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Abstract
Pricing Turbo Warrants with binomial trees can be a chal-
lenging or even impossible task. The presence of a barrier
makes pricing highly sensitive to computational settings
and numerical parameters, rather than the actual pricing
mathematics. To remedy this, new numerical methods, of
which Crank Nicolson is one such method, are investigated.
The survey indicates that the Crank Nicolson method not
only solves the aforementioned sensitivities to settings, but
also is a worthy competitor to the binomial method in more
cases than just the Turbo Warrant.





Referat
Prissättning av Turbowarranters rabattdel
skrivna på en underliggande tillgång med

diskreta aktieutdelningar i
Black-Scholesmodellen.

Prissättning av Turbowarranter med binomialträd kan va-
ra en besvärlig eller omöjlig uppgift. Barriärer i kontrakt
får prissättningen att bli så pass känslig för beräkningsdo-
mänens storlek, form och andra numeriska parametrar, att
dessa tenderar att överskugga den faktiska matematik som
beräknar priset för kontraktet. För att lösa detta problem
undersöks ett antal numeriska metoder, av vilka Crank-
Nicolsonmetoden är en sådan metod. Resultaten antyder
att inte bara att känsligheten för numeriska parametrar
lindras, utan att Crank-Nicolsonmetoden i sin helhet utgör
en värdig ersättare till binomialträdsmodellen i fler fall än
bara Turbowarranter.





Contents

1 Introduction. 1

2 Mathematics. 3
2.1 The Turbo Warrant Call Option. . . . . . . . . . . . . . . . . . . . . 3
2.2 A simple model for a bank account and a stock. . . . . . . . . . . . . 6
2.3 Change of measure to the objective probability measure Q. . . . . . 6

2.3.1 The Black-Scholes Equation . . . . . . . . . . . . . . . . . . . 8
2.3.2 Theorem: Black Scholes Equation . . . . . . . . . . . . . . . 9

2.4 The Turbo Warrant under the Q-measure. . . . . . . . . . . . . . . . 10
2.4.1 The Barrier Option part. . . . . . . . . . . . . . . . . . . . . 10
2.4.2 The Rebate part. . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.5 Assuming no dividends, the Turbo Warrant rebate part can be priced
solely with analytical formulae. . . . . . . . . . . . . . . . . . . . . . 13

2.6 Dividends. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Numerics. 15
3.1 Discretization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.1.1 Problems arising due to discretization. . . . . . . . . . . . . . 16
3.2 The Black-Scholes Equation, revisited. . . . . . . . . . . . . . . . . . 17
3.3 Choosing an appropriate discretization of the Black Scholes equation. 21

3.3.1 The explicit scheme (trinomial tree). . . . . . . . . . . . . . . 21
3.3.2 The implicit trinomial scheme. . . . . . . . . . . . . . . . . . 23
3.3.3 The Crank-Nicolson Scheme. . . . . . . . . . . . . . . . . . . 24
3.3.4 The θ-method. . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Discretization of the Black Scholes pricing equation. . . . . . . . . . 25
3.5 Solving the matrix equation Ax = b. . . . . . . . . . . . . . . . . . . 26
3.6 The American Digital Option from a numerical point of view. . . . . 27
3.7 The Lookback Option from a numerical point of view. . . . . . . . . 27
3.8 The rebate part of the Turbo Warrant. . . . . . . . . . . . . . . . . . 29
3.9 Dividends. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.9.1 Implementing jump conditions. . . . . . . . . . . . . . . . . . 31

4 Results. 33



4.1 Error measure: the L∞-norm. . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Varying numerical parameters and their impact on the end result. . 34

4.2.1 Ruling out the cutoff point. . . . . . . . . . . . . . . . . . . . 34
4.2.2 Optimal grid shape for the fully implicit method. . . . . . . . 34
4.2.3 Optimal grid shape for the Crank Nicolson method. . . . . . 38
4.2.4 Comparing method error vs calculation time for optimized

grid shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.3 Dividends. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.5 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.5.1 Adaptive methods. . . . . . . . . . . . . . . . . . . . . . . . . 41
4.5.2 Crank Nicolson method using variable transforms. . . . . . . 42
4.5.3 Exponentially fitted schemes. . . . . . . . . . . . . . . . . . . 42

Bibliography 43



Chapter 1

Introduction.

In this chapter, an introduction to three different pricing philosophies will be made.
Then, an outline of how the Turbo Warrant was priced in this thesis will be given.

Pricing financial contracts can be achieved using three separate methods:

• Analytical formulae:

– Pros: If analytic formulae exist, this is the best way of pricing.
– Cons: The formulae may take years of analysis to derive (if even possible),

and usually require idealizations which are not applicable in practice.

• Numerical schemes, such as finite difference methods.

– Pros: More flexible modelling than the analytical formulae above. Re-
quires far less computation time than the Monte Carlo simulation method
below as long as the dimension (number of stocks) is low.

– Cons: Requires a combination of mathematical and numerical skills, and
may take a long time to implement. A lot of parameters need to be taken
into account.

• Monte Carlo simulations.

– Pros: Very simple, fast and intuitive implementation.
– Cons: Requires massive calculation time from the computer, compared

to the other methods.

Simply put, the method of pricing with finite difference methods constitutes a
’middle road’ for practitioners in the finance industry. Usually analytical formulae
are out of the question in practice, since realistic settings such as discrete dividends
in the underlying stock upon which the financial contract is based, become more or
less impossible to model with these. Depending on the complexity of the contract,
one in effect has to model the situation using finite difference methods (finite element
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CHAPTER 1. INTRODUCTION.

methods will not be considered as an alternative) or Monte Carlo simulations. The
finite difference approach requires a lot more of attention to numerical issues that
may interfere with the actual pricing of the contract than simulation with Monte
Carlo, but under the right circumstances, low dimensionality (i.e., few underlying
stocks) and when correctly implemented the finite difference approach is superior
to Monte Carlo simulations in terms of accuracy and speed.

The contract studied in this master thesis is the turbo warrant, based on one
underlying asset, namely a stock. Emphasis is put on calculation speed. Therefore,
the finite difference approach is in this case the most appropriate choice. The result
can in some cases be compared with analytical formulae, and in all cases compared
with Monte Carlo simulations. The result will be a trade-off between price accuracy
and calculation speed. It will turn out that the finite difference method will be able
price the turbo warrant rebate part both accurately and very fast (other parts can
be solved analytically), so that the trade-off between calculation time and accuracy
will be up to the practitioner’s specifications, with a few dangerous traps to be
aware of and avoid.

As a final step, the method is translated to C, reducing calculation time with
roughly a factor 10 compared to Matlab. Trivial memory and code optimization
techniques within C further reduces computation time and result in a method
roughly 20 times faster than the corresponding code written in Matlab.

2



Chapter 2

Mathematics.

In this chapter, all mathematical presumptions will be stated, and analytical formu-
lae for pricing the components of the Turbo Warrant will be derived when possible.
It will then turn out that as long as the underlying stock has no discrete dividends,
pricing of the Turbo Warrant can be made solely with analytical formulae.

2.1 The Turbo Warrant Call Option.
For the experienced reader, the Turbo Warrant Call Option is an ornamented com-
bination of a down-and-out barrier option and a lookback option. For those who
don’t keep track of financial vocabulary, below is an intuitive description of the
Turbo Warrant Call Option. It is most easily described in three steps:

The European Call Option. Pick a stock and look at today’s value S(t). Name
a strike price K. Name a duration time T , typically a couple of months or years.
Holding a European Call Option gives you the right, but not the obligation, to buy
your stock at the strike price K at the time t = T .

In effect, if the actual stock price in the future, S(T ), is greater than the strike
price K agreed on today, you can buy the stock and pay K, immediately sell it and
gain S(T ), making a profit of S(T ) − K. On the other hand, if the actual stock
price in the future S(T ) is less than K, your best choice becomes to do nothing and
therefore make no profit. The name of this type of contract is a European type call
option. One reason for buying the European Call Option, is if you have the opinion
that the stock upon which the option is written, will go up, but you still for various
reasons don’t want to buy the stock itself. The contract must have some sort of
value. What is the fair price of the European Call Option? The answer was found
in 1973 by Fischer Black and Myron Scholes, and can be found in any text book on
financial mathematics, for instance [2, p. 101].

The European Down-and-out Call Option. Repeat the above procedure.
Also, pick a barrier value b < S(t). If the stock value at any time goes under the
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CHAPTER 2. MATHEMATICS.

barrier value b, the contract becomes worthless. The name of this type of contract
is a European down-and-out call option. From the buyer’s point of view, this is an
even stronger belief that the stock will go up, combined with the will to lower the
price of the original contract - certainly adding the risk of holding a contract with
the potential of becoming worthless along the way lowers the value of the European
down-and-out call option compared to the contract without barrier. What is the
fair price of the European down-and-out Call Option? The answer was found in
1973 by Robert C. Merton, formalized by Rubinstein and Reiner in 1991. Their
results can be found in any text book on financial mathematics, for instance [5,
p. 69-72].

The Turbo Warrant Call Option. Do as in the case with the European down-
and-out call option, adding the following extra criteria: make sure that the relation
K < b < S(t) holds. Also, if the contract cancels, add a small compensation
calculated in the following way: Monitor the stock price for a short timespan δ,
typically three hours, from the moment it hit the barrier b. The lowest value z of
the stock during this period is recorded. Then, a rebate is paid out to the holder
of the Turbo Warrant, namely z − K. If z − K is negative, nothing is paid out.
From the buyer’s point of view, this is the same strong belief that the stock price
will go up, but with a small consolation prize in case your market view was incorrect.

What is the fair price of the Turbo Warrant Call Option? The answer was found
in 2006 by Jonatan Eriksson [3], and its practical implementation for high-frequency
trading purposes, as well as some properties will be analyzed in this Master’s Thesis.

4



2.1. THE TURBO WARRANT CALL OPTION.

Figure 2.1. Multiple stock simulations used as the underlying asset for the
Turbo Warrant Call Option. Today’s stock value S(t) = 91. Strike price
K = 60. The blue trajectories are cases where the stock value never went
under the prescribed barrier b = 70, and at expiration date T = 1, the holder
can, should and will make a profit of S(T )−K. In the red trajectory, the stock
value did go under the barrier, and we define the first hitting time as t = τb.
Here, the holder can make no profit at the expiry date T since the contract
cancels. Instead, a rebate of max(z−K, 0) is paid out at time t = τb+δ, where
z is the minimum value of the stock during the time interval t ∈ [τb, τb + δ].
Note that δ is typically such a small timespan that it can hardly be seen in the
figure.
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CHAPTER 2. MATHEMATICS.

2.2 A simple model for a bank account and a stock.
We will henceforth use the simplest model possible for modeling the financial frame-
work in which the Turbo Warrant contract is issued: the Black-Scholes model with
constant coefficients,

dS(t) = αS(t)dt+ σS(t)dW (t), S(0) = s0 (2.1)
dB(t) = rB(t)dt, B(0) = 1 . (2.2)

It can be shown using the Itô formula [2, p. 67-69] that the explicit solution to the
above stochastic differential equation and ordinary differential equation is

S(t) = se(α−
1
2σ

2)(T−t)+σ(W (T )−W (t)) (2.3)
B(t) = ert , (2.4)

where W (s) is the so-called Wiener process, which has the property

W (T )−W (t) ∈ N(0,
√
T − t) . (2.5)

Figure 2.2. The OMX Stockholm 30 Index. Go ahead and choose whatever
drift α and volatility σ you please in order to fit the trajectory to equation
(2.3). There are a lot of possibilites. Your choice will be defined as a subjective
probability measure P .

2.3 Change of measure to the objective probability
measure Q.

Suppose you trade apples and have a certain opinion based on facts, fiction or both
regarding of what the price of your apples should be. You arrive to a market where
everybody else is trading (i.e. buying and selling) apples at SEK 10 per kg. How
should you price your apples? If you put your own opinions on apple pricing before
others, and don’t care about other people’s prices of apples, you have what in the
finance industry is called subjective view on the apple prices. If you instead discard

6



2.3. CHANGE OF MEASURE TO THE OBJECTIVE PROBABILITY MEASURE Q.

your own opinions on apple prices and price them in line with the market value,
i.e. SEK 10 per kg regardless of your production costs or supply-demand figures,
etc, you instead have what in the finance industry is called objective view on apple
prices. Both ways of pricing have their own advantages and disadvantages. The
main advantage of the objective view, is the elimination of possibility to cheat - a
word that the finance industry recognizes as arbitrage: suppose you come to the
market, trading your apples at SEK 8 per kg. Then it is possible for a cheater
(arbitrageur) to buy 1 kg of apples from you, and paying you the SEK 8 by selling
the apples to the trader right next to you for SEK 10, profiting SEK 2 just from
the fact that you haven’t priced your apples the same way as the trader next to
you. The arbitrageur then continues this process forever and becomes infinitely rich,
unless somebody from the outside stops it in some way. The way of stopping it is
by pricing things equally, at the cost of possibly losing grip of the ’true’ value of the
apples (for instance, there is no point in selling your apples if your production costs
are higher than the objective price on the market, but luckily financial contracts
don’t have much of a production cost, so the reasoning actually works better for
them), even though it could be worth mentioning that subjective opinions such as
whether the stock from company is doing well or not, or whatever information you
decide that you can extract from Figure 2.2 is not taken into account when pricing
financial contracts objectively - these questions are left to the individual investors.

In mathematics, this objective pricing gives rise a new probability measure, the
objective probability measure Q. The whole point with this measure is - under our
current model (2.1)-(2.2) - to be able to make the claim

Π(t)
B(t) = EQ

[ Π(T )
B(T )

∣∣∣∣Ft] , (2.6)

where Π(T ) is any process, but here we think of Π(t) as the value process of a
contract at time t. B(t) = ert becomes the discount factor, i.e. the correction for the
fact that money on a bank account grows with an interest rate r. A mathematician
would call Q a martingale measure, and the price process Π(t)/B(t) a martingale.
It can be shown that the existence of a Martingale measure Q implies absence of
arbitrage in the model, but proofs are beyond the scope of this thesis. A somewhat
deeper analysis as well as references to proofs are given in [2, p. 133-153].

Let’s consider the case where the risky price process is a stock S(t), i.e.

St
Bt

= EQ
[
ST
BT

∣∣∣∣Ft] . (2.7)

What values of α and σ should the stock’s governing stochastic differential equation
have under the martingale measure Q? The answer (at least for determining α) is
found by applying Itô’s formula upon the process S(t)/B(t) and demand it to be a
martingale, i.e. to have drift term equal to zero, so that equation (2.6) holds under

7



CHAPTER 2. MATHEMATICS.

this new Q-measure.

d

(
St
Bt

)
Itô= 1

Bt
dSt + Std

( 1
Bt

)
(2.8)

= 1
Bt
dSt + St

(
− 1
B2
t

)
dBt (2.9)

(2.3),(2.4)= 1
Bt

(αStdt+ σStdWt)− St
( 1
B2
t

)
rBtdt (2.10)

= α
St
Bt
dt+ σ

St
Bt
dWt − r

St
Bt
dt (2.11)

= (α− r)︸ ︷︷ ︸
=0

St
Bt
dt+ σ

St
Bt
dWt (2.12)

⇒ α = r (2.13)

We conclude that under the Q-measure, equations (2.3)-(2.4) must look like

S(t) = se(r−
1
2σ

2)(T−t)+σ(WT−Wt) (2.14)
B(t) = ert , (2.15)

and that the volatility σ did not change during this measure transformation. A
more formal approach using Girsanov transformation is made in [2, chapter 12,
p. 173-178].

2.3.1 The Black-Scholes Equation
Assume that we introduce a traded contract f = f(t, S(t)) on the above market
(i.e., a market consisting of one riskless bond, one risky stock, and nothing more),
with some known payoff function at time T , f(T, S(T )) = Φ(S(T )). Consider now
the portfolio I = −f + aS + bB, i.e. selling one contract f and investing a and b in
the stock and the riskless bond, respectively. Using Itô’s formula on I yields

dI = −df + adS + bdB

= −
(
f ′tdt+ f ′SdS + 1

2f
′′
SSd〈S〉

)
+ adS + bdB

(2.1)= −
(
f ′t + f ′S (αSdt+ σSdW ) + 1

2σ
2S2f ′′SSdt

)
+

+a (αSdt+ σSdW ) + brBdt

=
(
−(f ′t + αSf ′S + 1

2σ
2S2f ′′SS) + (aαS + brB)

)
dt+

(
−f ′S + a

)
σSdW

=
{
The choice of a = f ′S ⇒ riskless portfolio

}
=

(
−(f ′t + αSf ′S + 1

2σ
2S2f ′′SS) +

(
f ′SαS + brB

))
dt

=
(
−(f ′t + 1

2σ
2S2f ′′SS) + brB

)
dt . (2.16)
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2.3. CHANGE OF MEASURE TO THE OBJECTIVE PROBABILITY MEASURE Q.

Matching terms in the above expression with the no-arbitrage condition

dI = rIdt = r(−f + aS + bB)dt
= r(−f + f ′SS + bB)dt , (2.17)

yields

− (f ′t + 1
2σ

2S2f ′′SS) + brB = r(−f + f ′SS + bB)

−f ′t −
1
2σ

2S2f ′′SS = −rf + f ′SrS

f ′t + 1
2σ

2S2f ′′SS = rf − f ′SrS

f ′t + rSf ′S + 1
2σ

2S2f ′′SS = rf . (2.18)

Equation (2.18) is the famous Black Scholes Equation. We remind the reader that
the Black Scholes Equation is the result of the desire to price a contract in a way
which rules out arbitrage possibilities1 when comparing to other assets on the market
(in our particular setting, the bond B(t) and the stock S(t)). We may formulate a
theorem:

2.3.2 Theorem: Black Scholes Equation
Assume that the market is specified by equations (2.1)-(2.2) and that we want to
price a contingent claim of the form f(T, S(T )) = Φ(S(T )). Then the only pricing
function of the form f = f(t, S(t)) which is consistent with the absence of arbitrage
is when f is the solution of the following boundary value problem in the domain
[0, T ]× R+:

f ′t(t, S) + rSf ′S(t, S) + 1
2σ

2S2f ′′SS(t, S) = rf(t, S) (2.19)

f(T, S) = Φ(S(T )) . (2.20)

It will turn out later in this thesis, that when solving the problem numerically
with a finite difference scheme, the equation (2.19) is the expression which will be
discretized and in some sense act as the ’information carrier’ from one grid point
to another when solving for a set of unknown grid values, given some surrounding
known values. This will be explained in more detail in the numerical section. For
the time being, we conclude that whenever analytical attempts to price contracts
fail, we can always turn to the Black Scholes pricing equation (2.19) and try our
luck there, using numerical methods. However, in the text that follows we will
find ourselves in the fortunate situation that under certain assumptions analytical
pricing will indeed be possible.

1The Black Scholes Equation is the pricing equation to use if you want the contract price and
the price of the self-financing replicating portfolio value process [2, chapter 6] to be equal in order
to rule out arbitrage possibilities.
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CHAPTER 2. MATHEMATICS.

2.4 The Turbo Warrant under the Q-measure.
It can be shown that the value V (s, t) of the Turbo Warrant can be written as

V (s, t) = F (s, t) +G(s, t) , (2.21)
where the first part,

F (s, t) = Es,t
[
e−r(T−t) (S(T )−K)+ · I{τb>T}

]
(2.22)

corresponds to the value of the contract in case the stock never drops below the
barrier, i.e. blue trajectories in Figure (2.1), while the second part

G(s, t) = Es,t

e−r((τb+δ)−t)( min
u∈[τb,τb+δ]

Su −K
)+

· I{τb≤T}

 (2.23)

corresponds to the rebate value, i.e. the red trajectory in Figure (2.1). The attentive
reader will note that the different parts’ values F and G never can contribute to
the total value V (s, t) at the same time, assuming no dividends of discrete type:
one of the terms must always equal zero, depending on whether the barrier was
hit or not. In the most general setting, however, F and G are allowed to be non-
zero simultaneously. The attentive reader will also note that F (s, t) is the pricing
function of a so-called Down-and-out Call Option, where analytical formulae have
been derived, see for instance [5, p. 70-72], [2, chapter 18, p. 265-281] or [3, paper
IV, Lemma 3.4, p. 6]. We analyze these parts independently of each other.

2.4.1 The Barrier Option part.
The Barrier Option part of the Turbo Warrant, F (s, t), i.e. the blue trajectories
in figure (2.1) are simply Down-and-out Call (Up-and-out Put) Options. These
options have known analytic pricing formulae [5, p. 70-72],

F (s, t) = B −D + 0, (2.24)
B = φSte

(q−r)(T−t)N(φx2)−
−φKe−r(T−t)N(φx2 − φσ

√
T − t), (2.25)

D = φSte
(q−r)(T−t)(b/St)2(µ+1)N(ηy2)−

−φKe−r(T−t)(b/St)2µN(ηy2 − ησ
√
T − t), (2.26)

q = 0, (2.27)

x2 = ln(St/b)
σ
√
T − t

+ (1 + µ)σ
√
T − t, (2.28)

y2 = ln(b/St)
σ
√
T − t

+ (1 + µ)σ
√
T − t, (2.29)

µ = q − σ2/2
σ2 , (2.30)

η = 1, (2.31)
φ = 1 . (2.32)
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2.4. THE TURBO WARRANT UNDER THE Q-MEASURE.

2.4.2 The Rebate part.
The rebate part G(s, t) of the Turbo Warrant is what needs to be calculated nu-
merically, and the main focus of this thesis will be to investigate this, i.e. numerical
pricing of this part. The rebate part can in turn be split up into two problems,
somewhat linked to each other. The first (outer) problem concerns whether the
stock hits the barrier or not. The second (inner) problem concerns what the value
of the contract where the stock gets monitored under a time period δ would be.
For mathematical reasons, we will start by solving the inner problem first, and then
move on to the outer problem.

The monitoring (lookback) part of the rebate part.

Assume that the stock has hit the barrier b at some time point time τb, and that
monitoring is completed. We are then at time t = τb + δ. We now know the value
of our contract,

Πτb+δ =
(

min
u∈[τb,τb+δ]

Su −K
)+

. (2.33)

Under our Q-measure, we can use equation (2.6) to claim

Πτb

Bτb
= EQ

[
Πτb+δ
Bτb+δ

∣∣∣∣∣Sτb = b

]
(2.34)

= EQ

 1
Bτb+δ

·
(

min
u∈[τb,τb+δ]

Su −K
)+
∣∣∣∣∣∣Sτb = b

 , (2.35)

which, using equation (2.15) yields the expected value of the rebate at the barrier
hitting time τb:

Πτb

erτb
= EQ

 1
er(τb+δ)

·
(

min
u∈[τb,τb+δ]

Su −K
)+
∣∣∣∣∣∣Sτb = b

 . (2.36)

Noting that the bank account term is deterministic because of our simple Black-
Scholes model, we can pull it out of the expectation:

Πτb = erτb · e−r(τb+δ)EQ
( min

u∈[τb,τb+δ]
Su −K

)+
∣∣∣∣∣∣Sτb = b

 (2.37)

= e−rδEQ

( min
u∈[τb,τb+δ]

Su −K
)+
∣∣∣∣∣∣Sτb = b

 . (2.38)

This is the general expression for the value of the monitoring part2 exactly at the
hitting time τb. As will be investigated later in this thesis, a known dividend at some

2The attentive reader will recognize Πτb as a non-standard lookback option, which can be
rewritten as a linear combination of a standard fixed lookback strike option and a standard floating
lookback strike option, if desirable [10, p. 5-7].
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CHAPTER 2. MATHEMATICS.

time point makes it crucial to know at what time τb the stock hits the barrier, since
the value Πτb would be affected if a dividend would be given during the lifetime of
the monitoring. But for now we are assuming that the stock St does not give any
discrete dividends, and therefore realize that the time point τb is actually irrelevant
to the value of the monitoring feature of the contract! Of course the length of the
interval δ and the starting value of the stock S(τb) = b are important. Using the
assumption of no dividends gives us the freedom to make the following extension of
(2.38), which will turn out to be of great academic importance in a moment:

Πτb = e−rδEQ

( min
u∈[τb,τb+δ]

Su −K
)+
∣∣∣∣∣∣Sτb = b

 (2.39)

= e−rδEQ

( min
u∈[0,δ]

Su −K
)+
∣∣∣∣∣∣S0 = b

 := Πδ
b . (2.40)

The intuition behind this, is that if we want to know the value of the monitoring
process Π(τb) at the time when the stock hits the barrier, it doesn’t actually matter
when the stock hits it, only how long the monitoring period is, and what the value
of the stock was at the beginning of the monitoring period. At this point there
exist analytical formulae for pricing Πτb , which can be viewed as a deterministic
constant.

The part of the rebate which concerns whether the barrier has been hit
or not. Assume that we are at a point t in time in which the barrier has not yet
been hit, and let the current value of the rebate part be G(t). According to (2.6)
we may formulate

Gt
Bt

= EQ
[
GT
Bτb

∣∣∣∣St = s

]
(2.41)

= EQ
[ I{τb≤T} ·Πτb

Bτb

∣∣∣∣St = s

]
, (2.42)

and using (2.15) we get

Gt
ert

= EQ
[ I{τb≤T} ·Πτb

erτb

∣∣∣∣St = s

]
(2.43)

m (2.44)

Gt = EQ
[
e−r(τb−t)I{τb≤T} ·Πτb

∣∣∣St = s
]
, (2.45)

and we have thus derived equation (2.23) presented earlier, since Πτb is defined
according to (2.38). The expression (2.45) is the general form of the value of the
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2.5. ASSUMING NO DIVIDENDS, THE TURBO WARRANT REBATE PART CAN
BE PRICED SOLELY WITH ANALYTICAL FORMULAE.

rebate part of the Turbo Warrant. Assuming no dividends, we can extend it to
become

Gt
(2.40)= EQ

[
e−r(τb−t)I{τb≤T} ·Π

δ
b

∣∣∣St = s
]

(2.46)
!= Πδ

b · EQ
[
e−r(τb−t)I{τb≤T}

∣∣∣St = s
]

︸ ︷︷ ︸
=ΠAD

(2.47)

= Πδ
b ·ΠAD , (2.48)

where the Πδ
b-term was possible to pull out of the expectation since it is a deter-

ministic constant under the no dividends assumption. We also note that the other
part, ΠAD surprisingly reduces to an American Digital Option, with known analytic
formulae for its value [11], [12], [3]:

ΠAD =


(
s

b

)
N

η ln b
s −

(
r + 1

2σ
2
)

(T − t)
σ
√
T − t

+

+
(
b

s

) 2r
σ2
N

η ln b
s +

(
r + 1

2σ
2
)

(T − t)
σ
√
T − t

 . (2.49)

In the above formula, η = 1 if the barrier is hit from above (Turbo Warrant Call) and
η = −1 if the barrier is hit from below (Turbo Warrant Put). Therefore, we have a
fully analytic expression for the rebate part Gt under the no-dividends assumption,
given by (2.40) and (2.49). This is a very good situation indeed, since the rebate
part factors into two separate factors - one non standard lookback option, and one
American digital option, both with known analytic formulae for pricing.

2.5 Assuming no dividends, the Turbo Warrant rebate
part can be priced solely with analytical formulae.

We emphasize the important conclusion from the previous section: assuming no
dividends, the turbo warrant rebate part can be priced in all three ways:

1. Analytical formulae can be used to price the rebate part.

2. Numerical schemes, such as finite difference methods can be used to price the
rebate part.

3. Monte Carlo simulations can be used to price the rebate part.

We will exploit this fact by testing our finite difference schemes, varying the pa-
rameters associated with these numerical methods, and compare their accuracy to
the true theoretical price acquired by analytical formulae. We will measure the
calculation speeds of the numerical schemes for different parameters, and present
the results of these schemes in a error vs. computation time plot.
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CHAPTER 2. MATHEMATICS.

2.6 Dividends.
Discrete dividends are not easily handled in the analytic case. Robert C. Merton in-
troduced the so-called Jump diffusion process, replacing the driving Wiener process
(2.1), obliterating virtually every word as well as formula written from equation
(2.2) up to this point. This is actually one of the strengths of applying numeri-
cal methods instead, where discrete dividends are much easier to handle. Discrete
dividends therefore are good examples that analytical mathematics has implementa-
tional limitations, and this turns out to be a good point to move on to the numerical
pricing point of view.
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Chapter 3

Numerics.

In this chapter, the components of the Turbo Warrant will be investigated from a nu-
merical (PDE) point of view. We will link together the Black Scholes Equation and
use the Feynman-Kac theorem to establish a bridge between the numerical (PDE)
viewpoint and the analytical SDE viewpoint presented in Chapter 2. Switching from
the analytical viewpoint to the PDE-viewpoint introduces a greater freedom an flex-
ibility when pricing contracts, but also a number of purely numerical issues and
discretization errors which will be discussed.

We return to the question of interpreting the Black Scholes Equation (2.18): pricing
of any financial contract will be linked to a modified form of heat transfer. It can
be shown, that given the end data (2.20), in this case the contract payoff, the price
can be calculated with a computer by iterating backwards in time, using a finite
difference scheme and the Black Scholes Equation (2.19) as information carrier from
one time step to another, by discretizing it on a finite grid in t and s. It can also be
shown, that through a certain change of variables, the Black Scholes Equation used
for pricing of financial contracts can be linked to the heat equation. The intuition
behind this, is that one may view upon numerical pricing of any financial contract
as a ’modified’ heat diffusion process where time starts at the payoff and ends at
the current timepoint. The value calculated at todays time point represents the
expected value of the contract under the martingale measure Q. The proof of this
is called the Feynman-Kac Theorem [4, p. 41-42]. In order to be able to calculate
the contract value, the current time and stock value are required. The contract
value Π therefore takes the form Π = f(s, t), in accordance with the required setup
of the Black Scholes Equation.

The main feature of this is that we can use numerical schemes to price contracts.
These schemes are much more flexible than the analytical formulae presented in
chapter 2. Among many other flexible expansions, there is no effort in changing
the values for r and σ for instance, or in other ways modify the parameters during
the calculation process, which would require a lot of analysis in the case of ana-
lytical formulae. On the other hand, introducing numerical schemes in order to
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CHAPTER 3. NUMERICS.

price contracts, gives rise to new challenges: how many steps in time and space
(stock price) do we need to use? What requirements do we need to fulfill? Which
numerical scheme is appropriate? What error will we introduce as a consequence of
discretization of an originally continuous problem?

3.1 Discretization.
By starting at the terminal condition t = T , where the solution is known for all
stock values s, we can calculate the values of the contract for all s at timepoint
t = T −∆t using the Black-Scholes equation and the spacial boundary conditions
at smin and smax. This procedure is repeated until we reach today’s date, t = 0.

Create a discretized s− t-grid and let

sj = smin + j · δs, j = 0, . . . ,M (3.1)
ti = tmin + i · δt, i = 0, . . . , N (3.2)
f ij = f(sj , ti) . (3.3)

We will henceforth always assume that there will be M + 1 discretized points in the
s-dimension, {s0, . . . , sM} defined according to Equation (3.1). The index j will be
reserved for s-dimension throughout this thesis. We will further assume that there
will be N+1 discretized points in the t-dimension, {t0, . . . , tN} defined according to
Equation (3.2). The index i will be reserved for t-dimension throughout this thesis.
And of course, we will also assume (M + 1) × (N + 1) to-be-calculated unknowns
written on the short-hand form f ij , see Figure 3.1.

3.1.1 Problems arising due to discretization.
A wide range of parameters purely associated to the numerical method can be varied
in order to affect the resulting contract value in terms of accuracy and calculation
speed, usually in a trade-off manner. The most obvious such parameters are:

• What boundary values should we put at the payoff (time boundary) f(s, T )
when discretizing the original, continuous problem?

• What boundary values should we put at the barrier f(smin, t) = f(b, t) when
discretizing the original, continuous problem?

• It seems plausible that the rebate value of the Turbo Warrant Call at s→∞
should go to zero, f(smax, t) = 0, (since the probability that the rebate would
be ’knocked in’ gets smaller as the underlying process s goes up) but what
is a reasonable value for the truncation smax when discretizing the original,
continous problem?

• Danger! What value to put at the corners f(smin, T ) and f(smax, T ), in case
the boundary values in space and time are not equal?
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• How many discretization steps should we do in the s-dimension?

• How many discretization steps should we do in the t-dimension?

• Is there an optimal distribution of discretization points? A uniform grid might
be of interest if we want to have access to a wide range of values at t = 0. On
the other hand, given a fixed number of points, one could argue that these
points should be placed in the region of interest (usually near the strike price
K) in a non-uniform way.

• Which mathematical formula should we use in order to transfer information
from one discretization point to another - i.e. is the Black Scholes formula
with constant coefficients enough?

• How many nearby grid points should influence the value of a not yet calculated
point?

• In which ways can the method be expanded, for instance with discrete stock
dividends?

This thesis will attempt to identify which questions are important and unimportant,
answer some of them, and point to which ones remain unanswered.

3.2 The Black-Scholes Equation, revisited.
Start-up at time step tN : In this thesis, and in general when pricing contracts,
we seek one or several values of the contract f at today’s date, t = tmin. In the
above grid setup, this means one or several function values from the subset f0

j . The
Feynman-Kac formula proves that a value at t < T is the expected value of the
contract f . However, from a numerical point of view, we only know the contract
value at the last time step, tN = tmin +N · δt, since the continuous payoff function
(2.20) has been specified and can therefore be discretized as well:

Φ(S(T )) = fNj , j = 0, . . . ,M . (3.4)

In addition, spatial boundary values of some sort must be specified for every time
step in order for the numerical method to work. In the case of the rebate part of
the Turbo Call Warrant, which we are investigating here, these spatial boundary
values must be

f i0 = Πδ
b , i = 0, . . . , N (3.5)

f iM = 0, i = 0, . . . , N (3.6)
(3.7)

when assuming no dividends (if dividends are allowed, a discretized version of Πτb ,
calculated for each discretized time step needs to be put at the lower boundary
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instead). The attentive reader has by now noticed that one of the corners has
a boundary value conflict: the corner where (s, t) = (smin, T ). Here, the payoff
boundary condition claims that the contract value should equal zero, while the
barrier boundary condition claims that the contract value should equal the value
of the Lookback Option. Numerical studies confirms the intuition that the barrier
value should dominate in this case1. The initial setup is presented graphically in
Figure 3.1.

1An alternative way of cell averaging techniques is discussed in [1, p. 110-113], but they turn out
to be of no use in this case. Picturing the continuous problem helps understanding why representing
the corner with any other value than the LookBack value is wrong.
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3.2. THE BLACK-SCHOLES EQUATION, REVISITED.

sM

s0

tNt0

Figure 3.1. (M + 1) × (N + 1)-grid with M = 5 and N = 6. Startup phase.
Boundary values and payoff (squares) are regarded as known on beforehand.
Function values at inner points (circles) are yet-to-be-calculated. Sought are
one or more function values at t0 (leftmost column).

We need to take the information from time step tN , i.e., the function values
{fN0 , fN1 , . . . , fNM} and carry them over to time step tN−1. Theorem 2.3.2 now tells
us that the Black-Scholes formula (2.18) is the formula to use in order to price the
contract correctly. We therefore discretize it as well, and generalize the problem of
information transfer from one time step to another:
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Time step ti: Assume that we are in time step ti, and that the current function
values f ij , j = 0, . . . ,M are yet-to-be-solved, while all function values between
ti+1 and tN are already solved and regarded as known (see Figure 3.2).

sM

s0

tNt0 ti ti+1

Figure 3.2. At time step ti, all function values from f i+1
j , . . . , fNj , ∀j are

known.
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3.3. CHOOSING AN APPROPRIATE DISCRETIZATION OF THE BLACK SCHOLES
EQUATION.

3.3 Choosing an appropriate discretization of the Black
Scholes equation.

We also need to discretize the Black Scholes Equation (2.18) in an appropriate
way. There are infinitely many ways of doing this. We will here use the so-called
θ-method, which is a mixture of an explicit scheme and an implicit scheme. Before
going in to the reason of choosing the θ-method and its details, let’s have a brief
outline of the building blocks of the θ-method.

3.3.1 The explicit scheme (trinomial tree).

sM

s0

tNt0 ti ti+1

Figure 3.3. Calculation molecule for the explicit scheme: in order to calculate
the value of f ij , three known neighbors at time step ti+1 are used.

One of the simplest approaches is to use the explicit scheme (trinomial tree).
Error analysis shows that it is accurate of order one with respect to time, and of
order two with respect to stock price. It is stable under certain conditions on the
step sizes δt and δs, which in practice forces the number of discretization points
in time to be large, adding to calculation time. It can be shown that the popular
so called binomial tree is a special case of this scheme. However, empirical studies
show that explicit schemes tend to converge slowly (or diverge) in the presence of
a barrier [6], cf. Figure 3.4. Since the Turbo Warrant is a barrier contract, the
explicit method will perform poorly.
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Figure 3.4. Barrier option (Binary Option) priced with explicit scheme (bi-
nomial tree) as a function of discretization points N in time. True price for a
given s0 compared to numerical method. Notice the slow convergence in the
numerical method. The fluctuations in price in this figure are linked to the
error in the right part of Figure 3.9: adding time steps yield a slowly vanishing
oscillation error at time t = 0 for a given s0 purely due to the numerical setup.
Be aware that the Crank-Nicolson method in the right part of Figure 3.9 is
absolutely superior to the explicit method in terms of error and accuracy, and
that the reference to Figure 3.9 is made purely for illustrational purposes of the
oscillation arising due to usage of any form of the explicit trinomial scheme,
which happens to be an ingredient in the Crank-Nicolson scheme.
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EQUATION.

3.3.2 The implicit trinomial scheme.
The implicit trinomial scheme is also of order one in time, order two in stock price,
but has the very nice feature that it is unconditionally stable, even in presence of
a barrier. It is certainly an interesting candidate for discretizing the Black Scholes
Equation. In order to calculate function values, a set of equations must be solved,
and thus a (tridiagonal) matrix inversion has to be made.

sM

s0

tNt0 ti ti+1

Figure 3.5. Calculation molecule for the implicit scheme: in order to calcu-
late the value of f ij , one known neighbor at time step ti+1 and two unknown
neighbors at time step ti are used. The latter two are in turn calculated from
their neighbors, ultimately creating a system of equations linked to each other.
The spatial boundary values at smin and smax are known, thus functioning as
in data to the system of equations.
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3.3.3 The Crank-Nicolson Scheme.
The Crank-Nicolson scheme is a 50/50-mix of the explicit and implicit trinomial
schemes. It can be shown by analyzing the error terms for these methods that
the order of the Crank-Nicolson method is two in both time and stock price, i.e.
has much smaller error than the implicit (and explicit) method. In effect, this
means that fewer grid points (and thus, less calculation time) are needed for the
same accuracy as for instance the explicit or implicit methods. However, it has an
explicit component which may cause problems if not dealt with carefully (this will
be analyzed further ahead in this thesis).

sM

s0

tNt0 ti ti+1

Figure 3.6. Calculation molecule for the Crank-Nicolson scheme: in order
to calculate the value of f ij (dark circle), five surrounding neighbors are used.
We apply the same calculations as in the explicit and implicit methods, but
averaging them, yielding a method of order two.
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3.3.4 The θ-method.
Why not set a parameter θ ∈ [0, 1] and mix θ implicit method with (1− θ) explicit
method? Varying θ will show empirically how much of each discretization to choose.
The above mentioned methods will become special cases of the θ-method: θ = 0
will result in the explicit method, θ = 1 will render a fully implicit method, and
θ = 1/2 will yield the Crank-Nicolson scheme. We choose our starting point from
here, and discretize accordingly.

3.4 Discretization of the Black Scholes pricing equation.
Assume that we are in time step ti, as in Figure 3.2. Consider the continuous Black
Scholes equation (2.18) and discretize it using the θ-method for the partial deriva-
tives, and equations (3.1)-(3.2) for discretization of s and t. Note that throughout
these calculations, the set {f i+1

j } is regarded as known, while the set {f ij} is regarded
as unknown:

∂f

∂t
≈ (1− θ)

[
f i+1
j − f ij
δt

]
+ θ

[
f i+1
j − f ij
δt

]
=
f i+1
j − f ij
δt

(3.8)

∂f

∂s
≈ (1− θ)

[
f i+1
j+1 − f

i+1
j−1

2δs

]
+ θ

[
f ij+1 − f ij−1

2δs

]
(3.9)

∂2f

∂s2 ≈ (1− θ)
[
f i+1
j+1 − 2f i+1

j + f i+1
j−1

(δs)2

]
+ θ

[
f ij+1 − 2f ij + f ij−1

(δs)2

]
. (3.10)

By first plugging these approximations and equations (3.1)-(3.2) into Equation
(2.18) and then putting all unknowns, {f i} on the LHS and all knowns, {f i+1}
on the RHS yields the following system of M − 2 equations2:

aj−1f
i
j−1 + bj−1f

i
j + cj−1f

i
j+1 = dj−1, j = 1, . . . ,M − 1 , (3.11)

where

aj−1 = θ · 1
2

(
smin
δs

+ j

)[
r − σ2

(
smin
δs

+ j

)]
δt (3.12)

bj−1 = 1 + θ ·
[
r +

(
smin
δs

+ j

)2
]
δt (3.13)

cj−1 = −θ · 1
2

(
smin
δs

+ j

)[
r + σ2

(
smin
δs

+ j

)]
δt , (3.14)

and the fully known RHS components

dj−1 = αj−1f
i+1
j−1 + βj−1f

i+1
j + γj−1f

i+1
j+1, j = 1, . . . ,M − 1 , (3.15)

2The equations are written with 0-indexing in mind. For 1-indexing, just replace all the ’j −1’:s
in the coefficient definitions on the LHS with ’j’. Do not tamper with the ’f ’:s, though.
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where

αj−1 = (1− θ) · 1
2

(
smin
δs

+ j

)[
σ2
(
smin
δs

+ j

)
− r

]
δt (3.16)

βj−1 = 1− (1− θ)
[
σ2
(
smin
δs

+ j

)
+ r

]
δt (3.17)

γj−1 = (1− θ) · 1
2

(
smin
δs

+ j

)[
σ2
(
smin
δs

+ j

)
+ r

]
δt (3.18)

which, in turn, can be written as the matrix equation Af (i) = d, with



b0 c0 . . . 0
a1 b1 c1

...
a2 b2 c2

. . . . . . . . .
... aM−3 bM−3 cM−3
0 . . . aM−2 bM−2





f i1
f i2
f i3
...

f iM−2
f iM−1


=



d0 −a0f
i
0

d1
d2
...
dM−3
dM−2 −cM−2f

i
M


Note how the (known) spatial boundary values f i0 and f iM are transferred over

from the LHS to the RHS in the matrix equation3.

3.5 Solving the matrix equation Ax = b.
The question of solving the actual matrix equation requires some investigation.
There’s a plethora of methods, all with their own strengths and weaknesses, fea-
tures and requirements. In the case of this Master’s Thesis, emphasis is laid
on speed and accuracy. Luckily, it turns out that the Tridiagonal matrix algo-
rithm (TDMA, a.k.a. the Thomas Algorithm) will be optimal, and other, more
complex methods therefore not needed. The method is described in [7, p. 50-
51]. An excellent pedagogical explanation of the TDMA algorithm is given by [8],
http://www3.ul.ie/wlee/ms6021_thomas.pdf, and investigating it will lead to the
following conclusions:

1. TDMA will always work, since |bj | > |aj |+ |cj |, ∀j, θ.

2. The first LU-step of the method needs only be made once, i.e. not in every
time step, as long as θ is not varied. Therefore, the actual code can be split
up in two parts, the first step outside the loop over i, in order to reduce
calculation time.

3This matrix equation was written with 0-indexing in mind. If 1-indexing is preferred, just
shift the indices of a, b, c, d upwards one step. Do not tamper with the f indices. The notation will
now not only be more natural (in the sense that main diagonal coefficient bj will pair with function
value fj), but also resemble similar notation in other literature, such as [7].
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3.6. THE AMERICAN DIGITAL OPTION FROM A NUMERICAL POINT OF VIEW.

3. There are ways of optimizing the code written in [7]. The most obvious
optimization is by reducing the usage of ’/’ and replace with ’*’. In light
of above, we therefore move the division to the LU-step, precalculate (and
store) the inverted γ:s described above and use these with multiplication in
the second step in the time loop.

3.6 The American Digital Option from a numerical point
of view.

This section extends the second part of Section 2.4.2, where the American Digital
Option is investigated analytically, under the informal name of ’the part of the rebate
part of the Turbo Warrant which concerns whether the barrier has been hit or not’.
Here, we revisit the contract and analyze it from a numerical point of view.

The Americal Digital Option ΠAD is a type of barrier option. If a prescribed
barrier b is hit during the life time of the contract, the holder receives 1 monetary
unit instantly, and the contract terminates. If the barrier is never hit, the option
becomes worthless at maturity date, i.e. payoff is equal to zero. Since we aim to
price the option numerically, we have taken the view

ΠAD = f(s, t) (3.19)

according to the Feynman-Kac formula (proof in [4]). A PDE of f is therefore
f ′t(t, s) + rsf ′s(t, s) + 1

2σ
2s2f ′′ss(t, s) = rf(t, s), t < T

b < s < smax
f(T, s) = 0
f(b, t) = 1

f(smax, t) = 0.

(3.20)

Figure (3.7) summarizes the boundary values graphically.
We turn our attention to a potentially troublesome area of the domain: the

corner near the barrier s = b and near maturity t = T . At this corner, the two
boundary values are in conflict with each other. What value should be put at the
corner? The payoff? The barrier value? Something in between? By taking this
conflict into account, one can increase the accuracy of the numerical scheme. This
topic was briefly mentioned in Section 3.2 where empirical experiments show (not
presented in this thesis, though) that the barrier value is the value to put at the
corner.

3.7 The Lookback Option from a numerical point of view.
This section could extend the first part of Section 2.4.2, where the Lookback op-
tion is investigated analytically, under the informal name of ’the monitoring part
of the rebate part of the Turbo Warrant’, but doesn’t, and is mainly written for
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Figure 3.7. Boundary values and solution (fully implicit method) of the Amer-
ican Digital Option with barrier b = 70. The payoff g(S(T )) = 0.

completeness reasons. When we revisit the contract and analyze it from a numer-
ical point of view, we find that on the contrary to the American Digital Option,
it turns out that the lookback option does not need to be priced numerically at
any timepoint, thanks to the separation equation (2.47) and the fact that known
analytical formulae for the Lookback Option exist. The analytical formulae (2.40)
will suffice and are therefore used throughout this Master’s thesis. The value will
be denoted by Πτb in general, and by Πδ

b under the no dividends assumption. The
interested reader is refered to [9] for numerical pricing of Lookback Options, which
involves extending the problem domain with an extra state variable keeping track
on the running minimum (maximum) and transferral of one solutions’ interior onto
the next problems boundary value. Computationally, this method is much more
cumbersome than just the regular one dimensional Black-Scholes problem (such as
the American Digital Option), and we therefore strive to avoid it. This will be no
problem when assuming no discrete dividends, but upon introduction of these, there
is a theoretical chance that the dividend occurs during the monitoring phase of the
Turbo Warrant Rebate part. In that case, one should formally use Monte Carlo or
Finite Difference Pricing in order to achieve the correct value. However, since this
event is highly improbable and contributes very little to the end price, we will use
an approximation instead, namely that if a dividend occurs, the minimum value of
the process during the monitoring will take place at the part of the process which
is after the dividend, disregarding from the process before the dividend. Monte
Carlo simulations show that this approximation is actually quite decent, at least
down to discrete dividends of 1 monetary unit. For discrete dividends between 0
and 1 monetary units, the approximation becomes quite crude and doesn’t really
model the situation very well and should be regarded as an Achilles’ Heel. However,
in practical situations the scenario needed in order to make this approximation a
bigger contributor to total error than the contribution from the oscillations shown
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in Figure 3.9 is very rare.

3.8 The rebate part of the Turbo Warrant.
The rebate part of the Turbo Warrant is closely related to the American Digital
Option. The domain of the Turbo Warrant is the same,

0 < t < T, b < s < smax (3.21)

and on the boundary values of the domain, the value of the Turbo Warrant is very
similar to the American Digital Option,

• barrier value f(b, t) = Πτb , ∀t.

• truncation at smax, with f(smax, t) = 0, ∀t

• payoff f(s, T ) = 0, ∀s

Figure (3.8) summarizes the boundary values graphically.
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Figure 3.8. Boundary values for the Turbo Warrant Call rebate part with bar-
rier b = 70. The only difference from the American Digital Option (Figure 3.7)
is that the value of the Lookback Call Option has been put on the boundary.
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We note that the only difference to the American Digital Option is the boundary
value at the barrier s = b. Under the assumption of no dividends, equation (2.47)
tells us that f(b, t) = Πδ

b for all t. Generally, equation (2.45) states that we are
always allowed to calculate the rebate part of the Turbo Warrant by precalculating
Πτb in some appropriate method, then putting these values on the boundary. But
under the no dividends assumption, equation (2.47) tells us that we are allowed to
pull out the Πδ

b out of the pricing formula for the Turbo Warrant, and after cal-
culating the price of the remainder, namely the American Digital Option, multiply
the solution with Πδ

b .
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Figure 3.9. Two numerical schemes used for pricing of the Turbo Warrant with
barrier b = 70 given that t = 0 and s(0) = 91: f(91, 0) ≈ 2.2 SEK. Left: Fully
implicit scheme, which is unconditionally stable. We note that due to equation
(2.47), this is the same solution as the product of Πδ

b and the solution in
Figure (3.7). Right: Crank-Nicolson scheme, which is of higher order than the
fully implicit scheme, and therefore has drastically reduced error, despite the
alarming oscillation near the boundary. The boundary value conflict mentioned
in Section (3.6) creates an oscillation in the solution near the barrier b. If not
dealt with carefully, this oscillation can ruin the solution. Obviously the values
near the barrier smin = b = 70 at all times, and especially at time t = 0 must
be more erroneous than the corresponding ones in the fully implicit solution.
This can be seen by the naked eye in the plot! But in other regions on this
grid, the error term for the Crank-Nicolson method is a factor 10 smaller than
the error for the fully implicit method. One needs to make sure that there are
enough discretization points between the barrier and the sought s-value, or not
use the Crank-Nicolson method at all.
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3.9 Dividends.
One very good reason to price financial contracts numerically is that discrete divi-
dends are simple to implement. They become nothing more than a parallel shift of
the graph.

3.9.1 Implementing jump conditions.
As cited in [1, p. 114-120]At the i:th dividend payment time ti, the following jump
condition must be enforced [14]:

f(t−i , s) = f(ti, s− di(s)) (3.22)
where t−i is an instant of time prior to the i:th dividend payment time, and di(s) is
the amount of the i:th dividend. The times here refer to forward (calendar) time. In
terms of a finite difference calculation in which time is running backward, the time
step is adjusted to land exactly on the pending dividend payment time ti. Then
after the completion of the solution at time ti, the option value at spot price s is
replaced by the option value at spot price s− di(s).
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Figure 3.10. Turbo Warrant Call with SEK 50 dividend on underlying at
t = T/2. The values at the edge of the protruding part of the graph were
calculated by interpolating the ’original’ function prior to shifting.

Of course, s − di(s) will not necessarily lie exactly on a grid point, so that the
option value V (ti, s − di(s)) must be obtained by interpolation between surround-
ing stock value grid points. In our case, question is whether to use simple linear
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interpolation or something more advanced. A thorough analysis in [1, p. 112-120]
suggests that linear interpolation is not enough, and that cubic spline interpolation
is a superior choice.
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Chapter 4

Results.

In this chapter, we define a useful error measure when investigating the pricing of the
rebate part of the turbo warrant, vary a lot of numerical parameters to understand
how they affect the error, and try to understand which numerical setup is optimal
for solving the problem. The goal is to present a relationship between calculation
time and error.

4.1 Error measure: the L∞-norm.

The L∞-norm for a vector x is defined as

|x|∞ = max
i
|xi|, (4.1)

in our case, we are interested in the vector x = fanalytic(0, s) − fnumerical(0, s),
comparing the difference between the analytical formula and the numerical method
along each value of s,

max
j

∣∣∣∣fan(0, smin + jδs)− fnum(0, smin + jδs)
∣∣∣∣ . (4.2)

In words: we define the error of our numerical method to be the maximum absolute
difference between the analytical and numerical method at time t = 0 and all
possible s values, because we find it suitable. In most cases we are only interested
in the price at t = 0. In order to be safe, i.e. get a feeling for the maximum money
loss due to numerical errors we choose the error to be the maximum absolute error
along the possible s-values. This is a crude measure. Note that there are infinitely
many ways of choosing an error measure. The reason why we choose the L∞-norm,
is because it gives a very simple measure of the worst case error that our finite
difference methods produce.
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4.2 Varying numerical parameters and their impact on the
end result.

In the previous section we defined an error measure. At this stage it is appropriate
to vary the numerical parameters of the pricing problem (recall that we seek a
numerical setup that minimizes the impact on the pricing - and thus maximizes the
impact of the the actual mathematical parameters, such as stock price s, volatility
σ, etc. on the pricing). The numerical parameters are:

• Number of discretization points in time, N + 1.

• Number of discretization points in space (stock price), M + 1.

• Calculation molecule setup (0 ≤ θ ≤ 1).

• Cutoff point f(t, smax) = 0 (for the Turbo Warrant Call case).

4.2.1 Ruling out the cutoff point.
We begin by ruling out academic investigation of the impact of the cutoff point.
It is true that unreasonably low values have impact on the end result, but simply
choosing a high enough value on smax shows that virtually no impact on the end
price can be achieved. This is trivial and will not be presented in detail. Further-
more, for implementational reasons (different Turbo Warrants have very different
regions of s in which the warrants are valuable), it is more convenient to actually
just define a naive-adaptive method for calculation of smax:

threshold = 1e-10 // or some other prespecified value
while( f(t,s_max) > threshold ) { s_max = s_max+100 }

since we actually have the analytical formulae for the Turbo Warrant in the last
subdomain (after the last dividend, if any, has been made, and we know we are in
the divident-free case), why not just calculate the contract value and make sure it
is lower than some preset threshold value? This eliminates the problem of cutoff
point impact on end price completely.

4.2.2 Optimal grid shape for the fully implicit method.
In Figure 4.1 all possible values for M and N have been tested, subject to the
constraint M ×N = 500. We define

N(M) = floor(500/M), (4.3)

and varyM from 1 to 500. Then we look at the max abs error induced by the given
shape (M -values between 1 and 10 are not only irresponsible from a practitioner’s
point of view to implement, they also produce a very high error, and thus these
values are set to zero in the graph, not to ruin it). We repeat the procedure for grid
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Figure 4.1. Grid size M × N ≈ 500. Optimal grid size is M ≈ 42, N ≈ 12,
yielding in an maximum absolute error of L∞ ≈ 0.075 between the numerical
method and analytical formulae. M-values of 10 and less have been excluded
from the survey (and set to zero in the plot, when they in fact diverge), since
they just are irresponsible from a practitioners point of view to implement. The
crudeness of this optimization can easily be seen: for each M , the time step
N is generated by floor(G/M), resulting in a very suspicious looking curve,
where not even the grid size is possible to maintain constant. However, we
notice that grid shape has a very big impact on the error: the minimal max
error is 10 times smaller than the maximal max error.

sizes ranging from M ×N ∈ [100, 200000] and for each grid size store the optimal
grid shape parameters M∗ and N∗. For the implicit method the optimal shape can
be seen in Figure 4.2.

Some investigation implies the conjecture

M∗ ∝ G1/3, (4.4)

and taking both sides to the power of 3 yields Figure 4.3, where the data appears
to have the shape of a line, i.e.
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Figure 4.2. Empirical result (dots) and least squares error fit (solid, to be
explained in a moment) of relation between grid size G ∈ (100, 200000) and
optimal (L∞-minimizing) spatial variable M∗.

M3(G) = aG+ b, G ∈ (0, 200000) (4.5)
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Figure 4.3. Empirical result (dots) and least squares error fit (solid) of rela-
tion between grid size G ∈ (100, 200000) and optimal (L∞-minimizing) spatial
variable M∗.

After performing a simple curve fitting in the least squares sense to our empirical
data, we conclude the following empirical result: The relation between grid size G
and the spatial variable M∗ which minimizes the Fully Implicit method error in
L∞-norm sense, is given by

M(G)∗θ=1 ≈ (aG+ b)1/3 , G ∈ (0, 200000) (4.6)

where

a = 126.629191220906 (4.7)
b = 7854.77833410917. (4.8)

Retransformation of the least squares fit yields the solid line in Figure 4.2.

37



CHAPTER 4. RESULTS.

4.2.3 Optimal grid shape for the Crank Nicolson method.

Similar analysis will show that the Crank Nicolson method’s optimal grid shape is
of the form

M(G)∗θ=0.5 ≈ (aG+ b)1/2, (4.9)

basically saying that the number of time steps are much fewer when in optimal grid
shape for this method, compared to the fully explicit method. It is also notable that
the grid shape and optimal values of M and N for the Crank Nicolson method are
related to the Courant number, and that these trivial simulations just empirically
show the importance of this entity.
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Figure 4.4. These graphs shows that minimal error for a given number of
unknowns, M × N , the optimal shape for which this is acheived differs from
method to method. Empirical result (dots) and least squares error fit (solid)
of relation between grid size G ∈ (100, 200000) and optimal (L∞-minimizing)
spatial variable M∗. Green data points are the same as the result in Figure
4.2. Blue dots are the Crank Nicolson method optimal grid shape.
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4.2.4 Comparing method error vs calculation time for optimized grid
shapes.

Of the initial 4 degrees of freedom presented in the beginning of this section, we
are now down to only two: θ and grid size G = M × N . Let’s vary θ, optimize
the grid shape for different grid sizes and plot the calculation time vs the L∞-error
of the method. The calculations were written in C, about 10-20 times faster than
Matlab, and performed on an Intel Xeon quad core 2.67GHz processor with 18GB
of RAM (only one processor was used, though). A very nice property which can,
but won’t be shown here, is that given the optimal grid shape, calculation times
are linear functions of grid sizes. This means that we can exchange the x axis in
Figure 4.5 with the actual grid sizes used (in this case grid shapes range from 1000
to 200000) without changing the proportions in the graphs (or invest in a faster
computer which will rescale the x axis but not graph proportions in the figure.
Figure 4.5 shows the result.
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Figure 4.5. Jerky and inexact behaviour for methods with θ ∈ [0, 0.4]. Win-
ner is Crank-Nicolson, θ = 0.5 (yellow). Increasing θ above 0.5 yields stable
behavior, slower than Crank Nicolson, but faster and more reliable than for
θ < 0.5.
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4.3 Dividends.
We briefly mention the comparison between linear interpolation and the cubic spline
approach. In [1], the latter is advocated. By creating two grids, one with

dsfine = 1
2 · dscoarse (4.10)

we can use analytical formulae to price the Turbo Warrant exact in each of these
grid points. All values in the fine grid can be found in the coarse grid. Inbetween
these values of the fine grid which equal the values of the coarse grid, we find the
exact values of the contract that our optimal interpolator should reach. We test
linear interpolation and cubic spline interpolation and compare the max abs error,
using the grid shapes from Figure 4.6. We conclude that the max abs error for linear
interpolation method is roughly 5 times larger larger than the grid shape optimized
max abs error for the Crank Nicolson method max abs error. We also conclude
that the max abs error for the cubic spline interpolation is a factor 0.03 of the grid
shape optimized Crank Nicolson method max abs error. The proof is left as an
exercise for the reader. Cubic splines require a tridiagonal matrix system Ax = b to
be solved (cf [7, p. 50-51]), and is thus more cumbersome, but turns out that this
type of interpolation becomes a necessity when using the methods presented in this
thesis (otherwise there’s no point in using our presented numerical methods).

4.4 Conclusions
From Figure (4.5), let’s sort out every method except fully explicit (θ = 0) and the
unconditionally stable Crank-Nicolson (θ = 0.5) method and fully implicit method
(θ = 1). These results are shown in Figure (4.6).
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Figure 4.6. Results for relevant methods: Fully explicit (θ = 0), Crank-
Nicolson (θ = 0.5) and the unconditionally stable fully implicit method (θ = 1).
It may seem that the implicit method is better than Crank Nicolson in the left
hand region which at first glance may appear to be the most important one.
However, the left hand region has very small grids (1000 unknowns), meaning
the values of both M and N are very small. In practice, one can not have
to small values of the space discretization variable M . One should remember
that we seek the contract value for a certain stock price at time t = 0, and
that too coarse discretization in the space dimension means that some sort of
interpolation must be applied to adjacent grid points if the sought s-value does
not lie exactly on a grid point. This interpolation will in turn yield an error
not displayed in the figure, but many times comparable (or in some cases even
larger!) than the finite difference method error.

4.5 Extensions

4.5.1 Adaptive methods.
Certainly, the region where the stock price is near the barrier should be denser in
terms of calculation points in comparison to other regions. This is a school book
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example of where adaptive methods would be applicable. However, an adaptive
method requires an initial coarse grid calculation to be made before determining
where any such dense regions should be placed. Had this thesis been about calcu-
lating price within a pre-specified error tolerance level, an adaptive method (i.e a
method consisting of at least two calculations) would have been the correct mea-
sure to take. But since short calculation time is prioritized over error level near the
barrier, adaptive methods fall outside the scope of this thesis.

4.5.2 Crank Nicolson method using variable transforms.
A very interesting idea would be to implement a coordinate transform in s, trans-
forming the grid to be more dense near ’interesting regions’ (in our case near the
barrier, in order to dampen the main contributor to error) and more sparse in un-
interesting regions (in our case near the cutoff point, which needs to be there in
order to not affect contract prices in the interesting regions, but which at the same
time forces the current, untransformed Crank Nicolson method to calculate values
near smax where no practitioner will ever be interested of looking for contract prices
anyway). The variable transform technique is described in detail in [1, p. 167-168,
157-160.] and could definitely, in theory, reduce computational time / max abs error
thanks to smarter, non-linear grid setup in the s-dimension. The actual variable
transformation and retransformation is however time-consuming and thus analysis
would be required to compare the performance of that approach compared to the
untransformed approach used in this thesis.

4.5.3 Exponentially fitted schemes.
In [13] Duffy carefully explains the main strengths and weaknesses of the Crank
Nicolson method and suggests improvements to robustness (the performance, and
especially performance vs error compared with just refining the grid in our case
is not analyzed in detail, leaving question marks on whether this is actually a
better performing solution or not) by introducing a totally new family of schemes,
called Exponentially fitted schemes. The link provides an excellent starting point for
looking into improvements of the Crank Nicolson method if even more robustness
is required.
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