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ABSTRACT 

A well-defined rolling contact problem is studied with the intention to cover interesting aspects of tyre-road 
contact modeling and rolling contact in general. More specifically, the dynamic response in a steel beam 
caused by a steel ball rolling over it is studied by theoretical modeling of the beam- and ball dynamics as well 
as the contact forces. Validation of the dynamic response simulations is achieved by comparison with 
measurements. The contact model is shown to be greatly dependent on an accurate estimate of the real 
contact stiffness. A method to estimate the contact stiffness which leads to good accuracy in dynamic 
response simulations is presented. Although the contact stiffness is significantly lower for rubber-asphalt 
interaction than for steel-steel contact, the results give useful insight for tyre-road contact modeling. 
Keywords: Non-linear, Contact, Surface 

1. INTRODUCTION 
Contact modeling is relevant for a wide range of applications such as tyre/road contact, rail/wheel 

contact, gear-tooth contact and contact between elements in bearings. Even though the applications 
may differ, the objectives are often the same, namely to study rolling resistance, vibrations, sound 
radiation, grip or wear for a specific mechanical system or element. Somewhat surprisingly, also 
contact modeling theory is to a large extent shared between the different areas of application. The 
importance in accurate contact modeling becomes obvious when examining the following concrete 
example of a passenger car. Contact related losses such as friction in engine and rolling resistance in 
tyres stands for 33% of the total fuel energy used by passenger cars [8]. Furthermore, tyre/road contact 
is the main source of road traffic noise which in turn leads to sleep disturbance and annoyance, the 
main burdens of environmental noise in Western Europe [9]. For passenger car manufacturers and end 
consumers, also interior noise, comfort vibrations, tyre grip and tyre wear are important aspects 
directly related to the tyre/road contact. Argumentation similar to this example for passenger cars 
applies also to railway vehicles and to some extent also to industrial plants with heavy mechanical 
processes, hence large frictional losses. 
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Dynamic contact interaction is very much influenced by the surface texture of the contacting bodies. 
Even seemingly smooth surfaces are rough if the considered length scale is small enough. One of the 
early efforts to include surface texture in contact modeling was made by Greenwood and Williamson 
[10], who showed that the contact deformation depends on the surface topography and also established 
criteria for distinguishing elastically deforming contacts from plastically deforming contacts. 
Tyre/road- and wheel/rail-contacts are commonly modeled by introducing an elastic foundation 
(Winkler bed) representing the tread layer stiffness [11] and/or the elasticity introduced by the surface 
texture [1,7]. The elastic foundation is formed by a line or a surface with individual uncoupled springs. 
The Winkler bed is powerful since it can be used for both normal and tangential forces and it can be 
adapted to viscoelastic bodies such as tyre rubber compounds. A drawback is that shear losses are 
neglected as a consequence of the uncoupled springs. A different approach is to assume that the 
contacting bodies behave as infinite half spaces where coupling between points within the contact 
patch are accounted for [2,7,12]. 

 

 

Figure 1 - Measurement rig [6] 

 
This paper focuses on the role of surface roughness in the dynamic interaction found in rolling 

contacts. Pärssinen [6] developed a time dependent dynamic model and a contact interaction model for 
a smooth ball rolling over a rough beam. The dynamic response of the beam was simulated using a 
linear contact model and validation measurements were performed with the test rig shown in Fig. 1. 
Here, a continuation of the work done in [6] is presented, where the formerly used linear time domain 
contact model is replaced by a non-linear time domain contact model. The non-linearity is embedded 
in a restriction on the contact force when loss of contact occurs and in a contact stiffness which is 
dependent on the relative displacement between beam and ball. 
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2. DYNAMIC INTERACTION MODEL 

2.1 Model overview 

The dynamics of a smooth ball rolling over a rough beam with a force due to the interaction 
between them is studied. 

  
Figure 2 - Schematic diagram of dynamic model for beam-ball interaction 

 
With reference to the schematic diagram shown in Fig. 2, a brief summary of the used model 

follows here. Starting from several short measured line textures for each beam (one rough and one 
smoother), line textures representing the whole lengths of the beams are generated. The measured 
short line textures are then used again, but now to generate isotropic surfaces, which are in turn used to 
calculate non-linear contact stiffness functions. Now, the non-linear contact stiffness and the 
generated beam line texture are both input to a point contact force expression. Models describing the 
dynamics of beam and ball are formed by their corresponding equations of motion and finally, the 
expression for the point contact force and the beam and ball dynamic models are brought together to a 
state-space system of equations. Solving this system of equations for each time step results in beam 
and ball displacements while the ball is rolling over the beam. 

2.2 Beam and ball dynamic models 

In this Section, models describing the dynamics of the beam and the ball are presented together 
with a method to combine them with the interacting contact force. Modeling of the contact force is left 
to the next Section. The properties of the ball and the two beams studied are shown in Table 1, where 
Beam S has smooth surface texture and Beam R has rough surface texture. 

 

Table 1 – Properties of ball and beams [6] 

Property Beam S Beam R Ball 

Surface finishing Plane grinding Plane milling - 

Surface mean roughness [mm] 0.29 2.25 < 0.029 

Length (between clampings) [mm] 400 400 - 

Width [mm] 50 50  

Thickness [mm] 6.8 6.8 - 

Diameter [mm] - - 40 

Material Steel Steel Steel 

 
The beams are modeled with Euler-Bernoulli theory and clamped boundary conditions at the 

clampings, see Fig. 1. To facilitate the computational procedure, a modal superpositioning technique is 
employed. As a consequence, the total vertical displacement of the beam at any position and time is 
expressed by a sum of the vibratory contribution from each mode, 
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 1( , ) ( ) ( ).n nx t x q t   (1)  

Here, ( )n x is the eigenfunction for mode n representing the spatial distribution of its displacement 

and qn(t) is the n:th modal coefficient representing its modal amplitude.  

 

Figure 3 – Forces and displacements for beam and ball 

 
The beam has elastic modulus E and second moment of area I. A combination of the beam cross 

sectional area A, and the density ρ, gives the mass per unit length m’. Also, modal damping is included 
in the model, where the damping coefficients cn, are determined by means of the half power bandwidth 
method applied on measured accelerances presented in [6]. With reference to Fig. 3, the global relative 
displacement between beam and ball is defined as w(t)=η1(ξ(t))-η2(ξ(t)) and the ball position at time t 

is expressed as ( )t t   , assuming constant ball velocity. The above presented properties are used to 

form the equations of motion (2) for the N modal coefficients, 
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Since the beam is excited by the ball rolling along the beam length, the force term found on the right 

hand side must follow the ball position while rolling over the beam. For each mode, this is 
mathematically represented by multiplying the contact force Fc(w(t)), with the value of the 
eigenfunction at the ball position. For the modal superpositioning approach, clamped boundary 
conditions, which mean neither vertical displacement nor rotation at the boundaries, are included in 
the modal eigenfunctions found in for instance [3]. Finally, the initial conditions (3), ensure that the 
beam has no motion before being excited by the ball, 

 
 (0) (0) 0, 1,..., .n nq q n N     (3) 

 
The steel ball is modeled as a rigid mass moving along the length of the beam. With reference to 

Fig. 3, the equation of motion for the ball is therefore simply stated as 
 

 2 2 2( ) ( ( )) .cm t F w t m g     (4) 
 
Beam and ball equations of motion (2),(3) and (4) respectively, are now brought together, forming 

a combined state-space system of equations, 
 

 .z = Az + F   (5) 
 
Herein, the array z contains displacements and velocities for the ball and the beam modal 

coefficients. Beam and ball displacements are then found by solving the state-space system using 
Matlabs built-in solver ode45. 
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3. NON-LINEAR CONTACT FORCE 
The contact force is non-linear and dependent on the global relative displacement 
 

 1 2( ) ( ( )) ( ( )).w t t t       (6) 
 

This measure gives an understanding on how the two structures move in relation to each other (positive 
w(t) means contact and negative w(t) means loss of contact), but it does not say anything about the 
local interaction and the influence of surface texture on the contact force. Here, a contact force model, 

 
 ( ( )) ( ( ))( ( ( )) ( )) ( ( )), ( ( )) ( ) 0c c cF w t k w t h t w t c w t h t w t        (7) 

 
is presented depending not only on the global beam-ball relative displacement, but also on a non-linear 
stiffness, kc(w(t)), the surface texture height at the ball position, h(ξ(t)) and a constant viscous damping 
coefficient, cc. For this representation of the force to be valid, contact between the beam and ball is 
required. If there is loss of contact during rolling, a restriction on the force is introduced, where only 
the viscous damping term is assumed to remain. 

 
 ( ( )) ( ( )), ( ( )) ( ) 0c cF w t c w t h t w t     (8) 

 
Knowledge of the physics behind this damping term is lacking, although it is believed that 

air-squeezing and plastic deformation contribute to the total damping. Damping from air-squeezing in 
the contact region would to some extent be present even after loss of contact. The viscous damping 
coefficient is chosen as cc = 100 [Ns/m] as in [6]. 

 

 

Figure 4 – Close-up on local contact region 

 
The force is here assumed to act in one point, moving along a line with a specified texture. This line 

texture, denoted h in Fig. 4 and Eq. (7)-(8), could be a combination of the beam and ball surface 
textures. However, the ball is here assumed to be perfectly smooth and therefore, h represents the beam 
texture. This texture should not only cover the whole length of the beam, but also represent the actual 
surface texture of the whole beam. In [6], a method to generate such a line texture from measurements 
of short fractions of the total beam length is explained. In addition to line texture data, the contact 
force model presented above requires an estimation of non-linear contact stiffness. 

3.1 Surface texture generation 

As already mentioned, a line texture for the beam length is needed as input to the force contact 
model. Moreover, beam surface textures of small size are needed to perform contact simulations 
leading to an estimation of the non-linear contact stiffness. In [6], measurements of 15 mm long 
texture lines where performed in 15 positions for each beam. A thorough description on how to go from 
these short line textures to line textures covering the whole beam length is also found therein. In short, 
the 15 measured textures are used to produce power spectral density functions (PSD) in the 
wavenumber domain. The average of all calculated PSD:s is then taken as representative for the beam 
texture and a conversion to the frequency domain is performed, which includes information about the 
ball rolling velocity. Finally, by assuming that the beam textures can be built-up by a sum of harmonic 
functions, a Monte-Carlo simulation procedure is applied to the beam texture PSD resulting in 
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arbitrarily long line textures which can be used as input to the contact force expressions in (7) and (8).  
 
The remaining task is now to go from line texture data to surface texture data. In this case, the 

surface heights for each position (x,y) is found by summation of line texture arrays and a subsequent 
averaging over the correlation length of the texture. The procedure starts with generating line textures 
in the x-direction which forms the rows of the matrix d. Then, line textures in the y-direction are 
generated and placed in the columns of the matrix g. Correlation lengths, extracted from the measured 
line textures are denoted n and m (in form of number of samples) in the x- and y-directions respectively. 
The resulting expression for the surface height is 
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As a final point, amplitudes of the surface heights are ensured to be representative for the real beam 

by a normalisation  
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z
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  (10) 

 
 where σmeas is the averaged standard deviation of the measured line textures and σz is the standard 
deviation of zij. Eq. (10) results in an NxM-matrix of surface heights which is later used for contact 
simulations as presented in the next Section. 
 

 

Figure 5 – Example of generated textures, (left – Line texture for whole beam length, right – Small size 

surface texture for contact simulations) 

 
The beam surface texture is in this work assumed to be isotropic, due to the lack of other 

information. Nevertheless, if measurements of texture heights in both x- and y-directions were 
available, the procedure described here would apply to generate orthotropic surfaces, but then with 
different correlation lengths in x- and y-directions. 

3.2 Contact simulation 

So far, the presented dynamic models have dealt with global displacements. When these global 
displacements bring beam and ball together, forces are transmitted through a very small area of contact. 
Even a seemingly smooth surface is actually rough if it is looked upon in a sufficiently small scale. In 
this case, the typical dimension of the contact area is in fact in the same order of magnitude as 
wavelengths of the beam surface texture. Therefore, surface texture has a large impact on the resulting 
dynamics of both beam and ball and contact simulations give important input to the already presented 
contact force model. 
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Figure 6 – Example of geometries for contact simulation, (left – Beam S, right – Beam R) 

 

The goal of the performed contact simulations is to relate a known global displacement to a sought 
pressure distribution inside the contact area. Assuming infinite half-space behavior, simulations are 
done using well established methods based on the expression of deformation under a static point load, 
first derived in the used form by Boussinesq in 1885 [4]. Expanding this theory leads to a more general 
expression for the deformation at any point due to a sum of the pressures acting in all other points 
within the contact region [5]. By combining this with the boundary conditions for a normally loaded 
contact and discretizing the problem, a pure elastic contact model is formed. Further refinement, by 
allowing each cell in the total calculation area to deform plastically when a prescribed yield pressure 
limit is exceeded, leads to the numerical model used in this work [2], 

 

  - - .e e p pC p = w l C p   (11) 

 
In Eq. (11), Ce and Cp are matrices with influence coefficients, relating the pressure in each grid cell 

to the deformations acting in all grid cells, for elastically and plastically deformed cells respectively. 
The global relative displacement between beam and ball is found in the scalar w, just as in Eq. (6), yet 
without the time-dependency, since the computation is static. The array l contains the gap between 
beam and ball for each cell before deformation, i.e. when the bodies are brought together but no 
deformation has yet occurred. The sought pressures are found in the arrays pe and pp, for elastically and 
plastically deformed cells respectively. Contact simulations are here limited to normal displacements, 
although both normal and tangential displacements are present for real dynamic contacts. Furthermore, 
both beam and ball are assumed to act as infinite half spaces in the contact region. To conclude, the 
total normal force due to a specified normal deformation is found by numerical integration of the 
pressures over the total contact area, 

 

  ,e pP S  p p   (12) 

 
 wherein S is the grid cell area. 

3.3 Contact stiffness estimation 

When the global relative displacement between beam and ball is positive, deformation takes place, 
and thence, an interface force is generated in a small area of contact. The resulting point force is 
modeled using contact stiffness, which is the ratio of force to deformation. For the beam-ball contact 
problem, the contact stiffness can be defined as the ratio between force and positive relative 
displacement between beam and ball. Due to the shape of the ball and the roughness of the beam, the 
relation between forces and relative displacements will not be of linear character. Hence, a function for 
the contact stiffness as a function of relative displacement between beam and ball will have the 
character of a non-linear spring. Estimation of a stiffness function starts with the generation of a 
surface texture following the procedure in Sec. 3.1. The contact simulation scheme presented in 3.2 is 
then used. A starting value of zero global relative displacement (no deformation) is followed by a 
stepwise increase in relative displacement using small steps Δz. For each step i, a value for the relative 
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displacement wi and the resulting force Pi is registered. A contact stiffness can then be estimated for 
each computational step i, by 

 

 1
,

1

.i i
est i

i i

P P
k

w w








  (13) 

 
An array of the estimated kest,i-values is formed and denoted contact stiffness function. The 

stiffness function is strongly related to the surface texture used as input to computations. The 
procedure described above is repeated several times for different surfaces having the same spectral 
properties and the mean contact stiffness function is computed. Curve fitting is then performed 
resulting in the estimated non-linear stiffness function kest(w), which is used to generate the 
kc(w(t))-values in the time-domain contact force model in Eq. (7). 

 

 
Figure 7 – Simulated and curve fitted contact stiffness functions (left – Beam S, right – Beam R). 

 
Due to the roughness of surfaces in contact, the contact model presented here surely results in a 

more accurate representation of the real contact interaction compared to a linear contact model. 

4. BEAM ACCELERATION 
The models described in Sec. 2 and 3 are used to simulate the acceleration of the beams when a ball 

is rolling over them with the velocity 1 m/s. The results are compared to measurements presented in [6] 
and presented for the frequency range 0-5 kHz. The simulated acceleration power spectral densities 
shown in Fig. 8 are averages of 25 simulations for each beam. 

 

 
Figure 8 – Simulated and measured acceleration, (-) measured, (--) simulated,  

(left – Beam S, right – Beam R) 
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Simulated acceleration of the rough beam shows good resemblance with measurements, whereas 
the smoother beam is less accurately simulated. In particular, simulated results for frequencies above 
2000 Hz are increasingly overestimated with increasing frequency. This behaviour is in agreement 
with the dynamic contact filtering-effect, which arises due to a finite size of the contact area. For 
wavelengths shorter than the typical contact dimensions, excitation due to surface texture roughness is 
less efficient. Simulations of the rough beam shows that frequent loss of contact occurs and actual 
contact between beam and ball is limited to a small fraction of the time it takes for the ball to roll over 
the beam. The reason for the good accuracy of the rough beam simulation might therefore be that 
actual contact between beam and ball is very limited, hence surface texture roughness and contact 
filtering has only a small effect on the resulting acceleration of the beam.  

The point force assumption used in this work is therefore not describing the physics of interaction 
in a good way. To conclude, further improvement of the model could be achieved by adding a suitable 
dynamic contact filter, as is state of the art in rail-wheel contact modeling [7]. But, an even more 
physically correct description would be achieved if the dynamic contact filter is not only dependent on 
the contact area or length, but also on the ratio of actual contact time to total rolling time. 

5. CONCLUSIONS 
A time domain model for the dynamic response of a rough beam excited by a rolling smooth ball is 

presented. Simulations of the beam acceleration were performed for two beams, one with rough 
surface texture and one with smoother surface texture.  

The local contact interaction between beam and ball is modeled by a non-linear stiffness function 
which results in more accurate representation of the contact interaction compared to utilizing constant 
stiffness. Furthermore, computational efficiency is gained by using pre-computed contact stiffness 
functions instead of including the stiffness estimation in the time domain modeling. 

Simulated acceleration of the rough beam shows good resemblance with measurements, whereas 
the smoother beam is less accurately simulated, particularly for frequencies above 2000 Hz. This 
discrepancy between measurement and simulation is mainly due to the point force assumption used in 
this work and the absence of contact filtering in the model. For the rough beam simulation, frequent 
loss of contact, leading to shorter time of actual contact is found. Further improvement of the model 
could therefore be achieved by adding a suitable contact filter which is dependent not only on the 
contact area or length, but also on the ratio of actual contact time to total rolling time. 
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