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Abstract

The aim of the thesis is to investigate the alloying effect on the mechanical prop-
erties of random alloys using the all-electron exact muffin-tin orbitals method
in combination with the coherent-potential approximation. The second-order
elastic constants describe the mechanical properties of materials in the small
deformation region, where the stress-strain relations are linear. Beyond the
small elastic region, the mechanical properties of dislocation-free solids are de-
scribed by the ideal strength.

The elastic constants and ideal tensile strengths have been investigated as
a function of Cr and Ti for the body centered cubic V-based random solid
solution. Alloys along the equi-composition region are found to exhibit the
largest shear and Young’s modulus as a result of the opposite alloying effects
obtained for the two cubic shear elastic constants C′ and C44. Classical solid-
solution hardening (SSH) model predicts larger hardening effect in V-Ti than
in V-Cr alloy. By considering a phenomenological expression for the ductile-
brittle transition temperature (DBTT) in terms of Peierls stress and SSH, it
is shown that the present theoretical results can account for the variations of
DBTT with composition. Under uniaxial [001] tensile loading, the ideal tensile
strength of V is 12.4 GPa and the lattice fails by shear. Assuming isotropic
Poisson contraction, the ideal tensile strength are 36.4 and 52.0 GPa for V in
the [111] and [110] directions, respectively. For the V-based alloys, Cr increases
and Ti decreases the ideal tensile strength in all principal directions. Adding
the same concentration of Cr and Ti to V leads to ternary alloys with similar
ideal tensile strength values as that of pure V. The alloying effects on the ideal
tensile strength are explained using the electronic band structure.

The ideal tensile strengths of bcc ferromagnetic Fe-based random alloys have
been calculated as a function of compositions. The ideal tensile strength of Fe in
the [001] direction is calculated to be 12.6 GPa, in agreement with the available
data. For the Fe-based alloys, we predict that V, Cr, and Co increase the ideal
tensile strength, while Al and Ni decrease it. Manganese yields a weak non-
monotonous alloying behavior. We show that the limited use of the previously
established ideal tensile strengths model based on structural energy differences
in the case of Fe-bases alloys is attributed to the effect of magnetism. We
find that upon tension all the investigated solutes strongly alter the magnetic
response of the Fe host from the unsaturated towards a stronger ferromagnetic
behavior.
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Chapter 1

Introduction

With the development of technological productivity, the demand for energy in-
creases rapidly. Therefore, it is important to exploit new energy resources, for
example fusion energy. Developing fusion energy assumes, among many other
factors, designing materials for fusion reactors. Successful development of struc-
tural material is one of the most important tasks for the realization of fusion
power system. Vanadium-based alloys have been identified as a leading can-
didate material for fusion structure applications. However, most experimental
efforts have focus on the irradiation damage properties of the V-based alloys,
little attention has been paid on the mechanical properties.

Iron alloys are among the most widely used engineering materials. An detailed
mapping of the elastic parameters of Fe as a function of composition is available.
However, beyond the elastic region, the structural strength is considered as a
very important parameter for alloy design.

To provide a theoretical guide to further optimization and theoretical mod-
eling of the micro-mechanical properties of technologically important transition
metal alloys, in this thesis, we mainly focus on the alloying effect on the me-
chanical properties.

1.1 Vanadium-based Alloys

Vanadium alloys have been identified as leading candidate materials for fusion
first-wall/blanket structure applications [1, 2]. This is because some vanadium
alloys exhibit decent thermal creep behavior, high thermal conductivity, good
resistance to irradiation-induced swelling and damage, and long operating life-
time in the fusion environment [1–6]. Considerable efforts have been made to
find optimal V-based alloy compositions that can endure the extreme environ-
ments of fusion reactors. The available experimental data indicate that reason-
able properties can be achieved by introducing a few percent titanium (Ti) and
chromium (Cr) into the vanadium (V) matrix. Consequently, the V-Cr-Ti sys-
tem has attracted a broad interest, and in particular the compositions with 0-15
at.% Cr and 0-20 at.% Ti have been intensively investigated. Previous stud-
ies of the V-based alloys were mainly focused on the ductile-brittle transition
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temperature before or after irradiation, swelling property, and impact tough-
ness as a function of Cr and Ti concents. As a promising structure material for
fusion reactors, V-based alloys must not only withstand radiation damage but
should also keep intrinsic mechanical properties and structural strength. It is
well known that the elastic properties and structural strength of materials can
be used to characterize their mechanical deformation and structural stability
under external loading. For example, the bulk modulus (B) is used to unveil
the average bond strength, and the ratio of bulk modulus and shear modulus
(B/G) is often employed to assess the ductile/brittle characteristics of materi-
als. Thus it is necessary to study these fundamental mechanical properties for
further optimization of the composition of V-based alloys.

1.2 Ferromagnetic Iron-based Alloys

Steel is essentially iron and carbon alloyed with certain additional elements.
The additional elements play a central role in designing specific materials with
desired properties, such as, Cr significantly improves corrosion resistance, and
manganese (Mn) improves the hardenability, ductility and wear resistance [7].
With the addition of more than 12% Cr, the steel becomes stainless steel. Stain-
less steels are the most widely used engineering materials due to their excellent
mechanical properties. For example, Fe-Cr alloys form the basis of ferritic and
martensitic stainless steels. These alloys have been considered as the primary
structural materials in the first wall and blanket structure of future fusion re-
actors [8].

Today a detailed mapping of the elastic parameters of Fe as a function of
composition, magnetic state and temperature is available. A large number of
works focused on the effects of various typical solute atoms on the mechanical
properties of Fe in the small deformation region, where the stress-strain relations
are linear [10–15]. In contrast to that, the ideal tensile strength describes the
mechanical properties beyond the elastic regime and thus gives information
about large structural changes upon loading. To further optimize Fe-based
alloys, it is important to investigate the alloying effect on the ideal strength.



Chapter 2

Theory

2.1 First-Principles Theory of the Electronic Struc-
ture

First-principles calculations of the electronic structure are based on the laws
of quantum mechanics and only employ natural constants and some reason-
able approximations to investigate the properties of materials. By solving the
Schrödinger equation for solids, we can understand electronic, magnetic, me-
chanical, and optical phenomena of solid materials.

The time-independent Schrödinger equation is

ĤΨ = EΨ, (2.1)

where Ψ = Ψ(r1, . . . , rN ,R1, . . . ,RM ) denotes the many-body wave function for
N electrons and M nuclei with positions ri, i = 1 . . .N , and Rj , j = 1 . . .M ,
respectively.

The Hamiltonian Ĥ describing a solid formed by interacting electrons and
nuclei is given by [16]

Ĥ = − ~
2

2me

N
∑

i

∇2
ri

− ~
2

2

M
∑

j

∇2
Rj

Mj
−

N
∑

i

M
∑

j

e2Zj

|ri − Rj|

+
1
2

N
∑

i6=j

e2

|ri − rj | +
1
2

M
∑

i6=j

e2ZiZj

|Ri − Rj| , (2.2)

where ~ stands for the reduced Planck constant, e denotes the elementary charge,
me is the mass of electrons and Mj are the masses of the nuclei with the atomic
number Zj . The first term and the second term in the previous equation are the
kinetic energy operators for electrons and nuclei, respectively. The third term
describes the interaction between electrons and nuclei (Coulomb potential). The
last two terms express the electron-electron and nucleus-nucleus interactions.
Due to the huge number of interacting electrons and nuclei in solids (of the order
of the Avogadro number), it is impossible to solve the Schrödinger equation for
the Hamiltonian given in Eq. (2.2). Thus, we have to introduce approximations.



4 CHAPTER 2. THEORY

The first step to overcome this objection is given by the Born-Oppenheimer
(BO) approximation [17]. Since the masses of nuclei are much larger than the
mass of electrons (Mj & 1000me), one can assume that on the timescale of
nuclear motion, the electrons subsystem is always in its stationary state. Thus,
one can separate the kinetic energy of the nuclei and consider the electrons to
move in the external potential, Vext, generated by static nuclei. With the BO
approximation, we can simplify Eq. (2.1) to



− ~
2

2me

N
∑

i

∇2
ri

−
N

∑

i

M
∑

j

e2Zj

|ri − Rj| +
1
2

N
∑

i6=j

e2

|ri − rj |



 Ψ =

(T̂ + V̂ext + V̂ee)Ψ = EΨ, (2.3)

where the operators T̂ , V̂ext and V̂ee denote the kinetic energy, electron-nucleus
interaction energy, and electron-electron interaction energy, respectively. The
wave function Ψ in the previous expression depends only parameterically on Rj .
Once the Schrödinger equation (2.3) is solved, the nucleus-nucleus interaction
energy is added to the total electronic energy E.

2.2 Density Functional Theory

In this section, we briefly present the basics of non-relativistic density functional
theory for a non-spin-polarized system following Refs. [16, 18]. Atomic units
(~ = me = e = 1) are used throughout.

Even for a system of N interacting electrons moving in a static external
potential (Eq. (2.3)), it is impossible to solve the Schrödinger equation directly.
The very powerful tool to solve Eq. (2.3) for the ground state is by means of
density functional theory (DFT). Within DFT, the many-electron problem is
reduced to an effective single-electron problem and the electron density n(r)
as the main variable is introduced. DFT is based on two important theorems,
which were formulated by Hohenberg and Kohn (HK) [19]:

Theorem I: For any system of interacting particles in an external
potential Vext(r), the potential is determined uniquely, except for a
constant, by the ground state density n0(r).

Theorem II: A universal functional for the energy E(n(r)) in terms
of the density n(r) can be defined, valid for any external potential
Vext(r). For any particular Vext(r), the exact ground state energy of
the system is the global minimum value of this functional, and the
density n(r) that minimizes the functional is the exact ground state
density n0(r).

With the HK theorems, the energy functional can be defined as

E(n(r)) = F (n(r)) +
∫

Vext(r)n(r)dr, (2.4)

where the first term on the right hand side is a universal functional of the
electron density, and the second term describes the interaction with the external
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potential. The Hohenberg-Kohn functional F (n(r)) is called universal functional
because it does not depend on Vext.

Even though the HK theorems are very powerful, they do not provide a way
of computing the ground-state density of a system in practice. One still needs to
find a good method to carry out DFT calculations. Luckily, in 1965, Kohn and
Sham (KS) turned DFT into a practical tool for rigorous calculations [20]. They
assumed that the ground state density of the system of interacting electrons
equals the electron density of a fictitious auxiliary system of non-interacting
electrons. Based on KS’s idea, the universal functional is usually formulated as

F (n(r)) = Ts(n(r)) + EH(n(r)) + Exc(n(r)), (2.5)

where the fist term and the second term on the right hand side are the ki-
netic energy of a non-interacting system of electrons and the Hartree energy
(classical electron-electron interaction), respectively. The third term is the
exchange-correlation energy, which contains two parts: the first part is the
energy difference between the real kinetic energy and the kinetic energy of the
non-interacting reference system; the second part is the energy difference be-
tween the true electron-electron interaction energy and the classic Coulomb
energy.

By applying the variational principle, the famous KS single-particle equations
are obtained [16]

[

−1
2

∇2
ri

+ Veff((n(r)); r)
]

ψi(r) = ǫiψi(r). (2.6)

The effective potential is

Veff = Vext(r) +
∫

n(r′)
|r − r′|dr′ + Vxc(r), (2.7)

where the exchange-correlation potential is defined as Vxc = δExc(n(r))
δn(r) . The

electron density can be obtained from the occupied single-electron orbitals

n(r) =
occ.
∑

i

|ψi(r)|2. (2.8)

The electronic energy (total energy) is given by

E =
occ.
∑

i

ǫi − EH + Exc −
∫

Vxc(r)n(r)dr. (2.9)

The only unknown term in the KS equations is the exchange-correlation en-
ergy functional defined in Eq. (2.5). Since the accuracy and the predictive power
of DFT are limited by the employed approximations to describe exchange and
correlation, modeling Exc represents a very important challenge in the field of
DFT. In general, for a non-spin-polarized system, the local-density approxima-
tion (LDA) for the exchange-correlation energy is written as

Exc ≈ ELDA
xc (n) =

∫

n(r)ǫxc(n(r))dr, (2.10)
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where ǫxc is the exchange-correlation energy density. The LDA was found to
reproduce the ground properties of many systems with high accuracy. Espe-
cially, the bulk properties of 4d and 5d transition metals, oxides, and so on,
or surface properties of metals are very well described [16, 18]. However, there
are situations where the LDA is inappropriate, the most spectacular failure of
it happens in the case of 3d transition metals. For example, the LDA can not
predict the lowest-energy crystal and magnetic structure for pure Fe.

To overcome the limitations of LDA, the so called generalized-gradient ap-
proximation (GGA) has been developed. Within the GGA, the exchange-
correlation energy depends not only on the local electron density, but also on
its local density gradient ∇n(r)

Exc ≈ EGGA
xc (n) =

∫

n(r)ǫxc(n(r),∇n(r))dr. (2.11)

The GGA predicts ground states of solids, including that of 3d metals, which
are in closer agreement with experiments than the corresponding LDA results.
The LDA in the parameterization of Perdew and Wang [21] and the GGA in
the parameterization of Perdew, Burke and Ernzerhof [22] are two very popular
exchange-correlation functionals.

2.3 Exact Muffin-Tin Orbitals Method

Finding an accurate and efficient method to solve the KS equations is a big chal-
lenge in computational materials science. Nowadays, there are several different
methods available, such as full-potential methods, pseudopotential methods,
and muffin-tin orbitals methods. In this thesis, mainly the Exact Muffin-Tin
(MT) Orbitals Method (EMTO) [23–25] is employed, which is the 3rd gener-
ation method in the MT family. The EMTO method is an improved screened
Korringa-Kohn-Rostoker (KKR) method [23], where the full potential is repre-
sented by overlapping MT potential spheres. Inside these spheres, the potential
is spherically symmetric and constant in between.

In the EMTO program, the effective single-electron potential, called MT po-
tential VMT, is approximated by spherical potential wells VR(rR) − V0 centered
on lattice sites R with potential radius sR plus a constant potential V0 (V0 is
called MT zero). We can rewrite Eq. (2.7) as follows

Veff ≈ VMT = V0 +
∑

R

[VR(rR) − V0], (2.12)

with the notation rR = r − R, rR = |rR|. For the above MT potential, to solve
the KS equations, we expand the KS orbital ψi(r) in terms of exact MT orbitals
ψ

a

RL(ǫi, rR), viz.
ψi(r) =

∑

RL

ψ
a

RL(ǫi, rR)υa
RL,i, (2.13)

where υa
RL,i are expansion coefficients. These coefficients are determined in

such a way, that the above expansion should be a solution for the KS equations
(Eq. (2.6)) in the entire space. L represents a multi-index, L = (l,m), where l
and m are the orbital and magnetic quantum numbers, respectively.
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The exact MT orbitals are constructed using different basis functions at dif-
ferent regions of space. Inside the MT potential spheres (rR ≤ sR), the par-
tial waves φa

RL(ǫi, rR) are chosen as the basic functions, which are solutions
of the radial scalar-relativistic Schrödinger equation. In the interstitial region,
the screened spherical waves ψa

RL(ǫi − υ0, rR) are employed as basic functions,
which can be obtained from the solution of the Schrödinger equation at constant
potential υ0. The boundary condition for the Schrödinger equation are given
in conjunction with non-overlapping spheres (hard spheres) centered at lattice
sites R with radii aR (aR < sR). By means of hard spheres, screened spherical
waves are localized in space (this is the concept of screening).

The partial waves and screened spherical waves are connected by introducing a
third type of basis function: free-electron wave functions with pure lm character.
They are matched continuously and differentiable to the partial waves at sR and
continuously to the screened spherical waves at aR.

The final expression for the exact MT orbitals is

ψ
a

RL(ǫi, rR) = φa
RL(ǫi, rR) + ψa

RL(ǫi − υ0, rR) − ϕa
RL(ǫi, rR)YL(rR). (2.14)

The solution of the KS equations in the EMTO method are found by solving
the so-called kink-cancelation equation [26].

2.4 Coherent Potential Approximation

It is a difficult task to treat correctly random alloys by theoretical means. One
possible way is that we can build supercells, the distributions of different ele-
ments are randomly in the supercells, however, the above method is very time-
consuming for non-trivial case, thus we should find another simple way to deal
with it. Fortunately, the coherent potential approximation (CPA) [26–29] is
assumed to be the most powerful technique to treat systems with random dis-
order, i.e., substitutional random alloys. The CPA is based on the assumption
that the alloy may be replaced by an ordered effective medium, the parameters
of which are determined self-consistently. The impurity problem is treated in
the single-site approximation. This means that one single impurity is replaced
in an effective medium and no information is provided about the individual
potential and charge density beyond the sphere or polyhedra around this impu-
rity. Nowadays, with the CPA method, numerous applications [24, 30–35] have
shown that one can accurately calculate lattice parameters, elastic constants,
mixing enthalpys, etc., for random alloys.

Now, we illustrate the principle idea of the CPA within the conventional MT
formalism. We consider a substitutional alloy AaBbCc, . . . , where the atoms A,
B, C, . . . are randomly distributed on the underling crystal structure. Here, a, b,
c . . . are the atomic fractions of the A, B, C, . . . atoms, respectively. We use the
Green function g and the alloy potential Palloy to describe the above system.
In a real alloy, due to the environment, the alloy potential shows variations
around the same type of atoms. In the CPA method, there are two important
approximations. First, it assumed that the local potentials around a certain type
of atom from the alloy are the same, i.e., the effect of the local environment is
neglected. These local potentials are described by the potential functions PA,
PB, PC, . . . . Second, the system is replaced by a monatomic set-up described by
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the site independent coherent potential P̃ . In terms of Green functions, the real
Green function g is approximated by the coherent Green function g̃. For each
alloy component i = A, B, C, . . . a single-site Green function gi is introduced.

In the following, we will show the main steps to build the CPA effective
medium. First, the coherent Green function is calculated from the coherent
potential with an electronic structure method

g̃ = [S − P̃ ]−1, (2.15)

here S is the structure constant matrix corresponding to the underlying lattice.
The Green functions of the alloy components gi are determined by substituting
the coherent potential of the CPA medium by the atomic potential Pi, which is
given by

gi = g̃ + g̃(Pi − P̃ )gi, i = A, B, C, . . . . (2.16)

The previous equation is the Dyson equation in real space. At last, the average
of the individual Green functions should reproduce the single-site part of the
coherent Green functions, i.e.,

g̃ = agA + bgB + cgC (2.17)

The above three equations are solved iteratively, and the output g̃ and gis
are used to determine the electronic structure, charge density and total energy
of random alloys. The implementation of the CPA in the EMTO method is
described in Ref. [26].



Chapter 3

Mechanical Properties of
Materials

3.1 Elastic Properties

The mechanical behavior of solids is usually defined by constitutive stress-strain
relations. A deformation is called elastic deformation, if the stress is a linear
function of strain. In other words, stress and strain follows Hooke’s law. Beyond
the linear region, stress and strain show nonlinear behavior. This inelastic
behavior is called plastic deformation. In the elastic region, according to Hooke’s
law, the relationship between the stress σij and strain ǫkl can be expressed by

σij =
∑

kl

cijklǫkl, (3.1)

where i, j, k and l are indices running from 1 to 3. The cijkl are called elastic
constants and are a fourth-order elasticity tensor, which, in general, has 34 = 81
components. Due to the symmetry cijkl = cijlk = cjikl = cklij , the number of
independent elastic constant reduces to 21 [36, 37]. Sometimes, it is convenient to
use matrix notation (Voigt notation), so that the 21 constants can be arranged
in a symmetric 6 × 6 matrix. Employing the Voight notation, we can write
Eq. (3.1) as

σα =
∑

β

cαβǫβ , (3.2)

where the new α and β indices run from 1 to 6. The number of elastic constants
can be further reduced by crystal symmetry. For cubic crystals, there are three
independent parameters: C11, C12, and C44.

In this thesis, the C11 and C12 are obtained from the tetragonal shear modulus
C′ = (C11 − C12)/2 and the bulk modulus B = (C11 + 2C12)/3. The bulk
modulus is determined from an exponential Morse-type function to computed
total energys [38]. To obtain the two cubic shear modulus C′ and C44, volume-
conserving orthorhombic and monoclinic deformations can be applied on the
conventional cubic cell [39]. For the tetragonal shear modulus C′, the following
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orthorhombic deformation is used:
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0 0 1/(1 − δ2
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,

which leads to the energy change

∆E(δ0) = 2V C′δ2
0 +O(δ4

0). (3.3)

The C44 shear modulus is determined from the monoclinic distortion











1 δm 0

δm 1 0

0 0 1/(1 − δ2
m)











,

with energy change
∆E(δm) = 2V C44δ

2
m +O(δ4

m). (3.4)

Here δ is the strain parameter. We considered six distortions δ=0.00, 0.01, ..., 0.05
in the elastic constants calculation.

From the single-crystal elastic constants, the polycrystalline shear modulus
(G) can be obtained by the arithmetic Hill average [40], GH = 1/2(GR + GV ),
where the Reuss and Voigt bounds [26] are

G−1
R = 2/5(C′)−1 + 3/5(C44)−1, (3.5)

and
GV = 2/5C′ + 3/5C44. (3.6)

For cubic solids, the polycrystalline bulk modulus is equivalent with the single-
crystal one. The polycrystalline Young’s modulus (E) can be expressed as
E = 9BG/(3B +G).

3.2 Solid-Solution Hardening

Hardness is a very important mechanical property, which can be used to measure
the resistance of solid matter to various kinds of permanent shape change when
a force is applied. To improve the hardness of a pure metal, we can use different
ways to harden it, such as work hardening, solid-solution hardening (SSH) by
interstitial atoms or by substitutional atoms, and refinement of grain size. In
this thesis, we only consider the strengthening caused by substitutional solute
atoms and leave out the effect of an interstitial solute.

The SSH is due to dislocation pinning by the randomly distributed solute
atoms, which has been described by different models [41–45]. The Labusch-
Nabarro (LN) semiempirical model [43–45] is often used to describe the hard-
ening mechanism in alloys. In the LN model, the dislocation pinning is mostly
determined by the size misfit and elastic misfit parameters. They are calculated
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from the concentration dependent Burgers vector or lattice parameter, and the
shear modulus. According to the LN model, the SSH varies as

∆τ = const.× c2/3 × ε
4/3
L , (3.7)

where const. is a host-specific constant number (does not depend on c and the
size of the misfit), the Fleischer parameter εL is expressed by

εL = [(ε
′

G−LN)2 + (αεb)2]1/2, (3.8)

with
ε

′

G−LN = εG/(1 + 0.5|εG|), (3.9)

with α being a parameter (usually, the value of α is between 9 and 16, in
this thesis we adopted α = 10), and εb and εG are the volume and modulus
misfit parameters, respectively. These parameters can be obtained from the
composition-dependent lattice constants and shear modulus of binary alloys,
viz.,

εb = [δ(b)/δ(c)]/b(0) and εG = [δ(G)/δ(c)]/G(0), (3.10)

where b is Burger’s vector (lattice parameter), G is the shear modulus, and c is
the atomic fraction of the solute atom.

3.3 Ideal Tensile Strength

The elastic constants describe mechanical properties of materials in the small
deformation region, where the stress-strain relations are linear. Beyond the
elastic region, we may use the ideal strength to describe mechanical properties
of materials, which is important during the alloy design. The ideal strength is
the possible maximum strength of an ideal single crystal, which is an intrinsic
property of a solid material. This strength can offer insight into the correlation
between the intrinsic chemical bonding and the crystal symmetry, and has been
accepted as an essential mechanical parameter of single crystal materials [46–
49]. According to the type of applied deformation (tension or shear), the ideal
strength can be defined as ideal shear strength Ts or ideal tensile strength σm.
In this thesis, we just focus on the ideal tensile strength (ITS).

The experimental data on the ideal strength are rather limited. Few available
values were obtained from tensile tests for whiskers or wires and shear tests
for micropillars or nanoindentation experiments [50–54], in which the defect
density can be made very low. Table 3.1 shows calculated and experimental ideal
strength values (taken from Refs. [52–54]) for uniaxial and shear loading. From
Table 3.1, we can see that compared to the theoretical data the experimental
ITS σm is considerably lower. The reason is that the observed failure initiated
at surface and, therefore, the measured value might not represent the actual
bulk strength. For the ideal shear strength Ts, the theoretical and experimental
values are reasonable close. The above results indicate that it exhibits a good
connection between atomistic and experimental estimates of ideal strength.

Recently, a lot of works about the ideal strength calculations were pub-
lished [47–49, 55–64], but they just focused on pure elements, compounds, or
ordered alloys, however, there is no calculation about the ITS of random alloys.
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Table 3.1: Calculated and experimental values of ideal strength for uniaxial and shear loading in different directions and shear systems (taken from
Refs. [52–54].

element σm (GPa) Ts (GPa)
theory experiment theory experiment

W 32.4 [110] 28.3 [110] 22.8-24.0 <111>{110} 22.1-23.3 <111>{110}
Mo 31.9 [110] 19.8 [110] 17.6-18.8 <111>{110} 15.8-16.7 <111>{110}
Fe 27.7 [111], 12.6 [100] 13.1 [111], 5 [100]
Cu 9.3 [100] 6 [100] 2.16 <112>{111} 1.65 <112>{111}
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To predict the optimized random alloy configuration with excellent mechanical
properties, it is necessary to investigate the alloying effect on the ITS of pure
elements.

In this section, we present the methodology of ITS calculation with EMTO.
The ground state structure of all elements and alloys considered in this thesis is
bcc. We apply an uniaxial tensile strain ǫ along a specific crystalline direction
which mimics a certain tensile stress σ. To make sure that no internal forces
remain in the crystal in directions perpendicular to the applied stress, for each
value of the strain, we relaxed the deformed structures. From the above steps,
we can obtain energy versus strain and stress versus strain curves. The first
maximum on the stress-strain curve defines the ITS σm for the selected strain
path. The stress σ is given by [63]

σ(ǫ) =
1 + ǫ

Ω(ǫ)
∂E

∂ǫ
, (3.11)

where ∂E is the total energy per atom and Ω(ǫ) is the volume per atom at
a given tensile strain. The engineering strain ǫ of the simulation cell in the
direction of the applied uniaxial force F̂ is defined as

ǫ =
l‖ − l0

l0
, (3.12)

where l‖ and l0 denote the length of the cell parallel to F̂ in the final state and in
the initial state (without any force), respectively. The initial state corresponds
to the equilibrium bcc structure with energy E0. We define the uniaxial strain

energy ∆E(l‖, F̂) as the total energy change upon deforming the material in the
direction along the applied force, and relaxing with respect to the dimensions
in the plane perpendicular to F̂, viz.,

∆E(l‖, F̂) = min
a1,a2

E(a1,a2, l‖) − E0. (3.13)

The minimization is done with respect to the pair of unit cell vectors {a1,a2} ⊥
F̂.

The symmetry of the bcc structure will reduce during tension in different
ways for different directions. First, we chose the [001] axis to be the direction
of the applied force for < 001 > ITS calculations. The symmetry of the bcc
lattice is reduced to the body-centered tetragonal (bct) one on the primary
deformation path, see Fig. 3.1. Increasing the axial ratio cbct/abct from 1 to√

2 transforms the bcc lattice into the face-center cubic (fcc) lattice while the
crystal remains bct during the transformation. This transformation corresponds
to the Bain transformation [65]. For bcc V, it has been shown [49, 66] that a
bifurcation to a secondary orthorhombic strain path occurs before the ITS along
the primary tetragonal strain path is passed leading to a significant reduction
of the ITS. The observed orthorhombic branching is defined with respect to the
face-centered tetragonal (fct) reference frame of the primary deformation path,
see Fig. 3.1, while the branching would correspond to a monoclinic deformation
in the bct reference frame. We used the fct reference frame to describe the
bifurcation in this work.

Straining the bcc structure along the [110] axis reduces the lattice symmetry
to fco guiding symmetry. In the absence of strain, the fco lattice parameters
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Figure 3.1: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress the [001] direction. (a) The unit cell in the absence of strain is
bcc (in the bct delineation cbct/abct = 1). For finite strain, the lattice sym-
metry is distorted to bct (b), and becomes fcc for cbct/abct =

√
2. To describe

the bifurcation from the primary tetragonal to the secondary orthorhombic
strain path, the fct reference frame is used.
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Figure 3.2: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress in the [110] direction. (a) and (b) show the undistorted lattice
and the distorted lattice, respectively. Both the fco unit cell used in the
computation and the (undistorted and distorted) bcc cell are sketched.

fulfill afco = bfco =
√

2cfco, see Fig. 3.2 for a detailed illustration. Here, strain is
applied to bfco ≡ l‖. Assuming isotropic Poisson contraction, afco and cfco are
relaxed keeping cfco/afco fixed to the initial value of

√
2. This assumption was

used to make the computations feasible.

If uniaxial strain is applied along the [111] direction parallel to the body di-
agonal of the bcc structure, the symmetry of the lattice is reduced to trigonal
symmetry. The distorted lattice can be equivalently described by a hexago-
nal (hex) lattice or a rhombohedral lattice. Here, we chose the hex lattice, as
sketched in Fig. 3.3. The [0001] axis and the [101̄0] axis of the hex lattice are ori-
ented parallel to the [111] axis and the [11̄0] axis of the bcc lattice, respectively.
In the absence of strain, the lattice parameters of the hex unit cell and the bcc
cell are related by ahex =

√
2abcc and chex =

√

3/4abcc, where ahex denotes the
in-plane lattice parameter of the hexagonal basal plane (the distance between
two atoms of the smallest equal-sided triangle). The out-of-plane lattice param-
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Figure 3.3: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress in the [111] direction. (a) shows the undistorted bcc lattice with
hexagonal delineation (a wedge representing one sixth of the conventional hex
unit is drawn), the axial ratio is chex/ahex =

√

3/8. The undistorted unit cell
projected along [111] ([0001]) is depicted in (b) to show more clearly the full
symmetry of the hex lattice. A finite strain, (c), lowers the symmetry of the
bcc lattice to a trigonal one.

eter, chex, is oriented parallel to the threefold stacking axis. Bcc (111) planes
are stacked along [0001] (ABCABC stacking) and two successive planes are dis-
placed by 1/3 of chex (Fig. 3.3). For each applied strain, interatomic distances in
the (0001) planes are relaxed while the in-plane symmetry is preserved. Thus,
we assume isotropic Poisson contraction for the [111] type of ITS calculations.

According to the assumptions on the lattice geometry, we rewrite Eq. (3.13)
for tension along [001], [111] and [110] directions as

∆E prim(cbct, [001]) = min
abct

E(abct, cbct) − E0, (3.14)

∆E secon(cfco, [001]) = min
afco,bfco

E(afco, bfco, cfco) − E0, (3.15)

∆E(chex, [111]) = min
ahex

E(ahex, chex) − E0, (3.16)

∆E(bfco, [110]) = min
afco

E(afco, bfco) − E0. (3.17)

Based on the above equations in conjunction with Eq. (3.11), we can obtain
the ITS along [001], [111] and [110] directions. The strain energies as well as
the volume of each state of strain were fitted to polynomial fit functions and
differentiated to obtain the stress as a function of strain.





Chapter 4

Mechanical Properties of
V-based Alloys

In this chapter, we discuss the elastic constants and the ideal tensile strength
(ITS) of the bcc V1−x−yCrxTiy random alloys as a function of Cr (0 ≤ x ≤ 0.1)
and Ti (0 ≤ y ≤ 0.1) concentrations.

4.1 Structural Energy Difference

In the following parts, we will use structural energy difference (SED) to ex-
plain the alloying effect on the tetragonal shear elastic constant C′ and on the
ITS. Thus, in this part, we give a short introduction on the SED. The SED
is the energy difference between different crystal structures for the same ele-
ment. Since transition metals crystallize in the fcc, bcc, or hexagonal closed
packed (hcp) structure, SEDs for transition metals are typically evaluated for
these three structures. It is well established [67–69] that the electronic structure
and bonding in transition metals is governed by a narrow valence d-band that
hybridizes with a broader valence nearly-free-electron sp-band. SEDs for the
transition metal series (disregarding the effect of magnetism in the present dis-
cussion) that give rise to the experimentally observed sequence of stable crystal
structures are well understood in terms of band filling within this band pic-
ture [70–72]. It is clear that mainly the gradual filling of the d-band not only
dictates crystal structure sequences in all three transition metal series, but also
trends of the equilibrium volume dependence [69, 73], the cohesive energy [70,
73, 74], the bulk modulus [75], and elastic constants [76, 77].

The tetragonal shear elastic constant C′ is often used to describe the struc-
tural stability of a cubic solid under tetragonal deformation [78] (small strain),
which can be obtained from the curvature of the total energy under a small
volume-conserving tetragonal deformation (see Eq. (3.3) on Page 10). A cor-
relation between C′ and the fcc-bcc SED for the transition metals has been
suggested by previous studies [76, 77, 79, 80]. According to that, large C′ for
the bcc phase corresponds to a more stable bcc lattice compared to the fcc one.
This correlation can be established because the tetragonal deformation which
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governs C′ corresponds to the constant volume Bain transformation between
bcc and fcc [77].

The distorted bct lattice of the [001] tetragonal deformation and the dis-
torted trigonal lattice of the [111] deformation coincide with the fcc lattice (at
cbct/abct =

√
2) and with the simple cubic (sc) lattice (at chex/ahex =

√

3/2),
respectively. The fcc and the sc structures of V were identified to be the near-
est symmetry-dictated maxima to the bcc phase of the respective energy versus
strain curves [79, 81–83], i.e., the uniaxial strain energy must level off to the fcc-
bcc SED and to the sc-bcc SED for an elongation along [001] and an elongation
along [111], respectively, albeit at strains larger than the maximum strain (ǫm).

4.2 Assessing the Accuracy of the Theoretical

Predictions for Alloys

Before investigating the elastic properties of V ternary alloys, we first compare
the present elastic parameters calculated for binary V-based alloys with the
available experimental data [84–88], see Fig. 4.1. For binary V-Cr and V-Ti
alloys, the theoretical lattice constants increase (decrease) with increasing Ti
(Cr) concentration. The reason is that bcc antiferromagnetic Cr has smaller
atomic radius (1.28 Å) and hexagonal close-packed Ti has the larger one (1.46
Å) as compared to that of bcc V (1.35 Å) [89]. Furthermore, the bulk modulus
B and the tetragonal shear elastic constant C′ increase (decrease) with Cr (Ti)
addition. These theoretical predictions agree well with the trends observed in
experiments (Fig. 4.1, six upper panels). At the same time, the theoretical C44

shows small negative (positive) change with Cr (Ti) addition to V, whereas for
V-Cr (V-Ti) the experimental variation of C44 is slightly positive (negative).
We will return to the theoretical trends obeyed by C44 in Subsection 4.4.1. The
discrepancies become even more pronounced when comparing the theoretical
and the experimental trends for the shear modulus versus composition (Fig. 4.1,
lower panels). While theory predicts decreasing G for both V-Cr and V-Ti with
increasing doping level, experiments reported increasing shear modulus G upon
alloying V with either Cr or Ti.

The above deviations between theory and experiment call for a detailed inves-
tigation. Numerous previous applications confirm the accuracy of the EMTO
approach for the elastic properties of random solid solutions, and there is no a
priori reason why it should perform less accurately for the present V-based bi-
nary alloys either. The theoretical results correspond to static conditions (0 K),
and temperature might change the compositional trends to some extent. This
is a question to be investigated in the future. On the other hand, as we will
demonstrate below, the quoted experimental values for G may not correspond to
random solid solutions (as assumed in the present calculations) and are incon-
sistent with the single-crystal data. The first problem is related the miscibility
gap in the V-Ti system below 900 K. According to that, the experiments on
V-27%Ti and V-47%Ti were performed either on quenched (metastable) or on
decomposed samples. We note that since the present calculations correspond to
completely disordered phase (modeled by the CPA), future theoretical investi-
gations taking into account the local ordering and relaxation effects are needed
be able to answer the above question.
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Figure 4.1: Present results and experimental lattice constants, bulk modulus B,
tetragonal shear elastic constant C′, C44 and shear modulus G for binary bcc
V-Cr and V-Ti alloys as a function of composition. Expt(a) from Ref. [86],
Expt(b) from Ref. [85], Expt(c) Ref. [88], Expt(d) from Ref. [84] and Expt(e)
from Ref. [87].
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The second concern is the inconsistency between the measured single-crystal
and the polycrystalline data. For V-Ti, it was reported that both C44 and C′

decrease and shear modulus G increases with the amount of Ti. However, ac-
cording to the Voigt and Reuss models (see Chapter 3), when both C44 and C′

decrease the G should also decrease and vice versa. One might argue that the
Voigt and Reuss bounds give upper and lower values, respectively, and the true
shear modulus might still change within these limits. But V and V-27%Ti (as-
suming a random solid solution model) are especially isotropic materials (their
experimental Zener anisotropy ratio C44/C

′ being close to 1) and thus the Voigt
and Reuss bounds are close to each other (in fact they differ by less than 1 GPa).
This averaging "uncertainty" is definitely below the measured 5 GPa increase
of G when adding 27% Ti to V, meaning that the experimental G, C44 and C′

are not consistent with each other. In order to solve this puzzle, further accu-
rate measurements on the single-crystal and polycrystalline elastic parameters
of V-based random alloys are needed.

Based on the general agreement between the present theoretical predictions
and the available experimental data from Fig. 4.1, we conclude that our the-
oretical tool is able to describe the elastic properties of V-based alloys with
sufficiently high accuracy.

4.3 Lattice Parameters

Using the EMTO-CPA method, we first calculated the equilibrium lattice pa-
rameters of V as a function of Cr and Ti, which is shown in Fig. 4.2. We can see
that Cr addition shrinks the lattice parameter of pure V, whereas Ti enlarges
it. Because of Cr and Ti have opposite alloying effects on the equilibrium vol-
ume, the lattice constants of V-Cr-Ti alloys are almost unchanged when equal
amounts of Cr and Ti are introduced into V (alloys along the main diagonal in
Fig. 4.2).

4.4 Elastic Properties

4.4.1 Single Crystal Elastic Constants

Using the above equilibrium lattice constants, we calculated the elastic constants
Cij(x, y) for bcc V1−x−yCrxTiy as a function of Cr and Ti contents. Figure 4.3
shows the present theoretical single crystal elastic constants as a function of
Cr and Ti contents (the calculation method is described in Chapter 3). From
these contours, in general, we can see that the effect of alloying on C11(x, y) is
greater than that on C12(x, y) and C44(x, y), which varies from ∼ 258 to ∼ 297
GPa. For C12(x, y) and C44(x, y), the maximum changes are about 6 GPa. The
C11(x, y) increases with increasing Cr and decreases with increasing Ti, which
has an opposite trend to C44(x, y). Different from C11(x, y) and C44(x, y), the
C12(x, y) shows a weak dependence on the Cr content.

We know that C′ is often used to describe the structural stability of a cubic
solid under tetragonal deformation. As seen from Fig. 4.3, C′(x, y) increases
(decreases) with increasing Cr concentration (Ti concentration), and as a result
of these opposite effects, C′(x, y) remains almost constant with increasing x
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Figure 4.2: Theoretical lattice parameters (in Å) of V1−x−yCrxTiy (0 ≤ x, y ≤ 0.1)
alloys as a function of Cr and Ti concentrations.

and y along the equicomposition diagonal region. According to these trends,
the V-Cr-Ti alloys become dynamically less stable with Ti addition and more
stable with Cr addition under tetragonal deformation.

Based on the volume effect, we can understand the trends of C′(x, y). From
the lattice parameters calculation, we know that Ti expands the average volume
per atom in V-Cr-Ti, which means a decreases of the average bond strength and
thus the ability of the alloy to resist the tetragonal shear. A more elaborated
explanation for the calculated trends of C′(x, y) is possible if we use the cor-
relation between C′ and the SEDs (see Section 4.1). Referring to the crystal
structure theory of transition metals, it is known that in nonmagnetic solids
with approximately three d electrons (i.e., close to bcc V) increasing (decreas-
ing) d-occupation number stabilizes the bcc (fcc) phase. In the present case, Cr
(Ti) addition increases (decreases) the d-occupation number and thus stabilizes
(destabilizes) the bcc phase. As a consequence, Cr is expected to increase and
Ti to decrease the tetragonal shear modulus. From above analysis, we can get
good explanation for the trends of C′(x, y).

As seen from Fig. 4.3, the trend of C44(x, y) is opposite to the trend ofC′(x, y),
but it has the same trend as the lattice parameters (Fig. 4.2), which decreases
with Cr and increases with Ti addition to bcc V. The above results mean that
neither the rule of mixing (i.e., linear interpolation between the results obtained
for V and Cr and between those of V and Ti) nor the volume expansion can
account for the predicted trend of C44(x, y). To find a good explanation for
the anomalous behavior, we started from the electronic structure. We know
that the elastic parameters are computed from the second-order derivative of
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Figure 4.3: Theoretical single crystal elastic constants (in GPa) of bcc V1−x−yCrxTiy
(0 ≤ x, y ≤ 0.1) alloys as a function of Cr and Ti concentrations.

the total energy
E(δ) = E(0) + aδ2 +O(δ4), (4.1)

with respect to the strain parameter δ. Since δ ≤ 0.05, the high-order terms
O(δ4) can be neglected and then we can write

C44 ∼ ∆E(δ)/δ2, (4.2)

where ∆E(δ) = E(δ) − E(0) represents the change in total energy upon lat-
tice distortion. According to the force theorem [71], the total energy change
with distortion can be approximated by the change of the one-electron energy
∆Eone, which in turn is determined by the density of state (DOS) calculated as
a function of lattice distortion. Figure 4.4 displays the DOS for pure V, V-7.5Cr
and V-7.5Ti alloys calculated in the bcc phase (without lattice distortion) and
with 5% distortion used to compute C44. For pure V, there is a peak located
approximately at −15 mRy below the Fermi level [marked by a black dashed-
dotted line in Fig. 4.4 (a)]. Upon monoclinic distortion [Fig. 4.4 (b)], this peak
splits and shifts toward the Fermi level, indicating a positive change in the one-
electron energy.1 Positive energy change leads to positive C44 in bcc V. In V-Cr
and V-Ti alloys the above scenario is slightly altered by alloying. Namely, the
before mentioned DOS peak moves toward lower (higher) energy levels upon

1In bcc V, this peak is dominated by t2g states, which splits into three one-dimensional
representations (b1g, b2g, and b3g) due to the monoclinic deformation (Eq. (3.4)).
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Figure 4.4: Density of states (DOS) for bcc V, V-7.5Cr, and V-7.5Ti alloys (a) and in
C44-type monoclinic distorted lattice (b) plotted for energies close to the Fermi
level (marked by dashed line). The dash-dotted lines indicate the position of
the DOS peak close to the Fermi level. Note that the whole occupied valance
band DOS is shown in Fig. 4.12.

Cr (Ti) doping as compared to that in bcc V. These results indicate that the
one-electron energy change of V-7.5Ti (V-7.5Cr) is larger (smaller) than that
of V, suggesting that C44(V-7.5Cr) < C44(V) < C44(V-7.5Ti). Therefore, the
electronic structure of bcc V provides an explanation for the anomalous C44

versus composition.

4.4.2 Polycrystalline Elastic Properties

The polycrystalline elastic parameters of bcc V1−x−yCrxTiy alloys as a function
of composition are shown in Fig. 4.5. The bulk modulus B(x, y) varies between
a minimum value of 166 GPa belonging to V-10Ti, and a maximum value of 183
GPa corresponding to V-10Cr. The B(x, y) follows the opposite trend obeyed
by the lattice parameter (Fig. 4.2). The bulk modulus measures the resistance
of material to uniform compression. Alloys with larger lattice constant possess
lower average bond strength and thus they can be more easily compressed than
those with smaller lattice constants. From the investigation of the lattice con-
stant , we know that Cr decreases it and Ti increases it. These results explain
why the bulk modulus of V-Cr-Ti alloys decreases with Ti and increases with
Cr addition.

The variation of the shear modulus is very small within the present composi-
tional map (about 2 GPa). Along the diagonal region, the shear modulus G(x, y)
is relatively large compared to the rest of the map, and slightly increases with
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Figure 4.5: Theoretical polycrystalline elastic constants (in GPa) for V1−x−yCrxTiy
(0 ≤ x, y ≤ 0.1) alloys as a function of Cr and Ti concentration.

increasing total solute concentration when (x+ y) > 0.1 − 0.15. This particular
saddle type of trend of G(x, y) is due to the fact that C44(x, y) and C′(x, y)
show opposite variations with alloying (Fig. 4.3) and more specifically due to
the peculiar trend of C44(x, y). The Young’s modulus E(x, y) has similar com-
position dependence as that of the shear modulus, with V-10Cr-7.5Ti having
the largest E value (136.3 GPa).

4.4.3 Ductile/Brittle Properties

The ductile/brittle behavior of V-Cr-Ti alloys is a crucial issue for the perfor-
mance of structural materials. Previously, Pugh [90] proposed an approximate
criterion for the ductile-brittle transition by means of the B/G value: A mate-
rial is ductile when its B/G ratio is greater than 1.75; otherwise it is in brittle
regime. The calculated values of B/G for all V-based alloys considered here
are well above 1.75 (see Fig. 4.6), suggesting that all of these alloys exhibit
excellent ductile properties. Alloys with largest B/G ratios correspond to low
Ti (<3 at.%) and high Cr (>6 at.%) concentration. The high-Ti-content (>7
at.%) alloys possess the lowest B/G ratio (<3.5) with a minimum around V-
10Ti. Furthermore, we also find that the V-4Cr-4Ti alloy has marginally better
ductility (in terms of B/G) than the V-5Cr-5Ti alloy. This is consistent with
the experimental observation that at temperatures up to 400°C V-4Cr-4Ti ex-
hibits a larger uniform elongation (18%-23%) than V-5Cr-5Ti (14%-18%) [3].
In addition, the ductile/brittle behavior of a cubic crystal can also be expressed
by its Cauchy pressure (C12(x, y)-C44(x, y))/2: the Cauchy pressure has a posi-
tive value if materials exhibit ductility properties, whereas for brittle materials,
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the Cauchy pressure is negative. [91] As shown in Fig. 4.6, one can see that
all Cauchy pressure values are positive, which means all alloys have ductile
properties. Furthermore, the Cauchy pressure as well as the B/G ratio from
our calculations show similar variation of ductile behaviors with the alloying
element concentration.

4.4.4 Solid-Solution Hardening

With the Labusch-Nabarro (LN) semiempirical model [43–45] introduce in sec-
tion 3.2, we investigated the SSH of V-Cr-Ti alloys as a function of Cr and Ti
concentration. First, we calculated the SSH of V-Cr and V-Ti binary alloys.
We found that both Cr and Ti induce SSH in V, but Ti has a slightly larger
strengthening effect than Cr. These theoretical predictions are in line with the
observations [92, 93]. For the ternary alloys, we just simply sum the effects ob-
tained for the V-Cr and V-Ti binary alloys. Figure 4.7 shows the SSH for the
V-based alloys as a function of composition. One can see that for total solute
concentrations below ∼ 10%, the SSH has relatively low values (as compared to
the dilute alloys). Obviously, the SSH increases more with Ti content than with
Cr content as a result of the larger misfit parameters obtained for a Ti-doped
system.

The experimental works usually focus on the ductile-brittle transition temper-
ature (DBTT), which is a important parameter for structural material design.
As a structure material for future fusion reactors, it needs to have good ductility
even at room temperature. Thus it is necessary to find excellent V-based alloys
with low DBTT. However, it is impossible to investigate the DBTT by theoret-
ical tools. Fortunately, it has been found that the DBTT is related to the yield
strength [94]. In an ideal crystal, the yield strength is decomposed into lattice
friction strengthening (Peierls stress) and SSH contributions. The stress needed
to move a dislocation across the barriers of the oscillating crystal potential is
the Peierls stress. In metals, this is found to be approximately proportional to
the shear modulus [95]. According to the above correlation, we can study the
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DBTT as a function of alloying contents. In the following, we combine the shear
modulus and SSH results to investigate the alloying effect on the DBTT.

From the shear modulus shown in Fig. 4.5, we can see that alloys with high
(x+y) (above ∼ 0.15) have the highest shear modulus, indicating that these al-
loys possess the highest Peierls stress. Alloys outside of this region have slightly
lower Peierls stress. Combining this result with the SSH from Fig. 4.7, we
conclude that the yield stress should increase with both Cr and Ti addition,
and this increase should be more pronounced along the main diagonal (x ≈ y).
Hence, our results suggest that the DBTT should show nearly symmetric com-
position dependence (as a function of Cr and Ti contents) with a maximum for
the equiconcentration alloys with (x+ y) larger than 0.1 − 0.15. A very similar
DBTT map was established from experimental measurements [2], see Fig. 4.8.
From Fig. 4.8, we can see that the V-Cr-Ti alloys with total concentration of Cr
and Ti below 10% show the lowest DBTT, and that the DBTT increases with
increasing the total concentration of Cr and Ti (above 10%), which is consistent
with our prediction.

4.5 Ideal Tensile Strength

4.5.1 Ideal Tensile Strength of V

To assess reliability of our computational approach for the ITS introduced in
section 3.3, we first calculated the ITS of pure V along the [001], [110] and [111]
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Figure 4.8: A 3D plot of the DBTT for the ternary V1−x−yCrxTiy alloys as a function
of Cr and Ti concentrations, taken from Ref. [1].

directions.2 For V, it is found that the deformation starts along the Bain path,
but branches away onto an orthorhombic path before the fcc point is reached
in response to tension along [001]. Here, using our computational approach,
we investigated this bifurcation for V with the aim to reveal its impact on the
attainable ITS. Figure 4.9 shows the stress as a function of strain along the
[001] direction. Along the tetragonal deformation path, stress increases with
increasing strain up to a maximum of σm = 18.8 GPa at a strain of ǫm = 16.8%.
The significantly lower ideal stress and strain on the orthorhombic deformation
path are clearly different from those corresponding to the tetragonal deformation
path. The stress corresponding to the secondary orthorhombic path reaches a
maximum of 12.4 GPa at ǫm = 9.2%. Hence the ITS of V is limited by the
bifurcation to the secondary orthorhombic path in the [001] direction, in line
with the previous observations [49, 66].

The ideal tensile strength σm corresponding to the strain ǫm from our and
other calculations in the [001] direction and in the other two directions are listed
in Table 4.1 and Table 4.2, respectively. From Table 4.1, it can be seen that our
results are in close agreement with available literature values. From Table 4.2 we
can see that our computed maximum stress for the [110] direction is somewhat
larger than the only available theoretical data, Ref. [82]. This may be attributed

2The results on the ITS shown in this part were published in Paper II [96]. Regrettably, in
Equation (1) as published in Ref. [96] a mistake slipped in: the equation for the stress misses
the prefactor (1 + ǫ). The correct equation for the stress is given in Eq. (3.11) on Page 13.
As a result, all published numerical data on the ITS are incorrect in Ref. [96], but updated
results are presented in this section. However, this mistake does neither change the presented
trends, the given explanations, nor the drawn conclusion in Ref. [96]. An erratum to Ref. [96]
will be published.
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Figure 4.9: The stress of bcc V along [001] direction as a function of the applied strain.

Open symbols and closed symbols refer to the primary tetragonal deformation
path and to the secondary orthorhombic deformation path, respectively.

Table 4.1: The ideal tensile strength σm and the corresponding strain ǫm of V for the
tetragonal and orthorhombic deformation paths in the [001] direction. PAW
and PP stand for the projector-augmented wave method and pseudo-potential
method, respectively.

system method
Tetragonal Orthorhombic

σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V

This work 18.8 16.8 12.4 9.2
PAW Ref. [82] 19.1 18.0
PAW Ref. [49] 17.8 17.0 11.5 10.0
PAW Ref. [97] 18.9 18.2
PP Ref. [66] 17 16.0 14 12.0

to our constraint relaxation (fixed lattice parameter ratio cfco/afco =
√

2). If
this constraint is released as done in Ref. [82], the total energy for each lattice
distortion lowers and hence the uniaxial strain-energy curve may be shallower
compared to a constraint calculation.

Figure 4.10 displays the stresses as a function of strain along all investigated
directions for V. Compared to the [001] direction, the ideal stresses are much
higher in the [111] direction and the [110] direction. From these results, we
conclude that the [001] direction is the weakest one. In the inset of Fig. 4.10
(a), we also show stress as a function of strain in the small deformation region
(ǫ ≤ 0.5%). These strain-stress relations are linear and follow Hooke’s law,
σ = E · ǫ, where E is Young’s modulus, which depends on the direction of the
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Table 4.2: Comparison between the present and former (Ref. [82]) ideal tensile
strength σm and the corresponding strain ǫm of bcc V calculated in the [111]
and [110] directions.

element method
direction/[111] direction/[110]

σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V
This work 36.4 37.0 52.0 38.6

PAW Ref. [82] 31.0 36.0 32.8 42.0
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Figure 4.10: The stress of bcc V along [001] (secondary deformation path), [111] and
[110] directions as a function of strain. The insets show the trends of stress
versus strain in the smaller strain region.

applied force [36]. According to the inset figure, we obtained E[001]=200 GPa and
E[111]=110 GPa, respectively. Furthermore, we also can use the elastic constants
(C11, C12, and C44) to get Young’s modulus along different tension directions,
which can be written as [36]

E[001] = 6C′ B

C11 + C12
, (4.3)

E[111] = 3C44
1

1 + C44

3B

. (4.4)

Accordingly, using the theoretical elastic parameters of bcc V [35], we ob-
tain E[001]=205.3 GPa and E[111]=101.4 GPa. These values are in good agree-
ment with the above data that derived directly from Fig. 4.10. The anisotropy
between E[001] and E[111] at small strains is distinct from the one for the
larger, non-linear deformation region, where [110] ultimately replaces [001] as
the strongest direction.
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4.5.2 Ideal Tensile Strength of Vanadium-based Alloys

Based on the same method, we investigated the alloying effect on the ITS for
the V-based alloys. Figure 4.11 shows the composition dependence of the ITS
of ternary bcc V-Cr-Ti random alloys along the [001], [111], and [110] directions
and the corresponding numerical data for selected compositions are listed in
Table 4.3. From Fig. 4.11, we can see that the ideal strength increases with
increasing Cr and decreases with the Ti addition for all directions. Due to
the opposite effect of alloys Cr and Ti on the ITS, the ITS remains almost
unchanged if equal amounts of Cr and Ti are alloyed to V, for example, the
ITS of V-5Cr-5Ti is 12.6 GPa, which is identical to the value of V. From our
results, we can see that the [001] direction is the weakest one for all investigated
alloys. Table 4.3 shows the ITS of V-Cr-Ti random alloys along the [001], [111],
and [110] directions. From Table 4.3, it can be seen that the orthorhombic
deformation significantly reduce the ITS for all V-based alloys. Li et al. [66]
calculated the ITS of Ti-V alloys along the [001] direction for concentrations
of Ti ≥ 30 at.% based on a PP method and the virtual crystal approximation
(VCA). Their results confirm our trend, namely that the more Ti is present
in the alloy the more the ITS is decreased. To further assess our results, we
calculated the ITS of the V-30Ti alloy along the tetragonal deformation. Our
value of 10.7 GPa is close to the 10 GPa obtained by Li et al. [66] for the same
alloy composition. More importantly, the alloying effect obtained by Li et al. is
−6.7 GPa/30%Ti, which is close the one obtained by us.

4.5.3 Structural Energy Difference and Ideal Tensile Strength

In the following, we explain the alloying trend on the ITS for tension along the
[001] and [111] directions. However, the deformation along [001] is constrained
to the primary deformation path (Bain path, bct lattices) and the deformation
in response to strain along [111] is constrained to trigonal geometries. Although
the branching away from the primary tetragonal deformation path significantly
reduces the ITS (for [001] uniaxial stress), the alloying effect on the maximum
stress is similar for both deformation paths (Table 4.3). Since also both defor-
mation paths are identical before branching, thus the alloying effect on the ITS
can be understood based on the primary tetragonal deformation path.

For a quantitative estimation of the ITS, we below assume a state of strain
with constant volume fixed to the theoretical bcc equilibrium volume per atom,
Ωbcc. The calculated ITS (σm) is approximated by σSED

m , which is defined by

σm ≈ σSED
m =

1 + ∆ǫ
Ωbcc

∆E
∆ǫ

, (4.5)

where ∆E is the maximum closest to the bcc phase of the respective strain-
energy curve and ∆ǫ is the strain at constant volume necessary to transform the
bcc lattice into either the fcc lattice or into the sc lattice. Readily one may find,
∆ǫ[001] = (1−0.51/3)/0.51/3 ≈ 0.260 and ∆ǫ[111] = (1−0.251/3)/0.251/3 ≈ 0.587
for the [001] distortion and the [111] distortion, respectively. Along the [001]
and [111] directions, the nearest, symmetry-dictated maxima to the bcc phase of
pure V are fcc and sc structures, which were identified by the previous works [79,
81–83], i.e., the uniaxial strain energy must level off to the fcc-bcc SED and
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Table 4.3: The ideal tensile strength σm, corresponding strain ǫm from our calculations in [001], [111] and [110] directions for vanadium-based alloys.

composition
Tetragonal/[001] Orthorhombic/[001] direction/[111] direction/[110]
σm (GPa) ǫm(%) σm (GPa) ǫm(%) σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V-10Cr 21.7 17.2 14.0 9.5 37.5 36.1 53.5 38.2
V-5Cr 20.2 17.1 36.9 36.4 52.8 38.7
V 18.8 16.8 12.6 9.2 36.4 37.0 52.0 38.6
V-5Cr-5Ti 18.8 16.8 12.6 9.4 36.1 37.2 51.6 38.5
V-5Ti 17.3 16.4 35.5 36.6 50.9 39.0
V-10Ti 16.0 16.3 11.5 9.3 34.5 36.5 49.8 38.8
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Figure 4.11: The ideal tensile strength of V-based alloys along [001], [111] and [110]
directions as a function of Cr and Ti. All stress values are in GPa. The [001]
stress corresponds to the secondary (orthorhombic) path (i.e. fully relaxed
structure within the plane perpendicular to the strain), whereas the [111]
and [110] stresses correspond to isotropic Poisson contraction.

to the sc-bcc SED for an elongation along the [001] and an elongation along
[111], respectively. Using Eq. (4.5), we calculated the ITS along [001] and
[111] directions. We obtain σSED

m = 16.1 GPa and σSED
m = 36.3 GPa for the

[001] distortion and the [111] distortion, respectively, their ratio being 2.25.
We compared these simple estimates to our ab initio data, where we obtained
18.8 GPa and 36.4 GPa for the respective ideal stresses, and their ratio is 1.94.

To understand the alloying effect on the basis of band filling arguments, we
calculated the DOS for pure V, vanadium alloyed with 10 % Cr and with 10 %
Ti, as well as the DOS of the equi-composition V-5Cr-5Ti alloy (Fig. 4.12).
From Fig. 4.12 (left panel), we notice that the curves of V-10Cr and of V-
10Ti are almost rigidly shifted with respect to the one of V, while the shape
of their DOSs is merely effected by alloying vanadium with adjacent elements
in the periodic table. This rigid band shift behavior signals an increase of
the d-occupation (increase of the number of valence electrons) and a decrease
of the of d-occupation (decrease of the number of valence electrons) for Cr
addition and Ti addition, respectively. Thus, alloying V with Cr and Ti changes
the band filling. The DOS of V-5Cr-5Ti is virtually not shifted with respect
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Figure 4.12: Left panel, the density of states for V-based alloys show that alloying
with a single element leads mainly to a rigid band shift of the DOS. The inset
displays the complete occupied valence band of pure V. Energies are given
relative to the Fermi level which is indicated by a vertical dotted line. Right
panel, the fcc-bcc structural energy difference as a function of d-occupation
for the elements 20 to 30 in the periodic table (mostly 3d transition metals),
taken from Ref. [83]. The data is based on self-consistent non-spin-polarized
LDA calculations. The lines guides the eye.

to the one of V which indicates a zero net gain in the number of d-electrons
in the matrix. Since it was shown [67–69], that the band filling is the most
important parameter determining structural stability in transition metals, it is
straightforward to correlate the d-band filling due to alloying to the ideal stress
via SEDs. Figure 4.12 (right panel, taken from Ref. [83]) shows the SEDs as a
function of d-occupation for single elements. From this figure, we can see that
Cr (Ti) has bigger (smaller) SED than that of V. Based on the DOSs and the
SEDs trend, we expect an increase (decrease) of the fcc-bcc SED if more Cr
(Ti) is added into pure V, and a similar fcc-bcc SED as pure V with the same
amount composition of Cr and Ti.

Figure 4.13 displays the uniaxial strain energy for V based alloys in [001]
direction for the tetragonal deformation path. It is apparent that with respect
to the curve of V, the energy-strain curve rises more rapidly with increasing
Cr concentration and decreases more rapidly with increasing Ti concentration.
Furthermore, the energy-strain curve of the equi-composition alloy (V-5Cr-5Ti)
is similar to that of V. Based on the above trends and according to the behavior
of SEDs with band filling, we expect that the ITS in the [001] direction increases
(decreases) with increasing Cr (Ti) concentration.

To confirm our expectation, we calculated the SEDs of V-based alloys, and
also calculated the ITS based on the SEDs data according to Eq. (4.5) Fig-
ure 4.14 displays the correlation between the real ITS calculation and the one
obtained by SED calculation along the [001] direction. From Fig 4.14, it is
clearly seen that there is a very good correlation between these two types of
calculation. From the above results, we infer that the alloying effect on the
ITS for the V-based alloys can be explained on the basis of SEDs. Note that
the influence of the volume change due to alloying (which enters Eq. (4.5)) is
about 2 % and is not primarily responsible for the observed trend of σm since
the volume effect is much smaller than the effect of ∆E.
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According to Eq. (4.5), we also calculated the ITS along the [111] direction.
Figure 4.15 shows the correlation between the real ITS calculation and the one
obtained by SED calculation along the [111] direction. From Fig. 4.15, we can
see that these two types of calculations have a good correlation.
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Figure 4.14: The correlation between the real ITS calculation and the one obtained
by SED calculation for V-based alloys along the [001] direction

On the basis of our simple estimate of the ITS, we conclude with respect to
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Figure 4.15: The correlation between the real ITS calculation and the one obtained
by SED calculation for V-based alloys along the [111] direction

bulk V an increase of σm for the V-Cr binary alloys and a reduction of the ITS
in case of V-Ti binary alloys. We find for the equi-composition alloy V-5Cr-5Ti,
that its ITS almost retains the ITS of pure V.





Chapter 5

Ideal Tensile Strength of
Fe-based Alloys

In Chapter 4, we investigated the ITS of nonmagnetic random vanadium-based
alloys. Based on our results, we concluded that the EMTO-CPA approach pro-
vides an efficient and accurate theoretical tool to design the ITS of nonmagnetic
bcc random solid solutions and reveal the composition dependence of this fun-
damental physical parameter. In this chapter, using the same method, we will
investigate the ITS of ferromagnetic Fe-based random alloys. In this work, the
selected solute atoms are common in commercial Fe-based steel alloys and they
represent simple metal (Al), nonmagnetic (V) and magnetic (Cr, Mn, Co, and
Ni) transition metals. The concentration of the solutes varied in the range from
0 to 10 % except for Mn where the maximum concentration was 5 %. The [001]
direction was identified as the weakest direction of bcc crystals [98–100]. Thus
we only focus on [001] in this chapter.

5.1 Ideal Tensile Strength of Fe

In order to establish the accuracy of the EMTO method for the ITS of Fe, we
carried out additional ITS calculations using three different density-functional
codes. They are the projector-augmented wave (VASP) code [101], an all-
electron full-potential localized orbitals (FPLO) code [102], and an all-electron
full-potential linearised augmented-plane wave (FP-LAPW) code (ELK) [103].1

The ITSs were obtained using a strain-energy fitting function for EMTO, ELK,
FPLO and FP-LAPW codes. For the VASP calculation, we used two approaches
to get the ITS: one is from the strain-energy fitting function, the other one is
directly from the computed stress tensor [107]. Table 5.1 shows the ITS as a
function of plane wave energy cut-off for both approaches. From Table 5.1, we
can see that the ITSs derived from the stress tensor is converged when the plane
wave energy cut-off is larger than 500 eV. From the fitting function data, we can
see that the ITSs show a small change with increasing energy cut-off (error bar
due to fitting). Both approaches give practically similar results.

1The VASP, ELK, and FPLO calculations were done by Stephan Schönecker. For the
computation details, see Refs. [104–106].
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Table 5.1: The ideal tensile strength (in GPa) of bcc Fe from strain-energy fitting
function and stress tensor as a function of plane wave cut-off energy (in eV)
with VASP code.

Energy cut-off 267 350 500 800 1000

fitting function 11.9 11.7 11.6 11.7 11.6
stress tensor 14.5 12.1 11.8 11.8 11.8

The ITS σm of Fe corresponding to the strain ǫm from our and other calcu-
lations are listed in Table 5.2. From Table 5.2, we can see that our data from
EMTO, FPLO, and FP-LAPW methods agree well with other results, however,
our VASP value is lower than the ones from other calculations. The main reason
is that for the other VASP calculations, the ITSs were obtained with low energy
cut-off (below 350 eV) from stress tensor method. Finally, we computed that the
branching from primary bct deformation path to second orthorhombic deforma-
tion path in elemental Fe occurs at ǫorth = 17 %, i.e., well above ǫm = 14.1%.
This is in accordance with Ref. [46], where the branching was reported to occur
at 18% strain.

Table 5.2: The ideal tensile strength σm and the corresponding strain ǫm in the [001]
direction of ferromagnetic bcc Fe. The present results (EMTO, FPLO, PAW,
FP-LAPW) are compared with previous projector-augmented wave (PAW) [46,
98, 108], and full-potential linearized augmented plane wave (FP-LAPW) [99].

element method
direction/[001]

σm (GPa) ǫm(%)

Fe

EMTO (this work) 12.6 14.1
FPLO (this work) 13.0 15.2

VASP-PAW (this work) 11.6 14.7
FP-LAPW (this work) 12.8 14.3

PAW Ref. [46] 12.6 15
PAW Ref. [98] 12.4 16
PAW Ref. [108] 12.4 14

FP-LAPW Ref. [99] 12.7 15

5.2 Ideal Tensile Strength of Iron-based Alloys

Figure 5.1a shows the concentration dependence of the ITS of the present binary
alloys along the [001] direction. The corresponding numerical data for selected
compositions are listed in Table 5.3. The ITS is found to increase with Cr,
Co and V and decrease with Ni and Al addition to Fe. For instance, when
10% Cr, Co, or V is added to bcc Fe, the ITS of Fe increases by 12.7%, 9.5%
and 23%, respectively. If however 10% Ni or Al is added to the Fe matrix,
the ITS reduces by 13.5%. The ITS of Fe1−xMnx increases by 3% as the Mn
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concentration increases from 0 to 2.5%, and then reduces by 6% when up to 5%
Mn is added to Fe.

In order to account for the possibility of a branching from the primary bct de-
formation path to the secondary orthorhombic deformation path in the present
Fe1−xMx alloys, we performed additional structural optimization as a function
of the orthorhombic degrees of freedom. We find that for all binaries consid-
ered here and for all x values, the branching occurs at strains larger than ǫm(x)
corresponding to the ideal tensile strength of alloy Fe1−xMx. For instance,
the branching points are 18 %, 18 % and 17 % for Fe0.95Co0.05, Fe0.95Al0.05 and
Fe0.95Ni0.05, respectively. These figures should be compared to the correspond-
ing ǫm values of 15.4 %, 14.9 % and 14.6 %, respectively (Table 5.3). Although
for some alloys, the branching point gets slightly closer to ǫm as compared to
pure Fe (e.g., in Fe-Co and Fe-Ni), within the present compositional interval
(x ≤ 0.1) we can exclude the bifurcation from the primary tetragonal to the
secondary orthorhombic path.

Table 5.3: Theoretical ideal tensile strength (σm, in GPa) and the corresponding strain
(ǫm, in %) calculated in the [001] direction for Fe1−xMx alloys. For pure Fe,
σm=12.6 GPa and ǫm=14.1 %.

x
σm(x) ǫm(x) σm(x) ǫm(x)

x
σm(x) ǫm(x)

Fe-Cr Fe-Co Fe-V

0.025 13.6 14.2 12.8 14.8 0.025 13.8 14.4
0.05 14.1 14.9 13.2 15.4 0.05 14.4 15.2
0.075 14.2 15.1 13.5 15.4 0.075 15.2 15.7
0.1 14.2 14.7 13.8 15.4 0.1 15.5 15.8

Fe-Ni Fe-Al Fe-Mn
0.025 12.4 14.3 12.0 14.6 0.0125 12.8 14.7
0.05 12.1 14.6 11.6 14.9 0.025 13.0 14.9
0.075 11.6 14.3 11.1 15.1 0.0375 12.6 15.0
0.1 10.9 14.6 10.9 14.8 0.05 12.2 15.1

For the V-based alloys (see Chapter 4), the alloying effect on the ITS was
explained based on the SEDs model. Hence, for the present Fe-based alloys,
we made an attempt to describe and predict the alloying effect on the ITS of
Fe-based alloys using the above provided model. We assumed a FM state for
fcc Fe and its alloys, since the FM fcc state of Fe was shown to be the near-
est maximum of the uniaxial strain energy curve [46, 99, 108, 109]. Figure 5.2
displays the correlation between the change of the ITS as a function of con-
centration, ∆σm(x) ≡ σm(x) − σm(x0), and the change of the fcc-bcc SED,
∆(∆ESED)(x) ≡ ∆ESED(x) − ∆ESED(x0), where x0 is the reference concen-
tration. The prefactor 1/Ωbcc is weakly concentration dependent and does not
change the conclusions drawn here. We can see that Al, Mn, and Ni decrease
the ITS and also decrease the SED, however, V, Cr, and Co increase the ITS
but decrease the SED. We also investigated the correlation between σm and
∆ESED increasing the concentration of the solute from 5 % to 10 % (x0 = 0.05
and x = 0.10), however the result is qualitatively identical to the one depicted
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Figure 5.1: The ITS of ferromagnetic bcc Fe1−xMx alloys as a function of concen-
tration along the fully-relaxed loading path (σm, panel a). The constrained
ITSs at a constant-volume deformation (σΩ

m, filled symbols) and with fixed-
magnetic moment along the relaxed loading path (σµ

m, open pentagons) are
shown in panel b.

in Fig. 5.2. From these results, we infer that the correlation between the FM
SEDs and the ITSs build in the V-based part is of limited applicability for the
present Fe-based alloys.

5.3 Magnetic Effect on the Ideal Tensile Strength

Since the quoted SEDs correspond to the same bcc and fcc volumes, we look
into the ITSs obtained assuming constant-volume deformations, σΩ

m. In these
additional studies, the volumes along the deformation paths were fixed to the
respective bcc equilibrium volumes. The constrained-ITS values, σΩ

m are dis-
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Figure 5.3: The change of the ITS for constant volume, ∆σΩ
m, versus the change of the

fcc-bcc SED, ∆(∆ESED), for Fe1−xMx alloys assuming a FM fcc state and
for a concentration increase from 0 % to 5 % and from 5 % to 10 %. Data in
unshaded areas affirm a correlation between ∆σΩ

m and ∆(∆ESED).

played in Fig. 5.1b. According to Fig. 5.1b, the constrained ITS decreases with
increasing concentration for all binaries compared to the value for pure Fe. Alu-
minum, nickel, and manganese have a stronger effect than the other elements.
Comparing σΩ

m (Fig. 5.1b) with the previously computed ITSs along the loading
path with fully relaxed geometry (Fig. 5.1a), we realize that the ITS of pure
Fe is most significantly affected by the constant-volume constraint, i.e., it in-
creases from 12.6 GPa to 18.2 GPa. This is to a much lesser extent the case for
Fe-alloys, for which the ITS enhancements (σΩ

m − σm) are considerably smaller
than for pure Fe. Figure 5.3 displays the correlation between the change of the
constrained-ITS calculated at the constant volume, ∆σΩ

m(x) ≡ σΩ
m(x) − σΩ

m(x0),
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Figure 5.4: The magnetic moments (µB) as a function of the tetragonal axial ratio
(c/a) and the Wigner-Seitz radius (w) for Fe (panel(a)) and Fe0.9V0.1 alloy
(panel(b)).

and the change of the FM SED ∆(∆ESED)(x). Alloying effects for an increase
of the concentration of the solute from 0 % to 5 % (Fig. 5.3(a)) and for an in-
crease from 5 % to 10 % (Fig. 5.3(b)) are displayed. Interestingly, the change of
σΩ

m correlates well with the change of the SED as illustrated in Fig. 5.3.

The observed correlation may be understood by considering the magnetism.
Figure 5.4 shows the magnetic moments as a function of the tetragonal ax-
ial ratio (c/a) and the Wigner-Seitz radius (w) for Fe and Fe-10V alloy as a
representative of all investigated binary alloys. We also displayed the corre-
sponding uniaxial deformation path in the range ǫ:(0 - ǫm). According to the
contour plots, the magnetic moment increase ∆µ for Fe along the deformation
path from ǫ = 0 to ǫm is much larger than the one obtained for Fe0.9V0.1.
Namely, ∆µ is 0.3µB for Fe and 0.08µB for Fe0.9V0.1. These numbers should
be contrasted with 0.1 µB for Fe and 0.04 µB for Fe0.9V0.1, calculated along the
constant-volume deformation path (in the range ǫΩ:(0 - ǫΩ

m)). This behavior is
universal for all present Fe1−xMx alloys. We should note that ǫΩ

m ≈ ǫΩ.

The comparatively large increase of the magnetic moment in Fe along the
uniaxial deformation path with unconstrained volume and the pronounced dif-
ference between σΩ

m and σm (5.6 GPa) are related. We recall that both the
increase of the magnetic moment and the difference σΩ

m − σm for Fe-alloys are
smaller than the values for Fe. To substantiate this correlation, we recalcu-
lated the ITSs for the previously determined unconstrained strain paths but
with magnetic moments fixed to their ground state (bcc) values, i.e., the mag-
netic moments were not allowed to relax self-consistently. The fixed-moment
results σµ

m are shown in Fig. 5.1b (open pentagons). Fixing the magnetic mo-
ment increases the computed strength of Fe by 4.8 GPa. However, this increase
is strongly diminished at higher solute concentrations: being only 0.2 GPa for
Fe0.9V0.1. Monitoring Fig. 5.1, we observe that the constrained-volume σΩ

m and
the constrained-moment σµ

m results obey very similar trends. Namely, for both
cases the resulting stresses are essentially much larger than σm of Fe (by 4.8
GPa for σµ

m and 5.6 GPa for σΩ
m) but only slightly to moderately larger than

σm of Fe0.9V0.1 (0.2 GPa for the fixed-moment and 1.7 GPa for σΩ
m).
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The previously discussed test calculations for the ITS of Fe with constrained
volume and fixed-moment were cross-checked with the FPLO scheme. We ob-
tained σΩ

m = 17.1 GPa and σµ
m = 17.2 GPa meaning an increase of 4.1 GPa and

4.2 GPa with respect to the unconstrained value, respectively. We conclude that
fixing the volume but allowing for a relaxation of the magnetic moments pro-
duces essentially the same alloying effect than fixing the magnetic moment but
taking into account structural relaxations (Poisson’s effect).
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and the magnetic pressure change (∆Pmag) for the constrained-constant vol-
ume deformation (filled symbols) and the fixed-magnetic moment along the
relaxed loading path (open symbols). The dashed line guides the eye.

The impact of magnetism on the ITS of Fe and the Fe-alloys can be demon-
strated if we realize that the above discussed changes of the ITS are associated
with the magnetic pressure in itinerant magnets. Within the Stoner model, the
magnetic pressure, pmag, is estimated by pmag ∝ kµ2/Ω, where k stands for a
positive proportionality factor that depends on potential parameters [110, 111].
We consider the excess magnetic pressure

∆Pmag ≡ µ2
m/Ωm − µ2

0/Ω0, (5.1)

evaluated at the ITS (index ’m’) with respect to the magnetic pressure in
the ground state (index ’0’). Figure 5.5 shows the variation of the two aux-
iliary ITSs relative to the unconstrained ITS and normalized to the ITS of Fe
(∆ΣΩ/µ ≡ (σΩ/µ

m − σm)/σm(Fe)) versus the excess magnetic pressure. Accord-
ingly, Fe exhibits the largest excess magnetic pressure, which induces a 38 %
stress increase when constraining the magnetic moment. For the fixed-volume
ITS, ∆Pmag results in a 45 % increase of the ITS of Fe. The important effect
of alloying is that the excess magnetic pressure to the ITS is gradually reduced
with the addition of any investigated soluble. It is evident from Fig. 5.5 that
this effect occurs for the ITSs derived from the constrained-volume and the
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fixed-magnetic moment. Obviously, the correlation between ∆ΣΩ/µ and ∆Pmag

is almost perfectly linear. The Fe-alloys with 10 % solute concentration already
possess approximately zero excess pressure, meaning that there is only a small
contribution of ∆Pmag to the their ITSs. ∆Σµ converges to zero as ∆Pmag ap-
proaches zero (Fe-V data set) while ∆ΣΩ

m remains finite because the involved
deformation paths are different.
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rium volumes. The vertical dashed line indicates the Fermi level. The DOS of
Fe is shown in all panels to ease the comparison. The DOSs of the majority
(minority) spin channel have positive (negative) sign.
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5.4 Electronic Structure

Next we investigate why the magnetic moments of Fe-alloys become rather in-
sensitive to volume compared to pure Fe. We consider the single-particle band
energies, e, of the present binaries in a rigid band model. Employing the force
theorem [71, 112], we express the energy change by the change in the band en-
ergy, ∆Eband, when the magnetic moment is increased by ∆µ = µ− µ0 relative
to the equilibrium moment, µ0. Accordingly

∆Eband ≡ Eband↑ + Eband↓

=
∫ e↑(µ)

eF

(e′ − eF)N↑(e′)de′ +
∫ e↓(µ)

eF

(e′ − eF)N↓(e′)de′, (5.2)

is the band energy change produced by transferring (µ − µ0)/(2µB) electrons
from the minority-spin band, N↓(e), below the Fermi level, eF, to the majority-
spin band, N↑(e), above eF. All required quantities were found from the calcu-
lated spin-polarized electronic DOS at the corresponding bcc equilibrium vol-
umes of all alloys.

Figure 5.6 illustrates that the band energy cost for an increase of µ is lower for
bcc Fe than for the present binaries with x = 0.1 (x = 0.05 in the case of Mn).
We notice that the same trend was found for the bct lattice as well. Therefore,
an increase of the magnetic moment, e.g., as a result of a lattice distortions,
is energetically much more favorable in pure Fe than in Fe alloys. For pure
Fe, the contribution of N↓ to ∆Eband is approximately twice as large as the
contribution of N↑. That is because the Fermi level in bcc Fe sits at the bottom
of the pseudo gap in the minority DOS (where N↓ is small) and at the shoulder
of the majority-spin band dominated by t2g↑ states (where N↑ is relatively high),
which is shown in Fig. 5.8. In the Al, Co, and Ni containing binaries, alloying
increases mainly the impact of Eband↑ to ∆Eband exceeding significantly the
nearly concentration-independent contribution of Eband↓. With V, Cr, or Mn
addition, alloying still increases Eband↑ much more significantly than Eband↓ but
the main contribution to the increase of the band energy remains the minority-
spin band, like in pure Fe.

The common denominator for the alloying-induced increase of Eband↑ is basi-
cally due to a downshift of the Fe host states in the majority-spin band, which
can be seen in Fig. 5.8. Figure 5.7 illustrates the lowering of the edge of the t2g↑

shoulder with respect to the Fermi level. While the edge of the t2g↑ shoulder is
located just above eF in Fe, it is pushed below eF for all binaries, indicating the
opening of a small Stoner pseudo gap.2 The associated microscopic mechanism
in the case of Al, V, Cr, and Mn doping originates from the hybridization of
the solute states with the unoccupied s and p bands of Fe [114]. In the case
of Co and Ni, the solutes fill up mainly the majority-spin band of Fe. Both
mechanisms lower N↑(eF), decrease the magnetic susceptibility3 and make the

2The energy difference separating the top of the completely filled d-majority spin channel
and the Fermi energy for strong elemental ferromagnets is called Stoner gap [113]. In analogy,
the energy difference separating the top of the Fe d-majority spin channel in the dilute Fe-
alloys and the Fermi level may be called pseudo Stoner gap—pseudo since the DOS from the
solute atoms at the Fermi level and above is finite (in both spin channels).

3See discussion in Ref. [113], Chapter 8. The inverse susceptibility 1/χ of a ferromagnet is
proportional to (1/N↑(e↑) + 1/N↓(e↓)).
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ferromagnetism stronger relative to pure Fe.





Chapter 6

Concluding Remarks and
Future Work

In this thesis using the exact muffin-tin orbitals method (EMTO) in combina-
tion with the coherent-potential approximation, we have investigated the elastic
properties of V-based alloys as a function of Ti and Cr concentration. The two
cubic shear elastic constants (C′and C44) follow opposite alloying trends, which
results in a local maximum in the polycrystalline shear and Young’s moduli for
the equi-concentration alloys. The anomalous composition dependence of C44

has been explained using the electronic structure of bcc V. All V-based alloys
exhibit excellent ductile behavior shown by the large B/G values. The addition
of Cr increases the bulk modulus and the ductility of V-based alloys. Both Cr
and Ti enhance the solid solution hardening (SSH) of V-based alloys but Ti
has larger strengthening effect than Cr. The SSH of the ternary alloys increases
with increasing the total Cr and Ti concentration. We have used our theoretical
data to explain the changes of ductile-brittle transition temperature of V-Cr-Ti
alloys as a function of Cr and Ti concentration.

The ideal tensile strength of pure V and Fe has been calculated by the EMTO
method. Our results are in good agreement with the available literature cal-
culations and confirm that our methodology has the accuracy needed for such
calculations. In the case of V-based alloys, we have obtained that Cr addition
increases and Ti addition decreases the ideal strength of bcc V in all three in-
vestigated crystallographic directions ([001], [110] and [111]). Comparing the
ITSs along the [001], [111] and [110] directions, we identify the [001] direction
as the weakest one. Along the [001] tension, there is an orthorhombic branch-
ing, which significantly decrease the ITS of V and V-based alloys compared to
the primary tetragonal deformation. As a consequence, the ideal strength of
V-Cr-Ti alloys remains virtually unchanged if equal amounts of Cr and Ti are
introduced into the V host. We have shown that the observed alloying effects
on the ideal strength can be understood on the basis of band filling arguments
and structural energy differences.

For the Fe-based alloys, we have demonstrated that alloying Fe with fre-
quently utilized solutes (Al, V, Cr, Mn, Co, and Ni) with concentrations up to
10 % is an effective mean to alter the intrinsic upper bound of the mechanical
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strength in tension along [001]. The ideal tensile strength increases with in-
creasing concentration of Cr, Co, and V and decreases with Ni and Al addition
to pure Fe. Manganese shows a small but non-monotonous alloying behavior.
Among the investigated solutes, V turns out to be one of the most efficient al-
loying agents producing an enhancement of the ideal tensile strength by 2.3 %
per atomic percent of V. All binary systems considered here fail by cleavage
under [001] loading. We have found that the present solutes alter the magnetic
response of the Fe host during tension from the unsaturated towards a more
stable ferromagnetic behavior. The underlying driving force originates from the
alloying induced effects on the peculiar electronic structure of Fe.

The present results offer a consistent starting point for further theoretical
modeling of the micro-mechanical properties of technologically important tran-
sition metal alloys. Based on these achievements, we conclude that the EMTO-
CPA approach provides an efficient and accurate theoretical tool to design the
mechanical strength of bcc random solid solutions.

My future work will focus on the temperature effect on the mechanical prop-
erties of pure elements and random alloys based on the EMTO-CPA method.
Where necessary, additional methods as the Screened Korringa-Kohn-Rostoker
(SKKR) and Monte Carlo (MC) simulation will also be employed.
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