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Abstract 

The GPS observables (code and phase) can be used to compute the orbits of low earth orbiting 

(LEO) satellites employing kinematic approach of orbit determination, which is based on GPS 

satellite to satellite tracking. A precise GPS receiver is installed onboard the LEO satellite, 

while ensuring the continuous link between GPS and navigated satellites, code and phase 

observables for L1 and L2 frequencies (L1 and L2 are carrier frequencies for GPS signal at 

1575.42 and  1227.60 MHz respectively ) are recorded to compute the orbit. 

In this master’s thesis work, GPS data from Challenging Mini-satellite Payload (CHAMP) is 

used for its orbit determination for the epoch day of January 1st 2002.  The orbit of CHAMP is 

computed from the GPS data and ionospheric effects are removed by frequency combination. 

Earth centered Earth fixed (ECEF) positions are transformed to satellite ground tracks, 

latitude, longitude and altitude for visualization and analysis.  

Further, the orbits of CHAMP for the same epoch day are computed using the satellite tool kit 

(STK) employing simplified general perturbations (SGP4) and a high precision orbit 

propagator (HPOP). Results from both techniques (GPS computed orbit and STK computed 

orbit) are compared. Computed ECEF X, Y and Z coordinates using our algorithm have 

standard deviations of about 4 metres.  Also the P1 and P2 (P1 and P2 are pseudorange 

observations on L1 and L2 GPS signals respectively) observation residuals are within range of 

few metres (below ±10 metres) having some spikes up to ±50m.  

Since the SGP4 propagator of the satellite tool kit inherits two line element (TLE) errors which 

can be up to 600 metres itself according to Mason (2009), therefore this propagator is utilized 

only for initial computation. After this initial computation, only the HPOP is used for orbit 

prediction and comparison.  

The STK/HPOP is accurate enough if proper model of spacecraft is provided for orbit 

propagation. Chao et al. (2000) have found that HPOP can be accurate up to millimeter level. 

Therefore we have compared our results with HPOP and it is observed that orbits computed 

using GPS data are agreeing to the HPOP predicted results. The maximum observed difference 
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in this case is within 0.1 degree in latitude, 1.5 degree in longitude and 1.5 km in altitude. This 

maximum difference is observed at poles. 

Furthermore, orbits computed using GPS data are also compared with jet propulsion 

laboratory’s published CHAMP spacecraft orbit and we have found that root mean square 

difference in ECEF position X component is below 0.01km other than some spikes at poles. The 

standard deviation of the difference in ECEF position X coordinate (JPL results – GPS 

computed results) is 11.7m. Since JPL computed orbits are considered as true orbits of CHAMP 

with accuracy of centimeter level (https://gipsy-oasis.jpl.nasa.gov/). Therefore this 

difference can also be referred as observed error in GPS computed orbits. Considering above 

discussion, we can expect that accuracy of our computed satellite positions (using GPS data) is 

about 12 metres for other than poles area. However there are some occasional spikes, 

especially at poles, having maximum errors (about 0.055 km). 
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1 Introduction 

Satellites in space frequently undergo thrust and other perturbations which disturb their 

orbits continuously. Therefore, it is essential to keep predicting their motion and 

performing orbit determination on them, to meet the desired mission life. For this purpose, 

researchers are always trying to find some ways to improve orbit determination including 

use of new estimation techniques. 

Attitude and orbit determination and control system is major part of any spacecraft, which 

employs several techniques. The GPS observables (Code and Phase) can be used to compute 

the orbits of low earth orbiting (LEO) satellites employing kinematic approach of orbit 

determination.  

The aim of this thesis work was to compute the orbit of CHAllenging Minisatellite Payload 

(CHAMP) satellite using the GPS observables.  However I have not started from the scratch. 

The undifferenced approach of GPS positioning used by Andersson (2008) to develop a 

complete displacement monitoring system was adapted with some changes, discussed in 

the coming chapters, which were necessary to compute satellite orbit. The orbit of CHAMP 

is computed from the GPS data and ionospheric effects are removed by frequency 

combination. 

The second objective of this thesis work was to compute the satellite orbit using different 

propagators of satellite tool kit (STK) like simplified general perturbations (SGP4) and High 

precision orbit propagator (HPOP). A brief introduction of SGP4 and HPOP propagators and 

their accuracies is discussed in Chapter 4. After this the satellite orbit computed using both 

methods are compared. Earth centered Earth fixed (ECEF) positions are transformed to 

satellite ground tracks, latitude, longitude and altitude for visualization and analysis. Finally 

we have reference orbit data computed by jet propulsion laboratory (JPL) to have an 

estimate of accuracy achieved by this method. 
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1.1 Literature review 

The need for orbit determination of the Earth orbiting satellite orbits arose after the launch 

of Sputnik in 1957. Precision orbit determination methodologies have evolved over the past 

60 years through research by astrodynamics specialists from industry, university, and 

government organizations.   

Jerome (2007) has presented an overview of orbit determination methodologies and their 

evolution as well as a brief description of modern orbit determination and estimation 

methods that are being used routinely in the 21st century by the astrodynamics 

community.  

GPS observables are also being used for attitude and orbit determination like Ziebart and 

Cross (2003) have presented a low earth orbiter micro-satellite attitude determination 

algorithm using GPS phase and pseudorange data as the only observables while employing 

the double-differenced phase observations. 

During the last two decades, several low Earth orbiting missions equipped with a GPS 

receiver (like TOPEX/Poseidon, CHAMP or GRACE etc.) have shown that precise orbit 

determination, employing GPS data, with adequate accuracy is possible. Data from these 

missions can be used to analyze the developed algorithm for orbit determination.  

Several algorithms are available for GPS positioning like, Chang, Paige and Yin (2005) have 

presented a recursive least squares algorithm for GPS positioning using both carrier phase 

and code measurements.  

Andersson has used undifferenced approach of GPS positioning to develop a complete 

displacement monitoring system during his doctorial studies (Andersson 2008). This 

algorithm can be modified easily to compute the satellite orbits while removing the 

ionospheric effects as presented by Sjöberg and Horemuž (2002). Here in this thesis work, 

GPS data from CHAMP spacecraft is used for its orbit determination for the epoch day of 

January 1st 2002.  

 Satellite orbits can also be computed using some suitable software programs. Orbit 

determination communities in United States and Europe are using many software programs 
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for orbit determination. A brief summary of the relevant software programs commonly 

used today and their specific application areas are listed by Jerome (2007).  

STK (a physics-based software package from Analytical Graphics, Inc. that allows engineers 

and scientists to perform complex analyses for space assets) is one of the options for orbit 

determination. STK can be used to model accurate trajectories and orbits with full-flight 

dynamics with respect to mission requirements, leveraging user-definable force models, 

coordinate systems and attitude definitions (http://www.agi.com/solutions/main.aspx/id/ 

space-missions).  STK can be used for all satellite types and can handle multi-satellites. It 

uses optimal Kalman filter and fixed-interval smoother employs Runga Kutta and Gauss-

Jackson integrator to propagate the orbit. Two of its propagators SGP4 and HPOP are being 

employed for the orbit determination of CHAMP satellite in this thesis work. 

The SGP4 propagator uses two line elements (TLE) of the satellite under study to propagate 

the orbits. Here we have used the TLE of the CHAMP for the epoch day (UTC) Jan 1st, 2002, 

12:00 AM, given in appendix A, to propagate the orbits of CHAMP. The orbital parameters of 

CHAMP extracted from this TLE are used by SGP4 propagator as input parameters.   

Approximate error in TLEs as observed by Mason can be more than 600m (Mason 2009). 

The SGP4 uses TLEs as input data to propagate the satellite orbit. Therefore we expect that 

SGP4 propagated orbit will be including some initial error. The error will grow further, due 

to other perturbations, when we will propagate the satellite orbits using SGP4. 

Chao et al. (2000) have independently validated the high precision orbit propagator (HPOP) 

of STK and have found that for LEO orbit, HPOP computed positions and velocity can agree 

to the true orbit data up to millimeter level. 

HPOP cannot be initiated with TLEs therefore we had to convert TLEs into a state vector, 

which was then used to initialize the HPOP. Therefore inherited TLE error is also integrated 

in our HPOP model however HPOP being more accurate model will produce fewer errors 

due to other perturbations. 

 

http://www.agi.com/solutions/main.aspx/id/�
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1.2 Overview of thesis 
 
Chapter 1 briefly describes the objectives of this thesis and literature review is also 
discussed. 
 
Chapter 2 describes the mathematical model and equations used for GPS positioning. The 
observables and biases, noises are discussed. Positioning methods including single 
difference, double difference and undifferenced method are described and finally 
observation equations are given.  
 
Chapter 3 describes the least squares adjustment and Kalman filtering and Kalman filter 
loop is described. 
 
Chapter 4 describes the STK and its propagators (SGP4 and HPOP) and gives an overview 
about their accuracies.   
 
Chapter 5 gives the overview of the software implementation for the positioning and its 
steps are described. 
 
Chapter 6 describes the results and presents some analysis about results obtained.  

2 Mathematical equations and models 

This chapter discusses GPS observables used in this thesis work and their relevant 
observation equations are derived. Error sources to these observation equations are also 
studied here. 

2.1  The code pseudorange observable 
 
GPS signal travels with the speed of light and if travelling time from satellite to receiver is 
known, distance from satellite to receiver can be computed using equation 
𝑆 = 𝑐∆𝑡, where ∆𝑡 is the travelling time of signal. The travelling time of GPS signal is 
determined at receiver end by correlating the generated signal at receiver to the received 
signal.  
The pseudorange from satellite to receiver according to Andersson (2008), can be 
expressed as 
 
 ( ) ( )S s

A A AP t t t c= −  2.1 
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 where At is the nominal receiver time at which signal is received, st is the time when signal 
is emitted by satellite and c is the speed of light at which signal propagates.  
Introducing the clock biases & s

At tδ δ , the nominal time & s
At t can be related to the true 

GPS time as 

 *
A A At t tδ= −  2.2 

 *S S St t tδ= −  2.3 

Using equations (2.2) and (2.3) in equation (2.1) we get 
 
 * *( ) [( ) ( )]S S S

A A A AP t t t t t cδ δ= + − +  

* *( ) ( )S S S
A A A AP t t t c t c t cδ δ= − + +  

 * *( ) ( , )S S S S
A A A A A A AP t t t t c t cρ τ δ δ= − + −  2.4 

 
* *( , )S S

A A A At tρ τ− is the geometric distance travelled by signal from satellite to receiver emitted 

at time * S
A At τ− and received by receiver at true time At , S

Aτ  is the travel time of signal from 
satellite to receiver.  
The topocentric distance according to Andersson can be calculated as (Andersson 2008), 
 
 
                                           * * * * *( ) ( , ) ( ) ( )S S S S S

A A A A A A A A A At t t x t x tρ ρ τ τ= − = − −   

 2 2 2( ) ( ) ( )S S S
A A Ax x y y z z= − + − + −  2.5 

[ ]S S S SX x y z=  and [ ]A A A AX x y z=  are the satellite and receiver coordinates in the earth 
centered earth fixed (ECEF) system. 
 
Linearizing the equation (2.5) by Taylor expansion of the first order around the nominal 
time we get 
 
 *( ) ( ) ( )S S S

A A A A A A At t t tρ ρ ρ δ= +   2.6 

Equation (2.4) can now be written as 
 
 *( ) ( ) ( )S S S S

A A A A A A AP t t t t t cρ ρ δ δ= + −  2.7 
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The second term on the right hand side of the equation (2.7) contains Atδ as multiplication 
factor. Its value being very small makes this term negligible for the single point positioning. 
The reason according to Andersson is that the absolute value of the topocentric range rate 
is always less than 800 m/s (Andersson 2008). if the Atδ  is 10µs then ( )S

A A At tρ δ = 8mm 
which is below the observation noise level for single point positioning. However for relative 
positioning using phase pseudorange this correction is significant.  
 

2.2 The phase observable 
 
The satellite signal is recreated at the receiver with nominal frequency Sf and phase ( )S

Atϕ  

where as receiver clock generates a carrier with nominal frequency Af and phase ( )A Atϕ

when started at time At .  
The received phase according to Hoffman-Wellenhof (2001), is 
 
 ( )A A A A A At f t f tϕ δ= +  2.8 

And the phase generated by receiver as its replica is  

 

 ( )( ) ( )
S

S S S S SA A
A A

tt f t f f t
c

ρϕ δ= − +  2.9 

The difference of phases is called beat-phase and according to Hoffman-Wellenhof (2001), 
is given by 
 
 ( ) ( ) ( )S S

A A A A At t tϕ ϕ ϕ= −  2.10 

 
The frequencies Sf and Rf deviate from the nominal frequency f in the order of some 

fractional parts of Hz therefore we can assume that Rf = Sf = f, hence the beat phase can be 
simplified as   
 

 ( )( ) ( )
S

S S SA A
A A A

tt f f t t
c

ρϕ δ δ= − + −  2.11 
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When the receiver is switched on at epoch t0, it measures the instantaneous fractional beat 
phase. The initial number of cycles between satellite and receiver, N is unknown which is 
also called integer ambiguity. If there is no loss of signal until current epoch t, the integer 
ambiguity remains same and the beat phase at this epoch is given by 
 
 

0
( )S S t S

A A A t At Nϕ ϕ= ∆ +  2.12 

 
Using equation (2.12) in equation (2.11), we get phase observation  
 

 
0

( )( ) ( )
S

S t S SA A
A t A A

tf f t t N
c

ρϕ δ δ−∆ = − − +  2.13 

 
 
Term on left hand side of equation (2.13) denotes the measurable fractional phase at epoch 
t. Using the relation between frequency and wavelength c f λ= we can express equation 
(2.13) in units of distance (m)  
 
 

0
( ) ( )S S t S S S

A A A t A A A At t c t c t Nϕ ρ δ δ λΦ = −∆ = + − +  2.14 

True time being unknown, as we already mentioned in the previous section, we linearize 
the topocentric distance around nominal time At , hence equation (2.14) becomes 
  
 ( ) ( ) ( ( ) )S S S S S

A A A A A A A At t t c t c t Nρ ρ δ δ λΦ = + + − +  2.15 

where λ is the wavelength of the signal. Equation (2.15) gives expression for the phase 
observations excluding some biases and noises which will be discussed in the coming 
section.    
 

2.3 Biases and noises  
 
Systematic and random errors affect a measurement which is also true for code 
pseudorange and phase measurements in the equations (2.7) and (2.15) respectively. 
Hoffman-Wellenhof (2001) divides the sources of errors in three groups, satellite related 
errors, propagation medium related errors and receiver related errors. Some of the 
systematic errors can be modeled which gives rise to additional terms in equations (2.7) 
and (2.15).  
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Systematic effect can also be removed by proper combination of the observables like taking 
difference between two receivers or difference between two satellites which will eliminate 
the satellite specific biases and receiver specific biases respectively. Hence double 
difference of the pseudoranges can be free, up to high degree, from systematic errors 
originating at receiver and satellite. For refraction this will be true for a short baseline only 
as the measured ranges at both the ends will be affected equally. Adequate combination of 
the dual frequency data can eliminate the ionospheric refraction virtually.  
 

Andersson lists the biases to the GPS signal as given in Table 1 where the subscript A and 
superscript S show that bias is related to satellite, receiver or both. Index i  is either L1 or 
L2 showing dependence of variable on frequency (Andersson 2008). 

Orbital errors S
AOδ  can be reduced using high accuracy ephemerides whereas to reduce the 

effect of clock errors in the final results an accurate model is required. Both the precise and 
broadcast ephemerides contain standard orbit and clock correction model.  Broadcast 
ephemerides are available instantly as they are part of navigation message while precise 
ephemerides are available after certain time period depending upon type of ephemerides.  

Table 1. Additional biases to GPS signal, Andersson (2008) 

Satellite  S
AOδ      Orbital errors 

Stδ        Satellite clock offset 
S
iHδ     Hardware delay bias in the satellite 
S
iAδ      Antenna offset in the satellite 

 S
GDT       Satellite Code offset 

Atmosphere S
AI          Ionospheric delay 
S

AT          Zenith Tropospheric delay (wet and dry) 

Receiver  
,

S
A iMδ    Multipath 

Atδ         Receiver clock offset 

,A iHδ     Hardware delay bias in the receiver 

 ,
S
A iAδ     Antenna phase centre variations 

 
 

GPS-ephemerides are delivered by International GNSS Service (IGS) in three different types; 
final, rapid and ultra rapid. The final ones are most accurate and are available after 12 days 
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while the rapid ones are available after 17 hours and hence they are not suitable for real 
time application. All this ephemeris data and methods to use this data is available at (IGS-
homepage). 
 
Hardware errors in the satellite like S

iHδ , hardware delay bias in the satellite is often 
assumed to be zero as they cannot be separated from clock offset (Andersson 2008). Time 
offset between C1 and P2 code message S

GDT  is present in each satellite and is known as 
satellite code offset and is inseparable from the receiver hardware delay. Therefore it 
allows the dual frequency users to eliminate the ionosphere effects conventionally at the 
receiver end. 
 
The atmosphere related errors listed in Table 1 depend upon actual condition of the 
ionosphere and atmosphere along the path through which the signal has to propagate.  
 
Multipath effect at the antenna is caused by the received signal which is reflected from any 
reflecting surface near the antenna and depends upon the actual environment around the 
measuring antenna. For static surveys if the time of observation is long this effect may be 
reduced while for rapid surveys it will be significant. It may grow to 100m in the special 
environment like near buildings (Hoffmann-Wellenhof 2001) 
 
Antenna phase centre variations ,

S
A iAδ , are caused by the actual antenna because each 

antenna has its actual phase centre slightly different from its geometrical centre and this 
has to be taken care of considering actual antenna data.      
 
Adding all these terms to the equations (2.15) and (2.7) our equations for code and phase 
observations become 
 
 

 , 1 , 1

,1

1 , 1 1 1

( ) ( ) ( ) ( ) ( )

                             m ( ) ( ) ( ) ( )

                             ( ) ( ) ( )

S S S S S S
A A A A A GD A A

S S S
A A A A A A

S
A A A

A P A P

A

A

P A P P
S

P
S

P t t c t c t T I t

T t O t M t H t

H t A t A t

ρ ρ δ δ

δ δ δ

δ δ δ ε

= + + − − + +

+ + + +

+ + +



 2.16 
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 , 2 , 2

,2

2 , 2 2 2

( ) ( ) ( ) ( ) ( )

                               m ( ) ( ) ( ) ( )

                               ( ) ( ) ( )

S S S S S S
A A A A A GD A A

S S S
A A A A A A

S
A A A

A P A P

A

A

P A P P
S

P
S

P t t c t c t T I t

T t O t M t H t

H t A t A t

ρ ρ δ δ

δ δ δ

δ δ δ ε

= + + − − + +

+ + + +

+ + +



 2.17 

 
and 
 

 

1 , 1,1

, 1 , 1

1 , 1 1 1

( ) ( ) ( ) ( ) ( )

                               m ( ) ( ) ( ) ( )

                               ( ) ( ) ( )

S S S S S
A A A A A L A L A AA

S S S
A A A A A A

S
A A A

A L A LA

L A L L

S

S
L

S

t t c t c t N I t

T t O t M t H t

H t A t A t

ρ ρ δ δ λ

δ δ δ

δ δ δ ε

Φ = + + − + − +

+ + + +

+ + +



 2.18 

 
 

 

2 , 2,2

, 2 , 2

2 , 2 2 2

( ) ( ) ( ) ( ) ( )

                               m ( ) ( ) ( ) ( )

                               ( ) ( ) ( )

S S S S S
A A A A A L A L f A AA

S S S
A A A A A A

S
A A A

A L A LA

L A L L

S

S
L
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+ + + +

+ + +
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respectively. Where the constant 21

2

( ) 1.647f
f
f

α = ≈ shows the relation between frequencies 

Random noises 1 2 1 2, ,  and P P L Lε ε ε ε  are added at the end of equations (2.14) to (2.19) 
respectively which according to Hoffman-Wellenhof (2001) are listed in Table 2. 
 
 

Table 2. Range noises, Hoffman-Wellenhof (2001) 

Range Noise 
Code range(C/A -code) 10-300cm 
Code range(P -code) 10-30cm 
Phase range 0.2-5mm 
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2.4  Positioning methods 
 
Two approaches namely differenced and undifferenced methods are used in the positioning 
techniques which are discussed here starting from the differenced method. 

2.4.1 The phase differences  
Single difference (SD) and double difference (DD) are two ways to take the phase 
differences using undifferenced observation equations. 

2.4.1.1  The single differences 
If we have two receivers (k and m) tracking a satellite (p), we can take their difference to 
form a single difference as shown in the figure 1.  

 

 

Figure 1. Single difference concept illustration (Andersson 2008) 

 

 

If the angle α (the distance between two receivers) is small then effect of orbital errors 
becomes same on both the receivers and taking their difference a large part of the orbital 
errors will get canceled. 

Single difference can be formed by combining two undifferenced equations as follows:  
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 ( ) ( ) ( )p p p
km k mt t tΦ = Φ −Φ  2.20 

Inserting observation equations (equations 2.18 and 2.19) of both receivers we get 

 

 
,

, ,

, ,

( ) ( ) ( ( ) ) ( ) ( )

                             ( ) ( ) ( ) ( )

                             ( ) ( )

p p p p p
km km km km i km km i

p p p
km

p

km i km ikm

ikm i km i
p

t t t c t N t I t

T t O t M t H t

A t A t

ρ ρ δ λ

δ δ δ

δ δ ε

Φ = + + + + +

+ + + +

+ + +
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We can see that clock errors of the satellite are eliminated using the single difference 
because this error would have same impact on both the receivers. Atmospheric and 
receivers related errors are still there which can be determined using the single difference 
of geometric range for both receivers i.e. 

 

 ( ) ( ) ( )p p p
km k mt t tρ ρ ρ= −  2.22 

 

Considering the small distance between the receivers as we already discussed, orbital 
errors would be eliminated. Therefore the equation (2.21) is further simplified as: 

 

 
,

, , , ,

( ) ( ) ( ( ) ) ( ) ( ) ( )

              ( ) ( ) ( )

p p p p p p
km km km km i km km i km

p p
km i km i km i km i

t t t c t N t I t T t

M t H t A t

ρ ρ δ λ

δ δ δ ε

Φ = + + + + +

+ + + +



 2.23 

 

The remaining errors in the single difference are considered to be observations errors 
which are normally distributed as we already know it. 

 

2.4.1.2 The double difference 
 
If we have two receivers (k and m) tracking two satellites (p and q), we can form double 
difference by taking difference of two single difference equations. The concept of double 
difference is illustrated in the figure 2. 
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Figure 2. Double difference concept illustration (Andersson 2008) 

In the double difference two single differences are combined as: 

 

 ( ) ( ) ( )pq pq pq
km k mt t tΦ = Φ −Φ  2.24 

Using equation (2.23), equation (2.24) can be rewritten as: 

   

 , ,, ,
( ) ( ) ( ) ( ) ( ) ( ) ( )pq pq pq pa pq pq pq pq

km km i km km i km km ikm i km i
t t N t I t T t M t A tρ λ δ δ εΦ = + + + + + +  2.25 

In equation (2.25) we can see that receiver dependant errors are also removed as these 
errors will be affecting both the single differences in the same manner and we have taken 
their difference. The remaining parameters are determined in the same fashion as we did 
for the single difference which is given here as: 

 

 ( ) ( ) ( )pq p p
km k mt t tρ ρ ρ= −  2.26 
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The double difference removes the singularity in the observation equation but correlation between 
observations is introduced and the corresponding covariance matrix is given by (Andersson 2008, 
p.34) 

 2
0

2 1
1 2

T
DD DD SD DDC A C A σ

 
= =  

 
 2.27 

 

2.5 Correlation in time 
 

If there is no correlation in time when observations are taken from epoch to epoch, the 
covariance matrix will take the form 

 

 

1

2

( ) 0 0
0 ( ) 0

0 0 ( )n

C t
C t

C t

 
 
 
 
 
 



 

 2.28 

Where 1 2, ,... nt t t  are observation times. The assumption in the equation (2.28) is true if all 
the errors in the difference equations are removed in each epoch, which cannot be true as 
we know that some errors like antenna phase centre offset are specific to the real antenna 
and cannot be removed by differencing the observation equation.   

We can model these errors to reduce their effects and but a complete elimination is not 
possible therefore the situation in the equation (2.28) is not valid most of the time. It is the 
correlation in time that makes this model inaccurate.  

 

2.6 The undifferenced solution 
 
The undifferenced solution is an alternate for the double difference solution to avoid the 
singularity introduced due to the ionospheric and hardware delays of the phase 
observations where LSQ would be singular. In undifferenced approach all unknown 
parameters for observation equations are estimated separately in each epoch in a state 
vector.  The challenge with the undifferenced method is to model the real time correlation 
between measurements of epochs. Then Kalman filter can estimate the unknowns for each 
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epoch and we can see each parameter and any sudden jump in it can be detected by a 
proper algorithm as well to improve the results.  

2.6.1 The state vector model 
Undifferenced solution is mainly using Kalman filter to estimate the unknown parameters 
in state vector for each epoch while having some of the parameters known like satellite 
coordinates and satellite clock parameters from the beginning. The remaining parameters 
are modeled assuming their deterministic and stochastic part like atmospheric corrections. 
The deterministic part of these parameters is removed using predefined proper empirical 
models while the stochastic part is estimated by Kalman filter. These parameters are 
discussed in the following subsections starting from velocity and position and velocity 
estimation. 

2.6.1.1  Position and velocity 
The geometric distance between satellite and receiver can be estimated by use of well 
known distance formula which is given in the following equation  

 

 2 2 2
, , ,(( ) ( ) ( ) )S S S S

A A e A e A eX X Y Y Z Zρ = − + − + −  2.29 

where , &S S SX Y Z are the satellite coordinates and , , ,, &A e A e A eX Y Z are receiver coordinates 

corrected for the earth rotational effects on receiver during the signal travel time St∆ : 

 

 ,

,

S
A e A e A

S
A e A e A

X X Y t
Y Y X t

ω
ω

 = − ∆
 = + ∆

 2.30 

Equation (2.29) is linearized by first order Taylor expansion to use in the linear LEQ  
 

 ,0 ,0 ,0
,0

,0 ,0 ,0

( ) ( ) ( )
( ) ( )

S S S
A A A A A AS S

A A A A
A A A

t t t
t t X Y Z

X Y Z
ρ ρ ρ

ρ ρ
∂ ∂ ∂

= + ∆ + ∆ + ∆
∂ ∂ ∂

 2.31 

The partial derivative will become 
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2 2
,0 ,0 ,0 ,0

,0 ,0

2 2
,0 ,0 ,0 ,0

,0 ,0

,0 ,0

,0 ,0

( )

( )

( )

S S
A A A e A e A

X S
A A

S S
A A A e A e A

Y S
A A

S S
A A A

Z S
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t X X Y t X t
a

X

t Y Y X t Y t
a

Y

t Z Z
a

Z

ρ ω ω
ρ

ρ ω ω
ρ

ρ
ρ

∂ − + ∆ − ∆
= = −

∂

∂ − − ∆ − ∆
= = −

∂

∂ −
= = −

∂

 2.32 

 

Assuming that velocity is constant, as the points are moving slowly, the motion can be 
modeled by position-velocity model (P-V model). This assumption enables us to model the 
velocity as random walk process and state vector for the receiver is given by 

 [ ], [ ] TT
PV A A A A A A XA YA ZAX X v X Y Z v v v= =  2.33 

 

with 

 

 A A

A a

X v
v u
 =


=





 2.34 

and 

 

 
0 0

[ ( ) ( )] 0 0
0 0

AX
T

a a A AY

AZ

q
E u s u t Q q

q

 
 = =  
  

 2.35 

dynamic model and covariance matrix respectively 

where , &AX AY AZq q q  are the power powers spectral densities (PSD) of the acceleration 

having units 2 4( / ) /m s Hz , (Andersson 2008) 

The dynamic matrix ,PV AF , gain coefficients matrix ,PV AG and random noise force function

,a Au  are 
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 , , ,

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0

, &
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

aX

PV A PV A a A aY

aZ

u
F G u u

u

   
   
     
     = = =     
         
   
   

 2.36 

respectively 

Since in this model 0,   2;nF n= ≥ The process noise covariance matrix becomes: 

 
2 3

( )
2 3

T T
A G G G G

t tQ Q t FQ Q F FQ F∆ ∆
= ∆ + + +  2.37 

with  

 

 

3 2

3 2

3 2
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q t q t

q t q t
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q t q t

    ∆ ∆
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   ∆ ∆ 
        =

  ∆
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 ∆ ∆    

 2.38 

 

 

The transition matrix is 
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 , ,

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

PV A PV A

t
t

t
T I F t

∆ 
 ∆ 
 ∆

= + ∆ =  
 
 
 
 

 2.39 

 

 

2.6.1.2 The receiver clock 
 

Different receivers model the clock parameters in different ways. Here total clock bias is 
taken as bias term plus drift term (Andersson 2008), given as:  

 

 , ,A b A dr At t t tδ δ δ= + ∆  2.40 

The bias and drift terms vary with time according to the design of specific receiver. 
Hoffmann-Wellenhof et al. (2001, p.257-259), presents one way to design a general type of 
algorithm which can be used independent of the receiver design while estimating one 
parameter for both bias and drift term ,A SPPtδ . Single point positioning (SPP) algorithm is 

used to estimate parameters of the clock. In our case we already know the coordinates of 
the receivers and SPP is used in addition to estimate the deterministic part of clock 
parameters while the remaining part is considered as white noise and Kalman filter is used 
to estimate it using the dynamic model given by: 

 ,A t At uδδ =  2.41 

The corresponding dynamic and coefficient matrix become 

 

 
,

,

0        &t A

t A

F
G I
δ

δ

=

=
 2.42 

respectively and the white noise covariance matrix is modeled as: 

 
,, , ,[ ( ) ( )]

t A

T
t A t A t AQ E u t u t q I

δδ δ δ= =  2.43 
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2.6.1.3 The Atmospheric delays 
We divide the atmosphere in two parts according to the effects on the signal propagating 
through it namely, the ionosphere and the troposphere. The height of the second part is until 
about 50km from mean sea level (MSL) far less than the altitude of the receiver installed at 
CHAMP spacecraft, therefore we will not discuss it here. Interested readers may refer to the 
most famous models derived by Hopfield (1969) and Saastamoinen (1972).  

2.6.1.4 The ionosphere 
“The existence of electrically conducting layer in the upper atmosphere was suggested by 
Scottish physicist Balfour Stewart  in 1882”, (Fälthammar 2001) now known as ionosphere 
The earth’s ionosphere is a partially ionized gas that envelops the earth and in some sense 
forms the interface between the atmosphere and space. It exists due to the ionization of the 
atmospheric particles and can have different layers with different day and night time 
electron densities as given in Table 3. 

Table 3. The ionospheric layers, Fälthammar (2001) 

 

Total amount of electrons present along the signal path in the atmosphere is measured 
normally in area of unit meter square and is called total electron content (TEC). TEC varies 
during day and night time due to several parameters like incoming solar radiation etc. 
besides these slow changes there could be sudden and drastic changes as well due to solar 
outbursts.  

The ionosphere does not affect the code and phase observables in the same manner as code 
observations are advanced by ionosphere and phase observation are delayed while 
propagating through the ionosphere. Detail derivation of the effect of ionosphere on code 
and phase observables is given in Leick (2004). 
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To estimate the deterministic part of the ionosphere effect, we are using Ionospheric 
Correction Model Algorithm (ICA) which is in detail discussed in Andersson (2008, p.43-46) 
and its general form is given by function 

 ( , , , , )ICA A AI f El Az IPλ∆ = Φ  2.44 

, , , ,  &  ICA A AI El Az IPλ∆ Φ are calculated ionospheric delay, geodetic latitude, geodetic 
longitude, elevation angle azimuth of satellite to receiver vector and broadcasted 
ionospheric parameters respectively. 

Linear combination of the phase and code observables is also a choice to remove the 
ionospheric effects. We introduce an artificial ionospheric observable with zero observed 
value and with a certain variance then double difference ambiguities for each satellites are 
estimated using smoothed pseudoranges and linear combination of the phases. This 
method is presented by Sjöberg and Horemuž (2002).   

If we have two phase observations available with phases 1 2&Φ Φ with ambiguities N1 and 
N2 respectively. According to this method instead of estimating N1 and N2 separately, it is 
useful to form their linear combination as 1 2ijN iN jN= + and this is achievable by: 

 ij ij ijNρ λΦ = +  2.45 

where,  

 

 
1

1 2

1 2 1 2

    &     ij ij
i ji j λ

λ λ λ λ

−
   Φ Φ

Φ = + = +   
   

 2.46 

 

The detail about this method can be found in Sjöberg and Horemuž (2002). We have used 
this method by combining the L1 and L2 phases and applying SPP coordinates and velocities 
of the receiver are computed.  

2.6.1.5 The receiver antenna phase centre 
 
The physical centre of antenna is not always coinciding with its phase centre also called 
antenna reference point (ARP) and therefore it requires calibration of the actual antenna 
which will determine the relation between the phase centre variation (PCV) and the all 
incoming radiation from all the directions. Ignoring this calibration may contribute to 
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vertical error up to 10cm (Andersson 2008). Further details about this parameter can be 
seen from Andersson (2008). 

Generally absolute calibrated antennas are used in precise GPS measurements however in 
the absence of absolute calibrated antenna NGS parameters can be used for antenna 
corrections in the GPS measurements. 

 

2.6.1.6 The multipath effect 
If the signal from any reflecting signal is reaching the receiving antenna it would create 
multipath effect (MPA) and consequently contribute to the error introduced by receiving 
antenna.  If the receiver antenna is fixed, we can calibrate the observation site for one day 
and can use these parameters in next day’s observations as the satellite constellation 
available next day would be at the same position and signal would travel the same path to 
the receiver having same MPA 

In our case it is not possible to eliminate these errors as we are not using the stationary 
antenna and available data for processing the CHAMP orbit is only of one day. 

 

2.6.1.7 Common errors 
All the errors which are not accounted for in previously here in this section would be 
modeled together as a random walk process in the common errors described by the 
dynamic equation 

 s
oo u=  2.47 

where ou is the forcing function for the common errors indicated by subscript o. The 
dynamic matrix, transition matrix and process noise covariance matrix for the common 
errors are given by 

 

 
,

0,         and
( ,  , ,  ...............)

o o o

o A o o o

F T G I
Q t diag q q q

= = =
= ∆ ⋅

 2.48 

respectively, where oq represents PSD of common error 

 



30 
 

2.6.2 Observation equations 
 
Above discussed parameters can be used in the equations (2.16) to (2.19) for reshaping the 
observation equations while reducing the number of unknowns. These observation 
equations are represented here for reference station only because in our case we have only 
one receiver 

 

2.6.2.1 The code observation equation 
Code observation equations for L1 and L2 are given as 

 

 , ,,1 1( ) ( ) ( ) ( ) ( )S S S S S
A A A A A w A w A A A AA PP t c t I t m T t O tδ ρ δ δ ε= + + + + +  2.49 

and 

 , ,,2 2( ) ( ) ( ) ( ) ( )S S S S S
A A A f A A w A w A A A AA PP t c t I t m T t O tδ ρ δ α δ ε= + + + + +  2.50 

Parameters on the LHS of above equations represent the deterministic parameters and on 
the RHS are the stochastic parameters to be estimated using Kalman filter which are 

,

                
                 
                                

            

S
A

w A

A
S
A

I Ionospheric code delay
T Wet part of tropospheric delay

t The receiver clock
O Common errors

δ

δ

 

The wet part of the troposphere will not contribute to errors in our case as our receiver is 
at altitude of about 450 km at the CHAMP satellite. While the other non stochastic 
parameters are 

2

,

          
       

                     tan   ( 2 / 1)

                           

S
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S
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Velocity in geometric range at true time of receiver
c Velocity of light

Cons t f f
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ρ
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                      min        
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A

P P
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t No al time when the signal reaches the antenna

The pseudorange measurement noiseε ε
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Again wet part of troposphere would not be considered in our model. While the LHS of 
equations (2.49) and (2.50) are, 

 

 
, , , ,

, , 1

,1 ,1

1, 1

( ) ( ) ( ) ( ) ( ) ( )

                                                  ( ) ( ) ( ) ( )

S S S S S S S
A A A A A A SPP c A GD d A h A A

S S
d A A A A A P A

A A

PA P
S S

P t P t t c t cs c t T m T t

I t A t A t M t

δ ρ ρ δ δ

δ δ δ

= − − + + + − −

− − − −
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and 

 
, , , ,

, , 2

,2 ,2

2, 2

( ) ( ) ( ) ( ) ( ) ( )

                                             ( ) ( ) ( ) ( )

S S S S S S S
A A A A A A SPP c A GD d A h A A

S S
f d A A A A A P A

A A

PA P
S S

P t P t t c t cs c t T m T t

I t A t A t M t

δ ρ ρ δ δ

α δ δ δ

= − − + + + − −

− − − −



 2.52 

 

where the deterministic parameters in above equations are 

S S
A,1 A,2

S
A

P  and  P           The raw unmodified observations

r                            The distance between satellite and receiver calculated using known satellite 
                               and r

A,SPP

eceiver coordinates and estimated clock parameter
dt                      The common parameter that estimates the deterministic part 
                               of  the drift and bias in the rece

c,A

S

S
GD

iver
s                            Integer to record 1ms clock jumps

dt                            Satellite clock correction
T                            Group delay distributed in broadcast ephemeri

S
d,A

s
I                            Deterministic part of  ionosphere

 

h,A

S
h,A

S
A,P1

T                           Deterministic hydrostatic part of  troposphere

m                          Dry mapping function for hydrostatic part of  troposphere

dA                      Antenna off
S
P1

S
A,P1

set at the receiver

dA                        Antenna offset at the satellite
dM                     Multipath effect

 

In our model, the troposphere related parameters would not be used as we already 
discussed. 
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2.6.2.2 The phase observation equation 
The phase observations from equations (2.18) and (2.19), after using the parameters above, 
become 

 

 ,1 1 , 1 , , 1( ) ( ) ( ) ( ) ( )S S S S S
A A A A L A L A A w A w A A A A
S

Lt c t N I t m T t O tδ ρ δ λ δ εΦ = + + − + + +  2.53 

and 

 ,2 2 , 2 , , 2( ) ( ) ( ) ( ) ( )S S S S S
A A A A L A L f A A w A w A A A A
S

Lt c t N I t m T t O tδ ρ δ λ α δ εΦ = + + − + + +  2.54 

The LHS of above phase equations become 

 

 
, , , ,,1 ,1

, , 1 , 1 1

( ) ( ) ( ) ( ) ( ) ( )

                                            ( ) ( ) ( ) ( )

S S S S
A A A A A A SPP c A d A h A AA A

S S S
d A A A A AA L A L L

S S

S

t t t c t cs c t m T t

I t M t A t A t

δ ρ ρ δ δ

δ δ δ

Φ = Φ − + + + − −

+ − − −



 2.55 

and 

 
, c, , ,,2

, , 2 , 2 2

( ) ( ) ( ) cs ( ) m ( )

                                            ( ) ( ) ( ) ( )

S S S S
A A A A A SPP A d A h A AA

S S S
f d A A A A AA L A L L

S

S

t t c t c t T t

I t M t A t A t

ρ ρ δ δ

α δ δ δ

Φ − + + + − −

+ − − −



 2.56 

 

where unknowns here are the same as we discussed before except , 1 1 , 2 2  ,   ,S S
A L L A L LN andNλ λ

are ambiguity parameters and wavelengths of L1 and L2 signals respectively. 

 

3 Least squares adjustment and Kalman filtering 

Least squares adjustment (LSA) and Kalman filtering along with Kalman filter algorithm is 
mainly discussed in this chapter 
 

3.1  Least squares adjustment 
Among many adjustment procedures, the least squares adjustment is mostly used in 
geodesy which is derived by many authors.  Observations are expressed as functions of 
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unknown parameters in the system of equations for least squares adjustment and for 
nonlinear cases Taylor series expansion is performed.  

Let us start with following observation equation 
 AX l ε= −  3.1 

X is the vector containing unknown parameters; l is the observation vector and ε contains 
residuals of observations. Matrix A is a full rank matrix that relates unknowns with l and ε, 
the expected variance covariance matrix is determined as:  

 
 
 2 1 2

0 0( )TE P Qεε σ σ−= =  3.2 

where, P and Q are weight and cofactor matrices respectively. Often the observations are 
assumed to be independent because it is very difficult to model their inter correlation and 
this assumption makes both, P and Q diagonal. 

If the relation between the observations and unknowns is not linear, we have to linearize 
the observation equation which can be done using Taylor expansion.  

The least squares solution to the system of equation (3.1) becomes unique by 

minimum
T

Pε ε
∧ ∧

=  

Application of this principle on the equation (3.1) according to Hoffmann-Wellenhof yields 
the solution 

 1( )T TX A PA A Pl
∧

−=  3.3 

Corresponding residual vector can be estimated from equation (3.1) as 
 l AXε = −  3.4 

If we have n and m observations and unknown parameters, estimated posteriori variance factor is 
given by 
 

 
2

0

T
P

n m
ε εσ
∧ ∧

∧

=
−

 3.5 

The variance-covariance matrix of the estimated unknowns and residuals can be determined by the 
following relations (Fan 1999, p. 7):  
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2
1

0ˆ ˆ ( )T
XXC A PAσ

∧
−=  3.6 

 
2

1 1
0 ( ( ) )ˆ ˆ

T TP A A PA AC σεε
∧

− −= −  3.7 

 

3.2 Sequential least squares adjustment 
The sequential least squares adjustment, provided the subgroups of observations are 
independent, reduces the computational time significantly. Assuming the k and i 
independent group of observations, 

 { } ,    
0,      

kT
k i

P i k
E

i k
ε ε

=
=  ≠  3.8 

For the first group of observations produces following equations 

 1
(1) (1) (1) (1) (1) (1) (1)( )T TX A P A A P l
∧

−=  3.9 

and 

 
2 2

1
0 0(1) (1) (1)

(1)(1)
( )T

XXX
C A P A Qσ σ∧∧ ∧

−= =  3.10 

where subscript 1 is used for first recursive step and 
(1)X

Q ∧ is the cofactor matrix of (1)X
∧

. For 

kth step of recursive estimation for the unknowns, observations equations become 

 
  

1 1( )   ;    1, 2,.....k k kk k kX X K l A X k− −= + − =
 3.11 

where the matrix kK  is the gain matrix, weights between the pseudo observations and new 
observations are optimally distributed by this matrix and is given by 
 
 

 1 1 1 1
, 1 , 1( ) [ ( ) ]T T

k X k k k k X k kK Q A P A Q A− − − −
− −= +  3.12 

Cofactor matrix ,X kQ for the current recursive step in the adjustment and corresponding 

variance covariance matrix are given by 
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 , , 1
T

X k k k k X kQ A P A Q −= +  3.13 

 
 

( ) 2 1
0 ,( )k

X kX X
C Qσ −=  3.14 

Using sequential LSQ we can reduce the computational burden therefore this technique 
becomes suitable for real time application where we have to perform computations epoch 
by epoch.  

 

3.3 The Kalman filter 
 
Another technique for real time application is Kalman filter which is extensively used in 
integrated navigation systems. This algorithm combines independent redundant sources of 
navigation information with a reference navigation solution and an optimal estimation of 
navigation state (position, velocity) is obtained. 

This algorithm works in three recursive steps named prediction, gain calculation and 
update step (Andersson 2008).   

 

3.3.1 The prediction step 
For a dynamic system, state vector ( )X t  comprising the unknown parameters of the system 
may be modeled by following system of first order differential equations 

 ( ) ( ) ( ) ( ) ( )X t F t X t G t u t= +  3.15 

where, ( )X t is the first time derivative of state vector, F(t) is the system dynamic matrix and 
G(t)u(t) is the driving noise.  

Parameters in the state vectors can be updated if the observations are available otherwise 
they would naturally follow the trajectory given by the system of equations.  The 
observation vector and the state vector are related by following equation 

 ( ) ( ) ( ) ( )L t H t X t v t= +  3.16 

For any recursive step k this equation (3.16) becomes 

 k k k kL H X v= +  3.17 
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( )H t is the matrix that relates observations L(t) and their errors v(t) with the state vector 
X(t)at time t. Equations (3.16) and (3.17) give the time-continuous dynamic model of 
Kalman filter. 

The solution of equation (3.16), according to Andersson (2008) becomes 

 

 
1

, 1 1 , , 1 1

k

k k k k k k k k k
k

kw

X T X T G u d T X wτ τ τ τ
+

− − − −= + = +∫


 3.18 

, 1k kT − is the transition matrix from state k-1 to k, kw is the integrated white noise during this 
time interval. 
 
The covariance matrix kQ related to kw  for two epochs i and k has following properties: 
 

 { } ,    
0,      

kT
k i

Q i k
E w w

i k
=

=  ≠  3.19 

For short time intervals 0t t t∆ = − , the system can be considered as time invariant which 
results in a constant system dynamic matrix F.  Therefore transition matrix can be 
expressed with an exponential function and its Taylor expansion will be 

 
2 3

0
( ) ( )( , ) ......

2! 3!
F t tF tFT t t e I tF∆ ∆ ∆

= = + ∆ + + +  3.20 

Equation (3.20) shows that correlation in time will decrease exponentially. For shorter time 
intervals the higher order terms in equation (3.20) will become very small and we can use 
linear approximation 
 
 0( , )T t t I tF≈ + ∆  3.21 

Covariance matrix of the driven noise kw  according to Andersson (2008) is predicted  
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 3.22 

 

Using Equation (3.21), the solution of the double integral in Equation (3.22) according to 
Andersson (2008) is approximated as  
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 3.23 

where T
GQ GQG=  

This derivation assumes that the covariance matrix of kw and kv  is uncorrelated, (Andersson 

2008) 

 { } 0 ,             T
k iE w v for all i and k=  

 

The remaining steps of Kalman filter are carried according to the sequential adjustment 
therefore we are not discussing them again instead a summary of the whole filtering 
process is discussed in the coming section. 

3.3.2 Summary of Kalman filter 
The equations of the sequential adjustment along with the prediction step discussed above 
summarize the three steps of Kalman filter; the prediction, gain calculation and update step. 
We have to initialize the filter with somehow known set of initial values of the state vector 
so that the filter does not diverge, (Andersson 2008). Initialization is followed by the prediction 
step according to the equations discussed in the previous section where parameters are predicted 
from the previous epoch to the current epoch. Ignoring kw in the equation (3.19), because it is 

normally distributed with zero mean and is not correlated with previous 'kw s  (Andersson 2008, 
p.13), we get, 

  

1, 1k kk kX T X −−=  3.24 
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and 

 




, , 1 , 1, 1
 

X k

T
k k k k kX k

Q T Q T Q−
− −−

= +  3.25 

where super scripts “-“symbolizes a predicted and “^”an estimated parameter, this notation 
will be used throughout this report.  
 

The next step of the filter is gain calculation which is carried according to equation (3.13), 
modified here for Kalman filter notation  

 1
, ,[ ]T T

k X k k k k X k kK Q H R H Q H− − −= +  3.26 

The last recursive step of the filter is update step carried out according to equation (3.12) 
and its Kalman filter notation is:  

   ( ) kk kk k kX X K L H X
− −

= + −  3.27 

 

Covariance matrix can be updated using Equation (3.14), here to conserve the symmetry 
and positive definiteness of the covariance matrix, it is slightly modified according to  
(Andersson 2008, p.14) 
 

 , ,( ) ( )T T
X k k k X k k k k k kQ I K H Q I K H K R K−= − − +  3.28 

Each recursive loop of Kalman filter uses equations (3.24) to (3.28).  

The Kalman filter loop algorithm can be summarized according to Figure 3, Jekeli (2001). 
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Figure 3. The Kalman filter loop (Jekeli 2001) 

 

Upper part of Figure 3 deals with state vector while lower part with the corresponding 
covariance matrix. After initialization the filter will update estimates of the state vector and 
its corresponding covariance matrix on epoch to epoch basis. 

The non linearity of the relation between observations and unknowns in the state vector is 
dealt with extended version of Kalman filter called extended Kalman filter (EKF). It uses the 
same form of the update equation as used by linear Kalman filter but the design matrix 
contains non linear observation equation given by 
 

   [ ( )]k k kk kX X K L h X= + −  3.29 

3.4 The Expected Accuracy  
A simple Kalman filter algorithm for vehicle navigation is simulated by Simon (2001). In his 
simulation, the measurement error has a standard deviation of about 3.1 metres, with 
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occasional spikes up to 10 metres (3 sigma). The error between the true position and the 
Kalman filter’s estimated position stays within about 0.6 metres (Simon 2001).  
 
Computed results using our algorithm have standard deviation (maximum) about 30 
metres.  Therefore expected accuracy of our computed satellite positions (using GPS data) 
is supposed to be within the limit of 30 metres. However there may be occasional spikes as 
we have observed specially at poles. 
 
  

4 The satellite tool kit 

The satellite tool kit (STK) is off-the-shelf mission modeling and analysis software for space, 
defense and intelligence systems  (AGI homepage: http://www.agi.com/). It can be used to 
model complex systems (aircraft, satellites, ground vehicles), along with their sensors and 
communications, in the context of the mission environment. It provides an analytical engine 
to calculate data and display multiple two dimensional maps to visualize various time-
dependent information for satellites and other space-related objects. 

4.1 The two line orbital elements (TLE) 
Satellite orbits are described using a set of orbit elements stored in the form of TLE. At least 
six parameters are required to uniquely define an orbit and a satellite's position within the 
orbit. These six orbital elements are summarized here 

• Semi-major axis (a): It defines the size of the orbit. It is average of the periapsis and 
apoapsis distances. For circular orbits, the semi-major axis is the distance between 
the centers of the bodies 

• Inclination (i): It is the angle between the equator and the orbit plane. Inclination 
defines the orientation of the orbit with respect to the Earth's equator  

• Right ascension of the ascending node (Ω): Right ascension of the ascending node 
is the angle between vernal equinox and the point where the orbit crosses the 
equatorial plane (going north). It defines the location of the ascending and 
descending orbit locations with respect to the Earth's equatorial plane. 

• Eccentricity (e): Eccentricity defines the shape of the orbit (0=circular, Less than 
1=elliptical).  

• Argument of perigee (ω): Argument of perigee is the angle between the ascending 
node and the orbit's point of closest approach to the Earth (perigee).  

• Mean anomaly (υ): The angle, measured from perigee, of the satellite location in the 
orbit referenced to a circular orbit with radius equal to the semi-major axis. It 
defines where the satellite is within the orbit with respect to perigee.  

http://www.agi.com/�
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4.1.1 The TLE data format 

The orbital elements described before are part of a TLE data of any epoch. Here we give an 
example for NOAA 6 satellite which can be viewed online via NASA’s home page, 
(http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/SSOP_Help
/tle_def.html) 

 

 

Figure 4. The TLE description (http://spaceflight.nasa.gov) 

 

The TLE data set has three lines, the first line contains name of satellite.  Details of other 
two lines is summarized in Table 4, 

Table 4. TLE data set description 

Line 0 
Columns Description 

1-6 The common name for the object based on information from the Satellite 
Catalog. 

  Line 1 
1 Line Number 
3-7 Satellite Catalog Number 
8 Elset Classification 
10-17 International Designator 
19-32 Element Set Epoch (UTC) 
34-43 1st Derivative of the Mean Motion with respect to Time 
45-52 2nd Derivative of the Mean Motion with respect to Time (decimal point 

assumed) 
54-61 B* Drag Term 
63 Element Set Type 

http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/SSOP_Help/tle_def.html�
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/SSOP_Help/tle_def.html�
http://spaceflight.nasa.gov/�


42 
 

65-68 Element Number 
69 Checksum 
Line 2 
1 Line Number 
3-7 Satellite Catalog Number 
9-16 Orbit Inclination (degrees) 
18-25 Right Ascension of Ascending Node (degrees) 
27-33 Eccentricity (decimal point assumed) 
35-42 Argument of Perigee (degrees) 
44-51 Mean Anomaly (degrees) 
53-63 Mean Motion (revolutions/day) 
64-68 Revolution Number at Epoch 
69 Checksum 
 

4.2  Orbit /Trajectory generation 

STK provides multiple analytical and numerical propagators (Two-body, the simplified 
general perturbations propagators etc.) to compute satellite position data in a wide variety of 
coordinate types and systems.  We have used two of them which are briefly discussed here, 

4.2.1 The simplified general perturbations (SGP4) propagator 

The SGP4 propagator is a standard propagator used with two-line mean element (TLE) sets 
of the satellite, whose orbit is to be computed, as input. Secular and periodic variations due 
to Earth oblateness, solar and lunar gravitational effects, gravitational resonance effects, 
and orbital decay using a drag model are the perturbations considered by SGP4 propagator.  

We have used TLE’s of CHAMP satellite available through a web link at CHAMP homepage, 
(http://www.gfz-potsdam.de/) for input to the SGP4 propagator and the same TLE is given in 
Figure 5 

 

 

Figure 5. CHAMP TLE for the epoch day (01-01-2002) 

This TLE refers to the epoch day of our computation (01-01-2002). The orbit count of 
CHAMP at the start of epoch day is 8247 which can be seen from line-2 column (64-68) of 
this TLE and the last digit of TLE “2” represents check sum.  Further details of this TLE are 
given in Annex A. 
The SGP4 propagator computes satellite coordinates in the mean equinox true equator 
coordinate system based on the epoch of the specified TLE which was used as input to the 

http://www.gfz-potsdam.de/�
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SGP4 propagator. The information contained in a TLE is a set of mean orbital elements that 
are specific to the SGP4 propagator and normally it is recommended not to use for other 
propagators.  Orbital elements required to be described for the SGP4 propagator are given 
in Table 5 along with their brief description.  
Note:  The information in Table

Table 5. SGP4 parameters (AGI home page, 

s 5, 6, 7 and 8 is extracted from AGI homepage as it is 
reproduced here. 

http://www.agi.com/) 

Element Description 

Object Number The catalog number of the spacecraft, if created by a 2-line element set. 

Orbit Epoch The universal date and time at which the specified orbit elements are 
true. The format is YYDDD.DDDDDDDD. 

Mean Motion The number of revolutions per day. 

Eccentricity 
Describes the shape of the ellipse. A value of 0 represents a circular 
orbit; values greater than 0 but less than 1 represent ellipses of varying 
degrees of ellipticality  

Inclination The angle between the angular momentum vector (perpendicular to the 
plane of the orbit) and the inertial Z-axis. 

Argument of 
Perigee 

The angle from the ascending node to the eccentricity vector (lowest 
point of orbit) measured in the direction of the satellite's motion. The 
eccentricity vector points from the center of the Earth to perigee with a 
magnitude equal to the eccentricity of the orbit. 

Int'l Designator The international designation of the satellite 

RAAN 

The angle from the inertial X-axis to the ascending node. The ascending 
node is the point where the satellite passes through the inertial equator 
moving from south to north. Right ascension is measured as a right-
handed rotation about the inertial Z-axis. 

Mean Anomaly The angle from the eccentricity vector to a position vector where the 
satellite would be if it were always moving at its average angular rate. 

Mean Motion Dot The first time derivative of mean motion. 

Motion Dot Dot The second time derivative of mean motion. 

Bstar The drag term for the satellite. 

http://www.agi.com/�
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Classification 

A one-letter classification indicator.  

• U - Unclassified  
• C - Classified  
• S - Secret  

4.2.2 High precision orbit propagator (HPOP) 

The second propagator which we used to compute the CHAMP orbit for the epoch day is 
HPOP. This propagator is more accurate than SGP4 as it considers more realistic 
perturbations to the satellite close to the real environment like solar wind pressure, 
gravitational effects from external agents other than earth etc. Chao et al. (2000) verified 
the accuracy of HPOP and found that it can compute ECEF coordinates with millimeter level 
accuracy. 

HPOP uses different integration techniques like Runge-Kutta-Fehlberg method of order 7-8, 
Burlirsch-Stoer method and Gauss-Jackson method of order 12 to propagate the satellite 
orbit in J2000 reference frame. The physical constant and their values used by HPOP are 
listed in Table 6. 

Table 6. Various physical constraints used by HPOP (AGI home page, http://www.agi.com/) 

Symbol Constant Value Units 

Eµ  Gravitational Constant of Earth 398600.4418±0.0008   km3s−2 

RE Equatorial Radius of Earth 6371 km 
fE Flattening Coefficient of Earth 0.00335281 (dimensionless) 
c Speed of Light 299792.458 km/sec 
LS Luminosity of Sun 3.823e26 W 

 

The force model for HPOP can be customized, since we have liberty to choose certain 
options including the gravity field from outer bodies other than Earth, solar radiation 
pressure, solar flux and a realistic drag coefficient. These options make HPOP more precise 
and realistic in its orbit prediction than the SGP4 propagator. Overview of the HPOP force 
model options is shown in Figure 6. 

http://www.agi.com/�
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Figure 6. HPOP force model options 

The default values of the drag coefficient ( Dc ) and the coefficient for solar radiation 

pressure ( Rc ) are 2.0 and 1.0, respectively, therefore we have to use more realistic 
parameter values which fulfill the technical needs of our experiment. A brief description of 
these parameters is given here.  

4.2.2.1 Solar radiation pressure (SRP) 
SRP on a satellite depends upon satellite area exposed to sun, satellite altitude, orientation 
of the exposed area, satellite geometry/shape, surface material, area to mass ratio of the 
satellite and solar activity. HPOP models the solar radiation pressure using the parameters 
listed in Table 7. 
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Table 7. Parameters for SRP estimation in HPOP (STK help, http://www.agi.com/) 

Option Description 
Cr The solar radiation pressure coefficient. 
Area/Mass Ratio Defines the area-to-mass ratio to be used in SRP calculations. 
Shadow Model The type of shadow to be used in determining the lighting condition for 

the satellite.  

None. Choosing this option turns off all shadowing of the satellite.  

Cylindrical. The cylindrical model assumes the Sun to be at infinite 
distance so that all light coming from the Sun moves in a direction 
parallel to the Sun to satellite vector.  

Dual Cone. The dual cone model uses the actual size and distance of the 
Sun to model regions of full, partial (penumbra) and zero (umbra) 
sunlight. The visible fraction of the solar disk is used to compute the 
acceleration during penumbra.  

Use Boundary 
Mitigation 

The state of the satellite after crossing a shadow boundary is corrected 
for errors that may have been introduced by the sudden change in the 
SRP which occurred during the integration step. 

4.2.2.2 Aerodynamic drag (cD) 
The aerodynamic drag of the satellite depends upon its geometrical shape, velocity and the 
atmospheric density through which the satellite is orbiting. HPOP provides the user 
interface to input these values of atmospheric density to estimate the drag acceleration on 
the spacecraft. Following parameters, listed in Table 8, has to be defined to model the drag.   

Table 8. Parameters for drag estimation in HPOP (STK help, http://www.agi.com/) 

Option Description 
Cd The atmospheric drag coefficient. 
Area/Mass Ratio Defines the area to be used in drag calculations in m2/kg. 
Atmospheric 
Density Model 

• 1976 Standard. A table look-up model based on the satellite's altitude, with a valid 
range of 86km - 1000 km.  

• Harris-Priester. Takes into account a 10.7 cm solar flux level and diurnal bulge. 
Valid range of 0 - 1000 km.  

• Jacchia 1970. the predecessor to the Jacchia 1971 model. Valid range is 90 km - 
2500 km.  

• Jacchia 1971. Computes atmospheric density based on the composition of the 
atmosphere, which depends on the satellite's altitude as well as a divisional and 
seasonal variation. Valid range is 100km - 2500 km.   

Solar Flux/Geo 
Mag 

Enter Manually. Enter one or more of the values below, depending on the Atmospheric 
Density Model selected (above).  

Daily F10.7 The daily Ottawa 10.7 cm solar flux value. 
Average F10.7 The 81-day averaged Ottawa 10.7 cm solar flux value. 
 

http://www.agi.com/�
http://www.agi.com/�
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4.3 Accuracy of SGP4 and HPOP propagators 
The SGP4 propagator is less accurate propagator as compared to HPOP. Kelso (2007) has 

studied the validity of SGP4 orbit propagator against the GPS precise ephemerides using an 

independent truth data set of much higher accuracy than that provided by SGP4 with TLE 

data and he has analyzed the SGP4 prediction error as function of propagation interval. The 

results are given in Figure 7 which shows that errors grow as a function of propagation 

interval (both forward and backward) and are generally symmetric with respect to 

direction of propagation. The radial errors are shown in red, in-track errors in green and 

cross-track errors in blue color. 

 
Figure 7. Almanac comparison statistics done by Kelso for PRN 11 from May 30 to July 30 2006, Kelso (2007) 

The HPOP is more accurate propagator than SGP4. However it is more sensitive to the 

initial sate vector provided for computation of the satellite orbit. Mason (2009) has 

developed and tested MATLAB/STK TLE accuracy assessment tool. According to him HPOP 

propagator allows various different force modeling effects to be included as well as using 
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different numerical integration techniques. Different parameter settings make HPOP the 

most accurate STK propagator, provided the user knows and enters the appropriate initial 

conditions and force model settings. For this reason HPOP is not strictly appropriate for 

propagating TLEs – the TLEs are mean orbital elements and are not accurate enough to use 

as initial conditions for HPOP (Mason 2009). 

Mason found that the TLEs are on average 600m away from the actual satellite positions. 

When propagating TLEs into the future using HPOP the largest residuals appear in the 

along-track direction whereas residuals in radial and cross track direction are very small as 

shown in Figure 8.  However the variance in residuals can grow into several thousand 

kilometres after week time propagation (Mason 2009). 

 

 
Figure 8. CNES Stella satellite RTC position residuals between HPOP propagated TLEs for 7 days of propagation (Mason 2009). 
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5 The Software implementation 

5.1 The software part 
 
The entire program that computes the CHAMP orbit here in this work is comprised of 
different MATLAB codes integrated together for post processing of GPS data. The main 
algorithm of the Kalman filter is developed by Horemuž and Andersson (Andersson 2006) 
while integrating other sub-modules from others. I have modified the software according to 
the needs to compute the CHAMP orbit using undifferenced approach while introducing the 
new parameter, so called, ionofree combination of phase and code observables. Output 
from the Kalman filter is the estimated parameters in state vector along with their standard 
deviation and coordinates are then transformed to geodetic coordinates (latitude, longitude 
and altitude) from which satellite ground plots are obtained. A summary of the 
computational steps are shown in Figure 9.   
The algorithm starts from the top and initializes before going to next step which is Kalman 
filter. The Kalman filter algorithm repeats itself until the end of epochs. Estimated 
parameters are collected at output along with their standard deviations. After this satellite 
positions computed using STK propagators (SGP4 and HPOP) are also added to the 
algorithm which is used for comparison later on. The state vector at output of Kalman filter 
contains the computed XYZ coordinates in ECEF frame which are now converted to earth 
centered earth fixed latitude, longitude and altitude (ECEF-LLA) and CHAMP orbit along 
with other parameters is plotted. All of these steps are briefly discussed here. 

5.1.1 Initialization step 
It is done in two steps; reading the configuration file for software control while initiating 
the values for filter taken from configuration file and initializing the Kalman filter by filling 

in the state vector 0X
−

, covariance matrix 0xQ−  and finding the first common epoch.  
The configuration file contains the information about: 
 

• Time between epochs 
• Number of epochs after which ambiguities are to be fixed (to let the parameters 

stabilize before ambiguity fixing) 
• Minimum elevation angle below which satellites are ignored to add in commutation 

process (to avoid calculations from elevation below certain elevation) 
• Option to estimate the velocity 
• Weighing option (equal, elevation and C/NO, we are using weighing by elevation 

angle) 
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Figure 9. Overview of the software implementation 
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• Type or receiver and initial coordinates (reference or rover, we use reference as we 
have only one receiver at CHAMP) 

• Antenna file that contains antenna parameter 
• Satellite broadcast and precise orbit file names (precise or broadcast ephemerides) 
• Ionosphere and troposphere model names  
• PSDs for acceleration, troposphere, and receiver clock variance parameters 
• Cycle slip detection parameters L1, wide-lane and ionofree combination (the 

reference values used in cycle slip detection algorithm for L1, wide-lane or ionofree 
combinations) 

 
 

5.1.2 The pre processing  
The pre-processing is carried out in five steps starting from Kalman filter prediction and 
goes through determination of all deterministic parameters, initialization of new 
parameters, and calculation of observation weights to cycle slip detection step.  
We have already discussed process to find out most of the deterministic parameters in the 
section 2.6.1 while prediction step of Kalman filter is discussed in detail in the section 3.2.1.  
Here we will discuss the remaining steps. 
 

5.1.3 Satellite positions 
We are processing the GPS data of epoch day 01-01-2002 therefore we have the liberty to 
use precise ephemerides which are normally available with a delay of two weeks. The 
algorithm used to compute satellite positions form precise ephemerides is based on 
interpolation technique using following polynomial, (Andersson 2008, p.66)  

 

 1
1 2 1( ) n n

n np t a t a t a t a−
+= + + + +

 5.1 

 

The code along with the algorithm is developed by Andersson J V during his PhD studies 
and is summarized by the process flow chart in Figure 10, where BE and PE refer to 
broadcast and precise ephemerides respectively in this flowchart. Further details about the 
computation of the satellite positions and interpolation technique using precise 
ephemerides can be referred from (Andersson 2008). 
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Figure 10. General flowchart for computing satellite positions, (Andersson 2008) 

 

5.1.4 Observations weighing 
Undifferenced method required correct models for both dynamic model of Kalman filter 
and observations. We have already discussed the dynamic model in the Chapter 3 whereas 
observation part requires a brief discussion. 

Observations recorded would have different noise levels due to many reasons like the 
elevation angle of the satellite from which signal is reaching the receiver and if all the 
observations are given same weight, we would be compromising the availability of correct 
models of stochastic parameters which are used in dynamic model of Kalman filter for the 
undifferenced method of positioning.  

To avoid this scenario, weighing regarding carrier to noise ratio (C/No) and elevation angle 
of the available GPS satellite can be used in this software.   

I have used the weighing method using elevation angle of the GPS satellite introduced by 
Wieser and Gaggl (2005) as  
 

 
2

2 0
2sinE

a
E

σ =  5.2 
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where E is the elevation angle towards GPS satellite and 0a a coefficient that is estimated 

empirically, “ 2
Eσ ” a-priori variance for the variance-covariance matrix R can be can be 

computed when 0a is known, by using elevation angle from where weight matrix can be 
computed as inverse of R. 

5.1.5 Cycle slip detection 
Sjöberg (2007) has summarized the reasons why cycle slips occur and according to him, an 
obstacle disturbance of the ray path, too low signal-to-noise ratio (e.g. as a result of multi-
path, ionosphere bias) and failure of the satellite oscillator are responsible reasons of cycle 
slips. 
If due to any reasons mentioned above receiver looses the satellite signal, a cycle slip is said 
to be occurred and it is very important to detect these events through any means for 
accurate positioning. In case a cycle slip is detected, new values of ambiguity are 

determined by the same method as in initialization for the state vector X along with the 
corresponding values in the covariance matrix XQ  which replace the previously estimated 

ambiguity in the state vector X  and corresponding covariance matrix XQ  in the pre-
processing step. 
Several methods are used to detect the cycle slip but we have used two of them namely, 
single frequency phase /code combination and dual frequency phase combination  
 

5.1.5.1 Single frequency phase/code combination 
If we are using single frequency observation, we can combine the phase and code 
observations as the difference between these results a value which is strongly related to 
ionosphere and ambiguities quite evident from the following equation 
 
 , , ,2S S S S S S

A i I A A A A GD R A RR P I N cTλ δ ε= −Φ = − + + +  5.3 

,& S
R A Rδ ε  are multipath and measurements noise respectively. If the time between epoch is 

small this difference will become very small if no cycle slip has occurred. From our 
knowledge it is also known that changes in ionosphere and multipath error are very small 
with time, group delay is almost constant only remaining problem is the noise level of , ,

S
A i IR  

which according to (Hoffmann-Wellenhof et al. 2001, p.208), can be ± 5 cycles 

5.1.5.2 Dual frequency phase combination 
This method is used mainly in our algorithm as we have dual frequency data available for 
post processing and we are taking difference of the phases to detect the cycle slip as 
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Φ = Φ −Φ = − + − + + 

 
 5.4 

 

,& S
Aδ εΦ Φ  are multipath and measurement noise for phase combination. This method is 

better than single frequency method for its precision. (Hoffmann-Wellenhof et al. 2001, p.211) 
says that using this method cycle slip up to ± 4 cycle jumps can be detected when difference 
between two subsequent observation is taken and compared while noise model considered is 
 
 0.01 m cyclesΦ = ±  5.5 

providing the resolution of /100λ  
 

5.1.6 Fill in matrices L, H and R 
The design matrix H, observation vector L and the variance-covariance matrix R are filled in 
for each of the recursive loop of Kalman filter and their size has to be defined accordingly 
considering the number of receivers, number of satellites observed and frequencies  
available (L1, L2). For details about the shape and size of these vectors, (Andersson 2008, 
p.76-79) can be referred.  
Further more in the next step of the Kalman filter “the quality control”, we have not made 
any change therefore it is also not discussed here. 
 
 

5.1.7 Ambiguity fixing 
 
MATLAB code, already used by Andersson (2008), of the Lambda method, Teunissen (1994), 
is used for ambiguity fixing. Our inputs to this algorithm are ambiguity parameters in the 
state vector kX and the corresponding part of covariance matrix XQ .  Two alternative 
solutions for the ambiguities are returned by the algorithm and we control the ratio 
between them by the equation Leick (2004, p. 371)   
 
 

 2min 3
min

nd

best

best
>   5.6 
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The ambiguity is fixed provided that the condition in the equation (5.6) is met, otherwise it 
is kept unfixed until the next loop of the algorithm. 
 
 

5.1.8 Output parameters 
At the output of the Kalman filter we get estimated parameters of the state vector X along 
with standard deviations which are further used to compute the CHAMP orbit after 
conversion to the ECEF latitude, longitude and altitude. Beside this we can have 
 
 

• Cycle slip detection parameters for single-frequency, iono-free and  geometry-free 
combinations 

• Number of satellites at each receiver  

• The residuals for each observation type ( 
( )v L h X= − ) 

• The predicted residuals for each observation type ( 

( )v L h X −= − ) 
 

5.2 CHAMP orbit computation and results comparison 
This step is executing in further two steps the first one is orbit computation after 
converting the ECEF- XYZ (earth centered earth fixed XYZ) coordinates to ECEF-LLA 
(geodetic latitude longitude and altitude). 
 

5.2.1 Conversion of Cartesian to ellipsoidal coordinates 
If geodetic coordinates ( , & hϕ λ  are geodetic latitude, longitude and altitude) are given and 
Cartesian coordinates are to be computed, the method is quite straight forward.  
First, the radius of curvature in prime vertical N is calculated 
 

21 (2 )
aN

f f sin ϕ
=

− −
                                                                                      5.7 

where, φ is geodetic latitude, a is semi-major axis and f is flattening of the ellipsoid  
 
Now X, Y and Z coordinate are calculated by substituting the parameters into the equations: 

2

( )
( )
( (1 ) )

X N h cos cos
Y N h cos sin
Z N e h sin

ϕ λ
ϕ λ

ϕ

= +
= +

= − +

                                                                                 5.8 
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Ligas and Banasik (2011) have used one of the iterative methods originally published by 
Heiskanen and Moritz (1967) to compute geodetic coordinates from Cartesian coordinates. 
This method requires some iterations to reach the final result. Using the X,Y and Z 
calculated above, the inverse transformation can be done. 
The longitude can be calculated simply by: 

1tan Y
X

λ −  =  
 

                                                                                                                                           5.9 

The ellipsoidal latitude and normal are calculated iteratively until the required accuracy of is attained. 

Iteration 0: φ0 = arctan Z
√X2+Y2(1−e2)

 

N0 =
a

�1 − f(2 − f)sin2𝜑0
 

φ1 = arctan[
Z

√X2 + Y2
(1 +

e2N0 sinφ0
Z

)] 

Difference = φ1 − φ0 

Iteration 1: N1 = a
�1−f(2−f)sin2𝜑1

 

φ2 = arctan[
Z

√X2 + Y2
(1 +

e2N1 sinφ1
Z

)]  

Difference = φ2 − φ1 

Iteration 2: N2 = a
�1−f(2−f)sin2𝜑2

 

φ3 = arctan[
Z

√X2 + Y2
(1 +

e2N2 sinφ2
Z

)] 

Difference = φ3 − φ2 

Iteration 3: N3 = a
�1−f(2−f)sin2𝜑3

 

 
2

1 3 3
4

2 2
tan [ (1 )]e N sinZ

ZX Y

ϕϕ −= +
+

                                                                                               5.10 

Hence in this way, after several iterations, we get the geodetic latitude. 
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2 2

4
4cos

X Yh N
ϕ

 +
= −  
 

 5.11 

Output from the previous step is converted to ECEF longitude, latitude and altitude using 
MATLAB code, which utilizes the formulas discussed above. 
where, , ,hϕ λ are geodetic latitude, longitude and altitude above the reference ellipsoid 
which in this case is WGS84 (see Table 9 for defining the parameters used in our code) and 
XYZ are ECEF Cartesian coordinates 

Table 9. WGS-84 ellipsoid constants, Rogers (2000) 

Semi-major axis (a) 6378137m 
Ellipsoid inverse flattening (f) 1/298.257223563  

Angular velocity of the earth (ω) 7292115 x 10-11 rad/sec 
Semi-minor axis (b) 6356752.3142m 

 

From these ECEF-LLA coordinates, CHAMP orbit can be plotted along with other 
parameters like altitude, latitude and longitude against epochs. 

5.2.2 Comparison of results with STK 
The orbit computed using STK propagators are provided at input of this step as text files 
containing position and velocities for the same epochs for which we used GPS data for orbit 
determination. A function written in MATLAB reads the file containing STK output data and 
stores for future comparison and plotting purpose.  

6 Results and analysis 

Results from both STK and GPS are analyzed mainly. GPS results are compared with JPL 
computed orbits, summary and conclusions are presented and future research/ study areas 
are highlighted in this chapter. 
 

6.1  Available data 
GPS data (pseudoranges and phase observables) from CHAMP satellite, for the epoch 
day/time (01-01-2002)/ 00.00h to (02-01-2002)/ 00.00h was available to compute the 
CHAMP orbit. To avoid the long computational time, this data was divided into time 
intervals corresponding to CHAMP periods and tagged according to the orbit 
number/revolution numbers.  
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6.2  Orbit computation 
Using the data sets discussed in Section 6.1, CHAMP orbit is computed according to the 
algorithm discussed in Chapter 3 based on the mathematical models discussed in preceding 
chapters.  

6.3 Results and discussion 
To examine the difference between the predicted orbit (by STK propagators) and computed 
orbit (using GPS data), the computed orbit and other geodetic coordinates (longitude, 
latitude, and altitude) are compared with the STK propagated results using two 
propagators “SGP4” and “HPOP” for a single orbit number 8247 and results are shown in 
figures 11 and 12 respectively. The epoch number represents the observation recorded at 
particular time (in seconds) of particular orbit number of CHAMP orbit (here orbit number 
8247: 00 -600 Sec)  

 

Figure 11. Altitude computed using STK/SGP4 propagator and GPS data 
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Figure 12. Altitude computed using STK/HPOP and GPS data 

Figure 11 shows the comparison of altitude predicted by the SGP4 propagator with the 
computed altitude using GPS data. Figure 12 shows the comparison of altitude predicted by 
the HPOP propagator with the computed altitude using GPS data.  The observed rms error 
in predicting the altitude in Figures 11 and 12 is 13.21 km and 319 metres respectively. 
This shows that HPOP propagator is predicting the orbit closer to the GPS computed orbit 
as compared to the SGP4 propagator. 

Also from the theory discussed in Section 4.2.2, we know that HPOP is a more precise 
propagator as it is assuming more realistic perturbations to the spacecraft. Therefore, from 
now we use only STK/HPOP propagated data for further comparison of our results. 

Now we compute the orbit for four periods of CHAMP starting from orbit number 8247 till 
orbit number 8250 for the epoch day (01-01-2002). The result of GPS computed orbit is 
plotted in Figure 13. (The orbital data and complete orbit counts of CHAMP can be referred 
from CHAMP homepage abvailable at: http://op.gfz-potsdam.de/champ/) 

More orbits can be included in the computation, but it is at the cost of computational time 
and resources, therefore we will compare the results up to four orbits in a single 
computation step. However the same algorithm can be used for longer time computation as 
well. 
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Figure 13. Ground track of CHAMP computed using GPS data and STK/HPOP 

 
 

 

Figure 14. Longitude computed using GPS data and STK/HPOP for CHAMP spacecraft 
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Figure 15. ECEF vx component computed using GPS data and STK/HPOP 

 

Figure 16. ECEF vz component computed using GPS data and STK/HPOP 

The standard deviation of the ECEF X, Y and Z coordinates are shown in Figure 17. The 
observed standard deviations are within 4 metres. It shows that computed results tend to 
be very close to mean or expected value. 
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Figure 17. Standard deviation of computed ECEF coordinates 

 

 

Figure 18. P1 observation residuals for four CHAMP orbits 

Figures 13-16 show that, the orbit computed using GPS data is agreeing to the HPOP 
predicted orbit. The residuals ( v L HX= − , according to equation 3.17) on P1 and P2 
observations for all available satellites are plotted in Figures 18 and 19. The maximum 
value of P1 observation residuals is within ± 40m and P2 observation residuals is within 
±50m. It shows that errors in the GPS computed orbits are in acceptable range.  
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Figure 19. P2 observation residuals for four CHAMP orbits 

However, if we carry out orbit computations for longer time span, these residuals are 
growing more and more. 
It is more convenient to observe the difference between the positions computed by two 
methods; therefore we compute the difference between HPOP/STK predicted orbit data and 
GPS computed orbit data now. 

 

Figure 20. Difference in latitude (STK-GPS)for CHAMP 
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Figure 21. Difference in longitude (STK-GPS)for CHAMP 

 

 

Figure 22. Difference in altitude (STK-GPS)for CHAMP 
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near the poles and equator (i.e. ±900 of latitude or ±1800 of longitude) most probably due to 
the numerical instability of the solver at that region.  
To locate the maximum difference points exactly, longitude reading and difference in 
longitude (20×difference) are plotted in the Figure 23.  We see that the peaks of difference 
(1.1 to 2.4) are occurring at equator (±1800 of longitude). 
 

 

Figure 23. Comparison of difference in longitude with longitude for CHAMP 

 

For verification of GPS computed results, fortunately orbit data of CHAMP spacecraft, 
computed and published by Jet Propelsuion Labratory (JPL) online at web page 
(ftp://sayatnova.jpl.nasa.gov/pub/genesis/orbits/champ/quick/y2001/d359/) was a useful reference. 
These orbits for the CHAMP spacecraft were created for JPL's rapid processing of CHAMP 
GPS data using GIPSY/OASIS II software. This software is precise up to centimeter-level for 
GNSS-based positioning (https://gipsy-oasis.jpl.nasa.gov/). The methodology employed is 
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• Solve for a dynamic orbit solution by estimating global perturbing force parameters; 

• Based on this dynamic solution, reduced-dynamic filtering is performed to estimate 

remaining perturbing accelerations as stochastic time series, and generate the final 

orbit solution. 

Further details of precise orbit determination strategy are available at 
ftp://sayatnova.jpl.nasa.gov/pub/genesis/orbits/champ/quick/Documents/README.quick . 

A comparison of the ECEF position data, computed by using GPS data and JPL published 
data is shown in following figures 24 to 26. 
 
 

 

Figure 24. Comparison of NASA computed and GPS computed orbits for CHAMP 
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Figure 25. Comparison of NASA computed and GPS computed orbits for CHAMP 

 

 

Figure 26. Comparison of NASA computed and GPS computed orbits 
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position – GPS data computed position) in ECEF position X coordinate is plotted in Figure 
27. Standard deviation of this difference is 11.7m. Therefore we can expect that accuracy of 
our computed results is within 12m other than some spikes up to 55m. This result shows 
that the orbit computed using GPS data are well agreeing to the true orbit data of CHAMP 
spacecraft. 

 
Figure 27. RMS difference observed (JPL results - GPS computed results) 

6.4 Summary and conclusions 
This thesis was aimed to compute the orbit of the CHAMP spacecraft using GPS data 
available from its onboard TRSR-II GPS receiver. The CHAMP orbit was computed using GPS 
data and results were compared with the STK SGP4 propagator. Further comparison of the 
results was carried out considering the precise propagator, HPOP/STK. To verification 
purpose, CHAMP orbit data published by JPL was compared with the orbits computed using 
GPS data. Following conclusions are drawn while going through all of this exercise, 
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• Since SGP4 propagator carries TLE inherited errors, therefore HPOP propagator is 
more precise than SGP4 propagator (as we have seen in Figures 11 and 12), and we 
can rely on the orbit data predicted by HPOP. 
 

• Precise modeling of drag and other input paratmeters (solar radiation pressure, 
third body gravity etc) is required for a better accuracy of HPOP/STK propagator, 
otherwise propagated results may not simulate the realistic perterbations to the 
spacecraft. 
 

• This thesis work has presented the work for computation of CHAMP orbit with the 
available data for one day which may be extended for other periods of CHAMP as 
well if data is available.  

 
• As the ccomputations are carried out for longer times, the errors are growing, maybe 

due to the random noize of the measurements. 
 

• The accuray of this method is investigated in two steps. In the first step, HPOP 
propagator of STK is used to propagate the CHAMP orbits and difference in HPOP 
predicted orbits and GPS results is obtained. This step showd that our results are 
agreeing with STK results. In the second step, CHAMP spacecraft’s orbit data 
published by JPL is used to compare the orbits computed using GPS observables.  
The comparison results has shown that difference between these two methods is 
within 0.01km (as shown in Figure 27) with some spikes (up to 0.055km) arround 
the poles area. The standard deviation of the difference in ECEF position X 
coordinate is 11.7m. Since JPL computed orbits are considered as true orbits of 
CHAMP with accuracy of centimeter level (https://gipsy-oasis.jpl.nasa.gov/). 
Therefore this difference can also be referred as observed error. Therefore we can 
expect that accuracy of our computed satellite positions (using GPS data) is about 12 
metres for other than polar areas. However there are some occasional spikes, 
especially at poles, having maximum errors (about 1-2 km). 
 

• The maximum errors (about 0.1 degree in latitude, 1.5 degree in longitude and about 
1km in altitude) are observed at poles (i.e. ±90.0 degree of latitude or ±180.0 degree 
of longitude) due to instability of solver at these points. One possible solution to this 

https://gipsy-oasis.jpl.nasa.gov/�
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problem can be reducing the step size of solver, however it will overburden the 
computational resources and also time of computation will increase significantly. 

 
• A proper algorithm, developed to predict and reduce the random errors will increase 

the performance of this method while reducing the effect of the random errors on 
Kalman filter loop. 

 

6.5 Future studies/research 
 
Optimization in the computation time and resources required is a potential area of 
improvement for this algorithm. By achieving this task, this algorithm can also be utilized 
(with required modifications) for realtime applications like precise orbit determination for 
spacecraft. 
 
In order to carry out adjustment of a geodetic network , one needs both functional model 
(observation equations) and the a priori statistical model, namely the expectaion and 
variance-covariance matrix of the measurement errors. The theory of MInimum-Norm 
Quadratic Unbiased Estimate (MINQUE), presented by Rao(1971), can be applied to 
estimate variance-covariance components of the measurement errors of our algorithm. 
MINQUE is obtained after ninimizing the Euclidean norm of certain selected matrx. 
Rao(1971) derived the MINQUE of the variance-covariance components for a special case in 
which the error vector is composed of a linear combination of independent random effect 
vectors of zero mean and the same variance-covariance matrix whose variance and 
covariance components were to be determined. We can consider our error matrix as linear 
combination of independent nonobservable variables and calculate the MINQUE of this 
error matrix. This is another potential area of further research for this project work. 
 
Unfortunately due to time limitations, it was not possible to carry out further work on this 
theory which may be one of a future project for the master’s degree students. 
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Web References 

 

AGI homepage    :http://www.agi.com/ 

CHAMP Orbit Data: http://www.heavensabove.com/?lat=0&lng=0&alt=0&loc=Unspecified&TZ=UCTm10 

CHAMP/GFZ homepage :http://www-app2.gfz-potsdam.de/pb1/op/champ/  

IGS homepage     :http://igscb.jpl.nasa.gov 

JPL webpage    :ftp://sayatnova.jpl.nasa.gov/pub/genesis/orbits/champ/quick/y2001/d359/ 

Norad webpage  :http://www.celestrak.com/NORAD/documentation/ 

Space track homepage  :http://www.space-track.org/tle_format.html 
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Appendix A 

 
TLE of the CHAMP for the epoch day (UTC) Jan 1st, 2002, 12:00 AM (CHAMP 
homepage/mission and data) 
 
1 26405U 00039  B 02  1.00000000 0.00003881  00000-0  14849-3 0    15      
2 26405  87.2625 309.0502 0033935  38.2155  47.1694 15.50965626 82472 
  
The orbit data of CHAMP, extracted from above mentioned TLE is 
 
Eccentricity:       0.0033935  
Inclination:       087.2625°  
Right Ascension of Ascending Node:   309.0502°  
Argument of Perigee:     38.2155°  
Revolutions per Day:     15.50965626  
Mean Anomaly at Epoch:     47.1694°  
Orbit Number at Epoch:     8247 
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