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Instability in Settling Fibres: A Numerical Study

Feng Zhang 2014

KTH Department of Mechanics
SE-100 44 Stockholm, Sweden

Abstract

Sedimenting suspensions exist in a varity of natural phenomena and indus-
trial applications. It is already observed in experiments that the dilute fibre
suspensions experience a concentration instability under gravity at low Rey-
nolds numbers. Initially well-mixed suspensions become inhomogeneous and
anisotropic due to this instability. This project is focused on the development
and validation of numerical models to understand the instability in a dilute
fibre suspension by means of the mixture model and the point-particle model.

For periodic boundary condition, we use a linear stability analysis to show
that inertia and hydrodynamic translational diffusion damp perturbations at
long wavelengths and short wavelengths, respectively, leading to a wavenumber
selection. However, numerical simulations indicate a weak wavenumber selec-
tion even at zero Reynolds number. Numerical simulations also show that the
induced flow may either die or saturate on a finite amplitude. The character
of this long time behaviour is dictated by the wavenumber, the presence or ab-
sence of the translational diffusivity, rotational diffusivity, and the fluid inertia
on particle motions. Moreover, the most unstable wavenumber decreases with
time and the maximum amplitude increases. The smallest wavenumber obtains
the largest amplitude at steady state.

For a vessel bounded by sidewalls, the near-wall convection is an upward
backflow in the very beginning, due to the combined effects of the steric-
depleted layer and a hydrodynamiclly-depleted region near the wall. How-
ever, the evolution of the near-wall convection at later times depends on the
aspect ratio of the fibres, the translational diffusivity and the initial perturba-
tions. The steric-depleted layer in the mixture model can be neglected for large
widths. Multiple streamers are obtained due to the sidewalls, implying that the
sidewalls can generate a wavelength which is smaller than the channel width.
The suspension ends up with a single streamer on one side of the container,
consistent with the results of the cases with periodic boundary condition but
different from the experimental results. This might be due to the absence of
the botton wall in the mixture model. Moreover, the global structure evolution
of a suspension is dependent on the width of the vessel and the amplitude of
the initial perturbations.

Descriptors: fibre suspensions, sedimentation, instability, mixture model,
point-particle model
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Instabilitet hos sedimenterande fibrer: En numerisk undersökning

Feng Zhang 2014

KTH Mekanik
SE-100 44 Stockholm, Sverige

Sammanfattning

Sedimenterande suspensioner förekommer i m̊anga naturliga fenomen och in-
dustriella processer. Experimentella observationer visar tydligt att utspädda
fibersuspensioner uppvisar en koncentrationsinstabilitet d̊a de f̊ar sedimentera
i tyngdkraftfältet vid sm̊a Reynoldstal. Initialt väl omblandade suspensioner
blir inhomogena och anisotropa genom denna instabilitet. Denna avhandling är
fokuserad p̊a utveckling och validering av numeriska modeller för att etablera
en först̊aelse för instabiliteten i utspädda fibersuspensioner genom en s̊a kallad
blandningsmodell och en modell med punktpartiklar.

För periodiska randvillkor använder vi linjär stabilitetsanalys för att visa
att suspensionens mekaniska tröghet och partiklarnas hydrodynamiska trans-
lationsdiffusion i suspensionen dämpar störningar med l̊anga respektive korta
v̊aglängder, vilket leder till en selektion av tillväxande v̊agtal. Icke-linjära,
numeriska simuleringar indikerar emellertid att selektion av v̊agtal kan ske
även vid Reynoldstal noll. Simuleringarna visar ocks̊a att den inducerade
strömningen antingen kan dö ut eller mättas vid en finit amplitud. Egen-
skaperna för detta l̊angtidsuppförande bestäms av v̊agtalet, närvaro eller fr̊anvaro
av translationsdiffusivitet, rotationsdiffusivitet och tröghetseffekter i vätskan
för rörelsen av individuella partiklar. Dessutom minskar det mest instabila
v̊agtalet med tiden och den maximala amplituden ökar. Det minsta v̊agtalet
erh̊aller den största amplituden i stationärt tillst̊and.

För beh̊allare med sidoväggar är strömningen nära väggen initialt upp̊at
p̊a grund av en kombination av ett steriskt och ett hydrodynamiskt utarm-
ningsskikt nära väggen. Den fortsatta utvecklingen av den väggnära strömningen
beror p̊a fibrernas slankhetstal samt storleken p̊a translationsdiffusiviteten och
de initiala störningarna. Effekterna av det steriskt utarmade skiktet i bland-
ningsmodellen kan försummas i fall med stort avst̊and mellan beh̊allarens ver-
tikala väggar. Flera ned̊atg̊aende strömmar erh̊alls genom inverkan av insta-
biliteter som genereras av de vertikala väggarna. Detta betyder att sidoväggarna
kan bidraga till en selektion av v̊agtal. Förloppet i suspensionen slutar med en
enda ned̊atg̊aende ström p̊a ena sidan av beh̊allaren, helt i överensstämmelse
med resultaten för periodiska randvillkor men i motsats till experimentella
resultat. Denna motsägelse skulle kunna bero p̊a fr̊anvaron av beh̊allarens
horisontella botten i modellen. Till sist kan konstateras att suspensionens
utveckling i detalj beror p̊a b̊ade beh̊allarens bredd och den initiala störningens
storlek.
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Preface

This thesis deals with the instability of settling fibres. The main supervisor
of the project is Docent Anders Dahlkild and co-supervisor Docent Fredrik
Lundell of the department of Mechanics, KTH. A brief overview of the basic
concepts and methods are presented in the first part. The second part is a
collection of the following articles. The division of work between authors is
given for each paper.

Paper 1.
F. ZHANG, A. DAHLKILD & F. LUNDELL, 2013
Nonlinear disturbance growth during sedimentation in dilute fibre suspensions.
J. Fluid Mech. 719, 268–294.

The methods were built up by Anders Dahlkild (AD). The simulations were
carried out by Feng Zhang (FZ). The paper was written by FZ, with the help
of AD and Fredrik Lundell (FL).

Paper 2.
F. ZHANG, F. LUNDELL & A. DAHLKILD
Nonlinear interactions of multiple modes and spectral analysis of a suspension
of settling fibres.

The simulations were carried out by FZ. The paper was written by AD and
FZ, with the help of FL.

Paper 3.
F. ZHANG, G. SARDINA, A. DAHLKILD, F. LUNDELL & L. BRANDT,
2013
Numerical simulations of the sedimentation in dilute fibre suspensions. 8th

International Conference on Multiphase Flow, Jeju, Korea, May 26-31, 2013.

The solver code was developed by Gaetano Sardina (GS). The simulations were
carried out by FZ. The paper was written by FZ, with the help of AD, FL, GS
and Luca Brandt.

Paper 4.
F. ZHANG, K. GUSTAVSSON, F. LUNDELL & A. DAHLKILD
Near-wall convection in a sedimenting suspension of fibres. submitted to AIChE
J.

The simulations were carried out by FZ. The slender body approximation code
was developed by Katarina Gustavsson (KG). The paper was written by FZ,
with the help of AD, KG and FL.
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Paper 5.
F. ZHANG, F. LUNDELL & A. DAHLKILD
Effects of walls and perturbations on the sedimentation in fibre suspensions.

The simulations were carried out by FZ. The paper was written by FZ, with
the help of AD and FL.
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Part I

Overview





CHAPTER 1

Introduction

Suspensions refer to particles dispersed in fluids, including aerosols, biological
fluids, and some industrial fluids. In common usage, a suspension refers to
solid particles as the dispersed state in a liquid (Guazzelli & Morris 2012).
Sedimentation is a process that occurs in e.g. a suspension when the two phases
have different densities and thus the gravity force drives one phase relative to
the other.

Sedimenting suspensions exist in a variety of natural phenomena, such
as the sedimentation of rain drops and dust in the atmosphere, or sediment
transport in rivers and oceans. Particles suspended in air or water is one of
the main environmental pollutants. Usually, the pollutant particles move in the
form of sedimentation. The restrain of environmental pollution can be achieved
by controlling the sedimentation of particles (Lin et al. 2002). Diatoms are a key
phytoplankton group in the oceans. When diatoms cells float or sink slowly,
aggregates have been observed under very calm conditions. The possibility
to aggregate and encounter other cells is a mandatory prerequisite for sexual
reproduction, especially for pennate species that lack flagella to propel them
through the water (Botte et al. 2013).

The sedimentation process is one of the basic flows involving suspensions
and also one of the oldest known separation techniques. In industry, the sed-
imentation process is used in many processes as ore beneficiation and waste
water treatment (Kuusela 2005; Tiehm et al. 1999). It is also used to recover
particles, or to separate particles of different densities or sizes due to its low
level requirement of technology. Sedimentation rate is used to measure the
properties of the sedimenting matter e.g. the size distribution of particles (Lin
et al. 2002) or to detect several deceases from the human blood (Hung et al.
1994). Thus, it is understandable that the sedimentation process has a long
history as an object of laboratory and theoretical research (Davis & Acrivos
1985; Guazzelli & Hinch 2011; Ramaswamy 2001). Although conceptually sim-
ple, a lack of understanding remains in most of the cases of the problem due
to its complexity which makes analytical approaches unfruitful.

Recently, the sedimentation of fibre suspensions has been studied exten-
sively. It is already known that the dilute fibre suspensions experience a con-
centration instability under gravity at low Reynolds numbers (Re). Due to
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2 1. INTRODUCTION

this instability, initially well-mixed suspensions become inhomogeneous and
anisotropic. The fibres tend to align in the direction of gravity, with occa-
sional flipping, and clump together to form high density downwards streamers
which are balanced by low density backflow regions. In semidilute regimes,
fibres could flocculate, and in the concentrated regime, the suspension forms
networks. This phenomenon has been widely observed in experiments and
simulations. However, some of the features remain unsolved and the exact
mechanism is still poorly understood. The main difficulty is that the hydrody-
namic interactions between the particles depend on the microstructure of the
suspension (the orientation and relative position of the particles), which in turn
is determined by the hydrodynamics. Due to this strong feedback interaction,
it is difficult to solve the sedimentation problem (Guazzelli & Hinch 2011).

1.1. Review

1.1.1. Theories

The concentration instability was probably first predicted by Koch & Shaqfeh
(1989). They analytically showed that the instability would develop even in
the absence of inertia and diffusive effects. Through computing the probability
of finding one fibre near another fibre, they predicted that the long range hy-
drodynamic interaction between two fibres will drive one fibre to laterally drift
to the other fibre. They further evidenced that a variation of fibre number den-
sity in the horizontal direction will induce a weak vertical shear flow field and
under its influence the fibre will laterally migrate toward the downward flow-
ing fluid region with a higher fibre number density. Thus, the fibre suspension
becomes more inhomogeneous and unstable. In other words, the mechanism
identified by them relied on the coupling between the orientation of the settling
non-spherical particles and the flow field induced by the density perturbation.
Using a linear stability analysis in an unbounded homogeneous suspension, they
found that the normal mode density perturbation with the maximum growth
rate were those of infinite horizontal wavelength. In a bounded system, the con-
tainer limits the size of the largest wavelength. However, they didn’t believe
that such long wavelength fluctuations would in fact develop. Additionally,
they suggested that the clustering of fibres could result in enhancement of the
sedimentation.

Recently, taking account of the inertia of the bulk motion, Dahlkild (2011)
used the mixture theory for two phase flow and showed that the maximum
growth rate for horizontal density perturbations was obtained for a finite wave-
length. This is in contrast to the previous theory (Koch & Shaqfeh 1989). How-
ever, the theoretical results for the wavelength selection agree qualitatively well
with previous experimental results (Metzger et al. 2007) of measured correlation
lengths of vertical streamers in settling fibre suspensions. Dahlkild (2011) ar-
gued that at long wavelengths of a density perturbation, the time scale needed
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to set up a viscously dominated flow is much longer than for perturbations
of a shorter wavelength. As this viscous set-up time is completely neglected
in a theory assuming zero Reynolds number, long wavelengths, such that the
viscous set-up time is of the order of the settling time or larger, are then not
correctly reproduced. At long wavelengths, the fibres indeed have a long way
to travel in the horizontal direction to be collected in a streamer, as required
by the instability mechanism (Koch & Shaqfeh 1989). With the assumption
of zero Reynolds number, this is instantaneously compensated for by a large
shear rate which acts to align the fibres efficiently in the most advantageous
direction, and thereby reinforces the instability (whereas at short enough wave-
lengths, fibres aligned in the shear flow quickly pass a streamer region and the
instability is damped). However, according to the theory of Dahlkild (2011) at
non-zero Reynolds number, the longer travel distance at longer wavelengths is
not fully compensated for by shear, as the process of setting up the magnitude
of the shear rate is delayed by the inertia of the columnar flow in these longer
waves.

At finite particle Reynolds number, Shin et al. (2009) present a different
mechanism of the instability. To understand how the lateral migration of a
settling fibre responds to the vertical shear flow produced by concentration
perturbations, Shin et al. (2009) conducted a linear stability analysis. They
proposed that there are two factors which control the lateral migration of a
finite Reynolds number fibre in a vertical shear flow. The first factor is called
“shear-induced drift” associated with fluid and solid particle translational and
rotational inertia. The relative velocity between particle and fluid together
with the shear causes a sideforce on the particle. This sideforce drives the
particle to migrate to the downward flow region. The second factor is called
“orientation drift”. A fibre at finite Reynolds number attempts to align its long
axis with the horizontal direction due to nonlinear inertial torque. This ten-
dency increases as particle inertia increases. On the other hand, the torque due
to the imposed vertical weak shear rotates the fibre towards a vertical orienta-
tion. The balance between the two torques results in an inclined angle between
the fibre axis and the horizontal direction within the extensional quadrant of
the shear flow and drives the fibre to migrate toward the streamlines with the
larger downward flow velocity. The second factor only exists for non-spherical
particles. Thus, the combination of the two factors will determine the final net
cross-stream or lateral migration and in turn determine the stability of suspen-
sions at finite Reynolds number. The mechanism of the instability induced by
a shear-induced cross-streamline drift and an inertial fibre orientation drift is
confirmed numerically by Qi et al. (2013a).
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1.1.2. Experiments

The instability has been widely reported in a series of experiments. In dilute
suspensions, Kumar & Ramarao (1991) observed the formation of large floc-
like structures, settling at larger velocities; at higher concentrations, interaction
between the flocs was observed to cause velocity hindrance. Using magnetic
resonance imaging, Turney et al. (1995) measured the mean sedimentation
velocity in concentrated suspensions of rodlike particles and velocity hindrance
was reported.

Herzhaft et al. (1996) and Herzhaft & Guazzelli (1999) studied the sedi-
mentation of fibres in the dilute and semi-dilute regimes systematically. They
adopted a particle-tracking technique which previously was used by Nicolai
et al. (1995) to determine the position, orientation and velocity of a few silver-
coated particles, while the rest of the particles matched their index of refraction
with the index of the solvent to become invisible. They observed that in both
regimes, the particles strongly oriented near the direction of gravity, and flipped
between the two vertical orientations occasionally. There was always a slight
local probability maximum that a particle would align horizontally which was
not explained however. They also found an increase in the mean velocity in the
dilute regime larger than the maximum velocity of an isolated vertical fibre,
followed by velocity hindrance in the semi-dilute regime. The measured veloc-
ity fluctuations could be up to one order of magnitude larger than the mean
velocity in the semi-dilute regime. Based on the velocity and displacement
fluctuations, the self-diffusivity was estimated and was found to be strongly
anisotropic. Snapshots of the suspension showed that the particles gathered to
form dense clusters or streamers surrounded by clarified fluid; the size of the
clusters was estimated to be of the order of a few particle lengths.

Metzger et al. (2005) and Metzger et al. (2007) also studied the sedimen-
tation of fibres and confirmed this density instability. Fluorescent fibres were
used in their experiments. They used particle image velocimetry (PIV) to mea-
sure the velocity field of the suspension in the illuminated plane. In their early
experiments (Metzger et al. 2005), only a single cross-section cell was studied
and they showed that the sedimentation process was characterized by the for-
mation of one large-scale streamer which spanned half of the container width at
the early stage. However, according to the subsequent systematic experiments
of Metzger et al. (2007), wavelengths equal to the container dimension were not
observed at early times. They captured the disrupture from large-scale stream-
ers to smaller streamers. Moreover, they observed that the elongated streamer
and back-flow structures evolved slowly with decreasing wavelengths. The evo-
lution of the flow structure was restricted in time due to the finite height of the
vessel and a steady state was not reached. Their results also showed that there
was no simple dependence of wavenumber selection on suspension height, cell
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cross section, volume fraction, and properties of the fibres and the fluid. In ad-
dition, the largest possible wavelengths were not the most unstable. This was
unlike the linear theoretical prediction of Koch & Shaqfeh (1989) but coincide
with the results from Dahlkild (2011). It also differed from simulations, such
as by Butler & Shaqfeh (2002); Gustavsson & Tornberg (2009); Mackaplow &
Shaqfeh (1998); Saintillan et al. (2005, 2006c); Tornberg & Gustavsson (2006),
where only a single large-scale streamer was observed at early times regardless
of the boundary conditions. Metzger et al. (2007) estimated that this might
be due to the limited size of the numerical cells. It was observed that the sedi-
mentation front always settled faster than Vs in a dilute suspension. However,
the distribution in the fibre orientation from the horizontal to vertical direc-
tion produced variations in the settling velocity ranging from ≈ 0.5Vs to Vs at
most. These values could not account for the large iso-concentration velocities
observed. They also found a small increase of the distribution near horizontal
direction as found by Herzhaft & Guazzelli (1999). This feature has not been
captured in any simulations of the dynamics at zero Reynolds numbers yet.

Salmela et al. (2007) experimentally explored two different regimes of sedi-
mentation at Re of order one. For small volume fraction they found that fibres
settle with an orientation in the horizontal direction. With increasing volume
fraction, fibres adopt a vertical orientation. They believed that this behaviour
stemmed from increasing fibre-fibre collisions destabilizing the horizontal state.
These findings are strikingly different than that from the experiments with
Re → 0 (Herzhaft & Guazzelli 1999; Metzger et al. 2007) and qualitatively
support the numerical simulations reported by Kuusela et al. (2003).

Recently, the aerodynamics of long aspect ratio fibres settling in air has
been investigated under super dilute conditions without any influence of sec-
ondary flows and at fibre Reynolds numbers of 10 ∼ 100 based on fibre length
(Qi et al. 2013b). A statistical evaluation of the mean vertical and horizontal
components of the settling velocities, angular velocity, orientation and number
density of the fibres was presented and used to assess particle aerodynamics.

1.1.3. Simulations

The hydrodynamic instability is also observed in simulations by adopting dif-
ferent numerical approaches.

With periodic boundary conditions, Mackaplow & Shaqfeh (1998) used two
different types of numerical simulations, Monte Carlo and dynamic simulation
methods, to obtain detailed qualitative and quantitative information about the
sedimentation. In Monte Carlo simulations, the hydrodynamic interactions
were considered, and they showed that the hindrance of the mean sedimenta-
tion speed was linear in particle concentration up to at least nl3 = 7, where
n is the particle number density and l the fibre length. In dynamic simula-
tions, they approximated the disturbance of a given particle on the fluid by



6 1. INTRODUCTION

a point force. The suspension became inhomogeneous and anisotropic due to
the hydrodynamic interactions. The fibres were observed to converge towards
one dense streamer and to orient vertically. The orientation distributions were
found to reach a steady state. However, the mean velocity kept increasing with-
out saturation. Later, Butler & Shaqfeh (2002) developed a more sophisticated
method. The linear and rotational velocities of the particles were modeled by
slender body theory. To include the far field interactions among the parti-
cles, fibres were represented by line distributions of point forces. In addition,
short range particle hydrodynamic interactions were included through lubri-
cation forces. The contact interactions were excluded using repulsive forces.
Their simulations were in qualitative agreement with the experimental data of
Herzhaft & Guazzelli (1999). The mean velocity reached a steady state by using
infinite suspensions. Saintillan et al. (2005) improved the simulation method
of Butler & Shaqfeh (2002). The calculation of the hydrodynamic interactions
was accelerated using a smooth particle-mesh Ewald algorithm. In particular,
when one of the horizontal dimensions had been increased drastically, they
captured multiple streamers. Additionally, they found that the formation of
clusters was directly linked to the initial disturbance flow in the fluid, which
was typically dominated by low wavenumber fluctuations, therefore resulting
in the formation of a single streamer in most simulations.

Saintillan et al. (2006c) observed that the no-flux boundary condition im-
posed at the bottom of the container in their simulations had a strong influence
on the structure of the suspension and could lead to a wavenumber selection
for the concentration fluctuations. They captured a transition from a single
initial box-dependent streamer to smaller multiple structures at later times,
in qualitative agreement with the experimental observations (Metzger et al.
2007). This was different from the previous simulations with periodic sys-
tems, in which the container dimension wavelength always dominates. The
wavelength of the instability seemed to reach a steady value in the simula-
tions. However, this value was typically reached shortly before the approach
of the sedimentation front, so that it was not entirely clear whether a true
steady state would be observed in larger suspensions. They speculated that
horizontal container boundaries provide a mechanism for the decay or breakup
of these long wavelength fluctuations down to the selected wavelength of the
instability. On the sidewalls in their simulation, some vortices were observed.
They also performed a linear stability analysis to prove that a suspension of
deformable particles were unconditionally unstable to horizontal density fluc-
tuations. Moreover, in the absence of diffusion, all wavenumbers were equally
unstable. However, Brownian or hydrodynamic diffusion were predicted to
damp large wavenumber fluctuations, resulting in a maximum growth rate at
zero wavenumber. The instability for deformable particles also causes an in-
crease in the mean sedimentation velocity. Saintillan et al. (2006b), suggested
that a vertical density stratification can lead to a wavenumber selection by
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damping low wavenumber perturbations, but this mechanism does not account
for the wavelength reduction in the Metzger et al. (2007) experiments. In
addition, Saintillan et al. (2006a) showed that the application of an electric
field in a suspension of polarizable rods could be used to control or suppress
the concentration instability. Through use of Brownian dynamics simulation
and a mean-field analysis to study the Brownian demixing and sidewall effects
in sedimenting suspensions of orientable particles, Hoffman & Shaqfeh (2008)
found that long wavelength perturbations which span the entire container are
the most unstable and showed that the magnitude of the velocity disturbance
decreases with the width between the two vertical walls. Considering a non-
Brownian suspension with W = 25a (a is half the fibre length), one streamer
forms in the middle of the vessel and accumulation of fibres near the walls
is also observed. They suggested that the impenetrable walls may provide a
wavenumber selection mechanism. Using a two-dimensional immersed bound-
ary method, Wang & Layton (2009) showed that the vertical walls increase the
instability. They observed that the fibers with periodic boundaries aggregate
but not as much as those with solid boundaries when the width W = 20a. They
explained that fibers with periodic boundaries have more freedom to move in
the horizontal direction and they are less inclined to the cluster in some areas,
resulting in a smaller average sedimentation velocity than those with vertical
walls. Also, the orientation distribution of fibers with periodic boundaries is
more anisotropic than those with walls.

Herzhaft & Guazzelli (1999) and Metzger et al. (2007) both reported that
there was a slightly higher probability that a particle would align perpendic-
ular to gravity, an effect that had not been captured in any simulations at
zero Re. Considering effects of inertia, the simulations of Kuusela et al. (2001,
2003) at Re of order one predicted this feature and they explained that it
arises from a competition between inertial forces acting on individual particles
and hydrodynamic interactions among particles. For extremely dilute systems,
fluid inertia rotates the particles to a horizontal position whereas in sufficiently
concentrated systems the interactions tend to align the particles with grav-
ity. This was qualitatively supported by the experimental study reported by
Salmela et al. (2007). Shin et al. (2009) obtained similar results as Kuusela
et al. (2003) at Re of order one. Moreover, the structure factor, fluid velocity
fluctuations, and deviations of the fibre orientation away from the horizontal
plane are found to generally decrease with increasing Reynolds number as a
result of the increasing dominance of the inertial torque acting to rotate set-
tling fibres towards the horizontal plane. They also inferred that there will be
a transition from unstable to stable sedimenting suspensions at a critical value
of the particle aspect ratio that depends on the fibre Reynolds number.
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1.2. Scope and outline of thesis

At small Reynolds numbers, theoretical and numerical studies of sedimentation
are often performed in the limit of zero Reynolds number, i.e. inertial effects
are entirely neglected. Studying this limit is merely a practical choice and does
not reflect the importance of low Reynolds number conditions in real life sedi-
mentation. Moreover, the complexity of the theoretical description is crucially
reduced by the zero Reynolds number approximation and thus many works so
far have been done in this limit as reviewed in the previous sections. However,
Dahlkild (2011) showed that the small Reynolds number acts as a singular
perturbation in the linear wavenumber selection. As small initial perturba-
tions develop in time, there is a transition from linear to nonlinear disturbance
growth and saturation. The present work aims at investigating what happens
in the nonlinear regime of the development.

For Eulerian models of two-phase flow, there is a general lack of knowl-
edge regarding the appropriate models for diffusion. However, an investigation
of what physical effects diffusivity may have on development of instability in
settling fibres can be performed.

Moreover, most of the simulations reported on in the literature are carried
out with periodic boundarys condition and the effects of the sidewalls have
not been investigated in detail previously. To our knowledge, the evolution of
suspensions with different initial conditions and for vessels of different widths
has not been studied either.

In the present thesis, the project is focused on the development and val-
idation of a numerical model, which accounts for the inertia, hydrodynamic
diffusion, walls and different initial conditions, to understand the instability in
settling fibres. The settling is solely driven by gravity due to the density dif-
ference between the particles and fluid. Further, we restrict ourselves to study
systems where the fibre is non-Brownian and rigid and where the suspension is
dilute. The bulk inertial effects of the fluids are fully considered in terms of the
small but finite Reynolds number in a one-dimensional Eulerian model. The ef-
fects of fluid inertia on the particle motions are partly included. Different forms
and values of hydrodynamic diffusivities are estimated and the calculations are
performed over a range of values spanning orders of magnitude. Moreover, the
presence of the sidewalls and initial perturbations is also modeled in this work.

The thesis is organized as follows: The first part has four chapters. In
Chapter 2, we describe the methods, i.e. the mixture method and point-particle
method in details. Key results of the papers are briefly summarized in Chapter
3 and discussed in Chapter 4. In addition, proposed future work is also given
in Chapter 4. The second part consists of five individual papers.



CHAPTER 2

Methods

Nowadays, a variety of numerical methods are developed to compute multiphase
flows, ranging from fully resolved simulations based on first principles1 to ap-
proaches employing some sort of coarse-graining2 and averaged equations. In
general, the simulation methods can be classified into two kinds, Eulerian and
Lagrangian approaches (Lin & Liang 2010; Prosperetti & Tryggvason 2007).

The first method is the Eulerian continuum approach. Moreover, in two-
phase flow theory, the one-fluid model considers the suspension as a single
medium whose properties, such as viscosity, are modified to account for the
presence of suspended matter. A single set of conservation equations, which
applies to the bulk suspension, is used (Liu et al. 2004). The two-fluid model
treats the suspension as two interacting continua. Each component phase has
its own properties, e.g. velocity and concentration, and has its own set of contin-
uum equations. The two-fluid approach is more appropriate than the one-fluid
approach in some situations when there is a significant slip velocity between
the two phases, or when the properties of the particles such as velocity, con-
centration and configuration are of interest (Lin & Liang 2010). In terms of
fibre suspensions, slip between the carrier fluid and suspended particles may
be caused by particle inertia, by a mismatch between particle injection veloc-
ity and carrier fluid velocity, by the internal stress in the particles, by density
difference of the two phases, or by interparticle interaction. For large systems,
this approach is necessary.

The most common method is the Lagrangian approach, where the suspen-
sion flow is modelled directly and the trajectory of individual particles can be
determined by, e.g. integrating the equations of motion through a known fluid
velocity field. The applicability of the this approach is limited by computa-
tional power and it is only possible to apply to small systems with a limited
number of particles. The results from such simulations of particle systems may

1In physics and other sciences, theoretical work is said to be from first principles, if it starts
directly at the level of established science (e.g. Newton’s laws of motion) and does not make

assumptions (e.g. empirical model and fitting parameters.)
2Coarse-grained systems consist of fewer, larger components than fine-grained systems; a
coarse-grained description of a system regards large subcomponents while a fine-grained

description regards smaller components of which the larger ones are composed.

9
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be used to obtain the macroscopic, rheological averaged properties of the sus-
pension. The properties are critically dependent on the microstructure of the
suspension as e.g. the orientation distribution of the fibres in a suspension.

Our current work has adopted the mixture model (Eulerian method) and
the point-particle model (Lagrangian method), respectively. In the mixture
model, the dynamics of fibre suspensions is modelled by Fokker-Planck equation
for the solid phase, and a momentum transport equation and a continuity
equation for the mixture. In the point-particle model, the suspension is solved
directly with the particles represented as point-forces.

The two methods used in this work are both based on an important condi-
tion, i.e. the dilute limit of the suspensions. The behavior of fiber suspensions
generally depends on many different parameters, e.g. concentration (volume
or mass), the density ratio between the fiber and fluid, the fiber aspect ratio,
size, surface properties, flexibility, as well as the viscosity of the fluid (or the
Reynolds number). With regard to the volume concentration α, the suspen-
sion can be classified into three regimes: dilute, semi-dilute and concentrated.
However, α can not determine the behavior of the suspension. Instead, the
Crowding number Nc, a dimensionless number, is used and defined as (Lundell
et al. 2011)

Nc =
4

3
π

(
l

2

)3

n =
π

6
nl3 , (2.1)

where n is the particles number density. Nc can be viewed as the number of
particles inside the volume of a sphere with diameter l which is the fibre length.
For spheroid Nc = αr2, and for cylinder 2

3αr
2. When Nc � 1, as the distance

between a fiber and its nearest neighbour is greater than l, then each fiber can
rotate freely and rarely connects to another fiber. Such a suspension is called
dilute, and flocculation usually does not occur. Note that for particles with high
aspect ratios, the volume fraction must be quite small for the suspension to be
dilute. In the semidilute range, 1 < Nc < 60, fibers flocculate, and it is in this
range that most papermaking operations are performed. In the concentrated
region, Nc > 60, suspensions start to form networks and as a result fiber
mobility is greatly hindered (Lundell et al. 2011). Though no commercially
important composites fall into the dilute regime (Folgar & Tucker 1984), most of
the theoretical and numerical studies have been restricted to the dilute regime,
whereas both dilute and semidilute regimes have been examined experimentally
(Guazzelli & Hinch 2011).

2.1. Mixture model

2.1.1. Motions of the mixture

A physically attractive model for two-phase flow is to treat the mixture of the
two phases as one single effective fluid and to let the transport of the dispersed
phase relative to the mixture be modelled separately. This avoids the difficulty
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of defining a separate viscosity for the dispersed phase. The model is known
under the names ‘Mixture’, ‘Diffusion’, ‘Drift flux’ or ‘Algebraic slip’ model
(Dahlkild 2011; Wetind 2001).

The physical properties of this effective fluid depend on the local volume
fraction of the dispered phase, α, e.g. the density of the mixture is

ρ(α) = αρp + (1− α)ρf . (2.2)

In general α = α(x, t), therefore, although the particle density ρp and fluid
density ρf are constant, ρ varies in the flow field. It is essential to distinguish
between the mass-averaged velocities u and the volume-averaged velocities j,
associated with the motion of the center of mass and center of volume, respec-
tively. They are defined by

ρu = αρpvp + (1− α)ρfvf , (2.3)

j = αvp + (1− α)vf , (2.4)

where vp and vf are the separate velocities of the particles and fluids respec-
tively. Note that under two-phase systems, mixture mass transfer is not neces-
sarily accompanied by a similar volume transfer. Considering a one-dimensional
(in the vertical direction) settling process with a bottom wall, the net volume
flux through a certain cross section is always zero due to that the volumes of
the material above and below this plane do not change during the proess, i.e.
j = 0 all the time. However, at the end of the settling, the pure fluid above
this cross section has a smaller mass than the mixture which occupied this part
initially. Thus, the downward mass-averaged velocities u 6= 0 whereas j = 0.
The local average velocity of the dispersed phase relative to the mixture vr is
assumed to be given by some algebraic relationship (Dahlkild 2011)

vr = vp − j , (2.5)

However, the definition of vr is somewhat arbitrary, e.g. it can also be defined
as (Ungarish 1993)

vr = vp − vf . (2.6)

Here, we choose the first definition. Thus, u and j are related by

j = u− εα

1 + εα
vr , ε =

∆ρ

ρf
, (2.7)

where ε is the relative difference between fluid density and particle density.
Recall the one-dimensional settling process above, one would have j = 0 and
u = εα

1+εαvr. Here u represents the superficial mass transport of the settling
particles due to their relative motion. Note that in the conditions that the
volume fration of the dispersed phase α and the relative density difference ε
are sufficiently small, the velocities j and u are quantitatively equivalent, i.e.
j = u.

In a fibre suspension, the averaged macroscopic mixture disturbance veloc-
ity u(x, t) results from the inhomogeneity of the suspensions on length scales
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much larger than the fibre diameter. Conservation of momentum and volume
requires (Dahlkild 2011)

ρ(α)

(
∂u

∂t
+ u · ∇u

)
=−∇P + (ρ− ρ0)g

+∇ ·
[
µe(∇u +∇uT − 2

3
I ∇ · u)

]
,

(2.8)

∇ · u =∇ ·
(

εα

1 + εα
vr

)
. (2.9)

Here, we have introduced the reduced pressure P = p− ρ0g · x, where p is the
pressure and ρ0 = ρf (1 + εα0) is the average suspension density. Due to the
dilute limit, the effective viscosity µe is simply taken as constant µ = νρ0 and
the effect of particles on the continuity equation (2.9) is assumed negligible.
Thus, the above equations can be reduced to

ρ(α)

(
∂u

∂t
+ u · ∇u

)
= −∇P + (ρ− ρ0)g + µ∇2u , (2.10)

∇ · u = 0 . (2.11)

Stokes flow (also named creeping flow) is a type of fluid flow where Re <<
1, i.e. the inertial effects are negligible as compared to effects of viscosity. Thus,
equation (2.10) can be further reduced to the Stokes equation

−∇P + (ρ(α)− ρ0)g + µ∇2u = 0 , (2.12)

which states that pressure, body forces and viscous forces balance at any instant
in time even though the flow may be unsteady. In a suspension of passive
particles or active particles, the Reynolds number, based on the particle scales,
can be very small, e.g. of the order of 10−3 (Guazzelli & Hinch 2011; Koch &
Subramanian 2011). Thus, in most of the numerical and analytical studies, the
inertia is neglected and accordingly the Stokes equation is used.

2.1.2. Motions of the particles

First, we give some background of the Fokker-Planck equation (Risken 1996).
The Fokker-Planck equation describes the time evolution of the probability
density or probability density function(PDF)3 Ψ of a particle, and can be
generalized to other observables as well. When applied to particle position
distributions, it is better known as the Smoluchowski equation.

The general Fokker-Planck equation for one variable x has the form

∂

∂t
Ψ(x, t) = − ∂

∂x
[D1(x, t)Ψ(x, t)] +

∂2

∂x2
[D2(x, t)Ψ(x, t)] , (2.13)

3It has also sometimes termed probability distribution function or probability function in the

physical literature. However, this use is not standard among probabilists and statisticians.



2.1. MIXTURE MODEL 13

where D1 is called the drift coefficient and D2 > 0 the diffusion coefficient.
They could depend on time t.

This equation also can be written in the form of the continuity equation

∂Ψ

∂t
+
∂Fi
∂xi

= 0 , (2.14)

where the probability current (or, probability flux) Fi is defined by

Fi = DiΨ−
∂DijΨ

∂xj
. (2.15)

The probability current is a concept describing the flow of probability density.
In particular, if one pictures the probability density as an inhomogeneous fluid,
then the probability current is the rate of flow of this fluid (the density times
the velocity).

Ψ may depend on a set of N macroscopic variables xi. The general form
of the Fokker-Planck equation is then

∂Ψ

∂t
= −

N∑
i=1

∂

∂xi

[
D1
i (x1, . . . , xN , t)Ψ

]
+

N∑
i=1

N∑
j=1

∂2

∂xi ∂xj

[
D2
ij(x1, . . . , xN , t)Ψ

]
.

(2.16)
The drift vectorD1

i and diffusion tensorD2
ij generally depend on theN macrovari-

ables xi as well. The latter results from the presence of the stochastic force.

To describe the configuration of the particles in a dilute suspension, we
adopt the number density function Ψ(p,x, t) which denotes the number density
distribution of particles at position x with fibre orientation vector p. The time
evolution of Ψ(p,x, t) is governed by the Fokker-Planck equation

∂

∂t
Ψ(p,x, t) +∇p · Fp +∇x · Fx = 0, (2.17)

where the flux densities Fx and Fp are defined by

Fp = ṗ(p,x, t)Ψ(p,x, t)−Dp · ∇pΨ(p,x, t), (2.18)

Fx = ẋ(p,x, t)Ψ(p,x, t)−Dx · ∇xΨ(p,x, t), (2.19)

and where∇p is the gradient operator in orientation space. The normalization
construction of Ψ is

1

V

∫
V

1

4π

∫
Ω

Ψ(p,x, t)dΩ(p)dx = 1 . (2.20)

The local volume fraction used in equations (2.8) and (2.9) is then

α(x, t) =
α0

4π

∫
Ω

Ψ(p,x, t)dΩ(p) . (2.21)

In the dilute limit, the collective rotational and translational motions of
the particles, i.e. the drift coefficients ṗ and ẋ in equations (2.18) and (2.19)
respectively, are approximated with those of the single particle motions.
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Figure 2.1: Spherical Coordinate.

In the present work, we introduce two kinds of diffusivities Dp and Dx

which correspond to rotational hydrodynamic diffusion and translational hy-
drodynamic diffusion of fibres, respectively. Hydrodynamic diffusion refers to
the effect of the fluctuating motion of non-Brownian particles (or droplets or
bubbles) in a dispersion, which occurs due to multiparticle interactions (Davis
1996). For neutrally buoyant particles, the relative motion of the particles is
set up by the shear in the suspending fluid. Macroscopically the interactions
are manifested as a shear-induced diffusion in rotation and translation.

2.1.2a. Rotational motion. The rotational motion of a single rigid ellipsoid
(three unequal sides) immersed in a viscous Newtonian liquid was analyti-
cally solved by Jeffery (1922) based on the Stokes equation. He solved the flow
field around a rotating ellipsoid. A no-slip boundary condition was used at
the surface of the particle and the velocity field matched the bulk flow field far
away from the particle. He gave the analytical expressions for the torque on
the particle and showed that total torque was zero if the particle inertia was
neglected. Thus the equation of motion of a single ellipsoid in simple shear
flow was obtained. In Stokes flow conditions, we use p to define the orientation
vector of a spheroid, see figure 2.1. Then the rotational motion of the spheroid
is given by

ṗJ = W · p + Γ
[
E · p−E : (ppT )p

]
, Γ =

r2 − 1

r2 + 1
, (2.22)

where

E =
1

2

(
∇uT +∇u

)
, W =

1

2

(
∇uT −∇u

)
. (2.23)

Here, E and W are local strain and rotation rate tensors of the bulk flow,
respectively, and r = l/d is the aspect ratio of the fibre length l over fibre
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diameter d. The orientation vector p can be expressed in terms of the az-
imuthal φ and polar θ angles of the spherical coordinates on a unit sphere,
p = (sin θ cosφ, sin θ sinφ, cos θ)T . As an example, consider a pure shear flow
u = γ̇yex. The azimuthal angle is measured between the flow direction and pro-
jection of p on the flow-gradient plane. The polar angle is measured between
the vorticity direction and p. Equation (2.22) can be reduced to (Dahlkild
2011)

ṗJ = sin θ φ̇J eφ + θ̇J eθ, (2.24)

φ̇J =
1

2
(Γ cos 2φ− 1) γ̇ , θ̇J =

Γ

4
sin 2θ sin 2φγ̇ , (2.25)

where eφ = (− sinφ, cosφ, 0)T and eθ = (cos θ cosφ, cos θ cosφ,− sin θ)T are

unit vectors of the spherical coordinate system. It can be seen that φ̇J has a
maximum when the particle is perpendicular to the flow direction, and min-
imum when it is aligned to the flow direction. It can also be seen that the
periodic motion around the vorticity axis is just one of the closed orbits (called
Jeffery orbits) which are similar to the kayak paddle motion.

Bretherton (1962) showed that Jeffery’s equations are valid for a large set of
axisymmetric particles. Thus, an equivalent aspect ratio re was used. In terms
of cylindrical particles, Harris & Pittman (1975) developed a semi-empirical
relation for the equivalent aspect ratio

re = 1.14r0.844 , (2.26)

which was found to agree with experimental data for r in the range between 1
and 120.

Khayat & Cox (1989), Subramanian & Koch (2005) have examined the fibre
motion analytically at small Reynolds numbers using slender body theory. The
former authors determined the torque due to fluid inertia on a fibre moving at a
fixed velocity through a stagnant fluid. Subramanian & Koch (2005) considered
the combined inertial effects of shear and settling on fibre rotation. At small
Re, they showed that the leading order modifications due to fluid inertia are
given by superposition of the separate contributions. For a simple shear flow
with shear rate γ̇, the extra rotational motion of a particle due to the fluid
inertia is

φ̇γ̇ = − γ̇l
2π

ν ln r
sin2 θ sinφ cosφ

(
sin2 φ

3
− 2 cos2 φ

15

)
, (2.27)

θ̇γ̇ =
7γ̇l2π

15ν ln r
sin3 θ cos θ sin2 φ cos2 φ . (2.28)

For a sedimenting fibre the inertial angular velocity vector is

ωsed =
kV 2

s

2ν
(p · eg)(p× eg) . (2.29)
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This yields the equation for the dimensional rate of change of the fibre orien-
tation:

ṗsed = − 5V 2
s

16ν ln r
(p · eg)(eg − pp · eg) . (2.30)

The numerical value of k = −5/8 ln r has been used from Khayat & Cox (1989)
analysis. Here eg denotes the unit vector in the direction of gravity and Vs is
the settling velocity of an isolated vertically oriented spheroidal particle.

The ṗ in equation (2.17) can be set to be ṗJ in equation (2.24) if the effects
of fluid inertia on the particle rotation are neglected.

2.1.2b. Settling motion. The local translational velocity of a single particle ẋ in
(2.19) can be considered as the sum of the sedimentation velocity of the particle
vs(p) with orientation vector p in a quiescent, pure fluid and the disturbance
velocity of the mixture j(x, t) at position x

ẋ(p,x, t) = vs(p) + j(x, t) ≈ vs(p) + u(x, t). (2.31)

The relative interphase velocity vr in (2.9) is

vr =
1

4π

∫
Ω
vsΨ dΩ

1
4π

∫
Ω

Ψ dΩ
. (2.32)

For a spheroidal particle, the sedimentation velocity in the Stokesian limit
is given by (Koch & Shaqfeh 1989)

vs(p) =
f

8πµl
[b1eg + b2 (eg · p) p] , (2.33)

where

b1 =
r2

r2 − 1
+

2r3 − 3r

(r2 − 1)3/2
ln
[
r + (r2 − 1)1/2

]
,

b2 =
−3r2

r2 − 1
+

2r

(r2 − 1)3/2
ln
[
r + (r2 − 1)3/2

]
+

r − 2r3

(r2 − 1)3/2
ln
[
r − (r2 − 1)1/2

]
,

(2.34)

where f is the force of gravity acting on the particle. Note that when an
inclined fibre sediments in an unbounded viscous fluid in the Stokesian limit,
it will drift horizontally without rotating.

Batchelor (1970) developed slender body theory to show the sedimentation
velocity for a fibre of any shape, in which theory

b1 =2 ln 2r + 2C1 +O(ln 2r)−1,

b2 =2 ln 2r − 2C2 +O(ln 2r)−1 ,
(2.35)

where C1 and C2 are functions of the body shape. For prolate spheroids,
C1 = 0.5 and C2 = 1.5 and for cylinders, C1 = 0.193 and C2 = 1.807.
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Note that the sedimentation speed is a function of the particle orientation,
which is largest when the particle is aligned with the direction of gravity and
slowest when it is perpendicular to gravity. The difference between these two
speeds increases with particle aspect ratio. The ratio of the maximum and
minimum asymptotically approaches to 2 in the limit of infinite aspect ratio.

Russel et al. (1977) presented theoretical and experimental results for the
settling motion of a slender rod near a single vertical wall. Two types of
motions were reported. If a fibre approaches the wall at small angles, it turns
to a vertical orientation and moves away from the wall as the fibre continues
to turn. This is referred to as a ‘glancing turn’. For larger approaching angles,
there is a close interaction of the leading fibre end with the wall which results in
the fibre pivoting and later moving away from the wall with the opposite fibre
end leading. The two types of motions were also observed experimentally in
qualitative agreement with their theory. However, their analytical expression
reported for the rotational motion of the particles is not complete (the term F
is not given explicitly). Tiefenbruck & Leal (1980) studied a similar rod falling
motion but in non-Newtonian fluids. They found that when the particle was
less than one length from the wall, its motion could be a simple superposition of
the motion in an unbounded non-Newtonian fluid and the motion in Newtonian
fluid near a vertical wall.

2.1.2c. Rotational diffusion. In general, diffusion is a time-dependent random
process causing a spread in space. Diffusion explains the net flux of particles
from a region of higher concentration to one of lower concentration, but diffu-
sion also occurs when there is no concentration gradient. The result of diffusion
is a gradual mixing of material. In molecular diffusion, the moving molecules
are self-propelled by thermal energy. However, the origin of hydrodynamic dif-
fusion lies in the hydrodynamic interactions between the particles (Davis 1996).
The problem of hydrodynamic diffusion was the origin of research on the fluc-
tuating motion of the particles due to its importance in mixing (Guazzelli &
Hinch 2011). To understand this diffusion, some examples are given here: in
the case of sedimentation or fluidization of particle suspensions, the particles
generally do not move relative to the fluid with a constant velocity, but instead
experience diffusion-like fluctuations in velocity. These fluctuations are due to
the interactions between the suspended particles and the neighbouring particles
and also due to the resulting variation in the microstructure or configuration
of the suspended particles, such as the particles orientation. In flowing granu-
lar materials, the particles interact through direct collisions or contacts; these
collisions also cause the particles to undergo fluctuating motions characteristic
of diffusion processes (Davis 1996).

In this section, the rotational hydrodynamic diffusion will be explained. In
non-Brownian fibre suspensions, each fibre produces a velocity disturbance flow
field which causes the surrounding fibres to undergo small rotations. Fibres
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could also hit each other in concentrated suspensions. These hydrodynamic
interactions can be considered as rotational diffusion (or orientational diffusion)
Dp (Rahnama et al. 1995).

Rotational diffusion Dp was probably first introduced by Folgar & Tucker
(1984). To predict the orientation distribution function of rigid fibres in con-
centrated suspensions, they developed a model in simple shear flow. It was
assumed that individual fibres rotate following the Jeffery equation for a short
time, quickly reorient to another angle, then resume following Jeffery equa-
tion. These sudden reorientations are caused by interactions with other fibres
and tend to randomize the fibre orientation. In this phenomenological model,
Folgar & Tucker (1984) used the Jeffery single-fiber equation to represent flow
effects, and added an isotropic rotational diffusion term which was defined as

Dφφ = Cφφ|γ̇| . (2.36)

Here Cφφ is the fibre-fibre interaction coefficient and is a fitting parameter and
|γ̇| is the magnitude of the strain rate. Owing to some experimental studies,
they found that Cφφ is mostly O(10−3). They assumed that the frequency of
the fibre-fibre collisions is proportional to |γ̇| and the orientation perturbation
per collision is independent of |γ̇|. The added rotational diffusion term gives
steady orientation states that are not perfectly aligned with streamlines, which
is consistent with their experimental results. Some modifications of the model
were developed afterwards (Fan et al. 1998; Phan-Thien et al. 2002; Phelps
et al. 2009; Ranganathan & Advani 1991). This so-called Folgar-Tucker model
was proved to be useful to model the orientation in short-fiber reinforced ther-
moplastics composites that are processed by injection molding. However, for
long-fiber thermoplastics the Folgar-Tucker model is less accurate (Phelps et al.
2009).

Koch (1995) developed a mechanistic model for rotational diffusivity which
varies with the orientation state. Koch (1995) considered the influence of long-
range hydrodynamic interactions on orientation in semi-dilute fiber suspen-
sions. In simple shear flow, the diffusivity scales as |γ̇|nl3/(r ln2 r). Here,
|γ̇|nl3 is the frequency of pair interaction within the cube l3. The factor 1/r
accounts for the reduced fraction of fibres that gives the dominant rotational
displacement. The physical reason is that a larger fraction of fibres are aligned
in the flow direction for which the displacement of the interaction is of lower
magnitude. The factor 1/ ln2 r represents the squared weak magnitude of the
rotational displacement from an interaction. The rotational diffusion of a test
fiber is given by

Dp =
nl3

|γ̇|ln2r
(Cp1I E : 〈pppp〉 : E + Cp2E : 〈pppppp〉 : E) , (2.37)

where the angular brackets indicate an average over the orientation distribu-
tion of the fibre suspension and Cp1 and Cp2 are constants. The effect of fiber
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concentration on diffusion coefficients has been studied in a combined experi-
mental and numerical study (Krochak et al. 2008). Dispersion relation closures
in the literature gave reasonable results up to the concentration at which me-
chanical interaction between the fibers becomes significant (Crowding numbers
Nc below 15).

Salahuddin et al. (2012) carried out a fibre-level simulation to study the
rotational diffusion and structure evolution of semidilute suspensions of fibres
under shear flow. A measure of the scalar Folgar-Tuchker constant, Cφφ, is
extracted from the anisotropic diffusivity tensor, C. The scalar Cφφ is mostly
O(10−4) in the semidilute regime and compares well with the experimental
observations of Stover et al. (1992). They also incorporated the anisotropic
diffusion (Koch model) in a second-order evolution for an orientation tensor
and found that the solution of the evolution equation demonstrates unphysical
behaviour at low concentrations.

2.1.2d. Translational diffusion. During the sedimentation and fluidization of
suspensions, after a large number of hydrodynamic interactions, individual par-
ticles lose memory of the details of these interactions and undergo a random
walk, which has a long time behavior characteristic of a diffusion process known
as hydrodynamic self-diffusion Dx (Nicolai et al. 1995). It refers to the tracer
diffusion of a test particle in the interior of a suspension in which the particle
concentration is uniform (Davis 1996; Guazzelli & Hinch 2011).

To understand this phenomenon better (Leighton & Acrivos 1987), con-
sider a single marked spherical particle immersed in a viscous suspension of
otherwise identical particles and its sedimentation due to gravity. In the ab-
sence of any interparticle interactions, inertial forces, and Brownian-motion
effects, the particle will not experience a drift and will simply translate along
the gravity direction. When this particle interacts with the other particles in
the suspension, however, it will undergo a series of displacements normal to
the gravity direction which, when taken together, constitute a random walk.
Moreover, if the concentration distribution of particles in the suspension is at
equilibrium (i.e. uniform for an unbounded system), then the particle displace-
ment due to this random walk will have zero mean. Thus, since on average the
particle will remain on its initial streamline, the process will be considered as
self-diffusion.

Self-diffusion is found to be anisotropic (Herzhaft & Guazzelli 1999) and
can be defined as (Saintillan et al. 2006c)

Dx = Ds‖egeg +Ds⊥(I− egeg) , (2.38)

where Ds‖ and Ds⊥ denote the diffusivities in the directions parallel to and
perpendicular to gravity, respectively.
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Self-diffusion is estimated by two different methods in the experimental
work of Herzhaft & Guazzelli (1999). The first approach to measure the self-
diffusivity is to calculate the saturation values of the integrals of the veloc-
ity fluctuation autocorrelation functions. The second one is to compute the
second-order moments of the particle displacement fluctuations, ensemble av-
eraged over the same set of long trajectories and different starting times t0. The
moments grow linearly with time after a few correlation times. The diffusivity
is estimated as half the slope of this linear growth. The values of the self-
diffusivity obtained via these two methods were close and a strong anisotropic
behavior was noted, Ds‖ ≈ 0.3(Vs l/2) and Ds⊥ ≈ 15(Vs l/2). Vs is the maxi-
mum settling velocity of a single particle. Thus, the ratio Ds⊥/Ds‖ ≈ 50.

Shear-induced self-diffusion, generally, arises from the random motion of
the particles which occurs as they tumble over one another in a shear flow
(Eckstein et al. 1977). In the presence of three or more interacting spheres
(two for non-spherical particles), the interaction is not symmetric and all of
the spheres will experience some displacement from their original streamlines,
leading to the random walk and the so-called self-diffusion (Leighton & Acrivos
1987). Note that shear-induced self-diffusion considers the motion of individ-
ual particle in a homogeneous suspension. In contrast, shear-induced migration
considers collective particle migration along concentration, shear rate, and vis-
cosity gradients etc. However, shear-induced migration is called shear-induced
gradient diffusion in some literatures (Davis 1996).

2.1.3. Numerical implementation

Here, we rewrite the set of the equations which governs the motion of the
mixture and evolution of the dispersed particle distribution in both physical
and orientational space

ρ(α)

(
∂u

∂t
+ u · ∇u

)
= −∇P + (ρ(α)− ρ0)g + µ∇2u , (2.39)

∇ · u = 0, (2.40)

∂Ψ

∂t
+∇p · (ṗΨ−Dp · ∇pΨ)

+∇x · [(vs + u)Ψ−Dx · ∇xΨ] = 0,
(2.41)

The current model requires the simultaneous solution of the coupled Navier-
Stokes equations (2.39, 2.40) and Fokker-Planck equation(2.41). The distri-
bution Ψ is obtained from the Fokker-Planck equation, and as a result, we
get the spatial density distribution function of the mixture ρ(α) via (2.21).
The Navier-Stokes equations are used to calculate the disturbance velocity as
a result of the density disturbance. The produced shear rate distribution sets
the magnitude of the fibre rotational velocities and rotational diffusivity in the
Fokker-Planck equation. The simulation is carried out using a commercial code
called Comsol Multiphysics.
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2.2. Point-particle model

One of the most common approaches used today to model many multiphase
flows is based on the ‘point-particle approximation’, i.e. the treatment of indi-
vidual particles as mathematical point sources of mass, momentum, and energy.
Moreover, this Lagrangian point-particle approach perhaps has the longest
history in turbulent dispersed multiphase flow computations (Balachandar &
Eaton 2010). This approach retains the Lagrangian description of the particles
and solves the equations of motion to track the position, mass, momentum,
and energy of the particles. In this work, the particulate systems do not have
mass or energy exchanged at the particle surface. Thus, this allows us to focus
on momentum exchange.

2.2.1. Point-force approximation

In equation (2.39), we donate the body force equal to

f(x) = (ρ− ρ0)g

= ∆ραg −∆ρα0g .
(2.42)

Note that the gravity force of a particle suspended in the fluid is

F = ∆ρVpg , (2.43)

and also the volume fraction of the particles

α = nVp , (2.44)

where Vp is the volume of a particle, and n(x) is the local particle number
density per unit volume. Thus,

f(x) = nF −∆ρα0g , (2.45)

where nF represents the force per unit volume exerted by the n particles on
the fluid. The particles are assumed to be smaller than any structure of the
flow. Thus, we approximate nF by a superposition of Dirac’s delta functions
centered at the location xm of every particle

f(x) =

N∑
m=1

F δ(x− xm)−∆ρα0g . (2.46)

Here, the summation is taken over all the N particles.

2.2.2. Kinematics

The position xm of the m-th particle is found from the kinematic relationship

dxm
dt

= ẋ , (2.47)

where ẋ is the particle velocity, given by equation (2.31).
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Shivarama & Fahrenthold (2004) derived a constraint-free quaternion-based
formulation of the equations of motion for a rotating body which are adopted
in this work. The orientation of a body can be described by a unit quaternion

e =
[
e0 e1 e2 e3

]T
, |e|2 = e2

0 + e2
1 + e2

2 + e2
3 = 1 . (2.48)

The rotation matrix R, calculated as a tensor here, is orthogonal (R ·RT = I)
and defined as

R = A ·BT (2.49)

with

A =

−e1 e0 −e3 e2

−e2 e3 e0 −e1

−e3 e2 e1 e0

 , (2.50)

and

B =

−e1 e0 e3 −e2

−e2 −e3 e0 e1

−e3 −e2 −e1 e0

 . (2.51)

The rotation matrix R relates a vector, e.g. a, in the inertial system to the
components in the body-fixed system, â, i.e.

a = R · â , â = RT · a . (2.52)

The angular velocity of the particle ω is defined as

ω = p× ṗ . (2.53)

In body-fixed system,
ω̂ = RT ·ω . (2.54)

Thus, the orientation em of the m-th particle can be found from the kinematic
relationship (Shivarama & Fahrenthold 2004)

dem
dt

= ė =
1

2
BT · ω̂ . (2.55)

2.2.3. Numerical treatment

In particle-tracking applications, we need the value of fluid properties at the
location of the particles, e.g. the velocity for the translational motion of parti-
cles, shear rate for the rotational motion of particles. In general, the particle
position does not coincide with a mesh point at which the fluid solution is avail-
able. Therefore, methods for the interpolation of the flow fields at the particle
position are required. A detailed introduction of the interpolation scheme can
be found in Prosperetti & Tryggvason (2007).

One can see that the singularity in the point-force solution arises from
the Dirac’s delta functions in the force term equation (2.46). In our work, we
adopt the same kernel as used in the interpolation scheme to assign the point
forces exerted by the particles on the fluid to the neighbouring mesh points.
Alternatively, there is an easier way, in which the feedback force on the fluid
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from mp particles within a given cell volume Vcell can be summed to give (Zhao
et al. 2013)

f(x) =
1

Vcell

mp∑
m=1

F −∆ρα0g . (2.56)

The numerical data set has been obtained from an in-house code using
a classical pseudo-spectral method coupled with a Lagrangian solver for the
sedimenting particles. For the fluid phase, the Navier-Stokes equations have
been integrated in a triply-periodic domain using a Fourier spectral method
with the nonlinear terms dealiased by the 3/2 rule. The solution is advanced
in time using a third-order low-storage Runge-Kutta method. The ratio be-
tween the shortest resolved wavelength and the mean interparticle distance is
approximately 1. For the dispersed phase, we use the point particle approxima-
tion. The same Runge-Kutta temporal integration used for the carrier phase
is adopted for the particles. The integration of equation (2.55) for the orienta-
tion is performed using the quaternion formulation (Shivarama & Fahrenthold
2004). A second-order interpolation scheme is used to compute the flow veloc-
ity and velocity gradients at the particle positions. Initially, the particles are
distributed with random positions and orientations in the domain.



CHAPTER 3

Results

3.1. Periodic boundary condition

3.1.1. Nonlinear instability: Paper 1

The mixture model is adopted in the paper. The Fokker-Planck equation cou-
pled to the Navier-Stokes equation has been used to explore the growth of
monochromatic perturbations during sedimentation in dilute spheroid suspen-
sions. One translational diffusivity and two kinds of rotational diffusivities are
explored from previous literatures (Folgar & Tucker 1984; Herzhaft & Guazzelli
1999; Koch 1995). We use the simplifying assumption of planar fibre orientation
and performed linear stability as well as nonlinear simulations.

This paper includes two parts. In the theoretical part, we follow Dahlk-
ild (2011) but including translational diffusion and consider the imposition
of a monochromatic normal-mode perturbation in Ψ of small amplitude on
the spatially homogeneous state. The fluid disturbance velocity is induced by
this density perturbation. A dispersion relation is obtained based on a linear
stability analysis. It is shown that inertia and translational diffusion damp per-
turbations at long wavelengths and short wavelengths, respectively, leading to
a wavenumber selection, see figure 3.1. For small, but finite Reynolds number
of the fluid bulk motion, the most unstable wavenumber is a finite value which
increases with Reynolds number, and where the diffusion narrows the range
of unstable wavenumbers. In the numerical part, we use the full nonlinear
equation also including rotational diffusion. The investigation of the nonlin-
ear evolution of fast growing normal-mode perturbations has shown that the
distribution function may indeed develop rapidly into a saturated state with
preferential alignment of fibres in the vertical direction. This is in qualitative
agreement with experimental observations of the bulk orientation distribution
(Herzhaft & Guazzelli (1999), Metzger et al. (2007)). The development into
a steady state streamer/riser state requires a model that includes both trans-
lational and rotational diffusion. The evolution of the perturbation indeed
follows the dispersion relation of the linear amplitude at the early stage. Also,
the development of the perturbation is insensitive to whether it is the density
or orientation distribution that is perturbed initially. However, although the

24
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Figure 3.1: Dispersion relation of the non-dimensional growth rates σ̂ vs. non-

dimensional horizontal wavenumber k̂ for normal-mode particle number den-
sity perturbation with non-dimensional translational diffusion D̂yy=1.4247 and

D̂φφ = 0. The various curves correspond to different Reynolds numbers ReL.

most linearly unstable wavenumber grows fastest in the beginning, the small-
est wavenumber obtained the largest amplitude at steady state, shown in figure
3.2. Furthermore, normal-mode instability and non-zero diffusivities may not
be sufficient to reach a steady state with high amplitude streamers. In fact,
the nonlinear simulations showed that if the rotational diffusion is shear in-
duced only, there exists a critical wavenumber below which high amplitude
streamers are sustained into a steady state. Around the critical wavenumber,
multiple ultimate solutions were found depending on initial condition. For a
rotational diffusivity independent of shear rate, disturbances of all linearly un-
stable wavenumbers investigated could be sustained at a steady state. This
shows again that the long time behaviour may be quite sensitive to details of
the physical model used. Moreover, this paper provides a link between settling
inertial fibre suspensions at order one Reynolds numbers, as studied by Shin
et al. (2009) and Stokesian simulations and low Reynolds numbers experiments,
such as by Metzger et al. (2007). The effect of particle flow inertia is shown
to appear as a regular perturbation on the full nonlinear simulations as well as
on the linear instability.

3.1.2. Spectral analysis of perturbation energy: Paper 2

The paper is an extension work of paper 1. We have considered the nonlinear
instability of a sedimenting fibre suspension build up of multiple normal-mode
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Figure 3.2: Time evolution of the nonlinear perturbation velocity amplitude,

A(t̂) for different non-dimensional wavenumbers k̂ and ReL = 0.01.

perturbations. A random set of small perturbations on the fibre distribution
function are set as initial conditions, and the average of their development, as
a result of nonlinear Fourier mode interaction, is studied in detail in terms of
the perturbation energy spectra. For small times, the energy spectra indeed
follows the dispersion relation (obtained in paper 1) for the linear theory. The
wavelength selection predicted by linear theory for small but non-zero Reynolds
numbers is confirmed by the evolution of the nonlinear spectra. The spectra
then develops a distinct peak value at a low wavenumber, which persists even
for large times of the development (figure 3.3b). However, at zero Reynolds
number, the nonlinear development of the perturbation energy spectra indicates
a weak wavenumber selection (figure 3.3a). In direct simulations of fibres in a
periodic domain at zero Reynolds number, multiple streamers in the compu-
tational box has been observed for individual realizations, e.g. Saintillan et al.
(2005). Thus, our results here confirm that there is a mechanism for wavelength
selection at ReL = 0, although weak, within the simplified one-dimensional
model considered here. In any case, the most unstable wavenumber according
to the perturbation energy spectra decreases with time and the maximum am-
plitude increases (figure 3.3). This is in agreement with the results of paper 1
for monochromatic initial disturbances, but different from the experiments of
(Metzger et al. 2007) for which the typical wavenumber increased. This dis-
agreement might be due to the limitation of the one-dimensional model used
here. Moreover, the rotation of the particle associated with fluid inertia has
a destabilizing effect, probably by initiating unstable orientation disturbances
(figure 3.3c,d).
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Figure 3.3: Spectra of Ē at different times for (a) ReL = 0, (b) ReL = 0.0001,
(c) ReL = 0.04 and (d) ReL = 0.04 but without fluid inertia effects on particle
rotation.

3.1.3. Large scale three-dimensional domain: Paper 3

The point-particle approximation, combined with pseudo-spectral method, is
adopted to simulate large scale fibre suspensions with periodic boundary con-
ditions at non-zero Reynolds number. The density instability is captured in
the simulations. At early stages, the appearance of multiple streamers is in
qualitative agreement with experimental observations (Metzger et al. 2007).
The number of streamers increases with Reynolds number. Possibly due to
the absence of walls, the streamers converge with time, as shown in figure 3.4.
Initially, the energy of the fluid grows exponentially and the growth rates de-
crease with Reynolds numbers. Moreover, the simulation results indicate that
the distribution of fibre orientations rapidly reach a state with a preferential
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Figure 3.4: Fluid disturbance velocity in the vertical direction extracted from
the xy-plane for the case Re = 0.001 at t = 1, 2, 10 and 80 from (a) through
(d). Aspect ratio r = 11 and volume fraction α0 = 0.2%.

alignment of fibres in the vertical direction. These results are in qualitatively
agreement with the work in paper 1 or 2 which are based on mixture model.

3.2. Bounded boundary condition

3.2.1. Near-wall behaviour: Paper 4

We have implemented the mixture model, combined with slender body approx-
imation and method of images for the fibres relative motion, to investigate the
convection near the sidewall in a settling fibre suspension. In an initially qui-
escent and well-mixed suspension of settling fibres, the near-wall convection is
always observed to be upward in the beginning, regardless of the chosen diffu-
sivity and aspect ratio of fibres, which indicates its intrinsic nature. However,
at later times, the near-wall direction of the convection depends on the aspect
ratio, and also the translational diffusivity in the model.

For the case with large aspect ratio (r = 30 in this paper, and shown in
figure 3.5), the backflow continues to grow near the sidewall, where a steric-
depleted layer adjacent to the wall and an extended outer hydrodynamically-
depleted region are found. The steric-depleted layer originates from the impen-
etrability of a rigid fibre through a solid wall, which in sphere suspensions is
the cause of the intrinsic convection. However, in fibre suspensions, a near-wall
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Figure 3.5: Aspect ratio r = 30. Contour plot of Ψ(y, φ, t) (top). Velocity
profile u(y, t) (solid line) and particle concentration perturbation profile 10α′

(the dash-dot line) (bottom) at t = 10, 30 and 50 from (a) to (c). Arrows
indicate the direction of the flux density vector (Fy, Fφ).

backflow is still observed even when the steric-depleted layer is eliminated artifi-
cially. This indicates that actually the hydrodynamically-depleted region is the
main cause of the near-wall backflow. The formation of the hydrodynamically-
depleted region is elucidated by a detailed analysis of a convection-diffusion
mechanism, in which fibres are classified according to the directions they drift.
It is found that the accumulation of fibres drifting towards the wall domi-
nates in a narrow region next to the wall where the concentration is strongly
increased, whereas the depletion of fibres drifting away from the wall domi-
nates in a wider region further away from the wall where the corresponding
decrease of concentration is relatively weaker. Thus, it is the buoyancy of
this hydrodynamically-depleted region which generates the backflow. Apply-
ing a smaller translational diffusivity, the depleted region is more narrow with
a weaker backflow and with time the near-wall backflow eventually disappears.
Instead, a near-wall downward flow can be observed. Due to the fibre-wall
interaction, e.g. by a ‘glancing’ or ‘reversing’ turn, a fibre drifting towards the
wall is rotated into an angle for which fibre settling is away from the wall.
Thus, the depletion of fibres initially drifting away from the wall with orienta-
tion φ < 0 is replenished by the turning of new fibres into this orientation. As
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Figure 3.6: As for figure 3.5 but with aspect ratio r = 10.

a result, for cases with r = 10 shown in figure 3.6, the concentration disturban-
ces of the two classified kinds of fibres are highly reduced and the gradients of
them become smaller. Therefore, the effects of diffusion are also reduced. Ad-
ditionally, the total concentration is weakly decreased in the vicinity of the wall
but increased outside owing to the turning-away fibre-wall interactions. Thus,
the near-wall backflow is correspondingly weaker and the outside fibre-rich re-
gion weakens the backflow further. With time increasing, the fibre-rich region
drives a downward flow which drags the near-wall flow downward. Eventually,
the backflow vanishes whereas the near-wall depletion still exists. Finally, we
also illustrate that the steric-depleted boundary condition is not critical in the
generation and evolution of the near-wall convection.

3.2.2. Behaviour in a wall-bounded domain: Paper 5

The same methods in paper 4 have been employed in this paper to study the
global concentration instability in a channel bounded by sidewalls. When the
initial condition is homogeneous and isotropic and the width is large (in this
work e.g. W = 100a), the sidewalls generate risers initially near the walls
and consequently create an evolution which, in general, consists of a series of
waves emerging from the walls. Risers and streamers are induced alternately
by the wall boundary conditions and meet in the middle of the container. For
larger width or larger Re, more streamers and risers would form between the
preceding ones. Moreover, the structure of the suspension is related to the
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Figure 3.7: Aspect ratio r = 10 and width W = 100a. Contour plot of Ψ(y, φ, t)
(top). Velocity profile u(y, t) (bottom) at t= 25, 35, 100, 5000, 15000 and 30000
from (a) to (f).

aspect ratio of the fibres, as also observed in paper 4. In the evolution, the
particles initially align towards the direction of the flow strain. In other words,
the disturbance flow induced by the density fluctuations causes the particles to
orient in such a way that they migrate towards the regions of higher particle
density. This mechanism was proposed by Koch & Shaqfeh (1989). As particles
are collected in a streamer, the fibres are successively oriented close to the
direction of gravity.

At early stages, the appearance of multiple streamers are in qualitative
agreement with the experimental data of Metzger et al. (2007) and the predic-
tion by Dahlkild (2011). Metzger et al. (2007) observed that the initial large
streamers are disrupted into small streamers which is not captured in this work.
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Instead, a slowly increasing wavelength-evolution is obtained and the suspen-
sion ends up with a single streamer randomly on one side of the container. This
disagreement might be due to the absence of the horizontal wall at the bottom
or the absence of the horizontal fluid velocity. However, this result agrees well
with the one based on periodic boundary condition. Moreover, the amplitude
of the velocity disturbance (termed A) is depressed by the presence of sidewalls
as compared to a periodic box when the width W = 100a, and A increases
with Re due to the fluid inertial effects on particle rotation. In terms of the
degree of anisotropy of the orientation distribution (termed S), the effects of
sidewalls and Re are negligible except in the beginning when particle flow iner-
tia tends to rotate the fibres to a horizontal direction. Decreasing the width to
a moderate value (e.g. W = 20a), a single streamer is observed in the middle
of the vessel, balanced by two risers along the sidewalls. This agrees well with
the result of Wang & Layton (2009), whereas it has some disagreement with
Hoffman & Shaqfeh (2008) who found accumulation of fibres near the sidewalls
for W = 25a in their simulation. It is also shown that when the width is
sufficiently small, the sidewalls increase the average sedimentation velocity of
the particles (by our definition) and the degree of anisotropy of the orientation
distribution, which is consistent with the results of Wang & Layton (2009).
Further decreasing the width to a small value (e.g. W = 10a), the evolution
at early stages is similar to the case with W = 20a. However, at steady state,
the streamer drifts to one side. Before reaching the steady state, the streamer
might move side to side, dependent on the aspect ratio. Moreover, we illustrate
the necessity to apply the steric-depleted boundary condition in the modeling
of narrow vessels, although for large width e.g. W = 100a, the steric-depleted
layer is secondary, as shown in paper 4. According to the comparison of cases
having different widths, it shows that larger width can obtain larger A and S.

In addition, more high density regions of various sizes and velocities are
induced for different initial perturbations. This implies that the initial per-
turbation is a factor that determines the wavenumbers observed in a single
realization, also discussed in paper 2. The configuration of the suspensions is
strongly linked to the initial perturbations on the density or on the fluid veloc-
ity. This is similar to the results of Saintillan et al. (2005). However, the initial
perturbations have weak effects on the velocity amplitude (A) and anisotropy of
the orientation distribution (S). Additionally, the structure of the suspensions
is dependent on the competing effects of the sidewalls and initial perturba-
tions. When the width is large, initial perturbations dominate. The effects of
them decrease with width. For narrow vessels, the initial perturbations can be
neglected.



CHAPTER 4

Conclusions

4.1. Summary

In general, a one-dimensional mixture model is developed in this thesis, includ-
ing inertia, hydrodynamic diffusion, sidewalls and initial perturbations. Part
of the results is confirmed by the three-dimensional cases based on the point-
particle method. The results indicate that for large scales of the simulations,
the bulk flow inertia should be considered in the model to be able to capture
the multiple streamers. On the other hand, the effects of fluid inertia on the
particle motion are secondary in large systems. For asymptotically small Rey-
nolds number, the system is shown to behave as without particle flow inertia
included. The hydrodynamic diffusion and particle flow inertia have influence
on the instability at short wavelengths. The long-time behaviour is sensitive to
details of the used physical diffusion model and the particle flow inertia for small
systems. Unlike shear flow or pressure driven flow, settling fibre suspensions
do not have a mean bulk flow. Thus, the fibre-wall hydrodynamic interactions
have strong effects on the motions of fibres, especially in the beginning of the
settling when the disturbance velocities are minor. In this work, the fibre-wall
interactions, modeled by the slender body approximation and the method of
images, indeed have strong effects on the near-wall behaviour of the suspen-
sions. Subsequently, the global instability is also influenced. In the presence
of the sidewalls, the instability can be trigged solely by the walls. However,
with initial random perturbations imposed, the global evolution is dependent
on the competing effects of the sidewalls and the perturbations. More details
are given below.

For periodic boundary condition, both the mixture model and point-particle
method have been applied to explore the growth of perturbations during sedi-
mentation in dilute fibre suspensions. The main conclusions are as follows:

• Without inertia or diffusion, the dispersion relation is qualitatively sim-
ilar to the three-dimensional case studied by Koch & Shaqfeh (1989).
Inertia of the bulk flow decreases the growth at low wavenumbers, also in
agreement with the three-dimensional case studied by Dahlkild (2011).

• Inclusion of translational diffusivity decreases the disturbance growth
(or even stabilizes the system) at high wavenumbers.

33
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• The growth rate of the nonlinear system indeed follows the dispersion
relation of the linear amplitude at the early stage, independent of initial
condition, e.g. monochromatic normal-mode or multiple normal-mode.

• For long times, the nonlinear system saturates at a steady state. The
steady state depends on the translational and rotational diffusivities but
is independent of the inertia of the bulk flow if the effects of fluid inertia
on particle rotation are neglected. Both diffusivities must be nonzero
in order to reach a physically realistic steady-state saturation with high
velocity amplitude (a streamer).

• For monochromatic normal-mode initial conditions, a critical wavenum-

ber k̂ was found below which the ultimate solution was elevated. For
higher k̂, the long-time solution approached zero.

• With inertial effects on particle rotation and sedimentation included, the
inertial torque due to sedimentation initially orients some of the fibres
into the horizontal direction for moderately small fluid bulk inertia.
However, this effect is subsequently overtaken by the original instability
leading to the formation of a streamer.

• At zero Reynolds number, the nonlinear development of the pertur-
bation energy spectra indicates a weak wavenumber selection when the
perturbations are imposed initially, although for small times, the energy
spectra indeed follows the dispersion relation for the linear theory.

• In any case, the most unstable wavenumber decreases with time and the
maximum amplitude increases.

For bounded boundary condition, the mixture model, complemented with
slender body approximation and the method of images, is adopted to study the
convection near the sidewalls and also the global evolution of the suspensions.
Here, we only give the main conclusions:

• The convection near the sidewall is an upward backflow in the very
beginning. It originates from the combined effects of the steric-depleted
layer and a hydrodynamically-depleted region near the wall.

• The evolution of the near-wall convection at later times is dependent on
the aspect ratio of the fibres, the translational diffusivity and also the
initial perturbations.

• The steric-depleted layer can be neglected for large width, while is crit-
ical for small width. Thus, the steric-depleted boundary condition is
necessary in the model when the width is small.

• When the initial perturbations are weak, the sidewalls generate risers
initially near the walls and consequently create an evolution which in
general consists of a series of waves emerging from the walls. Risers and
streamers are induced alternatively by the wall boundary condition and
meet in the middle of the container.
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• At early stages, the appearance of multiple streamers are in qualitative
agreement with the experimental data of Metzger et al. (2007) and the
prediction by Dahlkild (2011). This also indicates that the sidewalls
provide a wavenumber selection mechanism.

• A slowly increasing wavelength-evolution and end up with a single streamer
persisting randomly on one side of the container, consistent with the re-
sults of the cases with periodic boundary condition. However, it differs
from the disruption procedure of the streamers observed in the experi-
ments (Metzger et al. 2007). This might be due to the absence of the
bottom wall in our model.

• Decreasing the width to a certain value, a single streamer is obtained in
the middle. At steady state, it stays in the middle or moves to the side,
dependent on the width.

• For cases with large width, the evolution of the suspensions is strongly
linked to the imposed initial strong random perturbations. It is also ob-
served that the effects of the sidewalls are highly decreased and become
secondary. However, for small width, the effects of the perturbations are
negligible. In other words, the structure of the suspensions is dependent
on the competing effects of the sidewalls and initial perturbations.

• The amplitude of the velocity disturbance is depressed by the present
of sidewalls when the width is sufficiently large, whereas increased when
the width is small. This is consistent with the numerical results of Wang
& Layton (2009).

• The values of the velocity amplitude and the degree of anisotropy of the
orientation distribution increase with width.

• The fluid inertia effects on particle rotation increase the values of the
velocity amplitude, independent of the boundary conditions.

4.2. Future work

The long-time behaviour of the suspension is sensitive to e.g. the magnitude of
the hydrodynamic diffusivities. The estimated forms and values of the diffusiv-
ities in the mixture model can be improved. In fact, the diffusion coefficients
are lacking even for sedimentation of monodisperse spheres. Thus, a fibre-level
numerical code, e.g. based on immersed boundary method, can be employed
to study the microstructure of the suspension, i.e. the orientation and rela-
tive position of the individual particles, which can be used to determine the
hydrodynamic diffusivities.

At zero Reynolds number, Saintillan et al. (2005) used a slender three-
dimensional box by increasing one of the horizontal dimensions and captured
multiple streamers with periodic boundary condition. Using a similar method
as in (Saintillan et al. 2005) and also a similar box but with a considerably
longer domain in the direction of gravity, Marin (2012) obtained only one
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streamer in all the realizations. In the current one-dimensional model, the mul-
tiple streamers are observed at zero Reynolds number, independent of bound-
ary conditions. Whether this can also be observed via a two-dimensional model
can be investigated. Additionally, the breakup of the streamers is not captured
in the one-dimensional simulations, due to the absence of the bottom wall in
the mixture model. Thus, simultaneous consideration of both horizontal and
vertical boundaries can also be studied.

The effects of fluid inertia on the rotational motion of a particle are included
in the model of present work. However, according to the theoretical analysis
(Subramanian & Koch 2005), the Reynolds number for this model is limited,
Re� 1. Additionally, the wall-induced motions of the particles would also be
different from the results obtained in the current model, which is based on the
Stokesian limit. Thus, the motions of particles might also need to be obtained
numerically for finite-inertia cases.

In terms of the point-particle method, it can be implemented into a code
which is able to deal with the walls, including the sidewalls and the bottom wall.
One purpose would be to study the possible break up of the streaming columns.
Note that the domain size should be sufficiently large if the fibre-wall interac-
tions are not solved properly. For a confined domain, a fibre-level numerical
code can be adopted to study e.g. the effects of the initial perturbations.

Regarding experimental work, available methods can be used to detect
the fibre orientation and the simultaneously associated flow field by process-
ing images of the fibre suspension. Experiments carried out previously were
limited by the finite height of the vessels and a steady state was not reached
(Metzger et al. 2007). Implementing an experimental investigation limited in a
two-dimensional vessel but with large hight, the slowly increasing wavelength-
evolution might be observed in the end.
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