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ABSTRACT 

Enhancing the load bearing quality of granular layers is fundamental to 

optimize the structural performance of the pavements. Unbound granular 

materials are one of the most used materials in the base layers of pavements. 

There have been growing interests on the behavior of unbound granular material 

in road base layers. Both design of a new pavement and prediction of service life 

need proper characterization of unbound granular materials, which is one of the 

requirements for a new mechanistic pavement design methods.  

Adequate knowledge of the strength and deformation characteristics of 

unbound layers in pavements is essential for proper thickness design, residual life 

determination, and economic optimization of the pavement structure. The current 

knowledge concerning granular materials employed in pavement structures is 

limited. In addition, to date, no general framework has been established to explain 

and evaluate satisfactorily the behavior of unbound granular materials under the 

complex repeated loading which they experience. 

This thesis presents a packing theory-based framework to evaluate the 

mechanical properties of unbound granular materials. The framework was 

developed based on the particle-to-particle contact, the particle size distribution 

and the packing arrangement. The skeleton of the unbound materials should be 

composed of both coarse enough particles and a limited amount of fine granular 

materials to effectively resist deformation and carry traffic loads. Based on this, 

the framework identifies the two basic components of unbound granular materials, 

namely the primary structure (PS) - a range of interactive coarse grain sizes that 

forms the main load carrying network in granular materials and the secondary 

structure (SS) - a range of grain sizes smaller than the PS providing stability to the 

aggregate skeleton.  

In the framework, disruption potential (DP), PS porosity, PS coordination 

number and void ratio of skeleton (PS+SS) are among the key packing parameters 

which were established from the framework. These parameters were validated by 

evaluating the permanent deformation, resilient modulus and California bearing 

ratio of unbound granular materials using different materials with various 

experimental results.  
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Furthermore, in this thesis a new moisture distribution model (Birgisson-

Jelagin-Yideti (BJY) moisture distribution model) was introduced. In the model, 

SS particles associated with water retention. The water is stored as meniscus 

water between these small particles and fully filled in small voids. The volume of 

meniscus water between SS particles and the measured matric suction values are 

the two key parameters considered in the model. The results showed that the 

model developed is capable of predicting the experimentally measured matric 

suction values for a range of gradations.  

Finally, the application of shakedown and packing theories to characterize 

permanent deformation behaviour of unbound aggregate materials is presented. A 

simple finite element analysis has also been simulated in order to find out the 

effect of disruption potential on the shakedown limit load. Experimental results 

were used for the simulation of the finite element and compared favourably with 

the predicted mean stress and dimensionless shakedown load using DP values. 
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1. Introduction 

Unbound granular materials are inherently a particulate system relying wholly or 

principally on their interaction and pore condition as natural rock, by-product or 

recycled sources. The unbound aggregate particles are relatively free to move with 

respect to one another. However, since the particles are solid enough, they cannot 

move relative to each other as easily as the elements in a fluid. This makes unbound 

granular materials different from fluid and pure solid materials (Lambe & Whitman, 

1979).   

Unbound granular materials are the most mined materials in the world. In U.S. 

production of construction aggregates in 2010 was 2.14 billion tons that valued at 

$17 billion (AggMan Staff, 2012). In Europe, the productions of unbound aggregate 

materials were 3 billion tons per year that were produced by 15000 companies at 

26000 quarry and pit sites (UEPG, 2012). The aggregates industry is by far the 

largest non-energy extractive sector. Sweden uses on average around 75 million tons 

of aggregates each year, of which only 8 million tons comes from recycled and 

secondary sources. In Sweden, crushed rock aggregate is the most dominant source 

compared to other types of unbound materials. Among the production of unbound 

aggregates, 60.4 % is crushed rock, 27.1 % is sand and gravel, 2.1 % till and 10.4 % 

is others. Over half of aggregate production (57 %) goes to the construction of roads 

(EEA Report, 2008).  

Pavements are among several civil engineering infrastructures and the most 

poorly understood. This is in part due to their inherent complexities of the behavior 

of road construction materials. Unbound granular materials are one of these materials 

that lay below the wearing surface of a pavement.  

The functions of unbound granular materials in base and subbase layers vary 

according to type of pavements. In rigid pavement pumping and volume change of 

the subgrade were prevented by the base course; whereas in flexible pavement, base 

course materials were used to improve the load carrying capacity of the pavement by 

providing additional stiffness and resistance to fatigue (Yoder & Witczak, 1975). In 



Packing theory-based Framework for Unbound Granular Materials          Tatek F. Yideti                     2 

 

addition to this, an increase in the thickness of a base course helps to distribute the 

load through a finite thickness of pavement and to provide drainage when necessary.   

The behavior of unbound granular materials such as mechanical, physical, 

hydraulic, thermal and others are primarily influenced by the nature and arrangement 

of the particles. To this context, road and geotechnical engineers have been studying 

the properties of unbound granular materials in order to optimize the long term 

performance for the last several years.  

The main focus of this thesis is on the development of a generalized packing 

theory-based framework for unbound granular materials related to grain size 

distribution. Before explaining the development of the model in the next section, the 

different physical and mechanical behaviors of unbound granular materials are 

reviewed in the following sub-sections. 

1.1 Packing of Granular Materials 

The packing configurations of aggregate particles are significant characteristics 

to study the physical properties of a mass of granular particles and their interaction 

between them. For the last several years, packing of granular materials have been 

studied using computer simulation algorithms (Tory, et al., 1968; Powell, 1980; 

Suzuki & Oshima, 1985; Isola, 2008). Researchers have also studied the packing 

properties of unbound granular materials observing different fracture and crushing 

properties by means of discrete element method (DEM) (Robertson, 2000; 

McDowell & Harireche, 2002; Cheng, et al., 2003). 

In most cases, the particles have been simulated using packing of hard spheres 

and modeling the behavior of the contacts between the particles (Isola, 2008). In 

order to investigate packing of particles it is desirable to understand the different 

arrangements of spherical particles while they are packed in different forms. The 

problem of the packing of spheres was first adopted by Kepler in 1611. He suggested 

that no arrangement of equally sized spheres filling space has a greater average 

density than that of the cubic close packing (face-centered cubic (FCC)) and 
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hexagonal close packing (HCP) arrangements. It is occupying approximately 74% of 

the available volume.  

The density of a packing of spheres can be determined based on the three 

dimensional arrangements of the spheres. It is defined as the ratio of the volume of 

the space that is filled by the spheres to the volume of the whole spaces. The three 

dimensional arrangement of spheres can be expressed by different spherical matters 

placing them in layers (Figure 1.1). For instance, a large quantity of spherical balls 

can be stacked in the form of placing the spheres of the second layer on the dimple of 

the first layer (Szpiro, 2003). As shown in the figure, this is the densest possible 

packing arrangement or called hexagonal close packing (HCP) and its packing 

density reaches about 74 %.  

 

 
 

Figure 1.1 Spherical particles placing in densest possible arrangement  

 

In stable regular packing arrangement, equal sized spheres can be packed in four 

arrangements such as simple cubic, orthorhombic, tetragonal-spheroidal 

(tetrahedral), and rhombohedral (Graton & Fraser, 1935). These can be expressed in 

a three dimensional six-sided box or unit cell (Figure 1.2).  

The unit cell comprises both the solid spheres and voids throughout the entire 

arrangement. As shown in the figure, the faces of the unit cell differ according to 

their arrangements; for instance the cubic arrangement has three square faces with a 

facial angle of 90
o
. Orthorhombic has two square faces and one rhombic face with 

facial angle of 90
o
 and 60

o
 respectively. Tetrahedral packing has one special rhombic 
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face and two rhombic faces having facial angle of 75.31
o
 and 60

o
 respectively. The 

fourth packing arrangement, rhombohedral has three rhombic faces with a facial 

angle of 60
o
. Each packing arrangement has their own unique properties in terms of 

number of contact points, pore spaces and packing density (Cooke & Rowe, 1999). 

Further details have been described in PAPER 1 and 2.  

 

 

Figure 1.2 Different packing arrangement of spherical particles  

1.2 Grain Size Distribution 

In soil mechanics and geotechnical engineering, it is quite common to quantify 

aggregate properties based on its sizes. Aggregate sizes are measured by using grain 

size distributions/gradation. The gradation property of unbound granular materials is 

one of the common requirements that uses as a tool to select the best blend of 

materials for evaluating their engineering properties such as shear strength, resistance 

to permanent deformation, and hydraulic properties.  
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Different countries have different gradations requirements based on the locally 

available unbound materials. In the requirements, the proportion of coarse and fine 

aggregates is kept into consideration. The proportion is mostly anticipated to be 

within the proposed gradation envelop in order to provide the necessary structural 

strength and resistance to shear/rutting failures due to loading. 

When measuring grain size distributions for unbound granular materials two 

methods are generally used; for grains larger than 0.075 mm, sieving is used and for 

grains in between 0.075µm and 0.5µm hydrometer test is used. There are different 

standard procedures that determine the gradation of unbound granular base and 

subbase materials. Among these, the long term pavement performance project 

laboratory materials testing and handling guide, LTPP, protocol P41 which is based 

on the test standard AASHTO T27-88I and AASTHO T11-85 (FHWA, 2012).  

Most common classifications of a mixture of unbound materials in terms of their 

grain size distributions are summarized as follows: 

 A Dense or well-graded - is a gradation that contains particles of a wide range 

of sizes and has a good representative of all sizes.  

 A Poorly-graded - is a gradation that does not have a good representation of 

all sizes of particles.  

 A uniform graded - is a gradation that has most of its particles at about the 

same size. 

 A gap-graded soil - is a material with gradation that has an excess or 

deficiency of certain particle sizes or soil that has at least one particle 

missing. 

 Open-graded - is a material with gradation that contains only small 

percentage of aggregate particles in the same range. 
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Equation (1) is widely used as a convenient way to describe the grading of an 

aggregate in which n-values > 0.5 are a coarse grading while n-values < 0.5 are 

considered fine (Fuller, et al., 1905; Talbot & Richart, 1923; Andreasen & Andersen, 

1930). 

      (1) 

 

where d is the particular sieve size opening diameter, P is the percent passing of d, 

Dmax is the maximum particle size and n is the grading coefficient describing the 

shape of the curve. 

1.3 Porosity 

The spaces among the unbound granular materials are called pore spaces or 

voids. These voids are usually filled with air and water. Thus, unbound granular 

materials are a multiphase system consisting of aggregates, air and water. The 

internal pore characteristics are very important properties of aggregates. The size, the 

number, and the continuity of the pores through an aggregate particle may affect the 

strength of the aggregate, abrasion resistance, surface texture, specific gravity, 

bonding capabilities, and resistance to freezing and thawing action.  

Porosity is a measure of the pore spaces in a mass of aggregate particles and 

defined as a fraction of the volume of voids over the total volume. In order to 

calculate the porosity, specific gravity and density of the aggregates are required. 

Changing of porosity within materials can have a great role on the long term 

performance of the materials, such as resilient modulus, resistance to permanent 

deformation and CBR values. 

1.4 Fine Content 

The amount of fines content of granular materials has great effect on the long 

term performance. Limited amount of fines content are required in unbound granular 

materials to provide stability of coarse particles (Hicks, 1956). The granular 

%100*%
max

n

D

d
P 
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assembly with little or no fines usually has limited stability from grain to grain 

contact and has a relatively low density. However, if the assembly has sufficient 

fines to fill all voids between the aggregate particles, it would have high density and 

low permeability.  

A granular material that contains an excess amount of fines has no grain to grain 

contacts between coarser particles so that the coarse aggregates merely float in the 

mix (Augusta, 2000). High and low fine content generally reduces the stiffness and 

the resistance to permanent deformation in granular materials (Barksdale & Itani, 

1989; Thom & Brown, 1988; Thompson & Smith, 1990). Research showed fines 

content in unbound granular materials should be between 5% to 12 %; however more 

than 10 % fines content is more susceptible for moisture effect (Ohiduzzaman, et al., 

2012). 

1.5 Coordination Number  

In order to understand the behavior of unbound granular materials, the value of 

coordination number (average number of contact points per particle) plays an 

important role. The coordination number can be affected by a change in grading and 

density of granular materials that can lead to a different stress distribution over the 

particle surface (McDowell, et al., 1996). The applied load is distributed through the 

microstructure through contact points of individual particles. There are a large 

number of contact points within a mass of unbound aggregate particles. For instance 

sand specimens have higher coordination number and exhibited higher stiffness (Gu, 

2012). In 1 cm
3
 of fine sand it is estimated that there will be on the order of 5 million 

contact points (Lambe & Whitman, 1979). 

1.6 Repeated Load Triaxial Tests (RLTT) 

1.6.1 Stresses and strains invariants under repeated loading 

Unbound granular materials specimens may be subjected to either monotonic or 

repeated load tests. The repeated loading closely simulates the cyclic loading 
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conditions existing in pavements during the passage of a wheel; this repeated loading 

is accomplished by the triaxial stress application which consists of different 

magnitude of stresses (Figure 1.3). The response behavior depends strongly on their 

actual state of stress and on the stress history to which they have been subjected.  

The stress and strain relationship can be characterized with respect to their 

applied positions. The induced stresses in the unbound layer consist of vertical, 

horizontal and shear components (Lekarp, et al., 2000). The relationships between 

the stress invariants in an element of unbound materials below the surface layer of a 

pavement are expressed as follows: 

 

 
Figure 1.3 Stresses on an element of unbound layer in pavement 

 

where 

1  = axial stress 

 q   = d  = deviator stress 

 θb   = bulk stress  

 p   = mean stress 

 

The unbound material specimen shows two distinct types of responses while 

subjected to repeated loading. The first is the resilient (recoverable) response. The 

second is the permanent strain response, which is the residual strain (irrecoverable) 

after a number of load applications; these two responses are of important in the 

mechanical properties of unbound materials. The resilient response is necessary to 

obtain the resilient modulus and the permanent strain is a key to analyze the rutting 

31 2 b

3

2 31  
p

31   dq

(2)

1 
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properties of pavements (Shaw, 1980). These two responses are illustrated in Figure 

1.4.  

 

 

Figure 1.4 Resilient and permanent strain responses of unbound granular materials 

1.6.2 Resilient modulus properties of unbound materials 

Resilient modulus is a measure of the material stiffness under repeated loads. The 

term ‘resilient’ indicates that the recovered portion of the strain due to the energy 

that is placed into the material while it is being loaded. The resilient response of 

unbound granular material is generally characterized by both the resilient modulus 

and the Poisson’s ratio. During repetitive loading the resilient modulus and Poisson’s 

ratio are defined as the ratio of the deviator stress to the recoverable strain and the 

ratio of the radial to the axial strain respectively (Erlingsson, 2000). The resilient 

modulus is expressed as: 
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      (3) 

 

where 

rM  = The resilient modulus 

d  = Deviator stress 

r  = resilient strain 

1.6.3 Permanent deformation properties of unbound materials 

As shown in Figure 1.4, the application of cyclic load to unbound granular 

materials results in gradual accumulation of permanent strains over time. During the 

load application, contact forces develop between individual particles. Depending on 

the shape of the particles, the forces cause relative movement between the adjacent 

particles. Thus, if the particles resistance to shear is lower than the shear forces there 

will be relative sliding of aggregate particles that might eventually lead to large 

permanent deformation. Generally, the cause of large deformation in unbound 

granular materials is partly the result of deformation of individual particles and partly 

the relative sliding between particles. This large deformation lead the whole 

pavement structure into unstable condition called rutting. 

Though changes in compaction, grading and water content influences to very 

high degree the resistance against permanent deformation; the packing arrangement 

of individual particles in the network of granular materials is very important to 

prevent large inter-particle sliding within a mass of aggregate particles. To prevent 

such inter-particle sliding there should have appropriate proportion of coarse and 

fine-grained particles in which load-carrying particles can interlock with each other. 

This interaction between aggregate particles is addressed in the main body of this 

thesis under the packing theory-based framework (Yideti, et al., 2013a). 

 

r

d

rM
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1.7 California Bearing Ratio (CBR) of Unbound Materials 

The California Bearing Ratio (CBR) test was introduced in the late 1930s by the 

state of California to quantify the quality and strength of compacted soil, soil-

aggregate combinations, and aggregate base materials. This test is conducted by 

penetration test using standard force measurements. The equipment and test 

procedure are standardized in AASHTO test method T 193-09 and ASTM D1883-99. 

The test specimen is undergone through compaction, soaking and a standardized 

piston load application. The specimen has a mold diameter of 6-inch (154.4 mm) and 

penetrated with standard forces of 13.5 kN and 20.36 kN for a penetration of 2.54 

and 5.08 mm at a rate of 0.05 inch per minute, respectively. These standard forces 

are obtained from tests on a crushed stone which represents a CBR value of 100%. 

CBR test has been used in many countries for empirical pavement designs and 

still many countries are using it for unbound granular materials strength 

measurement and as input to their pavement design charts. In AASHTO empirical 

pavement design, CBR value was used for estimating resilient modulus by using 

correlation equation. Correlations between CBR value and fundamental materials 

properties such as Young’s E-modulus and resilient modulus (Mr) were established 

by several researchers in order to simplify the test process to get the stiffness 

properties using triaxial tests (Heukelom & Foster, 1960; Witczak, et al., 1995; Hoff, 

1999).    

1.8 Moisture Content 

Moisture content is defined as the ratio of the mass of water contained in the pore 

spaces of unbound material to the solid mass of particles in that material (ASTM, 

2011). The excessive amount of water in granular materials has a great impact on the 

long term physical and mechanical performance of the materials. As the moisture 

content increases in granular layers, compaction or workability is facilitated. 

However, the moisture content increases above a certain level, the optimum; it will 

affect the inter-particle friction and the shear resistance (Karasahin, 1993). In 

addition, it will have significant effects on the mechanical response of pavements in 
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terms of both resilient and permanent deformation behavior (Hicks & Monismith, 

1971; Ekblad, 2007).  

The existence of fully saturated granular materials develop excess pore water 

pressure under repeated load application and it reduces the effective stress and 

consequently resulting in decrease both strength and stiffness of materials (Haynes & 

Yoder, 1963; Barksdale, 1972; Maree, 1982; Thom & Brown, 1987; Dawson, et al., 

1996).  

1.9 Shakedown Theory for Unbound Granular Materials  

Shakedown concept is a branch of plasticity theory which deals with the 

irreversible response of structure to repeated loading. In unbound granular materials, 

this irreversible response is called accumulation of permanent deformation or rutting. 

It has a great influence on the long term performance as well as on the life cycle cost 

of the pavement related with safety issue.  

During the last four decades a number of different types of modeling approaches 

have been developed to describe the accumulation of permanent deformations in 

granular material using analytical theory (Werkmeister , et al., 2001; Perez, et al., 

2006), plastic theory based models (Chazallon, et al., 2006; Hornych, et al., 2007), 

and shakedown theory (Garcia-Rojo & Herrmann, 2005; Raad, et al., 1989; Collins, 

et al., 1993; Collins & Boulbibane, 1998). 

The shakedown concept was proposed on the basis that accumulation of 

permanent deformation of unbound materials gradually stabilizes when the applied 

stress remains low for a large number of loading cycles. At the other extreme, at high 

stress levels, the materials exhibit a gradual failure with rapid increase of 

accumulated permanent strain (Dunlap, 1966; Sharp & Booker, 1984; Barksdale, 

1972; Chan , 1990; Lekarp & Dawson, 1997).Thus, there is a critical load condition 

which distinguishes the stable from an unstable condition. This critical stress level is 

well-known as shakedown limit (Trollope, et al., 1962; Werkmeister , et al., 2001).   

Static/lower bound and kinematic upper bound shakedown limits were 

investigated by Melan (1936) and Koiter (1960) for elastic-plastic structure under 
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repeated loads (Melan, 1936; Koiter, 1960). Furthermore, these shakedown limits 

have been broadly studied in order to understand the wearing process of metal 

surfaces subjected to rolling and sliding loads (Ponter, 1985; Johnson, 1986; Johnson 

& Shercliff, 1992; Kapoor & Williams, 1996; Ponter & Engelhardt, 2000; Ponter , et 

al., 2006).  

Sharp and Booker (1984) were the first to introduce the application of shakedown 

concept in pavement design using the static shakedown theorem based on a method 

of conics (Sharp & Booker, 1984). Further, some researchers proposed the lower-

bound shakedown limit for evaluating permanent strain condition in two-dimensional 

(Raad, et al., 1988; Radovsky & Murashina, 1996; Yu & Hossain, 1998; Shiau & Yu, 

2000; Krabbenhoft, et al., 2007; Nguyen, et al., 2008) and three dimensional 

pavement model (Yu & Wang, 2012). Other researchers were also studied the 

kinematic upper-bound shakedown theorem for two (Collins & Cliffe, 1987; Li & 

Yu, 2006) and three dimensional pavement model (Boulbibane & Ponter, 2005; 

Boulbibane, et al., 2005).  

Dawson and Weller (1999) conducted a study categorizing the different 

permanent strain response behavior in terms of shakedown limit ranges (Dawson & 

Wellner, 1999). Range A is the plastic shakedown range and shows high permanent 

strain rate for a finite number of load applications. In this range the response 

becomes entirely resilient and no further accumulation of permanent strain occurs. 

Range B is known as plastic creep response in which the permanent strain rate 

becomes decreasing, constant or slightly increasing with time. Its permanent strain is 

acceptable but does not become entirely resilient. Further increment of applied load 

cycle on Range B could lead to collapse or Range C.  

As observed in the above studies, methods to model and predict shakedown 

responses, so far, do not incorporate the physical properties of the materials into their 

models – they simply describe observed behavior. Thus, there is a clear need to 

develop theoretical model that include the physical properties such as gradation and 

packing arrangement. This thesis presents implementation of packing and shakedown 
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theories in order to see the influence of packing parameters in the shakedown 

behaviors of unbound granular materials (PAPER 5). 

1.10 Previous Studies 

Effect of gradation and packing of unbound granular materials on their long term 

performance was studied by several researchers. Thom and Brown (1988) studied the 

effect of grading and compaction on plastic strain and concluded that the resistance 

to permanent strain decreased when the specimens were not compacted well for all 

grading types. Dawson, et al. (1996) found that the resistance to plastic strain was 

higher for the densest grading. Kolisoja (1997) conducted experimental test for 

different fines contents of unbound granular materials and observed high permanent 

deformation for low and high contents of fines. These studies examined the effect of 

gradation on the permanent deformation behavior based strictly on experimental 

results. There are few researchers who have studied the effect of gradation and 

packing characteristics theoretically and numerically.  

Santamarina (2001) described the diverse influence of physical and geometrical 

properties of soil particles and their relative packing arrangement on the mechanical 

behavior of granular materials. Furthermore, she described the microstructure of 

particulate material based on grain size distribution and internal structure. As 

described, the internal structure of particulate media can be characterized using 

coordination number and particle orientations.  

Vavrik et al. (2001) studied the gradation evaluation of the bailey method in 

order to observe the effect of aggregate gradation and packing characteristics on 

voids in mineral aggregate. The Bailey method for gradation selection considers the 

packing characteristics of aggregates. It is primarily developed to select the best 

aggregate blend based on aggregate interlock and aggregate structure for asphalt 

mixture. The method is significantly focused on the voids in mineral aggregate 

(VMA), air voids, and compaction properties. 

Roque et al. (2006) developed a conceptual and theoretical approach to evaluate 

coarse aggregate structure based on gradation in asphalt concrete mixtures. They 
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identified the load carrying aggregate structure which is called dominant aggregate 

size range (DASR). They validated their framework by using an extensive range of 

laboratory and field asphalt mixture using the porosity of DASR.  

Guarin (2009) further extended the DASR framework in order to observe the 

effect of interstitial component (IC) which comprises particle sizes smaller than the 

DASR and binder. He also introduced the so called disruption factor (DF) which is a 

parameter to evaluate the potential of IC particles to disrupt the DASR structure. The 

DASR identification is performed by interaction diagram which is graphical and 

subjective to perform accurately.   

To the best of the author’s knowledge work performed on the packing 

characteristics of unbound granular materials in general is limited. For that reason 

this research project was proposed to identify the load carrying aggregate particles 

analytically. In addition, a new moisture distribution model has been introduced in 

order to predict the soil water characteristics curve by using packing theory. This 

thesis work is a promising tool to bridge the gaps that have been in these areas for so 

long.  
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1.11 Objectives and Scope of the study 

The main objectives of this doctoral thesis are summarized as follow: 

 To develop a generalized packing theory-based framework for 

performance evaluation of unbound granular materials. 

 Develop a procedure to identify the load carrying aggregate structure 

from whole ranges of aggregate sizes. 

 Study influences of different packing parameters on the mechanical 

behavior of unbound granular materials such as disruption potential of PS, 

porosity, void ratio and coordination number. 

 To develop a new moisture distribution model for unbound granular 

materials based on packing theory. 

 To incorporate packing theory parameter with shakedown theory of 

unbound granular materials. 

There are some limitations due to basic assumptions relied on in the present 

analysis. Granular materials were assumed to be spheres due to their simplicity and 

perfectness to analyze the packing configuration. Furthermore, constant material dry 

density throughout each sieve sizes was assumed. The validation of the framework 

was only performed on unbound base and subbase materials from different 

geologically formed sources. The mechanical performance data were taken from 

previously conducted repeated loading triaxial test (RLTT). The framework 

considered only the packing and grain size distribution, with the shape and textures 

of materials neglected.  
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2. Packing Theory-based Framework 

In this study a new analytical packing theory-based framework for evaluating the 

mechanical properties of unbound granular materials is developed. In this section the 

basic concepts of the developed framework and packing of aggregate particles 

followed by identification of load carrying aggregate particles are discussed. The 

definition and role of the key packing parameters such as disruption potential, PS 

porosity, PS coordination number and void ratio of the skeleton are also presented 

and discussed. These packing parameters were used to evaluate the different 

fundamental properties of unbound granular materials throughout the study. 

2.1 Packing of Aggregate Particles 

Unbound granular materials are composed of stones with a size distribution 

according to gradation curves; the aggregate size distribution is normally 

characterized based on the sieve analysis. The basic concept and assumption of the 

framework is that aggregates of different sizes contribute differently to the load 

carrying capacity of the granular mix. In particular, there exists a continuous network 

of coarse-particles – primary load transferring chain in a mixture of aggregates.  

In unbound granular materials, this networked primary load transferring 

aggregates can be expressed by a range of interactive sizes of coarse aggregates. 

These coarse grained particles interlock each other to be able to form a load carrying 

structure. Fine grained particles usually fill the gaps between coarse particles and 

provide stability for the load carrying structure. The interactive range of coarse 

aggregate particles is called primary structure (PS). A range of grain sizes smaller 

than the PS is called secondary structure (SS) which resides in between the PS 

particles and depending on its proportion may provide stability to the load carrying 

skeleton or in case of excessive amount of SS it will compromise the load carrying 

capabilities of the PS. 

In Figure 2.1, the interplay between the load carrying-primary structure (PS) and 

the SS, is illustrated. It can be observed that low SS particles may fail to provide an 

adequate support to PS (Figure 2.1a), whereas excess amount of SS particles may 
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result in PS particles to loose contact, in which the PS particles exhibit disruption. 

However, if optimum amount of SS particles resides in between PS particles, the 

load carrying structure becomes much more stable than the two extreme cases. In 

order to ensure good performing load carrying structure, the porosity limit for PS 

particles should no greater than 50 % assuming the shape of the particles as 

spherical.  

 
 

a) Low SS (Unstable)     b) Optimum SS (Stable)   c) Excess SS (Disrupted) 

 

Figure 2.1 Interplay between PS and SS particles 

2.2 Identification of Primary Structure 

As it was pointed out above in order to identify interactive PS aggregate particles 

a packing theory was used. There are two basic types of packing arrangement in 

three-dimensional space - a densest and a loosest possible packing, see Figure 2.2. 

These arrangements are broadly known as rhombohedral and simple cubic packing 

respectively. The densest configuration has a packing density of 74 % using spherical 

particles. In the contrary, the loosest possible packing (simple cubic packing) of 

spheres has a packing density of 52 %.  

 

Figure 2.2 Interplay between PS and SS particles 
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In order to the PS to transfer the load effectively through the particles a 

continuous stone-to-stone contact needs to be ensured between the aggregates 

composing the PS. This stone-to-stone contact is assured when the porosity of the 

particles is no greater than the simple cubic packing arrangement. The particle-to-

particle interaction analysis was performed for two consecutive larger and smaller 

sieve sizes with diameter D1 and D2 respectively. Furthermore, the maximum 

concentration of spheres of two consecutive different particle sizes was assumed to 

be equivalent to hexagonal/cubic close packing (74 %).  

The identification of PS particles was briefly expressed in the first two papers 

(PAPER 1 and 2) which are enclosed in this thesis. As mentioned previously, PS 

was defined as a range of interactive coarse grain sizes that forms the main load 

carrying network in unbound granular materials. Secondary structure (SS) is a range 

of grain sizes smaller than the PS providing stability to the aggregate skeleton. There 

are also oversized particles larger than the PS, which are not playing a relevant role 

in the load carrying system. The mixture of PS and SS is called skeleton; see the 

schematic diagram in Figure 2.3 (Yideti, et al., 2013a).  

 

 

 

 

 

 

 

 

Figure 2.3 Schematic diagram for volumetric composition of unbound materials 
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The interaction analysis determines the upper and lower limit of PS particles. 

This analysis was conducted between two contiguous sieve sizes to be able to 

interact rather than to have one size to dominate in the mix. Equation (4) defines the 

analytical upper and lower limits for the interaction between particles on two 

contiguous sieve sizes.  

1 2 1 2

3 3 3 33 3
2 1 2 1

1 1 1 1

2 36 2 36
w,avg

. * D D . * D D
d

D . * D . * D D
 

 
   (4) 

where dw.avg is the maximum void size between the weighted average PS spherical 

particles (Dw,avg) in 3D simple cubic packing.  

2.3 Packing Parameters  

Different packing parameters were established based on the packing theory-based 

framework to evaluate the unbound materials performance. For instance, primary 

structure porosity (PS porosity) was used to evaluate the resilient modulus property 

and the disruption potential (DP) evaluated the permanent deformation behavior of 

unbound granular materials. In the following sections overviews of various types of 

packing parameters are presented.  

2.3.1 PS Porosity and PS Coordination Number  

PS porosity (nps) was defined as the fraction of the voids volume in the PS over 

the total volume of the granular mix (skeleton) (Yideti, et al., 2013b). The total 

volume within the PS ( ) can be calculated by subtracting the volume of particles 

larger than PS ( ) from the total volume of the granular mix. The volume of 

voids in PS ( ) is everything in the skeleton that is not considered to be part of the 

PS, which comprises the volume of SS particles ( ) and the volume of voids in 

the granular mix ( ). These are calculated by volumetric relationships from dry 

density and specific gravity of the material. Equation (5) is used to calculate the 

porosity of PS particles. 
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      (5) 

A relationship was developed between PS porosity (nps) and PS coordination 

number (cnps) which enables to determine the average contact points per particle, see 

Equation (6).  

      (6) 

2.3.2 Void ratio of skeleton (PS+SS) 

There are two types of free volumes (voids): voids within PS and voids within 

SS, see Figure 2.3 above. The sum of the two voids gives the total volume of voids 

with the skeleton (PS+SS) of unbound granular materials. The void ratio of the 

skeleton (es) is then defined as the ratio of the voids within the PS and SS to the 

volumes of PS and SS particles as shown in Equation (7) (Yideti, et al., 2014).  

 

PS SS

free free

S PS SS

agg agg
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V V




                           (7) 

2.3.3 Disruption potential 

In the skeleton (PS+SS) of unbound granular materials, the SS particles that exist 

within the interstices of PS particles have great potential to disrupt the stability of the 

load carrying structure. This can be observed by the disruption potential (DP) value 

of PS due to SS particles. The DP is defined as the ratio of the volume of potentially 

disruptive fine material ( SS

DMV ) over the free volume within the PS ( PS

freeV  ) (Yideti, et 

al., 2013a).  
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      (8) 

The disruptive materials are part of SS particles and described by a range of 

particle sizes that potentially disrupts the PS. This range of disruptive particle 

includes SS particles larger than 0.225 times the lower limit of PS. This criterion 

adopted from the Baily method which also uses this ratio to distinguish coarse and 

fine aggregate fractions.  

The volumetric calculations in the present analysis are performed under the 

assumption of constant dry density and specific gravity of aggregates throughout 

each sieve size. The unit volume of aggregate and void are the key requirements to 

determine the volumetric proportions of both aggregate and voids in the composition 

of the skeleton. In the volumetric relationship, the water content in the aggregates 

was considered as part of air-voids in order to treat all the calculations in dry 

condition. 

DP values provide a measure of the stability of unbound granular materials. In 

general, low DP represents a situation with low volume of SS particles in the voids 

of the PS particles that leads to unstable granular material conditions. Good 

performance is expected in materials with optimum amount of SS that can support 

the PS in the overall skeleton of granular materials. High DP represents a situation 

where the load-carrying PS is disrupted by excessive amount of fines which results in 

compromised material performance.  
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3. A New Moisture Distribution Model 

3.1 Moisture and SS Particles 

The water content in unbound granular materials is important to a wide range of 

road and geotechnical engineering sectors concerned with moisture damage and 

material performance property. It is a key variable in controlling the long term 

performance of soil materials in terms of its hydraulic and mechanical behavior.  

As mentioned above, the packing theory-based framework has been developed to 

evaluate the effect of the aggregate size distribution on the mechanical behavior of 

unbound granular materials. PS and SS particles are the two basic components of 

unbound materials in the framework. The new model assumed that moisture is 

primarily concentrated in the SS particles of the unbound granular materials as 

shown in Figure 3.1. 

 

Figure 3.1 Distribution of water in the secondary structure particles 

The model introduces an analytical method for the prediction of the soil water 

characteristic curve (SWCC) of unbound materials. The water was distributed as 

meniscus water through SS particles and water stored in small voids (PAPER 4). 

The model also considered the shape of SS particles as spherical. 
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3.1.1 Volume of meniscus water 

Water can exist in the pores of unsaturated unbound aggregate particles as 

menisci water regimes. These water bridge regimes in the pores of granular particles 

are held at the contact points by capillary forces. Several researchers have studied the 

influence of the meniscus water volume between two spherical solid bodies on the 

interaction force and capillary pressure, in both connected and separated case 

(Kawai, et al., 2000; Farouk, et al., 2004; Willett, et al., 2000; Likos & Ning , 2004; 

Rabinovich, et al., 2005; Mu & Su, 2007; Lechman & Ning, 2008; Likos, 2009; 

Payam & Fathipour, 2011; Lourenco, et al., 2012). Figure 3.2 shows the water bridge 

geometry or meniscus water between two identical spherical particles in 2D spaces.   

Depending upon the volume of water and the particle diameter the formation of 

meniscus water between granular particles creates predominantly concave and 

convex shapes. As shown in Figure 3.2a the volume of meniscus water between the 

two particles formed a concave meniscus shape. This water exerts a tensile capillary 

water pressure that pulls the two particles together. The convex meniscus shape 

exerts a compressive capillary water pressure that pushes the two particles away, see 

Figure 3.2b. This capillary water pressure difference is developed due to surface 

tension.   
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Figure 3.2 Concave and Convex meniscus water between two spherical particles 

In Figure 3.3 all the necessary dimensional parameters for meniscus water 

between two separated spherical particles are illustrated. Due to the complexity of 

the shape of the SS particles the model takes into account the weighted average 

radius (Rss) by using equal volume assumption (Yideti, et al., 2013a), expressed as 

follows: 
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Figure 3.3 Meniscus water between two separated spherical particles 

As shown in Figure 3.3, the contact angle (θ) is defined as angle between tangent 

to the SS particle within the water and tangent to liquid away from SS particle, β is 

the filling angle of each particle, H is the separation distance between the two 

spherical particles, d is the particle height immersed in the water, and κ and l are the 

radii of curvature of the membrane in two orthogonal principal planes, referred to as 

the meridional and azimuthal radii, respectively. In the developed model the 

separation distance, H was considered to be zero due to the hexagonal close packing 

configuration of SS particles.  

3.1.2 Soil-water characteristic curve 

The soil water characteristic curve (SWCC) is one of the important hydraulic 

properties in order to determine the effect of water in porous media. It provides the 

relationship between matric suction and the water content of an unsaturated soil and 

is thus an important factor in determining materials performance. Direct 

experimental measurement of SWCC is complex and expensive associated with 

sampling, transporting, and preparing laboratory specimens or installing, 

maintaining, and monitoring field instrumentation (Likos & Ning , 2004). 

Several empirical and theoretical models have been proposed for mathematical 

representation or prediction of the SWCC (Brooks & Corey, 1964; Campbell, 1974; 

van Genuchten, 1980; Vereecken, et al., 1989; Wosten, et al., 1999; Schaap, et al., 
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2001; Haung & Zhang, 2005; Ekblad & Isacsson, 2007; Beckett & Augarde, 2013). 

Brooks and Corey (1964) proposed an empirical relationship for predicting SWCC. 

They expressed normalized volumetric water content as a power-law relationship. 

Later on van Genuchten (1980) adopted Mualem’s (1976) relative hydraulic 

conductivity equation for predicting soil water characteristic curve. He proposed the 

dimensionless volumetric water content (Θ) as a function of matric suction, ψ; 

equations have been abstracted in PAPER 4.  

3.1.3 Prediction of matric suction and volumetric water content  

This section describes the analytical prediction method for matric suction, ψ and 

volumetric water content (θv). Based on the concave geometry of the water bridge 

between two SS particles the air (ua) and water (uw) phase pressure can be predicted. 

For this, the Young-Laplace equation that employs double-curvature concept 

provides a general relationship between matric suction and the interface geometry as 

follows:  

  
1 1

a w su u T
l




 
    

 
                       (10) 

where Ts denotes the surface tension, which is equal to 0.7275 N/m at 20 
o
C. The 

radii of curvatures κ and l are calculated as function of angle of contact (θ), radius of 

the two spherical particles (RSS), filling angle (β) and separation distance between 

particles (H). 

                                              (11) 

when H = 0,      
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In the following section a step-by-step list of analytical procedures is provided 

for predicting the matric suction. In the above Equation (10) the filling angle (β) is an 

unknown parameter and can be calculated from the volume of meniscus water (Vm) 

which is the volume of water placed in between two spherical SS particles (Figure 

3.3).  

The total volume of water (VTw) in unbound granular materials was calculated by 

volumetric relationship. It is the sum of volume of voids (Vv) (volume of voids less 

than the radius of void size (r) between SS particles) and the total volume of 

meniscus water (Vm). The volume of voids less than r sieve sizes are assumed always 

filled with water as described by Beckett & Augarde (2013). Figure 3.4 presents the 

schematic volumetric water distribution in SS particles in both saturated and 

unsaturated conditions.  

 

Figure 3.4 Volume of water in voids less than r 

The volume of meniscus water (Vm) is then calculated by subtracting the volume 

of water stored in small voids from the total volume of water and dividing by the 

number of meniscus points (Nm). 
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                          (14) 

The total numbers of meniscus points (Nm) can be determined by multiplying a 

half of the coordination number of SS (cnss) and the number of SS particles (NSS).  

                                           (15) 

The number of SS particles (NSS) within the skeleton of unbound granular 

materials can be calculated using Equation (16). 

                                          (16) 

The coordination number of SS particles (cnss) is calculated as a function of SS 

porosity (nss) using the following equation proposed by Yideti, et al. (2013b):  

      

                          (17) 

The SS porosity was calculated by considering the partial system of the skeleton 

of unbound granular materials, i.e., excluding PS particles from the overall skeleton 

and comprises only the volume of aggregates and voids in SS. 

      

                                               (18) 

 

The volume of water contained in between two spherical SS particles, that are in 

contact, can geometrically be calculated as (i.e., H=0) (Beckett & Augarde, 2013). 
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                          (19) 

 

   

where Vm is found using Equation (14), κ and l are found using Equation (12) and 

(13), respectively for a given value of RSS, so that the filling angle can be obtained 

from Equation (19). Once the filling angle is obtained, the matric suction can be 

calculated using Equation (10). 

Similarly, the prediction of volumetric water content (θv) can inversely be 

calculated from experimentally measured matric suction. The filling angle (β) in this 

case can also be obtained from the Young-Laplace equation. Thus, Equation (14) and 

(19) can be used in order to estimate the total volumetric water content.  
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4. Description of Materials 

In the validation of the developed packing theory-based framework a number of 

unbound materials were used from different sources. In what follows the descriptions 

of unbound materials data are given with respect to their usage in the enclosed 

papers:  

In PAPER 1, ten unbound materials were used from three different references 

(Lekarp, 1999; Ekblad, 2007; Austin, 2009). Lekarp (1999) and Ekblad (2007) 

conducted experimental triaxial test on unbound materials sourced from Sweden. 

Lekarp (1999) used crushed granite (GR), sand and gravel (S&G) and crushed 

concrete (CONC).  The GR and S&G are being used as subbase materials in Sweden; 

however the CONC is a recycled building material which is an alternative material in 

the road construction industry.  

Ekblad (2007) used one aggregate material type from Skärlunda (Östergötland 

Sweden) with four different gradations (Granite 1, Granite 2, Granite 3 and Granite 

4). These are typical base materials of foliated medium grained granite with quartz, 

and plagioclase as main constituents. The maximum particle size of the granites was 

90 mm. The gradation of these granite materials were obtained using Equation (3) 

with different grading coefficients. The grading coefficient (n) was selected as 0.3, 

0.4, 0.5 and 0.8. Grading coefficients of 0.3 and 0.4 are fine-grained and 0.5 and 0.8 

are coarse grained materials.  

The other three unbound materials Limestone (LS), sandstone (SST) and Granite 

(Gr) were studied by Austin (2009) at Louisiana State University. The grains have a 

maximum nominal aggregate size of 25 mm. The basic materials properties are 

illustrated in PAPER 1 Tables 3-5 and Figures 4-6. 

In PAPER 2, nineteen typical base and sub-base materials of different stone 

types and mineral composition were used for evaluating the resilient modulus of 

unbound granular materials. Nine of the unbound materials were previously used in 

PAPER 1 and the remaining ten materials were collected from the work which was 

conducted at Missouri University of Science and Technology (David, et al., 2009). 

Five materials were as-delivered gradation and were designated as A-D. Five more 
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materials were prepared by adding fines on the A-D materials and were designated as 

with-fines (W-F). The gradation and some of their physical properties are given in 

PAPER 2 Figures 5-8 and Table 2.  

In PAPER 3 twenty unbound materials data were obtained for evaluating the 

California bearing ratio (CBR) value using packing parameter, namely void ratio of 

the skeleton (es). The CBR test was performed at the Swedish National Road and 

Transport Research Institute (VTI) (Erlingsson, 2007).  All the materials are typical 

base and subbase materials of different qualities, and basaltic in their geological 

nature. All the materials had maximum particle size of 22.4 mm. The relevant index 

properties, gradation and CBR data are summarized in PAPER 3 Figures 4-5 and 

Tables 1-2. 

PAPER 4 presents a new moisture distribution model for predicting the soil-

water characteristic curve in which four crushed granite materials were used. The 

experimental data was obtained from Ekblad and Isacsson (2007) and was performed 

at the division of highway and railway engineering KTH, Royal Institute of 

Technology. The type of the materials and their grain size distribution are similar 

with the crushed granite materials used in PAPER 1. They performed a test to 

measure the matric suction of the four granite materials using tensiometer. The test 

was performed simultaneously with volumetric water content measurement using 

time-domain reflectometry (TDR). Further materials test descriptions can be found in 

PAPER 4 Table 1 and Figure 7.  

In PAPER 5 two groups of unbound granular materials were used in order to 

validate the shakedown responses of unbound granular materials using the packing 

theory-based framework. The first group unbound granular materials are used in the 

verification of shakedown ranges based on their disruption potential values. Seven 

crushed rock and gravel aggregates were collected from a report presented at 

Tampere University of Technology by Kolisoja (1998). The five crushed rock 

aggregates were a Finnish test materials in which four of the aggregates represented 

the same rock type called vulcanite, that was quarried from Sievi, whereas the fifth 

gneiss rocks was quarried from Hallila. In this group there are also two Norwegian 
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test materials which were crushed gravel from Hovinmoen and a crushed gneiss rock 

from Åndalen. Each of the seven types of aggregates has two similar intended grain 

size distributions with different index properties. The index properties and gradation 

of each of the aggregates are summarized in PAPER 5 Table 1 and in Figures 5-6, 

respectively.  

The second group of unbound granular materials which have been used in the 

simulation of finite element analysis are three different materials corresponding to 

three different morphologies. These unbound granular materials have been collected 

from reference paper (Erlingsson & Rahman, 2013). One of the materials was 

crushed granite rock from Skärlunda in Sweden (Skärlunda, SE). The second 

material (Hallinden, SE) was also homogenous crushed granite with no foliation, 

which is obtained from Hallinden, Sweden. The third material (SG1, DK) was 

natural gravel mixing with crushed gravel; it was quarried from the gravel pit in 

Denmark. The grain size distributions and index properties are illustrated in PAPER 

5 Figure 12 and Table 5, respectively. 
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5. Results and Discussion 

5.1 Evaluation of Permanent Deformation  

This section summarizes the validation of the packing theory framework with 

respect to permanent deformation performance using the DP values of 10 different 

unbound granular materials (PAPER 1). Table 5.1 shows the range of PS, the DP 

value and the normalized axial permanent strain using resilient strain. The 

normalization relationship between permanent strain and resilient strain has been 

used as a permanent deformation model by Tseng and Lytton (1989). This model is 

being used in the mechanistic empirical design guide (NCHRP, 2004). 

In Figure 5.1, the permanent deformation reduces when the DP value is in the 

range between 0.5 to 1, i.e., the volume of disruptive SS particles is sufficient enough 

to provide support for PS particles. In this case the skeleton of the unbound granular 

materials assures good stability. In the contrary, when the volume of disruptive SS 

particles becomes less and excess in between PS particles, the PS particles exhibit 

unstable and disruptive conditions respectively. This result emphasizes the effect of 

SS particles on the permanent deformation properties of unbound granular materials. 

 Table 5.1. Results of packing parameters and permanent strain 

Materials  

PS Range 

[mm] DP εp/εr 

Granite_1 63.0-4.0 0.092 43.85 

Granite_2 63.0-2-0 0.36 17.06 

Granite_3 63.0-2.0 0.523 16.7 

Granite_4 63.0-2.0 0.718 11.63 

S&G 63.0-4.0 8.572 49.1 

GR 63.0-2.0 0.438 26.2 

CONC 31.5-2.0 0.858 13.85 

LS 9.5-2.36 2.926 24.75 

SST 25-2.36 0.767 23.03 

Gr 19.05-2.36 0.513 14 
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Figure 5.1 Disruption Potential and Permanent strain 

5.2 Evaluation of Resilient Modulus 

In this section an evaluation of resilient modulus of unbound granular materials 

using the key packing parameters such as PS porosity and PS coordination number 

are presented. The resilient modulus tests for the nineteen different unbound 

materials were conducted using repeated loading triaxial with different stress levels 

(Lekarp, 1999; Ekblad, 2007; Austin, 2009; David, et al., 2009).  

In general, decrease in pore spaces of soil materials leads the materials to be 

stronger and stiffer. According to this, the framework enables us to see how the load 

bearing structure or PS particles affected by the pore spaces within them. Similarly, 

the number of stone-to-stone contact points has a major role in load transferring 

through contact chains. Thus, the direct relationship between the load bearing 
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structure and PS porosity and PS average contact points per particle (coordination 

number) is evaluated in PAPER 2.  

Table 5.2.  PS porosities and Coordination numbers 

Source Materials nps [%] cnps Mr [Mpa] 

Sweden 

Granite 1 31.98 9.56 530 

Granite 2 31.74 9.64 460 

Granite 3 36.1 8.4 500 

Granite 4 44.51 6.72 470 

S & G 58.14 5.05 325 

CONC 32.48 9.41 525 

USA 

LS 66.68 4.36 372 

SST 46.31 6.4 186 

Gr 38.22 7.9 344 

JCD A-D 51.08 5.8 377 

JCD W-F 51.37 5.76 299 

Gasc A-D 54.51 5.41 377 

Gasc W-F 54.07 5.46 335 

Plat A-D 40.73 7.38 567 

Plat W-F 46.07 6.47 517 

Win A-D 46.52 6.41 420 

Win W-F 54.42 5.42 393 

BF A-D 45.03 6.63 441 

BF W-F 41.78 7.19 416 

In Table 5.2, the PS porosity (nps), coordination number (cnps) and resilient 

modulus (Mr) for the 19 unbound granular materials are presented. As mentioned 

above, large pore space in between PS particles results in decrease of resilient 

modulus. It is expected to see such a general trend for particulate materials under 

loading, which they easily undergo large particles rearrangement when there is more 

pore space in between them. This weakens the whole particulate materials as a 

structure. Figure 5.2 illustrates the impact of pore space between PS particles on the 

load bearing capacity properties of unbound granular materials.  
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Figure 5.2 PS Porosity and Resilient Modulus 

5.3 Effect of Aggregate Packing Structure on CBR Values 

California bearing ratio test is a type of soil strength measurement. The test is 

based on the soils resistance to penetration using a standard load at a certain rate for 

a prescribed penetration depth. It is conducted through compacted soil particles. 

Compacted soil particles interlock with each other with marginal void spaces. The 

main objective of this work was to investigate the influence of voids within PS and 

void ratio of the skeleton (es) on the CBR values of unbound materials. In order to 

see the impact, 20 different unbound granular materials were used for validation. 

Figure 5.3 shows the significant effect of void ratio as a function of CBR values. It 

was found that the CBR value is directly proportional to the volume of void in the 

skeleton of unbound granular materials. Further description can be found in PAPER 

3. 
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Figure 5.3 Void ratio of the Skeleton and CBR value 

5.4 BJY-Moisture Distribution Model 

5.4.1 Soil-water characteristic curve  

Soil-water characteristic curve (SWCC) comprises a series of discrete data points 

which provides a relationship between soil matric suction and volumetric water 

content.  In the prediction of SWCC, the filling angle (β) is unknown parameter and 

obtained from Equation (19) of volume of meniscus water. The total volume of 

meniscus water in the SS particles is the volume of all the water except the volume 

of water which stored in small voids. Once the total volume of water in the SS 

particles is obtained, the volume of water between two SS particles can be calculated 

by dividing the total meniscus water using the total number of meniscus points.  

Figure 5.4 presents the prediction of matric suction using the Laplace equation 

(Equation 10). As shown in the figures, the matric suction value varies according to 



Packing theory-based Framework for Unbound Granular Materials          Tatek F. Yideti                     39 

 

the grading of the materials in which water distributed differently. In Figure 5.4a the 

matric suction value in Granite 4 is relatively high at different water content than the 

others unbound materials. This is due to the presence of enough SS particles that can 

hold up the water in the skeleton of the soil. This implies the matric suction value 

always increases when the amount of water between two SS particles decreases. The 

coarse grained granite (Granite 1) has relatively small amount of SS particles where 

the meniscus water between two SS particles becomes high which leading the matric 

suction to be low, see Figure 5.4d.  

Generally, the BJY moisture distribution model shows the SWCC quite 

adequately and gives satisfactorily the prediction of matric suction as well as 

volumetric water content in unbound granular materials. Further explanations on the 

prediction of volumetric water content have been given in PAPER 4. 
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(d) 

Figure 5.4 Matric Suction predictions for different grading granite materials 

5.5 Shakedown and Packing Theories for Unbound 

Granular Materials 

In this section the results of the implementation of shakedown and packing 

theories for unbound granular materials is presented. Several researchers have 

investigated a study on the permanent deformation behavior of unbound granular 

materials in pavements. During repeated loading, unbound materials exhibit 

accumulation of permanent deformation at different stress levels. This permanent 

deformation eventually reaches an equilibrium condition at critical stress level that 

indicates granular materials come to some stable conditions. This stress level is 

widely known as shakedown limit. Depending on the amount of deformation, the 

material can be categorized under the shakedown responses.   

Two groups of unbound granular materials were used to investigate the 

shakedown and packing theories for unbound granular materials. The first group of 
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unbound materials was used in the verification of shakedown ranges based on their 

disruption potential values. The second group of unbound materials was used for the 

evaluation of the shakedown critical load using disruption potential values based on 

the simulation of finite element analysis. 

Figure 5.5 presents the axial permanent strain as a function of disruption potential 

for the first group of materials showing shakedown range B and B/C. In the figure it 

can be seen that all range B materials except CRSI_T6/2 exhibited disruption 

potential value between 0.5 and 1. This combination of disruption potential ranges 

and shakedown ranges is acceptable with a certain amount of load repetitions. As it 

can be seen from the permanent strains responses all range B materials relatively 

exhibited large permanent strains before the intended load receptions (N=10
6
) 

(PAPER 5). Therefore, by avoiding further increment of applied load cycle, the 

range B materials could be acceptable with the given disruption potential values. 

Range B/C materials are eventually leading to failure with DP values less than 0.5. 

Figure 5.6 presents the axial permanent strain as a function of disruption potential 

for the first group of materials showing shakedown range A. The five crushed rock 

and gravel materials used were stable until the end of the intended load repetitions 

(N=10
6
) as shown in PAPER 5. The DP values of these unbound materials were 

found between 0.5 and 1 except for the two uniformly gradated crushed rocks from 

Sievi (CRSI_T8/1 and CRSI_T8/2). These two uniformly graded materials have an 

exceptional gradation with a large percentage volume of PS aggregates of a very 

narrow range (32-16 mm) of grain sizes. Thus, due to the small volume of SS 

aggregates within the uniformly graded material, the DP values do not satisfactorily 

characterize the deformation behavior of the materials. Apparently, coarse grained 

crushed aggregates of uniform size can easily interlock each other to resist 

deformation without getting support from fine grained aggregates. This is not a 

gradation type that has commonly been used in road practice. 
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Figure 5.5. Permanent axial strain versus disruption potential for Range B and B/C 

 

 

Figure 5.6. Low permanent axial strain versus disruption potential for Range A 
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The second group of unbound granular materials used for the simulation of the 

finite element analysis were three different materials corresponding to three different 

morphologies. These unbound granular materials are Skärlunda, SE and Hallinden, 

SE, which are crushed rock from Sweden. The third material (SG1, DK) was natural 

gravel mixing with crushed gravel; it was obtained at a gravel pit in Denmark 

(Erlingsson & Rahman, 2013). 

The finite element results showed the influence of the disruption potential on the 

dimensionless shakedown load of unbound granular materials at different confining 

stress levels. The three materials (Skärlunda, SE, Hallinden, SE and SG1, DK) have 

DP values 0.369, 0.488 and 1.227, respectively. Figure 5.7 presents the 

dimensionless shakedown load (µ) with the corresponding confining stress for these 

materials.  

In principle higher dimensionless shakedown load means higher capability of 

resistance to permanent deformation. Hence, the two crushed rock unbound materials 

(Skärlunda, SE and Hallinden, SE) shown in Figure 5.7 with low amount of SS 

particles (DP < 0.5) have low value of shakedown load. This effect occurred due to 

the unstable condition of the PS particles. However, in the disrupted crushed and 

gravel material (SG1, DK) the dimensionless shakedown load is higher, which is 

usually means excessive amount of SS particles resists accumulation of permanent 

deformation for a short period of time and eventually will fail due to dilation effect.  
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Figure 5.7. Comparison of values of dimensionless shakedown load for the three 

materials 
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6. Conclusions  

This study presented a packing theory-based framework in order to evaluate 

different mechanical properties of unbound granular materials. Further, a new 

moisture distribution model (BJY-moisture distribution model) is developed for 

predicting the soil-water characteristic curve. The developed framework identifies 

the two basic components of unbound granular materials structures: primary 

structure (PS) and secondary structure (SS). Performance evaluations based on 

experimental results were performed using the framework. The major findings from 

this study were:  

 The permanent deformation performance of unbound granular materials 

predicted based on DP values is found to compare favorably with 

experimental results. DP value ranged from 0.5 to 1.0 corresponded to 

stable aggregate structure.  

 A decrease in PS porosity and an increase in coordination number 

resulted in higher resilient modulus. High resilient modulus in the 

materials was observed for PS porosities in the range between 25.95% 

and 47.64%, correspondingly for 12 and 6 coordination number. PS 

porosity approximately between 26% and 50 %, and coordination 

numbers in the range of 6 to 12 resulted resilient modulus values greater 

than 400 MPa in all experimental test results. 

 The CBR values of the unbound granular materials are influenced by the 

packing configuration of aggregate structure. 

 The BJY moisture distribution model provides not only an analytical basis 

for predicting soil-water characteristic curve but also evaluates how 

moisture in unbound granular materials can be affected by the amount of 

fine-grained materials. The moisture distribution model showed that it 

was possible to get reasonable prediction of SWCC using fine grained 

particles (SS) in unbound materials.  

 Influence of DP value on the three shakedown response ranges (Range A, 

B and C) was observed for all unbound materials. From the results, it was 
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found that the shakedown concept satisfactorily supported the optimum 

disruption potential limit (0.5 to 1) with Range A as well as Range B. The 

critical shakedown load limit at which the unbound materials become 

resilient in nature and no further accumulation of plastic strain occurs 

after a number of load application, depends on the amount of SS particles 

within PS particles (i.e., the effect of DP value).  

 The Finite element analysis validated satisfactorily the shakedown zones 

of the three materials with their experimental results. 

One of the major limitations of the framework presently developed is the 

assumption of the spherical shape for unbound aggregates. It is the author’s intention 

to incorporate realistic particle shapes into the analysis as a part of the future work.  

The framework developed is promising for the better understanding of granular 

materials in terms of their long term performance and strength. And it can be used as 

a tool to determine the optimal gradation of the granular materials to assure their 

adequate performance in the pavement structure. 
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