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Abstract

We investigate properties of coherence lengths in a two-component superconduc-
tor with weak Josephson couplings. Using a minimal Ginzburg-Landau model we
show analytically that the coherence lengths are mixed and cannot be directly in-
terpreted as the coherence lengths of the physical amplitudes. Numerical fitting
of exponential functions to the tails of the mixed normal modes are in consistence
with analytical calculations. The base of the numerical approach is the construc-
tion of a 1D energy interface. Further, we investigate the non-monotonic behaviour
of the mixed coherence lengths and by this analysis conclude that some papers are
evidently wrong about interface energy calculations and the behaviour of coherence
lengths.

Moreover, a brief study of the time-reversal symmetry breaking (TRSB) prop-
erties as functions of temperature is performed for the ground state of a three band
superconductor. An analytical approach is then used to evaluate the temperature
dependence of the TRSB transition point close to the upper critical field. However,
we find that this method is not general enough to allow for solutions with TRSB
for any parameter setting to linear order. A scheme for further analysis will be
presented.

Keywords: mixed coherence lengths, non-monotonic behaviour, time-reversal sym-
metry breaking, temperature dependence, multicomponent superconductors.
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Preface

This thesis is the final product of my work at the Department of Theoretical Physics
at the Royal Institute of Technology (KTH) during the period from August to
December 2013. The work concerns mixed coherence lengths, energy interfaces and
broken time reversal symmetry found in multicomponent superconductors.

Overview

The thesis is divided into six chapters followed by an appendix regarding units. In
Chapter 1 an introduction to the research field of superconductivity is presented
starting from a historical point of view. In Chapter 2 a general setting of the
platform for further analysis is presented along with the essential models and tools.
This chapter presents the Ginzburg-Landau (GL) theory which is our foremost
model used for the investigation carried out in this thesis.

Chapter 3 contains a brief analysis of the ground states of the order parameters
used to describe the different gaps in a multicomponent superconductor. Chapter
4 is the main chapter where we introduce mixed coherence lengths. Here we show
analytically and numerically that previous theories of vortices and coherence lengths
are correct and also falsify a contradicting theory. In Chapter 5 an attempt to
construct vortex solutions near the upper critical field is made; sadly the method
seems unfruitful. In the last chapter we summarise and make conclusions about
results presented in the earlier chapters.

Notation and conventions

We use natural units throughout this thesis, i.e. ~ = c = kB = ε0 = µ0 = 1. Please
note that most textbooks on the subject of superconductivity uses the CGS unit
system. The most apparent difference this has for us is the following relation for
the magnetic field:

B
CGS to SI−−−−−−→

√
4π

µ0
B =

√
4πB (1)

v
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The more conventional approach is to define special reduced units and hence mea-
sure the quantities in these reduced units. Definitions of the reduced units are given
in Appendix A.
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Chapter 1

Introduction

The existence and behaviour of magnetic and electric fields have been well known
since Maxwell put forward his famous equations in the 1860s. However, all materials
and compounds known at that time had a measurable electrical dc resistance at
observable temperatures. It was not until 1911 that Heike Kamerlingh Onnes [1],
when working with low temperature experiments, discovered that the electrical
dc resistance abruptly disappears when mercury is cooled below a certain critical
temperature of 4.2 K, now called Tc.

This superconducting state exhibits not just non-decaying flow of supercurrents,
but intriguing magnetic properties as well. In 1933 W. Meissner and R. Ochsenfeld
[2, 3] discovered that an applied magnetic field, below a specified strength, decays
exponentially as it enters the superconductor’s (SC) bulk, i.e. the applied magnetic
field is fully ejected from the SC’s interior. Later, their discovery came to be called
the Meissner effect and is an example of perfect diamagnetism.

Now there is a relevant question to be posed: ”Are there different kinds of
superconductivity and superconductors?”. The answer to this question is: ”Yes!”,
and today one of our foremost used methods for research in superconductivity is the
theory of V. Ginzburg and L. Landau. In 1950 Ginzburg and Landau introduced
a theory (GL) [4] based on Landau’s work on phase transitions. The key part was
to choose a complex wave function as the order parameter. This approach turned
out to be fruitful, being able to elucidate the destruction of superconductivity in
the presence of magnetic fields, while it also gave rise to a classification scheme of
SCs as type-I or type-II.

Nevertheless, an early theory presented by F. London and H. London in 1935 [5]
was able to explain the exponential decay of the magnetic field in a bulk SC giving
rise to the Meissner effect. By use of their equations and Ampère’s law the magnetic
field can be shown to fulfil the equation:

∇2B =
B

λ2

1



2 CHAPTER 1. INTRODUCTION

Hc

Meissner state

H

Normal state

Type-I

TTc

H

Hc1

Hc2

Vortex state

Meissner state

Normal state

Type-II

TTc

Figure 1.1: Applied magnetic field as a function of the temperature showing the
transition lines between the different states for the two types of SCs.

where λ is the penetration depth, i.e. the length scale that determines the strength
of the exponential screening.

The aforementioned magnetic field, below which the SC exhibits the Meissner
state, is called the critical field Hc. A SC which exhibits the Meissner state below
Hc and for which superconductivity is destroyed when the applied field, Happ, is
larger than Hc, is categorized as a type-I SC (Layer SCs are penetrated, however).
Type-II SCs possess two critical fields where drastic changes occur, namely Hc1

and Hc2. Precisely as in type-I SCs the Meissner state is present below Hc1 and
superconductivity is destroyed above Hc2. However, the interesting part here is
the so called vortex state which emerges when the applied field is between the two
specified critical fields, i.e. Hc1 < Happ < Hc2. The name vortex state arises from
the fact that the surface of the SC is covered by a lattice of vortices formed by
supercurrents. Each such vortex is quantized and carries a net magnetic flux of
Φ0 = π~c/e. A schematic illustration of the two types of superconductivity is to
be found in Fig. 1.1.

Classification as type-I or type-II turned out to be sufficient according to the
microscopic theory of SCs reported by J. Bardeen, L. N. Cooper, J. R. Schrieffer
in 1957 [6], of which GL theory can be shown to be a limiting case when the order
parameter is small (near Tc) [7]. However, the theory can be extended and it then
predicts the existence of so called multicomponent SCs, although it was not until
2001 [8] that such a compound was found experimentally.

A single component SC can be characterized by the penetration depth λ and
the coherence length ξ, where the coherence length describes the scale at which the
density of the SC component varies. GL theory predicts a classification according
to the value of the quotient κ = λ/ξ. If the quotient κ > 1/

√
2 the SC in question

is type-II, and hence type-I if the inequality sign is changed. In a two-component
SC there is still one penetration depth, but two coherence lengths that may satisfy
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ξ1 <
√

2λ < ξ2. Hereby, we conclude that the dichotomy into type-I and type-II is
not universal. This type-1.5 SCs exhibit a hybrid state of coexisting Meissner state
and vortex clusters. Recent publications report this to be a new class of SCs called
type-1.5 [9]. Much experimental efforts have been made in this field too, and the
activity is large [10, 11]. In this thesis such multicomponent SCs will be the main
protagonists.
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Chapter 2

Background material

In this chapter the concepts and mathematical tools we require, in order to under-
stand the material in the upcoming chapters, are presented. Most of the framework
introduced here can be found e.g. in the textbook by P. G. De Gennes [12] or the
textbook by M. Tinkham [13].

2.1 Ginzburg-Landau theory

In the Introduction we briefly mentioned Ginzburg-Landau theory and the key
idea behind it. Arising from Landau’s work on second-order phase transitions,
Ginzburg and Landau extended the theory for use in superconductivity. The key
part was to introduce a complex wave-function as the order parameter describing
the superconducting condensate. Generally we can write this wave function as
ψ(r) = |ψ(r)| eiφ(r).

As said in the previous chapter, GL theory can be derived as a limiting case
of the microscopic BCS theory. Hereby, we realize that the GL theory in question
is macroscopic in nature. Introducing this wave-function into the free energy and
performing a series expansion in the order parameter (keeping the two terms of
lowest order), we arrive at the free-energy density functional, after incorporating a
term describing the kinetic energy of the condensate, namely:

F = α |ψ|2 +
β

2
|ψ|4 +

1

2m∗
|(∇− ie∗A)ψ|2 +

B2

2
. (2.1)

Before interpreting the meaning of each term we will make yet another reference
to the BCS theory. The theory predicts a phonon-electron interaction giving rise
to bound states of electron pairs called Cooper pairs, which means that we are to
interpret e∗ as e∗ = 2q and m∗ as m∗ = 2m where q is the fundamental charge and

5
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m is the mass of an electron. However, from now on we use the gauge coupling
parameter defined as e = −e∗ and put m∗ = 1. The functional now takes the form:

F = α |ψ|2 +
β

2
|ψ|4 +

1

2
|(∇+ ieA)ψ|2 +

B2

2
(2.2)

Where the absolute square of the wave function, i.e. |ψ|2, is construed as the
density of superconducting particles whilst Fn is interpreted as the free energy
in the normal state. The last term in (2.2) is the magnetic field density and the
second-to-last term consists of the kinetic energy arising from supercurrents via the
magnetic potential A and also the gradient energy terms. The α and β found in
the purely potential terms are simple temperature dependent functions defined by
the GL theory.

Since the GL theory is based on Landau’s theory of second-order phase transi-
tions, additional claims can be made for the wave-function and density functional.
We may impose that the parameter α changes sign according to α = α0 (T − Tc)
at the transition temperature Tc, which will according to the theory be valid if
the order parameter is a slowly varying smooth function and its absolute square is
sufficiently small. This does not only apply for the α but for the whole functional
and thereby constitutes the limitation of the theory.

It is now apparent that under the circumstance of no applied magnetic field the
free-energy density is minimised by ψ = 0 in the normal state but is degenerate and
minimised by non-zero values in the superconducting state. However, the parameter
β being greater than zero is a necessary requirement or the free energy would not
be bounded from below which is nonsense.

We aim to use the GL theory to determine the magnetic vector potential and
the wave-function by minimising the free-energy functional. Therefore the two GL
equations that determine these functions, namely the Euler-Lagrange equations of
motion, can be acquired by setting the functional derivatives of the free energy to
zero with respect to ψ∗ and A respectively. The equations are:

αψ + β |ψ|2 ψ − 1

2
(∇+ ieA)

2
ψ = 0 (2.3)

∇×B = J = −eIm (ψ∗ (∇+ ieA)ψ) (2.4)

where the supercurrent J is introduced via Ampère’s law.
As mentioned in the Introduction a superconductor has two characteristic length

scales which can be identified from (2.2) as:

ξ =

√
− 1

4α
and λ =

√
− β

αe2
, (2.5)

which are the coherence length and London penetration depth respectively.
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2.2 Phase frustration and time-reversal
symmetry breaking

Considering the Ginzburg-Landau free-energy density functional (2.2), we may gen-
eralise it to include an arbitrary number of components [14]. The extended func-
tional to model a multicomponent superconductor is hereby:

F =
1

2
(∇×A)

2
+
∑
a

αa |ψa|2 +
βa
2
|ψa|4 +

1

2
|Dψa|2

−1

2

∑
b 6=a

ηab|ψa||ψb| cos (φa − φb)

 , where η is hermitian. (2.6)

Studying the expression closer we now have a collection of wave-functions, ψa =
|ψa|eiφa . We have also introduced the covariant derivative D = ∇ + ieA in a
more general fashion, where the strength of the magnetic vector potential is here
determined by the free gauge parameter e. Because of the choice to work with
natural units has been made we measure all quantities in dimensionless non-scaled
units. However, in Gaussian units the following entities are scaled: F in 1/4π , order
parameters in 1/

√
4π, and βa in units of 4π. The reduced units for measuring the

quantities in Gaussian CGS are outlined in Appendix A.
The new term arising in the multicomponent case, the Josephson-couplings,

couple the different condensates. This means that the condensates need not be in
phase but their differences can in principle attain any value in [−π, π]. This is the
starting point of the discussion of phase frustration. The values are determined by
the signs of the η’s, since a positive value of ηab will minimise its corresponding
Josephson term if the phase difference is φab = φa−φb = 0, whilst a negative value
will minimise the term if φab = π. Considering only two components, there is only
one phase difference involved and it is always possible to antilock or lock the phase
difference i.e. φab = π and φab = 0 respectively. This is due to the symmetry
ηab 7→ −ηab. Considering three bands or more of a superconductor, the situation
where the collection of Josephson coupling terms are not minimised independently
by having their respective phases either locking or antilocking can arise. This
contest between the phases to lock or antilock is known as phase frustration.

Restricting ourselves to the case of three components, the smallest number of
components for which phase frustration can occur, we outline some properties and
consequences of phase frustration. Having three components, Table 2.1 outlines the
possibilities regarding the signs of the η’s.

We will now proceed to study one of the two possibilities of frustration given
in Table 2.1 (which we will understand can be done without loss of generality),
namely the case where all the η’s are negative. Hence, all couplings are repulsive,
i.e. strive to antilock.
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Table 2.1: The four possible sign combinations of the Josephson coupling param-
eters. For the unfrustrated combinations the ground state phase configuration is
given.

Case η12 η13 η23 Ground state phases
1 + + + φ1 = φ2 = φ3

2 + + – Frustrated
3 + – – φ1 = φ2 = φ3 + π
4 – – – Frustrated

To visualise this we may choose a set of parameters: αa = 1, βa = 1 and η13 =
η23 = −3, while variations in η12 are considered. A band is referred to as being
active when its corresponding αa < 0 and passive when αa > 0. In this example all
bands are passive and without any coupling this would render all densities zero, i.e.
|ψa| = 0. However, if the Josephson couplings are sufficiently strong we may have a
nonzero superfluid density even for a superconductor with only passive bands. The
Josephson couplings strive towards large |ψa| for superconductors where the phase
configuration is favourable.

The ground-state phase configuration for various ηab is given in Fig. 2.1, where
we have fixed the gauge by choosing φ3 = 0. This does not affect the phase
differences but breaks the gauge symmetry U(1). Given point d) in Fig. 2.1 we
clearly see that the repulsion between φ1 and φ2 is weak because of the phases
fulfilling −φ1 = φ2 = π, this is due to a large value of η12. When the coupling term
η12 is decreased we note that at point c) in Fig. 2.1 the coupling parameters do
not antilock or lock, but φ1 6= φ2.

The important property to note here is that the free energy (2.6) is invariant
under complex conjugation, i.e. invariant under sign change of the phases φa. Hence
we conclude that if (φab mod π) 6= 0 the ground state inherits a discrete Z2 sym-
metry. This means that at the point c) in Fig. 2.1 we have a continuous transition
from U(1)→ U(1)× Z2.

As this transition occurs we are now ready to introduce the concept of Time-
Reversal Symmetry Breaking (TRSB) which the ground states with U(1) × Z2

possess. Consider now the currents associated with the coupling terms, i.e. sinφab.
The flow (currents) between component are obviously zero if the phase differences
are antilocked or locked, since this renders the sinus function equal to zero. When
the system becomes frustrated and (φab mod π) 6= 0 is fulfilled, that is the appear-
ance of the Z2 symmetry, the intercomponent currents become non-zero. Since the
ground state is now degenerate the currents have the flow pattern 1→ 2→ 3→ 1
in one of the states, and the opposite in the other ground state. So by perform-
ing time reversal on the system the directions of the currents are reversed. If the
system does not possess the additional Z2 symmetry the time reversal operation is
left unnoticed and this outlines how TRSB occurs.
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Figure 2.1: Configuration of the ground state phases as a function of the Josephson
coupling parameter η12. The parameter choice is: αa = 1, βa = 1 and η13 = η23 =
−3. In [15] the same schematic plot can be found, please note however that they
use another sign convention of ηab.

At b) in Fig. 2.1 we note that all the parameters for every band are equal and all
couplings between bands are equal, i.e. αa = 1, βa = 1, ηab = −3. Thus we expect
the shown behaviour of total repulsion in the phases giving φab = 2π/3. Increasing
the magnitude of η12 further the point a) in Fig. 2.1 will be reached. At this point
the modulus |ψ3| is zero. The coupling is sufficiently strong in order to force one
band to disappear. Studying the phases closer at this point we see that φ12 equals π
and is therefore antilocked. Hereby, a continuous transition from U(1)×Z2 → U(1)
occurs. This illustrative example of phase frustration was given for three passive
bands and it should be noted that the overall behaviour is left untouched for active
bands except that the ground-state moduli are in general never zero.
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We have now described TRSB regarding the ground states, however it is also im-
portant to study this phenomenon for excitations of the system. In the TRSB phase
there are no ”Leggett” modes to be found, instead a form of mixed density-phase
modes may be found as we will see in the next chapter as we study how tempera-
ture dependence relates to fluctuations about the ground state. The peculiar thing
about these mixed normal modes is that they can possess large characteristic length
scales even though the system is under strong Josephson coupling, see [16,17].

Regarding fluctuations in the context of TRSB we note that at the transition
point of TRSB one mode is massless which means that its corresponding length scale
diverges. Excitations do not decay exponentially as implied by the coherence length,
but rather following a power-law behaviour. This can be understood as the mode
being pure phase with out-of-phase oscillations. Therefore we understand the cost
of energy for these oscillations to continuously drop to zero as the TRSB transition
point is approached. As have been observed by [18], continuous transitions which
increase the ground-state degeneracy come with a massless mode.

Finally we note that TRSB may lead to mixed density-phase modes and to
additional topological excitations such as domain walls interpolating between the
two degenerate ground states. For further reading on TRSB, [19] discusses the
phenomena in iron pnictides and [20,21] discusses it in a more general fashion.

2.3 Interface energy

The main property characterising a type-II superconductor is the existence of the
Abrikosov lattice above the critical field Hc1. In 1957 it was proposed by Abrikosov
[22] that the creation of the vortex lattice originates from the fact that the interface
energy is negative, i.e. the interface energy between the superconducting state and
the normal state is negative. The question which arises now is: ”How do we define
the interface energy and how do we calculate it?”. Consider a boundary surface S
separating a normal domain from a superconducting domain. We take the energy
associated with the surface to be the interface energy and define it as the excess
free energy between the two regions with and without any applied field. In our
previous notation let us define the Gibbs free-energy density:

G = F −B ·H0 , (2.7)

where F is the Helmholtz free energy, B is the magnetic field and H0 the applied
field. Further consider a flat yz-boundary such that the superconducting region is
given by 0 < x and the normal region by x < 0 and orient the applied field H0 in
the ez direction. From this point forward we restrict ourselves to study the interface
in cases for which the applied field is equal to the thermodynamical critical field
Hc. According to the above we should minimise the difference in Gibbs free-energy
with and without applied fields, i.e.

Υ =

∫ ∞
−∞

(GH − G0) dx , (2.8)
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where Υ is the interface energy, GH and G0 are the Gibbs free energy densities with
and without any applied field respectively.

To clarify the interpretation of the thermodynamical critical field it is the field
at which the Helmholtz free energy is equal in the two regions, i.e. Fs = Fn.
Consider the work done by the source of the applied field when changing the field
H: ∫ H0

0

HdH =
H2

0

2
. (2.9)

This is the accumulated energy in the superconductor and hence we can relate the
Helmholtz free energy in zero field to the Helmholtz free energy in an applied field:

FsH = Fs0 +
H2

2
(2.10)

which at Hc therefore returns the relation:

Fn −Fs0 =
H2
c

2
. (2.11)

Hence, the thermodynamical critical field is a measure of how much the supercon-
ducting state is energetically favourable compared to the normal state.

Using the relation for the Helmoltz free energies (2.11) and (2.7) the interface
energy (2.8) may be written as:

Υ =

∫ ∞
−∞

(
F −B ·Hc +

H2
c

2

)
dx (2.12)

Finally using (2.2) the interface energy is given by:

Υ =

∫ ∞
−∞

(
α|ψ|2 +

β

2
|ψ|4 +

1

2
|(∇+ ieA)ψ|2 +

(B−Hc)
2

2

)
dx (2.13)

We reduce ourselves to a half-infinite domain and choose the gauge to be the Landau
gauge, i.e. A = A(x)ey. The interface energy can yet again be rewritten as:

Υ =

∫ ∞
0

(
α|ψ|2 +

β

2
|ψ|4 +

1

2

∣∣∣∣dψdx
∣∣∣∣2 +

1

2
e2A2|ψ|2 +

(B −Hc)
2

2

)
dx (2.14)

where A = A(x), B = B(x) and B = ∂xA.

Boundary conditions

At x = 0 the applied field is equal to Hc and the order parameter is zero. In the
normal state, ψ = 0 is a global non-degenerate minimum of the potential energy.
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However in the bulk when x → ∞ the magnetic field approaches 0 and the order
parameter approaches its ground-state solution, i.e. ψ0. Therefore, (2.14) should
be minimised restricted to the boundary conditions:

0← x →∞ (2.15)

Hc ← B → 0 (2.16)

0← ψ → ψ0 (2.17)

In Fig. 2.2 and Fig. 2.3 the order-parameter and the magnetic field have been plot-
ted for the cases of type-I and type-II superconductors respectively. In upcoming
chapters we will investigate the concept of interface energy further and see how it
relates to coherence lengths and TRSB properties.

Numerical method

The methods used to minimise the functionals in this work is based on numerical
computation. In order for the functionals to be minimised we need to discretise
them. This has been done using a finite-difference approach. The values of each
function are stored on a line grid and the functional now becomes a function of
these grid functions. The discretisation applied here is the following:

Store the order parameter as a real part and an imaginary part and evaluate the
terms between nearest neighbours. The energy is now minimised using a Newton-
Raphson like method [23]. Consider the energy Ei; it is according to the discretizing
scheme dependent on the function values in the grid points i−1, i and i+1. Further
let pi,k be the k’th function value in the point i. The minimisation algorithm used
is now:

1 Choose a grid line point i.

2 Compute Ei,
∂Ei

∂pi,k
and ∂2Ei

∂p2i,k
.

3 If ∂2Ei

∂p2i,k
=0, set it equal to q.

4 Update pi,k by ∆pi,k = −γ · ∂Ei

∂pi,k

/
∂2Ei

∂p2i,k
.

5 Compute a new value E′i.

6 If E′i > Ei, then update pi,k by −∆pi,k.

7 Iterate over all k.

where q and γ are some well chosen positive numbers.
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Figure 2.2: Numerical minimisation of the functional (2.14) subjected to the bound-
ary conditions (2.16, 2.17), with the parameter choice: α = −1, β = 0.1 and e = 30,
giving a positive interface energy and thus a type-I superconductor.
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Figure 2.3: Numerical minimisation of the functional (2.14) subjected to the bound-
ary conditions (2.16, 2.17), with the parameter choice: α = −1, β = 1 and e = 1,
giving a negative interface energy and thus a type-II superconductor.
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2.4 Temperature dependence of the theory

We are interested in determining properties of multiband superconductors as func-
tions of applied field and temperature. Our GL approach restricts the investigation
to the vicinity of Tc. The GL equations clearly state the applied-field response,
at least in principle. The more delicate question is: ”How does the temperature
dependency come into play?”

The influence of temperature can be derived from the microscopic BCS-theory
and, as we shall see, it is in fact the parameters of the potential energy terms
which will turn out to be temperature dependent. Considering the BCS theory of
which GL theory can be shown to be a limiting case [7], we may extract the relevant
temperature dependence for our GL-model. Close to Tc, the BCS gap equations can
be expanded to give the GL functional. This has been done for two bands [24,25],
but the result generalises quickly to any number of bands to yield:

αa(T ) = αa0 ln
T

Ta
≈ αa0

(
T

Ta
− 1

)
and βa(T ) = βa (2.18)

so the αas depend on two parameters, namely the zero-temperature value αa0 and
an individual transition temperature Ta at which the band goes from passive to
active. In a single-band model this would correspond to the actual value of Tc.
In this mean field approach we cannot go to far from the transition temperature
and thus we will only investigate the temperature interval corresponding to T/Tc ∈
[0.78, 1]. Going much lower needs to be handled in the microscopic BCS theory.
The temperatures will be scaled so that Tc = 1 when the applied field is absent.

In this thesis the temperature-dependent properties that will be investigated
are ground state solutions of two and three band superconductors and how tem-
perature changes can influence TRSB in the three-band case. The normal modes’
and characteristic length scales’ dependency on temperature will be calculated by
considering the mass spectrum. Also, the vortex-lattice solutions in three-band
superconductors will be touched upon and discussed in the context of TRSB and
how the TRSB-transition point is affected by temperature in an applied field.

For the two-band case we will discuss how the coherence lengths behave near Tc,
and show that when varying the temperature the changes in coherence lengths are
actually non-monotonic. This has been done by previous authors both analytically
and numerically [24,26]. However, we will fully in the GL regime consider decoupled
vortex solutions and numerically fit exponential functions to the normal modes of
the coherence lengths, thus show that the eigenvalues of the normal modes are
actually the coherence lengths of the theory.



Chapter 3

Ground-state analysis

In this chapter we will investigate properties of the ground state and mostly restrict
ourselves to the case of three bands coupled to a gauge field. We will follow the
reference [15] and apply the same scheme. However, we will present an alternative
way of determining the ground state solutions. Once the ground state has been ob-
tained, i.e. the state where the values of the order parameters ψa and the phases φa
are constant, we consider higher order-fluctuations and thereby receive information
on normal modes and characteristic length scales (i.e. over what length scales the
fluctuations decay).

3.1 Ground-state solutions

We will start with the first-order fluctuation approach to obtain the ground-state
solutions. Consider the following perturbation of the order parameters and the
gauge field:

ψa = (ua + εa(r)) ei(φ̄a+ϕa(r)) , A =
a(r)

r
(− sin θ, cos θ, 0) =

a(r)

r
eθ , (3.1)

where the set up is assumed to be cylindrically symmetric and φ̄a and ua are the
ground-state phases and amplitudes, respectively, whilst ϕa(r) and εa(r) are the
respective fluctuations around the ground state. Inserting the perturbed variables
(3.1) into (2.6) and keeping only terms of first order we obtain:

F1 =
∑
a

2uaεa
(
αa + βau

2
a

)
− 1

2

∑
b6=a

ηab (uaεb + ubεa) cos φ̄ab + ηabuaubφab sin φ̄ab

(3.2)

where we use the shorthand notation φ̄ab = φ̄a − φ̄b. The free energy fluctuation
(3.2) must be zero for an arbitrary fluctuation if the ua:s and φa:s are to be ground

15
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state values. Since no fluctuation can decrease the the energy of the ground state
every prefactor of the fluctuations must be zero. Requiring this we obtain the
following six equations determining the ground state values:

0 = 2α1u1 + 2β1u
3
1 − η12u2 cos φ̄12 − η13u3 cos φ̄13 (3.3)

0 = 2α2u2 + 2β2u
3
2 − η12u1 cos φ̄12 − η23u3 cos φ̄23 (3.4)

0 = 2α3u3 + 2β3u
3
3 − η13u1 cos φ̄13 − η23u2 cos φ̄23 (3.5)

0 = η12u1u2 sin φ̄12 + η13u1u3 sin φ̄13 (3.6)

0 = η12u1u2 sin φ̄12 − η23u2u3 sin φ̄23 (3.7)

0 = η13u1u3 sin φ̄13 + η23u2u3 sin φ̄23 (3.8)

this could now in principle be solved using the Newton-Raphson method. However,
we will not solve this system that is parametrized with three phases and three am-
plitudes. Instead we will parametrize the system by splitting the order parameters
in real and imaginary parts. This will be done by determining the Euler-Lagrange
equations by functional variation of the free energy functional (2.6). The variations
with respect to the complex conjugated order parameters, ψ∗a give the GL equations
for the condensates whilst variation with respect to the magnetic vector potential
returns Ampère’s law according to:

DDψa = 2
∂V

∂ψ∗a
∇×B = J = −e

∑
a

Im (ψ∗aDψa) (3.9)

where D = ∇+ ieA and

V =
∑
a

αa |ψa|2 +
βa
2
|ψa|4 −

1

2

∑
b6=a

ηab|ψa||ψb| cosφab

 (3.10)

In order to determine the ground-state values we note that the condensates, i.e.
the order parameters, are constant, whilst the gauge field can be chosen to be zero.
Thus the ground state is determined by the set of equations given by:

∂V

∂ψ∗a
= 0 . (3.11)

Splitting ψa in a real and imaginary part according to ψa = Xa + iYa the set of
equations (3.11), six of them, can be explicitly expressed as:

0 =
[
αa + βa

(
X2
a + Y 2

a

)]
Xa −

1

2

∑
b 6=a

ηabXb (3.12)

0 =
[
αa + βa

(
X2
a + Y 2

a

)]
Ya −

1

2

∑
b 6=a

ηabYb (3.13)
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The ground-state amplitudes and phases may now easily be obtained through:

ua =
√
X2
a + Y 2

a , φ̄a = Arg(Xa + iYa) , (3.14)

where Arg(z) is the complex principal argument function satisfying −π < Arg(z) ≤
π. In principle it is better to solve (3.12, 3.13) due to it containing no trigonometric
expressions, which are computationally heavy. The set of equations could be solved
using the Newton-Raphson method but the method is based on fixed point iterations
and thus may give false solutions, i.e. it becomes regular when approaching a saddle
point. We will however use a gradient-based method for the minimisation that is
part of the matlab library. The matlab function used is fsolve from which we
choose a trust-region algorithm. However, we still need an initial guess and to
deduce that the obtained solution is really a true minimum. This may be done by
using the theory of higher-order fluctuations.

3.2 Mass spectrum and higher order fluctuations

The ground state is now known and we may linearise the GL equations, i.e. consider
fluctuations of second order. The second-order fluctuation may be described by a
Klein-Gordon system of equations and a Proca field equation to describe fluctua-
tions in the gauge field. For this study we will change to the following basis and
introduce the basis vector γ:

γ = (ε1, ε2, ε3, π1, π2, π3)
T
, πa ≡ uaφa , (3.15)

This will turn out to be convenient since the squared mass matrix of the Klein-
Gordon system is symmetric in this basis. Now insert (3.1) into (2.6) and collect
all terms corresponding to second order in the fluctuations to obtain the following
functional:

F2 =
1

2
γTM2γ +

1

2

∑
a

(∇γa)
2

+
1

2r2
(∇a)

2
+

1

2

(ea
r

)2∑
a

u2
a (3.16)

where M2 is now the squared mass matrix. The interesting part here is to note
that the fluctuations in the order parameters actually decouple from the gauge-field
fluctuations. Further we may identify the the entries of the squared mass matrix
from the expression:

1

2
γTM2γ=

∑
a

{
ε2
a

(
αa + 3βau

2
a

)
−
∑
b>a

[
ηabεaεb cos φ̄ab (3.17)

+ηab

(
uaub

2

(
πa
ua
− πb
ub

)2

cos φ̄ab + (uaεb + ubεa)

(
πa
ua
− πb
ub

)
sin φ̄ab

)]}
From the Proca-equation part of (3.16) we may derive the London penetration
length scale, λ. This may easily be done since the gauge-field fluctuations decouple
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from the order-parameter fluctuations. The length scale is the inverse of the mass
of the gauge field and is thus given by

λ =
1

e
√∑

a u
2
a

. (3.18)

The other length scales of the system may not be as easily obtained, instead we
need to diagonalize the mass matrix and extract its eigenvalues which will corre-
spond to inverted length scales associated with the degrees of freedom of the order
parameters.

We will now derive the mass spectrum from (3.17). Adopt the following short-
hand notation: η̄ab = 1

2ηab cos φ̄ab and η̂ab = 1
2ηab sin φ̄ab. Further the mass matrix

will be divided into a set of four submatrices according to:

M2 = 2

(
Mεε Mεπ

Mπε Mππ

)
. (3.19)

The factor of 2 will ensure that the length scales will directly correspond to the
inverted masses of the system without any scaling. Although the expression (3.17)
in general is applicable for an arbitrary number of bands we here restrict ourselves
to explicitly calculate the submatrices for a system of three bands. The submatrices
are:

Mεε =

α1 + 3β1u
2
1 −η̄12 −η̄13

−η̄12 α2 + 3β2u
2
2 −η̄23

−η̄13 −η̄23 α3 + 3β3u
2
3

 (3.20)

Mππ =

 η̄12u2+η̄13u3

u1
−η̄12 −η̄13

−η̄12
η̄12u1+η̄23u3

u2
−η̄23

−η̄13 −η̄23
η̄13u1+η̄23u2

u3

 (3.21)

Mεπ = MT
πε =


η̂12u2+η̂13u3

u1
−η̂12 −η̂13

η̂12 − η̂12u1−η̂23u3

u2
−η̂23

η̂13 η̂23 − η̂13u1+η̂23u2

u3

 . (3.22)

The eigenbasis of the squared mass matrix can unfortunately not be analytically
expressed in general, and hence we are forced to calculate the eigenbasis of the
mass matrix numerically and then switch the basis according to (3.15) in order to
obtain the mass spectrum and the length scales. The physical length scales are
determined by transforming back from the reduced units given in Appendix A.
Regarding phase rotations in the aspect of second order fluctuations, we see that
there is a spontaneously broken U(1) symmetry related to an overall rotation of
the phases. The mass of this mode is zero and hence the corresponding length scale
is divergent. The corresponding mode decouples and may therefore be removed.
However, this mode may be used to measure the numerical error of the masses for
the other modes.
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3.3 Aspects of the mass matrix and the ground
states

In this section we will generally discuss aspects of the mass matrix and the temper-
ature dependence of the ground state. The term mass matrix arises from the fact
that the eigenvalues of the mass matrix are actually the masses of the supercon-
ducting condensates. Reducing to a one-band case where the mass matrix is just
a scalar, the corresponding GL equations will be solved by exponentially decaying
solutions where the decrements are determined by the inverted mass, namely the
coherence length.

The generalization is therefore to interpret the mass matrix as giving the normal
modes and masses as the eigenvectors and eigenvalues of the excitations. Given this
the eigenvalues of the mass matrix are positive if a true minimum has been obtained
when solving for the ground state. If this is not the case negative eigenvalues are
returned, then a saddle point or a maximum is actually the solution considered.
Hereby, we may establish if the solution constitutes a true ground state.

Temperature dependence of the ground state for a chosen set of parameters
is shown in Fig. 3.1. First, it is readily seen that at T = 0.94Tc the phases
and phase differences split and the possibility of locking is no longer available and
the system becomes frustrated. Reading off the eigenmodes we see that at the
temperature T = 0.94Tc there is in fact a Leggett mode. However, this Leggett
mode is not massive at the transition point, but rather massless1 as can be seen
from Fig. 3.1 where the mass coloured blue goes to zero at T = 0.94Tc. The
TRSB transition point is accompanied by a massless Leggett mode. Thorough
investigation of this concept has been performed in [28]. Everything points in the
direction of the TRSB transition being of second order, i.e. the transition being
continuous, which will when approaching the TRSB transition point give room for
type-1.5 superconductivity.

Further it can be noted that the overall U(1) symmetry is present (mode 1),
corresponding to the red massless mode of the mass matrix. Since this mode is
expected by theory we can use it to numerically check the validity of the other
modes. Also, we note that at temperatures lower than T = 0.94Tc there is mode
mixing, which for example enables different inter-vortex coupling behaviour when
varying the densities [23] leading to type-1.5 superconductivity.

In the next chapter we will consider the masses and their temperature depen-
dence, and see that they in fact exhibit non-monotonic temperature dependence and
that modes in two-band superconductors can also be massless at points different
from Tc even though the system cannot exhibit TRSB since it is always possible to
lock or anti lock two phases. The massless mode is not a property reserved for con-
tinuous TRSB transitions and the nomenclature of Leggett mode is not applicable
in this case.

1This have been reported by [27].
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Figure 3.1: Ground states, length scales and normal modes, and their tem-
perature dependence. The parameters are (α10, α20, α30) = (8.273, 10.412, 8.5),
(Tc1, Tc2, Tc3) = (0.91, 0.885, 0.85), βa = 1 and η12 = η13 = −η23. The noteworthy
is the TRSB transition point at T = 0.94Tc, and that there is an additional massless
mode at this temperature.



Chapter 4

Mixed coherence lengths

In this chapter, we will consider the characteristic lengths at which the order pa-
rameters recover to the ground state when entering a superconducting bulk from a
normal state with an applied field H0 and the order parameter equal to zero. We
shall see that these coherence lengths cannot in fact be attributed to the physical
amplitudes directly but rather to a linear combination due to mode mixing. We
will show numerically that Geyer, Kogan, Schmalian, Fernandes and Shanenko are
wrong on coherence length behaviour [29–31]. Finally we will study the tempera-
ture dependence of the coherence lengths, and consider some properties which again
prove results in recent papers by Kogan and Schmalian [30] to be false.

4.1 Coherence lengths and vortex solution

The theory of multiband superconductivity, and in particular the concept of type-
1.5, have gained much interest since the discovery of superonductivity in MgB2.
In particular, the spatial dependence of coherence lengths in superconductors is a
question of open debate between researchers. However, we have numerically tested
the theory to be in agreement with Babaev et al. [32]. In a one-band superconductor
there is only one coherence length, but we will actually show, foremost numerically,
that the recent research in [24–26,33] is correct even in the GL setting close to Tc.
In order to construct the solution of the GL equations, we first restrict ourselves to
only study vortex solutions that carry integer flux, which will be favoured in terms
of energy. The coherence lengths correspond to the spatial distances at which
the fluctuations of the modes decay, and we are thus interested in studying the
asymptotics arising with large separation between vortices.

The starting point will be the GL functional (2.6) for two bands leading to the
GL equations (3.9). From now on we will follow the calculations in [33] and correct
an error (which is not decisive for the conclusions made). Hence, we shall without
loss of generality assume that the potential term V in the GL equations assumes
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its minimum when |ψa0| > 0 and φ12 = 0, so that the system strives to always
lock. Here the ψa0 denote the ground-state values of the order parameters. The
GL equations now satisfy axially symmetric solutions of the following form:

ψa = |ψa|eiφa (4.1)

A =
a(r)

r
eθ (4.2)

which excludes some solutions where mixed-gradient terms favour solutions with
phase-winding different from zero. However, this will not present any issues for our
analysis. The above solutions transform the partial differential equations into a set
of coupled ordinary differential equations, namely:

|ψa|′′ +
1

r
|ψa|′ −

1

r2
(1 + ea)

2 |ψa| =
∂V

∂|ψa|
||ψ10|,|ψ20|,φ12=0 (4.3)

a′′ − 1

r
a′ − e (1 + ea)

(
|ψ1|2 + |ψ2|2

)
= 0 . (4.4)

The solutions that we are interested in must have the correct boundary behaviour
and thus the quantity εa(r) = |ψa| − |ψa0| must go to zero when r → ∞ and the
vortex solution required also has the property of α(r) = a(r) + 1/e going to zero
when r →∞. Linearising the equations should thus be possible and the result is:

ε′′a +
1

r
ε′a = Habεb (4.5)

α′′ − 1

r
α′ = e2

(
|ψ10|2 + |ψ20|2

)
α , (4.6)

where Hab is the Hessian matrix of V at its minimum, which we have normalised
to be (|ψ10|, |ψ20|, φab = 0). The equation for the vector potential resembles the
modified Bessel’s differential equation after the transformation α = rp(r) has been
made, which then immediately yields the physical solution:

α(r) = CrK1(r/λ) (4.7)

where λ = 1/e
√
|ψ10|2 + |ψ20|2, C ∈ R and K1 is the first modified Bessel’s function

of the second kind. A closer study of the solution tells us that at large r, which is
the case we consider, the magnetic field decays exponentially since

B = −C 1

λ
K0(r/λ)ez ∝

e−r/λ√
r

ez when r →∞ , (4.8)

and it is clear that the magnetic field decays exponentially with the decrement
equal to the London penetration length λ.

Returning to the Hessian matrix Hab, we conclude that it is a positive definite
matrix which is also symmetric and real. Hence, its eigenvalues are real and positive
and the corresponding eigenvectors constitute an orthonormal basis. Let us call
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the eigenvectors of the Hessian matrix h1 and h2, and further expand the difference
functions εa in this eigenbasis according to:

(
ε1

ε2

)
= χ1h1 + χ2h2 (4.9)

where the χas are the expansion coefficients. This can always be done since the
function V introduces only real-valued numbers in the Hessian. Given this, the
eigenvectors h1 and h2 can, since they constitute a basis for R2, be parametrised
by an angle introduced as the mixing angle Θ. Hence, the eigenvectors h1 and h2

may be expressed as:

h1 =

(
cos Θ

sin Θ

)
h2 =

(
− sin Θ

cos Θ

)
(4.10)

which leads to the following expression for the expansion coefficients in the eigen-
basis:

(
χ1

χ2

)
=

(
cos Θ sin Θ
− sin Θ cos Θ

)(
ε1

ε2

)
. (4.11)

The signs in this matrix are incorrect in the paper [33]; however, this does not
change the correct conclusion made.

If the amplitudes are not in the eigenbasis of the Hessian matrix the system
will exhibit mode mixing, which is contradictory to the result found by Kogan et
al [30] and Shanenko et al. [31], where they argue that the equations (4.5) decouple
even for non-zero Josephson coupling parameter which is clearly wrong, a further
comment on this has been made by Babaev et al. [32]. Our numerical investigation
shows the same results as theory in agreement with Babaev et al. [25]. However, in
the eigenbasis of the Hessian matrix the equations (4.5) decouple since the Hessian
is diagonal and the equations read

χ′′a +
1

r
χ′a =

1

ξ2
a

χa (4.12)

where the ξas are the decrements of the exponential decay at large r for χa since

χa(r) = CK0(r/ξa) ∝ e−r/ξa√
r

when r →∞ . (4.13)

This analysis shows that these are not coherence lengths for the respective am-
plitude, but rather for a system which is rotated by an angle Θ. However, if the
mixing angle is Θ = 0, the system will not exhibit any mode mixing. This makes
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it possible to define two coherence lengths directly corresponding to the physical
amplitudes of the system.

First consider a two component superconductor with U(1) × U(1) symmetry
and express its Hessian matrix according to

H =

(
2α1 + 6β1|ψ10|2 0

0 2α2 + 6β2|ψ20|2
)
, (4.14)

whose eigenvectors will be h1 = (1, 0)
T

and h2 = (0, 1)
T

and thus the mixing angle
will be Θ = 0. Each band is independently conserved and the superconductivity in
one band dies when the band becomes passive, due to lack of interband coupling
terms. However, if we introduce interband Josephson coupling (η12) such that we
permit tunnelling of superconducting Cooper-pairs between bands, i.e. that is we
explicitly break the symmetry to U(1), the Hessian matrix will instead read

H =

(
2α1 + 6β1|ψ10|2 −η12

−η12 2α2 + 6β2|ψ20|2
)
, (4.15)

in accordance with previous notation. Now it is readily seen that this introduces a
non-zero mixing angle and thus mode mixing in the system. The coherence lengths
cannot therefore be determined by asymptotic study of the amplitude profiles, but
rather the profiles of the two fields χ1 and χ2, and this justifies the name mixed
coherence lengths. This is the reason why the conclusions made in [29, 30] are
wrong. In [29, 30] it is said that the system can be treated with one coherence
length since the amplitudes vary on the same length scale, but they do not consider
the mode mixing and therefore draw the wrong conclusions.

4.2 Asymptotic behaviour of amplitudes

To test the model introduced in the previous section we may just as Geyer et al. [29]
construct a one dimensional interface corresponding to a normal to superconducting
boundary. As previously introduced the interface energy may be generalised to two
components as:

Υ =

∫ ∞
0

2∑
a=1

(
αa|ψa|2 +

βa
2
|ψa|4 +

1

2

∣∣∣∣dψadx

∣∣∣∣2 +
1

2
e2A2|ψa|2

)
+ (4.16)

(B −Hc)
2

2
− η12

2
(ψ1ψ

∗
2 + ψ∗1ψ2) dx (4.17)

where A = A(x), B = B(x) and B = ∂xA. Please note that the additional
Josephson-coupling term has been added, and that the geometry is still an infinite
half-plane as before. This interface energy will describe how the amplitudes recover
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to the ground state when entering the superconducting bulk at x = 0. At the
interface the magnetic field is considered to be equal to the thermodynamical critical
field, and we may interpret a growing x as going radially out from a vortex.

Applying the boundary conditions to obtain an interface between a normal state
and a superconducting state, we set the magnetic field equal to the applied field
at the interface while the amplitudes are zero. Going into the bulk the magnetic
field decreases to zero and the amplitudes recover to their ground-state values.
Minimising the above functional yields the amplitudes, and using these we may
also determine the fields χ1 and χ2.

Now, asymptotical fitting of the tails of the normal modes with exponential
functions will show that the theory of the previous section holds. The decrements
are given by the introduced mixed coherence lengths . They are exactly the inverted
square roots of the eigenvalues of the Hessian matrix.

The way to determine the mixed coherence lengths follows the following scheme:

1. Calculate the amplitudes by minimising the excess Gibbs free energy for a
certain parameter set.

2. Determine the mixing angle.

3. Determine the fields χ1 and χ2.

4. Fit exponential curves to the tails of the χa fields.

5. Compare the decrements to the mixed coherence lengths, and conclude that
they are the same.

By this method it can also be numerically justified that the coherence lengths
cannot be attributed to the physical amplitudes as claimed by [29, 30]. Rather,
the numerical study further strengthens the conclusions made in [32]. There are
however a few issues to resolve. First of all, the fitted values are not exactly
corresponding to the calculated coherence lengths since the theory is based on
large r behavior. The effects of nonlinearities will grow when the profiles obtained
by minimising the functional differ considerably. In Fig. 4.1 the interface solution
together with the χa fields have been plotted for a specific set of parameters.

The fits clearly show that there are two fields that vary on different length
scales. The mixed coherence lengths obtained from diagonalising the Hamiltonian
are (ξ1, ξ2) = (0.932, 0.746), whilst the numerically fitted values are (ξ1fit, ξ2fit) =
(0.957, 0.758) in the length scale chosen. Due to the fact that the fit is made for
r = x > 4, the result is a good approximation. We should stress here that the
exponential decay is actually ideal due to the 1/

√
r found in the decay formula for

large r, and also due to the influence of nonlinear effects due to the two coherence
lengths differing in value.

In the paper by Geyer et al. [29] they conclude that close to Tc the smallest
eigenvalue of the Hessian matrix goes to zero, which it does. However, they use
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Figure 4.1: The interface energy and the fitted χa fields for the parameter set
(α10, α20) = (1.209, 3) , (T1, T2) = (0.954, 0.954) , βa = 1, η12 = 0.3, e = 5 and
T = 0.89.

this to argue that the Hessian is diagonal close to Tc, and then only take the linear
order in temperature divergence. They then draw the incorrect conclusion that the
functional can be expressed with the help of only one effective parameter due to
the fact that ψ1 = ψ2.

Noteworthy are also the errors in the interface plots found in [29]. They have
not chosen the spatial distance long enough since it should approximate an infinite
boundary, the derivatives of the amplitudes and magnetic field must go asymptoti-
cally to zero as x grows. In their plots this is not the case, and therefore conclusions
made from these cannot be justified.

4.3 Influence of magnetic field penetration

As discussed in the previous section, the fitting of exponential functions is to be
made of the tail of the χa fields since we consider large r asymptotics. However,
the magnetic field is coupled to the order parameters via the vector potential, and
thus our analysis breaks down if we try to fit exponential functions to the χa fields
in a region where the magnetic field is not close to zero. Thus we need to make
sure that the magnetic field has gone to zero before fitting since the εa decouple
from the magnetic field only in the asymptotic limit.
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Regarding the fit made earlier, it can be seen from Fig. 4.1 that the magnetic
field is close to zero in the fitting region and thus the fitting produces correct results.
Our numerical investigation, on the other hand, shows that applying this method in
a region with nonzero magnetic field tends to give the same asymptotic behaviour
of χ1 and χ2, i.e. their respective coherence lengths are equal. Clearly, our analysis
should not work here, and the decrements obtained by fitting are equal but different
from any of the two mixed coherence lengths. This may however be understood
by considering the values of the mixed coherence lengths compared to the London
penetration depth. A very rigorous study of the asymptotic behaviour [34] shows
that if the coherence length of a mode ξa is smaller than λ/2, quadratic terms in
the magnetic vector potential are comparable to linear terms in χa when r → ∞.
For our analysis this means that in the limit ξa � λ/2, the decrements of the
asymptotics should both be equal to λ/2, or to put it in another setting the modes
should decay according to:

K2
0 (r/λ) ≈ π

2r
e−2r/λ. (4.18)

In Fig. 4.2 the tails of the fields χa have been fitted to exponential functions yielding
the decrements (12.0,11.9) which are close to equal. There is on the other hand a
disturbing issue: evaluating the London penetration depth according to (4.7) we
find it to be λ = 17.8 for the specific choice of parameters. This value is far from
the decrements found by asymptotical fitting of the tails.

Nevertheless, the expression (4.18) now contains an r in the denominator instead
of a squareroot of r and since the fitting is made at an r value which is not that large
a small change in r influences the overall decay compared to just the exponential
function. Instead fitting the (4.18) function to the tails of the χa fields actually
yields correct decrements of (16.8,17.1).

There is still a small discrepancy left but correlation is definitely present since
test cases for other parameter sets reveal the same behaviour. In Fig. 4.3 the
corrected fitting is displayed. In principle this issue could be resolved since the in-
terface is arbitrary in spatial position. If we force the wall to lock at a higher r value,
reducing the change of 1/r influence, this minimises the error in the decrements.

The method used by Geyer et al. [29] to conclude that one coherence length
is sufficient to describe a system of two components is with the λ/2 asymptotics
weak, since our analysis shows that at penetrating magnetic field the decrements
are indeed equal. Upon a closer look at their plots of the interface energy it can be
clearly seen that the magnetic field is nonzero at the beginning of the tails. One
should therefore be sceptical about interpretations made.
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Figure 4.2: The interface energy and the fitted χa fields for the parameter set
(α10, α20) = (1.209, 2) , (T1, T2) = (0.954, 0.954) , βa = 1, η12 = 0.1, e = 0.1 and
T = 0.89. The simulation distance x = r is 60x0, but in the plot only up to 15x0

is shown for clarity. The magnetic field and the amplitudes surely asymptotically
approach 0 and 1 respectively.
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Figure 4.3: The interface energy and the fitted χa fields for the parameter set
(α10, α20) = (1.209, 2) , (T1, T2) = (0.954, 0.954) , βa = 1, η12 = 0.1, e = 0.1 and
T = 0.89. The simulation distance x = r is 60x0, but in the plot only up to 15x0

is shown for clarity. The magnetic field and the amplitudes surely asymptotically
approach 0 and 1 respectively.
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4.4 Non-monotonic behaviour of coherence
lengths

In order for our analysis to be accurate, the GL theory enforces a requirement on
the amplitudes to be small, thus creating a temperature region below Tc where it
is applicable. The whole temperature range can be investigated within microscopic
theory, as has been done in [24]. However, there are other bounds linked to the
behaviour of the masses which is indirectly related to the asymptotic behaviour of
the amplitudes. Close to Tc if there were two divergent coherence lengths (with
ratio equal to one), this would imply that the theory can be approximated by a
single component theory in accordance with Shanenko et al. [31,35]. However, both
the analytical calculations and our numerical study show that close to Tc only one
coherence length diverges whilst the other remains finite in direct contradiction to
the wrong results found by Shanenko et al. [31, 35]. Here, the already mentioned
papers [29,30] also draw the wrong conclusions about coherence length behaviour.

The solutions presented in previous sections in the context of GL theory do
show two distinct coherence lengths. Introducing the temperature dependence of
the αa parameters according to [7, 25], we can indeed conclude that within GL
theory the coherence lengths show a non-monotonic temperature dependence, see
Fig. 4.4.

The more interesting part here is the numerical fitting of the coherence length as
performed earlier. In Fig. 4.4 the numerical fitting by construction of the interface
energy agrees well with theory. A magnetic field has been applied with the strength
of the thermodynamical critical field and that does not seem to influence the results
significantly. A brief study of removing the magnetic field does however show a
slightly better fit as long as λa � 2ξa.

The theory predicts (with weak interband coupling) the existence of non mono-
tonic behaviour of one mixed coherence length, and also a small maximum around
the critical temperature for the other component, as shown in Fig 4.4. The numer-
ically fitted results have been independently investigated by A. Vargunin [41] by
solving the GL equations directly, and the two methods agree well with theory and
non-monotonic behaviour.

Further analysis of the non-monotonic behaviour of the mixed coherence lengths
has been made by Vargunin et al. [26,36] in the absence of magnetic field. It would
be interesting future research to investigate the mixed coherence-length behaviour
when a varying magnetic field is taken into account. This, opens the possibility of
investigating vortex-cluster boundaries such as vortex cluster to Meissner state and
intravortex cluster boundaries. In relation to the next chapter, the study of normal
state to lattice state would also be interesting to investigate.

Although both the vortex cluster and vortex lattice are 2D phenomena, it could
be possible to represent them in one spatial dimension using the appropriate bound-
ary conditions. Suggestions for further investigation include
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Figure 4.4: The ratio of the mixed coherence lengths as well as the inter-
face produced fits for the parameter set (α10, α20) = (1.209, 5) , (T1, T2) =
(0.954, 0.82) , (β1, β2) = (1, 3) , η12 = 0.01 and e = 5.

� Construct 2D interfaces and determine the field dependence and density of
components.

� Construct solutions of vortex lattices.

� Check coherence length behaviour for vortex cluster boundary and intra vor-
tex boundary.

To conclude this chapter we make a comment about the information lost in the
two-component GL theory compared to microscopic theory. For the case of vortex
solutions considered here, there are not just the mixed coherence lengths that govern
the properties of the order parameters, but also non-linear effects. This is probably
the error having most impact on the fitting since, as can be seen already at quite
low temperatures from Fig. 3 in [25], the deviations from microscopic theory are
non negligible already at T = 0.98Tc for their parameter set. On the other hand we
compare our model to the exact GL theory and thus these errors affect the overall
values but not the fitting, as compared to GL solutions.



Chapter 5

TRSB properties close to Hc2

In chapter 3 we established methods for determining the ground state properties.
From the ground-state plots we could easily identify the location of a TRSB/TRS
transition point. Further the mass spectrum gave us the information of a massless
mode at the transition point as well as the characteristic length scales of the system.
When a magnetic field is applied, the order parameters are no longer constant
throughout the bulk and the GL equations are more intricate to solve, since they
are now coupled nonlinear PDE:s. However, our interest lies in the investigation
of the TRSB transition line propagation, i.e. the investigation of how the TRSB
transition point relates to temperature and applied field. In this chapter we will
study this dependence close to the upper critical field Hc2.

5.1 Determination of Hc2

Hc2 is the upper critical field in a type-II superconductor, above which the normal
state is observed, i.e. the state where the conductor no longer exhibits supercon-
ductivity. At the border line of Hc2 the order parameters are close to zero and the
gradient terms are finite whilst the magnetic field is constant. This enables the
linearisation of the GL equations close to Hc2 since the behaviour of the order pa-
rameters is regular. However, it should be noted that this is only valid for a type-II
superconductor since a type-I superconductor exhibits hysteresis at its critical field.
Further, it is possible for the system to possess a thin superconducting layer above
Hc2 even when the order parameters approach zero in the bulk, this will however
be disregarded in future calculations.

The GL equations (3.9) may now be minimised accordingly to yield:

DDψa = Vabψb , Vab =

{
2αa
−ηab

b = a
b 6= a

(5.1)

31
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where the matrix elements Vab have been determined by linearising:

∂V

∂ψ∗a
= αaψa + βaψa|ψa|2 −

1

2

∑
b 6=a

ηabψb , (5.2)

Returning to the discussion of the magnetic field, after concluding it to be constant
close to Hc2 we choose a Cartesian coordinate system where the magnetic field is
given by B = Bez. The appropriate choice of gauge would now be the Landau gauge
where A = Bxey, since this trivially yields the correct relation: B = ∇ ×A. By
the choice of gauge, the equations (5.1) can be written as a linear system according
to: (

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 2ieBx

∂

∂y
− e2B2x2

)
Ψ = VΨ (5.3)

where Ψ = (ψ1, ψ2, ψ3)
T

. The magnetic field is directed in the z-direction and we
may therefore assume the order parameters to be independent of z and periodic
in y to respect the symmetry of the Landau gauge. The following separation is
therefore justified:

Ψ = eikyX(x) , X(x) = (X1, X2, X3)T , (5.4)

which straightforwardly leads to the equation

X ′′ − (k + eBx)
2
X = VX . (5.5)

This equation resembles the Schrödinger equation for a quantum harmonic oscil-
lator, where all modes are vibrating at the same frequency since V is given by a
constant matrix. In order to determine the temperature dependence of Hc2 we need
only to consider the lowest Landau level, i.e. k = 0. Taking this solution given by:

X = Ce−x
2/2ξ2 (5.6)

and inserting it into (5.5) we obtain:

− 1

ξ2
X = VX ,

1

ξ2
= eHc2 . (5.7)

From this it is readily seen that the eigenvalue problem can be solved to give the
value of Hc2 according to:

Hc2 =
1

e
max (Eigenvalue[−V]) (5.8)

By this approach it is noteworthy to conclude that near Hc2 there is only one length
scale and it diverges.

In order for this calculation to be valid we need to make sure that the system
actually goes into an Abrikosov vortex lattice state at sufficient field strength.
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Figure 5.1: The temperature dependence of the upper critical magnetic field, Hc2,
and the thermodynamical critical magnetic field, Hct, for the parameter choice:
(α10, α20, α30) = (11.8, 41, 4.94) , (T1, T2, T3) = (0.874, 0.82, 0.89) , βa = 1, η12 =
η13 = −η23 = 2 and e = 0.5.

Therefore, the systems considered must be such that the value of the upper critical
field is larger than the thermodynamical critical field for every chosen value of the
temperature T . This can in principle be obtained by adjusting the value of the
gauge parameter. In Fig. 5.1 a typical set up of parameters has been used to
illustrate the temperature dependence of Hc2 and Hct for a superconductor which
exhibits the vortex lattice state.

5.2 The Abrikosov vortex lattice solution

In this section we will discuss the Abrikosov vortex lattice solution for one band
and then discuss the generalisation to a multiband system of three components.
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Solution for one-band superconductor

The classical Abrikosov vortex lattice solution for one-band superconductors is
constructed in analogy with the separation (5.4), but with X(x) being a scalar
function. The differential equation (5.5) for one band is thus the same, except that
V is just a constant. Obtaining the solution is trivial, and it is:

Ψ = Ceikye−(x+k/eB)2/2ξ2 , C ∈ R (5.9)

The system should be periodic in both x and y, and be symmetric. However, we
see that the solution does not exhibit the xy-symmetry, this is due to the choice of
gauge which does not respect this. Since, the equation that has been solved is a
harmonic oscillator equation, we know that it has a physical solution if and only if:

B =
Hc2

2n+ 1
. (5.10)

The inverted length k is arbitrary and hence the general solution for the order
parameter with B = Hc2 can be taken as:

Ψ =

∞∑
n=−∞

Cneiknye−(x+nkξ2)2/2ξ2 (5.11)

For Ψ to be periodic in the upper critical field it will be necessary for the Cn
coefficients to be periodic according to Cn+N = Cn for an integer N according
to Abrikosov’s original paper [22]. We may thus consider the next to simplest
case of choosing N = 2 and invoke the simple argument of [37], that the density
be translationally invariant under a recentering of a rectangular cell with sides
Lx = 2kξ2 and Ly = 2π/k. This is physically reasonable since the re-centring of
the cell just moves it to an exactly equivalent position (since we demand a lattice
solution). From this we conclude that C1 = ±iC0, where we choose the positive
sign. By now varying the parameter k we can study the different lattices that arise.
Choosing a triangular lattice we specify the relation between Lx and Ly, leading

to k =
√√

3π/ξ2. For all N ≤ 2 solutions, Kleiner et al. [37] showed that the

triangular lattice considered here is actually the configuration which minimises the
free energy and is therefore stable with respect to all other lattices. The solution
can now be written as:

Ψ = C0

( ∑
m=2n

eikmye−(x+mkξ2)2/2ξ2 + i
∑

m=2n+1

eikmye−(x+mkξ2)2/2ξ2

)
(5.12)

As an illustrative example, the vortex lattice solution given by (5.12) is shown in
Fig. 5.2.
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Figure 5.2: The Abrikosov vortex lattice solution corresponding to the stable tri-
angular lattice with the recurrence, Cn = Cn+2. The image has been scaled by the
coherence length of the system. Plotted is the amplitude of the order parameter,
and we can as expected see that it becomes zero in the centres of the vortices.

Generalisation to three-band case

We will investigate the possibility of using the Abrikosov solution for one band
applied to every band in a three-band case with Josephson coupling. As shown in
the beginning of this chapter the separation (5.4) sufficed to determine the upper
critical magnetic field. However, the ansatz (5.4) does not respect the possible
different properties of the three order parameters. In principle, the three bands
could exhibit different lattice solutions as long as the magnetic flux per unit cell
is equal for all three bands. Given this freedom, and the fact that there are five
possible Bravais lattices in 2D, there would be 125 possible lattice configurations
for a three band superconductor close to Hc2. The determination of the most stable
configuration should be performed by minimisation of the free energy functional to
conclude which setting gives the lowest energy. Note that there is nothing prohibit-
ing different solutions for different parameter sets. However, the papers [38, 39] do
not consider these possibilities, but rather take the same lattice for all components
although translated.
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We will not perform the aforementioned minimisation processes’, instead, we
will give heuristic arguments that it is implausible.

� The three components are coupled to the same gauge field and thus the density
of vortices should be the same in all three bands.

� If there are lattice solutions for all components then their sum should be a
lattice.

� The vortices favour to be on top of each other or slightly translated.

Given these arguments, we can study the sum of two bravias lattices and con-
clude that for some parameter choices there is no periodicity, whilst for some pa-
rameters the lattice cell is huge. We conclude that it is not plausible that these
large-lattice-cell solutions should minimise the free energy.

Accepting this and again studying the ansatz (5.4) the three band solution
directly generalises as:

ψa =

∞∑
n=−∞

Cnaeiknye−(x+nkξ2)2/2ξ2 , Cna ∈ R , (5.13)

where Cna is the n-th coefficient of band a and the solutions fulfil the eigenvalue
equation:

VΨ = − 1

ξ2
Ψ , (5.14)

where Ψ = (ψ1, ψ2, ψ3)
T

and the constant matrix V is given by:

V =

{
Vab = 2αa
Vab = −ηab

b = a
b 6= a .

(5.15)

Studying the solution and the eigenvalue criteria, we see that for every choice of
x and y the eigenvector problem needs to be solved. This is only possible if the
coefficients fulfil Cna = Ca+N as for the one-band case. The Ca:s may now be de-
termined as the entries in a normalized eigenvector corresponding to the eigenvalue
1/ξ2. The consequence of this is that all the TRSB information of the linearized

GL-equation is contained within the vector (C1, C2, C3)
T

. Upon a closer study of
the matrix V, we see that it is symmetric and thus the eigenvector entries can
all be chosen to be real. We therefore conclude that this solution is time-reversal
symmetric close to Hc2. However, it is possible to choose parameters such that the
system will be TRSB close to Hc2. Consider the following: all βa = 0, all αa equal
and all Josephson coupling terms repulsive; the solution will have totally repulsive
phases with phase differences equal to 2π/3, which is TRSB. Also, the symmetry
between the bands is total; thus the solution should respect the symmetry which
means that the generalised solution of Abrikosov presented above is faulty and does



5.3. PERTURBATIVE EXPANSION AND TRSB PROPERTIES 37

not work since it predicts TRS to linear order. For further research it would be
interesting to investigate the properties of this solution further. Once the solution
of the linear GL equation has been obtained the natural continuation is to make a
perturbative expansion in the magnetic field and the order parameters.

5.3 Perturbative expansion and TRSB properties

Given the GL equations and Ampère’s law we have that

DDψa = 2αaψa + 2βaψa|ψa|2 −
∑
b 6=a

ηabψb , (5.16)

∇×B = J = −e
∑
a

Im (ψ∗aDψa) . (5.17)

We may expand the order parameters and the magnetic vector potential in a per-
turbation series according to:

ψa =

∞∑
n=0

εnψ(n)
a , (5.18)

A =

∞∑
n=0

εnA(n) . (5.19)

The solution is to be the lattice solution close to Hc2. Above Hc2 the system is in the
normal state where all the order parameters are zero and the curl of the magnetic
vector potential is equal to the applied field. The perturbative expansion is thus

supposed to be made around the normal state given by ψ
(0)
a = 0 and A(0) = A0,

where A0 is the magnetic vector potential in the normal state.

Inserting the expansions into the GL equations and Ampère’s law yields
T order ε0:
The solution is exactly the normal state.

To order ε1:

D0D0ψ
(1)
a = 2αaψ

(1)
a −

∑
b 6=a

ηabψ
(1)
b , (5.20)

∇×
(
∇×A(1)

)
= 0 , (5.21)

where we have introduced the notation D0 = ∇+ ieA0.
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To order ε2:

D0D0ψ
(2)
a + ieψ(1)

a ∇ ·A(1) + 2ieA(1)D0ψ
(1)
a = 2αaψ

(2)
a −

∑
b 6=a

ηabψ
(2)
b , (5.22)

∇×
(
∇×A(2)

)
= −e

∑
a

Im
(
ψ(1)∗
a D0ψ

(1)
a

)
. (5.23)

To order ε3

D0D0ψ
(3)
a + ieψ(1)

a ∇ ·A(2) + 2ieA(2)D0ψ
(1)
a + ieψ(2)

a ∇ ·A(1)+

2ieA(1)D0ψ
(2)
a − e2

(
A(1)

)2

ψ(1)
a = 2αaψ

(3)
a −

∑
b 6=a

ηabψ
(3)
b + 2βaψ

(1)
a |ψ(1)

a |2 ,

(5.24)

∇×
(
∇×A(3)

)
= −e

(∑
a

(
eA(1)

∣∣∣ψ(1)
a

∣∣∣2 + Im
(
ψ(1)∗
a D0ψ

(2)
a + ψ(2)∗

a D0ψ
(1)
a

)))
.

(5.25)

The equations up to order three in the perturbation have been presented, and the
equations may now be solved in order starting with the lowest order and then using
the obtained solution as input for the next order. The reason for performing the
expansion should now be clear. The originally posed problem is a full-scale coupled
non-linear system of PDE:s. However, to every order in the perturbation the given
equations are linear, although still coupled.

Studying the first-order equations closer, we identify them as the linearised GL
equations. In order for this expansion to be fruitful we need to consider a method
for solving the linearised GL equations. As we have seen in the previous chapter,
the generalised Abrikosov solution for three bands is not a proper choice regarding
TRSB properties of the solutions.

A first continuation of this investigation would be to solve the linearised GL
equations numerically for some simple boundary like an infinite plane with the the
magnetic field applied parallel to the boundary. This may be done with finite-
difference methods or finite element methods.

Another approach is to analytically try to find solutions that allow TRSB when
solving the linearised GL equations. The choice of totally repulsive Josephson cou-
plings and all other parameters equal should be used as a guideline, since we expect
that solution to give lattice solutions with phase differences of 2π/3. However, there
may be parameter sets which return TRS solutions to linear order in ε, but show
TRSB behaviour to second order in ε.

The interface energy as introduced earlier may be generalised to three com-
ponents, but still one variable, to show how the phase differences vary when the
amplitudes recover to the ground-state solutions upon entering a superconducting
bulk.
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Figure 5.3: Interface energy for a temperature just above the temperature defin-
ing the TRSB transition point in the ground state. All Josephson couplings are
repulsive. As can be seen there is no indication of TRSB.
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Figure 5.4: Interface energy for a temperature just below the temperature defin-
ing the TRSB transition point in the ground state. All Josephson couplings are
repulsive. The bulk phase differences increase near the boundary but do not reach
a locking/antilocking state.



40 CHAPTER 5. TRSB PROPERTIES CLOSE TO HC2

In Fig. 5.4 we can see the phase variations as functions of the penetration into
the superconductor. Please note that the vortex lattice and vortex cluster states are
2D phenomena, but the 1D interface energy can be used to simulate a vortex cluster
boundary. Studying Fig. 5.3 and Fig. 5.4, we can see that when the ground state is
a TRS state the boundary phase values are not affected. Regarding the ground state
being TRSB, the bulk values are modulated to increase the phase difference at the
boundary. Successive changes of αa:s have shown similar behaviour independent of
magnetic field and coupling strength. This indicates that the TRSB transition line
is temperature dependent since the applied field changes the temperature at which
the system enters a TRSB state.

Since the phase difference always locks above the TRSB transition point, this is
an indication of the TRSB-transition point increasing with decreasing temperature.
However, this is not consistent with results found in a paper by Takahashi et al. [40].
They claim that close to Hc2 the vortex lattice is always TRS, but for repulsive
Josephson couplings and equal band parameters this cannot be correct. It would
be very interesting future research to delve deeper into this and to see if one can
find any general properties of the temperature dependence of the TRSB transition.



Chapter 6

Summary and conclusions

In this thesis properties of multicomponent superconductors have been studied in
detail. We began our analysis by considering a Ginzburg-Landau free-energy den-
sity functional with interband Josephson coupling. First we followed Ref. [15] and
constructed the equations to determine the ground state, and solved these numeri-
cally by the use of a conjugate-gradient method. Further, we constructed the mass
spectrum of a three-band superconductor and introduced temperature dependent
coefficients in the Ginzburg-Landau expansion. We could clearly see the overall
U(1) symmetry of one normal mode as expected. Also, we found a temperature
at which one of the length scales diverges, or equivalently its corresponding mode
becomes massless. This mode is related to the TRSB properties of the ground
state and in our case this mode was concluded to be a massless Leggett mode as
investigated by Ref. [27].

We then restricted ourselves to a two-component Ginzburg-Landau theory and
constructed the vortex solution far away from the core in accordance with Ref.
[33]. Our main goal of this part of the thesis was to numerically fit exponential
functions to the decrements of the tails of the normal modes, which showed to be
linear combinations of the physical amplitudes. This mode mixing was concluded
to stem from the weak Josephson interaction in contradiction to some authors
[29–31,35] who are clearly wrong on coherence length behaviour. The asymptotics
where created by considering 1D normal-to-superconducting boundaries, and then
minimising the free-energy density functional under specified boundary conditions.
Our analysis showed to be in full agreement with [24,26].

The numerical fitting reproduced the mixed coherence length proposed by the
theory as long as the fitting was made in a region where the magnetic field had
almost died out. Considering the decoupled nature of the magnetic vector potential
and the order parameters according to the theory this is plausible. Nonetheless,
we fitted the decrements with exponential functions in the case of large London
penetration depth, and showed that the decay of the normal modes are indeed
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determined by the square of a modifed Bessel’s function. We thus found the decre-
ments to be λ/2 in accordance with [34].

Introducing temperature dependence we were able to numerically construct the
non-monotonic temperature behaviour of coherence lengths in good agreement with
theory, even with magnetic fields with short penetration length. This analysis
was independently tested by A. Vargunin [41] by a different numerical approach
successfully, though without magnetic field.

Continuing, the temperature dependence of the TRSB transition point in an
applied field was considered. This was performed by studying vortex solutions close
to the upper critical field for a three-band superconductor. We began our study
with the one band Abrikosov vortex-lattice solution, and then tried to generalise
it to three bands considering the same separation of variables as used for the one
band case. This method easily reproduced the upper critical magnetic field by
consideration of the lowest Landau level.

Nevertheless, the generalisation to three bands raised some delicate questions:
”Can the three bands have different lattice solutions, e.g. one band having a quadratic
lattice whilst the other two are hexagonal?”. On physical grounds we concluded that
all three bands must have the same lattice structure, thus returning an eigenvalue
problem to be solved. Although this seemed promising, the eigenvectors forced the
coefficients of the eigenfunctions to differ by one and the same overall phase thus
giving no room for TRSB.

We concluded the investigation by considering a perturbative expansion of the
Ginzburg-Landau equations close toHc2 and proposed ways to continue the research
in search of TRSB properties close to Hc2.



Appendix A

Reduced units

We begin this appendix by considering the Ginzurg-Landau free-energy density,
given in CGS units, that is:

F =
B2

8π
+
∑
a

αa |ψa|2 +
βa
2
|ψa|4 +

1

2m∗a

∣∣∣∣(i~∇+
e∗

c
A

)
ψa

∣∣∣∣2

−1

2

∑
b 6=a

ηab|ψa||ψb| cos (φa − φb)

 , where η is hermitian. (A.1)

We now perform the following transformations of the physical quantities and drop
the ∗’s:

F 7→ ~2c2

4π
F , (A.2)

ψa 7→
√
mac2

4π
ψa , (A.3)

A 7→ −~cA , (A.4)

αa 7→ ~2

ma
αa , (A.5)

βa 7→ 4π~2

m2
ac

2
βa , (A.6)

ηab 7→

√
~2

mamb
ηab . (A.7)

This leads to the energy-density functional (2.6), which is the form used for calcula-
tions in this thesis. We may also express the length scales presented in this thesis in
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Gaussian CGS units using the transformations above (given that all Cooper-pairs
have the same mass, m):

λ2 =
mc2

4πe2
∑
a u

2
a

, (A.8)

ξ2
i =

~2

m

1

M2
i

. (A.9)

Further applying this scheme to the London penetration depth and the coherence
length (2.5) of the one-band superconductor these can be expressed as

ξ =

√
− ~2

4mα
and λ =

√
−mc

2β

4παe2
. (A.10)

Note that the m and e are the mass and charge of a Cooper-pair, since the ∗s have
been dropped.
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