment back to the depot, as stated in Section 4.6 and depicted in
Figure 4.3. As a result, the cost of the routes jL for cases 1 and 3 are different. However,
the part of route jL that regards the assignments themselves, such as determining how
many assignments can be delivered in the route, is the same in both cases. Additionally,



5.7. SUMMARY 61

there are as many depots in both solution cases. Therefore, there are equally many routes
in solution cases 1 and 3.

Computational Time for Matrix A

Case 1 Case 2 Case 3
L CTP LTP CTP LTP CTP LTP
8 10.35 0.72 2.81 0.28 10.66 0.77
12 30.66 0.91 6.14 0.40 34.38 1.09
16 111.93 1.49 12.30 0.51 112.88 1.78
20 427.89 2.40 23.46 0.61 444.19 2.93

Table 5.14. Computational time in seconds for matrix A for each instance of L.

Table 5.14 lists the computational time for the matrix A in seconds. Unsurprisingly, cases
1 and 3 are pretty similar in that respect while case 2 has less computational time as it has
fewer routes than the two other cases.

The computational times for the four time horizons chosen were obtained from computational
experiments, which were run on a 3.40 GHz Linux operation system with 4 GB of memory.

5.7 Summary

The transport optimization problem defined by Equation (4.1) was solved according to CTP
and LTP in three different solution cases. All the cases considered different combinations
of the parameter d and different values for the time horizon L. In all instances studied in
each of the three solution cases, CTP gives considerably better results than LTP, which
indicates that, under the assumptions and simplifications stated in the thesis, collaboration
between transport companies is beneficial.





Chapter 6

Concluding Remarks and Discussion

The thesis considered a problem in the transport industry, which involved how delivery of
driving assignments between specific places in a transport network for transport companies
can be optimized. The characteristics of the assignments included specific origin-destination
combination, time windows and weights, all of which are common aspects for problems of
this kind. In order to achieve the optimal way in which the assignments were delivered,
a mathematical optimization problem was formulated in Equation (4.1) so that minimal
costs were obtained. Furthermore, two different planning schemes were introduced; local
transport planning (LTP) and collaborative transport planning (CTP). The difference
between the different planning schemes is that in LTP the transport companies specifically
deliver assignments that belong to them while in CTP the transport companies can deliver
any assignment.

One of the two stated goals of the thesis was to investigate whether the optimization
problem in Equation (4.1) was solvable. The goal was achieved by making a few assumptions
and simplifications. The assumptions regarding the formulation in Section 3.2 were made
as a result of the difficulty of formulating a transport planning problem of this kind with
respect to real life situations. Meanwhile, the problem is also difficult to solve due to
its computational complexity, which resulted in the assumptions and simplifications being
made in regards to the implementation process in Section 4.3.

Three numerical case studies involving the optimization problem were solved according
to CTP and LTP. The planning schemes were compared in terms of minimal costs obtained
from the optimization problem. CTP gave considerably better results than LTP in all three
solution cases. The differences between the two planning schemes were between 21.3-27.0%,
24.4-33.5% and 29.1-31.4% for solution cases 1, 2 and 3, respectively. Thus, the results are
in accordance with the claim put forward in Equation (1.1) in Section 1.2 that the costs
should be lower within the collaboration than outside it, which indicates that the other goal
of the thesis was achieved as well.

6.1 Discussion

Even though the results presented in this thesis are in favour of a collaboration of transport
companies, it is quite difficult to state whether the difference between LTP and CTP is
actually as considerable in reality as it turned out to be in the thesis. Some real-life aspects
were not taken into consideration when solving the optimization problem. For example, the

63
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possibility of delivering more than one assignment simultaneously would be considered in
practical problems. Similarly, a more realistic cost function would also include the weights
of the assignments. Accordingly, the great difference established in this thesis might need
to be approached be with certain reservations.

6.2 Future Work

In the light of how the simplifications that are made in the thesis influence the minimum
costs obtained from the problem in Equation (4.1) for both CTP and LTP, it would be
somewhat interesting to see whether different solution approaches from the one in Chapter 4
resulted in different solutions to the problem in Equation (4.1). The following approaches,
which have different complexity levels, are worth considering in that regard:

1. Start the time horizons L at departure from depots instead of arrival at origins of
priority assignments.

2. Possibly arrive at origins of priority assignments at other times than time of earliest
pick-up.

3. Remove the constraint that the current assignment has to be delivered before a new
assignment can be picked up.

4. Include weight of the assignments in the objective function.

5. Include the subproblems in the column generation implementation.
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Appendix A

Characteristics of Assignments

A.1 Distances
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STOCKHOLM 199 197 107 71 413
GÖTEBORG 217 281 247 146

Helsingborg 217 64 235 295
Linköping 199 121 129 227

Örebro 197 281 121 95 112 206
VÄSTERÅS 107 95 79 145 131

Uppsala 71 79 106 164
GÄVLE 145 106 210 110

Karlstad 247 112 243 215
Malmö 64 284

Jönköping 146 235 129 206 243 213
Umeå 264

Sundsvall 210 264
Kalmar 413 295 227 284 213

Borlänge 131 164 110 215
Table A.1. Distances between adjacent cities in the network given in km.
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A.2 Time Windows
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STOCKHOLM [3;20] [33;36] [18;20] [15;30]
GÖTEBORG [0;9] [0;8] [1;27]

Helsingborg [19;38] [8;16] [0;24]
Linköping [14;25] [41;48] [13;28] [25;45] [4;15]

Örebro [7;16] [22;27]
VÄSTERÅS [24;27] [23;39]

Uppsala [9;18] [0;5] [0;24] [2;14]
GÄVLE [0;19]

Karlstad [7;14] [19;38]
Malmö [16;26] [21;47]

Jönköping [0;10] [16;32] [9;46] [18;25]
Umeå [17;40] [0;47] [1;50]

Sundsvall [19;45] [10;20] [6;45]
Kalmar [11;22] [20;31] [38;45]

Borlänge [1;9] [4;8] [17;24] [10;20]

Table A.2. Times of earliest pick-up and latest delivery indicated by [Earliest pick-up ;
Latest delivery] for the assignments.

A.3 Origins and Destinations
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STOCKHOLM 1 1 1 1
GÖTEBORG 1 1 1

Helsingborg 1 1 1
Linköping 1 1 1 1 1

Örebro 1 1
VÄSTERÅS 1 1

Uppsala 1 1 1 1
GÄVLE 1

Karlstad 1 1
Malmö 1 1

Jönköping 1 1 1 1
Umeå 1 1 1

Sundsvall 1 1 1
Kalmar 1 1 1

Borlänge 1 1 1 1
Table A.3. Indication between which cities assignments are delivered. The origins are
indicated by the row indices while the destinations are indicated by corresponding column
indices.
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A.4 Possession
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STOCKHOLM B C A A
GÖTEBORG B C B

Helsingborg B B C
Linköping A C B A D

Örebro B B
VÄSTERÅS A C

Uppsala A C A C
GÄVLE D

Karlstad C C
Malmö B B

Jönköping A D D B
Umeå D B D

Sundsvall C A C
Kalmar B C A

Borlänge D C D C
Table A.4. Table that shows which assignments belong to which transport company in
solution case 1.
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A.5 Weights
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STOCKHOLM 3 24 17 14
GÖTEBORG 13 11 11

Helsingborg 24 22 21
Linköping 12 14 10 13 23

Örebro 25 9
VÄSTERÅS 25 15

Uppsala 18 20 23 20
GÄVLE 10

Karlstad 24 23
Malmö 18 14

Jönköping 10 24 21 20
Umeå 15 2 13

Sundsvall 9 6 7
Kalmar 23 13 21

Borlänge 4 16 16 4
Table A.5. Table showing the weights of the assignments.



Appendix B

Other Comparisons

B.1 Difference Between Time Horizons

Tables B.1 to B.3 study the minimum costs obtained for solution cases 1, 2 and 3, respectively,
for all values of L and d. For both CTP and LTP in all three cases, better results are obtained
as the values of L increases. That means that by increasing the time horizon within which
the assignments can be delivered, it increases the possibility of delivering more assignments
in the routes, which results in lower costs.

For solution case 2 in Table B.2, it is noticeable that the solutions of Equation (4.1)
according to LTP for values of L = 8 and L = 12 are infeasible for all instances of d.
Similarly, by looking at Tables B.1 and B.3 there are also plenty of infeasible solutions in
cases 1 and 3, especially for L = 8. This suggests that there are not enough HDVs available
to deliver all the assignments in the LTP.

Finally, it is worth mentioning that for each L considered in case 1 in Table B.1, the
minimum costs obtained are often the same and do not seem to be influenced by the
combination of the vector d, which might seem strange. It is noticeable that the minimum
cost obtained according to L = 20 is the same for all instances of d. Cases 2 and 3, considered
in Tables B.2 and B.3, respectively, show similar behaviour, but not to the same extent as
case 1.
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CTP LTP
d 8 12 16 20 8 12 16 20

[4 5 6 5] 264.15 244.12 236 232.16 infeas. infeas. 299.22 293.54

[3 5 6 5] 264.15 244.12 236 232.16 infeas. 315.26 299.22 293.54
[5 5 6 5] 264.15 244.12 236 232.16 327.2 315.26 299.22 293.54
[6 5 6 5] 264.15 244.12 236 232.16 327.2 315.26 299.22 293.54
[7 5 6 5] 264.15 244.12 236 232.16 327.2 315.26 299.22 293.54

[4 3 6 5] 268.06 246.66 237.17 232.16 infeas. infeas. infeas. 302.22
[4 4 6 5] 266.02 245.3 237.13 232.16 infeas. 321.89 299.22 293.54
[4 6 6 5] 262.76 244.12 235.22 232.16 infeas. 315.26 299.22 293.54
[4 7 6 5] 262.4 244.12 235.22 232.16 infeas. 315.26 299.22 293.54

[4 5 3 5] 264.21 244.12 236 232.16 infeas. infeas. infeas. infeas.
[4 5 4 5] 264.15 244.12 236 232.16 infeas. infeas. 304.66 300.76
[4 5 5 5] 264.15 244.12 236 232.16 infeas. infeas. 299.22 296.16
[4 5 7 5] 264.15 244.12 236 232.16 infeas. 310.06 299.22 293.54

[4 5 6 3] 264.15 244.47 236 232.16 infeas. 317.94 301.9 296.22
[4 5 6 4] 264.15 244.12 236 232.16 infeas. 315.26 299.22 293.54
[4 5 6 6] 264.15 244.12 236 232.16 infeas. 315.26 299.22 293.54
[4 5 6 7] 264.15 244.12 236 232.16 infeas. 315.26 299.22 293.54

Table B.1. Comparison of minimum costs obtained for different values of L in Case 1.
Units of costs are in 100 kr.
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CTP LTP
d 8 12 16 20 8 12 16 20

[4 5 6 5] 304.15 280.71 270.47 264.47 infeas. infeas. infeas. infeas.

[3 5 6 5] 304.06 280.19 270.47 264.45 infeas. infeas. 367.56 355.79
[5 5 6 5] 304.06 280.16 270.47 264.45 infeas. infeas. 367.56 355.79
[6 5 6 5] 304.06 280.16 270.47 264.45 infeas. infeas. 367.56 355.79
[7 5 6 5] 304.06 280.16 270.47 264.45 infeas. infeas. 367.56 355.79

[4 3 6 5] 312.78 288.99 270.96 267.11 infeas. infeas. infeas. infeas.
[4 4 6 5] 307.41 284.65 270.51 264.92 infeas. infeas. infeas. infeas.
[4 6 6 5] 299.16 279.49 270.02 263.39 infeas. infeas. 347.94 340.95
[4 7 6 5] 298.35 279.04 270.02 263.39 infeas. infeas. 345.02 338.03

[4 5 3 5] 308.42 284.03 270.62 264.47 infeas. infeas. infeas. infeas.
[4 5 4 5] 304.3 280.88 270.47 264.45 infeas. infeas. infeas. infeas.
[4 5 5 5] 304.12 280.68 270.47 264.45 infeas. infeas. infeas. infeas.
[4 5 7 5] 304.06 280.19 270.47 264.45 infeas. infeas. 355.52 345.58

[4 5 6 3] 304.24 280.19 270.47 264.45 infeas. infeas. infeas. infeas.
[4 5 6 4] 304.06 280.19 270.47 264.45 infeas. infeas. 379.19 355.79
[4 5 6 6] 304.06 280.19 270.47 264.45 infeas. infeas. 367.56 355.79
[4 5 6 7] 304.06 280.19 270.47 264.45 infeas. infeas. 367.56 355.79

Table B.2. Comparison of minimum costs obtained for different values of L in Case 2.
Units of costs are in 100 kr.
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CTP LTP
d 8 12 16 20 8 12 16 20

[4 5 6 5] 264.05 242.41 235.09 231.55 infeas. infeas. 319.25 315.67

[3 5 6 5] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71
[5 5 6 5] 258.19 240.13 234.31 230.67 352.87 326.65 316.29 312.71
[6 5 6 5] 258.13 238.12 234.31 230.67 352.87 326.65 316.29 312.71
[7 5 6 5] 257.01 238.12 234.31 230.67 352.87 326.65 316.29 312.71

[4 3 6 5] 261.78 240.97 234.31 231.55 infeas. infeas. infeas. 315.44
[4 4 6 5] 261.38 240.97 234.31 231.55 infeas. 329.03 318.09 312.71
[4 6 6 5] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71
[4 7 6 5] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71

[4 5 3 5] 265.76 248.01 239.05 233.93 infeas. infeas. infeas. infeas.
[4 5 4 5] 263.07 245.99 237.15 232.97 infeas. infeas. 320.86 317.42
[4 5 5 5] 261.63 243.62 236.03 232.04 infeas. infeas. 316.29 314.87
[4 5 7 5] 260.12 238.83 234.07 231.02 infeas. 324.21 316.29 312.71

[4 5 6 3] 260.95 240.97 234.31 231.55 infeas. 326.65 316.29 312.71
[4 5 6 4] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71
[4 5 6 6] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71
[4 5 6 7] 260.76 240.97 234.31 231.55 infeas. 326.65 316.29 312.71

Table B.3. Comparison of minimum costs obtained for different values of L in Case 3.
Units of costs are in 100 kr.

B.2 Comparing Number of HDVs

The results obtained in Section B.1 were as expected since lower costs are obtained as the
time horizon L and number of HDVs available at the depots d increase. However, there were
also instances where the costs remain the same even though the number of HDVs available
increased, as was stated in relation with solution case 1 in Table B.1 above. Increasing
the number of HDVs available will not have any effect in that particular instance. As a
result, some of the HDVs are unused. There might also be other instances where some of
the HDVs are unused. At the same time, the number of HDVs is not the only factor that
matters regarding obtaining lower costs. The different combinations of the parameter d are
also important, which is the main reason for their inclusion in the thesis.

The next two subsections give an indication to how many HDVs are used in the optimal
solutions to Equation (4.1) according to CTP and LTP. In all the tables in those subsections,
the second column indicates the total number of HDVs available at the four depots while
columns three, four and five list the actual number of HDVs used in optimal solutions
for solution cases 1, 2 and 3, respectively. Therefore, the difference between the columns
represents how many HDVs are unused in the optimal solution. At the same time NaN,
which is occasionally listed in columns three to five, refers to the instances where the
solution to Equation (4.1) is infeasible in which case the actual number of HDVs used in
the solution is impossible to determine. Finally, the last three columns show the minimum
costs obtained from Equation (4.1) given the combination of d and value of L for the three
different solution cases.
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CTP
Tables B.4 to B.7 indicate the results according to CTP for L = 8, 12, 16, 20, respectively.

It is evident that for solution cases 1, 2 and 3 in CTP there are at most 17, 20 and
19 HDVs needed, respectively, while the minimum number of HDVs used are 13, 16 and
11, respectively. Additionally, by looking at every situation for every L, there is not one
instance in solution case 1 where the upper limit of HDVs available is reached, i.e. there
are always at least one unused HDV in every possible instance, which is also the case for
solution case 3 except for L = 8.

Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 17 19 19 264.15 304.06 260.76

[3 5 6 5] 19 16 19 18 264.15 304.15 264.05
[5 5 6 5] 21 17 20 17 264.15 304.06 258.19
[6 5 6 5] 22 17 20 19 264.15 304.06 258.13
[7 5 6 5] 23 17 19 19 264.15 304.06 257.01

[4 3 6 5] 18 17 18 17 268.06 312.78 261.78
[4 4 6 5] 19 17 18 17 266.02 307.41 261.38
[4 6 6 5] 21 17 20 19 262.76 299.16 260.76
[4 7 6 5] 22 17 20 19 262.4 298.35 260.76

[4 5 3 5] 17 16 17 17 264.21 308.42 265.76
[4 5 4 5] 18 16 18 16 264.15 304.3 263.07
[4 5 5 5] 19 17 19 18 264.15 304.12 261.63
[4 5 7 5] 21 17 19 18 264.15 304.06 260.12

[4 5 6 3] 18 17 18 18 264.15 304.24 260.95
[4 5 6 4] 19 17 19 19 264.15 304.06 260.76
[4 5 6 6] 21 17 19 19 264.15 304.06 260.76
[4 5 6 7] 22 17 19 19 264.15 304.06 260.76

Table B.4. Minimum costs obtained in units of 100 kr for different combinations of d,
type CTP and time horizon L = 8.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 17 18 15 244.12 280.19 240.97

[3 5 6 5] 19 16 18 15 244.12 280.71 242.41
[5 5 6 5] 21 17 18 16 244.12 280.16 240.13
[6 5 6 5] 22 17 18 16 244.12 280.16 238.12
[7 5 6 5] 23 17 18 16 244.12 280.16 238.12

[4 3 6 5] 18 15 17 15 246.66 288.99 240.97
[4 4 6 5] 19 17 18 15 245.3 284.65 240.97
[4 6 6 5] 21 17 18 15 244.12 279.49 240.97
[4 7 6 5] 22 17 19 15 244.12 279.04 240.97

[4 5 3 5] 17 16 17 15 244.12 284.03 248.01
[4 5 4 5] 18 16 18 15 244.12 280.88 245.99
[4 5 5 5] 19 16 18 15 244.12 280.68 243.62
[4 5 7 5] 21 16 19 15 244.12 280.19 238.83

[4 5 6 3] 18 17 18 15 244.47 280.19 240.97
[4 5 6 4] 19 17 18 15 244.12 280.19 240.97
[4 5 6 6] 21 17 18 15 244.12 280.19 240.97
[4 5 6 7] 22 17 18 15 244.12 280.19 240.97

Table B.5. Minimum costs obtained in units of 100 kr for different combinations of d,
type CTP and time horizon L = 12.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 14 18 12 236 270.47 234.31

[3 5 6 5] 19 14 19 12 236 270.47 235.09
[5 5 6 5] 21 14 19 13 236 270.47 234.31
[6 5 6 5] 22 14 19 13 236 270.47 234.31
[7 5 6 5] 23 14 19 13 236 270.47 234.31

[4 3 6 5] 18 13 17 12 237.17 270.96 234.31
[4 4 6 5] 19 15 17 12 237.13 270.51 234.31
[4 6 6 5] 21 14 19 12 235.22 270.02 234.31
[4 7 6 5] 22 14 18 12 235.22 270.02 234.31

[4 5 3 5] 17 14 17 14 236 270.62 239.05
[4 5 4 5] 18 14 18 12 236 270.47 237.15
[4 5 5 5] 19 14 18 15 236 270.47 236.03
[4 5 7 5] 21 14 18 13 236 270.47 234.07

[4 5 6 3] 18 14 18 12 236 270.47 234.31
[4 5 6 4] 19 14 18 12 236 270.47 234.31
[4 5 6 6] 21 14 18 12 236 270.47 234.31
[4 5 6 7] 22 14 18 12 236 270.47 234.31

Table B.6. Minimum costs obtained in units of 100 kr for different combinations of d,
type CTP and time horizon L = 16.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 13 16 12 232.16 264.45 231.55

[3 5 6 5] 19 13 18 12 232.16 264.47 231.55
[5 5 6 5] 21 13 17 12 232.16 264.45 230.67
[6 5 6 5] 22 13 17 12 232.16 264.45 230.67
[7 5 6 5] 23 13 17 12 232.16 264.45 230.67

[4 3 6 5] 18 13 17 12 232.16 267.11 231.55
[4 4 6 5] 19 13 18 12 232.16 264.92 231.55
[4 6 6 5] 21 13 17 12 232.16 263.39 231.55
[4 7 6 5] 22 13 17 12 232.16 263.39 231.55

[4 5 3 5] 17 13 17 11 232.16 264.47 233.93
[4 5 4 5] 18 13 16 12 232.16 264.45 232.97
[4 5 5 5] 19 13 17 11 232.16 264.45 232.04
[4 5 7 5] 21 13 16 13 232.16 264.45 231.02

[4 5 6 3] 18 13 17 12 232.16 264.45 231.55
[4 5 6 4] 19 13 17 12 232.16 264.45 231.55
[4 5 6 6] 21 13 17 12 232.16 264.45 231.55
[4 5 6 7] 22 13 16 12 232.16 264.45 231.55

Table B.7. Minimum costs obtained in units of 100 kr for different combinations of d,
type CTP and time horizon L = 20.

LTP
Tables B.8 to B.11 indicate the results according to LTP for L = 8, 12, 16, 20, respectively.

For solution cases 1, 2 and 3 in LTP there are at most 21, 22 and 20 HDVs needed,
respectively, while the minimum number of HDVs used are 16, 19 and 15, respectively. In
many cases, all the available HDVs are used unlike in the CTP.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 NaN NaN NaN infeasible infeasible infeasible

[3 5 6 5] 19 NaN NaN NaN infeasible infeasible infeasible
[5 5 6 5] 21 21 NaN 20 327.2 infeasible 352.87
[6 5 6 5] 22 21 NaN 20 327.2 infeasible 352.87
[7 5 6 5] 23 21 NaN 20 327.2 infeasible 352.87

[4 3 6 5] 18 NaN NaN NaN infeasible infeasible infeasible
[4 4 6 5] 19 NaN NaN NaN infeasible infeasible infeasible
[4 6 6 5] 21 NaN NaN NaN infeasible infeasible infeasible
[4 7 6 5] 22 NaN NaN NaN infeasible infeasible infeasible

[4 5 3 5] 17 NaN NaN NaN infeasible infeasible infeasible
[4 5 4 5] 18 NaN NaN NaN infeasible infeasible infeasible
[4 5 5 5] 19 NaN NaN NaN infeasible infeasible infeasible
[4 5 7 5] 21 NaN NaN NaN infeasible infeasible infeasible

[4 5 6 3] 18 NaN NaN NaN infeasible infeasible infeasible
[4 5 6 4] 19 NaN NaN NaN infeasible infeasible infeasible
[4 5 6 6] 21 NaN NaN NaN infeasible infeasible infeasible
[4 5 6 7] 22 NaN NaN NaN infeasible infeasible infeasible

Table B.8. Minimum costs obtained in units of 100 kr for different combinations of d,
type LTP and time horizon L = 8.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 20 NaN 19 315.26 infeasible 326.65

[3 5 6 5] 19 NaN NaN NaN infeasible infeasible infeasible
[5 5 6 5] 21 21 NaN 18 315.26 infeasible 326.65
[6 5 6 5] 22 21 NaN 18 315.26 infeasible 326.65
[7 5 6 5] 23 21 NaN 18 315.26 infeasible 326.65

[4 3 6 5] 18 NaN NaN NaN infeasible infeasible infeasible
[4 4 6 5] 19 19 NaN 17 321.89 infeasible 329.03
[4 6 6 5] 21 20 NaN 19 315.26 infeasible 326.65
[4 7 6 5] 22 20 NaN 19 315.26 infeasible 326.65

[4 5 3 5] 17 NaN NaN NaN infeasible infeasible infeasible
[4 5 4 5] 18 NaN NaN NaN infeasible infeasible infeasible
[4 5 5 5] 19 NaN NaN NaN infeasible infeasible infeasible
[4 5 7 5] 21 21 NaN 19 310.06 infeasible 324.21

[4 5 6 3] 18 18 NaN 18 317.94 infeasible 326.65
[4 5 6 4] 19 19 NaN 19 315.26 infeasible 326.65
[4 5 6 6] 21 20 NaN 19 315.26 infeasible 326.65
[4 5 6 7] 22 20 NaN 19 315.26 infeasible 326.65

Table B.9. Minimum costs obtained in units of 100 kr for different combinations of d,
type LTP and time horizon L = 12.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 19 20 17 299.22 367.56 316.29

[3 5 6 5] 19 18 NaN 16 299.22 infeasible 319.25
[5 5 6 5] 21 19 20 18 299.22 367.56 316.29
[6 5 6 5] 22 19 20 18 299.22 367.56 316.29
[7 5 6 5] 23 19 20 18 299.22 367.56 316.29

[4 3 6 5] 18 NaN NaN NaN infeasible infeasible infeasible
[4 4 6 5] 19 18 NaN 17 299.22 infeasible 318.09
[4 6 6 5] 21 19 21 17 299.22 347.94 316.29
[4 7 6 5] 22 19 22 17 299.22 345.02 316.29

[4 5 3 5] 17 NaN NaN NaN infeasible infeasible infeasible
[4 5 4 5] 18 17 NaN 16 304.66 infeasible 320.86
[4 5 5 5] 19 19 NaN 17 299.22 infeasible 316.29
[4 5 7 5] 21 19 21 17 299.22 355.52 316.29

[4 5 6 3] 18 18 NaN 18 301.9 infeasible 316.29
[4 5 6 4] 19 19 19 17 299.22 379.19 316.29
[4 5 6 6] 21 19 20 17 299.22 367.56 316.29
[4 5 6 7] 22 19 20 17 299.22 367.56 316.29

Table B.10. Minimum costs obtained in units of 100 kr for different combinations of d,
type LTP and time horizon L = 16.
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Number of HDVs used Minimum costs
d

∑4
k=1 dk Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

[4 5 6 5] 20 17 19 18 293.54 355.79 312.71

[3 5 6 5] 19 17 NaN 17 293.54 infeasible 315.67
[5 5 6 5] 21 18 20 18 293.54 355.79 312.71
[6 5 6 5] 22 18 20 18 293.54 355.79 312.71
[7 5 6 5] 23 18 20 18 293.54 355.79 312.71

[4 3 6 5] 18 17 NaN 16 302.22 infeasible 315.44
[4 4 6 5] 19 17 NaN 17 293.54 infeasible 312.71
[4 6 6 5] 21 17 20 18 293.54 340.95 312.71
[4 7 6 5] 22 17 21 18 293.54 338.03 312.71

[4 5 3 5] 17 NaN NaN NaN infeasible infeasible infeasible
[4 5 4 5] 18 16 NaN 15 300.76 infeasible 317.42
[4 5 5 5] 19 16 NaN 17 296.16 infeasible 314.87
[4 5 7 5] 21 17 20 18 293.54 345.58 312.71

[4 5 6 3] 18 16 NaN 18 296.22 infeasible 312.71
[4 5 6 4] 19 17 19 18 293.54 355.79 312.71
[4 5 6 6] 21 17 19 18 293.54 355.79 312.71
[4 5 6 7] 22 17 19 18 293.54 355.79 312.71

Table B.11. Minimum costs obtained in units of 100 kr for different combinations of d,
type LTP and time horizon L = 20.



Appendix C

Implementation Statistic

The tables shown here are more detailed representation of the values shown in Tables 5.13
and 5.14 in Section 5.6.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 72 0.116496 36 0.142253 72 0.131774
2 32 0.052117 12 0.031517 32 0.057648
3 348 0.565407 28 0.049810 348 0.603183
4 112 0.180709 24 0.040485 112 0.188690
5 252 0.408658 36 0.061209 252 0.434901
6 232 0.375892 72 0.124207 232 0.380701
7 64 0.102696 36 0.061233 64 0.102830
8 140 0.226738 24 0.040748 140 0.227277
9 108 0.174402 16 0.026668 108 0.174291
10 124 0.200233 28 0.047437 124 0.200652
11 124 0.200505 32 0.054302 124 0.200738
12 4 0.005501 4 0.009059 4 0.007808
13 112 0.180800 56 0.096324 112 0.181068
14 36 0.057397 12 0.019783 36 0.057396
15 184 0.298543 72 0.124716 184 0.298488
16 112 0.180865 16 0.026769 112 0.181028
17 160 0.259458 36 0.061970 160 0.260280
18 96 0.155030 16 0.026912 96 0.156578
19 60 0.096441 8 0.012807 60 0.097009
20 104 0.168398 16 0.026879 104 0.168919
21 428 0.695250 104 0.176300 428 0.696372
22 56 0.089781 16 0.024379 56 0.089884
23 128 0.206884 40 0.057762 128 0.207963
24 188 0.304165 28 0.044385 188 0.305365
25 408 0.663390 108 0.175415 408 0.674675
26 40 0.063965 12 0.018703 40 0.066072
27 280 0.454869 56 0.090430 280 0.456101
28 36 0.057581 4 0.004614 36 0.057985
29 248 0.402234 100 0.160938 248 0.412674
30 152 0.246702 32 0.051880 152 0.257715
31 4 0.005319 4 0.006511 4 0.006466
32 368 0.598137 76 0.124088 368 0.620420
33 60 0.096544 16 0.025149 60 0.100525
34 4 0.005302 4 0.005279 4 0.005498
35 4 0.005285 4 0.005306 4 0.005527
36 36 0.058105 8 0.012294 36 0.059583
37 184 0.298463 32 0.051267 184 0.314922
38 4 0.005312 4 0.005284 4 0.005479
39 116 0.187918 32 0.051046 116 0.197919
40 156 0.252696 44 0.071311 156 0.270400
41 8 0.012228 8 0.012172 8 0.012845
42 312 0.507019 120 0.195584 312 0.536959
43 408 0.664445 112 0.182850 408 0.701544
44 148 0.240261 28 0.044953 148 0.248721
45 136 0.221721 76 0.122842 136 0.235261

Total 6388 10.349862 1648 2.805830 6388 10.658134

Table C.1. Number of routes created and computational time in seconds of every priority
assignment for CTP and L = 8.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 6 0.061159 4 0.010793 6 0.104037
2 3 0.015182 1 0.001839 3 0.015815
3 3 0.011500 3 0.007882 3 0.018316
4 1 0.003743 1 0.001810 1 0.003972
5 4 0.010555 4 0.010038 4 0.010770
6 9 0.029451 7 0.018624 9 0.029499
7 7 0.019882 3 0.007303 7 0.019919
8 6 0.019949 1 0.001838 6 0.019999
9 10 0.028605 2 0.004620 10 0.028188
10 8 0.022659 3 0.007300 8 0.022672
11 2 0.004906 1 0.001816 2 0.004874
12 1 0.001917 1 0.001821 1 0.001898
13 8 0.022420 6 0.015956 8 0.022294
14 2 0.004913 2 0.004610 2 0.004853
15 4 0.010554 3 0.007305 4 0.010535
16 11 0.030906 2 0.004631 11 0.031415
17 4 0.010522 2 0.004616 4 0.010705
18 4 0.011082 2 0.004606 4 0.011098
19 8 0.022316 1 0.001983 8 0.022366
20 2 0.004919 1 0.001865 2 0.004864
21 18 0.051813 11 0.029816 18 0.052002
22 3 0.007739 1 0.001857 3 0.007703
23 5 0.013372 4 0.009986 5 0.013360
24 3 0.007692 1 0.001806 3 0.007722
25 10 0.028554 5 0.013174 10 0.028577
26 4 0.010583 2 0.004656 4 0.010522
27 10 0.027964 4 0.010462 10 0.028010
28 2 0.004923 1 0.001800 2 0.004865
29 2 0.004877 2 0.004656 2 0.004872
30 8 0.022380 1 0.001805 8 0.022463
31 1 0.002921 1 0.001458 1 0.002859
32 13 0.037083 4 0.010370 13 0.037089
33 4 0.010591 1 0.001801 4 0.010574
34 1 0.001560 1 0.001461 1 0.001540
35 1 0.001569 1 0.001470 1 0.001546
36 4 0.010593 1 0.001796 4 0.010555
37 6 0.016742 2 0.004613 6 0.016708
38 1 0.001560 1 0.001467 1 0.001550
39 9 0.025271 2 0.004657 9 0.025264
40 5 0.013402 3 0.007287 5 0.013422
41 1 0.001903 1 0.001792 1 0.001876
42 7 0.019566 5 0.013240 7 0.019566
43 11 0.031928 6 0.016220 11 0.031437
44 5 0.013613 1 0.001807 5 0.013369
45 3 0.007804 3 0.007363 3 0.007695

Total 240 0.723143 115 0.278076 240 0.773235

Table C.2. Number of routes created and computational time in seconds of every priority
assignment for LTP and L = 8.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 416 0.554473 116 0.189493 416 0.680866
2 32 0.043167 12 0.018980 32 0.052531
3 708 0.943854 32 0.051920 708 1.158548
4 372 0.495048 44 0.071560 372 0.607039
5 840 1.118432 68 0.111127 840 1.393465
6 1056 1.405897 208 0.340784 1056 1.727612
7 64 0.084034 36 0.057448 64 0.103086
8 216 0.287598 28 0.045313 216 0.369099
9 688 0.916297 48 0.077616 688 1.155743
10 292 0.386826 88 0.143006 292 0.476012
11 740 0.985882 100 0.163187 740 1.257707
12 4 0.004563 4 0.005501 4 0.005779
13 564 0.751337 164 0.270553 564 0.963063
14 40 0.052557 16 0.025493 40 0.068266
15 692 0.922066 124 0.202958 692 1.135809
16 468 0.621596 44 0.072946 468 0.772681
17 264 0.351966 40 0.065401 264 0.440278
18 156 0.207716 24 0.038899 156 0.254549
19 60 0.078888 8 0.012045 60 0.096947
20 352 0.468799 40 0.064201 352 0.575318
21 1908 2.557181 332 0.552998 1908 3.097888
22 56 0.074141 16 0.025328 56 0.073519
23 816 1.099021 232 0.392389 816 1.099020
24 628 0.875837 72 0.121127 628 0.835600
25 1140 1.636193 252 0.429943 1140 1.731780
26 40 0.063294 12 0.019682 40 0.063317
27 900 1.282954 88 0.148857 900 1.359582
28 36 0.057558 4 0.005617 36 0.057070
29 712 1.000053 264 0.452393 712 1.128986
30 276 0.386994 32 0.053274 276 0.451200
31 60 0.079304 24 0.039485 60 0.096619
32 644 0.973098 96 0.166746 644 1.056239
33 172 0.279312 24 0.040910 172 0.284476
34 56 0.090261 36 0.061602 56 0.090295
35 4 0.005320 4 0.005865 4 0.005320
36 36 0.057542 8 0.012981 36 0.057624
37 1248 2.049284 76 0.131327 1248 2.065742
38 60 0.099980 24 0.040587 60 0.096909
39 532 0.869715 88 0.152544 532 0.903237
40 400 0.665445 56 0.097625 400 0.662513
41 8 0.012370 8 0.012973 8 0.013044
42 1164 1.922545 260 0.451613 1164 1.963378
43 1708 2.830840 236 0.408235 1708 2.772431
44 380 0.506026 28 0.047784 380 0.506686
45 376 0.500333 140 0.243365 376 0.616387

Total 21384 30.655597 3656 6.143681 21384 34.383260

Table C.3. Number of routes created and computational time in seconds of every priority
assignment for CTP and L = 12.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 19 0.044689 7 0.020022 19 0.052497
2 3 0.006892 1 0.001820 3 0.008665
3 3 0.006621 3 0.007906 3 0.007830
4 1 0.001619 1 0.001803 1 0.001885
5 9 0.019932 5 0.013212 9 0.023987
6 19 0.043322 11 0.030293 19 0.051998
7 7 0.014902 3 0.007344 7 0.017961
8 6 0.013295 1 0.001825 6 0.015822
9 34 0.077195 2 0.004945 34 0.092822
10 10 0.022547 5 0.014887 10 0.027068
11 2 0.003934 1 0.001894 2 0.004619
12 1 0.001582 1 0.001868 1 0.001791
13 21 0.048389 8 0.022800 21 0.057626
14 2 0.004391 2 0.004586 2 0.004612
15 8 0.017791 3 0.007295 8 0.021194
16 25 0.056647 4 0.010454 25 0.067855
17 5 0.011031 2 0.004618 5 0.013088
18 5 0.011520 3 0.007735 5 0.013635
19 8 0.017595 1 0.001803 8 0.021084
20 2 0.003926 1 0.001795 2 0.004608
21 31 0.071200 15 0.041554 31 0.086002
22 3 0.006140 1 0.001804 3 0.007300
23 10 0.022660 8 0.021635 10 0.026911
24 6 0.013287 1 0.001802 6 0.015838
25 10 0.022534 5 0.013098 10 0.027158
26 4 0.008311 2 0.004602 4 0.009976
27 19 0.043665 4 0.010430 19 0.052450
28 2 0.003925 1 0.001787 2 0.004629
29 4 0.008798 4 0.010413 4 0.010451
30 8 0.017590 1 0.001791 8 0.021208
31 4 0.008290 2 0.004593 4 0.009951
32 19 0.043937 4 0.010610 19 0.052657
33 4 0.008304 1 0.001795 4 0.010111
34 5 0.010521 3 0.007293 5 0.012668
35 1 0.001252 1 0.001452 1 0.001462
36 4 0.008319 1 0.001814 4 0.009977
37 10 0.023691 3 0.007787 10 0.028288
38 4 0.008326 3 0.007278 4 0.010080
39 22 0.050867 4 0.010413 22 0.061732
40 10 0.022712 4 0.010756 10 0.026957
41 1 0.001604 1 0.001785 1 0.001801
42 10 0.022493 7 0.018892 10 0.026982
43 14 0.031764 9 0.024592 14 0.038717
44 8 0.017622 1 0.002200 8 0.021325
45 3 0.006099 3 0.007818 3 0.007288

Total 406 0.911731 154 0.396899 406 1.092566

Table C.4. Number of routes created and computational time in seconds of every priority
assignment for LTP and L = 12.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 1824 2.441765 260 0.426653 1824 2.953217
2 32 0.043105 12 0.019015 32 0.044221
3 1384 1.854812 44 0.072036 1384 2.286362
4 768 1.023990 60 0.098263 768 1.259620
5 3936 5.554267 236 0.385262 3936 6.015001
6 4744 7.105157 516 0.844576 4744 6.458384
7 348 0.567036 100 0.162498 348 0.462560
8 400 0.535584 32 0.052121 400 0.534431
9 2592 3.513403 60 0.097626 2592 3.666186
10 1484 1.995711 164 0.267717 1484 2.478321
11 1500 2.101550 132 0.216959 1500 2.554624
12 4 0.004669 4 0.005454 4 0.004662
13 1256 1.875611 220 0.363047 1256 1.981505
14 64 0.105403 20 0.032166 64 0.105691
15 3144 4.726886 280 0.459742 3144 4.723448
16 2092 2.807909 96 0.156196 2092 3.303183
17 388 0.639386 44 0.072079 388 0.521003
18 232 0.381352 24 0.038797 232 0.312865
19 104 0.171362 12 0.018826 104 0.139068
20 1972 3.170526 112 0.183316 1972 2.641738
21 7364 10.812645 696 1.141614 7364 11.059501
22 240 0.320017 16 0.025152 240 0.319150
23 3684 5.298116 604 0.991309 3684 5.379073
24 2720 4.137018 240 0.392896 2720 4.268788
25 5048 7.662621 508 0.837247 5048 7.486629
26 104 0.140397 12 0.019328 104 0.139060
27 1620 2.377087 108 0.178478 1620 2.280591
28 52 0.069745 4 0.005477 52 0.069070
29 3720 5.630049 704 1.161854 3720 5.274798
30 576 0.771538 44 0.074148 576 0.770871
31 104 0.169999 36 0.057985 104 0.169116
32 1320 2.188975 104 0.172624 1320 2.186202
33 328 0.569713 36 0.058563 328 0.537126
34 108 0.176413 36 0.057628 108 0.184987
35 56 0.090542 28 0.044623 56 0.096042
36 88 0.143914 8 0.012221 88 0.152879
37 3216 4.987236 156 0.257635 3216 4.928565
38 180 0.240835 44 0.071074 180 0.240222
39 1624 2.349292 144 0.237998 1624 2.397798
40 580 0.780041 68 0.116404 580 0.776558
41 8 0.011320 8 0.012326 8 0.010069
42 4248 6.295309 520 0.870872 4248 6.132359
43 8028 12.090652 592 1.004021 8028 11.312517
44 752 1.010996 32 0.054235 752 1.010066
45 2136 2.988003 268 0.467315 2136 3.252098

Total 76172 111.931957 7444 12.295376 76172 112.880225

Table C.5. Number of routes created and computational time in seconds of every priority
assignment for CTP and L = 16.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 46 0.108544 13 0.037707 46 0.127906
2 3 0.006877 1 0.001823 3 0.007988
3 4 0.009422 4 0.010985 4 0.010996
4 1 0.001647 1 0.001792 1 0.001855
5 24 0.054513 8 0.021560 24 0.065444
6 26 0.060471 15 0.042097 26 0.072296
7 15 0.033629 3 0.007347 15 0.040442
8 6 0.013286 1 0.001791 6 0.015789
9 68 0.157672 2 0.004956 68 0.189583
10 19 0.044837 8 0.021736 19 0.053173
11 3 0.006620 1 0.001794 3 0.007795
12 1 0.001565 1 0.001787 1 0.001798
13 23 0.054158 8 0.022705 23 0.063534
14 2 0.005317 2 0.004939 2 0.006194
15 8 0.017759 3 0.007276 8 0.021224
16 68 0.156049 6 0.016648 68 0.187283
17 5 0.011336 2 0.004952 5 0.013465
18 5 0.011849 3 0.007756 5 0.013918
19 12 0.027339 1 0.001790 12 0.032744
20 3 0.006612 1 0.001824 3 0.007795
21 50 0.116929 25 0.070306 50 0.140143
22 3 0.006169 1 0.001821 3 0.007317
23 16 0.036743 11 0.030192 16 0.043838
24 6 0.013204 1 0.001858 6 0.015791
25 22 0.050498 5 0.013445 22 0.060382
26 4 0.009538 2 0.004965 4 0.010974
27 21 0.050433 4 0.011148 21 0.059337
28 2 0.003919 1 0.001788 2 0.004613
29 4 0.008898 4 0.010586 4 0.010483
30 9 0.020263 1 0.001795 9 0.024197
31 5 0.010993 2 0.004922 5 0.013063
32 20 0.047492 4 0.010937 20 0.056508
33 6 0.013202 1 0.001786 6 0.015748
34 9 0.019820 3 0.007314 9 0.023810
35 5 0.010518 3 0.007266 5 0.012631
36 5 0.011325 1 0.001792 5 0.013876
37 12 0.029167 4 0.010902 12 0.034617
38 4 0.008293 3 0.007285 4 0.009945
39 27 0.062347 4 0.010458 27 0.074879
40 10 0.023170 4 0.011213 10 0.027602
41 1 0.001576 1 0.001782 1 0.001793
42 15 0.033987 7 0.019063 15 0.040873
43 29 0.066825 12 0.033987 29 0.080347
44 10 0.022446 1 0.001813 10 0.026869
45 11 0.024990 4 0.010822 11 0.029598

Total 648 1.492247 193 0.512511 648 1.780456

Table C.6. Number of routes created and computational time in seconds of every priority
assignment for LTP and L = 16.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 6420 8.859180 492 0.807613 6420 9.966974
2 32 0.044139 12 0.018947 32 0.056348
3 1960 2.675481 48 0.078679 1960 3.274255
4 1200 1.626125 64 0.105388 1200 1.713073
5 17968 26.815509 408 0.668299 17968 31.924767
6 22552 34.991026 1160 1.913925 22552 37.839393
7 1948 2.635280 280 0.459961 1948 2.797742
8 512 0.695562 36 0.059232 512 0.690310
9 6964 9.650065 88 0.144374 6964 9.570349
10 6544 9.029301 432 0.710586 6544 9.529870
11 2696 3.665886 160 0.265868 2696 3.762675
12 4 0.004657 4 0.005547 4 0.004697
13 2212 3.001700 280 0.465825 2212 2.977468
14 72 0.098924 24 0.039066 72 0.099160
15 11292 16.159852 572 0.950876 11292 16.330152
16 7404 10.277680 192 0.328191 7404 10.882279
17 492 0.674436 52 0.070858 492 0.822244
18 280 0.385966 28 0.037510 280 0.476272
19 120 0.163060 12 0.015421 120 0.198489
20 5096 7.007357 168 0.225986 5096 7.564512
21 37412 70.180852 1644 2.585071 37412 70.343971
22 864 1.174407 36 0.058158 864 1.166364
23 13772 20.173056 1208 1.996176 13772 21.624245
24 13124 19.078510 528 0.866267 13124 19.397117
25 19556 30.580749 972 1.640073 19556 33.260537
26 140 0.192549 16 0.027420 140 0.190238
27 2584 3.557177 128 0.225136 2584 3.515265
28 68 0.092915 4 0.005787 68 0.091669
29 17760 27.558638 1648 2.762851 17760 27.233376
30 892 1.218687 60 0.082470 892 1.209833
31 296 0.402399 56 0.091361 296 0.398337
32 1848 2.536487 124 0.205457 1848 2.518055
33 524 0.714872 44 0.072485 524 0.710914
34 580 0.788304 96 0.157126 580 0.780796
35 224 0.301862 44 0.071131 224 0.300898
36 112 0.153413 8 0.012257 112 0.151627
37 7408 10.519455 188 0.311648 7408 10.349763
38 852 1.182525 80 0.131390 852 1.151979
39 3284 5.116531 180 0.299768 3284 4.459551
40 788 1.150698 72 0.120028 788 1.073015
41 8 0.010546 8 0.012214 8 0.010370
42 21648 37.197842 1288 2.162799 21648 34.830939
43 28516 48.006136 956 1.580982 28516 51.477556
44 1228 1.699211 40 0.065650 1228 1.672139
45 4244 5.838679 320 0.547045 4244 5.791135

Total 273500 427.887686 14260 23.462902 273500 444.190718

Table C.7. Number of routes created and computational time in seconds of every priority
assignment for CTP and L = 20.
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Case 1 Case 2 Case 3
i Number Time Number Time Number Time
1 102 0.238672 18 0.052478 102 0.287846
2 3 0.006887 1 0.001812 3 0.008157
3 4 0.009435 4 0.010985 4 0.010977
4 1 0.001625 1 0.001811 1 0.001838
5 53 0.122025 9 0.024811 53 0.145762
6 58 0.136334 23 0.065238 58 0.164649
7 49 0.112104 4 0.010676 49 0.136509
8 6 0.013638 1 0.001853 6 0.016265
9 99 0.233129 2 0.005100 99 0.283276
10 30 0.071214 10 0.027803 30 0.086557
11 3 0.006680 1 0.001802 3 0.008253
12 1 0.001576 1 0.001785 1 0.002053
13 26 0.062003 8 0.023695 26 0.073948
14 2 0.004243 2 0.004953 2 0.004924
15 14 0.031912 4 0.010504 14 0.038149
16 128 0.300747 6 0.016740 128 0.370819
17 5 0.011378 2 0.004993 5 0.014832
18 5 0.012201 3 0.008167 5 0.014673
19 14 0.033462 1 0.001792 14 0.040238
20 3 0.006620 1 0.001807 3 0.007998
21 84 0.196559 32 0.090924 84 0.243765
22 10 0.023597 1 0.001841 10 0.028759
23 23 0.053229 11 0.030538 23 0.065354
24 6 0.013230 1 0.001801 6 0.016235
25 30 0.069171 6 0.017136 30 0.085687
26 4 0.009359 2 0.005000 4 0.011414
27 22 0.053260 4 0.011291 22 0.065071
28 2 0.003905 1 0.001837 2 0.004740
29 6 0.013731 5 0.014210 6 0.016779
30 11 0.025705 1 0.001918 11 0.031479
31 5 0.011585 2 0.004975 5 0.013493
32 20 0.048355 4 0.011061 20 0.058985
33 7 0.015903 1 0.001793 7 0.019504
34 31 0.070885 6 0.016380 31 0.087720
35 8 0.017630 3 0.007720 8 0.021810
36 5 0.011380 1 0.001809 5 0.013837
37 14 0.034558 4 0.011124 14 0.041952
38 7 0.015468 3 0.007284 7 0.018982
39 33 0.078033 4 0.011198 33 0.096586
40 12 0.029269 4 0.011251 12 0.035657
41 1 0.001568 1 0.001781 1 0.001840
42 17 0.038968 8 0.022125 17 0.047935
43 41 0.094880 12 0.034005 41 0.118678
44 10 0.022845 1 0.001792 10 0.028895
45 14 0.033011 4 0.010763 14 0.040428

Total 1029 2.401969 224 0.610362 1029 2.933308

Table C.8. Number of routes created and computational time in seconds of every priority
assignment for LTP and L = 20.
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