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Abstract

Recent improvements in the development of inertial and visual sensors allow building
small, lightweight, and cheap motion capture systems, which are becoming a standard
feature of smartphones and personal digital assistants. This dissertation describes develop-
ments of new motion sensing strategies using the inertial and inertial-visual sensors.

The thesis contributions are presented in two parts. The first part focuses mainly on
the use of inertial measurement units. First, the problem of sensor calibration is addressed
and a low-cost and accurate method to calibrate the accelerometer cluster of this unit is
proposed. The method is based on the maximum likelihood estimation framework, which
results in a minimum variance unbiased estimator. Then using the inertial measurement
unit, a probabilistic user-independent method is proposed for pedestrian activity classifi-
cation and gait analysis. The work targets two groups of applications including human ac-
tivity classification and joint human activity and gait-phase classification. The developed
methods are based on continuous hidden Markov models. The achieved relative figure-
of-merits using the collected data validate the reliability of the proposed methods for the
desired applications.

In the second part, the problem of inertial and visual sensor fusion is studied. This part
describes the contributions related to sensor calibration, motion estimation, and observabil-
ity analysis. The proposed visual-inertial schemes in this part can mainly be divided into
three systems. For each system, an estimation approach is proposed and its observability
properties are analyzed. Moreover, the performances of the proposed methods are illus-
trated using both simulations and experimental data. Firstly, a novel calibration scheme is
proposed to estimate the relative transformation between the inertial and visual sensors,
which are rigidly mounted together. The main advantage of the developed method is that
the calibration is performed using a planar mirror instead of using a calibration pattern. By
performing the observability analysis for this system, it is proved that the calibration pa-
rameters are observable. Moreover, the achieved results show subcentimeter and subdegree
accuracy for the calibration parameters. Secondly, an ego-motion estimation approach is
introduced that is based on using horizontal plane features where the camera is restricted to
be downward looking. The observability properties of this system are then analyzed when
only one feature point is used. In particular, it is proved that the system has only three un-
observable directions corresponding to global translations parallel to the horizontal plane,
and rotations around the gravity vector. Hence, compared to general visual-inertial naviga-
tion systems, an advantage of the proposed system is that the vertical translation becomes
observable. Finally, a 6-DoF positioning system is developed based on using only planar

iii



iv

features on a desired horizontal plane. Compared to the previously mentioned approach, the
restriction of using a downward looking camera is relaxed, while the observability prop-
erties of the system are preserved. The achieved results indicate promising accuracy and
reliability of the proposed algorithm and validate the findings of the theoretical analysis
and 6-DoF motion estimation. The proposed motion estimation approach is then extended
by developing a new planar feature detection method. Hence, a complete positioning ap-
proach is introduced, which simultaneously performs 6-DoF motion estimation and hori-
zontal plane feature detection.



Sammanfattning

Nyliga förbättringar i utvecklingen av tröghets- och visuella sensorer gör det möjligt att
bygga små, lätta och billiga motion capture-system. Dessa håller på att bli standard i smarta
mobiltelefoner och handdatorer. Den här avhandlingen beskriver utvecklingen av nya
strategier för rörelseavläsning med hjälp av tröghetssensorer och tröghets-videosensorer.

Avhandlingens bidrag presenteras i två delar. Den första delen är inriktad på använd-
ningen av tröghetssensorer. Det första problemet som avhandlingen inriktar sig på är sen-
sorkalibrering. En billig och noggrann metod för att kalibrera accelerometerklustret för
en enhet föreslås. Metoden är baserad på maximum likelihood-estimeringsramverket, och
en väntevärdesriktig estimator med minimal varians härleds. Sedan föreslås en proba-
bilistisk och användaroberoende metod för aktivitetsklassificering och gånganalys av fot-
gängare. Detta arbete fokuserar på två typer av applikationer: klassificering av mänsklig
aktivitet och gemensam klassificering av mänsklig aktivitet och gång-fas. De utvecklade
metoderna bygger på kontinuerliga dolda Markovmodeller. Tillförlitligheten för de föres-
lagna metoderna för de önskade tillämpningar valideras av uppnådda prestandamått för
insamlade mätdata.

I den andra delen av avhandlingen studeras problemet med sensorfusion av tröghets-
och visuella sensorer. Denna del beskriver avhandlingens bidrag relaterade till sen-
sorkalibrering, rörelseskattning, och observerbarhetsanalys. De föreslagna visuella-
tröghetssystemen i denna del kan i huvudsak delas in i tre system. För varje system föreslås
en skattningsstrategi och motsvarande observerbarhetsegenskaperanalyseras. Därutöver il-
lustreras prestanda för de föreslagna metoderna med både simuleringar och experimentella
data. Först föreslås ett nytt kalibreringsschema för att skatta den relativa transformationen
mellan tröghetssensorerna och de visuella sensorerna, när alla sensorer är fast monter-
ade ihop. Den främsta fördelen med den utvecklade metoden är att kalibreringen utförs
med hjälp av en plan spegel istället för att använda ett kalibreringsmönster. Genom ob-
serverbarhetsanalys av detta system bevisas det att kalibreringsparametrarna är observer-
bara. Dessutom visar de uppnådda resultaten noggrannhet på mindre än centimeter- och
gradnivå för kalibreringsparametrarna. Sedan införs en skattningsstrategi för egenrörelse
som bygger på användandet av karaktersistiska punkter i horisontalplanet när kameran är
begränsad till att enbart se nedåt. Observerbarhetsegenskaperna hos detta system analy-
seras med hjälp av bara en karakteristisk punkt. Det bevisas att systemet endast har tre
icke-observerbara riktningar. Dessa motsvarar globala förflyttningar parallellt med ho-
risontalplanet samt rotationer kring gravitationsvektorn. Jämfört med allmänna visuella-
tröghetssystem har det föreslagna systemet därför fördelen att den vertikala förflyttningen
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blir observerbar. Slutligen har ett positioneringssystem med 6 frihetsgrader utvecklats som
enbart använder karakteristiska punkter i ett önskat horisontellt plan. Jämfört med det tidi-
gare nämnda tillvägagångssättet har begränsningen att kameran måste vara nedåtriktad tag-
its bort. Trots detta är observerbarhetsegenskaperna hos systemet detsamma. De uppnådda
resultaten är lovande och indikerar riktigheten och tillförlitligheten hos den föreslagna al-
goritmen. Resultaten validerar även den teoretiska analysen och rörelseskattningen med
6 frihetsgrader. Den föreslagna rörelseskattningsstrategin utökas därefter genom utveck-
lingen av en ny metod för detektering av karakteristiska punkter i ett plan. En komplett
positioneringsstrategi har därför införts, som samtidigt utför rörelseskattning med 6 fri-
hetsgrader och detektion av karakteristiska punkter i ett horisontalplan.
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Chapter 1

Introduction

Development and applications of the MEMS inertial sensors are becoming more attractive
in different areas such as inertial navigations, robotics, vehicle industry, and biomedical
applications. Within the wide range of inertial sensors applications, the focus of this thesis
is mainly on human locomotion analyses and visual-inertial navigations. Signal processing
tools are used to develop new motion capture strategies and evaluations are performed from
different aspects including theoretical analyses, simulations, and experiments.

The importance of human locomotion analyses in the form of human activity monitor-
ing has been extensively studied in the literature. To specify the activity type, it is natural to
attach a sensor to human body and analyse the measured signals. However, signal patterns
corresponding to each activity type is usually dependent on the location and type of the
motion capture sensor. Depending on the application, one can think of different locations
for the sensor (e.g., on the foot, knee, waist, or chest) that well represents the gait pattern.
Recently, inertial sensors are getting more popular for the purpose of human activity mon-
itoring, which is mainly due to the availability of such sensors in the smartphones or other
manufactured inertial sensor-based wearable technologies. These systems can be utilized
in many ways to assist individuals with walking deficiencies, disease diagnosis, activity
detection, or localization.

The second target application of this thesis is on the visual-inertial navigation, which
fuses visual and the inertial data for the purpose of relative motion estimation. The concept
of information fusion can also be well motivated by considering the human beings’ biolog-
ical systems where sensing modalities are combined for navigation (e.g., from visual and
vestibular systems [CLD07]). With the rapid improvement of positioning systems, there is
a huge demand towards immediate access to relative and global position in different lo-
cations. That is, to achieve such a system, multiple approaches should support each other
simultaneously in a complete positioning system. Visual-inertial navigation systems are
one of the alternatives that can be used for relative position estimation and are becoming
more popular due to the wide use of smartphones with embedded camera, inertial sensors,
and GPS. Another interesting aspect of visual-inertial navigation systems is the pose es-
timation for 3D reconstruction of scenes. This can have a variety of civilian and military
applications such as disaster management, virtual museums, autonomous driving, and his-
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2 Chapter 1. Introduction

torical site documentation. To develop such a system, one has to primarily consider the
following challenges: sensors selection and their internal and external calibration, sensors
integration, and localization algorithm. Once the motion estimation is performed, one can
take steps ahead and utilize the localization information for further analyses.

In this dissertation, inertial and visual-inertial sensor fusion systems are studied and the
contributions are described in three main topics: calibration, observability analysis, and ap-
plications. The proposed systems consists of only inertial sensors or both visual and inertial
sensors (visual-inertial). The main focus of this dissertation is then to propose new meth-
ods to properly extract and combine the useful information from the sensor measurements
for a given applications.

This chapter provides some background information, which helps to better understand
the research problems and the thesis contributions. Moreover, thesis outline and contribu-
tions are presented in Section 1.6.

1.1 Inertial Sensor

In general, at the core of each inertial sensor, there is an inertial measurement unit (IMU).
An IMU is considered to be a cluster of three orthogonal gyroscopes and three orthogonal
accelerometers, which measures the linear accelerations and rotational velocities. Hence,
an IMU can be considered as a fundamental and primary motion capture sensor that plays
an important role to provide the position, orientation, and velocity in inertial navigation
systems (INSs). Fig. 1.1a shows a MicroStrain IMU that has been used in the systems
developed in this thesis. Additionally, a schematic representation of two sensor clusters is
shown in Fig. 1.1b.

1.2 Visual-Inertial Navigation

Navigation based on the signals from the IMU has the advantage of being self-contained
and robust with respect to external disturbances. By integrating the linear accelerations and
rotational velocities measured by the IMU, an INS can provide an estimate of the position,
velocity, and attitude of a moving object. However, due to the integration drift, the posi-
tion and the attitude must be periodically corrected; otherwise, the system cannot be used
over an extended period of time. This correction can be provided by the dynamics of the
system [RCF12] or by complementary sensors, such as a global positioning system (GPS)
for outdoor positioning [SNDW99]. However, the viability of the GPS signals cannot be
guaranteed indoors or in urban canyons. Integration of vision sensors with inertial sensors
(visual-inertial) is one alternative that can be used for outdoor as well as indoor applica-
tions. The combination of a monocular camera as a vision sensor with a low cost IMU
is a common form of vision-aided INS (VINS), which is becoming a widely researched
topic in different applications, such as in robotics, unmanned vehicle, and personal nav-
igation systems. A picture of an IMU-camera sensor fusion system and their schematic
representations are shown in Fig. 1.2.
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(a) A MicroStrain 3DMGX2 IMU sensor

Three orthogonal gyroscopes Three orthogonal accelerometers 

(b) Schematic representation of an IMU consisting of three orthogonal gyroscopes and
three orthogonal accelerometers.

Figure 1.1: IMU sensor hardware and schematic representations.

1.3 Calibration

The central challenge in visual-inertial sensor fusion systems is robust relative pose estima-
tion that is mainly affected by the fusion algorithms. Moreover, successful implementation
of a visual-inertial navigation system requires a set of calibrations in advance: 1) IMU cal-
ibration, 2) internal camera calibration, 3) IMU-camera calibration. These three topics are
briefly described in the following:

1.3.1 IMU calibration

The accuracy of the IMU clusters’ measurements are highly dependent on the calibration
to remove the systematic errors. Traditionally the calibration of an IMU has been done us-
ing a mechanical platform that turns the IMU into several precisely controlled orientations.
At each orientation, the outputs of the accelerometer cluster and the gyroscope cluster are
observed and compared with pre-calculated gravity force vector and rotational velocities,
respectively. However, usually the cost of a mechanical calibration platform exceeds the
cost of developing a low-cost IMU. Therefore, different calibration methods have been pro-
posed that do not require a mechanical platform. Most of these calibration methods utilize
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(a) The IMU sensor and AVT Guppy monocular camera

Three orthogonal gyroscopes An optical sensor Three orthogonal accelerometers 

(b) Schematic representation of IMU-camera sensor fusion system

Figure 1.2: IMU-camera sensor fusion hardware and their schematic representations.



1.4. Estimation 5

the fact that for an ideal (noise free) IMU, the norm of the accelerometer measurements
should be equal to the magnitude of the applied force to the system.

1.3.2 Internal camera calibration

Internal camera calibration is the process of finding the relationship between 2D image
coordinates and ray directions in 3D space, which are measured in the camera coordi-
nate frames. The camera model of interest in this dissertation is the basic pinhole model
for a CCD camera, for which the internal camera calibration parameters are focal length,
principal points, scale factor, skew factor, and lens distortion [HZ00]. A typical way of es-
timating camera calibration parameters is through using a calibration pattern, see Fig. 1.3,
whose geometry in 3D space is known with very good precision. Then the calibration is
performed by taking multiple images of the pattern from different viewpoints.

Figure 1.3: Checkerboard calibration pattern.

1.3.3 Visual-inertial calibration

Accurate information fusion between the sensors requires sensor-to-sensor calibration.
This is so because the output signal from each cluster is provided in its own coordinate
system. To relate the measurements from each sensor to the others, one needs to know the
rotation and the translation that exist between the coordinate systems. In particular, this
requires estimation of the 6-DoF transformation (the relative rotations and translations)
between visual and inertial coordinate frames, see Fig. 1.4. It should be noted that disre-
garding such transformation will introduce un-modeled biases in the system that may grow
over time.

1.4 Estimation

One of the main goals in an inertial or visual-inertial navigation system is the accurate
pose estimation. An estimation problem arises whenever we are interested to find some
proper values for a set of unknown parameters given some measurements. For this pur-
pose, an optimality criterion should be defined and optimized with respect to the unknown
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}}

{I} 

Figure 1.4: Schematic illustration of 6-DoF transformationbetween the IMU-camera rig,
where the IMU and the camera coordinate frames are denoted by{I} and{C}, respec-
tively. The relative IMU-camera rotation and translation are depicted asC(CsI) and I pC,
respectively.

parameters. Depending on the level of our prior knowledge about these parameters, estima-
tion algorithms can be divided into two broad groups 1) classical estimation 2) Bayesian
estimation [Kay99].

In the classical estimation approaches, the unknown parameters of interest are assumed
to be deterministic. Maximum likelihood estimation is one of the most widely used classi-
cal estimators that maximizes thelikelihood function, the joint probability density function
of the measurementsz, which is parameterized with unknown parameter of interestx:

L(x) = P(z;x), (1.1)

then an estimate ofx is the value that maximizes the likelihood function (1.1).
For the case of Bayesian estimation, the parameters of interest are no longer deter-

ministic but random variables. Considering our prior knowledge about these parameters,
we assign some prior distributions to them. In this case, we need to work with the joint
distribution of the measurements and parameters:

P(z,x) = P(z|x)P(x), (1.2)

whereP(x) is the prior distribution representing our prior knowledge aboutx before ob-
serving any data,P(z|x) is the distribution of the measurements conditioned on a given
realization ofx. Having this joint distribution, the estimation problem is then to find an
optimal value forx.

Minimum mean square error (MMSE) and maximum-a-posteriori (MAP) estimators
are two of the commonly used Bayesian estimators. The MMSE estimator is obtained by
minimizing the Bayesian mean square error (BMSE)

BMSE(x̂) = E[(x− x̂)⊤(x− x̂)], (1.3)
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wherex̂ is an estimate ofx and the expectation is taken with respect to the joint proba-
bility density function,P(z,x). In the MAP estimator, the estimate ofx is the value that
maximizes the posterior distribution of the parameters,P(x|z).

Among the Bayesian estimators, the Kalman filter is one of the most celebrated MMSE
estimators in the field of navigation and positioning. A Kalman filter is a recursive al-
gorithm that uses all available measurements, regardless of their precision, and produces
estimates of the unknown parameters of interest by minimizing the BMSE. The classical
Kalman filter is based on a linear state-space model in which both the process noise and
measurement noise are assumed to have Gaussian distribution. The goal of the Kalman
filter is then to find an MMSE estimator of the state variables given the current and the past
observations. If the noise distributions are, e.g., not Gaussian Kalman filter still provides
the optimal linear MMSE estimator.

For the case that the state-space representation is not linear, different extensions
have been proposed to handle these cases. In the following, two types of nonlinear
Kalman filters, namely, the Extended Kalman filter (EKF) and the unscented Kalman filter
(UKF) [Sim06] are briefly described. EKF is a simple nonlinear version of the Kalman
filter. In the EKF, the nonlinear system equations are linearized about an estimate of the
current mean and covariance of the variables. UKF is another form of nonlinear Kalman fil-
ter, which can produce more accurate and consistent estimates than the EKF. Additionally,
it does not require computation of the Jacobian matrices, which can be very complicated
for some nonlinear models such as the models in the proposed visual-inertial systems. For
the UKF, the probability density function is approximated by a deterministic sampling of
points, which represent the underlying distribution as a Gaussian. The nonlinear transfor-
mation of these points are intended to be an approximation of the posterior distribution.
The required moments are then computed from the transformed samples.

1.5 Sensor Fusion: System Overview

The proposed visual-inertial estimation algorithms in this thesis are performed using the
UKF framework, under tightly coupled structure. Fig. 1.5 depicts a general illustration of
the proposed sensor fusion algorithms. In the left hand-side, the IMU measures the linear
accelerations and rotational velocities (I ω(t), Ia(t)). The provided measurements from the
IMU are then integrated under the INS equations to generate the position, velocity, and
attitude of a moving system (IqG,

GvI ,
GpI ) while the periodic corrections are provided

with the camera. That is, the measurements from the camera provide salient features as
keys of motion estimation on the image planes. Due to the dynamic nature of the system,
it is natural to use a Kalman filter for fusion of the IMU output signals and camera image
features over time for the motion estimation. Depending on the image processing tools and
computer vision methods used to extract the pose information from the camera images,
the state-space model of the system is different in various Kalman filter based methods.
Hence, the main difference in the state-of-the-art visual-inertial ego-motion methods is
how to mimic the state of the system in the image plane to construct the measurement
equations.
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IMU INS h(.) 

Visual Input Nonlinear 

Kalman Filter 
+ 

Figure 1.5: Architecture of the visual-inertial sensor fusion for motion estimation, using a
nonlinear Kalman filter framework.

1.6 Thesis Outline and Contributions

This thesis studies several problems related to inertial and visual-inertial systems. Part I
is focused on the use of a single IMU. First the problem of IMU calibration is addressed,
then a classification scheme is proposed for the purpose of human activity classification and
gait analysis. Part II considers the problem of visual-inertial sensor fusion for the purpose
of motion estimation. More specifically, the visual-inertial sensor calibration, ego-motion
estimation, observability analysis, and feature detection problems are studied.

Research projects of this thesis have been partially funded by the Swedish Research
Council (VR), Swedish Agency for Innovation Systems (VINNOVA), and European Re-
search Council (ERC).

Some of the results presented in the thesis have already been published in journals
and conferences, and some are under review. Parts of the thesis are adopted from the
corresponding research papers nearly verbatim. In the following, a brief introduction of
each chapter along with the reference to the associated papers is given, such that the
reader knows in advance what to expect in each chapter.

Part I: Chapter 2

This chapter addresses a low-cost method for calibrating the accelerometer cluster of an
IMU. The method does not rely on using a mechanical calibration platform that rotates
the IMU into different precisely controlled orientations. Although the IMU is rotated into
different orientations, these orientations do not need to be a priori known. Assuming that
the IMU is stationary at each orientation, the norm of the input is considered to be equal
to the gravity acceleration. As the orientations of the IMU are unknown, the calibration
of the accelerometer cluster is stated as a blind system identification problem where only
the norm of the input to the system is known. Under the assumption that the sensor noises
have white Gaussian distributions the system identification problem is solved using the
maximum likelihood estimation method. Then parametric Cramér-Rao lower bound is de-
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rived for the considered calibration problem and the accuracy of the proposed method is
compared with the derived CRLB. This chapter is based on:

[PSJ10] G. Panahandeh, I. Skog, M. Jansson, “Calibration of the Accelerometer
Triad of an Inertial Measurement Unit, Maximum Likelihood Estimation
and Cramer-Rao Bound,”IEEE Int. Conf. on Indoor Positioning and In-
door Navigation (IPIN), 2010.

Part I: Chapter 3

This chapter studies the problem of pedestrian activity classification and gait analysis based
on using a single body mounted IMU. The work targets two groups of applications includ-
ing 1) human activity classification and 2) joint human activity and gait-phase classifica-
tion. In the latter case, the gait-phase is defined as a sub-state of a specific gait cycle, i.e.,
the states of the body between the stance and swing phases. The pedestrian motion is mod-
eled with a continuous hidden Markov model (HMM) in which the output density functions
are assumed to be Gaussian mixture models (GMMs). For the joint activity and gait-phase
classification, motivated by the cyclical nature of the IMU measurements, each individual
activity is modeled by a “circular HMM”. For both the proposed classification methods,
proper feature vectors are extracted from the IMU measurements. In the present work, the
results are reported of conducted experiments where the IMU was mounted on the hu-
mans’ chests. This permits the potential application of the current study in visual-inertial
navigation for positioning and personal assistance for future research works. Five classes
of activity including: walking, running, going upstairs, going downstairs, and standing are
considered in the experiments. The performance of the proposed methods is illustrated in
various ways, and as an objective measure, the confusion matrix is computed and reported.
The achieved relative figure-of-merits using the collected data validates the reliability of
the proposed methods for the desired applications. This chapter is based upon:

[PMLH13] G. Panahandeh, N. Mohammadiha, A. Leijon and P. Händel, “Contin-
uous Hidden Markov Model for Pedestrian Activity Classification and
Gait Analysis,” IEEE Transactions on Instrumentation and Measure-
ment, 2013.

[PMLH12a] G. Panahandeh, N. Mohammadiha, A. Leijon and P. Händel, “Chest-
Mounted Inertial Measurement Unit for Pedestrian Motion Classification
Using Continuous Hidden Markov Model,”IEEE Int. Instrumentation
and Measurement Technology Conference (I2MTC), 2012.
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[PMLH12b] G. Panahandeh, N. Mohammadiha, A. Leijon and P. Händel, “Pedestrian
Motion Classification via Body-Mounted Inertial Measurement Unit,”
Reglermöte, 2012.

Part II: Chapter 4

This chapter describes a novel and low-cost calibration approach to estimate the relative
transformation between an IMU as an inertial sensor and a camera as a visual sensor,
which are rigidly mounted together. The calibration is performed by fusing the measure-
ments from the IMU-camera rig moving in front of a planar mirror. To construct the visual
observations, a set of key features attached to the visual inertial rig are selected where the
3D positions of the key features are unknown. During calibration, the system is navigating
in front of the planar mirror while the vision sensor observes the reflections of the key
features in the mirror, and the inertial sensor measures the system linear accelerations and
rotational velocities over time. The first contribution in this chapter is studying the observ-
ability properties of IMU-camera calibration parameters. For this visual inertial calibration
problem, time-varying nonlinear state-space model of the system is derived and its observ-
ability properties is studied using the Lie derivative rank condition test. It is shown that
the calibration parameters and the 3D position of the key features are observable. As the
second contribution, an approach for estimating the calibration parameters along with the
3D position of the key features and the dynamics of the analysed system is proposed. The
estimation problem is then solved in the UKF framework. The finding of the theoretical
analysis are illustrated using both simulations and experiments. The achieved performance
indicates that the proposed method can conveniently be used in consumer products like
visual inertial based applications in smartphones for localization, 3D reconstruction, and
surveillance applications. The material in this chapter is based on:

[PJH13a] G. Panahandeh, M. Jansson, and P. Händel, “Calibration of an IMU-
Camera Cluster Using Planar Mirror Reflection and Its Observabil-
ity Analysis,” Submitted toIEEE Transactions on Instrumentation and
Measurement, 2013.

[PHJ13] G. Panahandeh, P. Händel, and M. Jansson, “Observability Analysis of
Mirror-Based IMU-Camera Self calibration,”Int. Conf. on Indoor Posi-
tioning and Indoor Navigation (IPIN), 2013.

[PJ11a] G. Panahandeh and M. Jansson, “IMU-camera Self-Calibration Using
Planar Mirror Reflection, ”IEEE Int. Conf. on Indoor Positioning and
Indoor Navigation (IPIN), 2011.
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Part II: Chapter 5

In this chapter, a motion estimation approach is introduced for a vision-aided inertial nav-
igation system. The system consists of a downward-looking monocular camera mounted
on an IMU. The motion estimation procedure fuses inertial data from the IMU and planar
features on the ground captured by the camera. The main contribution of this chapter is a
novel closed-form measurement model based on the image data and IMU output signals.
In contrast to existing methods, the proposed algorithm is independent of the underlying
vision algorithm for image motion estimation such as optical flow algorithms for camera
motion estimation. The algorithm has been implemented using the UKF framework, which
propagates the current and the last state of the system updated in the previous measurement
instant. The validity of the proposed navigation method is evaluated both by simulation
studies and by real experiments. This chapter is based on:

[PJ13] G. Panahandeh and M. Jansson, “Vision-Aided Inertial Navigation
Based on Ground Plane Feature Detection,”IEEE/ASME Transactions
on Mechatronics, 2013.

[PJ11b] G. Panahandeh and M. Jansson, “Vision-aided Inertial Navigation Using
Planar Terrain Features,”IEEE Int. Conf. on Robot, Vision and Signal
Processing (RVSP), 2011.

Part II: Chapter 6

This chapter presents an observability analysis for the proposed visual-inertial system in
Chapter 5 where the camera is downward looking and observes a single point feature on
the ground. In this analysis, the full INS parameter vector (including position, velocity,
rotation, and inertial sensor biases) as well as the 3D position of the observed point fea-
ture are considered as state variables. In particular, it is proved that the system has only
three unobservable directions corresponding to global translations parallel to the ground
plane, and rotations around the gravity vector. Hence, compared to general visual-inertial
navigation systems, an advantage of using only ground features is that the vertical trans-
lation becomes observable. The findings of the theoretical analysis are validated through
real-world experiments. This material in this chapter is based on:

[PGJR13a] G. Panahandeh, C. X. Guo, M. Jansson, and S. I. Roumeliotis, “Vision-
aided Inertial Navigation Using Planar Terrain Features,”IEEE/RSJ Int.
Conf. on Intelligent Robots and Systems (IROS), 2013.
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Part II: Chapter 7

In this chapter, the problem of ego-motion estimation is addresses by fusing visual and in-
ertial information. The hardware consists of an IMU and a monocular camera. The camera
provides visual observations in the form of features on a horizontal plane. Exploiting the
geometric constraint of features on the plane into visual and inertial data, a novel closed
form measurement model is proposed for this system. The first contribution in this chapter
is an observability analysis of the proposed planar-based VINS. In particular, it is proved
that the system has only three unobservable states corresponding to global translations par-
allel to the plane, and rotation around the gravity vector. Hence, compared to general VINS,
an advantage of using features on the horizontal plane is that the vertical translation along
the normal of the plane becomes observable. As the second contribution, a state-space for-
mulation is introduced for the pose estimation in the analyzed system and is solved via a
modified UKF. Finally, the findings of the theoretical analysis and 6-DoF motion estima-
tion are validated by simulations as well as using experimental data. These contributions
are based on:

[PHHJ14] G. Panahandeh, S. Hutchinson, P. Händel, and M. Jansson, “Planar-
Based Visual Inertial Navigation: Observability Analysis and Motion
Estimation,” Submitted toIEEE Transactions on Robotics, 2014.

[PZJ12] G. Panahandeh, D. Zachariah, and M. Jansson, “Exploiting Ground
Plane Constraints for Visual-Inertial Navigation,”Proc. IEEE-ION Po-
sition Location and Navigation Symposium (PLANS), 2012.

Part II: Chapter 8

In this chapter, a new method is presented for determining features on a desired horizontal
plane. This is achieved via a feedback algorithm in which the predicted states obtained by
the UKF (Chapter 7) are used to detect features on the defined horizontal plane. Then, the
detected features are used to update the states of the system. That is, the motion estima-
tion and planar feature detection are simultaneously performed. The developed detection
algorithm consists of two steps, namely homography-based and normal-based outlier re-
jection. In the first step, the planar homography is constructed using the motion estimation
approach presented in the previous chapter. The obtained homography constraints are used
to detect the most likely planar features in the sequence of images. To reject the remaining
outliers, as the second step, a new plane normal vector computation approach is proposed.
To obtain the normal vector of the plane, only three pairs of corresponding features are
used for a general camera transformation. The presented integration algorithm allows 6-
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DoF motion estimation in a practical scenario where the camera is not restricted to observe
only the features on the defined plane. Real-world experiments in an indoor scenario in-
dicate the accuracy and reliability of the proposed method in the presence of outliers and
non-ground obstacles. This chapter is based on:

[PJH13b] G. Panahandeh, M. Jansson, and S. Hutchinson, “IMU-Camera Data
Fusion: Horizontal Plane Observation with Explicit Outlier Rejection,”
IEEE Int. Conf. on Indoor Positioning and Indoor Navigation (IPIN),
2013.

[PMJ12] G. Panahandeh, N. Mohammadiha, and M. Jansson, “Ground Plane Fea-
ture Detection in Mobile Vision-Aided Inertial Navigation,”IEEE/RSJ
Int. Conf. on Intelligent Robots and Systems (IROS), 2012.

1.7 Contributions Outside the Thesis

The author of the thesis also contributed to the following published papers, which are not
included in the thesis:

[MSPD14] N. Mohammadiha, P. Smaragdis, G. Panahandeh, S. Doclo, “A State
Space Approach to Dynamic Nonnegative Matrix Factorization,” Sub-
mitted toIEEE Transactions on signal processing, 2014.

[DPCH13] A. Dani, G. Panahandeh, S. J. Chung, and S. Hutchinson, “Image Mo-
ments for Higher-Level Feature Based Navigation,”IEEE/RSJ Int. Conf.
on Intelligent Robots and Systems (IROS), 2013.

[BPJ13] G. C. Barcelo, G. Panahandeh, and M. Jansson, “Image-Based Floor
Segmentation in Visual Inertial Navigation,”IEEE Int. Instrumentation
and Measurement Technology Conference (I2MTC), 2012.

[PZJ11] G. Panahandeh, D. Zachariah, and M. Jansson, “Mirror Based IMU-
Camera and Internal Camera Calibration,”IEEE Int. Conf. on Robot,
Vision and Signal Processing (RVSP), 2011.
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Chapter 2

Calibration of the Accelerometer Triad of an

IMU

2.1 Introduction

Recent improvements in micro-electromechanical system (MEMS) inertial sensors allow
building small, light weight, and cheap motion capture systems. The accuracy of such sys-
tems are highly dependent on the calibration of the IMU to remove the systematic errors.
Calibration is the process of comparing the instruments output with a known reference in-
formation and determining the coefficients that force the output to agree with the reference
information over a range of output values [Cha97].

Using a mechanical platform for calibrating the IMU is a traditional calibration method
which is economically inefficient for in-lab tests. In this calibration procedure the IMU is
rotated by a mechanical platform into several precisely controlled orientations. Then, the
output of both the accelerometer and gyroscope clusters are observed and compared with
the pre-calculated gravity force vector and rotational velocities, respectively, at each orien-
tation [Cha97,HTW89,ALD03]. However, many times the cost of a mechanical calibration
platform exceeds the cost of developing a new low-cost MEMS inertial sensor. Therefore,
different calibration methods have been proposed that do not require the mechanical plat-
form. For example, in [KG04], an optical tracking system is used for calibration of the
IMU sensors. Furthermore, the shape from motion methods are introduced for micro force
sensors resulting in rapid and effective calibration techniques [KSVN07, HK08]. The six-
position static is among the most commonly used fully controlled calibration method in
which all the inputs, outputs and orientations are carefully set [SAG+07,ZWW+10]. This
method requires the inertial system to be mounted on a leveled surface while each sensitive
axis of every sensor pointing alternately up and down. Although this structure can provide
good results, it seems to be costly.

Recently, different accelerometer calibration methods have been developed utilizing
the fact that for an ideal (noise free) IMU, the norm of the measured output of the ac-
celerometer should be equal to the magnitude of the applied force [SAG+07,SH06,FSB06].
Imposing the fact in the system model of the sensors, a cost function is defined which is

17
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Figure 2.1: The signal in noise model of the measured output ofthe accelerometer cluster.

minimized with respect to the unknown model parameters. However, using such an as-
sumption, the optimization of the corresponding criterion function typically leads to a
biased estimate of the calibration parameters. To avoid this, we solve the system identi-
fication problem using the maximum likelihood estimation framework. This leads to an
estimator which is asymptotically unbiased. The performance of the calibration algorithm
is compared with the Cramér-Rao lower bound (CRLB). This bound sets the lower limit
for the variance of the estimation error for all unbiased estimators.

The chapter is organized as follows. The inertial sensor model for the accelerometer
cluster is described in Section 2.2. The proposed calibration method is described in Sec-
tion 2.3. In Section 2.4, the parametric CRLB for the system model of the accelerometer
is derived. Simulation results are discussed in Section 2.5. Finally, the conclusion of the
study is summarized in Section 2.6.

2.2 System Model

In the following sections scalars are denoted by lowercase letters (φ ,ϕ), vectors by bold
letters (b,u), and matrices by bold face capitals (K ,R).

This section is divided into four subsections. First, the sensor model of the accelerom-
eter is derived in Section 2.2.1. Secondly, the input force to the system is described in
Section 2.2.2. Then, the unknown parameters of the system is determined in Section 2.2.3.
Finally, the distribution of the output is derived in Section 2.2.4.

2.2.1 Accelerometer sensor model

As mentioned before, an IMU consists of three almost orthogonally mounted accelerom-
eters and three almost orthogonally mounted gyroscopes; however, the sensors sensitivity
axes are not orthogonal in reality, which is due to the manufacturing errors that lead to sen-
sor axes misalignments from the orthogonal axes. The accelerometer cluster measures the
linear acceleration of the system in the inertial reference frame. If the non-orthogonal sen-
sitivity axes of the accelerometer cluster differs only by small angles from the ideal orthog-
onal set of platform coordinate axes, the specific force in accelerometer cluster coordinates
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can be transformed into specific force estimates in platform coordinates as [Cha97]

sp = Tp
a sa, Tp

a =




1 −αyz αzy

αxz 1 −αzx

−αxy αyx 1


 (2.1)

wheresp andsa denote the specific force in platform and accelerometer coordinates, re-
spectively [SH06]. In (2.1),αi j is the rotation of thei-th accelerometer sensitivity axis
around thej-th platform axis. Defining the platform coordinate system so that the platform
coordinate axisxp coincides with thexa accelerometer sensitivity axis, andyp axis lies in
the plane spanned byxa andya, then the angles{αxz,αxy,αyx} become zero. That is, (2.1)
is reduced to

sp = Tp
a sa, Tp

a =




1 −αyz αzy

0 1 −αzx

0 0 1


 . (2.2)

The sensor bias is another source of the error in the accelerometer cluster, which is
the observed signal when no input is present. Moreover, this is an acceleration-insensitive
error that can be defined as

ba = [bx by bz]
⊤ (2.3)

wherebi is the unknown bias of thei-th accelerometer output and⊤ denotes the transpose
operation.

The accelerometer scale factor error, which is the ratio of the change in output (in volts
or amperes) to a unit change of the input (in units of acceleration), is represented by the
scale factor matrixKa as

Ka =




kx 0 0

0 ky 0

0 0 kz


 (2.4)

whereki is the unknown scaling of thei-th accelerometer output. Based on (2.2), (2.3),
and (2.4), the model of the measured output of the accelerometer cluster is

s̃a = Ka (Tp
a)

−1sp+ba+ va (2.5)

wheresp denotes the input force expressed in the platform coordinates andva is a noise
term reflecting the measurement noise from the sensor [Cha97].

Calibration of the accelerometer cluster by using a mechanical platform has been done
by rotating the cluster into different precisely controlled orientations and angular rates.
Then, the output of the accelerometer cluster is compared with the precalculated specific
force to estimate the nine calibration parameters, including the three scale factors, the three
misalignment angles, and three biases:

θ 1 =
[

kx ky kz αyz αzy αzx bx by bz

]⊤
. (2.6)
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Figure 2.2: The geometric relation between the IMU platform coordinate frame {p}, and
navigation frame {n}.

Using such an expensive mechanical platform for the calibration procedure of a low cost
MEMS sensor is not economically efficient for inlab purposes. In this chapter we propose
a method which does not rely on using a mechanical calibration platform even though the
IMU is rotated in different random orientations.

For the sake of simplicity, we will skip the subscripts and superscripts,a andp in the
following. In general, the signal in noise model of the measured output of the accelerometer
cluster based on (2.5) can be written as

yk = µk+ vk (2.7)

whereyk is the output at thek-th measurement andvk is zero mean white Gaussian noise
with varianceσ2; the signal modelµk is defined as

µk = µ(θ 1,uk) = KT −1uk+b (2.8)

whereuk is the input force at thek-th measurement, corresponding to the specific forcesp,
andθ 1 is the parameter vector (2.6). The schematic representation of the signal in noise
model of the measured output of the accelerometer cluster is shown in Fig. 2.1.

2.2.2 Input force

Because accelerometers in the IMU sensors are used in the cluster of components, using a
reference vector acquired from geodetic surveys that can be used for calibration of all the
three components at the same time is of interest [Cha97]. A suitable reference specific force
for the accelerometer cluster calibration is the gravity acceleration. Assuming that the IMU
is stationary at each orientation and the only force to the system is gravity acceleration, the
norm of the input is considered equal to the gravity acceleration. In fact, the acceleration
input force in the platform coordinate is related to the navigation-frame gravity vector by
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Figure 2.3: Schematic representation of different IMU placement. Each time the IMU is
placed in a new orientation, two new unknown rotational angles (φi andϕi) appear in the
input force.

the rotation matrixRp
n, Fig. 2.2. The rotation matrix can be defined by a series of three

plane rotations involving the Euler angles(ϕ ,φ ,ψ)=(roll, pitch, and heading) [FB99]:

Rp
n =




cψcφ sψcφ −sφ
−sψcφ + cψsφsϕ cψcϕ + sψsφsϕ cφsϕ
sψsφ + cψsφcϕ −cψsϕ + sψsφcϕ cφcϕ


 (2.9)

wherec stands for cosine andsstands for sine functions. Thus, the input force to the system
is

uk = Rp
ng= Rp

n




0

0

−g


=−




−sφ
cφsϕ
cφsϕ


g (2.10)

whereg is the magnitude of the apparent gravity vector.

2.2.3 Unknown parameters

The nine-parameter sensor model of the accelerometer cluster is considered as (2.6): the
three scale factors, the three misalignment angles, and three biases. In the proposed cali-
bration method, to estimate these unknown calibration parameters, the IMU is required to
be rotated in different orientations. Each time the IMU is placed in a new orientation, two
new unknown rotational angles appear in the input forceuk to the system,(2.10). However,
the norm of theuk is equal to the magnitude of the gravity force, see Fig. 2.3. In order
to estimate the calibration parametersθ 1, these unknown Euler angles need to be simul-
taneously estimated together with the calibration parameters. Let us define the parameter
vectorθ2, which collects all the unknown Euler angles, as:

θ 2 =
[

φ1 ϕ1 φ2 ϕ2 ... φM−1 ϕM−1

]⊤
(2.11)
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whereM is the number of orientations that the IMU is placed in. We are not really in-
terested in these rotation angles and they serve only to complicate the problem. In some
estimation approaches, we can get rid of estimating these parameters (known as nuisance
parameters) [Kay99]. The uncertainty in the rotational angles which appears in the input
force of the system makes the calibration problem a blind identification problem. To deal
with these nuisance parameters, a new vector of parameters,θ , is introduced which is the
concatenation of the calibration parameter vector and the Euler angle parameter vector:

θ =
[

θ⊤
1 θ⊤

2

]⊤
. (2.12)

To estimate the unknown parameter vectorθ , the IMU is rotated into several random ori-
entations. Because the number of calibration parameters are nine, the minimum number of
rotations that is needed to estimateθ 1 is nine,M ≥ 9. Increasing the number of rotations,
more accurate results can be achieved, although more unknown parameters will appear in
θ2.

2.2.4 Output distribution

Collecting all the measurement outputs and signal models into bigger vectors, the total
measurement outputỹ, and the signal model̃µ are defined as:

ỹ =
[

y⊤1 y⊤2 ... y⊤MN

]⊤

µ̃ =
[

µ⊤
1 µ⊤

2 ... µ⊤
NM

]⊤ (2.13)

whereN is the number of samples which are taken in each rotation. Based on the signal in
noise model (2.7), the output signal,yk, has a Gaussian distribution as

yk ∼ N(µk,σ
2I3). (2.14)

Thus, the probability density function of the measurementỹ is

p(ỹ;θ ) =
1

(2π)
MN
2 |C(θ )| 1

2

exp(
−1
2σ2

NM

∑
k=1

‖yk− µk‖2) (2.15)

where
C(θ ) = σ2I3MN.

C(θ ) is the covariance matrix of̃y, I is the identity matrix with the subscripted dimension,
| · | denotes the determinant, and‖ · ‖ refers to the Euclidean length of a vector.

2.3 Proposed Calibration Method

Assuming, the sensor measurements are disturbed by additive white Gaussian noise, the
observed data has a multivariate Gaussian distribution and the mean vector contains all the
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unknown parameters to be estimated. To derive an asymptotically unbiased estimator, a
maximum likelihood estimation framework is used. Since finding a closed form, one step,
solution for maximizing the likelihood function in this identification problem is difficult,
an iterative approach is proposed. In this method, the unknown parameters are clustered
into two groups, the rotational angles and the calibration parameters. The optimization is
done by maximizing the likelihood function with respect to one group of parameters at a
time while keeping the remaining parameters fixed at their current values.

In order to estimate the parameter vectorθ , it is typical to introduce the log-likelihood
function defined as

L(θ ) = ln p(ỹ;θ) . (2.16)

The likelihood function is a function of the parameter vectorθ given the datãy. The
idea is to findθ such thatp(ỹ;θ) is a maximum. The method of maximum likelihood
estimatesθ̂ by finding the value ofθ which maximizes the log-likelihood function or
equivalently minimizes

J(θ) =
NM

∑
k=1

‖yk− µk‖2. (2.17)

Becauseµ is a nonlinear function ofθ , the minimization ofJ becomes difficult. One way
to reduce the complexity of this problem is to use separability of the parameters [Kay99].
The separable signal model of the system may be formed by rewritingµk from (2.8)

µk =




bx+gkx(sφ1− cφ1((αyzαzx−αzy)cϕ1+αyzsϕ1))

by−gkycφ1(αzxcϕ1+ sϕ1)

bz−gkzcφ1cϕ1




as

µk = H(θ 1)

[
uk

1

]

4×1

, H(θ1) = [KT −1|b] (2.18)

here,(A|b) denotes extending the matrixA with a column vectorb . As a result, the mini-
mization is performed in two steps; First step: minimizeJ with respect toθ 2, Second step:
replacing the estimated value forθ2 in J, and minimize it with respect toθ 1.

In the following, details of these two steps are described.

2.3.1 First step

Based on the signal model (2.18), the minimization ofJ(θ ) over the parameter vectorθ 2

can be performed to getθ̂ 2:

θ̂ 2 = argmin
θ2

NM

∑
k=1

‖yk−H(θ1)

[
uk

1

]
‖2. (2.19)

It can be proved from equation (2.10) that this is a constrained minimization problem
because any solution must satisfy‖uk‖ = g. Since the input force is constant during theN
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samples and Euler angles,φis andϕis, are independent at each rotation, the minimization
in (2.19) breaks down intoM independent minimization problems for each rotationi (i =
1, ...,M) as

(φ̂i , ϕ̂i) = argmin
φi ,ϕi

N

∑
j=1

‖yi, j −H(θ1)

[
ui

1

]
‖2 (2.20)

s.t ‖ui‖= g

and

θ̂2 =
[

φ̂1 ϕ̂1 φ̂2 ϕ̂2 ... φ̂M ϕ̂M

]⊤
(2.21)

whereyi, j is the j-th measurement output of the accelerometer cluster at thei-th rotation.
Because of the given constraint, the minimization problem expressed in (2.20) is not a con-
vex problem; therefore, it can not be solved by common convex optimization algorithms.
Consequently, a nonlinear least square curve fitting method is used to estimate the unknown
Euler angles. Moreover, to start the iterations an appropriate initial value for the calibration
parameters should be considered. Starting from the ideal case, when all the source of the
errors are assumed to be removed, has been found to produce good results.

2.3.2 Second step

Onceθ2 is estimated, the minimization is continued by findingθ̂ 1:

θ̂ 1 = argmin
θ1

NM

∑
k=1

‖yk−H(θ1)

[
ûk

1

]
‖2. (2.22)

One solution to estimateθ1 is through the linear least squares estimation approach.
This is becauseH(θ1) can be reparameterized to depend linearly on a new set of
parameters.

This two-step minimization procedure is iterated until a local maximum of the likeli-
hood is attained.

2.4 Cramér-Rao Lower Bound for the Parametric Model

When evaluating the performance of an estimator often it is of interest to compare the
obtained estimation error with an optimal (unbiased with minimum variance) estimator.
The optimal estimator may not exist, be unknown, or too complex to obtain; however, the
performance of the optimal estimator only depends on the properties of the signal model,
and may therefore be calculated independently. The CRLB sets the lower limit for the
variance of the estimation error for all unbiased estimators [Kay99].

The parametric CRLB under the regularity condition is defined as

var(θ̂ (i))≥ [I−1(θ )]ii (2.23)
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where the left hand side is the variance of thei-th element ofθ̂ , I(θ ) is the Fisher infor-
mation matrix, and[·]i j indicatesi j -th element of the given matrix. The Fisher information
matrix for the general Gaussian case is given by

[I(θ )]i j = [
∂ µ(θ )
∂θ (i)

]⊤C−1(θ )[
∂ µ(θ )
∂θ ( j)

]

+
1
2

tr[C−1(θ )
∂C(θ )
∂θ (i)

C−1(θ )
∂C(θ )
∂θ ( j)

]

(2.24)

Assuming we know the variance of the noiseσ2, (2.24) is simplified to

[I(θ )]i j =
1

σ2 [
∂ µ(θ )
∂θ (i)

]⊤[
∂ µ(θ )
∂θ ( j)

]. (2.25)

Using the fact thatuk is constant for all theN samples at each orientation, the Fisher
information matrix may be written as

[I(θ )]i j =
N
σ2

M

∑
m=1

[
∂ µm

∂θ (i)
]⊤[

∂ µm

∂θ ( j)
]. (2.26)

By simplifying (2.26), the Fisher information matrix can be written in a block matrix
form as

I(θ ) =

[
I1(θ 1)9×9 D

D⊤ I2(θ 2)2M×2M

]
(2.27)

whereI i(θ i) is the Fisher information matrix, considering onlyθ i as the unknown param-
eter vector. Using Sherman-Morrison formula, the inverse of the first block ofI(θ ) which
leads to the parametric CRLB for the calibration parameters can be found as:

var(θ̂ 1(i))≥ [I1(θ 1)
−1+ I1(θ 1)

−1DE−1D⊤I1(θ 1)
−1]ii (2.28)

where
E = I2(θ 2)−D⊤I1(θ 1)

−1D. (2.29)

The nonzero elements ofI2(θ 2) andD (2.27) are given in Appendix 2.A.

2.5 Simulation Results

The proposed calibration approach has been evaluated by Monte-Carlo simulations. In
the presented simulation, the IMU was rotated into nine unknown orientations and the
accelerometer noise variance was set to 0.01m/s2. The empirical mean square errors of
the estimated calibration parameters along with the corresponding CRLBs are shown in
Fig. 2.4-2.6. These results are obtained from 500 Monte-Carlo simulations, when the IMU
is rotated into nine different unknown angles (the least number of rotations) and in each
orientation 25 samples are taken. The simulation results show that the square-root of the
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Figure 2.4: Square-root of the empirical mean square errors (EMSE) of the estimated scale-
factors and the square-root of the CRLBs, versus the number of samples at each orientation.
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Figure 2.6: Square-root of the empirical mean square errors (EMSE) of the estimated biases
and the square-root of the CRLBs, versus the number of samples at each orientation.

Table 2.1: Simulation result for the accelerometer cluster of an IMU forN = M = 25.

Calibration parameter True value Average value Standard deviation

kxa 1.05 1.0499 0.0012

Scale factors kya 0.93 0.9299 0.0009

kza 1.06 1.0600 0.0013

αyz 2 2.0029 0.0018

Misalignment[◦] αzy -5 -5.0089 0.0024

αzx 3 3.0180 0.0017

bxa 0.32 0.3207 0.0095

Biases[m/s2] bya 0.63 0.6294 0.0070

bza -0.32 -0.3196 0.0088
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empirical mean square error (EMSE) of the estimated parameters converges to the square-
root of the CRLB already after a few numbers of measurements.

The average value and standard deviation of the estimated calibration parameters are
summarized in Table 2.1. The results are calculated for 100 Monte-Carlo simulations, while
IMU is rotated into 25 different orientations and at each orientation the sensor is sampled
25 times.

2.6 Conclusion

An approach for calibrating the accelerometer cluster of IMUs has been proposed. The
method does not require any expensive mechanical calibration platform. Instead, the pro-
posed method is based on a maximum likelihood estimator that jointly estimates the cali-
bration parameters of interest and the orientations of the IMU when it is placed stationary.
Considering the sensors parameters and rotational angles, a closed form expression for
CRLB is derived and results are compared with this theoretical bound. The simulation re-
sults show that the empirical mean square error of the sensor parameters estimated using
the proposed calibration method converges to the CRLB after only a few measurements.



Appendix

2.A The Nonzero Elements of Fisher Information Matrix

I2(θ2) =
N
σ2 diag(A1

2×2,A
2
2×2, ...,A

M
2×2)

where

A i
1,1 = g2(k2

z(cϕi)
2(sφi)

2+ k2
y(sφi)

2(αzxcϕi + sϕi)
2+ k2

x(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕ1))
2),

A i
2,2 = g2(cφi)

2(k2
z(sϕi)

2+ k2
y(cϕi −αzxsϕi)

2+ k2
x(αyzcϕi +(−αyzαzx+αzy)sϕi)

2),

A i
2,1 = A i

1,2 = g2cφi(k
2
zcϕisφisϕi + k2

ysφi(αzxcφi + sϕi)(−cϕi +αzxsϕi)

− k2
x(αyzcϕi +(−αyzαzx+αzy)sϕi(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi))).

D =
N

2σ2 [dodd1,deven1,dodd2,deven2, ... ,doddM ,devenM ]

where

deveni =




g2kx(sφi − cφi((αyzαzx−αzy)cϕi +αyzsϕi))(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi))

−g2kycφisφi(αzxcϕi + sϕi)
2

−g2kzcφi(cϕi)
2sφi

−g2k2
xcφi(αzxcϕi + sϕi)(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi))

g2k2
xcφicϕi(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi))

g2cφicϕi(−k2
ysφi(αzxcϕi + sϕi)−αyzk2

x(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi)))

gkx(cφi + sφi((αyzαzx−αzy)cϕi +αyzsϕi))

gkysφi(αzxcϕi + sϕi)

gkzcϕisφi




9×1

,
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doddi =




g2kxcφi(αyzcϕi +(−αyzαzx+αzy)sϕi)(−sφi + cφi((αyzαzx−αzy)cϕi +αyzsϕi))

g2kycφ2
i (αzxcϕi + sϕi)(cϕi −αzxsϕi)

−g2kzcφ2
i cϕisϕi

g2k2
xcφ2

i (αzxcϕi + sϕi)(αyzcϕi +(−αyzαzx+αzy)sϕi)

g2k2
xcφ2

i cϕi(−αyzcϕi +(αyzαzx−αzy)sϕi)

g2cφ2
i cϕi(ky2(cϕi −αzxsϕi)+αyzk2

x(αyzcϕi +(−αyzαzx+αzy)sϕi))

gkxcφi(−αyzcϕi +(αyzαzx−αzy)sϕi)

gkycφi(−cϕi +αzxsϕi)

gkzcφisϕi




9×1

.



Chapter 3

Continuous HMM for Pedestrian Activity

Classification and Gait Analysis

3.1 Introduction

Recently, considerable research has been devoted to the application of MEMS iner-
tial sensors in different areas such as inertial navigation [JPCB03, TP05, AWS07], vehi-
cle applications [Hän09, HEO10], behavioral analysis [SHK05], and biomedical applica-
tions [SMSC05, SS10]. This is mainly motivated by the development of the MEMS tech-
nology to provide such a lightweight and cheap motion capture sensor, which is becoming
a standard feature of smart-phones and personal digital assistants. Hence, MEMS IMUs
can be considered as fundamental and primary motion capture sensors. IMU sensors have
been successfully used in human locomotion analysis such as human activity monitoring,
gesture recognition, fall detection, balance control evaluation, and abnormal behavior de-
tection [AN04,WLW+07,YH10,AFV11,VES+11,KAQ+10]. Another widely investigated
application of IMU is in inertial navigation systems, which has recently received increas-
ing attention in the instrumentation and measurement community, e.g., personal navigation
and dead-reckoning [BSR+10,PSJ10,RGHR12], and road vehicle navigation [SH09].

IMU-based positioning systems, however, suffer from integration drift; small errors
in the measurement of acceleration and angular velocity are integrated into progres-
sively larger errors in velocity, which are compounded into still greater errors in po-
sition. Therefore, the estimated pose must be periodically corrected by additional in-
formation. This information can either be provided by an additional sensor such as a
GPS [FG10,GBTS+11,ESCN06] and camera [JPCB03,PZJ12], or an algorithm that intelli-
gently takes into account the state of the system, e.g., zero velocity update (ZUPT) in foot-
mounted IMU pedestrian navigation [BSR+10, Fox05, RRS+11]. However, in the com-
monly used threshold-based ZUPT methods, integrating activity classification and dead
reckoning techniques can lead to a better choice for the threshold value and therefore,
can improve the performance of the navigation system [SMTZ09, CHZT11]. Apart from
the foot-mounted IMU, pedestrian vision-aided inertial navigation systems can be counted
among the most reliable positioning systems if the activity-type of the moving subjects

31



32 Chapter 3. Continuous HMM for Pedestrian Activity Classification and Gait Analysis

Roll 

Yaw

Pitch 

Figure 3.1: Illustration of chest-mounted IMU (Chem-IMU). The black box indicates the
IMU sensor mounted on the chest of a sample participant. The drawing axes on the IMU il-
lustrate approximately the direction of the accelerometers and gyroscopes’ measurements.

can be integrated with the image data (to avoid motion blurred images and provide step
information) [JPCB03,FAM+05].

Human activity classification is also an important aspect of diseases diagnosis and as-
sistance health care in medical centers; with for instance, early fall detection to rescue sub-
jects [BOL07,CKC+05] and metabolic energy expenditure [VES+11,ZH03]. In addition to
the activity classification, reliable gait-phase classification is an important topic for human
locomotion analysis and identifying abnormality [SMSC05,SS10,PPK+01]. Moreover, the
referred step information in the two mentioned positioning systems is closely related to the
gait analysis. Gait analysis involves the recognition of the underlying gait-phases; a gait-
phase is defined as a state of the body during the stance and swing phases of each step
while walking, running, etc. Among the gait-phase classification methods, we can refer to
threshold-based approaches [PPK+01,SCF+02] and fuzzy logic methods [SS10] in which
the system must be individually calibrated for different users.

The current activity and gait-phase classifications methods, however, suffer from a lack
of robustness, e.g., they are threshold-based [PPK+01, SCF+02], have to be calibrated for
different individuals [SS10], or are not suitable for vision-aided inertial navigation systems
because they are developed for foot-mounted IMU [SMTZ09]. Moreover, the joint activity
and gait-phase classification has not been fully considered in the available literature.

The main contribution of the current study is to develop a probabilistic, user-
independent approach for activity and gait-phase classification using an upper-body po-
sitioned IMU, specifically, chest-mounted IMU (Chem-IMU); see Fig. 3.1. The upper-
body positioned IMU experiences less vibration and noise during movement compared to
the lower-body positioned IMU [LW10]; additionally, it provides a wide field of view for
a camera to be used in the vision-aided inertial navigation systems [JPCB03, FAM+05,
PJ11b,HBA10a,PHHJ14].

The proposed novel classification methods are based on the hidden Markov model
(HMM). In this application, the hidden states are in fact different activity classes or gait
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phases. Since the IMU measurements are usually quantized with a large number of bits,
we propose using a continuous HMM (HMM with continuous output density functions)
rather than a discrete HMM as in [WLW+07,PS10,SZJ+09]. The state-conditional output
density functions of HMM are assumed to be a Gaussian mixture model (GMM) that is
powerful in modeling any continuous distribution desired. We propose two HMM-based
solutions for 1) activity classification, and 2) joint activity and gait-phase classification.
The proposed activity classification is based on the method introduced in [PMLH12a]. The
joint activity and gait-phase classification is achieved via the modeling of IMU measure-
ments within each activity-type using a circular HMM. Given that no other algorithm is
proposed in the literature for the considered Chem-IMU setup (to the best of our knowl-
edge), the performance of the proposed classification techniques is self-analyzed, and the
correct classification rate is calculated as the relative figure-of-merit. The achieved promis-
ing results verify the merit of the proposed algorithms for the desired applications.

The chapter is organized as follows: the measurement and sensor model is described in
Section 3.2, the problem description and the proposed classification methods are presented
in Section 3.3, experimental validation is reported in Section 3.4, discussion is given in
Section 3.5 and finally, the conclusion of the study is summarized in Section 3.6.

3.2 Measurement and Sensor Model

The classification of pedestrian activity is achieved by using the measurements from the
three orthogonal gyroscopes and the three orthogonal accelerometer clusters of the IMU.
A MicroStrain 3DM-GX2 IMU was used in the experiments. This converts the motion
sensors’ raw voltage outputs into a digital format (in terms of A/D converter codes) with a
sampling rate of 250 Hz. The accelerometer measurements are then re-scaled into physical
units ofg (1 g= 9.80665m/s2). Independent of the IMU’s position, the measurements of
the accelerometer,ak ∈ R3, and the gyroscope,ωk ∈ R3, clusters of the IMU, Fig. 3.2, are
modeled as:

yk = xk+nk ∈ R
6, (3.1)

where

xk =

[
ak

ωk

]
, and nk =

[
na

k

nω
k

]
,

na
k ∈ R3 andnω

k ∈ R3 are noise vectors associated with the acceleration and angular rates,
respectively.k is the corresponding sample index.

For the data collection, users were asked to connect the IMU to their chest, with no
particular consideration to the IMU placement, as illustrated in Fig. 3.1. It should be noted
that mounting the sensor in slightly different positions, on different individuals, or in dif-
ferent environments may cause additional noise or biases in the measurements. Moreover,
due to the random nature of the additive noise, equation (3.1) should rather be analyzed
stochastically. In the proposed methodology (Section 3.3), these issues are recalled and are
solved by applying a proper pre-processing and modeling of the signal.
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Figure 3.2: Overall system architecture. The sensor module, considered to be an IMU,
consists of three orthogonal accelerometers and three orthogonal gyroscopes. The stored
IMU measurements are processed by a laptop to perform the classification. This occurs in
the processing platform.

Fig. 3.2 provides a general overview of the system architecture. The IMU sensor unit
is shown on the left-hand side. The sensor module carried by the participants is directly
connected to a laptop via a USB port. The IMU measurements are first stored in the pro-
cessing platform, and then the classification is done off-line at MATLAB via the processing
module.

Although the primary goals of this work are pedestrian activity and gait-phase clas-
sification through a wearable IMU, we are also interested in the future application of the
classifier where the IMU is coupled with a secondary vision system for inertial naviga-
tion. As a result, the IMU is considered to be placed on the chest. However, the proposed
methods are not restricted to the Chem-IMU setup and they can be used for different IMU
placements on the human body as far as the IMU signals present a cyclical nature cor-
responding to the human motions. Fig. 3.3 represents such cyclical patterns for different
IMU body placements for two sample participants. In this figure the vertical axes indi-
cate the normalized norm of the accelerometers measurements. Four different experiments
were done in which the Chem-IMU signals were compared with the measurements from
IMUs placed on different parts of the subject’s body as follows: feet, shanks, pockets, and
finally on the waist close to the L3 vertebra and on the belt buckle. In the normal walking
scenario, each step is due to the movement of one of the legs while the other leg’s foot
is stationary on the ground. Hence, to totally represent four steps, two IMUs were placed
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symmetrically on both the right and left legs, meanwhile, a single upper-body positioned
IMU can provide the full representation of each step.

3.3 Activity and Gait-Phase Classification

3.3.1 Problem description

Walking is characterized by the cyclical movements of the lower limbs, [AN04], in which
the stance and swing phases define each gait cycle. However, using the measurements from
the IMU mounted on the other parts of the body (Fig. 3.3), a similar analysis can be per-
formed to define different gait cycles. In the proposed methods, the following classes of
activity are considered for classification: walking, running, going upstairs, going down-
stairs and standing (no rigid body acceleration). This latter state corresponds to the case
when the user is standing still, however, no restriction for the rotation is considered. Rep-
resented symbolically:

1
L

L

∑
k=1

‖ak‖ ≈ g, (3.2)

whereL is the length of the analysis window,g is the magnitude of the local gravity vector,
and‖ · ‖ indicates the norm operation. Although only five categories of the human phys-
ical activities are considered in this study, other activities such as bending, sitting down
and standing up can also be considered as additional states in the proposed classification
approaches.

3.3.2 Methodology

Both of the proposed methods for the activity, and joint activity and gait-phase classifica-
tion consist of three steps: 1) pre-processing, 2) feature extraction, and 3) classification.

The digital pre-processing module of the system is a band-pass filter that reduces mea-
surement noise and removes the effect of the IMU displacement on the chest for different
subjects. The band-pass filter is a combination of a standard low-pass filterfcutoff = 20 Hz)
and a DC level cancelation.

To both gain a better description of the signals’ characteristics and reduce the dimen-
sions of the signal, a feature extraction method is used once the noise reduction has been
applied to the IMU measurements. The extracted feature vectors should best discriminate
between different patterns. Various kinds of feature extraction methods have been con-
sidered for activity classification in the literature such as vector quantization [WLW+07],
principal component analysis (PCA) [CHX07], frequency analysis [SZJ+09], and time-
frequency analysis [SBL11]. A comprehensive study on the sensor-based feature extraction
methods for activity classification can be found in [AN04,PGKH09,AH07]. Depending on
the considered problem, two different types of feature extraction methods are used in this
work. The details of the feature extraction units and the classification techniques are given
in the following.
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Figure 3.3: Comparison between the cyclical pattern of the Chem-IMU and the IMUs
mounted on the: feet, shanks, pockets, waist (close to L3 vertebra) and belt buckle. The ver-
tical axes indicate the normalized norm of the accelerometers’ measurementsā= ‖a‖

max(‖a‖) .
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Activity Classification

In this problem, we focus on the pedestrian activity classification in which further analysis
of the underlying gait cycle (a period of the IMU measurement during each activity) is not
of interest. To exploit the prior knowledge that the type of activity does not change rapidly,
it is proper to use the long-term properties of the IMU signals to recognize the activity
type. Therefore, time-frequency domain (TF domain) analysis is used for the feature ex-
traction. For human activity, the IMU measurements are assumed to be a locally stationary
stochastic process within short windows up to 1∼ 2 seconds; that is 250∼ 500 samples
at a 250 Hz sampling rate. Hence, we apply a discrete Fourier transform (DFT) to the sig-
nals with overlapped short-time frames. The frame length should be chosen such that the
signal can be considered stationary within each frame while the overlap length influences
the update frequency of the classification results. In our experiments, the frame length was
chosen to be 512 samples with 75% overlap between consecutive frames. The window-
ing of the signal into the short-time frames was done using a Hann window rather than a
rectangular window to reduce the edge effects of the windowing. Furthermore, the DFT
length was chosen to be equal to the length of the short-time frames, which corresponds
to a 512-point DFT in our setup. For the feature extraction, the first 10 DFT coefficients
(coefficients 1 to 10) of the IMU measurements are transferred to the log-spectral domain
by taking the logarithm of the magnitude-squared DFT coefficients. Then, the obtained
features for each of the IMU signals are concatenated to make a 60-length vector for the
current time-frame. The variances of the signals in each segment are also explicitly con-
catenated to these vectors to obtain the complete feature vector that is represented byzl

in the following (Fig. 3.4). The described TF analysis implies that the classification re-
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Figure 3.4: Illustration of the feature vectorzl used for activity classification. For each
segment of data, the logarithm of the magnitude-squared of the first 10 DFT coefficients
and variance of the data is used to constructzl .

sult always has a lag that is approximately equal to the ”frame length−overlap length”.
However, this delay is tolerable in pedestrian activity classification. In our set-up it cor-
responds to 128 samples. The nice property of the TF analysis is that different activities
are easily discriminated based on their frequency characteristics. For instance, the usual
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Figure 3.5: Architecture of the considered HMM for activity classification.

cycle-duration of walking is around 0.5∼ 1 seconds meaning that the sinusoidal harmonic
at 1∼ 2 Hz in the frequency analysis will have the highest energy. On the other hand, with
running for example the sinusoidal harmonic at 4∼ 6 Hz will have the highest energy.

Here, the human activity is modeled with a continuous HMM using a first order Markov
chain; thus, an HMM which has five states corresponding to five different activity classes
is applied to classify the obtained feature vectors (Fig. 3.5). The components of the HMM
classifiers are schematically illustrated in Fig. 3.6. In this figure an internal source category
(standing, walking, ...) generates a signal and the goal is to recognize the signal source in
the classifier. Noise can be added to the system at several points. Feature vectorZ l is ob-
tained in the feature extraction part and is passed to the classifier. The HMM classifier
consists of two objects: a discrete first order Markov chain and the probability density
functions of the feature vectors that are considered to be GMMs. To deal with the previ-
ously mentioned measurement noise and IMU displacement variation, feature vectors are
modeled with continuous GMMs as:

fZ l |Sl
(zl | Sl = i) =

M

∑
m=1

wm,iN (zl ;µm,i ,Cm,i) , (3.3)

whereN (zl ;µm,i ,Cm,i) represents a multivariate Gaussian distribution with mean vector
µm,i and covariance matrixCm,i . Moreover,∑M

m=1 wm,i = 1. In the experiments, we set em-
pirically M = 3, and the covariance matrices were restricted to be diagonal. While the
correlations between different features are captured by using the mixture distribution, the
assumption of diagonal covariance matrices reduces the number of the unknown param-
eters that must be estimated, which is beneficial in dealing with low amount of training
data. As a result, the considered HMM is characterized by the parameters of the Markov
chain{A,q} and the parameters of the state-conditional output probability density func-
tions, i.e., parameters of the GMMs{µ ,C,w}. The transition matrix of the Markov chain,
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Figure 3.6: Schematic representation of the developed system. The signal source block
models the pedestrian activity behavior using a switch structure. In the proposed solution
a proper feature vector is first extracted from the IMU measurements, and then an HMM-
based classifier is applied to find the posterior probability of each of the possible activity
classes.

A, models the slow changes in the type of the activity and its elements are defined as
ai, j = p(Sl+1 = j | Sl = i) whereSl denotes the activity type in time-framel and is re-
ferred to as the hidden state. The vectorq is the initial state probability mass function
with q j = p(S1 = j). In the current model, it makes sense to predefineA andq based on
some sensible values of the tendency of humans to switch between different activity types;
therefore, we set

q∈ R
5×1
≥0 , q j =

{
1 for j = 5 (Standing)

0 for j 6= 5
(3.4)

and

A∈ R
5×5
≥0 , ai, j =

{
0.9 for i = j

0.025 for i 6= j
. (3.5)

The estimation of the GMM parameters is done using an expectation maximization (EM)
algorithm [Bil97, DLR77]. In the test phase, the classification is done by applying the
forward algorithm [Rab89] to find the probability for each of the aforementioned states
given all the current and previous measurements from the IMU, i.e.,pSl |Z l

1

(
Sl = i | zl

1

)
,

wherezl
1 denotes the feature vectors measured from time-frame 1 tilll , i.e.,zl

1= {z1, . . .zl}.
The most probable state can be considered as the output of the classification procedure.

Joint Activity Classification and Gait Analysis

For this problem, a classification algorithm is developed that simultaneously classifies the
pedestrian activity and the gait-phase of each gait cycle, i.e., a sub-state of the pedestrian
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Figure 3.7: Architecture of the circular HMM with the corresponding sub-HMMs for dif-
ferent activities. All the sub-HMMs are connected together to design a single HMM that
models pedestrian activity.

activity. Similar to Subsection 3.3.2, the pedestrian activity is modeled with a continuous
HMM. But, each gait cycle of the IMU signals which corresponds to one step is further
modeled with a smaller circular HMM. In this case, each state of these circular HMMs
corresponds to one gait-phase. This is motivated by the fact that the IMU signals reveal
cyclical patterns for most of the pedestrian activities. In other words, different HMMs,
conditioned on a specific activity-type, are forced to have a circular structure whenever
it is appropriate. In the following, these circular HMMs are referred to as sub-HMMs.
The higher layer HMM, which models the human activity, is obtained by combining all
of the circular HMMs. The explained circular HMMs are left-to-right HMMs (where only
transitions from one state to the next state is allowed) with an additional property that the
last state is connected to the first state; Fig. 3.7 demonstrates the structure of the designed
sub-HMMs and their integrations to create the higher-layer HMM. In this case, a different
number of states should be considered for the sub-HMMs depending on the activity type.
In our experiments, we trained 4 states for all the activity classes except standing which
was modeled by a single state.

In a similar vein to Subsection 3.3.2, instead of the raw IMU measurements, feature
vectors are obtained and are fed into the HMMs. For this purpose, the IMU signals are seg-
mented and windowed into overlapped short-time frames. The signal windowing was done
using a frame length of 20 samples with 75% overlap. Four features are computed for each
given short-time frame. These include 1) mean, 2) variance, 3) slope, and 4) curvature; a
second-order polynomial was fitted to the data in each segment, and the slope and curvature
were calculated by taking the first and second derivatives of the signal, respectively. The
final feature vector is then constructed by concatenating all the feature vectors for each of
the IMU output signals. As before, the distribution of the feature vectors is assumed to be
GMM. For the implementation, two Gaussian components were considered for each state
of the sub-HMMs and both were restricted to have diagonal covariance matrices.

Each circular sub-HMM is identified by its Markov chain parameters{A,q} and GMM
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parameters{µ ,C,w}, as given in (3.3). The transition matrix for anN-state circular sub-
HMM will look like this:

A=




a11 a12 0 . . . 0

0 a22 a23 . . . 0
...

...
...

. . .
...

0 0 . . . aN−1,N−1 aN−1,N

aN,1 0 . . . 0 aN,N



.

Given the training data for different pedestrian activities, the parameters of different
sub-HMMs are estimated using the Baum-Welch algorithm [Bil97, Rab89], which is an
EM algorithm, to obtain Maximum Likelihood (ML) estimates of the desired parameters.
Then, to obtain the general HMM for describing the pedestrian activity, all the sub-HMMs
are combined together. Hence, the number of the states for this HMM is equal to the sum of
the number of the states for all the sub-HMMs. For this HMM, all the elements of the initial
state probability vector corresponding to the first state of the sub-HMMs are set to have the
same value (equiprobable states). Also, the state-conditional output distribution functions
are taken from the sub-HMMs. After putting the transition matrices of the sub-HMMs at
the proper positions in the transition matrix, some small heuristic transition probabilities
are set to allow transitions from the last state of each sub-HMM to the first state of all the
other sub-HMMs. Finally all the rows are normalized to create a valid transition probability
matrix.

After the training, the classification is done by applying the forward algorithm [Rab89],
similarly to Subsection 3.3.2, to find the probability for each of the aforemen-
tioned sub-states given all the current and previous measurements from the IMU, i.e.,
pSl |Z l

1

(
Sl = i | zl

1

)
whereSl denotes the hidden state in short-time framel , i.e., Sl corre-

sponds to a specific gait-phase from a particular activity type. As a result, the most probable
state can be used to infer the gait-phase and the activity-type simultaneously.

In general, any state from a circular HMM can be considered as the initial state, there-
fore a circular HMM does not require any reference point in the input signals for training
and testing. However, if the defined initial and final states are supposed to correspond to
specific gait-phases, it is important to initialize the GMM components in a clever way,
e.g., by segmenting each cycle of the IMU output signals into equal parts, then, the first
segments of each of the signals’ cycles are used to initialize the parameters of the first
state. In the current application, it makes sense to consider the first and last states as the
beginning and the end of one step. Then, different phases of human gait can be inferred by
looking at the corresponding state. Fig. 3.8d shows an example; this figure shows the first
IMU output signal (ax) together with the classified states for walking and running. As it is
shown, state indices 4 and 8 correspond to the zero-crossing phases of their corresponding
activity-types, walking and running respectively.
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Table 3.1: Train-set and test-set subjects’ personal characteristics.

Number of subjects Height Weight Age

Train 10 174±12 68.7±12.5 29.5±4

Test 4 175±11 74.5±12 30±4.9

Table 3.2: Approximate cumulative length of the test signals.

Walking Running Going upstairs Going downstairs Standing

Recorded data (min) 12 3.4 2.5 2.5 3

Number of decision
Activity classification 1440 408 300 300 360

Joint activity and gait-phase classification 1440 816 300 300 720

3.4 Experiments

The main contribution of this work is the proposed probabilistic, user-independent classi-
fication methods for the specifically defined setup, i.e., Chem-IMU, which facilitates the
application of this setup in different areas such as vision-aided inertial navigation. The per-
formance of the proposed algorithms is analyzed both qualitatively and quantitatively in
this section.

3.4.1 Subject selection

In order to obtain a sufficient amount of data for training, ten subjects–three females and
seven males–participated in the experiment; Table 3.1 summarizes both the train-set and
test-set subjects’ personal characteristics. All the participants were healthy researchers,
without any abnormality in their gait cycles, at the Signal Processing Lab and Commu-
nication Theory Lab at KTH. None of the train-set subjects were included in the test-set
during the evaluation process. Similar patterns were observed in the IMU measurements
independently of its position on the chest (affecting the DC level of the signals). Table 3.2
provides the approximate cumulative length of the test signals for all the considered classes.
Moreover, the approximate length of the recorded activities for the training phase is: walk-
ing = 25 min, running = 3 min, going upstairs = 2.5 min, going downstairs = 2.5 min, and
standing = 3 min.

3.4.2 Performance evaluation

For presentation purposes, the DC levels of the IMU signals are removed in the follow-
ing figures. Table 3.3 shows the corresponding state indices for different activities in both
the first and second proposed methods. The performance of the proposed classification
approaches is demonstrated in Fig. 3.8 for different combinations of the activities. The
figure presents the first IMU output signal, which corresponds to the orthogonal acceler-
ation,ax. The results of the classification methods are also plotted over the same signal
with red color. The top panel shows the results of the first proposed method and the bottom
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Table 3.3: Considered classes of the activities and corresponding state indices in the trained
models.

Walking Running Going upstairs Going downstairs Standing

Activity classification 1 2 3 4 5

Joint activity and gait-phase classification 1→4 5→8 9→12 13→16 17

panel shows the results of the joint activity and gait-phase classification, the second pro-
posed method. Fig. 3.8a and Fig. 3.8d illustrate the orthogonal acceleration signal of the
IMU when the user moves from standing to walking and finishes running. Respectively,
Fig. 3.8b and Fig. 3.8e represent the sequence of standing→ walking→ going downstairs.
Finally, Fig. 3.8c and Fig. 3.8f show the sequence of standing→ walking→ going upstairs.
Comparing the states’ numbers in these figures with Table 3.3 verifies that both of the pro-
posed methods have recognized the underlying activity-type correctly. It is also interesting
to notice how the duration of the gait-phase states (bottom panel Fig. 3.8d, Fig. 3.8e, and
Fig. 3.8f) vary in different scenarios within each activity class. A simple example of this
behavior can be seen in Fig. 3.8d; during the transition from walking to running, between
samples 1000 and 1200, when the underlying signal does not fit either the walking or run-
ning states properly, the state index 4 (last state of the walking) is prolonged unusually
until the signal can be explained reasonably well by the running model, then, the activity
is classified as running by transiting from state index 4 to state index 5 (the first state of
running).

The evaluations show that most wrong classifications happen during transitions be-
tween activities. To demonstrate this phenomenon, the IMU measurements were contin-
uously recorded for a set of activities. Fig. 3.9 presents the 6 IMU measurements; three
acceleration[ax,ay,az] signals are plotted in the top panel where three angular rotations
[ωx,ωy,ωz] are plotted in the bottom panel. For the sake of visibility, the normalized IMU
measurements are shifted along the y axes. The signals present the following activities:
standing→ walking→ standing→ running→ standing→ going downstairs→ standing
→ going upstairs→ standing. During the standing periods, the subject was asked to turn
around without changing his position, this type of turning around is mostly visible in the
gyroscope measurements and is included in the standing state as mentioned before.

For this example, the classified activities and gait-phases are plotted over the first IMU
output signal,ax, in Fig. 3.10 and Fig. 3.11 respectively. For clarity, some important seg-
ments of Fig. 3.11 are zoomed and plotted in the bottom panel of the same figure. As can
be seen in the figures, almost the same types of mis-classification happen using both of
the developed methods during the transitions. Incorrect classifications during transitions
mainly occur because of the body configuration switching from one activity-type to an-
other. Therefore, the IMU measurements cannot be modeled with either the preceding or
the following activity-type well enough. As a result, the system is mistakenly recognizes
the underlying activity-type.

To evaluate the correct activity classification rate of the proposed methods, a supervised
classification was performed for which all the data was labeled manually. For this purpose,
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Figure 3.8: First IMU output signal (ax), for the defined activity classes along with the
classified activities in subfigure (a), (b), and (c), and the classified joint activity and gait-
phases in subfigure (d), (e), and (f). The classified activity and gait-phases are labeled by
their corresponding state indices as described in Table 3.3.
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Figure 3.9: IMU measurements, accelerometers and gyroscopes, for all the five defined
states. For the sake of the visibility, signals are shifted over the y axes. The signals corre-
spond to the following activities: standing→ walking→ standing→ running→ standing
→ going upstairs→ standing→ going downstairs→ standing.
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Figure 3.10: First IMU output signal (ax), for all the five defined motion states together
with the classified activities based on the first method, 3.3.2 (see Table 3.3 for the state
indices). The corresponding IMU measurements are plotted in Fig. 3.9.
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Figure 3.11: First IMU output signal (ax), for all the five defined motion states together
with the classified gait-phase based on the second method, 3.3.2 (see Table 3.3 for the
state indices). The corresponding IMU measurements are plotted in Fig. 3.9. Subfigure
(a)-(d) illustrate the magnified demonstration of the specified parts of the signal with the
corresponding box name.
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Table 3.4: Confusion matrix, activity classification using the first proposed method, 3.3.2.

Classified activity

Walking Running Going upstairs Going downstairs Standing

A
ct

u
a

la
ct

iv
ity Walking 90% 0% 5% 5% 0%

Running 0% 96% 2.7% 1.3% 0%

Going upstairs 6% 0% 91% 3% 0%

Going downstairs 6% 0% 4% 90% 0%

Standing 0% 0% 1% 1% 98%

Table 3.5: Confusion matrix, activity classification using the second proposed
method, 3.3.2.

Classified activity

Walking Running Going upstairs Going downstairs Standing

A
ct

u
a

la
ct

iv
ity Walking 97.5% 0% 2% 0.5% 0%

Running 0.5% 98.5% 1% 0% 0%

Going upstairs 2.5% 0% 90% 7.5% 0%

Going downstairs 1% 1% 2% 96% 0%

Standing 0.5% 0% 0.3% 0.2% 99%

all the test-set subjects (Table 3.1) were asked to perform natural activities including stand-
ing, walking, running, going downstairs, and going upstairs in an indoor environment and
with frequent transitions between the activities.

The correct activity classification rate averaged over all the test-set subjects are reported
in Table 3.4 and Table 3.5 for the first proposed method and the second proposed method,
respectively. The results are reported in the form of a confusion matrix. Each column of
this matrix represents the instances from the classified classes, while each row represents
the instances from the actual classes. Hence, the diagonal cells of the tables report the cor-
rect classification rate for the corresponding activity. The achieved results for both of the
proposed algorithms indicate a promising performance; a rate of about 95% correct classi-
fication (with marginally better performance for the second method). Even though, this rate
is good enough for the desired applications, it should be highlighted that under the station-
ary conditions (when the subject does not change his/her activity type rapidly), the correct
classification rate would be even higher. This is because most incorrect classifications took
place during the switching time between activities, and in our test set, subjects were asked
to switch between different activities more frequently than in a daily-life scenario. Thus,
the reported classification rate is a pessimistic bound on the achievable result.

3.5 Discussion

The main idea of this study was to devise an IMU setup that could potentially be used
in vision-aided navigation systems and to present a method for both activity classification
and joint activity and gait-phase classification. We proposed chest mounting the IMU and
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showed how the IMU signals for the Chem-IMU reveal cyclical patterns as dose the lower-
body positioned IMU (Fig. 3.3). Then, two HMM-based classifiers were introduced for
the two aforementioned problems. Since no alternative solution is presented for this prob-
lem in the literature, the performances of the proposed algorithms were self-analyzed and
compared both qualitatively and quantitatively. The conducted experiments with both of
the classifiers showed a high probability of correct activity classification (around 95%).
Thus, in addition to being a more suitable choice for the vision-aided navigation sys-
tems [JPCB03, KG10, PHHJ14], Chem-IMU can be reliably used for both activity clas-
sification and gait analysis.

Although the two proposed methods are different in the feature extraction and exploited
HMM structure, similar levels of accuracies were found for both of the provided methods
with a marginally better correct performance obtained using the joint activity and gait-
phase classification (Table 3.4 and 3.5). However, the main advantage of the latter scheme
is the provision of gait analysis. For example, one interesting application of this proba-
bilistic method is in step detection. In addition to the classic step detection approaches
that cannot cover different walking patterns or irregular motions [FAM+05,GLC06], prob-
abilistic methods can provide higher detection accuracy [SMTZ09, CHZT11]. Moreover,
the delay in the output of the classification and the computational complexity are lower for
the second proposed method. This is a consequence of the chosen time-frame length for
DFT analysis in the first method.

Considering the performance of state-of-the-art activity classification methods (a cor-
rect classification rate between 85% and 99% [SMTZ09, PPK+01, SZJ+09, PGKH09]),
the achieved results imply that the Chem-IMU can be used for human activity classifica-
tion with state-of-the-art performance. However, these methods are mainly developed for
foot-mounted IMU and, if desired, in applying those to the Chem-IMU special considera-
tions might be required. Nevertheless, a comprehensive study comparing the Chem-IMU
(upper-body positioned IMU) and foot-mounted IMU (lower-body positioned IMU), sim-
ilar to [PGKH09], would be very informative and interesting, but beyond the scope of the
current study.

We developed probabilistic activity classification methods that can be trained by a set
of supervised subjects and activity scenarios. In contrast to the threshold-based [PPK+01,
SCF+02] and fuzzy logic methods [SS10], our HMM-based solutions can be easily applied
to classify the measurements from new subjects with no further supervision.

There are a number of limitations to this study. First, subjects were asked to physically
carry the acquisition device (a laptop connected to the IMU) with them; this might have
forced them to change their normal movement slightly. Nevertheless, due to the probabilis-
tic model of the measurements, it is expected that the performance in a normal life scenario
remains close to the reported results. One additional weakness of the joint activity classifi-
cation and gait analysis could be that the feature extraction is done in an ad-hoc manner. A
further study with more focus on feature extraction for this approach is therefore suggested.
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3.6 Conclusion

Low-complexity and accurate human activity monitoring is an important task both in navi-
gation and biomedical applications. Here, a setup has been proposed for pedestrian activity
classification and gait analysis using the measurements from a chest-mounted IMU (Chem-
IMU). As the classification method, the continuous HMM with GMM output density func-
tions has been used to classify the pedestrian activities. The additional gait-phase analysis
is useful in health care and clinical applications to study the duration of each gait cycle and
the step pattern of individuals. Moreover, the provided step information, the step number,
together with the classified activity-type can be used to estimate the travel distance and
dead reckoning for navigational purposes. The performance of the proposed methods has
been evaluated by experimental data using the trained HMMs. The probability of the cor-
rect classification rate, based on our experiments, was about 0.95, with marginally better
performance for the joint activity and gait classification method. This performance rate is
comparable with the current state-of-the-art and is good enough for different applications,
e.g., as an interesting future investigative direction for visual-inertial navigation systems.
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Chapter 4

Mirror-based IMU-Camera Calibration and

Its Observability Analysis

4.1 Introduction

Recently, there has been a growing interest in the development of visual inertial naviga-
tion systems. Of particular interest is the use of lightweight and cheap motion capture
sensors such as an IMU with an optical sensor such as a monocular camera in different
areas such as inertial navigation [JPCB03, TP05, AWS07], vehicle and autonomous appli-
cations [Hän09], behavioral analysis [SHK05], and biomedical applications [PMLH13].
However, accurate information fusion between the sensors requires sensor-to-sensor cal-
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ibration [BK97, GLV+09, Bek09, VLD+12, LFD12]. That is, estimating the 6-DoF trans-
formation (the relative rotations and translations) between visual and inertial coordinate
frames; disregarding such transformation will introduce un-modeled biases in the system
that may grow over time.

The problem of visual inertial calibration has been extensively investigated during the
last decade [CLD07, JS11, MR08, HSG08, KS11, PJ11a, GR13]. For instance in [CLD07],
the estimation of relative rotation is performed using a calibration target that is vertically
aligned with the direction of gravity. In [MR08], the calibration is done via tracking of
feature points on a calibration target, where the positions of the features are known. Alter-
native solutions are proposed in [KS11], both with and without using a calibration target
with known landmarks, to estimate the 6-DoF transformation between the sensors.

We propose a practical visual inertial calibration method, which is based on visual
observations taken in front of a planar mirror. In particular, the visual inertial system is
navigating in front of the planar mirror, while the camera observes a set of features’ reflec-
tions (known askey features) in the mirror. The key features are considered to be static with
respect to the camera and such that their reflections can always be tracked over images. For
this nonlinear system, we derive the state-space model, and we estimate the calibration pa-
rameters along with other system state variables using the UKF [JU97] (a primary study of
our calibration method is given in [PJ11a]).

Unlike the current calibration approaches [CLD07, MR08, HSG08, HMR08], our
method does not rely on a direct view of a static calibration pattern with known feature
points positions. Arbitrary feature points are selected in the camera body where no prior
knowledge is assumed on the pose of the feature points relative to the camera optical cen-
ter. Moreover, contrary to the existing approach [GN99,GN01], no restriction in the IMU-
camera movement is considered except the existence of the virtual features in the recorded
images.

The main contributions of this chapter are summarized as follows: First, we perform
the observability analysis for the proposed IMU-camera time-varying nonlinear system. To
the best of our knowledge, we are the first performing such an analysis for the mirror-based
visual inertial calibration. We perform the observability analysis for this complex model
using only two key features, and prove that the calibration parameters, as well as the 3D po-
sitions of the key features with respect to the camera, are observable. This means that given
sufficient measurements from the visual and inertial sensors, we can estimate the unknown
constant parameters along with the dynamics of the system. Secondly, for the analysed
IMU-camera sensor fusion system, we derive the nonlinear state-space formulation and
estimate the calibration parameters, 3D position of key features, and the dynamics of the
system using the UKF. Finally, the theoretical findings of our observability analysis and es-
timation approach are validated both with simulations and experiments. We believe that the
simplicity, flexibility, and low computational cost make our proposed scheme suitable for
many different applications. The system can be conveniently used in, e.g., smart-phones,
and without having access to a calibration target.

This chapter is organized as follows. Notations are given in Section 4.2. The general
system descriptions, including experimental setup, the process and the measurement mod-
els are presented in Section 4.3. Then, for the proposed system, the nonlinear observability
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analysis is performed in Section 4.4. The estimation framework is described in Section 4.5.
Performance evaluation is given in Section 4.6. Finally, the conclusion is presented in Sec-
tion 4.7.

4.2 Notation

In the following sections, scalars are denoted by lowercase letters (s), vectors by bold
letters (f), and matrices by bold capitals (K ).

Im denotes them×msquare identity matrix and0m×n represents them×n zero matrix.
ei ∈ R3 for i ∈ {0,1,2,3} are defined as:e0 = [0,0,0]⊤, e1 = [1,0,0]⊤, e2 = [0,1,0]⊤, and
e⊤3 = [0,0,1]⊤, where the superscript⊤ denotes matrix transpose.

ApB represents the position of coordinate frame{B} in coordinate frame{A}, andAvB

denotes velocity of coordinate frame{B} in coordinate frame{A}.
Based on the Euler rotation theorem, the principle rotation vectorθ is defined as

θ = α k̂ [Shu93], wherêk is the unit vector along the axis andα the angle of rotation.
To represent the attitude, we use both the quaternion,q ∈ R4×1, and the Cayley-Gibbs-
Rodrigues parameterization,s∈ R3×1, wheres= tan(α

2 )k̂. Then,AqB andAsB are used to
denote the orientation of the frame{B} in the frame of reference{A}; C(q) andC(s) are
the rotation matrix corresponding toq ands, respectively.

The global, IMU, and the camera frames are denoted by{G}, {I}, and{C}, respec-
tively.

The skew-symmetric matrix of vectora is represented by⌊a⌋ and the following prop-
erties of the cross product skew-symmetric matrix are used:a× b = ⌊b⌋a = −⌊a⌋b,
⌊a⌋a= 03×1, ⌊a⌋⌊b⌋= ba⊤− (a⊤b)I3, ⌊Ab⌋= A⌊b⌋A⊤, b⊤⌊a⌋b = 0,∀ A ∈ R3×3 and∀
{a,b} ∈ R3×1.

4.3 System Description

In this section, we present the general system description. First the experimental setup is
introduced. Then, the IMU-camera process model and the camera measurement model are
described. These models are later used for analyzing the observability properties and for
state estimation of the calibration parameters in the proposed system.

4.3.1 Experimental setup

The hardware of our visual inertial system consists of a monocular camera—as a vision
sensor—that is rigidly mounted on an IMU—as an inertial sensor.

For the experiments, we used a MicroStrain 3DMGX2 IMU with sampling rate of 250
Hz, which was rigidly mounted on an internally calibrated AVT Guppy monocular camera
with a resolution of 752×480 pixels and a sampling rate of 10 Hz.

Fig. 4.1 provides a general overview of the system architecture. The IMU sensor unit
and the camera are shown on the left-hand side. The sensor module is directly connected
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Sensor cluster 

Digital output   Data  

storage 

    Data  

processing 

 

  

 

 

 

Processing module 

Figure 4.1: Overall system architecture. The sensor module,consisting of an IMU (three
orthogonal accelerometers and three orthogonal gyroscopes) that is rigidly mounted to a
monocular camera. The stored measurements are processed by a laptop to perform state
estimation in the processing platform.

to a laptop via a USB port. The measurements are first stored in the processing platform,
and then the estimation is done off-line in MATLAB.

For estimating the 6-DoF rigid body transformation between the camera and the IMU,
we propose an approach based on an IMU-cameraego-motionestimation method. During
calibration we assume that the IMU-camera is navigating in front of a planar mirror, which
is horizontally or vertically aligned. We formulate the problem in a state-space model and
use the UKF for state estimation. In the model, the IMU measurements (linear accelera-
tion and rotational velocity) with higher rate are used for state propagation and the camera
measurements with lower rates are used for state correction. The visual corrections are
obtained from the positions of the key features in the 2D image plane, which are tracked
between image frames. The key features are located arbitrarily (without any prior assump-
tion on their 3D positions with respect to the camera) on the camera body such that their
reflections in the mirror are in the camera’s field of view (see Fig. 4.2).

4.3.2 Propagation model

We solve the problem of IMU-camera calibration through a navigation system in which
the camera observes the reflections of a set of key features in the mirror. Thus we consider
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Figure 4.2: The figure shows the IMU-camera rig (to the right) and its mirror image (to the
left).

the system state variables to be:1 1) motion parameters of the sensors (rotation, velocity,
position) in the global reference frame, 2) IMU-camera calibration parameters, 3) the 3D
positions of the key features with respect to the camera2. The total system state vector is

x =
[

IsG
⊤ GvI

⊤ GpI
⊤ CsI

⊤ IpC
⊤ Cp f1

⊤ · · · Cp fM
⊤
]⊤

, (4.1)

whereIsG represents the orientation of the global frame{G} in the IMU’s frame of ref-
erence{I}, GvI andGpI denote the velocity and position of{I} in {G}, respectively;CsI

represents the rotation of the IMU in the camera frame,I pC is the position of{C} in {I},
andCp fk for k ∈ {1, ...,M} is the position of thek-th key feature in the camera’s frame of
reference.

The following describes the time evolution of our visual inertial system:

I ṡG(t) =
1
2

D I ω(t),

Gv̇I(t) =
Ga(t) = Gg+C(IsG(t))

⊤ Ia(t),
GṗI (t) =

GvI(t),
CṡI(t) = 03×1,

I ṗC(t) = 03×1,
Cṗ fk(t) = 03×1 for k∈ {1, ...,M}, (4.2)

1For the sake of simplicity, we ignore the biases in the IMU measurement for our analysis. However, they
are considered for the state estimation in Section 4.5.

2In Section 4.4.2, we prove that the IMU-camera external calibration parameters are observable using only
two features. But for now, we considerM key features in the state vector.
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Figure 4.3: Geometrical relation between the IMU, camera, and global coordinate frames
and the position of a key featuref and its reflection in the mirror. The relative IMU-camera
rotation and translation are depicted asC(CsI ) and I pC, respectively. Featuref is rigidly
attached to the IMU-camera where its reflection in the mirror is in the camera’s field of
view.

where 1
2D ,

∂ I sG
∂ I θG

= 1
2(I3 + ⌊IsG⌋+ I sG

IsG
⊤), and whereI ω(t) =

[
ω1 ω2 ω3

]⊤
and

Ia(t) =
[
a1 a2 a3

]⊤
are the rotational velocities and linear accelerations, respectively,

measured by the IMU and expressed in{I}; Gg=
[
0 0 g

]⊤
is the gravitational acceler-

ation, andC(IsG(t)) is the rotation matrix corresponding toIsG.

4.3.3 Measurement model

The camera measures the perspective projection of 3D points, expressed in the camera
coordinate frame, onto the image plane. In our setup, the camera captures images in front
of a planar mirror and we are only interested in the perspective projection ofvirtual features
(the reflection of real features in the mirror) in the image. More specifically, we consider a
set of key features rigidly attached to the IMU-camera body, and track their corresponding
virtual features in the images.

Assuming a calibrated pinhole camera, the camera measurements from the virtual fea-
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tures in normalized pixel coordinates can be expressed as

zk =




uk

vk

1


=

1

e⊤3
Cṕ fk

Cṕ fk, (4.3)

whereCṕ fk represents the 3D position of thek-th virtual feature with respect to the camera.

Lemma 4.3.1. Let us consider a planar mirror, which is horizontally or vertically aligned
with respect to the global coordinate frame. This implies that the normal of the mirror
plane iser where, depending on the mirror’s alignment, r∈ {1,2,3}. Then the 3D position
of the virtual key feature fk in the camera coordinate frame,Cṕ fk , as a function of the state
variables, can be described as

Cṕ fk =
Cp fk −2CCCere⊤r

(
C⊤C⊤

C
Cp fk +

GpI +C⊤IpC

)
(4.4)

whereC , C(IsG) andCC , C(CsI ).

Proof. Depending on the alignment of the mirror (horizontally or vertically), we define the
reflection matrixAr that relates the 3D coordinates of the real and virtual features in the
global frame as

Gṕ fk = Ar
Gp fk, (4.5)

where

Ar = I3−2ere⊤r , (4.6)

and whereGp fk andGṕ fk are the positions of thek-th real and virtual feature in the global
frame of reference, respectively; see Fig. 4.3.er is the normal of the mirror in the global
frame of reference. That is, depending on the alignment of the mirror it can bee1, e2, ore3.

Moreover, the geometric relation betweenCṕ fk andGṕ fk can be described as

Cṕ fk = CCCGṕ fk +
CpG, (4.7)

where

CpG =−CCCGpI −Cc
I pC. (4.8)

Accordingly,Cp fk andGp fk are related by

Cp fk = CCCGp fk +
CpG, (4.9)

⇒ Gp fk = C⊤C⊤
C

(
Cp fk −CpG

)
. (4.10)
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By substituting (4.10) and (4.5) in (4.7), we have

Cṕ fk = CCCAC⊤C⊤
C

(
Cp fk −CpG

)
+CpG (4.11)

= Cp fk −2CCCere⊤r
Cp fk+(

−CCCAC⊤C⊤
C + I3

)
CpG

= Cp fk −2CCCere⊤r C⊤C⊤
C

Cp fk+

2CCCere⊤r C⊤C⊤
C

CpG.

Finally, by substituting (4.8) in (4.11) we get

Cṕ fk =
Cp fk −2CCCere⊤r C⊤C⊤

C
Cp fk− (4.12)

2CCCere⊤r
I pG−2CCCere⊤r C⊤I pC

= Cp fk −2CCCere⊤r
(

C⊤C⊤
C

Cp fk +
GpI +C⊤IpC

)
.

Lemma 4.3.1 shows that the measurement model (4.3) can be explicitly written as a
nonlinear function of the state variables. Thus, the estimation of the state variables can
now be performed by using the UKF (Section 4.5).

4.4 Nonlinear Observability Analysis

Observability provides an understanding of how well states of a system can be inferred
from the system output measurements. For an observable system, we can determine the
behaviour of the entire system from the system measurements. For an unobservable sys-
tem, the current values of some of its states cannot be determined from system output
measurements. The observability properties of a time invariant linear system can be easily
derived using the Kalman canonical decomposition. However, the problem becomes more
complex for a nonlinear system, such as for the IMU-camera calibration. In this case, the
study of observability properties is restricted to local weak observability analysis [HK77],
which focuses on distinguishability.

One way to study the observability properties of nonlinear systems is by analyzing
the rank condition of its observability matrix, which is constructed from the spans of the
system’s Lie derivatives [HK77].

Similar to [MR08, KS11, GR13], our observability analysis for the IMU-camera cali-
bration is based on the Lie derivatives. However instead of using an inferred camera mea-
surement model or pseudo measurements [MR08, KS11], we analyze the original system
measurement equation, which is a more difficult problem.

In the following, we first provide an overview of the observability rank condition
test [HK77]. Then, we briefly describe the approach in [GR13], which assists the pro-
cess of finding the unobservable states when using the Lie derivatives rank condition test.
Finally, we perform our analysis that is based on [GR13].
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4.4.1 Observability rank condition with the Lie derivative

Consider a nonlinear system
{

ẋ = f0(x)+∑ℓ
i=1 f i(x)ui

y = h(x)
(4.13)

wherex ∈ Rm is the state vector,u = [u1 · · ·uℓ]⊤ ∈ Rℓ is the system input,y ∈ Rk is the
system output, andf i for i ∈ {0, . . . , ℓ} is the process function.

For theinput-linearsystem (4.13), we now provide the required rules for calculating
the Lie derivatives to construct the observability matrix.

The zeroth order Lie derivative of a measurement functionh is the function itself, i.e.,

L
0h = h(x).

For anyn-th order Lie derivative,Lnh, then+1-th order Lie derivativeLn+1
fi

h with respect
to a process functionf i can be computed as

L
n+1
fi

h = ∇L
nh · f i, (4.14)

where∇ denotes the gradient operator with respect tox and ’·’ represents the vector inner
product. Similarly, mixed higher order Lie derivatives can be defined as

L
n
fi f j ...fd h = Lfi (L

n−1
f j ...fd

h) = ∇L
n−1
f j ...fd

h · f i (4.15)

wherei, j,d ∈ {0, . . . , ℓ}.
The observability of a system is determined by calculating the dimension of the space

spanned by the gradients of the Lie derivatives of its output functions [HK77]. Hence, the
observability matrixO for system (4.13) is defined as

O ,




∇L0h
∇L1

fi
h

...

∇Ln
fi f j ...fd

h
...




. (4.16)

To prove that a system is observable, it is sufficient to show thatO is of full column rank.
For an unobservable system, the null vectors ofO span the system’s unobservable sub-
space. Hence, to find the unobservable subspace, we have to find the null space of matrix
O, whereO may have infinitely many rows. This can be a very challenging and difficult
task especially for high-dimensional systems. One way to address this issue is to decom-
pose the infinite dimensional matrixO into O = ΞΩ, whereΞ is infinite dimensional as
O, but Ω has finite dimension. If we can show thatΞ is of full column rank, then the null
space ofΩ spans the unobservable directions ofO.

For the analysis, we use Theorem 4.4.1 in [GR13], which is summarized in the follow-
ing:
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Theorem 4.4.1. Assume that there exists a nonlinear transformationβ(x) =
[β1(x)

⊤, ...,β n(x)
⊤]⊤ (i.e., a set of basis functions) of the variablex, such that:

1. The system measurement equation can be written as a function ofβ , i.e.,y = h(x) =
h(β )

2. ∂β
∂x f j , for j = 0, ..., ℓ, is a function ofβ

Then the observability matrix of system(4.13)can be factorized as:O = ΞΩ whereΞ is
the observability matrix of system

{
β̇ = g0(β )+∑ℓ

i=1gi(β )ui

y = h(β )
(4.17)

andΩ ,
∂β
∂x .

Proof. See [GR13].

Note that system (4.17) results by pre-multiplying the process function in (4.13) with
∂β
∂x

{
∂β
∂x

∂x
∂ t =

∂β
∂x f0(x)+

∂β
∂x ∑ℓ

i=1 f i(x)ui

y = h(x)

⇒
{

β̇ = g0(β )+∑ℓ
i=1gi(β )ui

y = h(β )

wheregi(β ), ∂β
∂x f i(x) andh(β ), h(x).

Corollary 4.4.1. If Ξ is of full column rank, i.e., system(4.17) is observable, then the
unobservable directions of system(4.13)will be spanned by the null vectors ofΩ.

Proof. From O = ΞΩ, null(O) = null(Ω)∪ (null(Ξ)∩ range(Ω)). Therefore, ifΞ is of
full column rank, i.e., system (4.17) is observable, thennull(O) = null(Ω).

Based on Theorem 4.4.1 and and Corollary 4.4.1, to find unobservable directions of a
system, one first needs to define the basis functions,β , which fulfil the first and second
conditions of Theorem 4.4.1. Then one should prove that the infinite-dimensional matrix
Ξ has full column rank, which satisfies the condition of Corollary 4.4.1.

To define the basis functions, we start with the system measurement equation and ex-
tract the initial bases as a function of the state variables (i.e., the first condition of the
Theorem 4.4.1). The rest of the bases will be defined by projecting these initial bases into
the process functions. Then any resulting term that cannot be expressed as a function of the
previously defined bases, we incorporate it as a new basis (i.e., the second condition of the
Theorem 4.4.1). Finally, we terminate the procedure of defining new basis functions when
the second condition of Theorem 4.4.1 is satisfied.
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4.4.2 The system observability analysis

For the observability analysis, we first rewrite the system model (4.2) in the form of the
input-linear system (4.13)




I ṡG

Gv̇I

GṗI

CṡI

I ṗC

Cṗ f1
...

Cṗ fM




=




03×1

g
GvI

03×1

03×1

03×1
...

03×1




︸ ︷︷ ︸
f0

+




1
2D

03×3

03×3

03×3

03×3

03×3
...

03×3




︸ ︷︷ ︸
F1

ω +




03×3

C⊤

03×3

03×3

03×3

03×3
...

03×3




︸ ︷︷ ︸
F2

a, (4.18)

wheref0 ∈ R15+3M, F1 ∈ R(15+3M)×3 andF2 ∈ R(15+3M)×3 represent three process func-
tions as

F1ω = f11ω1+ f12ω2+ f13ω3, (4.19)

F2a= f21a1+ f22a2+ f23a3.

To perform the observability analysis, we consider the camera measurement
model (4.3) in the form

(ze⊤3 − I3)
Cṕ f = T Cṕ f = 03×1, (4.20)

whereT , (ze⊤3 − I3). Then we redefine the system measurement model for thek-th key
feature (by substituting (4.4) into (4.20)) as

yk = hk(x) = Tk
Cṕ fk (4.21)

= Tk

(
Cp fk −2CCCere⊤r

(
C⊤C⊤

C
Cp fk +

GpI +C⊤I pC

))
.

To define the basis functions, we start with the system measurement equation (4.21) for
thek-th feature (first condition of Theorem 4.4.1). We define initial basis functions from
the unknown terms appearing in the measurement function (4.21) as

β 1k =
Cp fk , β 2 = CCCer , (4.22)

β3 = e⊤r
GpI , β 4 =

CsI , β5 =
IpC.
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To check the second condition of Theorem 4.4.1, we compute derivatives of the defined
bases with respect to the state vectorx, as

∂β 1k

∂x
=
[
03×3 03×3 03×3 03×3 03×3 03×3(k−1) I3 03×3(M−k−1)

]
,

∂β 2

∂x
=
[
CC⌊Cer⌋ ∂ I θG

∂ I sG
03×3 03×3 ⌊CCCer⌋ ∂Cθ I

∂CsI
03×3M

]
,

∂β3

∂x
=
[
01×3 01×3 e⊤r 01×3 01×3 01×3M

]
,

∂β 4

∂x
=
[
03×3 03×3 03×3 I3 03×3 03×3M

]
,

∂β 5

∂x
=
[
03×3 03×3 03×3 03×3 I3 03×3M

]
,

and project them onto all the process functions. Starting fromβ 1k ,
Cp fk , we have

∂β 1k

∂x
f0 = 03×1,

∂β 1k

∂x
f1i = 03×1,

∂β1k

∂x
f2i = 03×1,

for i = {1,2,3}. Following the same process, for the span ofβ 2 , CCCer , we have

∂β 2

∂x
f0 = 03×1,

∂β 2

∂x
f1i = CC⌊Cer⌋ei ,

= ⌊CCCer⌋CCei = ⌊β 2⌋C(β 4)ei ,

∂β 2

∂x
f2i = 03×1.

For the span ofβ3 , e⊤r
I pG:

∂β3

∂x
f0 = e⊤r

GvI , β6,
∂β3

∂x
f1i = 0,

∂β3

∂x
f2i = 0,

whereβ6 , e⊤r
GvI is a newly defined basis function.

Then the span ofβ4 ,
CsI :

∂β 4

∂x
f0 = 03×1,

∂β 4

∂x
f1i = 03×1,

∂β4

∂x
f2i = 03×1.

Finally, for β5 ,
IpC, we get

∂β 5

∂x
f0 = 03×1,

∂β 5

∂x
f1i = 03×1,

∂β5

∂x
f2i = 03×1.
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In the next step, we proceed to find the derivative of the newly defined basis function
β6 , e⊤r

GvI with respect to the state vectorx

∂β3

∂x
=
[
01×3 e⊤r 01×3 01×3 01×3 01×3M

]
,

and calculate its projection onto all the process functions as

∂β6

∂x
f0 = e⊤r g= g,

∂β6

∂x
f1i = 0,

∂β6

∂x
f2i = e⊤r C⊤ei = e⊤r C⊤C⊤

C CCei = β⊤
2 C(β 4)ei .

Since all the terms in the preceding projections are defined based on the existing basis
functions (i.e., second condition of Theorem 4.4.1 is satisfied), we terminate the process of
defining new basis functions. This means that we have found a complete bases. Thus, the
corresponding new process model for the defined bases can be written as




β̇ 11
...

β̇ 1M

β̇ 2

β̇3

β̇ 4

β̇ 5

β̇6




=




03×1
...

03×1

03×1

β6

03×1

03×1

g




︸ ︷︷ ︸
g0

+




03×3
...

03×3

⌊β 2⌋C(β 4)

01×3

03×3

03×3

01×3




︸ ︷︷ ︸
G1

ω +




03×3
...

03×3

03×3

01×3

03×3

03×3

β⊤
2 C(β 4)




︸ ︷︷ ︸
G2

a, (4.23)

and the measurement equation in terms of the basis functions for thek-th key feature is

yk(β ) = h̄k(β ) = Tk(β 1k−2β 2β⊤
2 β 1−2β 2β3−β 2β⊤

2 C(β 4)β 5). (4.24)

Rank condition test for Ξ

We study the observability of system (4.23) using the algebraic test. For this purpose, we
first need to derive the gradients of the Lie derivatives of the measurement functions. To
prove that matrixΞ is full column rank, it suffices to show that a subset of its rows, whose
dimension is the same or larger than the number of columns, is linearly independent.

To show thatΞ is of full column rank, we form matrix̄Ξ that is a sub-matrix ofΞ with
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the following Lie derivative gradients for the two measurement functionsh̄1 andh̄2:3

{∇L0h̄1,∇L0h̄2,∇L1
g0

h̄1,∇L1
g11

h̄1,∇L1
g12

h̄1,∇L1
g13

h̄1,

∇L1
g11

h̄2,∇L1
g12

h̄2,∇L1
g13

h̄2,∇L2
g0g11

h̄1,∇L2
g0g12

h̄1,∇L2
g0g13

h̄1,

∇L2
g0g21

h̄1,∇L2
g0g22

h̄1,∇L2
g0g23

h̄1,∇L2
g11g11

h̄1,∇L2
g12g12

h̄1,

∇L2
g13g13

h̄1}.

In Appendix 4.A, we derive the explicit expressions for the Lie derivatives and their corre-
sponding gradients to constructΞ̄. In Appendix 4.B, we prove that̄Ξ is of full column rank
if β6 6= 0 (e⊤r

GvI 6= 0). Then by performing Gaussian elimination inΞ̄, we get:



03×3 03×3 03×3 03×1 03×3 I3 03×1

01×3 01×3 01×3 01×3 01×3 01×3 1

I3 03×3 03×3 03×1 03×3 03×3 03×1

03×3 I3 03×3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 03×1 I3 03×3 03×1

03×3 03×3 I3 03×1 03×3 03×3 03×1

01×3 01×3 01×3 1 01×3 01×3 01×1




,

which is of full column rank. Thus, system (4.23) is observable.

Unobservable directions ofΩ

Based on Corollary 4.4.1, the unobservable directions of system (4.3) lie in the null space
of matrix Ω if Ξ is full rank (see also Appendix 4.A). Since the observability of sys-
tem (4.23) is proved for two key features (M = 2), Ω is formed by stacking the derivatives
of {β11,β 12,β 2,β3,β 4,β 5,β6} with respect to the state vectorx:

Ω =




03×3 03×3 03×3 03×3 03×3 I3 03×3

03×3 03×3 03×3 03×3 03×3 03×3 I3

CC⌊Cer⌋ ∂ I θG
∂ I sG

03×3 03×3 ⌊CCCer⌋ ∂Cθ I
∂CsI

03×3 03×3 03×3

01×3 01×3 e⊤r 01×3 01×3 01×3 01×3

03×3 03×3 03×3 I3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 I3 03×3 03×3

01×3 e⊤r 01×3 01×3 01×3 01×3 01×3




.

To derive the full null space ofΩ, we need to find a matrix

N = [N⊤
1 N⊤

2 N⊤
3 N⊤

4 N⊤
5 N⊤

6 N⊤
7 ]

⊤ 6= 0, (4.25)

3It is worth mentioning that our observability proof for system (4.18) is made under the condition that we
select at least two key features and the orthogonal velocity of the IMU with respect to the mirror is not zero.
However, a proof with relaxed conditions might be feasible by investigating the higher order Lie derivatives.
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such that
ΩN = 0. (4.26)

From (4.26), we have:

• Multiplying the first, second, fifth, and sixth block rows ofΩ with N, we getN4 =
N5 = N6 = N7 = 0.

• Multiplying the third block row ofΩ with N, we haveCC⌊Cer⌋ ∂ I θG
∂ I sG

N1 = 0, which

implies that eitherN1 = 0 or N1 =
∂ I sG
∂ I θG

Cer .

• From the fourth and seventh block rows ofΩN=0we have:e⊤r N3 =0 ande⊤r N2 =0.
This implies thatN2 andN3 are spanned by{ej ,ed} for j,d ∈ {0,1,2,3}, such that
e⊤r ej = e⊤r ed = 0 wheree⊤j ed = 0.

By stacking all the combinations ofN1,N2,N3 in N, we can see that only five columns are
linearly independent. That is, the null space of system (4.3) is spanned by five directions:

N =




03×2 03×2
∂ I sG
∂ I θG

Cer[
ej ed

]
03×2 03×1

03×2

[
ej ed

]
03×1

03×2 03×2 03×1

03×2 03×2 03×1

03×2 03×2 03×1

03×2 03×2 03×1




, (4.27)

which implies that the IMU-camera calibration parameters and the 3D positions of the
key features with respect to the camera are all observable. Moreover, the unobservable
directions correspond to the system’s planar translation and velocity orthogonal toer (first
and second block columns ofN) and rotation arounder (third block column ofN).

4.5 Estimation Framework

In this section, we first describe the system process model in the form of an error state
model based on the inertial measurements in Section 4.5.1. Then, the measurement model
from the camera is presented in Section 4.5.2. Finally, the statistics of the random vari-
ables under the constructed nonlinear process model (4.2) and the nonlinear measurement
equation (4.3) is estimated in an UKF framework (Algorithm 1).

4.5.1 Propagation model

We define the INS state vector as:

xins = [IqG
⊤ GvI

⊤ GpI
⊤ b⊤

a b⊤
g ]

⊤, (4.28)
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whereIqG is the quaternion that represents the orientation of the global frame{G} in the
IMU’s frame of reference{I}; ba andbg are the bias vectors affecting the accelerometer
and gyroscope measurements, respectively.

The time evolution of the INS state is described by

Cq̇G(t) =
1
2

[
−⌊ω(t)⌋ ω(t)

−ω(t)⊤ 0

]
CqG(t), (4.29)

Gv̇C(t) =
Ga(t) = Gg+C(CqG(t))

⊤ (a(t)−ba(t)) ,
GṗC(t) =

GvC(t), ḃa(t) = nδa, ḃg(t) = nδg,

wherenδg andnδa are the accelerometer and gyroscope bias driving white Gaussian noises.
The output measurement signals of the gyroscope,ωm, and accelerometer,am, are mod-
elled as:

ωm(t) = ω(t)+bg(t)+ng(t) (4.30)

am(t) = C(CqG(t))(
Ga− Gg)+ba(t)+na(t). (4.31)

For the state estimation, we use the system discrete-time error state space model, which
is derived from (4.29) based on the standard additive error definition for the position,
velocity, and biases (δx ≃ x− x̂) and quaternion error for the rotational euler anglesθ
(δq ≃ [1 δθ

2 ]⊤). Then the concatenated error state vector is

δxins = [δ I θ⊤
G δ GvI

⊤ δ Gp⊤
I δb⊤

a δb⊤
g ]

⊤. (4.32)

During a short period of timeδ t, we approximate the nonlinear INS propagation
model (4.2) in the form of a discrete-time linear state-space model

δxins
k+1 = Fkδxins

k +Gknk ∈ R
15, (4.33)

whereFk andGk are known as discrete time state and system noise propagation matrices,
respectively:

Fk =




I3 03×3 03×3 03×3 −dtC(Cq̂G)

dt⌊C(Cq̂G)â⌋ I3 03×3 dtC(Cq̂G) 03×3

03×3 dtI3 I3 03×3 03×3

03×3 03×3 03×3 I3×3 03×3

03×3 03×3 03 03×3 I3




(4.34)

and

Gk =




03×3 −dtC(Cq̂G) 03×3 03×3

dtC(Cq̂G) 03×3 03×3 03×3

03×3 03×3 03×3 03×3

03×3 03×3 dtI3 03×3

03×3 03×3 03×3 dtI3



. (4.35)

nk = [n⊤
a n⊤

g n⊤
δa n⊤

δg]
⊤ is the process noise (assumed to be stationary) with the corre-

sponding diagonal covariance matrixQ ∈R15×15, C(Cq̂G) is the estimated rotation matrix,
andâ= am− b̂a.



4.6. Performance Evaluation 67

4.5.2 Camera measurement model

When the camera along with the IMU is moving in front of a planar mirror, the body
frame angular velocity and specific force are measured by the IMU. Meanwhile, the camera
records images of the virtual features. The camera measurement of the reflected feature
point (4.3) can be represented as

zk =

[
uk

vk

]
+ vk =

[
1 0 0

0 1 0

]
1

e⊤3
Cṕ fk

Cṕ fk + vk, (4.36)

wherevk is the feature-measurement noise with covariance matrixRk = σ2
v I2 Hence, the

measurement model of the system forM observed reflected feature points is

z̄ = h(x)+ v̄ ∈ R
2M, (4.37)

assuming the measurement noise from each projection of the reflected features to be mu-
tually uncorrelated, the covariance matrix ofv̄, R̄2M×2M, will be block-diagonal.

An overview of the algorithm is given in Algorithm 1. In this algorithm,χl is thel -th
column of the sigma-points matrixχ , N is the length of the state vector.R̄m is the measure-
ment noise covariance matrix atm-th step,G is the system noise propagation matrix and
Q is the process noise covariance matrix. The weights of the sigma-pointswc

l , wm
l are set

to 1
2(N+1) for l = 1, · · · ,2N, and forl = 0 we havewc

0 =
λ

N+λ +(1−α2+β ), wm
0 = λ

N+λ .

The scaling parameterλ = α2(N+κ)−N, andη =
√

N+λ are set usingα = 0.1, β = 2,
andκ = 0, [JU97].

4.6 Performance Evaluation

The proposed calibration approach has been extensively evaluated using both simulations
and experiments. Some of the results are given in the following.

4.6.1 Simulation results

Fig. 4.4 shows a sample trajectory used for performance evaluation of the estimator within
a period of 120 s.

The sampling rate of the IMU is 100 Hz. The camera sampling rate is 10 Hz and its
intrinsic parameters are set toku = kv = 833,pu = 2, pv = 8, ands= 3 [HZ00]. The IMU-
camera relative translation isIpC = [5,−5,10]⊤ cm and the relative rotation angles are set
to Cθ I = [−90◦,0◦,−90◦]⊤. The projections of the key features’ reflections in the image
plane are corrupted with additive zero-mean Gaussian noise with a standard deviation of
σv = 2 pixels.

To examine the key finding of our observability analysis, we performed 100 Monte
Carlo simulations to get estimates of the errors in the state variables (4.1). Fig. 4.5a–
Fig. 4.5c show the estimated mean errors along with the 3σ bounds for the IMU-camera
relative rotation, translation, position and attitude. The results are achieved using only two



68 Chapter 4. Mirror-based IMU-Camera Calibration and Its Observability Analysis

Algorithm 1

1: Initialize x̂−0 andP−
0

2: for n= 0:enddo
3: INS equation update
4: if the measurement from the camera is readythen
5: z̄n = [z⊤1 ,z

⊤
2 , · · · ,z⊤M ]⊤

6: R̄n = diag(Rk)%k = 1, · · · ,M
7: ξ−

l ,n = hn(χ−
l ,n)

8: ˆ̄z−n = ∑2N
l=0 wm

l ξ−
l ,n

9: %Measurement update
10: Re,n = ∑2N

l=0 wm
l (ξ

−
l ,n− ˆ̄z−n )(ξ−

l ,n− ˆ̄z−n )
∗+ R̄n

11: Rx,e,n = ∑2N
l=0 wm

l (χ
−
l ,n− x̂−n )(ξ−

l ,n− ˆ̄z−n )
∗

12: Kn = Rx,e,nR−1
e,n

13: x̂n = x̂−n +Kn(z̄n− z̄−n )
14: Pn = P−

n −KnRe,nK∗
n

15: sn = x̂n

16: Sn = Pn

17: else
18: sn = x̂−n
19: Sn = P−

n
20: end if
21: %Sigma−Point generation
22: χn = [sn sn+η

√
Sn sn−η

√
Sn]

23: χ−
n = fk(χl ,n)

24: %Time update
25: x̂−n+1 = ∑2N

l=0 wm
l χ−

l ,n+1

26: P−
n+1 = ∑2N

l=0 wc
l (χ

−
l ,n+1− x̂−n+1)(χ

−
l ,n+1− x̂−n+1)

∗+GQG∗

27: end for

key features whose reflections were tracked in the images overtime. The 3σ values are
computed from the corresponding diagonal elements of the filter’s error covariance matrix
that provides a representation of its estimate uncertainty. As we expected, the estimated
errors remain bounded for the observable states (IMU-camera relative rotation and trans-
lation, IMU orthogonal distance to the mirror, IMU roll and pitch, and the 3D positions
of the key features with respect to the camera). Also, Fig. 4.5c and Fig. 4.6a show that
the uncertainties of the errors are increasing along the unobservable states, which is in line
with our theoretical results.

Table 4.1 summarizes the final estimated mean values and the standard deviations of
the errors (σ ) for IMU-camera 6-DoF, translations and rotations, where different numbers
of key features (KF) are used in each of the experiments. Simulation results show that the
proposed estimation method is able to reach subcentimeter and subdegree accuracy for
the IMU-camera rotation and translation. As can be noticed, we can achieve a good level
of accuracy using only two key features, and the estimation uncertainties decrease only
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Figure 4.4: IMU trajectory over a planar mirror, for 120 s.

marginally by observing more key features.

Table 4.1: Initial, final, and error statistics of the IMU-camera calibration parameters, using
the simulation data.

pb
c,x±σ [cm] pb

c,y±σ [cm] pb
c,z±σ [cm] ϕφ ±σ [◦] ϕθ ±σ [◦] ϕψ ±σ [◦]

Initial 0±1 0±1 0±1 −70±2 10±2 −100±2

Final (2 KF) 4.2±0.72 −5.56±0.22 10.72±0.4 −89.99±0.02 0±0.2 −89.99±0.07

Final (3 KF) 5.1±0.6 −5.1±0.16 10.68±0.32 −90±0.01 0±0.02 −90±0.06

Final (6 KF) 5.52±0.5 −5.23±0.15 10.3±0.29 −90±0.01 0±0.01 −90±0.06

4.6.2 Experimental results

We studied the performance of the proposed calibration method using experimental data.
To concentrate our experiments on validating our theoretical analysis, we used a checker-
board pattern attached to the IMU-camera where its corners were selected as the candidate
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Figure 4.5: Estimated error and the 3σ bounds for (a) the IMU-camera relative rotation and
(b) translations, (c) IMU attitude. The results are achieved using the simulation data where
the ground truths are available.
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Figure 4.6: Estimated error and the 3σ bounds for (a) IMU position, and (b)-(c) two key
features. The results are achieved using the simulation data where the ground truths are
available.
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Table 4.2: Initial, final, and error statistics for the IMU-camera calibration parameters.

pb
c,x±σ [cm] pb

c,y±σ [cm] pb
c,z±σ [cm] ϕφ ±σ [◦] ϕθ ±σ [◦] ϕψ ±σ [◦]

Initial 0±1 0±1 0±1 −85±5 6±5 80±5

Final (2 KF) −2.7±0.15 −0.56±0.15 1.6±0.16 −88.9±0.23 0.58±0.23 88.25±0.21

Final (3 KF) −2.77±0.15 −0.81±0.15 1.93±0.15 −89.1±0.22 0.54±0.22 88.42±0.20

Final (6 KF) −2.65±0.13 −1.21±0.13 2.57±0.13 −89.1±0.19 0.55±0.19 88.44±0.18

key features. Hence, the feature detection and tracking can be performed with high accu-
racy, which in turn helped us to examine our calibration method without being affected by
the possible errors from the feature detection and tracking. For the feature detection, Har-
ris corner detection was applied to the images, then nearest-neighbor-matching was used
for tracking the position of the virtual features. To initialize the IMU attitude, we used the
gravitational force during the first samples in which the system was stationary in front of
the planar mirror 2. The initial values of the IMU-camera calibration parameters were set
using manual measurements on the hardware.

To better quantify the estimation uncertainty, the 3σ bound of the error for some of the
estimated parameters are plotted. Fig. 4.7a and Fig. 4.7b depict the 3σ bound of the error
for the IMU-camera calibration parameters where the IMU-camera was moved for a period
of 140 s in front of the mirror. Moreover, we have plotted the 3σ bounds for the errors in
the IMU position in Fig. 4.7c, which gives bounded uncertainties for the IMU orthogonal
translation relative to the mirror. As can be noticed, we observe similar behaviour for the
estimated error between the simulation data and experiments (increasing uncertainty for
the unobservable modes and bounded error for the observable modes).

Moreover, table 4.2 reports the final estimated values and the standard deviation of the
error (σ ) for IMU-camera 6-DoF, translation and rotation where different number of key
features are used in the estimation process.

4.7 Conclusion

We have proposed an IMU-camerra calibration method for estimating the 6-DoF transfor-
mation between the IMU-camera rig. In this visual inertial navigation system, the visual
corrections are provided by tracking a set of key features’ reflections in a planar mirror on
the image planes. The key features are positioned at arbitrary unknown locations on the
sensors body such that their reflections can be observed by the camera. We have studied
the observability properties of the calibration parameters for the system when navigating
in front of a planar mirror. Through the observability analysis, we have proved that the
calibration parameters and the 3D positions of the key features with respect to the camera
are observable using only two key features. Moreover, for the analysed nonlinear system,
we proposed an estimation approach using the UKF Finally, the finding of our observabil-
ity analysis and the proposed estimation approach was evaluated both in simulations and
using experimental data. The flexibility and simplicity in addition to the achieved results
indicate that the proposed method can conveniently be used in smart-phones and off-the-
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Figure 4.7: The estimated 3σ bounds for the error in (a) the IMU-camera relative rotation,
(b) translation, and (c) IMU position, using the experimental data.
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shelf IMU-camera devices, without having access to a calibration target.



Appendix

4.A Lie Derivatives and Their Gradients

In the following, we compute only those Lie derivatives ofh̄1 andh̄2 whose derivatives are
used to prove thatΞ is of full column rank.

• The zeroth order Lie derivative of a function is the function itself, i.e.,

L0h̄1 = T1(β 11−2β2β⊤
2 β 11−2β2β3−2β2β⊤

2 C(β 4)β 5),

L0h̄2 = T2(β 12−2β2β⊤
2 β 12−2β2β3−2β2β⊤

2 C(β 4)β 5).

Then the gradients (the spans) of the zeroth order Lie derivatives are

∇L
0h̄1 = T1

[
I3−2β2β⊤

2 03×3 Π21 −2β2 −2β2β⊤
2

∂C(β 4)β5
∂β 4

−2β2β⊤
2 C(β 4) 03×1

]
,

∇L0h̄2 = T2

[
03×3 I3−2β2β⊤

2 Π22 −2β2 −2β2β⊤
2

∂C(β 4)β5
∂β 4

−2β2β⊤
2 C(β 4) 03×1

]
,

where

Π2k =−2β⊤
2 β 1kI3−2β 2β⊤

1k−2β 3I3−2β⊤
2 C(β 4)β 5I3−2β 2β⊤

5 C(β 4)
⊤.

• The first order Lie derivatives of̄hk with respect tog0, andg1i are computed respec-
tively as:

L1
g0

h̄1 = ∇L0h̄1g0 =−2β2β 6, L1
g1i

h̄1 = ∇L0h̄1g1i = Π21⌊β 2⌋C(β 4)ei ,

L1
g0

h̄2 = ∇L0h̄2g0 =−2β2β 6, L1
g1i

h̄2 = ∇L0h̄2g1i = Π22⌊β 2⌋C(β 4)ei ,

and their corresponding gradients are given by

∇L
1
g0

h̄1 =
∂L1

g0
h̄1

∂β
= T1

[
03×3 03×3 −2β6I3 03×3 03×3 03×3 −2β2

]
,

∇L1
g1i

h̄1 =
∂L1

g1i
h̄1

∂β
= T1

[
Π̄11i 03×3 Π̄21i Π̄31i Π̄41i Π̄51i 03×1

]
,

∇L1
g0

h̄2 =
∂L1

g0
h̄2

∂β
= T2

[
03×3 03×3 −2β6I3 03×3 03×3 03×3 −2β2

]
,

∇L1
g1i

h̄2 =
∂L1

g1i
h̄2

∂β
= T2

[
03×3 Π̄12i Π̄22i Π̄32i Π̄42i Π̄52i 03×1

]
,
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where

Π̄1ki =−2⌊β2⌋C(β 4)eiβ⊤
2 −2β2 (⌊β 2⌋C(β 4)ei)

⊤ ,

Π̄2ki =−Π2k⌊C(β 4)ei⌋−2⌊β 2⌋C(β 4)eiβ⊤
1k−2β⊤

1k⌊β 2⌋C(β 4)ei I3

−2⌊β 2⌋C(β 4)eiβ⊤
5 C(β 4)

⊤−2β⊤
5 C(β 4)

⊤ ⌊β2⌋C(β 4)ei I3,

Π̄3ki =−2⌊β2⌋C(β 4)ei ,

Π̄5ki =−2⌊β2⌋C(β 4)eiβ⊤
2 C(β 4)−2β2 (⌊β 2⌋C(β 4)ei)

⊤C(β 4).

• Second order Lie derivatives, and their corresponding gradients are as follows:

L2
g0g1i

h̄1 = ∇L1
g0

h̄1g1i =−2β6⌊β 2⌋C(β 4)ei ,

L
2
g0g2i

h̄1 = ∇L
1
g0

h̄1g2i =−2β2β⊤
2 C(β 4)ei ,

L
2
g1ig1 j

h̄1 = ∇L
1
g1i

h̄1g1 j = Π̄21i ⌊β2⌋C(β 4)ej ,

∇L2
g0g1i

h̄1 =
∂L2

g0g1i
h̄1

∂β
= T1

[
03×3 03×3 2β6⌊C(β 4)ei⌋ 03×3

−2β6⌊β 2⌋
∂C(β4)ei

∂β4
03×3 −2⌊β2⌋C(β 4)ei

]
,

∇L
2
g0g2i

h̄1 =
∂L2

g0g2i
h̄1

∂β
= T1

[
03×3 03×3 −2β⊤

2 C(β 4)ei I3−2β2e⊤i C(β 4)
⊤

03×3 −2β2β⊤
2

∂C(β4)ei
∂β4

03×3 03×1

]
,

∇L2
g1ig1 j

h̄1 =
∂L2

g1ig1 j
h̄1

∂β
= T1

[
Π̃11i j 03×3 Π̃21i j Π̃31i j Π̃41i j Π̃51i j 03×1

]
,

where

Π̃11i j = 2⌊C(β 4)ei⌋⌊β 2⌋C(β 4)ej β⊤
2 +2β2 (⌊C(β 4)ei⌋⌊β 2⌋C(β 4)ej)

⊤

−2⌊β 2⌋C(β 4)ei (⌊β 2⌋C(β 4)ej)
⊤−2⌊β 2⌋C(β 4)ej (⌊β 2⌋C(β 4)ei)

⊤ ,

Π̃31i j = 2⌊C(β 4)ei⌋⌊β 2⌋C(β 4)ej .

4.B Rank Condition Test

Stacking together the computed gradients of lie derivatives, the observability matrixΞ̄ (a
submatrix ofΞ) is constructed as:
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.
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ank

C
ondition

Test
7

7

Ξ̄=




T1(I3−2β2β⊤
2 ) 03×3 T1Π21 −2T1β 2 −2T1β2β⊤

2
∂ C(β4)β5

∂ β4
−2T1β 2β⊤

2 C(β4) 03×1

03×3 T2(I3 −2β2β⊤
2 ) T2Π22 −2T2β 2 −2T2β2β⊤

2
∂ C(β4)β5

∂ β4
−2T2β 2β⊤

2 C(β4) 03×1

03×3 03×3 −2β6T1 03×3 03×3 03×3 −2T1β2

−2T1(⌊β2⌋C(β 4)e1β⊤
2 +β2 (⌊β2⌋C(β 4)e1)

⊤) 03×3 Π̄211 Π̄311 Π̄411 Π̄511 03×1

−2T1(⌊β2⌋C(β 4)e2β⊤
2 +β2 (⌊β2⌋C(β 4)e2)

⊤) 03×3 Π̄212 Π̄312 Π̄412 Π̄512 03×1

−2T1(⌊β2⌋C(β 4)e3β⊤
2 +β2 (⌊β2⌋C(β 4)e3)

⊤) 03×3 Π̄213 Π̄313 Π̄413 Π̄513 03×1

03×3 −2T2(⌊β2⌋C(β4)e1β⊤
2 +β2 (⌊β 2⌋C(β 4)e1)

⊤) Π̄221 Π̄321 Π̄421 Π̄521 03×1

03×3 −2T2(⌊β2⌋C(β4)e2β⊤
2 +β2 (⌊β 2⌋C(β 4)e2)

⊤) Π̄222 Π̄322 Π̄422 Π̄522 03×1

03×3 −2T2(⌊β2⌋C(β4)e3β⊤
2 +β2 (⌊β 2⌋C(β 4)e3)

⊤) Π̄223 Π̄323 Π̄423 Π̄523 03×1

03×3 03×3 2β6T1 ⌊C(β 4)e1⌋ 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e1

∂ β4
03×3 −2T1 ⌊β2⌋C(β4)e1

03×3 03×3 2β6T1 ⌊C(β 4)e2⌋ 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e2

∂ β4
03×3 −2T1 ⌊β2⌋C(β4)e2

03×3 03×3 2β6T1 ⌊C(β 4)e3⌋ 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e3

∂ β4
03×3 −2T1 ⌊β2⌋C(β4)e3

03×3 03×3 −2T1(β⊤
2 C(β 4)e1I3+β2e⊤1 C(β4)

⊤) 03×3 −2T1β 2β⊤
2

∂ C(β4)e1
∂ β4

03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e2I3+β2e⊤2 C(β4)

⊤) 03×3 −2T1β 2β⊤
2

∂ C(β4)e2
∂ β4

03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e3I3+β2e⊤3 C(β4)

⊤) 03×3 −2T1β 2β⊤
2

∂ C(β4)e3
∂ β4

03×3 03×1

T1Π̃1111 03×3 T1Π̃2111 T1Π̃3111 T1Π̃4111 Π̃5111 03×1

T1Π̃1122 03×3 T1Π̃2122 T1Π̃3122 T1Π̃4122 Π̃5122 03×1

T1Π̃1133 03×3 T1Π̃2133 T1Π̃3133 T1Π̃4133 Π̃5133 03×1
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One way to show that̄Ξ is full rank is through Gaussian elimination. The Gaussian
elimination is performed as follows:

Under the condition thatβ6 6= 0, we multiply the third block row by⌊C(β 4)ei⌋ for
i = {1,2,3} and subtract it from the block rows 10-12, we have
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.

R
ank

C
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9




T1(I3−2β2β⊤
2 ) 03×3 T1Π21 −2T1β 2 −2T1β 2β⊤

2
∂ C(β4)β5

∂ β4
−2T1β2β⊤

2 C(β 4) 03×1

03×3 T2(I3 −2β2β⊤
2 ) T2Π22 −2T2β 2 −2T2β 2β⊤

2
∂ C(β4)β5

∂ β4
−2T2β2β⊤

2 C(β 4) 03×1

03×3 03×3 −2β6T1 03×3 03×3 03×3 −2T1β2

−2T1(⌊β 2⌋C(β 4)e1β⊤
2 +β2 (⌊β 2⌋C(β 4)e1)

⊤) 03×3 Π̄211 Π̄311 Π̄411 Π̄511 03×1

−2T1(⌊β 2⌋C(β 4)e2β⊤
2 +β2 (⌊β 2⌋C(β 4)e2)

⊤) 03×3 Π̄212 Π̄312 Π̄412 Π̄512 03×1

−2T1(⌊β 2⌋C(β 4)e3β⊤
2 +β2 (⌊β 2⌋C(β 4)e3)

⊤) 03×3 Π̄213 Π̄313 Π̄413 Π̄513 03×1

03×3 −2T2(⌊β 2⌋C(β 4)e1β⊤
2 +β2 (⌊β 2⌋C(β 4)e1)

⊤) Π̄221 Π̄321 Π̄421 Π̄521 03×1

03×3 −2T2(⌊β 2⌋C(β 4)e2β⊤
2 +β2 (⌊β 2⌋C(β 4)e2)

⊤) Π̄222 Π̄322 Π̄422 Π̄522 03×1

03×3 −2T2(⌊β 2⌋C(β 4)e3β⊤
2 +β2 (⌊β 2⌋C(β 4)e3)

⊤) Π̄223 Π̄323 Π̄423 Π̄523 03×1

03×3 03×3 03×3 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e1

∂ β4
03×3 03×1

03×3 03×3 03×3 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e2

∂ β4
03×3 03×1

03×3 03×3 03×3 03×3 −2β6T1 ⌊β 2⌋
∂ C(β4)e3

∂ β4
03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e1I3 +β2e⊤1 C(β 4)

⊤) 03×3 −2T1β2β⊤
2

∂ C(β4)e1
∂ β4

03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e2I3 +β2e⊤2 C(β 4)

⊤) 03×3 −2T1β2β⊤
2

∂ C(β4)e2
∂ β4

03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e3I3 +β2e⊤3 C(β 4)

⊤) 03×3 −2T1β2β⊤
2

∂ C(β4)e3
∂ β4

03×3 03×1

T1Π̃1111 03×3 T1Π̃2111 T1Π̃3111 T1Π̃4111 Π̃5111 03×1

T1Π̃1122 03×3 T1Π̃2122 T1Π̃3122 T1Π̃4122 Π̃5122 03×1

T1Π̃1133 03×3 T1Π̃2133 T1Π̃3133 T1Π̃4133 Π̃5133 03×1






80 Chapter 4. Mirror-based IMU-Camera Calibration and Its Observability Analysis

The remaining non-zero terms between block rows 10-12 can be represented in matrix
form as: 



−2β6T1⌊β2⌋
∂C(β 4)e1

∂β4

−2β6T1⌊β2⌋
∂C(β 4)e2

∂β4

−2β6T1⌊β2⌋
∂C(β 4)e3

∂β4


 ,

which is of full column rank. Hence, it can be used to eliminate all the other terms in the
fifth block column:



4.B
.

R
ank

C
ondition

Test
8

1




T1(I3 −2β2β⊤
2 ) 03×3 T1Π21 −2T1β 2 03×3 −2T1β 2β⊤

2 C(β 4) 03×1

03×3 T2(I3 −2β2β⊤
2 ) T2Π22 −2T2β 2 03×3 −2T2β 2β⊤

2 C(β 4) 03×1

03×3 03×3 −2β6T1 03×3 03×3 03×3 −2T1β 2

−2T1(⌊β 2⌋C(β 4)e1β⊤
2 +β2 (⌊β 2⌋C(β 4)e1)

⊤) 03×3 Π̄211 Π̄311 03×3 Π̄511 03×1

−2T1(⌊β 2⌋C(β 4)e2β⊤
2 +β2 (⌊β 2⌋C(β 4)e2)

⊤) 03×3 Π̄212 Π̄312 03×3 Π̄512 03×1

−2T1(⌊β 2⌋C(β 4)e3β⊤
2 +β2 (⌊β 2⌋C(β 4)e3)

⊤) 03×3 Π̄213 Π̄313 03×3 Π̄513 03×1

03×3 −2T2(⌊β2⌋C(β4)e1β⊤
2 +β2 (⌊β 2⌋C(β 4)e1)

⊤) Π̄221 Π̄321 03×3 Π̄521 03×1

03×3 −2T2(⌊β2⌋C(β4)e2β⊤
2 +β2 (⌊β 2⌋C(β 4)e2)

⊤) Π̄222 Π̄322 03×3 Π̄522 03×1

03×3 −2T2(⌊β2⌋C(β4)e3β⊤
2 +β2 (⌊β 2⌋C(β 4)e3)

⊤) Π̄223 Π̄323 03×3 Π̄523 03×1

03×3 03×3 03×3 03×3 I3 03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e1I3 +β2e⊤1 C(β 4)

⊤) 03×3 03×3 03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e2I3 +β2e⊤2 C(β 4)

⊤) 03×3 03×3 03×3 03×1

03×3 03×3 −2T1(β⊤
2 C(β 4)e3I3 +β2e⊤3 C(β 4)

⊤) 03×3 03×3 03×3 03×1

T1Π̃1111 03×3 T1Π̃2111 T1Π̃3111 03×3 Π̃5111 03×1

T1Π̃1122 03×3 T1Π̃2122 T1Π̃3122 03×3 Π̃5122 03×1

T1Π̃1133 03×3 T1Π̃2133 T1Π̃3133 03×3 Π̃5133 03×1




.
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The non-zero terms in the specified block row in the third column in the matrix form is




−2T1(β⊤
2 C(β 4)e1I3+β2e⊤1 C(β 4)

⊤)

−2T1(β⊤
2 C(β 4)e2I3+β2e⊤2 C(β 4)

⊤)

−2T1(β⊤
2 C(β 4)e3I3+β2e⊤3 C(β 4)

⊤)




which is of full rank, so it can be used to eliminate all the other terms in the third block
column. Then we have



4.B
.

R
ank

C
ondition

Test
8

3




T1(I3 −2β2β⊤
2 ) 03×3 03×3 −2T1β 2 03×3 −2T1β2β⊤

2 C(β 4) 03×1

03×3 T2(I3 −2β2β⊤
2 ) 03×3 −2T2β 2 03×3 −2T2β2β⊤

2 C(β 4) 03×1

03×3 03×3 03×3 03×1 03×3 03×3 −2T1β2

−2T1(⌊β2⌋C(β4)e1β⊤
2 +β2 (⌊β 2⌋C(β4)e1)

⊤) 03×3 03×3 Π̄311 03×3 Π̄511 03×1

−2T1(⌊β2⌋C(β4)e2β⊤
2 +β2 (⌊β 2⌋C(β4)e2)

⊤) 03×3 03×3 Π̄312 03×3 Π̄512 03×1

−2T1(⌊β2⌋C(β4)e3β⊤
2 +β2 (⌊β 2⌋C(β4)e3)

⊤) 03×3 03×3 Π̄313 03×3 Π̄513 03×1

03×3 −2T2(⌊β2⌋C(β 4)e1β⊤
2 +β2 (⌊β2⌋C(β4)e1)

⊤) 03×3 Π̄321 03×3 Π̄521 03×1

03×3 −2T2(⌊β2⌋C(β 4)e2β⊤
2 +β2 (⌊β2⌋C(β4)e2)

⊤) 03×3 Π̄322 03×3 Π̄522 03×1

03×3 −2T2(⌊β2⌋C(β 4)e3β⊤
2 +β2 (⌊β2⌋C(β4)e3)

⊤) 03×3 Π̄323 03×3 Π̄523 03×1

03×3 03×3 03×3 03×3 I3 03×3 03×1

03×3 03×3 I3 03×3 03×3 03×3 03×1

T1Π̃1111 03×3 03×3 T1Π̃3111 03×3 Π̃5111 03×1

T1Π̃1122 03×3 03×3 T1Π̃3122 03×3 Π̃5122 03×1

T1Π̃1133 03×3 03×3 T1Π̃3133 03×3 Π̃5133 03×1




.
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Multiplying the sixth block column withC(β 4)
⊤ (a full rank matrix) and then subtract

the first and the second block columns from it, we have
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.
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T1(I3 −2β2β⊤
2 ) 03×3 03×3 −2T1β 2 03×3 T1 03×1

03×3 T2(I3−2β2β⊤
2 ) 03×3 −2T2β 2 03×3 T2 03×1

03×3 03×3 03×3 03×1 03×3 03×3 −2T1β2

−2T1(⌊β2⌋C(β 4)e1β⊤
2 +β2 (⌊β2⌋C(β4)e1)

⊤) 03×3 03×3 Π̄311 03×3 03×3 03×1

−2T1(⌊β2⌋C(β 4)e2β⊤
2 +β2 (⌊β2⌋C(β4)e2)

⊤) 03×3 03×3 Π̄312 03×3 03×3 03×1

−2T1(⌊β2⌋C(β 4)e3β⊤
2 +β2 (⌊β2⌋C(β4)e3)

⊤) 03×3 03×3 Π̄313 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e1β⊤
2 +β2 (⌊β2⌋C(β 4)e1)

⊤) 03×3 Π̄321 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e2β⊤
2 +β2 (⌊β2⌋C(β 4)e2)

⊤) 03×3 Π̄322 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e3β⊤
2 +β2 (⌊β2⌋C(β 4)e3)

⊤) 03×3 Π̄323 03×3 03×3 03×1

03×3 03×3 03×3 03×3 I3 03×3 03×1

03×3 03×3 I3 03×3 03×3 03×3 03×1

T1Π̃1111 03×3 03×3 T1Π̃3111 03×3 03×3 03×1

T1Π̃1122 03×3 03×3 T1Π̃3122 03×3 03×3 03×1

T1Π̃1133 03×3 03×3 T1Π̃3133 03×3 03×3 03×1




.
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Multiplying the first and the second block columns withβ 2 and subtracting it from the
fourth block column, we get



4.B
.

R
ank

C
ondition

Test
8

7




T1(I3 −2β2β⊤
2 ) 03×3 03×3 −2T1β 2 03×3 T1 03×1

03×3 T2(I3 −2β2β⊤
2 ) 03×3 −2T2β 2 03×3 T2 03×1

03×3 03×3 03×3 03×1 03×3 03×3 −2T1β2

−2T1(⌊β2⌋C(β4)e1β⊤
2 +β 2 (⌊β 2⌋C(β 4)e1)

⊤) 03×3 03×3 03×1 03×3 03×3 03×1

−2T1(⌊β2⌋C(β4)e2β⊤
2 +β 2 (⌊β 2⌋C(β 4)e2)

⊤) 03×3 03×3 03×1 03×3 03×3 03×1

−2T1(⌊β2⌋C(β4)e3β⊤
2 +β 2 (⌊β 2⌋C(β 4)e3)

⊤) 03×3 03×3 03×1 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e1β⊤
2 +β2 (⌊β2⌋C(β4)e1)

⊤) 03×3 03×1 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e2β⊤
2 +β2 (⌊β2⌋C(β4)e2)

⊤) 03×3 03×1 03×3 03×3 03×1

03×3 −2T2(⌊β2⌋C(β 4)e3β⊤
2 +β2 (⌊β2⌋C(β4)e3)

⊤) 03×3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 03×1 I3 03×3 03×1

03×3 03×3 I3 03×1 03×3 03×3 03×1

T1Π̃1111 03×3 03×3 2T1β2 (⌊C(β 4)e1⌋⌊β2⌋C(β 4)e1)
⊤ β 2 03×3 03×3 03×1

T1Π̃1122 03×3 03×3 2T1β2 (⌊C(β 4)e2⌋⌊β2⌋C(β 4)e2)
⊤ β 2 03×3 03×3 03×1

T1Π̃1133 03×3 03×3 2T1β2 (⌊C(β 4)e3⌋⌊β2⌋C(β 4)e3)
⊤ β 2 03×3 03×3 03×1




.
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The non-zero block matrices in the first and second block columns are of full column
rank, and can be used to eliminate the non-zero terms in their corresponding block columns
as



03×3 03×3 03×3 −2T1β 2 03×3 T1 03×1

03×3 03×3 03×3 −2T2β 2 03×3 T2 03×1

03×3 03×3 03×3 03×1 03×3 03×3 −2T1β 2

I3 03×3 03×3 03×1 03×3 03×3 03×1

03×3 I3 03×3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 03×1 I3 03×3 03×1

03×3 03×3 I3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 2T1β 2 (⌊C(β 4)e1⌋⌊β 2⌋C(β 4)e1)
⊤ β 2 03×3 03×3 03×1

03×3 03×3 03×3 2T1β 2 (⌊C(β 4)e2⌋⌊β 2⌋C(β 4)e2)
⊤ β 2 03×3 03×3 03×1

03×3 03×3 03×3 2T1β 2 (⌊C(β 4)e3⌋⌊β 2⌋C(β 4)e3)
⊤ β 2 03×3 03×3 03×1




.

The non-zero terms in the last three block rows form a matrix that is of full column
rank, and can be used to eliminate the other terms in the fourth block column:




03×3 03×3 03×3 03×1 03×3 T1 03×1

03×3 03×3 03×3 03×1 03×3 T2 03×1

03×3 03×3 03×3 03×1 03×3 03×3 −2T1β 2

I3 03×3 03×3 03×1 03×3 03×3 03×1

03×3 I3 03×3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 03×1 I3 03×3 03×1

03×3 03×3 I3 03×1 03×3 03×3 03×1

01×3 01×3 01×3 1 01×3 01×3 01×1




.

Finally,−2T1β 2 and[T⊤
1 T⊤

2 ]
⊤ are of full column rank. So we have




03×3 03×3 03×3 03×1 03×3 I3 03×1

01×3 01×3 01×3 01×3 01×3 01×3 1

I3 03×3 03×3 03×1 03×3 03×3 03×1

03×3 I3 03×3 03×1 03×3 03×3 03×1

03×3 03×3 03×3 03×1 I3 03×3 03×1

03×3 03×3 I3 03×1 03×3 03×3 03×1

01×3 01×3 01×3 1 01×3 01×3 01×1




,

which is of full column rank. ThusΞ is of full column rank, and system (4.23) is observ-
able.



Chapter 5

A DLC Visual-Inertial System, Navigating

Over a Horizontal Plane

5.1 Introduction

Recent developments of lightweight and cheap MEMS inertial sensors have opened up
many new application fields such as mobile robotics [ATV07, LJPS10b, CSYC10], posi-
tioning [RCF12, RK12, AS13], and traffic applications [SNDW99, AB09, HT06]. At the
core of each INS, there is an IMU that provides angular velocity and specific force, which
yields attitude and position through integration [LLTH12]. However, since the system-
atic error leads to integration drift, the position and the attitude must be periodically cor-
rected. This correction can be provided by the dynamics of the system [RCF12] or by
complementary sensors, such as the GPS for outdoor positioning [SNDW99]; however,
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the viability of the GPS signals cannot be guaranteed indoors or in urban canyons. Inte-
gration of vision sensors with inertial sensors is one alternative that can be used for out-
door as well as indoor applications. The combination of a monocular camera as a vision
sensor with a low cost IMU is a common form of vision-aided INS, which is becom-
ing a widely researched topic in both robotics and unmanned vehicle navigation applica-
tions [LCC07,LD03,SSA11,MR07,CLD07,Mar12,TOTW12].

In these sensor fusion systems, the inertial data is continuously updated with the esti-
mated camera trajectory by examining the motion changes extracted from the images. The
image motion extraction techniques either use dense motion algorithms, known as optical
flow [BKCD97], or feature tracking methods [SSA11]. In addition to high computational
cost, optical flow methods require good lighting conditions and optics; moreover, the use
of the optical flow method is restricted to domains where the motion between images is
expected to be small [KAS07]. In the feature tracking methods, a number of features are
detected and then tracked between the image frames, which significantly reduces the com-
plexity of dealing with image data.

A central challenge in camera-based motion estimation approaches is that information
about metric distances is lost in the camera projection, which transforms the position of 3D
points onto the 2D image plane [CFJS02]. To recover the metric scale, some of the vision-
aided methods are based on stereo vision cameras [KAS07, AK07, VR06] to estimate the
depth information of the scene. In the case of using only single cameras, the stereo vision
aspect of the system is somewhat implicit by using the inertial sensors that are aided with
the single camera [RJM02,MR08].

Vision-aided inertial navigation methods are mainly focused on using forward-looking
cameras to capture salient image features, e.g., navigating in man-made buildings by ex-
ploiting corners, lines, or planar structures [BM08, HVSC06]. However, these approaches
suffer from navigating in feature poor environments or scenes that contain complex back-
grounds or dynamic objects. This makes tracking of salient image features untractable
for motion estimation. Ground-facing cameras are more preferable in feature poor envi-
ronments or regions with dynamic objects, such as by moving pedestrians or vehicles.
This may find interesting applications for personal navigation [HBA10a, VU11], space-
craft control systems for precise planetary landing [SNDW99, RJM02], robotics [LD98]
(e.g., indoor cleaning robots, automated parking systems), and traffic applications [LZM05,
ASNM10]. For instance in [SSA11], the velocity of mobile robots was measured by the
Kalman filter integrated optical flow method for a downward-looking camera. In [RJM02],
an image based motion estimation algorithm together with IMU measurement was used for
relative pose estimation in an enhanced Kalman filter framework. However, to overcome
the problem of scale estimation, an altimeter sensor was additionally connected to the sys-
tem. Likewise in [JM99], an algorithm for onboard motion estimation was presented, based
on automatic feature tracking between a pair of camera images followed by two frame mo-
tion estimation. However, again the scale ambiguity was recovered using a laser altimeter.
A handheld pedestrian navigation system was introduced in [HBA10a] using the integra-
tion of vision and inertial data in which the camera is pointing approximately towards the
ground. Using a computer vision algorithm, 3D camera translation was derived to pro-
vide the velocity of the camera in the measurement model. The translation was scaled by



5.1. Introduction 91

the height of the camera above the ground, and the effect of scaling was reflected in the
measurement model as a state variable. However, the correlation between the scale factor
and the state variables of the system was ignored, which led to drift in the estimated scale
factor. A planar ego-motion estimation method together with ground layer detection was
studied in [KK03]. Simultaneously, they virtually rotated the forward-looking camera to
the downward-looking pose in order to exploit the fact that the vehicle motion was roughly
constrained to be planar motion on the ground. The camera-to-vehicle transformation was
assumed to be known where the camera was fixed to the vehicle. In [SPM97], a feature
point matching strategy and motion recovery was described for vehicle navigation. To keep
the motion of the vehicle parallel to the ground plane, the image plane was transformed to
linearly estimate the ground floor feature points position.

In this chapter, we develop a vision-aided inertial navigation system based on a novel
closed-form model for an IMU-camera system. Our sensor fusion system consists only of
the two modules, an IMU and a monocular camera. To solve the scale ambiguity problem
in the vision system, the camera optical axis is considered to be approximately parallel
with the gravity field, where no restriction on the height dynamics of the system is as-
sumed. Hence, one of the contributions of the proposed method is the 3D pose estimation,
without using an additional sensor for height measurements; additionally, compared to the
methods that are based on ground plane features or alternatively downward-looking cam-
era methods [HBA10a, KK03, SPM97] no a priori knowledge or restrictions on the height
of the system is considered. Unlike the existing methods, our algorithm is not based on
the underlying optical flow vision algorithm for image motion estimation. Instead, the po-
sitions of the feature points in image planes are used for motion estimation. Additionally,
the problem of scale estimation in the 3D camera translation is solved using the inertial in-
formation provided by the IMU; hence, the restriction on the movement along the camera
optical axis (height) is removed. To estimate the motion parameters of the system, the in-
ertial information from the IMU is updated using a modified UKF by tracking the position
of ground plane feature points. The ground plane feature points are extracted from images
taken by a monocular camera. To avoid using a long visual memory of past views and to
reduce the extra calculations, features are tracked only within two consecutive images.

A preliminary study of the proposed method was formulated in [PJ11b] in an extended
Kalman filter framework. However, the discussion was less mature than the one given
herein. Additionally, the performance of the proposed approach is extensively evaluated
both in simulation studies and using practical data in the UKF framework [WM00,JU97].

This chapter is organized as follows. The process and measurement models, which
lead to the state-space equations of the system, are derived in Section 5.2. The structure of
the modified nonlinear filtering algorithm is presented in Section 5.3. In Section 5.4, the
image processing module of the system is described. In Section 5.5, the performance of
the proposed method is demonstrated both from simulation studies and real experiments.
The discussion is given in Section 5.6. Finally, the conclusion of the study is summarized
in Section 5.7.

In the following sections scalars are denoted by lowercase letters(s), vectors by bold
letters(f), and matrices by bold capitals(K). Im denotes them×m square identity matrix.
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Figure 5.1: The IMU-camera sensor fusion and the corresponding coordinate frames ({b}
and{c}, respectively) between two time-samplesk−mandk. The two camera coordinate
frames{c} are related by the rotation and translationRk

k−m and tk
k−m, respectively. The

corresponding features on the ground plane, which are detected using the SURF method,
are connected by colored lines between two image planes (from left to right).

5.2 System Description

The main purpose of our proposed algorithm is to estimate the position and orientation of
the body frame{b} in the navigation frame{n}, where the IMU is rigidly mounted on
a camera. In order to simplify the treatment of different coordinate frames, it is assumed
that the IMU coordinate frame{i} is located in the center of the{b} frame and that the
translation and rotation between the camera coordinate frame{c} and the IMU coordinate
frame is known [MR08,PJ11a]. The IMU-camera ego-motion estimation is done by aiding
the inertial measurement with the image data. Indeed, no assumption is made on the dy-
namics of the system that is the state of the system is estimated in both static and moving
scenarios. Image data acquisition consists of extracting ground plane features and tracking
them between two successive images. Although image features are restricted to be planar
on the ground, no prior knowledge about the height of the camera is assumed, see Fig. 5.1.

In Section 5.2.1, we first look at the states and the time evolution and the discrete-time
process model of the system. Next, image data projection and the transformation from
3D to 2D is derived in Section 5.2.2. Finally, the nonlinear dynamics of the discrete-time
measurement model is presented in Section 5.2.3.
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5.2.1 System process model

In order to estimate parameters in the nonlinear Kalman filter, the total system state vector
is described as

xins = [pn
b
⊤ vn

b
⊤ qn

b
⊤ b⊤

a b⊤
g ]

⊤, (5.1)

where the position and velocity of the IMU in the navigation frame are denoted bypn
b

andvn
b, respectively.qn

b is the unit quaternion representing the rotation from body frame to
navigation frame (Rn

b), and finallyba andbg are the bias vectors affecting the accelerometer
and gyroscope measurements, respectively.

The time evolution of the INS state can be described as

ṗn
b(t) = vn

b(t), v̇n
b(t) = an(t),

ḃg(t) = nδω (t), ḃa(t) = nδ f(t), (5.2)

q̇b
n(t) =

1
2

[
−[ω(t)]× ω(t)

−ω(t)⊤ 0

]
qb

n(t),

wherenδ f and nδω are the accelerometer and gyroscope bias increments, respectively,
which are modeled as white Gaussian noises,ω(t) is the rotational velocity of the body
frame and[·]× denotes the skew-symmetric matrix representation of the cross product op-
eration [FB99]. The output measurement signals of the accelerometerf̃m and the gyroscope
ω̃m are modeled as

f̃m(t) = Rb
n(t)(a

n(t)−gn)+ba(t)+nf(t), (5.3)

ω̃m(t) = ω(t)+bg(t)+nω(t),

whereRb
n is the direction-cosine matrix [FB99],nf andnω are temporally uncorrelated

zero-mean noise processes, respectively, andgn is the gravitational acceleration expressed
in the navigation frame.

The system discrete-time error state space model can be derived based on the standard
additive error definition for the position, velocity, and biases ( ˆx≃ x+ δx) and quaternion
error for the rotational euler anglesθ (δq ≃ [1 δθ

2 ]⊤); the advantage of using the quater-
nion error definition for the rotational euler angles is the direct use of error angle vectors
δθ instead ofδqn

b in the error models. Consequently, the discrete-time error state space
model of the system, for sampling intervaldt, is described as

δpn
b,k+1 = δpn

b,k+dtδvn
b,k, (5.4)

δvn
b,k+1 = δvn

b,k+dt[R̂n
b,kf̃m,k]×δθk+dtR̂n

b,k(δba,k+nf,k),

δθk+1 = δθk−dtR̂n
b,k(δbg,k+nω,k),

δba,k+1 = δba,k+dtnδ f,k,

δbg,k+1 = δbg,k+dtnδω,k,
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whereR̂n
b is the estimated rotation matrix and indexk is an integer discrete time index.

Accordingly, the error state vector can be written as

δxins = [δpn
b
⊤ δvn

b
⊤ δθ⊤ δba

⊤ δbg
⊤]⊤. (5.5)

Hence, the state-space model of the discrete time process is

δxk+1 = Fkδxk+Gknk ∈R
15, (5.6)

where

Fk =




I3 dtI3 03 03 03

03 I3 dt[R̂n
b,kf̃m,k]× dtR̂n

b,k 03

03 03 I3 03 −dtR̂
n
b,k

03 03 03 I3 03

03 03 03 03 I3



,

and

Gk =




03 03 03 03

dtR̂n
b,k 03 03 03

03 −dtR̂n
b,k 03 03

03 03 dtI3 03

03 03 03 dtI3



,

Fk andGk are known as discrete time state and system noise propagation matrices, respec-
tively, andnk = [n⊤

f,k n⊤
ω,k n⊤

δ f,k n⊤
δωk

]⊤ is the process noise (assumed to be stationary)

with the corresponding diagonal covariance matrixQ ∈ R15×15.

5.2.2 Projection from 3D to 2D

Considering the IMU-camera sensor fusion structure, the position of a static pointπ in
the navigation frame (πn ∈ R3) can be described in the camera frame (πc ∈ R3) by the
transformation parameters between the two coordinate frames as




πc
x

πc
y

πc
z


= Rc

b(R
b
n(




πn
x

πn
y

πn
z


−pn

b)−pb
c), (5.7)

whereRc
b is the body to camera rotation andpb

c is the translation between the camera and
the body frame.

The transformation ofπc between two time-instancesk−mandk can be described by

πc
k = Rk

k−mπc
k−m+ tk

k−m, (5.8)



5.2. System Description 95

whereRk
k−m andtk

k−m are the relative camera rotation and translation, respectively. In fact,
this transformation is a function of state variables, based on (5.7), as

Rk
k−m = Rc

bRb
n,k(R

c
bRb

n,k−m)
⊤, (5.9a)

tk
k−m = Rc

bRb
n,k(p

n
b,k−m+Rb

n,k−m
⊤

pb
c −pn

b,k)−Rc
bp

b
c. (5.9b)

Using the pinhole camera model [HZ00], the projection ofπc in the normalized image
plane is

z =

[
u

v

]
=

1

e⊤3 πc
Bπc, (5.10)

where

B =

[
1 0 0

0 1 0

]
, and e⊤3 = [ 0 0 1 ].

The actual image coordinates are related to the normalized image coordinates in the pinhole
camera model by a continuous function of the camera intrinsic matrix,K , that also takes
into account radial distortion caused by the lens of the camera [HZ00]; both the lens radial
distortion and the camera intrinsic matrix are assumed to be known.

Based on (5.10),πc
k−m is then rewritten as a function of its position in the image

plane [HZ00] as

πc
k−m = πc

z,k−m




uk−m

vk−m

1


 . (5.11)

Substituting (5.11) into (5.8),πc
k can be described mainly as a function of the state variables

as

πc
k = πc

z,k−mRk
k−m




uk−m

vk−m

1


+ tk

k−m, (5.12)

whereπc
z,k−m can be referred to as the metric scale. Determining this parameter is not

possible except using an extra sensor such as a laser scanner, an altimeter, or an extra
camera. However, the visual observations are assumed be planar on the ground, hence, the
metric scale can be written as a function of the state variables. Without loss of generality,
it is assumed that the navigation frame is located in the ground plane as shown in Fig. 5.1.
Since the camera optical axis is assumed to be orthogonal to the ground plane and feature
points are assumed to be planar on the ground plane, one can claim thatπc

z = pn
c,z where

pn
c = pn

b +Rb⊤
n pb

c. Inserting this equality together with equation (5.9) in (5.12),πc
k can
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finally be written as

πc
k = e⊤3 pn

c,k−mRc
bRb

n,k(R
c
bRb

n,k−m)
⊤




uk−m

vk−m

1


 (5.13)

+Rc
bRb

n,k(p
n
b,k−m+Rb

n,k−m
⊤

pb
c −pn

b,k)−Rc
bpb

c.

5.2.3 Measurement model

The measurement model of the system is constructed by relating the camera measurements
to the INS state variables. The camera observations are in fact the planar feature points on
the ground in the current camera coordinate frame, for which the corresponding feature
points in the previous frame are obtained. Based on (5.10), the projection ofi-th feature
pointπ i on the image plane at time samplek is given by

zik =

[
uik

vik

]
+wik =

1

e⊤3 πc
ik

Bπc
ik
+wik, (5.14)

wherewik is the pixel measurement noise.wik is assumed to be zero mean Gaussian with
covariance matrixR =σ2

wI2. ForL matched features between two successive image frames,
the measurement vectors are stacked in a single vector as

z̄k = [z⊤1k
... z⊤Lk

]⊤. (5.15)

As shown in the previous section, the current measurement does not only depend on
the current INS states, but also on the previous position and the rotation of the camera and
the previous measurement. That is, the nonlinear measurement equation of the system for
L features can be described as

z̄k = hk(δxins
k ,δ x̄ins

k−m, z̄k−m)+ w̄k, (5.16)

where

δ x̄ins
k−m , Tδxins

k−m = [δpn
b,k−m

⊤ δθ n
b,k−m

⊤]⊤, (5.17)

T =

[
I3 03 03 03 03

03 03 I3 03 03

]

andw̄k is the stacked measurement noise, obtained similarly to (5.15), with the covariance
matrix R̄ = σ2

wI2L. The final form of the nonlinear functionhk in (5.16) can be easily
obtained by substituting equation (5.13) in (5.14).

5.3 Estimation Framework

As a result of the nonlinear measurement equation (5.16), we need to develop a nonlinear
filter for state estimation. For this purpose, we use a modified UKF. Our filtering scheme
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is following similar procedure as the usual UKF [WM00, JU97, KSH00]. Therefore, we
just provide an overview of our estimation method in Algorithm 21. However, due to de-
pendency of the measurement equation (5.16) to the previous INS states and the camera
measurements, a set of modifications are applied to the system state vector, process model,
and the covariance matrix of the state variables. In the following, we first describe the mod-
ified state vector and the process model of the system. Then, the estimation framework is
presented in the form of propagation and measurement updates.

5.3.1 State augmentation

To capture the dependency of the measurement equation (5.16) to the previous INS states
and the camera measurements, we modify the system state vector in our state-space model.
For this purpose, the state variables (5.1) are augmented such that the state variables at
each time sample include all the required variables to generate a measurement according
to (5.16).

Assume at timek−m we have obtainedδxins
k−m|k−m, which is the estimate ofδxins at

time k−m given the camera measurements atk−m; see Section 5.3.3. Let us define the
auxiliary variable

y , [(Tδxins
k−m|k−m)

⊤ z̄⊤k−m]
⊤, (5.18)

whereT is given in (5.16). The auxiliary variabley is defined at the time of measurement
update and will be concatenated to the error state variables. That is, in the interval between
two measurement updatesy does not change. Specifically, the augmented error state vector
at timek when the last measurement happened atk−m is given by

δ x̌k , [δxins⊤
k y⊤]⊤. (5.19)

In agreement with the augmented error state vectorδ x̌k, the measurement equation (5.16)
is represented by

z̄k = hk(δ x̌k)+ w̄k. (5.20)

Consequently, the process model (5.6) is rewritten as

δ x̌k = F̌kδ x̌k−1+ Ǧknk, (5.21)

where

F̌k =

[
Fk 0

0 I6+2L

]
, and Ǧk =

[
Gk

0

]
.

Fk and Gk are discrete-time state and system noise propagation matrices, respectively,
as given in (5.6). Equation (5.21) together with (5.20) provide the complete state-space
representation of our system.

1The weights in the UKF are set asωc
l =ωm

l = 1
2(N+λ) for l = 1, . . . ,2N. For l = 0, ωc

0 =
λ

N+λ +(1−α2+β)
andωm

0 = λ
N+λ . Hereλ = α2(N+κ)−N, with parameters set toα = 0.1, β = 2 andκ = 0 that also determine

the spread of the sigma points through the weightη ,
√

N+λ [JU97].
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5.3.2 Propagation

Every time a new IMU measurement is received first the INS state variables are updated.
Then the covariance of the augmented state variable is updated as

P̌k = F̌kP̌k−1F̌⊤
k + ǦkQǦ⊤

k . (5.22)

5.3.3 Measurement update

The measurement update is performed when a new measurement arrives from the camera.
The current camera measurement,z̄k, is constructed by stacking the position of the features
in the current image, which are matched with the previous image features,z̄k−m. To get the
measurement prediction,ˆ̄zk|k−1, is calculated from (5.20):̄̂zk|k−1 = hk(δ x̌k) in whichhk is
evaluated at the current state variables. Then, innovation or measurement residual is given
by

δ x̄k|k = K k(z̄k− ˆ̄zk|k−1), (5.23)

whereK k is the Kalman gain matrix. The residual,δ x̄k|k, is finally used to correct the state
estimate, and update the auxiliary variabley as

y , [(Tδ x̄ins
k|k)

⊤ z̄⊤k ]
⊤. (5.24)

Then the error covariance matrix,P̌k, is updated according to Algorithm 2:19. ForP̌k to
be used in the next propagation step, we have to modifyP̌k according to the newy. Let
us definePk , P̌k(1 : 15,1 : 15). Since at timek bothδxins

k|k andTδxins
k|k contain the same

uncertainly in their parameters, the covariance matrix is given by

P̆k =




Pk PkT⊤

TPk TPkT⊤ 0

0 R̄


 , (5.25)

whereR̄ = σ2
wI2L is the covariance matrix of̄zk. Here,z̄k andδ x̌ are assumed to be uncor-

related.

5.4 Feature Extraction and Matching

The main image processing module of our algorithm is feature selection and matching, that
is, identifying distinguishable features between two successive image frames. To get closer
to real time, the speeded up robust features (SURF) [BTG06], which is invariant to image
scale, viewing angle, and viewing condition, has been used for extracting image feature
descriptors. Each query image first goes through feature extraction and then goes through
a searching algorithm to find out the best feature match with the previous image. The
MATLAB toolbox SURF feature detection and matching was used in our implementation.
Despite the poor lighting situation in the testing environment and poor texture of ground
floor, the algorithm was capable of identifying corresponding features from images, as
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Algorithm 2 Proposed estimation algorithm in the UKF framework. Number of the state
variablesN = 15+6+2L

1: Initialize x̂0 andP0
2: for k= 0:enddo
3: update the INS variables (5.1)
4: if the measurement from the camera is readythen
5: Extract the feature points
6: Feature points matching
7: z̄k = [z⊤1k

z⊤2k
· · · z⊤Lk

]⊤

8: R̄ = diag(Ri)% i = 1, · · · ,L
9: Form the augmented covariance matrixP̌k

10: %Sigma−Point generation f or l= 1, . . . ,2N

11: δ χ(l)
k|k−1 =±η

√
P̌k

(l)

12: ξ (l)
k|k−1 = hk(δ χ(l)

k|k−1)

13: ˆ̄zk|k−1 = ∑2N
l=0 ωm

l ξ (l)
k|k−1

14: %Measurement update

15: Re,k = ∑2N
l=0 ωm

l (ξ (l)
k|k−1− ˆ̄zk|k−1)(ξ

(l)
k|k−1− ˆ̄zk|k−1)

∗+ R̄

16: Rδx,e,k = ∑2N
l=0 ωm

l δ χ (l)
k|k−1(ξ

(l)
k|k−1− ˆ̄zk|k−1)

∗

17: Kk = Rδx,e,kR−1
e,k

18: Outlier rejection
19: δ x̄k|k = Kk(z̄k− ˆ̄zk|k−1) P̌k = P̌k−KkRe,kP̌k

20: Pk = P̌k(1 : 15,1 : 15)
21: Correction of the states, usingδ x̄k|k
22: Augment the state vector (5.19) and covariance matrix (5.25)
23: else
24: P̌k = F̌kP̌k−1F̌⊤

k + ǦkQǦ⊤
k

25: end if
26: end for

is illustrated in Fig. 5.1 (see [PMJ12] for more details on feature detection and outlier
rejection).

In order to detect and reject mismatches or very noisy observations, we employ a
residual-based outlier rejection before using the observed points on the image plane in
the measurement update (5.23). Every time a new measurement becomes available, we
perform the following test (Mahalanobis-distance) for each observed pointzi as

β 2 = (zi − ẑi)
⊤R−1

e,i (zi − ẑi)< γ

whereẑi is the prediction of the same feature point based on the latest state estimate,Re,i

is the corresponding submatrix ofRe in Algorithm 2, andγ is a threshold onβ 2 to specify
whether the measurement is reliable or an outlier. Measurements that fail the test are re-
jected and removed from the observation vector. Assuming thatβ 2 is χ2 distributed with
2 degrees of freedom, the value ofγ is selected to achieve a desired confidence level. In
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our experiments, we chooseγ = 5, which corresponds to occurrence probability of approx-
imately 0.08 under the null-hypothesis.

5.5 Performance Evaluation

In order to evaluate the performance of the proposed algorithm, extensive tests have been
performed theoretically and practically. In this section, some of the results from both the
simulation studies and the real experiments are given.

5.5.1 Simulation results

In this simulation study, the following setting of the system was considered. A pinhole
camera model was used with sampling rate 10 Hz, and focal length 833 mm. The sampling
rate of the accelerometer and gyroscope output signals,f̃m andω̃m, was set to 100 Hz. The
IMU accelerometers and gyros biases were considered to be 2·10−3 m/s2 and 5·10−4 rad/s
and the standard deviations of the corresponding incremental noise processes,nδ f andnδω ,
are 6·10−3 and 3·10−3, respectively. The IMU-camera translation and rotations were set to
pb

c = [1,−5,10]⊤ cm andRb
c = [−90◦,0◦,−90◦], respectively. Zero-mean white Gaussian

noise with standard deviation ofσw = 2 pixel was added to the projected image where the
maximum number of tracked feature points between two successive images was 15 over
the whole simulation time.

An example of the IMU-camera trajectory considered in the simulation study is illus-
trated in Fig. 5.2. In the simulated trajectory, we tried to cover different types of motion
including straight path, smooth turn, sharp turn with varying speed over 360 seconds. Ad-
ditionally, the motion in the plane contains both right and left turns to excite changes in
heading.

The estimated trajectory along with the ground truth are plotted in Fig. 5.2. The figure
shows that the vision-aided inertial system is able to follow the ground truth trajectory
along thex, y, andz axes. The final pose estimated error is about [0.28, -0.31, 0.019]
meters, which proves the consistency of the proposed method for height estimation as well
as the pose estimation in thex− y plane.

5.5.2 Experimental results

For the real experiments, a MicroStrain 3DMGX2 IMU was used, which converts the raw
voltage outputs of the motion sensors into digital format (in terms of A/D converter codes)
with sampling rate of 250 Hz. Only the three axis accelerometer and angular rate outputs
of the IMU sensor unit were used as the measurements from the inertial sensor. The ac-
celerometer output signals were then re-scaled into physical units of g (1g = 9.82 m/s2).
An internally calibrated AVT Guppy monocular camera, with resolution 752×480 and 10
Hz sampling rate, was mounted on the IMU as the vision sensor. Both the camera internal
parameter and IMU-camera calibration parameters were estimated using [Bou12] and the
proposed method in Chapter 4, respectively. The sensor module, imu-camera, was directly
connected to a Laptop via a USB port.
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Figure 5.2: Estimated trajectory over the ground truth alongx,y andz axes over 360 sec-
onds.

In the filter, the states were initialized with measured initial heights above the ground
and the planar position along thex− y plane was set to zero. The roll and pitch were esti-
mated using the gravitational force during the first samples when the system was stationary
and the remaining parameters were set to zero, see Chapter 2.

To evaluate the performance of the proposed method, different experiments were car-
ried out, such as static, moving in straight path, forward backward path, rectangular path,
eight shaped path. Some of the results of different test scenarios are given in the following,
which demonstrate the reliability of the proposed method.

Standing still: In this test, the mobile platform was left static without any movement in
a fixed position. Meanwhile, both the IMU signals and camera images were recorded and
then used in the motion estimation procedure. No control signal was used for zero velocity
update, and all the images were used sequentially for feature extraction and matching, i.e,
different features might be selected for matching in similar images. Including the feature
mismatches from SURF feature detection-matching, and the existing image pixel noise,
the estimated drift in the position was about 1 m after approximately 31.42 minutes data
acquisition. Table 5.1 quantifies the performance of the standing test. The estimated 3D
position errors were calculated by subtracting the estimated state positions from the con-
sidered initial positions of the system.
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UWB tag IMU-camera 

Figure 5.3: Experimental setup

Table 5.1: Static test, estimated INS position errors

Error in the estimated 3D positions (m)

Single IMU IMU-camera sensor fusion

time (min) x y z x y z

1 11.96 25.57 0.86 56×10−5 -57×10−7 23×10−4

5 −54×102 6.9×102 21 96×10−5 27×10−4 2.1×10−2

15 -1.9×104 3.6×104 3.5×102 85×10−4 -69×10−4 36×10−2

35 -1.5×106 0.8×106 -0.16×106 0.43 -1.37 9.22

Table 5.2: Up-down test, estimated INS position errors

Error in the estimated 3D positions (m)

Single IMU IMU-camera sensor fusion

time (sec) x y z x y z

10 0.01 -0.06 0.007 -0.22×10−4 -0.001 -0.0009

75 -2.1×102 -2.1×102 -0.11×102 0.002 -0.003 0.02

140 -1.7×103 -1.2×103 -0.07×103 0.002 -0.002 0.0059

Up-down: The reliability of the height estimate was tested byplacing the IMU-camera
on a test table where the system was only moving up and down parallel to the gravity. The
3D estimated error of the position is reported in Table 5.2. Furthermore, the continuous
estimated height is shown in Fig. 5.4. The system was lifted up and down to approximately
same heights by a step motor for about 140 seconds.

Rectangular motion: To evaluate the performance of the proposed method, a controlled
test environment was set up in an underground hall (at KTH university campus, R1) with
the dimension of about 12×25×10m3; see Fig. 5.3. The underground location of the test
environment provides a controlled level of radio interference for a reference commercial
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UWB system [ubs]. Using the active wireless tags, real-time ground truth information were
provided by wired sensors mounted in fixed and known positions on the walls that mea-
sure the TDOA and the angle-of-arrival of the UWB pulses transmitted by the tags. The
accuracy of the UWB system is about 15 cm under line-of-sight and favorable geometrical
configuration of the tags and sensors.

For the experiment, the IMU-camera sensor fusion system was mounted on a cart (as
is illustrated in Fig. 5.3). The camera was mounted on a stick where its optical axis was
approximately orthogonal to the ground plane with the measured height of approximately
90 cm.

An example of the estimated trajectory along with the ground truth over the map of
the building is shown in Fig. 5.5a. The path spanned over 360 seconds for approximately
40 m in which 3695 images were recorded. The rectangular path was constructed from
approximately four segments of straight lines connected by four sharp turns and four stops
along the four sides of the square. The starting position is depicted by a blue triangle
and the estimated end position by the proposed method is depicted by green circle. The
estimated UWB end position is represented by a black triangle, which demonstrates the
closed loop position errors of about [0.95 0.28] meters along thex andy axis, respectively.
Furthermore, the estimated height of the system is plotted in Fig.5.5b. Note that the filter
is capable of tracking the height of the system during the experiment, although at some
points due to the noisy image data the estimated height is off about 0.8 m. However, the
provided correction by the filter compensates the error in the right direction.

Since the image of three noncollinear points determines a unique affine transformation
in the plane. Having the normal of the ground plane, at least two noncollinear points are
necessary to be selected in images to define the ground plane. It is remarkable that the
provided results in this section are based on using only two pairs of detected matched
features between sequential images.



104 Chapter 5. A DLC Visual-Inertial System, Navigating Over a Horizontal Plane

x[m]

y
[m

]

 

 

−2 0 2 4 6 8 10 12

8

10

12

14

16

18

20

UWB trajectory

Estimated trajectory

 Starting point

Estimated stopping point

UWB stopping point

(a) Estimated position along the x and y axes

0 50 100 150 200 250 300 350
0.6

0.8

1

1.2

1.4

1.6

1.8

z
[m

]

t[s]

(b) Estimated height along thez axis

Figure 5.5: (a) The estimated trajectory of the IMU along with the UWB reference data for
x− y plane plotted over the map of the test environment. (b) The estimated height of the
system, where the IMU was mounted in the measured height of 90 cm.
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To provide a representation of the UKF estimate uncertainty, the 3σ level for the esti-
mated error in the IMU position, orientation, and velocity along the three axes are shown
in Fig. 5.6. Theσ values are the square roots of the computed corresponding diagonal
elements of the states’ error covariance matrix. As is depicted in Fig. 5.6a, the positional
errors along thex andy axes grow slowly since the system has no access to the absolute
position update. Interestingly, the filter consistency is also verified by the error along thez
axis.

5.6 Discussion

The main idea of this study was to devise a simple and low complexity IMU-camera 3D
motion estimation approach using the visual constraints of the ground feature points. The
developed system does not require any structure (e.g. horizontal or vertical lines, vanishing
points and lines [HZ00]) in the environment. Additionally, it avoids regions of the image
that may contain moving objects like human beings or moving vehicles. Compared to the
state-of-the-art IMU-camera motion estimation approaches, our proposed method has the
following two main advantages:
1) The developed closed-form measurement model significantly reduces the filter compu-
tational complexity compared to state-of-the-art [ESH05,MR07,KA08,MTR+09,SFP96].
Noticeably, from the filter computational point of view, the length of the state vector in
our method is fixed to 15+6 (ignoring the position of the feature points in the image plane
which are just ‘nuisance parameters’). Moreover, note that the results in Section 5.5.2 were
obtained by tracking only two image feature points between two consecutive image frames.
This feature, in addition to the low computation cost, makes our algorithm suitable to be
used in feature poor regions for real time applications.
2) The state correction provided by images is independent of the system dynamics. That is,
the system provides reliable motion estimates even when the camera is static, and there is
no motion in the system. This can be seen by noting that the validity of (5.13) does not de-
pend on the system transformation. This was also shown experimentally in Section 5.5.2.
In contrast, the current approaches that are based on the 3D reconstruction of the features
in the global coordinate frame will fail when the camera does not move or is subject to
very slow motions [CFJS02,MR07].

5.7 Conclusion

An IMU-camera sensor fusion approach is introduced to construct a vision-aided inertial
navigation system by tracking salient features of planar terrain. In the proposed algorithm,
a new measurement model has been derived for a downward-looking monocular camera.
The proposed algorithm is not only capable of velocity estimation compared to optical
flow methods, but also accurate pose estimation along thex, y, andzaxes. In the proposed
method, no restriction on the movement along the z-axis (height) is considered, while fea-
ture points are assumed to be planar on the ground. The problem of nonlinearity of the
state space model of the system has been handled by using a modified UKF to estimate
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the relative position of the system in the navigation frame. The provided simulation and
real-word experimental results indicate the accuracy of the proposed method for real-world
applications.





Chapter 6

Observability Analysis of a DLC

Visual-Inertial System, Navigating Over a

Horizontal Plane

6.1 Introduction

In this chapter, we are interested in studying the observability properties of an IMU-camera
sensor fusion system, which is navigating in an unknown environment. In particular, our
analysis is performed for a downward looking camera (DLC), which observes planar fea-
tures on the ground, i.e., the image plane is parallel to the feature’s plane, the proposed
system in Chapter 5. Such a configuration may find interesting applications in differ-
ent scenarios. For example, where there are many moving objects (such as pedestrians
and vehicles) in front of the camera, a forward-looking camera may not be able to de-
tect and reliably track static features, while, a DLC can still track point features on the
ground [PZJ12]. Furthermore, in certain cases, such as micro air vehicle (MAV) or space-
craft landing [MTR+09], most of the features observed by the DLC lie on the ground, and
one should take advantage of this fact to improve the estimation accuracy.

The observability properties of the general VINS–without using the assumption of ob-
serving features in a plane–have been thoroughly studied in the literature. Specifically
in [MR08, KS11], the authors prove that all the quantities of the IMU-camera sensor fu-
sion system (i.e., the robot pose, velocity, IMU biases, feature positions and the transfor-
mation between the IMU and the camera) are observable given observations of known
point features [MR08], or when navigating from a known initial pose [KS11]. Without
these assumptions, it has been shown that the general VINS is unobservable, and its un-
observable directions are the global position, as well as rotation around the gravity vec-
tor [HKBR12, LM12]. In [JS11], the observability properties of VINS has been examined
for different sensor configurations including: inertial only, vision only, vision and inertial.
In [Mar12] the concept of continuous symmetries is used for analyzing the observability
properties of VINS and it is shown that the IMU biases, 3D velocity, and absolute roll
and pitch angles, are observable for VINS. To the best of our knowledge, the only work

109
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that studies the observability analysis of a VINS when observing a feature in a horizontal
plane is the work of [TM12]. However, since a virtual feature projected from a laser pointer
mounted on the robot is tracked, the analysis is performed for a special camera measure-
ment model. Additionally, in [TM12] the biases in the IMU measurements are ignored both
in the observability analysis and in the estimator, which can result in significant drift.

To the best of our knowledge, the work presented here is the first to examine the ob-
servability properties of the DLC-VINS when observing ground point features. In our ob-
servability analysis, we employ the method introduced in Chapter 4.4, which significantly
reduces the complexity of finding the system’s unobservable directions. In particular, in
Section 6.3, we prove that by observing a single unknown feature on the ground, the nav-
igation system has only three unobservable directions corresponding to the global trans-
lations parallel to the ground plane, and the rotation around the gravity vector. Finally,
in Section 6.4, we experimentally illustrate the validity of our analysis using the method
introduced in [PZJ12].

6.2 System Model

Before studying the observability properties of our system in Section 6.3, we hereafter
describe its process and measurement equations.

For the purpose of IMU-camera ego-motion estimation, we consider the sensors to be
rigidly attached to a moving vehicle. The goal is to estimate the pose of this mobile VINS
with respect to the global frame{G}. In this system, the IMU measurements are used for
state propagation while the camera measurements are employed for state corrections.

1) System propagation model:We define the INS state variables in the form of a system
state vector as:1

x =
[

Cs⊤G
Gv⊤C

Gp⊤
C b⊤

a b⊤
g

]⊤
(6.1)

whereCsG is the Cayley-Gibbs-Rodriguez parameterization [Shu93] representing the ori-
entation of the global frame{G} in the camera’s frame of reference{C}, GvC and GpC

denote the velocity and position of{C} in {G}, respectively, andba andbg are the biases
in the gyroscope and accelerometer measurements. The system model describing the time
evolution of the VINS states is:

CṡG(t) =
1
2

D
(

Cω(t)−bg(t)
)

Gv̇C(t) =
Ga(t) = Gg+C(CsG(t))

⊤ (
Ca(t)−ba(t)

)

GṗC(t) =
GvC(t) ḃa(t) = na ḃg(t) = ng (6.2)

where2 1
2D, ∂s

∂θ = 1
2(I+⌊s⌋+ss⊤) ( θ =α k̂ represents a rotation by an angleα around the

1To preserve the clarity of the presentation, we assume that the IMU and camera frames of reference coincide.
2The skew-symmetric matrix of vectora is represented by⌊a⌋. Throughout this chapter, the following proper-

ties of the cross product and the skew-symmetric matrix operator (⌊a⌋) are used:a×b = ⌊a⌋b=−⌊b⌋a, ⌊a⌋a= 0,
and⌊a⌋⌊b⌋= ba⊤− (a⊤b)I3.
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axis k̂), Cω(t) =
[
ω1 ω2 ω3

]⊤
andCa(t) =

[
a1 a2 a3

]⊤
are the rotational velocity

and linear acceleration, respectively, measured by the IMU and expressed in{C}. Gg =[
0 0 g

]⊤
is the gravitational acceleration,C(s) is the rotation matrix corresponding to

s, andng andna are the accelerometer and gyroscope bias driving white Gaussian noises.
2) System measurement model:Assuming a calibrated pinhole camera, the projective

camera measurement model is3

zC =

[
u

v

]
+nz = B

1

e⊤3
Cp f

Cp f +nz, (6.3)

where

Cp f = C(CsG)(
Gp f −GpC) and B =

[
I2 02×1

]
,

Cp f andGp f represent the position of the feature pointf with respect to the camera and
global coordinate frame, respectively, andnz is the image pixel noise.

Without loss of generality, the global frame is considered to be on the ground plane
with its zaxis pointing up. Additionally, in our DLC-VINS, it is assumed that the camera’s
optical axis is orthogonal to the ground plane and the point features lie on the ground.
Thus,e⊤3

Cp f = e⊤3
GpC and the camera measurement model can be rewritten as:

zC = B
1

e⊤3
GpC

Cp f +nz. (6.4)

Moreover, this particular geometric configuration implies a constraint on the velocity along
thezaxis which can be represented as an additional measurement

e⊤3 CGvC = e⊤3
GvC ⇔ zv = e⊤3 CGvC−e⊤3

GvC = 0. (6.5)

6.3 System Observability Analysis

In this section, following the method introduced in Chapter 4 for the observability analysis,
we first define the basis functions for the DLC-VINS (Section 6.3.1) and then derive its
unobservable modes (Section 6.3.2).

6.3.1 Defining the basis functions

In our analysis, the position of the observed point feature with respect to the global coor-
dinate frame,Gp f is considered as an unknown constant variable

Gṗ f = 0, (6.6)

3ei ∈ R3×1 for i = 1,2,3 ande⊤1 = [1 0 0], e⊤2 = [0 1 0], ande⊤3 = [0 0 1].
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which we append to the state vector (see [HKBR12]).
For simplicity, we retain only a few of the subscripts and superscripts in the state ele-

ments and write the augmented DLC-INS state vector (6.1) as:

x = [s⊤ v⊤ p⊤ b⊤
a b⊤

g p f
⊤]⊤. (6.7)

Moreover, following the structure of system (4.13), we rewrite the state propagation equa-
tion in (6.2) and (6.6) as




ṡ
v̇

ṗ

ḃa

ḃg

ṗ f




=




− 1
2Dbg

g−CTba

v

0
0

0




︸ ︷︷ ︸
f0

+




1
2D
0

0

0
0

0




︸ ︷︷ ︸
F1

ω +




0
CT

0

0
0

0




︸ ︷︷ ︸
F2

a (6.8)

whereC , C(s). Note thatf0 is a 24×1 vector, whileF1 andF2 are both 24×3 matrices
which is a compact form for representing three process functions as

F1ω = f11ω1+ f12ω2+ f13ω3 (6.9)

F2a= f21a1+ f22a2+ f23a3

Following the first condition of Theorem 4.4.1, we define the system’s first four bases using
the terms appearing in the measurement functions (6.4) and (6.5), i.e.,

β 1 , C(p f −p), β2 , e⊤3 p, β 3 , Cv, β 4 , e⊤3 v.

To check the second condition of Theorem 4.4.1, we compute their derivatives with respect
to the state vectorx

∂β 1

∂x
=
[
⌊C(p f −p)⌋ ∂θ

∂s 0 −C 0 0 C
]
, (6.10)

∂β2

∂x
=
[

0 0 e⊤3 0 0 0
]
,

∂β 3

∂x
=
[
⌊Cv⌋ ∂θ

∂s C 0 0 0 0
]
,

∂β4

∂x
=
[

0 e⊤3 0 0 0 0
]

and project them onto all the process functions. Specifically, for the span ofβ1 , C(p f −
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p), we have:

∂β 1

∂x
f0 =−⌊C(p f −p)⌋bg−Cv

=−⌊β1⌋bg−β3 ,−⌊β 1⌋β 5−β3

∂β 1

∂x
f1i = ⌊C(p f −p)⌋ei = ⌊β1⌋ei

∂β 1

∂x
f2i = 0,

for i ∈ {1,2,3}, where ∂θ
∂s

1
2D = ∂θ

∂s
∂s
∂θ = I3 and we have defined a new basis element

β5 , bg. Similarly, for the span ofβ2 , e⊤3 p, we have:

∂β2

∂x
f0 = e⊤3 v = β4,

∂β2

∂x
f1i = 0,

∂β2

∂x
f2i = 0.

Then, for the span ofβ 3 , Cv, we have:

∂β 3

∂x
f0 =−⌊Cv⌋bg+Cg−ba

,−⌊β3⌋β5+β6−β7

∂β 3

∂x
f1i = ⌊Cv⌋ei = ⌊β 3⌋ei ,

∂β 3

∂x
f2i = CC⊤ei = ei ,

where the newly defined bases areβ 6 , Cg andβ 7 , ba.
Finally, for the span ofβ4 , e⊤3 v, we have:

∂β4

∂x
f0 =e⊤3 (g−C⊤ba) = e⊤3 C⊤(Cg−ba)

=g−1β⊤
6 (β 6−β7)

∂β4

∂x
f1i =0,

∂β4

∂x
f2i =e⊤3 C⊤ei = (Ce3)

⊤ei = g−1(Cg)⊤ei = g−1β⊤
6 ei ,

whereg is the norm of the gravitational acceleration,g. At the next step, we repeat the
same process of projecting the span of the newly defined basis functionsβ 5, β 6, andβ 7 on
the process functions. Specifically, we have:

β 5 , bg:

∂β 5

∂x
=
[

0 0 0 0 I 0
]

∂β 5

∂x
f0 = 0,

∂β 5

∂x
f1i = 0,

∂β 5

∂x
f2i = 0,
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β6 , Cg :

∂β 6

∂x
=
[
⌊Cg⌋ ∂θ

∂s 0 0 0 0 0
]

∂β 6

∂x
f0 =−⌊Cg⌋bg =−⌊β6⌋β5

∂β 6

∂x
f1i = ⌊Cg⌋ei = ⌊β 6⌋ei ,

∂β 6

∂x
f2i = 0,

β7 , ba:

∂β 7

∂x
=
[

0 0 0 I 0 0
]

∂β 7

∂x
f0 = 0,

∂β 7

∂x
f1i = 0,

∂β 7

∂x
f2i = 0.

Since all the terms in the preceding projections are defined based on the existing basis func-
tions (i.e., the second condition of Theorem 4.4.1 is satisfied), we have found a complete
basis set.

The corresponding new process model for the defined bases can be described as:




β̇1

β̇2

β̇3

β̇4

β̇5

β̇6

β̇7




=




−⌊β 1⌋β 5−β3

β4

−⌊β3⌋β 5+β6−β7

g−1β⊤
6 (β 6−β7)

0
−⌊β 6⌋β5

0




︸ ︷︷ ︸
g0

+




⌊β 1⌋
0

⌊β 3⌋
0

0
⌊β 6⌋

0




︸ ︷︷ ︸
G1

ω +




0

0

I
g−1β⊤

6 I

0
0

0




︸ ︷︷ ︸
G2

a (6.11)

where

G1ω = g11ω1+g12ω2+g13ω3 (6.12)

G2a= g21a1+g22a2+g23a3

Finally, the measurement equations can be expressed in terms of the basis functions as:

h1 = B
1
β2

β 1 (6.13)

h2 = e⊤3 β 3−β4 = 0. (6.14)

Equations (6.13) and (6.14) are used in Appendix 6.A for constructing matrixΞ and show-
ing that it is of full rank.
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6.3.2 Unobservable directions ofΩ

Based on Corollary 4.4.1 and given that the matrixΞ is of full rank (see also Appendix 6.A)
the unobservable directions of system (6.8) lie in the null space of matrixΩ.

Stacking the derivatives of the basis functions with respect to the variablex, the matrix
Ω is

Ω =




⌊C(p f −p)⌋ ∂θ
∂s 0 −C 0 0 C

0 0 e⊤3 0 0 0

⌊Cv⌋ ∂θ
∂s C 0 0 0 0

0 e⊤3 0 0 0 0

0 0 0 0 I 0

⌊Cg⌋ ∂θ
∂s 0 0 0 0 0

0 0 0 I 0 0




.

To describe the null space of matrixΩ, we need to find a matrix

A = [A⊤
1 A⊤

2 A⊤
3 A⊤

4 A⊤
5 A⊤

6 ]
⊤ 6= 0, (6.15)

such that
ΩA = 0, (6.16)

in other words,A spans the full null space ofΩ. From (6.16), we have:4

• Multiplying the fifth and the seventh block rows ofΩ with A, we getA4 = A5 = 0.

• Multiplying the sixth block row ofΩ with A, we have⌊Cg⌋ ∂θ
∂sA1 = 0, which implies

that eitherA1 = 0 or A1 =
∂s
∂θ Cg.

1. If A1 = 0, then from the third block row ofΩA = 0 we haveCA2 = 0 ⇒
A2 = 0, sinceC is a rotation matrix (full rank). For the first block row ofΩA
to be zero, we haveA3 = A6. Finally, from the second block row ofΩA = 0,
we gete⊤3 A3 = 0. This implies thatA3 is spanned bye1 ande2, i.e.,

A3 = A6 =

[
I2

01×2

]
.

2. If A1 =
∂s
∂θ Cg, from the first block row ofΩA = 0, we haveA3 = −⌊p⌋g and

A6 =−⌊p f ⌋g. Then, from its third block row, we getA2 =−⌊v⌋g.

4The choice of the null-space bases is done so that meaningful physical interpretations can be made.
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Hence, the system’s unobservable directions are spanned by

A =




03×2
∂s
∂θ Cg

03×2 −⌊v⌋g[
I2

01×2

]
−⌊p⌋g

03×2 03×1

03×2 03×1[
I2

01×2

]
−⌊p f ⌋g




. (6.17)

These unobservable directions correspond to the system’s (IMU-camera pair) and land-
mark’s motion parallel to thex-y plane (first two columns ofA), and their rotation about
the gravity vector (third column ofA). It should be noted that adding more point features
does not change the observable modes of the system. The extension of this observability
analysis to the case of multiple point features is described in [PGJR13b].

6.4 Experimental Results

The key findings of the observability analysis for the DLC-VINS are validated using the
method described in Chapter 5, where the camera’s optical axis is assumed to be orthogonal
to the ground plane and tracking planar features on the horizontal plane of the ground.

In our experiments, we employ an AVT Guppy monochrome camera with sampling
rate of 10 Hz that is rigidly mounted on top of a MicroStrain 3DMGX2 IMU which has
sampling rate 250 Hz. The camera intrinsic calibration is done using [Bou12] and the
IMU-camera calibration parameters are estimated from 4. The MATLAB Computer Vision
Toolbox implementation of SURF is used for the feature extraction and matching.

An example of the estimated trajectory overlaid on the map of the test environment
is plotted in Fig. 6.1a. The path length was about 50 m and it was travelled within 400
seconds. For the experiment, the IMU-camera sensor fusion system was mounted on a cart
85 cm off the ground such that the camera’s optical axis was approximately orthogonal
to the ground plane. Additionally, the estimated height of the mobile system is plotted in
Fig. 6.1b. Note that the estimated height is diverging from the approximated true value only
briefly (due to the lack of correctly detected and matched point features), while for most
of the time the system is capable of error correction that drastically reduces the estimated
height error.

To better quantify the estimation uncertainty, the 3σ bounds for the error in the camera
position, orientation, and velocity along the three axes are shown in Fig. 6.2. Theσ values
are the square roots of the corresponding diagonal elements of the states’ error covariance
matrix. As depicted in Fig. 6.2a, the uncertainty of the position along thex andy axes
grows slowly since the system has no access to absolute position information. In contrast,
the uncertainty (3σ bound) along thez axis remains constant, which confirms the findings
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Figure 6.1: (a) The estimated trajectory of the IMU-camera along thex− y plane overlaid
on the map of the test environment. (b) The estimated height of the system; the IMU-
camera rig was mounted at a height of 85 cm.

of our observability analysis (i.e., the height is observable). The results shown in Fig. 6.2b
and Fig. 6.2c are also inline with our analysis; the velocity, roll, and pitch are observable
while the yaw is unobservable.

6.5 Conclusion

In this chapter, we have studied the observability properties of a VINS in which the camera
only observes point features on the ground and its optical axis is aligned with gravity.
Compared to general VINS, where features are not constrained to be on a plane, we have
proved that in our system the vertical distance of the camera with respect to a global frame
is observable. In the analysis, the full INS state variables, including position, velocity, and
rotation of the camera in addition to the IMU biases, are considered. Furthermore, we
have derived all the observable and unobservable directions of the system using only one
point feature as the camera measurement. Finally, we have experimentally verified the key
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Figure 6.2: The 3σ bounds for the error in (a) position, (b) attitude, and (c) velocity. The
σ values are computed as the square roots of the corresponding diagonal elements of the
states’ error covariance matrix.
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findings of our observability analysis.





Appendix

6.A Lie Derivatives and Their Gradients

To prove that matrixΞ is of full column rank, it suffices to show that a subset of its rows,
whose dimension is the same or larger than the number of columns, is linearly indepen-
dent. To show this, we construct a sub-matrix ofΞ by selecting the minimum number of
Lie derivative gradients of the measurement functions (6.13) and (6.14) that leads to a
full-column-rank matrix. Note that, finding the proper Lie derivatives, which lead to the
minimum sub-matrix dimension, is quiet challenging. Empirically, one can seek to find the
directions of the state space along which the gradients of each of the candidate Lie deriva-
tives provides new information. In the following, we compute only those Lie derivatives of
h1 andh2 whose spans are used to prove thatΞ is of full column rank.

• The zeroth-order Lie derivatives of the measurement functions are:

L0h̄1 = B
1
β2

β 1,

L0h̄2 = e⊤3 β 3−β4.

Then, their gradient (i.e., the span) of each zeroth order Lie derivative is

∇L0h̄1 =
∂ h̄1

∂β
= B

[
1
β2

I − β 1
β 2

2
0 0 0 0 0

]
,

∇L0h2 =
∂ h̄2

∂β
=
[

0 0 e⊤3 −1 0 0 0
]
.

• The first-order Lie derivatives of̄h1 with respect tog0, andg1i are computed, respec-
tively, as

L1
g0

h̄1 = ∇L0h̄1 ·g0 = B(
1
β2

(−⌊β 1⌋β 5−β 3)−
β4

β 2
2

β 1),

L1
g1i

h̄1 = ∇L0h̄1 ·g1i = B
1
β2

⌊β 1⌋ei ,

while their corresponding gradients are given by

∇L1
g0

h̄1 =
∂L1

g0
h̄1

∂β
= B

[
1
β2
⌊β 5⌋− β4

β 2
2

I −1
β 2

2
(−⌊β 1⌋β 5−β 3)+

2β4

β 3
2

β 1
−1
β2

I − 1
β 2

2
β 1

−1
β2

⌊β 1⌋ 0 0
]
,

∇L1
g1i

h̄1 =
∂L1

g1i
h̄1

∂β
= B

[
−1
β2

⌊ei⌋ −1
β 2

2
⌊β 1⌋ei 0 0 0 0 0

]
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• The second-order Lie derivatives and their corresponding gradients:5

L2
g0g1i

h̄1 =∇L1
g0

h̄1 ·g1i = B((
1
β2

⌊β 5⌋−
β4

β 2
2

I)⌊β 1⌋ei +
−1
β2

⌊β 3⌋ei),

L2
g1ig0

h̄1 =∇L1
g1i

h̄1 ·g0 = B(
−1
β2

⌊ei⌋(−⌊β 1⌋β 5−β 3)+
−β4

β 2
2

⌊β 1⌋ei),

∇L2
g0g1i

h̄1 =
∂L2

g0g1i
h̄1

∂β
= B

[
−( 1

β2
⌊β 5⌋− β4

β 2
2

I)⌊ei⌋ Π2i
1
β2
⌊ei⌋ − 1

β 2
2
⌊β 1⌋ei

1
β2
(β 1e⊤i −eiβ⊤

1 ) 0 0
]
,

∇L2
g1ig0

h̄1 =
∂L2

g1ig0
h̄1

∂β
= B

[
−1
β2

⌊ei⌋⌊β 5⌋+ β4

β 2
2
⌊ei⌋ −1

β 2
2
⌊ei⌋(⌊β 1⌋β 5+β 3)+

2β4

β 3
2
⌊β 1⌋ei

1
β2
⌊ei⌋

−1
β 2

2
⌊β 1⌋ei

1
β2
⌊ei⌋⌊β 1⌋ 0 0

]
.

• The third-order Lie derivatives and their corresponding gradients are:

L3
g0g1ig0

h̄1 =∇L2
g0g1i

h̄1 ·g0 = B(−(
1
β2

⌊β 5⌋−
β4

β 2
2

I)⌊ei⌋(−⌊β 1⌋β 5−β 3)+Π2i β4+

1
β2

⌊ei⌋(−⌊β 3⌋β 5+β 6−β 7)−
g−1

β 2
2
⌊β 1⌋ei(β⊤

6 (β 6−β 7))),

L3
g0g1ig2 j

h̄1 =∇L2
g0g1i

h̄1 ·g2 j =
1
β2

⌊ei⌋ej −
g−1

β 2
2

⌊β 1⌋eiβ⊤
6 ej ,

∇L3
g0g1ig0

h̄1 =
∂L3

g0g1ig0
h̄1

∂β
= B

[
Π̃1i Π̃2i Π̃3i Π̃4i Π̃5i Π̃6i

−1
β2

⌊ei⌋+ g−1

β 2
2
⌊β 1⌋eiβ⊤

6

]
,

∇L3
g0g1ig2 j

h̄1 =
∂L3

g0g1ig2 j
h̄1

∂β
= B

[
g−1

β 2
2
⌊ei⌋β⊤

6 ej − 1
β 2

2
⌊ei⌋ej +

2g−1

β 3
2
⌊β 1⌋eiβ⊤

6 ej

0 0 0 − g−1

β 2
2
⌊β 1⌋eie⊤j 0

]
.

6.A.1 Rank condition test

Stacking together the computed spans of the Lie derivatives, a subset of the observability
matrixΞ is constructed as:

5Πi and Π̃i j will be removed later on by Gaussian elimination, thus we do not show their explicit expressions
here.
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and
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2
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Ξ̃=




∇L
0h2

∇L
1
g11

h̄1

∇L
1
g12

h̄1

∇L
1
g13

h̄1

∇L
2
g11g0

∇L
2
g12g0

∇L
2
g13g0

∇L
2
g0g11

∇L
2
g0g12

∇L
2
g0g13

∇L
3
g0g11g0

∇L
3
g0g12g0

∇L
3
g0g13g0

∇L
3
g0g11g21

∇L
3
g0g12g22

∇L
3
g0g13g23

∇L
3
g0g12g23




=




0 0 e⊤3 −1 0 0 0
−1
β2

B⌊e1⌋ −1
β2
2

B⌊β 1⌋e1 0 0 0 0 0

−1
β2

B⌊e2⌋ −1
β2
2

B⌊β 1⌋e2 0 0 0 0 0

−1
β2

B⌊e3⌋ −1
β2
2

B⌊β 1⌋e3 0 0 0 0 0

B( −1
β2

⌊e1⌋⌊β 5⌋+
β4
β2
2
⌊e1⌋) B( −1

β2
2
⌊e1⌋(⌊β 1⌋β 5+β 3)+

2β4
β3
2
⌊β1⌋e1)

1
β2

B⌊e1⌋ −1
β2
2
⌊β1⌋e1

1
β2

B⌊e1⌋⌊β1⌋ 0 0

B( −1
β2

⌊e2⌋⌊β 5⌋+
β4
β2
2
⌊e2⌋) B( −1

β2
2
⌊e2⌋(⌊β 1⌋β 5+β 3)+

2β4
β3
2
⌊β1⌋e2)

1
β2

B⌊e2⌋ −1
β2
2
⌊β1⌋e2

1
β2

B⌊e2⌋⌊β1⌋ 0 0

B( −1
β2

⌊e3⌋⌊β 5⌋+
β4
β2
2
⌊e3⌋) B( −1

β2
2
⌊e3⌋(⌊β 1⌋β 5+β 3)+

2β4
β3
2
⌊β1⌋e3)

1
β2

B⌊e3⌋ −1
β2
2
⌊β1⌋e3

1
β2

B⌊e3⌋⌊β1⌋ 0 0

−B( 1
β2

⌊β 5⌋−
β4
β2
2

I)⌊e1⌋ BΠ21
1

β2
B⌊e1⌋ − 1

β2
2

B⌊β 1⌋e1
1

β2
B(β 1e⊤1 −e1β⊤

1 ) 0 0

−B( 1
β2

⌊β 5⌋−
β4
β2
2

I)⌊e2⌋ BΠ22
1

β2
B⌊e2⌋ − 1

β2
2

B⌊β 1⌋e2
1

β2
B(β 1e⊤2 −e2β⊤

1 ) 0 0

−B( 1
β2

⌊β 5⌋−
β4
β2
2

I)⌊e3⌋ BΠ23
1

β2
B⌊e3⌋ − 1

β2
2

B⌊β 1⌋e3
1

β2
B(β 1e⊤3 −e3β⊤

1 ) 0 0

BΠ̃11 BΠ̃21 BΠ̃31 BΠ̃41 BΠ̃51 BΠ̃61 B(−1
β2

⌊e1⌋+ g−1

β2
2

⌊β 1⌋e1β⊤
6 )

BΠ̃12 BΠ̃22 BΠ̃32 BΠ̃42 BΠ̃52 BΠ̃62 B(−1
β2

⌊e2⌋+ g−1

β2
2

⌊β 1⌋e2β⊤
6 )

BΠ̃13 BΠ̃23 BΠ̃33 BΠ̃43 BΠ̃53 BΠ̃63 B(−1
β2

⌊e3⌋+ g−1

β2
2

⌊β 1⌋e3β⊤
6 )

g−1

β2
2

B⌊e1⌋β⊤
6 e1 B( 2g−1

β3
2

⌊β1⌋e1β⊤
6 e1) 0 0 0 − g−1

β2
2

B⌊β1⌋e1e⊤1 0

g−1

β2
2

B⌊e2⌋β⊤
6 e2 B( 2g−1

β3
2

⌊β1⌋e2β⊤
6 e2) 0 0 0 − g−1

β2
2

B⌊β1⌋e2e⊤2 0

g−1

β2
2

B⌊e3⌋β⊤
6 e3 B( 2g−1

β3
2

⌊β1⌋e3β⊤
6 e3) 0 0 0 − g−1

β2
2

B⌊β1⌋e3e⊤3 0

g−1

β2
2

B⌊e2⌋β⊤
6 e3 B(− 1

β2
2
⌊e2⌋e3+

2g−1

β3
2

⌊β1⌋e2β⊤
6 e3) 0 0 0 − g−1

β2
2

B⌊β1⌋e2e⊤3 0




.
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To show thatΞ is of full rank, we use Gaussian elimination. The Gaussian elimination
is performed based on the knowledge that the following matrices are of full column rank,
which they clearly are as long asu andv, (6.3), are not both zero.

ϒ =
1
β2




B⌊e1⌋
B⌊e2⌋
B⌊e3⌋


=

1
β2




0 0 0

0 0 −1

0 0 1

0 0 0

0 −1 0

1 0 0




,

ϒ̄ =
−g−1

β 2
2




B⌊β 1⌋e1e⊤1
B⌊β 1⌋e2e⊤2
B⌊β 1⌋e3e⊤3


=

−g−1

β2




0 0 0

1 0 0

0 −1 0

0 0 0

0 0 v

0 0 −u




, (6.18)

ϒ̃ =
−1
β2




B⌊β 1⌋⌊e1⌋
B⌊β 1⌋⌊e2⌋
B⌊β 1⌋⌊e3⌋


=




0 v 1

0 −u 0

−v 0 0

u 0 1

−1 0 0

0 −1 0




,

ϒ̂ =




−1
β2

B⌊e1⌋+ g−1

β 2
2

B⌊β 1⌋e1β⊤
6

−1
β2

B⌊e2⌋+ g−1

β 2
2

B⌊β 1⌋e2β⊤
6

−1
β2

B⌊e3⌋+ g−1

β 2
2

B⌊β 1⌋e3β⊤
6


=

1
β2




0 0 0

0 0 2

0 0 −2

0 0 0

0 1 v

−1 0 u




, (6.19)

ϒ̌ = B⌊e2⌋e3 = [1 0]⊤.

Performing Gaussian elimination by column-row operations onΞ̄, yields:

Ξ̃ =




0 0 0 2 0 0 0

I 0 0 0 0 0 0

0 0 I 0 0 0 0

0 0 0 0 I 0 0

0 0 0 0 0 0 I

0 0 0 0 0 I 0

0 1 0 0 0 0 0




, (6.20)
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which clearly is a full column rank matrix. Hence, the system described by (6.11) is ob-
servable and our defined basis functions are the system’s observable modes.

6.B Observability Analysis with Multiple Features

In this section, we will present the matrixΩ andΞ for DLC-VINS when observing multiple
landmarks, and show it has the same observability property with the system observing one
landmark. In this case, for each landmark we have a measurement function of type (6.4).
Hence, for each measurement equation, we determine the bases following the same proce-
dure as it is described in Section 6.3.1.

That is, the basis functions for the DLC-VINS when observing M landmarks is:

β 1 j = C(p f j −p), β2 = e⊤3 p, β 3 = Cv, (6.21)

β4 = e⊤3 v, β5 = bg, β 6 = Cg, β 7 = ba.

The corresponding new process model for the defined bases can be described as:
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a (6.22)

A sub-matrix of observability matrix ofO is constructed by i) modifying matrixΞ
with the additional bases corresponding toβ 1 j for 1, ...,M ii) augmenting the newΞ with
the gradient (the span) of the zeroth order Lie derivative of the measurement equations
corresponding to theM observed features.
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Following the Gauss elimination, we have
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which is of full column rank.
Then, matrixΩ is

Ω =
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. (6.23)

Finally, the null space ofΩ is spanned by
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Chapter 7

A Visual-Inertial System, Navigating Over a

Horizontal Plane

7.1 Introduction

Integration of vision and inertial navigation systems (VINSs) has generated wide research
interest in developing more accurate and simple, with low computational complexity, posi-
tioning systems in different areas such as robotics, traffic applications, as well as personal
navigation systems. This is mainly due to the development of light weight, and cheap in-
ertial sensors that are becoming a standard feature of smart-phones and personal digital
assistants. Hence, finding a reliable solution for merging the inertial data with visual infor-
mation is a crucial challenge in the current visual inertial systems.
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In this chapter, the problem of VINS motion estimation is considered for a system that
is navigating in an unknown environment, termed asego-motion estimation. In particular,
the idea is to estimate the 3D trajectory of a moving monocular camera mounted rigidly to
an inertial measurement unit (IMU), without estimating a map of the environment. More
specifically, the problem of IMU-camera ego-motion estimation is investigated when the
visual observations are located on a horizontal plane. For this nonlinear system, first its
observability properties is studied and then a novel and accurate 6-DoF motion estimation
approach is proposed for the analysed system.

To the best of our knowledge, the work presented here is the first to examine the observ-
ability properties of the 6-DoF VINS when observing features on a horizontal plane. In this
system, the observability analysis is performed and it is shown that while the key results
of the previous observability analyses (e.g., [KS11, JS11, LM12, HKBR12]) are valid (the
robot’s global position and its orientation around the normal of the plane are unobservable),
by constraining visual observations to be on a horizontal plane the orthogonal translation
of the camera with respect to the plane becomes observable. More specifically, it is proved
that by observing unknown feature points on a horizontal plane, the navigation system has
only three unobservable directions corresponding to the global translations parallel to the
plane, and the rotation around the gravity vector.

Then for the presented VINS, a motion estimation approach is developed, which is
an extension of Chapter 5. In this chapter, the assumption of using a downward looking
camera in which the camera optical axis is orthogonal to the horizontal plane is relaxed and
an accurate positioning system for 6-DoF motion estimation is proposed. The performance
of the proposed solution both with simulation and experimental data is studied. The results
show that it can be used as a promising positioning system in consumer products like
visual inertial based applications in smartphones for localization, or 3D reconstruction
without having access to external tracking setups, for indoor or GPS denied environments.
Moreover, estimating the metric distance to the plane can provide useful information for
take-off and landing without using any markers or pre-built maps. Currently, the main
application for the considered work is the close-to-landing maneuvers of quadcopters and
other UAVs, as illustrated in Fig. 7.1.

The key contributions of this chapter are summarized in the following:

• The first contribution is the observability analysis of a VINS in which the visual
observations are features that are located on a horizontal plane; where the normal of
this plane is assumed to be known. The analysis is based on the Lie derivatives for
finding the observable and unobservable modes of the time varying nonlinear VINS.
In this study, the full INS parameter vector (including position, velocity, rotation, and
inertial sensor biases) as well as the 3D position of the observed feature points are
considered as state variables for analyzing the observability properties of the system.
In particular, it is proved that the system has (only) three unobservable directions
corresponding to global translations along the horizontal plane, and rotations around
the gravity vector. Worth noting is that only a single feature point is used for the
analysis. In conclusion, compared to general VINS in which there is no assumption
on the geometrical properties of visual observations, an advantage of using features
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Figure 7.1: Quadcopter equipped with IMU and Camera.

on a horizontal plane is that the vertical translation of the camera with respect to this
plane becomes observable.

• As the second contribution of this chapter, an ego-motion estimation approach is
proposed for the analyzed VINS. The system maintains a set of feature points that
are observed on a horizontal plane. Based on matched feature points between the
current and previous images, a novel measurement model is introduced that imposes
visual constraints of the features on the inertial navigation system to perform the mo-
tion estimation. Pose estimation is formulated implicitly in a state-space framework
and is performed by an unscented Kalman filter (UKF). In contrast to the motion
estimation approaches that rely on structure from motion or homography-based mo-
tion estimation methods, which need a sufficient base-line between the images for
camera pose estimation, the proposed solution is independent of the motion of the
system. The proposed measurement model holds even in the absence of translational
or rotational motion. Moreover, the IMU-camera sensor fusion system is free to have
6-DoF motion while observing visual features on the plane.

• Finally, the findings of the theoretical analysis for observability analysis and motion
estimation are validated through extensive simulations and experiments.

The structure of this chapter is as follows. A summary of the related works on VINS
observability analysis and motion estimation is given in Section 7.1.1. Notations are in-
troduced in Section 7.1.2. The system model is described in Section 7.2. In Section 7.3,
specifically the observability properties of a VINS is provided in which the visual obser-
vations are on a horizontal plane. The proposed motion estimation approach is presented
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in Section 7.4. Experimental results are illustrated in Section 7.5. Discussion is given in
Section 7.6. Finally, the conclusion of the study is summarized in Section 7.7.

7.1.1 Related works

VINS observability analysis

Recently, there has been a growing interest in studying observability properties of
VINSs [JVS, MR08, KS11, JS11, LM12, HKBR12, TM12, PGJR13a]. Observability pro-
vides an understanding of how well states of a system can be inferred from the system
output measurements [HK77]. The observability properties of a time invariant linear sys-
tem can be easily derived using the Kalman canonical decomposition. However, the prob-
lem becomes more complex for a nonlinear time variant system, such as the VINS. In
this case, the study of observability properties is restricted tolocally weakly observability
analysis[HK77].

In the VINS, basic state variables are the INS unknown parameters including the po-
sition, velocity, and rotation of the camera with respect to a fixed reference frame, and
the biases in the IMU sensor. However depending on the problem, the system state vec-
tor can be augmented with additional variables, such as IMU-camera calibration parame-
ters [MR08,KS11], landmark positions [LM12,HKBR12], or gravity vector [KS11].

The VINS observability properties were first studied in [JVS, MR08, KS11, JS11].
Specifically in [MR08,KS11], the authors prove that all the quantities of the IMU-camera
sensor fusion system (i.e., the robot pose, velocity, IMU biases, feature positions and the
transformation between the IMU and the camera) are observable given observations of
known feature points. Both of these analyses in [MR08,KS11] are established by studying
the observability rank condition based on Lie derivatives [HK77].

In [JVS, JS11], the observability properties of VINS have been studied by analyzing
indistinguishable trajectories of the system for different sensor configurations including:
inertial only, vision only, vision and inertial where it includes the effects of unknown grav-
ity and IMU-camera calibration parameters, and it is shown that under general position
conditions both gravity and the IMU-camera calibration parameters are observable.

The presented VINS observability analyses in [LM12, HKBR12, Mar12, TM12,
HKBR13] are among the most recent related works, which specifically study observability
properties of the INS state variables for motion estimation in unknown environments. For
instance, the analyses in [LM12, HKBR12] result in four unobservable directions, cor-
responding to global translations and global rotation about the gravity vector. The an-
alytical studies in [LM12, HKBR12] are done by utilizing the concept of observability
Gramian [May79].

In [Mar12] a closed form solution to the VINS problem is proposed together with
the analytical derivation of the system’s observable modes, where for the observability
analysis the concept of the continuous symmetric method is used [Mar11]. Of particular
relevance to this work is the system introduced in [TM12] in which the system is equipped
with a laser pointer rigidly mounted into the IMU-camera frame. In this system, the visual
navigation is based on observing a single laser spot on a planar surface, while the pose of



7.1. Introduction 133

the laser pointer is partially known with respect to the camera. Although, the IMU biases
are neither considered in the observability analysis nor in the motion estimation, the system
reveals similar observability properties in the observable modes as in this system, where
for the analysis the proposed method in [Mar11] is used. In [PGJR13a], the observability
analysis is provided for a downward looking camera in a VINS. However, the analysis was
performed for a special case where the camera optical axis is orthogonal to the ground
plane.

To date no study exists on the observability analysis of a 6-DoF VINS system by
considering geometrical properties of the observed planar features. For the observability
analysis, the method introduced in [GR13] is employed, which is based on the Lie deriva-
tives [HK77] and significantly reduces the complexity of finding the system’s unobservable
directions. In this chapter, it is proved that by observing unknown feature points on a hor-
izontal plane, the navigation system has only three unobservable directions corresponding
to the global translations parallel to the defined horizontal plane, and the rotation around
the gravity vector.

VINS motion estimation

Navigating in structured environments, e.g., man-made buildings, can provide significant
information and the consequent constraints in the visual inertial solution. In the literature,
various structures have been investigated for vision-based motion estimation, e.g., horizon-
tal or vertical lines, vanishing points and lines [HZ00, LD03], edges of buildings or fixed
objects, and artificial visual tags [WS07]. However, there are only a few approaches that
take the advantage of planar features for motion estimation, which is a salient structure in
indoor environments, e.g., planar features on the ground, wall, or roof.

Within all different planar structures in environments, here, the focus on the study of a
system that is navigating over the horizontal plane of the ground. The choice of observing
planar features on the ground is the most feasible scenario in many positioning applications
both for personal and robotic navigation systems. More specifically, the importance of fus-
ing ground planar features for motion estimation is vital where there are many moving
objects (such as pedestrians and vehicles) in front of the camera. Furthermore, in certain
cases, such as a micro air vehicle (MAV) or spacecraft landing, most of the features ob-
served by camera lie on the ground, and one should take advantage of this fact to improve
the estimation accuracy [MTR+09].

Among the VINS motion estimation approaches that are based on using ground facing
camera, one can refer to the following methods: To date, the best ego-motion estimation
results is obtained by a multi-state constraint Kalman filter introduced in [MTR+09]. The
key advantage of this method is the use of a new measurement model that employs the
geometric constraints of observing static features from multiple camera poses [MR07].
In [SSA11] a method is proposed for estimating the velocity of mobile robots based on the
Kalman filter integration using an optical flow method for a downward-looking camera.
In [HBA10b], an IMU-camera GPS aided system is designed for pedestrian navigation in
which the user is carrying a ground facing camera in the sensor fusion system. To restrict
the IMU error drift in the system, the planar homography of the ground plane features is
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constructed and it provides the velocity of the camera in the measurement model. However,
the use of homography for motion estimation include these issues: 1) the sufficient number
of detected image feature correspondences need to be more than four, 2) the sensitivity of
the method to outliers, 3) the distance to the planar surface is unobservable when there is
no translation in the system.

Although the observation of ground planar features has been implicitly used in vi-
sual inertial navigation systems [MDDA08, HBA10b, MTR+09, SSA11, RJM02, CD, PL,
WBM13], this condition was first explicitly used in [PJ13] for the VINS motion estima-
tion. In [PJ13], an IMU-camera ego-motion approach is proposed in which the ground
planar features were directly used to construct the inertial model of the system. However,
the developed system was for a downward looking camera. The assumption of the orthog-
onally of the camera optical axis to the ground is a nice property to overcome the use of
additional sensors for recovering the lost scale factor, and the reported experimental results
in [PJ13] confirm the reliability and persistency of the developed method to the level of the
noise, and the approach works well even with a few numbers of features. However, this
assumption might be violated in a real scenario. In this chapter, this assumption is relaxed
and a general solution is proposed in which the camera is not restricted to be downward
looking. That is, no specific restrictions are imposed on the camera motion other than that
the camera is continuously observing features on the plane. The problem of motion esti-
mation is formulated in a state space framework and is solved using a modified UKF. The
performance of the proposed solution is studied both in simulation and experiments in an
indoor environment, and show that it can be used as a promising positioning system, even
at the presence of only few numbers of features.

7.1.2 Notation

In the following sections scalars are denoted by lowercase letters (s), vectors by bold letters
(f), and matrices by bold capitals (K ). Im denotes them×m square identity matrix.0m×n

denotes them×n zero matrix.ei ∈ R3 for i = 1,2,3 ande⊤1 = [1 0 0], e⊤2 = [0 1 0], and
e⊤3 = [0 0 1]. The global, IMU, and the current camera frames are denoted,{G}, {I}, and
{C}, respectively.{Cℓ} is the coordinate frame of the camera capturing an imageℓ lags
from the current one.ApB represents the position of coordinate frame{B} in coordinate
frame{A}, andAvB denotes velocity of coordinate frame{B} in coordinate frame{A}.
Based on the Euler rotation theorem, the principle rotation vectorθ is defined asθ =
α k̂ [Shu93], wherek̂ is the unit vector along the axis andα the angle of rotation. To
represent the attitude, both the quaternion,q ∈ R4×1, and the Cayley-Gibbs-Rodrigues
parameterization,s∈ R3×1, wheres= tan(α

2 )k̂ are used. Then,AqB andAsB are used to
denote the orientation of the frame{B} in the frame of reference{A}; C(q) andC(s) are
the rotation matrices corresponding toq ands, respectively.

The IMU-camera extrinsic calibration parameters,{IpC,C(I qC)}, are estimated based
on the approach of [PJ11a]. To preserve the clarity of the presentation, it is assumed that
the IMU and camera frame of reference coincides.

Without loss of generality, it is considered that the global frame of reference is on the
desired horizontal plane where itszaxis is pointing in the opposite direction of the gravity



7.2. General System Model 135

field (see Fig. 7.2).
The skew-symmetric matrix of vectora is represented by⌊a⌋ and the following prop-

erties of the cross product skew-symmetric matrix are used:a× b = ⌊b⌋a = −⌊a⌋b,
⌊a⌋a= 03×1, ⌊a⌋⌊b⌋= ba⊤− (a⊤b)I3, ⌊Ab⌋= A⌊b⌋A⊤, b⊤⌊a⌋b = 0,∀ A ∈ R3×3 and∀
{a,b} ∈ R3×1.

7.2 General System Model

Hereafter the general INS propagation model is described in Section 7.2.1. The constructed
propagation model is based on the IMU measurements and camera measurement model in
Section 7.2.2, where the camera measurement is employed for state corrections. These
two models are the basic propagation and measurement models which are used in later
sections under different parameterizations for the purpose of observability analysis and
motion estimation.

7.2.1 INS propagation model

The INS state variables are defined in the form of the system state vector

xins= [CqG
⊤ GvC

⊤ GpC
⊤

b⊤
a b⊤

g ]
⊤, (7.1)

whereCqG is the quaternion that represents the orientation of the global frame{G} in the
camera’s frame of reference{C}. The velocity and the position of the camera in the global
frame are denoted byGvC andGpC, respectively.ba andbg are the bias vectors affecting
the accelerometer and gyroscope measurements, respectively.

The time evolution of the INS state is given by

Cq̇G(t) =
1
2

[
−⌊ω(t)⌋ ω(t)

−ω(t)⊤ 0

]
CqG(t), (7.2)

Gv̇C(t) =
Ga(t) = Gg+C(CqG(t))

⊤ (a(t)−ba(t)) ,
GṗC(t) =

GvC(t), ḃa(t) = nδa, ḃg(t) = nδg,

whereω(t) =
[
ω1 ω2 ω3

]⊤
anda(t) = [a1 a2 a3]

⊤ are the IMU rotational velocity and

linear acceleration,Gg=
[
0 0 g

]⊤
is the gravitational acceleration,C(q) is the rotation

matrix corresponding toq, andnδg and nδa are the accelerometer and gyroscope bias
driving white Gaussian noises. The output measurement signals of the gyroscope,ωm, and
accelerometer,am, are modeled as:

ωm(t) = ω(t)+bg(t)+ng(t), (7.3)

am(t) = C(CqG(t))(
Ga(t)−Gg)+ba(t)+na(t). (7.4)
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7.2.2 Camera measurement model

Consider a feature pointf observed by a camera, where its position relative to the camera
center{C} is denoted byCp f . Using the pinhole camera model [HZ00], its homogenous
and normalized pixel coordinates on the image plane are represented byCz̄ andCz, respec-
tively, as:

Cz̄= (e⊤3
Cp f )

−1Cp f , (7.5)

and
Cz=

[
I2 02×1

]
(e⊤3

Cp f )
−1Cp f , (7.6)

where
Cp f = C(CqG)(

Gp f −GpC). (7.7)

7.3 The system Observability Analysis

In what follows, first, a number of modifications on the system model is introduced for the
purpose of observability analysis in Section 7.3.1. Then, the basis functions are defined in
Section 7.3.2. Finally, its unobservable modes are derived in Section 7.3.3.

7.3.1 Modified system model

To assist the observability analysis, the following modifications are considered in the sys-
tem propagation and measurement model:

• In the analysis, the position of the observed feature point with respect to the
global coordinate frame,Gp f , is considered as an unknown constant variable, see
[HKBR12]. Therefore, it is appended to the state vector, and its dynamic is reflected
in the propagation model.

• Instead of using the quaternion parametrization, the rotation matrixC(q) is re-
parameterized in terms of the Cayley-Gibbs-Rodriguez parameters, C(s). Then, the
noise free system propagation model of (7.2), by considering time propagation of
Gp f , is described by

CṡG(t) =
1
2

D(ω(t)−bg(t)) , (7.8)

Gv̇C(t) =
Gg+C(CsG(t))

⊤ (a(t)−ba(t)) ,
GṗC(t) =

GvC(t), ḃa(t) = 03×1,

ḃg(t) = 03×1,
Gṗ f = 03×1

where1
2D , ∂s

∂θ = 1
2(I + ⌊s⌋+ ss⊤), see [Shu93].
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Figure 7.2: Graphical representation of the virtual camera coordinate frame{V}, which
coincides with real camera coordinate frame{C}. The optical axis of the virtual camera is
selected to be always orthogonal to the desired plane.

• The following Lemma 7.3.1 is stated, to impose the geometric constraint of the
visual observations in the system measurement equation (7.5). To analyze the VINS
observability properties, the results of Lemma 7.3.1 is used as the measurement
equation for finding the system basis functions.

Lemma 7.3.1. For an arbitrary feature point f on a horizontal plane, the camera
measurement model of the system based on the projective camera model can be
represented as

y = (e⊤3
GpCI3+C(CsG)(

Gp f −GpC)e⊤3 C(CsG)
⊤)Cz̄= 0 (7.9)

Proof. Let us consider a virtual camera along with the real camera in which the
center of its coordinate frame{V} coincides with the center of the real camera co-
ordinate frame{C}. Moreover, the virtual camera optical axis is always restricted to
be parallel with the normal of the desired navigation plane, in this case the desired
horizontal plane. Thus, the orientation of the virtual camera frame is fixed relative
to the global frameC(VsG) = diag(1,−1,−1). Therefore, the position ofp f in {V}
along its optical axis,e⊤3

Vp f , is equal to the height of the camera above the plane,

e⊤3
Vp f = e⊤3

GpC. (7.10)
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As the transformation between the real camera frame and the virtual frame is related
by a rotation,CCV , C(CsG)C(VsG)

⊤
, the positions ofp f in the two coordinate

frames are related by
Cp f =

CCV
Vp f . (7.11)

SubstitutingVp f in (7.11) with its projection in the virtual image plane (7.5),

Cp f =
CCVe⊤3

Vp f
V z̄. (7.12)

Moreover, the projection of feature pointp f in the virtual image plane can be mapped
to the real image plane as:

Cz̄= αCCV
V z̄ (7.13)

in which the equality holds only up to a scale factorα. Then, by substitutingV z̄
from (7.13) into (7.12),

Cp f =α−1e⊤3
Vp f

CCV
CCV

⊤Cz̄

=α−1e⊤3
Vp f

Cz̄

⇒ e⊤3
Vp f

Cz̄−αCp f = 0 (7.14)

where

α =e⊤3
CCV

⊤Cz̄= e⊤3 C(VsG)C(CsG)
⊤Cz̄

=−e⊤3 C(CsG)
⊤Cz̄. (7.15)

Finally from (7.7), (7.10), and (7.15), equation (7.14) is rewritten as

(e⊤3
GpCI3+C(CsG)(

Gp f −GpC)e⊤3 C(CsG)
⊤)Cz̄= 0 (7.16)

which is (7.9).

7.3.2 Defining the basis functions

For simplicity, only a few of the subscripts and superscripts is retained in the state elements
and write the augmented state vector as

x = [s⊤ v⊤ p⊤ b⊤
a b⊤

g p f
⊤]⊤. (7.17)

Moreover, following the structure of system (4.13), the state propagation equation in (7.8)
is rewritten as




ṡ

v̇
ṗ

ḃa

ḃg

ṗ f




=




− 1
2Dbg

g−CTba

v

03×1

03×1

03×1




︸ ︷︷ ︸
f0

+




1
2D

03×3

03×3

03×3

03×3

03×3




︸ ︷︷ ︸
F1

ω +




03×3

CT

03×3

03×3

03×3

03×3




︸ ︷︷ ︸
F2

a (7.18)
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whereC , C(s). Note thatf0 is a 24×1 vector, whileF1 andF2 are both 24×3 matrices
representing three process functions as

F1ω = f11ω1+ f12ω2+ f13ω3 (7.19)

F2a= f21a1+ f22a2+ f23a3

Following the first condition of Theorem 4.4.1, the system’s initial bases are defined using
the unknown terms appearing in the measurement function (7.9), i.e.,

β1 , e⊤3 p, β 2 , C(p f −p), β3 , Ce3.

To check the second condition of Theorem 4.4.1, their spans with respect to the state
vectorx are computed as

∂β1

∂x
=
[

01×3 01×3 e⊤3 01×3 01×3 01×3

]

∂β 2

∂x
=
[
⌊C(p f −p)⌋ ∂θ

∂s 03×3 −C 03×3 03×3 C
]

∂β 3

∂x
=
[
⌊Ce3⌋ ∂θ

∂s 03×3 03×3 03×3 03×3 03×3

]

and project them onto all the process functions. Specifically, for the span ofβ1 , e⊤3 p, we
have:

∂β1

∂x
f0 = e⊤3 v , β4,

∂β1

∂x
f1i = 0,

∂β1

∂x
f2i = 0,

for i = {1,2,3}, where a new basis elementβ4 , e⊤3 v is defined. Similarly, for the span of
β2 , C(p f −p), we have:

∂β 2

∂x
f0 =−⌊C(p f −p)⌋bg−Cv

=−⌊β 2⌋bg−Cv ,−⌊β2⌋β 5−β6

∂β 2

∂x
f1i = ⌊C(p f −p)⌋ei = ⌊β 2⌋ei

∂β 2

∂x
f2i = 03×1

where∂θ
∂s

1
2D = ∂θ

∂s
∂s
∂θ = I3, and the newly defined bases areβ5 , bg andβ 6 , Cv.

Finally, for the span ofβ 3 , Ce3, we have:

∂β 3

∂x
f0 =−⌊Ce3⌋bg =−⌊β 3⌋β 5

∂β 3

∂x
f1i = ⌊Ce3⌋ei = ⌊β 3⌋ei

∂β 3

∂x
f2i = 03×1.
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In the next step, the same process of projecting the span of the newly defined basis func-
tionsβ4, β 5, andβ6 on the process functions ar repeated. Specifically, we have:

β4 , e⊤3 v:

∂β4

∂x
=
[

01×3 e⊤3 01×3 01×3 01×3 01×3

]

∂β4

∂x
f0 = e⊤3 (g−C⊤ba) = e⊤3 C⊤(Cg−ba)

, β⊤
3 (gβ 3−β7)

∂β4

∂x
f1i = 0,

∂β4

∂x
f2i = e⊤3 C⊤ei = β⊤

3 ei ,

whereβ 7 , ba andg= |g| is the norm of the gravitational acceleration.
β 5 , bg:

∂β 5

∂x
=
[

03×3 03×3 03×3 03×3 I3 03×3

]

∂β 5

∂x
f0 = 03×1,

∂β 2

∂x
f1i = 03×1,

∂β 2

∂x
f2i = 03×1

β 6 , Cv:

∂β 6

∂x
=
[
⌊Cv⌋ ∂θ

∂s C 03×3 03×3 03×3 03×3

]

∂β 6

∂x
f0 =−⌊Cv⌋bg+Cg−ba

,−⌊β6⌋β5+gβ3−β7

∂β 6

∂x
f1i = ⌊Cv⌋ei = ⌊β 6⌋ei

∂β 6

∂x
f2i = CC⊤ei = ei

β 7 , ba:

∂β 7

∂x
=
[

03×3 03×3 03×3 I3 03×3 03×3

]

∂β 7

∂x
f0 = 03×1,

∂β 7

∂x
f1i = 03×1,

∂β 7

∂x
f2i = 03×1.

Since all the terms in the preceding projections are defined based on the existing basis
functions (i.e., second condition of Theorem 4.4.1 is satisfied), a complete set of basis
functions is found. The corresponding new process model for the defined bases can be
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expressed as:



β̇1

β̇ 2

β̇ 3

β̇4

β̇ 5

β̇ 6

β̇ 7




=




β4

−⌊β 2⌋β 5−β 6

−⌊β 3⌋β 5

β⊤
3 (gβ 3−β 7)

03×1

−⌊β 6⌋β 5+gβ 3−β 7

03×1




︸ ︷︷ ︸
g0

+




01×3

⌊β 2⌋
⌊β 3⌋
01×3

03×3

⌊β 6⌋
03×3




︸ ︷︷ ︸
G1

ω+




01×3

03×3

03×3

β⊤
3 I

03×3

I

03×3




︸ ︷︷ ︸
G2

a (7.20)

and the measurement equation in terms of the basis functions is

y = h̄ = (β1I3+β2β⊤
3 )z̄. (7.21)

Equation (7.21) is used in Appendix 7.A for constructing matrixΞ and showing that it is
full rank, Corollary 4.4.1.

7.3.3 Unobservable directions ofΩ

Based on Corollary 4.4.1 and the proof thatΞ is full rank given in Appendix 7.A, the
unobservable directions of system (4.13) lie in the null space of matrixΩ. By stacking the
derivatives of the basis functions with respect to the variablex, the matrixΩ is

Ω =




01×3 01×3 e⊤3 01×3 01×3 01×3

⌊C(p f −p)⌋ ∂θ
∂s 03×3 −C 03×3 03×3 C

⌊Ce3⌋ ∂θ
∂s 03×3 03×3 03×3 03×3 03×3

01×3 e⊤3 01×3 01×3 01×3 01×3

03×3 03×3 03×3 03×3 I 03×3

⌊Cv⌋ ∂θ
∂s C 03×3 03×3 03×3 03×3

03×3 03×3 03×3 I 03×3 03×3




.

To describe the null space ofΩ, one needs to find a matrix

A = [A⊤
1 A⊤

2 A⊤
3 A⊤

4 A⊤
5 A⊤

6 ]
⊤ 6= 0, (7.22)

such that
ΩA = 0. (7.23)

From (7.23), we have:1

• Multiplying the fifth and the seventh block rows ofΩ with A, we getA4 = A5 = 0.

1The choice of the null space bases is done so that meaningful physical interpretations can be made.
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• Multiplying the third block row ofΩ with A, we have⌊Ce3⌋ ∂θ
∂sA1 = 0, which im-

plies that eitherA1 = 0 or A1 =
∂s
∂θ Ce3.

1. If A1 = 0, then from the sixth block row ofΩA = 0 we have:CA2 = 0 ⇒
A2 = 0, sinceC is a rotation matrix and full rank. For the second block row of
ΩA to be zero, we have:A3 = A6. Finally, from the first block row ofΩA = 0,
we gete⊤3 A3 = 0. This implies thatA3 is spanned bye1 ande2, i.e.,

A3 = A6 =

[
I2

01×2

]
.

2. If A1 =
∂s
∂θ Ce3, from the second block row ofΩA = 0, we haveA3 =−⌊p⌋e3

andA6 =−⌊p f ⌋e3. Then, from its sixth block row, we getA2 =−⌊v⌋e3.

Hence, the system’s unobservable directions are spanned by

A =




03×2
∂s
∂θ Ce3

03×2 −⌊v⌋e3[
I2

01×2

]
−⌊p⌋e3

03×2 03×1

03×2 03×1[
I2

01×2

]
−⌊p f ⌋e3




. (7.24)

Therefore, the unobservable directions correspond to the system’s planar motion over the
desired horizontal plane and the landmark’s position (first and second column ofA), and
the rotation around the gravity vector (third column ofA). On the other hand, the orthogo-
nal translation along the normal of the plane is observable. It should be noted that adding
more point features does not change the observable and unobservable states of the system
(special case is studied in [PGJR13b]).

7.4 Motion Estimation Based on Observing Planar Features

In this section, first INS error propagation model is described in Section 7.4.1. Then, the
geometric constraint of the planar features as a function of the state variables is presented
in Section 7.4.2. In agreement with the derived geometric constraint, a set of state aug-
mentation is derived in Section 7.4.3. The camera measurement model is described in
Section 7.4.4. Finally, the motion estimation algorithm is presented in Section 7.4.5.

7.4.1 INS error states

The system discrete-time error state space model is derived based on the standard additive
error definition for the position, velocity, and biases (δx ≃ x− x̂), where≃ denotes an
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equality where only the dominant terms have been retained, and quaternion error for the
rotational euler anglesθ (δq ≃ [1 δθ

2 ]⊤).2 Then the errors can be concatenated into an
error state vector as:

δxins = [δCθ⊤
G δ GvC

⊤ δ GpC
⊤ δb⊤

a δb⊤
g ]

⊤. (7.25)

During a short period of timeδ t, the nonlinear INS propagation model is described in the
form of a discrete-time linear state-space model

δxins
k+1 = Fins

k δxins
k +Gins

k nk ∈R
15, (7.26)

whereFins
k andGins

k are known as discrete time state and system noise propagation matrices,
respectively:

Fins
k =




I3 03×3 03×3 03×3 −dtC(Cq̂G)

dt⌊C(Cq̂G)â⌋ I3 03×3 dtC(Cq̂G) 03×3

03×3 dtI3 I3 03×3 03×3

03×3 03×3 03×3 I3×3 03×3

03×3 03×3 03 03×3 I3




(7.27)

and

Gins
k =




03×3 −dtC(Cq̂G) 03×3 03×3

dtĈ 03×3 03×3 03×3

03×3 03×3 03×3 03×3

03×3 03×3 dtI3 03×3

03×3 03×3 03×3 dtI3



. (7.28)

nk = [n⊤
a n⊤

g n⊤
δa n⊤

δg]
⊤ is the process noise (assumed to be wide-sense stationary)

with the corresponding diagonal covariance matrixQ ∈ R15×15, C(Cq̂G) is the estimated
rotation matrix, and̂a= am− b̂a.

7.4.2 Geometric constraint of the planar features

Let us consider an arbitrary feature pointf , which is in both{Cℓ} and{C} field of view.
See Fig. 7.3. Then the position off with respect to{Cℓ} and{C} are related as:

Cp f =
C CCℓ

Cℓp f +
C tCℓ

(7.29)

where
CCCℓ

, C(CqG)C(CℓqG)
⊤
,

CtCℓ
, C(CqG)(

GpCℓ
−G pC).

2The advantage of using the quaternion error definition for the rotational euler angles is the direct use of
error angle vectorsδθ instead ofδqn

b in the error models.
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Figure 7.3: The IMU-camera sensor fusion system and its corresponding coordinate frames
at current{C} time andℓ lags from the current one{Cℓ}. The relative rotation and transla-
tion between the time instants are denoted asCCCℓ

andCtCℓ
, respectively. The global frame

of reference G is assumed to be located on a desired horizontal plane, where the normal of
the plane with respect to the global frameGndhp is parallel with gravity vector. A sample
feature pointf , located on the desired horizontal plane, is considered to be in the cameras’
field of view.

Equation (7.29) enables us to relate an observation ofp f in two different views to the
motion between the views, parameterized by the rotation matrixCCCℓ

and the translation
vectorCtCℓ

. Thus the projection ofCp f is correlated with the motion of the system and
therefore imposes constraints on the accumulated INS errors.

The feature point observed in the past frameCℓp f is, however, an unknown nuisance
parameter. Estimating the distance ofCℓp f to the camera is a poorly conditioned problem
when it is large relative to the translation between views. However, by exploiting the fact
that the point belongs to the defined horizontal plane,Cℓp f can be expressed in terms of
camera positionGpCℓ

, C(GqCℓ
), and observationCℓ z̄. Such a geometric relation is obtained

from (7.9), as:

Cℓp f =
−e⊤3

GpCℓ

e⊤3 C(GqCℓ
)
⊤Cℓ z̄

Cℓ z̄. (7.30)

Using (7.30), the general transformation (7.29) can now be rewritten forCℓp f on the defined
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horizontal plane as:

Cp f =
CCCℓ

−e⊤3
GpCℓ

e⊤3 C(GqCℓ
)
⊤Cℓ z̄

Cℓ z̄+C tCℓ
. (7.31)

7.4.3 State augmentation

In order to impose the geometric constraint (7.31) to the previous camera poses and the
normalized pixel coordinates, the following sets of auxiliary state variables are defined:

1) Given a set of theL most recent images taken at different locations{GpCℓ
}L
ℓ=1, the

camera pose state vector is defined as

xcam= [GpC1

⊤ C1qG
⊤ · · · GpCL

⊤ CL qG
⊤
]⊤, (7.32)

and its corresponding error state vector as

δxcam= [δ GpC1

⊤ δC1θG
⊤ · · · δ GpCℓ

⊤ δCℓθ G
⊤
]⊤. (7.33)

Since the recorded pose errors are static, the discrete-time error state space model of the
camera position is

δxcam
k+1 = δxcam

k . (7.34)

2) The feature points on the defined horizontal plane,Cℓz, matched and observed in a
past frameCℓ are added as states. Hence,Pℓ points are augmented into the state vector

Cℓm = [Cℓz1
⊤ · · ·CℓzPℓ

⊤
]⊤, (7.35)

that is added and removed for each incoming image depending on the feature point
matches. A total number ofP points are matched fromL images and represented bym.

7.4.4 Camera measurement

The observations for the current frame{C} are the feature points on the defined plane,
matched to those observed in the previous frame{Cℓ}. Suppose feature pointfi has been
matched. Then its measured coordinates on the normalized image plane is

Czi =
[
I2 02×1

]
(e⊤3

Cp fi )
−1Cp fi +ni, (7.36)

where the pixel noiseni is assumed to be zero-mean with covariance matrixCi = σ2
pixI2.

The importance of parametrization of the feature points positionCp fi , equation (7.31), is
appearing here since it relates the observation to the previous frameCℓzi and camera pose,
{GpCℓ

,CℓqG}, both of which are states.
By stacking allPℓ feature point matches corresponding to viewℓ, one obtains the non-

linear measurement equation

Cypts,ℓ = [Cz1
⊤ · · ·CzPℓ

⊤
]⊤

= h(δxins,δxcam,Cℓm)+npts,ℓ.
(7.37)
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The feature points not matched toℓ are subsequently matched to a previous older frame
ℓ+1, whereℓ = 1, . . . ,L, until at mostP observations are collected. The aggregate vector
of dimension 2P is denoted byCypts. Consequently, the error covariance matrix isCpts=
σ2

pixI2P.

7.4.5 Estimation framework

The joint state-space model for the INS and camera error states, along with the measure-
ment equation (7.37) is compactly written as

δxk+1 = Fkδxk+Gkwk

Cyk = h(δxk,mk)+nk,
(7.38)

whereδxk = [δxins
k δxcam

k ]. We model the statistics of the feature point vectorm (Sec-
tion 7.4.4) based on the following simplifying assumptions: Its expected value is taken as
the observed coordinates on the image plane,m̂, and its covariance matrix isCm = σ2

pixI2P.
Further,m andδx are assumed to be uncorrelated.

Since the process model is linear, the predicted errors are zero with error covariance
matrix propagated as:

P−
k+1 = FkP

−
k F⊤

k +GkQG⊤
k , (7.39)

where

Fk ,

[
Fins

k 0

0 I3L

]
andGk ,

[
Gins

k

03L×12

]
.

When a new image is recorded an error stateδ GpCℓ
and δCℓθ G are augmented to

δxcam, (7.33), and the error covariance matrix is updated as:

P′ =

[
P PT̄⊤

T̄P T̄PT̄⊤

]
(7.40)

whereT = [I3 03×3 I3 03×6] andT̄ = [T 0]. When the buffer ofL views is full, the
oldest state and its corresponding rows and columns of the covariance matrix are deci-
mated.

The UKF is set to perform a measurement update when features on the defined plane
have been detected and matched. Based on the state-space model in (7.38), the UKF esti-
mates the errors linearly as:

δ x̂k = K k(
Cyk−C ŷk), (7.41)

whereCŷk is the measurement prediction andK k is the Kalman gain matrix. An overview
of the algorithm is given in Algorithm 3.

The joint statistics ofδx and m are propagated as 2N+ 1 sigma points, whereN
is the total number of statesN = 15+ 6L + 2P. Let the joint state vector be denoted
by x = [δx⊤ m⊤]⊤ and x̂− = [0⊤ m̂⊤]⊤ be the prediction with error covariance ma-
trix P− ⊕ Cm, where⊕ denotes the direct sum of matrices. The sigma pointsX j =
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[δX
⊤
j M

⊤
j ]

⊤ are then generated using the matrix square-root of the joint error covari-
ance matrix. By propagating the sigma points through the measurement equation (7.37), the
correlations between the error statesδx and observationsCy can be approximated [JU97].
These correlations form the basis of the Kalman gain.

Algorithm 3 Proposed algorithm: Motion estimation approach in UKF framework forN=
15+6L+2P

1: Initialize P−
0

2: for k= 0, . . . do
3: Update INS state estimates
4: if new image∃ then
5: Extract and match feature points{Czi}
6: Detect feature points on defined plane
7: end if
8: if Cypts existsthen
9: %Generate sigma points and prediction:

10: X j = x̂−k ±η ·column[(P−
k ⊕Cm)1/2] j

11: Y j = h(δX j ,M j)
12: Cŷk = ∑2N

j=0 wm
j Y j

13: %Measurement update:
14: Ce,k = ∑2N

j=0 wc
j(Y j −C ŷk)(Y j −C ŷk)

⊤+Cn,k

15: Dk = ∑2N
j=0 wc

jδX j(Y j − ŷc
k)

⊤

16: Kk = DkC−1
e,k

17: δ x̂k = Kk(
Cyk−C ŷk)

18: Pk = P−
k −KkCe,kK⊤

k
19: Useδ x̂k to correct state estimates
20: P := Pk
21: else
22: P := P−

k
23: end if
24: if new image∃ then
25: Record view poseGp̂Cℓ

andCℓ q̂G
26: Decimate and augment error statesδ GpCℓ

andδCℓ θ̂G
27: UpdateP correspondingly
28: end if
29: %Prediction:
30: P−

k+1 = FkPF⊤
k +GkQG⊤

k
31: end for

The weights in the UKF are set aswc
l = wm

l = 1
2(N+λ ) for l = 1, . . . ,2N. For l = 0,

wc
0 =

λ
N+λ +(1−α2+β ) andwm

0 = λ
N+λ . Hereλ = α2(N+κ)−N, with parameters set

to α = 0.1, β = 2 andκ = 0 that also determine the spread of the sigma points through the
weightη ,

√
N+λ , [JU97].
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7.5 Performance Evaluation

The key findings of the observability analysis and the performance of the proposed esti-
mator are validated both with simulation and experimental data. The results indicate the
accuracy and reliability of the proposed method where only a few features are used for
motion estimation. In this section, some of the results are presenteed from the simulation
studies (Section 7.5.1) and experiments (Section 7.5.2).

7.5.1 Simulation results

For the simulation study, the following settings are considered: The sampling rate of the
accelerometer and gyroscope output signals of the IMU,am andωm, is set to 100 Hz. The
IMU accelerometers and gyros biases are[2 2 2] · 10−3 m/s2 and[−4 4 2] · 10−4 rad/s
and the standard deviations of the corresponding incremental noise processes,nδa andnδg,
are 6·10−3 and 3·10−3, respectively. For the camera, the pinhole model is assumed with
the focal length of 833 mm, and sampling rate 10 Hz. Zero-mean white Gaussian noise
with standard deviation ofσpixel = 2 pixel is added to the projected image. The maximum
number of tracked feature points between successive images is set to be 10 over the whole
simulation process between two consecutive images.

The estimated trajectory along with the ground truth are plotted in Fig 7.4. The sim-
ulated trajectory is for about 360 s and final estimated error in the position is about [0.28
-0.31 0.019] meters.

Furthermore to validate the accuracy of the estimator, the estimated errors of the posi-
tion, attitude, and velocity along with the±σ -bounds are plotted in Fig 7.5. Theσ -bounds
are computed from the corresponding diagonal elements of the filter’s error covariance
matrix that provides a representation of its estimate uncertainty. The results indicates the
capacity of the filter to constrain the rate of the error growth.

Moreover, the estimated value of the accelerometer and gyro biases are plotted in
Fig 7.6. The results show that the estimated value of the biases both for the accelerom-
eters and gyroscopes are approximately stable over time.
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7.5.2 Experimental results

Fig. 7.7a shows the hardware used for this experiment. The camera is an AVT Guppy
monochrome camera that is rigidly mounted on top of a MicroStrain 3DMGX2 IMU with
sampling rate 250 Hz. Images are captured with resolution 752× 480 pixels, the cam-
era sampling rate is 10 Hz. The camera internal calibration parameters are estimated us-
ing [Bou12], and the IMU-camera calibration parameters are estimated from [PJ11a]. For
the feature extraction and matching, the MATLAB Computer Vision Toolbox implemen-
tation of SURF is used. The ground plane features are selected using a predefined box in
the lower part of the image while the outliers are rejected using the filter’s estimates over
time. Detail studies about the ground plane feature detection and outlier removal are given
in [PJH13b, PMJ12]. Time synchronization and temporal ordering between the IMU and
the camera measurements are based on methods in [NH10].

The ground plane is considered as the desired horizontal plane. Such that one can run
the experiment over larger area and for longer period. To evaluate the performance of
the proposed method in real scenario, a controlled test environment was set up in an un-
derground hall (R1) at the university of KTH [DAHR12]. Fig 7.7b depicts some sample
images from the test environment. The underground location of the test environment pro-
vides a controlled level of radio interference for a reference commercial UWB system [ubs]
used as a ground truth for evaluating the results, more details on the accuracy of the UWB
system are given [DAHR12]. When line-of-sight is lost, however, the UWB position esti-
mates become unreliable. During the experiments all data were stored on a computer and
processing was done off-line.3

Fig. 7.8a depicts an example of estimated trajectories for an experiment along with the
UWB data used as the ground truth over the map of the test environment. In this experi-
ment 3081 image frames were recorded within 304 seconds. The IMU and camera were
placed at the height of about 21 cm on a trolley, moving in a closed loop trajectory. The
system was initialized at the measured height of 21 cm above the ground. The roll and
pitch were estimated using the gravitational force during first samples when the system
was stationary [FB99]. In the implementation, the number of views in memory was set
to L = 5. To evaluate the performance of the estimator, the estimated trajectory is plot-
ted under different settings for the maximum number of matched features,{1,3,7,10,15}.
Although the UWB sensors were not in line-of-sight during a substantial part of the trajec-
tory, the results show that the UKF is capable of drastically reducing the growth rate of the
accumulated INS errors. The trajectories follow the UWB position estimates reasonably
well. Moreover, similar patterns are observed for different maximum number of matched
features, especially for{3,7,10,15}, which in turn show that the proposed system is able
to achieve a good performance even for low number of features.

Furthermore, the estimated height of the mobile system is shown in Fig. 7.8b, for the
corresponding estimated trajectories in Fig. 7.8a. As can be seen in the figure, the system
is capable of good error correction that leads to a quite accurate estimate for the height.
Also, note that the estimated height has briefly deviated from the reference height (21 cm)

3Some videos of the experiments are available at
https://www.kth.se/profile/152404/page/recent-presentations-2/ .

https://www.kth.se/profile/152404/page/recent-presentations-2/
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at around 210-230 seconds, which can be explained by considering the potential problems
in accurately detecting and matching the feature points. However, this deviation does not
last long and the algorithm corrects the height quickly.

To provide a representation of the estimation uncertainty the 3σ -bounds for the error
in the camera position, orientation, and velocity along the three axes are shown in Fig 7.9.
As it is depicted in Fig. 8.5a, the uncertainty of the position along thex andy axes grows
slowly since the system has no access to the absolute position update. The behavior of the
3σ -bounds for the position uncertainty along thez axis confirms the findings of the ob-
servability analysis, i.e., the height is observable. These results indicate that the proposed
method is capable of achieving a rough estimate of the states even when maximum num-
ber of features is set to one. However, in this case the errors have higher uncertainties,
especially for the unobservable states.

Based on the theoretical results for the system unobservable modes, it is expected in-
creasing uncertainties of the estimators along the unobservable modes. However, as it is
illustrated in Fig. 8.5a for the positions along thex andy axis and heading, the estimation
uncertainties are decreasing at some regions. This behavior, known as estimator incon-
sistency, has been recently studied in [HKBR12, LM12] for a VINS. As a future work,
a further study with more focus on estimator inconsistency is therefore suggested for the
system.

Moreover, to evaluate the performance of the proposed method for the height estima-
tion, the following experiment is performed: the IMU-camera were placed on a table, and
without having any motion along thex− y plane the table was lifted up and down using a
step motor. Fig. 7.10 illustrates the estimated height of the system for about 373 seconds.
The initial and the final measured height was approximately 68 cm. It is worth mentioning
that the estimated error along thex andy directions is in the order of millimeter. For this
estimate, the maximum number of features was set to 7 between two successive images.

As it was mentioned earlier, the focus of this paper is mainly theoretical in nature and
the considered simulations and experiments target the validation of the main results, rather
than the full behavior of an UAV close to landing. Such system performance evaluation is
of importance, but the outcome will also depend on the physical platform and its configu-
ration. Accordingly, such full-scale experiments are beyond the scope of the paper.

7.6 Discussion

Imposing the IMU and camera data to the geometrical derivations in Section 7.4, a 6-DoF
motion estimation approach is developed. Moreover, the performance of the proposed sys-
tem has been carefully implemented and analyzed . The achieved results validate both the
findings of the observability analysis in Section 7.3 and the accuracy of the developed
nonlinear filter in Section 7.4. Compared to the state-of-the-art VINS ego-motion estima-
tion [MTR+09] or SLMA-type of approaches, the developed closed-form measurement
model significantly reduces the filter computational complexity. Since the length of the
state vector in the method is 15+ 6L (ignoring the feature points positions in the image
plane which are justnuisance parameters). Additionally, the measurement equation is in-
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(a) System-hardware (b) Test environment

Figure 7.7: (a) An AVT Guppy monochrome camera, with resolution 752× 480 that is
rigidly mounted on top of a MicroStrain 3DMGX2 IMU. (b) Sample images from the test
environment.

dependent of the system dynamics. That is, the system provides reliable information even
when the camera is static, and there is no motion in the system. Because the validity of
equation (7.31) is preserved even when the camera does not move or is subject to very
slow motions.

In this work, the focus was on the problem of 6-DoF IMU-camera motion estimation
when the camera observations are features on a horizontal plane. It should be noted that,
the choice of selecting features on any planar surface whose normal is known does not
influence the results. That is, for any arbitrary planar surface, one first needs to align the
virtual camera optical axis with the normal of the plane. Then, the corresponding rotation
between the virtual camera coordinate frame and the global reference frame,C(VqG) has
to be calculated. It should be noted that, changing the direction of the plane normal affects
the observability properties of the system. That is, the observable mode of the translation,
CpG, is always the orthogonal translation of the camera along the normal of the plane. For
instance, for the entire horizontal planes only the vertical translation is observable while
for vertical planes depending on their normal directions planar translation along thex or y
axis becomes observable.

For the observability analysis, the full INS parameter vector (including position, ve-
locity, rotation, and inertial sensor biases) is considered as well as the 3D position of the
observed feature point. It is straightforward to show that by concatenating the IMU-camera
calibration parameters and the value of the gravity acceleration into the state vector, while
the current results for the system is preserved, these additional parameters are observable,
as it is shown in [KS11,MR08].



7.6. Discussion 155

x[m]

y[
m

]

 

 

−2 0 2 4 6 8 10 12

8

10

12

14

16

18

20

UWB trajectory
1 Feature
3 Features
7 Features
10 Features
15 Features

(a) Estimated position along thex and y axes

50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

z[
m

]

t[s]

 

 
1 Feature 3 Features 7 Features 10 Features 15 Features

(b) Estimated height along thez axis

Figure 7.8: The estimated trajectory of the IMU along with the UWB reference data, over-
laid on the map of the test environment. The estimated trajectories are plotted for different
maximum number of tracked features,{1,3,7,10,15}.
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Figure 7.9: The 3σ -bounds for the error in (a) position, (b) velocity, and (c) attitude. The
σ values are the square root of the corresponding diagonal elements of the states error
covariance matrix.
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7.7 Conclusion

In this chapter, a visual inertial navigation system is introduced, which is based on tracking
features on a horizontal plane. For this nonlinear system, first its observability properties
is studied. Then it is shown that compared to the general VINS, where features are not
constrained to be all planar, the orthogonal translation of the camera to the plane is ob-
servable. Furthermore, all the observable and unobservable directions of the system are
derived using only one feature point as the camera measurement. Secondly, the problem
of ego-motion estimation for the proposed system is studied. The 6-DoF VINS motion es-
timation is performed using the state space formulation in the UKF framework. The key
advantages of the solution is the proposed new measurement equation, which reflects both
the geometric of the planar features and the states of the state of the system. Finally, the
key features of the observability analysis and motion estimation have been experimentally
verified.





Appendix

7.A Lie Derivatives and Their Gradients

The observability of system (4.17) (or specifically for the system (7.20) and (7.21)) is
studied by the algebraic test. In the algebraic test, the gradients of the Lie derivatives of
the measurement functions are first derived. To prove that matrixΞ is full column rank,
it suffices to show that a subset of its rows, whose dimension is the same or larger than
the number of columns, is linearly independent. To show this, it is sufficient to construct
a sub-matrix ofΞ by selecting the minimum number of Lie derivative gradients of the
measurement functions that leads to a full column rank matrix. In the following, only those
Lie derivatives ofh̄ are computed whose spans are used to prove thatΞ is of full column
rank.

• The zeroth order Lie derivatives of the measurement function is

L0h̄1 = (β1I3+β2β⊤
3 )z̄= 03×1

Then, its gradient (the span) is

∇L0h̄1 =
∂ h̄1

∂β
=
[

z̄ β⊤
3 z̄I3 β 2z̄⊤ 03×1 03×3 03×3 03×3

]

• The first order Lie derivatives of̄h1 with respect tog0, andg1i are computed, respec-
tively, as:

L1
g0

h̄1 = ∇L0h̄1g0 = z̄β4+β⊤
3 z̄(−⌊β 2⌋β5−β6)−β2z̄⊤⌊β 3⌋β 5

L1
g1i

h̄1 = ∇L0h̄1g1i = β⊤
3 z̄⌊β2⌋ei +β2z̄⊤⌊β 3⌋ei

and their corresponding gradients are given by

∇L1
g0

h̄1 =
∂L1

g0
h̄1

∂β
=
[

03×1 Π2 Π3 z̄ Π5 −β⊤
3 z̄I3 03×3

]

where

Π2 = β⊤
3 z̄⌊β5⌋− z̄⊤⌊β 3⌋β 5I3,

Π3 = (−⌊β 2⌋β 5−β6)z̄
⊤+β2z̄⊤⌊β 5⌋,

Π5 =−β⊤
3 z̄⌊β 2⌋−β2z̄⊤⌊β3⌋.

159
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∇L
1
g1i

h̄1 =
∂L1

g1i
h̄1

∂β
=
[

03×1 −β⊤
3 z̄⌊ei⌋+ z̄⊤⌊β 3⌋ei I3 ⌊β 2⌋ei z̄⊤−β2z̄⊤⌊ei⌋

03×1 03×3 03×3 03×3

]

• Second order Lie derivatives, and their corresponding gradients are:4

L
2
g1ig0

h̄1 = ∇L
1
g1i

h̄1g0 = (−β⊤
3 z̄⌊ei⌋+ z̄⊤⌊β 3⌋ei I3)(−⌊β2⌋β 5−β6)

− (⌊β2⌋ei z̄⊤−β2z̄⊤⌊ei⌋)⌊β 3⌋β 5

L
2
g0g2i

h̄1 = ∇L
1
g0

h̄1g2i = z̄β⊤
3 ei −β⊤

3 z̄ei

∇L2
g1ig0

h̄1 =
∂L2

g1ig0
h̄1

∂β
=
[

03×1 Π̄2i Π̄3i 03×1 Π̄5i

β⊤
3 z̄⌊ei⌋− z̄⊤⌊β3⌋ei I3 03×3

]

∇L2
g0g2i

h̄1 =
∂L2

g0g2i
h̄1

∂β
=
[

03×1 03×3 z̄e⊤i −ei z̄⊤ 03×1 03×3 03×3 03×3

]

• Third order Lie derivatives, and their corresponding gradients:

L3
g1ig0g0

h̄1 = ∇L2
g1ig0

h̄1g0 = Π̄2i(−⌊β 2⌋β 5−β6)+ Π̄3i(−⌊β3⌋β 5)

+ (β⊤
3 z̄⌊ei⌋− z̄⊤⌊β3⌋ei I3)(−⌊β 6⌋β 5+gβ3−β7))

L
3
g0g2ig1 j

h̄1 = ∇L
2
g0g2i

h̄1g1 j = (z̄e⊤i −ei z̄⊤)⌊β3⌋ei

∇L3
g1i g0g0

h̄1 =
∂L3

g1ig0g0
h̄1

∂β
=
[

03×1 Π̃2i Π̃3i Π̃4i Π̃5i Π̃6i

−β⊤
3 z̄⌊ei⌋+ z̄⊤⌊β 3⌋ei I3

]

∇L3
g0g2ig1 j

h̄1 =
∂L3

g0g2ig1 j
h̄1

∂β
=
[

03×1 03×3 −(z̄e⊤i −ei z̄⊤)⌊ej⌋

03×1 03×3 03×3 03×3

]

for i = j

∇L3
g0g2ig1i

h̄1 =
∂L3

g0g2ig1i
h̄1

∂β
=
[

03×1 03×3 ei z̄⊤⌊ei⌋ 03×1

03×3 03×3 03×3

]

4Π̄i j andΠ̃i j will be removed later on through Gaussian elimination, thus their explicit expressions are not
given here.
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• Fourth order Lie derivatives, and their corresponding gradients:

L
4
g0g2ig1ig0

h̄1 = ∇L
3
g0g2ig1i

h̄1g0 = ei z̄⊤⌊ei⌋⌊β 3⌋β5

∇L4
g0g2ig1ig0

h̄1 =
∂L4

g0g2ig1ig1 j
h̄1

∂β
=
[

03×1 03×3 −ei z̄⊤⌊ei⌋⌊β 5⌋ 03×1

ei z̄⊤⌊ei⌋⌊β 3⌋ 03×3 03×3

]

7.B Rank Condition Test

Stacking together the computed span of the Lie derivatives, a subset of the observability
matrixΞ is constructed as:
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z̄ β⊤
3 z̄I3 β2z̄⊤ 03×1 03×3 03×3 03×3

03×1 Π2 Π3 z̄ Π5 −β⊤
3 z̄I3 03×3

03×1 −β⊤
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03×1 03×3 z̄e⊤2 −e2z̄⊤ 03×1 03×3 03×3 03×3

03×1 03×3 z̄e⊤3 −e3z̄⊤ 03×1 03×3 03×3 03×3

03×1 Π̃21 Π̃31 Π̃41 Π̃51 Π̃61 −β⊤
3 z̄⌊e1⌋+ z̄⊤⌊β 3⌋e1I3

03×1 Π̃22 Π̃32 Π̃42 Π̃52 Π̃62 −β⊤
3 z̄⌊e2⌋+ z̄⊤⌊β 3⌋e2I3

03×1 Π̃23 Π̃33 Π̃43 Π̃53 Π̃63 −β⊤
3 z̄⌊e3⌋+ z̄⊤⌊β 3⌋e3I3

03×1 03×3 −e1z̄⊤⌊e1⌋⌊β 5⌋ 03×1 e1z̄⊤⌊e1⌋⌊β 3⌋ 03×3 03×3

03×1 03×3 −e2z̄⊤⌊e2⌋⌊β 5⌋ 03×1 e2z̄⊤⌊e2⌋⌊β 3⌋ 03×3 03×3

03×1 03×3 −e3z̄⊤⌊e3⌋⌊β 5⌋ 03×1 e3z̄⊤⌊e3⌋⌊β 3⌋ 03×3 03×3




. (7.42)
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One way to show that matrix (7.42) is full rank is through performing Gauss elimina-
tion. The elimination is performed based on the knowledge that the following matrices are
of full column rank:

A =




−β⊤
3 z̄⌊e1⌋+ z̄⊤⌊β 3⌋e1I3

−β⊤
3 z̄⌊e2⌋+ z̄⊤⌊β 3⌋e2I3

−β⊤
3 z̄⌊e3⌋+ z̄⊤⌊β 3⌋e3I3


 , B=




z̄e⊤1 −e1z̄⊤

z̄e⊤2 −e2z̄⊤

z̄e⊤3 −e3z̄⊤


 , D=




e1z̄⊤⌊e1⌋⌊β 3⌋
e2z̄⊤⌊e2⌋⌊β 3⌋
e3z̄⊤⌊e3⌋⌊β 3⌋


 .

Performing elementary column and row operations on (7.42), we finally get:




1 01×3 01×3 01×3 01×3 01×3 03×3

01×1 01×3 01×3 1 01×3 01×3 01×3

03×1 I 03×3 03×1 03×3 03×3 03×3

03×1 03×3 03×3 03×1 03×3 I3 03×3

03×1 03×3 I3 03×1 03×3 03×3 03×3

03×1 03×3 03×3 03×1 03×1 03×3 I3

03×1 03×3 03×3 03×1 I3 03×3 03×3




,

which clearly is a full column rank matrix.





Chapter 8

Horizontal Plane Feature Detection

8.1 Introduction

Ground plane detection and obstacle removal are the main keys of detecting the moveable
paths in, for example, vision-aided navigation systems, mobile robotics, traffic applica-
tions, and mosaicing. Vision-based ground plane detection methods are generally based on
a single camera is aided with complementary sensors, such as a secondary camera (stereo-
vision) [LD98, CD, SHRE00], laser scanners [SHRE00], or inertial sensors [LD98], to in-
crease the flexibility or performance of the system.

Depending on the hardware structure, vision-based plane detection approaches benefit
from a priori knowledge of the scene or system structure; for instance, the geometric as-
sumptions on the nature of the traffic environments [SHRE00, LZM05, ASNM10], planar
properties of indoor environments [KK04], color segmentations [MBBM10,PL,LJPS10b],
and the assumption of the ground plane projected region on the image plane [LZM05].

The plane geometrical constraints in terms of the homography or the plane normal,
widely used in the literature, can be interpreted as the essential part of the vision-based
plane detection approaches. However, in the existing methods either planar features are
manually determined to construct the initial planar homography or the camera is precisely
calibrated relative to the plane; in addition, the camera movement is usually restricted to be
planar [CD,PL,WKPA08,ZL06]. In the mobile robotics applications, the work of Lobo and
Dias [LD98] is among the first researches in ground plane feature detection in which an
IMU and a dual-axis inclinometer coupled to a stereo camera. Furthermore among the most
recent approaches, one can refer to [CD] in which a modified expectation maximization
approach for estimating homography of ground plane is introduced. However, their method
needs an accurate initialization step from images of the ground floor to estimate the planar
homography of the ground plane. Among the few single camera-used ground plane feature
detection approaches, one can mention [WKPA08] in which the single camera provides a
top view map of the robot’s field of view in real-time. However, the robot motion is limited
to be planar and the homography estimation is based on the ground plane features that are
selected manually by choosing a rectangle in the lower area of the camera image.

Moreover, homography-based approaches are always suffering from “virtual plane
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false detection” [ZL06]. Virtual plane false detection happens when a set of feature points
that share the same homography are not lying on the same physical plane. Only few stud-
ies have addressed the effects of virtual plane false detection or how to overcome this is-
sue [LJPS10b,ZL06]. For instance, Zhou and Li [ZL06] have introduced an ad-hoc method
based on the color classification to avoid the virtual plane feature detection.

The main contribution of this chapter is development of an explicit planar feature de-
tection algorithm in a visual-inertial navigation system. A new scheme is developed to cor-
rectly determine the planar features on a desired horizontal plane from visual observations,
this method answers the main practical difficulty of the motion estimation approaches in-
troduced in Chapter 5 and Chapter 7. This is achieved via a feedback algorithm in which
the predicted states (position and attitude) obtained by a modified UKF are used to classify
the features on the defined plane among all the detected features in the images. Then, the
detected features on the desired plane are employed to update the states of the system. That
is, the motion estimation and planar feature detection are performed simultaneously. To de-
termine the ground plane features, first, the extracted image features are tested through the
estimated planar homography. Additionally, a second-step outlier rejection method is pro-
posed based on a new ground-plane normal computation approach using only three pairs
of corresponding feature points. Furthermore, similar to [LJPS10b], a simple stationarity
test is performed to avoid virtual plane false detection. This additional step significantly
improves the performance of the detection algorithm when the camera is stationary.

In particular, the proposed normal-based algorithm in this chapter generalizes the pre-
viously proposed method in [PP06]. In contrast to [PP06, PMJ12], our presented method
is not limited to the special case where the two cameras are aligned to the same orien-
tation, and rather, a general transformation between cameras is considered, by fusing the
IMU measurement with the camera images. Moreover, in contrast to pur previous work
in [PMJ12] the problem of motion estimation and ground plane features detection are not
separated. Hence, a complete positioning system is proposed in which the motion estima-
tion and horizontal plane feature detection are simultaneously preformed.

The structure of this chapter is as follows.1 Planar feature detection and outlier removal
is described in Section 8.2. Experimental results are presented in Section 8.3. Finally, con-
clusion is given in Section 8.4.

8.2 Outlier Rejection and Planar Feature Classification

In this section, a new method is presented to classify detected image feature points that are
located on the desired horizontal plane [PMJ12, PJH13b]. During the recording process,
image feature point extraction is applied to each new captured image; then, the feature
points are matched with the previous extracted image features. Finally, the consecutive im-
age corresponding matches are used in the nonlinear Kalman filter structure to estimate the
pose of the mobile system (Chapter 7). A schematic representation of the motion estima-
tion and planar feature detection is illustrated in Fig. 8.1. However, not all the detected and

1In this chapter, the same notations as in Chapter 7 are used. Moreover, reviewing Chapter 7 can help to
better understand the developed algorithms in this chapter.
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Figure 8.1: Architecture of the system. The camera ego-motion is estimated based on using
the IMU measurements and the image of plane features on the defined plane through a non-
linear Kalman filter structure (proposed method in Chapter 7). The planar feature detection
is performed explicitly via a two-step algorithm, known as homography-based and normal-
based outlier rejection.

matched features belong to the desired horizontal plane. That is, to have a correct estima-
tion process, the detected and matched outliers must be removed from the features that are
going to be used in the measurement equation. The proposed method consists of a two-step
algorithm: 1) homography-based and 2) normal-based outlier rejection, which are briefly
described in the following:

8.2.1 Homography-based outlier rejection

As it is illustrated in Fig. 7.3, the normal of the desired horizontal plane in the camera
coordinate frame is

Cndhp= C(CqG)
Gndhp (8.1)

whereGndhp= e3 is the normal of the horizontal plane with respect to the global frame. The
scalar product of this normal with the points lying on the plane is the orthogonal distance
between the camera and the plane,Cd:

Cndhp
⊤Cp fi =

C d, ⇒ 1
Cd

Cndhp
⊤ Cp fi = 1 (8.2)

whereCd = e⊤3
GpC in this setup, [HZ00]. By substituting (8.2) in (7.29), the planar ho-

mography of the plane is

Cp fi =
CCCℓ

Cℓp fi +
C tCℓ

1
Cℓd

Cℓndhp
⊤Cℓp fi

= (CCCℓ
+

1
Cℓd

CtCℓ
Cℓndhp

⊤
)Cℓp fi

, GCℓp fi (8.3)

whereG is the common transformation for all the points lying on the defined plane. Ac-
cordingly, similar transformation can be written for the pixel correspondences in images of
the same plane [HZ00], satisfying the homography constraint as:

Cz̄i = HCℓ z̄i where H = γG ∈R
3×3 (8.4)
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and the equality holds up to a scaleγ [HZ00].
In the homography-based outlier rejection, first, the planar homography of the desired

plane is constructed based on the estimated state of the system. Then, the features that
satisfy the homography constraint (8.4) are selected as candidate planar features. However,
the estimated homography is satisfied up to an error for most of the features. Therefore,
we select only a fraction of the feature points yielding the smallest errors to be processed
in the next outlier rejection step.

Moreover, homography-based approaches are always suffering from “virtual plane
false detection” [ZL06]. Virtual plane false detection happens when a set of feature points
that share the same homography are not lying on the same physical plane. Furthermore,
similar to [LJPS10a], a simple stationarity test is performed to avoid virtual plane false
detection. This additional step significantly improves the performance of the detection al-
gorithm when the camera is stationary.

8.2.2 Normal-based outlier rejection

To remove the remaining outliers, a second rejection process is applied to the candidate
image planar features from the previous step. This second step is called the normal-based
outlier rejection.

Definition 8.2.1. Point z̄i lies on a linel j ∈ R3 iff z̄i
⊤l j = 0 ∀i, j.

Then, if a pointCℓ z̄i lies on a lineCℓ l i on the same plane, under a projective transforma-
tion H, the transformed pointCz̄i lies on the lineCl i on the plane. So we have:

Cℓ l i = H⊤Cl i . (8.5)

Definition 8.2.2. The bi-intersection point of two corresponding lines, not proportional to
each other, is equal (up to scale) to their cross product:si j ∼ l i × l j ∀i, j.

Definition 8.2.3. The line through any two points is given by their cross product:l i j =
z̄i × z̄ j ∀i, j.

Theorem 8.2.1.Consider a plane and its planar homographyH between a pair of images
captured by a pair of cameras with relative rotationCCCℓ

and relative translationCtCℓ
.

Consider a set of lines living in the same plane. DefineCℓ l i as the projections of the lines in
the image taken by camera{Cℓ}, andCľ i as the projections of the lines in the image taken

by{C} that are rotated byCCCℓ
, asCľ i = CCCℓ

⊤Cl i . The intersection ofCℓ l i andCľ i lives on
the normal of the plane.

Proof. From (8.3) and (8.4):

H⊤ ∼ CCCℓ

⊤
+

1
Cℓd

Cℓndhp
CtCℓ

⊤
. (8.6)
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Multiplying both side of (8.6) with the skew symmetric matrix corresponding toCℓndhp,
we have

⌊Cℓndhp⌋H⊤ ∼ ⌊Cℓndhp⌋(CCCℓ

⊤
+

1
Cℓd

Cℓndhp
CtCℓ

⊤
) (8.7)

= ⌊Cℓndhp⌋CCCℓ

⊤
.

Then, multiplying both sides of (8.7) by the rotation matrixCCCℓ
yields

CCCℓ
⌊Cℓndhp⌋H⊤ ∼ CCCℓ

⌊Cℓndhp⌋CCCℓ

⊤
= ⌊CCCℓ

Cℓndhp⌋. (8.8)

This implies thatCCCℓ
⌊Cℓndhp⌋H⊤ is skew-symmetric, and for any skew symmetric matrix

we can write

Cl i
⊤CCCℓ

⌊Cℓndhp⌋H⊤Cl i = 0. (8.9)

Using (8.5), this is equivalent to

Cl i
⊤CCCℓ

⌊Cℓndhp⌋Cℓ l i = (Cℓ l i ×CCCℓ

⊤Cl i)⊤Cℓndhp (8.10)

, (Cℓ l i ×Cľ i)⊤Cℓndhp= 0

Based on Definition 8.2.1 and 8.2.2, it can be concluded that the intersection ofCℓ l i andCľ i
lives in the normal of the ground plane.

Theorem 8.2.2. Consider three non-collinear points{ fi} for i ∈ {1,2,3} observed by
{C} and {Cℓ}, and their corresponding homogenous pixel coordinate withCz̄i andCℓ z̄i ,
respectively. Then the normaln of the plane characterized by these three pairs of projected
points (if not coincident and not collinear) is given by the right null vector of the matrix

S=




((Cℓ z̄1×Cℓ z̄2)× (CCCℓ

⊤
(Cz̄1×Cz̄2)))

⊤

((Cℓ z̄2×Cℓ z̄3)× (CCCℓ

⊤
(Cz̄2×Cz̄3)))

⊤

((Cℓ z̄3×Cℓ z̄1)× (CCCℓ

⊤
(Cz̄3×Cz̄1)))

⊤


 . (8.11)

Proof. By Definition 8.2.3 the line passing through̄zi andz̄ j (i, j ∈ {1,2,3} andi 6= j) in
theℓ-th image is
Cℓ l i j =Cℓ z̄i ×Cℓ z̄ j . Applying Theorem 8.2.1 to each corresponding pair of lines (passing
throughCℓ z̄i andCℓ z̄ j in each image), and then rewriting it in matrix form, we get

Sn= 0 ∈ R
3 where S=




(Cℓ l12×Cľ12)
⊤

(Cℓ l23×Cľ23)
⊤

(Cℓ l31×Cľ31)
⊤


 , (8.12)

which implies that the right null space of the matrixS is the normal of the corresponding
plane.
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Based on Theorem 8.2.2, normaln of the plane can be obtained through the singular
value decomposition (SVD) of matrixS:

S= UΣV⊤. (8.13)

wheren is selected to be the right singular vector ofS, corresponding to the smallest
singular value.

To obtain the normal of the planes constructed with the selected features from the
homography test, we apply a triangulation method in one image. Then for each triangle
and its corresponding triangle in the other image, the normal of the plane is computed
using (8.13) and compared with the normal of the desired horizontal planeCℓndhp.

The comparison of normal vectors is done using the cosine similarity test with a pre-
defined threshold angle Tang. It should be mentioned that the choice of constructing proper
triangles is important to correctly computing the normal of the plane, e.g., triangle should
not be small to avoid effects of small errors in the matching or it should not be very large
so that the obtained triangles belong to physical planes in the global frame of reference. To
construct proper triangles, we have implemented a method based on the Euclidean type of
adjacency information. That is, for each feature point a neighboring set is defined where
the mutual distances between all the members are between a minimum and a maximum
threshold. The summary of the normal-based feature detection is provided in Algorithm 4.

Algorithm 4 Normal-based planar feature detection

1. Calculate the adjacency matrixA for all the M candidate points, whereAi j is the
Euclidean distance between pointsi and j.

2. Label all the points as non-planar and setk = 1, set a minimum and a maximum
threshold as Tmin and Tmax.

3. Considerk-th point, if z̄k is labeled as non-planar then:

a) Create a neighboring set forz̄k asF; a pointz̄i is a member ofF if {i = k} or
{Tmin < Aki < Tmax and there is not a point̄z j ∈ F such thatAi j < Tmin}.

b) Apply Delaunay triangulation to setF, [LS80].

c) For each obtained triangle and its corresponding match in the other image,
calculate the normal using (8.13).

d) Check the cosine similarity between the obtained normal and the normal of the
plane; if the normals are similar, label all the vertices of the triangle as planar.

4. k= k+1.

5. If k< M go to 3.
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8.2.3 Virtual plane false detection

Until now, the necessary geometrical conditions for detecting ground plane features have
been derived. Regardless of the motion estimation uncertainties, which are nonlinearly
propagated to the applied geometrical constraints, the dynamics of the mobile vision sys-
tem may cause conditions for which the preceding constraints are not sufficient for correct
detection; that is, image features that do not lie in the same physical plane share the same
planar homography which in turn will result in an incorrect detection, i.e., the virtual plane
false detection [LJPS10b, ZL06]. In short, the virtual plane false detection happens when
the camera relative translationCtCℓ

is close to zero. So, Equation (8.3) loses its depen-
dency on the plane descriptors{Cℓd,Cℓndhp}. Moreover, the normal-based outlier rejection
is not able to obtain a valid estimate of the ground plane normal vector because the ma-
trix S in (8.12) approaches the zero matrix. Based on the estimated motion parameters, we
perform a simple stationarity test by examining the camera displacement among the con-
secutive frames, similar to [LJPS10b]. Hence whenever a stationary phase is encountered
(CtCℓ

≈ 0), the previous image is replaced with a preceding image for which the camera
relative displacement is not close to zero.

8.3 Experimental Validation

Fig. 8.2 shows the hardware structure of the system used in the experiments. The cam-
era is an AVT Guppy monochrome camera, which is rigidly mounted on a MicroStrain
3DMGX2 IMU with sampling rate 250 Hz. Images are captured with resolution 752×480
pixels, and the camera sampling rate is 10 Hz. The MATLAB Computer Vision Toolbox
implementation of SURF is used for feature detection and matching. For the motion es-
timation, the feature matching is performed between two consecutive images, where only
maximum three features are used in the final step of motion estimation (Chapter 7). In
this experiment, only 10% of the feature points that resulted in the smallest errors in the
homography test were selected for the normal-based outlier rejection step. The threshold
of the similarity angle, Tang, was set to 20◦. Tmin and Tmax were set to represent around
3 cm and 30 cm, which in this setup resulted in 10 and 80 pixels, respectively. The IMU
and camera were placed on a cart with the fixed height of about 85 cm, moving in a closed
loop trajectory.2

An example estimated trajectory corresponding to 205 seconds data recording is plotted
in Fig. 8.3a overlaid on the map of the test environment. In order to involve more outliers in
the image recording process, the cart was moved near to the walls of the corridor; moreover,
a number of obstacles were placed in the recoding path, e.g., boxes, waste paper-basket,
and chairs. In addition to the planar motion, the estimated height of the mobile system is
plotted in Fig. 8.3b. Although, the estimated height is diverging from the true value in some
regions (due to the lack of correctly detected and matched feature points), the system is
capable of error correction and decreases the estimated height error in the proper direction.

2Video of the experiment is available at
https://www.kth.se/profile/152404/page/recent-presentations-2/ .

https://www.kth.se/profile/152404/page/recent-presentations-2/
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(a) Experimental setup

Camera 

IMU 

(b) IMU-camera sensor

Figure 8.2: The experimental setup and the IMU-camera rig used in the experiments.
The camera is an AVT Guppy monochrome camera rigidly mounted on a MicroStrain
3DMGX2 IMU.

This effect can be seen in the right-top corner of the map in which the area is dark and
there is not a sufficient number of correctly detected features in SURF. As a result there is
a drift in the estimated position along thex− y and thez axes (between 75-105 seconds).
However, the filter is capable of drastically reducing the growth rate of the accumulated
INS errors, and correcting the state of the system in the right direction. In this example,
the closed-loop travelled distance around the corridor is about 41 m and the estimate of the
end position (marked with E in Fig. 8.3a) is only about 1 m off from the starting position
(marked with S in Fig. 8.3b).

Moreover, four different scene scenarios are selected as representative of the test envi-
ronment in Fig. 8.4. These scene scenarios are depicted by red circles marked by T1, T2,
T3, and T4 on the estimated trajectory in Fig. 8.3a.

Fig. 8.5 shows the evolution of theσ values for position, velocity, and attitude of the
body frame,{b}, with respect to the navigation frame,{n}. Expectedly, the positional er-
rors along thex andy axes grow slowly, since the system has no access to the absolute
position update; see Fig. 8.5a. The consistency of the filter is verified by the height error,
approximately 5 cm error at the end of the experiment. The vision-based error correc-
tion of the INS is remarkable, since no height update was done in the estimation process.
Moreover, it is worth pointing out the consistency of the velocity error, Fig. 8.5b, and the
attitude error in the roll and pitch, Fig. 8.5c; however, the filter cannot consistently track
the heading. That is, the error in the heading diverges slowly over time.

To emphasize the effect of outlier rejection in the motion estimation, a second example
of the estimated trajectory is plotted in Fig. 8.6a and 8.6b along thex− y and thez axes,
respectively. The results are plotted from the motion estimation algorithm (Chapter 7) with
and without outlier rejection where the travelled distance is about 3.7 m (approximately
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Figure 8.3: Estimated trajectory of the mobile system, with outlier rejection, for about 205 s
data recording.
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T1 T2

T3 T4

Figure 8.4: Sample images of the test environment. The imagesare captioned according to
the marked points on the estimated trajectory in Fig. 8.3a.

in a straight line) and the height is fixed around 85 cm for about 36 s data recording. This
simple example, which is recorded over a short time, signifies the importance of outlier
rejection in the proposed motion estimation approach.

8.4 Conclusion

A new scheme is developed to determine the planar features on a desired horizontal plane,
which is the main complication of designing the visual-inertial positioning system intro-
duced in Chapters 7. The developed detection algorithm consists of two steps, namely
homography-based and normal-based outlier rejection. In the proposed approach, the es-
timated pose of the system is used to form the geometric constraints of the ground plane,
which are then utilized to detect ground plane features and to remove potential false cor-
respondences. This is achieved via a feedback algorithm in which the predicted states ob-
tained by the UKF are used to detect the planar features on the defined horizontal plane.
Then, the detected features are used to update the states of the system. That is, the motion
estimation and planar feature detection are simultaneously performed.
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Figure 8.6: Estimated trajectory of the mobile system (a) along thex− y plane and (b)z
axis. The estimation is performed both with and without outlier rejection. The approximate
travelled distance along a straight path is 3.7 m, which is near to the estimated trajectory
with outlier rejection with around centimeter error.
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Chapter 9

Conclusion

In this dissertation, new motion sensing strategies have been introduced using the inertial
and inertial-visual sensors. In general, the contributions of the thesis can be categorized into
three overlapping topics including sensor calibration, observability analysis, and selected
applications.

Considering the calibration, the problem of inertial sensor calibration and external cal-
ibration of the inertial-visual sensors were investigated. For the inertial calibration, a maxi-
mum likelihood estimation approach was used to estimate the calibration parameters of the
accelerometer triad of an IMU. Moreover for the proposed method, the parametric Cramér-
Rao lower bound was derived to evaluate the performance of the estimator. For the external
calibration of visual-inertial rig a Bayesian estimator was proposed based on the unscented
Kalman filter framework. The calibration was performed while the visual-inertial system
was navigating in front of a planar mirror. Then to analyse the observability properties
of the calibration parameters, the nonlinear state-space model of the system was analysed
using the Lie derivative rank condition test.

From the application point of view, two types of problems have been investigated in
this thesis. First, using a body mounted inertial sensor, a novel pedestrian activity and gait
classification method was proposed. Five classes of activities including walking, running,
going upstairs, going downstairs, and standing were considered in the experiments. The
developed HMM-based user-independent methods were evaluated by experimental data
using the trained HMMs. Second, the problem of visual-inertial ego-motion estimation
has been extensively studied. The developed algorithms were based on fusing inertial data
with the visual information from features on a horizontal plane. The motion estimation
was performed for two scenarios: in the first case, it was assumed that the camera optical
axis was parallel with the gravity vector. Then in the second case, the assumption was re-
laxed and a more general algorithm was proposed for the 6-DoF motion estimation. For
both cases the motion estimation was performed using the unscented Kalman filter frame-
work. Moreover, the observability properties of the systems were analysed based on the Lie
derivative rank condition test. Compared to the general visual-inertial navigation systems,
where the position is not observable, it is proved that in the analysed systems the verti-
cal translation relative to the horizontal plane is observable. The proposed methods were
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experimentally validated and the achieved results indicate promising accuracy and relia-
bility of the proposed algorithms and validate the findings of the theoretical analyses and
the motion estimation approaches. Moreover, an additional scheme was suggested to de-
termine the features on the desired horizontal plane and avoid obstacles. Hence, using the
proposed feature classification method a complete positioning approach was introduced,
which performs simultaneously motion estimation and planar feature detection.
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