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Abstract

This thesis consists of two papers in toric geometry. In Paper A we provide
a complete classification up to isomorphism of all smooth convex lattice 3-
polytopes with at most 16 lattice points. There exist in total 103 different
polytopes meeting these criteria. Of these, 99 are strict Cayley polytopes
and the remaining four are obtained as inverse stellar subdivisions of such
polytopes. We derive a classification, up to isomorphism, of all complete
embeddings of smooth toric threefolds in PN where N ≤ 15. Again we have in
total 103 such embeddings. Of these, 99 are projective bundles embedded in
PN and the remaining four are blow-ups of such toric threefolds. In Paper B
we show that a complete smooth toric embedding X ↪ PN having maximal
k-th osculating dimension, but not maximal (k + 1)-th osculating dimension,
at every point is associated to a Cayley polytope of order k. This result
generalises an earlier characterisation by David Perkinson. In addition we
prove that the above assumptions are equivalent to requiring that the Seshadri
constant is exactly k at every point of X, generalising a result of Atsushi Ito.
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Sammanfattning

Denna Licentiatuppsats utgörs av två vetenskapliga artiklar inom torisk
geometri. I Paper A ger vi en komplett klassificering, upp till isomorfi, av alla
3-dimensionella glatta konvexa gitter polytoper som innehåller högst 16 gitter
punkter. Totalt utgörs klassificeringen av 103 olika polytoper. Av dessa 103
polytoper är 99 stycken strikta Cayley polytoper och resterande fyra är inversa
stjärnuppdelningar av Cayley polytoper. Från detta resultat härleder vi en
klassificering av alla fullständiga inbäddningar av glatta toriska trefalder i PN

för N ≤ 15. Återigen får vi 103 sådana inbäddningar. Av dessa är 99 projektiva
fiberknippen inbäddade i PN och resterande fyra är uppblåsningar av dito. I
Paper B visar vi att en fullstädig glatt torisk imbäddning X ↪ PN som i varje
punkt är sådan att, det k:te oskulerande rummet har maximal dimension, men
det (k + 1):a oskulerande rummet ej är av maximal dimension, är associerad
till en Cayley polytop av grad k. Detta resultat generaliserar en tidigare känd
klassificering av David Perkinson. Vidare visar vi att ovanstående antaganden
är ekvivalenta med att anta att Seshadrikonstanten är exakt k för varje punkt
på X, vilket generaliserar en tidigare klassificering av Atsushi Ito.
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Chapter 1

Introduction

We start with a brief introduction to toric geometry and local positivity in algebraic
geometry. Our primary aim is to provide a crude sketch of the parts of these research
fields needed to understand the results of the thesis. We will keep the discussion
somewhat informal and make no claim of giving either a complete exposition of the
fields nor complete proofs of the statements made. A more throughout introduction
to toric geometry is given for example in [CLS11], [Ful93] or [Ewa96]. For the reader
interested in local positivity we recommend [Laz04] as a good starting point.

1.1 Toric Geometry

The main reference for this section is [CLS11] where proofs and formal definitions
can be found unless stated otherwise. An (algebraic) torus T is any affine variety
isomorphic to (C∗)n ∶= (Cn ∖ V(x1⋯xn)) with a group action inherited from the
multiplicative action on (C∗)n.

Definition 1.1. A toric variety is an (irreducible) variety X containing a torus
T as a Zariski open subset such that the multiplicative action on T extends to an
algebraic action on all of X i.e. to a morphism T ×X → X which is also an action
of T on X.

Basic examples of toric varieties are (C∗)n, Cn and Pn. To broaden one’s
collection of examples it is worth considering the character group M of the torus
T ≅ (C∗)n. Recall that a character of T is a morphism T → C∗ that is also a
homomorphism of groups. The simplest possible way to construct a character is to
choose an element m = (m1, . . . ,mn) ∈ Zn and define the character χm ∶ T → C∗

as t ↦ tm = tm1
1 ⋯tmnn . It is a standard fact (see [Hum75]) that every character of

T is of this form, thus M ≅ Zn. Hence for any finite set A = {χa0 , . . . , χas} ⊂ M
one obtains an affine toric variety by taking the Zariski closure of the image of the
map φA ∶ T → (C∗)s+1 ⊂ Cs+1 defined as t ↦ (χa0(t), . . . , χas(t)). To construct
a projective toric variety one simply composes the map φA with the inclusion

1



2 CHAPTER 1. INTRODUCTION

(C∗)s+1 ↪ Ps, before taking the Zariski closure. In fact any affine toric variety X
can be obtained as the closure of the image of a monomial map φA for some subset
A ⊂M . Moreover X is the (maximal) spectrum of the ring C[NA ], which in turn
is the C-linear span of the affine semigroup NA generated by A .

When X is full dimensional and normal the semigroup NA is isomorphic to
σ∨ ∩M for a strongly convex rational polyhedral cone σ. Recall that a polyhedral
cone σ = Cone(S) is strongly convex if it contains no line through the origin and
it is rational if the generating set S can be taken to be a finite subset of N ∶=M∨.
This gives a combinatorial description of normal affine toric varieties. We write Uσ
for Spec(C[σ∨ ∩M]). A combinatorial description of an abstract toric variety can
now be obtained by gluing together normal affine varieties.

Definition 1.2. A fan Σ is defined as a finite collection of strongly convex rational
polyhedral cones such that if σ,σ′ ∈ Σ then σ ∩ σ′ ∈ Σ and if τ is a face of σ ∈ Σ
then τ ∈ Σ.

It is straight forward to check that if σ1 and σ2 are cones in Σ then Uσ1∩σ2

can be regarded as a Zariski open subset of both Uσ1 and Uσ2 . Moreover gluing
together the collection {Uσ}σ∈Σ along the open subsets Uσ1∩σ2 for all σ1, σ2 ∈ Σ
yields a normal abstract toric variety XΣ.

Since projective varieties can be obtained by gluing together affine varieties it is
natural to ask how the two ways of constructing projective toric varieties outlined
above are related. From a combinatorial perspective a sufficient condition for these
constructions to be equivalent is that the set A is such that A = Conv(A ) ∩M
and that the polytope P ∶= Conv(A ) is normal or smooth. Recall that P is normal
if (kP ) ∩M + (lP ) ∩M = (k + l)P ∩M for all k, l ∈ N, while P is smooth if the
edge-directions through every vertex of P form a basis for M as a Z-module. As a
side remark we note that it is a longstanding open question, relating to the content
of the thesis, whether every smooth polytope is normal. When P is normal (or
smooth) it turns out that the normal fan Σ of P is exactly the fan appearing in
the second construction, i.e. XA ≅XΣ as abstract varieties.

From an algebro-geometric perspective the two constructions clearly differ in
that the first gives an embedded variety while the second construction gives an
abstract variety. We will connect the two constructions by using the standard fact
that having a map X → PN is equivalent to having a line bundle L on X together
with a collection of sections s0, . . . , sN without common zeros. A key property of
toric varieties is that there is a one-to-one correspondence between the rays of the
fan Σ and the torus-invariant prime divisors on X. Moreover the class group of
a normal toric variety XΣ is generated by the free group of torus-invariant Weil-
Divisors on X. Thus if L is a line-bundle on XΣ, then there exist a torus-invariant
Weil divisor D = ∑ρ∈Σ(1) aρDρ such that L ≅ O(D), where Σ(1) is the collection
of rays in Σ, Dρ is the prime divisor corresponding to the ray ρ and aρ ∈ Z. To D
we associate the polyhedron PD = {m ∈ MR ∶ ⟨m,µρ⟩ ≥ −aρ,∀ρ ∈ Σ(1)} and have
the following theorem.
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Theorem 1.3 ([CLS11]). Let XΣ be a complete toric variety and let D be a Weil
divisor on XΣ, then

Γ(XΣ,OXΣ(D)) = ⊕
m∈PD∩M

Cχm.

Proof. Recall that f ∈ Γ(XΣ,OXΣ(D)) if and only if div(f) +D ≥ 0. However the
support of D lies outside of the torus, div(f)∣T ≥ 0, i.e. f lies in the coordinate ring
C[M] of T and Γ(XΣ,OXΣ(D)) ⊆ C[M]. But Γ(XΣ,OXΣ(D)) is invariant under
the T -action since D is torus-invariant, thus we get the decomposition (see [CLS11]
p.18):

Γ(XΣ,OXΣ(D)) = ⊕
χm∈Γ(XΣ,OXΣ(D))

C ⋅ χm. (1.1)

The characters χm are rational functions on XΣ since they are defined and are non-
vanishing on the torus. It follows that the support of div(χm) lies in ⋃ρ∈Σ(1)Dρ, i.e.
div(χm) = ∑ρ∈Σ(1) νDρ(χm)Dρ. One readily checks that νDρ(χm) = ⟨m,µρ⟩, where
µρ is the primitive vector along the ray ρ. Thus div(χm)+D ≥ 0 ⇐⇒ ⟨m,µρ⟩+aρ ≥
0, ∀ρ ∈ Σ(1) which combined with 1.1 proves the statement.

From the description of PD as an intersection of half spaces it is clear that in
general the fan Σ is a refinement of the normal fan ΣPD of PD. With more work
one can show that XΣ embedded via Γ(XΣ,OXΣ(D)) is isomorphic to XA ↪ PN ,
where A = P ∩M if and only if OXΣ(D) is very ample.

Cayley polytopes and Projective fiber bundles

In establishing the results of this thesis a key-role is played by the so called Cayley
polytopes and projective fiber bundles. Here we give a short description of these
objects following [DDP09].

Definition 1.4. Let P0, . . . , Pr ⊂ Rp be polytopes. We define

[P0 ∗⋯ ∗ Pr]k ∶= Conv{(P0 × 0) ∪ (P1 × kê1) ∪⋯ ∪ (Pr × kêr)} ⊂ Rp ×Rr

where ê1, . . . , êr is the standard basis for Rr. A polytope P ⊆ Rn is called a Cayley
polytope of order k and length r+1 if there exist some lower dimensional polytopes
P0, . . . , Pr such that P ≅ [P0 ∗ ⋯ ∗ Pr]k. If P0, . . . , Pr can be taken to be normally
equivalent, i.e. to have the same normal fan Σ, then P is called a strict Cayley
polytope and is denoted by CaykΣ(P0, . . . , Pr).

From an algebro-geometric viewpoint strict Cayley polytopes are particularly
nice since they correspond to projective fiber bundles.

Proposition 1.5 ([CD08],[DDP09]). Let P be the smooth polytope associated to a
complete embedding of a toric variety XP . Then P ≅ CaykΣ(P0, . . . , Pr) if and only
if XP is a Pr-fiber bundle over XΣ and LF = O(k) for a any fiber F .
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Figure 1.1: The strict Cayley polytope CaykΣ(I0, I1) where I0 and I1 are intervals
(left) and a generalized Cayley polytope [P0 ∗P1]k where P0 is a quadrilateral and
P1 is a triangle (right).

The main idea of the proof for Proposition 1.5 is to show that projective fiber
bundles correspond to fibrations of polytopes. On the polytope level one considers
the projection π ∶ Rn×Rr → Rr onto the last r coordinates. If P = CaykΣ(P0, . . . , Pr)
then the image of P under π is the simplex k∆r, with the polytopes P0, . . . , Pr
mapping onto the vertices of k∆r. The fact that P0, . . . , Pr have the same normal
fan Σ is equivalent to the Pi corresponding to invariant sections of the fibration
XP →XΣ.

The algebro-geometric interpretation of having a smooth toric embedding asso-
ciated to a generalized Cayley polytope [P0∗⋯∗Pr]k is not as direct as Proposition
1.5. However one can construct a birational morphism from a projective fiber bun-
dle to X[P0∗⋯∗Pr]k . To this end recall that the normal fan Σ of the Minkowski sum
P0 + ⋅ ⋅ ⋅ + Pr is the smallest common refinement of the normal fans of P0, . . . , Pr
[GS93]. Moreover a refinement of fans induces a birational morphism of toric va-
rieties. There is then a birational morphism π ∶ XΣ → XPi . Observe that if Pi
corresponds to (XPi ,LPi) then π∗LPi is globally generated [CLS11, 6.2.8] and
(Y,π∗LPi) corresponds to the polytope Pi. Now for all i define the polytope
P ′
i ∶= Pi +∑

r
j=0 Pj , (which clearly has the same normal fan as ∑rj=0 Pj). Then the

normal fan of CaykΣ(P ′
0, . . . , P

′
r) is a refinement of the normal fan of [P0 ∗⋯∗Pr]k.

Thus there is a birational morphism XCaykΣ(P ′

0,...,P
′
r)
→ X[P0∗⋯∗Pr]k . We end this

section with an example of this construction.

Example 1.6. Consider the following Cayley polytope where P0 and P1 corre-
spond to a Segre and a Veronese embedding respectively.

P1

P0

The Minkowski sums P ′
0 ∶= 2P0 + P1 and P ′

1 ∶= P0 + 2P1 and the polytope
CaykΣ(P ′

0, P
′
1) are then as follows.
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Figure 1.2: P ′
0, P

′
1 and CaykΣ(P ′

0, P
′
1)

We observe that CaykΣ(P ′
0, P

′
1) correspond to a P1-fiber bundle over a blow-up

of P2 in two fixpoints. The map XCaykΣ(P ′

0,P
′
r)
→ X[P0∗P1]k is given by the map

induced by the map of fans.

1.2 Positivity

Given a projective variety X and a line bundle L on X one is often interested in
the positivity or ampleness of L . There are various equivalent ways to phrase what
it means for L to be ample.

Theorem 1.7 ([Laz04]). Let X be a projective variety and L a line bundle on X.
Then the following are equivalent

1. L is ample

2. There exist some m ∈ N such that the morphism φ given by the global sections
of L ⊗m is a closed embedding i.e. φ separates points and tangent vectors.

3. V dim(V ) ⋅L > 0 for all positive dimensional subvarieties V of X.

4. For any coherent sheaf F on X there exist some mF ∈ N such that Hi(X,F⊗
L ⊗m) = 0 for all i > 0 and m >mF .

When considering positivity locally these equivalent facets of ampleness are re-
flected in a variety of different measures of local positivity. In this section we discuss
two such measures, namely k-jet spannedness and Seshadri constants. References
for this section are [Laz04], [BDH+09], [Di 99], [BS08], [CP90], [EL93] and [Dem90].

Osculating spaces and k-jet spannedness

One local measure of positivity around a point x ∈ X is obtained by considering
the k-th osculating space Tkx(X,L ) at x for various k.

Definition 1.8. Let X be a projective variety and let L be a line bundle on X.
The k-th osculating space Tkx(X,L ) is defined as P(im(jkx)) for the jet-map

jkx ∶H0(X,L )→H0(X,L ⊗OX/mk+1
x ).

When jkx is onto we say that L is k-jet spanned at x ∈X.
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Note that on the stalk level the map jkx sends a section of L to the terms of
degree ≤ k in its Taylor expansion around x. By construction L is 0-jet spanned
at every point if and only if L is generated by its global sections. Similarly if X
is toric, then L is 1-jet spanned at every point if and only if the global sections of
L separates points and tangent vectors i.e. if and only if L is very ample.

Given a basis s0, . . . , sM of H0(X,L ) we observe that k-jet spannedness is a
local property in the sense that L is k-jet spanned at p ∈ X if and only if the
matrix of k-jets (Jk(L ))i,j ∶= (∂ ∣a∣/∂xa1

∂xa2
⋯∂xan (si))0≤i≤M,0≤∣a∣≤k, has maximal

rank when evaluated at x = p. Here a = (a1, a2, . . . , an) ∈ Nn and ∣a∣ = ∣a1 + a2 + ⋅ ⋅ ⋅ +
an∣.

Example 1.9. As an example we consider the d-th Veronese embedding given
by ∣OPn(d)∣. Recall that ∣OPn(d)∣ is the embedding Pn ↪ P(

n+d
d

)−1 given by all
monomials of degree d in x0, . . . , xn. If we consider points in the affine patch Uxi
where xi is invertible it is easy to check that up to a rearrangement of rows and
columns the matrix Jk(OPn(d))(p) is upper-triangular with ones on the diagonal.
We conclude that OPn(d) is d-jet spanned for all p ∈ Uxi . Hence OPn(d) is d-
jet spanned for all p ∈ X since {Uxi} is a covering of X. On the other hand
OPn(d) is certainly not (d + 1)-jet spanned at any point, since Jd+1(OPn(d))(p) is
Jd(OPn(d))(p) with n + 1 added rows of zeros.

It is a theorem by Fulton et al. [FKPT85] that over any algebraically closed field
the d-th Veronese embedding is the only n-fold in P(

n+d
d

)−1 that is d-jet spanned.
When (X,L ) is a smooth polarized toric variety we have the following combi-

natorial description of the dimension of Tkx(X,L ):

Theorem 1.10 ([Di 99]).

1. Tkx(X,L ) is full dimensional at a fixpoint if and only if every edge through
the corresponding vertex of the polytope PL has lattice length at least k.

2. If Tkx(X,L ) is full dimensional at every fixpoint then Tkx(X,L ) is full di-
mensional at every point.

Seshadri constants

Just like osculating spaces Seshadri constants are defined in order to capture the
local positivity of a line bundle L .

Definition 1.11. Let X be a smooth projective variety and let L be a nef line
bundle on X. For any point x ∈ X the Seshadri constant of L at x is the real
number:

ε(X,L ;x) ∶= inf L ⋅C
multx(C)

,

where the infimum is taken over all irreducible curves passing through x and
multx(C) is the multiplicity of C at x.
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An equivalent definition, see [Laz04], of the Seshadri constant can be obtained
by considering the blow-up π ∶ X̃ → X at x ∈ X with exceptional divisor E. The
following holds

ε(X,L ;x) = sup{ε ∈ R ∶ π∗L − εE is ample on X̃} (1.2)

An explanation to in what way Seshadri constants measure positivity is given by
the Seshadri Criterion

Theorem 1.12 (Seshadri Criterion). Let X be a projective variety and L be a line
bundle on X. Then L is ample if and only if there exist a real number ε > 0 such
that for all points x ∈ X it holds that L ⋅C ≥ εmultx(C) for all irreducible curves
C ∋ x.

We end this section by giving some results on the possible values of ε(X,L ;x).
From 1.2 we get that

ε(X,L ;x) ≤ n
√

L n. (1.3)

Indeed we must have (π∗L − ε(X,L ;x)E)n ≥ 0 and the claim follows by the
projection formula. When the inequality in 1.3 is strict we say that ε(X,L ;x) is
submaximal. If X is a surface, it is always the case that if ε(X,L ;x) is submaximal
then there exist some curve C such that ε(X,L ;x) = L ⋅C

multx(C)
(see [BS08]). Thus

for surfaces it holds that ε(X,L ;x) is either maximal or a rational number. In
the general setting it holds that if ε(X,L ;x) is submaximal then it is a d-th root
of a rational number for some d ∈ [n − 1] (see [CP90]). However there are, to our
knowledge, no known examples of irrational Seshadri constants.

Lower bounds on the Seshadri constants are more dependent on the point x ∈X.
For example if one considers a smooth projective surface then, by a theorem of
Lazarsfeld and Ein, [EL93], for any ample line bundle L it holds that ε(X,L ;x) ≥ 1
for all but countably many x ∈ X. On the other hand by a construction known as
Miranda’s example, [Laz04], one can for any γ > 0 produce a smooth surface X, an
ample line bundle L on X and a point x ∈X such that ε(X,L ;x) < γ.

On a smooth polarized toric variety, of any dimension, the value of the Seshadri
constant at a fixpoint equals the lattice length of the shortest edge through the cor-
responding vertex of PL . Moreover the Seshadri constant obtains its minimal value
at a fixpoint, i.e. ε(X,L ;x) ≥ 1, ∀x ∈X, strengthening the result of Lazarsfeld and
Ein in the toric setting (see [BDH+09]).

As a concluding remark we recall the following theorem by Demailly which
connects local positivity in terms of osculating spaces and Seshadri constants.

Theorem 1.13 ([Dem90]). Let s(L , x) denotes the largest k such that L is k-jet
spanned at x ∈X then

ε(X,L ;x) = lim
t→∞

s(tL , x)
t

.





Chapter 2

Summary of results

2.1 Paper A

The first paper is an improved version of the author’s master thesis. The main
contribution of the paper is a classification of all complete smooth embeddings of
toric threefolds in PN for N ≤ 15. By the toric dictionary this is equivalent to a
classification of all smooth lattice polytopes containing at most 16 lattice points. In
total there exist 103 such embeddings out of which 99 are projective fiber bundles
while the remaining 4 cases are equivariant blow-ups of such threefolds. A similar
characterization of all complete embeddings of smooth surfaces and threefolds in PN
for N ≤ 11 had previously been given in [Lor10]. The methods used in [Lor10] and
Paper A are different. In particular the methods in [Lor10] are based on a computer
search in Polymake while the results of Paper A are of a more theoretical nature.
We obtain our classification in three steps. First we show that any smooth 3-
polytope P such that ∣P ∩M ∣ ≤ 16 has at most 8 facets. This result make it possible
for us to utilize a classification, in [Oda88], of all triangulations of the 2-sphere
associated to a smooth 3-polytope with at most 8 facets that is minimal in the
sense of equivariant blow-ups. Our second step consist in showing that the results
of the first step imply that if X ↪ PN is a complete embedding of a toric variety
which is minimal in the sense of equivariant blow-ups, then X is a projective fiber
bundle. The final step consists of classifying all smooth strict Cayley 3-polytopes
with at most 16 lattice points as well as all non-minimal smooth 3-polytopes P
such that ∣P ∩M ∣ ≤ 16.

2.2 Paper B

Sufficient knowledge of the local positivity of a line bundle L on a smooth projective
variety imposes strong conditions on the pair (X,L ). When one considers local
positivity in terms of osculating spaces, an example of this is given by a theorem
appearing in [FKPT85] stating that over any algebraically closed field the only

9
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immersion X ↪ PN of a smooth, irreducible n-fold X such that N = (n+k
k

) − 1
and Tkx(X,L ) is full dimensional is the k-th Veronese embedding of Pr. In the
toric setting Perkinson has, in [Per00], characterized all smooth toric embeddings
(X,L ) of dimension at most 3 such that for a fixed k ∈ N and for every point
x ∈ X the osculating space Tsx(X,L ) is full dimensional if and only if s ≤ k. One
readily checks that in Perkinson’s classification the polytopes associated to (X,L )
are projective fiber bundles, i.e. they are associated to strict Cayley polytopes,
whenever the corresponding embedding is complete. In paper B we classify all
smooth polarized toric varieties (X,L ) of any dimension such that for a fixed
k ∈ N and for every point x ∈X the osculating space Tsx(X,L ) is full dimensional if
and only if s ≤ k. Our main result is that such polarized varieties are exactly those
that correspond to smooth generalized Cayley polytopes of order k having every
edge of lattice length at least k. On the other hand there are plenty of examples of
polytopes which do not have a Cayley structure and do not satisfy the assumptions
on the osculating spaces.

Example 2.1. Consider the following two polytopes

P:=
Q:=

Here P is the Cayley polytope Cay2
Σ(3∆2,2∆2), corresponding to a P1-bundle

over P2, while Q is not a Cayley polytope and corresponds to the blow-up of P3 in
four points. Using the fact that dim(Tkx(X,L )(p)) = rank(Jk(L ))x=p) − 1 we can
compute the dimension of Tkx(X,L )(p) directly at a point p ∈X. Such a computa-
tion for P reveals that for all points p ∈ X the osculating space Tkx(XP ,LP )(p) is
full dimensional if and only if k ≤ 2. The corresponding computation for Q reveals
that Tkx(XQ,LQ)(p) is full dimensional at a general point if and only if k ≤ 2. How-
ever at the fixpoints of Q the osculating space Tkx(XQ,LQ)(p) is full dimensional
if and only if k ≤ 1.

There are strong relations between the dimensions of the osculating spaces and
Seshadri constants. In particular knowing that a line bundle is k-jet spanned at a
point x leads to bounds on the Seshadri constant at x. Therefore one can expect
similar characterisations when local positivity is expressed in terms of Seshadri
constants instead of osculating spaces. A result in this direction is the following
theorem due to Ito.
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Theorem 2.2 ([Ito10a]). Let P be a lattice polytope associated to the polarized
toric variety (XP ,LP ), then

P ≅ [P0 ∗ P1]1 ⇐⇒ ε(XP ,LP ;x) = 1 for a very general point x ∈XP

We relate our main result to Theorem 2.2 by showing that our assumption on the
osculating space is equivalent to requiring that ε(X,L ;x) = k for all points x ∈ X.
In the smooth setting this is a generalisation of Theorem 2.2, since ε(X,L ;x)
obtains its maximum value at a very general point. Returning to Example 2.1 one
can check, using methods from [Ito10b], that for P it holds that ε(XP ,LP ;x) = 2
for every point x ∈X, while for Q we have that ε(XQ,LQ;x)=2 at a general point
while ε(XQ,LQ;x) = 1 at the fixpoints of XQ.





Chapter 3

Future Applications

3.1 Applications of Paper B

In this section we mention two possible applications of the results appearing in Pa-
per B. Our aim is to highlight some possible connections to related areas of math-
ematics that we believe are well worth attention. References here are [MMO13],
[Laz04], [Her06] and [HSS06].

The Weak Lefschetz Property and Osculating Spaces

Let V be a n + 1 dimensional vector space over an algebraically closed field k of
characteristic zero and define R ∶= ⊕i≥0 Symi(V ∗) and D ∶= ⊕i≥0 Symi(V ). Thus
if x0, . . . , xn and y0, . . . , yn are dual bases of V ∗ and V respectively, then R =
k[x0, . . . , xn] while D = k[y0, . . . , yn].

Definition 3.1. Let I ⊂ R be an homogeneous artinian ideal. We say that I has
the Weak Lefschetz Property (WLP) if there exist a linear form L ∈ R/I such that
for all i the multiplication map

(R/I)i
⋅L // (R/I)i+1

has maximal rank. In this case L is called a Lefschetz element of R/I.

One typically expects that a homogeneous artinian ideal I will have the WLP.
Those ideals that do not have the property are therefore of particular interest. An
example of an ideal failing the WLP is the ideal I = (x3, y3, z3, xyz) ⊂ k[x, y, z].
This is easily checked by noting that for a general linear form L = ax + by + cz
the element f = a2x2 + b2y2 + c2z2 − abxy − acxz − bcyz lies in the kernel of the
multiplication map ⋅L.

To relate this to our results we make D into a graded R-module by defining the
product

F ⋅D ∶= F (∂/∂y0, . . . , ∂/∂yn)D

13
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for all F ∈ R and for all D ∈ D. Recall that the Macaulay’s inverse system I−1

associated to an homogenous ideal I ⊆ R is defined as

I−1 = {D ∈ D ∶ F ⋅D = 0,∀F ∈ R}.

Conversely if M ⊆ D is a graded submodule then ann(M) is a homogeneous ideal
in R. This gives a bijection between homogeneous ideals in R and graded R-
submodules of D.

When I is a homogeneous artinian ideal generated by forms F0, . . . , Fr ∈ R of
degree d one can consider the linear system < F0, . . . , Fr >⊆ ∣OPn(d)∣. This gives rise
to a morphism φId ∶ Pn → Pr−1, while the inverse system I−1 gives rise to a rational
map φI−1

d
∶ Pn ⇢ P(

n+d
d

)−r in an analogous way. We remark that the closure of the
image of φI−1

d
is the projection of the n-dimensional d-th Veronese embedding away

from ∣ < F0, F1, . . . , Fr > ∣. A key-result in [MMO13] is the following Theorem

Theorem 3.2 ([MMO13]). Let I = (F1, . . . , Fr) ⊂ R be a homogeneous artinian
ideal generated in degree d. If r ≤ (n+d−1

n−1 ) and XI−1 = Im (φI−1), then the following
is equivalent

1. I fails the WLP in degree d − 1

2. F1, . . . , Fr become k-linearly dependent on a general hyperplane H ⊂ Pn.

3. X is not (d − 1)-jet spanned.

In [MMO13] the authors use Theorem 3.2 together with Perkinson’s classifica-
tion to classify all homogeneous monomial artinian ideals I ⊂ C[x0, . . . , x3] of degree
3 failing the WLP, when XI−1 is quasi smooth. We get the following Corollary of
Theorem 1.2 of Paper B.

Corollary 3.3. Let I be a homogeneous monomial artinian ideal failing the WLP
in degree d − 1 such that XI−1 is smooth and embedded via a complete linear series
L . If L ⋅ C ≥ d − 2 for all torus invariant curves C in XI−1 . Then the Macaulay
inverse system I−1 is associated to a Cayley polytope with every edge of length at
least d − 2.

The property (Np)
In this section let X be an irreducible projective variety and L be a very ample
line bundle on X. Let moreover R ∶=⊕m≥0H

0(X,L ⊗m) and S ∶= SymH0(X,L ) ≅
C[x1, . . . , xn]. Consider a minimal free resolution of R as an S-module:

⋯ // ⊕S(−a1,j)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

E1∶=

// S ⊕⊕S(−a0,j)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

E0∶=

// R // 0.

We say that L satisfies property (Np) if E0 ≅ S and ai,j = i + 1 for all 1 ≤ j ≤ p.
Note that (N0) is equivalent to that S → R is surjective, (N1) is equivalent to (N0)
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and that the ideal of X is generated by quadrics, (N2) is equivalent to (N1) and
that the first module of syzygies is spanned by linear relations and so on. Moreover
if the image of X under the embedding φL given by L is normal then (N0) is
equivalent to φL (X) being projectively normal.

Example 3.4. An example, taken from [Her06], is the twisted cubic (P1,OP1(3)),
with ideal (f1, f2, f3) where f1 = x0x3−x1x2, f2 = x0x2−x2

1 and f3 = x1x3−x2
2. The

first syzygies are generated by x1f1 + x2f2 − x0f3 = 0 and x2f1 + x3f2 − x1f3 = 0.
There are no relations among (x1, x2,−x0) and (x2, x3,−x1) so there are no higher
syzygies. Since the twisted cubic is projectively normal OP1(3) satisfies (N0) and
by the above (Np) for all p > 0.

In the toric setting Hering et al. proved in [HSS06] that if L is an ample line
bundle on a projective toric variety X, then L d satisfies (Np) for d > n − 1 + p.
One can hope that this would relate to our results since if X is smooth then L is
very ample i.e. 1-jet spanned, so L d is d-jet spanned. A second indication in this
direction is that Lazarsfeld et al. proved in [LPP11] that if X is an abelian variety
of dimension n and ε(X,L ;x) > (p + 2)n for all points x ∈ X then L satisfies
(Np). A third result in this direction is that if (Pn,OPn(d)) is the d-th Veronese
embedding then

Theorem 3.5 ([OP01]).

(Pn,OPn(d)) satisfies (Np)⇒

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n = 2, d = 2, ∀p
n ≥ 3, d = 2, p ≤ 5
n ≥ 2, d ≥ 3, p ≤ 3d − 3

Since OPn(d) is d-jet spanned, but not (d + 1) jet spanned one might ask if a
similar connection between d-jet spannedness and the property (Np) holds true for
any (smooth) toric embedding. We hope that our results can be useful in providing
an answer to that question.
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