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Abstract

The results presented in is thesis concern combinatorial and topo-
logical properties of objects closely related to geometry, but regarded
in combinatorial terms. Papers A and C have in common that they
are intended to study properties of buildings, whereas Papers A and
B both are concerned with the connectivity of graphs of simplicial
complexes.

In Paper A it is shown that graphs of thick, locally finite and 2-
spherical buildings have the highest possible connectivity given their
regularity and maximal degree. Lower bounds on the connectivity are
given also for graphs of order complexes of geometric lattices.

In Paper B an interpolation between two classical results on the
connectivity of graphs of combinatorial manifolds is developed. The
classical results are by Barnette for general combinatorial manifolds
and by Athanasiadis for flag combinatorial manifolds. An invariant
b∆ of a combinatorial manifold ∆ is introduced and it is shown that
the graph of ∆ is (2d − b∆)-connected. The concept of banner tri-
angulations of manifolds is defined. This is a generalization of flag
triangulations, preserving Athanasiadis’ connectivity bound.

In Paper C we study non-embeddability for order complexes of
thick geometric lattices and some classes of finite buildings, all of which
are d-dimensional order complexes of certain posets. They are shown
to be hard to embed, which means that they cannot be embedded in
Eucledian space of lower dimension than 2d+1, which is sufficient for all
d-dimensional simplicial complexes. The notion of weakly independent
atom configurations in general posets is introduced. Using properties
of the van Kampen obstruction, it is shown that the existence of such
a configuration makes the order complex of a poset hard to embed.
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Sammanfattning

I denna avhandling presenteras resultat om kombinatoriska och to-
pologiska egenskaper för olika geometriska objekt som dock betraktas
med kombinatoriska termer.

Artiklarna A och C har gemensamt att de studerar egenskaper
av byggnader, medans artiklarna A och B båda undersöker samman-
hangsgraden av grafer av simpliciella komplex.

I Artikel A visas det att grafer av tjocka, lokalt ändliga och 2-
sfäriska byggnader har högsta möjliga sammanhangsgrad med tanke
på deras maximalgrad. Nedre gränser för sammanhangsgraden ges även
för grafer av ordningskomplex av geometriska gitter.

I Artikel B utvecklas det en interpolering mellan två klassika re-
sultat om sammanhangsgraden av grafer av kombinatoriska mångfal-
der. De klassiska resultaten är av Barnette för allmänna kombinato-
riska mångfalder och av Athanasiadis för kombinatoriska mångfalder
som har flag-egenskapen. Vi inför en invariant b∆ av en kombinatorisk
mångfald ∆ och visar att grafen av ∆ har sammanhangsgrad 2d− b∆.
Vi definerar begreppet banner triangulering av mångfalder. Detta är
en generalisering av flag triangulering som bevarar Athanasiadis’ gräns
för sammanhangsgraden.

I Artikel C undersöker vi icke-inbäddbarhet för ordningskomplex
av tjocka geometriska gitter och några klasser av ändliga byggnader
som alla är d-dimensionella ordningskomplex av pomängder. Vi visar
att dessa komplex är svåra att bädda in, det vill säga att de inte kan
bäddas in i ett Euklidiskt rum med dimension lägre än 2d + 1, den
dimensionen som är tillräckligt för alla d-dimensionella komplex. Vi
definerar begreppet svag oberoende atomkonfiguration för allmänna
pomängder. Med hjälp av egenskaper av van Kampen obstruktionen
visar vi att existensen av en sådan konfiguration innebär att ordnings-
komplexet av en pomängd är svårt att bädda in.
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Chapter 1

Introduction

1.1 Graphs, posets and simplicial complexes

Graphs, posets and simplicial complexes are three of the most basic objects
studied in combinatorics. We assume that the reader is familiar with those
concepts and basic definitions, and repeat only some notions which are very
relevant to this thesis.

Given a graph G = (V,E), a path from the vertex u ∈ V (G) to the vertex
v ∈ V (G) is a sequence u = u0, u1, . . . , uk = v such that ui−1ui is an edge
of G for all i = 1, . . . , k. A family of paths between two vertices is called
independent if they do not have common inner vertices.

A graph G is connected if any two of its vertices can be connected by
a path. A graph G is k-connected if it has at least k + 1 vertices and
stays connected after removing any k − 1 vertices and all incident edges. A
well-known result relates the connectivity of a graph to independent paths:
Menger’s Theorem states that a graph with at least k + 1 vertices is k-
connected if and only if there exist k independent paths between any two
vertices of G.

Less known is a stronger result by Liu [Liu90] which states that a graph
with more that k vertices is k-connected if there exist k independent paths
between any two vertices of G which are at distance two. We will refer to
this result as Liu’s Lemma.

Given a poset P , a chain is a subset of P which is totally ordered.
The order complex ∆(P ) of P is the simplicial complex which has the set
of chains of P as vertices. Every order complex is flag which means that

3



4 CHAPTER 1. INTRODUCTION

the minimal non-faces of the complex are of size two (for order complexes,
those are the pairs of non-comparable elements). A flag simplicial complex
is the inclusion-wise maximal complex among all complexes with the same
1-skeleton and is completely determined by its graph.

To a simplicial complex ∆, we can associate the face poset P (∆) which
contains all faces of ∆ as vertices, partially ordered by inclusion. The
barycentric subdivision of a simplicial complex ∆ is obtained as the or-
der complex of the face poset of ∆. In other words, one adds one vertex for
each face of ∆ and a face for each set of faces of ∆ which is totally ordered.

In a pure simplicial complex where all maximal faces have the same
dimension, the maximal faces are called facets or chambers and the co-
dimension one faces are called panels. Two chambers are adjacent if they
intersect in a panel.

To a simplicial complex, one can associate two graphs: The (edge) graph
of ∆ is the graph that has the same vertex set and edge set as ∆, also
called the 1-skeleton of ∆. If ∆ is pure, then the chamber graph of ∆ can
be defined. It has the maximal faces of ∆ as vertices and pairs of adjacent
chambers as edges. A gallery of ∆ is a path in the chamber graph of ∆, an
ordered set of chambers such that two consecutive chambers are adjacent.

A simplicial complex is connected if its graph is connected. It is strongly
connected if it is pure and if its chamber graph is connected.

A geometric realization of a simplicial complex ∆ is a topological space
|∆| obtained from embedding ∆ in some Eucledian space. Choose a map
which sends the vertex set of ∆ into some Euclidean space Rn. Then any
face σ ∈ ∆ can be identified with the geometric simplex in Rn spanned by
the corresponding embedded vertices. If the intersection of the images of
any disjoint faces of ∆ is empty in Rn, then we obtain an embedding of ∆
into Rn and |∆| is the union of all such simplices. It is known that if ∆ has
dimension d, then it suffices to choose n = 2d+1. This is obtained by placing
the vertices of ∆ on the moment curve {(1, t, t2, . . . , t2d+1 : t ∈ R}. It is also
known that any two different geometric realizations of ∆ are homeomorphic.

1.2 Manifolds

Simplicial complexes provide a tool for studying continuous objects with
discrete methods, for example via triangulations of manifolds. Recall that a
(topological) d-dimensional manifold is a topological space which is locally
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homeomorphic to a d-dimensional Euclidean space. A simplicial complex ∆
is a manifold if its geometric realization |∆| is such as topological space.

The topological condition of being a manifold can be relaxed by instead
demanding that certain conditions for the homology of a space are satisfied
or even only imposing purely combinatorial conditions. Many properties
which originally were known for manifolds are maintained when considering
such larger classes of complexes.

A pure d-dimensional simplicial complex is a homology manifold if it is
connected and if link∆(σ) is a homology sphere for all non-empty faces σ of
∆. It is a homology sphere if it is a homology manifold and its homology
is the same as for a d-dimensional sphere. It is a homology manifold if it is
connected and if link∆(σ) is a homology sphere for all non-empty faces σ of
∆.

The class of (simplicial) manifolds is strictly smaller than the class of
homology manifolds: The most famous example is the Poincaré sphere which
is a homology sphere but not a topological sphere. A triangulation of the
Poincaré sphere with only 16 vertices has been constructed in [BL00].

A pure d-dimensional complex ∆ is a pseudomanifold if it is strongly
connected and if every (d− 1)-dimensional face is contained in exactly two
facets. Other notions of combinatorial analogues to manifolds exist, such
as combinatorial manifolds (Klee, [Kle64]) and graph manifolds (Barnette,
[Bar73]).

One can easily construct a pseudomanifold which is not a homology
manifold, consider for example the pinched sphere which is obtained from a
standard sphere by gluing together two different of its points into a "pinched
vertex". Clearly, the link of the pinched vertex is disconnected.

For a complete picture, we mention PL-spheres. A d-dimensional sim-
plicial complex ∆ is a piece-wise linear sphere or PL-sphere if it has a sub-
division which is isomorphic to a subdivision of the boundary of the (d+ 1)-
dimensional simplex.

Pachner [Pac90] showed that a d-sphere is a PL-sphere if and only if it
can be obtained from the boundary of the (d+ 1)-dimensional simplex by a
finite sequence of bistellar flips, also known as Pachner moves.

Assume that A ∈ ∆ is a face such that link∆(A) is the boundary of a
simplex B which is not a face of ∆. The bistellar flip χA,B removes the
subcomplex star∆(A) = A ∗ ∂(B) from ∆ and replaces it with ∂(A) ∗ B.
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(Note that χB,A is the operation inverse to χA,B.)

χA,B(∆) := ∆ \ (A ∗ ∂(B)) ∪ (∂(A) ∗B)

The reader can find the two possible bistellar flips for two-dimensional com-
plexes in Figure 1.1.

A
B

A
B

Figure 1.1: Bistellar flips in two-dimensional complexes

Every PL-sphere is a topological sphere but the converse is not true: The
double suspension of any d-dimensional homology sphere is a topological
(d + 2)-sphere as shown by Cannon [Can79]. However, for non-spherical
homology d-spheres the resulting (d + 2)-spheres are non-PL spheres. The
most well-known example is the double suspension of the Poincaré sphere.

Connectivity results for manifolds

Several results on topological or homology manifolds as well as other sub-
classes of pseudomanifolds have been generalized to pseudomanifolds. For
this work, the most important example is a result by Balinski [Bal61] that the
graph of a d-polytope is d-connected. This has been generalized by Barnette
[Bar73] who showed that in fact the graph of any (d− 1)-pseudomanifold is
d-connected.

1.3 Embeddings

Embeddings provide a link between abstract concept of simplicial complexes
and geometric realizations, their counterparts in (most often Eucledian)
space. Methods from topology and homological algebra are indispensable in
this context.



1.3. EMBEDDINGS 7

Topological, PL- and linear embeddings

A topological embedding (or just embedding) of a simplicial complex ∆ into
Rd is a continuous mapping f : |∆| → Rd which is a homeomorphism of
|∆| with f(|∆|). If ∆ is finite, then this condition is equivalent to f being
injective.

Much more restrictive are linear embeddings for which the mapping
f : |∆| → Rd must be affine on |σ| for each simplex σ ∈ ∆.

A PL embedding of ∆ is a mapping which is a linear embedding for some
subdivision ∆′ of ∆.

It is a well-known fact that every d-dimensional complex can be embed-
ded even linearly into R2d+1 by putting its vertices in general position. For
example, one can place the vertices on the moment curve.

For one-dimensional simplicial complexes, that is graphs, it is known
by Fáry’s Theorem [Fár48, Ste51, Wag36], that the classes of graphs which
can be embedded topologically respectively linearly in R2 coincide, they are
called planar graphs.

In higher dimensions though, the three notions of embeddings are not
equivalent: For every d ≥ 2 and every d + 1 ≤ m ≤ 2d, there is a d-
dimensional simplicial complex which admits a PL embedding but no linear
embedding into Rm [BS92]. Even stronger, there are such complexes for
which not even the k-fold barycentric subdivision is linearly embeddable
into Rm.

It is known that a simplicial complex is PL embeddable in Rd (resp.
|∂∆d+1|) if it is PL homeomorphic to a subcomplex of a d-dimensional PL
ball (resp. a d-dimensional PL sphere). Thus, the double suspension of
the Poincaré sphere has a topological embedding into S5, as it is in fact
isomorphic to S5. However, as mentioned earlier it has no PL embedding.
While this cannot happen in lower dimensions, there are related examples
for any higher dimension.

Van Kampen-Flores complexes

Van Kampen [vK32] showed that neither the d-dimensional skeleton of the
(2d+ 2)-dimensional simplex nor the (d+ 1)-fold join of three points can be
embedded into R2d. In his proof, van Kampen constructs what should be
called a cohomology witness class in modern mathematical language. We
summarize his proof idea in elementary terms.
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Choose any piecewise linear map f : |∆| → R2d which is in general posi-
tion in such a way that the interior of images of any two maximal simplices
of ∆ intersect only in a finite number of points, called singular points. This
can always be achieved from any piecewise linear map through sufficiently
small pertubations.

Consider the finite vector space F(m
2 )

2 where m is the number of d-
dimensional faces of ∆. The coordinates of elements of F(m

2 )
2 are indexed

by unordered pairs of maximal faces of ∆.
To the map f , we associate a vector χ ∈ F(m

2 )
2 defined by

χσ,τ = |f(|σ|) ∩ f(|τ |)| mod 2.

This is well-defined because every pair of maximal faces gives rise to a finite
number of singular points in their images.

Van Kampen shows that if the intersection of the images of any two
maximal faces of ∆ have two singular points, then f can be altered in a way
that those two singular points are removed and no other singular points are
created. Similarly, he shows that any singular point of the images of two
non-disjoint faces can be removed without introducing any new ones.

Consequently, f may be altered such that the number of singular points
is equal to the number of non-zero entries in the vector χ.

Define a vector ξν,µ ∈ F(m
2 )

2 for any maximal face ν ∈ ∆ and every
codimension 1 face µ ∈ ∆ by

ξν,µσ,τ =


1 σ = ν, τ ⊃ µ,
1 σ ⊃ µ, τ = ν,

0 otherwise.

Van Kampen shows that for a fixed maximal face ν and a fixed codi-
mension 1 face µ, one can change f in such a way that one singular point
is added to the intersection of the images of ν and τ for each maximal face
τ ∈ ∆ which contains µ.

This implies that if ∆ has dimension d > 2 and if for any map f , the
associated vector χ is a linear combination of the vectors ξν,µ (over Z2), then
∆ can be embedded into R2d. The converse is also known to be true.

Thus, van Kampen provided a criterion for embeddability which can be
checked using any map f (in general position) and some linear algebra. He
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used this to show that neither of the following complexes can be embedded
into R2d:

(i) The d-dimensional skeleton of the (2d+ 2)-dimensional simplex.

(ii) The (d+ 1)-fold simplicial join of three points.

Those complexes are nowadays known as the Van Kampen-Flores complexes.
They generalize the minimal non-planar graphs, which are the complete
graph on five vertices K5 and the complete bipartite graph on six vertices
K3,3.

Finally, we mention that van Kampen’s methods imply that any trian-
gulated d-dimensional manifold can be embedded into R2d.

Deleted products and the van Kampen obstruction

We present the notion of deleted products which provides the right frame-
work for a modern formulation of van Kampen’s idea and a powerful tool
for embeddability questions. The reader might also want to have a look at
the very readable introduction in [Mat03, Chapter 5].

Given a simplicial complex ∆, the deleted product ∆2
del of ∆ is defined

as
∆2

del = {(σ, τ) : σ, τ ∈ ∆, σ ∩ τ = ∅} .

The deleted product comes with a natural fixed-point free Z2-action which
sends (σ, τ) to (τ, σ) and makes ∆2

del into a Z2-space.
Comparing with the previous section, one finds that the vectors χ and

ξν,µ defined there can be considered as degree 2d elements in the chain
complex of ∆2

del over Z2. By definition, each ξν,µ is a coboundary and the
linear dependence condition stated there amounts to χ being zero or non-
zero in the degree 2d cohomology group of ∆2

del.
Van Kampen’s ideas were later expressed in purely cohomological terms

[Sha57, Wu65] as we describe them below.
General cohomology theory tells us that the infinite projective space

RP∞ is a classifying space for Z2 and that there is a map from the quotient
space ∆2

del/Z2 to RP∞ which is unique up to homotopy. The existence of
an induced map from H∗(RP∞,Z2) to H∗(∆2

del/Z2) follows. However, the
cohomology ring H∗(RP∞,Z2) is isomorphic to Z2[x]. The image ω(∆2

del) of
x ∈ Z2[x] under the homomorphism above is called the first Stiefel-Whitney
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class of ∆2
del and its k-th power ωk ∈ Hk(∆2

del,Z2) is called the van Kampen
obstruction with coefficients in Z2 for embeddability in Rk.

We give a short explanation why the van Kampen obstruction is a certifi-
cate for non-embeddability in Rk: Assume that f : |∆| → Rk is a topological
embedding of ∆ into Rk. Then we can define a Z2-equivariant map from
∆2

del to Sk−1 by sending (x, y) ∈ |∆2
del| to

f(x)−f(y)
||f(x)−f(y)|| . This is well-defined

because we are working on the geometric realization of the deleted prod-
uct of ∆. This implies that the map H∗(RP∞,Z2) → H∗(∆2

del/Z2) on
the cohomology rings of the corresponding quotient spaces factors through
H∗(RP k−1,Z2) = Z2[x]/(xk). In that case, the van Kampen obstruction ωk
is zero as it is the image of xk.

Theorem 1.1 ([Mel09]). If the van Kampen obstruction ωk(∆) of the sim-
plicial complex ∆ is not zero, then ∆ cannot be embedded into Rk.

Often, one is interested in the case when k = 2d for a d-dimensional
complex ∆. For that case, it is known that ω2d(∆) is complete for d = 1,
which means that ∆ embeds into R2d if and only if ω2d(∆) = 0. However,
ω2d(∆) is incomplete for d > 1 if we work over Z2. We note that there
is an integer-valued version of the obstruction which is complete for d 6= 2
[FKT94, Sha57].

We also mention that the vanishing of ωk(∆) is a topological property,
it depends only on |∆| and not the particular triangulation.

Generalizations of Van Kampen’s results

We want to mention some generalizations of Van Kampen’s results and
related non-embeddability results.

In [NW09], Nevo and Wagner show that the d-skeleton of any triangu-
lated (2d+1)-sphere cannot be embedded into R2d. As mentioned there, this
follows directly if the triangulated sphere is piecewise linear as it contains a
subdivision of its d-skeleton in that case.

Some efforts have been made to generalize the notion of minors from
the one-dimensional case, i.e. graphs, to higher-dimensional simplicial com-
plexes. As for graphs, one wants embeddability and related properties to
behave well with respect to taking minors.

A first step towards this goal has been made by Nevo [Nev07], who
defines a notion of minors using admissible contractions and shows that
the vanishing of Van Kampen’s obstruction is stable under taking minors.



1.4. BUILDINGS 11

However, his notion does not in general cover subdivisions as minors which
one might find natural to demand.

A more general notion of minor is introduced by Wagner in [Wag11].
So-called homological minors generalize Nevo’s minors and they behave
well concerning both subdivisions and embeddability. Wagner proves that
the random k-dimensional complex Xk(n, p), which contains a full (k − 1)-
skeleton and every (k + 1)-element set of vertices as a k-face independently
with probability p, cannot be embedded into R2k almost surely for n → ∞
if p ∈ Ω

(
1
n

)
. This is because Xk(n, p) almost surely contains Kk

t , the
complete k-dimensional simplicial complex on t vertices, as a homological
minor.

1.4 Buildings
"The origin of the notion of buildings and BN-pairs lies in an
attempt to give a systematic procedure for the geometric inter-
pretation of the semi-simple Lie groups and, in particular, the
exceptional groups."

J. Tits

Buildings originate from Tits’ work about the understanding of semi-
simple Lie groups [Tit74]. By today, building have been studied from a
lot of different angles, including the algebraic, geometric, combinatorial and
topological ones. This introduction has its focus only on the combinatorial
point of view. For a wider picture on the subject, the reader is referred to
the extensive introductions [AB08], [Gar97], [Ron09] and [Wei03].

Coxeter complexes

Coxeter complexes form the building bricks for buildings. A very detailed
introduction to Coxeter complexes can be found in [AB08, Chapter 3].

A Coxeter group is a group W with a presentation of the form

W =
〈
S : (ss′)m(s,s′) = e

〉
for some m(s, s′) = m(s′, s) ≥ 2 such that m(s, s) = 2 for all s ∈ S. This
means that W is generated by the elements in S and that all relations in W
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are generated by relations of the form (ss′)m(s,s′) = e for pairs of generators
s, s′ ∈ S. Furthermore, the generators s ∈ S have order 2. Note that in
general m(s, s′) is allowed to be infinite if s 6= s′.

Coxeter groups are a generalization of reflection groups, that is groups
W which are generated by a finite set S of reflections of a finite-dimensional
Eucledian space.

Given a Coxeter group (W,S), one can associate a poset Σ(W,S) which
contains the special cosets w〈S′〉 for any w ∈ W and any S′ ⊆ S, par-
tially ordered by inverse inclusion. It turns out that Σ(W,S) is a simplicial
complex, called the Coxeter complex associated to (W,S).

The dimension of Σ(W,S) is equal to |S| − 1 and its chambers C = Cw,
the maximal simplices, correspond to elements w ∈ W . Furthermore, any
panel of Σ(W,S) is contained in exactly two chambers w and ws for some
w ∈ W and some s ∈ S. This makes Σ(W,S) into a (|S| − 1)-dimensional
combinatorial manifold.

Another, more geometrical, point of view is the following: Given a re-
flection group W generated by the reflections in S, the set of all reflections
in W is given by T = {wsw−1 : s ∈ S,w ∈ W}. Consider the hyperplane
Hw in which the reflection w is fixed, for each w ∈ T . It turns out that
the set of hyperplanes {Hw : w ∈ T} induces a simplicial cell decomposition
of the unit simplex in Eucledian space. If W is finite, the cell decomposi-
tion forms a complete fan and by intersecting it with the unit sphere, one
obtains a simplicial triangulation of the unit sphere. For infinite W , the
cell decomposition forms a pointed cone and by intersecting the cone with
a hyperplane (such that the intersection is non-empty and not only 0), one
obtains a simplicial cell decomposition of that hyperplane. This simplicial
complex is isomorphic to the Coxeter complex Σ(W,S), both in the finite
and the infinite case.

The symmetric group Sn is the symmetry group of the (n−1)-dimensional
regular simplex, also known as the group of permutations on the set [n] =
{1, 2, . . . , n} elements. It is a Coxeter group generated by the adjacent trans-
positions si = (i, i + 1) for i = 1, . . . , n − 1 with relations sisj = sjsi for
|i − j| > 1 as well as sisi+1si = si+1sisi+1. The Coxeter complex corre-
sponding to Sn is isomorphic to the barycentric subdivision of the boundary
of the (n− 1)-dimensional simplex.

The infinite k-regular tree is an infinite graph without cycles such that
each vertex has degree k. This is a one-dimensional building corresponding
to the infinite Coxeter group with two generators of rank two but without
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any further relations. The Coxeter complex for that group is an infinite
path.

The Coxeter group W acts simply transitive on the Coxeter complex
Σ(W,S), where w ∈ W sends a chamber C = Cu corresponding to u ∈ W
to the chamber C ′ = Cwu corresponding to wu ∈ W . In that way, given
any v, w ∈W such that w = s1 · · · skv, one obtains a gallery from v to w in
Σ(W,S) given by

Cv, Cskv, . . . , Cs1···skv = Cw.

Axiomatics

This section gives a very short summary of the axiomatics of buildings. A
complete treatment including several illustrative examples is given in [AB08,
Chapter 4].

A building is a simplicial complex ∆ that is the union of subcomplexes
Σ, called apartments, satisfying the following:

• Each apartment is isomorphic to a Coxeter complex.

• For any two chambers A,B ∈ ∆ there exists an apartment Σ contain-
ing both of them.

• If Σ and Σ′ are two apartments containing the chambers A and B,
then there exists an isomorphism Σ→ Σ′ fixing A and B pointwise.

Coxeter complexes themselves are a degenerate form of buildings, con-
taining exactly one copy of the Coxeter complex.

One-dimensional spherical buildings, with corresponding Coxeter groups
of rank two, are called generalized m-gons. Their Coxeter complexes actually
are 2m-gons. Generalized m-gons are characterised as graphs of diameter
2m and girth m.

Given a vector space of finite dimension over an arbitrary field k, the flag
complex of the projective space associated to V is a building. An explanatory
proof outline for this correspondence can be found in [AB08, Section 4.3].

There are different degrees of finiteness which can be imposed on Coxeter
complexes and buildings. A Coxeter complex Σ(W,S) is called spherical if
it is finite. It is called 2-spherical if each residue of rank two is finite, or
equivalently if the element ss′ is of finite order for all s, s′ ∈ S. A building
∆ is called
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(i) spherical (resp. 2-spherical) if its corresponding Coxeter complex is
spherical (resp. 2-spherical).

(ii) locally finite if each panel is contained in at most finitely many cham-
bers.

(iii) finite if it is finite as a simplicial complex.

Finite buildings are spherical and locally finite, as well as spherical buildings
are 2-spherical. On the other hand, a spherical building is finite if and only
if it is locally finite.

Residues in buildings

This section relates building to the concepts of chamber systems and in
particular residues. A detailed introduction to chamber systems and residues
can be found in [Wei03, Chapter 1] or [AB08, Appendix A.1.4].

Every building ∆ with associated Coxeter group (W,S) is a balanced sim-
plicial complexes: Its vertices can be colored by S such that each maximal
simplex contains exactly one vertex colored by s for each s ∈ S. Equiv-
alently, the edges of the chamber graph G(∆) - which correspond to the
panels of ∆ - can be colored by S which makes G(∆) into a chamber system.
For any J ⊆ S, the J-residues in a building correspond to the connected
components of the subgraph of G(∆) obtained by deleting all edges with
colors not in J . Equivalently, those J-residues are obtained as the links of
faces F ∈ ∆ which contain one vertex for each color s ∈ J . In particular,
the panels of ∆ correspond to s-residues for s ∈ S and those are complete
subgraphs of G(∆).

When working with systems of shortest paths in the chamber graph of
a building, residues are useful to prove disjointness. Important is the fact
that residues are convex, meaning that a residue contains all shortest paths
between any two chambers in the residue.

Residues in buildings "behave well" in several ways: Let ∆ be any build-
ing with corresponding Coxeter group (W,S), and let R (resp. R′) be any
J-residue (resp. J ′-residue) of ∆. The following properties hold: (i) R is
itself a building and its corresponding Coxeter group is the subgroup of W
generated by J . (ii) The intersection of R with any apartment Σ of ∆ is
either empty or it is an apartment in R. (iii) The intersection of R and R′
is either empty or it is a (J ∩ J ′)-residue of ∆.
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Classification of spherical buildings

A first classfication of spherical buildings was obtained by Tits in his famous
lecture notes [Tit74]. Basically, the result says that any thick, irreducible,
spherical building of rank at least 3 is associated to a simple algebraic or
classical group. A detailed description of the classification can be found
in [AB08, Chapter 9]. For the finite case, the classification simplifies a lot
because cases such as flag complexes of vector spaces over noncommutative
division rings cannot occur.

Finite buildings of type An

Any thick spherical building whose corresponding Coxeter group is of type
An with n ≥ 3 is isomorphic to the flag complex of an n-dimensional pro-
jective space X, and conversely. This implies that finite thick buildings of
type An are associated with standard projective spaces over finite fields. See
[AB08, Section 9.2]

The correspondence works as follows: Given an n-dimensional projective
space X over the finite field Fq, the set of subspaces of X ordered by reverse
inclusion forms a finite geometric lattice. The associated building ∆ is given
by the order complex of that lattice, having the proper and non-empty
subspaces of X as vertices and chains of subspaces as faces. For each basis
B of X, the sublattice containing all subspaces spanned by some subset of
B is a Boolean lattice. Its order complex forms an apartment in ∆, and all
apartments of ∆ are obtained in that way.

A famous example: The Fano Plane is the projective plane over the finite
field F2, that means the projective geometry over the finite vector space F3

2.
Its flag complex is a one-dimensional building of type A2, a generalised
3-gon. The apartments are given by the cycles, all of them of length 6.
The vertices are of two types, corresponding to the one-dimensional and the
two-dimensional subspaces of F3

2, respectively.

Finite buildings of type Cn

Finite thick d-dimensional buildings of type Cn, for d ≥ 2, are obtained
as flag complexes of classical polar spaces. Given a finite vector space Fnq
together with a form of Witt index d + 1, a totally isotropic subspace is a
subspace of Fnq on which the form vanishes constantly. The corresponding
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Figure 1.2: The Fano Plane

building is the order complex of the poset of totally isotropic subspaces, par-
tially ordered by reverse inclusion. Finite buildings of type Cn are obtained
from the following forms:

(i) alternating bilinear forms on F2d+2
q ,

(ii) Hermitian forms on Fmq2 for m = 2d+ 2 and m = 2d+ 3,

(iii) symmetric bilinear forms on F2d+3
q , and

(iv) non-degenerate quadratic forms on F2d+4
q .

See [AB08, Section 9.3] for details on the classification for type Cn, or [Tit74,
Chapter 7] for an axiomatic description of polar spaces and their properties.

A one-dimensional example for a finite building of type Cn is the polar
space on F4

2 with the alternating bilinear form. This space contains 15
one-dimensional and 15 two-dimenional totally isotropic subspaces which
form a generalized quadrangle, also known as the (6, 2)-Kneser graph. The
corresponding building is the incidence graph of that polar space which is
also known as the Levi graph, see Figure 1.3.
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Figure 1.3: The Levi Graph, a finite building of type C2





Chapter 2

Summary

2.1 Summary of Paper A - Connectivity of
chamber graphs of buildings and related
complexes

Buildings are highly symmetrical chamber complexes, containing copies of
isomorphic Coxeter complexes tightly glued together. One would expect
their chamber graphs to have high connectivity. The paper’s motivation is
to find lower bounds for the connectivity of chamber graphs of buildings and
related complexes.

We consider thick, locally finite and 2-spherical buildings. It is known
that their chamber graphs are q-regular for some finite integer q. The main
result of the paper is that the chamber graph of such a building in fact is
q-connected. In building theory language this means that any two chambers
in such a building can be connected by q pairwise disjoint galleries.

The paper includes an analogous connectivity result for chamber graphs
of Coxeter complexes, and proves a lower bound on the connectivity of
chambers graphs of geometric lattices.

2.2 Summary of Paper B - On the connectivity
of manifold graphs

The motivation for the paper was to find an interpolation between two clas-
sical results: Barnette [Bar73] showed that the graph (or one-dimensional

19
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skeletion) of a d-dimensional combinatorial manifold is (d + 1)-connected.
For d-dimensional flag combinatorial manifolds, it was shown by Athanasiadis
[Ath11] that their graph is 2d-connected.

A structural invariant b∆ of a simplicial d-dimensional compact mani-
fold ∆ is introduced, which takes values between 0 and d − 1. It is shown
that the graph of such a manifold is (2d − b∆)-connected. For b∆ = 0 the
manifold is called banner, and the class of banner triangulations includes
all flag manifolds. Thus, the result indeed yields an interpolation between
Barnette’s and Athanasiadis’ result.

The proof methods used in the paper rely on Liu’s Lemma for graph
connectivity and on the fact that the banner property behaves well with
respect to taking links.

2.3 Summary of Paper C - Non-embeddability of
geometric lattices and buildings

A fundamental question for simplicial complexes is to find the lowest dimen-
sional Eucledian space in which they can be embedded. It is well-known that
any d-dimensional complex can be embedded in (2d+ 1)-dimensional Eucle-
dian space. We call a d-dimensional complex hard to embed if it cannot be
embedded in Eucledian space of lower dimension that 2d+ 1.

Finite buildings are very thightly held together simplicial complexes with
a lot of maximal faces compared to their diameter. Thus, they are natural
candidates for complexes that are hard to embed. The paper’s motivation
is to investigate if that is true.

The main result of the paper is that order complexes of thick geometric
lattices are hard to embed. This is also shown for several classes of finite
buildings, all being order complexes of some posets. The result covers finite
buildings of type An and finite buildings of type Cn coming from alternating
bilinear forms or Hermitian forms.

The paper builds on properties of the Van Kampen obstruction. A
method to show non-embeddability for general order complexes of posets
is developed, introducing the concept of weakly independent atom configu-
rations.
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