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Lagrangian Particles in Turbulence and Complex Geometries

Azad Noorani

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

Wall-dominated turbulent dispersed multiphase flows occur in a variety of in-
dustrial, biological and environmental applications. The complex nature of
the carrier and the dispersed phase is elevated to a higher level introducing
geometrical complexities such as curved walls. Realising such flows and par-
ticulate phases poses challenging problems both from computational and also
physical point of view. The present thesis tries to address some of these issues
by studying a coupled Eulerian–Lagrangian computational frame.

In the first step, turbulent flow in straight pipes is simulated by means of
direct numerical simulation with a spectrally accurate code nek5000 to examine
the Reynolds number effect on turbulent statistics. Adding the effect of the
curvature to these canonical turbulent pipe flows generates Prandtl’s secondary
motion of first kind. These configurations, as primary complex geometries in
this study, are examined by means of statistical analysis to unfold the evolution
of turbulent characteristics from a straight pipe configuration. A fundamentally
different Prandtl’s secondary motion of second kind is also put to test by means
of adding the side-walls to a canonical turbulent channel flow and the evolution
of various statistical quantities with varying the duct aspect ratios is discussed.

After having obtained a characterisation of the turbulent flow in the geome-
tries of bent pipes and ducts, the dispersion of small heavy particles is modelled
in the bent pipe by means of point particles which are one-way coupled to the
flow. For this purpose a parallel Lagrangian Particle Tracking (LPT) scheme
is implemented in the spectral-element code nek5000. Its numerical accuracy,
parallel scalability and general performance in realistic situations are scruti-
nised in various situations. Also, the resulting particle fields are analysed,
showing that even a small degree of geometrical curvature has a profound im-
pact on the particle concentration maps.

For each of the aforementioned turbulent flow cases new and challenging
questions have arisen to be addressed in the present and upcoming research
works. Along with an improved understanding of the particle dispersion in the
considered complex geometries, the current project is particularly intended to
improve the numerical aspects of the current LPT module suitable for large-
scale computations.

Descriptors: Direct numerical simulation, wall turbulence, secondary motion,
pipe flow, curvature effects, duct flow, Reynolds-stress budgets, Lagrangian
particles, particle-laden bent pipe.
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Lagrangepartiklar i turbulens och komplexa geometrier

Azad Noorani

Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning

Turbulenta väggdominerade flerfasflöden förekommer i ett flertal industriella,
biologiska och miljömässiga tillämpningar. Bärarfluidens och partikulära fasens
komplicerade beteende lyfts till en högre niv̊a s̊a fort man introducerar ge-
ometriska utmaningar, s̊a som krökta väggar. Förverkligandet av s̊adana par-
tikulära faser och flöden ställer till komplexa problem, b̊ade fr̊an en fysikalisk
och en beräknings-synvinkel. Denna avhandling försöker ta itu med n̊agra av
dessa problem genom att studera en sammansatt Euler-Lagrange beräkningsram.

Som ett första steg simuleras turbulent flöde i raka rör genom direkta
numeriska simuleringar med en spektralt noggrann kod nek5000 för att analy-
sera Reynoldstalets effekt p̊a den turbulenta statistiken. Tillägget av effekten
fr̊an geometrisk krökning till dessa kanoniska turbulenta rörflöden genererar
Prandtls sekundära rörelse av den första typen. Dessa konfigurationer, som
primär komplex geometri i denna studie, blir undersökta med hjälp av statis-
tisk analys, fr att finna utvecklingen av turbulensens egenskaper i ett rakt rör.
En väsentligt annorlunda Prandtls sekundära rörelse av den andra typen, är
ocks̊a undersökt genom att lägga till sidoväggarna till ett kanoniskt turbulent
kanalflöde, och utvecklingen av diverse statistiska kvantiteter, med varierandet
av kanalens storleksförh̊allande diskuteras.

Efter att ha erh̊allit en karakterisering i geometrin i det turbulenta flödet
inom krökta rör och kanaler, modelleras fördelningen av små tunga partik-
lar i det krökta röret med hjälp av punktpartiklar som är enkelriktat kopplade
med flödet. För detta syfte är ett parallellt Lagrangsk partikelsp̊arningsschema
infört i den spektrala koden nek5000. Dess numeriska noggrannhet, parallella
skalbarhet och allmänna prestation i realistiska sammanhang är granskat i flera
olika situationer. De resulterande partikelfälten är analyserade, vilketa visade
att även en liten grad av geometrisk krökning har en djup inverkan p̊a par-
tikelkoncentrationsfördelningen.

För varje av dessa ovannämnda turbulenta flöden har nya och utmanande
fr̊agor uppst̊att, som tas upp i nuvarande och framtida forskningsarbeten. Till-
sammans med en förbättrad först̊aelse av partikelfördelningen i de geometrier
som anses vara komplexa, är det nuvarande projektet speciellt anpassat för att
förbättra dem numeriska aspekterna av den nuvarande LPT modulen anpassad
för storskaliga beräkningar.
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Overview and summary





CHAPTER 1

Introduction

The dynamics of fluid flows can be described in both Eulerian and Lagrangian
frames. While in the latter one considers the movement of individual particles
of the fluid, the former is based on the continuum hypothesis (see for example:
Batchelor 2000) concerning the fluid properties within a control volume. The
observer in this case is fixed in space and locally different fluid particles appear
to be described through time. Such an Eulerian field is, for instance, recorded
by e.g. stationary sensors such as hot-wires or pitot-static tubes. On the other
hand, the observer in the Lagrangian framework follows individual fluid parti-
cles in time, and as it happens the instantaneous particle velocity and position
characterise the motion in space and time. For instance, the probes mounted
on atmospheric balloons can be considered as Lagrangian sensors (Guyon et al.
2001) as they are travelling with the fluid. While Newton’s second law di-
rectly applies to each particle in the Lagrangian frame, one can apply the same
universal law for a continuum to arrive to the Navier–Stokes equations in the
Eulerian frame. On the one hand, having considered the fluid flow as con-
tinuous medium both alternatives to describe fluid motion lead to a unique
description. On the other hand, tracking each and every individual particles
for complex flow systems might be quite costly. Thus, most considerations in
fact are related to the Eulerian framework.

The most widely observed regime among the fluid flows is, by and large,
the state of turbulence. This complex and chaotic flow regime is central to
much of the typical industrial and environmental processes such as heat and
mass transfer, mixing and reactions, particulate dispersion, solid suspension
an so forth. These phenomena are dramatically affected by the presence of
turbulence (see Paul et al. 2004). Turbulence is characterised by being ran-
dom, rotational, dispersive and often highly intermittent (Davidson 2004; Pope
2000). This three-dimensional process contains a large range of spatial scales
that transport and eventually dissipate the kinetic energy via a cascade pro-
cess. Up to this date no analytical theory of turbulence is available due to the
complex interactions between the various temporal and spatial scales dictated
by the nonlinear Navier–Stokes equations. It is noteworthy that the Navier–
Stokes equations are valid both in the laminar and turbulent state of the fluid,
and have as such embedded a rich set of different solutions, controlled by a
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2 1. INTRODUCTION

few parameters of the flow. A general mechanistic description of this physical
phenomena, therefore, is not available (Paul et al. 2004).

In an effort to perform qualitative or quantitative studies in the field of tur-
bulence, corresponding experimental analysis techniques have largely improved
during the last decades. Probably the most basic tools are the so-called hot-
wire probes, essentially thin wires in the flow which provide an approximation
to the fluid velocity by measuring the heat transfer (i.e. cooling) excerted onto
the wire by the flow. Such hot-wire measurements have been proven extremely
valuable in the range of small-scale turbulence (Bradshaw 1971). Recently,
methods employing more computer-based capabilities have appeared, such as
image sensors in particle image velocimetry (PIV). These methods can be used
to examine a much wider range of scales (Raffel et al. 2007). It is interesting
to note in this context that with PIV, in fact, the motion of Lagrangian par-
ticles is observed, based on which an approximation of the underlying Euler-
ian field is obtained. The optical tracking of tracer particles, also known as
particle-tracking velocimetry (PTV), is the most prominent technique in re-
alising turbulence via a Lagrangian technique. The passive tracers, inertial
particles, or even particles with size larger than the smallest spatial scales of
the flow also can be used in this method (Toschi & Bodenschatz 2009). While
the first systematic set of measurements applying this technique in wind-tunnel
and water-tunnel grid turbulence is reported by Snyder & Lumley (1969) and
Sato & Yamamoto (1987), experimentalists actively keep developing the PTV
to be applied for three-dimensional high Reynolds number turbulent flows.

In the light of the various techniques to measure a flow, both in laboratory
and also in the field, it has been an attractive alternative trying to compute
solutions to the governing equations more or less directly. Of course, a range of
analytical tools have been employed, mostly to describe flow phenomena either
in some asymptotic limit, or to derive scalings or statistical relations. However,
early on the idea came up to directly compute solutions to the Navier–Stokes
equations, either with or without so-called turbulence models. As early as in
the 1920s such trials were done, e.g. by the famous meteorologist L. Richardson
(see Richardson & Chapman 1965), but it was not until the invention of digital
computers that this technique became feasible for more and more relevant flows.
Notwithstanding, the direct numerical simulation (DNS) remains unrivaled in
accurately providing a numerical solution for the Navier–Stokes equations with
resolving all (or at least the relevant ones, whatever that means in practise)
temporal and spatial scales of the problem. This technique provides a sump-
tuous level of details in describing the various aspects of flow physics without
applying a turbulence model. However, with increasing Reynolds number of
the flow; defined generically as Re = UL/ν, where U and L are the integral
velocity and length scale of the flow, respectively (e.g. bulk velocity ub and di-
ameter of the pipe D for a pipe flow), and ν is the dynamic viscosity, the range
of excited scales in turbulent flow rapidly increases. Consequently, performing
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a DNS is highly expensive and mostly restricted to canonical flow geometries
and set-ups. In particular within academic research, the accuracy of the un-
derlying numerical methods has been valued as crucially important. Therefore,
the advancements in spectral methods in solving Navier–Stokes performed by
Patterson & Orszag (1971) intertwined with the availability of required com-
puter power for performing a DNS in the 1970s and 80s. As such Rogallo (1981)
performed a DNS of homogenous isotropic turbulence in a three-periodic box
with, at that time enourmous, 128×128×128 grid points. These results showed
a good agreement with the available experimental data at the time. Having
realised the potential of simulations not only to reproduce experiments, but
also to provide an unprecedented insight into the flow and the possibility to
evaluate all kind of terms that were just available as approximations previously.
This established that simulation results can provide data bases for examining
existing (and new) turbulence models.

In the context of wall-bounded turbulent flows, channels and boundary
layers were put to test applying the spectrally accurate DNSs which were per-
formed by Kim et al. (1987) and Spalart (1988) towards the end of the 1980s.
The turbulent scaling rules such as the law of the wall and the defect law were
examined now also from DNS, and a range of statistics of the turbulent flow
were computed and discussed in detail. Although from the experimental point
of view realising turbulent pipe flow is the easiest among the wall-bounded
canonical flows mainly due to its geometrical enclosure and the lack of any
side-wall effects, it was not until 1990s that a first accurate DNS was performed
in the pipe configuration by Eggels et al. (1994). The numerical approach nec-
essary for this configuration requires to cast the Navier–Stokes equations into
a cylindrical polar coordinates which results in an apparent numerical singu-
larity at the centreline of the pipe. There are a number of techniques available
nowadays to deal with this singularity, but as of today the turbulent pipe flow
remains as the only wall-bounded canonical flow that has not been studied
thoroughly as a function of Reynolds number. However, there are a number of
approaches and ongoing activities that tackle this apparent lack in the litera-
ture; some of them are even included in this thesis.

Although simulations of canonical flows (say plane channels, zero-pressure
gradient boundary layer or straight pipes) provide extremely valuable insights
into the inner workings of turbulence and thus into turbulence research as such,
the geometries of these flows are largely simplified in order to avoid losing the
generality (which of course is the very definition of being canonical). On the
other hand, industrial, environmental and biological applications are usually
more complex compared to canonical flows mostly due to geometrical effects
such as curvature or converging/diverging sections leading to e.g. secondary
flows, separation bubbles etc. Other physical effects such as rotation might
also be present which similarly lead to a changed flow. Although the major-
ity of these configurations remains untouched, the improvements in simulation
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methodology allows researchers to use similarly high-accuracy methods as em-
ployed for the above-mentioned canonical flows to be used in more complex flow
situations. Among these more suitable simulation techniques, in this thesis we
focus on the spectral-element method (SEM) which facilitates performing DNS
of turbulent flow in moderatly complex geometries. The basic idea of SEM,
which was introduced by Patera (1984), is essentially a high order weighted
residual method that provide both the high accuracy and geometrical flexi-
bility simultaneously. In that sense, SEM can be considered as combination
of the already discussed spectral methods and the more general, but mostly
low-order finite element method (FEM). Originally, in Patera (1984) the SEM
was introduced as a straight-forward combination of multiple subdomains in-
dividually discretised based on Chebyshev polynomials with suitable matching
conditions. Soon, however, SEM changed towards a discretisation based on Le-
gendre polynomials which are, as the Chebyshev polynomials, taken from the
family of high-order orthogonal polynomials. It is in fact this orthogonality
which is crucial for SEM as it leads to diagonal mass matrices and provides a
set of accurate integration and derivation rules. Another aspect that is benefi-
cial for SEM in particular with the current development of massively parallel
computers is the fact that with SEM there is a large amount of work local to
each element, and only the global communication (i.e. the exchange of bound-
ary data and the pressure coupling) to be done on the global mesh. This has led
to a number of very efficient implementations of SEM in computer programs,
usually referred to as codes. In this thesis, one particular code will be consid-
ered, namely nek5000 which directly originated from the initial efforts by the
group that was led by Patera at MIT, at that time in a code named Nekton. In
this context it is important to note that the computer power roughly doubles
every 18 months (this is usually called Moore’s law which however related to
the number of transitors on a chip). However, this increase in computer power
does not mean that any code will just go twice as fast every 1.5 years; the code
needs to be able to use the latest developments in computer architectures in a
beneficial way. Initially, very powerful single (vector) processors were used in
large (mainframe) computers. Parallelisation at that time was limited to a few
processors, usually employing shared memory. It was during the 1990s that
the concept of distributed memory arose, which meant that programs had to
communicate explicitely with each other. This development has continued until
today, and one can state that the speed of an individual core (the computing
unit in modern processors) is not increasing any longer, but rather the number
of concurrent cores and nodes is the decisive factor. Nekton was one of the first
codes that was both accurate, three-dimensional, and could take advantage of
the new parallel machines.

From computational point of view, simulating a large number of parti-
cles for a complex flow system in a Lagrangian frame might not be feasible;
notwithstanding, there are situations where having a clear Lagrangian view is
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necessary and almost crucial. Turbulent dispersed multiphase flow is one of
these instances that widely appear in industrial, biological and environmental
applications. Dispersed solid particulate phases are, for instance, sandstorms
in the desert or emulsified petrochemical droplets suspended in water. One
particularly celebrated example is the eruption of the Icelandic volcano Eyjaf-
jallajökull in the year 2010 which formed a jet in cross flow laden with inertial
particles, resulting in an unexpected and long air traffic shutdown in the same
year. In these cases, the particulate phase is distributed in its carrier flow
and, being inertial, the particles do not necessarily follow the flow streamlines.
Other examples where a Lagrangian viewpoint is importatn are the study of
Lagrangian chaos in the context of dynamical systems or Lagrangian coher-
ent structure in turbulent flows which involves tracking fluid tracers. Related
aspects of multiphase flows include the treatment of deformable “particles”
such as droplets or bubbles, or the advection of large objects such as fibres in
suspensions.

A computational investigation of dispersed phase behaviour can be con-
ducted with a number of methods described in the literature. One option is
the treatment via an Eulerian-Lagrangian approach where the fluid flow is com-
puted in macro-scale and the particulate dispersion transport is incorporated
using models (Balachandar & Eaton 2010). Ideally, directly simulated solu-
tions to the Navier–Stokes equations of the carrier phase can be combined with
boundary condition corresponding to each individual particle. Indeed all the
scales near the surface of the particle must be resolved in this method which
makes it suitable for studying the transport of finite-size particles although
due to its cost this may not be computationally feasible for a large number
of particles (Crowe et al. 2011). There are several other computational tech-
niques proposed in the past to model the particulate dispersion in turbulent
flows. The approaches of dusty gas, equilibrium Eulerian and Eulerian-Eulerian
(two-fluid) appear as popular techniques to model dilute particulate suspension
– see, among others, the reviews by Balachandar & Eaton (2010) and Crowe
(1982) for additional information. Nevertheless, the Lagrangian point-particle
approach has proven to be the most useful and reliable technique in modelling
the micron-size particle-laden turbulent flows which covers a good range of par-
ticle size and relaxation times. The level of interaction between the particles
and their carrier phase may vary with particle to fluid density ratio and the
volume occupied by the dispersed phase (Balachandar & Eaton 2010).

The objective of this work is to implement, validate and employ an efficient
variant of Lagrangian particle tracking suitable for complex geometries. In the
spirit of DNS, the required modelling should be kept at a minimum level in
order to obtain accurate solutions of benchmark quality, both for the flow
carrier phase, but also for the particles. Therefore, the current approach will
be limited to very small particles, which still have inertia but can be treated
as being affected by the flow without direct back-reaction onto the flow. In
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the light of the described computational approaches, the idea is to use an
underlying disretisation using SEM combined with a consistent Lagrangian
particle tracking in complex geometries.

In the remainder of these introductory sections we will discuss in more de-
tail the employed numerical methodology for the Eulerian phase. The newly im-
plemented solver for the Lagrangian phase is described together with a proper
validation, and a study of the numerical efficiency. In that context, a few sug-
gestions are mentioned on how the performance can be further improved which
will be a major part of follow-up studies. Finally, a number of results are sum-
marised from the four papers that are appended to this introduction. These
summaries serve as an outline of the work in this thesis, and try to couple
together the various aspects. Conclusions and an outlook of the works will be
given last.



CHAPTER 2

Computational methodology

The fluid flows considered in the current research are realised with direct numer-
ical simulation technique. To do so, the massively parallelised spectral element
code nek5000 is employed. This solver originated as the high-performance
version of Nekton and is actively developed by Fischer et al. (2008) at the
Mathematics and Computer Science Division of the Argonne National Labo-
ratory (ANL), located outside of Chicago. To simulate the particle motion, a
parallelised Lagrangian Particle Tracking (LPT) module was implemented in
the DNS solver. In this chapter the spectral element method (SEM) imple-
mented in nek5000 is briefly described, followed by a thorough discussion of
the LPT module and its verification and validation.

2.1. Flow solver and governing equations

The governing three-dimensional unsteady incompressible Navier–Stokes equa-
tions (NSE) written in their non-dimensional form read

∇ · u = 0, (2.1)

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u , (2.2)

where u denotes the velocity vector and p is the pressure. Obtaining a nu-
merical solution for such a nonlinear system of equations of mixed parabolic-
hyperbolic type is challenging, and usually it is advisable to use schemes with
high accuracy and low numerical diffusivity. This is in particular true for high
Reynolds-number turbulent flow where a large portion of the flow structures
are advected for a long period in time and space before they are subjected to
the inherent dissipation of turbulence and viscosity.

Spectral methods representing the NSE solution via global Fourier expan-
sion are very accurate with a rapid rate of convergence with increasing degrees
of freedom. However, a major drawback of these methods is that they only are
applicable to relatively simple geometries, which can be usually described as
boxes (or bricks), maybe with some simple coordinate mappings (Canuto et al.
1988).

The spectral-element method (SEM) is capable of benefiting from both geo-
metrical flexibility of a low-order method such as finite-element method (FEM)

7



8 2. COMPUTATIONAL METHODOLOGY

and also the fast convergence (and thus high accuracy) of spectral methods at
the same time. In SEM the weak formulation of the incompressible NSE is de-
rived by multiplying the governing equations by test functions and integrating
over individual elements in the physical domain. The spatial discretisation is
then performed applying the Galerkin approximation onto a sub-space of or-
thogonal polynomial functions, following the PN −PN−2 formulation of Maday
& Patera (1989) where the highest order of the polynomials for the velocity
is two degrees larger than that for the pressure expansion. This is similar to
the staggered grid strategy normally used in finite element or finite difference
schemes to avoid spurious pressure (checker-board) modes. In fact later studies
of Tomboulides et al. (1997) showed that this may not be necessary in SEM,
and proposed the PN − PN scheme where the Lagrangian interpolants per-
taining to spatial discretisation for both velocity and pressure sub-spaces are
defined on the same Gauss–Lobatto–Legendre (GLL) nodes. While both algo-
rithms are implemented in the code nek5000, the PN − PN−2 scheme is used
for the current studies, except for the bent pipe simulations that are performed
with the PN − PN scheme. A documentation of implementation and method
verifications can be found in Tufo & Fischer (1999) and Fischer et al. (2008a).

The high-order splitting technique of Maday & Rønquist (1990) is applied
to discretise the equations in time. While the viscous terms are allowed to
be treated implicitly by a third-order backward difference scheme (BDF3), the
nonlinear convective terms are treated by means of third-order extrapolation
(EXT3). The former is reasoned to ensure stability whereas the latter is mainly
to reduce the computational cost.

It is worth noting that the non-linearity of the advective terms in the
NSE results in aliasing errors, which is characterised by generating smaller and
smaller scales that might not be represented on the mesh any longer. Similar to
pseudo-spectral methods an 3/2-rule can be used to correct for these errors; in
the context of physical-space methods, this is usually referred to as overintegra-
tion scheme (see Maday & Rønquist 1990). This scheme is conventionally used
in nek5000. Note that in other SEM codes different measures are taken, e.g. to
write the advection terms in formulations that are less prone to aliasing errors
such as the skew-symmetric form. As recently shown by (Ohlsson et al. 2011)
dealiasing might not be sufficient in particular not in the context of curved ge-
ometries, since the related mapping might lead to another step in the order of
quadrature. Therefore, an additional filter-based stabilisation procedure is also
implemented and used in the code which allows for performing well-resolved
high Reynolds number turbulent flows where a smooth damping of the highest-
order mode will be considered in the expansion (Fischer & Mullen 2001; Mullen
& Fischer 1999).

Eventually the pressure and velocity are decoupled and solved iteratively
applying a conjugate gradient method with a scalable Jacobi and GMRES
method with Schwarz preconditioners. According to Tufo & Fischer (1999)
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Figure 2.1. Wall-clock time per time step of the simulation
of a turbulent pipe case with 1264032 elements and 2.184×109

grid points. HECToR (EPCC Edinburgh, UK): • , full node;
◦, half node. Lindgren (PDC, Sweden): �, full node; +, linear
scaling.

and Fischer et al. (2008a) a fast parallel coarse grid solver used in the lat-
ter scheme is scaling up to hundered of thousands (and now also millions) of
processors. The code nek5000 employs a standardised and portable message-
passing interface (MPI) for its parallelism based on FORTRAN and C. For the
simulations in the current thesis, a maximum of 65535 cores were used on a
Cray XE-6 machine in Edinburgh. In Sweden, both Triolith (with up to 16k
cores) and Lindgren (with up to 32k cores) were employed. This scaling is
performed by means of strong scaling where the actual problem size is fixed
while the number of processors is increased. This implies directly that for
larger numbers of processors the workload will reduced which has inherently
an adverse effect on the performance. An overview of the parallel scaling of
the largest pipe flow simulations is given in Figure 2.1.

2.2. Particle phase solver

With DNS one can in principle resolve the smallest scales of the fluid flow
around a particle surface, and thus solve for the complete velocity field around
a given particle. Using this velocity field, the forces arising on the surface,
which can stem from both the viscous friction and the normal forces due to the
pressure distribution, can be evaluated and employed in the advection of the
particle. This had been previously performed by, for instance, Burton & Eaton
(2005) applying an overset grid technique to resolve the interaction of a fixed
particle with homogeneous isotropic turbulence. Balachandar & Eaton (2010)
and Bagchi & Balachandar (2003) give an overview of the additional techniques
applicable to fully resolved simulations of particle-laden flow systems. Although
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these methods may provide a detailed view of the flow around the particles, they
are usually very costly from a computational point of view which makes them
mostly irrelevant for simulating the complexity of turbulent flow. Generally
the number of particles that can be considered in these approaches is also
very limited compared to the number of particles in industrial particle-laden
flows (Burton & Eaton 2005). Naturally, resolving a full particle becomes more
important if the particles under consideration are large with respect to either
the relevant geometry or the scales of turbulence (which are controlled in parts
by the Reynolds number).

Modelling the dispersed phase by means of Lagrangian point particles is
another way of approximating particles, and is widely used in the realm of tur-
bulent dispersed multiphase flows. In that approach the equations of motion
due to the position, mass, momentum, and energy of each individual particle
are solved, as e.g. derived by Maxey & Riley (1983). The size of particles does
not directly enter the equations; hence, analysing poly-dispersed systems is also
feasible. The other modelling techniques such as Eulerian approaches requires
the existence of a unique field representation for particle velocity and tempera-
ture (Balachandar & Eaton 2010). This implies a strict limitation for the ratio
of the particle time scale to flow time scale that can be considered in these
methods (Ferry & Balachandar 2001). To the contrary, the Lagrangian point
particle approach is fundamentally free from such restrictions. Theoretically
the point particle assumption is valid when the particle diameter is smaller
than the shortest scale of the fluid in motion. As mentioned above, for larger
sized particles the finite-size point particle approach must be adopted which is
out of the scope of the current research.

According to Elghobashi (1991, 1994) the level of interaction between the
dispersed phase and its carrier phase can be determined via mass-loading (Φm)
and volume fraction (Φv) parameters (see figure 2.2). The latter is the ratio of
the volume occupied by particles to the volume occupied by the carrier phase,
while the former is the ratio of mass of the particulate phase to carrier phase.
For sufficiently small Φv and Φm the dynamics of the particle suspension is
essentially ruled by the turbulent carrier phase. In fact, the dispersed phase is
so-called one-way coupled with its carrier phase such that the particle feedback
force acting on the fluid phase and also the inter-particle collisions can be
considered as negligible (Balachandar & Eaton 2010). Considering such dilute
suspensions, this force must be fed back to the system when Φm is larger
(& 10−3). This poses additional challenging problems from a numerical point
of view. The previous attempts providing a feasible two-way coupling method
are discussed in Eaton (2009).

For a dense suspension situation (Φv & 10−3) four-way coupling needs to
be considered, which includes mutual fluid-particle interaction, inter-particle
collisions and hydrodynamic interaction of particles. In particular, particle-
particle collisions play an important role in the dispersion process (Sommerfeld
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τp/τk

τp/τe

Φv

Figure 2.2. A schematic view of various coupling models
for point particles (adapted from Elghobashi 1991, 1994). τk
and τe indicate the Kolmogorov and large-eddy turnover time
scales of the turbulent carrier phase while the particle time
scale is denoted by τp.

et al. 2008). To simulate inter-particle collisions two models are normally used;
namely the hard sphere model applicable to a binary collision and soft sphere
model or discrete element method (DEM) applicable to a wide range of colli-
sions such as non-binary interaction or agglomerations (Crowe et al. 2011). In
the former model a restitution coefficient e can be defined as the ratio of pre-
and post-collisional relative speeds of the particles. In a purely elastic collision
it is assumed that the total kinetic energy is conserved during the collision
process. Thus, only the mechanical behaviour associated with the process of
particle-particle interaction is considered. This hard-sphere model can be em-
bedded within either a stochastic or a deterministic collision model similar to
Sommerfeld (2001) or Breuer & Alletto (2012). The particle-wall interaction
can also be modelled with a similar approach. In that case, a coefficient e
can be defined as |vn,2/vn,1| where vn,2 and vn,1 are the wall-normal pre- and
post-collisional velocities of particles, respectively.

In order to identify the acting forces on a single particle, Maxey & Riley
(1983) derived the equation of motion for a spherical rigid particle immersed
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in a non-uniform flow. Their rigorous derivations resulted in an equation con-
sidering various effects, including

• the particle mass and buoyancy force,
• force due to the fluid acceleration,
• force due to the added mass (accounts for the surrounding fluid accel-

eration due to the particle acceleration),
• the aerodynamic Stokes drag (a force due to the fluid flow viscous ef-

fects),
• the Basset force (a history force term where the memory effects with

regards the boundary layer lagging on the particle surface are collected).

These formulae have been subjected to various corrections; among which the
Faxén correction terms due to the non-uniformity of the conveying flow (e.g.
curvature of the velocity profile) and the semi-empirical nonlinear coefficients
for Stokes drag corrections are the most prominent ones. Assuming rotating
particles one needs to add the Magnus force and Saffman lift (due to the flow
shear) to this equation to complete the fluid dynamics force on a particles. A
complete description can be found in Crowe et al. (2011).

Considering heavy inertial particles, the studies conducted by Armenio &
Fiorotto (2001) and Elghobashi & Truesdell (1992) already showed that the
only effective forces on these particles are the Stokes drag and the buoyancy
force. The effect of the rest is negligibly small compared to these two. Within
this very common approximation, the effective set of equations of motion for
the particles reduces to

dvp

dt
=

u(xp, t)− vp

Stb

(

1 + 0.15Re0.687p

)

+

(

1− ρf
ρp

)

g, (2.3)

dxp

dt
= vp, (2.4)

where xp is the particle position, vp and u(xp, t) are the particle velocity and
the fluid velocity at the particle position, respectively, and g is the gravitational
acceleration vector. The particle relaxation time τp is defined as

τp = ρpd
2
p/(18ρfν) , (2.5)

where ρp and ρf are the particle and the fluid density, respectively, and dp is
the particle diameter. The dimensionless form of the particle relaxation time
which expresses the ratio of the particle inertia to the fluid inertia, can be
computed as

Stb = τpub/Ra , (2.6)

which is usually referred to as bulk Stokes number Stb. In that regard, the
particle Reynolds number Rep can be also obtained via

Rep = |vp − u(xp, t)|dp/ν . (2.7)
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Figure 2.3. Validation of time-integration scheme (AB3) ap-
plied for particle tracking in nek5000. (Left) Inertial particle
drift in a still fluid in time (t); analytical solution,
simulation results. Xp is the particle position initiated at 0.6.
(Right) Error (ǫ) from the time integration; • the error in the
final time of the simulation, indicates 3rd order be-
haviour.

The first term in the right-hand side of the equation 2.3 describes the par-
ticle acceleration (ap) due to the steady-state drag force acting on the spherical
solid particle in the velocity field. The coefficient

(

1 + 0.15Re0.687p

)

is the non-
linear correction of this value due to the finite size of the spherical particle
according to Schiller & Naumann (1933).

In a very similar way, the equations for a fluid particle, i.e. a particle that
does not carry any inertia, can be formulated. The modified evolution equation
(2.4) simply becomes

dxp

dt
= u(xp, t) . (2.8)

As a first step of performing simulations, the micron-sized dilute heavier-
than-fluid particles are considered to be modelled via an Eulerian/Lagrangian
DNS approach. The particle tracking is performed via integration of the equa-
tions 2.3 and 2.4 (and also 2.8 for certain cases) applying the classical 3rd order
Adams–Bashforth (AB3 ) method as an explicit multi-step temporal discretisa-
tion. The verification of the implemented time-stepper is performed by means
of modelling a drifting particle in an otherwise still fluid. An analytical solu-
tion can be easily derived with ignoring the nonlinear correction in the Stokes
drag. Figure 2.3 displays the solution using the numerical implementation in
nek5000 compared to the analytical solution. It can clearly be seen that the
simple integration of the particle results in the expected third-order behaviour.
As for the carrier phase solver the time step (∆t) is fixed such that the CFL
condition is always below 0.5, the particle time step ∆t is set to be equal to the
flow solver time step. Checking the maximum possible time step for the AB3
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method and the relevant right-hand sides in the particle equations shows that
the mentioned choice for the time step is always within the region of absolute
stability of the AB3 scheme.

It is worth noting that AB3 is an explicit linear multi-step method which
performs the forward time integration using the information from the three
previous time steps; in that sense it is very similar to the EXT3 scheme used
in the flow solver. The lack or an error in the information of one of these
previous steps may compromise the accuracy of the method. To avoid losing the
accuracy in a restart of a simulation, a proper restart procedure is implemented
such that the particle data of the last three time steps of the simulation is
saved. The next session of the simulation is continued using these data. A
similar procedure is also used for the integration of the flow field; in that
case it has been shown that the reduction of order in a restart might lead to
severe ramifications in the future flow development, including the generation
of instabilities or even a blow-up of the simulation.

In addition, the particle-wall collision also requires similar treatment. As-
suming the particle interaction with solid walls is simulated by means of purely
elastic rebounds, e = 1, which means that the collided particle will be reflected
back to the computational domain with total kinetic energy conservation in
the collision process. This reflection requires changing the wall-normal velocity
component of the particle. Correspondingly the stored data of the previous
time steps must also be changed to enable a proper high-order time integration
according to AB3. This is shown in the figure 2.4 where an inertial particle is
initiated with a non-zero velocity component perpendicular to the wall. The
particle is tracked in a still fluid (similar to the previous validation case) such
that it collides with the wall and reflects back to the domain. The particle
drift and the velocity switching process is shown in the figure. Evidently the
error is decreasing with 3rd order suggesting that the time integration method
is implemented properly for the wall collisions.

Although the carrier phase is simulated on a set of fixed grid points, the
particle data is required to be obtained at arbitrary positions within the com-
putational domain in each time step of the simulation. The accuracy of the in-
terpolation method is significant for the correct evaluation of the hydrodynamic
forces such that it has a direct consequences, for instance, on the acceleration
spectrum of the fluid particles (see van Hinsberg et al. 2013). In that regard,
a spectrally accurate interpolation scheme is used in nek5000 to evaluate fluid
velocity at the particle position.

According to Amdahl’s law any part of a parallel code requires to be par-
allelised, otherwise it will become the bottleneck when increasing the number
of concurrent processors. Considering nek5000 is massively parallelised, the
particle tracking solver should also be fully parallel. At present, each particle
is handled by a certain processor which will remain the same during the whole
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Figure 2.4. Verification of particle-wall collision scheme in
the context of AB3 time integration for tracking the particle.
(a) Particle position in the wall-normal direction (Yp) versus
time t (thin solid line indicates the wall which is located at
Yp = −1); analytical solution, simulation results.
(b) wall-normal velocity component of the particle Vp before
and after the collision; simulation data; zero-velocity
indication. (c) Error analysis of the time integration; • the
error in the final time of the simulation (ǫ), indicates 3rd

order behaviour.

simulation. Since there is no particle-particle interaction, the integration of the
particle equations is embarrassingly parallel. The only workload is the interpo-
lation of the fluid velocity at particle positions, for which a situation might arise
that the processor performing the fluid element computations differs from the
processor that is allocated for particle computations. In that case a communi-
cation is required for exchanging the data between the processors. Sometimes
this communication load is even larger than the (local) velocity interpolation
workload. Presently, the search for the processor ID on which the particle
velocity data is located is done in every time step of the simulation. Hence,
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increasing the number of particles for fixed number of processors increases the
total workload more or less linearly.

The current implementation was scrutinised in order to quantify the impact
of the LPT on the overall performance of the code in real situations simulating
a (standard) particle-laden turbulent channel flow in a large box. The box size
is set to be (12π, 2, 6π) in (x, y, z) directions respectively with (100, 10, 100)
elements in each of these directions. Each spectral element is resolved with 83

internal GLL points which gives 51 200 000 grid points. A total of 1 530 000
inertial particles are distributed uniformly in the computational domain. The
case is kept running until the particle dispersion reached a statistically sta-
tionary state. Thereafter, strong parallel scaling is evaluated by increasing
the number of processors while montoring the workload measured as the aver-
aged wall-clock time per time step during the simulation. The values for the
whole solver, flow solver nek5000 and the LPT module are shown in figure 2.5
where nek5000 shows an excellent linear scalability for all considered number
of processors. However, increasing the number of processors the LPT solver
deviates from the linear scaling (figure 2.5,b) and correspondingly the whole
solver (figure 2.5,c). However, due to the fact that the total time spent in the
LPT module is merely 10% of the whole simulation time it is barely visible in
figure 2.5 (c). It is worthwhile to note that more than 95% of the wall-time
spent in the LPT module is due to the interpolation of the fluid velocity at
particle positions. The remaining 5% are spent in advecting the particles; a
comparably cheap and in particular completely parallel operation.

In a similar test a turbulent channel flow with box size of 4π × 2 × 2π
laden with uniformly distributed particles is simulated. In this case the num-
ber of processors is fixed to 256 and the number of particles per processor is
increased. As illustrated in figure 2.5 (d), it is obvious that the workload is
increasing linearly as we expected. This confirms that the particles are essen-
tially independent of each other. The scaling tests are all performed on a Cray
XE-6 machine at PDC (KTH).

There are a few possibilities to improve the efficiency of the tracking
scheme. The most straightforward option is to reduce the amount of time
needed to search for the processor ID which is handling a certain particle. Pro-
vided that the time step of simulations is small, particles might spend many
time steps in a subdomain that belongs to a specific processor before travers-
ing to another processor territory. Then the search for the processor IDs can
be postponed to occasional situations that the same processor fails to provide
particle information. This might not be applicable if the time steps are large
or particles are traversing very fast from one domain to another; however the
CFL condition applicable for the fluid limits the time steps anyway to rea-
sonable amounts. Considering the same assumption one can apply a history
scheme. As each particle possesses a unique ID, it is possible to track down
the particle IDs per processor ID. Taking into account that particles move into
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Figure 2.5. Averaged wall-time per timestep of the simula-
tion at different number of processor (�) performed by (a)
fluid solver nek5000, (b) LPT solver, (c) the whole code. The
test is a turbulent channel with a large box (51 200 000 grid
points) laden with 1 530 000 inertial particles that reached sta-
tistically stationary state. (d) Simulation wall-time with dif-
ferent number of particles per processor at fixed 256 processors
performed in a small-box turbulent channel. The particles are
distributed uniformly. The solid line indicates linear scaling.

the neighboring blocks, it is possible to search the particle information only on
those processors which handle these blocks. In another scheme one can allow
for local particle evaluations by means of that the particle computations are
performed exactly on the same processor that handles its position. Problems
arise in this scheme if lots of particles accumulate in a small region where it
needs to be handled by few processors while the rest of the processors are free
from particles. In this case the amount of workload of these particles might
be large and a more sophisticated load balancing is required. One can define
a threshold such that after that the workloads be distributed to the other pro-
cessors with less particles. This reshuffling could be also costly at times, but
does not need to be performed every time step. Another, simpler possibility
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to reduce the overall cost of the particles is to use different time steps for the
fluid and particle phase. Experience shows that the maximum possible time
step is lower for the fluid, which means that particles could be updated less
frequently as the fluid; this could even be done as a function of Stokes number;
i.e. the heaviest particles allowing the largest time step. The more thorough
evaluation of the different possibilities is scheduled as an important next step.

A general validation of the LPT implementation is performed for a classical
particle-laden turbulent channel flow DNS at Reτ = 180 in a standard domain
(4π×2×4/3π) against the existing data of Sardina et al. (2012a). Their simu-
lations were performed using the pseudo-spectral code SIMSON (c.f. Chevalier
et al. 2007) in which the LPT is implemented by a 2nd order Adams-Bashforth
time integration (AB2) and a tri-linear interpolation scheme. A total of four
particle populations is considered with Stokes numbers (St+ = 0, 1, 10, 100; +

indicates viscous scaling) where ρp/ρf is set to 770. The two simulations share
similar set-ups in terms of initial conditions, start- and end-time of the par-
ticle tracking. Initially the particles are uniform and randomly distributed in
the computational domain after the turbulent flow field is fully developed. The
simulation is kept running for 2000 convection time units. Computing Eulerian
concentration statistics for the Lagrangian data (evaluated in exactly the same
way for both simulations) is started after the particles reached a statistically
stationary state approximately at 1500 convection time units from the start of
LPT. A visualisation is provided at the final time of the simulation in figure 2.6,
where both the turbulent flow field and the particulate phase (with St+ = 10)
are shown. Figure 2.7 represents the normalised particle concentration and
axial velocity profiles as a function of wall-normal direction. One can clearly
see that the two completely different codes with independent implementations
provide almost identical results. This shows that the present implementation
is correct, allowing us to perform LPT in more complex geometries.
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Figure 2.6. Visualisation of the particle distribution and the
carrier phase in the turbulence channel at the final time of the
LPT simulation. The particles belong to the population with
St+ = 10. The pseudocolours indicate the streamwise velocity
of the fluid with the value of 1.25 as dark red and 0.25 as dark
blue.
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Figure 2.7. (a) Averaged wall-normal particle concentration
(C∗) normalised with uniform distribution. St+ = 0,

St+ = 1, St+ = 10, St+ = 100; � is the SIM-
SON, and ◦ is the nek5000 data. (b) Wall-normal distribu-
tion of the inner-scaled streamwise velocity (W+) for different
Stokes numbers. �St+ = 0, St+ = 1, St+ = 10,
2St+ = 100. blue is the SIMSON, and red is the nek5000

data.



CHAPTER 3

Sumary of the papers

In order to understand the complex dynamics of a turbulent multiphase flow it
is crucial to have a clear overview and understanding of the basic characteristics
of the fluid phase. Only in this way, the impact of turbulence onto the particles
can be understood and described; also in the case of particles that interact with
the flow (two- and four-way coupling) the changes due to the particles can be
assessed. In the context of tubulent wall-bounded flow in very complex ge-
ometries, it is neccesary to simplify the geometry as much as possible without
losing the generality and the important physical aspects due to the geomet-
rical complexity. In this way the flow configuration will be comparable to a
potentially previously studied canonical flow. This, hence, enables realising the
evolution in the flow characteristics from canonical to complex geometries. In
general, there are three simple geometrical configurations which are referred to
as canonical wall-bounded flows: the spatially developing boundary layer, the
plane channel (Poiseuille) flow and pipe flow. In all three cases, a complica-
tion can be added by studying the effect of curving the bounding surfaces. In
particular adding curvature to the pipe flow case results in the development of
clear secondary motions in a plane perpendicular to the axial/streamwise flow
direction. However, even in case of straight bounding surfaces secondary flow is
possible: In that case a fundamentally different kind of secondary flows appears
when side walls are added to a channel flow, leading to duct flow. These latter
two geometries (curved pipe and duct) are considered as the basic complex ge-
ometries in the current research. The two types of secondary flows appearing
in these cases are usually referred to as secondary flow of first and second kind,
respectively. The exact definition will be introduced in the following.

The turbulent flow in both bent pipe (paper 2), and duct flow (paper 3)
is simulated and analysed before adding inertial particles to the system (paper
4). However, as a first step, DNSs of the turbulent flow in straight pipe are
performed (paper 1). This is mostly due to the rarity of properly resolved
simulations in this configuration. Due to its enclosed geometry, turbulent flow
in pipe stands out as the easiest geometry to realise in experiments compared
to boundary layers and channels; however, because of a numerical singularity
in the pipe centre, performing numerical simulations in this configuration is
challenging. In addition, previous simulations were limited to short pipes at

20
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low Reynolds numbers (see e.g. Eggels et al. 1994; Fukagata & Kasagi 2002;
Orlandi & Fatica 1997; Wagner et al. 2001; Walpot et al. 2007).

We then move on to study the evolution of the flow characteristics in a bent
pipe, highlighting the effect of curvature on a number of turbulence statistics.
Also for bent pipes, there are very few studies available (Hüttl & Friedrich
2001; Boersma & Nieuwstadt 1996; Hüttl & Friedrich 2000), so that our work
constitutes an important reference for future studies. In that respect it is im-
portant to note that we have put online the data for all our pipe simulations on
the homepage of the FLOW Centre (www.flow.kth.se) for other researchers
to validate their simulations, experiments and modelling efforts. Also the duct
flow study is unique in the sense that never before a range of aspect ratios has
been studied using DNS. These efforts are on-going, but the included paper
gives already a good overview of the applied simulation technique, the flow
tripping and the expected results. Finally, we show our first results with parti-
cles evolved in one of the mentioned complex geometries, namely the bent pipe
flow. We start by verifying our implementation (as discussed in the previous
sections) in a straight pipe, and then describe our observations when the pipe
is slowly curved up to reaching strong curvature. Also this project is on-going,
but the results shown here are already interesing when it comes to the dramatic
effect secondary flow might have onto particle dispersion.

The remainder of this chapter is devoted to short summaries of the papers,
which are appended in full at the end of this thesis. Also, a few sample figures
are reproduced from the papers in this section.

Paper 1

Direct numerical simulation of turbulent pipe flow at moderately high Reynolds
numbers.

In this first paper, well resolved direct numerical simulations of turbulent
pipe flow at low to moderately high Reynolds numbers, covering the range of
Reτ = 180, 360, 550, and 1000, based on friction velocity and pipe radius R
are performed. This data is intended to be of reference quality, which is the
reason why the domain length for all pipes has been chosen comparably long,
i.e. 25R. This axial extent of the computational domain is chosen such that
all the turbulent structures fit into the represented pipe. At the time these
simulations were set up, the largest available simulations for turbulent pipe
flow were the data by Wu & Moin (2008) reaching a bit over Reτ = 1100 in a
pipe of 15R length. At the time of writing this thesis, there are a number of
other simulations that have reached up to and over Reτ = 1000, including Ahn
et al. (2013); Boersma (2011); Chin et al. (2010), and our own data.

Since the spectral element code nek5000 is used in the present study, the
equations of motions are solved in a Cartesian system which automatically
resolves the numerical singularity in the pipe centre. In other works based on
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Figure 3.1. Pseudocolour representation of the instanta-
neous streamwise velocity normalised by the bulk velocity of
the flow in straight pipe. From left: Reb = 5300, 11700, 19000,
and 37700. The colours vary from 0 (black) to 1.3 (white).

cylindrical coordinates, more elaborate measures have to be taken to solve for
the velocity at or in the vicinity of the axis, see e.g. the very recent article by
Lenaers et al. (2014).

The employed spectral-element mesh is set up in such a way that current
guidelines regarding resolution are fulfilled, as e.g. discussed by Spalart et al.
(2009). In terms of raw numbers, this leads to 18.67 × 106 to 2.184 × 109

grid points for the smallest to largest Reynolds number. For all the cases, the
largest grid spacing is chosen to be less than 5, 5 and 10 plus units in the radial,
azimuthal and axial directions, respectively.

The instantaneous cross-sectional views of axial velocity illusterated at an
arbitrary axial position in figure 3.1 shows how the characteristics of the flow
field is changing with increasing Reynolds number. Evidently the range of scales
is increasing with enhancing Reynolds number throughout the cross-section of
the pipe. It is expected that the average spacing between near-wall low-speed
streaks to be about 100 wall units in each case which appears to be nicely
compatible with the pattern observed in the figure. It is interesting to relate
the shown Reynolds numbers to examples in reality. For instance, Reb = 5300
approximately corresponds to the flow in a straw when drinking from a can,
whereas Reb = 50000 can be seen as a lower limit for the flow of oil in pipeline
systems.

For all the cases the complete Reynolds-stress budgets (including pressure
terms) along with low and high-order moments are obtained which allows us
to perform an extensively comparative study with respect to other simulation
data including pipes, channels and boundary layers as well as examining the
Reynolds number effect on the mean and turbulent characteristics of the pipe
flow.

The variation of the mean axial velocity and the streamwise turbulence
intensity with the Reynolds number is illustrated in figure 3.2. It is readly



3. SUMARY OF THE PAPERS 23

 (1−r)+

 U
z+

10
0

10
1

10
2

10
3

0

5

10

15

20

25
 

 

 Re

 (1−r)+
 u

z,
rm

s
+

10
0

10
1

10
2

10
3

0

1.0

2.0

3.0

 Re

Figure 3.2. (Left) Profiles of mean axial velocity U+
z at

Reb = 5300, 11700, 19000 and 37700 in inner scaling. The
law of the wall U+

z = (1 − r)+ (in viscous sub-layer) and
U+
z = κ−1 ln(1 − r)+ + B (in logarithmic region) with clas-

sical values of κ = 0.41 and B = 5.2 is given as dashed lines.
(Right) Wall-normal distribution of inner-scaled axial turbu-
lence intensity u+

z,rms.

observed that at Reb = 5300 the mean streamwise velocity largly deviates from
the log-law which is larger than that for the channel and boundary layer flows at
similar Reynolds numbers. Such behaviour has also been addressed by several
previous works on pipe flow, as for instance in Eggels et al. (1994). While
these mean profiles collapse in the viscous sublayer following the U+

z = y+ rule
(U+

z being inner-scaled mean axial velocity and y+ to be the wall distance in
viscous units), at larger distances from the wall and essentially for y+ > 30,
they do not collapse onto one single curve. Although with increasing Reynolds
number a better agreement with the log-law can be observed. Considering the
axial/streamwise turbulence intensity, the profiles collapse merely in the viscous
sub-layer. Although the maximum is consistently located around y+ = 15
similar to channel and boundary layers, its value increases with Reτ . According
to del Álamo & Jiménez (2003) this is related to the growing the significance
of large structures with at higher Reynolds numbers which leavs their footprint
at the wall.

Assessing the various available DNS data in the literature for pipes at
similar Reynolds numbers shows small though still significant and systematic
variation among different data sets. Employing the modified Musker profile
proposed by Chauhan et al. (2009), for instance, non-physical discrepancies
among various pipe flow simulations could be recognised. This also highlights
the need for high-order accurate methods for this particular flow case.
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Paper 2

Evolution of turbulence characteristics from straight to curved pipes.

Compared to other canonical internal flows (straight channels, pipes etc.)
the curved pipe configuration has been studied in detail mainly in the laminar
regime; e.g. see among others Ito (1987); Berger et al. (1983). This is despite
the fact that turbulent flow in curved pipes is frequently occurring in a variety of
industrial and biological applications; heat exchangers and respiratory systems
are just a few of them. That implies reliable data for bent pipes is very rare, and
mainly related to pressure drops (friction factors) measured experimentally (see
e.g. Ito 1959). In order to study the effect of curvature and Reynolds number
in fully developed turbulent pipe flows we performed DNSs with Reynolds
numbers of 5300 and 11700, based on the bulk velocity and diameter of the
pipe, for straight (as already discuss in paper 1), mildly and strongly curved
pipes. Having fixed the pipe length to 25Ra (Ra being the pipe-section radii; for
the straight pipe, this is the same length as in paper 1), the curvature parameter
κ is set to 0.01 and 0.1 for the mildly and strongly curved configuration. This
dimensionless parameter (κ) is defined as the ratio of the pipe section radii (Ra)
to the major radius of the toroidal pipe (Rc). To validate our setup for the bent
pipe, including the way that geometry was morphed, the intricate algorithm
to calculate the statistics, and the forcing to maintain fixed mass flux, we have
performed an additional simulation exactly reproducing the published setup by
Hüttl & Friedrich (2001), as the only existing DNS for a fully turbulent bent
pipe. Our comparison yielded excellent agreement, thereby verifying our setup
with nek5000, and giving us confidence in running the new cases with higher
Reynolds numbers.

Due to the geometry-induced centrifugal forces the mean axial flow shifts
towards the outer side of the bent pipe. At the same time, this results in devel-
oping secondary motions perpendicular to the primary flow. This skew-induced
process is usually referred to as Prandtl’s secondary flow of first kind, which by
itself leads to the formation of a pair of counter-rotating, axially-oriented vor-
tices, so-called Dean vortices (Prandtl 1926; Bradshaw 1987). These vortices
appear both in laminar and turbulent flows. The flow in curved configurations
is highly inhomogeneous in the azimuthal direction of the pipe. While the outer
bend is highly turbulent, the turbulence intensity in the inner bend is weak-
ened greatly, as such partial relaminarisation of the flow in the inner bend of
strongly curved pipe can be observed. This can be seen from the instantaneous
axial velocity profiles illusterated at figure 3.3.

Evidently increasing κ also results in a highly non-trivial evolution in the
shape of the mean Dean vortices. As such the Dean vortices in the strongly
curved configuration are squeezed towards the wall, leading to thinner and
much stronger side-wall boundary layers. At the same time a bulge appears in
the secondary motion map close to the centreline (c.f. figure 3.4) which leads



3. SUMARY OF THE PAPERS 25

Figure 3.3. (Left) Pseudocolours of axial velocity at a generic
axial cross section of the pipe. (Right) generic azimuthal cross-
section of straight pipe (κ = 0) and equatorial mid-plane of
mildly (κ = 0.01) and strongly curved pipes (κ = 0.1) with
Reb = 11700.

to enhancement of turbulent kinetic energy in this region. As is shown in figure
3.4, the amplitude of the secondary motion in this case is as strong as 15% of
the bulk flow while for the mildly curved pipe it is merely reaches up to 5% of
the bulk velocity.

Basic statistics including the 1st to 4th order moments along with the
complete Reynolds-stress budgets are computed for these cases using tensor
rotations, avoiding cumbersome evaluations of the components in orthogonal
toroidal coordinate systems (c.f. Hüttl et al. 2004). These statistical data
which have not been available previously can be helpful for tuning and improv-
ing turbulence models. This is particularly important for the strongly curved
configuations where traditional models based on the eddy-viscosity assumption
are known to fail. In the paper, this is tested by applying the current DNS
data. It is shown that the standard k-ε model may give acceptable results for



26 3. SUMARY OF THE PAPERS

Figure 3.4. Pseudocolours of mean inplane velocity with iso-
contours of stream function Ψ projected on top, at Reb =
11700 for (left) mildly curved pipe (κ = 0.01) and (right)
strongly curved confguration (κ = 0.1). The two white bullets
indicate the core of Dean vortices.

straight and mildly curved pipes, which is, however, not the case for strongly
curved configurations.

From an engineering point of view, the friction factor is an important single-
point statistics in pipe configurations. This parameter essentially describes how
much pumping power needs to be applied to drive the flow. In straight and
mildly curved pipes, the Fanning friction factor f is obtained for three different
Reynolds numbers of 5300, 6900 and 11700 which clarified the experimental
observations of Cioncolini & Santini (2006) that for a specific range of flow
rates in mildly curved pipes friction factor is reduced to a value even lower
than the straight pipe flow, at the same flow rate. The physical reasons for this
sub-straight drag are still unknown, but thought to be related to some wave-
like structures that naturally arise in a bent pipe (Schlatter & Noorani 2013).
Using modal decompositions, these features will be addressed in forthcoming
studies.

Paper 3

Aspect ratio effects in turbulent duct flows studied through direct numerical
simulation.

The canonical turbulent channel flow is a generalised form of turbulent duct
flow with rectangular cross section and high enough aspect ratio AR (ratio of
the duct total width to its total height). A suitable range of AR in which the
flow can be considered as a channel with periodic condition in spanwise direc-
tion is previously debated (Vinuesa 2013). This is mostly due to the presence
of the side walls on which boundary layers are growing. This leads to enhanced
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momentum in the core of the duct flow, which eventually results in increased
wall shear. Generated streamwise mean vortices in a duct can also affect the
turbulent flow in the centre even at comparably high AR configurations. Un-
like the skew-induced Dean vortices, these vortical structures are formed as a
result of local variation of the Reynolds stresses. These are then referred to as
Prandtl’s secondary flow of second kind or stress-induced vortices (see Brad-
shaw 1987). These affect the core in an opposite way as the growing side-wall
boundary layers: Momentum is extracted from the centre plane to the corner
bisectors, thus reducing the wall shear stress. Due to experimental limitations,
an independent analysis of the two competing mechanisms is difficult.

In order to gain a better understanding of these three-dimensional effects,
turbulent duct flows at various aspect ratios of 1, 3, 5 and 7 are simulated by
means of DNS using nek5000. Similar to turbulent channel flow and the pipe
simulations in papers 1 and 2, the flow rate is fixed in each case such that
a friction Reynolds number Reτ (based on the friction velocity uτ and half-
height h) close to 180 in the duct centreplane is achieved. This corresponds to
bulk Reynolds number Reb (based on the bulk velocity ub and half-height) of
2800 in a channel. For AR = 1, i.e. square duct, a higher Reynolds number of
Reb = 5086 is examined as well, which corresponds to bulk Reynolds number
of 5600 in the channel. The periodic streamwise length for all the cases is set to
be 25h, again in close agreement with the previous pipe simulations. Starting
from the laminar duct flow profile, the flow is perturbed via a volume force
tripping (Schlatter & Örlü 2012). Figure 3.5 shows the evolution of the flow
field from laminar to fully developed turbulence in the course of 100 convective
time units after the flow tripping. The way how turbulence penetrates into the
corners is clearly represented. The simulation data are monitored for various
averaging start time and averaging periods to evaluate when a statistically
stationay state and converged statistics for all the cases were achieved.

Among the many results that can be extracted from the database, the skin
friction data at the duct centreplane have been analysed first. These data indi-
cate that aspect ratio 3 shows higher skin friction than aspect ratio 1. However,
aspect ratio 5 exhibit lower skin friction than AR = 3; which indicates that the
aspect ratio has a non-trivial influence onto the arising flow in the centre. The
formation of an array of secondary vortices along the top and bottom walls of
the ducts is observed for the first time. These vortices, which are absent in
canonical turbulent channel flow, were also discussed by Vinuesa (2013). It is
notable that with increasing duct aspect ratio, the center of the primary corner
vortices gradually traverse from the side wall towards the duct centreplane. For
all the cases the basic turbulent statistics are computed and compared to the
reference channel flow data. The highly non-trivial variation of these statistics
manifest the complexity and non-monotonic mechanisms present in the flow
with changing aspect ratios.
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Figure 3.5. Front view of instantaneous axial velocity in a
turbulent duct for the case with AR = 3 at Reb = 2581. (From
top) Flow snapshot at t = 4, 16, 32, 52 and 100 convective time
units from the start of the simulation. The trip forcing was
active during the first 50 convection time units of the simula-
tion.

Paper 4

Particle dispersion in turbulent curved pipe flow

Turbulent dispersed multiphase flow in curved pipe configurations is com-
monly observed in various industrial and biological applications. Typical ex-
amples are membrane ultrafiltration hydraulic processes or engineering systmes
applied for mixing in the pharmaceutical industry. In general, the particulate
phase transport is affected by the near-wall turbulence of the carrier phase, the
secondary motion of mean Dean vortices of the flow and volumetric geometry-
induced centrifugal force. The general effect of these phenomena on the particle
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clustering due to the wall turbulence, i.e. so-called thurbophoresis, is still to
some extent unknown. For instance, previous studies by Winzeler & Belfort
(1993) testing the membrane filtration modules indicated the reduction of near-
wall concentration of the particles in curved configurations in comparison with
a straight geometry. Recent experimental measurements and theoretical cal-
culations of Wu & Young (2012) examined the inertial particle dispersion rate
in a spatially developing mildly curved duct. They reported a significant in-
crease in the dispersion rate at the outer bend compared to their straight duct.
This study indicated that large heavy inertial particles are mainly driven with
the centrifugal force and turbophoresis plays a minor role even in this mildly
curved configuration. Numerical computations of Berrouk & Laurence (2008);
Breuer et al. (2006) also tried to evaluate aspects of the particle transport in
90◦ pipe bends using large-eddy simulations. The important erosion effects
of the wall-particle collisions at the curved geometries are also recently tested
by Huang & Durbin (2010, 2012) performing DNS of particle dispersion in a
strongly curved S-shaped channel. These authors reported a high particle con-
centration region elevated above the outer bend of the curved channel which is
linked to the re-bouncing of heavy inertial particles from the wall via a simple
model.

In order to examine the effect of the curvature on the particle accumu-
lation with the presence of the turbophoretic motion of these particles, weak
and strong secondary motion of the carrier phase and geometry-induced cen-
trifugal forces, we study particle laden turbulent pipe flows in straight, mildly
curved (κ = 0.01) and strongly bent (κ = 0.1) configurations. As before, direct
numerical simulation of the carrier phase is used, at the highest Reb = 11700
already considered in paper 2. The Lagrangian heavy inertial point particles
are tracked based on a one-way coupling model already described in the previ-
ous chapter. A total of seven populations of particles with different bulk Stokes
numbers (Stb) are simulated. These particles are different only in the diameter
as the particle-to-fluid density ratio is fixed to 1000. These Stokes numbers are
also fixed for various curvature configurations ranging 0 to 4.5 (St+ = 0 to 100
based on particle relaxation time, Ra and uτ of the straight pipe).

Some randomly chosen particle tracks evolving in pipes with different cur-
vatures are illustrated in figure 3.6. It becomes appartent that the slight cur-
vature change in the flow configuration strongly alters the particles dispersion.
In comparison with the straight pipe, the particles in the curved pipe with
κ = 0.01 are travelling much larger distances as they are transported through
the side-wall boundary layer towards the inner side where they are fluctuat-
ing for a long period of time before re-suspended towards the outer bend by
the action of secondary motion. From this figure it is clear that these heavy
particles in the strongly curved configuration are not largely modulated by the
turbulence of the carrier phase. Forming helicoidals, they traverse much larger
distance as they are accelerated further compared to the previous case. The
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Figure 3.6. Randomly chosen particle trajectories (Stb =
2.26) shown with different colours at (left) straight (κ = 0),
(middle) miledly curved (κ = 0.01), and (right) strongly
curved (κ = 0.1) pipe. The • and ∗ show the beginning and
the end of the trajectories, which all have the same total length
in time.

impact with the wall at the outer bend as well seems more effective compared
to the mildly curved pipe.

Finally, figure 3.7 displays a side view of the viscous sub-layer of each flow
configuration where the particle streaks are formed due to the preferential con-
centration. Unlike the straight pipe, these particulate structures are curved by
the effect of the secondary motion. During our simulations, the Eulerian con-
centration maps computed from the particle locations were allowed to reach a
statistically stationary state within the curved configurations. The current data
set may prove useful in turbulent particle modelling advancement considering
the effect of the curvature in wall-bounded geometries.
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Figure 3.7. Particle distribution (Stb = 2.26) in the viscous
sublayer for pipes with different curvatures. The direction of
the flow is from left to right.



CHAPTER 4

Conclusions and outlook

The aim of this project is to implement and validate a method to perform
simulations of Lagrangian particles in turbulent flow delimited by complex ge-
ometries. This means that the current results relate both to the implementation
of Lagrangian particle tracking, but also to gain experience in simulating tur-
bulent flows in moderately complex circumstances. Therefore, the results ob-
tained so far follow this progression in complexity: The parallelised Lagrangian
particle tracking module that is implemented and verified as part of spectral-
element (SEM) code nek5000 shows promising results. The point particles are
modelled by means of one-way coupling to simulate wall-dominated multiphase
dilute turbulent flows. The validation with existing databases for canonical
flows shows an excellent agreement. However, prior to performing coupled
Lagrangian-Eulerian simulations we focus on turbulent flows at straight pipes,
bent pipes and ducts which are simulated such that a reasonable overview on
the carrier phase processes is obtained. The simulation results are thoroughly
analysed from both statistical and instantaneous point of view.

As a first step the turbulent flow in a straight pipe is directly simulated
at low to moderately high Reynolds numbers. The Reynolds number effect on
the turbulent statistics is examined and the results are compared to other DNS
data of wall-bounded canonical flows (channel and boundary layers). In this
case small but significant non-physical discrepancies among various pipe flow
simulations were reported which in principle suggest the need for high-order
accurate schemes for this particular flow case.

In an effort to adding basic geometrical complexity, the turbulent flow in
straight ducts (channel with side-walls) and curved pipes are chosen to be sim-
ulated. The turbulent flow in these primary complex geometries is studied as
a function of different aspect ratios (duct) and curvature ratios (bent pipe).
The common characteristics of these two cases is the presence of secondary
flow: It is either skew-induced secondary motion of first kind or turbulence
driven secondary motion of second kind. In the former case (bent pipe) turbu-
lence is highly reduced in the inner bend especially when the pipe is strongly
curved. Further studies of this relaminarisation process seem to be necessary
as in particular the details of the laminar-turbulent interface might constitute
an interesting extension of this work. We have also computed for the first time,
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the Reynolds stress budgets for both mildly and strongly curved pipes and com-
pared these to the straight configuration. These results might be valuable for
improved Reynolds-stress modelling, which is know to fail for high curvatures.
Extensions in that direction are also possible. Furthermore, our current data
sets consisting of a large number of stored flow field gives excellent opportuni-
ties to study the flow from a more structural point of view; e.g. allowing the
analysis of (an-)isotropy measures, turbulent structures etc. In particular in
industral applications, the coupled heat transfer is of large importance; we have
not yet added passive scalars to our simulations, but studying those would be
interesting as well.

Similarly, as mentioned in corresponding experiments (Cioncolini & Santini
2006), the friction factor at lower Reynolds numbers experiences interesting
behaviour when compared to both the straight pipe at the same bulk flow, but
also the laminar (Ito) correlation. A more in-depth study of the reasons for
this unexpected behaviour is very timely and will be reported soon (Schlatter
& Noorani 2013).

To study the influence of turbulence-induced secondary motions, DNSs of
turbulent flow in ducts with various aspect ratios show how much a duct with
side walls differs from a spanwise periodic channel flow. A cascade of counter-
rotating secondary-flow vortices from the side-walls towards the duct middle
were observed which was not reported before. The differences among the sta-
tistical data of the channel and ducts with different AR at similar Reynolds
numbers are addressed. Higher Reynolds numbers and duct aspect ratios are
considered as the next milestones in order to provide a complete characterisa-
tion of the phenomena.

Applying the Lagrangian particle tracking (LPT) implementation the di-
lute particulate dispersion in bent pipes was simulated and put to test for
various populations with different relaxation time. The current analysis, which
is mainly concerned with mean quantities, shows that even with the slightest
curvature the particle dispersion map in the pipe is altered from that in the
straight configuration. Also with increasing the curvature this particle concen-
tration map is dramatically changed as there are regions in the pipe section
which are completely depleted from inertial particles. These results are im-
portant when it comes to real applications, in which completely straight (and
thus symmetric) flow conditions are very seldom. Future analysis will include
the particle dispersion in terms of comparing the various forces (centrifugal,
turbophoresis etc.) acting on a particles in the different parts of the domain.
So far only the bent pipe has been studied with particles, but as a next step
also the duct will be seeded with particles in order to understand the different
types of secondary flow and their effect on the dispersion process.

Although in the current state of the implemented LPT, only the Stokes drag
effect on the inertial particles and its non-linear correction are considered, as far
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as the one-way coupling is concerned, it is ideal to consider also the remaining
terms of the Maxey & Riley (1983) equations, in particular also the history
force due to the secondary flow. Implementing those terms allows us to model
and examine a broader range of the particles. An interesting topic for the future
work could be to improve the point particle model by means of two-way (or four-
way) coupling. A number of new ideas have recently appeared in the literature
(see Gualtieri et al. 2011; Zhao & Andersson 2011), which could be tested in
the context of our nek5000 implementation. This would in particular include
not only an interpolation, but also an extrapolation routine which allows for
inclusion of particle feedback forces. Finding a reliable numerical scheme and
the code parallelisation are in particular challenging. Further improvements
towards four-way coupling by means of a sophisticated collision model will also
be helpful specifically in the realm of dense particle suspension.

Another important step for improving our method is to reduce the time
necessary to perform the Lagriangian interpolation in the code. As outlined in
the above section 2.2, a number of different possibilities will be considered in
the future.
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