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Abstract 

A nonlinear finite element analysis was performed for an existing road bridge in order to see 
if that could show a higher load bearing capacity, as an alternative to repairing or replacing. 
The regular linear analysis had shown that the bridge could not take any traffic load due to the 
effects from large and uneven support settlements. It is a five-span reinforced concrete bridge 
with a continuous slab on supports made out of rows of columns. The width-to-span ratio was 
around 1 and the supports were angled up to about 30°, giving rise to a complex three-
dimensional behaviour, which was seen and studied in the nonlinear results. Since the bending 
moment was the limiting factor, the nonlinear analysis focused on that. The direct result was 
that the load bearing capacity was 730 kN for the traffic vehicle boogie load, B, in the 
ultimate limit state. This was however only for the load case tested, and several more 
disadvantageous vehicle positions may exist. Other aspects also became limiting, as the 
maximum allowed vertical deflection in the serviceability limit state was reached at 457 kN. 
The most restraining though, was the shear capacity from the linear analysis; 78 kN, since it 
was not possible to simulate that type of failure with the shell elements used in the nonlinear 
finite element analysis. The main aim of the thesis was nonetheless reached, since the 
nonlinear analysis was able to show a significant increase in load bearing capacity.  

A  comparison  was  made  with  the  settlements  for  the  nonlinear  case,  to  see  how  much  
influence they had on the load bearing capacity for traffic load. This was performed for both 
the  bridge  and  a  simple  two-span  beam.  Both  showed  that  there  was  no  effect  on  the  load  
bearing  capacity  in  the  ultimate  limit.  One  thing  to  note  was  that  the  full  settlements  were  
applied, and with no relaxation due to creep.  

Another aim of the thesis was to make comments on the practical  usability of the nonlinear 
finite element method in load bearing capacity assessments. A linear analysis was performed 
before the nonlinear in order to be able to determine the load case to be used in the latter. This 
worked well, as the strengths of the two methods could then be utilized. Convergence 
problems were however encountered for the nonlinear when using the regular static solver. 
Due to this, the dynamic explicit calculation scheme was used instead, treating the case as 
quasi-static. This managed to produce enough usable results. It was concluded that the 
nonlinear finite element method is useable for assessment calculations, but that its strengths 
and weaknesses must be known in order to make it an efficient method.  

 

Keywords: Nonlinear finite element method, concrete slab bridge, support settlements, 
load bearing capacity assessment, angled supports, ABAQUS.  
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Sammanfattning 

En ickelinjär finita element-analys gjordes för en befintlig bro för att se om det kunde påvisa 
en högre bärighet, som ett alternativ till att reparera eller byta ut bron. Den vanliga linjära 
analysen visade att bron inte kunde tillåtas ha någon trafiklast till följd av stora och ojämna 
stödsättningar. Det är en femspanns armerad betongbro med en kontinuerlig platta på stöd 
utgjorda av pelarrader. Spann-till-bredd-förhållandet var runt 1 och stöden var vinklade upp 
till ungefär 30°. Detta gav upphov till ett komplext tredimensionellt beteende, vilket kunde 
ses i beräkningsresultaten. Den ickelinjära analysen fokuserade på böjmomentet eftersom det 
var den begränsande faktorn. Det direkta resultatet var att bärighetskapaciteten var 730 kN för 
lastfordonets boogielast, B, i brottgränstillståndet. Detta var dock bara för det enda lastfallet 
som testades och flera andra, mer ofördelaktiga, positioner av trafiklasten kan finnas. Andra 
fall blev också begränsande, som att den maximala vertikala nedböjningen i 
bruksgränstillståndet nåddes vid 457 kN. Den mest begränsande var skjuvkapaciteten från den 
linjära analysen; 78 kN, för att det inte var möjligt att simulera den typen av brott med 
skalelementen som användes i den ickelinjära finita element-analysen. Syftet med detta arbete 
uppnåddes trots detta, eftersom den ickelinjära analysen kunde påvisa en betydligt högre 
bärighet hos bron.  

En jämförelse gjordes för sättningarna i det olinjära fallet, för att se hur mycket de påverkade 
bärigheten  under  trafiklast.  Det  utfördes  både  för  bron  och  en  enkel  tvåspannsbalk.  Båda  
visade att sättningarna inte påverkade bärigheten i brottgränstillståndet. Något att anmärka var 
att hela sättningarna användes, och relaxation som följd av krypning inte var inkluderad i 
analysen.  

Ett annat syfte med arbetet var att lämna kommentarer om den praktiska användbarheten hos 
den ickelinjära finita element-metoden i bärighetsanalyser. En linjär analys utfördes innan den 
ickelinjära för att lastfallet som skulle användas i den senare skulle kunna bestämmas. Det här 
fungerade bra, eftersom styrkorna hos de två olika metoderna då kunde utnyttjas. Den 
ickelinjära analysen stötte tyvärr på konvergensproblem när den vanliga statiska solvern 
användes. Därför användes den dynamiska explicita lösningsmetoden istället, där fallet 
behandlades som kvasi-statiskt. Det lyckades att producera tillräckliga mängder användbara 
resultat. Slutsatsen som drogs var att den ickelinjära finita element-metoden är användbar för 
bärighetsanalyser, men att dess styrkor och svagheter måste vara kända för att den ska kunna 
användas effektivt.  

 

Nyckelord: Ickelinjär finita element-metod, betongplattbro, stödsättningar, 
bärighetsanalys, vinklade stöd, ABAQUS.  

 





 

 vii

Contents 

Preface .................................................................................................................................. i 

Abstract............................................................................................................................... iii 

Sammanfattning ...................................................................................................................v 

1 Introduction ..................................................................................................................1 

1.1 Background ..........................................................................................................1 

1.2 Aim and scope ......................................................................................................2 

1.2.1 Limitations ..............................................................................................2 

1.3 Structure of the thesis ...........................................................................................3 

2 Bridge 17-803-1.............................................................................................................5 

2.1 Introduction ..........................................................................................................5 

2.2 Brief history .........................................................................................................6 

2.3 Drawings and present day properties ....................................................................7 

2.3.1 Geometry .................................................................................................7 

2.3.2 Materials................................................................................................ 10 

2.3.3 Settlements ............................................................................................ 10 

3 Load bearing capacity assessment of bridges ............................................................ 13 

3.1 Introduction ........................................................................................................ 13 

3.2 Global central safety factor from Carlsson et al. (2008) ...................................... 15 

4 Linear finite element analysis of the bridge .............................................................. 19 

4.1 Introduction ........................................................................................................ 19 

4.2 Geometry ........................................................................................................... 20 

4.3 Materials ............................................................................................................ 25 

4.4 Loads ................................................................................................................. 26 

4.4.1 Self-weight and pavement ...................................................................... 27 

4.4.2 Earth pressure ........................................................................................ 27 

4.4.3 Vertical traffic loads .............................................................................. 27 



 viii

4.4.4 Braking force ......................................................................................... 29 

4.4.5 Omitted loads ........................................................................................ 30 

4.5 Settlement and Creep .......................................................................................... 31 

4.5.1 Settlements ............................................................................................ 31 

4.5.2 Creep ..................................................................................................... 32 

4.6 Load combinations ............................................................................................. 33 

4.7 Convergence analysis and model verification ..................................................... 34 

4.7.1 Shell element types ................................................................................ 34 

4.7.2 Bridge deck element sizes ...................................................................... 37 

4.7.3 Column element size .............................................................................. 40 

4.7.4 Traffic lane resolution ............................................................................ 40 

4.8 Finite element results .......................................................................................... 41 

4.8.1 Permanent loads..................................................................................... 42 

4.8.2 Settlements ............................................................................................ 44 

4.8.3 Vertical traffic loads .............................................................................. 45 

4.8.4 Braking load .......................................................................................... 46 

4.9 Cross section checks ........................................................................................... 47 

4.9.1 Bending moment and axial force in the longitudinal direction ................ 47 

4.9.2 Bending moment and axial force in the transverse direction ................... 53 

4.9.3 Shear force in the longitudinal direction ................................................. 54 

4.9.4 Shear force in the transverse direction .................................................... 58 

4.9.5 Results summary ................................................................................... 59 

4.10 Serviceability limit state .................................................................................... 60 

4.11 Selecting load case for the nonlinear analysis .................................................... 60 

4.12 Conclusions ....................................................................................................... 62 

5 Nonlinear finite element analysis with reinforced concrete ...................................... 65 

5.1 Introduction ........................................................................................................ 65 

5.2 Nonlinear concrete behaviour ............................................................................. 65 

5.2.1 Compression .......................................................................................... 65 

5.2.2 Tension .................................................................................................. 67 

5.3 Concrete models in finite element analysis ......................................................... 68 

5.3.1 In general ............................................................................................... 68 

5.3.2 For the case at hand ............................................................................... 69 

5.3.3 Concrete damaged plasticity in Abaqus .................................................. 70 

5.4 Concrete used in the bridge ................................................................................ 74 



 

 ix

5.4.1 Strength values ...................................................................................... 74 

5.4.2 Stiffness ................................................................................................. 74 

5.4.3 Compression curve ................................................................................ 75 

5.4.4 Tensile behaviour .................................................................................. 76 

5.4.5 Other parameters needed in FE .............................................................. 76 

5.5 Reinforcement .................................................................................................... 77 

5.5.1 Material ................................................................................................. 77 

5.5.2 Reinforcement material in the bridge model ........................................... 78 

5.5.3 Spatial modelling in finite element analysis ........................................... 79 

5.6 Nonlinear calculation schemes ........................................................................... 80 

5.6.1 Static ..................................................................................................... 80 

5.6.2 Dynamic and quasi-static ....................................................................... 82 

5.7 Material and beam tests ...................................................................................... 84 

5.7.1 Material tests ......................................................................................... 84 

5.7.2 Simply supported beam.......................................................................... 86 

5.7.3 Two-span beam ..................................................................................... 92 

5.7.4 Conclusions ........................................................................................... 99 

6 Nonlinear finite element analysis of the bridge ....................................................... 101 

6.1 Introduction ...................................................................................................... 101 

6.2 Geometry ......................................................................................................... 101 

6.2.1 Reinforcement ..................................................................................... 102 

6.2.2 The mesh ............................................................................................. 103 

6.3 Materials .......................................................................................................... 104 

6.4 Loads ............................................................................................................... 104 

6.4.1 Vehicle loading structure ..................................................................... 105 

6.5 Attempts with static calculation ........................................................................ 108 

6.6 Quasi-static explicit dynamic settings ............................................................... 108 

6.7 Analysis results ................................................................................................ 109 

6.7.1 Introduction ......................................................................................... 109 

6.7.2 Loads before the vehicle load ............................................................... 110 

6.7.3 Part of the FE results excluded due to analysis errors ........................... 110 

6.7.4 Bridge response when subjected to the traffic load ............................... 112 

6.7.5 Validation ............................................................................................ 118 

6.7.6 Influence of the support settlements ..................................................... 120 

6.7.7 Determination of the design value of B for the ULS ............................. 121 



 x

6.7.8 Serviceability limit states ..................................................................... 125 

6.8 Conclusions ...................................................................................................... 126 

7 Conclusions ............................................................................................................... 129 

7.1 Bridge analysis ................................................................................................. 129 

7.1.1 Influence of the support settlements ..................................................... 130 

7.2 A word on the practical usability of the methods used ...................................... 131 

7.3 Suggestions for further research ....................................................................... 132 

Bibliography ..................................................................................................................... 133 

A Bridge 17-803-1......................................................................................................... 135 

A.1 Drawings .......................................................................................................... 135 

B Linear finite element analysis .................................................................................. 145 

B.1 Finite element results ........................................................................................ 145 

B.2 Cross section calculations ................................................................................. 152 

C Tests performed with the static nonlinear finite element analysis.......................... 155 

C.1 Alternative post-cracking relations for concrete ................................................ 155 

C.2 Compression curve input point spacing ............................................................ 158 

D Nonlinear finite element analysis of the bridge ....................................................... 161 

D.1 Finite element results ........................................................................................ 161 

 



1.1. BACKGROUND 

 1 

1  
 
Introduction 

1.1 Background 

Load bearing capacity assessments are made to determine the allowable traffic load for 
existing bridges. This is necessary whenever the demand on the bridge is higher than the 
known and proven capacity. This situation can occur if the bridge has been damaged or 
degraded,  or  when  the  owner  wish  to  increase  the  allowed  traffic  load.  If  the  load  bearing  
capacity assessment then shows that the capacity is lower than the desired, there will be 
unwanted consequences. The owner has to either repair, strengthen, replace the bridge or 
lower  the  allowed  traffic  load  in  order  to  maintain  the  level  of  safety  stipulated  in  the  
regulations. All of these are undesirable, since they cost resources and/or have negative 
impacts on the traffic, thus causing the society economic harm. An alternative to this is to 
perform a more detailed analysis that has the ability to detect and prove additional capacity 
for the bridge. This is possible since the normal calculation methods used are often more or 
less on the safe side. Though this will also demand resources, it may be more beneficial than 
the other alternatives depending on the case, both on the economical side and the fact that the 
traffic will not be interrupted or hampered, as is often the case when bridge reparations or 
replacements take place. The aim is to lengthen the life span of the bridge and reduce its life 
cycle cost. If the wanted load bearing capacity can be reached with more advanced methods, 
that is most often the best choice (Carlsson et al., 2008).  

One of the advanced methods having the possibility of showing additional capacity is 
nonlinear finite element. It is the most promising in this regard (Sustainable Bridges, 2007a) 
(Carlsson et al., 2008). However, it is not widely used in practice for load bearing capacity 
assessments of bridges. Probably due to the more advanced nature of the method compared 
with linear elastics, making it require more work and knowledge from the analyst. It may also 
fail to produce useable results due to possible convergence difficulties, making a demand for 
methods to make nonlinear finite element analyses more reliable.  

In this thesis, the nonlinear finite element method was used to investigate the possibility of 
proving additional load bearing capacity for an existing concrete road bridge, and how this 
could be performed in practice. It is a five span slab bridge on angled supports in the form of 
a row of columns. It had over time been subjected to large and uneven support settlements 
that caused concerns for its capacity. A previous linear assessment calculation showed that the 
capacity was not enough. Consequently some kind of action had to be taken. While the owner 
focused on a strengthening of the bridge, this thesis explores the possibility of proving its 

Chapter 
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capacity to be sufficient with a nonlinear 3D finite element analysis. The method was suitable 
for the bridge, as the complex three-dimensional behaviour of the bridge slab would have 
been difficult to simulate with other methods.  

1.2 Aim and scope 

The aim of  this  thesis  was  to  investigate  if  it  would  be  possible  to  show that  a  bridge  have  
sufficient capacity, in terms of the vehicle boogie load B (kN), by the use of more advanced 
methods. The final aim being to reduce the costs for society by lengthening the life span of 
bridges and lowering life cycle costs by making reparations, strengthenings and replacements 
unnecessary, as well as increasing the traffic load capacity. The complex behaviour of 
concrete slab bridges with relatively large width to span ratio as well as angled supports was 
also of interest in this thesis. Especially its response close to the ultimate limit, which would 
make it possible to highlight areas of interest relevant to the load bearing capacity of the 
bridge.  

In this case a nonlinear 3D finite element analysis was used, and compared with a linear 3D 
finite element analysis that was also performed. The purpose of the latter was to show what 
cases limited the capacity, form a basis for the selection of load cases to be used in the 
nonlinear analysis, and serve as a direct comparison to be able to know if the nonlinear gave 
any additional capacity. The five-span reinforced concrete slab bridge studied here was 
subjected to large uneven support settlements causing the normal linear calculation methods 
to show inadequate load bearing capacity. Nonlinear finite element analysis was used to see if 
the B could reach acceptable levels, primarily in the ultimate limit, but the effects in the 
serviceability limit was also looked at. The influence of the support settlements was studied as 
well. Since the project was also directed at how this could be performed and made easier in 
practice, a few concluding remarks were also included on that topic. Because this was not 
intended as a complete assessment, some loads and load cases were not included.  

1.2.1  Limitations 

The bridge used for the analysis was a continuous reinforced concrete slab bridge supported 
by angled rows of columns, and the analysis was focused on its primary load bearing part: the 
slab, since it limited the capacity of the bridge. A structural model of the whole bridge was 
made for the nonlinear analysis, with the reinforced concrete slab modelled with shell 
elements with imbedded reinforcement, which assumes no bond slip. No shear failure was 
possible to simulate due to the use of shell elements. Simple assumptions for the behaviour of 
the foundations were made, with fixed boundary conditions. No creep or relaxation was 
included in the nonlinear analysis.  

The commercial finite element program Abaqus version 6.11-1 was used, using existing 
material models and elements, but with input data gathered from a set of codes and standards. 
Plasticity models were used for the concrete and the reinforcement steel. One advantage of 
this  in  terms  of  one  of  the  aims  of  the  thesis  was  that  the  software  is  publically  available,  
making practical applications easier.  
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Only one load case was used for the nonlinear analysis of the bridge, due to time constraints. 
As this was not a complete bearing assessment, some loads with limited effects were left out 
from both the linear and nonlinear analyses to make modelling easier, and enable more focus 
to be put towards the aims of the thesis. The axle load, denoted A in the regulations used, was 
not included. Instead, only the boogie load B was used. No dynamic loads were included in 
the analysis. No comparison has been made with experimental results, with hand calculations 
used instead as the basis of the verification of the workings of the model. No parametric 
analysis was made for the bridge, apart from the necessary analyses with mean and 
characteristic values respectively, as well as the variations needed to validate that the model 
produced reliable results, such as FE mesh variation. Only modelling issues, like the number 
of integration points, was tested with simple beam cases.  

Only one safety verification method was used: the central global safety factor from Carlsson 
et al. (2008). The coefficient of variation for the capacity was estimated by conducting two 
analyses, one with mean material data and the other with characteristic values.  

No extensive investigation was made on the exact reasons why the linear and nonlinear 
analyses indicated different bearing capacities. Only brief remarks were made on this.  

1.3 Structure of the thesis 

The primary focus of this thesis was the nonlinear analysis, with the finite element theories 
used and preparatory tests covered in chapter 5, while the analysis of the bridge itself is 
presented in chapter 6.  

The bridge is presented in chapter 2, together with a brief description of its history to give 
background to why a bearing assessment of it was necessary. Sketches of the geometry and 
information on its materials are found here, while excerpts from the original drawings can be 
found in Appendix A. The measured support settlements are also presented here.  

Chapter 3 contains information on bearing assessment of bridges in general, but with a focus 
on the use of nonlinear methods. Furthermore, an account of the safety verification method 
used for the nonlinear analysis is presented, which is the central global safety factor from 
Carlsson et al. (2008).  

Chapter 4 covers the linear analysis of the bridge. The geometrical modelling of the bridge is 
presented here, but that is also relevant for the nonlinear analysis in chapter 6, as almost the 
same model was used for the two cases. The other aspects of the linear analysis is covered in 
the rest of the chapter, such as materials, loads, convergence analysis and results. It ends with 
the selection of the load case to be used later, in the nonlinear analysis.  

Chapter 5 is about nonlinear finite element analyses, with descriptions on its workings in 
general and for the case used here. It focuses on reinforced concrete structures subjected to 
static loading that is increased up to failure. The choice of material models as well as the 
material properties used for the nonlinear analyses are also presented. Additionally, the 
explicit calculation scheme used by the software to solve the nonlinear problem is presented, 
along  with  the  regular  static  methods  more  often  used.  The  chapter  ends  with  a  number  of  
tests performed with the nonlinear finite element method. The workings of the material and 
concrete beams subjected to bending are studied and verified against hand calculations and 
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input parameters. A number of conclusions were made, which laid a basis for the decisions 
made for the nonlinear analysis of the bridge.  

The nonlinear analysis of the bridge is presented in Chapter 6. Descriptions of the modelling 
of the bridge are included, but a lot was already covered in chapter 4, as the geometrical 
model for the linear analysis was to a large extent the same. Other relevant information about 
the analysis is also described, such as the loading structure used to apply the load, and the 
adaptations made to the model to make the explicit analysis run more efficiently. The finite 
element results are then presented and checked against results from a finer mesh and other 
cases to ensure that it produces converged results. The influence of the support settlements is 
also tested, as well as the capacity at a couple of serviceability limit conditions. It is ended 
with the conclusions drawn from the nonlinear analysis.  

Chapter 7 comprises the conclusions made for this thesis, together with suggestions for 
further research.  

The appendixes contain additional information not included in the regular chapters. Appendix 
A is for the bridge, with excerpts from some of the original drawings. Extra results from the 
linear analysis are found in Appendix B. Additional tests performed with the nonlinear finite 
element method are presented in C, while D contains additional results for the nonlinear 
analysis of the bridge.  
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2  
 
Bridge 17-803-1 

2.1 Introduction 

The bridge treated in this thesis is a five span concrete slab bridge built in year 1970, located 
in the Swedish town of Karlstad (Trafikverket, 2013a). It carries road number 236 over a 
railway  track  and  another  road.  It  is  part  of  an  important  link  between  the  central  parts  of  
Karlstad and road E18 (Grönqvist, 2011).  

It has a total length of approximately 71 metres, with the spans ranging from 12.2 to 15.3 
metres when measured in the centre line of the bridge. The supports are angled compared with 
the transverse direction to allow the railway track and the road to pass underneath. They 
consist  of  four  equal  columns  each  on  a  straight  line  that  has  an  angle  between  76.5°  and  
57.6° to the centre line. The two abutments are partly integral supports, with the vertical 
forces taken by friction bearings on top of a concrete foundation and the horizontal forces 
taken  by  the  soil  behind  the  end  shields.  End  bearing  piles  transfer  the  load  down  to  firm  
ground.  

 

Figure 2.1 Bridge 17-803-1 seen from West.  

This bridge was chosen because it has failed to be classified for a reasonable traffic load, 
because of excessive and uneven settlements. Measures have to be taken in order to ensure 
that the bridge is safe enough, either by reparation or by a more in depth analysis.  

A detailed account of the bridge properties is presented in section 2.3 Drawings and present 
day properties.  

Chapter 
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2.2 Brief history 

The drawings for the bridge were approved by Statens vägverk (The Swedish national road 
authority, later Vägverket and now Trafikverket) during late 1968 and over the course of 
1969, with the bridge itself being finished in 1970 (Statens vägverk, 1969) (Trafikverket, 
2013a). It was constructed according to the 1960 load regulation SOU (1961:12) and the 
KVVS bridge standards from 1965.  

An account for the history of the bridge damages is available from Grönqvist (2011). The 
settlements  were  detected  when a  comparison  of  the  vertical  position  of  the  supports  where  
made between measured and original values, as stated on the drawings from Statens vägverk 
(1969). When this was made is not clearly stated but the interpretation made was that the 
comparison was made in conjunction with the measurements performed in the year 2000. 
Very large settlements had occurred for some of the six supports. The supports at the bridge 
ends were clearly more affected, with values reaching close to or above 200 millimetres, 
while the supports next to them suffered settlements of up to 100 mm. The two central 
supports were less affected. The original values from 1970 are presented together with a 
newer measurement, from 2011, in Table 2.1 and Table 2.2 on page 10. A clear tendency 
towards bigger settlements on the West side of the bridge is evident there.  

These uneven settlements gave rise to hogging bending moments in the bridge deck slab, 
affecting  the  top  side  with  tensile  forces.  This  is  particularly  bad  for  the  spans  as  only  a  
minimum amount of reinforcement had been placed in the top in those parts of the concrete 
slab. Calculations showed that the bridge the theoretical load carrying had been lost because 
of this.  

A geotechnical investigation was performed to find the cause of the settlements (Grönqvist, 
2011). The original drawings showed that the soil beneath consisted of silt and sand. 
However, the investigation also found a layer of clay there. It was located at greater depths 
and was rather thick. Since the clay is more prone to compression at load over time than silt 
and sand, the conclusion made was that this had caused the settlements. Moreover the heavy 
load from the up to 10 metres high embankments leading up to the bridge was believed to 
have caused larger portions of the settlements to occur for the supports located closer to the 
ends of the bridge. Measured data showed good agreement with calculations of the 
settlements, thus indicating that this was indeed the major cause of the settlements and not the 
load from the traffic. To assess the remaining settlements a comparison of the vertical 
measurements was also made with an earlier record from 1993. The difference was small and 
the conclusion was made that less than 5 % of the total settlements remained.  

Apart from the induced bending moments in the deck slab, the piling foundation was believed 
to be affected by the settlements. The sinking soil can transfer additional loads to the piles 
through friction. Because of the large settlements the piles, that were supposed to be end 
bearing, either did they not stand on a firm enough bottom or they had broken. It was decided 
that it was necessary to replace the foundations for the worst affected supports, 1 and 6.  

Both the piles and the concrete transferring the load from the bearings down to the piles were 
changed during 2003. Steel piles were used instead of the concrete piles used originally. In 
addition to this some of the filling material in the embankment was switched with Styrofoam 
to lighten the load on the underlying soils in an effort to hinder additional settlements there. A 
strengthening of the slab above support 1 and 6 was also made by putting an additional 90 
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millimetres of reinforced concrete on the top surface. It stretched 4.8 metres onto the slab but 
also covered the end shield on the side towards the soil.  It  was anchored by drilled in bars.  
This can be seen in Figure A.11 and Figure A.12 on page 143.  

The 2003 strengthening of the bridge was the fix of the most acute problems and it was 
allowed to continue to take traffic if regular inspections were made. These have not shown 
any more damage to the bridge. New actions were however necessary in order to end these 
extra inspections and to secure the theoretical safety of the bridge. Furthermore, planned 
maintenance, exchange of edge beam and waterproofing layers for instance, was due to take 
place in the coming years, thus making it suitable to do the measures at the same time.  

Different solutions for the strengthening are handled in the thesis Förstärkning av bro 18-
803-1 (Strengthening of bridge 17-803-1, in Swedish) by Grönqvist (2011). No actions have 
been taken to this date, but a strengthening of the bridge has been proposed and is planned to 
be executed. It involves more concrete and reinforcement to be put on top of the slab where 
necessary from a structural load bearing capacity point of view.  

This may have the implication that the work done in this thesis is without a direct implication 
in real life, as an initial purpose of it was to investigate if the bridge could reach an acceptable 
classification just through a more detailed analysis, thus making additional repairs and their 
associated cost unnecessary. However, as stated in 1.2 Aim and scope the primary purpose is 
to investigate the practical application and viability of a nonlinear analysis by performing a 
part of it. The selected bridge is of secondary importance and it was only chosen because of 
the problems of proving its theoretical strength with regular calculations, as well as its 
suitability to perform nonlinear calculations on.  

2.3 Drawings and present day properties 

2.3.1  Geometry 

The original drawings as well as the ones for the 2003 repair have been collected from the 
online database BaTMan (Bridge and Tunnel Management), which is made by Trafikverket. 
Not only drawings are present in the database, but also other relevant information about the 
bridges, such as information from the latest inspection and performed reparations.  

Sketches of the bridge are shown below in Figure 2.2 to Figure 2.5. Simplifications have been 
made and only the primary features are present. To see more details, reference is made to 
appendix A from page 135 where extractions from some of the actual drawings are presented.  
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Figure 2.2 Section of the bridge along the centre line, viewed from the East. Vertical 
curvature, wing walls and piles are not shown. 

 

Figure 2.3 Plan sketch of the bridge deck. Note the support numbers and the North 
direction. Wing walls and bridge curvature are not shown. 

 

Figure 2.4 Another plan sketch of the bridge deck showing more detailed measurements.  
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Figure 2.5 Section of the bridge deck. Only the structural concrete is shown.  

The cross section is made up of the primary 700 millimetre thick slab, consoles on each side 
and edge beams. The distance between the edge beams is 15.08 metres but the railings are 
spaced further apart, making the road width potentially loaded by traffic wider: 15.20 metres. 
This can be seen in Figure A.3 on page 137.  

The concrete columns (support 2 to 5) are fixed to the bridge deck while the end supports (1 
and 6) are resting on bearings. These are friction bearings composed of layers of rubber sheets 
between steel slabs. The deck is merely resting on them, thus allowing horizontal movement. 
Drawings for the original bearings and the new ones installed during 2003 can be seen in 
Figure A.9 and Figure A.10 respectively, on page 142.  

The columns for each of the supports are fixed to a concrete slab, which in turn transfers the 
load to the concrete piles. This is shown in Figure A.1 on page 136 and Figure A.2 on page 
137.  

The additional casting made on the top of the deck over support 1 and 6 during the 2003 
repair  extends  4.8  metres  from  the  end  of  the  bridge.  It  also  covers  the  outside  of  the  end  
shield. See Figure A.11 and Figure A.12 on page 143.  
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Figure 2.6 Section sketch of the bridge end, showing the support, additional casting and 
end shield.  

2.3.2  Materials 

The entire bridge is made out of reinforced concrete. The deck and columns were cast in class 
Btg I Std K 350 T, while the foundations are made in Btg I Std K 300 T. The present concrete 
class  is  however  estimated  to  be  K45  based  on  tests  performed  on  the  actual  concrete,  
according to Malmeteg (2012). There, a reference is made to Stefan Pup, Vägverket Borlänge, 
from year 2000. The reinforcement steel is Ks60 for the deck and Ks40 for the supports. 
Support 1 and 6 were exchanged during the 2003 repair and the concrete class K45 and 
reinforcement class B500B was used.  

The mechanical properties of the materials are presented in each relevant section. See 4.3 on 
page 25 for the linear analysis and section 5.4 from page 74 as well as section 6.3 on page 104 
for the nonlinear finite element analysis.  

2.3.3  Settlements 

The support settlements are presented in the tables below, as of 2011. The values have been 
gathered from Malmeteg (2012) and drawing 3230.2269/10 (Statens vägverk, 1969). An 
excerpt from the drawing showing the original values is shown in Figure A.4 on page 138.  

Table 2.1 Measured vertical positions of the West side of the bridge. 

West side of 
support no. Measurement 1970 Measurement 2011-11 Difference 

1 55.905 m 55.688 m -0.217 m 
2 56.027 m 55.930 m -0.097 m 
3 56.043 m 55.987 m -0.056 m 
4 55.986 m 55.940 m -0.046 m 
5 55.727 m 55.641 m -0.086 m 
6 55.293 m 55.094 m -0.199 m 
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Table 2.2 Measured vertical positions of the East side of the bridge. 

East side of 
support no. Measurement 1970 Measurement 2011-11 Difference 

1 55.474 m 55.294 m -0.180 m 
2 55.566 m 55.507 m -0.059 m 
3 55.534 m 55.502 m -0.032 m 
4 55.399 m 55.373 m -0.026 m 
5 55.108 m 55.063 m -0.045 m 
6 54.787 m 54.652 m -0.135 m 
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3  
 
Load bearing capacity assessment of 
bridges 

3.1 Introduction 

Load bearing capacity assessment of bridges is here viewed as the process of calculating the 
road traffic load it can sustain, both in terms of the ultimate limit state (ULS) and the 
serviceability limit state (SLS). Whenever a bridge is the subject of a doubt regarding its load 
bearing capacity in relation with the loads it is meant to sustain, an assessment of the bridge 
must be made. This situation could occur from several different reasons:  

· The bridge has sustained damage and/or degradation up to a point where the resistance 
is in danger of being too low.  

· The owner wish to increase the allowed traffic load on the bridge.  

In Sweden the MB802 (Vägverket, 2009) was used at the time of this work for assessments of 
bridges and similar structures within Vägverket’s field of activity (Trafikverket, 2013b), 
which covers road bridges, but also other structures in connection with roads. MB802 uses the 
common assumptions of linear elastic material et cetera, which for example allows for 
superpositioning of load cases. It was the valid regulations at the time of the writing of this 
thesis, and was thus used here. However, from September 2013 onwards TDOK 2013:0267 
TRVK Bärighetsberäkning av vägbroar (Trafikverket, 2013c) and TDOK 2013:0273 TRVR 
Bärighetsberäkning av vägbroar (Trafikverket, 2013d) are the valid documents for bridge 
assessment calculations. The former is demands and the latter contains advices.  

If a bearing assessment show that a bridge is not safe enough under the desired traffic load, 
several different actions are possible:  

· Have the allowed traffic load less than the desired.  
· Strengthen and/or repair the bridge so that the desired capacity is reached.  
· Replace the bridge.  
· Make a more detailed analysis for the cases limiting the capacity.  

If the first option is not wanted, resources have to be invested in order to rectify the problem 
with  some of  the  other  options.  It  differs  from case  to  case  which  one  of  these  three  is  the  
more beneficial for the bridge at hand, both in terms of money and time. The more advanced 
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analysis  methods  require  resources  in  order  to  be  performed,  but  so  does  the  design  of  the  
repair or replacement also. Other aspects also come into play, such as possible negative 
effects on the traffic during a reparation of the bridge. One or more lanes could for example 
be  closed  during  an  extended  period  of  time.  The  costs  for  the  delays  et  cetera  for  the  
community also affects the choice.  

If the desired load is able to be reached by a more detailed analysis, that is often the best 
option (Carlsson et al., 2008). This is primarily the case when the difference between the 
regular assessment and the desired traffic load is not large. Great amounts of money can be 
saved by doing the more detailed analysis instead of one of the other options.  

One way to perform a more detailed analysis is with non-linear conditions instead of linear. 
Material properties are often the source of the nonlinearities, but it can also be geometrical 
nonlinearities or contact problems. One way to perform a nonlinear analysis is with the finite 
element method, which was used in this thesis. This is the method having the greatest 
potential of proving additional load bearing capacity in a bridge (Sustainable Bridges, 2007a). 
This is the case for statically indeterminate structures.  

Nonlinear analyses are not used that often when assessing bridges. One reason is that 
superpositioning is not possible. Consequently, the number of calculations required is very 
large. Furthermore, a nonlinear calculation is harder to perform than a linear as well as more 
uncertain in terms of time required, and it is even possible that the calculation does not yield a 
result.  

Another reason is that the regulations in general are not adapted to nonlinear analyses. Since 
such an analysis replicates the real behaviour of the bridge, it may not be suitable to use 
design values for material parameters. These low values are very far from the ones in the 
actual bridge, which may cause the calculation to show a different behaviour and failure 
mode, and thus the wrong result (Carlsson et al., 2008) (Sustainable Bridges, 2007c). It can 
lead to an unrealistic distribution of forces in the bridge, and the result may not be on the safe 
side.  It  is  therefore  recommended  that  mean  values  are  used  for  a  global  check  of  the  
structure, and not individual sections. The normal regulations can then not be used directly on 
the problem, and a global safety factor for each mode of failure is more suitable. Methods for 
obtaining it are for instance presented by Carlsson et al. (2008) and in Sustainable Bridges 
(2007b). The former have been used in this thesis and is presented in the next section. It is in 
the  latter  referred  to  as  global  resistance  factor  with  ECOV;  Estimate  of  Coefficient  OF  
Variation.  

Several other methods are also possible when analysing a nonlinear problem. Many of these 
are used and compared for a couple of cases by Carlsson et al. (2008) and in Sustainable 
Bridges (2007b). These include yield line theory and probabilistic methods, such as Monte 
Carlo simulation. Nonlinear finite element analysis gave much improved traffic loads for 
these cases.  

One of the methods is found in the Eurocode, EN 1992-2 (2005). A global safety factor is 
used, together with other partial factors. The Eurocode is however primarily aimed at the 
design of structures, and not for assessment of existing ones. The rules used for designing a 
bridge are not that well suited for assessment of existing bridges (Sustainable Bridges, 
2007a), and that is why MB802 (Vägverket, 2009) was used together with Carlsson et al. 
(2008). An important difference between designing and assessing is that being a little more 
conservative does not cost that much extra when designing a bridge, and will increase the 
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durability of the bridge. When assessing a bridge that extra conservatisms may lead to 
unnecessarily low capacities. Regulations adapted for bridge assessment is therefore a benefit. 
Moreover, it is possible to reduce the uncertainties for several parameters because the existing 
bridge and its material can be tested. 

3.2 Global central safety factor from Carlsson et 
al. (2008) 

This is the method to calculate the design traffic load capacity of structures with a global 
central safety factor, as described by Carlsson et al. (2008). Sustainable Bridge (2007b) also 
presents a very similar method.  

The method is adapted for load bearing capacity assessment calculations, in which obtaining 
the design traffic is the goal. Therefore it may not be directly applicable to other cases.  

This is the general form for a global central safety factor, γRg, on the load bearing capacity, 
Rm, of a structure (Carlsson et al., 2008):  

≥  (3.1) 

where the left side corresponds to the load bearing capacity and the right side to the loads, in 
which γSi is the partial safety factor for load Si, taking uncertainties for that load into account.  

However, in an assessment calculation the total load bearing capacity is not wanted directly, 
but rather how much traffic load it can sustain apart from the other loads. The load bearing 
capacity that is left for the traffic load is the total resistance Rm minus the other loads that is 
affecting the bridge, which often include dead weight of the structure and pavement. The 
remaining capacity available for the traffic load is then RTm, as specified by the formula 
below. RTm is in other words the maximum traffic load from the analysis with the mean 
material properties, which in this project was obtained directly from the nonlinear finite 
element analysis.  

= −  (3.2) 

Formula (3.1) is now replaced with 

≥  (3.3) 

in which γRTg is the global central safety factor for the net resistance, RTm, and QT is the traffic 
load with its accompanying safety factor γQ.  

To obtain the global safety factor γRTg, the statistical variances have to be known. The one 
coming from the resistance of the bridge is given by the formula below, where RTk is the net 
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resistance obtained from the nonlinear analysis with characteristic material properties. This 
assumes  a  lognormal  distribution  of  the  resistance.  If  the  resistance  for  the  failure  mode  in  
question is almost exclusively dependant on a single material property, its variance can be 
used for VRf instead of the formula below.  

=
1

1.65 ln  (3.4) 

The uncertainty of the model used must also be included in the variance, which is achieved 
below.  

= +  (3.5) 

where VCR is  the  model  uncertainty.  This  parameter  has  to  be  chosen  by  the  analyst,  and  
depends on the model used for the calculation. Guidelines on this are found in Carlsson et al. 
(2008), in section 2.4.4.  

The influences of the other loads included in the analysis also have to be included in the 
variance. Since the above variance only comes from the uncertainties in the material 
properties, the uncertainties of the other loads, such as self-weight and pavement, have not 
been included yet. It is estimated with the following formula, which is derived in Carlsson et 
al. (2008). It is there said to be for the variances of the other loads, but their magnitudes are 
also included decoupled from their variance, meaning that a deterministic load has an 
influence on the variance of the net resistance. In fact, the magnitude of the loads are in 
general far more important than their variances, given the formula below.  

= 1 + +  (3.6) 

in which Vi is the variances of the other loads, and λi is a ratio representing how much the load 
is  contributing  in  relation  to  the  variable  traffic  load.  The  latter  is  in  Carlsson  et  al.  (2008)  
given as  

=  (3.7) 

It is in the examples in Carlsson et al. (2008) obtained by assuming that their respective 
contribution to the section force in the determining section is giving their influence in relation 
to the traffic load. For instance, the bending moment in the critical section was used in the 
examples in Carlsson et al. (2008).  

The global safety factor γRTg can then be obtained with the following formula.  

= 1 +  (3.8) 
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Here, αR is the sensitivity factor for the resistance. It can be obtained with statistical analysis 
of the problem, but can in other cases be set to the conservative value of 0.8. The βT is the 
safety index specifying the necessary safety of the structure, stipulated in the regulations. For 
safety class 3 it is 4.75.  

The allowable design traffic load can now be determined from (3.3).  
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4  
 
Linear finite element analysis of the 
bridge 

4.1 Introduction 

This chapter is about the linear analysis of the bridge studied in this thesis; 17-803-1 in 
Karlstad, Sweden, as described in chapter 2 from page 5. It was conducted according to the 
MB802 (Vägverket, 2009) because that was the valid document for bridge assessments in 
Sweden at the time of the project.  

The linear analysis was performed before the nonlinear in order to fulfil some essential 
purposes. The most important one is to be able to select the most severe combination of loads 
for the bridge in question. The reason for this is that superposition is not possible in nonlinear 
analysis and the calculation takes longer time to perform. This makes a full-scale nonlinear 
analysis very time consuming to do, as every possible combination of loads has to be 
calculated separately. Instead, a conventional linear analysis was made to find the 
combination of loads which are determining the maximum load the bridge can sustain. These 
were then used in the nonlinear analysis.  

Performing a linear analysis first also makes this procedure fit in nicely with a normal bridge 
assessment.  The  linear  analysis  is  always  performed  in  these  cases  and  a  more  detailed  
analysis can be made if the results from it are not satisfactory. Depending on how high 
demands or wishes the owner of the bridge has, one or more load cases may show lower 
capacity than it. Calculation methods showing more of the true potential of the bridge is then 
needed to reach the classification values desired. A nonlinear analysis is such a calculation 
method.  

As a bridge can fail in many different ways, the result of a linear analysis can affect the 
modelling of the nonlinear case. To capture a certain failure mode in a nonlinear finite 
element analysis, some considerations have to be made. If the bridge has the most 
shortcomings in the bending moment capacity, a rather simple model can produce fully 
acceptable results. However if the limiting failure mode is due to lacking shear force 
resistance or some other type of complex failure, the model has to be able to account for this. 
The better the linear analysis, the more specialized the nonlinear calculation can be. If a 
certain type of failure is expected in a particular location the model can be constructed to 
account for this in an efficient manner, for example with a denser mesh in that area. It may 
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however be difficult to predict the more complex nonlinear behaviour of the structure, 
meaning that it is possible for the linear results to miss important aspects of the behaviour.  

Specializing a nonlinear model must however be done with real care in real projects of this 
kind because of a limitation in section 5.7 in SS-EN 1992-2:2005 of the Eurocode regulations 
(CEN, 2005). The SS-EN is the Swedish version of the European standards and the contents 
regarding this matter is the same. The section stipulates that a condition for allowing the use 
of a nonlinear calculation is that the model covers all failure mechanisms in a satisfactory 
way. If that is not the case, additional analyses must be performed in order to complement the 
shortcomings of the model. Therefore it is critical to have proper knowledge about the failure 
behaviour of the bridge and the bridge models used.  

Another reason in this thesis for making a linear analysis is to have a direct comparison to the 
nonlinear  analysis,  in  terms  of  results.  This  is  needed  to  be  able  to  make  well-founded  
conclusions about whether or not the nonlinear analysis has proved to be a successful 
alternative to a normal linear bridge assessment calculation.  

The finite element calculation was performed in the commercial program Brigade/Plus 
version 4, which is built on Abaqus, which is a more common program. The differences are 
very small and the programs are more or less the same.  

A 3D analysis was deemed necessary due to the shape of the bridge. The primary load bearing 
part is the slab, which behaviour is highly three-dimensional. Adding to that is the angled 
supports which further increases the complexity of the structural behaviour. Especially the 
latter is hard to replicate in 2D analyses.  

4.2 Geometry 

The geometry  of  the  model  made  was  very  similar  to  the  figures  on  page  8  to  9  but  with  a  
number of simplifications. This had to be made in order to get a model that is easy to create in 
the program, as well as being easy to analyse the results from. As this part was not the 
primary part of this thesis, as stated in the Aim and scope.  

Some of the simplifications made: 

· Neither the vertical nor the horizontal curvature were included. The bridge deck is in 
other words completely flat.  

· The bridge deck camber was not included, thus making the deck perfectly horizontal.  
· Only the bridge deck, columns, end shields and the additional castings was modelled.  
· The edge beams was not modelled but was included as a load.  
· The support foundations are stiff. The columns are fixed at their ends and the 

underside of the bearings for support 1 and 6 cannot move vertically.  
· The loads from the railings were omitted.  
· The width of the model deck was set equal to the loading width: 15.2 metres.  

The bridge deck slab is made up of shell elements, and the geometry thus becomes only a flat 
surface from the simplifications above. The measurements used for it are presented in Figure 
4.1. Note that the coordinate system for the whole model is also shown in the figure. This will 
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be used throughout this analysis and is the same for the nonlinear analysis. It is also evident in 
Figure 4.4, where the heights of the columns are presented.  

 

Figure 4.1 Measurements of the bridge deck slab used in the finite element analysis. The 
z-axis is pointing out of the plane.  

Shell elements for the bridge slab were chosen because it gives an effective solution. They 
replicate the behaviour of the bridge slab rather well, which is dominated by moments. The 
behaviour of the whole bridge was being sought, which necessitated that the whole bridge 
would be modelled. This creates a rather big model. Solid elements would have required more 
degrees of freedom, and would not give the bending moments as easily. Furthermore, shell 
elements were also used for the nonlinear analysis, making it easier and more reliable to 
compare the two, which is one of the main purposes of this thesis.  

 

Figure 4.2 The bridge geometry as made in Brigade/Plus, seen from Southeast.  

The extra lines visible on the deck in Figure 4.2 are a partitioning of the geometry that is 
made for a number of different reasons. The lines in the longitudinal direction of the bridge 
must be present to be able to assign different shell element thicknesses in order to replicate 
the real section of the bridge. The transverse lines over the supports are there because a mesh 
refinement was wanted there in order to get sufficiently accurate results (see 4.7 Convergence 
analysis and model verification from page 34). How dense a mesh becomes is controlled in 
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Brigade/Plus by assigning a division of the lines adjacent to the surface. The final mesh for 
the slab is presented in Figure 4.3. The circles directly above the columns are there to control 
the mesh to suit the connection to them. This was not necessary but ensures that the mesh fits 
is appropriate.  

 

Figure 4.3 The bridge deck mesh.  

 

Figure 4.4 Side view from the East showing the deck and columns centre lines.  

In order to get a good and realistic connection between the bridge deck shell and the column 
beam elements it was made with the help of solid elements. This can be seen in Figure 4.5 and 
Figure 4.6. A direct node-to-node connection here would otherwise cause a singularity as the 
interaction area would be infinitely small. This would come into greater affect for smaller 
element  sizes  in  the  slab.  A gap  was  also  made  between the  top  of  the  solid  to  the  slab,  in  
order to replicate the actual conditions better. The connection used between them was Tie. To 
get the right connection between the underside of the solid and the top beam node Multi Point 
Constraint (MPC) Tie have been used.  
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Figure 4.5 Side section of how the connection between the deck and column was 
modelled. 

 

Figure 4.6 The connection between the deck shell and the columns as seen angled from 
below. 

The end shield has been modelled according to Figure 4.7. If the end shield shell had 
extended to the deck shell the volumes they represent would overlap. This is relevant in this 
case because the gravity load is calculated directly from the size and thickness of the shell. 
This solution produces the right self-weight.  
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The modelling of the bearings for support 1 and 6 can also be seen in Figure 4.7. A three 
dimensional visualization can be found in Figure 4.9.It is made out of solid elements. They 
are fixed from vertical movement on the bottom side and fixed to the deck shell on the top 
side with the Tie connection. The thickness is from the added thicknesses of the rubber sheets 
between the steel slabs. See Figure A.10 on page 142 for a section drawing of the actual 
bearing.  

Also presented in Figure 4.7 is the additional casting that was added during the 2003 repair. 
The centre surface of the shell must be placed at a certain distance from the centre of the deck 
shell in order to get the right behaviour. It is only present in the calculation when some of the 
loads are acting in order to replicate the real life sequence of loading. Since the permanent 
loads, like the self-weight, was already affecting the bridge when this additional section was 
cast it will be unstressed by them. It is only active for the variable loads like the traffic load.  

 

Figure 4.7 Section sketch from the side showing the end of the deck slab as well as the 
end shield and bearing.  
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Figure 4.8 The end of the bridge as seen angled from below.  

 

Figure 4.9 The rubber bearing for support 1 and 6. The support line is parallel with the 
400 millimetre side.  

4.3 Materials 

The material properties used for the linear elastic analysis have been gathered from the 
Swedish methodology description for the assessment of structures, MB802 (Vägverket, 
2009). Several references are made to other standards, where BBK04 (Boverket, 2004) is the 
most prominent, as it is written in MB802 that all text in BBK04 have to be obeyed. Hence, 
BBK04 have been used whenever necessary.  

For all of the design values for the material strength parameters the partial factor from safety 
class 3 (SK3) is used, which is γn = 1.2. The factor ηγm taking the material uncertainties into 
account is 1.5 for the concrete strength parameters and 1.15 for the reinforcement steel 
strength parameters. Formula (4.1) below have been used to obtain all of the design material 
strengths in the linear analysis.  



CHAPTER 4. LINEAR FINITE ELEMENT ANALYSIS OF THE BRIDGE 

 26

=  (4.1) 

The present quality of the concrete in the bridge deck is K45 according to Malmeteg (2012), 
which in turn refers to Stefan Pup, Vägverket Borlänge, from year 2000. Tests of the concrete 
material in the bridge were the basis for the concrete strength class. The values gathered in 
Table 4.1 below comes from BBK04 (Boverket, 2004).  

Table 4.1 The concrete properties used in the linear calculations.  

Strength class fcck (MPa) fccd (MPa) fctk (MPa) fctd (MPa) E (GPa) εcu (%) 
K45 33.5 18.6 2.10 1.17 34.0 0.35 

 

The strength values for the strength classes Ks60 and Ks40 have been retrieved from MB802, 
while those for B500B were taken from BBK04. They are presented in Table 4.2 below. The 
strengths of Ks60 and Ks40 are to some extent dependant on the size of the reinforcement bar 
cross section (Vägverket, 2009). All bars up to a diameter of 16 mm have the highest value, 
while there is a slight reduction for the thicker bars. In the bridge used in this thesis the largest 
thickness is 16 mm, hence only the highest value need to be used in the calculations.  

Table 4.2 Reinforcement bar properties used in the linear calculations.  

Strength class fyk (MPa) fyd (MPa) E (GPa) 
Ks60 620 449 200 
Ks40 410 297 200 

B500B 500 362 200 
 

In addition to concrete and reinforcement another material was used in the calculations. The 
bearings for the end supports, 1 and 6, are made out of sheets of rubber between steel slabs. 
The choice was made to include its stiffness into the calculation in order to replicate the real 
life conditions a little closer. E = 550 MPa for the rubber was obtained from a product 
specification sheet from KB Spennteknikk AS (2011).  

4.4 Loads 

Since the linear analysis was done according to MB802 (Vägverket, 2009) the loads were 
taken directly from there. Some simplifications and assumptions are mentioned under each of 
the subsections. In order to get a simpler and less time consuming analysis, several loads have 
not been included, as the focus of this thesis is the nonlinear calculations and this section 
merely serves as base for it. A detailed account for the loads left out is available from page 
30. The support settlements are handled in 4.5 Settlement and Creep from page 31.  
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4.4.1  Self-weight and pavement 

The load from gravity on the parts of the bridge modelled was straightforward to implement 
as parameters such as concrete density and shell thicknesses were assigned. The density of the 
reinforced concrete was set to 2400 kg/m3, in accordance with MB802 (Vägverket, 2009). 
The weight of the edge beams, which had not been modelled, was included with a line load 
and a distributed moment along the longitudinal edges of the bridge deck. The inclusion of the 
moment was due to the fact that the centre of gravity of the edge beam was a distance from 
the edge of the bridge deck shell. The same method was used for the wing walls.  

The pavement on the bridge deck was modelled by an evenly distributed load. It consists of 
50 millimetre protective concrete under the 60 millimetre asphalt concrete surface layer 
(Statens vägverk, 1969). The unit weight of the former was set to 23 kN/m3 and the latter to 
22 kN/m3. This produces a combined load of 2.47 kN/m2.  

4.4.2  Earth pressure 

Only the steady earth pressure according to MB802 (Vägverket, 2009) have been used and no 
the variable part. Its application to the bridge ends had to be split into several pieces because 
of  the  geometry  of  that  section,  as  can  be  seen  in  Figure  4.5  on  page  23.  Some  force  was  
added to the edge of the bridge deck shell and the rest to the end shield part surface. In 
addition to the line load on the deck shell edge a moment had to be applied in order to take the 
triangular force distribution into account.  

The variable part was omitted due to issues with its inclusion in the model and the load 
combination process. Furthermore the compressive axial force in the deck would increase if it 
was included, leading to higher bending moment capacity in the deck. It is thus on the safe 
side regarding this matter to leave out this load.  

4.4.3  Vertical traffic loads 

The vertical traffic load consists of two parts: the vehicle loads and a surface load. Only the 
available road width between the railings can be subjected to the vehicle loads, as shown in 
Figure 4.10 below. 3-metre lanes are to be placed at the worst locations for each check made. 
The number of lanes used at the same time is maximum 2. The load of the worst of the two is 
multiplied with 1.0 and the other with a factor of 0.8.  
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Figure 4.10 Section of the bridge deck showing the loadable areas as well as an example 
of how lanes can be placed within them.  

Due to the infinite number of different possible positions of the lanes, some discretisation had 
to be made in the analysis because of the computation time. The number of possible 
combinations of the lanes rises rapidly with the number of lanes used and some reasonable 
limit had to be set. Since the two lanes able to within one loadable area cannot be moved so 
much, only a low number was deemed to be necessary. Lanes placed as far towards the centre 
line as well as far as possible to the side were used, according to Figure 4.11 below. This is 
the same as the one used by Malmeteg (2012), which would ease any comparisons made. In 
Brigade/Plus the lanes are defined with their centre lines, as seen in the figure.  

 

Figure 4.11 The lanes used during the linear finite element analysis. Measurements are to 
the centre of the lanes.  

The different vehicles used are from Bilaga (Appendix) 2 in MB802. Figure 4.12 shows two 
examples. The distributed load q covers the width of the lane while the axle loads are divided 
equally into the two tires. The two point loads are placed at the same distance from the centre 
line of the lane with a spacing of 1.7 to 2.3 metres between them.  

15.2 m

Loadable width = 7.35 m Loadable width = 7.35 m

3 m lane 3 m lane 3 m lane 3 m lanea b c d

Lane no. 1 Lane no. 2

Lane no. 4 Lane no. 3

3.1 m3 m

Lane no. 8Lane no. 7

Lane no. 5Lane no. 6

1.75 m3 m
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Figure 4.12 Two examples of vehicle loads, from MB802 (Vägverket, 2009). 

The point loads are to be multiplied with a dynamic amplification factor determined 
according to MB802. First the equivalent length L is calculated according to Bilaga 
(Appendix) 6. The average length is 

=
Σ	

=
12.2 + 15.0 + 13.4 + 15.3 + 12.35

5 = 13.65	m (4.2) 

The equivalent length L is now 1.5 times the average length.  

= 1.5 ∙ = 1.5 ∙ 13.65 = 20.475	m (4.3) 

The dynamic amplification factor εL in the longitudinal direction is now calculated.  

=
740

20 + =
740

20 + 20.475 = 18.282 … % ≈ 18.3	% (4.4) 

Since this bridge has angled supports this value is also valid for the dynamic amplification in 
the transverse direction.  

4.4.4  Braking force  

The braking force is taken from MB802 (Vägverket, 2009), and is for this case a linear 
interpolation between 470 kN and 170 kN, which are valid for 170 m and 40 m respectively 
(see formula (4.5)). The bridge length of 72.83 m is taken on the East side, which is longer, as 
it will be on the safe side. The force is spread out evenly on the bridge deck top surface. Two 
cases will be calculated: one for the force going in the North direction (+x) and one for the 
other direction (-x).  

=
470− 170
170− 40 ∙ (72.83− 40) + 170 = 245.76 ≈ 245.8	kN (4.5) 

This is the total brake force that was applied. The distribution was chosen to be evenly over 
the deck because of simplicity, as this was not a major factor in the analysis. The area of the 
3D model of the bridge is 1081 m2. The distributed brake force is thus  

= A =
245800

1081 = 227.38 … ≈ 227.4	N/m  (4.6) 
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4.4.5  Omitted loads 

Several loads required by the MB802 (Vägverket, 2009) have not been included in the 
calculation. This is due to a number of reasons. The most legitimate reason is that only the 
four least favourable variable loads are required to be included when doing the load 
combination according to the rules used here. This is however likely to be a different four 
loads for the multitude of sections of the bridge and the different checks required, such as 
bending moment and shear force. Consequently this is not reason enough to omit many of the 
loads not included.  

The primary reasons are the workload and the purpose of this thesis. Since the purpose is to 
determine the capacity of the bridge using nonlinear calculations, only the loads that are going 
to be in that analysis are necessary to include in the linear analysis. Since a nonlinear 
calculation is much more time consuming to perform and no superposition of the load effects 
are possible, as few load cases as possible are wanted there. That is by the way the primary 
reason for making a linear analysis: to single out the relevant load cases. The second reason is 
to be able make a direct comparison between the linear and nonlinear results. The sooner is 
generally valid while the latter is used only to fulfil the purpose of this thesis. Regarding the 
number of loads used in the linear analysis, the first reason would imply that more should be 
used, since this would give a more comprehensive picture of which load case should be used 
in the nonlinear analysis. On the other hand the second reason leads to that only the same 
loads should be used in both analyses in order to draw valid conclusions from possible 
differences in the results. Since the latter is one of the primary reasons for the whole thesis it 
prevails over the first. Thus only the vertical traffic load and the brake load were used of 
variable loads.  

Another reason for choosing fewer cases is that it may be hard to find the ones giving the 
most adverse loads practically. Since the failure mode in the nonlinear case is unknown or 
complex it may be hard to know what to look for in the results from the linear analysis. This 
also increases the workload. Hence, fewer loads were chosen as mentioned.  

The bridge weak point regarding failure is expected to be in the deck because of the uneven 
support settlements. Because the deck is said to be checked in this analysis, some of the loads 
are allowed to be omitted in accordance with MB802. These are the following: 

· Side force. 
· Centrifugal force from the vehicles on the slightly curved bridge.  
· Bearing friction. 
· Wind load.  

The rest of the loads omitted are written below. 

· Increased earth pressure from traffic load on the adjacent banking.  
· Increased earth pressure from the movement of the end shield towards the soil.  
· Temperature load.  
· Military vehicles.  

The first would generate mostly compressive forces in the bridge deck, thus increasing its 
capacity in bending and shear. Not including it is because of this assumed to be on the safe 
side, and makes the modelling and analysis easier.  
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The second was discussed under Earth pressure on page 27.  

The temperature load needed to be included for this bridge according to MB802 is only an 
even change. No gradient needed. This is due to that the bridge was constructed according to 
a specific old code. Hence, the effect of the temperature on the bridge deck is approximately 
only axial tension or compression, corresponding to negative and positive even temperature 
change. Due to the possible failure modes the compressive effect would be beneficial if 
included. However, the tensile could lead to a lower capacity. Omitting it could thus produce 
results on the unsafe side. The potential effect of this has not been investigated and is 
therefore unknown. However the magnitude of it could be rather small due to the limited 
restraint of the deck in the longitudinal direction. It consists only of the columns. The affect 
could  therefore  be  assumed  to  be  relatively  small.  Moreover,  it  is  not  needed  to  fulfil  the  
purpose of the thesis, which is to compare the linear and nonlinear analysis, as it wouldn’t 
produce large differences between the two.  

The military vehicles are not included because of the extra workload that would not contribute 
that much to achieving the goal of the thesis.  

4.5 Settlement and Creep 

4.5.1  Settlements 

The values of the settlements are according to Settlements on page 10. They are presented in 
Table 2.1 and Table 2.2.  

The amount of settlement applied to the individual columns in the calculation is calculated 
from the values above. The measurements are from the centre of the edge beams on each side 
of the bridge on each of the support lines. See Figure A.4 on page 138 for the original 
drawing with the values marked out on the edge beams. Note that there are additional values 
in the spans too. These have not been used in the calculations since no new values of these 
have been found.  

The transversal distance between the two measuring points for one support is approximately 
15.38 metres. With a distance of 3.4 metres in the transversal direction between the columns 
and a linear interpolation assumed the following values are obtained.  

Table 4.3 The vertical downward displacement for each column.  

Support ΔhWest (mm) ΔhEast (mm) 
Δh for each column row (mm) 
      1                 2                 3                4 

1 217 180 212.7 204.5 196.4 188.2 
2 97 59 92.6 84.2 75.8 67.4 
3 56 32 53.2 47.9 42.6 37.3 
4 46 26 43.7 39.3 34.8 30.4 
5 86 45 81.3 72.2 63.1 54.1 
6 199 135 191.6 177.4 163.3 149.1 
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The above values are used as the settlement for each column bottom. One slight error in doing 
so is that the values above are valid for the deck and are necessarily not true for the column 
bottoms as there may have been some compression of the columns themselves over time. This 
creep effect is thus neglected.  

4.5.2  Creep  

Since the settlements developed some time ago and has stayed quite constant for the last years 
(see 2.2 Brief history on page 6) one can be quite certain the relaxation of the stresses have 
occurred.  

Due to the purpose of this report the relaxation have not been studied that much compared 
with its potential significance. The assumption made for the behaviour of the relaxation is 
relying a lot on the regulations found in MB802 (Vägverket, 2009) and the Eurocode 1992-1-
1 (CEN, 2005). For a normal bridge the first values stated there is enough. In this case 
however the stresses from the forced displacement are very large. The results from the linear 
3D finite element analysis presented in this report verify the statements made previously that 
the settlements alone was enough to render the bridge too unsafe according to the regulations, 
as failure happened in the end spans. The stresses are thus rather close to yield for some 
sections of the bridge which have the consequence that the normal values of the creep factor 
found in  the  regulations  cannot  be  used.  They  stipulate  that  the  maximum stress  have  to  be  
below 0.45fcck and 0.6fcck for it to be valid in the Eurocode and the MB802 respectively. Other 
methods must thus be used for the calculation to become valid according to the Eurocode. No 
such reference is made in the MB802. However, the higher stresses would lead to a greater 
creep factor, which in this case would be beneficial, as it would cause more relaxation. Using 
the values for stresses under 0.45fcck or 0.6fcck is thus on the safe side.  

To the above reasoning an additional comment must be added regarding the value of the creep 
factor. For concrete it is most often used to calculate the vertical deflection of bridge runways 
which has to be below a certain value. A higher creep factor is for those cases on the safe side. 
As this is more often the case the value of the creep factor written in the codes may very well 
be higher than the actual one. That would lead to that using such a creep factor for this case 
would be on the unsafe side. This is a bit of an uncertainty that is not directly dealt with in 
this report.  

The creep factor obtained from MB802 (Vägverket, 2009) is equal to 2 for permanent loads, 
such as support settlements. Eurocode gives a value of approximately 1.4 to 1.5. As the 
MB802 is used as the primary regulation in this thesis its value was used.  

The creep and creep factor was implemented using an analogy to the effective Young’s 
modulus method according to the formula below.  

, = 1 +  (4.7) 

Where φ is the creep factor, Ec is the characteristic Young’s modulus and Ec,eff is the effective 
Young’s modulus used in the calculation for the permanent loads. The way it was 
implemented was not exactly according to the formula above, instead a variation of it was 
used that produced the same result. The settlements according to Table 4.3 were used in the 
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finite element calculation. Cross section results like forces and moments were extracted and 
scaled in order to include the creep. This was done with the formula below. 

= 1 +  (4.8) 

Where X represent a cross section force or moment. This produces the same results in a linear 
analysis as if formula (4.8) were used instead on the Young’s modulus in the finite element 
calculation  for  the  settlements.  In  addition  an  assumption  has  to  be  made,  which  is  that  the  
creep factor is the same for every part of the bridge. This is probably not true given the 
reasons brought up in the paragraphs above. It is however regarded as good enough for this 
analysis in this thesis, as this subject was not a primary point of interest.  

4.6 Load combinations 

The combination of the loads was made according to load combination A in MB802 
(Vägverket, 2009), which is for the ultimate limit state. This was done because this is the case 
regarded in the nonlinear analysis.  

The combination is partly made by Bridge/Plus and partly after. This is because of a number 
of different reasons. The first one being that the magnitudes of the vehicle loads are not 
known beforehand, as this is an assessment of an existing bridge where its capacity is sought. 
Therefore it has to be added outside the program where it can be changed to different values. 
The vehicle loads are first combined in the program where the worst is selected for each 
variable in every point. Only one value for load B respectively was used in Brigade/Plus and 
the results were then scaled linearly after to get the desired value. The desired value was in 
this case the load giving a limit state, thereby determining the classification value of the 
bridge.  

Another thing combined outside Brigade/Plus was the settlement case. Different values of the 
creep factor could then be tested in a swift way after the analysis. This is useful because 
different values are presented in different codes.  

A crucial reason for the split was that the results from models with different formation could 
not be combined in the program. This led to that steps having the additional casting could not 
be added to the steps not having it, which led to that this had to be done separately outside the 
program.  

All of the permanent loads are included in the combination with a factor of 1.0, with the 
exception of the pavement, which has the factor 1.2. This is due to the nature of paving, 
where the thickness is more likely to vary than the structural concrete for example. The higher 
load factor might however be on the unsafe side for the case handled here. Since the 
settlements give rise to tension in the top of the deck the critical section is likely to be there in 
one of the spans, due to the little reinforcement placed there. A higher load spread out over 
the deck would ease this effect and is thus on the unsafe side. For this reason two cases of the 
pavement are used: one with load factor of 1.2 and another with 1.0. They are then combined 
and the worst is picked for each section force in each point. After this it is included in the load 
combination together with the other permanent loads.  
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The only two variable loads included in this analysis are the vertical traffic load and the 
braking force. The two are added together with one getting the factor 1.3 and the other 0.7. 
The most adverse load will get the higher factor. The vertical traffic load is then deducted 
from the result and added again, but with a factor that can be specified afterwards. This factor 
is then changed until a limit state is reached.  

4.7 Convergence analysis and model verification 

As a finite element analysis is always an approximation, a number of checks have to be made 
in order to verify that the results produced is good enough for the task at hand. The 
convergence  analysis  performed  here  is  aimed  at  that,  as  well  as  avoiding  too  long  
computation times. A suitable compromise have to be made between the two.  

The convergence analysis for the bridge model was performed for a slightly simplified model 
than the one used for the final linear calculation. The column to bridge deck connection was 
here made with a node to node tie from the shell to the end of the column beam element. The 
decision to have solid elements instead (see Figure 4.5 on page 23) for the actual calculation 
of the bridge was made based on some of the findings from this convergence analysis.  

Furthermore only one type of load vehicle was used since there was no need to use all of them 
to get a valid convergence analysis. The reason why the traffic was included here rather than 
just  the  self-weight  was  that  the  analysis  then  produces  results  that  were  more  valid  for  the  
final calculation. Another benefit from this was that the duration of the calculation became a 
better representation of the final case, which has all of the vehicles. This was very important 
because a fundamental reason behind a convergence analysis is to be able to get acceptable 
results and at the same time an acceptable computation time. Trade-offs has to be made 
between the two and thus the duration of the calculation has to be included in the analysis.  

The other loads included here were the self-weight of the bridge structure as well as the 
pavement. The vehicle load was applied just as it was applied in the full calculation, with the 
vehicle placed at the worst positions along the traffic lanes for each result entity in each point. 
They are combined and the minimum and the maximum results are extracted which show the 
envelope in which all of the possible values are located.  

4.7.1  Shell element types 

A couple of different shell element types were tested and compared. These are presented in 
the table below.  

Table 4.4 The shell element types tested for the bridge deck.  

Element name No. of nodes Integration points 
S4R 4 1 (reduced integration) 
S4 4 2x2 

S8R 8 2x2 (reduced integration) 
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They  were  all  tested  with  an  element  size  of  1  metre  for  the  bridge  deck  and  some  of  the  
results are presented in the figures below. A lot of data was available from the tests but only a 
couple of the most interesting charts were selected. Please note the sign conventions for the 
results extracted from Brigade/Plus for the bridge deck shell, found in Figure 4.13 and Figure 
4.14. The twisting moment SM3 is acting in the plane of the shell. Also note that some of the 
graphs have inverted vertical axis in order for the shapes of the lines to conform to the regular 
ways of presenting these kinds of graphs.  

 

Figure 4.13 Sign conventions for the Brigade/Plus results for the bridge deck, seen from 
directly East. The global coordinate system is also shown.  

 

Figure 4.14 Sign conventions for the Brigade/Plus results for the bridge deck, seen from 
directly South. The global coordinate system is also shown.  

 

Figure 4.15 Maximum and minimum bending moments along the bridge deck centre line 
for different element types.  
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Figure 4.16 Maximum shear force along the bridge deck centre line for different element 
types.  

 

Figure 4.17 Maximum axial force along the bridge deck centre line for different element 
types. 
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similar, however the S4 takes longer time to compute because of its full integration. The S4R 
was thus chosen.  

4.7.2  Bridge deck element sizes 

All of the following graphs show results for the S4R element with different element sizes for 
the bridge deck.  

 

Figure 4.18 Maximum and minimum bending moments for the bridge deck along the 
Western column row for different element sizes. 

 

Figure 4.19 Maximum and minimum shear forces for the bridge deck along the Western 
column row for different element sizes. 
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Figure 4.20 Maximum bending moment for the bridge deck along the line for support 
number 2.  

 

Figure 4.21 Bending moment for the bridge deck, transversally along the middle of the 
most Southern span.  
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The computation times for the convergence analysis are shown in Figure 4.22 below. The 
times for the other two element times are also presented there. Note that the calculation times 
are shorter than for the full calculation performed later because only one vehicle load have 
been used. The times are split into a couple of different categories, in this case Load 
combination, Live loads and Static loads. The static loads are the finite element calculations 
of all loads but the moving vehicle loads, such as gravity, support settlements and pavement 
load. Their durations are very short; it only takes a couple of seconds for all of them together 
and it is therefore practically not visible in the diagram. The live load is the combined time for 
the creation of influence surfaces by finite element calculations of point loads at all possible 
locations of the live load and from them calculate the maximum and minimum values for each 
parameter in each point. The load combination is the process of combining the results 
together from the different loads in a predefined manner, finding the maximum and minimum 
values for each point from the loads included.  

 

Figure 4.22 Calculation times for different elements and element sizes for the bridge deck. 

The comparison shows that the difference in computation time between the 0.5 and 1 metre 
element sizes for element type S4R is very big; more than 5 times as much. From the analysis 
of the results given in Figure 4.18 to Figure 4.21, and from some not included in the report, 
the 1-metre elements are suitable in the spans, while the 0.5-metre or smaller are required 
over the supports. A varying mesh was produced in order to meet these demands and is 
presented in Figure 4.23 below. The calculation time is longer than the 1-metre mesh but it is 
small enough for the time at disposal. See “S4R – Varying” in Figure 4.22.  

 

Figure 4.23 The bridge deck shell mesh chosen, with varying element sizes.  
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4.7.3  Column element size 

Since the results in the bridge was the primary objective with the analysis, the convergence 
analysis for the number of beam elements in the columns mostly took the results in deck into 
consideration. Practically the exact same results were obtained regardless of the number of 
elements, as can be seen in Figure 4.24 below. The same was the case for the other results in 
the deck as well.  

 

Figure 4.24 The bending moment in the bridge along a path over the most Western 
columns for different number of elements in the columns.  

The stiffness and behaviour of the columns is more or less the same irrespective of the 
element refinement. The difference, apart from a very slight computation time variance, is the 
resolution of the results in the columns. They are of interest only for plausibility checks of the 
model and that the section forces stays within estimated limit values of their strength. Thus 
the lowest number of elements were not selected. 10 elements over the height of the columns 
were chosen for use in the final calculation.  

4.7.4  Traffic lane resolution 

To avoid unnecessary computation time the live load vehicles are not placed at every possible 
location along the lanes, but rather with a certain spacing between the different points. This 
may have an effect on the accuracy of the results and were thus checked in this convergence 
analysis.  The  difference  was  not  much,  as  shown  in  Figure  4.25  below,  but  some  variation  
was present. The same difference or less was found for the other section forces and parts of 
the bridge deck.  
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Figure 4.25 Maximum and minimum bending moments in the deck along a line over the 
West column row from the live load only for different resolutions of the live 
load lane lines.  

No absolutely clear convergence was seen as the 2-metre case had lower values in the span 
minimum values than the others, where higher values might have been expected. Due to this 
the 2-metre case was omitted because of the uncertainty of its reliability, as no further check 
was made regarding this. The 0.5-metre interval distance was deemed to have converged 
enough, while the shorter cases gave longer computation times. Thus the 0.5 metre interval 
was chosen. 

4.8 Finite element results 

The results presented here are for the final linear calculation. The modelling is as stated in the 
sections above, including the convergence analysis. As it is not fitting to present all of the 
results here, some additional figures are presented in the appendix, in section B.1 Finite 
element results, starting on page 145.  

Only the results from the calculations are presented here, that is the cross sectional forces and 
moments et cetera, and not the calculation of or comparison with the capacity of the bridge. 
That is done in the next section 4.9 Cross section checks from page 47. Checks will also be 
performed in this section to verify that the model is correct, such as checks of the weight of 
the bridge compared with the vertical reaction forces. Furthermore it must be noted that the 
result from the additional casting is not included in the bridge deck. They are treated 
separately.  

The section forces in the bridge deck displayed in the figures here, for instance SM1 and SF4, 
are explained in Figure 4.13 and Figure 4.14 on page 35. The units are given in Newton and 
metres.  
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4.8.1  Permanent loads 

The permanent loads included in the results below are written below.  

· The self-weight of the bridge  
· The weight of the pavement.  
· The earth pressure.  

Since the pavement was included with two different load factors the results are really obtained 
as an envelope with minimum and maximum values. These however does not differ that much 
from each other making it only necessary to present one of them here. Both are however used 
in the load combination process when the final results are calculated.  

 

Figure 4.26 The deformed shape of the bridge scaled up 500 times.  

 

Figure 4.27 The bending moment SM1 for the bridge deck. North is approximately to the 
right in the figure.  

One thing to note about the figure above is that the bending moment is not as large in the 
consoles  as  in  the  primary  deck.  This  effect  was  expected  because  of  the  difference  in  
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thickness of the two parts. The other major features of the figure are also expected, with 
sagging moments in the spans and hogging moments over the supports.  

 

Figure 4.28 Bending moment in the transverse direction, SM2.  

 

Figure 4.29 Shear force SF4 for the bridge deck.  

The results from the figures above all look reasonable, with expected behaviour.  

To check the results from the permanent loads more in depth a comparison was made with the 
vertical reaction forces and a hand calculation of the self-weight of the bridge. The earth 
pressures were not needed to be included because they only give rise to forces in the 
horizontal direction. The sum of the vertical reaction forces in the finite element model at the 
supports was 20.97 MN. The hand calculation made is presented in the table below.  
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Table 4.5 Summation of the forces acting on the bridge.  

Part Vertical force (kN) 
Concrete self-weight of the bridge deck 16100 

Concrete self-weight of the columns 1775 
Load from the edge beams 410 
Load from the wing walls 54.3 

Pavement load 2670 
Sum 21009.3 

 

The difference in percentage is 

20.97− 21.01
21.01 = −0.19	% (4.9) 

The agreement is deemed to be good and that part of the modelling is thus verified. The slight 
difference might come from the rounding off of numbers or the simplifications in the hand 
calculations.  

4.8.2  Settlements 

The results presented here are only from the support settlements. Figure 4.31 is showing the 
distributions of the downward displacement, where it is more on the West side than the East.  

 

Figure 4.30 The deformed shape of the bridge from the support settlements scaled up 30 
times. View from the East.  

 

Figure 4.31 The vertical deflections for the bridge deck from the support settlements, 
given in metres.  
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Figure 4.32 The bending moment SM1 in the bridge deck.  

The difference in support settlement is greatest over the end spans, which give rise to bending 
moments over support 2 and 5. This can be seen in the figure above. These moments decay 
progressively over the end spans, causing tensile stresses in the top of the slab.  

4.8.3  Vertical traffic loads 

The results from the loads from the vehicles as well as the traffic surface load are presented in 
the figures below.  

 

Figure 4.33 Maximum bending moment SM1.  

 

Figure 4.34 Minimum bending moment SM1. 

The figure above shows that the longitudinal bending moment in the spans is as highest 
towards the sides of the slab. This probably comes from when the vehicles were placed far out 
on the slab in the transversal direction, thus concentrating the forces to the nearest part of the 
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thicker section of the slab, which ends up taking a lot of load. This load concentration towards 
the support ends is also evident in Figure 4.35 below for the shear force.  

 

Figure 4.35 Maximum shear force SF4.  

The bridge responses to the traffic loads all look reasonable.  

4.8.4  Braking load 

The bridge deck was subjected to braking load in both longitudinal directions. The one 
directed to the North will be called “+x” while the other will be called “-x”. The response of 
the bridge under these loadings were a bit  unexpected, with the side of the end spans rising 
above the rest of the bridge slab, as seen in the figure below. It is also evident in the 
longitudinal bending moment distribution, as seen in Figure 4.37. The same distribution also 
occurs for the other direction of the brake force. The reason for this behaviour is not 
understood.  

 

Figure 4.36 The deformed shape of the bridge subjected to breaking load directed to the 
right in the figure (+x). The deformations have been scaled up 1000 times. 
View from the East.  



4.9. CROSS SECTION CHECKS 

 47 

 

Figure 4.37 Bending moment from braking load directed to the right in the figure (+x).  

4.9 Cross section checks 

The bridge deck sections were checked for two failures: combined bending and axial load as 
well as shear force. The first was made by calculating the necessary reinforcement and then 
compare that with the existing reinforcement. The latter was performed by calculating the 
shear force resistance and comparing it with the shear force from the loading.  

Because this was an assessment calculation the vertical vehicle load was unknown. Different 
values of the boogie load B was tried in order to find the maximum for the different checks 
made. The lowest B found is then the classification value of the bridge.  

4.9.1  Bending moment and axial force in the longitudinal 
direction 

The calculation of the required amount of reinforcement was made with the standard 
simplified assumptions and formulas. See Figure 4.38 below for the graphical explanations of 
some of the variables used.  

 

Figure 4.38 Notations for the cross-section measures and forces.  
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=
1

2 −
1

4 −
+

	 (4.10) 

The axial force N was assumed to act in the middle of the cross-section height. The length e is 
therefore equal to 0.30 m. Furthermore β and α were set to 0.4 and 0.8 respectively.  

The values of M0 along a path of the bridge deck were taken as the maximum and minimum 
values extracted from the load combination for SM1. See Figure 4.13 and Figure 4.14 on page 
35 for the notations and sign conventions used for the results gathered from Brigade/Plus. The 
values of N (SF1 in Brigade/Plus) were not taken as the maximum or minimum but rather the 
ones coming from the same load case and combination as the values of the bending moment. 
The downside of this is that load cases requiring larger reinforcement areas than presented 
here may exist. An example of that would be a slightly lower bending moment than the 
maximum for that point but with a much more disadvantageous axial force, i.e. a large tensile 
force. The other choice, which would be on the very safe side, would have been to take the 
worst values of M0 and N together, regardless of them coming from the same load case or not. 
This would however give values further away from the actual necessary reinforcement areas.  

The required reinforcement area is given by the following formula.  

= 	
+

 (4.11) 

The curve for the calculated reinforcement area was shifted outwards by 0.5d to account for 
the combined bending and shear force failure and is thus called the required reinforcement 
area.  

The creep factor, φ, was set to 2. For more discussion of this choice, see Creep on page 32. 

For the curves of the existing reinforcement the available area was assumed to decline linearly 
over the anchorage lengths. They were calculated according to Eurocode 1992-1-1 (CEN, 
2005).  

The  result  was  that  the  required  reinforcement  area  was  higher  than  the  existing  in  the  first  
and last spans, even without the vehicle load. This can be seen in Figure 4.39. The graphs 
here are either along a line from South to North or along a transverse angled line across the 
deck. The first always have South to the left and North to the right and the latter always goes 
from approximately West to East. The latter are often taken over the support lines and are 
thus angled compared with the perpendicular of the longitudinal centre line.  
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Figure 4.39 The reinforcement areas along the West column row, with B = 0 kN.  

The reason why the calculated reinforcement area is not continuous is that a couple of 
variable loads are included in the figures above: the braking load and the pavement, which has 
either 1.0 or 1.2 as load factor, as explained under Self-weight from page 27.  

The results for the East column row can be found in the Appendix, in B.2 Cross section 
calculations from page 152. The middle of the deck was not as critical as along the sides of it 
and is therefore not presented.  

With a traffic load of B equal to 200 kN the overstepping gets more pronounced which is 
presented in Figure 4.40.  
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Figure 4.40 The reinforcement areas along the West column row, with B = 200 kN. 

The biggest overstep of the design capacity along the longitudinal direction regarding bending 
moment and axial force is on the West side of the most Northern span, between support 5 and 
6.  

If no settlements would be included, the results would be as the ones presented in Figure 4.41.  

 

Figure 4.41 The reinforcement areas along the West column row, with B = 200 kN but no 
settlements. 
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Still, the required reinforcement is higher than the existing for the first and last spans. The 
places in the spans that are subjected to this are over the end support and a place in the middle 
of the spans, to the side. The latter comes from the braking load, as seen in section 4.8.4. The 
first are very local moments over the support and can be spread out over a width of the span 
length divided by 10 according to 4.1.2.6.2 in MB802 (Vägverket, 2009). That would be 
approximately 1.2 metres. This would however not be sufficient to make the required 
reinforcement area drop to a low enough level. However, this effect might be due to the 
choice of the modelling of the additional casting. It was in this analysis modelled as a separate 
layer, and the section moments have been retrieved only for the bridge deck part. On the 
contrary, Malmeteg (2012) included the additional castings by increasing the thickness of the 
bridge deck slab. This had the effect that the entire section was included in the cross section 
calculation, where the extra reinforcement in the additional casting helped a lot. 
Consequently, the values of the required reinforcement for these locations were practically the 
same as the existing. With reference to this, the peaks over the end supports are not regarded 
as critical for the load bearing capacity, at least in relation to the more critical locations. 
Therefore this may be skipped in the checks from here on out. If so, the B could rise up to 320 
kN before the bending moment capacity becomes exhausted in the bottom and top side in 
some of the spans due to the reinforcement being ended too soon.  

A limited redistribution of the moments in the bridge slab can be made for some cases 
according to MB802 (Vägverket, 2009). It is however stated that it is not allowed for bridges 
where the rotational capacity cannot be determined for certain, such as angled slabs. 
Furthermore, the limited redistribution is capped at a minimum value of 0.7, which would not 
be enough in this case.  

If the fai lure points above are disregarded 

To have some values of B that  can  be  compared  with  the  nonlinear  analysis,  a  number  of  
checks were made of the capacity of the bridge where the overstepping points shown in 
Figure 4.39 to Figure B.22 were not included. In Figure 4.42 below the B was set to a value 
making the capacity exhausted in the hogging moment over one of the supports. This 
occurred first over support number 2. For Figure 4.43 it was set so that the capacity in the 
centre of one of the spans was depleted. This happened in span 4-5, which is the span between 
support 4 and 5. Both these checks include the settlement.  
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Figure 4.42 The reinforcement areas along the East column row, with B = 325 kN, 
making the capacity exhausted over support 2.  

 

Figure 4.43 The reinforcement areas along the West column row, with B = 910 kN, 
making the capacity exhausted in the middle of span 4-5.  

This shows that a good level of capacity is available in the bridge if the other points of failure 
would be disregarded, but that cannot be made according to the regulations. The spans 
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especially  show  a  lot  of  spare  capacity.  The  settlements  on  the  other  hand  aid  the  sagging  
moment capacity in the spans. Without the settlements the span capacity would have been B = 
850 kN. If the settlement would have been excluded for the first case, shown in Figure B.22, 
then B would be allowed to rise to 500 kN for the capacity to be exhausted.  

4.9.2  Bending moment and axial force in the transverse 
direction 

The same as for the longitudinal direction was used here,  but with SM2 and SF2 instead of 
SM1 and SF1. These were not as critical as the previous, as is shown in Figure 4.44 and 
Figure 4.45. The value of the vehicle boogie load B can be up to 225 kN for the first and 570 
kN for the latter.  

 

Figure 4.44 The reinforcement areas transversally over support number 2 from SM2 and 
SF2 from a vehicle load of B = 225 kN.  
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Figure 4.45 The reinforcement areas transversally over the middle of the most Southern 
span from SM2 and SF2, from a vehicle load of B = 570 kN. 

Without the support settlements, these values would be 335 kN and 510 kN. It is in other 
words disadvantageous for the top side across the supports, and beneficial for the bottom side 
of the spans.  

4.9.3  Shear force in the longitudinal direction 

The MB802 (Vägverket, 2009) was used together with BBK04 (Boverket, 2004) to determine 
the shear force capacity of the bridge deck to be compared with the values gathered from the 
load combination process. The variable SF4 in Brigade represents the shear force in the 
direction used here. The section used in BBK04 was 3.7.3.2. The shear force capacity is Vc in 
the formulas presented below.  

= 	 (4.12) 

= 0.30	 (	1 + 50 )  (4.13) 

ξ = 1.04 for d = 0.65 m, while ρ is the share of the cross section composed of reinforcement 
steel currently in tension.  

The shear force capacities obtained are presented as a line in the figures below.  

All of the graphs in this section are taken in the longitudinal direction of the bridge, along the 
Western column row. The other possible paths in the longitudinal direction were either lower 
or approximately equal in terms of shear force relative to shear force capacity.  

A creep factor equal to two is used in this section unless other is specified.  

-8.0E+02

-6.0E+02

-4.0E+02

-2.0E+02

0.0E+00

2.0E+02

4.0E+02

6.0E+02

8.0E+02

1.0E+03

1.2E+03

0 5 10 15 20

R
ei

nf
or

ce
m

en
t a

re
a 

(m
m

2 /m
)

Length along the path (m)

Calculated, upper
Required, upper
Existing, upper
Calculated, lower
Required, lower
Existing, lower



4.9. CROSS SECTION CHECKS 

 55 

The shear forces directly over the columns are assumed not to lead to failure because of the 
support  from the column. The edges of the columns in relation to the rest  of the graphs are 
presented in the figures below.  

 

Figure 4.46 The shear force in relation to the shear force capacity along the Western 
column row. The traffic load is B = 200 kN.  

The most critical location along this path is around support number 2. This section of the 
graph is shown enlarged in the figure below.  

 

Figure 4.47 An enlarged section from Figure 4.46 above.  

Trials with different values of the live load B as well as for the settlement showed that both of 
them contribute a lot to the high shear forces affecting the bridge deck. In fact, no load B 
could be taken when the settlements were included.  
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The figures above clearly show that the shear force capacity will be overstepped when 
subjected to this loading. Some assumptions can however be made to mitigate this. As some 
of the load on the slab outside the column edges will transfer directly down to the support the 
support edges can be considered to be moved by a certain distance. This distance can be 
assumed to be equal to d – the distance between the bending reinforcement and the opposite 
concrete edge. In this case it is equal to 650 mm. Another allowable measure is the spread out 
the peak values of the shear force in the transversal direction, as written in 4.1.2.6.2 in 
MB802 (Vägverket, 2009). The width over which the averaging is allowed to take place is the 
same as for the bending moment: the span length divided by 10, which in this case equals to 
approximately 1.2 metres.  

With the above measures taken the value of the traffic load B can be set to 78 kN. Without the 
support settlements this value would have been 117 kN.  

 

Figure 4.48 B = 78 kN and the support edges move a distance d outwards.  
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Figure 4.49 An enlargement of Figure 4.48 above.  

The slight overstep visible to the left of the support in the figure above is for a peak value. It 
comes below the capacity when averaged over a transversal distance of 1.2 metres. This area 
is evident in the figure below. As a length comparison, the elements in the bottom of the 
image are approximately 1x1 metres.  

 

Figure 4.50 The maximum shear forces from the live loads when B = 300 kN. View of the 
Western half of the bridge deck and support number 2, from above with North 
directed upwards. Note that only the dynamic amplification factor has been 
added, and no other factors or loads.  

The shear force in the longitudinal direction can be very limiting for the classification traffic 
load of the bridge, depending on the assumptions made of where to take the design values of 
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the shear force for instance. It is however not worse than the bending moment in the 
longitudinal direction.  

If a larger width over which the shear force was spread would have been used, the allowable 
traffic load B would have been increased. If the supports would not have been angled, a much 
wider redistribution width would have been allowed in 4.1.2.6.2 in MB802. It would then be 
limited  by  half  of  the  distance  between  the  columns  on  each  side,  or  the  edge  of  the  load  
bearing slab. For this column this distance would have been 2.6 metres instead. This would 
yield a B of 128 kN. If no settlements would have been used this number would be 160 kN.  

4.9.4  Shear force in the transverse direction 

The same approach as for the shear force in the longitudinal direction was used here. SF5 was 
however used instead of SF4 as the shear force extracted from Brigade/Plus. The overstepping 
of the capacity was evident here as well. However, with the same assumptions used as for the 
longitudinal direction a rather good traffic load can be carried, as can be seen in the figure 
below.  

 

Figure 4.51 With a traffic load of B = 300 kN, while neglecting the external shear forces 
within a distance d from the edge of the columns.  

For the other places on the bridge deck where the transversal shear force was high, the path 
selected (across support number 2) showed some of the highest values. The only higher were 
present at the edges of the bearings for support 1 and 6. These were however very localized 
peaks and it was thus possible to average them out a lot along a 1.2 metre width.  

Given the results above it can be said that the shear force in the transverse direction is not 
close  to  be  as  limiting  for  the  load  bearing  capacity  of  the  bridge  deck  as  some  of  the  
preceding checks.  

It would have the same maximum B load if the support settlements would have not been 
included.  
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4.9.5  Results summary 

Because of the large moments caused by the uneven settlements, the bridge is not allowed to 
take any vehicle load at all. The longitudinal bending moment capacity is exhausted even 
before the traffic load is applied. That occurs in the end spans for hogging moment where the 
top reinforcement is just composed of the minimum amount. The rest of the results are shown 
in the table below.  

Table 4.6 The limiting values of boogie load B for the different checks made.  

 Direction B (kN) Limiting location 
Moment Longitudinal 0 Hogging moment in the end spans 
 Transversal 225 Hogging moment over support 2 
Shear Longitudinal 78 South side of Western column in support 2 
 Transversal 300 Support 2 
 

In addition to the locations specified in the table above, some additional critical sections were 
almost as bad as they were. See the relevant section above for those.  

If the slight oversteps in capacity for the longitudinal bending moment capacity would have 
been disregarded, and the capacity where the max reinforcement contents would have been 
used, the B could rise to 325 kN. At that load the capacity over the Eastern column in support 
2 has just been reached. If that would have been done the limiting would be the longitudinal 
shear, at B = 78 kN.  

The limiting shear in the longitudinal direction is also a rather local event, as seen in Figure 
4.50 on page 57. If this would have been disregarded, or a slight overstep would have been 
allowed, the capacity could probably rise up to rather decent values. If a wider redistribution 
width for the peak values would have been used, a value of B equal to 128 kN would be 
reached.  

If the support settlements would not have been included, the allowed B could be raised 
significantly, as seen in the table below.  

Table 4.7 The limiting values of boogie load B if no support settlements would be 
included.  

 Direction B (kN) Limiting location 
Moment Longitudinal 320 Several. Due to reinforcement shortening 
 Transversal 335 Hogging moment over support 2 
Shear Longitudinal 117 South side of Western column in support 2 
 Transversal 300 Support 2 
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4.10 Serviceability limit state 

A number of serviceability limit checks are required from the MB802 (Vägverket, 2009), in 
which limitations of the crack width and vertical deflection are two of them. The crack widths 
are not required to be checked for this bridge according to MB802, as it is designed with an 
older set of codes.  

The maximum vertical deflection comes just from the traffic load and must be kept at L/300 
for bridge at hand, where L is the theoretical span width. That limit is relevant for older 
bridges, like this one, while newer bridges has to succumb to the stricter limit; L/400. The 
length of the span where the highest deflection was found was 15.0 metres, yielding a 
maximum allowed deflection of 50 mm. The Young’s modulus shall be reduced to 60 % if the 
concrete is cracked, which was assumed here. The result was that the bridge could take B = 
1 100 kN before the limit was overstepped.  

4.11 Selecting load case for the nonlinear analysis 

The choice of the load case to be used in the nonlinear analysis of the bridge is presented in 
this section. Several different would ideally be chosen to be able to compare different failure 
modes in the nonlinear analysis, but the time available for this project meant that only one 
could be chosen.  

The  most  limiting  section  for  the  linear  analysis  was  the  West  side  of  the  North  end  span,  
which failed in hogging longitudinal bending moment. This can be seen in Figure 4.40 on 
page 50 for instance. The load case giving the highest moment in this section was 
consequently chosen. First, the vehicle type giving the largest influence here was singled out. 
A comparison between them is shown in the figure below. The one giving the largest moment 
here is vehicle m with an axle width of 2.3 metres. Several others also gave almost the same 
moment, but only one had to be chosen given the reason mentioned above. Moreover, vehicle 
type  m  did  not  contain  as  many  axle  loads  as  many  of  the  others  (see  Figure  4.53  below),  
leading to an easier modelling for the nonlinear analysis later on.  
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Figure 4.52 The maximum bending moment (SM1) in element 2033 from the different 
vehicle loads. The numbers in parentheses are the axle widths used in metres.  

 

 

Figure 4.53 Vehicle load m (Vägverket, 2009). The top numbers are the distances between 
the point loads, given in metres. The bottom numbers are the magnitude of 
the loads, which are sometimes shared between several point loads.  

The position of the vehicle loads causing this is shown in the figure below. The vehicle 
furthest out on the slab has the load factor 1.0 and the other has 0.8.  
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Figure 4.54 The position of load vehicle m giving the highest longitudinal bending 
moment (SM1 max) in element 2033. View from Northwest.  

Some other placement of the load might very well yield lower B values in the nonlinear 
analysis, for example by placing the loads in one of the end spans. This would however not 
trigger the same failure mode as limiting one for the linear analysis, and it would because of 
this become more difficult to directly compare between the linear and the nonlinear results. 
That is why the positioning shown in Figure 4.54 was chosen.  

In addition to the load vehicle point loads, there is the uniformly distributed surface load. It is 
also being applied to the bridge deck at the positions giving the largest SM1 at the section in 
question, apart from the two lanes where the vehicle load is present.  

4.12 Conclusions 

The linear analysis of the bridge concludes that the bridge does not uphold the demands of the 
regulations, MB802, due to the support settlements. No traffic load would be allowed on it 
according to the rules. The critical sections are the end spans that fail under hogging 
longitudinal bending moment, as the reinforcement in the top of the slab is only the minimum 
amount.  

The shear force capacity was also low, with a maximum of B = 78 kN. It could be increased 
to 128 kN if a wider redistribution width would have been used.  

If no support settlements would have been included, the longitudinal bending moment 
capacity may not be the limiting factor anymore, depending on how one views the slight 
oversteps seen. If not, the shear capacity would be limiting at 128 kN, or 160 kN if a wider 
redistribution width would have been used. The bending moment capacity would be 320 kN, 
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limited by reinforcement being ended too soon in the bottom and top side for a couple of the 
spans.  

A position of the vehicle loads was selected for use in the nonlinear analysis that would 
induce the failure mentioned in the first paragraph (see section 4.11 above).  
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5  
 
Nonlinear finite element analysis with 
reinforced concrete 

5.1 Introduction 

This chapter describes how nonlinear finite element calculations can be made with reinforced 
concrete. The focus is on how it was performed in this thesis, which for example means that 
the behaviour in bending is the most important, and shear response is not regarded. The 
behaviour of concrete and reinforcement will be described as well as their application in the 
finite element software used. The chapter will end with a number of finite element analysis 
tests whose purpose was to prepare for the nonlinear analysis for the entire bridge, which is 
covered in chapter 6.  

The concrete viewed here is the normal concrete, composed of stone ballast and cement paste 
as well as normal additives. No unusual or extreme values have been used for the strength or 
any other parameter. Creep or relaxation was not used in the nonlinear analysis.  

5.2 Nonlinear concrete behaviour 

5.2.1  Compression 

For low stresses, concrete behaves almost linear elastically (Holmgren et al., 2010). This 
changes however when it becomes subjected to higher stresses. In concrete in compression, 
this is due to the forming of micro cracks that lead to a larger increase in strain than in stress 
than before the micro cracks. The consequence of this is the downward bending of the curve 
in  the  stress-strain  diagram.  If  the  compressive  load  on  a  concrete  specimen were  to  cease,  
some residual deformation would not go back due to the damage done to the microstructure. 
This is regarded as some plastic deformation has occurred for the material.  

The concrete strength in compression is its most important aspect (Holmgren et al., 2010). 
This has thus been used as the governing parameter when it comes to stress-strain working 
curve as well as the main differentiating parameter between the concrete with characteristic 
and mean values.  

Chapter 
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The concrete compression curve from MC90 (Comité Euro-International du Betón, 1993) is 
presented in Figure 5.1 below. This has been used for the compressive part in this project.  

 

Figure 5.1 The compression curve for the concrete, reproduced from MC90 (Comité 
Euro-International du Betón, 1993).  

The curve in Figure 5.1 is defined with formulas (5.1) to (5.3) below. Formula (5.1) 
constitutes the major part of the curve, while (5.2) is for the part after εc,lim.  
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5.2.2  Tension 

In the structural behaviour, there is a great difference in tension between linear elasticity and 
nonlinearity for concrete. The concrete cracks at relatively low stresses in comparison to its 
compressive strength. This has a great effect for how the moments and other section forces 
are distributed under high loads in a statically indeterminate structure, such as the bridge at 
hand. This is due to the bending stiffness for the section reduces when it becomes cracked, as 
a lot of the concrete is no longer participating in the section behaviour. Therefore it was 
crucial to include it in the finite element analysis of the bridge.  

In the MC90 (Comité Euro-International du Betón, 1993) the following relations are used. 
The first part of the tensile behaviour is a part defined by strain, where the stiffness is 
regarded to be constant up until 0.9fctm where  it  shifts  to  a  softer  path.  See  Figure  5.2  a)  
below. The concrete cracks when fctm is reached. The crack behaviour is shown in Figure 5.2 
b). Note that it the stress is a function of the crack opening displacement, w, for that part.  

 

Figure 5.2 The tensile relationships for concrete, reproduced from MC90 (Comité Euro-
International du Betón, 1993).  

The curve in Figure 5.2 a) is defined by the formulas below.  

= 					for	 ≤ 0.9  (5.4) 

= −
0.1

0.00015− 0.9
(0.00015− ) 

										for	0.9 < ≤  

(5.5) 

The post-cracking displacement defined part shown in Figure 5.2 b) is given by the formulas 
below.  

= 1− 0.85 					for	 ≤ ≤  (5.6) 
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=
0.15

−
( − )					for	0 ≤ ≤ 0.15  (5.7) 

where 

= 2 − 0.15  (5.8) 

and 

=  (5.9) 

The parameter αF is given based on the maximum aggregate size in the ballast for the concrete 
in question. The relation is given in Table 5.1 below.  

GF is the fracture energy, given in energy per area. It is estimated in MC90 according to the 
formula below. GFo is the base value for the fracture energy, and is given in Table 5.1 below 
for different maximum aggregate sizes.  

= 10	MPa

.

 (5.10) 

Table 5.1 The parameters αF and GFo for given maximum aggregate sizes, dmax.  

dmax (mm) 8 16 32 
αF (-) 8 7 5 
GFo (Nm/m2) 25 30 58 
 

5.3 Concrete models in finite element analysis 

5.3.1  In general 

To simulate this rather nonlinear behaviour in a finite element analysis there are several 
different approaches, many of which are described in Numerical modelling of concrete 
cracking (CISM, 2011). These are however, as the title suggests, only for the tensile part. For 
the compressive part a softening curve based on a plasticity model is often used.  

Damage models 

Isotropic damage models include one or two damage variables that describes the level of 
damage that part of the concrete has sustained in the loading process (CISM, 2011), which in 
turn affect the stiffness in an isotropic way. The models with two damage variables have 
separate ones for the tensile and compressive parts. One such model is from Lee and Fenves 
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(1998), which the Abaqus damaged plasticity model is based on (Dassault Systémes Simulia 
Corp., 2011b). The latter was used in this thesis and is briefly explained in the following sub-
section, from page 70. It has both plasticity and damage. The section on just the damage part 
is covered from page 72.  

Smeared cracking models 

One downside of the isotropic damage models is that the nature of concrete cracking is highly 
orthotropic, with different properties in different directions after the crack is formed (CISM, 
2011). So-called smeared crack models can accompany for this. They are by CISM (2011) 
defined as separate from plasticity and damage models. That is because there is some 
confusion in some literature, which sometimes names all nonlinear concrete models 
attempting to replicate the tensile behaviour as smeared cracking as long as they are not 
discrete cracking models. CISM (2011) argue that even though they are similar to plasticity 
models in that both decompose the tensile side into an elastic and an inelastic part, the 
difference lies in the definition of the inelastic part where smeared crack models model it 
more like an actual crack. The smeared crack way of modelling should therefore be kept 
separate to the other ones in terms of naming. For example, the amount of shear that can be 
transferred over the crack is dependent on the conditions. A way to do this in a simple way is 
by defining a scalar that varies depending on the crack opening, a so-called shear retention 
factor. This is the case in the smeared crack model used in Abaqus (Dassault Systémes 
Simulia Corp., 2011b).  

An important distinction between different types of smeared crack models is if the crack plane 
is allowed to rotate or not after it has been initiated. The former is called fixed crack models 
and the latter rotating crack models, in which the principal stress directions always coincide 
with the principal strain directions, making shear stresses unable to form CISM (2011). 
Despite the counterintuitive approach, the rotating crack model has performed rather well 
(Carlsson et al., 2008).  

In practice 

Concrete models used in commercial finite element software most often include several 
different models to describe the behaviour. For instance, the Damaged plasticity model in 
Abaqus uses both elasticity, plasticity and damage models for both the tensile and the 
compressive parts. Moreover, the Smeared crack model in Abaqus uses elasticity and 
plasticity in compression and elasticity and smeared crack with damaged elasticity in tension 
(Dassault Systémes Simulia Corp., 2011b). 

5.3.2  For the case at hand 

What was needed for the analysis in this thesis was a general nonlinear concrete model that 
works well in a fairly normal structure with reinforcement and not that high confining 
pressures. The behaviour in the bridge slab was the most important part to get right. The 
ultimate load bearing capacity was the primary result sought, but the behaviour up to that 
point was also important. This was because the several different phases with fracturing and 
redistribution of forces the structure goes through in order to finally reach failure. If this way 
up to that point is deviating in some way, the actual failure may not be reached. Therefore the 
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behaviour in both tension and compression was needed to be accurate when viewed from the 
perspective of the whole bridge.  

Furthermore, the failure mode in focus is bending moment in the slab shell. The behaviour of 
reinforced concrete in bending and axial load in nonlinear finite element is well tested and 
verified (Broo, 2008). With the background of this, it was regarded that the use of regular 
commercially available nonlinear models for concrete was good enough in order to reach a 
fully useable result.  

The finite element software used for the nonlinear analysis was Abaqus version 6.11-1. One 
major reason for this was the practical  availability of the software to the analyst.  It  contains 
three optional models for nonlinear concrete. Some of them could also be appropriate to other 
quasi-brittle materials, but that topic will not be covered here. The three are the following: 

· Concrete smeared cracking,  
· Cracking model for concrete,  
· Concrete damaged plasticity.  

The second is only suitable for cracking only applications with plain concrete, as it has a 
linear elastic compression curve (Dassault Systémes Simulia Corp., 2011b), which is not 
usable for the case in this thesis. Thus, the choice stood between the remaining two. Concrete 
damaged plasticity was chosen because Concrete smeared cracking cannot be used with the 
explicit dynamic finite element calculation solver (Dassault Systémes Simulia Corp., 2011b). 
Because of that, it offered greater flexibility, since it can thus be used in ordinary static 
calculations as well as quasi-static explicit dynamic ones, which might be needed in cases 
when convergence difficulties are hard to overcome for a static analysis. Using the same 
material model in static and for the quasi-static analyses was necessary in order to verify the 
latter to the first, which is covered in 5.7 Material and beam tests from page 84.  

5.3.3  Concrete damaged plasticity in Abaqus 

This model has been used in all of the nonlinear finite element calculations in this thesis. The 
model is intended for concrete subjected to “fairly low” confining pressures, which is defined 
as “less than four of five times the ultimate compressive stress in uniaxial compression 
loading” (Dassault Systémes Simulia Corp., 2011b). It is a plasticity-based damage model 
that is based on the ones proposed by Lubliner et al. (1989) as well as Lee and Fenves (1998). 
The model has two decoupled parts: one for the elasto-plastic behaviour and the other for the 
damage affecting the elastic stiffness. This means that they are defined separately.  

Uniaxial behaviour 

The elasto-plastic behaviour in compression is defined in Abaqus with a Young’s modulus 
comprising  the  elastic  part,  and  a  curve  given  in  stress  versus  plastic  strain.  These  two  are  
then  added  for  the  complete  uniaxial  compression  stress-strain  curve.  In  this  thesis  the  one  
from MC90 (Comité Euro-International du Betón, 1993) was used. The curve is in practice 
inputted into the software with a table containing values for the stress and the corresponding 
plastic strain.  
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The tensile elasto-plastic behaviour is defined with the same Young’s modulus as for the 
compressive part in conjunction with a post-cracking behaviour. The latter can be defined in a 
number of different ways, but they all mimic to the same behaviour. The tensile stress can be 
assigned with table values representing a curve, as shown in Figure 5.3 below. It can be 
defined with either the plastic strain or plastic displacement. The third option is to define it 
directly with a value of the fracture energy, where the stress-displacement relation is a straight 
line calculated automatically by the software. This is presented in Figure 5.4 below.  

 

Figure 5.3 The tensile stress versus the tensile displacement, from Dassault Systémes 
Simulia Corp (2011a).  

 

Figure 5.4 The tensile stress versus the tensile displacement, when the cracking 
behaviour is defined directly with the fracture energy, from Dassault 
Systémes Simulia Corp (2011a). 

The option used in this thesis was the one shown in Figure 5.3 above, with the stress defined 
along the plastic displacement. The reason for this was that this mimics the behaviour of 
actual concrete in a more accurate way compared with the others, because the crack opening 
relation is dependent on the crack width, which is a displacement (Comité Euro-International 
du Betón, 1993). This was regarded as important in order to achieve more accurate end 
results, as cracking was going to be occurring frequently in the bridge under loading. The 
values chosen were obtained and calculated from Model Code 1990 (Comité Euro-
International du Betón, 1993).  

Multi-axial behaviour 

The above represents the uniaxial behaviour of the concrete. Under multi-axial conditions, the 
behaviour is altered in line with actual concrete. It can for example sustain more load if 
compressed in several axis at the same time. The behaviour of the damaged plasticity model 
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in Abaqus under bi-axial (plane stress) conditions is shown in Figure 5.5 below. As shell 
elements  were  used  in  the  analysis,  the  plane  stress  behaviour  is  a  very  crucial  part  to  get  
right, because the stresses in the bridge slab is primarily acting in the axial directions, thus 
producing states of plane stress at different heights in the shell element.  

 

Figure 5.5 The behaviour of the model in plane stress conditions, from Dassault 
Systémes Simulia Corp (2011a). 

The yield surface in Figure 5.5 (which is reduced to a line in the figure showing bi-axial 
conditions) is defined assuming nonassossiated potential flow. The Drucker-Prager hyperbolic 
function is used to describe the flow potential.  

Several parameters needed as input data in the Damaged plasticity model affect the multiaxial 
behaviour. The details of this is however not covered in this report. A listing of the parameters 
together with the values used in this project is available in 5.4.5 Other parameters needed in 
FE on page 76. For a more in depth description and explanations please see the Abaqus 
Analysis User’s Manual and/or the Abaqus Theory Manual (Dassault Systémes Simulia 
Corp., 2011a and b).  

Damage 

The damage part of the Damaged plasticity model was not used in the analysis of the bridge. 
The reasons for this are outlined in this sub-section along with a brief description of the model 
to justify it being omitted.  

Damage  as  defined  in  this  model  is  only  relevant  in  cases  where  the  stress  state  in  the  
concrete is changing in the opposite direction from the current stress state. That is for example 
when a part of the concrete in compression gets alleviated from some of the compressive 
stress, or even starts to be affected by tensile stresses. The damage controls the path taken the 
stress-strain graph when the concrete is unloaded, both in tension and compression. The 
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stiffness of the elastic path is “damaged”. See Figure 5.6 below for a graphical representation 
of the influence of the damage variable. The unloading path used by the software if no 
damage is used has the slope E0.  

 

Figure 5.6 Influence of the compressive damage variable, dc, on the unloading path of 
concrete, from Dassault Systémes Simulia Corp (2011a).  

The reason for not including the damage is that the loading is not cyclic, which is the primary 
advantage of the Damaged plasticity model. The stress may however change sign in certain 
parts of the bridge from the settlement phase to the traffic load phase, but this was only going 
to affect the areas where it had cracked because the damage variables only come into play 
when the peak capacity has been exceeded. The change in overall behaviour will not change 
that much when removing the damage because the unloading path for the cracked parts 
returning to compression wont deviate much on the whole if damage is used or not. This is 
due to the closing of the cracks, which leads to that the loading path will be the same when it 
crosses over to the compressive side. The difference in the paths on the tensile side will not 
affect the overall behaviour that much because it constitutes a small part of the total behaviour 
in comparison with the compressive side.  

Furthermore, it would also yield in more work in order to include the damage part, because of 
the assumptions needed and the damage variables to be calculated. The assumptions would 
also generate more uncertainties in the model. An example of this is that the damage for 
tension and compression are assumed to be isotropic, which means that the damage is the 
same regardless of the direction. A consequence of this is that if damage is sustained in one 
direction, the other directions are affected just as much. Moreover, as a dynamic calculation 
method was used for the bridge analysis, an inclusion of damage might cause problems. Small 
vibrations might cause increasing damage where a static analysis would not. Other unforeseen 
issues are also a possibility. Keeping a calculation model simple is a good way to avoid 
problems during the analysis. All this makes the damage part of the Damaged plasticity model 
be opted against being used in the analysis.  
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5.4 Concrete used in the bridge 

The parameters for this test are derived from concrete strength class K45, which was the 
result of samples tested from the bridge according to Stefan Pup, Vägverket Borlänge, from 
year 2000, referenced by Malmeteg (2012).  

5.4.1  Strength values 

The strength for K45 was retrieved from the old Swedish standard BBK04 (Boverket, 2004), 
because MB802 (Vägverket, 2009) referred to it. K45 corresponds to C35/45, as the cube 
strength is 45 MPa. This has the value of 33.5 MPa for the characteristic compressive strength 
according to BBK04. The mean strength is the characteristic value added with 8 MPa 
according to CEB-FIP Model Code 1990 (Comité Euro-International du Betón, 1993) and 
Eurocode 1992-1-1 (CEN, 2004). These sources where used because no reference to mean 
values was made in BBK04. The mean concrete compressive strength used throughout the 
project is thus 41.5 MPa.  

The characteristic tensile strength was also taken from BBK04, which was given as 2.10 MPa. 
No mean value was given for this either in the BBK04, which forced the use of other sources. 
Eurocode 1992-1-1 gives the factor 0.7 between the characteristic and the mean tensile 
strength. This gives the value 3.0 MPa for the mean tensile strength.  

Table 5.2 The strength values used for the concrete in this project.  

 Compressive strength 
(MPa) 

Tensile strength 
(MPa) 

Characteristic (5 % fractile) 33.5 2.10 
Mean 41.5 3.0 
 

5.4.2  Stiffness 

Since two different Young’s modulus was needed in the formula for the stress-strain relation 
in compression from MC90 (Comité Euro-International du Betón, 1993), it was deemed most 
appropriate if they both came from the same source. This exclude the use of the Young’s 
modulus from the linear calculation obtained from BBK04 (Boverket, 2004), which was 34 
GPa. Instead the directions in MC90 were followed.  

The needed moduli to form the compression stress-strain relationship are the tangent modulus 
Eci and the secant modulus Ec1 were obtained from MC90 with linear interpolation from the 
table values given for concrete classes C30 and C40. That rendered Eci equal to 34.55 GPa 
and Ec1 equal to 19.08 GPa.  

The Poisson ratio was set to 0.2, which is a commonly used value for concrete.  
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5.4.3  Compression curve 

The compression curve from MC90 (Comité Euro-International du Betón, 1993) have been 
used throughout the project when the nonlinear behaviour was needed. See Figure 5.1 and 
formulas (5.1) to (5.3) on page 66.  

The strain value a peak strength is given in MC90 as εc1 = - 0.0022. The limit strain εc,lim was 
retrieved from linear interpolation between table values for C30 and C40, which gave the 
value - 0.0035 for this concrete.  

A summary of the input values used in formulas (5.1) to (5.3) for the mean curve are given in 
the table below. They are all inserted in the formulas in the forms written in the table, i.e. Eci 
given in GPa. The formulas are valid for εc ≤ 0, which means that it is inserted with negative 
values, and negative values of σc are retrieved.  

Table 5.3 The values used to create the mean concrete compression curve.  

fcm (MPa) Eci (GPa) Ec1 (GPa) εc1 (-) εc,lim (-) 

41.5 34.55 19.08 -0.0022 -0.0035 
 

The characteristic compression curve was obtained by using the characteristic strength 
instead: 33.5 MPa.  

The mean and characteristic concrete compression curves are shown in Figure 5.7 below.  

 

Figure 5.7 The mean and characteristic concrete compression curves used.  
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5.4.4  Tensile behaviour 

The relations for the tension used are from MC90 (Comité Euro-International du Betón, 
1993), which have been detailed previously. All of what is written there have been used 
except for one thing. The top of the part defined by strain (seen in Figure 5.2 on page 67) was 
not possible to include in Abaqus since the plastic deformation was defined with 
displacement, and the part in question needs to be defined in strain. This could however be 
done with a displacement definition if the element size was known and constant throughout 
the model, but that is not the case here. This reduces the part defined by strain to just a 
straight line from zero up to the tensile strength, with the slope of the tangent Young’s 
modulus. The tensile strength has a mean value of 3.0 MPa and a characteristic value of 2.10 
MPa. The maximum aggregate size in the concrete ballast used in the bridge was assumed to 
be 32 mm.  

The curves for the post-cracking part, defined with displacement, are shown in the figure 
below.  

 

Figure 5.8 The mean and characteristic for the tensile post-cracking relation.  

5.4.5  Other parameters needed in FE 

There are an additional set of parameters needed as input into the Damaged plasticity model 
in Abaqus. The values used in this project are summarized in Table 5.4 below. The value K 
controls the shape of the yield surface for the concrete. A value of 2/3 is typical for concrete 
and is the default value used in Abaqus (Dassault Systémes Simulia Corp., 2011b). The 
eccentricity value, ϵ, affects the shape of the flow potential, and has a default value of 0.1. 
The dilation angle ψ is to be given at high confining pressures, and measured in the p-q 
diagram. The ratio between the initial equibiaxial yield stress and the initial uniaxial 
compressive yield stress, fb0/fc0, is set to 1.16 by default.  
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The viscosity parameter, μ, controls how much viscoplastic regularization will be used. This 
may be useful when the material has softening stress-strain behaviour, which often leads to 
convergence difficulties when the problem is solved with a standard solver. By using the 
viscoplastic regularization the convergence rate can be improved. If low enough values are 
used it will have no practical effect on the results. If μ is  set  to  zero  no  viscoplastic  
regularization will be used, which is also the default setting. This is however not used when 
the explicit calculation scheme is used, regardless of the input.  

Table 5.4 The other input data needed in the Damaged plasticity model in Abaqus.  

Dilation angle 
ψ (°) 

Eccentricity 
ϵ (-) 

fb0/fc0 (-) K (-) Viscosity parameter 
μ (-) 

30 0.1 1.16 2/3 0 
 

5.5 Reinforcement 

5.5.1  Material 

The response curve for reinforcement steel is nonlinear, and must be included in the finite 
element model in order to accurately capture the behaviour of the bridge. This is a significant 
part of the analysis input data due to the failure often being highly dependent on the 
reinforcement yielding, especially in bending dominated failures. The stress-strain relation for 
ordinary reinforcement steel is shown in the figure below.  

 

Figure 5.9 The stress-strain uniaxial response of reinforcement steel, from CEN (2004).  

Some examples of further idealized curves for implementation in calculation models exist. 
One of them is the Eurocode proposal presented in Figure 5.10 below, available in EC 1992-
1-1 (CEN, 2004). The curve denoted A have been used for the characteristic values in the 
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analysis of the bridge. For the mean value curve the characteristic value for fyk is changed to 
fym, which is the mean value for the yield stress.  

 

Figure 5.10 The idealized curves for characteristic (A) and design (B) values, from CEN 
(2004).  

The factor k is equal to 1.15. The mean values were achieved by multiplying with the factor 
1.1, in accordance with EC 1992-1-1 (CEN, 2004).  

5.5.2  Reinforcement material in the bridge model 

Different reinforcement qualities have been used in the actual bridge, and the same was made 
in the finite element model in order to capture the behaviour and capacity more accurately. 
The qualities used were Ks60, Ks40 and B500B. The characteristic values are the same as for 
the linear analysis (see Table 4.2 on page 26). The stress-strain curve for the reinforcement 
was explained in the previous section. The curves for Ks60 are shown in the figure below, 
with a yield stresses of 682 and 620 MPa for the mean and characteristic, and failure stresses 
of 784.3 and 713 MPa respectively. The other classes were done in the same way.  
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Figure 5.11 The mean and characteristic curves for reinforcement class Ks60.  

To achieve  this  in  Abaqus  the  plastic  part  was  modelled  with  plasticity.  The  rest  was  made  
with elasticity. The Poisson ratio was set to 0.3.  

5.5.3  Spatial modelling in finite element analysis 

The reinforcement can be included in the finite element in a couple of different ways, having 
different levels of detail (Carlsson et al., 2008). On a structural level, for example a whole 
bridge, it is suitable to model it as an orthotropic layer imbedded into the concrete shell. The 
individual bars are in other words not modelled, but instead a layer of uniform thickness 
corresponding to the same reinforcement area per metre is used. Other options are more 
detailed in one way or another.  

A  very  detailed  way  is  to  model  both  the  reinforcement  bars  and  the  concrete  with  several  
solid elements and modelling the interface between them with a special type of interface 
element or condition. This yields very accurate results, but is very costly in terms of 
computational resources as well as modelling time for the user. Consequently, this is only 
used when looking at specific details in a structure, and is not useable for the analysis for the 
entire bridge (Carlsson et al., 2008).  

A less detailed method is to model the individual bars with bar elements and embed them into 
the concrete elements used; either solid or shell elements. A simplified interface relation 
could also be included in order for the slip between the concrete and the reinforcement. This 
method is suitable for a more detailed analysis of a specific component of a bridge, for 
example a single beam (Carlsson et al., 2008).  

The modelling method used in this project was the first one mentioned, which is the 
embedded layers representing the reinforcement. An important implication of this is that there 
will be no slip between the reinforcement and the concrete. The effect of this is however 
regarded as not determining for the outcome of the analysis, and can thus be accepted. 
Moreover, the anchorage lengths necessary for the reinforcement bars are included in the 
modelling of the bridge.  
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5.6 Nonlinear calculation schemes 

In linear finite element problems with given loads, the displacements for all of the degrees of 
freedom can be solved directly by inverting the stiffness matrix (Cook et al., 2002). This 
assumes linear elastic materials and no geometrical nonlinearities. If there are any 
nonlinearities the stiffness matrix and/or the load vector will depend on the displacement 
vector, and the solution to the problem cannot be obtained directly. It has to be solved in an 
iterative manner.  

Normally static methods are used to solve a nonlinear problem, but sometimes dynamic 
calculation methods have to be used in very nonlinear static problems in order to obtain a 
solution,  which  was  the  case  in  this  thesis.  The  analysis  for  the  bridge  was  also  to  a  small  
degree dynamic as a changing load was applied to it. The loading rate was however set so that 
no dynamic effects affected the solution. The problem was in other words quasi-static, 
enabling it to be viewed as a static problem. The explicit dynamic solution method was not 
needed for the dynamic effects, but because of the difficult nonlinearities experienced, 
causing the static calculation methods to not obtain a solution.  

There are numerous ways to perform the iterative process for a static nonlinear problem. The 
Newton-Raphson method is a usual method. Several variations of it also exist. Methods 
taking dynamics into account can either be implicit or explicit. For the former, equilibrium 
must be satisfied at the next point in the iteration, while it does not have to be fulfilled with 
the latter method. These are explained more detailed in the following sections.  

5.6.1  Static 

To load a structure with any given load it has to be applied in several steps in order to stop the 
error from becoming too large (Cook et al., 2002). The phases where the loads are given as 
constant are referred to as increments. Most often several increments are needed in order to 
reach the intended load. To obtain the solution for each increment several iterations may be 
needed.  

Newton-Raphson 

The N-R method is a common example of how the iterative procedure works. The tangential 
stiffness matrix is used from the point where the iteration step begins (Cook et al., 2002). The 
displacements for the first iteration are obtained at the point where the line from the tangential 
stiffness reaches the load given for that increment. The load to achieve those displacements is 
however at the nonlinear curve, which is lower in this case. The force residual is the 
difference between the force wanted in the increment and the current force given by the 
displacements in the structure. The next iteration starts by forming the stiffness matrix for the 
new point. The following procedure is then the same as before. The iteration continues until 
the point where the residual is considered small enough. Then the increment is considered to 
have been completed, and the next increment begins. The increments follow upon one another 
until the load given by the analyst is reached.  

The choice of the force residual regarded as acceptable is a parameter that has to be set 
beforehand, either by the software creator or the user. The value considered as acceptable is 



5.6. NONLINEAR CALCULATION SCHEMES 

 81 

different for different problems and applications. A smaller residual tolerance makes the 
solution obtained from the FE analysis more accurate, while a larger value can make the 
analysis go faster and converge easier. As an example the residual tolerance in Abaqus has a 
default value of 0.5 % (Dassault Systémes Simulia Corp., 2011a).  

Another value used by Abaqus is the displacement correction tolerance factor (Dassault 
Systémes Simulia Corp., 2011a). It dictates how much extra displacement is viewed as 
acceptable during the iteration process, comparing the displacement from the last iteration to 
the total displacement made during the rest of the increment. The default value is 1 %. This 
can be seen as a rather tight constraint for a very nonlinear problem, as the primary objective 
is to reach force convergence. In an example in the Abaqus Analysis User’s Manual (Dassault 
Systémes Simulia Corp., 2011a) it is set to 100 % for displacement and 200 % for rotation.  

The line search algorithm is a method that can be used when convergence is hard to reach for 
the Abaqus numerical solver (Dassault Systémes Simulia Corp., 2011a). Instead of using the 
whole displacement correction from an iteration, a fraction between zero and one of it is used. 
The fraction is determined so that the force residual minimized, using an algorithm. This 
however requires some extra calculations to be made, which will increase the computational 
time unless the line search generates faster convergence. It varies from case to case whether 
the line search algorithm is beneficial in terms of computation time or not.  

Others and variants 

A variant of the N-R method is the modified N-R (Cook et al., 2002). Instead of creating a 
new stiffness matrix every time, the same one is used for a number of iterations. This might 
be beneficial because the creation of the stiffness matrix is a computationally requiring task. 
The downside is that more iterations are needed, so if the modified is faster than the original 
differs from problem to problem.  

The original N-R method often runs into problems when the nonlinear behaviour has a 
diminishing curve, as a structure has past peak load. Close to the peak stress the tangential 
stiffness is almost flat, and finding an accurate solution becomes hard. The modified N-R may 
eventually converge, but can take a long time to do that. A way to solve this problem by 
altering the iteration method is to use the arc length method. Instead of trying to reach a 
certain load in an increment, a combination of displacement and load is used as the criteria. It 
has the shape of an arc in the force-displacement diagram and can thus catch the behaviour 
close to and after peak load.  

Deformation controlled loading 

Another way to capture the behaviour close to and after peak load is by defining the 
application of a load not by force, but by displacement. This method has been used in this 
project for the traffic load. It often yields a more stable solution of the problem, with less risk 
of running into convergence difficulties during the iteration process. This is due to that the 
external force is allowed to decrease during the loading process, something that is not 
possible when it is defined by force. The incremental increase of the load in the calculation of 
a problem is steady and irreversible, meaning that the force cannot decrease, even if the 
structure response needs it. This can be the case in general softening behaviour of a structure, 
but also during the process in the form of cracking, which can cause the response of the 
structure to constantly vary slightly. By defining the loading with displacement instead, these 
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softening responses (temporary as well as persisting) can be captured directly, and the 
solution algorithm has an easier time finding convergence.  

5.6.2  Dynamic and quasi-static 

The difference between static and dynamic problems is first and foremost mass inertia effects, 
but also to a varying degree damping. These are included in the equation for the system by 
multiplying with acceleration for mass and generally velocity for damping, as the product 
then becomes force.  

A dynamic problem can be solved in two different ways:  

· Modal analysis 
· Direct time integration 

A dynamic response of a structure is dependent on the load it experiences. If the load is cyclic 
the response is then often best obtained by modal analysis, where the dynamic modal modes 
of the structure are identified as well as their respective frequencies. The total response is then 
obtained by adding the response to the load of each mode.  

If  the load is not cyclic,  the time history of the structure response is needed, which is found 
with direct time integration. The response is obtained over a certain time under a certain 
loading at several time points. The response at the next time point is found with the 
information  of  the  current  load,  the  structure  and  its  current  displacement,  velocity  and  
acceleration for the preceding point. This is done either with implicit or explicit solution 
method.  

In an implicit dynamic analysis the condition at the next point is obtained by extrapolating the 
displacement  and  its  derivatives  from  the  previous  point,  and  at  the  same  time  enforce  
equilibrium at the next point. The difference with an explicit solution is that the equilibrium at 
the next point is not enforced. It instead relies on that the time step taken is so small that all 
relevant behaviour of the structure response is captured. The implicit method can take longer 
time steps, but in nonlinear problems it may more convergence difficulties. On the other hand 
the  explicit  method  require  a  lot  more  time  steps,  but  it  is  almost  ensured  of  convergence.  
That was the reason it was used in this project.  

Explicit 

The maximum time step in an explicit analysis giving a stable solution is limited by the wave 
speed in the structure (Cook et al., 2002). In order to capture the behaviour in an accurate 
enough way to ensure a stable solution the wave may not travel across a finite element in a 
shorter period of time than the time increment used, as that is the consequence from the 
formula below.  

∆ ≤  (5.11) 

where Δtcr is the critical time increment to achieve stability, L is the length of an element and 
c is the speed for sound waves in the material. The wave speed in a material is given by 
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=  (5.12) 

where E is the stiffness and ρ is the material density. A stiff material therefore require a 
smaller  time  step,  while  a  heavier  can  have  a  larger  time  step.  Formula  (5.11)  has  the  
consequence that in a finite element model with the same material all around the smallest 
element is determining the time increment. This is an important thing to have in mind when 
building models for explicit finite element analyses.  

The formulas above are however to some extent simplified, and may only give a rough 
estimation of the time increment needed, depending on the case. The actual might depend on 
the damping of in the structure or might be different for certain element types (Cook et al., 
2002). Abaqus uses the following formula for the wave speed  

=
+ 2

 (5.13) 

where  

= (1 + )(1− 2 ) (5.14) 

and  

= 2(1 + ) (5.15) 

for an elastic and isotropic material (Dassault Systémes Simulia Corp., 2011b). This shows 
the  importance  of  the  Poisson  ratio  for  this  type  of  wave  speed.  The  actual  value  used  by  
Abaqus is between 1 and 1/√3 times Δtcr.  It  also  differs  from  the  formulas  above  if  the  
material is orthotropic and nonlinear. Experience from this project however shows that the 
formulas  above  are  useful  for  determining  what  parts  of  the  model  is  limiting  the  time  
increment and why. Appropriate measures can then be taken in order to improve those parts.  

One such measure is mass scaling. It simply works by multiplying the material density with a 
factor to make it larger, and the time increment can rise as a consequent of this. A larger 
density would lead to erroneous results in dynamic problems, but it can be used in quasi-static 
analysis with success. This is because the dynamic effects are by definition negligible. A 
problem that may arise in those cases are that the dynamic effects become larger so that they 
are  not  insignificant  anymore.  Attention  must  also  be  paid  to  gravitational  loads  on  the  
structure. They have to be diminished so that the higher density gives a larger load. This is 
achieved by decrease the gravitational acceleration g as much as the mass is scaled up.  
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5.7 Material and beam tests 

In order to verify that the analysis of the bridge will give a valid answer, a number of tests 
were conducted. These include tests for the material as well as the response in bending for 
reinforced concrete beams with shell elements. The beam tests has been performed with both 
static and quasi-static explicit dynamic calculation method in order to verify the latter to the 
former, which has been more tested and verified.  

5.7.1  Material tests 

The material model with the settings detailed in 5.4 Concrete used in the bridge was tested in 
Abaqus to assure that the material gave the right response in the analysis. This was done with 
a simple plane stress model under constant compression and tension in the form of a square. It 
was tested with the standard solver in Abaqus, which is the static implicit. The bottom edge 
was locked for movement in the y direction and a point in the corner was also locked in the x 
direction. This was done in order to let the concrete deform in the horizontal direction, 
without it being able to slide away unrestricted horizontally. The load being applied from 
above was defined as deformation, in order to be able to capture the softening branches of the 
compression and tension behaviour.  

The result from the pure compression test is shown in Figure 5.12 below. The two curves 
overlap one another.  

 

Figure 5.12 The result from the plain stress test in Abaqus for compression compared 
with the curve from the MC90.  

The behaviour when the model was loaded with tension load after being compressed past the 
ultimate stress was also tested. The outcome can be seen in Figure 5.13. The concrete was 
loaded up to ε = -0.00325 and then subjected to tensile load, up to approximately 2 MPa. 
After that it was reloaded with compression to capture the rest of the behaviour.  
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Figure 5.13 Compression up until ε = -0.00325 and then loaded to tension and back 
again.  

The curve exactly follows the one from Figure 5.12, apart from the offloading part. The 
straight line from the offloading point has precisely an inclination corresponding to E = 34.55 
GPa,  which  is  the  value  for  the  Young’s  modulus  of  the  elastic  concrete.  Another,  more  
extensive test was also performed, shown in Figure 5.14 below. The behaviour seen with both 
tests were expected from the material model, and it has thus been verified up to this point.  

 

Figure 5.14 The behaviour of the material when subjected to tension, then compression, 
then tension again.  
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Influence on computation time 

The resolution of, or number of points on, the stress-strain curve can affect the computation 
time, as well as how easily convergence is reached. This is however only valid for the static 
calculation scheme. The test reaching this conclusion is presented in section C.2 in the 
appendix, on page 158.  

Reinforcement steel 

The steel material was also tested with finite element calculations. A rod was loaded in 
tension with deformation controlled loading. The result from the test replicated the intended 
curve precisely.  

5.7.2  Simply supported beam 

A simply supported beam was tested in Abaqus in order to validate the shell element 
modelling and the material model to analytical hand calculations. The focus was flexural 
failure, as this was the primary target of the thesis, and the targeted failure mode for the 
bridge model tested in chapter 6. The quasi-static explicit dynamic calculation method was in 
turn  validated  to  the  static  finite  element  calculation,  in  terms  of  both  bending  moment  
behaviour and capacity.  

It is a simply supported beam with 12 meters between the midpoints of the supports. The 
beam is 1 metre wide and 14 metres long, making it extend 1 metre from the support centres 
at each end. It is acted on by a point load in the centre, which is deformation controlled. Both 
the load and the supports consists of a point connected to a plate made out of solid elements, 
which are meant to distribute the load to the beam, and not cause local failure which could be 
the case if the loads were applied to the beam directly.  

The beam itself is made out of shell elements that have the thickness set to 700 mm, which is 
the same as the bridge. The load distributing plates are located at a distance, taking the beam 
thickness into account.  

 

Figure 5.15 A sketch of the beam.  
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Figure 5.16 Finite element model for the simply supported beam.  

The concrete material used has been presented in 5.4 Concrete used in the bridge on page 74, 
in which the mean values have been used.  

Reinforcement was included in the model, but only in the longitudinal direction, and only on 
the bottom side. An amount of 2000 mm2 was used, on the distance 300 mm from the centre 
of  the  cross  section.  This  enabled  comparisons  with  hand  calculations  to  be  easier.  The  
material is the reinforcement class Ks60 that has been detailed in 5.5.2 Reinforcement 
material in the bridge model on page 78. The mean values have been used.  

Hand calculation 

Regular analytical hand calculations were performed in order to verify the yield capacity in 
bending for the beam. The same assumptions as in Figure 4.38 on page 47 are used, along 
with material properties specified earlier.  

With no axial force, the horizontal equilibrium gives the following formula.  

= =
0.002 ∙ 682

0.8 ∙ 41.5 ∙ 1.0 = 	0.0411	m (5.16) 

The maximum moment capacity is then 

= ( − ) 

					= 0.8 ∙ 41.5 ∙ 10 ∙ 0.0411 ∙ 1.0(0.65− 0.4 ∙ 0.0411) 

					= 864.1	kNm 

(5.17) 

This gives the maximum point load.  

=
4

=
4 ∙ 864.1

12 = 	288.0	kN (5.18) 
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Static  

The  trials  with  the  beam  were  successful  for  the  static  solver.  The  reinforcement  stress  at  
yield in the structure is shown in the figure below. It plasticized in the middle, as one would 
expect.  

 

Figure 5.17 The reinforcement stress (Pa) at yield in the structural response.  

The beam was tested according to the mentioned procedures with different numbers of section 
integration points over the height of the shell elements. The results are shown in Figure 5.18. 
This was done in order to descide how many integration points would be necessary to 
replicate  the  stresses  over  the  thickness  with  sufficient  accuracy.  The  goal  was  that  the  
bending moment capacity and behaviour would be as accurate as possible, because that was 
the relevant thing for the bridge analysis. From the test it was decided that 13 integration 
points would be used in the bridge analysis. Several other tests performed with the beams 
however used 15. According to the Abaqus manual (Dassault Systémes Simulia Corp., 2011a) 
nine integration points is often sufficient for shell elements when the damaged plasticity 
model is used. The reason to pick 13 over 15 was that there was a reduction in calculation 
time noticed.  
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Figure 5.18 Point load against the midpoint deflection for different number of integration 
points over the shell thickness.  

The agreement between the finite element results and the hand calculation is rather good, as 
can be seen in the figure below. The increasing capacity after the yield in the reinforcement 
has been achieved is due to the strain hardening part of the reinforcement steel. The slightly 
higher load capacity might very well depend on that the span between the edges of the 
supports is a bit smaller than the theoretical span length. A slightly higher load capacity might 
also be due to the Poisson effect, because the beam tested was in fact a 1-metre wide slab.  

0.0E+00

5.0E+04

1.0E+05

1.5E+05

2.0E+05

2.5E+05

3.0E+05

3.5E+05

4.0E+05

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

E
xt

er
na

l l
oa

d 
(N

)

Vertical deflection at the loading point (m)

5 integration points
7 integration points
9 integration points
11 integration points
13 integration points
15 integration points



CHAPTER 5. NONLINEAR FINITE ELEMENT ANALYSIS WITH REINFORCED CONCRETE 

 90

 

Figure 5.19 FE results with 13 integration points compared with the results from the hand 
calculations: 288 kN.  

The behaviour of the model also as is expected from a concrete beam under bending, with the 
initial elastic part, followed by progressive cracking of the beam up to the yield strength 
where it flattens out.  

Because of the difficulties in solving the FE problem for the software,  some measures were 
tried  with  the  one  span  beam  in  order  to  ease  the  solution.  The  system  had  a  hard  time  
reaching convergence over the process leading to increased calculation duration and the 
solving stopping altogether. The problems were evident more in the larger models, such as the 
two-span beam detailed in the next section (page 92) as well as for the whole bridge. Neither 
was possible to solve without altering some of the settings. This was only for the static 
calculation scheme, and was the reason why quasi-static explicit dynamics had to be used for 
the whole bridge in chapter 6.  

As the problems was believed to arise more or less because of the rapid loss of stress in the 
concrete subjected to tension, measures were tried in an effort to reduce its effect without 
compromising the overall behaviour of the shell elements in bending too much.  

In Abaqus a setting called Automatic stabilization can be enabled for these kinds of analyses 
(Dassault Systémes Simulia Corp., 2011a). It applies a constant or varying degree of viscous 
damping in order to ease the solution when it experiences rapid changes, as when a crack is 
created. It was found to improve the speed of the calculation as well as the likelihood of 
reaching convergence, and its effect on the results could be neglected for the cases tested here. 
The  amount  of  energy  dissipated  compared  stayed  within  a  few  percentages  of  the  internal  
strain energy, which was deemed acceptable considering other modelling inaccuracies present 
from the real world to finite element analysis.  

Another effective way to improve the solution process was to target the cracking behaviour 
directly. This was done by altering the post-cracking stress-displacement curve of the 
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concrete, in order to stop the rapid decrease in stress exhibited when cracking. Several 
different alternatives where tested for the simply supported beam, which is detailed in the 
appendix, section C.1 Alternative post-cracking relations for concrete from page 155. The 
conclusion from it was that the alternative which was numbered as 6 could be used instead of 
the original post-cracking relation, in order to make the solution process both faster and had 
an easier time to converge and go through the whole analysis. The beam bending response 
from alternative 6 is shown in the figure below. The input data for alternative 6 is presented in 
Table 5.5 below.  

 

Figure 5.20 The response curve for the beam with an alternative post cracking relation.  

Table 5.5 The data input for post-cracking relation alternative number 6.  

σ (Pa) w (m) 
2e6 0 

4.5e5 1.1e-4 
0 2e-4 

 

Quasi-static explicit dynamic 

These tests with the explicit calculation scheme were primary aimed at verifying it in relation 
with the static test and the hand calculations. Both the loading time and the mass scaling were 
altered in order to find an acceptable solution while at the same time keeping the calculation 
time from becoming unnecessarily long. The beam which response is depicted in Figure 5.21 
below was pushed down 0.15 metres over 100 seconds, which means a deformation rate of 
1.5 mm per second. It has no mass scaling  
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Figure 5.21 Response of a beam loaded at a rate of 1.5 mm/sec. and with no mass scaling.  

It is in terms of overall shape and maximum capacity very similar to the static case, shown in 
Figure 5.19 on page 90. The dynamic shaking behaviour seen in the figure above is the only 
thing separating them. There was some similar response for the static case as well, but it is 
here larger and a bit dynamic. The dynamic behaviour was troubling to see in a quasi-static 
case, but this was disregarded for two reasons. The first is that this behaviour was not seen in 
the  bridge,  even  when  the  rate  of  deformation  was  much  higher  than  is  the  case  here.  The  
other is that the dynamic behaviour is only for very high frequencies that does not affect the 
overall behaviour of the bridge. The quasi-static explicit calculation scheme can thus be 
regarded as verified.  

A higher mass scaling gives shorter calculation duration, but gives a more dynamic 
behaviour. The same was the case for the deformation rate, so either could be used to control 
these. No deeper investigation on which one of these methods was more effective was not 
made due to limitations in the thesis. One advantage of mass scaling is that different parts of a 
structure can be assigned different mass scaling, which makes it very useful for improving the 
maximum stable time increment for a specific part of the structure. Preferably the elements 
limiting the maximum time increment. This was used in the analysis of the bridge.  

5.7.3  Two-span beam 

A number of trials were also made with a two-span beam in order to study the behaviour of 
the  modelling  when  several  plastic  joints  have  to  be  formed  in  order  for  the  beam  to  fail.  
Another reason was to see the behaviour when subjected to the uneven settlements, and how 
that would affect the response during the traffic load. Since the beam also had approximately 
the same spans and reinforcement content and layout as the East side of span 4-5 and 5-6 for 
bridge, there could also be hints here on how it was going to behave and fail. The point load 
was  applied  in  the  same span  as  the  vehicle  load  was  for  the  bridge.  These  tests  were  also  

0.00E+00

5.00E+04

1.00E+05

1.50E+05

2.00E+05

2.50E+05

3.00E+05

3.50E+05

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

E
xt

er
na

l l
oa

d 
(N

)

Vertical deflection at the loading point (m)



5.7. MATERIAL AND BEAM TESTS 

 93 

intended to further validate the quasi-static explicit method to the static, as the latter is well 
tested and verified.  

 

Figure 5.22 A sketch of the two-span beam, with the support numbers corresponding to 
the bridge.  

The modeling was done in the same matter as the simply supported beam, with shell elements 
and load distributing plates at the supports and under the load, as shown in Figure 5.23 below.  

 

Figure 5.23 Finite element model of the two-span beam.  

As already stated, the reinforcement content was made to replicate the one from the bridge in 
order to get a relevant behaviour to some extent. The reinforcement along the beam is shown 
in the figure below.  
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Figure 5.24 The reinforcement distribution in the beam. The top is for the top 
reinforcement and the unit is mm2.  

The settlements used for the beam were also consistent with the ones affecting the bridge. The 
downward deformations of the three supports are shown in the table below.  

Table 5.6 The settlements used for the two-span beam.  

Support 4 5 6 
Vertical downward displacement (mm) 30.4 54.1 149.1 
 

Two different loading cases were used in both the static and the quasi-static explicit dynamic 
calculations schemes.  

· Settlements, and the point load after that.  
· Only the point load.  

This was done in order to see the effect the settlements had on the ultimate load capacity for a 
simple statically indeterminate reinforced concrete structure.  

Static  

Big difficulties were experienced for the FE analysis with the static calculation scheme. 
Several measures had to be taken in order to get the FE software to proceed with the 
calculation and produce a result. The same problems, but worse, were experienced with the 
calculation for the whole bridge, which in the end made it necessary to use the quasi-static 
explicit dynamic calculation scheme to obtain the results needed.  

The measures taken include the following:  

· Enabling automatic stabilization.  
· Using an altered post-cracking relation for the concrete.  
· Using larger force residual tolerance and correction tolerance.  
· Altering some solution control parameters.  
· Enabling the line search algorithm (N = 4). 
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In order to even get a result from the FE calculation the post-cracking behaviour had to be 
altered to provide smoother cracking behaviour and thus easier convergence. The relation 
used is the alternative numbered as 6, which is detailed in the section for the static simply 
supported beam as well as in appendix C.1 Alternative post-cracking relations for concrete 
from page 155.  

The force residual tolerance for the iteration was increased from the default value 0.5 % to 2 
%. The displacement correction tolerance was assigned as 3 %, with the default value being 1 
%. To get an exactly accurate result was not the most important thing with these tests 
performed with the two-span beam, and straying an extra 2–3 % off was not regarded as an 
issue. It was thus adopted in order to improve the rate of convergence and improve the 
chances of the solution process reaching far enough to produce useable results.  

Some control parameters were altered with the intention of allowing the iteration process to 
run longer before aborting the solution process, which was made in an attempt to get it to run 
long enough to obtain useable results, which may have come to the price of longer 
computational durations. This was however not much of an issue, since the results had to be 
obtained. I0 was  raised  from  4  to  8,  IR from 8 to 10 and the number of cut-backs in the 
incrementation process was increased from 5 to 30. For further reference see the Abaqus 
Analysis User’s Manual (Dassault Systémes Simulia Corp., 2011a).  

The beam was pushed down past the ultimate failure by the point load. The result are shown 
in Figure 5.25 and Figure 5.26 a) - f) below. The letter notations given are the same for both 
figures. Explanations for the different points noted in the figures are given below. Note that 
the  point  where  the  vertical  deflection  is  measured  travels  downward  during  the  settlement  
phase while no point load is applied. 

 

Figure 5.25 The load-deflection curve for the static case with settlements and then the 
point load. The explanations are presented below.  
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The progress of the loading of the beam gives the following events:  

a) Start of the analysis. No deformation of the beam.  
b) Full settlements applied. Concrete fracturing has occurred over the middle support 

during this phase.  
c) The concrete starts to crack under the point load.  
d) The top reinforcement in the second span starts to yield.  
e) The bottom reinforcement in the first span starts to yield. The plastic joint in the 

second span is clearly visible.  
f) At peak load. Both plastic joints are clearly visible.  
g) The top reinforcement in the second span snaps.  
h) The bottom reinforcement in the first span snaps.  

Fracturing behaviour is also evident around and between points d) and e).  

 

a) 

b) 

c) 

d) 

e) 

f) 

Figure 5.26 The progressive deformation of the beam, scaled up 20 times.  

It is evident from Figure 5.26 above that the reinforcement layout dictated where the plastic 
joints formed. The one in the right hand span forms in the first element that has the minimum 
reinforcement  content,  while  the  one  in  the  other  span  appear  where  the  reinforcement  area  
has decreased from 3000 to 960 mm2. Otherwise the plastic joints would most probably have 
formed under the point load and over the middle support. A wisdom taken from this into the 
modelling  of  the  bridge  reinforcement  layout  was  that  the  boundaries  between certain  areas  
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were very important to the behaviour and eventual ultimate capacity of the bridge, as detailed 
in 6.2.1 Reinforcement on page 102. This behaviour was also visible in the bridge analysis, in 
chapter 6.  

The  behaviour  was  very  similar  for  the  case  where  only  the  point  load  was  applied,  and  no  
settlements. See Figure 5.27 below. The only big differences were that the cracking over the 
middle support occurred during the point load phase and the beam had a higher capacity at the 
point denoted d), where the top reinforcement in the second span yields. The ultimate load 
capacity is very much the same for both cases, meaning that the settlements does not 
influence it for this case.  

 

Figure 5.27 The load-deflection curves for the case with just the point load compared to 
the case with both.  

Quasi-static explicit dynamic 

The following tests were made to further validate the explicit calculation scheme against the 
static.  

Some problems were encountered during the calculation for the FE software that caused the 
solution  to  come  to  halt.  The  source  of  this  is  not  known  to  this  date,  and  the  analyses  
eventually made it far enough to produce useable results, without altering anything in the 
models.  

The behaviour of the beam was in general the same as those calculated with the static scheme, 
as seen in Figure 5.28 below. Some differences were however noticed. One is the dynamic 
response that follows the fracturing and other rapid changes in the model. This is especially 
prominent after the yielding of the top reinforcement in the second span of the beam. 
However when that has settled the response follows the static case closely, apart from some 
additional jumps. This dynamic behaviour was not seen as a factor of big importance, since 
that behaviour was not spotted in the explicit analysis of the whole bridge.  
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Figure 5.28 The behaviour of the quasi-static explicit calculation compared with the 
static.  

The  explicit  solution  deviates  from  the  static  at  two  locations,  if  dynamics  where  to  be  
disregarded. The first and at first sight most serious is that the rapid change in load when the 
top reinforcement in the second span yields occurs at different points in the explicit and static 
solutions. The reinforcement yields at different vertical deflections. When studied closer this 
was not as bad as it might have been. The strain localization and the increase in reinforcement 
stress at that point takes place in a very short period of time. Just 0.01 mm of extra deflection 
in the static analysis and shorter than the data extraction rate in the explicit analysis. During 
this time the reinforcement stress goes from under 50 MPa up to yield at 682 MPa in both of 
the analyses, without any preceding warning. In other words, the nature of this particular 
event seems to be highly irregular and sudden, which causes it to happen at slightly different 
vertical  deflections due to minor differences in the analysis of the model,  and thus seems to 
have more to do with chance than any major differences between the calculation models. 
Furthermore, the difference seen here between the static and explicit calculation schemes 
appears  to  be  not  big  at  all.  For  example  the  stress  distribution  in  the  beam  at  the  same  
vertical deflection is very similar. To conclude this discussion, this difference is not regarded 
as something that disproves the accuracy of the explicit calculation scheme.  

The second point at which the solutions deviate from one another is when the reinforcements 
break. This does not occur at all in the explicit analysis. Instead, the reinforcement stress in 
the plastic joint starts to rise further in an oscillating manner, where the elements constantly 
jump between the failure stress and a stress considerably higher than that. This eventually 
stops at  a point when the reinforcement breaks in the elements in question. Also,  the plastic 
strain rises to immense and unrealistic values,  several  100 %, while the total  strain stays on 
the expected levels at the same time. The plastic strain continues to rise throughout the rest of 
the analysis. This is believed to absorb a lot of the energy created by the external load, as the 
plastic stress cannot be defined as zero in Abaqus,  which causes the resistance to remain as 
high as they are in Figure 5.28 above. The reason for this behaviour is unknown. Maybe it is 
possible partly because the large strain rates occurring during the oscillating, but this has not 
been the subject of more a detailed study. This is however not a critical issue for this case, 

0.0E+00

5.0E+04

1.0E+05

1.5E+05

2.0E+05

2.5E+05

3.0E+05

3.5E+05

4.0E+05

0 0.05 0.1 0.15 0.2 0.25

Ex
te

rn
al

 lo
ad

 (N
)

Vertical deflection at the loading point (m)

Static

Explicit



5.7. MATERIAL AND BEAM TESTS 

 99 

since it happens after the peak load has been reached. Furthermore, this behaviour could 
easily  be  spotted  in  the  analysis  of  the  bridge,  and  the  following  analysis  results  after  this  
point could be regarded as faulty and would not be used in any of the post-analyses. An 
alternative would have been to use a stress-strain relation with no failure present. Eurocode 
1992-2 (CEN, 2005) has an example of an allowed curve, but it has a flat post-yield behaviour 
which does not include the strain hardening behaviour of the reinforcement steel.  

Some of the other fundamental responses of the beam were accurately captured by the explicit 
analysis. These include the shape of the first part of the curve up to the first yielding, the point 
at which the second plastic joint is formed as well as the shape and magnitude of the curve at 
peak load. The latter is not completely on the same curve as the static, but the error is within 2 
%, which is an error that can be expected in an FE analysis, especially since the force residual 
tolerance for the static case was increased from 0.5 % to 2 %.  

A calculation was also made for the case with just the point load, as was done with the static 
method (see Figure 5.27 on page 97). It showed very similar differences and similarities as 
the static did, with the first yielding occurring at a higher load, but the ultimate capacity was 
very similar.  

To conclude, the quasi-static explicit analysis is regarded as validated against the static 
analysis, and could thus be used in the analysis of the bridge. One must however be on the 
lookout for the reinforcement stress exceeding its failure load when higher load levels are 
reached.  

5.7.4  Conclusions 

The behaviour and load bearing capacity of the modelling used have been verified. The 
responses of the concrete and steel in uniaxial loading are as expected from the material 
models and input parameters used. The use of shell elements with reinforcement layers 
together with the material models give the expected behaviour and load bearing capacity 
when subjected to bending. The response in shear has not been tested.  

The resolution of the input for the concrete compression curve can have big effects on how 
easily the computation goes. Too tight spacing between the points can cause the computation 
process to take much longer time, as well as having a slightly harder time reaching 
convergence. This is however only valid for the static solution scheme, since the computation 
duration of explicit analyses depends on other factors.  

The results from the quasi-static case with the explicit calculation scheme have been verified 
against the ones from the static solver. Minor differences such as slight dynamic behaviour 
with high frequency vibrations do not affect the overall behaviour or the load bearing 
capacity. Severe caution must however be taken when the reinforcement is about to break, as 
the results from this point on might be erroneous. Be on the lookout for unrealistically high 
reinforcement stresses and plastic strains, or use a material definition where no reinforcement 
breakage is present.  

When using the explicit solver, it is advantageous to pay attention to the maximum time 
increment, and what limits it. Both increasing the loading rate or the mass scaling will raise it, 
but to the cost of more dynamic behaviour influencing the results. The advantage of mass 
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scaling is that it can be applied to only a portion of the model, making it ideal at targeting the 
elements limiting the time increment.  

For beam bending with the static calculation scheme, it was concluded that 13 integration 
points over the thickness of the shell elements gave good enough results for these cases. 
Lower amounts could also be used without sacrificing too much accuracy. Furthermore, other 
relations for the tensile part of the concrete behaviour can be used with success. The response 
and the load bearing capacity can be replicated with a sufficiently high degree of precision, 
while convergence during the iteration process is attained considerably easier. That leads to 
increased likelihood of completing the analysis as well as shortening the computation time. 
The latter is however more usable when using the static calculation scheme, while the former 
can also be applied to the explicit scheme.  

The layout of the areas with different reinforcement content can have a large impact on where 
the plastic joints are forming. Extra care must be taken when modelling areas where plastic 
joints can occur, to make sure that the reinforcement position replicates the one from the real 
bridge.  

Uneven support settlements do not affect the ultimate failure capacity for a two-span beam in 
bending. The plasticisation of some joints may occur at  slightly different times,  but the end 
capacity remains the same. The same conclusion was reached with both the static and the 
explicit calculation method.  
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6  
 
Nonlinear finite element analysis of 
the bridge 

6.1 Introduction 

The nonlinear analysis described in this chapter is the main part of this thesis. It was 
performed in order to determine what traffic load the bridge used in this thesis can sustain. 
The primary nonlinearity for this case is the nonlinear behaviour of concrete and 
reinforcement steel. Geometrical nonlinearity was also included in the analysis but its effect is 
regarded as minor in relation to the material nonlinearity for this bridge.  

As explained previously in the linear analysis, in 4.1 Introduction on page 19, an important 
reason for the linear analysis being performed before the nonlinear analysis was to select the 
worst position of the traffic load. This loading has now been used in the nonlinear 3D 
calculation described in this chapter.  

In order to attain the maximum traffic vehicle load the bridge can sustain for this vehicle 
position, that load had to be increased progressively. As the other loads, like the self-weight 
and the uniformly distributed traffic load, have specific values, they were applied to the 
bridge before the vehicle load and were thereafter kept constant as the vehicle load was 
increased.  

Because the bridge was also subjected to the linear finite element analysis, many aspects of 
the modelling of the bridge have already been explained in chapter 4, starting on page 19. 
Only the supplementary things needed to make the nonlinear analysis are described in the 
following sections.  

6.2 Geometry 

The geometry of the finite element model used was to a large extent the same as for the linear 
analysis (see 4.2 Geometry, page 20). The differences include the partitioning of the bridge 
deck slab as well as the accompanying mesh. This was largely due to the addition of 
reinforcement in the model. A structure made of beams was also made to be able to load the 

Chapter 
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bridge deck with the vehicle load. This is however not detailed here, but later in section 6.4.1 
Vehicle loading structure, starting on page 105.  

Because the linear analysis showed that the bending moment was the most limiting factor for 
the bridge in the ultimate limit state, this was also the focus of the nonlinear analysis. Since 
shear failure was regarded as not as crucial and it is also a lot harder to simulate accurately 
with finite elements, shell elements for the bridge deck slab was deemed appropriate for use 
in the nonlinear finite element analysis. Shell elements are not able to simulate shear failure 
accurately, but this was regarded as acceptable for this analysis. Moreover, the behaviour of 
the whole bridge was sought after, which led to a rather big model. This also pointed towards 
that shell  elements were to be used as opposed to solid elements.  Carlsson et  al  (2008) also 
suggests the use of shell elements and other structural elements such as beams in models 
depicting an entire bridge.  

A difference compared with the linear analysis model is that the additional concrete casting 
on the ends of the slab was included in the whole analysis. In the linear it was only added 
during the live load phases, because it was not added to the real bridge until after the support 
settlements. The reason why it was included for the whole analysis here was that it was not 
possible to model this in the Explicit package in Abaqus, which was used for the analysis. 
Another option was to leave it out for the entire analysis, but the traffic load was regarded as 
the most important phase, and the behaviour there may be dependent on the additional 
casting. It was therefore kept during the entire analysis.  

6.2.1  Reinforcement 

The reinforcement was included in the model in the definitions of the sections of the shell 
slabs. In Abaqus the reinforcement defined inside shell sections are treated as a uniformly 
distributed layer with an area per width (Dassault Systémes Simulia Corp., 2011a). It also has 
a direction, which is in the plane of the shell mid surface. A consequence of this modelling 
technique is that every part of the shell section having a different reinforcement amount has to 
have its own section and partition. As the bridge has reinforcement in the longitudinal and 
transversal directions in the top and bottom of the slab and these are somewhat irregular and 
changes a lot, the exact reinforcement layout would be very tedious to reproduce in the finite 
element 3D model. See Appendix A, Figure A.8 on page 141. Many of the partitions would 
also become very small, and as the partitioning sets the outer boundaries possible for the finite 
elements is would yield either a very irregular or very fine mesh. The latter being 
unnecessarily fine for this case, thus being unwanted as it would make the calculation time 
unreasonably long. Some simplification had to be made in order to get a simpler modelling 
and an acceptable mesh without affecting the behaviour of the bridge too much. For instance, 
the partitions matching the column tops where not included, as they were giving rise to a 
somewhat problematic mesh in combination with the other partitioning lines.  

The  result  of  the  simplification  process  is  shown in  Figure  6.1  below.  Whenever  a  decision  
was made on conflicting partitioning options, priority was given to the lines that were more 
crucial for the bending behaviour of the bridge under the vehicle load. The tests performed on 
the two-span beam in section 5.7.3 from page 92 showed that this was indeed important for 
the bridge behaviour under loads towards the ultimate capacity. An example of this is the line 
separating the region in the spans where only the minimum reinforcement content was being 
used in the top of the slab. On the whole, priority was given to the reinforcement in the 
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longitudinal direction, as it was deemed to determine the flexural failure more than the 
transversal reinforcement.  

 

Figure 6.1 The partitioning of the bridge deck slab. North is to the right.  

Each of the partitions in the figure above have their own shell section definition with different 
reinforcement content. Some simplifications could however be made as some of the sections 
had exactly the same reinforcement content.  

Another option tested for the reinforcement was to define the reinforcement layers in separate 
geometries as membranes that are offset from the concrete shell. This was however not used 
for the final calculations because it gave rise to much longer calculation durations. This was 
due to the considerable larger number of variables in those models, as Abaqus used Lagrange 
multipliers to tie the reinforcement membranes to the concrete shell instead of making a 
degree of freedom on the membrane a direct function of some of the degrees of freedom from 
the shell.  

6.2.2  The mesh 

The mesh size used was approximately the same as in the linear analysis, but was refined in 
certain areas with the specific load case in mind. It was made denser in the span where the 
vehicle load was placed and also over the adjacent supports. The mesh was at the same time 
made sparser in areas deemed not to influence the behaviour under the traffic load much, such 
as the most Southern spans.  

Not only was the number of degrees of freedom of importance to the computation time of the 
analysis,  but  also  the  element  sizes  themselves.  That  is  due  to  the  workings  of  the  explicit  
calculation scheme, where the element sizes are included in the relation for the maximum 
time step possible in order to a have a stable solution. See the Explicit part of section 5.6.2 
from page 82. Only the most limiting element is relevant, meaning that the smallest element 
determines the time increment for a structure with constant material. The mesh was thus 
adapted so that there was no single element that was much smaller than the rest. More on the 
adaptation of the model in handled later, in section 6.6 Quasi-static explicit dynamic settings 
from page 108.  
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Figure 6.2 The mesh of the bridge slab seen from above. North is to the right.  

The mesh for the other parts of the model were also adapted to the nonlinear analysis where 
needed. For example, the Northern additional casting was made denser than the Southern. 
Otherwise it was kept the same as in the linear analysis.  

6.3 Materials 

This was the primary source of the nonlinear behaviour of the model, as the geometrical 
nonlinearity from large displacements was far from as prominent.  

The material models as well as the parameters used for the mean and characteristic concrete 
and reinforcement steel are found in chapter 5. The concrete model used in Abaqus was 
Concrete Damaged Plasticity, but without the damage part. The choice of material model is 
covered in section 5.3 from page 68, as well as a description of the Damaged plasticity model 
used. The actual values used for the concrete are presented in section 5.4, starting on page 74. 
The reinforcement models and values are given in section 5.5 from page 77. By including the 
ultimate limit and the subsequent failure of the reinforcement, the rotational capacity for the 
concrete slab under bending is implicitly included in the model. No creep or relaxation was 
included in the nonlinear analysis.  

The  superstructure  as  well  as  the  solid  element  tops  of  the  columns  were  assigned  with  the  
nonlinear concrete. The reason why the rest of the columns were used as linear was that it was 
not possible in Abaqus/Explicit to assign a nonlinear material model to the kind of beam 
elements used. Moreover, the reinforcement in the circular columns was hard to model, and 
the nonlinear tops of the columns could account for the plastic behaviour. By not including 
reinforcement in the column tops, the bridge deck was not that restrained to the columns at 
higher loads, and could thus move more freely. This was expected to yield a result on the safe 
side, because the columns would not resist as much as they might have done when the deck 
wants to change in angle over the supports.  

6.4 Loads 

Only one load case was used in the nonlinear analysis of the bridge. This was because of time 
limitations to the project. The traffic load case selection is covered in the linear analysis 
chapter, specifically in section 4.11 Selecting load case for the nonlinear analysis from page 
60. The following actions were used:   
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· Self-weight of the structure.  
· Pavement.  
· Static earth pressure.  
· Distributed traffic load.  
· Traffic vehicle load.  
· Support settlements.  

The loads used here, except settlement and the specific traffic vehicle load, are described in 
the section 4.4 Loads from page 26 in the linear analysis chapter, under each respective sub-
section.  

The support settlements were applied with their full values to the bridge. No reductions 
because of relaxation due to creep was in other words used. This is due to the results from the 
tests with the two-span beam (see section 5.7.3 from page 92). They indicated that the uneven 
settlements did not affect the ultimate load bearing capacity of the structure in bending. Thus, 
applying unreduced settlements on the bridge may not have an influence. To see if that is the 
case, the bridge was also tested with no settlements. Any deviations between the results may 
be spotted easier if the settlements applied are larger, and the full settlements were 
consequently used.  

Several of the omitted loads are covered in 4.4.5 Omitted loads on page 30. The loads not 
included in the linear analysis were also omitted in the nonlinear analysis.  

The difference between the linear and nonlinear analysis is that the braking load was not used 
here. A reason for this was that it was not clear in which direction it was to be applied to have 
a negative impact on the load bearing capacity. Its influence was also regarded to be of 
limited importance. Furthermore, the bridge deck response from it in the linear analysis was a 
bit odd (see section 4.8.4 on page 46), and including it here might produce results that were 
hard to interpret. On the other hand, a test could be made with it, but it was hard to get the 
nonlinear analyses solved by the computer, and adding further cases would require more time 
for solving and analysing, which was not desirable for the project. This could however be a 
case of further study.  

The loads were added to the bridge in a certain sequence, replicating the actual loading. It was 
done in the following order.  

· Self-weight, pavement, earth pressure.  
· Support settlements.  
· Distributed traffic load.  
· Traffic vehicle load. Increased up to failure.  

Different loading rates were used, in an attempt to get the analysis to reach useable results, as 
the calculation ran into troubles and came to a halt for several attempts.  

6.4.1  Vehicle loading structure 

When loading a structure in nonlinear analyses, there are advantages by applying it with a 
prescribed deformation rather than a force, as explained on page 81. Also see the rest of 
section 5.6.1 for more information on the iterative process causing this. To accomplish this, a 
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loading structure was used. The aim with it was to apply the forces to the right places on the 
bridge deck with the correct relations between their magnitudes, without affecting the 
behaviour of the bridge in any way.  

Since the load vehicle consists of several point loads with determined relations in magnitude, 
the vehicle load cannot be applied directly by deformation of the points where the loads act. 
This would cause the point loads to have other magnitudes than wanted, since the stiffness 
response of the bridge deck is different in the different locations. This is solved by using a 
structure of links that distributes the load in given relations to the points where it is to be 
applied. The fundamental idea and part of it is simply supported beam, which is statically 
determined. A point load in a given point on it always results in the same relation between the 
support reactions, which is the principle used throughout the whole loading structure.  

To make the point loads correspond with load vehicle type m from MB802 (see Figure 4.53, 
page 61), the measurements in the figure below must be used for the load structure.  

 

Figure 6.3 The measurements of one side of the loading vehicle.  

The force shown at the bottom of the load structure in the figure above is the load on each 
vehicle axle, 2.3 metres wide. This force is in turn divided equally between the two wheels, 
that have the dimensions 0.2 metre in the longitudinal direction and 0.3 metre in the 
transversal, as specified by MB802 (Vägverket, 2009). This wheel load could have been 
distributed further due to the thickness of the pavement.  

Furthermore, the loading consists of two vehicles next to one another. The Eastern is 
multiplied by a factor 1.0 and the other with 0.8, in accordance with MB802. To keep that 
relation  between the  two throughout  the  analysis,  they  are  coupled  with  a  simply  supported  
beam as well. The point where the deformation controlling the loading is defined is situated 
on this beam, offset towards the East to take the load factors mentioned above into account.  

The two load vehicles together produced 4.77B. This meant that the force extracted from the 
analysis results had to be divided by 4.77 to reach the value of B. Furthermore, the dynamic 
amplification factor from MB802 may have to be taken into account for some cases, including 
ultimate limit checks.  

The whole loading structure on the bridge can be seen in the figure below. The beams were 
connected to one another with a connection that does not transfer any rotation, just translation. 
Each of the beams were locked from any unwanted translation and rotation in its loading 
point, while the whole structure was prevented to move around on the bridge by locking the 
horizontal translations of the point where the load is acting. The connection between the axle 
beams to the loading plates was done with a vertical constraint applied to a reference point at 
the plane of the bottom surface of it.  These were in turn connected to the top surface of the 
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loading plates, while the bottom surface was tied to the bridge deck. This setup was chosen in 
order to accomplish several things. One was that the plates must be allowed to rotate together 
with  the  angle  of  the  deck  to  not  induce  any  moment  into  the  deck.  Furthermore,  since  the  
bridge is not locked to the loading structure in the horizontal direction, the latter will have to 
effect on the behaviour of the bridge.  

 

Figure 6.4 The loading structure geometry on the bridge model, as seen from Northeast. 
The connections between the beams are shown in white, but not the beam to 
loading plate vertical constraints.  

The load structure was always present on the bridge throughout the whole analysis. To allow 
for deformations of the bridge deck under the self-weight et cetera, the loading point on the 
loading structure was allowed to move vertically during these phases, enabling the loading 
structure to move with the deck. Furthermore, to take away the weight of the loading structure 
on the bridge, there was not any gravity load acting on the loading structure.  

The beams in the structure were regular deformable beams made out of a linear elastic 
material  with  steel-like  properties.  There  was  an  option  to  use  mathematically  rigid  beams,  
but these were not allowed in Abaqus/Explicit. The choice on beam dimensions and material 
properties  had  to  be  made  in  such  a  way that  the  deformations  were  not  too  large  to  cause  
second-order effects, which could influence the behaviour of the loading structure. However, 
two other aspects also had to be considered: the maximum time step in the explicit analysis 
and the dynamic behaviour of the beams. This led to that the beam dimensions and material 
properties  had  to  be  a  trade-off  between  all  of  these  demands.  A  stiffer  material  would  for  
example  cause  the  deformations  to  decrease,  but  the  maximum  time  increment  would  then  
also decrease. This was critical because the smallest element in the loading structure was one 
of the elements in the whole model that was limiting for the maximum time increment. 
Adding mass scaling or increase the beam dimensions make either the deformation or the time 
increment better without any negative effects on the other, but these measures would instead 
increase the dynamic behaviour, as more mass is added. Consequently, a trade-off had to be 
made between all of the parameters to get a loading structure with acceptable deformation 
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under high loads, acceptable dynamic behaviour and to not limit the maximum time increment 
more than other elements in the bridge model. More on the measures taken for the maximum 
time step can be read in section 6.6 Quasi-static explicit dynamic settings.  

Its  behaviour  was  studied  in  the  results  from  the  FE  calculation  of  the  bridge,  and  it  was  
concluded that it was acting in the intended ways. The deformations of the beams were 
deemed to be acceptable.  

6.5 Attempts with static calculation 

Initially,  the analysis of the bridge was going to be performed with the regular,  static,  finite 
element  calculation  scheme.  It  was  attempted,  but  the  analysis  proved  very  difficult  to  
perform due to the convergence difficulties. A lot of time and effort was spent on different 
measures to get the analysis to go further. Substantial progress was made from the initial 
situation,  but  it  was  far  from  good  enough,  and  it  did  not  come  close  to  a  point  where  the  
results  were  of  any  use.  It  had  been  pushed  down  about  5  %  of  what  was  needed  for  the  
maximum load to be reached when the calculation failed. That was for the attempt coming the 
furthest.  

A lot of the measures were used with success for the two-span beam, where the static case is 
covered from page 94. The efforts taken there were tried on the bridge model, as well as some 
other actions.  

The choice was made to try with the explicit calculation scheme instead, rather than spend 
more time on further attempts for the static.  

6.6 Quasi-static explicit dynamic settings 

Some things have to be kept in mind when performing a calculation with this method, that are 
different from the static finite element analysis. First, the loading rate have to be low enough 
to make the problem quasi-static, and not dynamic. This can be observed in the response of 
the structure. Then attention must be paid to the maximum time increment to achieve a stable 
solution, which is of importance to the computation time. How it is determined is explained 
under Explicit on page 82.  

To increase the time increment taken by the analysis during the finite element calculation of 
the  bridge,  several  measures  had  to  be  taken  on  a  number  of  different  areas  of  the  model.  
Though only one element at a time is dictating the limit, another one becomes the limiting one 
when the former is altered for the better. The goal was to raise the maximum time increment 
to the value limited by an element in the model that was not desirable to alter, which in this 
case was an element in the bridge deck. The target of every measure taken was to reach this 
time increment. These are listed below.  
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· The solid elements for the column tops were assigned a mass scaling of 2. At the same 
time the gravity constant for them was halved.  

· The rubber plates constituting the bearings for support 1 and 6 was made twice as 
thick and with the Young’s modulus also doubled, which makes the vertical 
displacement to force relation the same as before. The time increment is however 
increased because tcr is proportional to L and the square root of E, meaning that 
doubling both causes tcr to  rise  with  the  square  root  of  2.  A mass  scaling  of  10  was  
also used. In addition to this the Poisson ratio for the rubber material was decreased 
from close to 0.5 to 0.4, which led to a significant improvement due to its influence in 
formula (5.13) on page 83.  

· The beams in the loading structure were given a halved Young’s modulus compared to 
steel  and assigned a mass scaling of 10. The Poisson ratio was also reduced to zero.  
Even though a reduction from 0.3 to 0 did not give much improvement in tcr, it did not 
harm the behaviour of the loading structure in any negative way. Raising the mass of 
the beams that high was not an obviously good choice due to the potential dynamic 
behaviour of the loading structure. Fortunately, it was not evident in the results, which 
was the main thing.  

· The loading plates for the loading structure had their Young’s Modulus, height and 
Poisson ratio altered to allow for a higher tcr.  

The changes were made with the formulas in Explicit on page 82 in mind, but were not made 
that accurate because Abaqus does not pick exactly these values, and the nonlinear behaviour 
of the concrete could change the maximum time increment due to its varying response over 
the course of the analysis.  

Any more thorough investigations on how high the mass scaling and other parameters could 
be set for the different parts were not made, as the focus was on getting the analysis to run the 
whole way in a reasonable amount of time, and not putting too much focus on just minimizing 
the  computation  time.  Reasonable  efforts  were  made  to  take  the  time  increment  from  very  
short up to a level where the analysis would run in an acceptable amount of time, while 
keeping the influence from the dynamic effects low.  

6.7 Analysis results 

6.7.1  Introduction 

Here, the results of the nonlinear finite element calculation for the bridge are presented, as 
well as the determination for the load bearing capacity of the bridge in terms of the vehicle 
bogie load B. The latter was performed primarily for the ultimate capacity of the bridge, but 
serviceability  limit  checks  were  also  made,  in  order  to  get  a  more  complete  analysis  of  the  
bridge.  

The explicit calculation scheme was used for the entire analyses. The bridge was loaded with 
the traffic vehicle load as far as the analysis would go. Eventually, the analysis stopped when 
the solver failed to progress any further. This was a problem for many of the attempts, where 
the analysis stopped before any useful results could be obtained. However, more than enough 
results was eventually retrieved, which is presented in this section.  
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The layout of the bridge slab together with support numbers and the North direction can be 
seen in Figure 4.1 on page 21, which may be needed for reference in this section when 
different parts of the bridge are mentioned. The spans are numbered by the supports they are 
in between. Span 4-5 lies between supports number 4 and 5 for instance.  

6.7.2  Loads before the vehicle load 

During the self-weight phase, where also the pavement load was added, there were little 
effects on the bridge. Only minor cracking was observed in some areas, such as the top of the 
consoles in the transversal direction.  

Support sett lements 

The support settlements give rise to cracking in the top surface of the slab, but only over the 
supports, as can be seen in Figure 6.5 below. No yielding of the reinforcement occurs, with 
the maximum stress being 260 MPa at most over one of the supports.  

 

Figure 6.5 The maximum principal plastic strains for the top surface of the concrete 
after the settlements have been applied. Deformation scaled up 20 times.  

The difference compared with the linear case is that the straining is localizing over the 
supports, instead of being more spread out over the spans. This was an expected behavioural 
difference between the linear and nonlinear case. The effect of this is that the flexural failures 
in the end spans do not occur, which was the case for the linear analysis. The maximum 
capacity in any of the sections is not close to failure.  

6.7.3  Part of the FE results excluded due to analysis errors 

The analysis was forced to continue as long as it could for the traffic vehicle load, which led 
to that the deflection of the bridge deck became huge. Figure 6.6 below shows the vehicle 
load, expressed as the boogie load B,  in  comparison  with  the  vertical  displacement  of  the  
bridge deck. The point in which the deflection was obtained is situated at the East side of the 
deck in span 4-5, for a node where the vertical displacements were the greatest. Only a part of 
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the results was used in the analyses of the load capacity of the bridge, as seen in Figure 6.7. 
The reason for that is given in the following paragraphs.  

 

Figure 6.6 The vertical load versus the vertical displacement of a point on the bridge 
deck. For the entire analysis until the solver stopped. The results after point 
1) were declared void, and only the first portion was used. Mean values.  

1) The first breakage of the reinforcement. Occurs in the most Eastern part of the North 
end span in the top reinforcement, where it only has minimum reinforcement.  

2) A row of elements in the East part of the deck along the Northern side of support 4 
fails completely in tension. The following response is quick and dynamic.  

Between point 1) and 2) the reinforcement breaks in several other parts of the bridge, along 
with preceding plasticisation.  

The results after point 1) were disregarded because of the breakage of the reinforcement, even 
though the capacity of the finite element model bridge continued to rise rather steadily after 
that, but these results are believed to be faulty. According to the tests made with the two-span 
beam, the response of the structure may become erroneous when the reinforcement is about to 
fail. See Figure 5.28 on page 98. In that case, the reinforcement stress continued to rise even 
when the failure stress was exceeded. It would eventually fail after a while. The cause for the 
continued rise of the bridge resistance even after this is believed to come from the plastic 
strain of the reinforcement after this point. It is rising to enormous values, several 100 % and 
more, as it continues to rise throughout the analysis. Since the post-failure stress in the 
reinforcement cannot be defined as zero in Abaqus, it absorbs a lot of energy, which causes 
the apparent resistance of the bridge to become greater than it actually would, thus causing 
erroneous results. The same behaviour was also spotted in the bridge analysis. The fact that 
the curves in Figure 5.28 are so far apart indicates that this issue is giving major faults in the 
results. The results after this point was consequently declared void, and was not included in 
the post-analyses of the results.  
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To avoid this problem the analysis could have been performed with no specified failure for 
the reinforcement. An example would be to use the stress-strain relation with a horizontal line 
after yield, with Eurocode 1992-2 (CEN, 2005) presenting a valid example. It does however 
not include the strain-hardening response of the steel. That would maybe influence the 
behaviour  of  the  bridge.  Furthermore,  when preparing  the  analysis  for  the  bridge  it  was  not  
known if the reinforcement breakage problem seen from the two-span beam test would also 
manifest itself for the bridge. It was therefore decided that the more accurate behaviour would 
be retained, in order to ensure that the uncertainties would be kept low. Moreover, it made it 
easier to compare between the bridge calculation and the tests already made with the beams 
when they all used exactly the same material properties. It would have been necessary to redo 
a lot of tests if the reinforcement behaviour was changed. For future analyses, it may be best 
to not include the reinforcement failure if the same problems appear.  

The primary reason why the results after the reinforcement breakage were disregarded is 
given above, but there were also other aspects that suggest the same.  

· The  vertical  deformation  of  the  bridge  deck  rises  quickly  after  the  initial  phase  and  
reaches huge proportions. When deformations become this big, the results are not 
useable for the determination of the load capacity B of the bridge because it has since 
long passed the limit conditions for the various serviceability limit state checks 
required. In other words, the ultimate capacity obtained for such large deformations 
will not be determining the B for the bridge, and can thus be overlooked for practical 
implications.  

· A concrete structure can normally not reach these huge deformations before the 
ultimate limit state, which can be viewed as an indication of something being wrong in 
the analysis. One could then maybe dismiss the portions of the results regarded as 
unrealistic.  

· The breakage of reinforcement is can in itself be seen as an indication of failure in a 
structure, suggesting that the following results are to be disregarded.  

· The part of the results used shows a similar response as a beam in bending. Compare 
Figure 5.19 on page 90 with Figure 6.7 below. This may indicate that the failure load 
is  to  be  obtained  from  the  point  where  the  curve  becomes  almost  flat,  as  was  done  
with the beam.  

6.7.4  Bridge response when subjected to the traffic load 

The part of the bridge results used from the traffic load phase is presented here, and covers the 
behaviour of the bridge as the load is increased. The load-deflection response is shown in 
Figure 6.7 below, with the events leading up to maximum capacity described in the points 
noted there. These results will later be used to determine the design vehicle boogie load B, in 
section 6.7.7, starting on page 121.  
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Figure 6.7 Load-deflection curve for the part of the results used, as presented in Figure 
6.6. Mean values.  

a) The start of the loading by the vehicle load. The deck starts at a deformed position 
because of the loads and settlements applied before. The deck starts to crack in several 
places: in the top of the slab over support 4 and 5 as well as in the bottom side in span 
4-5. Cracks forming from bending in the transversal direction also form, which has not 
been present previously from the earlier loading.  

b) The stiffness of the bridge response changes after this point. A single reason for this 
has not been identified, but it seems to depend on several. Since the cracking in most 
places already started from point a), the stiffness change is more likely to depend on 
that the cracking from this load has become pronounced enough to affect the response 
of the bridge. For instance, the cracks in the bottom side of span 4-5 has now reached 
the West side of the thick part  of the slab,  thus covering its  whole width.  The initial  
response from this load may have been linear for some parts that had previously been 
uncracked, but has now been adapted to the new loading by cracking.  
From this point on, the progressive cracking behaviour of the deck can be seen in the 
figure above by the irregularities in the curve. For example, the formation of cracks in 
vital places may lead to increasing deformation while the external load is still the 
same, for short periods of time.  

c) The first occurrence of yield in the reinforcement. It starts at several locations almost 
at the same time: in the top reinforcement over the Eastern column in support 4, in the 
top in the Eastern side of span 5-6 where minimum reinforcement is used and in the 
bottom of the slab under the vehicle load. All these are for the reinforcement in the 
longitudinal direction. The second progresses transversally over the slab, while the 
first stays rather localized. The third grows in the region under the load as it increases. 
The response curve does not change inclination directly from the yieldings, but rather 
experiences a slightly softening behaviour under the following load up to the next 
point, as the yield zones propagate.  
At this point it is the first time that a compression strain of 0.35 % is reached in the 
concrete.  It  occurs just  North of the Eastern column in support,  in the bottom of the 
slab.  It  is  believed  to  come  from  the  combined  effects  from  the  compression  in  the  
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longitudinal direction and the compression in the transversal direction from to the load 
on the consol. This zone grows a bit up to point d).  

d) Just before this point, the concrete in the top of the slab under the load reaches 0.35 % 
in compression strain. The concrete is in other words in the process of losing its 
resistance, due to large curvature of the slab in combination with the tensile 
reinforcement content there. This area gets bigger towards point d), but stays rather 
localized under where the load acts.  
At point d) a severe joint is formed transversally under the load vehicle, about 2.5 
metres wide. It is referred to as severe because all of the materials have reached their 
respective yield, with both the top and bottom reinforcement yielding and the concrete 
top reaching very high strains. It rises quickly from 0.5 % up to 1 %, and then 
continues up to 2 %. There is no strength left in this joint and its behaviour is 
softening, and not continuing at the same level.  
Slightly before this occurs, the transversal reinforcement in span 4-5 also starts to 
yield. This is due to the placement of the load and the angle of support 5, which leads 
to a lot of load being carried in the diagonal direction, and not just longitudinally. This 
zone becomes rather large right when the severe plastic joint is created, due to the that 
the diminished stiffness in the longitudinal direction transfers load to the transverse 
direction instead.  

e) More places are yielding and the existing areas are expanding between the previous 
point and this one. What happens in this point is that the top reinforcement in the 
Eastern part of span 5-6 reaches the stress and strain where the steel material is 
assigned to break. This does however not occur. Instead the stress jumps up to about 1 
GPa, and then break. The plastic strain also rises, but continues and reaches huge 
proportions rather quickly, without the element or total strain showing this. The results 
after this point is thus declared void.  

The deformed shape of the bridge just after point d) is shown in Figure 6.8 below, together 
with  the  plastic  strain  of  the  concrete.  Two  more  figures  showing  the  shape  of  the  bridge  
under loading can be found in Appendix D, on page 161. Note the two pronounced joints on 
the East side of the slab. The one in the end span formed first, in point c), and now has very 
large tensile strain in the top surface of the concrete. The other is located in span 4-5 under the 
load,  and  was  formed in  point  d).  Large  compressive  strains,  well  over  0.35  %,  are  present  
here.  
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Figure 6.8 The plastic strain in the longitudinal direction for the top surface of the 
concrete. Compression is negative. It is soon after point d) in Figure 6.7. The 
deformation is scaled up 4 times. View from approximately East.  

Also note the shape of the East edge of the bridge deck. It resembles the deformed shape of 
the two-span beam when subjected to a comparable load case of settlements and traffic load. 
See Figure 5.26 on page 96, where figure e) is just as the second plastic joint is formed, and 
thus corresponds to the case presented in Figure 6.8 above. A difference between the beam 
and the bridge deflection is that the bridge’s is concentrated on the East side of the slab, while 
the West part is almost unaffected in comparison. Another is that the bridge slab continues to 
the South beyond support 4, while the beam only includes the two most Northern spans. This 
might cause the slight Northward shift of the second plastic joint compared with the beam, as 
the rest of the slab resist the deflection.  

The load vehicle and the deformation of its beams are also shown in Figure 6.8. It behaves as 
intended, with the loading plates adapting to the shape of the deck while still applying the 
correct relations between the forces. Furthermore, the deformations of the beams are low 
enough to maintain the proper function of the loading structure.  

The complete failure mode that leads to total collapse of the bridge cannot be seen from this 
finite element calculation, because of the erroneous results after the first reinforcement 
breakage. It is thus unknown if the highest load has been achieved within the used part of the 
results. A complete mechanism has not yet been developed in the bridge, since the load is still 
being redistributed to other parts that have not been fully plasticized, which can be seen in 
Figure 6.9 to Figure 6.11 below. They were taken just before point e) in Figure 6.7. The figure 
for the bottom transversal reinforcement is shown in Appendix D on page 162 to be precise.  

One of thing seen in Figure 6.9 is the yielding of the reinforcement in the end span, 5-6, as 
suggested by the analysis of the two-span beam performed in chapter 5. It occurs where there 
is only a minimum amount of reinforcement. This implies that the reinforcement layout in the 
bridge was not optimal to sustain this kind of loading. Another is the compressive yielding in 
span 4-5, where the concrete is crushing at the same time. While the yielding in span 5-6 
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stretches over the entire width of the slab, the other areas are approximately half or less than 
that, suggesting that there could be more spare capacity beyond this point.  

 

Figure 6.9 The stress in the longitudinal top reinforcement just before the reinforcement 
breaks in an element, which is point e) in Figure 6.7. 682 MPa is the yield 
limit for the reinforcement steel, which means that grey parts in the figure 
have plasticized in tension and black has plasticized in compression.  

Figure 6.10 shows that the longitudinal reinforcement in the bottom of the slab in span 4-5 is 
not yet completely plasticized, but it seems to be well enough to limit the capacity locally. 
There is a good opportunity for further load transfer to the rest of the span, since the 
plasticized zone is rather limited. One thing to note is that the behaviour is different in the 
consoles,  which  lie  closer  to  the  top  surface  of  the  slab,  and  thus  are  more  linked  to  its  
response. See for instance the consoles in the middle of span 5-6, which are in tension rather 
than compression.  
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Figure 6.10 The stress in the bottom longitudinal reinforcement in the bridge deck, at the 
same point in time as the figure above.  

Figure 6.11 shows that the top transversal reinforcement in the same span is yielding over a 
large area. This might suggest that a possible failure mode would be that just the slab beneath 
the vehicles is detaching itself from the rest of the slab by yielding of all of the reinforcement 
around it. That is however just speculation, and several other failure modes might constitute 
the actual one.  

 

Figure 6.11 The stress in the top transverse reinforcement in the bridge deck, at the same 
point in time as the figures above.  

Figure 6.12 below shows the maximum principal plastic strains in the top surface of the 
concrete, which is the tensile direction. It is for the condition right after point d) in Figure 6.7. 
It can be seen as a representation of the direction and relative magnitude of the separation of 
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the cracks. Note for example the great cracking occurring along a line in the East part of span 
5-6 and compare it with the same area in Figure 6.8. Another area of interest is the 
longitudinal straining over the Eastern column in support 4, where the reinforcement is 
yielding. The directions of the plastic tensile strains show how the cracks will form around the 
load, indicating the direction of how the load is carried. The plastic tensile strain at the bottom 
surface  of  the  slab  shows how the  load  is  transferred  primarily  in  the  longitudinal  direction  
along the middle of span 4-5, where the load is. It also shows how the load-carrying field 
curves to take up the load out on the console. This is shown in Figure D.4 on page 163. On 
the whole, the load bearing behaviour of the bridge can be said to be very three-dimensional.  

 

Figure 6.12 The maximum principal plastic strain in the top surface of the concrete for 
the North part of the deck, seen from above. The outlines of the load vehicle 
loads are also shown. Taken shortly after point d) in Figure 6.7.  

6.7.5  Validation 

To ensure that the results obtained were accurate enough for the purpose at hand, which is to 
determine the load bearing capacity of the bridge, a number of validation checks were made.  

The deflection of the model as well as the material response under loading shown in the 
figures earlier are considered reasonable, except for the behaviour when the reinforcement is 
about to break, which have been discussed before.  

A calculation with a finer mesh was performed in order to validate the results. The original 
model had 18 000 degrees of freedom and the finer had 35 000. The refinements of the mesh 
were concentrated to areas that were believed to influence the behaviour when subjected to 
the traffic load, such as span 3-4, 4-5 and 5-6. The outcome is shown in the figure below. The 
biggest difference is present after 0.5-0.6 metre of deflection has occurred. The deviation is 
quite large, but occurs well after the point where the curve flattens out. The load taken as the 
B value used later is at around 0.4 metres, which means that the deviance will not affect the 
end result of the analysis, which was the aim of the calculation.  
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Figure 6.13 The comparison between the responses under loading for the original and the 
finer mesh.  

Different loading rates were also tried to see to that the analysis did not exhibit too much 
dynamic behaviour, or in other way influence the results. The comparison between the 
original used, 40 mm/second, and a slower, 6 mm/second, is shown in the figure below. The 
latter was not pushed down as far as the original. There is almost no difference between the 
two, meaning that the original loading rate calculation was sufficient for the analysis. 
Different loading rates were also tried for the other loads, like self-weight and support 
settlements.  No  significant  differences  were  spotted,  and  the  original  were  thus  deemed  
sufficient.  

 

Figure 6.14 The comparison between two different loading rates for the traffic load.  
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The  kinetic  energy  in  the  model  was  observed  over  the  course  of  the  analysis  to  check  if  it  
stayed on values that would be deemed low enough. The ratio between it and the external 
energy was as highest during the settlement phase; around 0.5 % with a pair of spikes up to 
1.5  and  3  %.  Since  it  did  not  seem  to  affect  the  behaviour  of  the  bridge,  as  written  in  the  
previous paragraph, it was considered to be good enough. The ratio was even lower during the 
traffic load phase, with values in the range of 0.01 to 0.1 % when loaded up to what was taken 
as the ultimate load. That was viewed as low enough to not influence the end result in any 
relevant way.  

The viscous dissipation was also monitored. It was also a bit higher during the settlement 
phase, but the ratio decreased during the traffic load phase, and ended at about 0.15 % of the 
external energy, which was regarded as within acceptable limits.  

6.7.6  Influence of the support settlements 

One purpose of the thesis was to investigate how much the load bearing capacity of the bridge 
was  affected  by  the  support  settlements.  A  separate  calculation  was  made  where  no  
settlements were applied. The comparison is presented in Figure 6.15 below. The curve starts 
from a lower vertical deflection and keeps a close distance throughout the loading. Apart from 
this, the behaviour is nearly identical to the case with settlements. Its progressive behaviour 
matches that of the settlement case, with the plastic straining and the reinforcement yielding 
corresponding well to those shown in Figure 6.8 to Figure 6.12 for example. The points 
marked in Figure 6.7 on page 113 all agree with the no settlement case, with only slight 
adjustments to the points where they occur. It also have the same problem with the breakage 
in the reinforcement occurring at approximately the same time. This verifies the results 
obtained from the equivalent test performed with the two-span beam. See Figure 5.27 on page 
97.  

Remember that the settlements were applied with their full values (see Table 4.3 on page 31), 
and that no relaxation from creep has been taken into account. The angular deflection over 
support 5 in particular was large, suggesting that the similarities seen were not due to 
negligible settlements.  

Regarding the serviceability limit state, there would be some difference between the two cases 
when it comes to the vertical deflection allowed. The case with no settlements moves 
downward faster under the first part of the traffic loading, which would cause it to overstep 
the limit set in the regulations for a lower value of B.  
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Figure 6.15 The response under the traffic load when no settlements were used. The 
curves are with characteristic material properties, because the analysis with 
mean values did not complete.  

The  conclusion  drawn  from  this  was  that  the  settlements  do  not  influence  the  load  bearing  
capacity for this bridge, and may extended to covering beams as well. This is however only 
valid for flexural failure, since no shear failure has been included in the modelling.  

6.7.7  Determination of the design value of B for the ULS 

The central global safety factor method from Carlsson et al. (2008) was used in the 
determination of the load bearing capacity of the bridge in terms of the traffic vehicle boogie 
load B. The steps and formulas are given in section 3.2 from page 15.  

In addition to the finite element calculation with mean material properties, another with 
characteristic values was also made in order to determine the variation coefficient for the 
structure resistance that was needed to determine the global central safety factor. Its response 
curve is shown in Figure 6.16 together with the mean and design value curves. It follows the 
curve from the mean values in terms of shape, but has a bit lower strength, which seems 
reasonable.  

Figure 6.16 also shows the points where the values used for the calculation of the design 
value of B were taken, which were where the curves flattened out. Though the curves achieve 
slightly higher values after these points, these were not used because of uncertainties 
regarding their accuracy. Firstly, the curves beyond the reinforcement breakage were declared 
void, which occurs shortly after 0.8 metres. Secondly, the parts not matching the results from 
the test with the denser mesh were also not used (see Figure 6.13 on page 119). The points 
selected where chosen because they are on the limit to were the structural response could be 
said to be yielding. The values extracted are presented below: 
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· Mean: Bm = 1670 kN 
· Characteristic: Bk = 1520 kN 

Note that these values are directly from the finite element analysis, and have not been 
modified with the dynamic amplification factor, specified in MB802 (Vägverket, 2009). It 
was  determined  as  18.3  %  in  the  linear  analysis,  and  the  same  value  was  used  for  the  
nonlinear. See formula (4.4) on page 29 for the calculation. The most correct way would have 
been to alter the B values  directly,  but  it  was  instead  done  at  the  end  of  the  calculation  for  
simplicity, keeping agreement with all of the figures.  

The variation VRf for  the  net  resistance  was  calculated  with  formula  (3.4)  on  page  16.  The  
result was 5.7 %, which seems reasonable for a case like this. To that the model uncertainty 
was added with formula (3.5). It was assumed to be 10 %, after following the guidelines given 
in Carlsson et al. (2008). The calculation method is not frequently used, but the nonlinear 
finite element behaviour of reinforced concrete is well tested and verified (Broo, 2008). 
Setting it to 10 % may thus be more on the safe side. This choice is however very uncertain, 
which  will  have  some effect  on  the  accuracy  on  the  end  result,  albeit  small.  The  combined  
variance was calculated to 11.5 %.  

The influence of the other loads on the variation coefficient for the load bearing capacity was 
taken into account by formula (3.6). The λ values representing the relative influence of the 
other loads were approximated by comparing the longitudinal bending moments in the critical 
section, as were done in the examples from Carlsson et al. (2008). The values were picked 
from one element in the plastic joint formed at point d) in Figure 6.7 (p. 113). It was a directly 
determining value for the load bearing capacity of the bridge. If it could have risen higher, the 
capacity of the bridge would have done the same. One downside is that the bending moment 
is not increasing as much as the traffic load when the reinforcement has plasticized, leading to 
higher values of λ than  might  be  the  actual  case.  This  was  however  on  the  safe  side,  as  the  
variation coefficient from (3.6) was raised, which in the end caused the design value of B to 
drop. The λ values are given in the table below, as well as their respective variation 
coefficients collected from Carlsson et al. (2008).  

Table 6.1 Relative influences (λ) and variation coefficients (V) for the other loads.  

Load λ (%) V (%) 
Self-weight 9 5 
Pavement 1.6 10 
Distributed traffic load 0.8 5 
 

The variation 12.8 % was obtained from (3.6). Formula (3.8) could now give the central 
global safety factor, γRTg, as 1.49. The sensitivity factor αR was assumed as 0.8 and the safety 
index βT is 4.75 for safety class 3. To obtain the design traffic load capacity of the bridge 
formula (3.3) was rearranged and the dynamic amplification factor was included.  

= (1 + ) =
1670

1.49 ∙ 1.3(1 + 0.183) = 730	kN (6.1) 

where εL is the dynamic amplification factor and γQ is the partial factor for the traffic load, 
given in MB802 (Vägverket, 2009).  
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This was a big improvement compared with the linear analysis, where no load could be put on 
the bridge if the regulations were strictly followed. An important note is however that the 
finite element model could not simulate shear failure, which could have a lower capacity. Its 
values from the linear analysis are now limiting the load bearing capacity of the bridge.  

A curve for the progression of the design value of B was also made, seen in Figure 6.16 
below. It may however not be completely accurate because the λ change  over  time  as  the  
relative influence of the other loads diminishes compared with the vehicle load. The bending 
moment from the vehicle load was assumed to have a linear relation with the magnitude of B, 
making it possible to quickly produce a curve that was close the actual one.  

 

Figure 6.16 The design value of B, taking into account the global safety factor, traffic 
load partial factor 1.3 and the dynamic amplification of 18.3 %.  

Alternative ultimate limit failure condit ions 

Just as a comparison, the limit load when an ultimate limit condition used in linear analysis 
was also calculated here. For bending in concrete structures, the so-called stage III in a section 
is often used, where the concrete in compression reaches an ultimate strain. That strain was 
0.35 % for the concrete grade used here. The analysis results were thus checked for when this 
limit was overstepped in a section in the concrete slab. The load B at which that occurred was 
1080 kN and 1060 kN for the mean and characteristic analyses respectively. They both 
occurred just East of support 4, in the bottom of the slab in the transition from the thick slab 
to the console. The same method was used as before for the ultimate limit state, which is 
covered section 3.2 from page 15. The design value obtained was 480 kN, which is a fair bit 
lower than the previous of 730 kN.  

This indicates that a significant part of the extra capacity obtainable in nonlinear analyses 
comes from the definition of failure in the bridges, which in linear analyses is set to a lower 
limit.  
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Check of load bearing capacity in the columns 

In order to be able to say that the load bearing capacity obtained for the deck slab is limiting 
for the bridge, other potentially critical failures not covered with the nonlinear finite element 
analysis must be checked separately. One such case for this bridge was the columns 
supporting the deck, which were linear elastic in the finite element model, and could thus not 
fail. A check was made for them with the M-N method, where the column cross section can 
be checked for compressive axial forces in combination with bending moment. The limit 
function for a rectangular concrete section with double-sided reinforcement is given below 
(Andersson, 2011).  

= + 2 −  (6.2) 

where ω is the mechanical reinforcement ratio, given as 

=
( + ′)

. (6.3) 

It depends on the cross sectional areas of the concrete and reinforcement, as well as their 
strengths.  

The axial force N and bending moment M have been normalized to n and m.  

= ℎ  (6.4) 

= ℎ  (6.5) 

Furthermore, α and β are the concrete compression constants, given in Figure 4.38 on page 
47.  

Since the columns were circular they had to be adapted to the formulas, where rectangular 
cross sections were assumed. The 0.8-metre diameter cross section was assumed as a 0.7-
metre square, as they have very similar area and second moment of area. Five 16-millimetre 
diameter reinforcement bars were assumed to be active for both sides of the square cross 
section. This resulted in the limit curve in Figure 6.17 below for the mean material properties. 
It is compared with a number of points with values from critical sections of the columns from 
the finite element results. They were picked at the same time as the points used for calculation 
of the load bearing capacity of the bridge, specified earlier in this section.  
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Figure 6.17 The limit curve together with some of the most adverse points in the columns. 
For mean values.  

The combined moment and normal force in the columns in the figure above indicate that they 
would not have failed before the bridge. The same was true for the analysis with the 
characteristic material values. One thing to note though is that Figure 6.17 lacks one part of 
the curve, coming from when the compressive force is so large that the tensile reinforcement 
does not yield anymore at  the ultimate limit.  That gives a lower moment capacity,  which is 
often approximated with a linear curve in the diagram above. The normal forces experienced 
here were however low enough for that to happen, which is why that was not included in 
Figure 6.17.  

6.7.8  Serviceability limit states 

A couple of serviceability limit checks were made for the bridge. They have to be made 
according to the regulations, and the extra work required was not much, as the calculations 
results  from the  finite  element  analyses  could  be  used  directly.  One  not  having  to  be  made  
was the check for maximum crack widths, which was necessary for a bridge this old 
according to MB802 (Vägverket, 2009).  

The design B load for the maximum vertical deflection serviceability limit was determined in 
accordance with MB802 (Vägverket, 2009). Only the deformation from the vertical traffic 
loads is used. The limit value is L/300 for this bridge, where L is the span length. The biggest 
deflection occurred at the edge of the slab near the load vehicle in span 4-5, which has a span 
length of 15.3 metres. The maximum allowed vertical deflection is thus 51 mm. In order to 
find the B value  where  that  deflection  was  reached,  the  whole  finite  element  analysis  was  
used, including the previous loads. Their deflections were subtracted from the total in order to 
obtain the one coming from the traffic load. The characteristic material values were used in 
the calculation, and no post-processing of the B value  obtained  was  made,  as  it  only  has  a  
partial factor of 1 from MB802 and no dynamic amplification factor was necessary for a 
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bridge this old. The result was that the bridge could sustain a B value of 457 kN before L/300 
was reached. That is far lower than the traffic load in the ultimate limit, which was 730 kN, 
which means that the serviceability limit for the vertical deflection is more limiting.  

It can also be compared with the serviceability limit values from the linear analysis, which 
was 1 100 kN when cracked concrete was assumed. The nonlinear was far lower than this, 
showing that the vertical deflections can be more limiting if the real behaviour of concrete is 
used.  

The bridge was also checked for reinforcement yield as a serviceability condition. The limit 
was the characteristic yield stress, which was 620 MPa. The characteristic calculation was 
used, with all of the loads. Only the dynamic amplification factor had to be deducted from the 
traffic load. The B for this serviceability limit was 823 kN.  

6.8 Conclusions 

The nonlinear calculation for the bridge was performed with the explicit calculation scheme, 
because  the  attempts  with  the  static  did  not  get  far  enough  to  be  of  any  use.  The  explicit  
however produced erroneous results when the reinforcement was about to break, just as the 
two-span beams in section 5.7.3 did. The results after this point were not used. Other than 
that, the results obtained were deemed satisfactory in terms of accuracy.  

The design load bearing capacity from the ultimate limit analysis was 730 kN for the vehicle 
boogie load B. Shear failure was however not included due to the modelling, which might 
have led to a lower capacity. Also note that this was only for one load case, which was set to 
induce a particular failure mode. There may be several other vehicle load positions that give a 
lower load bearing capacity. Furthermore, the results have not been experimentally verified. 
The validity of the results is only based on the material and beam tests in chapter 5 and on a 
limited convergence analysis conducted for the bridge. The rotational capacity of the concrete 
was included implicitly in the analysis because the reinforcement was allowed to break. Since 
this  point  was  some distance  in  time from where  the  values  for  the  design  calculation  were  
taken, rotational capacity was regarded as not being limiting.  

The serviceability limit analyses made showed that 730 kN would not be allowed on the 
bridge due to the vertical deflections. 457 kN is the maximum boogie load B for that criteria, 
and is thus the most limiting value obtained from the nonlinear analysis of the bridge. For 
reinforcement yield the design load was 823 kN. Note that the worst load case might not have 
been used for these checks either.  

The ultimate load bearing capacity was not affected by the uneven support settlements. The 
response  up  to  failure  was  also  similar,  but  not  including  them  would  have  caused  the  
maximum allowed B regarding vertical deflections to be slightly lower.  

The behaviour up to and at the ultimate point selected was highly three-dimensional. The 
main load bearing directions as well as the mode leading to failure were both more 
pronounced in the longitudinal direction, showing a resemblance to that of the two-span beam 
test performed in chapter 5. However, the load transfer in the transversal direction was also 
important, displayed for instance by the top transversal reinforcement in span 4-5 and over 
support 5 having to develop a large plasticized zone for the bridge to reach the assumed 
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failure. The results also show how the slab at the column closest to the load quickly becomes 
subjected to a lot of stress, as it has the most exposed position. These loads then redistribute 
as the stiffness at that column is reduced from cracking and reinforcement yielding. Since the 
later parts of the analysis results could not be used, there could have been further load transfer 
in other directions as the capacity in the main bearing paths reached their maximum.  
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7  
 
Conclusions 

The load bearing capacity of an existing continuous deck slab concrete bridge with angled 
supports was evaluated in this thesis with both linear and nonlinear 3D finite element 
methods, where the latter was the primary focus of the thesis. The reason for this was that the 
resistance of the bridge found with conventional methods had not been able to meet the 
demands of the regulations due to large and uneven support settlements. Nonlinear analysis 
was a possible method for investigation if the bridge capacity could be proved to be sufficient 
despite this. Brief comments were also made on the methods used and their practical 
applications.  

7.1 Bridge analysis 

The  nonlinear  analysis  was  made  in  order  to  see  how  much,  or  if,  the  allowed  traffic  load  
would be possible to be increased compared with the linear analysis. The traffic vehicle load 
was expressed in terms of the boogie load B, in accordance with the valid regulations in 
Sweden at the time: MB802. The linear analysis showed that no B would be allowed on the 
bridge if the regulations were followed. The limiting sections were in the end spans, which 
suffered from the hogging longitudinal bending moment from the settlements due to only 
having minimum amount of reinforcement in the top of the slab. The rotational capacity of the 
concrete slab was deemed not to be an issue because the reinforcement breakage was included 
in the modelling. The point where the values for the design bearing were taken was some time 
before the reinforcement reached failure, thus leaving a margin for potential modelling errors.  

The nonlinear 3D finite element analysis showed that the capacity in the bridge was 
significantly higher for the load case tested: B = 730 kN in the ultimate limit state, and 457 
kN in the serviceability limit state due to large vertical deflections. It is not confirmed that the 
failure occurs at the point used for the ultimate limit, but further loading from this point on 
would not affect the final B for the bridge, since the serviceability limit is limiting it for this 
bridge. This was however only valid for flexural failure, as shear failure was not included in 
the analysis due to shell elements being used. The shear capacity was thus not covered in the 
nonlinear analysis, and the value from the linear analysis consequently becomes the valid one 
for this. It was only 78 kN when the regulations were strictly followed, and consequently 
becomes limiting for the capacity of the bridge.  

Chapter 
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The exact source for the capacity increase for flexural failure was not thoroughly investigated, 
but is believed to come partly from the cracking relieving the stresses arising from of the 
support settlements. Another contributing factor is that a global failure criterion was used. 
The bridge thus had to form plastic joints in several places to reach failure, as opposed to 
linear analysis where the capacity is limited by one section reaching its ultimate capacity. 
Furthermore, the 3D analysis allowed forces to redistribute as the concrete cracked and 
reinforcement yielded. The safety verification method used might also contribute to this.  

The behaviour of the bridge up to and at the assumed ultimate load was very three-
dimensional, with the load being carried in several different directions. The primary though 
was the longitudinal, where the load bearing capacity in this direction at key points dictated 
when the structural stiffness to the vehicle load was decreased to almost zero, as the curve in 
the load-deflection diagram flattened out. These points of interest were primarily where the 
reinforcement content changed from a higher amount to a lower. This was also seen in the 
analysis of the two-span beam, which had approximately the same reinforcement layout as the 
bridge. Another area of interest is at the slab at the column closest to the load, which quickly 
became exposed to a lot of load. Furthermore, as the loading progressed, the importance 
increased for the top transversal reinforcement in the same span as the load and over the 
support angled towards the load. In the end, it constituted one of the largest plasticized zones, 
showing  how  important  this  path  of  load  transfer  was.  Strengthenings  of  all  of  the  regions  
mentioned above would probably lead to a higher load bearing capacity for the bridge for this 
load case.  

Note that the analyses performed here were not entirely complete, as a couple of loads were 
left out, like temperature and military vehicles, as well as brake load for the nonlinear case. In 
addition to this, only one position of the vehicle loads was used in the nonlinear analysis. 
They  are  however  regarded  as  sufficient  for  a  purpose  of  this  thesis,  which  was  to  show if  
nonlinear analyses could prove extra capacity in bridges compared to linear analyses.  

To conclude, the nonlinear analysis proved considerably more capacity in the bridge, but the 
shear force capacity is now the limiting factor. However, this thesis has showed that it is 
possible to achieve higher values of B by just conducting a more thorough analysis. The 
results are most applicable to other statically indeterminate beam and slab bridges affected by 
uneven support settlements, but may also be extended to other cases, such as deck slabs 
without uneven support settlements. This would render some bridge repairs, strengthenings 
and replacements unnecessary, as well as allowing heavier loads on the bridges, making it 
possible get longer life spans and lower life cycle costs. Consequently, this would in the end 
benefit the society in terms of resource savings and higher transport network capacity.  

7.1.1  Influence of the support settlements 

Comparisons for the load bearing capacity with and without the support settlements were 
conducted with nonlinear finite element analysis for both the bridge and the two-span beam. 
Both showed that there was no difference in the ultimate load bearing capacity if the 
settlements were included or not. This effect is believed to come from that the concrete was 
allowed to crack as well as that a global failure condition was used. This result is deemed to 
be valid for beam and slab concrete structures, even with angled supports. Further extensions 
to other cases cannot be made from this limited study of this phenomenon.  
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This implies that the regulations covering this are unnecessarily strict, producing more costs 
for the society in the end. Adding to this is that not even creep and relaxation were used in the 
analysis, which would have further reduced the impact of the support settlements.  

7.2 A word on the practical usability of the 
methods used 

One part  of the aim of this thesis was to comment on the practical  usability of the methods 
used here. This is important because the benefits cannot be reaped if a method is not used due 
to it being too impractical.  

A linear and a nonlinear analysis were used together in this thesis to evaluate the load bearing 
capacity of the bridge. This combines the strengths of the two methods, where the linear can 
be used for a lot of load cases, while the nonlinear can be used for those that the linear 
analysis shows as limiting for the capacity of the bridge. This slots in nicely with the common 
practice today, where a linear analysis is always performed when assessing bridges. The 
nonlinear could then be used when the capacity from the linear results is not sufficient.  

The nonlinear finite element analysis itself may however be hard to use practically, depending 
on the case. It also requires additional modelling to be made. The experience from the work 
for this thesis was that such an analysis in some cases may be hard to get useable results from, 
as the attempts with the static calculation scheme were not successful, despite a lot of efforts. 
Considerable improvements was however made from the initial attempts, by using different 
post-cracking relation for the concrete and altering some solution control parameters for 
instance. The explicit calculation scheme made the analysis run the whole way, but also 
demanded new things to be learned, as well as not being completely spared from 
computational issues itself.  

The safety verification method used, which was the central global safety factor from Carlsson 
et al. (2008), is considered usable for practical purposes. It can however be tricky and 
uncertain on how to determine the relative influence of the other loads when using nonlinear 
calculation methods, but any errors here are probably outdone by the uncertainties in some of 
the assumptions. The sensitivity factor αR in particular.  

Regarding the regulations governing nonlinear analyses, some aspects are not clear. For 
example, a single determined source for what material parameters to use is not stated in the 
Swedish bearing assessment codes. Other regulations and handbooks have to be used to fill 
this gap. The definition of ultimate failure may also be uncertain, as the nonlinear usually uses 
a different from that of linear analyses.  

The failure mode or serviceability limit restricting the capacity of the bridge is also important 
for practical applications. If for example the maximum vertical deflection is setting the limit, 
the bridge capacity will not benefit from pushing the analysis of the ultimate limit further. 
Also, shear failure is much harder to model accurately and get to work in nonlinear finite 
element analysis than bending failure. Knowing the limitations and strengths of the 
calculation method is a key in making the analysis practically efficient.  

In essence, it is deemed possible to attempt nonlinear finite element analyses when a bridge 
has insufficient capacity. However, the bridge behaviour and its limiting factors are important 
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to know to be able to apply the method with success. In addition, the possibility of the 
analysis not producing any useable results due to convergence difficulties must be kept in 
mind.  

7.3 Suggestions for further research 

More effort could be put into the bridge in order to make the load bearing capacity assessment 
complete. Since only one load case was studied for the bridge, different positions and vehicle 
loads could be attempted with the nonlinear method. This could lead to more knowledge on 
how slab bridges with angled supports behave and fail. It would also determine the load 
bearing capacity of the bridge more accurately, as well as pointing out critical load positions. 
A possible load position giving lower capacity might be in the end spans. The bridge could 
also be remodelled to be able to simulate shear failure, which could determine the behaviour 
and capacity in shear. It would hopefully also show any combined failure modes with both 
bending and shear. The effect of the breaking load could also be looked into, as the reasons 
for the peculiar response seen for the linear analysis has not been understood. Furthermore, 
the bridge results could be checked against other calculation methods, such as yield line 
theory.  

An overview of in which cases more advanced methods are more efficient in practical use 
could also be done. Focus could either be laid on one method, such as nonlinear finite element 
analysis, or on several, where a comparison can be made between them. For what type of 
bridges  or  cases  will  the  method  prove  more  capacity  to  a  low  amount  of  effort  from  the  
analyst? Emphasis should be put on regular bridge types, or commonly problematic cases. 
The method of such a work could either be to simply perform test calculations of the cases 
included or take a more general approach, where the reasons for the capacity increase is first 
investigated. That knowledge would then be used to point out cases where these phenomena 
are more pronounced, leading to higher bearing capacities being found.  

Enquiries could also be made into the reasons why the explicit calculation scheme produced 
erroneous results when the reinforcement was about to break. Is it only affecting the software 
used here, or is it present whenever explicit is utilized? Solving this issue would be 
advantageous, as simulation of reinforcement breakage might be desired in some analyses 
where the explicit method might otherwise be the best option.  
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A  
 
Bridge 17-803-1 

A.1 Drawings 

In this appendix, extracts from some of the original drawings are presented. Please ignore 
possible scales written on the images, as they are not shown to their original scale.  
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Figure A.1 Side view of the bridge from East (Statens vägverk, 1969).  
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Figure A.2 Section of the bridge (Statens vägverk, 1969). 

 

Figure A.3 Section of the bridge close to support 1, viewing South (Statens vägverk, 
1969).  
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Figure A.4 Plan view of the bridge (Statens vägverk, 1969).  
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Figure A.5 Section of the bridge deck (Statens vägverk, 1969).  
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Figure A.6 Wing wall seen from the side (Statens vägverk, 1969). 

 

 

 

Figure A.7 Section of the bridge end shield (Statens vägverk, 1969). 
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Figure A.8 The reinforcement layout in the slab. Top layer to the left and the bottom to 
the right. North is upwards. (Statens vägverk, 1969).   
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Figure A.9 The original bearing type used for support 1 and 6. They are now exchanged 
to the ones in the figure below (Statens vägverk, 1969). 

 

 

Figure A.10 The bearings installed during the 2003 repair for support 1 and 6. All have 
the dimensions 300 times 400 millimetres (Statens vägverk, 1969). 
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Figure A.11 Section of the bridge at the end supports from the 2003 repair. The additional 
casting can be seen on top of the original concrete (Trafikverket, 2013a). 

 

 

Figure A.12 Same as Figure A.11 above, but with the reinforcement visible (Trafikverket, 
2013a). 
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B  
 
Linear finite element analysis 

B.1 Finite element results 

The figures here serve as a complementary to the figures shown in 4.8 Finite element results. 
The definitions of the section forces of the results retrieved from Brigade/Plus are shown in 
Figure 4.13 and Figure 4.14 on page 35.  

Permanent loads 

 

Figure B.1 Shear force SF5 for the bridge deck. North is directed to the right in the 
figure.  
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Figure B.2 The twisting moment for the bridge deck, SM3. 

Support sett lements 

 

Figure B.3 Transverse bending moment SM2 for the bridge deck.  
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Figure B.4 Shear force SF4 for the bridge deck. 

 

Figure B.5 Shear force SF5 for the bridge deck. 

Vertical traffic loads 

 

Figure B.6 Maximum axial force SF1.  
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Figure B.7 Minimum axial force SF1.  

 

Figure B.8 Minimum shear force SF4.  

 

Figure B.9 Maximum transverse bending moment SM2.  
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Figure B.10 Minimum transverse bending moment SM2.  

 

Figure B.11 Maximum twisting moment SM3.  

 

Figure B.12 Minimum twisting moment SM3.  
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Figure B.13 Maximum transverse axial force SF2.  

 

Figure B.14 Minimum transverse axial force SF2.  

 

Figure B.15 Maximum shear force SF5.  
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Figure B.16 Minimum transverse shear force SF5.  

 

Figure B.17 Maximum in-plane membrane shear force SF3. 

 

Figure B.18 Minimum in-plane membrane shear force SF3.  
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Braking load  

 

Figure B.19 Bending moment from braking load directed to the left in the figure (-x).  

 

 

 

B.2 Cross section calculations 

 

Figure B.20 The reinforcement areas along the East column row, with B = 0 kN. 
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Figure B.21 The reinforcement areas along the East column row, with B = 200 kN. 

 

Figure B.22 The reinforcement areas along the East column row, with B = 200 kN but no 
settlements. 
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C  
 
Tests performed with the static 
nonlinear finite element analysis 

C.1 Alternative post-cracking relations for concrete 

In order to improve the speed of the solution process as well as increasing the likelihood of 
convergence, a number of different post-cracking relations were tried in bending. The model 
used is the simply supported beam made out of shell elements, as detailed in section 5.7.2 
Simply supported beam from page 86. The aims with the post-cracking curves tested here was 
to smoothen out the cracking behaviour so that convergence could be reached more easily, 
without affecting the behaviour and ultimate capacity in bending too much.  

 

Figure C.1 Some of the post-cracking relations tested, including the original.  
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Table C.1 Most of the different post-cracking relations used in the test.  

Alternative GF (Nm/m2) σ (Pa) w (m) 
Original (MC90) 157 3e6 0 

  4.5e5 6.544e-5 
  0 2.618e-4 

1 253 2.3e6 0 
  2.7e6 4e-5 
  2.2e6 8e-5 
  0 1.3e-4 

2 154 2.7e6 0 
  2.5e5 3.5e-5 
  0 8.5e-5 

3 3750 3e6 0 
  10000 0.0025 
  0 0 

5 157 2e6 0 
  0 1.57e-4 

6 155 2e6 0 
  4.5e5 1.1e-4 
  0 2e-4 

7 157 1.4e6 0 
  1.4e6 5e-5 
  0 1.74e-4 

8 300 3e6 0 
  0 2e-4 

9 450 3e6 0 
  0 3e-4 

10 157 1e6 0 
  0 3.14e-4 

12 157 6e5 0 
  9e5 5e-5 
  9e5 1.1e-4 
  6e5 1.75e-4 
  0 2.3e-4 

13 157 5e5 0 
  0 6.28e-4 

 

The tensile strength was not that important in itself for the analysis. The focus was on making 
the behaviour in bending equal to that of the original relation (MC90).  

The results are shown in the two figures below.  



C.1. ALTERNATIVE POST-CRACKING RELATIONS FOR CONCRETE 

 157 

 

Figure C.2 The post-cracking relations differing in one way or another from the original.  

 

Figure C.3 The post-cracking relations giving a more accurate solution.  

Most of the alternatives get the ultimate capacity very precise, but the behaviour up to that 
point may also be of importance in a nonlinear analysis because of the gradual loading and 
load transfer between different parts in different stages. In general, those with higher fracture 
energy overestimate the resistance in the cracking phase, and may also overestimate the 
ultimate capacity.  
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Alternative 6 is the one coming closest both in terms of behaviour and capacity. Alternative 7 
is very close to number 6, but they differ in the elastic part before the cracking starts, which 
may be an important behaviour. Alternative number 8 is also close to the original curve, but 
overestimates the resistance during the cracking phase. Alternative 6 was also easier for the 
software to solve, leading to shorter calculation times and easier convergence, which was the 
primary  aim of  this  test.  This  was  also  the  case  when tested  on  the  two-span  beam and the  
whole bridge.  

Conclusions 

It is possible to replicate the behaviour and ultimate limit capacity for reinforced concrete in 
bending with a different post-cracking relationship that makes it easier for the finite element 
software to reach convergence, making the calculation times shorter and increasing the 
likelihood to complete the entire calculation.  

The original post-cracking relation from the MC90 used here could for bending with shell 
elements be exchanged with alternative 6 in Table C.1 on page 156. From the limited study 
performed here, it is not possible to draw any conclusions for other cases.  

C.2 Compression curve input point spacing 

The resolution of, or number of points on, the stress-strain curve can affect the computation 
time, as well as how easily convergence is reached. This conclusion was reached after 
performing a comparison test on a simply supported beam being subjected to a point load in 
the middle. The load was deformation controlled. The first beam had a very high resolution 
on its concrete compression curve, while the second had a much coarser one. This is 
presented below in Table C.2 and Figure C.5 together with some of the results from the test. 
Important to note is that this is only relevant when using the static calculation scheme, and not 
the explicit.  
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Figure C.4 The concrete compression stress-strain diagram for the two cases.  

Table C.2 Effect of the resolution of the concrete compression stress-strain diagram.  

Test no. Δε (-) Computation time Calculation progress No. of increments 
1 0.00001 451 s 55.1 % 371 
2 0.00025 116 s 63.4 % 52 

 

It is evident that a too finely defined curve takes longer time to compute. This might be due to 
that the stiffness changes more often, which requires more increments to solve. A coarser 
curve makes it easier for the solver to reach a solution for longer increments, and thus enables 
it to take larger steps that will shorten the time necessary for the computation to finish. The 
same test was also performed on the entire bridge model, which showed the same tendency.  

The downside of making the points in the stress-strain diagram further apart is of course that 
the behaviour is becoming less exact, with the possibility of useless results. The difference in 
result between the two cases can be seen in Figure C.5 below. A deviation between the two 
curves is evident from just before a 4 millimetre deflection is reached. The response from the 
second case is a bit softer. This might be due to that the compression stress-strain curve is 
more approximated for areas where the slope is changing a lot.  
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Figure C.5 The vertical deflection and the vertical force. Both are in the midpoint. The 
results are not complete because the analyses came to a halt.  
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D  
 
Nonlinear finite element analysis of 
the bridge 

D.1 Finite element results 

 

 

Figure D.1 The deflection of the bridge just after point d) in Figure 6.7, scaled up 3 
times. View from Northeast. The bridge deck has been cut in the middle of 
span 4-5 to show the slope of the deck towards the East side. The loading 
plates from the vehicles are also shown.  
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Figure D.2 The deflection of the bridge just after point d) in Figure 6.7, scaled up 3 
times. View from Northwest. The bridge deck has been cut in the middle of 
span 4-5 to show the slope of the deck towards the East side. The loading 
plates from the vehicles are also shown.  

 

 

Figure D.3 The stress in the bottom transverse reinforcement in the bridge deck, as seen 
from approximately East. The yield stress is 682 MPa, meaning that the grey 
parts have plasticized in tension and the black have plasticized in 
compression. The plot has been taken just before the reinforcement in one 
element exceeds its ultimate state. 



D.1. FINITE ELEMENT RESULTS 

 163 

 

Figure D.4 The maximum principal plastic strain in the bottom surface of the concrete 
for the North part of the deck, seen from above. The outlines of the load 
vehicle loads are also shown. Taken shortly after point d) in Figure 6.7. The 
differing behaviour towards the longitudinal edges of the deck some from the 
fact that these parts are consoles. The bottom surface of these thus act more 
in line with the top surface of the bridge when strained in the longitudinal 
direction. This behaviour is also evident in Figure 6.10.  
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