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Abstract
From computer simulations of prime factorization by quantum adiabatic computa-
tion we show that the minimum excitation gap is not the main factor affecting the
run time of quantum adiabatic computation. Theoretical support for this is found
in the no-gap quantum adiabatic theorems and we conclude that the Landau-Zener
formula by itself cannot be used to estimate the complexity of quantum adiabatic
computation. We also present results showing, in general, a faster run time for
partial non-adiabatic evolution compared to perfect adiabatic evolution. Finally,
the average run time of the factorization of 120 products with 10-, 12-, and 14-qubit
systems are plotted against the system size, indicating a performance between poly-
nomial and exponential. However, the reported non-polynomial scaling can possibly
be an artifact of the small system size.
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Chapter 1

Introduction to Quantum
Computation

The idea of building a computer based on quantum mechanics was first proposed by
R. Feynman in 1982 [11] and the first attempt at proving that a quantum computer
is faster at certain tasks compared to a classical computer was made in 1985 by
D. Deutsch [9]. Deutsch challenged the fastest known model of computation, the
probabilistic Turing machine, by introducing the notion of a universal quantum
computer. By constructing one of the first quantum algorithms based on quantum
parallelism he proved that certain probabilistic tasks can be performed faster on
a universal quantum computer compared to a classical computer. However this
algorithm, known as Deutsch’s algorithm, has no known applications. Even though
Deutsch made a significant contribution to the field of quantum computation this
field did not receive much attention until 1994 when P. Shor published a quantum
algorithm for prime factorization [37].

The best probabilistic classical algorithms have exponential complexity for solv-
ing the problem of prime factorization and, although it has not been formally
proven, prime factorization is thought to be intractable on a classical computer.
Shor’s algorithm has polynomial complexity for prime factorization and offers a
substantial speed up over all known classical algorithms. Prime factorization is of
great interest since many public-key crypto systems, such as the commonly used
RSA crypto system [33], are based on the presumed difficulty to factor large prod-
ucts of prime numbers on a classical computer. Shor’s algorithm was the first
algorithm to show that a quantum computer can be used to solve a problem with
important applications and was a major break through for quantum computation.

In 1995 another famous quantum algorithm was published by Grover [17].
Grover showed that a quantum computer can be used to search an unsorted database
of N entries using approximately

√
N operations, a square gain over the fastest clas-

sical algorithms which need N operations for the same task. Grover’s algorithm has
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2 Chapter 1. Introduction to Quantum Computation

a much smaller gain over classical algorithms than Shor’s algorithm, but unsorted
database search has applications in many different areas and Grover’s algorithm
is considered to be an important result towards proving the benefits of quantum
computers.

Other quantum algorithms now exist but many of these are extensions and
improvements of Shor’s and Grover’s algorithms. In fact, quantum algorithms can
roughly be divided into three groups:

• Quantum algorithms based on the quantum Fourier transform. Both Deutsch’s
and Shor’s algorithms are of this type.

• Quantum search algorithms, similar to Grover’s algorithm.

• Algorithms for quantum simulation.

Quantum search algorithms generally offer a quadratic speed up over classical al-
gorithms whereas algorithms based on the quantum Fourier transform can have up
to exponential gain.

A different, but very interesting, application of quantum computation is quan-
tum simulation. On a classical computer the number of bits needed to simulate
a quantum system grows exponentially with system size and it is impossible to
simulate anything but very small quantum systems. On the other hand, on a quan-
tum computer the number of qubits needed to simulate a quantum system grows
linearly with system size and there is an exponential gain over classical computers.
There is a growing interest in the simulation of quantum systems in many different
fields of science and this is considered to be an important aspect of future quantum
computers [28].

1.1 The quantum bit

The fundamental difference between quantum computers and classical computers
is that quantum computers use quantum bits, qubits, instead of classical bits.
Whereas a classical bit can only be in one state at a time, a qubit can be in a
superposition of several states. This is what allows quantum parallelism where
several computations can be performed in parallel until the final stage of the com-
putation when a measurement is made and the qubit wave functions collapse into
projections on the computational basis.

Another important aspect of qubits is the possibility of entanglement between
several qubits. Quantum entanglement was introduced by Einstein, Podolsky and
Rosen in 1935. Quantum entanglement makes quantum teleportation possible (as
proposed by C. H. Bennet in 1993 [2]) and quantum teleportation is considered to
be an essential part of quantum information processing. For example, it can be
used for storing qubits in quantum memory and communicating qubits between
quantum computers in a network.
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1.2 The circuit model

Deutsch’s, Shor’s and Grover’s algorithms are all examples of the circuit model
of quantum computation. The circuit model is the quantum analog of classical
algorithm circuits in which algorithms consist of a certain number of gates applied
to an n-bit register. In the classical case the AND, OR and NOT gates constitute
a (not unique) universal set of gates and an arbitrary function can be computed
with only these gates. In the quantum case the universal set of gates consist of
the Hadamard, phase, CNOT and Toffoli gates. For an explanation of these gates
see for example [28]. All quantum gates can be expressed as unitary transforms
(which is not the case for all classical gates) and all quantum gate operations are
reversible. It is also straightforward to show that the Toffoli gate can be used to
perform the AND, OR and NOT gates and a quantum computer can be used to
simulate all classical computer algorithms.

1.3 Implementation of quantum computation

There are several different ways to experimentally implement quantum computa-
tion but the most well known implementations are perhaps NMR based and optical
quantum computation. Other techniques for quantum computation under devel-
opment include, for example, qubits based on Bose-Einstein condensates [5] and
superconducting Josephson junctions [29, 6, 30].

1.3.1 NMR based quantum computation

NMR based quantum computation uses nuclear spins as qubits and electromagnetic
pulses as quantum gates. This was first proposed by B. E. Kane in 1997 [23]. The
quantum computer proposed by Kane uses the nuclear spins of donor atoms in
Silicon as qubits. This idea has since been improved upon and partly experimentally
implemented [21, 38, 39].

A major drawback of NMR quantum computation is decoherence caused by
thermal fluctuations. If the temperature is not extremely low the thermal energy
will be above the spin-flip energy of the nuclei. On the other hand, since one qubit
corresponds to one nucleus NMR based systems scale very well and systems with
many qubits do not need to be very large.

1.3.2 Optical quantum computation

The optical approach to quantum computation and quantum information is based
on photons as qubits and is easy to implement in a laboratory for small systems.
Quantum gates consist of combinations of beam splitters, non-linear optical media,
phase shifters, mirrors etc. For example, a simple half beam splitter causes quan-
tum entanglement between the input qubits (only for non-classical inputs such as
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single photons or Gaussian or squeezed beams) and it is therefore easy to create
quantum entanglement between photons. This lead to the experimental realization
of quantum teleportation by using optical techniques in the late 90’s (among others
by A. Furusawa in the continuous variable regime [13]).

Because optical techniques are based on photon qubits they do not have prob-
lems with decoherence due to thermal fluctuations. However, optical quantum com-
putation requires very large equipment and scales badly. It is therefore not likely
that optical quantum computers will be implemented outside of the laboratory.

1.4 Quantum adiabatic computation
The circuit model of quantum computation is in a sense a computer science ap-
proach to quantum computation. However, the main focus of this thesis is another
approach known as quantum adiabatic computation. Quantum adiabatic computa-
tion is based on the adiabatic theorem of quantum mechanics explained in section
2.1 and is fundamentally different from the circuit model.

The adiabatic theorem states that if a system starts in the ground state, |Ψg(0)〉,
of the Hamiltonian governing its time evolution, H, at t = 0, it will remain close to
the instantaneous ground state |Ψg(t)〉 for all t if H(t) is changing slowly enough.
By specifying a Hamiltonian consisting of two parts, a problem part and a driver
part, according to

H(t) = tHP + (T − t)HD (1.4.1)

the adiabatic theorem can be used for quantum computation. HP is constructed so
that its ground state at t = T encodes the solution to the problem we are looking
for and even though it is easy to construct HP , finding its ground state maybe
computationally difficult. The essential part of adiabatic quantum computation is
to choose a driver Hamiltonian for which the ground state is known. By changing
the Hamiltonian slowly enough the system can gradually evolve from the known
ground state of HD to the unknown ground state of HP which encodes the solution
to the problem.

Quantum adiabatic computation has been implemented experimentally for very
small systems with NMR-based techniques [32]. The driver Hamiltonian is usually
an applied magnetic field which is gradually turned down as the system evolves to-
wards the solution. The constantly decreasing magnetic field keeps the nuclear spins
under control and counteracts spin-flips caused by thermal fluctuations. For this
reason quantum adiabatic computation is considered to be more robust compared
to NMR-based circuit model implementations. On the other hand, implementing
HP experimentally might be rather difficult.

Quantum adiabatic computation is also the method of computation used by
the Canadian company D-Wave. D-Wave claims to have built the first commer-
cially available quantum computer which is now in use by both NASA and Google.
D-Wave’s quantum computers are based on qubits implemented by Josephson junc-
tions but there has been, and sill is, controversy concerning the quantum mechanical
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properties of D-Wave’s computers. Some physicists and computer scientists claim
that the quantum computers constructed by D-Wave are not faster than classical
computers and do not show the characteristic properties of quantum computers [8].
However, other scientists argue that D-Waves computers do show quantum me-
chanical properties and are faster at certain tasks compared to classical computers
[22].
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Chapter 2

Theoretical Background

2.1 The quantum adiabatic theorem
The quantum adiabatic theorem is the most essential theorem for quantum adi-
abatic computation and describes the time evolution of a quantum state under
a gradually changing time dependent Hamiltonian. It was first proposed by M.
Born and V. Fock in 1928 [3]. There are several different but similar proofs of this
theorem, the proof given here follows the reasoning in [4] and [16].

The adiabatic theorem states that a quantum state which starts in the nth
eigenstate will remain in the nth eigenstate as long as the Hamiltonian describing
its time evolution changes sufficiently slowly (adiabatically). To see this start with
the time-dependent Schrödinger equation,

i~
∂

∂t
Ψ(t) = H(t)Ψ(t). (2.1.1)

The time-dependent eigenvalues and eigenfunctions for the nth state given by

H(t)ψn(t) = En(t)ψn(t) (2.1.2)

constitute a complete orthonormal set and the general solution to the time-dependent
Schrödinger equation can be expressed as a linear combination of these:

Ψ(t) =
∑
n

cn(t)ψn(t)eiθn(t), (2.1.3)

where

θn(t) ≡ −1

~

∫ t

0

En(t′)dt′ (2.1.4)

is a phase factor due to the time dependence of the eigenvalue En.
If Eq. (2.1.3) is substituted in the time-dependent Schrödinger equation we see

that

7
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i~
∑
n

[ċnψn + cnψ̇n + icnψnθ̇n]eiθn =
∑
n

cn(Hψn)eiθn . (2.1.5)

Eq. (2.1.2) and Eq. (2.1.4) imply that∑
n

cn(Hψn)eiθn =
∑
n

cn(Enψn)eiθn = −~
∑
n

cn(ψnθ̇n)eiθn (2.1.6)

and the last two terms in Eq. (2.1.5) cancel, leaving∑
n

ċnψne
iθn = −

∑
n

cnψ̇ne
iθn . (2.1.7)

Taking the inner product with ψm leads to∑
n

ċn 〈ψm| ψn〉 eiθn = −
∑
n

cn 〈ψm| ψ̇n〉eiθn (2.1.8)

and by orthonormality we obtain

ċm(t) = −
∑
n

cn 〈ψm| ψ̇n〉ei(θn−θm). (2.1.9)

Taking the time derivative of Eq. (2.1.2) and the inner product with ψm gives

〈ψm| Ḣ |ψn〉+ 〈ψm|H|ψ̇n〉 = Ėnδmn + En 〈ψm| ψ̇n〉. (2.1.10)

Since H is hermitian it follows that 〈ψm|H|ψ̇n〉 = 〈ψm|H†|ψ̇n〉 = Em 〈ψm| ψ̇n〉 and
for m 6= n

〈ψm| Ḣ |ψn〉 = (En − Em) 〈ψm| ψ̇n〉. (2.1.11)
By substituting Eq. (2.1.11) into Eq. (2.1.9) we obtain

ċm(t) = −cm 〈ψm| ψ̇m〉 −
∑
n 6=m

cn
〈ψm| Ḣ |ψn〉
En − Em

e(−i/~)
∫ t
0

[En(t′)−Em(t′)]dt′ . (2.1.12)

For an adiabatic process H varies slowly and Ḣ is assumed to be very small
allowing us to drop the last term leading to

ċm(t) = −cm 〈ψm| ψ̇n〉 (2.1.13)

with the solution
cm(t) = cm(0)eiγm(t), (2.1.14)

where

γm(t) ≡ i
∫ t

0

〈
ψm(t′)

∣∣∣∣ ∂

∂t′
ψm(t′)

〉
dt′. (2.1.15)

Now we can see that if the system starts out in the nth eigenstate (cn(0) =
1, cm(0) = 0 form 6= n) equation Eq. (2.1.7) reduces to

Ψn(t) = eiθn(t)eiγn(t)ψn(t) (2.1.16)

and the system remains in the nth eigenstate for all t with only a change in phase
(γn(t) is a real valued function).
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2.2 The Landau-Zener probability for adiabatic
and non-adiabatic evolution

The last term in Eq. (2.1.12) was dropped because of the adiabatic assumption
that H varies slowly. However if En − Em is also very small and/or H changes
with a finite velocity it is not clear that this term can be ignored and the adiabatic
theorem Eq. (2.1.16) might not be valid. Thus it is necessary to characterize
the requirements for adiabatic and non-adiabatic evolution. This was first done
independently by L. D. Landau and C. Zener in 1932 [25, 44] and became known
as the Landau-Zener formula (and Landau-Zener avoided level crossings). The
results of L. D. Landau were found in the perturbative limit and had an error of 2π
compared to the exact results of C. Zener. The proof given by C. Zener is based on
the solution of a special type of differential equation known as the Weber equation
and is not very transparent. Therefore the proof presented here follows a different
approach based on contour integration given by C. Wittig in 2005 [41]. There is
also a very short proof by A. C. Vutha from 2010 [40], which will not be covered
here.

To derive the conditions for adiabatic and non-adiabatic evolution we will look
at the passage of the system through an avoided level crossing of two energy levels
as described in Fig. 2.1. The diabates φ1,2 are coupled by H so that

Hφ1 = H11φ1 +H12φ2 (2.2.1)
Hφ2 = H21φ1 +H22φ2. (2.2.2)

This coupling of the diabates causes the adiabates ψ1,2 to avoid crossing each other
around the strongest point of the interaction at x = 0. Where the interaction is
negligible, for x << 0, ψ1,2 have the characteristics of φ1,2 so that ψ1 = φ1 and
ψ2 = φ2. Whereas after the interaction, for x >> 0, ψ1 = φ2 and ψ2 = φ1.

The adiabatic theorem tells us that if the system is initially in state ψ1 it will
remain in this state. However, if H changes with a finite velocity, or E2 − E1 is
small, as is the case near the avoided level crossing, the final state is best described
by an expansion in the φ1,2 basis:

ψ = Aφ1e
− i

~
∫ t E1dt +Bφ2e

− i
~
∫ t E2dt, (2.2.3)

where A and B are expansion coefficients. Inserting ψ into the time-dependent
wave equation results in the following two coupled equations

Ȧ = − i
~
H12Be

i
∫ t(E1−E2)dt (2.2.4)

Ḃ = − i
~
H21A

−i
∫ t(E1−E2)dt.. (2.2.5)
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If initially the system is in state ψ1 (or φ1) the boundary conditions on the
previous equations are

|A(−∞)| = 1 (2.2.6)
B(−∞) = 0 (2.2.7)

If we call P the probability of a non-adiabatic transition then the quantity we want
to find is

P = |B(∞)|2 = 1− |A(∞)|2. (2.2.8)

Differentiation and substitution between Eq. (2.2.4) and Eq. (2.2.5) results in
the second-order differential equations given by

Ä− i

~
(E1 − E2)Ȧ+

|H12|2

~
A = 0 (2.2.9)

B̈ + i(E1 − E2)Ḃ + |H12|2B = 0. (2.2.10)

Introducing the assumption made by Zener that E1 −E2 = αt where α is constant
(and using ~ = 1 from now on) leads to the following equation for B

B̈ + iαtḂ + |H12|2B = 0 (2.2.11)

and the solution to this equation for t = ∞ will give the probability for non-
adiabatic passage.

Up to this point Landau and Wittig follow the same reasoning (even though a
term consisting of Ḣ12

H12
is missing from Eq. (2.2.11) as stated by Wittig compared

to Landau). Landau put Eq. (2.2.11) into the standard form of a Weber equation
and worked out the exact solution, whereas Wittig used contour integration to find
the solution. The approach of Zener is not very transparent, therefore the contour
integration method will be covered here. The contour integration will lead to an
ambiguity in the direction of the contour to be followed, which can be solved by
using only the direction that gives the correct result in the perturbative limit. Thus
it is first necessary to derive the solution in the perturbative limit.

For a small perturbation we can assume that B ≈ 1 and look for the t → ∞
solution of Eq. (2.2.4). Using

∫ t
αtdt = αt2/2 and the substitution x = (α/2)1/2t

leads to

A(∞) = −iH12[2/α]1/2
∫ ∞
−∞

eix
2

dx. (2.2.12)

The integral is evaluated by following the contour from first x = 0, y = 0 to x =
x0, y = 0 (where dz = dx, eiz

2

= eix
2

) and then from x = x0, y = 0 to x = x0, y = x0

(dz = idy and eiz
2

= ei(x0+iy)2). Finally the straight line z = (1 + i)x is followed
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back to the origin, where dz = (1 + i)dx and eiz
2

= e−2x2

. No pole is enclosed by
this contour and the integral evaluates to∫ x0

0

eix
2

dx = −
∫ x0

0

iei(x
2−y2)−2x0ydy − (1 + i)

∫ 0

x0

e−2x2

dx, (2.2.13)

which is equal to
√
πeiπ/4/2 in the limit x0 → ∞. Together with equation Eq.

(2.2.12) this yields the following expression for the probability, P , that a non-
adiabatic transition has taken place:

P = 1− |A(∞)|2 = 1− 2πω12τd, (2.2.14)

where ω12 ≡ |H12|/~ and τd ≡ |H12|/α.
Now it remains to find the exact solution of Eq. (2.2.11) and show that it is

the same as Eq. (2.2.14) in the perturbative limit. Dividing Eq. (2.2.11) by B (B
does in general not go to 0 in the complex t plane unless some of the parameters
of the system are assigned unrealistic values), multiplying by dt/t and integrating
from −∞ to +∞ yields

iα

∫ Bf

1

dB

B
= −|H12|2

∫ +∞

−∞

dt

t
−
∫ +∞

−∞

B̈(t)

tB(t)
dt, (2.2.15)

where Bf is the final value of B. The second integral can be evaluated by letting
an infinitesimal semicircle of radius ε pass counterclockwise around t = 0 giving
+iπ or clockwise around t = 0 giving −iπ. Using ω12 = |H12| and τd = |H12|/α,
Eq. (2.2.15) evaluates to

lnBf = ±πω12τd − i
τd
|H12|

∫ +∞

−∞

B̈(t)

tB(t)
dt. (2.2.16)

The above integral can be solved by contour integration. B̈(t)/B(t) is well
behaved on the real axis and is assumed to be analytic in the complex plane
allowing Cauchy’s residue theorem to be applied. As t → ∞ on the real axis
B̈(t)/B(t) varies as t−2. B̈(t)/B(t) can also not have any exponential dependence.
If B(t) = g(t)ef(t) then Ḃ(t)/B(t) = ġ(t)/g(t) + ḟ(t), since f(t) has no exponential
dependence Ḃ(t)/B(t), and therefore also B̈(t)/B(t), cannot have any exponential
dependence. This means that we will not have trouble with exponential growth of
B̈(t)/B(t) as t→∞ in the complex plane.

Now the following path can be used to evaluate the integral: from −R to −ε
along the real axis, along a semicircle of radius ε above or below the real axis with
the pole at t = 0 at its center, from +ε to +R and finally along a semicircle of
radius R closing the path either by going above or below the real axis. By using
this path it is clear that we have the choice of enclosing or not enclosing the pole at
t = 0, which will cause the integral to evaluate differently according to the residue
theorem. All the ambiguities that has arisen so far related to the different contours
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will be taken care of on physical grounds by the condition that in the perturbative
limit the result has to be in accordance with Eq. (2.2.14).

The residue at t = 0 is given by B̈(0)/B(0) = −|H12|2 and on the R semicircle
t = Reiθ so that dt/t = idθ, thus the integral evaluates to∫ +∞

−∞

B̈(t)

tB(t)
dt = −i|H12|2(±2πδ)− lim

R→∞

∫
R

i
B̈(t)

B(t)
dθ, (2.2.17)

where δ = 1 if the closed contour contains the pole at t = 0 and δ = 0 if the pole is
outside the contour. Since B̈(t)/B(t) varies as t−2 as t→∞ the integration over θ
vanishes and Eq. (2.2.16) becomes

Bf = e{ω12τd(±π∓2πδ)}. (2.2.18)

The signs depend on the directions of the ε semicircles. It is important that complex
time is treated consistently and the ε semicircles have to be followed in the same
direction in each integral in Eq. (2.2.15), which is the case in the above expression
for Bf .

If a clockwise ε semicircle and a counterclockwise R semicircle is used the pole
at t = 0 is outside the contour and Eq. (2.2.18) becomes

Bf = e−ω12τdπ. (2.2.19)

In the perturbative limit |H12| → 0, which is equal to ω12 → 0, |B2
f | simplifies

to
|B2
f | = 1− 2πω12τd, (2.2.20)

this is in agreement with Eq. (2.2.14) and the choice of contour is correct. If instead
a counterclockwise ε semicircle with a counterclockwise R semicircle is followed, the
pole is enclosed and the exponent in Eq. (2.2.18) becomes ω12τd + π− 2π resulting
in the same expression for Bf and P in the perturbative limit. Other contours will
not yield the same result in the perturbative limit and are not acceptable.

The correct contour(s) have thus been identified and the final result for P is
given by

P = e−2πω12τd , (2.2.21)

where ω12 ≡ |H12|/~ and τd ≡ |H12|/α. This is the Landau-Zener formula for the
probability of non-adiabatic evolution through the interaction region.
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φ2, ψ2

φ1, ψ1

φ1, ψ2

φ2, ψ1

Figure 2.1: Landau-Zener avoided level crossing. The dotted lines show the dia-
bates, φ1,2, and the solid lines show the adiabates ψ1,2. Before the avoided crossing
ψ1 ≈ φ1 and ψ2 ≈ φ2 but after the avoided crossing ψ1 ≈ φ2 and ψ2 ≈ φ1.

2.3 Landau-Zener avoided level crossings

In the previous section the Landau-Zener probability of non-adiabatic evolution
through an interaction region of two energy levels was proved and it was found to
be proportional to the size of the energy gap. Since quantum adiabatic computation
is based on adiabatic evolution along the ground state, clarifying when and by how
much energy gaps and avoided level crossings occur is of interest.

From the reasoning of Landau and Zener an energy level crossing will be avoided
if there are off-diagonal elements in the Hamiltonian coupling the energy levels as in
Eq. (2.2.1) and Eq. (2.2.2). This can be understood from degenerate perturbation
theory where the degeneracy of the energy states will be lifted if there are off-
diagonal perturbations between the states in the Hamiltonian. The shifts of the
degenerate energy levels up to second order are given by

∆
(1)
l + ∆

(2)
l =

〈
l(0)
∣∣∣V ∣∣∣l(0)

〉
+
∑
k/∈D

|
〈
k(0)

∣∣V ∣∣l(0)
〉
|2

E
(0)
D − E

(0)
k

. (2.3.1)

In the equation above V is the perturbation matrix,
∣∣k(0)

〉
are the unperturbed

energy eigenkets, D is the degenerate subspace spanned by the degenerate un-
perturbed eigenkets (spanned by

∣∣l(0)
〉
) and

∣∣l(0)
〉
are the degenerate unperturbed

energy eigenstates which diagonalize V and also to which the perturbed eigenkets
are reduced to if the perturbation is turned off.

Finding the first order shifts,
〈
l(0)
∣∣V ∣∣l(0)

〉
, is equivalent to solving the equation

det[V − (E − E(0)
D )] = 0, (2.3.2)
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where the roots give the energy shifts. For the example used to derive the Landau-
Zener formula, Eq. (2.2.1) and Eq. (2.2.2), first order degenerate perturbation
theory gives the energy shifts of the diabates φ1 and φ2 as ∆(1) = ±|H12| = ±|H21|.
From this we see that the off-diagonal perturbation has lifted the degeneracy and
the crossing is avoided.

For larger systems there is also a possibility of indirect coupling between the
energy levels through other energy levels and higher order terms in perturbation
theory can lift the degeneracy at the crossing point. For example, if the two un-
perturbed crossing energy levels both have non-diagonal elements coupling them to
the same third energy level, V 2 terms can cause the crossing to become avoided.
The effect of the higher order terms will be very small because of the increasing
denominator proportional to (E

(0)
D − E

(0)
k )

n−1
for an nth order perturbation.

In order to test the behavior of avoided crossings and the relation between the
size of the energy gap and the strength of the coupling the following Hamiltonian
was used

H = S2
z −BSz +DS2

x, (2.3.3)

where the last term is considered to be the perturbation.
The spectrum of the unperturbed Hamiltonian, H = S2

z − BSz, is plotted in
Fig. 2.2 for a spin-8 particle. Turning on the perturbation by setting D = 1 results
in the energy levels being perturbed enough to disrupt all the crossings, as is seen
in Fig. 2.3. The perturbation of the energy levels is quite large and we do not
know which energy levels correspond to which unperturbed levels (of course by
using perturbation theory we could estimate this). The more interesting case with
a weaker perturbation is shown in Fig. 2.4. The degeneracy between Sz and −Sz
at B = 0 is lifted and the size of the energy gap is proportional to the level of the
coupling. The effect of the perturbation S2

x = (S+ + S−)2 is expected to be weak
for the highest state at B = 0, since a very high order perturbation is needed to
couple Sz = ±8. From the figure we see that the energy gaps at B = 0 between
±Sz gradually increases as the value of Sz decreases, as expected.

The next crossings that occur slightly before B = 1 cannot be avoided since
they all correspond to crossings between levels where the difference in Sz is odd
and these states cannot be coupled by (S++S−)2n for any integer n (approximately
since after B = 0 all states will be more or less mixed) . Between B = 1.5 and
B = 2 there is another set of avoided crossing where the same behavior as the case
B = 0 is observed.

It is also of interest to see what happens to the energy eigenkets before and
after an avoided crossing. Using |α〉 , |β〉 for the incoming states and |α′〉 , |β′〉 for
the outgoing states information about the overlap between these states close to the
crossings 1, 2, 3 in Fig. 2.4 are shown in table 1.

For avoided crossings with small energy gaps the overlap between |α〉 and |β〉
is very large. On the other hand, avoided crossings with large energy gaps show
significant mixing of all four states. Since a crossing is avoided if there exists a
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Crossing | 〈α| α′〉 | | 〈β| β′〉 | | 〈α| β′〉 | | 〈β| α′〉 |
1 0.0025 0.0025 1.0000 1.0000
2 0.0819 0.0819 0.9966 0.9966
3 0.7850 0.7847 0.6194 0.6195

Table 2.1: Overlap between the adiabates and diabates near the three avoided
crossings in Fig. 2.4

coupling between the crossing states, it is expected to see mixing of all the states
for crossing number three.

In Figs. 2.5 and 2.6 the overlaps between |β〉 and |β′〉 (blue line) and |β〉 and
|α′〉 (red line) are shown as functions of the distance from the point of the strongest
interaction for the avoided crossings two and three in Fig. 2.4. The distance is
increased symmetrically on both sides. We can see how the overlap between |β〉
and |β′〉 is large near the interaction point but decreases further away. The opposite
situation occurs for |β〉 and |α′〉 and the overlap is almost zero for small distances
and approaches unity as the distance increases. According to Landau and Zener
|β〉 and |β′〉 should be similar for an avoided crossing and |β〉 and |α′〉 should be
similar for a crossing. From the figures we have evidence that this is only true very
close the avoided crossing point. Further away |β〉 and |α′〉 are similar both for
crossings and avoided crossings and it is impossible to know, by only looking at the
state kets, if a crossing has occurred or not.

Figure 2.2: Energy levels of the unperturbed Hamiltonian (D = 0) of Eq. (2.3.3)
for a spin-8 particle.
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Figure 2.3: Energy levels of the Hamiltonian of Eq. (2.3.3) for a spin-8 particle
with a strong perturbation, D = 1.

|α〉

|α′〉

|β〉

|β′〉1

2

3

Figure 2.4: Energy levels of the Hamiltonian of Eq. (2.3.3) for a spin-8 particle
with a weak perturbation, D = 0.3.



2.3. Landau-Zener avoided level crossings 17

Figure 2.5: Overlap between |β〉 and |α′〉 (red line) and |β〉 and |β′〉 (blue line) as
functions of the distance from the point of strongest interaction for crossing number
two in Fig. 2.4

Figure 2.6: Overlap between |β〉 and |α′〉 (red line) and |β〉 and |β′〉 (blue line) as
functions of the distance from the point of strongest interaction for crossing number
three in Fig. 2.4
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2.4 No-gap quantum adiabatic theorem

As mentioned previously the proof of the adiabatic theorem given in section 2.1
cannot deal with degenerate energy eigenvalues and an extension of the adiabatic
theorem which allows energy level crossings is needed. There are several different
proofs and discussions of no-gap adiabatic theorems, both allowing and not allowing
for energy level crossings (see for example [1],[31] and [18]) . However, many of these
proofs go back to the extension of the adiabatic theorem to a finite number of level
crossings proposed by T. Kato in 1950 [24].

Kato uses a different proof of the adiabatic theorem compared to the simplified
reasoning in section 2.1. Kato’s method is based on defining two unitary transforms,
one dynamical transform and one adiabatic transform, and showing equality in the
adiabatic limit. This proof is also undefined at points where the energy eigenvalues
are degenerate. To deal with this Kato considers a finite number of N level crossings
occurring at sk for k = 1, . . . , N and introduces a small number δ > 0 around each
crossing point. On the intervals between the crossing points, (sk−1+δ, sk+1−δ), the
adiabatic theorem can be applied as usual. By allowing the time to be large enough
(or the change in the Hamiltonian to be small enough) and taking δ small Kato
shows that adiabatic evolution can also be possible between sk − δ and sk + δ. For
an infinite number of level crossings it is not possible to have adiabatic evolution
on an interval (0, s′) since δ needs to be greater than zero and the regions covered
by the infinite number of δs will intersect.

According to Kato it is also not possible to know anything about the time or
the size of δ necessary to guarantee adiabatic evolution on an interval (0, s′) (for
a more detailed discussion of this and the rate of approach to the adiabatic limit
see [1]). Time can be defined as t = τs , where the Hamiltonian depends on s. To
ensure adiabatic evolution on an interval δ around a crossing the limit δ → 0 is first
taken to minimize the error and then the limit τ →∞ is needed. From t = τs we
see that τ and δ are related, a larger δ can be offset by a smaller τ and vice versa
for fixed run time t. We can pass though the crossing point with either larger δ and
small τ or large τ and small δ. The specific values of these variables will depend
on the situation and also on our demands on the adiabaticity of the evolution. If
there are only a very limited amount of crossings and we only care about adiabatic
evolution at the start and end of an interval (0, s′) we can choose a larger δ and
allow for an increased time between the points where the evolution is adiabatic, as
long as the simulation at s = s′ is adiabatic in relation to the starting point s = 0.
In such cases a smaller τ can be chosen and the evolution can proceed quicker from
s = 0 until s = s′ (t = τs and small τ means shorter time). However, care is
needed to ensure δ is not too large which does not allow for adiabatic evolution on
the interval.

Although the simplified proof of the quantum adiabatic theorem in section 2.1 is
not valid for level crossings or very small energy gaps we have no reason to distrust
the Landau-Zener formula Eq. (2.2.21) for such situations. For a level crossing, or
an avoided crossing with a very small energy gap, the Landau-Zener formula gives a
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probability approaching 100% for non-adiabatic evolution through the point of the
strongest interaction. Kato’s no-gap quantum adiabatic theorem can be combined
with the Landau-Zener theory because Kato effectively avoids the point of strongest
interaction (crossing point) by introducing δ > 0 around this point. By combining
the theories of Landau-Zener and Kato we see that any adiabatic evolution along
the ground state will take the "wrong turn" and follow the higher energy level
through a level crossing but return to the ground state no later than δ after the
crossing. As mentioned previously, the run time, t, s (and δ) and τ are all related
and we can force δ to be arbitrarily small (but non-zero) by letting τ → ∞. We
can also allow δ to be slightly larger and have adiabatic evolution with finite run
time even for level crossings.

The following reasoning can also be used to see how the quantum state can
return to the ground state after following an excited energy level though a crossing
point. We know that the eigenstates of the Hamiltonian governing the time evolu-
tion constitutes a complete set and we can therefore expand the quantum state |ψ〉
in the eigenstates of the Hamiltonian, |φk〉, according to

|ψ〉 =
∑
k

ck |φk〉 . (2.4.1)

By applying the Hamiltonian n times to |ψ〉 we obtain

Hn |ψ〉 =
∑
k

Enk ck |φk〉 , (2.4.2)

where Ek are the energy eigenvalues of the Hamiltonian. Each |φk〉 in the expansion
of |ψ〉 is now weighted by Enk and since |E0| > |Ek 6=0| the ground state will be
"filtered out" from the original state. Of course, this will only be the case if the
original state is not orthogonal to the ground state.

If c0 is small a larger n and therefore a longer time is necessary to reach |φ0〉.
If the Hamiltonian is applied n times during a time interval ∆t but if this is not
enough to reach the ground state, another time step and consequently a longer time
is needed before the ground state can be reached. Moreover, if the energy level of
the Hamiltonian followed by |ψ〉 is changing quickly away from the ground state
during the interval ∆t so that c0 is decreasing quickly it might not be possible to
reach the ground state even if a very large number of time intervals are used. For
such cases the ground state can only be reached by increasing the number of times
the Hamiltonian is applied during each interval. Alternatively, keeping n fixed, but
decreasing the size of ∆t, allows for more applications of the Hamiltonian compared
to the change in the Hamiltonian and it is possible to reach the ground state.

To test this reasoning we looked at several simulations of time evolution along
energy eigen levels of the Hamiltonian H = S2

z−BSz+DS2
x in Eq. (2.3.3). Fig. 2.7

shows the situation with no perturbation (D = 0). Without perturbation the energy
levels are orthogonal and the time evolved state starting at an excited level, marked
by the red line, does not move towards the ground state. With no perturbation



20 Chapter 2. Theoretical Background

there are also no avoided level crossings and the time evolved state goes straight
through all the crossings. In Fig. 2.8 a weak perturbation is turned on and the time
evolved state moves toward the ground state after briefly following an intermediate
energy level between B = 2.5 and B = 3. By increasing the size of the time step
the time evolved state is unable to reach the ground state as is shown in Fig. 2.9
and we see that the numerical simulations are in agreement with our expectations.
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Figure 2.7: Evolution along an exited energy level in the case of no perturbation.
The blue lines show the energy levels of the Hamiltonian and the red line is the
time evolved state.
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Figure 2.8: Evolution along an excited energy level in the case of a weak pertur-
bation connecting the starting energy level with the ground state. The blue lines
show the energy levels of the Hamiltonian and the red line is the time evolved state.

1.5 2 2.5 3 3.5 4 4.5
−10

0

10

20

30

40

50

60

70

80

90

B

E
ne
rg
y

Figure 2.9: Evolution along an excited energy level in the case of a weak perturba-
tion connecting the starting energy level with the ground state. The blue lines show
the energy levels of the Hamiltonian and the red line is the time evolved state. The
size of the time step is greater than the step size in Fig. 2.8 and the time evolved
state is unable to move towards the ground state. The number of applications of
the Hamiltonian per time step, n is the same as in Fig. 2.8.
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2.5 Ising formulation of NP problems
The necessary theory for quantum adiabatic computation has been covered and
the next important part is to specify the problem part of the Hamiltonian. The
problem part of the Hamiltonian will encode the NP-complete or NP-hard problem
we want to optimize. There are many different NP problems that can be described
by the Ising formulation and a recent paper from 2013 [27] shows how all famous
NP problems can be described by this method. This is promising for quantum
adiabatic computation since NP problems are known to be intractable on a normal
computer. For a comprehensive discussion of NP problems see [14].

To introduce the general principle behind the Ising formulation of NP problems
a few examples will be described here. The basic idea is to look for classical Ising
Hamiltonians and interpret these as quantum Hamiltonians by converting each
classical spin variable into a qubit.

2.5.1 Exact cover and 3SAT
One well known NP problem is the problem of exact cover and the Ising formulation
of this problem is described in [7]. Consider a set ofm elementsX = {c1, c2, . . . , cm}
and a family of n subsets of X, S = {S1, S2, . . . , Sn}. The problem of exact cover
consists of finding a subset I ⊆ {1, . . . , n} such that ∪iεISi = X, where Si ∩Sj = ∅
for i 6= j ∈ I. The set {Si : i ∈ I} is called the exact cover of X.

If each element ci ∈ X is restricted to appear in exactly three subsets the
problem is referred to as EC3 which can be reduced to the so called 3SAT problem.
Given an instance of EC3 with an m-element set X and n subsets Si, . . . , Sn and
construct the formula Ψ(x1, . . . , xn) = C1 ∧ . . . ∧ Cm with n variables and m so
called clauses. For each set Si associate a binary variable xi and for each ci ∈ X let
Si1, Si2, Si3 be the three sets that consists of ci. Then each clause can be defined
as Ci = xi1 ∨ xi2 ∨ xi3. Now there is an exact cover to the original problem if
the formula Ψ(x1, . . . , xn) = C1 ∧ . . . ∧ Cm is satisfied in that there is exactly one
variable in each clause that is satisfied.

A cost function defined by

EΨ(x1, . . . , xn) =

m∑
i=1

(xi1 + xi2 + xi3 − 1)2 (2.5.1)

penalizes violating each clause and Ψ is satisfiable only if the minimum of EΨ is zero
which means that no clauses are violated. A problem Hamiltonian corresponding
to this cost function can be defined by

Hp =
∑

i∈V (GEC)

Biσ
z
i +

∑
ij∈E(GEC)

Iijσ
z
i σ

z
j , (2.5.2)

where Bi is the number of clauses that contains variable xi and Iij is the number
of clauses that contains both xi and xj and V (GEC) = {1, . . . , n} and E(GEC) =
{ij : xi and xj appear in a clause}.
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This model has been numerically studied by Young in [42] and [43]. Young
implemented the Hamiltonian in the following way

HP =
1

8

m∑
i=1

(5− σzi1 − σzi2 − σzi3 + σzi1σ
z
i2 + σzi2σ

z
i3 + σzi3σ

z
i1 + 3σzi1σ

z
i2σ

z
i3), (2.5.3)

where i1, i2, i3 are the three spins in clause i and {σzi }i=Ni=0 are Pauli matrices. (The
Pauli matrices can be replaced by classical Ising spins taking values ±1 and the
Ising model Hamiltonian is obtained). If there is at least one choice for the spins
that give Hp there exists a satisfying assignment of spins that solves this exact
cover problem. This model and similar models of exact cover/3SAT problems have
also been studied by E. Farhi [10] and by T. Hogg [20].

2.5.2 Prime factorization
One of the more well known NP-problems is the problem of prime factorization.
The Ising formulation of this problem has been studied in for example [32] and [19].
This is also the main focus of this thesis and will be used for simulation of quantum
adiabatic computation.

Consider a set of n Ising spins {S1, . . . , Sn} which is divided into two subsets
{S1, . . . , Snx} and {Snx+1, . . . , Sn}. Now given a product N of two prime factors
x and y the prime factors can be encoded by using the Ising spins in the following
way:

x =

nx∑
i=1

2i
Si + 1

2
(2.5.4)

y =

n∑
i=nx+1

2i
Si + 1

2
. (2.5.5)

The problem Hamiltonian can be expressed as

HP =

( nx∑
i=1

2i
Szi + 1

2

)
×

 n∑
j=nx+1

2j
Szj + 1

2

−N
2

, (2.5.6)

where it is clear that the Hamiltonian is zero only if the set of Ising spins exactly
encodes the two factors x and y. By finding the set of n Ising spins corresponding
to the ground state of this Hamiltonian the problem of finding the factors of N is
solved.
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Chapter 3

Main Results

In this section the main results from simulations of prime factorization by quan-
tum adiabatic computation are presented. Details of the simulations and complete
results follow in chapter 4.

Prime factorization by quantum adiabatic computation was simulated for 120
products of prime factors using 10-, 12- and 14-qubit systems. We found no strong
correlation between the time needed to solve a prime factorization problem and the
size of the minimum excitation gap as can be seen in Fig. 3.1.

Often the Landau-Zener formula, Eq. (2.2.21), is used to relate the minimum
excitation gap to the run time of quantum adiabatic computation. However, we
have seen that the minimum excitation gap is not a very good estimate of the run
time. There are also theoretical reasons to doubt that the Landau-Zener formula
and the minimum excitation gap are the main factors affecting the run time. The
no-gap quantum adiabatic theorems allow for adiabatic evolution even for zero en-
ergy gaps and energy level crossings. Unfortunately, they give no information about
the run time for such cases. From numerical simulations we noticed preliminary
evidence that the separation speed of the energy levels is correlated to the run time
but we were unable to confirm this in the general case. In fact, we also found
evidence that in general there is no correlation between the energy level separation
and the run time.

25
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Figure 3.1: Run time against the minimum energy excitation gap of 120 12-qubit
products. Lin-log scale.
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Simulation and Results

4.1 The factorization model
In order to investigate the possibilities of quantum adiabatic computation we slightly
modify the factorization model and use it for numerical simulations. The total
Hamiltonian is set to Htot(s) = sHP + (1− s)HD where

HP =

(1 +

nx∑
i=1

2i
Sznx−i+1 + 1

2

)
×

1 +

n∑
j=nx+1

2j−nx
Szn−j+nx+1 + 1

2

−N
2

(4.1.1)
and N = x× y is the number we want to factorize.

The binary computational basis in this model consists of n qubits which can be
realized as a system of n spin-1/2 particles. |Szi = +1〉 corresponds to the ith spin
being up in the z-direction and |Szi = −1〉 corresponds to the ith spin being down
in the z-direction. With a total of n qubits (spins) there are 2n possible states
(assignments of the n spins) and the quantum adiabatic computation will evolve in
a 2n dimensional Hilbert space.

Of the n qubits we let the first nx bits encode the factor x and the remaining
ny = n − nx bits encode the second factor y. Since we are only interested in
factorizing numbers that are products of prime factors we know that the two factors
are odd, and the first bit in the binary representation has to be equal to 1. This
bit can be reduced from the binary representation of the factors and allows us to
save one qubit for each factor in the computer simulations and explains the added
1 in the expression for HP above.

The indexing of the spins is chosen so that a set of n spins encodes the same
number as n bits in the standard binary representation (plus one). For example,
using four qubits and nx = n/2, the state |111−1〉 encodes the first factor with the
first 2 qubits |11〉, giving x = 1 + 21 + 22 = 7 and the remaining bits |1−1〉 encode
the second factor y = 1 + 0× 21 + 22 = 5.

27
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The driver Hamiltonian, HD, consists of an applied magnetic field in the x-
direction,

HD = −h
n∑
i=1

Sxi . (4.1.2)

The ground state of the ith spin aligned in the x-direction is

1√
2

(|Szi = 1〉+ |Szi = −1〉) (4.1.3)

and the ground state of Htot(s = 0) = HD is

|Ψg(s = 0)〉 =

(
|1〉+ |−1〉√

2

)⊗n
=

1√
2n

∑
|Sz1Sz2 . . . Szn〉 , (4.1.4)

where the sum is carried out over all the 2n basis states. This means that the
initial state of the simulation is an equal superposition of all the computational
basis states.

4.2 Definition of run time

It is important to have a clear definition of the time it takes for the simulated quan-
tum computer to solve a given problem, in our case to solve a prime factorization
problem. This is of course very different from the run time on the computer sim-
ulating the quantum computer, which necessarily grows exponentially with system
size since the Hamiltonian grows exponentially with the number of bits.

The simulated system evolves under the Schrödinger equation, i ddt |Ψ(t)〉 =
Htot |Ψ(t)〉, where Htot = Htot(s) = sHP + (1 − s)HD. The time dependence
of the Hamiltonian is indirect through the parameter s and the simulation is car-
ried out from s = 0 until some s = s′ ≤ 1 at which point the solution is found.
Since the time parameter in the Schrödinger equation determines how long time
has passed for the simulated system we can find the run time of the simulation
from the relation between the changes in s and t. Setting ds

dt = 1
p , the run time T

is found from

T =

∫ s=s′

s=0

dt =

∫ s=s′

s=0

pds = ps′. (4.2.1)

If the change in the Hamiltonian is not small enough in relation to the change
in the time of the Schrödinger equation the simulation will not be adiabatic. Thus
the value of p affects to probability of adiabatic evolution, where a large value
of p corresponds to a slowly changing Hamiltonian which is more likely to allow
adiabatic evolution.
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In order to test adiabatic evolution and our idea of run time we implemented a
Hamiltonian based on the Ising model according to

Htot(s) = −sJ
∑
〈ij〉

Szi S
z
j − (1− s)h

n∑
i

Sxi , (4.2.2)

where the first sum is carried out over neighboring spins i, j and the second sum
corresponds to an applied magnetic filed in the x-direction. Htot(s = 0) = HD is
the same in this model as in the factorization model and the initial ground state is
also the same

|Ψg(s = 0)〉 =
1√
2n

∑
|Sz1Sz2 . . . Szn〉 . (4.2.3)

In Fig. 4.1 through Fig. 4.4 the seven lowest energy levels of Htot (colored
lines) and the time evolved state (black lines) are shown for different values of p
for a system consisting of 10 qubits, where J = 2 and h = 3. As p is increased the
simulations become gradually more adiabatic but the run times according to Eq.
(4.2.1) also become longer. From Fig. 4.4 where the step size of both ds and dt are
very small, about 1000 times smaller compared to the step sizes of Fig. 4.1, we can
see that the absolute step sizes are not relevant. Even for the extremely small step
sizes used in the figure the evolution is not adiabatic and only the relative sizes of
ds and dt are important.
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Figure 4.1: Ising model, p = 1. Non-adiabatic evolution. The time evolved state
clearly overshoots the groundstate from s ≈ 0.4.
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Figure 4.2: Ising model, p = 10. The Hamiltonian is changing ten times slower
than the Hamiltonian in Fig. 4.1 and the time evolution is almost adiabatic.
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Figure 4.3: Ising model, p = 100. The Hamiltonian is changing 100 times slower
than the Hamiltonian in Fig. 4.1 and the evolution is very adiabatic.
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Figure 4.4: Ising model. p = 1, ds = 10−7, dt = 10−7. Both the Hamiltonian and
the Schrödinger equation are changing 1000 times slower than in Fig. 4.1, but the
behavior of the time evolved state is identical in the two figures.
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4.3 Real time vs. Imaginary time

All quantum systems evolve in time according to the Schrödinger equation

i
d

dt
|Ψ(t)〉 = H(t) |Ψ(t)〉 . (4.3.1)

In order to simplify the numerical simulation of quantum adiabatic computation
the imaginary time Schrödinger equation

− d

dt
|Ψ(t)〉 = H(t) |Ψ(t)〉 (4.3.2)

is often used. This is simply the Schrödinger equation with the substitution t = it,
and so-called imaginary time is used instead of real time. It is standard procedure
to use imaginary time for simulations of quantum adiabatic computation, but at
first glance it is not obvious that imaginary time can be used instead of real time.

To motivate the use of imaginary time we can look at the evolution of a quantum
system under the imaginary time Schrödinger equation compared to the real time
Schrödinger equation. Let the energies at t = t0 and t = t1 = t0 + ∆t be E0 =
〈ψ0|H0 |ψ0〉 and E1 = 〈ψ1|H1 |ψ1〉 respectively, where ψ0, ψ1, H0 and H1 are the
state kets and Hamiltonians at t = t0 and t = t1. For very small ∆t we can also
write H1 = H0 + ε with an infinitesimal ε.

A step in the discretization of the Schrödinger equation is given by

|ψ1〉 = |ψ0〉 − iH1 |ψ0〉∆t (4.3.3)

and the energy is obtained from

E1,RT = 〈ψ1|H1 |ψ1〉 (4.3.4)
= {〈ψ0|+ 〈ψ0| iH1∆t}H1 {|ψ0〉 − iH1 |ψ0〉∆t} (4.3.5)

= 〈ψ0|H1 |ψ0〉 − 〈ψ0| iH1H1 |ψ0〉∆t+ 〈ψ0| iH1H1 |ψ0〉∆t
−〈ψ0| iH1H1H1i |ψ0〉∆t2

(4.3.6)

= 〈ψ0|H1 |ψ0〉+ 〈ψ0|H3
1 |ψ0〉∆t2 (4.3.7)

= 〈ψ0|H0 + ε |ψ0〉+ 〈ψ0| (H0 + ε)3 |ψ0〉∆t2 (4.3.8)

= E0 + 〈ψ0| ε |ψ0〉+ 〈ψ0| (H0 + ε)3 |ψ0〉∆t2. (4.3.9)

For imaginary time a step in the discrete Schrödinger equation is given by

|ψ1〉 = |ψ0〉 −H1 |ψ0〉∆t (4.3.10)
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Figure 4.5: Non-adiabatic evolution. 10-bit Ising ferromagnet with an applied
transverse magnetic field. The real-time simulation shows a much less adiabatic
evolution compared to the imaginary-time simulation for the same settings. Color
coding is the same as in Figs. 4.1 - 4.4.

and the energy is found from

E1,IT = 〈ψ1|H1 |ψ1〉 (4.3.11)
= {〈ψ0| − 〈ψ0|H1∆t}H1 {|ψ0〉 −H1 |ψ0〉∆t} (4.3.12)

= 〈ψ0|H1 |ψ0〉 − 〈ψ0|H1H1 |ψ0〉∆t− 〈ψ0|H1H1 |ψ0〉∆t
−〈ψ0|H1H1H1 |ψ0〉∆t2

(4.3.13)

= 〈ψ0|H1 |ψ0〉 − 2 〈ψ0|H2
1 |ψ0〉∆t+ 〈ψ0|H3

1 |ψ0〉∆t2 (4.3.14)

= 〈ψ0|H0 + ε |ψ0〉 − 2 〈ψ0| (H0 + ε)2 |ψ0〉∆t+ 〈ψ0| (H0 + ε)3 |ψ0〉∆t2
(4.3.15)

= E0 + 〈ψ0| ε |ψ0〉 − 2 〈ψ0| (H0 + ε)2 |ψ0〉∆t+ 〈ψ0| (H0 + ε)3 |ψ0〉∆t2
(4.3.16)

= E1,RT − 2 〈ψ0| (H0 + ε)2 |ψ0〉∆t. (4.3.17)

The second term in Eq. (4.3.17) is always negative and we have shown that E1,IT <
E1,RT .

To check the validity of this statement the Ising model was once again used.
Fig. 4.5 shows the evolution under the real time and imaginary time Schrödinger
equations. It is clear that EIT − Eg < ERT − Eg, where Eg is the energy of the
ground state.

The next step is to look at the situation for adiabatic evolution. When the
simulation is not perfectly adiabatic the simulated state will not have time to adjust
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to the changing Hamiltonian and will overshoot the ground state whenever the
Hamiltonian is changing too rapidly. For the Ising model Hamiltonian, and even
more clearly for the factorization model Hamiltonian or for any Hamiltonian of
the type used for quantum adiabatic computation where Eg(s = 0) << 0 and
Eg(s = 1) = 0, we know that d2Eg

dt2 ≤ 0 (except at level crossings). The energy of
the simulated state can therefore overshoot but never be smaller than Eg so that
ERT and EIT are necessarily greater than or equal to Eg and EIT − Eg ≥ 0. We
also know that EIT < ERT and the energy of the simulation under the imaginary
time Schrödinger equation is bounded from below by Eg and from above by ERT :

Eg ≤ EIT < ERT . (4.3.18)

According to the quantum adiabatic theorem ERT = Eg for adiabatic evolution
starting in the ground state and in the adiabatic limit EIT is bounded both from
above and below by Eg and

EIT = ERT = Eg. (4.3.19)

This is clearly seen in Fig. 4.6 where the adiabatic evolution of the real time and
imaginary time Schrödinger equations are shown. This means that for simulation of
quantum adiabatic evolution along the ground state the imaginary time Schrödinger
equation can be used instead of the real time Schrödinger equation. The imaginary
time Schrödinger equation has a faster absolute run time but we are only interested
in the relative run time of different systems and the imaginary time Schrödinger
equation can be used to significantly improve the speed of the numerical simulations.

We also note that it is important to normalize the state ket at each time step
when using the imaginary time Schrödinger equation. This is because the imaginary
time Schrödinger equation is, unlike the real time Schrödinger equation, not a
unitary transform and does not conserve the normalization of the state ket.
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Figure 4.6: Adiabatic evolution. 10 bit Ising ferromagnet with an applied transverse
magnetic field. The rate of change of the Hamiltonian is the same in both (a) and
(b) and we see that if the real time simulation is adiabatic so is the imaginary time
simulation. Color coding is the same as in Figs. 4.1 - 4.4.

4.4 Implementation of the factorization model

4.4.1 Test of the factorization model on a four qubit system
The factorization model was first tested by factoring N = 35 with a small system
consisting of four qubits. Fig. 4.7 shows the energy of the time evolved state (black
line) and the energy levels of the Hamiltonian (colored lines). The ground state
energy level, red line, is completely covered by the black line of the time evolved
state and the evolution is perfectly adiabatic all the way up until s = 1. |Ψ(s = 1)〉
has a probability of 50% for the state |111−1〉. This corresponds to the first factor
x encoded by the binary representation (11) plus 1 yielding x = 1 + 21 + 22 = 7.
The second factor, y, is encoded by (1-1) plus 1 giving y = 1 + 0 × 21 + 22 = 5.
|Ψ(s = 1)〉 also yields a probability of 50% for the state |1−111〉 which encodes the
factors x = 1 + 0 × 21 + 22 = 5 and y = 1 + 21 + 22 = 7. A measurement of the
system of 4 qubits at s = 1 would give the correct factors with a probability of
100% and our method and programming can be considered to be correct.
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Figure 4.7: Energy levels and the time evolved state for the factorization of 35 with
a four-qubit system. The time evolved state completely covers the ground state of
the Hamiltonian. p = 5, h = 30.

4.4.2 Starting value of p and the relation between
adiabaticity and run time

From the definition of p we know that ds = dt
p and for large values of p the total

Hamiltonian changes slowly in time (with time we mean the time which progresses
in the Schrödinger equation). A slowly changing Hamiltonian is more likely to allow
adiabatic evolution along the ground state, but a large p might lead to long run
time.

We have seen how the time evolved state tunnels to a higher energy level or is
unable to keep up with a quickly changing ground state, but eventually falls back
to the ground state again (see for example Fig. A.2 on page 58). In such cases
the value of s′ when the time evolved state yields a sufficiently large percentage of
being in the computational basis state we are looking for could possibly be larger
than for a perfectly adiabatic evolution. The increase in run time due to larger s′
will be offset by the lower value of p. However, it is not clear that a fast but not
adiabatic evolution will give the solution faster than a slow but perfectly adiabatic
computation. Of course, if p is too small the time evolved state will tunnel to a
high energy level without returning and the solution can never be found.

To find the relation between the adiabaticity of the evolution of the time evolved
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state and the run time, several computer simulations are performed on a 10-qubit
system. The simulations are set to start at pinitial, if the solution is not found the
simulation will increase p by a small amount and try again until a solution is found.
This assures us the solution corresponds to the smallest possible p ≥ pinitial and a
Hamiltonian that changes as fast as possible.

The average run time of 120 different products as a function of pinitial are shown
in Fig. 4.8 for 10-qubit systems. For 10 qubits we know that p ≥ 5 is necessary
for adiabatic evolution. From Fig. 4.8 we see a clear correlation between increased
pinitial and increased run time and we conclude that the lowest possible p will give
the fastest run time and we need to chose pinitial to be less than or equal to the
smallest value that will allow for a solution to be found. In the case of 10 qubits
this is p = 0.1 as can be seen in the figure. For larger systems it is impossible to
know if the simulation is proceeding adiabatically or not and we cannot demand
that the simulation needs to be perfectly adiabatic. As long as the solution can be
found as fast as possible it is not relevant if the simulation is adiabatic or not.

It is also very difficult, if not impossible, to know how the smallest possible
value of p for which a solution can be found scales with system size. For this reason
the computer simulations need to use conservative values of pinitial to guarantee
the run time is the smallest possible for each N . The drawback is that a very long
time is needed to carry out the computer simulations, since the simulations will
start with a p that cannot solve the problem.
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Figure 4.8: Average run time of 120 10-qubit products as a function of pinitial.
There is a clear correlation between increased pinitial and increased run time above
pinitial=0.1. Below pinitial = 0.1 the solution cannot be found without increasing
p and the run time is a constant function of pinitial.

4.5 Landau-Zener avoided level crossings in the
factorization model

From the Landau-Zener formula for the probability of adiabatic passage though an
interaction region, Eq. (2.2.21), we know that the energy gap between the inter-
acting energy levels directly affect the probability of adiabatic evolution. Avoided
level crossings were analyzed in section 2.3 for a simplified Hamiltonian and a spin-8
particle, where the order of the perturbation was linked to the size of the energy
gap of the avoided crossing. In the factorization model the applied transverse mag-
netic field connects the energy levels and we expect to see avoided level crossings in
this model as well. Since the energy gap is related to the probability of adiabatic
evolution it is of interest to look for avoided level crossings in the factorization
model.

In the factorization model that we use the perturbation consists of the applied
transverse magnetic field

HD = −h
∑
i

Sxi = −h
∑
i

(S+
i + S−i ). (4.5.1)
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The magnetic field directly connects energy levels differing only in one of the spins
in the computational basis and energy levels differing in two spins will be connected
in second order perturbation theory. From the expression above we see that (HD)n

will include (S±1 S
±
2 . . . S±n ) terms and any two computational basis states differing

in n spins will be connected in nth order perturbation theory. All energy level
crossings are therefore expected to be Landau-Zener type avoided crossings. For
higher order connections the energy gap of the avoided crossings will be extremely
small, especially for larger systems where the difference in the computational basis
between energy levels can be very large.

In Fig. 4.9a the lowest energy levels for the factorization of N = 1247 with
10 qubits are shown. The first excited energy level for this system corresponds to
N = 1239 at s = 1. For s ≤ 1 all the states are mixed but this is the case for all
Landau-Zener avoided level crossings. The mixing is also the reason for the crossing
to be avoided and it is enough to identify the first excited state at s = 1 for the
analysis of avoided crossings. N = 1247 corresponds to |1−11−11−1111−1〉 in the
computational basis and N = 1239 corresponds to |111−11−11−11−1〉. Only two
spins differ between these states and the crossing is expected to be avoided with a
relatively large gap as we can see in Fig. 4.9. Figs. 4.10 and 4.11 show the energy
levels and energy gap sizes for the factorization of N = 2301 and N = 1269. The
ground states of the Hamiltonians for these systems at s = 1 differ in three spins
from the first excited states. From the figures we see that the minimum energy
gap size is smaller compared to the gap size of the second order coupling in Fig.
4.9. The ground states of N = 1271 and N = 2301 are both connected to the first
excited state by a third order perturbation but the minimum gap size of N = 1271
is much smaller compared to the gap size of N = 2301. This is explained by the
number of third order connections between the ground state and the first excited
state which is twice as many for N = 2301.

For quantum adiabatic computation the fact that all energy level crossings are
avoided has the implication that it is theoretically possible to always follow the
ground state for any product N . Of course, for large systems with infinitesimal
energy gap the probability of following the ground state will, according to Landau
and Zener, approach zero. However, we have also seen how the solution can be
found for slightly non-adiabatic evolution and, in fact, can be found faster for such
cases compared to perfect adiabatic evolution.
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Figure 4.9: Energy levels and E1−E0 of the second order avoided level crossing of
N = 1247, 10 qubits.
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Figure 4.10: Energy levels and E1 −E0 of the third order avoided level crossing of
N = 2301, 10 qubits.
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Figure 4.11: Energy levels and E1 − E0 of the third order avoided level crossing
of N = 1271, 10 qubits. The inlay shows an enlargement of E1 − E0 around the
minimum just before s = 0.03.
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4.6 Results for 10-, 12- and 14-qubit systems
For systems consisting of 10, 12 and 14 qubits 120 products of two prime factors
are selected and factorized with our model of simulated quantum adiabatic compu-
tation. The products are randomly selected among the largest products expressible
with each system size and the solution is considered to be found when the time
evolved state has a 10% overlap with the state encoding the correct factors.

The run time of each product for 10 qubits is shown in Fig. 4.12. The 10-
qubit system is quite small and to find 120 distinct products of prime factors it is
necessary to include very small products, many below N = 200. For such small
numbers we know that the scaling of the magnetic field is not accurate since the
scaling relation of the magnetic field was constructed to be valid for the larger 10-
qubit products and above (see Appendix B for a discussion of the scaling of the
magnetic field). We also see that the run time of the small factors is significantly
larger compared to the run time of the large factors. By looking at the spectrum of
the Hamiltonian for some small and medium products we found that the magnetic
field scales correctly from about N = 600 and above. The problem of increased run
time because of bad scaling of the magnetic field is an artificial problem related to
our method and model and unrelated to the quantum adiabatic computation we
are trying to simulate. To avoid this problem only products larger than 15% of the
largest product for each system size are selected when calculating the mean run
time. From the perspective of quantum computation it is also a waste of qubits to
work with the smaller products for a certain system size. These products can be
expressed by using much fewer qubits and it is not relevant to factorize them with
larger systems.

Figs. 4.13 and 4.14 show the run time for each product for 12- and 14-qubit
systems. We see that the there is no difference between the run time of large and
small factors. Histograms of the run time for each system size are shown in Figs.
4.15 - 4.17. For the 14-qubit system we were unable to finish the factorization of
all 120 products due to complications in the computer simulations and the results
only include 97 products.

Fig. 4.18 shows the mean run time as a function of the system size and in Fig.
4.19 it is shown on a log-log scale. We see that the behavior of the run time with
increased system size is somewhere between polynomial and exponential. Since not
all products of the 14-qubit system were finished the 14-qubit mean run time will be
slightly greater then the value in the figures which will accentuate the exponential
over polynomial scaling.
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Figure 4.12: Run time of 120 10-qubit products.
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Figure 4.13: Run time of 120 12-qubit products.
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Figure 4.14: Run time of 97 14-qubit products.
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Figure 4.15: Histogram of the run time of 120 10-qubit products.
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Figure 4.17: Histogram of the run time of 97 14-qubit products.
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4.7 Dependence of the run time on the minimum
energy gap and the spectrum of the
Hamiltonian

Often the Landau-Zener formula is used as the theoretically expected run time of
quantum adiabatic computation [42, 20, 36] and no-gap quantum adiabatic the-
orems are not mentioned. If the Landau-Zener formula defines the run time the
smallest energy gap between the ground state and the first excited energy level
will determine the fastest possible run time. As a consequence, the scaling of this
energy gap with system size can give insight into the question if quantum adiabatic
computation can possibly be faster than the best classical algorithms. The scaling
of the smallest energy gap with systems size has been numerically studied in [42]
for the problem of exact cover (see section 2.5.1 for an introduction to exact cover).
However, using the Landau-Zener formula as the only definition of the expected
run time is not in agreement with the no-gap quantum adiabatic theorems which
allow for adiabatic evolution for zero energy gaps and for level crossings.

In light of the no-gap quantum adiabatic theorems the relevance of the minimum
energy gap for the run time is not clear. A large minimum energy gap guarantees
the possibility of adiabatic evolution along the ground state with a run time that
can be estimated with the Landau-Zener formula. On the other hand, as we have
seen in section 4.4.2 we have results indicating that the run time is shorter if the
Hamiltonian changes slightly faster than what allows for adiabatic evolution. The
problem with using the no-gap theorems as the basis for a discussion of run time
is that they do not give any information about the run time and it is not possible
to make any theoretical estimates based on them.

To further increase our understanding of the relationship between the minimum
energy excitation gap and the run time an adaptive algorithm was used to find the
minimum energy gap of the 120 12-qubit products. The results are shown in Fig.
4.20, where the run time is plotted against the minimum excitation gap. Some of
the products with very small energy gaps have a short run time while others have
a long run time and we see no strong correlation between the size of the minimum
gap and the run time. From a theoretical perspective this is also reasonable. The
no-gap quantum adiabatic theorems, such as the one proved by T. Kato [24], only
need the run time to be "large enough" in a non-zero vicinity around a level crossing
for adiabatic evolution to be possible.

We have seen that the minimum excitation gap is not a good indication of what
separates quickly solved cases from difficult cases. Therefore we need to look for
another reason why some cases are easier to solve than others. We had preliminary
evidence that the separation speed of the energy levels is correlated to the run time.
Because we consider a solution to be found when there is a 10% overlap with the
final s = 1 ground state it is also reasonable to assume that a 10% overlap can
be found faster for quickly separating energy levels compared to slowly separating
levels.
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In order to test the relation between the separation of the lowest energy levels
and the run time we looked at the average distance from the ground state of the
eight lowest energy levels at s = 1. Since the separation speed is almost constant
from an early point (around s ≈ 0.05 with our magnetic field scaling relation) the
distance from the ground state of an energy level at s = 1 is directly related to
the separation speed of this energy level from the ground state. Fig. 4.21 shows
the run time against the average distance from the ground state of the eight lowest
energy levels at s = 1 for 120 12-qubit products. Contrary to our expectations
there is no clear correlation between the separation speed and the run time. There
are several cases with fast separation and fast run time as well as cases with slow
separation and slow run time. On the other hand, there are also many cases with
slow separation and fast run time contradicting our assumption.

We conclude that prime factorization by quantum adiabatic computation is very
complex and it may not be possible to relate the run time to a single variable. In
section 2.4 we saw that it is possible for the time evolved state to move towards
the ground state if there are connections in the Hamiltonian between the energy
level of the time evolved state and the ground state. If the expansion coefficient
of the time evolved state along the ground state is large the time evolved state
is expected to move towards the ground state quickly. On the other hand, if this
expansion coefficient is weak the time evolved state will take a long time to reach
the ground state. This can also explain why some products with a small energy
gap are easy to solve while others are difficult. If the time evolved state, by going
through possibly repeated (avoided) level crossings, reaches an excited level with
a very weak connection to the ground state it will take a long time to reach the
ground state again. In such a case it also possible that the simulation can not
reach the ground state at all unless the adiabaticity is improved. But if the excited
energy level has a stronger connection to the ground state the solution can be found
quickly. This shows that it is very difficult to relate the minimum energy gap to
the run time.
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Figure 4.20: Run time against the minimum energy excitation gap of 120 12-qubit
products. Lin-log scale.
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Figure 4.21: Run time against the mean separation from the ground state of the
eight lowest energy levels at s = 1 for 120 12-qubit products. Lin-log scale.
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4.8 Further study
One of the major remaining obstacles in this study is the problem of numerical
instability described in detail in Appendix A. In order to study larger systems this
problem needs to be solved. Because we have seen a greater than polynomial scaling
of run time with system size it is important to run simulations of larger systems.
This would allow us to see if the quantum adiabatic algorithm scales polynomially
with system size or not and if the non-polynomial behavior we have observed is
only an artifact of the small system sizes studied. The observed instability prob-
lems can possibly disappear by changing the programming language used for the
simulations. We have used Matlab but by switching to, for example, Fortran or
C++ the computer simulations will not only be faster but the problem of numerical
instability might also be reduced.

Implementing Monte Carlo simulations is also important for further study.
Without Monte Carlo methods it is only possible to simulate systems smaller than
20 qubits even if the problem of numerical instability is solved. 20 qubits is still
very small and increasing the system size to more than 150 qubits, which is possible
by Monte Carlo methods [42], is very interesting.

Another topic for further investigation is to find out what causes some products
to be more difficult to factor than others. One hypothesis is that the magnitude of
the expansion coefficient along the ground state of the energy level with the smallest
energy gap to the ground state affects the run time. However, this is made more
complicated by subsequent level crossings of the first excited level with the second
excited level and then the second excited level with the third excited level and so
on. For such cases the run time might depend on the connection to the ground
state of the different energy levels reached by the time evolved state. It is not
straightforward to make such an analysis because we need to know exactly which
energy levels the time evolved state passes through before reaching the ground state
and the connection to the ground state of these levels.
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Appendix A

Numerical instability

For the larger system sizes there has been unexpected instability problems in the
simulations. Fig. A.1 shows the factorization of 961 with 10 qubits, the energy
levels of the Hamiltonian are colored lines while the time evolved state is a black
line. Around s ≈ 0.1 there is a very sudden vertical jump from the ground state.
This cannot be considered to be the result of the simulated state tunneling out
from the ground state to an excited energy level since it jumps past all the higher
energy levels very quickly. The jump is also slightly too abrupt to be the result of
a physical process. Only a few black dots are visible in the figure and since one
dot is plotted for each step in s the jump is extremely fast. From the simulations
we have seen that the simulated state makes a jump of about ∆E = 106 in just a
few steps. This energy jump completely disrupts our simulated quantum adiabatic
computation and it was necessary to somehow circumvent the problem.

Firstly, the strength of the magnetic field was varied and the simulation repeated
for each value. This did not have any noticeable effect and the jump occurred at
about the same s independently of the strength of the applied magnetic field. Both
the imaginary-time and the real-time Schrödinger equations were also tested but
the results were identical. The system size, the number of qubits used, was found to
have a direct effect on the jumping behavior of the simulation and smaller systems
did not have this problem at all. Since we need to be able to work with systems
larger than 10 qubits another reason had to be identified.

By testing the simulation for different values of the step sizes ds and dt the size
of the time step in the Schrödinger equation was found to directly influence when
or if the jump occurs. Comparing Figs. A.1 - A.2 we see that the smaller the step
size the later the jump occurs. To test if this is because of the size of ds, dt or
maybe both, ds was held fixed while dt was varied. The results are shown in Figs.
A.2 - A.4. Between Fig. A.2 and Fig. A.3 ds is reduced by a factor of 10 but the
jump occurs at the same point. In Fig. A.4 dt is reduced by a factor of two and
the jump disappears.
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From these results it is obvious that the jump occurs independently of the size
of ds but is directly related to the size of dt. We can therefore draw the conclusion
that the problem is numerical and is affected by the method used to integrate the
Schrödinger equation. By comparing simulations carried out with a fourth order
Runge-Kutta method with the simple one-line discretization of the Schrödinger
equation this conclusion was confirmed. The fourth order Runge-Kutta integrator
saw a jump occurring at a later stage.

By decreasing dt the problem of numerical instability can be completely avoided
but ds needs to be decreased accordingly or the physical situation will change. The
cost of this is a much increased time necessary to carry out the simulations (if p
is fixed the run time of the quantum adiabatic computation is unchanged but if
also ds and dt are reduced the time needed to carry out the simulations increase
drastically).

We have seen that for 10 qubits dt ≤ 2.5×10−7 is small enough to eliminate the
unexpected problem of numerical instability. However, we do not know anything
about the size of dt necessary to avoid this problem for larger systems or if it will
have to change slightly if the product to be factored is changed. Therefore an
adaptive method based on the Runge-Kutta-Fehlberg method was constructed.

The Runge-Kutta-Fehlberg method uses the difference between fourth and fifth
order Runge-Kutta evaluations to decrease the time step when the function to
be integrated changes quickly and increase the time step when it changes slowly.
However, the instability jump does not seem to depend on whether our function
is changing quickly or not. Runge-Kutta-Fehlberg will also change the time step
before the computations run into trouble because of too large a time step. In our
case the function is discontinuous at the point of the instability and the Runge-
Kutta-Fehlberg will not decrease the time step before it is too late. After extensive
testing the Runge-Kutta-Fehlberg method was changed to adjust the time step
when the difference in energy of the simulated state at the current step and ten
steps earlier becomes larger than a certain tolerance. The fourth order Runge-
Kutta evaluation was also discarded, keeping only the fifth order. The tolerance
for the energy difference was found after more testing and was set to be larger
when the energy of the simulated state is small (s is small). In the beginning of
the simulation the energy increases quickly from a large negative value and if the
tolerance is set to tightly the step size will be reduced even though the simulation
is proceeding correctly.

Moreover, it is clearly impossible to reduce to time step to avoid the instability
before it happens and once the jump has occurred reducing the time step will not
remedy the situation. The only way to deal with this is to construct the program
to return the simulation to a few points earlier, reduce the time step and try again
from this earlier point whenever the numerical instability occurs. Our modified
Runge-Kutta method is also built to try to increase the time step if there has been
no instabilities for a certain amount of steps.

With the right settings for the tolerance, reduction of the time step and number
of steps to return, the simulation is possible to carry out all the way until s = 1
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for any system size and for any product. Of course every time dt is changed ds is
changed accordingly and there is no effect on the physical situation or the run time
of the quantum computation.
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Figure A.1: Energy levels and the time evolved state for the factorization of 961
with 10 qubits. The instability jump occurs at s ≈ 0.1. ds = 10−5, dt = 5× 10−5,
p = 5, h = 30.
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Figure A.2: Energy levels and the time evolved state for the factorization of 961
with 10 qubits. Instability at s ≈ 0.8 . The figure also clearly demonstrates how it
is possible to follow an excited energy level through a level crossing but still return
to the ground state later on. ds = 10−7, dt = 5× 10−7, p = 5, h = 30.
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Figure A.3: Energy levels and the time evolved state for the factorization of 961
with 10 qubits. Instability at s ≈ 0.8 . ds = 10−6, dt = 5× 10−7, p = 0.5, h = 30.
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Figure A.4: Energy levels and the time evolved state for the factorization of 961
with 10 qubits. The simulation proceeds all the way until s = 1. ds = 10−6,
dt = 2.5× 10−7, p = 0.25, h = 30.
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Appendix B

Scaling of the transverse
magnetic field

Finding a scaling relation between the transverse magnetic field and the system
size is difficult but necessary for quantum adiabatic computation. For large N , HP

increases quickly and dH
dt = dH

ds
ds
dt is larger for large N compared to small N for

fixed h. This means that the solution could possibly be found faster for large N .
In Figs. B.1 - B.3 the energy levels of three different 10 qubit products are shown

for a constant magnetic field of h = 30 and the difference in the increase of the
energy levels with s is clear. The ground state of the Hamiltonian corresponding to
N = 1829 reaches zero much faster compared to the ground state of the Hamiltonian
for N = 611. Figs. B.4 and B.5 show the energy levels of two 14-qubit Hamiltonians
also for h = 30 and by comparing these to the 10-qubit cases we see that the
difference in the increase of the ground state with s is significant. If h is not scaled
with N the run time will be unreasonably large for small N . Of course this will
be somewhat compensated for by a larger ds

dt possible for smaller N because the
simulation is more likely to follow an excited energy state instead of the ground
state for large dH

dt . Although without a proper scaling relation between h and N
the run time will not be comparable for different system sizes. When looking for
a scaling relation we use three 10-qubit products and two 14-qubit products. This
allows us to make comparisons between system sizes as well as within each system
size.

One idea for the scaling of the magnetic field is to use a site-dependent transverse
field according to

h =

{
2n−nx+1−i if i ≤ nx
2n+1−i if i > nx , (B.0.1)

where each site is weighted similarly to the spin sites in Hp. If this site-dependent
field is squared it becomes even closer to Hp where the sum of spins is squared. A
major drawback is that the strength of this field only depends on the system size
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and will not scale with N for fixed system size. Unfortunately a site-dependent
field did not yield satisfactory results and another scaling relation is needed.

Since the products to be factored will be among the larger products for a fixed
system size n most of the 2n products expressible with this system will be smaller
than the product N we want to factorize. This means that most of the diagonal
elements of Hp will scale as N2 and a field strength given by h = k × N2 might
be appropriate. This was also tried for different values of k, notably k = 10−5 was
extensively tested. By looking at the spectrum of the total Hamiltonian we found
that this scaling relation was completely wrong, giving a far too large value of h
for large N .

Next, linear scaling was tested by setting h = 0.01N . The results are shown in
Figs. B.6 - B.9 and we can conclude that even a linear scaling relation between h
and N results in a transverse field strength larger than optimal for large N and a
sub-linear scaling is needed. The system is very complicated because the transverse
field mixes several energy levels and it is difficult to find a satisfactory scaling of
the field strength by simplified reasoning of how the diagonal elements scale with
system size.

A satisfactory relation between h and N was eventually found. By using h =
0.2N0.55 the scaling behavior of h is surprisingly good. Figs. B.10 - B.15 show the
energy levels for different N for 10 and 14 qubits and we can see how the energy of
the ground state reaches the same value at the same s independently of N . We can
finally conclude that the transverse field approximately scales as the square root of
the system size.

From the definition of run time, Eq. (4.2.1), the run time depends on p and
s′. With a good definition of h = h(N) the s′ variable of the run time can be
considered to be fixed for similar systems of different sizes. Different N can have
very varying values of s′ when the solution is found but the artificial problem that
can arise with smaller N taking longer to solve than larger N is eliminated.

We also note that a good, but not necessarily a perfect, scaling of h is needed.
Because there will always be some compensation in p = ds

dt for large N compared
to small N .
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Figure B.1: The 12 lowest energy levels for N = 611 and a fixed transverse magnetic
field, h = 30, 10 qubits.

0 0.05 0.1 0.15 0.2 0.25

−30

−20

−10

0

10

20

30

X: 0.075
Y: −5.908

s

E
ne

rg
y

E
0

E
1

E
2

E
3

E
4

to E
12

Figure B.2: The 12 lowest energy levels for N = 1829 and a fixed transverse
magnetic field, h = 30, 10 qubits.
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Figure B.3: The 12 lowest energy levels for N = 3969 and a fixed transverse
magnetic field, h = 30, 10 qubits.
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Figure B.4: The 12 lowest energy levels for N = 45113 and a fixed transverse
magnetic field, h = 30„ 14 qubits.
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Figure B.5: The 12 lowest energy levels for N = 60491 and a fixed transverse
magnetic field, h = 30, 14 qubits.
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Figure B.6: The 12 lowest energy levels for N = 611 with a linear scaling of the
transverse magnetic field h = 0.01N , 10 qubits.
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Figure B.7: The 12 lowest energy levels for N = 1829 with a linear scaling of the
transverse magnetic field, h = 0.01N , 10 qubits.
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Figure B.8: The 12 lowest energy levels for N = 3969 with a linear scaling of the
transverse magnetic field, h = 0.01N , 10 qubits.
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Figure B.9: The 12 lowest energy levels for N = 45113 with a linear scaling of the
transverse magnetic field, h = 0.01N , 14 qubits.
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Figure B.10: The 12 lowest energy levels for N = 611 with an approximately square
scaling of the transverse magnetic field, h = 0.2N0.55, 10 qubits.
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Figure B.11: The 12 lowest energy levels for N = 1829 with an approximately
square scaling of the transverse magnetic field, h = 0.2N0.55, 10 qubits.
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Figure B.12: The 12 lowest energy levels for N = 3969 with an approximately
square scaling of the transverse magnetic field, h = 0.2N0.55, 10 qubits.
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Figure B.13: The 12 lowest energy levels for N = 39917 with an approximately
square scaling of the transverse magnetic field, h = 0.2N0.55, 14 qubits.
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Figure B.14: The 12 lowest energy levels for N = 45113 with an approximately
square scaling of the transverse magnetic field, h = 0.2N0.55, 14 qubits.
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Figure B.15: The 12 lowest energy levels for N = 60491 with an approximately
square scaling of the transverse magnetic field, h = 0.2N0.55, 14 qubits.
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