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Global stability analysis of complex fluids

Iman Lashgari
Linné Flow Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

The main focus of this work is on the non-Newtonian effects on the iner-
tial instabilities in shear flows. Both inelastic (Carreau) and elastic models
(Oldroyd-B and FENE-P) have been employed to examine the main features of
the non-Newtonian fluids; shear-thinning, shear-thickening and elasticity. Sev-
eral classical configurations have been considered; flow past a circular cylinder,
in a lid-driven cavity and in a channel. We have used a wide range of tools for
linear stability analysis, modal, non-modal, energy and sensitivity analysis, to
determine the instability mechanisms of the non-Newtonian flows and compare
them with those of the Newtonian flows. Direct numerical simulations have
been also used to prove the results obtained by the linear stability analysis.

Significant modifications/alterations in the instability of the different flows
have been observed under the action of the non-Newtonian effects. In general,
shear-thinning/shear-thickening effects destabilize/stabilize the flow around the
cylinder and in a lid driven cavity. Viscoelastic effects both stabilize and desta-
bilize the channel flow depending on the ratio between the viscoelastic and flow
time scales. The instability mechanism is just slightly modified in the cylinder
flow whereas new instability mechanisms arise in the lid-driven cavity flow. We
observe that the non-Newtonian effect can alter the inertial flow at both base-
flow and perturbation level (e.g. Carreau fluid past a cylinder or in a lid driven
cavity) or it may just affect the perturbations (e.g. Oldroyd-B fluid in channel).
In all the flow cases studied, the modifications in the instability dynamics are
shown to be strongly connected to the contribution of the different terms in
the perturbation kinetic energy budget.

Descriptors: non-Newtonian flow, Carreau model, Oldroyd-B model, FENE-
P model, modal analysis, nonmodal analysis, sensitivity analysis
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Global stabilitetsanalys av komplexa fluider

Iman Lashgari
Linné Flow Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstrakt

Målet med detta arbete är att undersöka den hydrodynamiska stabiliteten av
icke-newtonska skjuvflöden. Här studerar vi de viktigaste egenskaperna hos
icke-newtonska vätskor, nämligen skjuvningsförtunning/skjuvningsförtjockning
och elasticitet. I dessa studier använder vi oss av modeller för b̊ade oelastiska
(Carreau) och elastiska fluider (Oldroyd-B och FENE-P). Ett flertal klassiska
strömningsfall som strömningen kring en cirkulär cylinder och i en s̊a kallad
’lid-driven’ kavitet samt kanalströmning har undersökts.

Instabilitetsmekanismerna hos icke-newtonska fluider har undersökts med
hjälp av modal och icke-modal stabilitetsanalys samt energi och känslighets-
analys. Studierna är baserade p̊a linjär stabilitetsteori. Resultaten har jämförts
med de för newtonska fluider. Direkta numeriska simuleringar har ocks̊a an-
vänts för att verifiera resultaten fr̊an den linjära stabilitetsanalysen.

Generellt, skjuvningsförtunnande/skjuvningsförtjockande effekter destabilis-
erar/stabiliserar strömningen runt cylindern och i kaviteten. Viskoelastiska
effekter b̊ade stabiliserar och destabiliserar kanalströmningen, beroende p̊a
förh̊allandet mellan den viskoelastiska tidskalan och strömningens tidsskalor.
Instabilitetsmekanismerna är bara marginellt modifierade i cylinderfallet medan
nya instabilitetsmekanismer uppst̊ar i fallet med lid-driven kavitet. Vi har ob-
serverarat att de icke-newtonska effekterna kan modifiera b̊ade medelströmnin-
gen och störningarna (t.ex. strömningen av Carreau fluider runt en cylin-
der eller i en lid-driven kavitet) eller bara p̊averka störningarna (t.ex. kanal-
strömningen med en Oldroyd-B fluid). De observerade ändringarna i insta-
bilitetsdynamiken i alla de studerade strömningsfallen har visat sig vara starkt
kopplade till de olika bidragen till rörelseenergin av störningarna.

Nyckelord: icke-newtonska fluider, Carreaumodell, Oldroyd-B-modell, FENE-
P-modell, modal analys, icke-modal analys, känslighetsanalys
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Preface

The current study focuses on the non-Newtonian effects on the inertial in-
stabilities in different flow configurations. In the first part, we introduce the
non-Newtonian models and tools for linear stability analysis which have been
employed. The main findings of different studies have been summarized. In
the second part, the following articles are presented.

Paper 1. I. Lashgari, J. O. Pralits, F. Gainnetti & L. Brandt, 2012
First instability of the flow of shear-thinning and shear-thickening fluids past a

circular cylinder. J. Fluid Mech. 701:201-227

Paper 2. S. Haque, I. Lashgari, F. Gainnetti & L. Brandt, 2012
Stability of fluids with shear-dependent viscosity in the lid-driven cavity. J.
non-Newtonian Fluid Mech. 173-174:49-61

Paper 3. M. Zhang, I. Lashgari, T. A. Zaki & L. Brandt,
Linear stability analysis of channel flow of viscoelastic Oldroyd-B and FENE-P

fluids. Accepted in J. Fluid Mech. (2013)

Paper 4. I. Lashgari, V. Citro, L. Brandt, M. P. Juniper & O.
Tammisola,
The planar X-junction flow: stability analysis and control. Submitted to J.
Fluid Mech. (2013)
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Introduction





CHAPTER 1

Introduction

Understanding the characteristics of non-Newtonian fluids is important for their
vast fundamental and industrial applications. On one hand, non-Newtonian
fluids exhibit complex dynamics and unexpected patterns under certain condi-
tions, which induced scientists with background in mathematics, physics, fluid
mechanic, civil engineering, chemical engineering and biology to advance their
knowledge about these fluids. On the other hand, many industrial processes
such as food, chemical, plastic and polymer processing encounter the character-
istics of the non-Newtonian fluids. From both scientific and engineering point
of views, turbulence drag reduction is one of the most attractive aspects of the
non-Newtonian flows. When small amount of high-molecular weight polymers
are added to the fluid, the pressure force for driving the turbulent flow of poly-
meric solution at a fixed flow rate through a channel may decreases by 80% with
respect to that for the Newtonian fluid (White & Mungal 2008). This area has
been subjected to many studies since 50s and still is an ongoing research (see
the early discovery by Toms (1949) and the review articles by Lumley (1973)
and Procaccia et al. (2008))

Non-Newtonian effects can alter significantly the instability characteristics
of the flow. Instabilities in non-Newtonian fluids may arises directly from the
non-Newtonian character of the fluids and/or via a modification of the Newto-
nian fluids due to the non-Newtonian properties (Pearson 1976). The former
effect has been mostly investigated in the context of the inertialess instabil-
ities and the latter one has been examined in inertial-dominated flows. The
phenomena of elastic instability has been discovered in flows with negligible
inertia and strong elastic force. It is believed that the nonlinear behavior of
the complex structures in the flow provides a driving force to promote instabil-
ities (Shaqfeh 1996). Development of these instabilities may results in elastic
turbulence, a flow regime characterized by the wide range of temporal and spa-
tial scales even at very low Reynolds numbers (Groisman & Steinberg 2001).
The knowledge obtained from the study of elastic turbulence has been used
in processes whose aim is to manipulate the flow at small scales, for example
to enhance mixing in micro-fluidic devices (Larson 1992). It is also important
to study the instability of non-Newtonian flows in the inertial regime. This
area is in particularly relevant in various industrial processes such as lubrica-
tion, extrusion, coating and fiber spinning. Inertial flow might be stabilized or
destabilized by non-Newtonian effects depending on the choice of the flow and
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2 1. INTRODUCTION

rheological parameters (Tanner 1985). In these flows, the modification of the
instability thresholds and/or alteration of the instability mechanisms is attrib-
uted to the interplay between inertial, viscous and elastic forces. To gain more
insight into these effects, is the main motivation behind the current study.

In the current work, a range of tools for the linear instability analysis are
employed to investigate the dynamic of instabilities in inertial non-Newtonian
fluids. We use global mode analysis to assess the time-asymptotic behavior of
the flow dynamics while the short time dynamics of the system is studied by
means of nonmodal analysis. Sensitivity analysis, a measure of flow response
to internal or external modifications, is used to indicate the region in the flow
which contributes the most to the instability dynamics. Finally, we study the
perturbation kinetic energy budget to examine the physical mechanism behind
the instabilities.

The first part of the thesis is organized as follow. In § 2, we introduce
the concept of non-Newtonian fluids and describe an inelastic and two elastic
non-Newtonian models. In § 3, we establish the stability analysis formulations:
modal, non-modal, sensitivity and energy analysis with particular attention on
the non-Newtonian modifications. In § 4 we summarize the main findings of
the papers. Finally in § 5 we provide an outlook for the current study.



CHAPTER 2

Non-Newtonian fluids

Unlike water and oil, large variety of fluid flows exhibit non-Newtonian
behaviors due to the presence of macromolecular complex structures dis-
solved/suspended in the fluid. Paints, polymer solutions, colloidal suspensions,
gels and blood are some examples of rheologically complex fluids. The influence
of the complex structure on the flow system becomes more evident once they
are perturbed under the action of an external shear. In the polymer solutions
for example, the long chain polymer molecules tend to orient randomly at rest
to obtain their minimum energy level (coil state). However, they respond to
the external shear by disentangling and aligning in the direction of the flow
(stretched state) and produce strong elastic force. This phenomenon has a
significant impact on the behavior of the underlying flow (Deshpande et al.

2010).

Non-Newtonian fluids may exhibit elasticity, memory effect, yield stress,
shear-thinning, shear-thickening and etc under various circumstances. Elastic
effects describe the tendency of the complex structures to relax back to its orig-
inal configuration after being stretched by the flow (Renardy 1987). Memory
effect has a close connection to the elasticity of the fluid. Flow may remember
the history of its past deformation over a period identified by a relaxation time
(Bird et al. 1987; Deshpande et al. 2010). Fluids with yield stress start to flow
if subject to an external stress which is larger than a certain threshold (e.g.
Bingham fluids (N.Phan-Thien 2002)). Shear-thinning and shear-thickening
fluids display an apparent viscosity which varies with the local shear-rate of
the flow.

In this work we employ the Carreau, Oldroyd-B and FENE-P models to
investigate the shear-thinning, shear-thickening and viscoelastic aspects of non-
Newtonian fluids in the framework of the linear stability analysis. Although
the non-Newtonian models are idealized, they can capture the behavior of real
fluids under specific conditions.

3



4 2. NON-NEWTONIAN FLUIDS

2.1. Governing equation

The Cauchy momentum and continuity equations govern the motion of the flow
of both Newtonian and non-Newtonian fluids,

ρ(
∂u

∂t
+ u · ∇u) = −∇p+∇ · τ (2.1)

∇ · u = 0,

where u = (u, v, w) is a vector containing velocity components, p is pressure
and τ is the deviatoric stress. The stress in the generalized Newtonian fluids
(Deshpande et al. 2010) is a linear function of the instantaneous deformation-
rate of the flow and it is constructed by τ = µ(∇u+(∇u)T ), where the viscosity
of fluid, µ, is the coefficient of proportionality. If the viscosity is constant, the
governing equation forms the classical Navier-Stokes equation for the Newto-
nian fluids. Otherwise, the generalized N-S equation is obtained,

ρ(
∂u

∂t
+ u · ∇u) = −∇p+∇[µ(∇u + (∇u)

T
)]. (2.2)

Equation 2.2 has been used to describe the motion of inelastic and time-
independent non-Newtonian fluids. These fluids do not show memory of their
past history and their viscosity may depend on the local deformation-rate in
the flow. In § 2.2 we introduce a model for the viscosity of inelastic fluids to
close the system of the equations.

In general, non-Newtonian fluids may exhibit elasticity and time-
dependency. The deviatoric stress of these fluids is a nonlinear function of
the history of the flow deformations; it does not only follow the Newton’s law
of viscosity but also do not agree with Hooke’s law of elasticity (Deshpande
et al. 2010). This property leads to a more complicated equation of motion for
the viscoelastic fluids which might be highly nonlinear even for parallel flows.
In § 2.3 we present two constitutive equations to model the behavior of the
viscoelastic fluids.

2.2. Inelastic model

In the current work, we employ the Carreau law to define the viscosity of
the inelastic fluids. The Carreau model fits well-enough to the viscosity data
taken from most engineering calculations (Bird 1976). The model presents an
isotropic viscosity which is a function of the instantaneous shear-rate of the
flow,

µ = µ∞ + [µ0 − µ∞][1 + (λγ̇)2](n−1)/2, (2.3)

where µ0 and µ∞ indicate the upper and lower limits of the fluid viscosity
at zero shear-rate and infinite shear-rate. The second invariant of the strain-
rate tensor, γ̇, is obtained by the dyadic product γ̇ = (2Θij : Θij)

1

2 , where
Θ = 1

2 (∇u+∇uT ) (see Bird et al. 1987). The power index, n, categorizes the
fluid. For n < 1, the fluid is shear-thinning (pseudoplastic) and the viscosity
of the flow decreases monotonically with the shear-rate. For n > 1, the fluid
is shear-thickening (dilatant) and the flow becomes more viscous by increasing
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the shear-rate. The power index, n = 1, represents the Newtonian fluids.
The material time constant λ indicates the degree of shear-thinning/shear-
thickening and its value can be connected to the molecular structure of some
polymeric solutions (Morrison 2001).

Numerous studies consider the instability of inelastic non-Newtonian fluids
where the authors have compared their results with the one of the Newtonian
fluids. Since the viscosity of inelastic non-Newtonian fluids is not constant,
the choice of the reference viscosity in the definition of the Reynolds number
affects the results over different studies (see the recent review by Govindarajan
& Sahu 2014). In channel flow of an inelastic fluid, Nouar et al. (2007) claim
that the tangent viscosity at the wall is more relevant choice for the reference
viscosity than the effective average viscosity in the domain. However, in the
open flows like flow past a cylinder, those choices are not useful because flow is
separating from the cylinder wall and the viscosity variation is localized near
the cylinder. In the work by Lashgari et al. (2012), the instability thresholds
have been obtained when the Reynolds number constructed by the zero shear-
rate viscosity. It is shown that if the reference viscosity is defined as a weighted
average of the local viscosity and the norm of the function describing the core
of instability is used as the weight function, the critical Reynolds numbers for
all the cases studied collapse at ≈ 47. (see for more detail Lashgari et al. 2012).

2.3. Viscoelastic models

Several models have been developed to capture the viscoelastic behavior, viscose
responses and elasticity, of some non-Newtonian fluids such as dilute polymer
solutions. Polymer solutions exhibit shear-thinning and elastic effect (Bird
et al. 1987; N.Phan-Thien 2002; Deshpande et al. 2010). In the current work
we employ Oldroyd-B and FENE-P models to describe the behavior of the
viscoelastic fluids. Both models represents an individual polymer molecule as a
dumbbell with two beads at each end connected with an elastic spring (Giesekus
1982; Zhu et al. 2012). Unlike Oldroyd-B, FENE-P model imposes a limit on
the maximum extension of the polymer molecules. Polymer additive affects the
fluid through an extra body stress, τp, defined by the following non-dimensional
form

τp =
fC − I

W
, (2.4)

where C is the conformation tensor constructed by taking an average over the
polymer configurations, Cij =< RiRj >. The Weissenberg number, W, is the
ratio between the polymer relaxation time and the characteristics flow time
scale. For small values of W, fluid elements rapidly adjust to the variation
of the surrounding flow. Therefore, flow does not exhibit strong viscoelastic
effects. The opposite applies to high values of W when the polymer molecules
have time to be stretched. The Peterlin function, f , is equal to one for Oldroyd-
B fluids while it is
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f =
L2 − 3

L2 − Ckk
(2.5)

for FENE-P fluids. In equation 2.5, L is the maximum extensibility of the
polymer molecules and Ckk is the trace of the conformation tensor. Taking
into account the polymer stress, the non-dimensional form of the governing
equations reads

∂u

∂t
+ u · ∇u = −∇p+

β

Re
∇2u+

1− β

Re
∇ · τp, (2.6)

where β is the ratio between the solvent viscosity and the total viscosity of
the fluid. When β approaches one, the contribution of the polymer stress is
negligible. The constitutive equation for the evolution of the conformation
tensor reads

∂C

∂t
+ u · ∇C−C · ∇u− (∇u)T ·C = −τp, (2.7)

where T stands for transpose of the tensor. The left hand side of equation 2.7 is
the upper convective time derivative which indicates the transport and stretch
of the polymer molecules. This is balanced by the polymer stress in the con-
stitutive equation.



CHAPTER 3

Global linear stability and sensitivity analysis

In this chapter we briefly outline the tools that have been used to study the
instabilities in inertial non-Newtonian flows.

3.1. Linear analysis

Linear stability analysis provides an appropriate explanation for the instability
phenomena observed in the early stage of transition from laminar to turbulence
flow. To perform a linear stability analysis, we decompose the flow variables
into the steady base flow variables (Ub, Pb, µb, Cb, fb, τpb) and infinitesimal per-
turbations (u′, p′, µ′, c′, f ′, τ ′p) and study the spatial and temporal evolution of
the perturbations. Substituting the decomposition into the governing equations
and neglecting the higher order terms, we obtain the Linearized Perturbation
Equation (LPE). For the flow with shear-dependent viscosity, the LPE reads

∂u′

∂t
+ u′ · ∇Ub +Ub · ∇u′ = −∇p′+ (3.1)

1

Re
∇ · [µb(∇u′ + (∇u′)T ) +

1

Re
∇ · [µ′(∇Ub + (∇Ub)

T )

∇ · u′ = 0.

We define the viscosity fluctuation, µ′, by the linear term of the Taylor expan-
sion of the viscosity function around the base state,

µ′ = γ̇ij(u
′)

∂µ

∂γ̇ij
(Ub). (3.2)

Equation 3.1 has been adopted for the parallel flows of fluids with varying vis-
cosity. The formulation of the modified Orr-Sumerfeld operator are presented
in the works by Chikkadi et al. (2005) and Nouar et al. (2007).

The LPE and linearized constitutive equation for the polymeric flows reads

∂u′

∂t
+Ub · ∇u′ + u′ · ∇Ub = −∇p′ +

β

Re
∇2u′ +

1− β

Re
∇ · τ ′p (3.3)

∂c′

∂t
+ u′ · ∇Cb +Ub · ∇c′ − c′ · ∇Ub −Cb · ∇u′ − (∇Ub)

T · c′

−(∇u′)T ·Cb = −τ ′p (3.4)

7



8 3. GLOBAL LINEAR STABILITY AND SENSITIVITY ANALYSIS

where τ ′p = f ′Cb+fbc
′

W . The perturbation of the Peterlin function, f ′, is obtained
by Taylor expansion in the same manner,

f ′ =
∂f

∂C11

∣

∣

B
c11 +

∂f

∂C22

∣

∣

B
c22 +

∂f

∂C33

∣

∣

B
c33. (3.5)

where
∣

∣

B
shows that the derivatives are taken from base flow variables.

The LPE for both inelastic and elastic cases can be written as

∂q′

∂t
= L(Qb, Re)q′, (3.6)

where Qb and q′ represent the base flow and perturbation variables and L
denotes the linear operator.

3.2. Modal analysis

In parallel flows, where the velocity profile of the base flow is a function of just
the cross-stream coordinate, Fourier decomposition of the perturbations can
be performed in both streamwise and spanwise directions. The decomposition
reads

q′(x, y, z, t) = q̂(y)exp(σt+ iαx+ iγz), (3.7)

where α and γ are the streamwise and spanwise wavenumbers introduced to
exploit the homogeneity of base flow in the streamwise and spanwise directions.
The eigenvalue and eigenvectors of the global modes are σ and q̂. The real and
imaginary part of σ are the growth rate and oscillation frequency of the each
mode. The above procedure is a basis of the local instability analysis which
can be also applied in the weakly non-parallel flows where the variation of
the base flow occurs in much larger length scale than the wavelength of the
perturbations (Huerre & Monkewitz 1990).

When the flow is highly non-parallel, the stability analysis has to be fulfilled
globally in the entire domain. In this work we investigate the evolution of
the three-dimensional perturbations on the two dimensional steady base flows
(except for the channel flow). Following the terminology in Theofilis (2011), we
perform BiGlobal stability analysis where the global modes evolve exponentially
in time,

q′(x, y, z, t) = q̂(x, y)exp(σt + iγz). (3.8)

Introducing equation (3.8) into (3.6), we form the Linearized Eigenvalue Prob-
lem (LEP) and compute the eigenvalues and eigenvectors of the system,

σq̂ = L(Qb, Re)q̂. (3.9)

If there exists any eigenvalue with ℜ{σ} > 0, the flow is linearly unstable.
Conversly, if all the eigenvalues have negative real part the infinitesimal per-
turbations eventually decay to zero and flow is linearly stable.
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3.3. Nonmodal analysis

Even though modal stability analysis predicts a critical Reynolds number above
which the perturbations grow exponentially, in the experiments, flows may un-
dergo transition to turbulence at much lower Reynolds numbers. In these
conditions the dynamics of the system may not be determined by the least sta-
ble eigenvalue whereas the superposition of stable modes results in a transient
amplification of the energy owing to the non-orthogonality of the eigensystem
(Schmid & Henningson 2001). If the growth is large enough, nonlinear inter-
actions may trigger the transition from laminar to turbulent flow. Transient
growth of the energy has been observed in many open flows and it is in partic-
ular more evident in the spatially varying flows where convective term in N-S
equation is highly asymmetric (Barkley et al. 2008).

Transient growth analysis gives the maximum amplification of the kinetic
energy, at a finite time horizon T , over the all permissible initial perturbations
(Schmid 2007). The optimal growth is defined by

G(T ) = max
q′(0)

E(q′(T ))

E(q′(0))
, (3.10)

where q′(0) and q′(T ) are the optimal initial and final conditions and E is
the perturbation kinetic energy obtained by the standard L2 inner product,
E(t) = (q′(t),q′(t)). The energy growth forms

G(T ) =
(q′(T ),q′(T ))

(q′(0),q′(0))
=

(exp(LT )u′(0), exp(LT )u′(0))

(u′(0),u′(0))
= (3.11)

(A(T )u′(0),A(T )u′(0))

(u′(0),u′(0))
,

where A(T ) = exp(LT ), is the propagator operator (Farrell & Ioannou
1996). The adjoint of the propagator operator, A+(T ), necessarily satisfies the
following correlation for any fields â and â+,

(A(T )â, â+) = (â,A+(T )â+). (3.12)

Combining equations 3.11 and 3.12, the optimal growth reads

G(T ) =
(u′(0),A+(T )A(T )u′(0))

(u′(0),u′(0))
. (3.13)

Based on the above expression, the leading eigenvalue of the product op-
erator A+(T )A(T ) (the largest singular value of A) indicates the maximum
amplification of the perturbation kinetic energy over the time horizon T . A
sequence of propagating an initial condition forward in time by the direct op-
erator, A(T ), and backward in time by the adjoint operator, A+(T ), results
in the optimal initial condition which exhibits the maximum growth over the
optimization time (Adjoint looping). The structure of the optimal mode and
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the time scale over which the optimal mode affects the flow are significantly
different than the ones of the global modes (Schmid 2007).

In this work we will show that the non-Newtonian properties of flow may
affect both modal and non modal instabilities by drifting global modes to the
other side of the complex plane and through a modification of the transient
growth process.

3.4. Sensitivity analysis

Sensitivity analysis has been introduced to measure the sensitivity of the fluid
system to different internal or external modifications such as structural, base
flow, boundary velocity and body geometry modifications (Chomaz 2005; Gi-
annetti & Luchini 2007). It can be used to specify region/s in the flow that
contribute the most to the dynamics of the system. The knowledge obtained
from the sensitivity analysis can be therefore employed to control the flow by
manipulating the sensitive regions.

To compute the sensitivity function, we design a constrained optimization
problem where the cost function is the eigenvalue of the system and the con-
strains are LEP and the governing equations for the base flow (Marquet et al.
2008). We then employ the generalized Lagrange identity to construct an un-
constrained optimization problem by introducing the adjont perturbation and
base flow variables (q̂+, Q+

b ) as the Lagrange multipliers,

Υ = σ − (q̂+, LEP{q̂,Qb, σ, f̂})− (Q+
b , BF{Qb,F}), (3.14)

where Υ is the Lagrangian function and BF stands for the base flow equa-
tion. The parameters f̂ and F denote the possible forcing on perturbation and
base flow respectively. The governing equations for the adjoint perturbation
and adjoint base flow variables are obtained by ∂Υ

∂q̂ = 0 and ∂Υ
∂Qb

= 0 (Gun-

zburger 2003). The structure of the adjoint variables are not only useful to
compute the sensitivity functions but also valuable on its own right. The spa-
tial structure of the adjoint perturbation mode indicates the region/s in the
flow where the receptivity to the external excitations at perturbation level is
the highest. The structure of adjoint base flow itself presents the sensitivity of
the flow to steady forcing at base flow level (see for more detail Marquet et al.
2008; Luchini & Bottaro 2014).

Note that the transient growth analysis in § 3.3 is also an optimization
problem in which the maximum amplification of the perturbation kinetic energy
serves as the cost function and the constraints are the LPE and the energy of
the initial conditions. Therefore, transient growth analysis can be seen as a
sensitivity measure to initial condition (Schmid 2007).

3.4.1. Structural sensitivity analysis

In the flow systems, where the evolution operator is non-normal, there ex-
ists a large spatial separation between the structure of the global direct and
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adjoint modes and dynamic of the system can not be determined by study ei-
ther of them separately. Structural sensitivity function is then constructed by
overlapping the direct and adjoint global modes, (Giannetti & Luchini 2007).
Structural sensitivity analysis indicates the core of the instability (wave-maker
region) where the structural modification of the system, in the form of local
feedback force proportional to perturbation velocity, produces the largest drift
in the eigenvalues. The dynamics of the system may promote a self-sustained
mechanism in the wave-maker region. Indeed, the area outside the wavemaker
region is insensitive to the structural modification of the flow and the dynamics
of the system remain unchanged by removing this area from the computational
domain (Chomaz 2005).

To compute the structural sensitivity, we assume the forcing on the LEP in
the form of localized structural force proportional to local velocity perturbation,

f̂ = δ(x − x0, y − y0)δM0 · û, where δM0 is a coupling matrix of particular
localized structure and δ is the Kronecker delta function (Giannetti & Luchini
2007). The governing equation for the eigenvalue drift is obtained by using the
expansion q̂ = q̄ + δq̂ and σ = σ̄ + δσ in equation 3.9, where overbar stands
for unperturbed variables,

σ̄δq̂− L(Qb, Re)δq̂ = −δσû+ δM0 · û. (3.15)

Replacing equation 3.15 by LEP in the optimization problem (eq 3.14), the
eigenvalue drift due to the local feedback reads

δσ(x0, y0) =
û+(x0, y0) · δM0 · û(x0, y0)

∫

D û+ · ûdA
. = S(x0, y0) · δM0. (3.16)

We obtain the sensitivity map by the use of spectral norm of the sensitivity
tensor, S, which gives rise to the maximum possible coupling between the
velocity components.

The derivations of the governing equations for global direct and adjoint
mode as well as structural sensitivity function for the fluids with shear de-
pendent viscosity has been detailed in Lashgari et al. (2012) and Haque et al.

(2012).

3.4.2. Sensitivity analysis to base flow modification

Sensitivity analysis to generic base flow modifications, SBF , has been used to
examine the variation of the eigenvalue of the system to small modifications in
base flow. Opposite to the structural sensitivity analysis, here the focus is on
the variations in the base flow that strongly affect the instability dynamics. It
is shown by Marquet et al. (2008) and Pralits et al. (2010) that the sensitivity
to base flow modification for the flow past a stationary and rotating cylinder
specifies the regions where the dynamics of the system contribute to the onset
of vortex shedding. The response of the flow system to specific modifications in
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the baseflow suggests the strategies for manipulating/controling the instabilities
in the flow.

To compute the sensitivity analysis to the generic (arbitrary) base flow
modification, we remove the base flow equation from the optimization problem
(eq 3.14) and obtain the variation of the eigenvalue by ∂Υ

∂Qb
= 0. Following

the formulation in Marquet et al. (2008), the sensitivity analysis to base flow
modification is obtained by

SBF = ∇Qb
σ =

−(∇û)H · û∗ +∇û+ · û∗

∫

D
û+ · ûdA

, (3.17)

where ∗ and H denote as complex conjugate and trans conjugate respectively.

3.4.3. Sensitivity analysis to boundary velocity modification

The optimization problem (eq 3.14) can be adopted when specific sensitivity
analysis is desirable. As an example, the continuity equation is explicitly in-
cluded in the optimization problem as a constrain where the adjoint pressure
serves as a Lagrange multiplier. Consequently the structure of the adjoint
pressure indicates the region/s in the flow which is highly receptive to mass
injection.

In paper 4, we have employed the sensitivity analysis to boundary velocity
modification, Sb, in order to obtain the optimal distribution of suction/blowing
at the wall. Following the formulation introduced in Marquet & Sipp (2010),
Sb is derived by adding a new constrain to the the optimization problem (equa-
tion 3.14) corresponding to the boundary condition and defining the boundary
velocity, UB, as the control parameter. The sensitivity function then reads

Sb = ∇UB
σ = P+n+ Re−1∇U+ · n, (3.18)

where U+ and P+ are the adjoint base flow velocity and pressure and n is a
unit vector normal to the wall. The variation of the eigenvalues is then obtained
by integrating SB over the boundary B:

δσ =

∫

B

Sb · δUB. (3.19)

3.5. Energy analysis

The perturbation kinetic energy analysis is a powerful tool to examine the
physical mechanisms behind the instabilities. This method has been introduced
long time ago and it is still presented in the recent studies of both Newtonian
and non-Newtonian fluids (Lanzerstorfer & Kuhlmann 2012; Doering et al.

2006). A more detailed aspects of the perturbation energy budget is presented
in the book by Drazin (2002).

In this section, we introduce the perturbation kinetic energy budget for the
non-Newtonian fluids. Since the velocity fluctuations are complex functions
(see 3.8), the evolution equation for disturbance kinetic energy is obtained by
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multiplying the LPE with complex conjugate of the velocity fluctuations, u′∗
i .

For the fluids with shear dependent viscosity, the budget reads

d(e)

dt
=

∂

∂xj

[

−
1

2
Ubju

′

iu
′∗

i −
1

2
(u′∗

j p
′ + u′

jp
′∗) +

1

Re
µb(u

′∗

i θij + u′

iθ
∗

ij)+

1

Re
Θij(u

′∗

i µ
′ + u′

iµ
′∗)

]

−
1

2
(u′∗

i u
′

j + u′

iu
′∗

j )
∂Ubi

∂xj
−

2

Re
µb(θijθ

∗

ij)

−
1

Re
(µ′θ∗ijΘij + µ′∗θijΘij), (3.20)

where e = 1
2 (u

′
iu

′∗
i ) is the pertubation kinetic energy and Θij and θij are the

shear-rate tensors corresponding to baseflow and perturbation velocity fields.
In the above expression ∗ denotes the complex conjugate. The first term on
the right hand side of the equation 20 corresponds to the transport of the
energy in the domain and its overall contribution in the energy budget is zero
in the flow system with vanishing perturbations at the boundaries. Note that
this term is locally non-zero and can affect the energy budget indirectly by
modifying the other terms (Govindarajan & Sahu 2014). The second term is
the production of perturbation kinetic energy by means of Reynolds stress.
The third term is viscous dissipation which is always negative. The last term
results from the contribution of the viscosity fluctuation. As shown in Lashgari
et al. (2012) for Carreau model, the last term is positive for the shear-thinning
and negative for the shear-thickening fluids. Therefore, viscosity fluctuation in
shear-dependent viscosity fluids contributes in stabilizing the flow by increasing
the total dissipation or destabilizing the flow by adding production.

The kinetic energy budget for the viscoelastic fluids is obtained by

∂(e)

∂t
=

∂

∂xj

[1

2
Ubju

′

iu
′∗

i −
1

2
(u′∗

j p
′ + u′

jp
′∗) +

β

2Re
(u′∗

i

∂u′
i

∂xj
+ u′

i

∂u′∗
i

∂xj
)+

1− β

2Re
(u′∗

i τ
′

pij + u′

iτ
′∗

pij)
]

−
1

2
(u′∗

i u
′

j

∂Ubi

∂xj
+ u′

iu
′∗

j

∂Ubi

∂xj
)−

β

Re

∂u′∗
i

∂xj

∂u′
i

∂xj
−

1− β

2Re
(τ ′pij

∂u′∗
i

∂xj
+ τ ′∗pij

∂u′
i

∂xj
), (3.21)

where the last term on the right hand side, denoted as PD in paper
3, describes the interaction between the polymer stress and the the velocity
fluctuations.

Perturbation kinetic energy directly connects to the growth rate of the
global modes. The normalized rate of energy by the kinetic energy of the mode
gives

∂(e)
∂t

e
= 2σr, (3.22)
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where σr is the growth rate of the eigenvalue whose eigenfunction is
employed to obtain the energy budget. Therefore, energy analysis can be used
to examine the results of the stability analysis.



CHAPTER 4

Summary of Papers

Paper 1

First instability of the flow of shear-thinning and shear-thickening fluids past

a circular cylinder.

The flow past a cylinder is one of the most common configurations of
the bluff body flows. It is well-known that the dynamics of the cylinder
flow is intrinsic and it behaves like a global oscillator (Huerre & Monkewitz
1990). The first bifurcations of the Newtonian flow occurs at Re ≈ 47 where
a symmetric steady state becomes time-periodic with the appearnce of vortex
shedding (Provansal et al. 1987).

In this paper, we have studied the onset of the first instability of the Car-
reau fluids flowing past a circular cylinder. We have employed the structural
sensitivity analysis, the sensitivity analysis to base flow modification and energy
analysis to examine the mechanism responsible for the onset of the instabilities.

We have shown that the first bifurcation occurs under the action of two-
dimensional modes, as for the Newtonian flow. The critical Reynolds number
of the pseudoplastic fluids decreases monotonically with the shear-thinning ef-
fects while the frequency of the unstable mode increases. The opposite trend
is observed for the dilatant fluids. In all the cases considered, the core of insta-
bility consists of two lobes located symmetrically downstream of the cylinder.
Shear-thinning/thickening effects shrink/diffuse the area of maximum sensi-
tivity while increase/decrease the peak value of the sensitivity function. The
results of sensitivity analysis to base flow modification remain almost unaffected
by shear-thinning and shear-thickening effects and the maximum sensitivity is
always localized close to the upper and lower sides of the cylinder surface. We
have shown that the viscosity fluctuation does not play an important role on
the neutral curve and stability mechanism of the flow. However, it contributes
to amplify the perturbation kinetic energy downstream of the wave-maker re-
gion in the case of pseudoplastic fluids, while the opposite applies to dilatant
fluids. Non-Newtonian effects modify the underlying base flow considerably.
Reduction in drag coefficient, elongation of the recirculation bubble and in-
tensification in the vorticity of shear layer are among the major modifications
induced by shear-thinning. Interestingly for all pseudoplastic and dilatant cases
studied, we have found a critical length for the recirculation region above which

15
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flow start to bifurcate. Moreover, the spatial structure of the local Reynolds
number (defined by the local viscosity) displays a value around 47 in the area
of the largest structural sensitivity. Finally to tackle the issue of the choice
of the reference viscosity in the definition of the Reynolds number, we have
defined a reference viscosity by weighting the local viscosity with the norm of
the structural sensitivity. We have shown that the critical Reynolds number
based on the new reference viscosity is about 47 for all the cases.

Paper 2

Stability of fluids with shear-dependent viscosity in the lid-driven cavity.

Lid driven cavity flow is an another classical flow configuration with in-
ternal recirculating flows induced by the motion of one or more surrounding
walls (see Shankar & Deshpande 2000). The Newtonian cavity flow, when the
flow is assumed to be homogeneous in spanwise direction and the aspect ratio
is equal to one (square cavity), first becomes unstable at Re ≈ 786 due to the
action of a stationary and three-dimensional global mode (Albensoeder et al.

2001).

In this paper we have examined the instability of a shear-dependent vis-
cosity fluid in a lid-driven cavity with span-wise length of infinity. Two aspect
ratios have been considered corresponding to square cavity, Γ = 1, and shallow
cavity, Γ = 0.25. The Carreau model has been used to describe the rheolog-
ical properties of the fluid. We have employed the structural sensitivity and
perturbation kinetic energy analysis to investigate the mechanism behind the
instability of the flow in the linear framework.

Generally, the flow is destabilized by shear-thinning and stabilized by shear-
thickening effects. This behavior has been explained by thinning the boundary
layer and reducing the intensity of shear inside the cavity for pseudoplastic flu-
ids and opposite for the dilatant fluids. For both square and shallow cavities,
the critical average Reynolds number (defined by the average viscosity in the
domain) is almost independent of the rheological parameters in an intermediate
range. The critical mode for the square cavity changes from stationary to oscil-
latory when power index n > 1.2 and its corresponding wavenumber decreases
by the factor of 2. For shallow cavity however, we observe a significant de-
crease in the frequency and wavenumber of the instability mode when n < 0.5.
For square cavity the sensitivity region is aligned with the streamlines in the
case of pseudoplastic fluids which suggests an inviscid centrifugal mechanism.
However for dilatant fluids, it localizes on the lower left corner when n = 1.2
and close to the right wall when n = 1.4. The core of instability for the shallow
cavity is located on a side of the cavity in the direction of the lid velocity. For
the strong shear-thinning effect the maximum moves to the region close to the
lower wall. This effects is accompanied by an increase in the average Reynolds
number for the same rheological parameter. Finally, we have observed that
the area of the maximum production of the perturbation kinetic energy and
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structural sensitivity always collapse in the cavity flow opposite to what we
have shown in the cylinder flow.

Paper 3

Linear stability analysis of channel flow of viscoelastic Oldroyd-B and FENE-P

fluids.

Normal mode analysis predicts the first instability of Newtonian Poseuille
flow at Reynolds number about 5772 (Orszag 1971). However, Poseuille flow
amplifies perturbations due to the non-normality of the eigenmodes at much
lower Reynolds number (Trefethan et al. 1993; Schmid & Henningson 2001).
The amplification of energy might be large enough to bring up nonlinear
effects and trigger transition to turbulence.

In this paper, we have employed modal and non-modal analysis to investi-
gate the stability of non-Newtonian Poiseuille flow in the inertial regime. Both
Oldroyd-B and FENE-P models have been used to examine the behavior of the
flow with polymer additive. Perturbation kinetic energy analysis helps to shed
light on the physical mechanism of the instabilities.

We have obtained that the ratio between polymer relaxation time and
instability time scale, Wωr, categorizes the effect of polymer on the instability
of flow. In both modal and non-modal analysis, the flow is destabilized for
small values of this ratio and stabilized for the large values. The maximum
destabilization is obtained for the ratio of order one.

Modal analysis: For Wωr < 1, polymer molecules are assumed inelastic
and they do not contribute to alter the total dissipation in the flow. However,
they modify the phase-shift between streamwise and wall-normal perturbation
velocity and promote the instabilities by increasing the production of pertur-
bation kinetic energy. At larger Wωr, polymer molecules can be stretched by
the shear flow and the elastic effects stabilize the flow by reducing the total
production in the flow.

Non-modal analysis: We have shown that the growth of streaks increases
monotonically with W while the growth of oblique modes displays an initial
increase followed by a monotonic decrease. We have found a scaling for the
growth of the oblique modes by which all the curves collapse when we replace
W by W/Tmax, where Tmax is the time of the maximum growth. The incre-
ment in the transient growth of the streaks is attributed to an increase in the
production of disturbance kinetic energy. Opposite explanation holds for the
reduction in the transient growth of the oblique modes. Finally, we have also
examined the effects of the viscosity ratio, β, and the maximum extensibil-
ity of the polymer molecules, L, on the stability of flow. By increasing the
polymer concentration, modal instabilities are suppressed and the variation of
the non-modal growth with respect to the Newtonian cases increases linearly.
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Elastic effect is enhanced by increasing the maximum extensibility of the poly-
mer molecules so that exponential instabilities are destabilized and non-modal
growth is marginally reduced.

Paper 4

The planar X-junction flow: stability analysis and control.

X-junction flow is a geometrically complex flow that is established by
three inlet and one outlet channels. X-junction is an underlying configu-
ration for several natural phenomena and industrial applications such as
river-junction (Best & Reid 1984), flow-mixers (Nguyen & Wu 2005) and
flow focusers (Joanicot & Ajdari 2005). In the latter case, it is desirable to
maintain the symmetric flow downstream while increasing the speed of the
process (Kinahan et al. 2011).

In this paper, we have studied the instabilities and examined a control
strategy of the Newtonian flow through a X-junction. We have employed three-
dimensional direct numerical simulation, global stability, sensitivity and energy
analysis to understand the nature of the flow bifurcations in the X-junction.
The first bifurcation of the flow is then controlled by applying the optimal
suction/blowing at the walls based on the knowledge obtained by the sensitivity
to boundary velocity modification.

For all the examined velocity ratios, the ratio between the side and main
channel centerline velocity Vr, the X-junction flow experiences two bifurcations
as the Reynolds number is increased. The first destabilization occurs under the
action of two dimensional stationary global modes where flow bifurcates from
a steady symmetric state to a steady asymmetric state (Pitchfork bifurcation).
At higher Reynolds number, flow bifurcates again by the action of stationary
three-dimensional global modes around the asymmetric basic state. For Vr = 3,
we have found the first bifurcation at Re ≈ 82.5 and the second bifurcation at
Re ≈ 115. We have shown that the critical conditions for both bifurcations are
almost independent of the inlet velocity of the main channel and scale with the
inlet velocity of side channels. At the first bifurcation, the core of instability and
the region of maximum perturbation energy production are localized symmetri-
cally at the edges of the two recirculation bubbles where a shear layer instability
is active. At the second bifurcation, the maximum sensitivity and disturbance
energy production are located at the center and at the edge of the larger bub-
ble and point toward a lift-up mechanism. The nature of the bifurcations are
also examined by nonlinear simulations. Results show that the first bifurcation
is supercritical while the second one is weakly subcritical. Three-dimensional
simulations at Re ≥ 110 exhibit a nonlinear cycle: a two-dimensional asymmet-
ric flow, the growth of a spanwise modulation, a time-dependent chaotic flow,
breakdown and return to a nearly two-dimensional asymmetric flow. We have
explained the nonlinear cycle by marching the linearized N-S equation in time
about an artificial base flow constructed by the steady asymmetric base flow
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and an unstable three-dimensional stationary mode. When the amplitude of
the stationary mode is large enough, we have observed an oscillatory unstable
mode which is exponentially growing around the artificial base flow. Finally,
we have applied the optimal suction/blowing at the wall of the symmetric flows
around the first bifurcation. We have shown that the critical Reynolds number
is pushed from Re = 82.5 to Re > 150, when the blowing amplitude is only 3%
of the inflow velocity. Blowing affects the flow by reducing the back flow at the
recirculating bubble and thus increasing the entrainment.



CHAPTER 5

Conclusions & Outlook

In this work we have studied the global instability behavior of non-Newtonian
fluids in several classical configurations; cylinder flow, lid driven cavity flow
and channel flow. We have employed both inelastic, Carreau, and elastic mod-
els, Oldroyd-B and FENE-P, to study the shear-thinning, shear-thickening and
viscoelastic features of the non-Newtonian fluids in the framework of linear sta-
bility analysis. Modal, nonmodal and sensitivity analysis have been employed
to study the instability dynamics. The instabilities are interpreted by means
of perturbation kinetic energy analysis.

The non-Newtonian effects significantly alter the characteristic of the un-
derlying basic flows. For the flows around the cylinder and in a lid driven
cavity, these alterations are observed in the size of the recirculating region,
boundary layer thickness and vorticity intensity. In general, we have shown
that the shear-thinning/shear-thickening effects destabilize/stabilize the cylin-
der and cavity flows. The frequency of the unstable modes increases/decreases
with the shear-thinning/thickening effects. For the cylinder flow, the instability
mechanism remains almost unchanged with the non-Newtonian effects, however
the flow exhibits new instabilities in the shallow cavity of highly shear-thinning
fluids and square cavity of highly shear-thickening fluids. Viscoelasticity affects
the instability dynamics of the channel flow depending on the ratio between the
viscoelastic and the flow time scales. For small/large values of this ratio the
flow is destabilized/stabilized significantly. Transient growth of the streaks in-
creases with elasticity while it first increases and then monotonically decreases
for the oblique modes. In all the flow cases studied, the modifications of the
instability dynamics are found to be strongly connected to the contribution of
the different terms in the perturbation kinetic energy budget.

In this work, we have also examined the instabilities of Newtonian flow
in X-junction by means of three-dimensional global mode and direct numerical
simulations. For all the velocity ratios between side and main channels, the flow
exhibits two bifurcations by increasing the Reynolds number where the critical
conditions are found to be independent of the inlet velocity of the main channel.
Direct numerical simulations show that the first bifurcation is supercritical and
the second one is weakly subcritical. We have sought a control strategy for
the flow in X-junction based on the sensitivity analysis to boundary velocity
modification. We show that the critical Reynolds number of the first bifurcation

20



5. CONCLUSIONS & OUTLOOK 21

can be increased by 80 % when we apply optimal suction at the wall with an
amplitude of just 3 % of the inlet velocity.

In future, we would like to expand our knowledge in the field of complex
fluids by performing direct numerical simulations of inertial suspensions. The
vast industrial and environmental applications of the inertial suspensions such
as transportation of cement and slurries in pipelines and of sediments in the
sea and rivers motivates our work. The presence of inertia modifies the macro-
scopic behavior of the suspensions by altering the relative motion and mutual
interactions between the particles, especially at the high volume fractions, φ.
Matas et al. (2003) experimentally show that the critical Reynolds number for
transition, defined by the effective viscosity, of inertial suspension of large par-
ticles through a pipe is almost independent of volume fraction when φ < 0.25.
However, it increases sharply when φ > 0.25 suggesting an additional dissi-
pation mechanism more effective than the viscosity increment. The numerical
simulation of non-Brownian dense suspensions by Picano et al. (2013) connect
the origin of the shear-thickening to anisotropy of the particle distribution due
to the inertial effects. The appearance of shadow region behind the inertial
particles increases the effective volume fraction of the suspension and enhances
the effective viscosity. Our main goal is to investigate the modifications in the
process of transition to turbulence in the presence of finite size particles. The
challenge here would be to find an appropriate criteria to distinguish between
laminar, intermittent and turbulent regimes as the particles disturb the flow at
all the Reynolds numbers. We will employ the code developed by Wim-Paul
Breugem based on the Immersed Boundary Method (Breugem 2012). We will
start by simulating the suspensions of spherical particles with the same size
and continue with spherical and non-spherical particles with different sizes.
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