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Abstract

This thesis contains three articles. The first two concern inversion and
local injectivity of the weighted Radon transform in the plane. The third
paper concerns two of the key results from compressive sensing.

In Paper A we prove an identity involving three singular double integrals.
This is then used to prove an inversion formula for the weighted Radon trans-
form, allowing all weight functions that have been considered previously.

Paper B is devoted to stability estimates of the standard and weighted
local Radon transform. The estimates will hold for functions that satisfy an a
priori bound. When weights are involved they must solve a certain differential
equation and fulfill some regularity assumptions.

In Paper C we present some new constant bounds. Firstly we present
a version of the theorem of uniform recovery of random sampling matrices,
where explicit constants have not been presented before. Secondly we improve
the condition when the so-called restricted isometry property implies the null
space property.
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Sammanfattning

Denna avhandling innehåller tre artiklar av vilka de två första behand-
lar inversionsproblemet och det lokala injektivitetsproblemet för den viktade
Radontransformen i planet. Den tredje artikeln rör några av kärnresultaten
inom ämnet compressive sensing.

I Artikel A bevisas en identitet med tre singulära dubbelintegraler som
sedan används för att bevisa inversionsformler för den viktade Radontrans-
formen. Det visas också att vi kan tillåta alla viktfunktioner för vilka inver-
sionsformler varit kända sedan tidigare.

Artikel B behandlar stabilitetuppskattningar för den oviktade och vikta-
de lokala Radontransformen. Uppskattningarna är giltiga för funktioner som
uppfyller en a priori begränsning. När viktfunktioner involveras så måste de
lösa en partiell differentialekvation och uppfylla lämpliga regularitetsvillkor.

Artikel C rör två resultat inom området comressive sensing. Först presen-
teras nya konstanter i en sats som beskriver när man kan finna glesa lösningar
till ett system givet att koefficientmatrisen kan beskrivas som en viss sorts
slumpmatris. Det andra resultatet är en förbättring av villkoret när den så
kallade begränsade isometri-egenskapen medför nollrumsegenskapen.
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Introduction

1 Invertibility of the weighted Radon transform

There is plenty of literature that in a rigorous way introduces the Radon (and re-
lated) transforms. Section 1 will therefore mostly be focused on presenting the tools
needed in the later chapters. For those that would like a more rigourous introduc-
tion to topics within integral geometry, the books by Natterer [Nat01b], Natterer
and Wübbeling [NW01], Helgason [Hel11], Markoe [Mar06], Gel’fand, Graev and
Vilenkin [GGV66] are recommended as well as the lecture notes in [BEG+98]. For
those particularly interested in the numerical aspects, [Nat01b, NW01] are espe-
cially recommended.

Section 3 will be devoted to presenting some applications, first and foremost
variations of tomography. The book [NW01], by Natterer and Wübbeling, and
[DDLZ10], by Deuflhard, Dössel, Louis and Zachow are good recommendations in
this matter.

The Radon- and its related transforms

The Radon transform of a function on Rn, named after the Austrian mathemati-
cian Johann Radon who invented it around 1917, can be defined as (following the
notation in [Nat01b]):

R[f ](θ, t) =
∫

θ⊥
f(tθ + y) dy, θ ∈ Sn−1, t ∈ R. (1.1)

It is an integral transform that for a given pair (θ, t) ∈ Sn−1 ×R, maps a function
f on Rn into its integral over the hyperplane {x ∈ Rn; x · θ = t}. That is the
hyperplane perpendicular to θ at a signed distance t from the origin. For conve-
nience one often takes the Schwartz space S(Rn) as the domain of definition of
the Radon transform. More generally, f ∈ L1(Rn) makes the Radon transform
R[f ] defined almost everywhere and one can also extend the domain of definition
to distributions.

A closely related transform is the X-ray (or John) transform which maps a

3



4 CHAPTER 1. INTRODUCTION

function into the set of its line integrals:

P [f ](θ,x) =
∫

R
f(x + sθ) ds, θ ∈ Sn−1,x ∈ Rn. (1.2)

Here P [f ](θ,x) is the integral of f over the straight line through x with direction
θ. P[f ] may of course be considered as a function on the tangent bundle of the
unit sphere,

T (Sn−1) = {(θ,x); θ ∈ Sn−1,x ∈ θ⊥}. (1.3)
Both of the above transforms appear in applications where mostly n = 2, 3, see
Section 3. Note that in the planar case, n = 2, the Radon and X-ray transforms
coincide apart from notation.

While the standard Radon transform will be of some interest in the work to
come, the main attention will be on the generalized- or weighted Radon transform
in the plane, n = 2. Denote from now on T = {θ ∈ R2; |θ| = 1} = S1 and let
ρ = ρ(θ, t,x) be a suitable weight function making the following integral transform
well-defined:

Rρ[f ](θ, t) =
∫

θ·y=t
f(y)ρ(θ, t,y) dy, θ ∈ T, t ∈ R. (1.4)

Variants of weighted Radon transforms turn up in many applications such as emis-
sion tomography, which is discussed briefly in Section 3.

In the next two sections we will discuss additional restrictions that are needed
for ρ in order to get results on invertibility and local injectivity.

Invertibility
When it comes to the standard Radon transform, as defined in (1.1), the question
about invertibility has since long been answered. A well known inversion formula
is the following one, which is usually proved for f ∈ S(Rn):

f = 1
cn

{
R∗∂n−1

t R[f ] , n odd,
R∗Ht∂

n−1
t R[f ] , n even.

(1.5)

In the above ∂t = ∂
∂t and R

∗ denotes the dual Radon transform, or backprojection,
defined by:

R∗[g](x) =
∫
Sn−1

g(θ,x · θ) dθ, x ∈ Rn. (1.6)

It is easy to check that R∗ is the proper adjoint operator of R, that is

〈R[f ], g〉 = 〈f,R∗[g]〉.

Ht denotes the Hilbert transform in the t-variable. It is a well-studied singular
integral operator defined by the Cauchy principal value of

H[φ](s) = i

π

∫
R

φ(t)
s− t

dt. (1.7)



1. INVERTIBILITY OF THE WEIGHTED RADON TRANSFORM 5

In itself, the Hilbert transform will be of great importance to us and we refer to
Stein’s book [Ste70] for introductory material on the subject.

The more interesting question is when the weighted Radon transform (1.4) is
invertible, which is still a largely open problem. There are however many positive
results in the plane, n = 2. Let us first restrict ourselves to this case with weighted
Radon transform defined by:

Rρ[f ](θ, t) =
∫

θ·x=t
f(x)ρ(θ,x) ds, θ ∈ T, t ∈ R, (1.8)

acting on continuous functions f with compact support, where ds denotes the arc
length measure on the line {x ∈ R2; θ · x = t}. When the weight function ρ is
defined by

ρ(θ,x) = e−Dµ(x,θ⊥), θ,θ⊥ ∈ T, θ · θ⊥ = 0, det(θ,θ⊥) = 1, (1.9)

Rρ is called the attenuated Radon transform. The attenuation coefficient µ is a
real function on the plane and D is the so-called divergent- or cone beam transform
defined by:

Dµ(x,θ) =
∫ ∞

0
µ(x + tθ) dt, x ∈ R2, θ ∈ T. (1.10)

Observe the close relation with the Radon transform, Dµ(x,θ) + Dµ(x,−θ) =
R[µ](θ,θ · x). Often one just writes Rµ for the attenuated transform and it turns
out to be natural in many applications, see Section 3. With this in mind, it is
fortunate that there are positive inversion results for this case.

In 1980, Tretiak and Metz [TM80] presented an inversion formula in the case
when µ is constant over supp f (in this case Rµ is often called the exponential Radon
transform)1. A major breakthrough was made by Novikov in 2000 who proved an
inversion formula for Hölder continuous µ, [Nov02]. In [NW01] there is a nice proof
for f and µ in S(R2), and the inversion formula is presented in the following way
(Theorem 2.23):

f = 1
4πRe divR∗−µ[θe−hHehRµ[f ]], (1.11)

where h = 1
2 (I+iH)R[µ]. Independently, earlier work (1996) by Arbuzov, Bukhgeim

and Kazantsev [ABK97] could be seen to give an inversion formula, as pointed out
by Finch [Fin03], even though it was not presented explicitly in their article. Nat-
terer also gave another proof of Novikov’s inversion formula [Nat01a]. In 2004
Boman and Strömberg presented another improvement [BS04], with an inversion
formula valid for weights of the form

ρ(θ,x) = exp
(∫ ∞

0
θ ·Ψ(x + tθ⊥) dt

)
, (1.12)

1In 1996, Palamodov gave an inversion formula for n > 2 for the exponential X-ray transform
[Pal96]
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where Ψ is a compactly supported Hölder continuous vector field. They also include
products of weights of the types described in (1.9) and (1.12), that are allowed to
be complex valued and Hölder continuous. In its most general form their inversion
formula reads

(∂x1 − i∂x2)
[
m(x)(R∗1/ρ0

Θτ−1HτRρ0 +R∗1/ρ0
Θτ̄−1Hτ̄Rρ0)f(x)

]
= 8πm(x)f(x), (1.13)

where m(x) = mean(ρ0(·,x)τ(·,x)) = ρ(0,x) and Θ is an operator that acts by
multiplying with θ1 + iθ2,θ = (θ1, θ2). The formula is valid in the sense of dis-
tributions for complex-valued f ∈ L1 with compact support in some open subset
Ω ⊂ R2. The functions 0 < ρ0(θ,x) ∈ C0,α(T×Ω) and 0 6= τ(θ,x) ∈ C0,α(T×Ω)
must satisfy condition W1 below. R∗ρ is the dual weighted Radon transform defined
by

R∗ρ[g](x) =
∫

T
g(θ,θ · x)ρ(θ,x) dθ, (1.14)

where dθ is arc length measure on the circle. The proof is elegantly based on the cal-
culation of two complex integrals, using calculus of residues, and the consideration
of a certain singular integral operator.

One difficulty is to show that ρ on the forms (1.9), (1.12) and products of them,
satisfy the mentioned condition W1. The problem is circumvented by proving that
the conditions W1-W4 below are equivalent, in the case of convex Ω. In particular,
condition W3 proves the inversion fomula for the considered attenuations.

W1. There exists a function τ(θ,x), |τ | > ε > 0 that is constant on lines such that
for every x ∈ Ω, the function θ 7→ ρ0(θ,x)τ(θ,x) is the boundary value of a
non-vanishing holomorphic function in the unit disc.

W2. log ρ0(θ,x) = u(θ,x)+w(θ,x), where u is constant on lines and the conjugate
function w̃ of w satisfies w̃(θ,x) = v(θ,x)+h(x), where v is constant on lines.

W3. On every Ω1×T,Ω1 ⊂ Ω, log ρ0 can be written as a sum of qµ(x,θ) = Dµ(x,θ)
and pΨ(x,θ) =

∫∞
0 θ ·Ψ(x+ tθ⊥) dt for some µ and Ψ plus a function u(x,θ)

constant on lines. If log ρ0 ∈ C0,α, then qµ, pΨ, u ∈ C0,α.

W4. q = log ρ0 satisfies the differential equation

θ⊥ · ∇xq = −µ(x) + θ1d1(x) + θ2d2(x)

in Ω×T for some distributions µ, d1, d2.

Remark 1.1. If ρ ∈ C∞(Ω × T), formula (1.13) holds for all distributions f with
compact support in Ω. If, in addition, f is Hölder continuous in in some neighbor-
hood of a point x0 ∈ Ω, the formula holds pointwise at x0.
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In 2010, Gindikin presented an inversion formula for a class of weights that are some-
what disjoint from those previously mentioned, [Gin10]. To present the condition
we first re-introduce the weighted Radon transform using a different parametriza-
tion:

Rm[f ](ξ, η) =
∫

R
f(x, ξx+ η)m(x, ξ, η) dx. (1.15)

The integration takes into consideration values of f on the line with slope ξ that
meets the y-axis at y = η. In Gindikin’s paper the arguments are presented for
f ∈ C∞0 (R2) and 0 < m ∈ C∞(R2). The additional condition needed on the weight
m in order to get an inversion formula is that it satisfies the partial differential
equation:

∂ξm(x, ξ, η)− x∂ηm(x, ξ, η) = (xa(ξ, η) + b(ξ, η))m(x, ξ, η) (1.16)

for some functions a, b. It is remarked that these weights are similar to attenuations
but in dual coordinates and the inversion formula at x = (x0, y0) is:

cf(x) =
∫∫

R2

(∂y + a(ξ, y − ξx0))Rm[f ](ξ, y − ξx0)
m(x0, ξ, y − ξx0) dξ ∧ dy

y − y0
(1.17)

where c is a non-zero constant.

Local injectivity

So we have inversion formulae for quite arbitrary attenuation weights (1.9), or
weights solving some partial differential equation such as the one in condition W4
or (1.16). For these weights we of course also know that the weighted Radon
transform is globally injective. However, the question of local injectivity, which is
a stronger statement than global injectivity, is still not completely answered even
for these weights.

In 1982 Strichartz, in [Str82], did prove that the Radon transform, as defined
in (1.15) with constant m, is locally injective. By this we mean that if f is a
function in the plane such that supp f ⊂ {(x, y); y ≥ ax2} for some a > 0, and
R[f ](ξ, η) = 0 in a neighborhood of the origin, then f = 0 in a neighborhood of
the origin. Sometimes we might also consider supp f ⊂ {(x, y); y ≥ a|x|} for some
a > 0.

If m is real analytic, Rm will also be locally injective as shown in [BQ87]. Thus
the set of weight functions m for which Rm is locally injective is dense in C∞.
It was also quite recently shown that for weights satisfying Gindikin’s condition
(1.16), a similar local injectivity theorem for Rm holds, [Bom10, Bom12].

However, in 1993, Boman gave an example of a smooth positive weight function
m for which the corresponding statement does not hold [Bom93]. Furthermore, in
[Bom11] it was shown that the set of weight functions for which Rm is not locally
injective is also dense in C∞.
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The large question is what precise conditions on m are required in order for Rm
to be locally injective? Is it even true that Rm is locally injective for smooth atten-
uations? While we will not be able to completely answer these questions, helpful
information could possibly be gained in the future from local stability estimates.

Stability estimates

To verify local injectivity is in general a quite difficult problem, so it is desirable
to instead have suitable stability estimates. In the global setting there are Sobolev
estimates, see [Lou81, Her83, HQ85]. If f has compact support there is a C > 0
such that

1
C
‖f‖Hs(R2) ≤ ‖R[f ]‖H0,s+1/2(T×R) ≤ C‖f‖Hs(R2), (1.18)

where we think of R[f ] as defined in (1.1) and s ∈ R. Here ‖ · ‖Hs(R2) denotes the
Sobolev norm

‖f‖2Hs(R2) =
∫∫

R2
|f̂(ξ)|2(1 + |ξ|2)s dξ. (1.19)

where f̂ is the Fourier transform of f . For integrable functions g = g(θ, t), (θ, t) ∈
T×R,

ĝ(θ, ξ) =
∫

R
g(θ, t)e−itξ dt (1.20)

and if ĝ is also integrable we define,

‖g‖2H0,s(T×R) =
∫∫

T×R
|ĝ(θ, ξ)|2(1 + |ξ|2)s dθ dξ. (1.21)

Here we have borrowed the notations in [RQ10]. Observe that a corresponding
estimate, such as in the left inequality in (1.18), can not in general be true in
the local case. In order to get any local stability estimate we will require some
additional a priori bound on f .

Rullgård and Quinto, in [RQ10] proved some local and microlocal estimates in
2010. The estimates, as well as the global ones in (1.18) and definitions (1.20),
(1.21), can also be formulated in Rn. For an open subset Ω ⊂ R2 one defines the
Sobolev space Hs(Ω) to be the set of distributions on Ω that are restrictions to Ω
of distributions in Hs(R2). One defines

‖f‖Hs(Ω) = inf{‖F‖Hs(R2);F ∈ Hs(R2), F |Ω = f}. (1.22)

Analogously one defines ‖ · ‖H0,s(Ω′ε) where Ω′ε ⊂ T×R will be the set of (θ, t) such
that the line {x ∈ R2; x · θ = t} meet an ε-neighborhood of Ω ⊂ R2. In [RQ10],
the following estimate is then shown for compactly supported distributions f :

‖f‖Hs(Ω) ≤ C‖R[f ]‖H0,s+1/2(Ω′ε) + C ′‖f‖Hs′ (Ω), (1.23)

where Ω is a bounded subset of R2, s ∈ R, s′ ∈ R, ε > 0 and C ′ depends on s, s′
and ε.
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There is also a result due to Bukgheim [LS95], who considered the Radon prob-
lem on an annulus A(R, 1) = {(r, θ);R ≤ r ≤ 1,−π ≤ θ ≤ π}, with an analytic
weight m. The a priori assumption is that the total variation of f is bounded in
each variable by some B > 0 (and periodic in θ). The weight m also needs to fulfill
periodicity-conditions and be bounded from above and below in a certain way. The
estimate is then presented as

‖f‖L1(A(R,1)) ≤ C
(

log
(

C

‖Rm[f ]‖L1(A(R,1))

))−1/2
, (1.24)

where C > 0 depends on B and the various bounds on m and R.
Another related work is the recent paper [CFR12] by Caro, Dos Santos Ferreira

and Ruiz who considered the standard Radon transform (1.1) in Rn. For brevity,
the result is presented here in a special case and for n = 2. They introduce the
dependence domain of the Radon transform as

E = {x ∈ R2; x · θ = s, s ∈ (−α, α),θ ∈ Γ}, (1.25)

where Γ ⊂ T is a symmetric arc around some θ0 ∈ T, with length depending on
β ∈ (0, 1]. Under the a priori assumptions

‖f‖L∞(E) +
∫

R
(1 + |s|)n‖R[fχE ](s, ·)‖L1(T) ds < M

where χE is the characteristic function of E, that supp f is contained in the half-
plane {x ∈ R2; x · θ0 ≤ 0},0 ∈ supp f , and f is (λ, p, p)-Besov regular on E for
some p ≥ 1, 0 < λ < 1/p, they get

‖f‖Lp(B) ≤ C
∣∣∣∣log

∫ α

−α
(1 + |s|)n‖R[f ](s, ·)‖L1(Γ) ds

∣∣∣∣−λ/2 . (1.26)

C depends on M > 0, the size of the ball B around the origin, α, β and λ.

Another parametrization
We will sometimes work with yet another parametrization of lines in the plane.
Suppose we are given a plane P ∼= R2 with a pre-defined coordinate system (x, y)
and consider the three sets:

LP = {All straight lines in P},
L∞ = {All straight lines in of the form x = r, r ∈ R},
L = LP \ L∞.

So L∞ corresponds to the “vertical” lines, parallell with the y-axis. Any line L ∈ L
can be described by an affine function y = yL(x) and this can be used to identify
a vector space structure on L:
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Figure 1.1: Lines in L are parametrized by choosing s ∈ R, t ∈ R, s 6= t. Then points ξ
on the line x = s and η on the line x = t defines another line L = (ξ, η). We also consider
lines L paired with points p ∈ P such that p ∈ L as elements of M, a (3-dimensional)
submanifold of L × P (4-dimensional).

• L0 : yL(x) ≡ 0 (i.e. the x-axis) will be the zero element.

• Addition will be defined by letting L1 + L2 be the line with equation y =
yL1(x) + yL2(x).

• Scalar multiplication will be defined by letting cL be the line with equation
y = cyL(x).

Now we can define coordinate functions on L by letting yr(L) = yL(r) for all r ∈ R.
Then for any pair of real numbers s 6= t we get a coordinate system (ys, yt) whose
orientation will be positive or negative depending on the value of sgn(t − s). We
choose a positive coordinate chart for s = 0 and t = 1. Having fixed s < t, one
sees that L ∼= R2 and we more often use the notation L = (ξ, η) where ξ = yL(s)
is called the target line parameter and η = yL(t) is called the direction parameter,
see also Figure 1.1.

The functions we consider will be thought of as being defined on a submanifold
of L × P,

M = {(L, p) ∈ L × P; p ∈ L}. (1.27)
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We can do a sectioning ofM = ∪x∈RMx, where

Mx = {(L, p) ∈M; p = (x, yL(x))} ∼= L.

By Ex we denote the restriction of a function f onM to the sectionMx and define
its affine Radon transform to be

R[f ](ξ, η) =
∫

R
Ex[f ](ξ, η, p) dx. (1.28)

The weighted case is covered by considering R[mf ] where m is a weight function
defined onM and f is a function only depending on p with compact support. The
difference of the affine and standard Radon transforms as defined in (1.28) and
(1.1) is that the latter use arc length measure on L. Therefore the values of the
two transforms will differ only by a factor depending on the line L.

2 Compressive sensing

Here we give only a brief introduction to compressive sensing, a topic that has
grown vastly over the recent years. For a more comprehensive treatment, the book
by Foucart and Rauhut, [FR13] is recommended.

In what follows, ‖ · ‖p, 1 ≤ p ≤ ∞, will denote the usual `p-norms of vectors
that we assume belong to CN . For 0 < q = 1/p < 1 we also define the “`q-norms”
with q taking the place of p, and we also define the “`0-norm” by

‖x‖0 = | supp x| = #{k;xk 6= 0}.

Clearly ‖x‖0 ∈ {0} ∪ [N ], where [N ] = {1, 2, . . . , N}, but neither ‖ · ‖0 or ‖ · ‖q are
proper norms. We will also need the ‖ · ‖∗1-norm defined by

‖x‖∗1 = ‖Re x‖1 + ‖Im x‖1.

By x◦y = (x1y1, x2y2, . . . , xNyN ) we denote the Hadamard (element wise) product
of the vectors x and y, and for S ⊂ [N ] we denote by 1S the characteristic function
of the set S, i.e.

1S(k) =
{

1, k ∈ S,
0, k /∈ S.

We also define xS = x ◦ 1S , then x = xS + xSc where Sc = [N ] \ S.

The model problems
We will consider the reconstruction problem of finding solutions to

P0 :
{

minx∈CN ‖x‖0,
Ax = y,
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where A ∈ Cm×N is an m-by-N matrix called the forward operator, x is the un-
known quantity belonging to a reconstruction space (in this case CN ), y is the
measured data belonging to some data space (here Cm). That is, we seek the spars-
est solution to the linear system Ax = y. We think of m � N , in which case
Ax = y will, in general, have infinitely many solutions unless we impose the extra
sparseness condition on x. In practice one rather accepts small “s-term approxi-
mation error”, meaning that one looks for x such that inf{‖x−xs‖p; ‖xs‖0 ≤ s} is
small enough.

The problem P0 is unfortunately a very hard problem to solve (NP hard), and
therefore one instead tries to study the closest convex relaxation of P0,

P1 :
{

minx∈CN ‖x‖1,
Ax = y.

A central question in compressive sensing is under what conditions solutions of P1
are also sparse. This topic is addressed further in the next section.

Another approach is to consider the family of intermediate problems for 0 <
q < 1,

Pq :
{

minx∈CN ‖x‖q,
Ax = y.

For now we introduce relevant classes of matrices and continue with more important
properties needed in order to further study these problems in the next section.

Definition 1.2 (MPq(s)). MPq(s), 0 ≤ q ≤ 1 consists of those matrices A ∈
Cm×N such that every s-sparse vector x is for some y the unique solution of the
problem Pq.

The null space- and restricted isometry properties
We call a vector x s-sparse whenever ‖x‖0 ≤ s, and we call it effectively s-sparse if

E1(x) = ‖x‖1
‖x‖2

≤
√
s.

Clearly, if ‖x‖0 ≤ s then E1(x) ≤
√
s by Cauchy-Schwarz inequality. For a more

comprehensive treatise on effectively sparse vectors [PV13] is recommended. See
also the much related concept of `1-sparsity level, [TN11].

In order to answer the question of when solutions of P1 are equivalent with
solutions of P0 we need the so-called null space property.

Definition 1.3 (Null space property). A matrix A ∈ Cm×N satisfies the null space
property of order s if for every vector x 6= 0 such that Ax = 0 (i.e. x ∈ kerA\{0})
it holds that ‖xS‖1 < ‖xSc‖1 for all subsets S ⊂ [N ], |S| = s.



2. COMPRESSIVE SENSING 13

When considering the problems Pq for 0 < q < 1 we also talk about the q-null
space property which is said to hold under the same conditions as in Definition 1.3
but replacing ‖xS‖1 < ‖xSc‖1 with ‖xS‖q < ‖xSc‖q. When talking about effective
sparsity instead of sparsity we have the related effective null space property.

Definition 1.4 (Effective null space property). A matrix A ∈ Cm×N satisfies the
effective null space property of order t if for every x ∈ kerA \ {0} it holds that
E1(x) ≥ t.

Unfortunately, the null space property is in general hard to verify for a given
matrix. Luckily there is a simpler condition called the restricted isometry property
which, as we are about to see, remedies this problem.

Definition 1.5 (Restricted isometry property). A matrix A ∈ Cm×N satisfies the
restricted isometry property with constants δs if for all s-sparse x,

|‖Ax‖22 − ‖x‖22| ≤ δs‖x‖22.

In a very analogous way we also define the effective restricted isometry property
which will play a similar role as the restricted isometry property, but when we
instead wish to verify the effective null space property.

Definition 1.6 (Effective restricted isometry property). A matrix A ∈ Cm×N

satisfies the effective restricted isometry property with constants δ̃t if for all x with
E1(x) ≤ t,

|‖Ax‖22 − ‖x‖22| ≤ δ̃t‖x‖22.

Many of the above notions are related by the following proposition:

Proposition 1.7.

1. If t > 2
√
s and A satisfies the effective null space property of order t, then A

satisfies the null space property of order s.

2. For 0 < q ≤ 1, A ∈MPq(s) if and only if A satisfies the q-null space property
of order s. In particular, A ∈MP1(s) if and only if A satisfies the null space
property of order s.

3. If
√
s ≤ t and A satisfies the effective restricted isometry property with con-

stants δ̃t, then A satisfies the restricted isometry property with constants δs
and furthermore δs ≤ δ̃t.

4. If s > 2t2 and A satisfies the restricted isometry property with constants δs,
then A satisfies the effective restricted isometry property with constants δ̃t and
δ̃t ≤ 4δs.

5. If δ̃t < 1 and A satisfies the effective restricted isometry property with con-
stants δ̃t, then A satisfies the effective null space property of order t.
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The proof is left as a simple exercise and note that some of these results are not
new. A variant of statement 1 can be found in [TN11] and statement 2 is proved
in for example [GN03, Rau10, FR13].

As first observed by Candès, Romberg and Tao in [RT06, CT06], under certain
conditions (for example δ2s <

√
2− 1 in [Can08]) the restricted isometry property

implies the null space property. Candès condition has been improved over time, but
was completely answered just very recently due to a counterexample by Davies and
Gribonval [DG09] in 2009 together with the results in [CZ13] by Cai and Zhang,
that was posted on Arxiv in June 2013.

Theorem 1.8. Suppose the restricted isometry constants δ2s of a matrix A ∈
Cm×N satisfies

δ2s <
1√
2
,

then A ∈MP1(s).

We can formulate a similar result using the effective restricted isometry property
by combining parts 1, 2 and 5 of Proposition 1.7 as follows:

Theorem 1.9. If t < 2
√
s and A satisfies the effective restricted isometry property

with constants δ̃t with δ̃t < 1 then A ∈MP1(s).

Random sampling matrices
Let D ⊂ Rn and ν be a probability measure on D. Furthermore, let {ψj}nj=1
a bounded ON-system of complex-valued functions on D. This means that for
j, k ∈ [N ] ∫

D
ψj(t)ψk(t) dν(t) = δjk, (1.29)

and {ψj}nj=1 is uniformly bounded in L∞,

‖ψj‖∞ = sup
D
|ψj(t)| ≤ K for all j ∈ [N ]. (1.30)

(Note K ≥ 1).
Let now t1 . . . tm ∈ D (picked independently and at random with respect to ν)

and suppose we are given sample values

yl = f(tl) =
n∑
k=1

xkψj(tl), l = 1, . . . ,m.

Introduce A ∈ Cm×N , A = (alk), alk = ψk(tl), l = 1, . . . ,m; k = 1, . . . , N. Then
y = Ax,y = (y1, . . . , ym)T ,x is the vector of coefficients in the definition of f(t).
We wish to reconstruct the polynomial f (or equivalently x) from the samples y,
using as few samples as possible. In general this is impossible if m < N , but
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if we assume that f is s-sparse (defined to be so if x is s-sparse) the problem
reduces to solving y = Ax with a sparsity constraint. Assuming that tl are picked
independently at random with respect to ν we can interpret ν as a probability
measure, P (tl ∈ B) = ν(B) for measurable B ⊂ D. Then we say that A becomes
a random sampling matrix (fulfills (1.29), (1.30)). We summarize this section with
a definition of the matrices we will continue to study.

Definition 1.10 (Sampling matrix from a bounded ON-system). A matrix A ∈
Cm×N is said to be a sampling matrix (from a bounded orthonormal system) if its
rows {Xj}mj=1 fulfills the conditions:

1. ‖Xj‖∞ ≤ K for some K ≥ 1.

2. E [X∗jXj ] = IN (N ×N identity matrix), for all j ∈ [m].

The random sampling matrices are a special case of structured random matrices.
An example of a random sampling matrix is given by the random partial Fourier
matrix where one samples m rows from the N ×N -matrix

alk = e2πßlk/N
√
N

, l, k ∈ [N ].

Uniform recovery of sparse solutions
The focus will be on the case of uniform recovery of sparse vectors, meaning that as
soon as the random matrix is chosen all sparse signals can be recovered with high
probability. In contrary to nonuniform recovery where each fixed sparse signal can
be recovered with high probability.

Candès and Tao, in 2006 [CT06], gave the condition

m ≥ CK2s log6(N) (1.31)

on the number of sample valuesm needed in order to recover every s-sparse solution
x of the problem Ax = y where y ∈ Cm,x ∈ CN , A ∈ Cm×N is a random partial
Fourier matrix with entries bounded by K ≥ 1, and C > 0 is some universal
constant. Rudelson and Vershynin two years later improved the exponent 6 to 5 in
the log(N)-factor, [RV08]. Inspired by this work, Rauhut [Rau10] was a few years
later able to achieve that

m

log(m) ≥ CK2s log2(s) log(N), (1.32)

m ≥ DK2s log(ε−1), (1.33)

are sufficient in order to claim that every s-sparse vector is recovered by `1-minimi-
zation with probability 1 − ε. This holds true for any random sampling matrix A
with entries bounded by K ≥ 1, 0 < ε < 1 for some universal constants C,D > 0.
This was furthermore improved by Cheraghchi, Guruswami and Velingker [CGV12],
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Figure 1.2: A typical problem in transmission tomography is to recover the unknown
attenuation a = a(x) in a certain domain by sending through beams along lines L with
known initial intensity I0 and measure the outgoing intensity I.

who essentially replaced the log(m) in (1.32) with log(s), without giving any bounds
of the involved constants however, c.f. Chapter 2.

In the case of nonuniform recovery, far better bounds are known, c.f. [FR13].

3 Applications

The theory we have presented is useful in many applications, among which we
choose to just present a few in a more informal way. The main examples will be
tomographic image reconstruction and sparse signal processing, two topics that we
shall see are also related.

Tomography
Focus for us will be transmission- and emission tomography. In the former, beams
are sent through an object and the standard Radon transform appears in the model.
Emission tomography on the other hand is modeled by the attenuated Radon trans-
form, and involves injecting a radioactive substance into the object and measure the
intensity of the outgoing rays. These examples are all described in greater detail in
Chapter 3 in Natterer and Wübbelings book [NW01], and references therein. The
book also contains material on several other interesting and related applications,
such as diffraction, magnetic resonance imaging and radar.

In the transmission tomography problem we want to find the unknown atten-
uation a = a(x) within a body by sending through X-rays along straight lines L.
Assume the rays are emitted with a known intensity I0 and that we use a detec-
tor to measure the outgoing intensity I, see Figure 1.2. It is well-known that the
radiation intensity decays through the relation

I = I0 exp
(
−
∫
L

a(x) ds
)
,
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where ds, as usual, denotes arc length measure on L. Equivalently∫
L

a(x) ds = log I0
I
.

The rays are usually arranged in a scanning geometry, that has evolved with new
Computed Tomography (CT)-scanners. Earlier scanners use a parallell beam ge-
ometry, which is modeled by the Radon transform in the plane, (1.1). The emitter
is moved along a straight line and the rays are are collected by one or multiple
detectors on the other side of the probed object.

In later and faster scanners, the fan beam geometry is more common where
the emitter and detectors are both mounted on a rotating frame. A variant is to
rotate the frame along a helix. The cone beam transform (1.10) of the attenuation
corresponds to the measured quantities in these cases.

Moving on to single particle emission computed tomography (SPECT), where
one wants to determine the density f = f(x) within a body with known attenuation
µ = µ(x). One measures in this case the radiation intensity along a line L, modeled
by the attenuated Radon transform

I =
∫
L

f(x)e−
∫
L(x)

µ(y) ds
ds,

where L(x) is the part of L between x ∈ supp f and the detector.
Similarly, in positron emission tomography (PET) one detects particles emitted

in opposite directions (if they are detected at the same time) according to

I =
∫
L

f(x)e
−
∫
L+(x)

µ(y) ds−
∫
L−(x)

µ(y) ds
ds = e

−
∫
L
µ(y) ds

∫
L

f(x) ds.

A common setup when collecting data from a PET scanner is presented in figure 1.3.
3D problems are often treated as a sequence of 2D problems, and often stochastics
is also introduced in the model.

Sparse signal processing
Examples of signals x in the models described in Section 2 could be sound, images or
model parameters. Data y usually consists of a finite number of direct or indirect
observations. By direct observations one means noisy samples of the signal and
indirect observations means that there is a relation between the signal and the data
given by a model. One often strives to compress or reconstruct the signal. Images
can often be substantially compressed (in some cases removing more than 90%
of the information!) into for example the JPEG 2000-format, using the discrete
wavelet transform. An important reconstruction technique was already mentioned
in the previous tomography section but also denoising and parameter estimation
goes under this category.
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Figure 1.3: Schematics for PET data collection.

Consider again the linear model problem

Ax = y, (1.34)

where A ∈ Cm×N . In general there are infinitely many solutions to this kind
of system if m < N , but we in particular say that a solution x has a sparse
representation x∗ if there exists an invertible N × N -matrix D (often called a
dictionary) such that

x∗ = Dx

where ‖x∗‖0 ≤ s for some s� N . Then Ax = AD−1x∗ = y.
A good example of a dictionary D can be found in the following tomography

example:
Consider a cross section of the Shepp-Logan phantom as our sought after x

(49% non-zero elements), A = R, the Radon transform and D being the operation
of computing the magnitude of the gradient, see Figure 1.4. Then, in the above
case, x∗ would be the right image containing only 3% non-zero elements. The data
y is in this case noise-free, but under-sampled, Radon (or X-ray) transform data,
and a standard method used to attempt to reconstruct x is given by the so-called
filtered backprojection (FBP). In Figure 1.5 we see a comparison of the original
phantom x (left) and the FBP reconstruction from 22 directions of projection. If
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Figure 1.4: Left: A cross section of Shepp-Logan phantom. Right: The magnitude of the
gradient of the left image.

Figure 1.5: Left: A cross section of Shepp-Logan phantom. Right: Reconstruction using
filtered backprojection from 22 projections in different directions.

we repeat the same procedure but inputs x∗ and use our knowledge of the dictionary
D we instead get the result in Figure 1.6.

If we add some noise into the model, there are still gains to be had from sparsity
assumptions. This is illustrated by the next low-dose CT-example in Figure 1.7.
While it is not obvious what D should be, one can construct training sets using
learning techniques and in the end attain at least as good reconstructions. (Once
again the reconstructions have been made with FBP.)
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Figure 1.6: Left: A cross section of Shepp-Logan phantom. Right: Reconstruction using
sparsity.

Figure 1.7: Left: A reconstruction using filtered backprojection from normal dose tomog-
raphy data. Right: A learned dictionary.
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Summary of results

Paper A
In this paper, the main result concerns inversion of the weighted Radon transform
in the plane using an identity for triplets of double Hilbert transforms.

Let x, y, z be linear coordinate functions in a plane P. Each of these are
functions on P that can be represented as inner products with dual vectors (e.g.
x(p) = 〈p, x∗〉). The pairs (x, y), (y, z) or (z, x) can be used as a coordinate sys-
tem on the plane (in general not all pairs though). The x-axis in the (x, y)-system
will correspond to {y = 0} with an orientation, while in the (z, x)-system it will
correspond to {z = 0} with orientation.1

The key identity corresponds to the 2-dimensional version of an identity due to
Sjölin [Sjö71] and reads:∫∫

f(p)dx ∧ dy
xy

+
∫∫

f(p)dy ∧ dz
yz

+
∫∫

f(p)dz ∧ dx
zx

= ±π2(f(0)−f(∞)), (2.1)

where the sign in the right hand side only depends on the orientation of the involved
coordinate systems and the integrals should be understood as principal values. The
function f is assumed to belong to a spaceH(R2), which is similar to a Hölder space
C0,α(R2), but in particular it is also assumed that

|f(x)− f(∞)| . |x|−α,

for some 0 < α ≤ 1 as |x| → ∞. The proof of (2.1) is quite involved and requires
careful consideration of various regions in the plane.

Using (2.1), we are then able to prove certain identities for the Hilbert transform
(1.7), valid for f, g ∈ H(R2),

H[H[f ]g + fH[g]](u) = H[f ](u)H[g](u)− (f(u)g(u)− f(∞)g(∞)),
H[fg −H[f ]H[g]](u) = H[f ](u)g(u) + f(u)H[g](u).

Using the parametrization of lines L = (ξ, η) together with points p ∈ L as
described in Chapter 1, we are able to give inversion formulas for the affine Radon

1For more on biorthogonal systems, [Die54] is recommended.

21
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transform and its weighted analogue (as defined in (1.28)). The proofs are quite
simple and straightforward consequences of (2.1) together with applications of the
above Hilbert transform identites. One of the more general inversion formulas is
given in Theorem 2.1. Recall from Chapter 1 that we use P to denote a plane
and we define H(P) by identifying it with H(R2). We can also define H(M) (it is
however a slightly more complicated definition) where M is the manifold defined
in (1.27). In particular H0(M), or H0(P), consists of those functions in H(M), or
H(P), that are compactly supported in the p ∈ P variable.

Theorem 2.1 (Theorem 8.5). Suppose that f ∈ H0(P), supp f ⊂ D where D is
a bounded convex subset of the half-plane {(x, y) ∈ P;x < t} for some t ∈ R and
ps = (s, 0) ∈ supp f . Suppose µ = µ(ξ, η, p), ν0 = ν0(ξ, η, p) and ην0(ξ, η, p) belong
to H0(M) with supports with respect to the p-variable that contains D and the
conjugates µ̃ and ν̃0 only depend on lines L. We introduce the adjusted weights

µs(ξ, η, p) = µ(ξ, η, p)− µs(0, η, ps) + µs(0, 0, ps),
νs(ξ, η, p) = ν0(ξ, η, p)− ν0(0, η, ps),

and let the weight function be defined by

ρs(L, p) = Re exp(µs + iµ̃s)
[

sinh(σ(νs + iν̃s))
σ

+ cosh(σ(νs + iν̃s))
]
,

where σ(L) =
√

1 +
(
η−ξ
t−s

)2
. Then

−2eµ(L0,ps)f(ps) =
(
d

ds
+ ∂

∂s
ν0(L0, ps)

)
[HsHtR[ρsf ](L0)−HtR[ρ̃sf ](L0)] .

(2.2)

The formula resembles Gindikins formula, (1.17), in [Gin10] but appears to be
independent, as mentioned in Chapter 1. It improves further on Novikov’s original
version in [Nov02] since it is also shown that the allowed weights include those in
Boman and Strömberg’s result [BS04]. Examples of possible minor extensions are
also given, but a hypothesis is that the allowed weights in Paper A and [BS04] are
equivalent.

Paper B
We consider in Paper B local stability estimates for the standard and weighted
Radon transform in the plane, c.f. the introduction in Chapter 1. The function
f = f(x, y) is assumed to satisfy an a priori bound of type ‖f‖C0,α(R2) ≤ C0,
where C0,α(R2), 0 < α ≤ 1 are the usual Hölder spaces. We also assume that
supp f ⊂ {(x, y); y ≥ x2}. We restrict the class of smooth weights m = m(x, ξ, η)
to those fulfilling condition (1.16) and such that a = a(ξ, η) and b = b(ξ, η) are
either real analytic or belong to a certain Gevrey space.
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Figure 2.1: For a fixed y = γ the mean Mε,γ [fmγ ](x) is constructed for every x by
integrating over y such that |y−γ| ≤ ε|x|. The support ofMε,γ [fmγ ](x) will be contained
in the interval |x| ≤ xε,γ ≤ 1.

We derive stability estimates for certain mean valuesMε,γ [fmγ ] of fm. These
are defined by choosing a suitable, non-negative ϕ ∈ C∞0 ([−1, 1]),

∫
ϕ = 1, ϕ even,

and convolving in the following way:

Mε,γ [fmγ ](x) =Mϕ,ε,γ [fmγ ](x) =
∫

R
f(x, y)mγ(x, y)ϕε|x|(γ − y) dy,

where

ϕε|x| = 1
ε|x|

ϕ

(
γ − y
ε|x|

)
, mγ(x, y) = m

(
x,
y − γ
x

, γ

)
, x 6= 0.

This means that, similarly as in the work by Caro, Dos Santos Ferreira and Ruiz
[CFR12], we restrict the domain of dependence of the Radon transform to a conic
set Cε,γ , c.f. Figure 2.1. The stability estimates obtained for the mean values
Mε,γ [f ] are:

Theorem 2.2 (Theorem 3.6). If 0 < ε < 1, γ > 0 small enough, m satisfies (1.16)
with a, b real analytic (or if m is constant), ‖f‖C0,α(R2) ≤ C0 for some 0 < α ≤ 1,
then

‖Mε,γ [fmγ ]‖2 ≤M
(

log(C/ε)
log(M/‖Rm[f ]‖ε,γ)

)α
, (2.3)
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for small ‖Rm[f ]‖ε,γ , where M depends on C0.

Theorem 2.3 (Theorem 4.10). If 0 < ε < 1, γ > 0 small enough, m satisfies
(1.16) with a, b ∈ Gσ(R2) and ‖f‖C0,α(R2) ≤ C0 for some 0 < α ≤ 1, then

‖Mε,γ [fmγ ]‖2 ≤M
(

log(C(s)/ε) log log(M/‖Rm[f ]‖ε,γ)
log(M/‖Rm[f ]‖ε,γ)

)α
,

for small ‖Rm[f ]‖ε,γ , where M depends on C0, and C(s) depends on s = σ−1 > 0.

Remark 2.4. We can relax the assumptions by only requiring that f fulfills an a
priori bound of Hölder type along all lines with slope less than ε > 0.

From a practical point of view, Theorems 2.2 and 2.3 are in themselves inter-
esting, but it is also straightforward to get estimates of fmγ .

Theorem 2.5 (Theorem 3.7). Suppose that ‖f‖C0,α(R2) ≤ C0, supp f ⊂ {(x, y); y ≥
x2}, m satisfies (1.16) with a, b real analytic (or m is constant), and that γ > 0 is
small enough. Given any ε > 0 there exist M > 0 depending on C0 such that,

‖f(·, γ)m(·, 0, γ)‖2 ≤M
(

log log(‖Rm[f ]‖−1
ε,γ)

log(‖Rm[f ]‖−1
ε,γ)

)α
,

if ‖Rm[f ]‖ε,γ is sufficiently small.

The corresponding result for a, b in Gevrey spaces Gσ(R2) requires that the
log log in the nominator on the right hand side is replaced by log2 log and that M
might depend on s = σ − 1 > 0.

For α > 1/2 we can also get supremum estimates of the means Mε,γ [fmγ ],
with the same bounds as in Theorems 2.2 and 2.3. By then considering functions
g supported in a more narrow parabola (such as {(x, y); y ≥ 2x2}) we can then get
similar supremum estimates for g(x, γ/2)mγ(x, γ/2).

In all of the above results, ‖Rm[f ]‖ε,γ = sup|η|≤γ ‖Rm[f ](·, η)‖L1([−ε,ε]) and ‖·‖2
is the usual L2-norm. The proof of Theorem 2.2 is particularly easy for constant
m and is thus first presented as an illustration of the fairly simple methods that
are involved. The key ingredient is to first estimate the moments of the means
Mε,γ [fmγ ]. In order to do this, one must further restrict ϕ so that a finite number
of derivatives can be estimated properly. In the most general case, extra care must
be taken in some steps in order to verify that no unwanted super-exponentially
growing factors appears. Once the moments has been estimated it is more or less
immediate to get similar estimates for generalized Fourier coefficients ofMε,γ [fmγ ].
In the second step one observes that the a priori bound on f will imply that these
Fourier coefficients will tend to 0 with a certain rate. This makes it possible to
achieve the desired stability estimates with little extra effort.

As a consequence of Theorem 2.5 we will be able to conclude that if m > 0
and Rm[f ] = 0 in a neighborhood of the origin there exist a neighborhood of the
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origin where also f = 0. That we can not expect anything better than logarithmic
continuity (e.g. Hölder continuity) dependence on the data is also illustrated by an
example.

Paper C
This paper is focused on two results within the theory of compressive sensing. First
we present improved conditions on when the restricted isometry property implies
the null space property for a matrix in Theorems 4.2 and 4.7. We get very close to
be able to say that if, for an m-by-N matrix A with complex entries, the restricted
isometry constants δ2s < 2/3, then A satisfies the null space property of order s. We
show that for large s we can get arbitrarily close to 2/3, but for smaller s we must
rely on Theorem 4.2 which instead requires δ2s < 4/

√
41. Both of these results were

improvements of the best previously known results by Mo and Li [ML11], which
had δ2s < 0.4931, and the latter result also appeared in [FR13], inspired by an
earlier version of our paper. As mentioned in Chapter 1, Section 2, a sharp bound
has recently been derived by Cai and Zhang, [CZ13]. An important point in their
proof resembles one of our key lemmas, but the proof was most likely worked out
without the authors being aware of this.

The remainder of Paper C is then dedicated to give a shorter proof, with a
somewhat improved result, of what is often called the theorem of uniform recovery
of random sampling matrices. The best known result at the time of writing was
due to Guruswami, Cheraghchi and Velingker [CGV12]. It states that if A is an
m-by-N orthonormal matrix with entries bounded by O(N−1/2), then for every
δ > 0, ε > 0 and N > N0(δ, ε) the restricted isometry constants δs of

√
N/mA are

less than δ with probability 1− ε, for some m satisfying

m . log(1/ε)
δ2 s(log s)3 logN. (2.4)

In comparison, our main result can be summarized as:

Theorem 2.6 (Theorem 6.2). Suppose that A is a complex-valued m-by-N ran-
dom sampling matrix associated with a bounded orthonormal system (with entries
uniformly bounded by some K ≥ 1), 0 < δ, ε < 1 and

√
m > CK

√
s log3(c0K2s) log(N/

√
s) +DK

√
s log(1/ε), (2.5)

where C,D and c0 only depend on δ. Then A√
m

satisfies the restricted isometry
property with constants δs ≤ δ with probability 1− ε.

The improvements include:

• A better estimate for small ε > 0, in particular for ε = N−γ , the order
of measurements is reduced from s(log s)3(logN)2 in (2.4) to s(log s)3 logN
from (2.5).
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• Explicit bounds on the constants C,D and c0 that also improve on many
previously known bounds for “asymptotically worse” results. In a more recent
preprint by Rauhut and Ward [RW13], the bounds on the restricted isometry
constants have been improved a little bit more.

• We do not require two different coverings which we have seen being used in
all previously presented proofs. Together with other adjustments some might
find this proof more explicit.

• Neither do we require x to be s-sparse, i.e. ‖x‖0 ≤ s. The weaker condition
‖x‖1 ≤

√
s‖x‖2, or equivalently E1(x) ≤

√
s, is enough.

In combination with the above conditions on δ2s, we also present related bounds of
C,D and c0 that implies that the null space property of order s holds for A√

m
.

Author’s contributions to the papers
With regards to all papers in this thesis, the author has been involved in regular
discussions around hypotheses, ideas on how to prove them and formulations of
results. The author has then worked out details and computations in order to
verify the results. Almost everything in the papers has also been written by the
author.

Regarding Paper A, the co-author, Professor Jan-Olov Strömberg, had already
considered some of the results before the author became involved. He had therefore
already rough ideas on how to prove many of the results. However, the actual
verifications of these ideas as well as the presentation of the material turned out to
be quite challenging. The author had to come up with several modifications and
new notations for these purposes.

While finishing up Paper A, both authors simultaneously commenced work on
Paper C. The author of this thesis took a larger responsibility from the start, being
more involved in formulating the desired results. While carrying out details, the
author was able to simplify arguments, e.g. removing some lemmas which were
initially thought to be required for the proof of Theorem 6.2.

Work on Paper B was commenced at about the same time as Paper C, with
a different collaborator, Professor Jan Boman. He came up with the problem
and a method for solving it. The author took perhaps even more responsibility
compared with the other two papers. For example, several of the key observations
in Section 4 (considering the most general estimates) were made by the author.
The presentation of these ideas was however improved by the co-author.
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