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A new high-order method for direct numerical simulations
of turbulent wall-bounded flows

Peter Lenaers
Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract
A new method to perform direct numerical simulations of wall-bounded flows
has been developed and implemented. The method uses high-order compact
finite differences in wall-normal (for channel flow) or radial direction (for pipe
flow) on a collocated grid, which gives high-accuracy results without the effect
of filtering caused by frequent interpolation as required on a staggered grid. The
use of compact finite differences means that extreme clustering near the wall
leading to small time steps in high-Reynolds number simulations is avoided.
The influence matrix method is used to ensure a completely divergence-free
solution and all systems of equations are solved in banded form, which ensures
an efficient solution procedure with low requirements for data storage. The
method is unique in the sense that exactly divergence-free solutions on collo-
cated meshes are calculated using arbitrary difference matrices.

The code is validated for two flow cases, i.e. turbulent channel and turbulent
pipe flow at relatively low Reynolds number. All tests show excellent agreement
with analytical and existing results, confirming the accuracy and robustness of
the method. The next step is to efficiently parallelise the code so that high-
Reynolds number simulations at high resolution can be performed.

We furthermore investigated rare events occurring in the near-wall region of
turbulent wall-bounded flows. We find that negative streamwise velocities and
extreme wall-normal velocity fluctuations are found rarely (on the order of
0.01%), and that they occur more frequently at higher Reynolds number. These
events are caused by strong vortices lying further away from the wall and it
appears that these events are universal for wall-bounded flows.

Descriptors: Incompressible wall-bounded turbulent flows, direct numerical
simulations, high-order, compact finite differences, collocated grid, influence
matrix method.
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En ny högre ordningens metod för numerisk
direktsimulering av turbulenta väggbundna strömningar

Peter Lenaers
Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Sammanfattning
En ny metod för numerisk direktsimulering av väggbundna strömningar har
utvecklats och implementerats i en beräkningskod. Metoden använder högre
ordningens kompakta finita differenser i väggnormal (för kanalströmningar)
eller radiell riktning (för rörströmning) p̊a ett nät där hastighetskomponenter
och tryck utvärderas i samma punkt (s.k. ”collocated grid”). Detta ger en
hög noggrannhet utan bieffekter av filtrering orsakade av den frekventa inter-
polering som krävs för ett s.k. ”staggered grid”, dvs ett nät där utvärdering av
hastigheter och tryck är förskjuten med en halv cellstorlek. För de vanligen
använda pseudospektralmetoderna används Chebyshevpolynom i väggnormal
riktning vilket leder till en extrem klustring av beräkningspunkter nära väggen
för höga Reynolds tal. Detta undviks med metoden som presenteras här, efter-
som den i stället använder kompakta finita differenser där fördelningen kan
väljas mycket friare. Detta gör ocks̊a att betydligt större tidssteg kan tas vid
lösningen av strömningsekvationerna. En s.k. influensmatrismetod används för
lösningen av dessa ekvationer vilken har egenskapen att lösningen blir helt
divergensfri som en naturlig del av lösningsalgoritmen. Ekvationssystemen for-
muleras med matriser i bandad form, vilket ger en effektiv lösningsprocedur
med l̊aga krav p̊a datalagring.

Koden är validerad för turbulent strömning b̊ade i kanal- och rörgeometri, vid
relativt l̊aga Reynolds tal och för utveckling av Orr–Sommerfeldmoder. Alla
tester visar utmärkt överensstämmelse med analytiska och befintliga resultat.
Nästa steg är att effektivt parallelisera koden s̊a att även simuleringar med hög
nätupplösning vid höga Reynolds tal kan genomföras.

Vi undersökte dessutom sällsynta händelser som inträffar i den väggnära
regionen hos turbulenta väggbundna strömningar. S̊asom negativa hastigheter
i strömningsriktningen och extrema hastighetsfluktuationer i väggnormal rikt-
ning. Vi fann att s̊adana händelser förekommer med en sannolikhet av i stor-
leksordningen 0.01% och att de förekommer oftare vid högre Reynolds tal.
Dessa händelser förefaller ha en universell karaktär för olika väggbundna
strömningar och är orsakade av kraftiga virvlar lokaliserade utanför den
väggnära regionen.

Nyckelord: Inkompressibel väggbunden turbulent strömning, numerisk
direktsimulering, influensmatrismetod, kompakta finita differenser
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Preface

This thesis contains the description and validation of a new methodology to
perform simulations of incompressible wall-bounded flows. The first part gives
an introduction to the field of fluid mechanics in general and turbulence in
particular, describes existing numerical techniques, and places the new method
within this larger framework. The second part contains three articles, the
contents of which have not been altered, although the first paper includes an
appendix describing certain numerical details which were not present in the
corresponding journal publication.

Paper 1.
P. Lenaers, P. Schlatter, G. Brethouwer & A. V. Johansson, 2014
A new high-order method for the simulation of incompressible wall-bounded
turbulent flows. Under revision for publication in J. Comp. Phys.

Paper 2.
P. Lenaers, P. Schlatter, G. Brethouwer & A. V. Johansson, 2014
A new high-order method for the simulation of incompressible turbulent pipe
flow. To be submitted to J. Comp. Phys.

Paper 3.
P. Lenaers, Q. Li, G. Brethouwer, P. Schlatter & R. Örlü, 2012
Rare backflow and extreme wall-normal velocity fluctuations in near-wall tur-
bulence. Phys. Fluids 24, 035110, 2012.
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The main advisor for the project is Prof. Arne V. Johansson (AJ) with Dr.
Philipp Schlatter (PS) and Dr. Geert Brethouwer (GB) acting as co-advisors.
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The code was developed and implemented by Peter Lenaers (PL) under the
supervision of AJ, PS, and GB. The numerical simulations were performed by
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Paper 2
The code was developed and implemented by PL under the supervision of AJ,
PS, and GB. The numerical simulations were performed by PL. The paper was
written by PL, with feedback from PS, GB, and AJ.

Paper 3
The simulations were performed by PL, Qiang Li (QL), and GB, with the post-
processing done by PL and QL. The paper was written by PL and QL, with
Ramis Örlü writing the part reflecting on the consequences on measurement
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Rare events near the wall in turbulent flows.
13th European Turbulence Conference – Warsaw, Polen 2011. 1

P. Lenaers, P. Schlatter, G. Brethouwer & A. V. Johansson
A new high-order method for the accurate simulation of incompressible wall-
bounded flows.
9th ERCOFTAC workshop on Direct and Large-Eddy Simulation – Dresden,
Germany 2013. 2

1With written contribution to the conference proceedings: P. Lenaers, Q. Li, G. Brethouwer,
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Equations are the devil’s sentences.
Stephen Colbert
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Part I

Introduction





CHAPTER 1

Turbulence and numerical simulations

Turbulence is a physical phenomenon of which examples can be found every-
where in daily life. The first thing that springs to mind for most people is
probably hearing the pilot’s announcement asking to buckle up since a patch
of turbulent air is on its way. But examples of turbulent flow are all around
us: the smoke emanating from a cigarette or chimney; the wake behind a car,
train, boat or plane; the flow of blood through veins and arteries; atmospheric
and oceanic flows; the examples are infinite. Since turbulent flows are so preva-
lent, much research is being carried out to better understand and control them.
Reduced turbulence leads to lower drag (and thus lower fuel usage) on cars,
trains, and planes. Turbulence enhances mixing in many natural and industrial
systems and increases the stress (and thus the wear and tear), on machines like
pumps and turbines. Again, the examples are infinite.

Turbulent flow is one of the three existing flow regimes, the others being
laminar and transitional flow. Laminar flows are stable, regular, and ordered,
while turbulent flows are unstable, irregular, seemingly random, and chaotic.
Another characteristic of turbulence is that a large spectrum of both time and
length scales is present, which becomes evident when looking at the plume after
a volcanic eruption, for example. When laminar flow undergoes transition to
turbulent flow, regions of both regimes occur and this is called transitional
flow. Figure 1.1 shows both laminar and turbulent flow in a visualisation of
the flow around a spinning baseball. Below and above the baseball, laminar
flow is observed, while in the wake, the flow is turbulent.

Because turbulence is so widespread, it has been an important topic of
research for physicists. As early as in the fifteenth and sixteenth centuries,
Leonardo da Vinci was studying turbulent motions. But more than 500 years
later, many questions still remain unanswered. Turbulent flows are described
by the Navier–Stokes equations (Navier 1822; Stokes 1845), which were first
derived almost 150 years ago. Due to the non-linear nature of these equations,
a general solution does not exist, however. As a result, turbulence is still not
fully understood and much research is still being carried out in this field.

Nowadays, physical experiments and numerical simulations are considered
equally valid to test and validate theories and designs. Experimentalists per-
form measurements in a specifically set up environment to try to get a better
understanding of turbulence. The advantage of this approach is that real-life
situations are investigated. Disadvantages are that results from experiments

3



4 1. TURBULENCE AND NUMERICAL SIMULATIONS

Figure 1.1. Flow around a baseball spinning counter-
clockwise. Laminar flow is observed in the lower half, while
in the wake of the baseball the flow is turbulent. Photo cour-
tesy of Brown (1971).

can be affected by measuring inaccuracies, the difficulties of controlling the
initial and boundary conditions, and the often-limited information gained due
to measurement constraints.

Computational fluid dynamicists develop numerical methods and algo-
rithms to solve and analyse fluid flow problems, after which they are imple-
mented and solved using computers. The field of computational fluid dynamics
has gained importance with the rise of computing power. One advantage is that
all parameters can be determined beforehand and the scientist has thus com-
plete control over the simulation. Furthermore, information about the complete
flow field is calculated as opposed to often-limited information gained from ex-
periments. Flow cases that might be non-physical and thus never appear in
nature can also be simulated, which might give more insight into a certain topic.
One disadvantage is that the computing power is still lacking to simulate most
of the interesting real-life cases. The largest length scale in turbulence is often
referred to as the integral length scale h, while the smallest scale is called the
Kolmogorov scale η. The ratio of this largest and smallest scale in isotropic
turbulence is related to the Reynolds number as h/η ∼ Re3/4. The Reynolds
number is a fundamental parameter in fluid mechanics that quantifies the rela-
tive importance between inertial and viscous forces. Similarly, the ratio of the
largest and smallest time scale in isotropic turbulence is a function of the Rey-
nolds number as Re1/2. In wall-bounded flows, turbulence away from the wall
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can be considered homogeneous, but close to the wall, the dynamics are dom-
inated by streaks, streamwise-elongated regions of high and low velocity. The
size of these small-scale structures is proportional with the local shear stress
τw and the kinematic viscosity ν. Since the Reynolds number is inversely pro-
portional to the kinematic viscosity, this means that these near-wall structures
become smaller for larger Reynolds number. This is illustrated in Figure 1.2
where the axial velocity in turbulent pipe flow as calculated by El Khoury et al.
(2013) is plotted for a range of Reynolds numbers. It is clear that for higher
Reynolds number, the smallest scales in the flow become smaller. As a result,
to resolve all scales, both the temporal and spatial resolution of the simulation
needs to be increased for high-Reynolds number simulations.

(a) (b) (c) (d)

Figure 1.2. Visualisation of the instantaneous axial velocity
at (a) Re = 5300; (b) Re = 11700; (c) Re = 19000; (d)
Re = 37700 as simulated by El Khoury et al. (2013). Here,
black and white indicate low and high velocity respectively.

With increasing computing power, the cases that can be simulated are be-
coming more complex and resemble real-life problems more closely, but this
also leads to a whole new set of problems. One of the factors that influences
the numerical stability of the method is the maximum allowable time step.
With most current methods, large simulations lead to small maximum time
steps making the methods less efficient. Another problem is that the incom-
pressibility condition instantaneously affects the whole domain and thus global
communication is required.

Another issue is that memory requirements rise accordingly and data files
are becoming so large that storage and post-processing of this data becomes
problematic. One challenge is thus to develop efficient methods and codes so
that ever larger simulations of fluid flows can be performed.

The work described in this thesis is part of a long-term effort to develop a
method to efficiently simulate turbulent pipe flow.
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CHAPTER 2

Numerical simulations

Incompressible fluid flow is described by the Navier–Stokes equations:

∂u

∂t
+ (u · ∇) u = −∇p+

1

Re
∇2u, (2.1)

∇ · u = 0. (2.2)

Here, u = (u, v, w) represents the velocity vector in three directions. For tur-
bulent channel and boundary layer flow, these directions are the streamwise,
wall-normal, and spanwise directions respectively. For turbulent pipe flow,
these directions are the axial, radial, and azimuthal directions. The pressure
is represented by p, and Re = Uh/ν is the Reynolds number based on some
typical velocity U such as the bulk or centreline velocity, and a characteris-
tic length scale of the flow h, i.e. the channel half-width, the boundary layer
thickness, or the pipe radius. The kinematic viscosity is designated by ν. The
Navier–Stokes equations hold in the flow domain Ω, while at the boundary
δΩ boundary conditions need to be specified. An example of commonly-used
boundary conditions is no-slip conditions u = 0 at δΩ.

With the advent of computers, fluid dynamicists have received a new tool to
carry out research in their field: Numerical simulations. Now that computers
are becoming ever more powerful, increasingly larger numerical simulations can
be performed. They have become an invaluable tool and nowadays the term
numerical experiments is used increasingly, which demonstrates their increased
stature.

Numerical experiments of turbulent flows can be divided into three main
categories with the dividing factor being the range of scales that is resolved.

• Reynolds Averaged Navier–Stokes (RANS) equations make use of the
Reynolds decomposition that splits all variables into the mean and fluc-
tuating component. The RANS equations are solved for the mean ve-
locity field, while the Reynolds stresses, which appear as unknowns in
the equations, are approximated by using a turbulence model. An ad-
vantage of this method is that computations are rather fast, but the
results are not very detailed.

• In Large Eddy Simulations (LES), the larger eddies or vortices are re-
solved, while the smaller scales are modelled. The results are reasonably
detailed and the computing costs are intermediate.

7



8 2. NUMERICAL SIMULATIONS

• In Direct Numerical Simulations (DNS), all scales in the flow from the
largest vortices to the smallest dissipative scales are resolved. Because of
this, simulations are large and require a significant amount of memory,
computer power, and running time. The advantage is that all scales in
the flow are resolved and thus all information about the flow is known.

Since RANS simulations require the least computational resources and running
time, they are popular in industry, although LESs are increasingly being used.
DNSs are primarily performed in the academic environment since a running
time of up to several months is less of an issue.

Table 2.1 gives an historical overview of a number of benchmark DNSs.
Here, Reτ = uτh/ν is the friction Reynolds number based on the friction

Table 2.1. Historical overview of benchmark DNSs.

Author Type of flow Grid points
Kim et al. (1987) Channel flow at Reτ = 180 4.0 · 106

Moser et al. (1999) Channel flow at Reτ = 590 3.8 · 107

Hoyas and Jiménez (2006) Channel flow at Reτ = 2003 1.8 · 1010

Iwamoto et al. (2005) Channel flow at Reτ = 2320 1.6 · 1010

Lee et al. (2013) Channel flow at Reτ = 5200 1.2 · 1011

Spalart (1988) Boundary layer flow at Reτ = 510 1.1 · 107

Simens et al. (2009) Boundary layer flow at Reτ = 725 3.4 · 109

Schlatter and Örlü (2010) Boundary layer flow at Reτ = 1305 3.2 · 109

Sillero et al. (2011) Boundary layer flow at Reτ = 2025 3.4 · 1010

Eggels et al. (1994) Pipe flow at Reτ = 180 3.1 · 106

Ahn et al. (2013) Pipe flow at Reτ = 934 1.3 · 109

Wu and Moin (2008) Pipe flow at Reτ = 1142 6.3 · 108

El Khoury et al. (2013) Pipe flow at Reτ = 1000 2.2 · 109

Boersma (2013) Pipe flow at Reτ = 1840 7.6 · 109

Chin et al. (2014) Pipe flow at Reτ = 2003 1.1 · 109

velocity uτ and the characteristic length scale of the flow h. Another useful
scale is the viscous length scale ν/uτ with which we obtain the normalised wall-
distance y+ = yuτ/ν. This scaling with so-called wall variables is a common
way of studying wall-bounded flows because viscosity dominates in a thin layer
near the wall, and this viscous layer imposes two different length scales in the
flow, i.e. the viscous length scale in the inner region, and the flow thickness h
in the outer region. The relevant velocity and length scales in the inner region
are based on the viscosity ν and the friction velocity uτ .

It is clear from Table 2.1 that with rising computing power, simulations
are being performed at increasingly high Reynolds number. As mentioned be-
fore, high-Reynolds number simulations require a high resolution to resolve all
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scales. To resolve the dissipative structures near the wall, the required resolu-
tion is of the order of ∆x+ = 8 and ∆z+ = 4 (Jiménez 2003). In wall-normal
direction of most pseudo-spectral simulations, the Chebyshev polynomials used
in the wall-normal direction over-resolve the wall region when a reasonable res-
olution of ∆y+ = 8 is used near the centre. Since ν is inversely proportional to
the Reynolds number, this means that the required grid resolution is propor-
tional to the Reynolds number cubed. Besides being more practically relevant,
high-Reynolds number simulations give a better insight in the flow phenomena
taking place since the scale separation becomes larger. But this also introduces
new numerical issues such as the requirement for a high resolution to resolve
all scales. The high wall-normal resolution can severely limit the maximum
allowable time step. On top of this, the incompressibility condition requires
global communication, making the method less efficient. Figure 2.1 gives an
overview of the number of points used in the wall-normal direction for the chan-
nel flow simulations mentioned in Table 2.1. This also gives an indication of
the number of points necessary for simulations at Reynolds numbers that are
not attainable yet, but will be in the near future. This estimate shows that at
approximately Reτ = 1500, the same number of points is required for a finite
difference and a Chebyshev method. For higher Reynolds number simulations,
the finite difference approach is more efficient than the Chebyshev method.

A commonly used discretisation method in the wall-normal (in channel or
boundary layer flow) or the radial direction (in pipe flow) is to use Chebyshev
polynomials. The prescribed grid used in this method is called the Chebyshev–
Gauss–Lobatto grid. The points on this grid become extremely clustered near
the wall at high resolution. Since the allowable time step in explicit time-
integration schemes is linearly proportional to the grid spacing for the advec-
tive terms, and quadratically for the viscous terms, a dense grid severely limits
the allowable time step, making the code inefficient. Too dense clustering is
thus undesirable and to be avoided. For example, to ensure a maximum grid
spacing at the centre of 8 viscous units while using Chebyshev polynomials,
3841 grid points would be required at Reτ = 10000. This grid has a minimum
spacing of ∆y+min = 0.0033. When using a finite difference method, the grid
can be chosen freely and too dense clustering can thus be avoided. Similar
requirements result in 2851 grid points to be used, which gives a minimum
spacing of ∆y+min = 0.5. The minimum spacing in wall-normal direction is thus
more than a hundred times less than for a Chebyshev method, resulting in the
requirement in wall-normal direction for the allowable time step being of the
order of a 100 times less severe for the advective term. The dense spacing of
the Chebyshev grid results in a maximum time step so small that an efficient
simulation is unfeasible, while the finite difference grid allows for larger time
steps to be used. Furthermore, reducing the number of points by approxi-
mately 25% also greatly reduces the number of calculations to be performed,
thus improving the efficiency further. Another problem when using Cheby-
shev polynomials is that the condition number of the discretisation matrices
is of the order N4

y . At high resolution, the condition number thus becomes
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Figure 2.1. An overview of the number of wall-normal points
used for existing DNSs of turbulent channel flow. The simula-
tions are at Reτ = 180 (Kim et al. 1987), Reτ = 590 (Moser
et al. 1999), Reτ = 2003 (Hoyas and Jiménez 2006), Reτ =
2320 (Iwamoto et al. 2005), and Reτ = 5200 (Lee et al. 2013).
The blue dashed line is a least squares fit giving an indication of
the number of points to be used in future simulations, while the
green and red dashed line show the numbers of points required
to ensure a grid spacing of approximately 8 viscous units at
the centre for a finite difference and Chebyshev method re-
spectively.

extremely large causing calculations to lose accuracy. This shows that present
methods may need to be adapted or replaced in the future when simulations
are performed at ever-increasing Reynolds numbers.

One problem when carrying out numerical experiments is the fact that the pres-
sure is present in the Navier–Stokes equations (2.1), but no evolution equation
for it exists. One way of solving this issue is to write the equations in velocity-
vorticity form (see e.g. Kim et al. (1987); Moser et al. (1999); Schlatter and
Örlü (2010)) by taking the rotation of the Navier–Stokes equations, which elim-
inates the pressure. When using primitive variables, a popular approach is to
use a fractional step method (Chorin 1968; Perot 1993) that splits the integra-
tion over one time step into three parts. In the predictor step, an intermediate
velocity field is calculated without taking the pressure into account. Secondly,
a Poisson equation for the pressure is solved. Lastly, in the corrector step, the
intermediate velocity is projected by the pressure onto a divergence-free field.
Another approach is to use the influence matrix method. In this method, a
Poisson equation for the pressure is derived by taking the divergence of the
Navier–Stokes equation, after which the corresponding boundary conditions
are calculated that render the entire field divergence-free. The advantage of
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the influence matrix method over other methods is that continuity is fulfilled
exactly in the discretised equations.

The spatial discretisation can be performed in a number of ways. Some of
the most commonly-used methods are spectral methods, finite difference, finite
volume, and finite element methods. In spectral methods (Lanczos 1956; Got-
tlieb and Orszag 1977), the flow variables are expanded in terms of smooth,
global, and mostly orthogonal trial functions. They give a higher degree of
accuracy than local methods such as finite differences, finite volumes or finite
elements. They provide better estimates for the spatial derivatives, especially
at small scales, where local methods may suffer from numerical dispersion and
dissipation. The fact that they suffer from little to no artificial dispersion or
dissipation is a major advantage since high-Reynolds number flows have little
physical dissipation, and artificial dissipation can thus easily cause unphysical
results. As a result of this high level of accuracy, a coarser mesh can be chosen,
which is a significant advantage in large-scale simulations. On the other hand,
classical spectral methods are only applicable for flow computations in more
simple geometries. For domains with periodic boundary conditions, Fourier
series are usually chosen as trial functions, while Chebyshev and Legendre
polynomials are used for geometries with non-periodic boundary conditions.

Finite difference, finite volume, and finite element techniques are meth-
ods that work locally. They are usually lower-order methods, which means
that a denser grid is required compared with spectral methods to achieve the
same level of accuracy. An alternative to traditional finite difference methods
is compact finite difference methods as described by Lele (1992). Compact
schemes are Padé-type schemes that give a better representation of the shorter
length scales than traditional finite difference schemes and thus resemble spec-
tral methods more closely. They retain the property of a free choice of mesh
geometry and boundary conditions that traditional finite differences schemes
provide.

Spectral element methods (Patera 1984) combine the most advantageous
properties of spectral and finite element methods. They combine the generality
of the finite element method with the accuracy of spectral techniques. The
domain is divided into a number of elements, wherein a spectral method is used
to approximate the physical unknowns. Spectral element codes have excellent
scalability properties, but they are general-purpose codes designed to handle
more complex geometries. It is expected that dedicated codes are more suitable
for high-Reynolds number DNSs of pipe flow than these general purpose codes.

The temporal discretisation is done by using explicit and/or implicit methods.
Explicit methods can cause the time step to become small but simplify the
equations and are thus easier to implement. Implicit schemes are used when
the time step for an explicit method is too small. The most common time
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stepping schemes are Runge–Kutta (Runge 1895), Crank–Nicolson (Crank and
Nicolson 1947), and Adams–Bashforth (Bashforth and Adams 1883).



CHAPTER 3

Incompressible pipe flow

Turbulent pipe flow is one of the canonical incompressible wall-bounded flows,
together with turbulent channel and boundary layer flow. It is known from
experiments that flows in geometries with a cylindrical cross section have dif-
ferent properties than flows in geometries with a rectangular cross section. For
example, Patel and Head (1969) concluded that“at least some of the differences
between pipe and channel flow results may be explained by the differences be-
tween axisymmetric and plane flow”. For example, Johansson et al. (2013)
remark that the wake part of the profile in the outer region has substantially
larger amplitude in pipe flow as compared to channel flow. One of the on-
going points of research is to find the nature and cause of these differences.
Other open questions for high-Reynolds number flows concern the value of the
von Kármán constant (Nagib and Chauhan 2008), the intensity and Reynolds-
number dependence of the velocity fluctuations (Hultmark et al. 2010), the
possible appearance at high Reynolds numbers of a second, outer peak in the
streamwise intensity profile (Alfredsson et al. 2011), and the pipe length neces-
sary to ensure fully developed turbulent flow (Chin et al. 2010). Because these
issues still exist, research in all of these flows is ongoing.

3.1. Historical overview of experiments

One of the most famous fluid dynamics experiments was performed by Reynolds
(1883) in which he studied the transition from laminar to turbulent flow in a
pipe. His findings led to the dimensionless Reynolds number, which is the ratio
of inertial forces to viscous forces. He showed that with increasing Reynolds
number the likelihood of turbulence increases. The apparatus he used for his
experiment (see Figure 3.1) still stands at the University of Manchester and
similar pipe flow experiments are still being performed today.

Early research was mainly focussed on the balance of physical forces and
to find out which processes dominate in different parts of the flow field. Laufer
(1954) performed hot-wire anemometry experiments and wrote that there exist
three distinguishable regions in turbulent pipe flow. Near the wall, turbulence
production, diffusion, and dissipation are of equal importance; in the central
region, energy diffusion and dissipation dominate; in the intermediate region,
dissipation and the local rate of change of turbulent energy production dom-
inate. Lawn (1971) found that the energy spectrum in the centre of the pipe

13
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Figure 3.1. A sketch of Reynolds’ flow visualisation experi-
ment. Reproduced from Reynolds (1883).

follows the now well-accepted −5/3 power law. Zagarola and Smits (1998) con-
firmed the existence of different regions, but proposed that the intermediate
region could be divided into two sub-regions for high Reynolds numbers.

Recently, the focus of research seems to have shifted more to investigating
large-scale motions that have been found to exist. Kim and Adrian (1999) dis-
cuss such motions in the outer layer of up to 14 times the radius of the pipe
while Guala et al. (2006) observed motions of up to a length of 16 times the
radius. These were found to be very energetic and highly active, containing
typically about half of the turbulent kinetic energy of the axial component and
more than half of the Reynolds shear stress. Monty et al. (2007) found long,
meandering structures of length of up to 25 times the radius. Similar structures
appeared at the same distance from the wall in boundary layer flow, but a little
further away from the wall in channel flow. To investigate these issues further,
there is an ongoing joint international effort to establish a new experimental
pipe flow facility in Italy (Talamelli et al. 2009) where high-resolution exper-
iments are planned at friction Reynolds numbers up to about 40000. These
efforts have enhanced the interest in constructing an efficient DNS code aimed
at high-Reynolds number computations of fully-developed turbulent pipe flow.
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3.2. Numerical simulations

3.2.1. Numerical issues

To describe pipe flow, the Navier–Stokes equations (2.1) can be written in cylin-
drical coordinates (z, r, θ) representing the coordinates in the axial, radial, and
azimuthal directions respectively. The Reynolds number based on centreline
velocity Uc and the radius of the pipe R is Re = UcR/ν. The components of
the non-linear term (u · ∇) u in cylindrical coordinates are:

[(u · ∇) u]z = u
∂u

∂z
+ v

∂u

∂r
+
w

r

∂u

∂θ
, (3.1)

[(u · ∇) u]r = u
∂v

∂z
+ v

∂v

∂r
+
w

r

∂v

∂θ
− w2

r
, (3.2)

[(u · ∇) u]θ = u
∂w

∂z
+ v

∂w

∂r
+
w

r

∂w

∂θ
+
vw

r
, (3.3)

and the components of the linear viscous term ∇2u:[
∇2u

]
z

=
∂2u

∂z2
+
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂θ2
, (3.4)[

∇2u
]
r

=
∂2v

∂z2
+
∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2
∂2v

∂θ2
− v

r2
− 2

r2
∂w

∂θ
, (3.5)[

∇2u
]
θ

=
∂2w

∂z2
+
∂2w

∂r2
+

1

r

∂w

∂r
+

1

r2
∂2w

∂θ2
+

2

r2
∂v

∂θ
− w

r2
. (3.6)

The gradient of the pressure p written out in components is:

[−∇p]z = −∂p
∂z
, (3.7)

[−∇p]r = −∂p
∂r
, (3.8)

[−∇p]θ = −1

r

∂p

∂θ
. (3.9)

The continuity equation (2.2) written out in cylindrical coordinates is:

∂u

∂z
+
∂v

∂r
+
v

r
+

1

r

∂w

∂θ
= 0. (3.10)

This reveals one of the problems that occurs when using cylindrical coordinates
in numerical simulations: Certain terms are pre-multiplied by 1/r or 1/r2 caus-
ing a numerical singularity at the axis r = 0. Since the instantaneous velocity
is not necessarily zero at the axis, these terms need to be evaluated in a special
way to ensure numerical stability and accuracy.

Another issue when using cylindrical coordinates is that the maximum
allowable time step may become so small that an efficient simulation is not
possible if no action is taken. A numerical simulation can only be stable when
the time step used is below a certain limit that, among other factors, is depen-
dent on the grid spacing. The maximum allowable time step becomes smaller
with decreasing grid spacing. For a cylindrical grid, the azimuthal grid spacing
is linearly dependent on the radial coordinate as shown in Figure 3.2. The
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Figure 3.2. The cylindrical grid on a quarter plane show-
ing that the azimuthal grid spacing, which is equal to r∆θ,
decreases when approaching the axis as indicated by the arrow.

small azimuthal grid spacing severely limits the maximum allowable time step
and an efficient simulation is thus not feasible if no action is taken.

3.2.2. Existing pipe flow methods

Despite these numerical issues, a number of codes to simulate turbulent pipe
flow exist. Several researchers have used a second-order technique on a stag-
gered grid employing a pressure correction method. Eggels et al. (1994) were
amongst the first to perform DNSs of turbulent pipe flow. They used a second-
order finite volume technique to simulate turbulent pipe flow at Reτ = 180.
The problem with the singularity is easily circumvented by using finite volumes
on a staggered grid while the use of an implicit method for all terms contain-
ing derivatives in the azimuthal direction prevents problems with the allowable
time step. Friedrich et al. (2001) used a second-order finite volume method to
compare the flow in permeable and solid pipes at the same Reynolds number
as Eggels et al. (1994), while Satake et al. (2000) used a similar method to
investigate turbulent flow in a pipe with heated walls at Reynolds number up
to Reτ = 1050. Feldmann and Wagner (2012) employed a fourth-order finite
volume method to investigate oscillatory pipe flow at Reynolds numbers up to
Reτ = 1440.

Orlandi and Fatica (1997) used second-order finite differences to perform
DNSs of rotating turbulent pipe flow at Reτ = 170. They introduce the new
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variables qz = u, qr = rv, and qθ = rw to simplify the treatment of the singular-
ity at the axis. The staggered grid becomes less dense near the axis to ease the
time step restriction. Wu and Moin (2008) also used a second-order finite dif-
ference method on a staggered grid in DNSs of turbulent pipe flow at Reynolds
number up to Reτ = 1142, but they used primitive variables. Because of the
staggered grid, they only need axis conditions for the radial velocity, which is
calculated by averaging corresponding values across the centreline. They also
treated convective and diffusive terms with radial and azimuthal derivatives
implicitly to prevent problems with the allowable time step. Ahn et al. (2013)
also used a second-order finite difference method on a staggered grid to simu-
late turbulent pipe flow up to Reτ = 934, but employed an LU -decomposition
based on approximate factorisation to decouple the velocity and pressure. The
radial velocity at the axis was calculated by averaging the corresponding values
across the centreline, while the derivatives at the axis were calculated by differ-
encing opposing values across the centreline, taking into account the reversal
in direction of the radial and azimuthal unit vector through the centreline.

Other researchers have used higher-order schemes to simulate turbulent
pipe flow. Boersma (2013) and Reuter and Rempfer (2004) used spectral
schemes combined with high-order compact finite difference schemes for sim-
ulations of turbulent pipe flow up to Reτ = 1840 and transitional pipe flow
at Reτ = 100 respectively. Boersma (2013) employed Fourier expansions in
the axial and azimuthal directions, and sixth-order staggered compact finite
differences in the radial direction. To increase the maximum allowable time
step, the number of azimuthal Fourier modes was lowered near the axis. Also
in this method, a pressure correction scheme is used to calculate the pressure.
Reuter and Rempfer (2004) investigated the transition process of laminar to
turbulent flow in a pipe. Their numerical scheme uses high-order compact finite
differences in the axial direction, Chebyshev polynomials in the radial direction,
and Fourier polynomials in the azimuthal direction. They employed a series
expansion for the variables to compute the axis conditions, and also used an
implicit scheme for the radial and azimuthal derivatives to alleviate the time
step restriction.

Spectral element methods are another class of methods that can be used
to perform simulations of turbulence. Loulou et al. (1997) used a method with
Fourier series in the axial and azimuthal directions and B-splines in the radial
direction to simulate pipe flow at Reτ = 190. Walpot et al. (2007) developed a
method that utilises Fourier expansions in axial and azimuthal directions, while
a spectral element method is used in the radial direction to perform simula-
tions of turbulent pipe flow at Reτ = 320. This direction is divided into several
segments, in each of which a Chebyshev collocation method is applied. This
avoids a large number of collocation points near the axis, while also allowing
for the reduction of the number of Fourier modes in segments close to the axis.
Special attention has to be paid to make sure that the solution is continuously
differentiable at the segment boundaries. A similar method was already used
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by Shan et al. (1998) to investigate the transition from laminar to turbulent
flow in a pipe with wall disturbances. Chin et al. (2010) and Chin et al. (2014)
used a Galerkin spectral element-Fourier method to simulate turbulent pipe
flow up to Reτ = 2003. El Khoury et al. (2013) and Noorani et al. (2013) used
the spectral element code nek5000 that is based on Legendre polynomials to
solve the Navier–Stokes equations to simulate pipe flow up to Reτ = 1000 and
curved pipe flow at Reτ = 400 respectively. In the method used by Chin et al.
(2010) and Chin et al. (2014), axis conditions are based on solvability require-
ments and on kinematic constraints. In nek5000, the singularity, found along
the centreline of the pipe when the Navier–Stokes equations are expressed in
cylindrical coordinates, does not occur because the equations are solved in a
Cartesian coordinate system. Although spectral element codes have excellent
scalability properties in parallel computations, they are general-purpose codes
designed to handle more complex geometries. Dedicated codes employing stag-
gered or collocated cylindrical grids are likely more suitable for high-Reynolds
number DNSs of pipe flow than these general-purpose codes.

On a staggered grid, interpolating the near-axis values is a common way to
circumvent problems at the axis (Wu and Moin 2008; Eggels et al. 1994; Or-
landi and Fatica 1997). This and other necessary interpolations required on a
staggered grid complicates implementation and can possibly cause unwanted
filtering effects. An alternative discretisation method in radial direction is
Chebyshev collocation. A disadvantage of this method is that the high res-
olution required at high Reynolds number to resolve the small scales causes
an extremely clustered grid near the wall, leading to numerical inaccuracies
and an allowable time step so small that high-Reynolds number simulations
become unfeasible. Since simulations are being performed at higher and higher
Reynolds number, this becomes a serious problem and there is a need for an
efficient numerical method capable of extremely high resolution without a very
restrictive time step limit.



CHAPTER 4

Numerical method

4.1. Methodology

In this section, the numerical method to simulate incompressible wall-bounded
flows is described. The method was first developed to simulate turbulent chan-
nel flow, after which it was extended to allow for simulation of turbulent pipe
flow. For channel flow, equations (2.1)-(2.2) are written in Cartesian coor-
dinates (x, y, z) representing the streamwise, wall-normal, and spanwise co-
ordinates respectively. The vector u = (u, v, w) denotes the velocities in the
streamwise, wall-normal, and spanwise directions respectively. The flow domain
Ω is equal to [0, Lx]× [−h, h]× [0, Lz] with Lx and Lz being the length of the
domain in the stream- and spanwise directions respectively, and h the channel
half-width. For pipe flow, the equations are written in cylindrical coordinates
(z, r, ϕ) representing the axial, radial, and azimuthal coordinates respectively.
The vector u = (u, v, w) designates the velocities in these directions. The flow
domain now is [0, Lz]× [0, R]× [0, 2π] with Lz the length in axial direction and
R the radius of the pipe. The design choices for our method are discussed in
the following sub-sections. Note that these choices are highly dependent on
each other, but to improve clarity, they are discussed in separate sections.

4.1.1. Formulation

In a number of methods, the Navier–Stokes equations are written in velocity-
vorticity form (e.g. Kim et al. (1987); Moser et al. (1999); Komminaho (2000);
Schlatter and Örlü (2010)). But this has been found to lead to certain stability
issues when using cylindrical coordinates to simulate turbulent pipe flow (Kom-
minaho 2000). This is one of the reasons the present method uses the Navier–
Stokes equations in primitive variables. Another advantage of this formulation
is that the consistent pressure is solved for as part of the primary procedure,
while an extra equation needs to be solved when using the velocity-vorticity for-
mulation. Lastly, a formulation in primitive variables allows for more flexibility
for imposing boundary conditions.

4.1.2. Spatial discretisation

The flow domain is periodic in the stream- and spanwise directions when simu-
lating channel flow, and in the axial and azimuthal directions when simulating
pipe flow. A Fourier–Galerkin method is the obvious choice to discretise these
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directions. In the wall-normal (channel flow) or radial (pipe flow) direction
higher-order compact finite differences are used. The seminal paper on com-
pact finite differences was written by Lele (1992), and the main idea is that the
derivative in a certain point of a discrete vector f is expressed as a function
of the vector values, but also as a function of the unknown derivatives of the
vector. In matrix notation this can be written as

Af ′ = Bf (4.1)

with A and B banded matrices where the number of bands determine the order
of the scheme. It follows that:

f ′ = A−1Bf := Df (4.2)

Compact schemes combine the freedom in setting the mesh geometry and
boundary conditions of finite difference methods, while better resolving the
shorter length scales. This is shown in Figure 4.1 where the modified wavenum-
ber of fourth and sixth-order schemes of both traditional and compact finite
difference schemes is plotted. The compact schemes clearly represent the exact
derivative better over a larger range of scales. The compact schemes are defined
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Figure 4.1. The modified wavenumber of the first derivative
of fourth and sixth-order finite difference schemes (blue and
red dashed line respectively), and of fourth and sixth-order
compact finite difference schemes (blue and red full line re-
spectively). The black dashed line represents the exact solu-
tion.

on a grid where the variables are collocated. This simplifies implementation
and avoids frequent interpolation and thus possible unwanted filtering effects.
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4.1.3. Temporal discretisation

The most common methods for the temporal discretisation of the non-linear
term in DNS of wall-bounded flows are explicit methods such as the Adams–
Bashforth and Runge–Kutta method. We use a third-order Runge– Kutta
method for the non-linear terms that are calculated in advective form and
pseudo-spectrally using the 3/2 rule to prevent aliasing (see e.g. Canuto et al.
(2007)). The viscous terms are usually split up into an implicit and an explicit
part to ensure stability. This can be written in general form by using the
theta-method (see e.g. Canuto et al. (2007)). Since θ already designates the
azimuthal coordinate, ω is used here in the definition:

∇2u ≈ ∇̂2
(
ωûq+1 + (1− ω)ûq

)
. (4.3)

Here, the hat indicates that the variables are discretised, the superscript q des-
ignates the Runge–Kutta sub-step, and ω ∈ [0, 1] is the parameter determining
the ratio of the explicit and implicit part. Note that the explicit Euler method
is recovered for ω = 0, and Crank–Nicolson for ω = 1/2.

4.1.4. Influence matrix

As mentioned in Chapter 2, one problem when numerically solving the Navier–
Stokes equations is the lack of an evolution equation for the pressure. A com-
mon method to derive an equation for the pressure is to take the divergence
of the Navier–Stokes equations (2.1), which leads to a Poisson equation for the
pressure:

∇ · ∇p = −∇ · (u · ∇) u (4.4)

The Poisson equation replaces the continuity equation (2.2) with the corre-
sponding boundary condition for p as of yet unknown, but it can be found by
using the influence matrix method (Kleiser and Schumann 1980, 1984; Canuto
et al. 2007). The original method by Kleiser and Schumann (1980, 1984) was
designed specifically for Chebyshev polynomials, but we extend this method
to also allow the use of (compact) finite differences. In this method, the
divergence-free condition is used at the boundary from which the boundary
conditions for the pressure follow automatically. This condition is:

∇ · u = 0, at δΩ, (4.5)

which for no-slip boundary conditions reduces to

∂v

∂y
= 0, at y = ±h (4.6)

for channel flow, and to
∂v

∂r
= 0, at r = R (4.7)

for pipe flow. The pressure p from equation (4.4), and the corresponding ve-
locities u from equation (2.1) are found by writing them as a superposition of
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a particular and two homogeneous solutions:(
p
u

)
=

(
pp
up

)
+ δ1

(
p1
u1

)
+ δ2

(
p2
u2

)
(4.8)

Here, the variables δ1 and δ2 are calculated so that

∂v

∂y
=
∂vp
∂y

+ δ1
∂v1
∂y

+ δ2
∂v2
∂y

= 0, at δΩ (4.9)

for channel flow. In pipe flow, an analogous equation holds. The influence
matrix method ensures that the velocity field u fulfills the discrete continuity
equation exactly. Note that the solutions p and u of equation (4.8) contain a
discretisation error which stems from the fact that the boundary conditions for
the velocity vectors are set, and thus the momentum equations are not satisfied
at the boundary. This error can be corrected by writing the three vectors as
the linear superposition of sub-solutions. More details about the method and
its implementation are found in Paper 1 for channel flow and in Paper 2 for
pipe flow.

4.1.5. Axis treatment

When simulating pipe flow, the Navier–Stokes equations are written in cylin-
drical coordinates. This causes a numerical singularity at r = 0, which needs
special treatment to ensure consistency and to prevent stability or accuracy
issues. We follow the method developed by Sandberg (2011) that requires dis-
cretising the azimuthal direction using Fourier series. The method is based on
parity conditions for each azimuthal Fourier mode and variable. A function f
has odd parity if the following holds for the derivatives of its Fourier coefficient

f̂m of azimuthal mode m:

∂nf̂m

∂rn
=

{
even m+ n odd

odd m+ n even,
(4.10)

while for functions with even parity, the opposite relations hold:

∂nf̂m

∂rn
=

{
even m+ n even

odd m+ n odd.
(4.11)

Sandberg (2011) shows that the axial velocity component and scalar quantities
have even parity, while the radial and azimuthal velocity components have odd
parity. These parity conditions are used to resolve the numerical issues at
the axis, i.e. calculating radial derivatives at the axis, calculating terms pre-
multiplied with 1/r or 1/r2, and setting axis values for all velocities and the
pressure. A more detailed description of the method can be found in Paper 2.

4.2. Computational cost

We estimated the computational effort of certain parts of the method by
calculating the number of operations required to execute these parts. The
following estimates were used for the number of operations performed for
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different calculations, taking into account that the grid uses Nx, Ny, and
Nz points in streamwise, wall-normal, and spanwise direction respectively,
and that the derivative matrices stemming from the compact finite difference
method are Ny ×Ny with bandedness m:

• Read from and write to memory: O (Ny).
• Multiply with a banded matrix: O (mNy).
• Calculate the LU-decomposition of a banded matrix: O

(
m2Ny

)
.

• Solve a banded system: O (2mNy).
• Perform a Fourier transform in x-direction of size Nx: O (Nx log2Nx).
• Perform a Fourier transform in z-direction of size Nz: O (Nz log2Nz).

Note that to calculate a derivative in wall-normal direction a banded
multiplication and a banded solve needs to be executed, which results in a
computational cost of O (3mNy). If Chebyshev polynomials are used, a trans-
form to Chebyshev space has to be performed which is an order O (Ny log2Ny)
operation. For fourth (m = 1), sixth (m = 2), and eighth-order compact
schemes (m = 3), the number of operations is similar if Ny = 8, Ny = 64,
and Ny = 512 respectively. Combined with the fact that in high-Reynolds
number simulations fewer point can be used, this means that the cost of using
fourth or sixth-order compact finite differences is potentially lower than using
Chebyshev polynomials.

4.2.1. Non-linear term

The formulation of the non-linear advective term has a large influence on the
computational cost of the method. We compared the numerical complexity of
four of the most common formulations for the channel flow implementation,
i.e the advective, conservative, rotational, and skew-symmetric formulation.
Since the non-linear term is skew-symmetric by definition, it is preferred if the
discrete operator designating this term is skew-symmetric. All eigenvalues of
this discrete operator are then purely imaginary, ensuring numerical stability.
Kravchenko and Moin (1996) found that the skew-symmetric and rotational
formulation are numerically stable, while the advective and conservative form
are not unless dealiasing is performed. Furthermore, the skew-symmetric for-
mulation gives rise to the smallest aliasing error (Kravchenko and Moin 1996;
Blaisdell et al. 1996), with the rotational form causing the largest error. This
means that the advective, conservative, and rotational form require a dealias-
ing procedure to correct this error. A common method of negating this error
is to employ the so called 3/2 rule (Canuto et al. 2007), in which the vectors
are padded and the Fourier transforms become a factor of 3/2 larger, thus
raising the computational cost. The skew-symmetric and rotational form are
also energy conserving even when aliasing errors are present, while the ad-
vective and conservative form need to be dealiased to ensure conservation of
energy (Kravchenko and Moin 1996).
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Table 4.1 gives an overview of the approximate number of operations re-
quired to calculate the non-linear term for the four formulations considered.
Note that the 3/2 rule to prevent aliasing is taken into account for the ad-
vective, conservative, and rotational formulation. The logarithmic terms stem

Table 4.1. Approximate number of operations required to
calculate the non-linear term.

Formulation Approximate number of operations
Advective formulation NxNyNz (45 + 9m+ 17 log2Nx + 9 log2Nz)
Conservative formulation NxNyNz (34 + 9m+ 10 log2Nx + 7 log2Nz)
Rotational formulation NxNyNz (35 + 9m+ 10 log2Nx + 7 log2Nz)
Skew-symmetric formulation NxNyNz (50 + 27m+ 17 log2Nx + 9 log2Nz)

from executing Fourier transforms, the terms in m from calculating derivatives
in wall-normal direction which requires both multiplying with a banded ma-
trix and solving a banded system, and the constant terms come from reading
from and writing to memory. The estimates show that the conservative and
rotational formulation require approximately the same amount of operations
while the advective formulation calls for a small number of extra operations to
be executed. Even though dealiasing is not required and many operations can
thus be performed on smaller vectors, the skew-symmetric form is clearly the
least efficient.

4.2.2. Linear term

A similar analysis can be used to compare the efficiency of the method where
the equations are written in primitive variables and continuity is enforced us-
ing the influence matrix method, and the method where they are written in
velocity-vorticity form. Taken into account are operations like reading from
and writing to memory, calculating the viscous term which includes derivatives
in wall-normal direction, solving for the unknown variables, and applying the
influence matrix method to ensure correct boundary conditions for the pressure
in the primitive formulation, and for the wall-normal velocity in the velocity-
vorticity formulation. One of the differences between both methods is that a
correction step is required to ensure a completely divergency-free velocity field
in the former, while this step is not necessary in the latter since the bound-
ary conditions for the wall-normal velocity are calculated in a divergence-free
space. This results in the number of operations to calculate the viscous term
and solve all equations for the formulation in primitive variables is approxi-
mately NxNyNz

(
39 + 30m+m2

)
, while the velocity-vorticity formulation re-

quires slightly less with NxNyNz
(
31 + 21m+m2

)
. operations. The velocity-

vorticity formulation is thus slightly more efficient, although the number of
operations required for the formulation in primitive variables is of the same
order. Note also that the pressure follows automatically from the formulation



4.3. VALIDATION 25

in primitive form, while it needs to be calculated separately when the velocity-
vorticity formulation is used, thus further reducing the difference in efficiency
for the two methods.

The analysis of the numerical complexity of these different formulations
and techniques demonstrates that our new method is efficient and suitable for
high-Reynolds number simulations of fully-developed, turbulent, wall-bounded
flows.

4.3. Validation

As mentioned earlier, because of the circular geometry, several numerical issues
present themselves in a pipe, which are not present in a channel. For this reason,
we implemented and validated our method in two steps. In the first step, the
method was developed for the simpler flow case of a channel. This case has
fewer numerical issues than pipe flow, and implementation and validation are
thus easier. In the second step, the method was extended to the more complex
geometry of a pipe and all numerical issues related to the singularity at the
axis were solved satisfactorily.

In Paper 1, the method for simulating channel flow is developed. The techniques
described in Section 4.1.1–4.1.4 are combined to give a discretised system of
equations describing the flow on the chosen Cartesian grid. Furthermore, a new
way to solve the Poisson equation for the pressure (4.4) is described. When
using compact finite difference schemes, the discretised form of this equation is
of the form: (

D2 − λ2I
)
z = Q, (4.12)

where D is the full matrix to calculate the first derivative that can be written
as D := A−1B with A and B banded as in equation (4.2), λ a parameter, z
the vector of unknowns, and Q any right-hand side. Since D is full, calculat-
ing the LU -decomposition followed by solving the equation every iteration is
extremely inefficient. One could raise the efficiency by calculating and stor-
ing the LU -decomposition in advance, but a disadvantage of this approach is
that it greatly raises the memory requirements since for every wavenumber
pair (kx, kz) with kx and kz the wavenumber in streamwise and spanwise di-
rection respectively, this decomposition needs to be stored. We developed a
new method that, instead of solving this full-matrix equation, requires solving
two banded equations, thus greatly reducing the numerical complexity of the
method without raising the memory requirements. This is done by rewriting
the left-hand side matrix of equation (4.12) as:(

D2 − λ2I
)

= (D + λI) (D− λI) (4.13)

After splitting the procedure into two solves and multiplying both equations
by A this gives:

(B + λA) z# = Q, (4.14)

(B− λA) z = Az#, (4.15)
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with z# being the intermediate solution. Both of these equations are in banded
form, greatly improving the efficiency of the method. When the viscous terms
are treated explicitly, this can be done directly as described above. When
they are treated implicitly, the method becomes more complex and an iterative
scheme is required. This is a brief summary of the method. More details can
be found in Appendix A of Paper 1.

To validate the method we performed three tests: The decay rate of two-
dimensional Tollmien–Schlichting waves was calculated and compared with an-
alytical results, transitional channel flow was simulated and compared with
results from literature, and fully turbulent channel flow at Reτ = 395 was
simulated and the statistics from this simulation were compared with results
from literature. The results of the first test complied with the analytical re-
sults and showed that the developed method is fourth-order, while the second
test showed that the transition from laminar to turbulent flow occurs correctly.
Results of the last and most comprehensive test are shown in Figure 4.2 that
compares the mean velocity and root-mean-square (rms) velocity fluctuations of
our method with results from Moser et al. (1999) showing excellent agreement.
This demonstrates the validity and accuracy of our new method to simulate
turbulent channel flow. In all cases, the flow was divergence-free up to machine
precision.
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Figure 4.2. The mean streamwise velocity (a) and root-
mean-square velocity fluctuations (b) of the present method
(full lines) and the results by Moser et al. (1999) (×-symbols).
The black dashed line in Fig. (a) indicates the linear pro-
file close to the wall and the dash–dotted line the log law
1/κ · log(y+) +B with κ = 0.41 and B = 5.2. The red line and
symbols in Fig. (b) represent urms, green vrms, and blue wrms.

In Paper 2, the method is extended to cylindrical coordinates to allow for
the simulation of turbulent pipe flow. An important adaption of the method
concerns the axis conditions and avoiding the numerical singularity as explained
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in Section 4.1.5. We follow and extend the method by Sandberg (2011), which
is based on the parity conditions of each variable. Another numerical issue is
that the decreasing azimuthal grid spacing near the axis causes the maximum
allowable time step to decrease. This is solved by lowering the number of
azimuthal Fourier modes near the axis, thus alleviating the time step constraint.

Validation is carried out using two similar tests as in Paper 1 for the channel
flow case, i.e. the decay rate of helical Orr–Sommerfeld modes is calculated
and compared to analytical results, and statistics from a fully turbulent case
at Reτ = 180 are compared with results by El Khoury et al. (2013). The
first test showed that the method is fourth-order, while the last test is more
comprehensive with results shown in Figures 4.3–4.5. Figure 4.3 shows excellent
agreement between our results and results from El Khoury et al. (2013) for the
mean velocity and rms velocity fluctuations. The divergence of the velocity
field is zero up to machine precision in this case as well. Figure 4.4 shows
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Figure 4.3. The mean axial velocity (a) and rms velocity
fluctuations (b) with the full line representing results from the
present method, and ◦-symbols the results of El Khoury et al.
(2013). The dashed and dash-dotted lines in Fig. (a) and the
colour scheme in Fig. (b) are as in Figure 4.2.

the instantaneous axial velocity in a rϕ-plane of a simulation at Reτ = 360
performed with a resolution equal to 360×140×480 with the arrows designating
the in-plane velocity. The velocity is continuous and smooth, also near the wall
and the axis as shown in Figure 4.5 that contains plots of the same axial velocity
field, but zoomed in near these areas. This indicates that the axis and boundary
conditions are implemented correctly. The excellent agreement with previous
results and smooth continuous behaviour near the wall and axis show that the
present method correctly simulates turbulent pipe flow.

Paper 1 and Paper 2 thus confirm that our new method is accurate and correct.
It has been validated by several test cases, the most comprehensive of which
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Figure 4.4. The axial velocity field for a simulation at Reτ =
360. The colours indicate the axial velocity from low (blue) to
high (red) velocity, while the arrows designate the in-plane
velocities.

are fully-developed turbulent flows in a channel and pipe at low Reynolds num-
ber, both of which show excellent agreement with existing results. An efficient
parallelisation is required to run high-Reynolds number simulations and this is
planned as a future follow-up project. High-Reynolds number, and thus high-
resolution, simulations will reveal the true potential of this method for DNS
of high-Reynolds number turbulent pipe flow, which rests on several features.
The use of a high-order compact finite difference scheme on a collocated grid
in the radial direction gives high accuracy without the effect of filtering caused
by frequent interpolating, and extreme clustering leading to small time steps
in high-Reynolds number simulations is avoided. The influence matrix method
ensures a completely divergence-free solution, and the banded structure of the
system of equations ensures an efficient solution procedure with low require-
ments for data storage.
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(a) (b)

Figure 4.5. The same axial velocity field as shown in Fig-
ure 4.4, but zoomed in near the axis (a) and near the wall (b).
The same colour scheme as in Figure 4.4 is used.
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CHAPTER 5

Rare events in turbulent flows

Because the behaviour of turbulent flow in the near-wall region has a large
influence on the drag acting on an immersed body, it is of great importance
to completely comprehend the physics of near-wall turbulence, both from a
fundamental and an engineering point of view. We investigated two types of
events that occur infrequently in the near-wall region, i.e. negative streamwise
velocities and extreme wall-normal velocity fluctuations.

The occurrence of negative streamwise velocities or backflow in wall-
bounded turbulence is a counterintuitive phenomenon. For example, Eckel-
mann (1974) stated that “with certainty, there are no negative velocities near
the wall”, while Spalart and Coleman (1997) reported negative wall-shear stress
events for a zero-pressure gradient turbulent boundary layer simulation, and
Hu et al. (2006) discussed negative wall-shear stress events in a turbulent chan-
nel. Similar results were obtained by laser Doppler velocimetry measurements
by Johansson (1988) in zero-pressure gradient turbulent boundary layer exper-
iments.

Unclarity also exists about the existence of extreme wall-normal veloc-
ity fluctuations. Since these extreme fluctuations were initially only observed
in DNSs but not in experiments, it was thought that these values were non-
physical, and in fact numerical artefacts (Durst et al. 1995), or that they
were caused by the recycling of strong disturbances due to the use of periodic
boundary conditions (Lyons et al. 1991). However, by performing specifically-
designed LDV measurements, Xu et al. (1996) reported that these extreme
wall-normal velocities are also found in experiments.

Paper 3 investigates local and instantaneous backflow and extreme wall-
normal velocity fluctuations in the near-wall region of wall-bounded flows.
DNSs of turbulent channel flow at a range of Reynolds numbers were per-
formed with SIMSON, a fully-spectral in-house code described by Chevalier
et al. (2007). Ideally, the method described in Section 4.1 and Paper 1 would
have been used, but at the time, implementation of this method was not finished
yet and it could thus not be used. Our results show that negative streamwise
velocities and extreme wall-normal velocity fluctuations, although very rare, are
indeed found near the wall and that they occur more often at higher Reynolds
number as shown in Figure 5.1. Here, wall-normal fluctuations are classified
as “extreme” if they are larger than 10 times the local rms-value. The nega-
tive streamwise velocities are induced by strong oblique vortices that are found
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outside the viscous sublayer on top of these regions of backflow, while extreme
positive and negative wall-normal velocity spikes appear in pairs, and are lo-
cated on the two sides of a strong streamwise vortex. The negative spike occurs
in a high-speed streak indicating a strong sweeping motion, while the positive
spike is located between a high and low-speed streak. The events are primar-
ily located underneath high-speed motions in the outer layer, which induce a
higher intensity of fluctuations. This effect is known as amplitude modulation
and becomes progressively stronger with increasing Reynolds number. This
explains the higher occurrence of these events at higher Reynolds number.
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Figure 5.1. Percentage of negative streamwise velocities (full
lines) and extreme wall-normal velocity fluctuations (|v| >
10 vrms) (dashed lines) as a function of the distance to the
wall. The blue lines denote the simulation at Reτ = 180, the
red lines the simulation at Reτ = 590, and the green lines
the simulation at Reτ = 1000. The arrow indicates increasing
Reynolds number.

The similarity of the results found in experiments and DNS of turbulent bound-
ary layer and turbulent channel flows for both the negative streamwise velocity
and the extreme wall-normal fluctuations suggest these events are universal
for wall-bounded flows. Recent DNS results of El Khoury et al. (2014) show
that negative streamwise velocities also are found in turbulent pipe flow, while
Chong et al. (2012) found that flow reversal occurs near critical points at the
wall in turbulent channel flow, i.e. points where the wall-normal gradients of
both the streamwise and spanwise velocity components are zero. In order to
detect both types of these rare events in experiments, measurement techniques
have to be specifically tuned. Special care has to be taken to ensure that both
the spatial and temporal resolution is sufficient to register these rare events. To
detect and study these intermittent events in DNSs high accuracy is required.
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Future studies performed with the present method hopefully will provide more
clarity about the existence and nature of these rare events and answer questions
about the universality of such occurences for wall-bounded flows.
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Conclusions and outlook

This PhD project is part of a larger effort to develop an efficient high-order
method to simulate turbulent pipe flow. The aim of this specific project was
to develop and validate the methodology. This was done in two steps: Firstly,
the method was developed and implemented in the easier flow case of channel
flow. The method was validated by performing three test cases and comparing
results with analytic and existing results. All tests showed excellent agreement
with reference data, thus proving the method works correctly. A new method
to efficiently solve the Poisson equation for the pressure was also introduced.
In the second step, the method was extended to allow for simulation in circular
geometries. This raises a number of new issues, the most important of which is
that a numerical singularity is introduced at the axis, which needs to be taken
care of to prevent stability and accuracy issues. We used a treatment based
on parity conditions to solve all of these issues. Validation of the method was
done by simulating two flow cases and comparing the results with analytical
and existing results. These tests showed excellent agreement with reference
data, once again proving the method is accurate and correctly implemented.

All validation tests were performed at relatively low Reynolds number since
the aim of the project was to develop and validate the code. The next step is to
improve the iterative process and efficiently parallelise the code so that high-
Reynolds number simulations can be performed. This will allow comparing
high-Reynolds number statistics of all canonical turbulent wall-bounded flows,
i.e. channel, boundary layer, and pipe flow. Properties such as the value of
the von Kármán constant, the intensity and Reynolds-number dependence of
the velocity fluctuations, the possible appearance at high Reynolds numbers
of a second, outer peak in the streamwise intensity profile, and intermittent
events such as negative streamwise velocity and extreme wall-normal velocity
fluctuations, as well as whether or not these properties and events are universal
for wall-bounded flows, can then be investigated more efficiently.
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Abstract
A new high-order method for the accurate simulation of incompressible wall-
bounded flows is presented. In stream- and spanwise directions the discretisa-
tion is performed by standard Fourier series, while in the wall-normal direction
the method combines high-order collocated compact finite differences with the
influence matrix method to calculate the pressure boundary conditions that
render the velocity field exactly divergence-free. The main advantage over
Chebyshev collocation is that in wall-normal direction, the grid can be chosen
freely and thus excessive clustering near the wall is avoided. This can be done
while maintaining the high-order approximation as offered by compact finite
differences. The discrete Poisson equation is solved in a novel way that avoids
any full matrices and thus improves numerical efficiency. Both explicit and
implicit discretisations of the viscous terms are described, with the implicit
method being more complex, but also having a wider range of applications.
The method is validated by simulating two-dimensional Tollmien–Schlichting
waves, forced transition in turbulent channel flow, and fully turbulent channel
flow at friction Reynolds number Reτ = 395, and comparing our data with an-
alytical and existing numerical results. In all cases, the results show excellent
agreement showing that the method simulates all physical processes correctly.

1. Introduction

The last few decades, Direct Numerical Simulations (DNS) where all scales of
motion are resolved, have proven very useful to investigate the features and
properties of incompressible wall-bounded turbulent flows. The simulation of
these flows is a challenging area with high demands on the accuracy and effi-
ciency of the code, which are amplified by the ever-continuing need for simu-
lating flows at higher Reynolds numbers (Moin and Mahesh 1998). A major is-
sue when solving the governing three-dimensional incompressible Navier–Stokes
equations is the lack of an evolution equation for the pressure. Instead, the pres-
sure is present in the momentum equations and instantaneously corrects the
velocities such that the continuity equation is satisfied, i.e. the divergence of
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the velocity field is equal to zero. Different methodologies have been developed
to deal with this issue.

The approach that is probably the most popular is the pressure correction
or fractional step method (Chorin 1968). Here, the integration over one time
step is split into three parts. In the predictor step, an intermediate velocity
field is calculated without taking into account the pressure. Secondly, a Poisson
equation for the pressure is solved. Lastly, in the corrector step, the intermedi-
ate velocity is projected by the pressure onto a divergence-free field. However,
even though the method is widespread, there are still unresolved issues re-
garding the choice of boundary conditions for the pressure when solving the
Poisson equation. Usually, boundary conditions are derived by extrapolating
the velocities and pressure gradients from previous time steps (Kim and Moin
1985; Perot 1993). This introduces splitting errors in the integration scheme
reducing the maximum allowable time step that ensures numerical stability and
thus decreasing the efficiency of the method. The method is mainly applied
on a staggered grid (Simens et al. 2009; Boersma 2011) to avoid checkerboard
patterns in the solutions stemming from odd-even decoupling. Although a stag-
gered grid has proven very useful in some cases, it also has its disadvantages,
namely that it requires frequent interpolation, which can introduce unwanted
filtering and complicate implementation.

One way to avoid this problem is to write the Navier–Stokes equations in
vorticity-velocity (VV) form (Kim et al. 1987; Fasel et al. 1987; Meitz and Fasel
2000; Quadrio and Luchini 2002) by taking the curl of the momentum equations.
This eliminates the pressure and gives a set of evolution equations for the
vorticity and a set of elliptic equations relating the vorticity to the velocities. A
disadvantage of this method is that in three dimensions, the number of unknown
variables increases from four (the velocity vector and the pressure) to six (the
vorticity and velocity vector) and thus also the computational and memory
requirements increase. In addition, boundary conditions for the vorticity are
required but not known, such that similar issues arise as in the fractional step
method where boundary conditions for the pressure are unknown.

A third method is the influence matrix (IM) method (Kleiser and Schumann
1980, 1984; Canuto et al. 2007). In this case as well, a Poisson equation for
the pressure is derived that replaces the continuity equation in the interior of
the flow domain. For problems with non-periodic boundaries in one dimension,
this results in a sequence of one-dimensional scalar Helmholtz equations, which
is solved to calculate the pressure boundary conditions that after applying a
correction step render the entire velocity field divergence-free. The advantage
of this method is that continuity is fulfilled exactly in the discretised equations.
It can also be applied on a collocated grid, thus avoiding interpolation that can
cause unwanted filtering effects. Reuter and Rempfer (2004) use this method to
simulate turbulent pipe flow (although they make no mention of the correction
step), while Tuckerman (1989) derives a generalised and more formal method
for other geometries. When comparing the IM-method with the VV-method, we
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see that both have the issue of missing boundary conditions, for the pressure in
the former, for the vorticity in the latter method. The commonly used method
to calculate the missing boundary conditions is similar for the two methods.
An advantage of the IM-method is that the pressure is one of the unknowns
and thus follows immediately from the calculation, while in the VV-method an
extra equation needs to be solved to obtain the pressure. Furthermore, the IM-
method is more straightforward to extend to other geometries. The VV-method
has been found to give stability issues when using cylindrical coordinates to
simulate turbulent pipe flow (Komminaho 2000).

All of the examples mentioned implement the IM method with Chebyshev
polynomials in the wall-normal direction. Although the use of Chebyshev col-
location is widespread in the simulation of wall-bounded flows, it also has its
restrictions. With simulations of wall-bounded flows being performed at ever
rising Reynolds number (Reτ = 10000 should be reached in the foreseeable
future (Jiménez 2003)), these restrictions are being exposed and we feel there
is a need for a new code that is not subject to these restrictions. The re-
striction is that the prescribed grid when using Chebyshev collocation is the
Gauss–Lobatto–Chebyshev grid which follows a cosine distribution. The high
resolution required to resolve all scales at high Reynolds number simulations
causes an extremely clustered grid near the wall for this grid. For example, 3841
Gauss–Lobatto–Chebyshev points are required for a simulation at Reτ = 10000
if a maximum spacing of 8 viscous units at the centre of the channel is pre-
scribed. This grid has 56 points within the first 10 viscous units near the wall
and a minimum spacing of ∆y

+
min = 0.0034. As a result the maximum allowable

time step becomes so small that it is not feasible any more to run a simula-
tion for a sufficient amount of time. Because of the numerical issues caused by
extreme clustering of gridpoints, there exists a desire to have more freedom in
the allocation of the grid points in the wall-normal direction. An alternative
is to use compact finite differences on a staggered grid, but this requires fre-
quent interpolation that might cause unwanted filtering effects. Therefore, we
use compact finite differences on a collocated grid. Compact finite difference
schemes are summarised by Lele (1992) and show good resolution characteris-
tics over a large range of wavenumbers while maintaining the freedom to choose
the grid points and boundary conditions. Because this grid can be freely cho-
sen, extreme clustering can be prevented and thus the time step restriction is
not as severe.

The viscous terms can be treated explicitly or implicitly. The equations
are simpler when they are treated explicitly, but this does impose more severe
restrictions on the maximum allowable time step in certain flow cases. Kleiser
and Schumann (1984) use an implicit discretisation for the viscous terms to
avoid this severe time step limitation, while Simens et al. (2007) suggest that
in a turbulent boundary layer the viscous time step limit is only critical in
the wall-normal direction, so that is the only direction they treat implicitly.
Thus, they treat the viscous terms in stream- and spanwise directions explicitly.
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Akselvoll and Moin (1995) give a clear dissection of the terms that can be
treated explicitly and the terms that need to be treated implicitly in different
parts of the domain (near the axis and near the wall) when simulating turbulent
pipe flow. We describe a general method, of which the explicit method can be
derived by choosing the parameter θ = 0. The results and numerical efficiency
of both methods are shown and discussed in separate sections.

In this paper, we present a new method to simulate wall-bounded flows. The
aim of this method is to simulate these flows at high Reynolds number in an
efficient way. We extend the IM method to allow the use of compact finite
differences, which gives the user the freedom to choose the location of the grid
points and thus providing more flexibility. To validate the method we perform
low-Reynolds number simulations and compare with analytical and existing
results.

2. Problem formulation

2.1. Governing equations

To illustrate our method we consider the case with one homogeneous and one
inhomogeneous direction such as plane channel flow. It illustrates all of the
features of the method while keeping the equations relatively simple. The
theory is easily extended to three dimensions, or adapted when other boundary
conditions are chosen. The governing equations are:

∂u

∂t
= −∇p− u · ∇u +

1

Re
∆u in Ω, (1)

∇ · u = 0 in Ω, (2)

u = 0 on y = ±1, (3)

where u is the velocity vector with components u and v in the x and y-direction
respectively, and p is the pressure. The domain Ω is [0, Lx] × [−1, 1], and Re
is the Reynolds number. We assume periodic boundary conditions in x and
no-slip boundary conditions at y = ±1.

2.2. Spatial discretisation

In the periodic x-direction the velocity components and pressure are expanded
in Fourier series. The collocation points in the x-direction are:

xj = jLx/Nx, j = 0, 1, . . . , Nx − 1 (4)

withNx the number of intervals in the x-direction. The unknowns are expanded
in Fourier space as follows:

u(x, y, t) =

Nx/2−1∑
kx=−Nx/2

ûk(y, t)e2πikxx/Lx , (5)

where the hat on top indicates that the variables are discrete.
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Compact finite differences are used in y-direction. The seminal paper on
compact finite differences was written by Lele (1992), and the main idea is that
the derivative of a vector f in a certain point yi is expressed as a function of the
vector values f(yi+k), k = −Ne, · · · , Ne, but also as a function of the unknown
derivatives f ′(yi+j), j = −Ni, · · · , Ni as follows:

Ni∑
j=−Ni

ajf
′(yi+j) =

Ne∑
k=−Ne

bkf(yi+k) (6)

with a0 = 1, and aj and bk such that the scheme is of the desired order. Usually
Ni ≤ Ne and Ni and Ne are larger for higher-order schemes. For example, for
a fourth-order scheme Ni = Ne = 1 and for a sixth-order scheme Ni = 1 and
Ne = 2. Near the boundary the scheme has to be adjusted, and out of necessity,
becomes non-central. In matrix form the scheme can be written as:

A1f
′ = B1f (7)

with f = [f1, · · · , fNy ] where Ny is the number of points in y-direction. It
follows that:

f ′ = A−11 B1f := D1f . (8)

Note that Gustafsson (1975) mentioned that the overall order of the scheme is
limited by the order of the scheme at the boundary. If the boundary scheme
is of order k, the maximum attainable order is k + 1. Later, Carpenter et al.
(1993) found that standard compact schemes become unstable when fourth or
higher order schemes are used at the boundary. This is shown in Figure 1 where
the eigenvalue spectrum of the compact fourth order derivative matrix D1 with
third and fourth order closure are plotted. Note that here an equidistant grid
was chosen. The schemes with third-order closure is denoted (3–4–3), the
one with fourth-order closure (4–4–4) where the middle 4 refers to the inner
scheme accuracy and the other numbers indicate the order of the boundary
closure. Note that the sixth-order scheme denoted by (3–5–6–5–3) has third
order boundary closure, is of fifth order at the near-boundary points, and of
sixth order at the inner points. The spectrum of the (3–4–3) scheme is restricted
to the left half of the complex plane, while the (4–4–4) scheme has eigenvalues
with a positive real part. This means that the (4–4–4) scheme is unstable and
that the numerical solution will diverge from the actual solution, while the
(3–4–3) scheme is stable and gives correct results.

In conclusion, this means that the highest overall order that can be attained
with standard compact schemes is formally fourth order. Note that Carpenter
et al. (1993) developed specialised schemes that have fourth and fifth-order
accuracy at the boundary. The drawback is that these schemes make use of
a large stencil and thus require a high number of bands hampering efficient
implementation.

For the second derivative, one can either apply the first derivative twice, or
derive it directly as in equation (8), which gives f ′′ = A−12 B2f := D2f . Figure 2
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Figure 1. The eigenvalues of the derivative matrix D1. × :
Ny = 65, ◦ : Ny = 129 with the red symbols corresponding to
the schemes with third-order boundary closure, and the blue
symbols the schemes with fourth-order closure.

compares the modified wavenumber of both methods. The modified wavenum-
ber is a measure of how well the schemes resolve frequencies throughout the
frequency domain in the derivatives, and it is clear that on a collocated grid,
the modified wavenumber of the second derivative performs better than that
of the first derivative squared. For completeness, also the modified wavenum-
ber of the first derivative squared on a staggered grid is plotted. It performs
similarly to the second derivative on a collocated grid. As Babucke and Kloker
(2009) already noted, direct derivation gives a better fit to the exact solution
throughout the wavenumber range. In addition, when using direct derivation,
the modified wavenumber does not vanish for high wavenumbers and thus high-
frequency waves are damped by the viscous terms. Note that here as well, an
equidistant grid was chosen. Non-equidistant grids cause artificial dispersion
given by the imaginary part of the modified wavenumber.

2.3. Temporal discretisation

The most common methods for the temporal discretisation of the non-linear
term in DNS of wall-bounded flows are explicit methods such as the Adams–
Bashforth or Runge–Kutta method. We will here use a third-order Runge–
Kutta method for the non-linear terms that are calculated in advective form
and calculated pseudo-spectrally using the 3/2 rule to prevent aliasing (see
e.g. Canuto et al. (2007)). Experience has shown that dealiasing in wall-normal
direction is only required if the resolution in this direction is marginal and not
when a grid is used that is sufficiently dense to resolve the viscous sublayer.
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Figure 2. The modified wavenumber of D2
1 = D1 · D1 on a

collocated (red) and a staggered grid (green), and the modified
wavenumber of

D2 (blue) for compact fourth-order (full lines) and sixth-order schemes
(dashed lines) on a collocated grid. The black line represents the exact

solution.

Various time discretisations are possible for the viscous terms, but usually
they are split into an implicit and an explicit part by employing, for exam-
ple, Crank–Nicolson or the more general theta-method (see e.g. Canuto et al.
(2007)). The advantage of the purely explicit case is that it simplifies the equa-
tions. However, it does put more severe limits on the maximum allowable time
step compared with the case where the viscous terms are treated implicitly (see
e.g. Simens et al. (2007)).

2.4. Discretised system

The viscous term is discretised using the theta-method and is thus approxi-
mated by:

∆u ≈ ∆̂
(
θûq+1 + (1− θ)ûq

)
, 0 ≤ θ ≤ 1, (9)

where the parameter θ determines the ratio of the explicit and implicit part.
Note that the term is fully explicit when θ = 0, and the θ-method corresponds
to Crank–Nicolson if θ = 1/2. The discretised system of equations (1)–(3) then
becomes: [

1− βq∆t
1

Re
θ∆̂

]
ûq+1 + βq∆t∇p̂q+1 = r̂q, (10)

∇̂ · ûq+1 = 0, (11)

ûq+1(±1) = 0 (12)
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with the right-hand side vector r̂q equal to:

r̂q =

[
1 + βq∆t

1

Re
(1− θ)∆̂

]
ûq − γq∆tN̂q − ζq∆tN̂q−1, (13)

where N̂ represents the non-linear term, and superscripts q indicate the Runge–
Kutta substeps such that ûq = ûn for q = 0, and ûq = ûn+1 for q = 3 if the
three-step method is used, and for q = 4 if the four-step method is used. βq,
γq, and ζq are the coefficients used in the Runge–Kutta method (Spalart et al.
1991; Chevalier et al. 2007), the values of which can be found in Table 1.

Table 1. The value of the 3 and 4-stage Runge–Kutta coefficients.

βq γq ζq
RK3 8/15 8/15 0

3-stage 2/15 5/12 −17/60
1/3 3/4 −5/12

RK3 8/17 8/17 0
4-stage 16/255 17/60 −15/68

2/15 5/12 −17/60
1/3 3/4 −5/12

The discrete gradient, divergence, and Laplace operators are:

∇̂ ˆpq+1 =
(
ikxp̂

q+1, D1p̂
q+1
)
, (14)

∇̂ · ûq+1 = ikxû
q+1 +D1v̂

q+1, (15)

∆̂ûq =
(
D2 − k2xI

)
ûq (16)

with kx the wavenumber in x-direction and I the identity matrix of size Ny.

3. Influence matrix method

3.1. Theory

The boundary conditions for the pressure that render the velocity divergence-
free are a priori unknown and need to be derived in some way. The advantage
of the influence matrix (IM) method over others is that continuity is fulfilled
exactly in the discretised equations. In this method a Poisson equation for
the pressure is derived, after which the corresponding boundary conditions are
calculated that render the entire field divergence-free. The divergence-free so-
lution of the Navier–Stokes equations is written as a linear superposition of
three vectors, each of which solves a comparable system of equations. These
equations have the same left-hand side but differ either in the terms on the
right-hand side or the prescribed boundary conditions. However, each of these
three solutions contains a discretisation error which stems from the fact that
the boundary condition for the velocity vectors are set, and thus the momen-
tum equations are not satisfied at the boundary. This error can be corrected
by writing the three vectors as the linear superposition of sub-solutions. For
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the sake of brevity, we will in the following omit the hats indicating that the
variables and operators are discrete. Furthermore, we explain the method for
a two-dimensional problem. The extension to three dimensions is straightfor-
ward. Written out in components and taking into account the discretisation
error, the momentum equation (4) becomes:

Lmomu
q+1 + ikxβq∆tp

q+1 = rqx + σx, (17)

Lmomv
q+1 + βq∆tD1p

q+1 = rqy + σy, (18)

where

Lmom :=

(
1 + βq∆t

1

Re
θk2x

)
I − βq∆t

1

Re
θD2 (19)

and σx and σy are the corrections in streamwise and wall-normal directions
respectively. They are zero in the interior and non-zero at the boundary, but
as yet their values are unknown. The corresponding boundary conditions are:

uq+1(±1) = vq+1(±1) = 0. (20)

We derive the Poisson equation for the pressure by applying the discrete
divergence-free condition (eq. (11)) to the discrete momentum equations (17)–
(18):

βq∆t
(
D2

1 − k2xI
)
pq+1 = Rq + βq∆t

1

Re
θ (D1D2 −D2D1) vq+1 + ikxσx +D1σy

(21)
with Rq = ikxr

q
x+D1r

q
y. The second term on the right-hand side is not present

in the method as described by Kleiser and Schumann (1980, 1984) since they
use Chebyshev collocation and in that case D1 and D2 commute ensuring that
this term is zero. When using compact finite differences however, D1 and D2 do
not commute and thus this term is non-zero. Furthermore, the discretisation
errors made in the momentum equations appear in the Poisson equation as the
term ikxσx + D1σy. The boundary conditions for the pressure that ensure a
divergence-free field at the boundary are as yet unknown but we assume they
are equal to

pq+1(±) = p±. (22)

These boundary conditions are calculated by writing the solution of equa-
tions (17)-(22) as a superposition of three vectors: pq+1

uq+1

vq+1

 =

 pp
up
vp

+ δ1

 p1
u1
v1

+ δ2

 p2
u2
v2

 . (23)

The particular solution with subscript p solves equations (17)-(21) with homo-
geneous Dirichlet boundary conditions for the pressure (i.e. p(±1) = 0), and
the homogeneous solutions with subscript 1 and 2 solve equations (17)-(21)
with rqx = rqy = 0 and boundary conditions p1(−1) = 1, p1(+1) = 0, and
p2(−1) = 0, p2(+1) = 1. The parameters δ1 and δ2 ensure that the continuity
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condition is fulfilled at the boundary. For no-slip conditions this reduces to:

D1v
q+1 = 0, (24)

and δ1 and δ2 are thus solutions of:(
D1v1(−1) D1v2(−1)
D1v1(+1) D1v2(+1)

)(
δ1
δ2

)
= −

(
D1vp(−1)
D1vp(+1)

)
. (25)

The left-hand side matrix here is called the influence matrix after which the
method is named. From the defiinition of the superposition (eq. 23) follows
directly that the pressure boundary conditions are:

pq+1(−1) = δ1, and pq+1(+1) = δ2. (26)

For each of the vectors in the right-hand side of the superposition (23) the
boundary correction σ is unknown. Note that the discretisation error stemming
from the x-momentum equation appears in the Poisson equation as ikxσx. Since
σx is zero in the interior, also ikxσx has non-zero values only at the boundary,
but the values there are set by the boundary conditions and thus, we do not
have to take this error into account. The discretisation error stemming from
the y-momentum equation, however, needs to be corrected for. This is done
by using another superposition. For example, the particular solution can be
written as  pp

up
vp

 =

 p∗p
u∗p
v∗p

+ αb

 pb
ub
vb

+ αt

 pt
ut
vt

 . (27)

Here, the vectors with superscript ∗ once more solve equations (17)-(21) with
homogeneous Dirichlet boundary conditions for the pressure, but with all σ set
equal to zero. The other vectors correct for the discretisation error in the wall-
normal direction at the two walls. The vectors with subscript b for example
correct the error made at the bottom wall and solve

Lmomub + ikxβq∆tpb = 0, (28)

Lmomvb + βq∆tD1pb = σy, (29)

βq∆t
(
D2

1 − k2xI
)
pb = D1σy (30)

with σy equal to 1 at y = −1 and zero everywhere else. The boundary condi-
tions are ub(±1) = vb(±1) = pb(±1) = 0. The systems for the other correction
vectors are defined in an analogous way but with σy equal to 1 at y = +1
and zero everywhere else. The coefficients αb and αt are found by substituting
the superposition of equation (27) into equations (17)-(18) and evaluating the
result at the wall. The equations written down here show how to calculate
the particular solution. The equations for the homogeneous solutions can be
derived analogously. These can then be used in equation (23) to calculate the
divergence-free solution with superscript q + 1.
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3.2. Summary

To summarise, for each wavenumber (wavenumber pair in three dimensions)
five systems need to be solved. Firstly, the solutions (pb, ub, vb) and (pt, ut, vt)
of equations (28)–(30) that are necessary in the correction procedure are cal-
culated. Secondly, the solutions (p∗1, u

∗
1, v
∗
1), (p∗2, u

∗
2, v
∗
2) are calculated and cor-

rected to account for the discretisation error with the help of (pb, ub, vb) and
(pt, ut, vt) analogous to equation (27). The corrected homogeneous solutions
are indicated by (p1, u1, v1), and (p2, u2, v2). Now the influence matrix that
is present in the left-hand side of equation (29) can be calculated. Note that
the systems for these four solutions have fixed right-hand sides (independent of
the solution of previous time steps) and thus the solutions and corresponding
influence matrix can be calculated and stored before the time integration is
started. Within the time integration, the solution (p∗p, u

∗
p, v
∗
p) is calculated and

corrected such that the particular solution (pp, up, vp) is found. Finally, the
solution (pq+1, uq+1, vq+1) of equations (17)–(22) can be calculated with the
help of equation (23).

Note that the method was derived here using no-slip boundary conditions,
but that with only minor adaptations also inhomogeneous Dirichlet, Neumann,
or Robin boundary conditions can be fulfilled as long as the desired bound-
ary conditions are applied consistently in all five systems, and equations (24)
and (29) are adapted accordingly.

Note also that here the implicit method for the viscous terms is described.
Here, the right-hand side of equation (21) contains a term in vq+1 which is
unknown at the time of solving for pq+1. This means that an iterative scheme is
required to calculate the solution. When the explicit method is used (θ = 0), the
equations simplify greatly and this term drops out. The solution for pq+1 can
then be calculated directly. As mentioned before, more details of the method
can be found in Lenaers et al. (2014).

4. Implementation

In the previous section we derived the different systems that need to be solved
in the IM method. However, a number of changes need to be made to make
the method numerically more efficient. In this section we give an overview of
the methods that improve the efficiency of the method among which is a novel
method of solving the Poisson equation for the pressure. We refer to Lenaers
et al. (2014) for a more in depth description of these methods.

4.1. Solution method for the Poisson equation

The operation that is computationally one of the most expensive is solving the
Poisson equation (21) for the pressure p. The left-hand side matrix D2

1 − k2xI
is full, which means that calculating the LU -decomposition and consequently
solving the system is of order O(N3

y ). Calculating the LU -decomposition of a
banded matrix and consequently solving the system is much more efficient with
the complexity of the decomposition of a banded matrix being O(Ny) with the
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prefactor depending on the number of bands. We devised a scheme to calculate
the pressure p in a more efficient way, exploiting the bandedness of the matrices
A1 and B1. Assume that the Poisson equation we need to solve is(

D2 − λ2I
)
z = b, (31)

where D is a full matrix that can be written as D := A−1B with A and B
banded, λ a parameter, z the vector of unknowns, and b any right-hand side.
The left-hand side matrix can be decomposed such that the equation becomes:

(D + λI) (D − λI) z = b. (32)

The solution z can now be calculated by solving two first order equations:

(D + λI) z#0 = b, (33)

(D − λI) z0 = z#0 . (34)

Both these solves still require calculating the LU -decomposition of a full matrix
((D + λI) and (D − λI) respectively). By multiplying both equations with A
the left-hand side matrices become banded and thus numerically more efficient
to solve:

(B + λA) z#0 = Ab, (35)

(B − λA) z0 = Az#0 . (36)

This is but a brief description of the method, since more work needs to be
done to ensure that the boundary conditions are fulfilled correctly. A more
comprehensive description can be found in Lenaers et al. (2014).

4.2. Exploiting the bandedness of the derivative matrices when calculating
derivatives

The bandedness of the derivative matrices can be utilised in two ways. Firstly,
the matrix multiplication of D1 or D2 with a vector occurs multiple times with
D1 and D2 as defined in equation (8). Since D1 is a full matrix, executing
this matrix multiplication is an order O(N2

y ) operation. A more efficient way

to calculate the term z := D1p = A−11 B1p, is to first perform the matrix
multiplication B1p, followed by solving the system A1z = B1p where the LU-
decomposition of A1 is calculated and stored in advance to further reduce the
complexity. Both banded matrix operations are of order O(Ny) thus reducing
the overall cost. The implementation of matrix multiplication with D2 goes
analogously.

Secondly, the matrix Lmom as defined in equation (19) which is present in
the left-hand side of equations (17)–(18) is full, which means that solving these
equations is numerically expensive. To exploit the bandedness of A2 and B2,
these equations are multiplied by A2 leading to:

L∗momu
q+1 + ikxβq∆tA2p

q+1 = A2r
q
x, (37)

L∗momv
q+1 + βq∆tA2D1p

q+1 = A2r
q
y (38)
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with

L∗mom =

(
1 + βq∆t

1

Re
θk2x

)
A2 − βq∆t

1

Re
θB2. (39)

The matrix L∗mom is banded with max(Ni, Ne) subdiagonals, with Ni and Ne
as defined in equation (6), and thus the systems can be solved more efficiently.
Taking the discrete divergence of these equations gives the following equation
for the pressure:

βq∆t
(
D1A2D1 − k2xA2

)
pq+1 = ikxA2r

q
x +D1A2r

q
y

+ βq∆t
1

Re
θ (D1B2 −B2D1) vq+1

−
(

1 + βq∆t
1

Re
θk2x

)
(D1A2 −A2D1) vq+1.

(40)

Compared with equation (21), the first term in vq+1 on the right-hand side is
slightly altered (the matrix D2 has been replaced by B2), and a second term in
vq+1 is present. Both are results of multiplying the momentum equations (17)–
(18) by A2. This equation for the pressure is solved with a slightly more
complex version of the method described in Section Appendix A. For more
details we refer to Lenaers et al. (2014).

5. Validation

The method has been implemented in a Fortran code using the FFTW pack-
age (Frigo and Johnson 2005) for performing the Fourier transforms. We con-
ducted a number of tests to validate our method. All tests were performed in
a three-dimensional channel where the third direction (the spanwise direction)
is denoted by z. It is periodic and discretised using Fourier collocation just like
the x-direction. To ensure that the grid spacing in the y-direction is clustered
near both walls, we use the spacing as described by Orlandi (2000)

yi =
tanh (αs (ξi − 0.5))

tanh(0.5 αs)
, with (41)

ξi =
i− 1

Ny − 1
, for i = 1, . . . , Ny. (42)

For αs → 0, the spacing becomes equidistant, while it becomes more stretched
and thus more dense near the wall for higher values of αs. All of our tests
discussed here have been performed with αs = 4. The corresponding grid is
sufficiently dense near the wall to resolve the viscous sublayer when simulating
fully turbulent channel flow (see Section 5.3) while avoiding excessive clustering
which would severely lower the maximum allowable time step, in particular for
the explicit method.

We compare results of the explicit (θ = 0) and the implicit method. For
the implicit method we set θ = 1/2 corresponding with the Crank–Nicolson
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method. Here an iterative scheme is required to solve the Poisson equation,
details of which can be found in Lenaers et al. (2014).

The three test cases we used to validate our method are two-dimensional TS
waves, forced transition in turbulent channel flow, and fully turbulent channel
flow at friction Reynolds number Reτ = 395. The three test cases cover the
complete spectrum of standard tests (decay of a 2D TS wave, transition into
turbulence, and fully turbulent channel flow) necessary to validate the method
and the code.

5.1. 2D Tollmien–Schlichting waves

TS waves (Tollmien 1929; Schlichting 1933) are wave-like disturbances that
occur in wall-bounded flows and are the least stable solutions of the Orr–
Sommerfeld equations (Orr 1907a,b; Sommerfeld 1908). Because they can
cause the transition from laminar to turbulent flow (usually denoted as “clas-
sical” transition) they have been studied extensively by fluid dynamicists and
their linear and non-linear behaviour is well understood.

We ran the test case with the same parameters as previously performed
by Gilbert and Kleiser (1990) and Schlatter et al. (2004). This means that
the computational box is 2πh/1.12 × 2h × 2πh/2.1 large and the resolution is
64×129×64 with h being the channel half-width. Note that due to linearity, in
principle, only two points in x and one point in z-direction would be required
to resolve the wave. The simulation was run at a laminar Reynolds number
of 5000 based on centerline velocity and channel half-width, and the initial
field was chosen to be the laminar parabolic Poiseuille profile disturbed with
the two-dimensional TS wave with maximum streamwise velocity amplitude
of 0.01% of the centre-line velocity. This amplitude is small enough so that
non-linear effects can be neglected and the kinetic energy of the disturbance
decays according to the imaginary part of the least stable eigenvalue which
for this case is equal to αi = −2.4847 · 10−3. Figure 3 shows the error in the
calculated decay-rate |αi − αicalc| for the (3–4–3) and the (3–5–6–5–3) scheme
for the explicit method. Both the fourth and sixth-order scheme clearly show
fourth-order convergence. As explained in Section 2.2, this is to be expected
because the maximum attainable order is dependent on the choice of boundary
closure. The error for the sixth-order scheme is an order of magnitude smaller
than the error for the fourth-order scheme. Note that the results obtained with
implicit time stepping are very similar and are thus not shown here.

5.2. Transitional channel flow

The second test consists of a flow case that undergoes transition from lami-
nar to turbulent flow. The same computational box, resolution and Reynolds
number as in the previous example are used. The initial field consists of the
laminar parabolic profile, superimposed with the same 2D TS wave as before,
but now with amplitude equal to 3%. Furthermore, two weak oblique three-
dimensional waves with amplitude 0.1%, which have the same fundamental
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Figure 3. The absolute error of the decay rate for the (3-4-
3) (blue) and (3-5-6-5-3) (red) scheme. The black dashed line
indicates fourth-order convergence.

streamwise wavelength as the 2D wave are superimposed. This case is known
as “K-type” transition and has been simulated and described before by, for ex-
ample, Nishioka et al. (1975) and Gilbert and Kleiser (1990). A saturated TS
wave will form in the initial stages (t < 100), after which strong shear layers
and so-called open Λ-vortices form (t ≈ 130). These vortices cause hairpin
vortices to appear (t ≈ 136) after which the whole domain transitions to tur-
bulence (t = 155). The results of the explicit method are compared in Figure 4
with results obtained with SIMSON (Chevalier et al. 2007), a fully spectral
in-house code that has proven to be stable and robust and gives correct results.
The results show a good comparison with SIMSON up until transition takes
place, after which due to the inherent nature of turbulence, the instantaneous
behaviour becomes unpredictable. The results from the implicit method are
similar and are not shown here.

In Figure 5, vortices are visualised by contours of negative λ2, a measure
of vorticity as devised by Jeong and Hussain (1995), for the bottom half (−h ≤
y ≤ 0) of the flow field at t = 136. Two hairpin vortices are clearly visible and
compare well with results of e.g. Schlatter et al. (2006).

It is interesting, however, to compare the temporal evolution of the diver-
gence of the explicit and implicit method. As mentioned before, an iterative
scheme is required to solve the equations when the implicit method is used.
The evolution of the infinity-norm of the divergence for both the explicit and
implicit method with varying number of iterations is plotted in Figure 6. The
divergence of the explicit method remains stable at approximately 10−9. The
divergence level of the implicit implementation rises at the onset of transition
due to the more chaotic nature of the flow. Applying the iteration lowers the
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Figure 4. Evolution of the wall-normal maximum Fourier
amplitude maxkz |û1(kx, 0, kz, t)|. The result of the new code
(black lines) are compared with results from SIMSON (blue
circles).

Figure 5. A visualisation of the flow field at t = 136. Half
of the flow field in y-direction is shown. The structures are
isocontours of negative λ+2 = −5 · 10−5, a criterion to identify
vortical motion. They are coloured according to distance to
the wall, from blue representing close to the wall through green
and red for increasing wall-normal distance.

divergence from 10−2 when no iterations are used, up till 10−12 for ten iter-
ations, so about one order of magnitude per iteration. The fact that this is
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not zero up to machine precision is due to numerical cancellation that occurs
when solving the different systems within the method. The condition number
of the matrices in the left-hand side is dependent on the grid spacing and the
number of points. It can become fairly large and thus cause loss of significant
digits. This has been confirmed by running the code with quadruple instead
of standard double precision, resulting in a decrease of the divergence. How-
ever, it is not feasible to run large simulations in quadruple precision since this
significantly slows down the code.
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Figure 6. The temporal evolution of the infinity-norm of the
divergence. The black line corresponds to the explicit method,
while the blue, red, green, and magenta lines correspond to
the implicit method with 0, 1, 5, and 10 iterations respectively.

5.3. Turbulent channel flow at Reτ = 395

In the third test, a fully turbulent channel at bulk Reynolds number Re :=
ubh/ν = 6867 with ub the bulk velocity was simulated. This corresponds to a
nominal friction Reynolds number of Reτ := uτh/ν = 395 with uτ being the
friction velocity. We used the same parameters as Moser et al. (1999), which
means a boxsize of 2πh × 2h × πh, and a resolution of 256 × 193 × 192. This
corresponds to a grid spacing of ∆x+ = 9.6, ∆z+ = 6.4 , ∆y+w = 0.6, and
∆y+c = 8.5, with ∆y+w being the spacing in y-direction near the wall, which is
the minimum, and ∆y+c the spacing at the centre line, which is the maximum.
The superscript + indicates normalisation by wall units with ∆x+ = uτ∆x/ν.
The pressure gradient driving the flow is adjusted dynamically such that the
mass flux is constant throughout. Statistics from the simulation were taken
from t = 500 until t = 1500, which corresponds to 38 eddy turnover periods
uτT/h, sufficient to ensure converged statistics. The actual calculated friction
Reynolds number was Reτ = 391.4. Figure 7 compares the mean velocity and
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root mean square (rms) velocities as a function of the wall-normal distance y+

of the new code with results by Moser et al. (1999). The results are virtually
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Figure 7. The mean (a) and rms velocities (b) of the new
code (full lines) and the code by Moser et al. (1999) (× sym-
bols). The red line and symbols in fig. (b) represent urms,
green vrms, and blue wrms.

identical indicating that the new code performs well when simulating fully
developed turbulent channel flow.

Figure 6 shows the bottom half of the flow field at t = 750. The structures
are contours of negative λ+2 = −0.003. Once again, blue vortices are located
close to the wall while green and red ones are further away. The bulk of the
vortices are clearly clustered near the wall, which is typical for turbulent wall-
bounded flows.

6. Numerical efficiency

In this section we compare the efficiency of the methods with explicit and im-
plicit treatment of the viscous terms for typical turbulent channel and bound-
ary layer flow simulations. The stability of the simulation is determined by
the maximum allowable time step. To analyse the stability of our method, we
closely follow the derivation by Simens et al. (2007) which states that for the
explicit method to be stable it is required that:

∆t ≤ min

(
∆x

πmax |u| ,
λ1∆yw
max |v| ,

∆z

πmax |w| ,
Re∆x2

π2
, λ2Re∆y

2
w,
Re∆z2

π2

)
, (43)

where λ1 and λ2 are constants dependent on the largest eigenvalue of the first
and second derivative matrix D1 and D2 respectively. Note that the first three
terms stem from the limits imposed by the advective term, while the latter three
stem from the viscous term. In channel and boundary layer flows, the advective
limit is dominated by the constraint in the streamwise direction giving:

∆t ≤
(

∆x

πmax |u| ,
Re∆x2

π2
, λ2Re∆y

2
w,
Re∆z2

π2

)
. (44)
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Figure 8. A visualisation of the flow field at t = 750. As
in Figure 5, half of the flow field in y-direction is shown and
the same colouring is used. The structures are isocontours of
λ+2 = −0.003. Note that the mean flow is in positive x-
direction.

The advective limit dominates if

∆x

πmax |u| ≤ min

(
Re∆x2

π2
, λ2Re∆y

2
w,
Re∆z2

π2

)
(45)

or after multiplying both sides by u2τRe

1

π

uτ
max |u|∆x

+ ≤ min

(
∆x+

2

π2
, λ2∆y+w

2
,

∆z+
2

π2

)
. (46)

Typical values are

∆x+ ≈ 10, ∆y+w ≈ 0.5, ∆z+ ≈ 5, (47)

uτ
max |u| ≈

1

20
, λ2 ≈ 1, (48)

which means that the most restrictive viscous constraint is the one in wall-
normal direction and that the advective and viscous constraint are of the same
order. As a result, the maximum allowable time step for the explicit and
implicit method are of the same order. For this simulation, a simple calcula-
tion reveals that the maximum time step for both methods is of the order of
∆t ≈ O(0.01). Heuristics indeed show that the maximum time step for the tur-
bulent channel flow simulation discussed in Section 5.3 is equal to 0.01 for the
explicit method, and 0.02 for the implicit method. Note that when Chebyshev
collocation is used in wall-normal direction, the spacing near the wall is more
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dense (the corresponding minimum spacing with Ny = 193 is ∆y+w = 0.05), re-
sulting in a more restrictive viscous limit. As a result, the maximum allowable
time step for the explicit method would be much smaller and thus the method
less efficient.

An iteration scheme described in Lenaers et al. (2014) needs to be used in
the implicit method. Figure 9 shows the divergence as a function of the number
of iterations for the fully turbulent channel. The results are similar to the ones
when discussing the temporal evolution of the divergence for the transitional
channel: When no iterations are used, the norm of the divergence is of order
10−2, which then decays exponentially to 10−12 when 10 iterations are used.
The implicit method reaches the same divergence level as the explicit method
when 6 or 7 iterations are applied.
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Figure 9. The infinity norm of the divergence as a function
of the number of iterations performed for the implicit method.
The dashed line represents the divergence level of the explicit
method.

To give a fair comparison of the efficiency of both methods we also need
to take into account the time needed to calculate one single time step. When
comparing the complexity of the two methods, the only difference is in updat-
ing the velocity vectors after the pressure has been computed. For the explicit
method a simple update is required which means exactly Ny operations need to
be executed for both velocities. One iteration in the implicit method requires
two banded systems to be solved, which also corresponds to O(Ny) operations.
This means that calculating one time step in the explicit method should cost
approximately the same amount of time as one time step without any iterations
in the implicit method. Figure 10 confirms this, showing that the ratio of the
time needed to perform one time step in the implicit method without itera-
tions, and the explicit method is slightly larger than 1. Since the maximum
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Figure 10. The ratio of the time needed to perform one time
step for the implicit method and the explicit method.

allowable time step for the implicit method was twice as large as for the ex-
plicit method, the two methods have the same efficiency when the time spent
calculating one time step in the implicit method is twice as large as for the
calculation of one time step in the explicit method. As the figure shows, this
corresponds to iterating once in the implicit method. However, comparing the
divergence for these cases in Figure 9 shows that the divergence in the explicit
case is several orders smaller indicating that the explicit method is the more ef-
ficient for simulating turbulent channel flow with no-slip boundary conditions.
Note however, that the implicit method definitely has value as well, since it
is able to simulate more complex flow cases with, for example, blowing and
suction at the wall which would lead to a prohibitively small time step with
the explicit method. Secondly, note that all of the timing results mentioned
stem from a serial implementation of the code. In general, simulation times for
parallel implementations of codes that simulate wall-bounded turbulence are
dominated by the communication cost involved in computing the non-linear
terms, while the actual solving of the linear system can be parallelised very
efficiently since all equations decouple per wavenumber pair and thus no com-
munication is required. As a result, the influence of the iteration scheme on
the total computational cost diminishes. Future tests on a parallelised version
of the code will have to show how large this influence is.

7. Conclusions

In this paper we present a new high-order method to perform direct numerical
simulations of wall-bounded flows. The novel feature is that it combines collo-
cated compact finite differences (Lele 1992) in the wall-normal direction with
the influence matrix method (Kleiser and Schumann 1980, 1984) to calculate
the boundary conditions that render the entire velocity field divergence-free.
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In the stream- and spanwise directions, Fourier collocation is used, while any
time discretisation can be used, but we illustrate the method by applying a
third-order Runge–Kutta method. The fact that the grid is collocated means
that it avoids interpolation, which is necessary on staggered grids (Simens et al.
2009; Boersma 2011) and can cause unwanted filtering effects. A further ad-
vantage over other high-order methods such as Chebyshev collocation is that
the grid is not predetermined and can thus be defined so that dense cluster-
ing of gridpoints near the wall is avoided. This becomes especially important
when simulating high Reynolds number flows, which require a high wall-normal
resolution. Note that the method is described with Dirichlet boundary condi-
tions at the wall, but that this can easily be extended to Neumann or Robin
boundary conditions by making minor alterations.

The divergence-free velocity field and accompanying pressure solve the
so-called modified A-problem. Each velocity component and the pressure is
equal to the linear superposition of three solutions of the so-called modified
B -problem. The term “modified” points to the fact that the discretisation er-
ror that was present in the original A and B -problems is taken into account
and is corrected for. Two different branches of the method are described: In
the first one the viscous terms are treated fully explicitly, while in the second
branch they are treated implicitly. Both methods call for a Poisson equation
for the pressure to be solved, which is numerically expensive. We develop a
novel and efficient method to do this where instead of solving a second-order
full system, two banded first-order systems are solved consecutively, which re-
duces the computational complexity from order O(N2

y ) for the full system solve
to order O(Ny) for the banded system solves.

The method is validated by simulating three flow cases: The decay of a
two-dimensional stable Tollmien–Schlichting wave, transition to turbulence in
plane Poiseuille flow, and fully developed turbulent channel flow. All of the
cases show excellent comparison with analytical and existing numerical results
and for the considered cases, explicit time integration is more efficient than
implicit treatment. However, the latter allows for more complex flow cases and
boundary conditions such as, for example, blowing and suction at the wall,
thus also proving valuable. Note that the norm of the divergence is a few
orders larger than machine precision, albeit very small and constant. This is
due to numerical cancellation that occurs as a result of the fairly large condition
number of the matrices in the left-hand side of the equations. The condition
number of the matrices and thus also the level of divergence is dependent on
the number of points in wall-normal direction and the grid spacing.
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Appendix: Numerical details

The aim of this appendix is to provide more detail on the exact methodology
of the algorithm that solves the Poisson equation efficiently and the influence
matrix method. Note that this appendix is exclusive to this thesis and does
not appear in the journal paper.

Appendix A. Solution method for the Poisson equation

The operation that is computationally one of the most expensive is solving
the Poisson equation (21) for the pressure p. The left-hand side matrix D2

1 −
k2xI in the Poisson equation is full, which means that calculating the LU -
decomposition and consequently solving the system this way is an order O(N3

y )
operation. However, calculating the LU -decomposition of a banded matrix and
consequently solving the system is much more efficient than performing the
same operations on a full matrix. The effort of the decomposition of a banded
matrix is O(Ny) with the prefactor depending on the number of bands, thus
greatly reducing the computational cost. Keeping this in mind, we devised a
scheme to solve the Poisson equation in an efficient way, once again exploiting
the bandedness of the matrices A1 and B1. Firstly, we explain the method for
a general equation of the form(

D2 − λ2I
)
z = Q, z(±1) = z±, (49)

where D is a full matrix that can be written as D := A−1B with A and B
banded, λ a parameter, z the vector of unknowns, and Q any right-hand side.
The left-hand side matrix can be decomposed such that the equation becomes:

(D + λI) (D − λI) z = Q, z(±1) = z±. (50)

The solution z can now be calculated by solving two first order equations:

(D + λI) z#0 = Q, z#0 (−1) = 1, (51)

(D − λI) z0 = z#0 , z0(+1) = z+, (52)

where the boundary condition chosen for the intermediate solution z#0 is of no
importance and can be chosen freely as long as it is inhomogeneous. Both these
solves still require calculating the LU -decomposition of a full matrix ((D+λI)
and (D−λI) respectively). By multiplying both equations with A the left-hand
side matrices become banded and thus numerically more efficient to solve:

(B + λA) z#0 = AQ, z#0 (−1) = 1, (53)

(B − λA) z0 = Az#0 , z0(+1) = z+. (54)

A problem now is that in the original equation (49), both the boundary values
z(±1) are set, while in equation (54) only one boundary condition can be set
since it is a first-order equation. Here we choose the condition at y = +1,
which means that the boundary condition at y = −1 needs to be satisfied in
some other way. In order to also satisfy the boundary condition z(−1) = z−,
an auxiliary system with homogenous right-hand side and boundary conditions
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needs to be solved:

(B + λA) z#h = 0, z#h (−1) = 1, (55)

(B − λA) zh = Az#h , zh(+1) = 0. (56)

The superposition z0 + γzh with

γ =
z− − z0(−1)

zh(−1)
(57)

then satisfies the boundary condition z(−1) = z−.

However, in this case the discretisation gives rise to a truncation error that

needs to be taken into account. By setting the boundary condition for z#0 and

z#h , a discretisation error at the boundary is made, which then propagates into
the solution of z0 and zh respectively. As in the influence matrix method, we
define the modified problem for z∗0 :

(B + λA) z#0
∗

= AQ+ σ, z#0
∗
(−1) = 1, (58)

(B − λA) z∗0 = Az#0
∗
, z∗0(+1) = z+, (59)

where σ accounts for the discretisation error made in the solution method. Note
that an analogous modified problem holds for z∗h. The system used to correct
for the discretisation error is:

(B + λA) z#c = σb, z#c (−1) = 1, (60)

(B − λA) zc = Az#c , zc(+1) = 0. (61)

The corrected solutions z∗0 and z∗h are then equal to:

z∗0 = z0 + αczc, (62)

z∗h = zh + αchzc (63)

with

αc = − (B − λA) z0(+1)−Az#0 (+1)

(B − λA) zc(+1)−Az#c (+1)
, (64)

αch = − (B − λA) zh(+1)−Az#h (+1)

(B − λA) zc(+1)−Az#c (+1)
. (65)

Now the solution z of equation (49) is equal to:

z = z∗0 + γ∗z∗h (66)

with

γ∗ =
z− − z∗0(−1)

zh(−1)
(67)

such that z fulfills both boundary conditions z(±1) = z± and such that the
discretisation error is fully accounted for.
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Appendix B. Influence matrix method

In the main part of the paper, the method is described in general terms. Here
we provide more detail for the case with the explicit (Section B.1) and the more
general implicit treatment of the viscous terms (Section B.2).

B.1. Explicit method

The time stepping can be made fully explicit by setting the variable θ in equa-
tion (9) equal to zero. This greatly simplifies the involved equations; the matrix
Lmom given in equation (19) becomes the identity matrix and the right-hand
side vector rq becomes:

rq =

[
1 + βq∆t

1

Re
∆

]
uq − γq∆tNq − ζq∆tNq−1. (68)

The system to be solved is then equal to:

βq∆t
(
D2

1 − k2xI
)
pq+1 = Rq + ikxσx +D1σy, D1v

q+1(±1) = 0, (69)

uq+1 + ikxβq∆tp
q+1 = rqx + σx, uq+1(±1) = 0, (70)

vq+1 + βq∆tD1p
q+1 = rqy + σy, vq+1(±1) = 0. (71)

The solution for pq+1, uq+1, and vq+1 is then found by writing it as the linear
superposition of equation (23). The Poisson equation for the pressure is solved
with the method discussed in Appendix A such that (pp, up, vp) is the solution
of

βq∆t (B1 + kxA1) p# = A1R+ ikxA1σx +B1σy, p#(−1) = 1, (72)

(B1 − kxA1) p = A1p
#, p(+1) = p+, (73)

u+ ikxβq∆tp = rx + σx, u(±1) = 0, (74)

v + βq∆tD1p = ry + σy, v(±1) = 0. (75)

(p1, u1, v1), and (p2, u2, v2) are calculated by setting R = 0 in the above system.
Here and hereafter, the superscript # denotes the intermediate solution of
the pressure p. As discussed earlier in the derivation of the influence matrix
method, the solution of this system is found by taking the superposition of
solutions of several subsystems, each of which are calculated by the method
described in Appendix A. Note however, that due to the premultiplication by
A1 the discretisation error in equation (72) is equal to ikxA1σx+B1σy compared
with ikxσx+D1σy in equation (21). The discretisation error σx made in the x-
momentum equation is now no longer contained to the boundary in the pressure
equation due to the matrix multiplication by A1, and the error σy stemming
from the y-momentum equation is now multiplied by B1 instead of D1. As a
result, the superposition as defined before in equation (27) needs to be altered
slightly and out of necessity becomes two-dimensional (or three-dimensional for
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a three-dimensional flow case). The solution (pp, up, vp) is now equal to: pp
up
vp

 =

 p∗p
u∗p
v∗p

+αbx

 pbx
ubx
vbx

+αtx

 ptx
utx
vtx

+αby

 pby
uby
vby

+αty

 pty
uty
vty


(76)

with (p∗p, u
∗
p, v
∗
p) solving:

βq∆t (B1 + kxA1) p#p = A1R, p#p (−1) = 1, (77)

(B1 − kxA1) p∗p = A1p
#
p , p∗p(+1) = 0, (78)

u∗p + ikxβq∆tp
∗
p = rx, u∗p(±1) = 0, (79)

v∗p + βq∆tD1p
∗
p = ry, v∗p(±1) = 0, (80)

and (pbx, ubx, vbx) and (ptx, utx, vtx) solutions of:

βq∆t (B1 + kxA1) p#j = ikxA1σ, p#j (−1) = 1, (81)

(B1 − kxA1) pj = A1p
#
j , pj(+1) = 0, (82)

uj + ikxβq∆tpj = 0, uj(±1) = 0, (83)

vj + βq∆tD1pj = 0, vj(±1) = 0 (84)

with j equal to bx or tx, and (pby, uby, vby) and (pty, uty, vty) solving:

βq∆t (B1 + kxA1) p#j = B1σ, p#j (−1) = 1, (85)

(B1 − kxA1) pj = A1p
#
j , pj(+1) = 0, (86)

uj + ikxβq∆tpj = 0, uj(±1) = 0, (87)

vj + βq∆tD1pj = 0, vj(±1) = 0 (88)

with j equal to by or ty and σ equal to σb and σt respectively. The boundary
corrections σx and σy from equation (72) are equal to:

σx = αbxσb + αtxσt, (89)

σy = αbyσb + αtyσt, (90)

where the coefficients αbx, αtx, αby, and αty are found by substituting the
superposition of equation (76) into equations (74) and (75) and evaluating the
result at y = ±1. In matrix form this gives:

Acorr


αbx
αtx
αby
αty

 = −


fup(−1)− rx(−1)
fup(+1)− rx(+1)
fvp(−1)− ry(−1)
fvp(+1)− ry(+1)

 , (91)

where Acorr is defined as:
fubx(−1)− 1 futx(−1) fuby(−1) futy(−1)
fubx(+1) futx(+1)− 1 fuby(+1) futy(+1)
fvbx(−1) fvtx(−1) fvby(−1)− 1 fvty(−1)
fvbx(+1) fvtx(+1) fvby(+1) fvty(+1)− 1

 (92)
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with

fuij = uij + ikxβq∆tpij (93)

fvij = vij + βq∆tD1pij (94)

fup = u∗p + ikxβq∆tp
∗
p (95)

fvp = v∗p + βq∆tD1p
∗
p (96)

for i = b or t, and j = x or y.

Analagous to equation (76), the superposition of (p1, u1, v1) and (p2, u2, v2)
is defined and calculated. Note that the boundary conditions are equal to

p∗1(−1) = 1, p∗1(1) = 0, u∗1(±1) = v∗1(±) = 0, (97)

p∗2(−1) = 0, p∗2(1) = 1, u∗2(±1) = v∗2(±) = 0. (98)

Summary
A summary of the method is presented in the form of a flow chart in Figure 11.
When the Poisson equation is solved using the method discussed in Appendix
A a total of seven systems need to be solved. Firstly, the correction vectors
(pbx, ubx, vbx), (ptx, utx, vtx), (pby, uby, vby), and (pty, uty, vty) of equations (81)–
(88) and the corresponding correction matrix of equation (92) are calculated.
Note that in a three-dimensional flow case, two extra systems need to be solved
to calculate the correction vectors in z-direction, and that the correction matrix
then is a 6× 6 matrix. Afterwards, the vectors (p∗1, u

∗
1, v
∗
1) and (p∗2, u

∗
2, v
∗
2) are

calculated by solving equations (77)–(80), but with boundary conditions (97)–
(98). These solutions are then corrected analogous to equation (76) such that
(p1, u1, v1) and (p2, u2, v2) are recovered. Now the influence matrix of equa-
tion (29) can be calculated. Once again, these six systems are independent of
the solution of previous time steps and thus the solutions and corresponding
correction and influence matrix can be calculated and stored before the time
integration is started. Within the time integration, the solution (pp,

∗ u∗p, v
∗
p) of

equations (77)–(80) is calculated and corrected such that (pp, up, vp) is found.
Finally, with the help of equation (23) and the influence matrix of equation (29)
the solution (pq+1, uq+1, vq+1) and thus the solution of the next Runge–Kutta
substep is calculated.
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eq. (81)–(88)

eq. (92)

eq. (77)–(80)

eq. (76)

eq. (29)

eq. (77)–(80)

eq. (76)

eq. (23)

Figure 11. Flowchart of the method with fully explicit time
integration. All vectors are calculated by solving the corre-
sponding equations on the right side of the chart.
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B.2. Implicit method

Here, we describe the method for the general case where θ from equation (9)
can have any value in the interval (0, 1]. The derivation is analogous to the
derivation of the explicit case of Appendix B.1, but first, one alteration is
made to make the method more efficient. The matrix Lmom, as defined in
equation (19) which is present in the left-hand side of equations (17)–(18), is
full, which means that solving these equations is numerically expensive. To
exploit the bandedness of A2 and B2, these equations are multiplied by A2

leading to:

L∗momu
q+1 + ikxβq∆tA2p

q+1 = A2r
q
x, (99)

L∗momv
q+1 + βq∆tA2D1p

q+1 = A2r
q
y (100)

with

L∗mom =

(
1 + βq∆t

1

Re
θk2x

)
A2 − βq∆t

1

Re
θB2. (101)

The matrix L∗mom is banded with max(Ni, Ne) subdiagonals, with Ni and Ne
as defined in equation (6), and thus the systems can be solved more efficiently.
Taking the discrete divergence of these equations gives the following equation
for the pressure:

βq∆t
(
D1A2D1 − k2xA2

)
pq+1 = ikxA2r

q
x +D1A2r

q
y

+ βq∆t
1

Re
θ (D1B2 −B2D1) vq+1

−
(

1 + βq∆t
1

Re
θk2x

)
(D1A2 −A2D1) vq+1.

(102)

Compared with equation (21), the first term in vq+1 on the right-hand side is
slightly altered (the matrix D2 has been replaced by B2), and a second term in
vq+1 is present. Both are results of multiplying the momentum equations (17)–
(18) by A2. As in the explicit case, the boundary conditions are

D1v
q+1(±1) = 0, uq+1(±1) = 0, vq+1(±1) = 0. (103)

However, also in the implicit case it is necessary to take into account the dis-
cretisation error. This is done by using the same superposition as defined in
equation (76) for the explicit case. Now (p∗p, u

∗
p, v
∗
p) solves

βq∆t
(
D1A2D1 − k2xA2

)
p∗ = R(v), (104)

L∗momu
∗ + ikxβq∆tA2p

∗ = A2rx, (105)

L∗momv
∗ + βq∆tA2D1p

∗ = A2ry (106)

with R(v) equal to the right-hand side of equation (102) and dependent on v
and boundary conditions

p∗(±1) = u∗(±1) = v∗(±1) = 0. (107)
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The equations and boundary conditions for (p∗1, u
∗
1, v
∗
1) and (p∗2, u

∗
2, v
∗
2) are de-

fined analogous with the explicit method. Equations (104)–(106) with ad-
justed right-hand side and boundary conditions are used to solve for the
vectors (pbx, ubx, vbx), (ptx, utx, vtx), (pby, uby, vby), (pty, uty, vty), (p1, u1, v1),
(p2, u2, v2). For example (pbx, ubx, vbx) solves:

βq∆t
(
D1A2D1 − k2xA2

)
p = ikxσb, (108)

L∗momu+ ikxβq∆tA2p = A2rx, (109)

L∗momv + βq∆tA2D1p = A2ry (110)

with boundary conditions:

pbx(±1) = 0, ubx(±1) = 0, vbx(±1). (111)

The systems for the other vectors are defined analogously to the explicit
method. It follows that the correction is now performed by solving for the
α’s in:

Acorr


αbx
αtx
αby
αty

 = −


fup(−1)−A2rx(−1)
fup(+1)−A2rx(+1)
fvp(−1)−A2ry(−1)
fvp(+1)−A2ry(+1)

 , (112)

where Acorr is defined as:
fubx(−1)− 1 futx(−1) fuby(−1) futy(−1)
fubx(+1) futx(+1)− 1 fuby(+1) futy(+1)
fvbx(−1) fvtx(−1) fvby(−1)− 1 fvty(−1)
fvbx(+1) fvtx(+1) fvby(+1) fvty(+1)− 1

 (113)

with

fujk = L∗momujk + ikxβq∆tA2pjk, (114)

fvjk = L∗momvjk + βq∆tA2D1pjk, (115)

fup = L∗momu
∗
p + ikxβq∆tA2p

∗
p, (116)

fvp = L∗momv
∗
p + βq∆tA2D1p

∗
p (117)

for j ∈ {b, t}, and k ∈ {x, y}.
The solution (p∗p, u

∗
p, v
∗
p) needs to be solved with the method described

in Appendix A. The left-hand side matrix in equation (104) can be decomposed
as follows:(
D1A2D1 − k2xA2

)
= (D1A2 + kxA2) (D1 − kxI) + kx (D1A2 −A2D1) . (118)

The term kx (D1A2 −A2D1) occurs due to the non-commutativity of matrices
D1 and A2 and will be placed in the right-hand side. Thus, equation (104) can
be rewritten as:

βq∆t (D1A2 + kxA2) (D1 − kxI) p∗ = R(v) + ikxσx +D1σy

− βq∆tkx (D1A2 −A2D1) p. (119)



A new high-order method for simulating wall-bounded turbulent flows 77

The solution can then be calculated by solving two first-order equations as
follows:

βq∆t (D1A2 + kxA2) p# = R(v) + ikxσx +D1σy

− βq∆tkx (D1A2 −A2D1) papp, p#(−1) = 1,

(120)

(D1 − kxI) p∗ = p#, p∗(+1) = p+,

(121)

where papp is an approximation of the as yet unknown pressure p. Once more,
we multiply both equations with A1 such that the systems to be solved become
banded and thus more efficient to solve. This gives:

βq∆t (B1A2 + kxA1A2) p# = A1R(v) + ikxA1σx +B1σy

− βq∆tkxA1 (D1A2 −A2D1) papp, p#(−1) = 1,

(122)

(B1 − kxA1) p∗ = A1p
#, p∗(+1) = p+.

(123)

As discussed in Section Appendix A, auxiliary systems for ph and pc are de-
fined such that also the boundary condition at y = −1 is fulfilled, and the
discretisation error is accounted for.

Note that R(v) and papp appearing in the right-hand side of equation (122),
are unknown at this point and thus need to be approximated. To calculate the
correct pressure p∗ and corresponding velocities u∗ and v∗ we iterate over (j)
and calculate the solution of:

βq∆t (B1A2 + kxA1A2) p#(j+1) = A1R(v(j)) + ikxA1σx +B1σy

− βq∆tkxA1 (D1A2 −A2D1) p(j),

p#(j+1)(−1) = 1, (124)

(B1 − kxA1) p∗(j+1) = A1p
#
(j+1), p∗(j+1)(+1) = 0, (125)

L∗momu
∗
(j+1) + ikxβq∆tA2p

∗
(j+1) = A2rx + σx, u∗(j+1)(±1) = 0, (126)

L∗momv
∗
(j+1) + βq∆tA2D1p

∗
(j+1) = A2ry + σy, v∗(j+1)(±1) = 0, (127)

where v∗(0) and p∗(0) are chosen equal to vqp and pqp respectively. The vectors

(p∗j+1, u
∗
j+1, v

∗
j+1) are then also corrected by applying equation (76) to give

(pj+1, uj+1, vj+1) and the superposition of equation (23) is applied to fulfill
the boundary conditions. The iteration scheme is stopped when the divergence
ikxu(j+1) + D1v(j+1) is below a certain chosen threshold and this solution is

denoted (pq+1, uq+1, vq+1), the solution of time step q + 1.

Summary
The structure of the implicit method is similar to that of the explicit method
as evidenced by comparing the flowchart of the implicit method in Figure 12
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to that of the explicit method in Figure 11. The main conceptual difference
is that within the time integration, a secondary loop is required to calculate
(pq+1, uq+1, vq+1) which is terminated as soon as the divergence is below a
certain threshold.

eq. (108)–(111)

eq. (113)

eq. (104)–(107)

eq. (76)

eq. (29)

eq. (124)–(127)

eq. (76)

eq. (23)

Figure 12. Flowchart of the method with implicit time inte-
gration. All vectors are calculated by solving the correspond-
ing equations on the right side of the chart.

As in the explicit case, in the initialisation phase, six help vectors are cal-
culated. The four solutions (pbx, ubx, vbx), (ptx, utx, vtx), (pby, uby, vby), and
(pty, uty, vty) of equations (108)–(111) which assist in correcting for the dis-
cretisation error in x and y-direction respectively are calculated first. Note
that the right-hand side in equation (108) and boundary conditions need to
be adjusted analogous to the explicit method for the different solutions. The
corresponding correction matrix as defined in equation (113) is also calculated.
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Note that like in the explicit method, when the flow case is three-dimensional,
two additional systems need to be solved to calculate the correction vectors in
the z-direction, and that the correction matrix becomes a 6× 6 matrix.

Secondly, (p∗1, u
∗
1, v
∗
1), and (p∗2, u

∗
2, v
∗
2), which solve equations (104)–(107)

with adjusted right-hand side in equation (104) and with boundary condi-
tions (97)–(98), are calculated. The corrected values (p1, u1, v1), and (p2, u2, v2)
are then calculated according to the superposition (76) and the influence matrix
defined in equation (29) is calculated. This concludes the initialisation phase.

Within each iteration, (p∗j+1, u
∗
j+1, v

∗
j+1) that solves equations (124)–(127)

is calculated. After correcting according to equation (76) and applying the in-
fluence matrix as in equation (23), (pj+1, uj+1, vj+1) is known. If the divergence
of this solution is larger than a specified treshold, more iterations are needed
and the process is repeated with the right-hand side of equation (124) updated.
If the divergence of the solution is below this treshold, the solution is accepted
as the solution (pq+1, uq+1, vq+1) of the system of equations (99)–(103).

In conclusion, the basic solution method for the implicit case is the same
as for the explicit case. The influence matrix method writes the solution of
the Navier–Stokes equations as a superposition of three vectors, each of which
needs to be corrected for a discretisation error made at the boundary in the
momentum equations. This correction is calculated by the superposition of five
vectors. The equations in the implicit case are more cumbersome, due to extra
terms appearing in the right-hand side as a consequence of non-commutativity
of certain matrices. As a result, the systems within the time integration need to
be solved with an iterative scheme where in the explicit case one direct banded
solve is sufficient.
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Abstract
A new high-order method for the direct numerical simulation of incompressible
turbulent pipe flow is presented. The defining feature is that in the radial direc-
tion high-order compact finite differences are used on a collocated grid, which
combined with the implementation of the influence matrix method to calculate
consistent pressure boundary conditions results in a completely divergence-free
velocity field. The grid in the radial direction can be chosen with complete
freedom and thus extreme clustering near the wall and axis, which occurs for
example when using Chebyshev collocation at high Reynolds number, can be
avoided. Without this clustering, the allowable time step dictated by the tem-
poral stability of advective (and possibly viscous) terms remains reasonably
large, even at high Reynolds numbers. The axial and azimuthal directions are
discretised by using Fourier series. At the wall no-slip boundary conditions
are imposed, while at the axis a scheme based on specific parity conditions is
used that maintains the same high order as the interior scheme. A third-order
Runge–Kutta method is used for the temporal integration of the non-linear
terms, which are calculated pseudo-spectrally using the 3/2 rule to prevent
aliasing. The linear viscous terms are discretised explicitly. The design choices
result in a efficient method with low requirements for data storage. The method
is validated by calculating the decay of helical Orr–Sommerfeld modes and sim-
ulating fully turbulent pipe flow at friction Reynolds number Reτ = 180. The
results show excellent agreement with reference results, illustrating the correct-
ness and accuracy of the method.

1. Introduction

Fully developed incompressible turbulent flow through a smooth pipe is a
canonical problem in fluid mechanics which has recently seen a resurgence
in interest in both experimental (Mckeon et al. 2004; Talamelli et al. 2009;
Hultmark et al. 2012) and numerical (Wu and Moin 2008; Ahn et al. 2013; El
Khoury et al. 2013) research pointing out a number of open questions. The
super-pipe data has been analysed in a number of publications and recently in
the paper by Hultmark et al. (2012). There is also an ongoing joint interna-
tional effort to establish a new experimental pipe flow facility in Italy (Talamelli

85



86 P. Lenaers, P. Schlatter, G. Brethouwer & A. V. Johansson

et al. 2009) where high-resolution experiments are planned at friction Reynolds
numbers up to about 40000. According to recent studies (Guala et al. 2006;
Monty et al. 2007; Hellström et al. 2011), very large-scale structures with leng-
ths of up to 30R (with R the radius of the pipe) are found in fully developed
turbulent pipe flow in the outer layer with their footprint visible even quite
close to the wall in the log layer. These large-scale structures have been found
to play an important role in the dynamics of turbulent pipe flow but a detailed
description of them is still lacking. Other open questions for high Reynolds
number flows concern the exact value of the von Kármán constant (Nagib and
Chauhan 2008), the intensity and Reynolds-number dependence of the velocity
fluctuations (Hultmark et al. 2010), the possible appearance at high Reynolds
numbers of a second, outer peak in the streamwise intensity profile (Alfredsson
et al. 2011), and the pipe length necessary to ensure fully developed turbulent
flow (Chin et al. 2010). There is also research interest in related flow cases, like
bent or coiled pipes (Noorani et al. 2013). These efforts and open questions
have enhanced the interest in constructing an efficient Direct Numerical Simu-
lation (DNS) code for pipe flow aimed at high Reynolds number computations.

For channel and boundary layer flow numerous efficient, high accuracy
DNS-codes already exist (see e.g. Kim et al. (1987); Moser et al. (1999); Lee
et al. (2013); Spalart (1988); Schlatter and Örlü (2010); Sillero et al. (2011)).
Common high-order methods for the discretisation in space are Fourier or
Chebyshev methods. They are highly accurate but only applicable in sim-
ple geometries. Finite difference and finite volume methods are lower order,
but more flexible and can thus be used in a wider range of geometries. For pipe
flow efficient high-order numerical methods are still mostly missing, the reason
being that when simulating pipe flow certain numerical issues arise that are
not present for the other two flows. The two most notable issues when using
cylindrical coordinates are the 1/r-singularity at the axis, and the fact that the
maximum allowable time step becomes extremely small due to the small grid
spacing in the azimuthal direction near the axis. Despite these issues, a number
of codes for simulating turbulent pipe flow have been described in literature.

Eggels et al. (1994) were one of the first to perform DNSs of turbulent pipe
flow. They developed two different codes but both used a second-order finite
volume technique on a staggered grid with the equations written in primitive
variables. The use of finite volumes allows the problem with the singularity to
be easily circumvented. To prevent problems with the allowable time step, they
used an implicit method for all terms containing derivatives in the azimuthal
direction. This alleviates the time step restriction but does complicate the
method and equations to be solved. The pressure distribution is obtained via
a predictor-corrector technique.

Orlandi and Fatica (1997) performed DNSs of turbulent pipe flow in a
rotating frame. They introduce new variables qθ = rvθ, qr = rvr, and qz = vz
to simplify the treatment of the singularity at the axis. Here vθ, vr, and vz are
the velocities in azimuthal, radial, and axial velocity respectively. Their method
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uses second-order finite differences on a staggered grid that becomes less dense
near the axis to ease the time step restriction. The system of equations is solved
using a pressure correction method.

Wu and Moin (2008) used a second-order finite difference method on a
staggered grid with the equations written in primitive variables in DNSs of
turbulent pipe flow. Since their grid is staggered only the radial velocity is de-
fined at the axis and they thus only need axis conditions for the radial velocity,
which are calculated by averaging corresponding values across the centreline.
They also treated convective and diffusive terms with radial and azimuthal
derivatives implicitly to prevent problems with the allowable time step, and
the equations were solved using a pressure correction method.

Several researchers have used higher-order schemes in radial direction. The
numerical method to simulate turbulent pipe flow by Boersma (2011) employs
Fourier expansions in the axial and azimuthal directions, and sixth-order stag-
gered compact finite differences in the radial direction. The equations are writ-
ten in primitive variables and to increase the maximum allowable time step,
the number of azimuthal Fourier modes is lowered near the axis. Also in this
method a pressure correction scheme is used to calculate the pressure.

Reuter and Rempfer (2004) investigated the transition process of laminar
to turbulent flow in a pipe. Their method uses the Navier–Stokes equations in
primitive formulation. Their numerical scheme uses high-order compact finite
differences in the axial direction, Chebyshev polynomials in the radial direction,
and Fourier polynomials in the azimuthal direction. They employed a series
expansion for the variables to compute the axis conditions, and also used an
implicit scheme for the radial and azimuthal derivatives to alleviate the time
step restriction. The boundary conditions for the pressure are calculated by
using the influence matrix method (Kleiser and Schumann 1980, 1984).

A number of fully spectral methods exist that use Fourier expansions in the
axial and azimuthal direction and Chebyshev polynomials in radial direction.
Komminaho (2000) writes the equations in velocity–vorticity form, but there
exist a number of numerical issues at the axis with this approach that never
got solved satisfactory. Walpot et al. (2007) used a similar discretisation but
divided the radial direction into several segments, in each of which a Chebyshev
collocation is applied. This avoids a large number of collocation points near the
axis, while also allowing for the reduction of the number of Fourier modes in
segments close to the axis. Special attention has to be paid to make sure that
the solution is continuously differentiable at the segment boundaries. Unlike
Komminaho (2000), the equations are written in primitive variables. Schneider
(2007) researched transition to turbulence in pipe flow with a code also based
on Fourier-Fourier-Chebyshev discretisation.

Willis and Kerswell (2009) used two different codes in their research on
turbulence dynamics in general, and puff relaminarisation and localised edge
states in particular. Both used Fourier series in axial and azimuthal direction,
but in radial direction both finite differences and Chebyshev polynomials were



88 P. Lenaers, P. Schlatter, G. Brethouwer & A. V. Johansson

used. In both codes the velocity vector is written as the sum of a potential,
an axially independent flow, and a purely axially-dependent potential. The
viscous terms are discretised using the Crank–Nicolson method and the non-
linear terms by an Euler forward method, and the influence matrix method
is used to calculate consistent boundary conditions. They mention that the
code employing finite differences requires less memory and is faster at high
resolutions.

Spectral element methods have recently also been used to simulate tur-
bulent pipe flow. Chin et al. (2010) used a Galerkin spectral element-Fourier
method to simulate turbulent pipe flow. El Khoury et al. (2013) and Noorani
et al. (2013) used the spectral element code nek5000 that is based on Legendre
polynomials to solve the Navier–Stokes equations. In the latter method, the
singularity, found along the centreline of the pipe when the Navier–Stokes are
expressed in cylindrical coordinates, does not occur. In the former method,
axis conditions are based on solvability requirements and and kinematic con-
straints. Although spectral element codes have excellent scalability properties
in parallel computations, they are general purpose codes designed to handle
more complex geometries. Dedicated codes employing staggered or collocated
cylindrical grids are likely more suitable for high-Reynolds number DNSs of
pipe flow than these general purpose codes.

A common way of circumventing the problems at the axis on a staggered
grid is to use the near-axis values and calculate the desired value at the axis by
interpolation (Wu and Moin 2008; Eggels et al. 1994; Orlandi and Fatica 1997).
This and other necessary interpolations complicates implementation and can
possibly cause unwanted filtering effects. Another commonly used method is to
use Chebyshev collocation in radial direction. A disadvantage of this method is
that the high resolution required at high Reynolds number to resolve the small
scales, causes an extremely clustered grid close to the wall and centre, leading to
numerical inaccuracies and an allowable time step so small that high-Reynolds
number simulations become unfeasible. Since simulations are being performed
at higher and higher Reynolds number, this becomes a serious problem and
there exists a need for an efficient numerical method capable of extremely high
resolution without a very restrictive time step limit.

We present a new efficient high-order method for DNS of incompressible
turbulent pipe flow which is based on the method for incompressible turbu-
lent channel flow described in Lenaers et al. (2014). Here we extend this
method to circular geometries. The equations are solved in primitive vari-
ables since the pressure is directly calculated in this formulation. Furthermore,
the velocity-vorticity formulation has been known to cause numerical issues
at the axis (Komminaho 2000). The method uses Fourier series in stream-
and spanwise directions and compact finite differences in wall-normal direc-
tion. Boundary conditions for the pressure are calculated by applying the
influence matrix method (Kleiser and Schumann 1980, 1984). An important
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part of the adaptation concerns the axis conditions. They are derived by us-
ing the method by Sandberg (2011) which is based on the parity conditions
of each variable. The developed method uses compact finite differences on a
collocated grid in radial direction, while in axial and azimuthal directions the
spatial discretisation is obtained by Fourier expansions. Due to the collocated
grid, frequent interpolation is not necessary, unlike in the case of a staggered
grid. Furthermore, the grid can be chosen freely and thus extreme cluster-
ing near the wall and centre, as occurring when using Chebyshev polynomials,
can be avoided. This prevents an extremely small maximum allowable time
step. The time step constraint is further alleviated by lowering the number of
azimuthal Fourier modes near the axis.

2. Problem formulation

2.1. Governing equations

The equations describing incompressible pipe flow are the Navier–Stokes equa-
tions in cylindrical coordinates with z, r, and θ the axial, radial, and azimuthal
directions respectively. The domain Ω is defined as [0, Lz] × [0, R] × [0, Lθ]
with Lz the length in axial direction and Lθ = 2π the maximum angle in az-
imuthal direction. The equations are made dimensionless by normalising with
the pipe radius R, and the centreline velocity Uc. The characteristic param-
eter of the flow is then the Reynolds number Re = UcR/ν with ν being the
kinematic viscosity. With u, v, w representing the velocities in the axial, ra-
dial, and azimuthal directions respectively, and p representing the pressure,
the dimensionless equations read:

∂u

∂t
+ u

∂u

∂z
+ v

∂u

∂r
+
w

r

∂u

∂θ
=

−∂p
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+
1

Re

[
∂2u

∂z2
+
∂2u
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+

1

r

∂u
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+

1
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∂2u
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∂r
+
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∂u

∂z
+
∂v

∂r
+
v

r
+

1

r

∂w

∂θ
= 0. (4)

2.2. Boundary conditions

At the wall we assume no-slip boundary conditions, i.e. u = v = w = 0 at
r = R. Since the aim is to simulate fully developed turbulent pipe flow, we
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assume periodic conditions in the axial direction. The conditions at the axis
need special consideration and are discussed in section 3.1. Note that other
boundary conditions are possible to be used in the radial direction, similar as
described in Lenaers et al. (2014), e.g. Neumann or Robin conditions. This
would also allow for instance simulations of turbulent jets.

2.3. Spatial discretisation

A staggered grid, which is usually used to avoid ”checker-board” oscillations,
requires frequent interpolation that can cause unwanted filtering effects and
complicates implementation and calculation of proper turbulence statistics. A
discretisation on a collocated grid avoids these issues. Since the domain is
periodic in axial and azimuthal directions, the natural choice to discretise these
directions is to use Fourier expansions. For example, the axial component u of
the velocity vector is represented as:

u(z, r, θ, t) =

Nz/2∑
k=−Nz/2

Nθ/2∑
l=−Nθ/2

ûkl(r, t)e
i(αzz+mθ), (5)

with

αz =
2πk

Lz
= kα0, m =

2πl

Lθ
= lm0. (6)

Here the hat indicates Fourier coefficients, k and l are integer indices corre-
sponding to the axial and azimuthal wavenumber respectively, and α0 and m0

are the fundamental wavenumbers in each of these directions, defined in terms
of the axial and azimuthal length Lz and Lθ = 2πr respectively.

In the radial direction compact finite differences, as described by Lele
(1992), are used. If ri designates the points in the radial direction with
i = 1, . . . , Nr, then the following generic formula can be used to approximate
the derivative f ′ of a smooth function f = f(r) in an interior point ri:

f ′i +

Nα∑
k=1

(
αi−kf

′
i−k + αi+kf

′
i+k

)
= βifi +

Nβ∑
k=1

(βi−kfi−k + βi+kfi+k) . (7)

The coefficients α and β are found by Taylor expanding the terms and matching
the coefficients of various orders. In this paper we consider fourth-order schemes
for which Nα = Nβ = 1. At the boundary this stencil cannot be used because
information from outside the domain would be required. Therefore, a smaller
stencil has to be used at the boundary r = R. We utilise the following third-
order stencil:

αNr−1f
′
Nr−1 + f ′Nr = βNr−2fNr−2 + βNr−1fNr−1 + βNrf

′
Nr . (8)

The scheme at the axis needs special consideration and is described in sec-
tion 3.1. The complete scheme can then be written in matrix form as

A1f
′ = B1f (9)

⇒ f ′ = A−11 B1f = D1f (10)



A new high-order method for simulating turbulent pipe flow 91

An analogous formulation holds for the second derivative matrices A2, B2, and
D2.

2.4. Temporal discretisation

The discretisation in time of the non-linear terms is performed by an explicit
low-storage, third-order Runge–Kutta scheme. They are calculated in advec-
tive form and calculated pseudo-spectrally using the 3/2 rule to prevent alias-
ing (see e.g. Canuto et al. (2007)). Although writing the non-linear term in
skew-symmetric form results in smaller aliasing errors (Blaisdell et al. 1996),
it requires more Fourier transforms and calculations than the conservative and
advective formulation. The radial resolution is chosen sufficiently dense so that
this slightly larger error does not have a big impact on results. The viscous
terms are discretised using a fully explicit technique. The advantage of an ex-
plicit method is that it simplifies the equations, but it does however, result in
a smaller maximum allowable time step compared with an implicit method.

2.5. Discretised system

Applying the discretisation as described then gives the following discretised
system of equations to be solved:

uq+1 + βq∆tiαzp
q+1 = uq +

βq∆t

Re
Lqu − γq∆tNq

u − ζq∆tNq−1
u , (11)

vq+1 + βq∆tD1p
q+1 = vq +

βq∆t

Re
Lqv − γq∆tNq

v − ζq∆tNq−1
v , (12)

wq+1 + βq∆ti
m

r
pq+1 = wq +

βq∆t

Re
Lqw − γq∆tNq

w − ζq∆tNq−1
w , (13)

iαzu
q+1 + D1v

q+1 +
1

r
vq+1 + i

m

r
wq+1 = 0 (14)

Here, the superscript q indicates the sub step of the Runge–Kutta scheme;
βq, γq, and ζq are the Runge–Kutta coefficients (Spalart et al. 1991; Chevalier
et al. 2007); ∆t the time step; Lu, Lv, and Lw the linear viscous term; and
Nu, Nv, and Nw the non-linear convective term in axial, radial, and azimuthal
directions respectively. Special treatment of the equations is necessary for
r = 0, which is explained in Section 3.

3. Solution Method

3.1. Axis treatment

At and near the axis a number of numerical issues exist. Firstly, a suitable
difference scheme needs to be specified at and close to the axis. So a new scheme
has to be derived, preferably of the same order as the scheme in the interior
of the domain. Secondly, terms that contain a factor of 1/r and 1/r2 need to
be treated in a special way at the axis to circumvent the numerical singularity.
Lastly, axis conditions for the velocity and pressure need to be prescribed. To
solve these three issues we follow the axis treatment by Sandberg (2011) that
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requires that the azimuthal direction is discretised using Fourier series and is
based on parity conditions for each azimuthal Fourier mode and variable. If

f̂m is the Fourier coefficient of a variable f for the azimuthal mode m, then for
functions with odd parity

∂nf̂m

∂rn
=

{
even m+ n odd

odd m+ n even,
(15)

while for functions with even parity the opposite relations hold:

∂nf̂m

∂rn
=

{
even m+ n even

odd m+ n odd.
(16)

Sandberg (2011) shows that scalar quantities and the axial velocity component
have even parity, while the radial and azimuthal components have odd parity.
These parity conditions are used to deal with the numerical issues at the axis.

3.1.1. Radial derivatives at the axis

To calculate the derivative at the axis, equation (7) is applied to the Fourier

coefficients f̂mi where symmetry conditions are imposed depending on the vari-
able and whether it has odd or even parity. For the five-point fourth-order
stencil this results in the following scheme at the axis (i = 1) for a function f
with odd parity:

f̂m0 = −f̂m2 , f̂m0
′ = f̂m2

′,

⇒ f̂m1
′ + (α0 + α2)f̂m2

′ = β1f̂1 + (β2 − β0)f̂m2 . (17)

For a function with even parity the scheme reduces to:

f̂m0 = f̂m2 , f̂m0
′ = −f̂m2 ′

⇒ f̂m1
′ = 0. (18)

For schemes of order higher than four, also the schemes for the near-axis points
need to be changed. This is done in an analogous way.

Since separate schemes exist for functions with odd and even parity, the de-
rivative matrices for odd and even functions are different and thus the matrices
defined in equation (10) need to be redefined as Ao

1, Bo
1, and Do

1 or Ae
1, Be

1, and
De

1, where the superscripts designate whether the matrices are suited for odd
or even functions respectively. As a result of this formulation the derivatives at
the axis have the same order of accuracy, and thus also the same wavenumber
resolution characteristics, as the derivatives in the interior of the domain. The
derivation for the second derivative at the axis is analogous.

3.1.2. Terms premultiplied with 1/r or 1/r2

The terms that are premultiplied with 1/r or 1/r2 cannot be computed directly
at the axis but need to be evaluated in a special way to ensure accuracy and
numerical stability. Functions with odd symmetry in the radial direction need
to change sign across the axis and are thus necessarily equal to zero at the
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axis. For even functions the values adjacent to the axis are calculated first
and afterwards used in a high-order interpolation scheme employing the pre-
viously derived parity conditions. For the 1/r terms we follow the approach
by Sandberg (2011) and a non-central finite difference scheme for the radial

derivative at the axis is used. Let φ̂ := f̂m/r with f̂m even. Then φ̂ is odd

and thus φ̂1 = f̂m1 /r = 0. For odd functions ˆfm, the function φ̂ is even, and
its derivative at the axis can be approached by the following scheme:

φ̂′1 =

Nc∑
i=−(Nc−2)

ciφ̂1+i. (19)

From the parity conditions it follows that φ̂′1 = 0 and that φ̂1−k = φ̂1+k. This
then means that the value at the axis can be calculated by

φ̂1 = − 1

c0

(
Nc−2∑
i=1

(ci + c−i)φ̂1+i +

Nc∑
i=Nc−1

ciφ̂1+i

)
. (20)

For the 1/r2 terms, Sandberg (2011) used the approach for the 1/r terms twice.
We use a different approach which is similar to the approach for the 1/r terms.

Now φ̂ is defined as φ̂ := f̂m/r2 with f̂m even. For odd functions f̂m, also φ̂ is

odd and thus φ̂1 = f̂m1 /r
2 = 0.

3.1.3. Axis conditions

Boundary conditions need to be set at the axis. For the radial velocity and
scalars like the pressure the mean (m = 0) mode is non-zero, while for the radial
and azimuthal velocity the first mode is non-zero as discussed by Sandberg
(2011). This gives the following conditions:

• Zeroth azimuthal mode (m = 0): All quantities evolve according to
the governing equations, except for the radial and azimuthal velocity
component, which are set to zero.

• First azimuthal mode (|m| = 1): The radial and azimuthal component
evolve according to the governing equations, while all other quantities
are set to zero.

• All other azimuthal modes (|m| > 1): All quantities are zero.

3.2. Influence matrix method

A method must be developed to compute the pressure since there is no evolution
equation for this quantity. Different methodologies have been used to deal with
this problem, and we choose to utilise the influence matrix method (Kleiser and
Schumann 1980, 1984; Lenaers et al. 2014; Canuto et al. 2007). The advantage
of this method over others is that continuity is fulfilled exactly in the discre-
tised equations. In this method a Poisson equation for the pressure is derived,
which replaces the continuity equation in the interior of the flow domain. The
divergence-free solution (uq+1, vq+1, wq+1, pq+1) for each wavenumber combi-
nation (αz,m) of the discretised Navier–Stokes equations (11)–(14) is written
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as a linear superposition of three vectors, i.e. one particular (up, vp, wp, pp) and
two homogenous solutions (u1, v1, w1, p1) and (u2, v2, w2, p2), each of which
solve a comparable system of equations, which differ in either the boundary
conditions or the terms on the right-hand side. However, each of these three
solutions contains a discretisation error which stems from the fact that the
boundary condition for the velocity vectors are set, and thus the momentum
equations are not satisfied at the boundary. This error can be corrected by
writing the three vectors as a linear superposition of sub-solutions. We will
give a short overview of the method here. A more elaborate description can be
found in Lenaers et al. (2014).

Taking into account the discretisation error, the equations to be solved for
even wavenumbers m are:

uq+1 + βq∆tiαzp
q+1 = Rqu + σu, (21)

vq+1 + βq∆tD
e
1p
q+1 = Rqv + σv, (22)

wq+1 + βq∆ti
m

r
pq+1 = Rqw + σw, (23)

Taking the divergence of equations (21)-(23) leads to a Poisson equation for
the pressure:

βq∆t

(
Do

1D
e
1 +

1

r
De

1 −K2

)
pq+1 = Rq + iαzσu + Do

1σv +
1

r
σv + i

m

r
σw,

(24)

with Rqu, Rqv, and Rqw equal to the right-hand sides of equations (11)-(13), and

K2 = α2
z +

m2

r2
, (25)

Rq = iαzR
q
u + Do

1R
q
v +

1

r
Rqv + i

m

r
Rqw. (26)

σu, σv, and σw are the corrections at the boundary and axis in axial, radial,
and azimuthal directions respectively. The correction vectors σ are zero in the
interior and are only non-zero at the axis or boundary. A priori, their values
are unknown but they can be calculated as explained later.

Note that for odd wavenumbers m the parity of all variables changes and
thus all differential matrices De

1 need to be replaced with Do
1 and vice versa.

From this point on all equations are formulated for even wavenumbers m. For
odd wavenumbers, all derivative matrices appearing in the equations need to
be changed as previously explained.

The solution of the system of equations (21)-(24) is found by writing it as
a superposition of three vectors:

uq+1

vq+1

wq+1

pq+1

 =


up
vp
wp
pp

+ δ1


u1
v1
w1

p1

+ δ2


u2
v2
w2

p2

 . (27)
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Here the particular solution with subscript p are solutions of the system of
equations (21)-(24) with pp = 0 at the axis r = 0 and at the wall r = 1,
while the homogeneous solution with subscript 1 and 2 solve the system with
Rqu = Rqv = Rqw = 0 and boundary conditions p1(0) = 1, p1(1) = 0, and
p2(0) = 0, p2(1) = 1. The parameters δ1 and δ2 are chosen such that the
continuity equation is fulfilled at the boundary and the axis. At the boundary
this equation reduces to

Do
1v = 0. (28)

This leads to the following equation that δ1 and δ2 need to satisfy for m = 0:(
iαzu1(0) +D1v1(0) + 1

rv1(0) iαzu2(0) +D1v2(0) + 1
rv2(0)

D1v1(1) D1v2(1)

)(
δ1
δ2

)
=

−
(
iαzup(0) +D1vp(0) + 1

rvp(0)
D1vp(+1)

)
. (29)

Here the 1/r terms at the axis are calculated by the method described in
Section 3.1.2 and the first row drops out for m 6= 0. The left-hand side matrix
here is called the influence matrix after which the method is named.

Since the divergence is a scalar, it only needs to be calculated at the axis
for azimuthal wavenumber zero. For all other wavenumbers it must be set to
zero. For m = 0, using parity conditions the continuity equation reduces to:

iαzu+ Do
1v +

1

r
v = 0. (30)

For each of the vectors in the right-hand side of the superposition (27) the
boundary correction σ is unknown. This correction can however be calculated
by writing the vectors as a linear superposition. The vectors with subscript p
for example, are written as

up
vp
wp
pp

 =


u∗p
v∗p
w∗p
p∗p

+ δua


uua
vua
wua
pua

+ δuw


uuw
vuw
wuw
puw

+ δva


uva
vva
wva
pva



+ δvw


uvw
vvw
wvw
pvw

+ δwa


uwa
vwa
wwa
pwa

+ δww


uww
vww
www
pww

 . (31)

Here the vectors with subscript p and superscript ∗ are found by solving equa-
tions (21)-(24) with all σ set equal to zero and conditions at the axis and wall
p∗p(0) = p∗p(1) = 0. The vectors with subscripts ua, va, and wa are correction
vectors at the axis, while the vectors with subscript uw, vw, and ww are cor-
rection vectors at the wall in the three directions. The vectors with subscript
uw for example, correct for the discretisation error in axial direction at the
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wall. Thus, they solve the following system of equations:

uuw + βq∆tiαzpuw = 0, (32)

vuw + βq∆tD
e
1puw = 0, (33)

wuw + βq∆ti
m

r
puw = 0, (34)

βq∆t

(
Do

1D
e
1 +

1

r
De

1 −K2

)
puw = iαzσw, (35)

with σw equal to 1 at the wall and zero everywhere else. The systems for the
other five correction vectors are defined in a similar way. The six coefficients δ
are found by substituting the superposition of equation (31) into equations (21)-
(23) and evaluating the result at the axis and wall. An analogous formulation
holds for the vectors with subscript 1 and 2 in equation (27).

3.3. Azimuthal filter near the axis

In a cylindrical coordinate system, the azimuthal size of the grid spacing is
equal to r∆θ and thus decreases linearly with r, severely restricting the max-
imum allowable time step. This difficulty can be overcome by truncating the
azimuthal Fourier series as a function of the radial position ensuring that r∆θ
remains approximately constant throughout the domain. This is a smooth op-
eration and does not introduce any error. Since the grid spacing is a linear
function of the radial distance r, the natural choice for the number of Fourier
modes used also depends linearly on r. In our specific implementation, the
number of Fourier modes used in the interval r ∈ [0, R/2] varies linearly from
8 modes at the near-axis point to Nθ modes at r = R/2. In the interval
r ∈ [R/2, R] the full spectrum is used. Note however, that other choices are
possible. With this operation a new derivative operator is created that needs
to be used consistently.

3.4. Banded systems

Without any further modifications of the influence matrix method, the opera-
tion that is the least efficient is solving the Poisson equation for the pressure
for every wave number combination (αz,m). The matrix on the left-hand side
of equation (24) is full and thus calculating the LU-decomposition followed
by solving the system is an order N3

r operation. One could store the LU-
decomposition and then only solve the system, which is an order Nr operation
but this greatly increases the memory requirements. The computational effi-
ciency of this operation can be reduced by rewriting the left-hand matrix as a
product of two matrices that can be written in banded form, and afterwards
solving two banded system of equations. Efficient methods to solve banded
systems with computational complexity O(Nr) have been developed, and us-
ing them thus improves the overall efficiency of the method. The details of this
method are described in Lenaers (2013) but we give a short summary here.
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One way of rewriting the left-hand matrix is:

Do
1D

e
1 +

1

r
De

1 −K2 =

(
Do

1 +
1

r
I + K

)
(De

1 −K)−KDe
1 + Do

1K +
1

r
K (36)

The Poisson equation is now written as the product of the first two terms on
the right-hand side, while the last three terms are moved to the right-hand side
leading to the following iterative scheme:

βq∆t

(
Do

1 +
1

r
I + K

)
(De

1 −K)pq+1
(j+1) = Rq + iαzσu + Do

1σv +
1

r
σv + i

m

r
σw

+

(
KDe

1 −Do
1K−

1

r
K

)
pq+1
(j) (37)

Here the subscript (j) indicates the iteration number. The equation can now
be split up into two separate solves as follows:
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(j+1) = p# (39)

Finally, these two equations can be written in banded form by multiplying with
Ao

1 and Ae
1 respectively with Do

1 = Ao
1
−1Bo

1 and De
1 = Ae

1
−1Be

1 as defined
earlier:
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# (41)

Both equations are now written in banded form and can thus be solved more
efficiently than the full system in equation (24). Note that this is only a brief
description of the method, since more work needs to be done to ensure that the
boundary conditions are fulfilled correctly. A more comprehensive description
can be found in Lenaers (2013).

As described by Golub and van Loan (1996) the convergence of an iteration
of the form

Mx(j+1) = Nxj + b (42)

is determined by the spectral radius of M−1N. If the spectral radius is smaller
than 1 the iterative scheme will work with convergence occurring faster for
smaller values. Equation (36) represents one of several possible ways to split
the matrix and more research is required to find a split that converges fast for
all wavenumbers.
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4. Validation

The method has been implemented in a Fortran code using the FFTW package
(Frigo and Johnson 2005) for performing the Fourier transforms. We performed
a number of tests to validate our code. All tests were performed in a pipe with
fundamental wavenumber in the axial direction equal to α0 = 2/3. This means
that the pipe has length Lz = 3π. All tests were performed with Nα = Nβ =
1 in equation (7). Fourier expanding all terms and matching coefficients up
to fourth order results in a tridiagonal fourth-order compact finite difference
scheme.

4.1. Helical Orr–Sommerfeld modes

Helical Orr–Sommerfeld modes are solutions of the Orr–Sommerfeld equations.
The eigenvalue spectrum of such a mode for a laminar pipe flow at Re = 5300
with the axial and azimuthal wavenumber equal to αz = 2/3 and m = 1 is de-
picted in Figure 1. We performed the validation test with the eigenvalue marked
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Figure 1. The eigenvalue spectrum of the phase velocity at
Re = 5300 and αz = 2/3 and m = 1 with the real value of the
eigenvalues on the horizontal axis and the imaginary values on
the vertical axis. The eigenvalue marked in red was used in
the validation test.

in red with c = (cr, ci) = (0.2243298,−0.03512239). This is the least stable
eigenvalue and dominates the behaviour in the simulation. The initial flow is a
mean flow in the axial direction equal to u = 1− r2 plus a disturbance equal to
the velocities associated with the helical Orr–Sommerfeld mode. The amplitude
of the disturbance was 10−6, small enough so that non-linear affects are negli-
gible and the kinetic energy of the disturbance exponentially decays according
to the imaginary part of the least stable eigenvalue, i.e. ci = −0.03512239. For
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the test we simulated the flow with varying number of points in the radial di-
rection and calculated the decay in time of the kinetic energy. Figure 2 shows
the absolute error in the calculated decay rate as a function of the number of
radial points. The time step for the test was set to ∆t = 0.01. The decay rate
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Figure 2. The absolute error |cnum − ci| of the decay rate
with cnum the calculated decay rate. The black dashed line
indicates fourth-order convergence.

clearly shows the fourth-order convergence for the scheme.

4.2. Turbulent pipe flow at Reτ = 180

In this test, turbulent pipe flow at ReD = UbD/ν = 5300 with Ub the bulk
velocity was simulated. The resulting friction Reynolds number Reτ = uτR/ν,

also known as Kármán number R+, based on friction velocity uτ =
√
τw/ReD

with τw the shear stress at the wall, is then approximately 180. The simulation
was performed at a resolution of 128×80×160 in the axial, radial, and azimuthal
directions respectively, corresponding to a grid spacing of ∆z

+ = 13.3 in the
axial direction. In the radial direction the minimum grid spacing is ∆r

+
min = 0.4

at the wall while the maximum spacing is ∆r
+
max = 2.8, and 11 grid points

are located within the first 10 viscous units near the wall. In the azimuthal
direction the spacing ranges from 7.1 near the wall to 0.8 near the axis where
the azimuthal filtering is taking into account. The superscript + indicates wall
units with ∆z+ = uτ∆z/ν.

The initial field of this test consisted of a laminar base flow, superimposed
with two helical Orr–Sommerfeld modes (αz = 2/3,m = ±1) with amplitude
0.075. Furthermore, random noise with amplitude 10−4 was added. This flow
undergoes the so called ”O-type” transition to turbulence. We started taking
statistics after transition had occurred at t = 200, which ensures that the
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turbulent flow is fully developed and took statistics up to t = 2800. This
corresponds to 89 eddy turnover periods uτT/R, sufficient to ensure converged
statistics.

The calculated friction Reynolds number was Reτ = 181.2. Figure 3 com-
pares the mean axial velocity as a function of the radial distance r+ with
results from El Khoury et al. (2013) at the same Reynolds number. The re-
sults are nearly identical showing that the present method and implementation
performs well. In Figure 4 the root mean square (rms) velocity fluctuations
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Figure 3. The mean axial velocity with the full line repre-
senting results from the present method, and circles the results
of El Khoury et al. (2013). The black dotted lines indicate the
log law 1/κ · log(r+) +B with κ = 0.41 and B = 5.2, and the
linear profile close to the wall.

are compared. Also here the new results agree well with previous results. The
small differences can be explained by the fact that the length of the pipe used
by El Khoury et al. (2013) is longer than ours (25R compared to 3πR). The
Reynolds shear stress normalised with the wall shear velocity shown in Figure 5
also corresponds well with results by El Khoury et al. (2013) indicating the the
statistics are well resolved. Figure 6 shows the instantaneous axial velocity
and azimuthal vorticity at z = 0 and t = 1000 indicating that the solutions are
continuous and smooth. This is also true near the wall and the axis as shown in
Figure 7 that contains plots of the axial velocity, zoomed in near these areas.
The divergence in this simulation was of the order of 10−15, which was obtained
after 20 iterations. As mentioned in Section 3.4, more research is necessary to
determine whether the number of iterations can be lowered.
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Figure 4. The root mean square velocity fluctations com-
pared with results of El Khoury et al. (2013). The blue lines
represent urms, the red vrms, and the green wrms.
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Figure 5. The Reynolds shear stress normalised by the wall
shear velocity uv/u2τ compared with results by El Khoury et al.
(2013). The dashed line indicates the total shear stress.

5. Conclusions and remarks

In this paper, we present a new and efficient high-order method for perform-
ing direct numerical simulations of incompressible turbulent pipe flow. It uses
Fourier collocation in axial and azimuthal directions and compact finite differ-
ences on a collocated grid with variable spacing in the radial direction. Com-
bined with the influence matrix method to calculate the pressure boundary
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(a)

(b)

Figure 6. (a) The axial velocity and (b) azimuthal vorticity
at z = 0 at t = 1000. The arrows in figure (a) designate the
in-plane velocities.
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(a) (b)

Figure 7. The same axial velocity as shown in Figure 6(a)
but zoomed in near the axis (a) and near the wall (b).

conditions it gives a velocity field which is completely divergence free. The
method is based on the method for incompressible wall-bounded flows described
in Lenaers et al. (2014), but adapted for cylindrical coordinates. The main
adaptation consist of a method to treat the singularity at the axis for which
we followed the method by Sandberg (2011). This treatment is based on parity
conditions that exist for each variable for each azimuthal Fourier mode. These
parity conditions are used to resolve the numerical singularity at the axis, i.e.
finding an appropriate expression for the derivatives at the axis, calculating the
value of 1/r and 1/r2 terms at the axis, and writing the axis conditions for the
velocities and pressure. Furthermore, an iterative scheme is developed to effi-
ciently solve the Poisson equation for the pressure, without using full matrices
at any point.

The method is validated by simulating two flow cases: The decay of helical
Orr–Sommerfeld modes, and fully developed turbulent pipe flow. Both cases
show excellent agreement with analytical and existing results confirming the
correctness of the method.

The potential of this code for DNS of high Reynolds number turbulent pipe
flow rests on several features. The use of a high-order compact finite difference
scheme on a collocated grid in the radial direction gives a high accuracy with-
out the need for filtering, and extreme clustering leading to small time steps in
high-Reynolds number simulations is prevented. The influence matrix method
ensures a completely divergence-free solution, and the banded structure of the
system of equations ensures an efficient solution procedure with low require-
ments for data storage. The implementation of an efficient parallelisation is
the next step towards high Reynolds number pipe flow simulations.
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Abstract

Rare negative streamwise velocities and extreme wall-normal velocity
fluctuations near the wall are investigated for turbulent channel flow at a
series of Reynolds numbers based on friction velocity up to Reτ = 1000.
Probability density functions of the wall-shear stress and velocity components
are presented, as well as joint probability density functions of the velocity
components and the pressure. Backflow occurs more often (0.06% area at the
wall at Reτ = 1000) and further away (up to y+ = 8.5) from the wall for
increasing Reynolds number. The regions of backflow are circular with an
average diameter, based on ensemble averages, of approximately 20 viscous
units independent of Reynolds number. A strong oblique vortex outside
the viscous sublayer is found to cause this backflow. Extreme wall-normal
velocity events occur also more often for increasing Reynolds number. These
extreme fluctuations cause high flatness values near the wall (F (v) = 43 at
Reτ = 1000). Positive and negative velocity spikes appear in pairs, located on
the two edges of a strong streamwise vortex as documented by Xu et al. [Phys.
Fluids, 8, 1938 (1996)] for Reτ = 180. The spikes are elliptical and orientated
in streamwise direction with a typical length of 25 and a typical width of 7.5
viscous units at y+ ≈ 1. The negative spike occurs in a high speed streak
indicating a sweeping motion, while the positive spike is located in between a
high and low speed streak. The joint probability density function of negative
streamwise and extreme wall-normal velocity events show that these events
are largely uncorrelated. The majority of both type of events can be found
lying underneath a large-scale structure in the outer region with positive sign,
which can be understood by considering the more intense velocity fluctuations
due to amplitude modulation between the inner and outer layer. Simulations
performed at different resolutions give only minor differences. Results from
experiments and recent turbulent boundary layer simulations show similar
results indicating that these rare events are universal for wall-bounded flows.
In order to detect these rare events in experiments, measurement techniques
have to be specifically tuned.

111
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1. Introduction

Turbulent channel flow serves as a model for wall-bounded turbulence and
direct numerical simulations (DNSs) of such flows have improved our under-
standing of the phenomena occurring in wall-bounded turbulent flows. The
behaviour of the flow in the near-wall region has a large influence on the drag
acting on an immersed body and thus it is of great importance to completely
comprehend the physics of near-wall turbulence, both from a fundamental and
an engineering point of view.

The occurrence of negative streamwise velocities in wall-bounded turbu-
lence is a counter-intuitive phenomenon. Eckelmann stated in 1974 that “with
certainty, there are no negative velocities near the wall”. More recent, Colella
and Keith (2003) concluded that “The probability density of wall-shear stress
fluctuations (...) exhibits no flow reversals at the wall”. However, because of
the presence of pressure in the Navier-Stokes equations, the possibility of nega-
tive streamwise velocities cannot be excluded. This is not the case for a scalar
transport problem, e.g. in studies concerning a passive scalar, the scalar can
not exceed the limiting values set by the boundary conditions. Indeed, Spalart
and Coleman (1997) reported negative wall-shear stress for a zero-pressure gra-
dient (ZPG) turbulent boundary-layer (TBL) simulation, and Hu et al. (2006)
discussed negative wall-shear stress in a turbulent channel. Similar results were
determined by Laser Doppler Velocimetry (LDV) measurements by Johansson
(1988) in a ZPG TBL. In the experiments clear instantaneous flow reversal has
been observed and it is explicitly noted that this is not due to measurement
noise. The author concluded that “The frequency of occurrence and the impor-
tance of these samples, though, need to be investigated in more detail”, but to
the best of our knowledge no further research on this topic has been performed.
Furthermore, Chong et al. (2011) only mentioned “local three-dimensional sep-
arated flow at the surface, caused by local vorticity and pressure gradients” in
turbulent channel flow.

Another rare event in the near wall region of wall-bounded flows is large
fluctuations of the wall-normal velocity component, up to an order of magni-
tude larger than their local standard deviation. This causes extreme flatness
values of the wall-normal velocity which have been reported by several previous
studies, see e.g. Lyons et al. (1991), Xu et al. (1996), Manna and Vacca (2001),
and Durst and Beronov (2004). Since the high values were initially only ob-
served in direct numerical simulations but not in experiments, it was thought
that these values were non-physical, and in fact numerical artifacts (Durst and
Beronov 2004), or that they were caused by the recycling of strong disturbances
due to the use of periodic boundary conditions (Lyons et al. 1991). However, by
specifically designed LDV measurements, Xu et al. (1996) reported that similar
high flatness levels are also found in experiments. They further attributed the
high flatness values to strong sweep events which only happen very close to
the wall and are rare in both time and space. Manna and Vacca (2001) also
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suggested that these values are caused by rare, but energetic events near the
wall.

Although flow reversal is a counterintuitive phenomenon, its existence cou-
pled with the occurrence of extreme wall-normal fluctuations brings along that
the practice guides of current measurement techniques may need to be revised
in order to allow the detection of instantaneous reverse flow as well as to capture
these rare and extreme events.

To investigate these rare events and to try to find whether they are related,
we performed and analysed DNS of turbulent channel flow up to Reynolds num-
ber of Reτ = 1000 based on the friction velocity uτ and channel halfwidth h.
This substantially expands the Reynolds number range of Xu et al. (1996) who
considered DNS at Reτ = 180. Because these events occur seldom, long inte-
gration times are required to obtain statistically relevant data. An extensive
study was carried out to ensure convergence of the statistics of interest. Prob-
ability density functions (PDF) of wall-shear stress and velocities, and joint
PDFs (JPDF) of velocity components and pressure are computed and com-
pared. In addition possible Reynolds number dependencies and trends, as well
as resolution effects are studied. Visualisations of instantaneous flow fields and
ensemble averages are used to interpret the physical phenomena causing these
events.

2. DNS of incompressible turbulent channel flow

Fully developed plane periodic channel flow is used as the flow case to investi-
gate these rare events. The channel halfwidth h is employed as the reference
length and the calculated friction velocity uτ as the reference velocity which
leads to a Reynolds number Reτ = uτh/ν with ν the kinematic viscosity. The
DNS were performed with SIMSON, a fully spectral in-house code described
by Chevalier et al. (2007). It uses Fourier expansions in the horizontal di-
rections and Chebyshev polynomials in the wall-normal direction to discretise
the governing equations and boundary conditions. The time is advanced using
a mixed Runge-Kutta/Crank-Nicolson scheme, while the non-linear terms are
calculated in physical space with aliasing errors removed by the 3/2-rule. After
reaching a statistically steady state, the statistics are averaged over a certain
time period T . In this time period, a certain number of instantaneous velocity
fields Nf is stored for each simulation.

Simulations at Reτ = 180, 590, and 1000 were performed. The computa-
tional domain and resolutions for the various simulations are summarised in
Table 1. Both the simulations at Reτ = 180 and 590 were performed with two
different resolutions to investigate potential resolution effects. To distinguish
between the coarse, medium and fine resolutions, a “c”, “m”, or “f ” is appended
to their name, each letter corresponding to similar grid spacing in viscous units.
The coarse grid has a spacing of about (∆x+,∆y+max,∆z

+) = (18, 4, 6), the
medium grid (10, 7, 5), and the fine grid (5, 5, 2.5).



114 P. Lenaers, Q. Li, G. Brethouwer, P. Schlatter & R. Örlü

Table 1. Computational box and resolution of the differ-
ent simulations. Lx, Ly, and Lz are the length in stream-
wise (x), wall-normal (y), and spanwise (z) direction, Nx, Ny,
and Nz the corresponding number of points in physical space,
∆x+,∆y+max, and ∆z+ the grid spacing in viscous units, Nf
the number of instantaneous velocity fields used, and uτT/h
the number of turnover periods for eddies of size h and velocity
uτ .

Reτ nom. Reτ calc. (Lx × Ly × Lz)/h Nx ×Ny ×Nz ∆x+,∆y+max,∆z
+ Nf uτT/h

180c 178.8 4π × 2× 4
3π 128× 129× 128 18, 4, 6 301 128

180m 178.9 4π × 2× 4
3π 192× 129× 160 12, 4, 5 261 111

590m 586.4 2π × 2× π 384× 257× 384 10, 7, 5 43 30
590f 587.1 2π × 2× π 768× 385× 768 5, 5, 2.5 49 34

1000m 1000.2 8π × 2× 3π 2560× 385× 1920 10, 8, 5 2 13

10
0

10
1

10
2

10
3

0

5

10

15

20

25

30

y
+

<
u

+
>

 

 

(a)

0 50 100 150 200 250
0

0.5

1

1.5

2

2.5

3

y
+

u
rm

s

+

 

 

(b)

Figure 1. (a) Mean streamwise velocity 〈u〉 at Reτ =
180, 590, 1000 with the Reτ = 590 simulations shifted 3
units along the y-axis, and the Reτ = 1000 simulation 6
units for clarity. The black dotted lines indicate the log law
1/κ · log(y+) +B with κ = 0.41 and B = 5.2. (b) Fluctuations
u+rms. The full lines denote 180c, 590m, and 1000m simulations
(see Table 1), the dashed lines the 180m and 590f simulations.
(◦): DNS data taken from Moser et al. (1999) at Reτ = 180

and 590 and del Álamo et al. (2004) at Reτ = 950. Through-
out this article, a blue (black) line denotes the 180c simulation,
a blue (black) dashed line the 180m simulation, a red (dark
grey) line the 590m simulation, a red (dark grey) dashed line
the 590f simulation, and a green (light grey) line the 1000m
simulation. The arrow indicates increasing Reynolds number.

Figure 1 shows that the present channel results agree very well with pre-
vious DNS data by Moser et al. (1999) and del Álamo et al. (2004). Both the
mean and root mean square (rms) (urms = 〈(u − 〈u〉)2〉1/2 = 〈u′2〉1/2) of the
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streamwise velocity coincide with previous data. The mean streamwise velocity
in viscous scaling collapses well in the near wall region, while the rms velocity
increases for increasing Reynolds number, with the maximum occurring around
y+ = 15, in accordance with previous channel and ZPG TBL simulations (see
e.g. Schlatter and Örlü (2010a)). Note that the differences between different
resolutions are small, such that they are almost indistinguishable in Figure 1.
Furthermore, to ensure that also higher order moments are converged, we per-
formed a convergence study from which we conclude that the present data has
converged to a satisfactory statistically steady state. After reaching this state,
all moments up to the fourth order vary less than ±2.5% around their respec-
tive mean values. More information on this convergence study can be found
in Appendix A.

3. Results

3.1. Negative streamwise velocities

To investigate the existence of negative streamwise velocities, the PDF of the
wall-shear stress τw = µ ∂u/∂y|wall, with µ = νρ the dynamic viscosity, and ρ
the density is studied, see Figure 2(a). For each simulation, Nf instantaneous
velocity fields (see Table 1) were taken to calculate the PDF of τw. Our results
are compared with ZPG TBL data by Schlatter and Örlü (2010a) and Schlatter
et al. (2010) at similar Reynolds numbers. The PDFs show rare negative τw
caused by negative streamwise velocities near the wall. We observe a Reynolds
number dependence with the tails of the PDF widening for higher Reynolds
number. Investigating the ensemble average of instantaneous flow fields as
described in Section 4.1 shows that the typical shape of a region with backflow is
circular with an average diameter at the wall of approximately 20 viscous units.
This size proved to be independent of the Reynolds number, so the widening
of the negative tail with increasing Reynolds number in the PDF can only
be explained by a rise in the number of regions of backflow. Furthermore, the
difference in the PDF of the 180c and 180m simulation is negligible, but the left
tail of the 590m simulation is a bit wider than that of the 590f . The PDFs from
the turbulent channel and the ZPG TBL collapse well onto each other when
the wall-shear stress is scaled in viscous units, indicating that the existence
of negative streamwise velocities near the wall and the physical phenomena
causing it are universal for wall bounded flows.

The third standardised central moment is called the skewness (S(v) =
〈v′3〉/v3rms), and the fourth standardised moment the flatness or kurtosis
(F (v) = 〈v′4〉/v4rms). Table 2 shows the rms, skewness and flatness values
of the wall-shear stress for the simulations performed compared with experi-
mental results for turbulent channel and boundary layer flow (Alfredsson et al.
1988), duct flow (Grosse and Schröder 2009b), and DNS of ZPG TBL flow
(Schlatter and Örlü 2010a). The results compare well for the different flow
cases, with all three quantities increasing slowly with Reynolds number as also
discussed by Örlü and Schlatter (2011).
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Table 2. Rms, skewness and flatness of τw. The results stem
from turbulent channel (Alfredsson et al. 1988) (Reτ = 200),
TBL (Alfredsson et al. 1988) (Reτ = 1100), and duct (Grosse
and Schröder 2009b) measurements, and DNS of ZPG TBL
flow (Schlatter and Örlü 2010a).

Reτ τw
+
rms S(τw) F (τw)

Present results:
180c 0.367 0.930 4.257
180m 0.367 0.929 4.219
590m 0.407 1.019 4.802
590f 0.403 1.010 4.778

1000m 0.419 1.064 5.097
Alfredsson et al. (1988):

200 0.36 1.1 4.8
1100 0.39 1.0 4.8

Grosse and Schröder (2009b):
900 0.36 0.95 4.47

Schlatter and Örlü (2010a)
410 0.411 0.97 4.70
830 0.420 1.03 5.01
1230 0.426 1.07 5.19

Hu et al. (2006) used DNS to calculate the wall-shear stress in a turbulent
channel and found that the probability of negative wall-shear stress increases
with Reynolds number which is consistent with our results. A comparison of the
present results for the wall-shear stress fluctuations scaled with their rms value,
and DNS data by Hu et al. (2006) is shown in Figure 2(b) where also data from
micro-pillar experiments in a ZPG TBL flow by Grosse and Schröder (2009a)
is added. The comparison is very good, confirming the general behaviour close
to the wall. Note that the range of velocity measurements for the micro-pillar
experiment is smaller, so they do not mention any negative wall-shear stress.

To study how far away from the wall the negative velocity events extend
into the flow, and how significant the fraction of negative velocities is as a
function of wall distance y+, the PDFs of the streamwise velocity u at selected
y+-values were also investigated. Such PDFs at y+ = 2 and y+ = 5 are depicted
in Figure 3. The negative tail of the PDF is wider for higher Reynolds number
at all y-positions indicating that negative velocities occur more often for higher
Reynolds number, similar to the PDF of the wall-shear stress, see Figure 2(a).
The difference between the 180 and the 590 simulations is larger than the
difference between the 590 simulations and the 1000 simulation. Furthermore,
backflow also occurs farther away from the wall for higher Reynolds number:
the PDF at y+ = 5 shows negative velocities for both the 590 simulations and
the 1000m simulation, but no longer for the 180 simulations.
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Figure 2. Comparison of the PDF of τw of the present DNS
with literature data. (a) Present results (lines) and (◦) DNS
of ZPG TBL (Schlatter and Örlü 2010a) at Reτ = uτ ·δ99/ν =
191, 590, and 1000. The arrow indicates increasing Reynolds
number. (b) Present results (lines) and (◦) DNS data by Hu
et al. (2006) (at Reτ = 180, 720, and 1440 respectively), and
experimental data by Grosse and Schröder (2009a) ((×): at
Reτ = uτ ·δ99/ν = 3105, (� ): at Reτ = 4378). For clarity the
red (dark grey) lines and dots, and the black crosses stem from
results which are multiplied with a factor 10, the green (light
grey) lines and dots, and the black diamonds are multiplied
with 100. The linecaption used is as in Figure 1.
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Figure 3. PDF of the streamwise velocity u at (a) y+ = 2
and (b) y+ = 5. The linecaption used is as in Figure 1, with
the arrow indicating increasing Reynolds number.

Summarising, negative velocities occur more often for higher Reynolds
number as seen in Figure 4(a) which depicts the percentage of backflow as
a function of the distance to the wall. Here, the percentage at every wall-
normal position is calculated by taking the ratio of the area in the DNS with
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negative velocity and the total area in a wall-parallel plane. At Reτ = 180 ap-
proximately 0.01% of velocities are negative near the wall. This rises to 0.05%
at Reτ = 590 and to 0.06% at Reτ = 1000. They also occur further away from
the wall for higher Reynolds number; up to y+ ≈ 4.5 at Reτ = 180, y+ ≈ 6.5 at
Reτ = 590, and y+ ≈ 8.5 at Reτ = 1000. Small but consistent differences are
observed between the simulations performed with different resolutions: higher
resolution leads to slightly lower percentages of backflow. The insert in Fig-
ure 4(a) shows the same data, but with the y-axis scaled logarithmically. This
scaling reveals the parallel behaviour of the area fraction at different Reynolds
number, indicating a constant scaling factor. It also shows some scatter for the
fine 590 simulation far away from the wall. Since the total number of backflow
events here is only of order 1, the logarithmic plot becomes highly sensitive for
small fluctuations.

Figure 4(b) shows the percentage of negative wall-shear stress as a func-
tion of Reynolds number. This percentage increases with Reynolds number,
while the difference in results between resolutions is negligible. Both the DNS
data from Hu et al. (2006) and the TBL results of Schlatter and Örlü (2010a)
show a similar trend although at slightly higher values. For the TBL results,
we defined Reτ = uτ · δ99/ν to compare turbulent channel and boundary layer
results. Exemplary, the effect of insufficient spatial resolution, a common prob-
lem in near-wall measurements, is shown using the DNS data by Schlatter and
Örlü (2010a) at Reτ = 1240. In order to mimic the finite length of a hot-wire
or width of a hot-film sensor by means of the DNS data, the raw time series
are filtered along the spanwise direction with a physical-space top-hat filter.
There is a clear reduction of the percentage of backflow with increasing length
of the sensing element, which goes along with observations on the fluctuation
wall-shear stress by Örlü and Schlatter (2011). Hence insufficient spatial (but
also temporal) resolution might be one of the reasons why experimental inves-
tigations detect less or no instantaneous backflow.

3.2. High flatness and extreme wall-normal fluctuations

Near the wall, high flatness values for the wall-normal velocity are observed.
The wall-limiting values of the flatness of the wall-normal velocity are shown in
Figure 5(a). The flatness of v reaches approximately a value of 27 at Reτ = 180,
36 at Reτ = 590, and 43 at Reτ = 1000m. The error bars at y+ = 1 indi-
cate ±2.5% confidence intervals for the flatness as discussed in Appendix A. A
clear Reynolds number dependence is seen with increasing flatness values for
increasing Reynolds number, while the difference between resolutions is negli-
gible. This contradicts preliminary results by Durst and Beronov (2004) who
observed a clear increase in flatness values for increasing resolutions. They at-
tributed this increase to a numerical singularity near the wall, which introduces
spurious error terms.

These high flatness factors are caused by very high fluctuations in the
wall-normal velocities near the wall as discussed by Xu et al. (1996). The



Rare backflow and other extreme events in near-wall turbulence 119

0.1 1 5 10
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

y
+

%
 o

f 
n

e
g

a
ti
v
e

 v
e

lo
c
it
ie

s

0.1 1  10 

0.0001

0.001

0.01

(a)

0 500 1000 1500
0

0.02

0.04

0.06

0.08

0.1

Re
τ

%
 o

f 
b
a
c
k
fl
o
w

 a
t 
th

e
 w

a
ll

L
+

(b)

Figure 4. (a) Percentage of negative velocities as a function
of the distance to the wall. The horizontal lines indicate the
percentage of negative wall-shear stress of the respective sim-
ulations. The linecaption used is as in Figure 1 with the arrow
indicating increasing Reynolds number. The insert shows the
same plot but with the y-axis in logarithmic scale. (b) Per-
centage of negative wall-shear stress. (◦): 180c, 590m, and
1000m simulations; (×): 180m, and 590f simulations. ZPG
TBL results by Schlatter and Örlü (2010a) (solid line), and
turbulent channel data by Hu et al. (2006) (4). (� ): back-
flow ratio for spatially averaged DNS data (Schlatter and Örlü
2010a) to mimic a finite length of the sensing element, with
L+ = [5.4, 21.7, 38.0, 54.3, 70.6, 87.0] in the direction of the ar-
row.

PDF of v at y+ = 2 for all simulations is shown in Figure 5(b). The very
long tails in the PDF of v reveal the intermittent behaviour of the flow field
at this wall-normal position. The widening of the tails in Figure 5(b) is not
as statistically significant as in Figure 3(a). This is because in Figure 5(b) the
PDF is normalised with the rms of the wall-normal velocity which increases as
the Reynolds number increases at a fixed wall-normal position. However, if the
PDF of the wall-normal velocity is scaled in viscous units (not shown), the tail
of the PDF clearly widens, just as in Figure 3(a).

Wall-normal velocity fluctuations larger than 10 times the local rms-value
were defined extreme as indicated by the vertical dashed lines in Figure 5(b).
These extreme fluctuations appear to be very rare and only occur in a region
close to the wall as shown in Figure 6(a) where the percentage of the extreme
v events is depicted as a function of wall-normal position. As with backflow,
extreme wall-normal velocity fluctuations occur more often for higher Reynolds
number, although the difference between Reynolds numbers is smaller than for
the negative velocity events (from about 0.037% at Reτ = 180, up to 0.052%
at Reτ = 1000). Analysis of the data shows that they do occur further away
from the wall than the negative streamwise velocities, up to about y+ ≈ 25 for
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Figure 5. (a) Flatness factor of the wall-normal fluctuations
for the various simulations. The error bars at y+ = 1 indicate
±2.5% confidence intervals. (b) PDF of the wall-normal ve-
locity v at y+ = 2 scaled with vrms. The dashed vertical lines
designate extreme fluctuations ±10vrms. The linecaption used
is as in Figure 1, with the arrow indicating increasing Reynolds
number.

all simulations. This is confirmed by the insert, which shows the same plot,
but with the y-axis scaled logarithmically. The Reynolds number dependence
further away from the wall is fairly small and not as prominent as for back-
flow events. Also similar to the negative streamwise velocities, the simulations
with higher resolutions show slightly lower percentages of extreme wall-normal
velocity fluctuations.

In Figure 6(b), the wall limiting value of the flatness of v is compared with
ZPG TBL results by Schlatter and Örlü (2010a). Their data shows similar re-
sults, although with slightly lower values. Furthermore, the drop-off in flatness
value for low Reynolds number is slightly faster than for our data. These TBL
results disprove the claim by Lyons et al. (1991) that the high flatness values
are caused by the recycling of strong disturbances due to the use of periodic
boundary conditions since TBL simulations do not use periodic boundary con-
ditions. Also the results in Figure 5(a) refute their suggestion since the flatness
at Reτ = 1000 is significantly higher than at Reτ = 590, while according to
Lyons et al. (1991) it should be lower since the boxsize used for the simulation
at Reτ = 1000 is much larger and thus the effect of this recycling should be
less pronounced.

4. Visualisation

4.1. Negative streamwise velocities

Figure 7 shows part of a typical instantaneous streamwise velocity field of the
590m simulation. The background shows the wall-shear stress with high and
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Figure 6. (a) Percentage of extreme velocities as a function of
the distance to the wall. The linecaption used is as in Figure 1,
with the arrow indicating increasing Reynolds number. The
insert shows the same plot but with the y-axis in logarithmic
scale. (b) Flatness factor at the wall as a function of Reynolds
number. (◦): 180c, 590m and 1000m simulations, (×): 180m,
and 590f simulations. Solid line: ZPG TBL results (Schlatter
and Örlü 2010a).

low-speed streaks visible. Four regions of negative velocity are clearly visible
and located in low-speed streaks.

To investigate the universality of these findings, an ensemble average of
the velocity field around the regions with negative velocity is calculated. From
all instantaneous fields, the ensemble averaged velocities and derivatives of the
velocities in a box of size 75 × 45 × 75 viscous units in x, y, and z-direction
respectively, surrounding events with negative wall-shear stress are calculated.
In order to compute a meaningful ensemble average, the orientation of the
oblique vortex needs to be taken into account. This is done by mirroring
the field in z-direction when necessary, ensuring that the vortex always has the
same oblique orientation. After the ensemble averaged velocities are calculated,
λ2 is recomputed. Figure 8 shows the results of this spatial averaging over
292 events for the 590f simulation. Figure 8(a) clearly shows that the region
of negative velocity is indeed located in a low-speed streak and that at the
wall the region of negative velocity is approximately circular with an average
diameter of about 20 viscous units. Furthermore, an inclined vortex lies on top
of this region with an angle of about 45 degrees in the xz-plane. Due to this
inclination, the vortex induces flow in both (negative) spanwise and (negative)
streamwise direction, i.e. transverse flow and backflow, respectively. This is
further confirmed in Figure 8(b) where a yz-cut through the oblique vortex
and the region with backflow is plotted. The centre of the vortex is clearly
visible at (y+, z+) ≈ (25, 22). Note that in this representation only the in-
plane (spanwise) vortical motion can be identified. However, the vortex axis
is oblique with respect to the yz-plane, so it also induces negative streamwise
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Figure 7. Top view of part of the flow field of the 590m simu-
lation, 500×400 viscous units in x and z-direction respectively.
The background colour depicts the wall-shear stress with red
(grey) representing high values and blue (dark grey) low values.
The dark blue patches (black) encircled by white lines depict
regions of negative τw. The green (dark grey) structures are
isocontours of negative λ+2 = −0.032.

velocity near the wall. The ensemble average of negative streamwise events for
the 590m was also calculated, but showed similar properties indicating that the
resolution of the 590m simulation is sufficient to resolve all phenomena.

The generation of these oblique vortices is thought to be due to insta-
bility of streaks as discussed by Schoppa and Hussain (2002). The vortices
causing backflow are vortices in the near-wall regeneration cycle that turn into
extremely strong versions of the oblique vortices discussed by Schoppa and
Hussain (2002) and are therefore only observed rarely.

4.2. Extreme wall-normal velocity fluctuations

The extreme v events were previously studied by Xu et al. (1996) who reported
that the extreme events that contribute to the high flatness of the wall-normal
velocity very close to the wall can be characterised by a positive and nega-
tive velocity spike (defined in Ref. Xu et al. (1996) by |v′/vrms| ≥ 5) which
always appear in pairs. In addition, they noted that the dimension of each
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Figure 8. (a) Top view of the ensemble averaged velocity
field of negative velocity events, 75 × 75 viscous units large.
The green (dark grey) structures are isocontours of negative
λ+2 = −0.032. (b) The yz-plane cutting the region of negative
velocity and the vortex as shown in Figure (a). The patch of
negative u (within the red (grey) contour line) is induced by
the oblique vortex on top, with background colour representing
u+. The green (dark grey) contour line represents the region
where λ+2 ≤ −0.032. In both (a) and (b) the same colour
scheme as in Figure 7 is used.

positive/negative spike is about 50 wall units in streamwise and 30 wall units
in spanwise direction. These findings are confirmed in the present simulation
and similar events were observed in the ZPG TBL simulations by Schlatter
and Örlü (2010a). Here, a typical example of both positive and negative wall-
normal velocity spikes at y+ ≈ 1 taken from the 590m simulation is shown in
Figure 9(a). Regions of extreme high/low wall-normal velocity fluctuations are
designated by the white and black contour lines respectively. In addition, vor-
tices using the λ2 criterion up to y+ ≈ 25 with a contour value of λ+2 = −0.032
are also shown in the same figure.

Once again, an ensemble average of the velocities in a box surrounding
these extreme events was calculated to investigate the general properties. Fig-
ure 10(a) shows the spatially averaged velocity field over 178 events of the 590f
simulation with extreme wall-normal velocity pairs at y+ ≈ 1 in a box of size
170×45×100 viscous units in x, y, and z-direction respectively. It is seen that
the spikes appear in pairs and each spike is elliptical orientated in streamwise
direction. A spike has a typical streamwise length of about 25 and a spanwise
width of about 7.5 viscous units. Both the width and length are less than those
found by Xu et al. (1996). Moreover, the negative wall-normal velocity spike is
associated with a high speed region indicating a strong sweep motion (down-
wash motion towards the wall), whereas the positive velocity spike is located
somewhere between a high and low speed streak. A quadrant analysis shows
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Figure 9. Top view of part of the flow field of the 590m
simulation at y+ ≈ 1, 300 × 500 viscous units in x and z-
direction respectively. The background colour depicts u, the
white and black contour lines regions with extreme positive
and negative v respectively. The green (dark grey) structures
are isocontours of negative λ+2 = −0.032.

that sweeps with v ≤ −10vrms contribute about 5% to the total Reynolds shear
stress at y+ ≈ 1 in the 590m simulation even though the area occupied by these
extreme sweeps is only 0.016% of the total area. This behaviour is consistent
with the results found by Xu et al. (1996) and the JPDF of u/urms and v/vrms
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as shown in Figure 11. Here, extreme negative v velocities are correlated with
high u values (i.e. sweeps), and extreme positive v values with medium u ve-
locities. The ensemble average for the 590m simulations also confirms these
properties for the pair of extreme wall-normal events.

Xu et al. (1996) stated that the cause of the near-wall wall-normal velocity
spikes is related to turbulence phenomena outside the viscous sublayer. Ac-
cording to these authors, the large negative spikes are results of the downwash
motions coming from a near-wall vortex (being centred around y+ ≈ 15) which
is a possible product of interaction of a vortex living in the buffer region (at
about y+ ≈ 30) with the wall. However, no explanation is provided for the pos-
itive spike. In the present case, however, the phenomena appear to be different.
There is always a quasi-streamwise vortex lying above the extreme events, see
the yz-plane cut through the ensemble average of the pair of extreme v events
as shown in Figure 10(b). The quasi-streamwise vortex with the centre at
(y+, z+) ≈ (8, 45) gives rise to the upwash and downwash motions on its two
sides which leads to both the positive and negative extreme v fluctuations.
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Figure 10. (a) Top view of the ensemble averaged velocity
field of extreme wall-normal velocity events, 170× 100 viscous
units large. The green (dark grey) structures are isocontours
of negative λ+2 = −0.032. (b) The yz-plane cutting the ex-
treme wall-normal velocity regions and the vortex as shown
in Figure (a). The elliptic full contour line shows the ex-
treme positive spike, the dashed contour the extreme negative
spike. The green (dark grey) contour line represents the re-
gion where λ+2 ≤ −0.032. In both figure (a) and (b) the same
colourscheme as in Figure 9 is used.

4.3. Correlations

Both negative streamwise velocities and extreme wall-normal velocity fluctua-
tions occur more often with higher Reynolds number. However, they do not
appear to be correlated looking at their JPDF as shown in Figure 11. Note
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that the contour lines are evaluated on a logarithmic scale to better visualise
the rare events. Negative u events are equally distributed around v/vrms = 0
and do not occur more frequently for v/vrms≥±10. As mentioned in Section 4.2,
extreme negative v velocities are correlated with high u values, while extreme
positive v values are correlated with medium u velocities. So both positive and
negative extreme wall-normal events are not correlated with negative stream-
wise velocity events. This lack of correlation was to be expected since backflow
occurs predominantly in low-speed streaks, while extreme wall-normal velocity
fluctuations occur in high-speed and in between streaks.
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Figure 11. The JPDF of u and v at y+ = 0.71 for the 590m
simulation. The 12 contour lines are logarithmically equally
spaced between 10−6 and 100. The vertical dashed line in-
dicates backflow, while the horizontal dashed lines indicate
extreme fluctuations ±10vrms.

The JPDF of u and the pressure p′, and v and p′ shown in Figure 12 show
interesting features. Figure 12(a) shows a correlation between negative u and
negative p′. Note that negative p′ is a necessary but not sufficient prerequisite
for the presence of vortical motion. However, as seen in Figure 8, backflow
is caused by a strong oblique vortex. So this correlation between negative
u and negative p′ corresponds to the oblique vortices. Furthermore, there
appears to be a sharp cutoff line (indicated by the inclined dashed line with
slope 20 running from extreme negative p′, negative u events, towards extreme
positive p′, moderate u events. In Figure 12(b), extreme negative v events are
distributed symmetrically around p′ = 0, while extreme positive v events are
correlated with negative p′. Finally, positive p′ is correlated with negative v
events which indicate splatting events.

4.4. Outer layer influence

Since we observe a clear Reynolds number dependence for both types of rare
events, and the regular turbulent structures in the viscous sublayer are as-
sumed to be independent of Reynolds number, there must be an interaction
between the rare events close to the wall and the Reynolds number dependent



Rare backflow and other extreme events in near-wall turbulence 127

u
+

p
’+

 

 

p
’+

 =
 2

0
*u

+ +
1
5

−2 −1 0 1 2 3 4
−30

−20

−10

0

10

20

30

(a)

v/v
rms

p
’+

 

 

−20 −10 0 10 20

−20

−10

0

10

20

(b)

Figure 12. The JPDF of (a) u and p′, and of (b) v and p′ at
y+ = 0.71 for the 590m simulation. In a) the vertical dashed
line indicates backflow with the inclined dashed line a cutoff,
in b) the vertical dashed lines indicate extreme fluctuations
±10vrms. The 12 contour lines are logarithmically equally
spaced between 10−6 and 100.

large-scale motion further away from the wall. Recent studies by Mathis et al.
(2009) and Schlatter and Örlü (2010b) among others discussed the modulation
of small-scale structures near the wall by large-scale motions in the outer layer.
Figure 13 shows the interaction between the large and small-scale motion for
an instantaneous velocity field at Reτ = 1000, by comparing the position of lo-
cations where these rare events occur in relation with the large-scale motions in
the streamwise velocity field at y+ ≈ 100. The locations with backflow were de-
termined by points with negative wall-shear stress, and the position of extreme
wall-normal events by points with extreme wall-normal velocity at y+ ≈ 1.5.
To better visualise the large-scale motions, the velocity field was filtered with
a Gaussian low-pass filter (g(kx, kz) = 1− exp(−(k2x+k2z)l/(2π)2), with kx and
kz the wavenumber in streamwise and spanwise direction respectively, and l
the filter width). The filter width was chosen to be larger than the size of the
near-wall streaks, but smaller than the size of the large scale structures.

Most of the rare events occur below the large-scale motions with positive
sign: 69% of the points with backflow, and 77% of the points with extreme wall-
normal velocity are located underneath a positive large-scale motion. High-
speed streaks induce a higher intensity of fluctuations than low-speed streaks
do (Schlatter and Örlü 2010b). This phenomenon is known as amplitude mod-
ulation. Due to this modulation, positive large-scale motions induce more in-
tense velocity fluctuations than the negative large-scale motions. This explains
why most of the extreme v-events are located underneath a positive large-scale
motion. And even though the average u′ is positive in a positive large-scale
structure, the fluctuations are large enough to ensure that most of the backflow
also occurs within positive large-scale motions. In negative large-scale motions,
the fluctuations do not need to be as large to realise backflow, which explains
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the remaining 31% of points with negative wall-shear stress. The amplitude
modulation effect becomes progressively stronger as the Reynolds number in-
creases as noted by Mathis et al. (2009) and Schlatter and Örlü (2010b). This
can explain why both kinds of rare events occur more often as the Reynolds
number increases.

(a) (b)

Figure 13. The filtered streamwise velocity at Reτ = 1000
in an xz-plane at y+ ≈ 100 with the background colour rep-
resenting u′+ (red (dark grey): high speed, blue (grey): low
speed). (a) (◦): points with negative wall-shear stress, (b) (◦):
points with extreme wall-normal velocity fluctuations at y+ ≈
1.5.

5. Influence of measurement accuracy

The present work is primarily based on DNS of channel flows, while its general
character has been established for canonical wall-bounded flows as well. Conse-
quently, the findings have direct consequences on state of the art measurement
techniques applied in the sublayer of wall-bounded flows, which will be treated
in the following. Starting from the early statement by Eckelmann (1974) that
“with certainty, there are no negative velocities near the wall”, only few have de-
tected (Eriksson 2003) and reported (Johansson 1988) instantaneous backflow
in their measurements. Also, the first DNS of a turbulent channel flow (Kim
et al. 1987) showed considerably higher values of F (v) as compared to available
experimental data and in consequence stimulated several studies aimed at ex-
plaining the disparities between numerical and experimental results (Xu et al.
1996; Manna and Vacca 2001; Durst and Beronov 2004).

5.1. Negative streamwise velocities

Classically, u within the viscous sublayer or its wall derivative, τw, has been
measured through thermal anemometry, i.e. by means of hot-wire or hot-film
probes (Wietrzak and Lueptow 1994; Chew et al. 1998) as well as the review
paper by Hanratty and Campbell (1996), although MEMS based techniques
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(Löfdahl and M. Gad-el-Hak 1999; Naughton and Sheplak 2002) have also been
used with varying success. These thermal methods are generally plagued by
a number of problems (Örlü et al. 2010), such as the inherent forward-reverse
ambiguity, which excludes the possibility to measure instantaneous reverse flow
per se (Bruun 1995). Hot-film arrays have been employed in the past, which
in principle could detect backflow, but results based on these have shown “that
there are no flow reversals at the wall” (Colella and Keith 2003). Note, however,
that the employed hot-films suffer from insufficient spatial resolution (cf. Örlü
and Schlatter (2011)). Hot-film probes used in air utilising static calibrations,
on the other hand, have been found to substantially attenuate the fluctuating
magnitude (Alfredsson et al. 1988). While time-resolution is generally not an
issue for hot-wire probes, spatial resolution – in particular for high Reynolds
number measurements – constitutes a problem (Hutchins et al. 2009) as hinted
upon in Figure 4(b), explaining most of the scatter observed in experimental
studies concerning the magnitude of the wall-shear stress fluctuations (Örlü
and Schlatter 2011). Also, additional heat losses while approaching the wall
seemingly increase the sensed mean, thereby decreasing the velocity sensitivity
which reduces the amplitude of the measured fluctuations and consequently
their ratio, the turbulence intensity (Alfredsson and Örlü 2010).

When it comes to the PDFs of u within the viscous sublayer or τw it has
been common practice to compare the PDFs of the fluctuating wall-shear stress,
independent of flow case and Reynolds number, scaled by its local standard de-
viation (Wietrzak and Lueptow 1994; Obi et al. 1996; Miyagi et al. 2000; Colella
and Keith 2003; Grosse and Schröder 2009b). Such a plot is shown in Figure 14,
depicting the same data as in Figure 2(b) with a general agreement between
the data sets from different flow cases and Reynolds numbers. Also shown is a
log-normal distribution (proposed by Alfredsson et al. (2011)) which represents
the compiled data sets satisfactorily well. The apparent good collapse of the
data, often been highlighted in various studies based on such a plot, might be
misleading: first of all, it does not allow direct identification of backflow; in fact
the log-normal distribution, which approximates the data well, is not defined
for negatives values. Secondly, Reynolds number effects visible in the tails of
the PDFs when shown on a logarithmic ordinate, are not visible when shown
on a linear ordinate (compare Figures 2(b) and 14). Thirdly, any attenuation
of the fluctuating signal, be it through insufficient time or spatial resolution
of the sensing element, will barely show up, since the standard deviation will
similarly be reduced, thereby compensating the effect of attenuation on the
PDF. Hence, a presentation of data as in Figure 14, albeit often done this way,
is not recommended, despite its apparent collapse of available data irrespective
of Reynolds number or quality of the experimental data. This is, in particu-
lar, of importance, when testing or validating innovative techniques that have
in recent years been introduced to measure the fluctuating wall-shear stress
(Naqwi and Reynolds 1991; Miyagi et al. 2000; Brücker et al. 2005; Grosse and
Schröder 2009a; Amili and Soria 2010).
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While the direct detection of backflow is in principal not possible by means
of single hot-wire or hot-film probes, very few experimentalists have observed
and/or documented the occurrence of backflow by means of LDV (Johansson
1988; Eriksson 2003). It should be kept in mind that special care needs to be
taken when attempting to detect backflow experimentally and observe contigu-
ous backflow events within the viscous sublayer when using LDV. First of all,
the sensing volume needs to be located away from the wall, and the frequency
of occurrence drastically reduces with distance from the wall (as apparent from
Figure 4(a). Secondly, in order to capture the strong velocity gradients within
the viscous sublayer, the diameter of the LDV measurement volumes have to be
as small as the viscous length scale (DeGraaff and Eaton 2000), which brings
along a drastic reduction of the sampling rate (orders of magnitude smaller
than those encountered in hot-wire or even hot-film measurements). Despite
considerable longer sampling times, the practically achieved sample space is
nonetheless limited, explaining partly the scatter commonly observed in higher-
order statistics from LDV measurements (Durst et al. 1995; den Toonder and
Nieuwstadt 1997; DeGraaff 1999).

5.2. Extreme wall-normal velocities

When it comes to measurements of wall-normal velocities, LDV has been the
most common technique within the sublayer (DeGraaff and Eaton 2001; Poggi
et al. 2002), while hot-wire probes have been used for the region beyond the
viscous sublayer. X-wire probes have hereby successfully been used for near-
wall measurements in general (Fernholz et al. 1995; Carlier and Stanislas 2005),
while only V-probes were able to provide reliable data within the sublayer
(Österlund 1999). Since the controversy on the high wall-normal flatness values
has mainly been driven by DNS and LDV results, we will restrict the discussion
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Figure 14. Comparison of the PDF of τw of present DNS
with literature data, with the same data as in Figure 2(b),
shown in the commonly used lin-lin plot. The data is now
shifted with 0.1 and 0.2 respectively to clarify the picture.
The dashed black lines represents a log-normal distribution as
proposed in Alfredsson et al. (2011).
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here on LDV-related problems. Some of these have already been mentioned in
the previous section, such as spatial and temporal resolution, as well as the low
data rates and limited sample spaces.

Another reason for the low F (v) values in the LDV measurements is the
smoothing operation used in the post-processing of LDV data (Lyons et al.
1991). A more common practice, however, is the removal of seemingly un-
physical data points through “dropout”, which practically means to omit data
points exceeding a certain user-defined multiple of the local standard deviation
within a moving window. Values as low as ±2.75 (Niederschulte et al. 1990),
6 (Chevrin et al. 1992) and 7 (Durst et al. 1995), and up to 10 (den Toonder
and Nieuwstadt 1997) standard deviations have been reported in the literature.
However, it was shown in Xu et al. (1996), that even a filter accepting data
within 10 local standard deviations would considerably reduce the value of F (v)
within the viscous sublayer due to the intermittent nature of the signal. Note,
in this respect, that in the present study, extreme events are defined as those
excursions exceeding 10 standard deviations; i.e. the present study considers
events which are commonly considered as “unphysical” in LDV and are usually
removed. It is interesting to note that the application of the aforementioned
filter was “found to eliminate any spurious data without changing the shape
of the probability density distributions” (Durst et al. 1995); emphasising again
the note of caution issued regarding the utilisation of the PDF as depicted in
Figure 14. Furthermore, it is also interesting to note that e.g. the “number of
outliers found per time-series” in the experiments by den Toonder and Nieuw-
stadt (1997) “of about 18000 samples was always less than 3, and they occurred
only in the time-series measured at positions less than 0.5 mm from the wall”,
which nicely agrees with the results presented in Figure 6(a).

Coming back to the common feature of backflow and strong v events, it is
obvious that the measurement technique used has to be tuned in order to detect
such events (“previous experiments were in general not designed to observe
such spikes” (Xu et al. 1996)) and that a great portion of luck and patience
is required to detect them, in particular, in single-point measurements, so e.g.
reports (Westerweel and Boersma 2007) that only after “a total measurement
time of 6 h such an event was detected in the unfiltered LDA time series that
strongly resembled such rare events found in a DNS”.

6. Conclusions

DNS data of turbulent channel flow at three different friction Reynolds num-
ber Reτ = 180, 590 and 1000 has been used to investigate rare events near
the wall, i.e. negative streamwise velocities and extreme wall-normal velocity
fluctuations. A grid refinement is performed to also investigate potential res-
olution effects. Negative streamwise velocity is indeed found in the flow field
in the vicinity of the wall (i.e. negative wall-shear stress) and this flow reversal
is not due to numerical artifacts. With an increase of Reynolds number, the
percentage of flow reversal increases from 0.01% at Reτ = 180 to 0.06% at
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Reτ = 1000. These results are consistent with previous studies by Hu et al.
(2006). Backflow also extends further away from the wall with increasing Rey-
nolds number, up to y+ ≈ 4.5 for Reτ = 180, and y+ ≈ 8.5 for Reτ = 1000.
The simulations performed at a higher resolution suggest a slightly lower per-
centage of backflow, but no qualitative nor significant quantitative differences
are found suggesting that the resolution is sufficient. These regions where back-
flow occurs are typically circular with an average diameter based on ensemble
averages, of approximately 20 viscous units at the wall, and the backflow is
induced by strong oblique vortices that are found outside the viscous sublayer
on top of these regions. These oblique vortices also induce transverse flow.

Near the wall, extreme wall-normal velocity fluctuations are also observed.
These extreme fluctuations cause high values of the flatness near the wall of up
to F (v) = 43 for Reτ = 1000. The flatness values are increasing with increas-
ing Reynolds number and the resolution effects on the wall-limiting values of
flatness are negligible. Similar to the negative u events, the extreme v events
occur more frequently for higher Reynolds number, from 0.037% at Reτ = 180
to 0.052% at Reτ = 1000. In addition, changing the resolution has similar
effects, i.e. with higher resolution, the percentage of extreme high wall-normal
velocity fluctuations slightly decreases. Positive and negative velocity spikes
appear in pairs, and are located on the two sides of a strong streamwise vortex.
The spikes are elliptical and orientated in streamwise direction with a typical
length based on ensemble averages, of 25 and a typical width of 7.5 viscous
units at y+ ≈ 1. The negative spike occurs in a high speed streak indicating a
strong sweeping motion, while the positive spike is located between a high and
low speed streak. The present results are consistent with previous studies by
Xu et al. (1996) at Reτ = 180.

Since the negative streamwise velocities and extreme wall-normal velocity
fluctuations occur in different regions in relation to high and low-speed streaks,
it can be concluded that they are uncorrelated. This is also confirmed by
investigating the JPDF of u and v which shows no correlation between negative
u and extreme v events. Most of the extreme events (69% of backflow events,
77% of extreme v events) occur underneath positive large-scale motions which
are the more active ones and thus allow for higher velocity fluctuations. This
can explain the Reynolds number dependence since these large-scale motions
become more pronounced with increasing Reynolds number.

The similarity of the results found in experiments and DNS of turbulent
boundary layers and turbulent channels for both the negative streamwise as well
as the extreme wall-normal fluctuations suggest these events are universal for
wall-bounded flows. In order to detect both these rare events in experiments,
measurement techniques have to be specifically tuned. Special care has to be
taken to ensure that both the spatial and temporal resolution is sufficient to
register these rare events.
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Appendix A. Statistical convergence of the data

In this Appendix we discuss the results from our study on the statistical con-
vergence of the data. We introduce two new quantities: Np and N∗p . Np is
the number of independent data points (measurements) used to calculate the
statistics. To determine Np it is assumed that the integral length scale in the
spanwise direction is on the order of the mean streak spacing which is about 100
viscous units. The integral length scale in the streamwise direction is about
300 viscous units determined from the corresponding autocorrelation. With
these estimates the number of independent points in each wall-normal plane
for the simulations can be calculated, yielding 49, 216, and 7802 independent
points in each wall-normal plane for the simulations at Reτ = 180, 590, and
1000 respectively (see Table 3). Note that this number of independent points
per wall-normal plane depends on the boxsize and Reynolds number, but not
on the resolution.

Table 3. Np the number of independent points, N∗p the
number of independent points necessary to ensure statistical
convergence.

Reτ Np per wall-parallel plane N∗p
180c 49 5145
180m 49 2499
590m 216 5832
590f 216 2592

1000m 7802 7802

The second new quantity N∗p represents the minimal number of points
necessary to ensure statistical convergence of the data. Figure 15 shows the
evolution of the flatness for all velocity components F (u), F (v), and F (w) for
the 180c simulation at y+ = 1 as a function of the number of independent points
Np used. In general, all three flatnesses show an initial transient phase, i.e. large
fluctuations are clearly visible, due to the insufficient number of independent
points that are used to calculate the average. If sufficient independent points
are used for averaging (here N∗p = 5145 as indicated by the vertical dashed
line, which corresponds to 105 instantaneous velocity fields), the curves stay
within a certain bounded interval. The intervals indicated by the horizontal
dashed lines represent a ±2.5% intervals around the mean of the respective
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Figure 15. Evolution of F (u) (blue (black)), F (v) (red (dark
grey)), and F (w) (green (light grey)) as a function of the num-
ber of independent points Np used to calculate these quantities
for the 180c simulation at y+ = 1. The dashed vertical line
at Np = 5145 denotes N∗p , the point from which the data is
assumed to be sufficiently converged. The dashed horizontal
lines represent the ±2.5% confidence intervals for the respec-
tive variables.

variables, with the mean calculated starting from the point of convergence.
It is seen that F (u), and F (w) converge comparably fast, while F (v) takes a
bit longer to converge. This indicates that the fluctuations in the wall-normal
velocity component are more intermittent than in the other two components.
The evolution of these variables for the other simulations shows similar results
with a critical N∗p value of the same order as shown in Table 3. Note that for
the simulation at Reτ = 1000 Np = N∗p since for the boxsize used, the data of
one realisation of a velocity field is sufficient to ensure convergence.

We can conclude that the number of independent samples should be of the
order of N∗p = 5000 to have well converged statistics. This condition is satisfied
by all our DNS. This required number of independent samples corresponds well
with results by Klewicki and Falco (1990) who in their turbulent boundary
study found that to ensure that the flatness is converged and stays within a
±5% interval around the mean, 2500 independent samples needed to be taken.
Since our interval is chosen to be slightly more restrictive, it is logical that
slightly more points are required to ensure convergence. Furthermore, the
results by Klewicki and Falco (1990) show that to ensure convergence of lower
order moments less independent measurements are necessary which is confirmed
(not shown) by our study, so also convergence of the mean velocities, rms-values
and skewness is ensured.
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Österlund, J. M. 1999 Experimental studies of zero pressure-gradient turbulent
boundary layer flow. PhD thesis, Royal Institute of Technology, Stockholm, Swe-
den.

Poggi, D., Porporato, A. and Ridolfi, L. 2002 An experimental contribution
to near-wall measurements by means of a special laser Doppler anemometry
technique. Exp. Fluids 32, 366–375.

Schlatter, P., Li, Q., Brethouwer, G., Johansson, A. V. and Henningson,
D. 2010 Simulations of spatially evolving turbulent boundary layers up to Reθ =
4300. Int. J. Heat Fluid Flow 31, 251–261.

Schlatter, P. and Örlü, R. 2010a Assessment of direct numerical simulation data
of turbulent boundary layers. J. Fluid Mech. 659, 116–126.
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