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Abstract

Rapid advances in sensor technologies have fueled massive torrents of data stream-
ing across networks. Such large volume of information, indeed, restricts the opera-
tional performance of data processing, causing inefficiency in sensing, computation,
communication and control. Hence, classical data processing techniques need to be
re-analyzed and re-designed prior to be applied to modern networked data sys-
tems. This thesis aims to understand and characterize fundamental principles and
interactions in and among sensing, compression, communication, computation and
control, involved in networked data systems. In this regard, the thesis investigates
four problems. The common theme is the design and analysis of optimized low-delay
transmission strategies with affordable complexity for reliable communication of ac-
quired data over networks with the objective of providing high quality of service
for users.

In the first three problems considered in the thesis, an emerging framework
for data acquisition, namely, compressed sensing, is used which performs acqui-
sition and compression simultaneously. The first problem considers the design of
iterative encoding schemes, based on scalar quantization, for transmission of com-
pressed sensing measurements over rate-limited links. Our approach is based on an
analysis-by-synthesis principle, where the motivation is to reflect non-linearity in
reconstruction, raised by compressed sensing, via synthesis, on choosing the best
quantized value for encoding, via analysis. Our design shows significant reconstruc-
tion performance compared to schemes that only consider direct quantization of
compressed sensing measurements.

In the second problem, we investigate the design and analysis of encoding–
decoding schemes, based on vector quantization, for transmission of compressed
sensing measurements over rate-limited noisy links. In so realizing, we take an
approach adapted from joint source-channel coding framework. We show that the
performance of the studied system can approach the fundamental theoretical bound
by optimizing the encoder–decoder pair. The price, however, is increased complexity
at the encoder. To address the encoding complexity of the vector quantizer, we
propose to use low-complexity multi-stage vector quantizer whose optimized design
shows promising performance.

In the third problem considered in the thesis, we take one step forward, and
study joint source-channel coding schemes, based on vector quantization, for dis-
tributed transmission of compressed sensing measurements over noisy rate-limited
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links. We design optimized distributed coding schemes, and analyze theoretical
bounds for such topology. Under certain conditions, our results reveal that the
performance of the optimized schemes approaches the analytical bounds.

In the last problem and in the context of control under communication con-
straints, we bring the notion of system dynamicity into the picture. Particularly,
we study relations among stability in dynamical networked control systems, perfor-
mance of real-time coding schemes and the coding complexity. For this purpose, we
take approaches adapted from separate source-channel coding, and derive theoreti-
cal bounds on the performance of two types of coding schemes: dynamic repetition
codes, and dynamic Fountain codes. We analytically and numerically show that
the dynamic Fountain codes, over binary-input symmetric channels, with belief
propagation decoding, are able to provide system stability in a networked control
system.

The results in the thesis evidently demonstrate that impressive performance
gain is feasible by employing tools from communication and information theory to
control and sensing. The insights offered through the design and analysis will also
reveal fundamental pieces for understanding real-world networked data puzzle.
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Chapter 1

Introduction

N
etworked data systems can be seen almost everywhere. Social networks with
hundreds of million active users, Internet and communication networks with
users sharing files or applying online audio/video streaming services, smart

sensor networks, and industrial networked control systems are merely a few ex-
amples of networks creating and conveying massive volume of data everyday. Net-
worked data systems are characterized by four main tasks: sensing, compression,
communication and storage. Sensing deals with data acquisition, compression ex-
plores techniques for compacting the acquired data, communication considers reli-
able transmission of the compressed data over erroneous wired or wireless commu-
nication links, and finally the data is retrieved and stored in order to be delivered
to receiving-end users. An illustration of today’s networked data model is shown
in Figure 1.1. At a general glance, these four tasks deal with processing of gener-
ated data in networks. In today’s scale, this is Big Data, heading us to the data
deluge era [Bar11] such that even the first step, sensing, would be impossible to
accomplish.

Here, we give two examples regarding the challenges dealing with Big Data in
practice. First, we consider an ongoing research experiment on the Big Bang. At
European Organization for Nuclear Research, or CERN, engineers and physicists
are probing the origin of the universe and its fundamental particles: the Big Bang.
For this purpose, researchers use particle accelerators and detectors. Accelerators
are utilized to boost the particles to high speeds before they are collided with each
other, and detectors collect and record the results of these collisions. One of the
main detectors used in these experiments is the Compact Muon Solenoid (CMS)
detector which generates a raw measurement data at a rate of 320 Terabits per
second [CER]. In the second example, we consider the Gaia space observatory [GAI]
of the European Space Agency (ESA). The mission of the Gaia is to chart a three-
dimensional map of our Galaxy, the Milky Way, using its 1 Giga-pixel telescope
that produces raw pictures amount to about order of Terabits. Looking at the
above examples, it seems that the rate of generated data is far beyond the capacity
and capability of communication and storage systems. Hence, techniques handling
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2 Introduction

SENSING

COMPRESSION COMMUNICATION STORAGE

Figure 1.1: Today’s networked data model (Adapted from Figure 1 in [Bar11]).

these sets of information require exceptional technologies to effectively capture,
process and analyze such huge information.

In a promising direction, signal processing researchers and applied mathemati-
cians have achieved a genuine breakthrough in data acquisition: compressed sens-
ing1 (CS) [DET06,CRT06a]. CS offers a framework for simultaneous signal acquisi-
tion and compression, which is based on linear dimensionality reduction. Moreover,
it guarantees accurate source reconstruction from far fewer number of measure-
ments – rather than high dimensional raw measurements – under the condition
that the source signals can be illustrated in sparse forms. Interestingly, signals can
be often well-approximated by their sparse representations, such as image, voice
and audio signals. Exploiting sparse structures for images, CS has found its path in
biomedical applications. As an example, CS methods promise considerable speeding
up the process of medical resonance imaging (MRI) which is inherently a slow data
acquisition procedure [LDP07,LDSP08].

Despite emerging solutions for acquisition and compression of Big Data, such
as CS, another major task is the ability to efficiently communicate the compressed
data to the receiving-end. In this thesis, we mainly focus on achieving the following
goals: data should be accessible anytime with a reasonable cost, and the delivery
of services should not be interrupted by unreliable access. This brings us to three
important requirements of wireless communication systems: low latency, simplicity
and high reliability. Some applications such as online real-time services, audio/video
streaming and control mechanisms in an industrial plant require low delay in action.
Moreover, low complexity of wireless equipments directly affects the energy con-

1It is also known as compressive sensing or compressive sampling.
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sumption as well as cost of devices, leading to deployment of environment-friendly
and green technologies. On the other hand, transmission impairments are inevitable
in communication over unreliable media, e.g., in wireless networks. Thus, robust-
ness against transmission impairments is one of the fundamental requirements in
modern wireless communication systems so as to increase reliability. Reliability in
wireless systems is also related to high data-rate communication with demands con-
tinuing to grow rapidly. As an example, the telecommunication company, Ericsson,
has recently commercialized ultra-high-speed LTE-advanced service network that
enables real-time mobile broadband services, for example, high-definition video,
voice and data by supporting 150 Mbps throughput [Eri]. This is 2 and 10 times
faster than the speed of LTE and 3G technologies, respectively, and faster than
fixed broadband line (100 Mbps) by 50 Mbps. It is also noteworthy that the aim
and vision of the future 5G radio access is towards realizing the three mentioned
features of wireless communication for everyone [Eri13].

In spite of the aforementioned attempts, there is still limited work on studying
fundamental frameworks for developing sensing, compression, communication and
control schemes involved in networked data systems. At the heart of such networks,
the sensor observations are typically digitized and coded, using, e.g., quantizers,
for the purpose of compression, transmission and storage. In many traditional ap-
plications, simple quantizers, such as uniform quantizers, are employed because of
practical reasons. However, for modern applications dealing with large volume of
information, the use of such simple methods can substantially degrade the overall
performance. Further, in order to satisfy the delay constraints of modern network
services, the prototype of classical coding and communication techniques needs to
be reconsidered. Therefore, it is extremely important to carefully re-design and
re-analyze quantization and coding techniques to meet performance characteristics
of today’s networked data systems. For this purpose, we endeavor to design and
analyze source and channel coding schemes, based on quantization and real-time
transmission, particularly in CS– and control–driven frameworks.

The results in the thesis reveal that impressive performance gain is feasible by
employing tools from communication and information theory to control and sensing.
The insights offered through the design and analysis will provide fundamental pieces
for understanding real-world networked data puzzle.

In the rest of this chapter, we give the main scope and contributions of the
thesis.

1.1 Thesis Scope and Contributions

This thesis investigates problems related to sensing, compression, communication,
computation and control over wireless networked data systems. More specifically,
the main theme of the thesis is the analysis and design of optimized coding schemes
for transmission of acquired data over rate-limited and noisy communication chan-
nels. The optimality is addressed by minimizing an end-to-end distortion criterion,
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in particular, end-to-end mean square error (MSE). In addition, the designs de-
veloped throughout the thesis are well-suited to delay-sensitive applications. In
Figure 1.2, we illustrate a pictorial summary of the sensing and communication
setups that are studied in this thesis.

The thesis contains 7 chapters. We will begin in Chapter 2 with a comprehensive
introduction to CS and source-channel coding that is useful for understanding the
remaining chapters. This chapter also sets the notation to be used throughout the
thesis. The reader who is familiar with CS, source and channel coding theories may
skip this chapter. In Chapter 3, Chapter 4 and Chapter 5, we study compression,
communication and reconstruction techniques for CS measurements. More precisely,
in Chapter 3 and Chapter 4, we consider a point-to-point communication link. In the
former chapter, we assume that the link is noiseless and rate-limited, and focus on
compression algorithms, based on quantizers, using the concepts borrowed from CS
and quantization theory. In the latter chapter, we consider a noisy and rate-limited
point-to-point communication link, where we develop joint source-channel coding
(JSCC) principles using channel-optimized quantization. Moreover, performance
analysis in Chapter 4 is carried out based on distortion-rate and CS theories. In
Chapter 5, we take one step forward, and design optimized JSCC schemes over dis-
tributed noisy and rate-limited communication links. We analyze the performance
of the distributed system using the concepts from distortion-rate for multi-terminal
source coding and distributed CS. In Chapter 6, we bring the notion of time into
the system, and consider a dynamic closed loop communication-control system.
Another main conceptual difference between this chapter and the previous ones is
that we develop delay-efficient separate source-channel coding (SSCC) schemes for
transmission and reconstruction. Finally, in Chapter 7, concluding remarks of the
thesis will be drawn, and some lines of future research will be given.

Some of the results presented in the thesis have already been published in jour-
nals and conferences, and some are under review. Parts of the thesis are adopted
from the corresponding research papers nearly verbatim. In the following, we give a
brief introduction of each chapter along with the reference to the associated papers,
so that the reader gets ready, in advance, what to expect in each chapter.

Chapter 2

This chapter introduces some mathematical foundations of sensing and communi-
cation theories based on CS and source–channel coding, respectively. The purpose
is to make the reader familiar with the fundamental concepts which are useful in
understanding the main contributions of this thesis.

Chapter 3

In this chapter, we consider a resource-limited scenario where a sensor that uses
CS collects a few number of measurements in order to observe a sparse signal, and
the measurements are subsequently coded, using scalar quantizer, at a low bit-rate
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Figure 1.2: Qualitative illustration of the sensing and communication topologies
which are investigated in this thesis. Dotted arrows are rate-limited links which
convey discrete value(s) in terms of bit(s). We also assume that the size of acquired
data samples, M , is less than the size of source samples, N , i.e., M < N . Further,
t indicates system dynamicity in terms of time.
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followed by transmission or storage. We design new algorithms for source coding
of CS measurements with the objective of achieving good performance in recon-
struction accuracy and preserving a sparse structure. Our approach is based on an
analysis-by-synthesis principle at the encoder, consisting of two main steps: (1) the
synthesis step which uses a sparse signal reconstruction technique for measuring
the direct effect of quantization of CS measurements on the final sparse signal re-
construction quality, and (2) the analysis step which decides appropriate quantized
values to maximize the final sparse signal reconstruction quality. This chapter is
based on

[SCS13b] A. Shirazinia, S. Chatterjee and M. Skoglund,“Analysis-by-
synthesis quantization for compressed sensing measurements,”
IEEE Transactions on Signal Processing, vol. 61, no. 22, pp. 5789-
5800, November 2013.

[SCS13a] A. Shirazinia, S. Chatterjee and M. Skoglund,“Analysis-by-
synthesis-based quantization for compressed sensing measure-
ments,” in Proc. IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP), May 2013, pp. 5810-5814.

We note that [SCS13b] is an extended journal version of [SCS13a].

Chapter 4

In this chapter, we study JSCC schemes for CS measurements using vector quantizer
(VQ). We develop a framework for realizing optimized JSCC principles that enables
encoding CS measurements of a sparse source over a discrete memoryless channel,
and decoding the sparse source signal. For this purpose, the optimized design of
encoder-decoder pair of a VQ is considered, where the optimality is addressed by
minimizing end-to-end MSE. We derive a theoretical lower-bound on the MSE
performance, and propose a practical encoder-decoder design through an iterative
algorithm. In order to address the encoding complexity issue of the VQ for CS,
we propose to use a structured quantizer, namely low complexity multi-stage VQ
(MSVQ). Moreover, we derive new encoding and decoding conditions for the MSVQ.
This chapter is based on

[SCSb] A. Shirazinia, S. Chatterjee and M. Skoglund,“Joint source-channel
vector quantization for compressed sensing,” IEEE Transactions
on Signal Processing, submitted November 2013.
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[SCS13c] A. Shirazinia, S. Chatterjee and M. Skoglund,“Channel-optimized
vector quantizer design for compressed sensing measurements,” in
Proc. IEEE International Conference on Acoustics, Speech and Sig-
nal Processing (ICASSP), May 2013, pp. 4648-4652.

We note that [SCSb] is an extended (submitted) journal version of [SCS13c].

Chapter 5

This chapter explores a topology which is highly suitable for wireless sensor net-
works. In practical sensing-communication systems, there exist multiple sources,
sensors or terminals which are often remotely distant from each other, e.g., in sen-
sor networks. Therefore, it is required to accomplish source and channel coding in a
distributed manner, or in words, transmission schemes at sensors (terminals) should
be devised independently. More specifically, in Chapter 5, we study distributed, or
multi-terminal, JSCC of CS measurements. We develop a framework for realizing
optimized JSCC schemes that enable distributed encoding and transmitting CS
measurements of correlated sparse sources over discrete memoryless channels fol-
lowed by joint decoding at a fusion center. For this purpose, the optimized design
of encoder-decoder pair of a VQ at each terminal is considered. The optimality is
addressed with respect to minimizing the sum of MSE’s between the sparse sources
and their reconstruction vectors at the fusion center. We also derive a lower-bound
on the end-to-end performance of the studied distributed system, and propose a
practical VQ encoder-decoder design via an iterative algorithm. This chapter is
based on

[SCSa] A. Shirazinia, S. Chatterjee and M. Skoglund,“Distributed joint
source-channel vector quantization for compressed sensing,” IEEE
Transactions on Communications, submitted January 2014.

[SCS14] A. Shirazinia, S. Chatterjee and M. Skoglund,“Distributed quanti-
zation for compressed sensing,” in Proc. IEEE International Con-
ference on Acoustics, Speech and Signal Processing (ICASSP), May
2014, accepted for publication.

We note that [SCSa] is an extended (submitted) journal version of [SCS14].

Chapter 6

In the previous chapters, the studied sensing-communication systems are assumed
static. However, in many industrial applications, system characteristics in networks
are dynamic over time. Furthermore, the state of these systems needs to be con-
trolled or stabilized as quickly as possible. Therefore, transmission schemes involved
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in such networked control systems have to be sensitive to delay in action. In this
chapter and in the context of networked control, we study causal source-channel
codes for real-time transmission of a source over binary-input memoryless symmet-
ric channels in a closed loop control system. Two types of coding schemes are inves-
tigated: dynamic repetition encoding under sequential majority logic decoding, and
dynamic Fountain encoding under sequential belief propagation decoding. We show
that the closed loop system, characterized by mean square stability performance
criterion, can be equivalently modeled as an open loop system, with end-to-end
MSE performance measure, under a specific linear controller. The coding methods
over the open loop system are analyzed, and in particular, we derive upper- and
lower-bounds on the end-to-end MSE using the proposed schemes. Further, we in-
vestigate relations as well as trade-offs among the MSE performance of the open
loop system, complexity of coding methods, and mean square stability of the closed
loop system. This chapter is based on

[SZBS] A. Shirazinia, A. A. Zaidi, L. Bao and M. Skoglund,“Dynamic
source-channel coding for estimation and control over binary sym-
metric channels,” IET Special Issue on Recent Developments in
Networked Control and estimation, submitted March 2014.

[SBS12] A. Shirazinia, L. Bao and M. Skoglund,“Sufficient conditions for
stabilization in feedback control over noisy channels using anytime
rateless codes,” in Proc. American Control Conference (ACC),
June 2012, pp. 1254-1259.

[SBS11b] A. Shirazinia, L. Bao and M. Skoglund,“Anytime source transmis-
sion using UEP-LT channel coding,” in Proc. European Wireless
(EW) Conference, April 2011, pp. 257-262.

[SBS11c] A. Shirazinia, L. Bao and M. Skoglund,“Distortion bounds on any-
time source transmission using UEP channel coding,” in Proc. Eu-
ropean Signal Processing Conference (EUSIPCO), August 2011,
pp. 2089-2093.

We note that [SZBS] is an extended (submitted) journal version of [SBS12],
[SBS11b] and [SBS11c].

Chapter 7

The concluding remarks of this thesis are summarized in Chapter 7. Examples for
future work are also suggested.
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Contributions Outside the Scope of Thesis

Besides the contributions listed above, the author of this thesis has also contributed
to some other topics, which are published in the papers listed below. For the con-
sistency of the thesis structure, these contributions are not covered in the thesis.

[FSJ13] F. Farokhi, A. Shirazinia and K. H. Johansson,“Networked esti-
mation using sparsifying basis prediction,” in IFAC Workshop on
Distributed Estimation and Control in Networked Systems (Nec-
Sys), September 2013.

[SCS12a] A. Shirazinia, S. Chatterjee and M. Skoglund,“Performance
bounds for vector quantized compressive sensing,” in Proc. In-
ternational Symposium on Information Theory and Applications
(ISITA), October 2012, pp. 289-293.

[SBS11a] A. Shirazinia, L. Bao and M. Skoglund,“Design of UEP-based
MSE-minimizing rateless codes for source-channel coding,” in Proc.
IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP), May 2011, pp. 3144-3147.

[BSS10] L. Bao, A. Shirazinia and M. Skoglund,“Iterative encoder-
controller design based on approximate dynamic programming,” in
Proc. IEEE International Workshop on Signal Processing Advances
in Wireless Communications (SPAWC), June 2010, pp. 1-5.

1.2 Copyright Notice

As detailed in Section 1.1, parts of the material presented in this thesis have been
already published by IEEE and EURASIP, and some parts are submitted to IEEE
and IET. IEEE, EURASIP and IET hold the copyright of the corresponding pub-
lished papers and will hold the copyright of the corresponding submitted papers if
they are accepted. Material is reused in this thesis with permission.

1.3 Notations and Abbreviations

Before proceeding to the next chapter, we adopt the following conventions through-
out the thesis. Random variables (RV’s) will be denoted by upper-case letters while
their realizations (instants) will be denoted by the respective lower-case letters.
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Random vectors of dimension n will be represented by boldface characters. For
example, if X denotes a random row vector [X1, . . . , Xn], then x = [x1, . . . , xn]
indicates a specific realization of X. With abuse of notation, we will also denote
matrices by boldface characters that can be distinguished in context from random
vectors. The optimized/optimal solution of an optimization problem will be de-
noted by (·)⋆. Further, we will denote sets by calligraphic letters. X\Y denotes the
complement of Y in X . X , Y means X equals Y by definition. X ← Y means
“substitute X by Y ”, and X → Y denotes a mapping from the set X to the set Y.
For a matrix Φ (or vector X), ΦX (or XX ) denotes the columns of Φ (or the entries
of X) indexed by the elements of the set X . We will use the symbol � to mark the
end of a problem, example, definition, remark, lemma, corollary, proposition and
theorem. The symbol � will mark the end of a proof. In order to easily read and
find these statements in a chapter, we generate a unique numbering for all of them.
That is to say, Definition 3.1 is followed by Lemma 3.2 and Theorem 3.3, where
the first number indicates the chapter. The next two tables provide a summary of
notations and abbreviations used throughout the thesis.

Notations

jN
1 sequence of j1, j2, . . . , jN

R
N N × 1 dimensional real-valued vector space

R
M×N M ×N dimensional real-valued matrix space

IN Identity matrix of dimension N ×N

0N All-zero matrix of dimension N ×N

|A| Cardinality of the set A
‖x‖p (p > 0) ℓp norm of a vector x

‖x‖0 Number of non-zero coefficients in the vector x

Pr(E) Probability of an event E

p(x) Probability density function of a continuous random variable X

p(x, y) Joint probability density function

p(x|y) Conditional probability density function of X given Y

P (x) Probability mass function of a discrete random variable X

P (x, y) Joint probability mass function

P (x|y) Conditional probability mass function of X given Y

E[X ] Expectation of X

E[X |Y = y] Expectation of X conditioned on Y = y

H(X) Entropy of a discrete random variable X

h(X) Differential entropy of a continuous random variable X

I(X ; Y ) Mutual information between X and Y
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e Euler’s number

ex Exponential function of x

ln(x) Natural logarithm of x

loga(x) Logarithm of x in base a

max{a, b} Maximum of a and b

min{a, b} Minimum of a and b

det(A) Determinant of the matrix A

Tr{A} Trace of the matrix A

(A)⊤ Transpose of the matrix/vector A

(A)−1 Inverse of the matrix A

(A)† Pseudo-inverse of the matrix A

λmax(A) Maximum eigenvalue of the matrix A

N (m, σ2) Gaussian distribution with mean m and variance σ2

O(·) Big O notation

Abbreviations

AbS Analysis-by-synthesis

AWGN Additive white Gaussian noise

BEC Binary erasure channel

BP Belief propagation (Chapter 6)

BP Basis pursuit (Chapter 2)

BPDN/BPDQ Basis pursuit de-noising/de-quantization

BSC Binary symmetric channel

COVQ Channel-optimized vector quantizer (quantization)

COMSVQ Channel-optimized multi-stage vector quantizer (quantization)

CS Compressed/compressive sensing

DMC Discrete memoryless channel

i.i.d. Independent identically distributed

JSCC Joint source channel coding

MAP Maximum a posteriori

MSE Mean square error

MSNNC Multi-stage nearest-neighbor coding

MSVQ Multi-stage vector quantizer (quantization)

MMSE Minimum mean square error

NCS Networked control system
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NMSE Normalized MSE

NNC Nearest-neighbor coding

LT Luby transform

OMP Orthogonal matching pursuit

OPTA Optimum performance theoretically attainable

pdf/pmf Probability density/mass function

RIC/RIP Restricted isometry constant/property

RV Random variable

SMNR Signal to measurement noise ratio

SSC Support set coding

SSCC Separate source-channel coding

SQ Scalar quantizer (quantization)

s.t. Subject to

UEP Unequal error protection

VQ Vector quantizer (quantization)

WSN Wireless sensor network

WNCS Wireless network control system



Chapter 2

Review

T
his chapter introduces elements and foundations that serve as a background
to study the problems in the subsequent chapters. We will begin with math-
ematical foundations of compressed sensing (CS) problems in Section 2.1,

and proceed with information theoretical background regarding source and channel
coding in a point-to-point communication setup in Section 2.2.

2.1 Introduction to Compressed Sensing

CS has gained significant attention in recent years, and a wide range of interesting
problems in applied mathematics, electrical engineering and computer science has
been formulated. CS builds upon the fact that many types of signals can be repre-
sented by only a few number of non-zero coefficients in a known basis. In fact, these
few coefficients contain the main portion of useful information in the signal. By ex-
ploiting signal’s sparseness in a known domain, CS allows a high-dimensional signal
to be accurately retrieved from relatively fewer measurements through a non-linear
optimization procedure.

In this section, we first review a brief background in Section 2.1.1. Then, we pro-
vide a mathematical description of the signals and sensing models in Section 2.1.2,
and study some well-known recovery methods for CS in Section 2.1.3.

2.1.1 Background

During the last decade, or so, a vast amount of attention has been devoted to devel-
opment of modern sensing and acquisition systems. This revolution can be observed
from the advent and deployment of wireless sensor networks, remote sensing, health
monitoring systems, real-time locating systems, etc. The integral operating proce-
dure for such systems is digital data processing which enhances operational flex-
ibility, compatibility in sensing devices, scalability in network-based systems and
reliability in communication. The theoretical foundation for the great shift to the
digital processing is indebted by the sequence of works by Whittaker, Kotel’nikov,

13
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Nyquist and Shannon [Nyq28,Whi35,Kot06,Sha49] on sampling a signal in time do-
main which dates back to the early twentieth century. The sampling theorem states
that a band-limited analog signal, e.g., voice, can be perfectly reconstructed from
a set of equally-spaced samples taken above Nyquist rate of strictly twice the max-
imum frequency present in the signal [Sha49]. The results of this pioneering work
have contributed greatly to the digital revolution, for example, to the development
of analog-to-digital convectors (ADC’s). There is, however, one critical problem.
In many situations, for sampling a wide-band signal, the ADC needs to operate
with an extremely high sampling rate, leading to huge number of measurements
(samples). For example, in some advanced real-time surveillance imaging systems,
cameras produces raw data at a rate of Gigabits per second (Gbps). Now, imagine
how large a storage device should be to store only one hour of such data. This is also
far beyond the capabilities of wireless communication links. Moreover, demands for
wireless propagation technologies have boosted the use of high-bandwidth signals
in which the sampling rates given by Nyquist might be troublesome [MEE11].

In order to tackle the challenges raised by the torrent of samples, we rely upon
data compression which aims to represent the original data by its high-quality
condensed version. One of the popular types of data compression is transform coding
that targets at finding an appropriate sparse representation of an original signal
based on a known basis. Here, we show how a signal can be approximated via a
sparse structure. Let us first denote by X ∈ R

N the source signal, which can be
thought of as a high-dimensional raw measurement vector.1 Then, we define the
set of bases {Ψi}N

i=1, where the bases are linearly independent and span R
N . Then,

there exist unique coefficients {θi ∈ R}N
i=1 such that

X =

N∑

i=1

θiΨi = Ψθ, (2.1)

where the columns of Ψ ∈ R
N×N and the entries of θ ∈ R

N contain Ψi and θi, re-
spectively. Hence, X can be shown by the transform coding (2.1) using a known basis
Ψ and a vector θ. Some examples of bases are wavelet transforms (WT’s), discrete
cosine transforms (DCT’s) and discrete Fourier transforms (DFT’s), well-suited for
compression methods used in JPEG 2000, DjVu, MPEG and MP3 standards. It
can be, for instance, shown that an image signal X using Wavelet basis Ψ is rep-
resented by the vector θ, where many of its entries are nearly zero. In this case,
we say that the image X is compressible, and can be approximated by a (nearly)
sparse representation θ. Formally, a signal is termed compressible if the magnitude
of the signal’s entries, translated by a known basis, obeys a power law decay when

1Denoting the raw measurements by a vector X, we note that an original analog source, e.g.,
voice, has been already sampled above the Nyquist rate. In this thesis, we consider the samples
represented by a source vector, and do not focus on analog source signals. Then, it will be shown
how the source vector can be reconstructed from samples taken far below the Nyquist rate using
the concept of CS. We refer the interested reader to [MEE11, UBD13] for the state-of-the-art
research on the topic of reduced-rate (sub-Nyquist) sampling of analog signals.
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sorted in the descending order; for example wavelet coefficients of an image. The
sparse representation, where most of original coefficients are approximated by zero,
demonstrates that some source signals contain only a small portion of useful infor-
mation. Therefore, we ask: can we only measure the useful information directly?
With the help of the sparsifying process through transform coding, CS has provided
an emerging framework for signal acquisition and compression. Rather than acquir-
ing the whole signal and then compressing it which is used in classical sampling,
the signal can be compressed at the time of sampling upon which the CS framework
is established. Then, high-dimensional source data can be reconstructed from the
under-sampled compressed measurements using CS reconstruction techniques. We
discuss CS reconstruction methods after describing the signal and sensing models
next.

2.1.2 Signal and Sensing Models

We consider that a sparse vector X ∈ R
N (where most coefficients are likely zero)

is linearly measured by a known sensing matrix (or regressor matrix) Φ ∈ R
M×N

(M < N) resulting in an under-determined set of linear measurements possibly
perturbed by noise

Y = ΦX + W, (2.2)

where Y ∈ R
M and W ∈ R

M denote the measurement and the additive measure-
ment noise vectors, respectively. As discussed in the previous section, we assume
that X is a K-sparse vector in a known basis1, i.e., it has at most K (K ≤M) non-
zero coefficients. We define the support set of the sparse vector X = [X1, . . . , XN ]⊤

as S , {n : Xn 6= 0} ⊂ {1, . . . , N} with |S| = ‖X‖0 ≤ K. Throughout this the-
sis, we assume that the sensing matrix is deterministic, and there is no structure
adopted for its construction. Notice that random sensing matrix generation is also
used in CS, see, e.g., [CRT06a]. Further, structured construction for deterministic
sensing matrices is also studied in [DE11]. An illustration of the linear CS measure-
ment model is depicted in Figure 2.1.

2.1.3 Sparse Signal Reconstruction from CS Measurements

Now, we discuss the problem of reconstructing a sparse source from (possibly noisy)
CS measurements. Note that the recovery of X ∈ R

N from CS measurements
Y = ΦX ∈ R

M , where M < N , is in general ill-posed, and there are infinite
solutions since Φ has fewer rows than columns and hence non-invertible. However,

1In a more precise manner, the CS measurement vector is written as Y = ΦX + W, where
X is a non-sparse raw input vector. We assume that X has a sparse representation θ in a known
basis Ψ such that X = Ψθ as discussed in Section 2.1.1. Then, the CS measurements equation
can be written as Y = ΦΨθ + W. Hence, if Ψ is known at the time of reconstruction, the original
non-sparse vector X can be recovered from the reconstruction of the sparse vector θ directly. In
this thesis, for simplicity of presentation, and without loss of generality, we assume that Ψ is
equivalent to the identity transform, and therefore X is sparse.
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Y X W
= +

M MN
K

Figure 2.1: An illustration of linear CS measurement model.

if X has a sparse structure, then estimating a sparse vector from CS measurements is
possible under some mild conditions. There are many efficient techniques which have
been developed for this purpose. They, typically, fall into three major categories:

• convex-based optimization methods,

• iterative greedy search algorithms,

• Bayesian estimation approaches.

In what follows, we introduce the aim of these methods, and provide an example
in each category.

Sparse Signal Recovery via Convex Optimization

Let us consider the CS model in (2.2) without measurement noise. In order to
recover the sparsest approximation of the input signal from the measurements, one
could näıvely aim to solve the following optimization problem1

x̂ = arg min
x
‖x‖0 s.t. y = Φx. (2.3)

It can be immediately understood that the optimization program (2.3) is non-
convex due to the ℓ0 norm, and requires a combinatorial search for finding the

1Here, by denoting lower-case characters, we mean that the variables are deterministic.
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optimal solution whose complexity grows exponentially with the signal size N . In
order to get around with this issue, one might instead relax the ℓ0 norm with
ℓ1 norm in which the non-convex program (2.3) turns into the following convex
optimization problem known as basis pursuit (BP)

x̂ = arg min
x
‖x‖1 s.t. y = Φx. (2.4)

The miracle1 happens: under certain conditions on the sensing matrix Φ and
the sparsity level K (see [DET06, Theorem 8] for more details), the solutions to the
non-convex program (2.3) and the convex program (2.4) coincide and interestingly
become unique. In other words, the relaxed ℓ1-based optimization problem can
provide the optimal solution although the system is under-determined.

The probabilistic conditions on exact and unique recovery of the ℓ1 optimization
problem (2.4) has been derived in [CRT06a] in the case of random sensing matrices.
In particular, [CRT06a, Theorem 1.3] states that the exact recovery is possible with
some overwhelming probability such that the number of measurements M is at least
proportional to K log2 N . As a final remark on the ℓ1-based optimization problem,
we note that program (2.4) does not lie in the category of linear programming.
However, it can be easily shown that the problem (2.4) can be reformulated as a
linear programming (see, e.g., [BV04,CT05]); hence, it can be solved in polynomial-
time complexity using the interior point method.

Now, we consider sparse signal recovery from noisy CS measurements, charac-
terized by (2.2), where the additive measurement noise is non-zero and bounded,
i.e., ‖w‖2 ≤ ǫ for some ǫ > 0. In this scenario, we solve the following convex
optimization problem

x̂ = arg min
x
‖x‖1 s.t. ‖y−Φx‖2 ≤ ǫ, (2.5)

which is also referred to as basis pursuit de-noising (BPDN). Note also that ǫ is
a user parameter associated with the power of noise. Since the measurements are
noisy, the exact recovery of the input signal is not possible. In this case, performance
guarantee bounds are desirable, i.e., how close the reconstruction vector gets to the
sparse source vector. Performance guarantee bounds are normally developed based
on the restricted isometry property (RIP) defined as follows.

Definition 2.1 (RIP - Definition 1.1 in [CT05]). A matrix Φ ∈ R
M×N satisfies

the RIP of order K if there exists 0 ≤ δK < 1 such that

(1− δK)‖x‖2
2 ≤ ‖Φx‖2

2 ≤ (1 + δK)‖x‖2
2, (2.6)

holds for all K–sparse vector x ∈ R
N . Then, δK is called the restricted isometry

constant (RIC) which is the smallest value satisfying the inequalities. �

1Although Donoho in [DET06] modestly states that “a small miracle happens”, this result
originates the powerful field of CS.
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The value of RIC characterizes the merit of the sensing matrix in the sense of
orthogonality. The lower the value of RIC gets (which is more favorable), the more
the sensing matrix tends towards orthogonality. In an extreme case where δK → 0,
the sensing matrix becomes orthogonal, that is, the linear transform Φ preserves
the energy of the source x.

Using the RIC, the following theorem provides the performance guarantee bound
for the BPDN program (2.5) which reads as follows.

Theorem 2.2 (Theorem 1.2 in [Can08]). Suppose that the input signal x is exactly
K−sparse. Further, let the sensing matrix Φ satisfy the RIP of order 2K with
δ2K <

√
2−1. Given the CS measurements (2.2) with ‖w‖2 ≤ ǫ, the solution to the

BPDN program (2.5) guarantees

‖x− x̂‖2 ≤
4
√

1 + δK

1− (
√

2 + 1)δK

ǫ, (2.7)

where δK is the RIC specified by (2.6) of Definition 2.1. �

The bound in (2.7) of Theorem 2.2 indicates that the performance, in the sense
of Euclidean distance between the source and its reconstruction, depends upon the
RIC (which itself depends on the sparsity level K and number of measurements M)
and noise power (in terms of ǫ).

The RIP can be determined through a combinatorial search which becomes
intractable as dimensions grow. Therefore, in practice, mutual coherence of the
sensing matrix is typically used instead, which is defined as follows.

Definition 2.3 (Mutual Coherence [DH01]). The mutual coherence of an arbitrary
sensing matrix Φ ∈ R

M×N is defined as

µ , max
i6=j

|Φ⊤
i Φj |

‖Φi‖2‖Φj‖2
, 1 ≤ i, j ≤ N, (2.8)

where Φi denotes the ith column of Φ. �

The mutual coherence 0 ≤ µ ≤ 1 formalizes the dependence between the
columns of Φ. It can be also calculated in a tractable manner, unlike the RIC,
for any matrix with an arbitrary dimension. For an arbitrary matrix with more
columns than rows, the mutual coherence µ is always positive, and the small-
est value of µ is desired in order for the sensing matrix Φ to behave similar to
an orthogonal transform. Probabilistic coherence-based performance guarantees for
convex-based optimization and greedy search reconstruction algorithms have been
studied in [BHEE10].

In addition to the BPDN program, there are other efficient convex-based opti-
mization program and algorithms, developed and analyzed for reconstruction of a
sparse source vector from noisy CS measurements. For example, LASSO [Tib96],
LARS [EHJT04], Dantzig selector [CT07], NESTA [BBC11], etc.



2.1. Introduction to Compressed Sensing 19

Sparse Signal Recovery via Greedy Search Algorithms

Despite the convex-based optimization problems for recovery of sparse sources from
noisy CS measurements, there also exists a variety of efficient iterative greedy algo-
rithms used in practice for the same purpose. The goal of greedy search algorithms
is to first detect the sparsity pattern, i.e., the location of non-zero coefficients, and
then estimate the unknown non-zero coefficients in an iterative procedure.

Here, we briefly describe one of the popular greedy algorithms known as or-
thogonal matching pursuit (OMP) [TG07,BD08] for reconstructing a sparse source
x from noisy CS measurement vector y, where the sensing matrix Φ and sparsity
level K are provided as well. Typically, the OMP performs a matched filter oper-
ation and an orthogonal projection at each iteration. Using pseudo-inverse matrix
inversion, the orthogonal projection operations can be performed recursively. The
main steps of the OMP are summarized in Algorithm 2.1. Performance analysis
of the OMP algorithm based on RIP and mutual coherence µ has been studied
in [DW10,BHEE10].

Algorithm 2.1 : Greedy search using orthogonal matching pursuit (OMP)

1: input: Φ, y, K
2: initialization: l← 0 (Iteration counter), r(0) ← y (Initial residual), S(0) ← ∅

(Initial support set)
3: repeat

4: l← l + 1
5: i(l) ← index of the highest amplitude of Φ⊤r(l−1)

6: S(l) ← S(l−1) ∪ i(l) (Note: |S(l)| = l)

7: r(l) ← y−ΦS(l)Φ
†
S(l)y (Orthogonal projection)

8: until ((‖r(l)‖2 > ‖r(l−1)‖2) or (l > K))
9: l← l − 1 (Previous iteration)

10: output: x̂∈RN , satisfying x̂S(l) =Φ
†
S(l)y and x̂{1,...,N}\S(l) =0

Other major examples for iterative greedy CS reconstruction algorithms include
CoSamp [NT09], subspace pursuit [DM09], iterative hard thresholding [BD09],
stagewise OMP [DTDS12]. See also [SCS11, SCS12b, CSVS12]. The properties of
these algorithms may vary in speed of convergence, performance guarantee bound
and operational as well as memory complexity. Notice that, in general, the com-
plexity of the greedy algorithms is less than that of the convex-based optimization
problems while providing almost comparable performance for recovery of sparse
sources.

Sparse Signal Recovery via Bayesian Philosophy

So far, we have assumed that the input signal, sparsity pattern and noise in the CS
model (2.2) are deterministic vectors. Hence, the performance guarantee bounds
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for convex-based and iterative greedy search recovery algorithms are indeed worst-
case bounds. Now, we ask the question: can we exploit a priori knowledge of the
source and noise statistics in order to improve the performance of CS reconstruc-
tion, e.g., in MSE sense? To answer this question, let us consider one of the most
well-known Bayesian estimators, i.e., minimum mean square error (MMSE), for
reconstructing a random sparse signal X from noisy CS measurements in (2.2).
The MMSE estimator, by definition, minimizes the MSE between the input signal
vector and the reconstructed vector. It is well-known that the MMSE estimator
of the source X ∈ R

N from CS measurements is given by the generic conditional
expectation [Kay93, Chapter 10]

x̂ = arg min
x̂

E[‖X− x̂‖2
2

∣∣Y = y]

= E[X|Y = y] ∈ R
N .

(2.9)

Under the Gaussianity assumption (which is commonly used in practice) for the
non-zero coefficients of X and for the coefficients of W, the MMSE estimator in
(2.9) can be parameterized in closed form solution.

Theorem 2.4 (MMSE estimation [EY09] ). Consider a K−sparse vector X ∈ R
N .

Let each non-zero coefficient be an i.i.d. RV drawn from N (0, σ2
x), and a support

set S be drawn uniformly at random from a set Ω containing all
(

N
K

)
possibilities.

Further, suppose each coefficient of the measurement noise vector W ∈ R
M be i.i.d.

RV drawn from N (0, σ2
w). Then, for a fixed sensing matrix Φ ∈ R

M×N , the MMSE
estimator of X given the observed measurements y = Φx + w ∈ R

M is obtained by

x̂ =

∑
S⊂Ω βS x̂(y,S)∑

S⊂Ω βS
, (2.10)

where x̂(y,S) , E[X|Y = y,S] ∈ R
N , and its non-zero coefficients within the

support set S, denoted by x̂S(y), are given by

x̂S(y) =

(
Φ⊤

S ΦS +
σ2

w

σ2
x

IK

)−1

Φ⊤
S y, (2.11)

where

βS = exp

{
y⊤ΦSQ−1

S Φ⊤
S y

2σ4
w

− 1

2
log det(QS)

}
,

QS =
1

σ2
w

Φ⊤
S ΦS +

1

σ2
x

IK .

(2.12)

�

Note that the MMSE estimator (2.10) becomes non-linear in y and non-Gaussian
because of the weights βS characterized by (2.12). But, the MMSE estimator given
the support set S, i.e. (2.11), is still Gaussian and linear. It can be seen from (2.10)
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that the summation is over all
(

N
K

)
possibilities of the support set. Hence, the cal-

culation of (2.10) is possible in lower-dimensional problems, however as dimension
grows, the calculation of the MMSE estimator becomes intractable. In [EY09], the
authors have proposed a nearly-optimal approximation of the MMSE estimator us-
ing the OMP in Algorithm 2.1, where step (5) of the algorithm is replaced by a
random draw proportional to the coefficient βS in (2.12).

Other types of Bayesian estimators have been also developed for sparse sources,
for instance, maximum a posteriori (MAP) estimator [EY09]. Interestingly, in [Ela10,
Chapter 11] and [LS07], it was shown that, under certain conditions on the distribu-
tion of the sparsity pattern S, the original ℓ0 optimization problem in (2.3) can be
also interpreted as the Bayesian MAP estimator. For more details regarding other
types of CS reconstruction via Bayesian philosophy, interested readers are referred
to [JXC08,EY09,PYE10,QD12].

Here, we bring up a toy example in order to qualitatively compare the behavior
of the presented convex-based, greedy and Bayesian reconstruction methods.

Example 2.5. The aim of this example is to demonstrate the difference among
the functionality of the greedy search OMP algorithm, the convex BPDN program
and the Bayesian MMSE estimator in reconstructing a random sparse source vector
from noisy CS measurements. For illustration purpose, we consider the size of input
signal X is set to N = 3, sparsity level is set to K = 1, and we collect M = 2 number
of measurements according to (2.2) where the components of the measurement noise
vector are drawn independently from N (0, σ2

w) with σ2
w = 0.5. The support set of X

is chosen uniformly at random from {1, 2, 3}, and the non-zero coefficient within
the support set is drawn randomly from N (0, 1). Furthermore, the sensing matrix
Φ is fixed as

Φ =

(
−0.3463 0.8655 0.2289

0.9381 −0.5008 −0.9735

)
.

In Figure 2.2, we show the samples of the source vector and the CS reconstruc-
tion algorithms in source space domain, i.e., R

3. As expected, since the source is
1−sparse, the source samples lie on

(
3
1

)
= 3 different sub-spaces as shown in Fig-

ure 2.2(a). The OMP algorithm is expected to promote sparsity in the solution,
therefore the output samples of OMP algorithm lie strictly on the 3 sub-spaces (see
Figure 2.2(b)). As can be observed from Figure 2.2(c), the BPDN algorithm (fixed
for ǫ = 0.9) also promises sparse reconstruction, and the output samples of this pro-
gram provide typically nearly-spare solution. However, the samples of the MMSE
estimator, shown in Figure 2.2(d), are geometrically quite different, i.e, it does not
give a sparse solution although it minimizes MSE by definition. This could be ex-
pected since the MMSE estimator does not generally guarantee a sparse solution.
In this example, the MSE, E[‖X − X̂‖2

2], of the OMP, BPDN and MMSE recon-
struction algorithms are −0.7790 dB, −2.1129 dB and −3.2787 dB, respectively. It
can be concluded that the OMP provides the sparsest solution from noisy CS mea-
surements, but it obtains the poorest MSE. The BPDN is intermediate in providing
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(b) OMP reconstruction samples
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(c) BPDN reconstruction samples
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(d) MMSE reconstruction samples

Figure 2.2: The qualitative behavior comparison of three different CS reconstruction
methods.

sparse solution and MSE performance, while the MMSE estimator gives the best
MSE performance, but the least sparse solution. �

We also note that in the thesis, and particularly in Chapter 3, Chapter 4 and
Chapter 5, we focus on Bayesian MMSE estimation for sparse reconstruction from
noisy CS measurements. However, due to practical necessities, we approximate the
resulting MMSE reconstruction methods with greedy search algorithms or numer-
ical analyses.

Up to this point, we have studied the foundations of CS, and shown how a high-
dimensional data, which has a sparse representation, can be compressed into (and
subsequently, reconstructed from) lower-dimensional measurements that inherits
the useful information of the original source. Now, a natural question is: how can
we store the compressed data on a storage device, or how can we transmit the
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compressed data over a noisy or a rate-limited communication link such that the
loss in storage or transmission be minimized? Is there any limit for compression and
transmission rate? To answer these questions, we need to study the foundations of
source and channel coding, described in the next section.

2.2 Introduction to Source and Channel Coding

The main purpose of this section is to introduce the reader the field of source
and channel coding with the emphasis on information theory. We begin with the
concept of source coding in Section 2.2.1, where different categories of source coding
methods will be described. We continue with the description of channel coding in
Section 2.2.2, and the concept of source-channel separation theorem in Section 2.2.3.
We finalize this section with a brief introduction to joint source-channel coding in
Section 2.2.4.

2.2.1 Source Coding

Source coding is a compression technique which removes redundancy from the data
sequence. In Section 2.1, we have seen that a high-dimensional source data, without
loss of much useful information, can be compressed into a lower-dimensional mea-
surement data, and can be ultimately reconstructed. However, in order to store the
data on a storage device or transmit it over a communication channel, the source
or the measurements have to be mapped into a “good” digital format.

Here, we explain how an arbitrary kind of source1 can be digitally (in a bi-
nary fashion) represented. Source coding techniques fall typically into two main
categories: losseless and lossy source coding.

Lossless Source Coding

The aim of lossless coding is to digitally represent the source such that it can
be perfectly reconstructed. To elaborate, let us first consider a stationary discrete
random sequence (vector) X , {Xn}N

n=1 where each component belongs to the
discrete alphabet X . The uncertainty or unpredictability of a source is measured by
a quantity referred to as entropy (in bits per sample) which is defined as [CT06,
Chapter 4]

H(x) , −
∑

x1∈X
. . .

∑

xN ∈X
P (x1, . . . , xN ) log2(P (x1, . . . , xN )), (2.13)

where P (x1, . . . , xN ) = P (x) , Pr(X = x) denotes the joint probability mass
function (pmf) of X.

On the other hand, the efficiency of a source code is measured by the number of
information bits per source sample. There exists a fundamental lower-bound limit

1A source is treated in a generic sense that can be raw data, measurement, etc.
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on the rate of the (lossless) source-coded information (in bits per sample) in order
to reconstruct the entire source perfectly. Shannon, in [Sha48], showed that such
limit is equivalent to the entropy rate of the source as the dimension N (block
length) tends to infinity, i.e.,

H∞(x) , lim
N→∞

1

N
H(x), (2.14)

where H∞(x) denotes the entropy rate of the source x.
The notion of entropy can be generalized to continuous sources as well. Formally,

for a continuous source X with pdf p(x), differential entropy, i.e., the continuous
version of the discrete entropy in (2.13), is defined as

h(X) , −E[log p(x)]. (2.15)

Some examples of entropy rate-achieving losseless source codes are entropy cod-
ing [Mac02], Huffman coding [Huf52] and Lempel-Ziv coding [ZL78] used in text
encoding, file compression, etc.

Lossy Source Coding

In lossy coding, unlike the lossless coding, there is not any restriction to let the
information rate obey the entropy rate of a source for perfect reconstruction. On
the other hand, the main goal is to reconstruct the source from arbitrary source-
coded information within small amount of distortion.

In applications where there is not much concern in losing (small) amount of
source information (e.g., for compressing multimedia, audio, image and CS mea-
surements), lossy source coding provides more flexibility compared to lossless cod-
ing, since the source coding rate is not restricted. Further, in some situations, the
source entropy rate is rather very large, such that practical lossless coding cannot be
implemented. In these cases, lossy coding is more helpful. Some common examples
of lossy source coding are MP2, MP3 and JPEG.

The information-theoretical foundations for lossy coding are provided by rate-
distortion (equivalently, distortion-rate) theory. To introduce, let us first define a
distortion measure between a source sequence and its reconstruction. Throughout
this thesis, we consider the most commonly-used MSE distortion criterion for a
random sequence X , {Xn}N

n=1 which is defined as

E[‖X− X̂‖2
2] =

N∑

n=1

E[(Xn − X̂n)2], (2.16)

where X̂ , {X̂n}N
n=1 denotes the reconstruction sequence. Similar to the entropy

rate limit for the lossless source coding rate, there exists the minimum of all rates
r (in bits per source sample) required for lossy source coding to achieve a certain
MSE distortion level D. Formally, the information rate-distortion function, denoted
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by r(D), for a source X with the distortion measure in (2.16) is defined as [CT06,
Chapter 10]

r(D) , min
P (x̂|x)

1

N
I(x̂; x) s.t.

1

N
E[‖X− X̂‖2

2] ≤ D, (2.17)

where I(x̂; x) is the mutual information between the sequences X and X̂ defined
as [CT06, Chapter 2]

I(x̂; x) ,
∑

x,x̂

P (x, x̂) log2

P (x, x̂)

P (x)P (x̂)
. (2.18)

Similarly, the distortion-rate function D(r) can be defined as [CT06, Chapter 10]

D(r) , min
P (x̂|x)

1

N
E[‖X− X̂‖2

2] s.t.
1

N
I(x̂; x) ≤ r. (2.19)

The distortion-rate theory can be also extended to continuous sources as well.
In the case of i.i.d. Gaussian source with variance σ2, the distortion-rate function
is shown to be [CT06]

D(r) = σ22−2r. (2.20)

Note that (2.20) indicates that the distortion-rate function for an i.i.d. Gaussian
source decays almost −6 dB per bit. The distortion-rate function for the Gaussian
source is important since it is always poorer than that of other i.i.d. non-Gaussian
sources with the same variance [CT06, Problem 10.8].

Typically, except in the case of some known distributions, e.g., Bernoulli and
Gaussian, the distortion-rate functions (or rate-distortion-functions) cannot be ex-
plicitly calculated. In these cases, distortion-rate functions can be numerically com-
puted, e.g., using Blahut-Arimoto algorithm [Bla72, Ari72], or can be analytically
bounded. A well-known lower-bound to the distortion-rate function of any sort of
memoryless sources is Shannon lower-bound [Sha48]. It states that for a memory-
less source X with differential entropy h(X), the distortion-rate function is lower-
bounded as

D(r) ≥ 1

2πe
2−2(r− 1

N h(X)). (2.21)

Under certain conditions on the pdf of the source X, the Shannon lower-bound
(2.21) is shown to be asymptotically tight at the limit of large block size, N , which
also coincides with the distortion-rate function [LZ94].

Quantization

Quantization is one of the most common methods for lossy source coding. In gen-
eral, quantization is a mapping of a sequence belonging to a continuous space to a
value belonging to a discrete set. From one point of view, quantization of a source se-
quence (vector) can be performed sample-by-sample using a scalar quantizer (SQ),
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or operated on the whole dimension, or sometimes sub-dimensions, which is re-
ferred to as vector quantization (VQ), also known as block quantization. VQ is a
generalization of SQ, and it is obvious that quantizing the whole dimension of a
vector using a VQ provides better performance than using a SQ, sample-wise. This
is because of space-filling advantage (corresponding to dimensionality), shaping ad-
vantage (corresponding to pdf) and memory advantage (corresponding to linear
and non-linear dependencies or correlations among vector components) of the VQ
compared to SQ [LG89]. A good design of VQ has the promise of achieving the
theoretical distortion-rate performance. However, the main disadvantage of a VQ
is its high computational and memory complexity that can be addressed using sub-
optimal techniques inspired by SQ (see Chapter 3), or by multi-stage VQ (MSVQ)
(see Chapter 4).

To explain quantizer’s functionality, let us consider a VQ with a fixed rate R
bits per vector consists of an encoder and a decoder. The encoder takes the source
vector, and maps it to an index belonging to a finite integer set whose cardinality is
dependent upon the rate R. The quantizer decoder accepts the index, and provides
a reproduction codevector corresponding to the received index. The codevectors
belong to a codebook set which are designed offline; hence, the decoder operates as
a look-up table. We will discuss the design of quantizer encoder and decoder later
in Section 2.2.4 in a more general framework.

To analyze the performance of quantizers in terms of operational distortion-
rate function, the widely-accepted principle is the high-rate quantization theory
[Ben48,Ger79,YTG80,GN98]. The following theorem provides an asymptotic lower-
bound to the performance of a VQ for a correlated Gaussian source.

Theorem 2.6 ( [Gra90]). Consider an N -dimensional multi-variate Gaussian vec-
tor with mean vector m and covariance matrix C, i.e., X ∼ N (m, C), then the

incurred distortion E[‖X − X̂‖2
2] for vector-quantizing the source vector X using r

bits per sample is asymptotically (at high quantization rate r) lower-bounded as

E[‖X− X̂‖2
2] ≥ c2−2r det(C)

1
N , (2.22)

where

c = 2

(
N

2
Γ

(
N

2

)) 2
N
(

N + 2

N

)N
2

(2.23)

and Γ(·) is the Gamma function. �

Theorem 2.6 indicates that the incurred distortion of the correlated Gaussian
vector of dimension N cannot decay (asymptotically) steeper than −6 dB per bit. It
should be also mentioned that the lower-bound in (2.22), normalized to dimension
N , coincides with the Shannon lower-bound in (2.21) too. Thus, it approaches the
distortion-rate function for a Gaussian correlated source as dimension N grows to
infinity.
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2.2.2 Channel Coding

Reliable transmission of source-coded (quantized) symbols over a noisy communica-
tion channel is accomplished by channel coding. This process is usually performed
by carefully adding redundancy to the quantized symbols at channel encoder in
order to combat against channel errors such that channel decoder can reconstruct
the symbols from noisy channel outputs. The upper limit on the rate of informa-
tion that can be reliably transmitted over a noisy channel is referred to as channel
capacity.

In this thesis, we only consider memoryless channels consisting of discrete in-
put and output alphabets referred to as discrete memoryless channel (DMC). The
most common examples of such channels include binary symmetric channel (BSC)
and binary erasure channel (BEC). DMC’s are typically represented by transition
probabilities

P (j|i) , Pr(J = j|I = i), (2.24)

which indicates the probability that index j ∈ J is received given that the input
index to the channel was i ∈ I. Recalling the definition of mutual information in
(2.18), the channel capacity for this class of channels is

C , max
P (i)

I(i; j)

= max
P (i)




∑

i∈I

∑

j∈J
P (j|i)P (i) log2

P (j|i)∑
i∈I P (j|i)P (i)



 .

(2.25)

Channel coding is quite a broad context, and there exists a vast variety of
efficient channel coding techniques developed for different applications. For more
details on channel coding schemes, readers are referred to [Mac02, LC04]. See also
Chapter 6.

2.2.3 Source-Channel Separation Theorem

Consider the point-to-point communication setup depicted in Figure 2.3 consisting
of a source message, source encoder-decoder pair, channel encoder-decoder pair and
a memoryless channel.

One of the beauties of information theory is the so-called source-channel sepa-
ration theorem. It states that even if the source code and channel code are designed
separately (i.e., not jointly), and then combined together, then the optimal per-
formance for reliable transmission over noisy channels can be still achieved under
certain conditions [Sha48].

The separation theorem provides a great flexibility for code design since, on one
hand, the source codes can be designed without taking the channel aspects into
account, and on the other hand, the channel codes do not need to consider source
statistics. Shannon in [Sha48] showed that in a point-to-point communication of a
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Figure 2.3: A typical point-to-point communication setup.

memoryless source over a memoryless channel (as illustrated in Figure 2.3), sepa-
ration holds under the condition that the length of channel codes tends to infinity;
hence, the performance of the joint and separate source channel coding designs
coincide with each other. Denoting the channel capacity by C bits/channel use,
based on the separation theorem, the optimum performance theoretically attain-
able (OPTA) becomes D(rC), where D(·) represents the distortion-rate function,
and r denotes the coding rate in bits per source sample. For example, under the
assumption of Theorem 2.6 and as N → ∞, the MSE of the correlated Gaussian
source X over a DMC with capacity C bits/channel use is lower-bounded as

E[‖X− X̂‖2
2] ≥ c2−2rC det(C)

1
N . (2.26)

Although the separate design of source and channel codes has led to many en-
gineering designs in practice, the separation theorem, as mentioned earlier, holds
under the assumption of the infinite block length. However, in many modern ap-
plications, delay in transmission cannot be tolerated. One of alternatives in these
situations is the joint design of source and channel codes which is referred to as
joint source channel coding (JSCC) in literature. A well-known approach to imple-
menting the JSCC framework is the use of joint source-channel VQ described in
the following section.
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Figure 2.4: An illustration of joint source-channel vector quantization system in a
point-to-point communication setup.

2.2.4 Joint Source-Channel Vector Quantization

Joint source-channel VQ is referred to as the design of a VQ that generates source
and channel codes jointly for reliable transmission of a source over noisy channels.
Herein, first, we describe the joint-source channel VQ system, and then elaborate
a well-known scheme for the joint design, referred to as channel-optimized VQ
(COVQ).

Consider the general system model, shown in Figure 2.4, for transmitting a
random source vector X ∈ R

N . Let the total bit budget allocated for encoding
(quantization) be fixed at R bits per dimension of the source vector. A VQ encoder
is defined by a mapping E : R

N → I, where I is a finite index set defined as
I , {0, 1, . . . , 2R − 1} with |I| , R = 2R. Denoting the quantized index by I, the
encoder works according to X ∈ Ri ⇒ I = i, where the sets {Ri}R−1

i=0 are encoder

regions and
⋃

R−1
i=0 Ri = R

N such that when X ∈ Ri the encoder outputs the index
E(X) = i ∈ I. Note that given an index i, the set Ri might be an empty set (due
to channel noise, see e.g. [FV91] for more details).

Next, a DMC with known transition probabilities P (j|i) accepts the encoded
index i and outputs a noisy symbol j ∈ I. We assume that the transmitted index
i and the received index j share the same index set I. Given the received index j,
a VQ decoder is characterized by a mapping D : I → C where C is a finite discrete
codebook set containing all reproduction codevectors {cj ∈ R

N}R−1
j=0 . The decoder’s

functionality is described by a look-up table; J = j ⇒ X̂ = cj , such that when the
received index from the channel is j, the decoder outputs D(j) = cj ∈ C.

An important outcome of the introduced point-to-point coding system of Fig-
ure 2.4 is the Markov chain property among the RV’s. Markov chain is defined as
follows.

Definition 2.7 (Markov chain - Chapter 2 of [CT06]). Random variables X, Y
and Z are said to form a Markov chain in the order X → Y → Z if the conditional
distribution of Z depends only on Y , i.e., Z is conditionally independent of X. �

In the source-channel coding system of Figure 2.4, we have the following Markov
chain property

X→ I → J → X̂, (2.27)
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that holds since the encoder is a deterministic function of the source, the channel
is a memoryless mapping and the decoder is a deterministic look-up table func-
tion. Markov chain properties are extensively used in the development of quantizer
designs that will be taken into account in Chapter 3, Chapter 4 and Chapter 5.

Next, we describe a design procedure for the VQ encoder-decoder pair by taking
channel statistics, which is typically referred to as COVQ. First, we assume the
MSE distortion criterion E[‖X−X̂‖2

2]. We note that the joint design of the encoder-
decoder mappings is not easy in general, therefore, we aim to optimize each mapping
by fixing the other parameter. Following this fact, the optimal encoder regions (for
a fixed decoder) becomes

R⋆
i =

{
x ∈ R

N : E[‖x − cJ‖2
2|I = i] < E[‖x− cJ‖2

2|L = l], ∀i 6= l
}

, (2.28)

and the MSE-minimizing decoder (for a fixed encoder) is obtained by

c⋆
j = E[X|J = j]. (2.29)

Finally, the necessary optimal conditions (2.28) and (2.29) can be combined using
an alternating-iterative procedure which is also known as generalized Lloyd-Max
algorithm [FV91]. This algorithm converges to a local optimum which provides
optimized encoding regions and decoding codevectors. We use a variation of such
algorithm in Chapter 4 and Chapter 5.



Chapter 3

Analysis-by-Synthesis Scalar Quantization

for Compressed Sensing

I
n this chapter, we consider a resource-limited scenario where a sensor that
uses CS collects a low number of measurements in order to observe a sparse
signal; measurements are subsequently encoded at a low bit-rate followed by

transmission or storage. For such a scenario, we design new algorithms for lossy
source coding, based on scalar quantization, with the objective of achieving good
reconstruction performance of the sparse signal. Our approach is inspired by an
analysis-by-synthesis principle at the encoder, consisting of two main steps: (1) the
synthesis step uses a CS reconstruction technique for measuring the direct effect of
quantization of CS measurements on the final sparse signal reconstruction quality,
and (2) the analysis step decides appropriate quantized values to maximize the final
sparse signal reconstruction quality.

3.1 Introduction

For many practical applications, CS measurements need to be quantized into a
finite resolution representation for subsequent transmission or storage tasks. In this
chapter, we consider application scenarios where both measurement (or sampling)
and quantization resources are limited. Considering availability of limited number
of measurements and quantization bits, we design new quantization algorithms
with the objective of achieving high quality sparse signal reconstruction from the
quantized CS measurements.

CS with quantized measurements has recently started to gain significant atten-
tion in the literature, and available approaches are of three main kinds, described
below.

1. In the first category, extensions to existing sparse reconstruction schemes
have been studied without changing the quantization algorithms. Sparse sig-
nal reconstruction from noisy measurements – which can be thought of as

31
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the effect of quantization when the noise is bounded and additive – has
been addressed in [CRT06b]. In [GLP+10], CS with finely quantized mea-
surements using Sigma-Delta modulation is studied. In [ZBC10], the authors
focus on convex optimization-based CS reconstruction from a set of quan-
tized measurements, whereas [DM11] considers a greedy search algorithm for
this purpose. In [JHF11], a reconstruction scheme for more precise recon-
struction of sparse signals from quantized measurements has been developed.
In addition, robust schemes (against measurement noise) for reconstructing
a sparse source from 1-bit quantized measurements have been proposed in
[BB08,YYO12,JLBB13,PV13], and the design of message-passing algorithms
for estimation from quantized CS samples has been studied in [KGR12].

2. The second category investigates trade-offs between the aspects of quantiza-
tion (e.g., quantization bit-rate) and CS (e.g., number of measurements and
loss due to CS reconstruction). In [GFR08], high bit-rate theoretical bounds
on average end-to-end distortion due to quantization of sparse sources and CS
measurements have been derived, whereas the goal in [DM11] is to find high
bit-rate average quantization distortion bounds caused by vector and scalar
quantization of CS measurements. The aim in [LB12] is to analyze a trade-off
between number of measurements and quantization bit-rate by introducing
quantization compression regime versus CS compression regime.

3. Finally, in the third category, the main focus is on quantizer design for
CS measurements while CS reconstruction schemes are fixed. The design of
high bit-rate quantizers for CS measurements that are optimal with respect
to MSE of a particular convex optimization-based reconstruction method
(LASSO [Tib96]) is studied in [SG09]. Moreover, an optimal high rate quan-
tizer design under message-passing reconstruction algorithms has been pre-
sented in [KGR11]. In [Bou12], a framework for scalar quantization of CS
measurements has been proposed which provides exponential decay for in-
stantaneous signal reconstruction distortion as a function of bit-rate.

The main contribution of this chapter falls into the third category mentioned
above, i.e., quantizer design for CS measurements while CS reconstruction algo-
rithms are fixed. For this purpose, choosing the MSE as a performance criterion,
we first derive optimized encoding conditions so as to minimize reconstruction MSE
for a sparse input vector under a fixed decoder and a CS reconstruction algorithm.
Then, in order to feasibly implement the resulting rules, we develop a new frame-
work for scalar quantization of CS measurements with the objective of achieving a
lower end-to-end reconstruction distortion for the sparse source rather than quanti-
zation distortion for CS measurements. Technically, given a fixed quantizer decoder
and a fixed (but generic) CS reconstruction scheme, the proposed algorithms strate-
gically use a two-step mechanism in a closed-loop fashion: (1) the synthesis step
employs a CS reconstruction technique for measuring the direct effect of quanti-
zation of CS measurements on the final sparse signal reconstruction quality, and
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(2) the analysis step is performed followed by the synthesis step in order to choose
appropriate quantized values to minimize the final sparse signal reconstruction dis-
tortion. This closed-loop strategy is known as analysis-by-synthesis (AbS) which
has been used in multi-media coding [KD88,AH95,GS97].

The use of the AbS principle will be shown to provide significantly better recon-
struction performance compared to schemes that only consider direct quantization
of CS measurements. We also analyze the computational complexity of the proposed
algorithms, where it is shown that the complexity depends on availability of two
compression resources, i.e., quantization bit-rate and number of CS measurements.
As a byproduct, we also propose a low complexity scheme based on quantization
of estimated sparsity patterns at the quantizer encoder which performs well at
high quantization bit-rates. Further, we develop an adaptive quantization method
by combining the proposed schemes in order to provide high-quality performance
at all ranges of quantization and measurement rates. We experimentally evaluate
the performance of our proposed algorithms, and also compare them with that of
existing schemes for quantization of CS measurements.

The remaining parts of the chapter are organized as follows. In Section 3.2, we
give the problem statement which involves the CS and quantization models and also
performance criterion. In Section 3.3, we propose the new algorithms, and analyze
their computational complexities. Thereafter, we show an adaptive quantization
scheme in Section 3.4. The numerical results are given in Section 3.5, and the
conclusions are drawn in Section 3.6.

3.2 Problem Statement

In this section, we first introduce the preliminaries of CS and quantization, and
then the design criterion will be described.

3.2.1 CS System

The CS context can be thought of as a source compression method where a high-
dimensional vector is mapped to a lower-dimensional vector both belonging to
arbitrary continuous sets. Formally, we let a random sparse (in a fixed basis)
signal X ∈ R

N be linearly encoded using a known sensing matrix Φ ∈ R
M×N

(M < N) representing a measurement (sampling) system which results in an under-
determined set of linear measurements, i.e.,

Y = ΦX ∈ R
M . (3.1)

We let X be a K-sparse vector, i.e., it has at most K (K < M) non-zero coefficients,
where the location of the non-zero’s and their magnitudes are drawn from known
distributions. We define the support set of the sparse vector X = [X1, . . . , XN ]⊤

by S , {n : Xn 6= 0} ⊂ {1, . . . , N} and |S| = ‖X‖0 ≤ K.
In this chapter, the design we present is generic in the sense that it works for

any (fixed) CS reconstruction algorithm. We denote a CS reconstruction algorithm
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by a mapping function R : RM → R
N which takes a measurement vector in M -

dimensional space as an input, and produces an estimate of the sparse source vector
in N -dimensional space through a non-linear procedure. We also assume that the
sensing matrix Φ is provided for the CS reconstruction.

3.2.2 Scalar Quantization of CS Measurements

Scalar quantization is the process of mapping a sample from a continuous set to a
discrete alphabet. We consider scalar quantization of the random CS measurements
Ym’s (m = 1, . . . , M) because of its low complexity. For this purpose, quantization
is divided into encoding and decoding tasks. We consider a scalar quantizer encoder
which maps each measurement to an appropriate index in a finite integer set in
order for a quantizer decoder to make an estimate of the measurements based on
the received index and a known decoding look-up table. We assume that the total
bit budget (rate) allocated for quantization is Rx , Nrx bits per vector X in which
rx ∈ R

+ is the assigned quantization bit-rate to a scalar component of X. Having
the noiseless (clean) observations Y = ΦX, each scalar Ym (m = 1, . . . , M) of the
measurement vector Y is encoded by ry , Nrx/M bits.1 For each entry Ym, the
quantizer encoder is defined by a mapping E : R → I, where I denotes the index
set defined as I , {0, 1, . . . , 2ry − 1} with |I| = 2ry . Denoting the quantized index
by Im (m = 1, . . . , M), the encoder works according to Ym ∈ Rim ⇒ Im = im,

where the sets {Rim}2ry −1
im=0 are called encoder regions and

⋃2ry −1
im=0 Rim = R. Next,

we define the quantizer decoder which is characterized by a mapping D : I → Cm.
The quantizer decoder takes the index Im, and performs according to an available
look-up table; Im = im ⇒ Ŷm = cim . Note that Ŷm is the quantized measurement
RV associated with the entry Ym, and the set of all reproduction codepoints Cm ,
{cim}2ry −1

im=0 associated with the entry Ym is called a codebook. Let us denote by X̂ ∈
R

N the estimation of the input signal vector from the quantized measurement vector
Ŷ , [Ŷ1, . . . , ŶM ]⊤ using a CS reconstruction function R. Then in a more compact
way, given a fixed reconstruction R, we state acquisition, quantized transmission
and reconstruction equations as

Y = ΦX,

Im = E (Ym) , Ŷm = D (Im) = cIm , ∀m
X̂(I1, . . . , IM ) , X̂(IM

1 ) = R
(
[cI1 , . . . , cIM ]⊤

)
.

(3.2)

3.2.3 Objectives and Preliminary Analysis

We establish the goal of this chapter as follows.

1In practice, ry can be a non-integer value, however, in the design procedure we let ry be a
positive integer, and later in simulation results, we show how to address the non-integer issue.
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Problem 3.1. For the system setup (3.2) with fixed codebook sets Cm = {cim}2ry −1
im=0

(m = 1, . . . , M), and a fixed bit budget Rx = Nrx = Mry, the objective is to
implement the encoder, i.e., to find encoding indexes (transmission indexes) im ∈ I
such that the end-to-end MSE, E[‖X− X̂‖2

2], is minimized. Therefore, we address
the following optimization problem

{i⋆
1, . . . , i⋆

M} = arg min
{im∈I}M

m=1

E[‖X− X̂‖2
2], (3.3)

where {i⋆
m}M

m=1 are the optimized encoding indexes (with respect to minimizing the
end-to-end MSE) for quantization of the measurement vector Y = [Y1, . . . , YM ]⊤.
�

To clarify the objective, we first introduce a common encoding approach, re-
ferred to as nearest-neighbor coding for CS measurements. Using this type of quan-
tization, each scalar entry of the measurement vector is coded to its nearest code-
point. Therefore, given a fixed codebook associated with the measurement entry
Ym = ym, and given that Ŷm = cim , the nearest-neighbor encoder uses the following
encoding rule

i∗
m = arg min

im∈I
|ym − cim |2, ∀m, (3.4)

which minimizes the MSE per measurement entry, i.e., E[|Ym − Ŷm|2]. However,
this approach does not necessarily guarantee that the end-to-end MSE (the final

performance measure) E[‖X−X̂‖2
2] is also minimized subject to fixed codebook sets.

This is due to non-linear behavior of the CS reconstruction function R and non-
orthogonality of the CS sensing matrix Φ. We also mention that, in this chapter,
the decoder codebooks Cm (m = 1, . . . , M) are designed off-line, and we do not
address the separate issue of codebook design. In Chapter 4 and Chapter 5, we
show the optimized design of codebook in different scenarios.

Now, we show how MSE-minimizing encoding indexes are chosen. Similar to
the definition of the MMSE estimator in (2.9) of Chapter 2, let us first denote the
MMSE estimation of X given the measurements Y = y by

x̃⋆(y) , E[X|Y = y] ∈ R
N . (3.5)

Next, , we rewrite the end-to-end MSE, E[‖X − X̂‖2
2], as (3.6), where (a) and (b)

are followed by marginalization over Y and IM
1 , respectively. Also, (c) follows from

interchanging the integral and summation and the fact that Pr{IM
1 = iM

1 |Y = y} =
1, ∀ym ∈ Rim , m = 1, . . . , M , and otherwise the probability is zero. Here, p(y) is
the M -fold pdf of the measurement vector.

Then, using the fixed codebooks Cm (m = 1, . . . , M), since p(y) is always non-
negative, the MSE-minimizing encoding indexes are identical to finding the ones
which minimize the term in the braces in the last expression of (3.6). The result-
ing optimal indexes denoted by {i⋆

m ∈ I}M
m=1 are obtained by (3.7), where (a)

holds since the conditional expectation of sum of RV’s equals to the sum of their
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E[‖X− X̂‖2
2] = E[‖X− X̂(IM

1 )‖2
2]

(a)
=

∫

y

E[‖X−X̂(IM
1 )‖2

2|Y = y]p(y)dy

(b)
=

∫

y

∑

i1

. . .
∑

iM

Pr{IM
1 = iM

1 |Y = y}E[‖X− X̂(IM
1 )‖2

2|Y = y, IM
1 = iM

1 ]p(y)dy

(c)
=
∑

i1

. . .
∑

iM

∫

y1∈Ri1

. . .

∫

yM ∈RiM

{
E[‖X− X̂(IM

1 )‖2
2|Y = y, IM

1 = iM
1 ]
}

p(y)dy

(3.6)

{i⋆
m}M

m=1 = arg min
iM
1

E[‖X− X̂(IM
1 )‖2

2|Y = y, IM
1 = iM

1 ]

(a)
= arg min

iM
1

{
E
[
‖X‖2

2|Y=y, IM
1 = iM

1

]
+ E

[
‖X̂(IM

1 )‖2
2|Y = y, IM

1 = iM
1

]

−2E
[
X⊤X̂(IM

1 )|Y = y, IM
1 = iM

1

]}

(b)
= arg min

iM
1

{
E[‖X̂(IM

1 )‖2
2|Y=y, IM

1 = iM
1 ]− 2E[X⊤X̂(IM

1 )|Y = y, IM
1 = iM

1 ]
}

(c)
= arg min

iM
1

{
E[‖X̂(IM

1 )‖2
2

∣∣IM
1 = iM

1 ]− 2E[X⊤∣∣Y = y]E[X̂(IM
1 )
∣∣IM

1 = iM
1 ]
}

(3.7)

conditional expectations. (b) follows from the fact that X is independent of IM
1 ,

conditioned on Y, and hence, E
[
‖X‖2

2|Y=y, IM
1 = iM

1

]
= E

[
‖X‖2

2|Y=y
]

which is

pulled out of the optimization. Also, (c) follows from a similar rationale, i.e., X̂(IM
1 )

is independent of Y, conditioned on IM
1 . Further, X and X̂(IM

1 ) are independent
conditioned on Y and IM

1 . For a realization Y = y, the last expression in (3.7) can
be rewritten as (using (3.5))

{i⋆
1, . . . , i⋆

M} = arg min
iM
1

{
‖x̂(iM

1 )‖2
2 − 2x̃⋆(y)⊤x̂(iM

1 )
}

, (3.8)

where iM
1 denotes the sequence i1, . . . , iM .

Unfortunately, solving (3.8) jointly for all encoding indexes is not analytically
and practically tractable for a general CS reconstruction function since it requires
reconstruction and searching over all possible codepoints, leading to prohibitive
complexity as bit-rate increases. Since we are interested in developing a reasonably
simple coding system, we refrain from the optimal joint encoder. Instead, in this
chapter, we focus on sub-optimal techniques (with respect to (3.8)) for scalar quan-
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Figure 3.1: Illustration of analysis-by-synthesis quantization for CS.

tization of CS measurements. The quantization schemes are developed in the next
section.

3.3 Analysis-by-Synthesis Quantization

In this section, we first show how an encoding index can be chosen by fixing the
other indexes under the assumptions of Problem 3.1, and then develop AbS-based
quantization schemes followed by complexity analysis. Our studied AbS system is
illustrated in Figure 3.1.

In order to solve (3.8) approximately, one alternative is to optimize one variable
by fixing the others, that is, optimizing the index im by fixing m ∈ {1, . . . , M} and
the indexes {i1, . . . , im−1, im+1, . . . , iM}. This is indeed an alternating optimization
approach and sub-optimal compared to the joint optimization method (3.8), but
provides a feasible solution with low complexity.

Now, assume that given the codebook sets, we fix all encoding indexes except
im (m ∈ {1, . . . , M}). Then, from (3.8), the encoder attains the following encoding
rule

i⋆
m = arg min

im∈I

{
‖x̂(im)‖2

2 − 2x̃⋆(y)⊤x̂(im)
}

. (3.9)

By denoting x̂(im) , R ([ci1 , . . . , cim , . . . , ciM )]⊤, we refer that the reconstructed
signal is dependent only upon the index (codepoints) associated with the mth mea-
surement entry. Interestingly, (3.9) indicates that in order to minimize the end-to-
end MSE for a fixed codebook, the index im should be chosen such that the final
reconstruction vector is as close as possible (in ℓ2-norm) to the MMSE estimation
of the sparse source given the measurements.
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Another alternative to relax the problem (3.8) is to solve the following opti-
mization problem jointly over quantization and measurement entry’s indexes, that
is,

{m⋆, i⋆
m} = arg min

m,im∈I

{
‖x̂(im)‖2

2 − 2x̃⋆(y)⊤x̂(im)
}

. (3.10)

We employ (3.9) and (3.10) individually in an iterate-alternate optimization
approach to realize new AbS-based algorithms which are described next. Before
going to the next subsection, we have the following remark.

Remark 3.2. As shown in our formulations (e.g. (3.9) and (3.10)), we need the
MMSE estimate x̃⋆(y) to find the encoding indexes. However, in practice, imple-
menting the MMSE estimator is not feasible. Therefore, we approximate the MMSE
estimate x̃⋆(y) by the sparse signal estimate of reconstruction function R using un-
quantized measurement y. Denoting the sparse signal estimate by x̄(y), we assume
x̃⋆(y) ≈ x̄(y). Particularly, in this chapter, we use the greedy orthogonal matching
pursuit (OMP) [TG07, BD08] reconstruction algorithm as the CS reconstruction
function R. The choice of OMP is motivated due to a good tradeoff between com-
plexity and reconstruction performance. The OMP algorithm is described in Sec-
tion 2.1.3 in Chapter 2. We emphasize that our formulation is general, and does
not deter the use of any practical reconstruction algorithm in lieu of OMP. �

3.3.1 Proposed Quantization Algorithms

We first describe the iterative framework for the proposed quantization schemes
summarized in Algorithm 3.1. Suppose that the codebook sets Cm (m = 1, . . . , M)
are designed offline, and let the quantizer encoder have access to the sensing matrix
Φ as well as the codebooks (step (1)). 1 In step (2), we obtain the locally recon-
structed vector x̄(y) as an approximation to the MMSE estimator x̃⋆(y). Now, we
define a dummy vector z ∈ R

M , where its mth component is chosen uniformly at
random from the set Cm (∀m) at the first iteration (step (3)). The vector z contains
coefficients of quantized CS measurements. Throughout iterations, the entries of z

are either sequentially or non-sequentially adjusted for minimizing the reconstruc-
tion MSE. Now, we describe the subroutine AbS(·) executed in Algorithm 3.1 (step
(6)) which uses two different alternating approaches (in terms of performance and
complexity) for feasibly implementing (3.8).

1. Sequential AbS quantization: Our first AbS-based quantization scheme
which can be executed in Algorithm 3.1 is summarized in the Subroutine

1Note that the sparsity level K may be also provided at the encoder and the decoder if
the OMP algorithm is used as the reconstruction function R. If subspace pursuit [DM09] or
CoSaMP [NT09] reconstruction algorithms are used, then K must be provided. However, using
the basis pursuit [CDS98] or LASSO [Tib96] reconstruction algorithms, the sparsity level is not
necessarily required.
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Algorithm 3.1 : AbS quantization

1: input: Cm = {cim}2ry −1
im=0 (∀m = 1, . . . , M) and Φ, y, γ (stopping threshold)

2: compute: x̄(y) (locally reconstructed vector)

3: initialize z(0) ∈ R
M , where z

(0)
m ∈ Cm, .

4: Set l← 0 (iteration counter)
5: repeat

6: [i⋆
m, x̂(l+1)(i⋆

m), z(l+1)] = AbS(Cm, x̄(y), z(l))
7: l← l + 1
8: until

∣∣[‖x̂(l)(i⋆
m)‖2

2 − 2x̄(y)⊤x̂(l)(i⋆
m)
]

−
[
‖x̂(l−1)(i⋆

m)‖2
2 + 2x̄(y)⊤x̂(l−1)(i⋆

m)
]∣∣ < γ

9: output: Im = i⋆
m , Ŷm = ci⋆

m

AbS_seq(·) where the main idea is that each measurement entry is sequen-
tially adjusted towards the direction of its MSE-minimizing codepoint at each
iteration based on (3.9).

The function AbS_seq(·), which is executed in Algorithm 3.1, accepts the
codebooks Cm, ∀m, the locally reconstructed vector x̄(y) and the dummy

vector z(l). The mth (m = 1, . . . , M) entry of z(l), denoted by z
(l)
m , is replaced

by all 2ry codepoints from the set Cm (step (3)) while the other entries are
fixed, and the reconstructed vectors, denoted by x̂(l)(im) = R(z(l)) (im ∈
I = {0, . . . , 2ry − 1}), are synthesized corresponding to each vector (step
(4)). Then, an optimization is carried out by solving arg min

im∈I
{‖x̂(l)(im)‖2

2 −

2x̄(y)⊤x̂(l)(im)} so as to find the wining MSE-minimizing encoding index i⋆
m

(step (6)). Next, the mth entry of the vector z(l) is updated by the codepoint
associated with the analyzed index, i.e., ci⋆

m
(step (7)).

Subroutine: AbS_seq
(
Cm, x̄(y), z(l)

)

1: for m = 1 : M do

2: for i = 0 : 2ry − 1 do

3: z
(l)
m ← cim

4: compute: x̂(l)(im) = R(z(l))
5: end for

6: i⋆
m = arg min

im∈I
{‖x̂(l)(im)‖2

2 − 2x̄(y)⊤x̂(l)(im)}

7: update: z
(l)
n ← ci⋆

m
(im)

8: end for

9: output: i⋆
m, x̂(l+1)(i⋆

m)← x̂(l)(i⋆
m), z(l+1) ← z(l)

This procedure continues for each entry of z(l) sequentially, and the subrou-
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tine produces the optimized encoding index i⋆
m, and the reconstructed vector

x̂(l)(i⋆
m) as well as the updated quantized vector z(l) (step (9)) which will be

used by the subroutine at the next iteration of Algorithm 3.1.

2. Non-sequential AbS quantization: Using Algorithm 3.1, our second pro-
posed Subroutine AbS_nonseq(·) accepts the codebooks Cm, ∀m, the locally
reconstructed vector x̄(y) and the dummy vector z(l). This non-sequential
scheme is not order-dependent, and finds the MSE-minimizing index/codepoint
by tracking the best path at each iteration based on (3.10).

Subroutine: AbS_nonseq
(
Cm, x̄(y), z(l)

)

1: L = ∅

2: repeat

3: initialize: ∆ = 0(M−|L|)×2ry

4: for m ∈ {1, . . . , M}\L do

5: for i = 0 : 2ry − 1 do

6: z
(l)
m ← cim

7: compute: x̂(l)(im) = R(z(l))
8: end for

9: compute: ∆(m, i + 1) = ‖x̂(l)(im)‖2
2−2x̄(y)⊤x̂(l)(im)

10: end for

11: [m⋆, i⋆
m] = arg min

m,i
∆(m, i + 1)

12: update: z
(l)
m⋆ ← ci⋆

m

13: L ← L∪ {m⋆}
14: until L = {1, 2, . . . , M}
15: output: i⋆

m, x̂(l+1)(i⋆
m)← x̂(l)(i⋆

m), z(l+1) ← z(l)

At the first iteration of AbS_nonseq(·), we define a set L which is initially

empty (step (1)). The mth (m = 1, . . . , M) entry of z(l), denoted by z
(l)
m , is re-

placed by all 2ry codepoints in the set Cm (step (6)) while the other entries are
fixed, and the reconstructed vectors, denoted by x̂(l)(im) = R(z(l)) (im ∈ I =
{0, . . . , 2ry−1}), are synthesized corresponding to each vector (step (7)) whose
values are stored in the matrix ∆ ∈ R

(M−|L|)×2ry
(step (9)). Then, an analysis

is performed by solving (3.10), i.e., arg min
m,i

{‖x̂(l)(im)‖2
2 − 2x̄(y)⊤x̂(l)(im)},

through a search in rows and columns of the matrix ∆, so as to find the
MSE-minimizing encoding index i⋆

m and the entry’s index m⋆ (step (11)).
Now, the entry m⋆ of the vector z(l) is updated by the codepoint associated
with the analyzed index, i.e., ci⋆

m
(step (12)). Note that the set L expands by

adding m⋆ to the previous set (step (13)) in order to exclude the minimizing
index and entry at the next iteration of the subroutine. The iterations con-
tinue until the set L consists of all elements of the set {1, 2, . . . , M} so that
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all entries are assigned by the minimizing codepoints (step (14)). At the last
iteration of the subroutine, it outputs the optimized transmission index i⋆

m,
and the reconstructed vector x̂(l)(i⋆

m) as well as the updated quantized vector
z(l) (step (15)) which will be used by the subroutine at the next iteration of
Algorithm 3.1.

Algorithm 3.1 iterates until convergence where the stopping criterion is that
reconstruction improvement at two consecutive iterations is smaller than a prede-
fined threshold γ > 0. After convergence, the algorithm outputs the quantization
indexes Im’s and the quantized CS measurements Ŷm’s, m = 1, . . . , M , (step (9))
in which the latter is regarded as an input to the final CS reconstruction algorithm
in order to provide the estimate x̂. In the following, we discuss the convergence of
Algorithm 3.1.

Remark 3.3. Following standard convergence proofs in [GG91, Lemmas 11.3.1-
2], we provide qualitative arguments on the convergence of Algorithm 1. By con-
struction (and ignoring issues such as numerical precision), the iterative design in
Algorithm 1 given codebook sets Cm (m = 1, . . . , M) and a fixed CS reconstruction
algorithm R always converges to a local optimum. More precisely, at each itera-
tion of Algorithm 3.1, given the fixed codebook sets and a CS reconstruction algo-
rithm, whenever the criteria in step (6) of AbS_seq or step (11) of AbS_nonseq are
invoked, the reconstruction distortion given the updated index and the remaining
fixed indexes can only leave unchanged or reduced. This is due to the fact that the
distortion-minimizing index is always chosen. Hence, the distortion monotonically
decreases at each iteration. Since the stopping criterion is defined as the difference
in distortion at successive iterations, the stopping condition is bound to satisfy af-
ter finite number of iterations, and the algorithm converges to optimized encoding
indexes. �

3.3.2 Complexity Analysis

In this section, we analyze the encoding computational complexity of the proposed
quantization schemes. We mainly quantify how many times a CS reconstruction
algorithm is invoked throughout the AbS procedures. Note that, in practice, other
operators used in the proposed algorithms have negligible complexity compared to
the CS reconstruction algorithms.

First, recall from (3.8) that an exhaustive search for the joint optimization
requires O(2Nrx), or O(2Mry ) (since Nrx = Mry), computations of a CS recon-
struction algorithm. This is not feasible in practice. Employing the sequential AbS
quantization (Subroutine AbS_seq), the operations for calculating the encoding in-

dexes increase at most like O(M2
Nrx

M ) at each iteration of Algorithm 3.1, where it

follows that at L iterations, the total complexity increases with O(LM2
Nrx

M ). Next,
let us consider the non-sequential AbS-based quantization (Subroutine AbS_nonseq)
at one iteration of Algorithm 3.1. The operations for calculating encoding indexes
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require M2Nrx/M + (M − 1)2Nrx/M + . . . + 2Nrx/M = M(M+1)
2 2Nrx/M computa-

tions of a CS reconstruction algorithm since at each iteration of the subroutine
the set L expands by adding one element. Hence, it can be shown that the com-
putational complexity of the non-sequential AbS quantization after L iterations of

Algorithm 3.1 grows at most like O(LM22
Nrx

M −1).
The order of computations for the AbS schemes indicates a tradeoff between

availability of compression resources, i.e., number of measurements and quantization
bit budget. It also implies that, for a fixed bit budget Rx = Nrx, by increasing
the number of measurements; first the complexity decays sharply, and then at
some point it starts increasing with a small slope. This behavior is due to the
fact that the complexity depends on the number of measurements (through the
linear term M or the quadratic term M2 for the sequential and the non-sequential
AbS-based algorithms, respectively) and the quantization bit-rate per measurement

entry ry = Nrx/M (through the exponential term 2
Nrx

M ). This aspect is shown in
Figure 3.2.

We finalize this section with a remark regarding codebook design for the studied
quantization schemes.

Remark 3.4. As mentioned in the design of the proposed schemes, we have as-
sumed that the codebook sets are given. However, using unoptimized codebooks may
lead to poor performance. Here, we describe an alternative to training codebooks cor-
responding to each quantization scheme. A standard approach would be the Lloyd
algorithm [GG91, Chapter 6], where, with possibly random initializations, either the
encoder (index allocation) or decoder (codepoints) is assumed known and the other
is selected optimally with respect to minimizing a particular distortion measure and
a statistically specified input. This procedure is then alternated and iterated until
(local) convergence is reached.

Due to the discrete mixture distribution of sparse source and non-linear behavior
of CS reconstruction algorithms, it is generally very challenging to derive closed
form optimal codepoints with respect to minimizing the end-to-end MSE. Therefore,
we devise a potentially sub-optimal design for codebook training. Let us assume
that CS measurements are identically and independently distributed (i.i.d.), and

introduce the average quantization distortion E[|Ym − Ŷm|2] as a criterion. Then,
all the codebooks are the same, and the codepoints are optimized using the Lloyd
algorithm for a random measurement entry Ym. The fact that all codebooks are
chosen the same for each measurement entry can be justified by similar observations
in [LBDB11]. The optimized codepoints using the Lloyd algorithm would minimize
the quantization distortion per measurement entry. Therefore, these codepoints can
be considered good alternatives for the AbS-based quantizers which take the end-to-
end distortion into account. The codebook sets are designed offline, and will be used
for implementation of the quantization schemes whose performances are evaluated
in Section 3.5.

�
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Figure 3.2: Complexity order as a function of measurement rate M
N for N = 500

and rx = 0.5 bit/component.

In what follows, we investigate coding of the signal domain where its combi-
nation with coding of the CS measurement domain leads to an adaptive design
algorithm.

3.4 Adaptive Coding: Signal and Measurement Domains

Up to this point, we have developed schemes for quantization in the CS measure-
ment domain. Since using the proposed AbS designs, we reconstruct the source
vector according to which the quantization is performed, it is important to investi-
gate a scenario where the locally reconstructed source x̄ (we drop the dependency
of the vector on y for simplicity of notation) is coded.
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3.4.1 Signal Domain Coding

In order to efficiently address the design problem which aims to quantize in the
domain of reconstructed signal, two alternatives may be visualized. They are as
follows.

1. Direct coding: Using this scheme, the coefficients of the vector x̄ ∈ R
N

are quantized with available rx bits per component. Therefore, in order to
encode all coefficients, this scheme requires Rx ≥ N (or, rx ≥ 1) bits. Let the
codebook sets Gm , {gin ∈ R}2rx −1

in=0 , corresponding to components x̄n’s (n =
1, . . . , N), be given. Then, the encoding index associated with the component
x̄n is chosen as

i⋆
n = arg min

in∈J
|x̄n − gin |2, n = 1, . . . , N, (3.11)

where the index set J is defined as J , {0, . . . , 2rx−1}. The decoder functions

according to a look-up table In = in ⇒ X̂n = gin . Using the direct coding
scheme, all the codebooks are assumed the same (since the components of X

are i.i.d. RV’s), and codepoints are optimized using the Lloyd algorithm by

applying the performance measure E[|Xn − X̂n|22].

2. Support set coding: In this case, we take into account the sparsity pattern
of the locally reconstructed vector x̄. We first code the reconstructed support
set, and then the magnitude of the non-zero coefficients on the support set. We
denote by x̄Ŝ ∈ R

K the entries of x̄ indexed by the elements of the estimated

support set, denoted by Ŝ ⊂ {1, . . . , N}. Therefore, each component of Ŝ
can be represented by log2 N bits that can be coded, and then recovered
without loss. Now, we map the magnitude of K largest non-zero coefficients
of x̄ to their nearest codepoints using R0 , Rx −K log2 N bits, where Rx =
Nrx is the total bit budget. Suppose the codebooks corresponding to the
estimated non-zero coefficients, denoted by x̄s, s ∈ Ŝ, be given by D = {dis ∈
R}2R0/K−1

is=0 . Then, the encoding index associated with entry x̄s is chosen as

i⋆
s = arg min

is∈K
|x̄s − dis |2, s ∈ Ŝ, (3.12)

where the index set K is defined as K , {0, . . . , 2R0/K − 1}. The decoder

works according to a look-up table Is = is ⇒ X̂s = dis . For quantizing all
non-zero coefficients, this approach requires at least Rx ≥ K log2 N + K bits.

Looking at the direct and support set coding, it can be inferred that these
approaches require rather high bit budget for quantization. Exploiting the
support set coding approach, the Lloyd algorithm is used for codebook train-
ing by adopting the performance criterion E[|Xs− X̂s|22] for the input RV Xs,
s ∈ S, where Xs is a non-zero coefficient of X drawn according to a known
distribution.
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Next, we show how to combine the signal domain coding schemes with the
CS measurement domain quantization schemes in order to adaptively gain better
performance.

3.4.2 Adaptive Coding

Till now, we have proposed quantization schemes in CS measurement domain and
signal domain. An engineering approach is to choose adaptively a better quantized
signal (when it is compared with the locally reconstructed signal x̄) between the
signal domain coding and the CS measurement domain coding schemes. This can
be performed by assigning 2 flag bits for representing the proposed four schemes at
the decoder, i.e.,

1. nearest-neighbor coding (CS measurement domain),

2. non-sequential AbS quantization (CS measurement domain),

3. direct coding (signal domain), and

4. support set coding (signal domain).

Then, the remaining Nrx − 2 bits are used for quantization of each individual
scheme. Since the computational complexity of the direct, support set and nearest-
neighbor coding schemes are negligible compared to the non-sequential AbS quan-
tization scheme, the total complexity of the adaptive coding grows at most as that
of the non-sequential AbS quantization.

3.5 Experiments and Results

In this section, we first demonstrate the performance of the proposed quantization
schemes:

1. nearest-neighbor coding (for quantizing in the CS measurement domain),

2. sequential AbS quantization (for quantizing in the CS measurement domain),

3. non-sequential AbS quantization (for quantizing in the CS measurement do-
main),

4. direct coding (for quantizing in the signal domain),

5. support set coding (for quantizing in the signal domain), and

6. adaptive coding (for quantizing in both domains).

Finally, we compare the performance of AbS-based quantizer vis-a-vis existing
methods in the literature, specifically, the methods from [SG09].

We mainly quantify the MSE obtained by these schemes in terms of availability
of compression resources, i.e., number of measurements and quantization bit-rate.
Before showing simulation results, we state experimental setups.
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3.5.1 Experimental Setups

We quantify the performance using normalized MSE (NMSE) defined as

NMSE ,
E[‖X− X̂‖2

2]

E[‖X‖2
2]

. (3.13)

In principle, the numerator of NMSE in (3.13) is computed by sample averaging over
generated realizations of X using Monte-Carlo simulations, and the denominator
can be calculated exactly under the assumptions in our simulation setup. This
calculation will be given in details later.

In addition, in order to measure the level of under-sampling, we define measure-
ment rate (0 < α ≤ 1) as

α , M/N. (3.14)

Our simulation setup includes the following steps.

1. For given values of sparsity level K (assumed known in advance) and input
vector size N , choose α, and round the number of measurements M to its
nearest integer.

2. Randomly generate a set of exactly K-sparse vector X where the support set
S with |S| = K is chosen uniformly at random over the set {1, 2, . . . , N}. The
non-zero coefficients of X are i.i.d. RV’s drawn from a known distribution.
In our simulations, we use two mostly-common distributions for the non-zero
coefficients: Gaussian and uniform. Based on the uniform sparsity pattern
assumption, E[‖X‖2

2] (the denominator in (3.13)) can be analytically derived.
It follows that

E[‖X‖2
2] =

N∑

n=1

E[X2
n]

=

N∑

n=1

Pr(n∈S)E[X2
n |n∈S] + Pr(n /∈S)E[X2

n|n /∈S]

(a)
=

N∑

n=1

K

N
E[X2

n|n∈S]

(3.15)

where (a) follows from the assumption of the uniformly distributed sparsity
pattern, and also from the fact the second moments of the coefficients of X

that are not within the support set S are zero. Now, note that E[X2
n|n∈S]

shows the second moment of Xn within the support set S. Therefore, it can
be easily shown that

• if the non-zero coefficients of X are drawn from Gaussian distribution
N (0, 1), then E[‖X‖2

2] = K,
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• if the non-zero coefficients of X are drawn from the uniform distribution
U [−1, 1], then E[‖X‖2

2] = K
3 .

3. Generate the sensing matrix Φ. We let the elements of the sensing matrix be

Φij
i.i.d.∼ N (0, 1/M), and then normalize the columns of Φ to unit-norm. Note

that once Φ is generated, it remains fixed and known to the CS reconstruction
algorithm.

4. Compute linear measurements Y = ΦX for each sparse data, and apply a
CS reconstruction algorithm (here OMP) to acquire the locally reconstructed
vector x̄ as discussed in Remark 3.2.

5. Choose the total quantization bit-rate Rx = Nrx bits/vector where rx ∈ R
+

is the allocated rate to a component of X, and design codebook sets for each
quantization scheme as described in Remark 3.4. In order to make a fair
comparison and guarantee that the performance of the AbS-based quantiza-
tion does not decline as compared with that of the nearest-neighbor coding,
Algorithm 3.1 is initialized with the nearest-neighbor codepoints.

6. Next, apply the quantization algorithms on the generated data X, Y, and
assess NMSE by averaging over all data.

3.5.2 Experimental Results: Evaluation of the Proposed

Schemes

In our simulations, for implementing Algorithm 3.1 using the subroutines AbS_seq

and AbS_nonseq, we choose the stopping threshold γ = 10−6, where we have ob-
served that Algorithm 3.1 converges in at most 5 iterations for all simulation se-
tups. We perform the simulation by averaging over 1000 realizations of X with
non-zero coefficients drawn from the standard Gaussian distribution. Furthermore,
the OMP reconstruction algorithm is used to recover the source from quantized
measurements.

Next, recall that the number of quantization bits assigned for each entry of
Y ∈ R

M is ry = Nrx

M , and may not be an integer. Hence, in order to utilize all

available bits for quantization of CS measurements, we first assign ⌊Nrx

M ⌋ bits to

all entries, and then allocate another extra bit to the first Nrx − ⌊Nrx

M ⌋M entries
of Y, where ⌊·⌋ denotes the floor operator. A similar approach is employed for the
direct and support-set coding schemes. Furthermore, using the direct coding (or,
support set coding), if rx < 1 bit (or, rx < K

N log2 N + K
N bit), we quantize the first

Nrx (or, K log2 N + K) coefficients of the reconstructed signal x̄ by 1 bit, and the
remaining coefficients at the decoder are filled with zero.

In order to offer insights into the efficiency of the proposed AbS quantization
algorithms, we compare their performances with that of the joint quantization (3.8)
which provides a benchmark performance. As mentioned earlier, the complexity of
the joint quantization scheme (3.8) grows exponentially with the total bit budget.
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Figure 3.3: NMSE (in dB) as a function of measurement rate (α = M/N) given
a fixed quantization bit-rate using nearest-neighbor coding, sequential and non-
sequential AbS quantization schemes and joint quantization (3.8) as a benchmark.
The parameters are chosen as N = 40, K = 3 and rx = 0.5 bit per component of
the source vector.

In order to gain insights regarding the performance of our AbS-based quantizers,
we practically implemented the joint optimization method (3.8) at low quantization
bit-rate and dimension. The curves in Figure 3.3 illustrate the performance (NMSE)
as a function of measurement rate α for the simulation setup N = 40, K = 3 and
rx = 0.5 bit per source component. As can be seen, while the nearest-neighbor
coding gives a poor performance, the AbS-based quantizers perform nearly opti-
mal, and the gap between the performance of the non-sequential/sequential AbS
quantizer and the benchmark joint quantizer is less than 0.5 dB/1 dB in the worst
case (at α = 0.45).

Using a larger simulation parameter set N = 512, K = 35 (sparsity ratio
≈ 6.8%), we illustrate the performance (NMSE) of the quantization algorithms
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as a function of measurement rate α, shown in Figure 3.4 and Figure 3.5 for fixed
quantization bit-rates rx = 0.5 and rx = 0.75 bit per component of X, respectively.
First, let us interpret the performance behavior of the schemes for quantization in
the CS measurement domain, i.e., nearest neighbor coding and the proposed AbS
quantization schemes. It is worth pointing out that increasing the measurement
rate α, given a fixed bit budget rx, has two different effects on the performance. On
one hand, it facilitates a more precise reconstruction both at the encoder and the
decoder due to increasing number of measurements. On the other hand, it reduces
(increases) quantization bit-rate (quantization error) per entry of the measurement
vector since ry = rx/α. Following these facts, it can be observed from the curves
that given a very small values of α, the CS reconstruction algorithm fails to detect
the sparsity pattern and reconstruct the source. This results in a poor performance
although the quantization bit-rate per entry is high. As α increases to a certain
amount, the reconstruction algorithm succeeds to reconstruct the sparse source
precisely out of the measurements since the number of measurements is sufficient,
and the quantization error is small enough. At this point (α = 0.25 for Figure 3.4
and Figure 3.5), the curves reach the best performance. However, for higher α’s, due
to the limited quantization bit-rate ry, the quantization error per entry increases
which leads to a poorer performance. Among these schemes, the performance of the
nearest-neighbor coding is the worst since it does not take the end-to-end distor-
tion into account. However, the sequential and non-sequential AbS-based algorithms
improve the performance significantly by exploiting the AbS framework. The gap
between the performance of the two AbS schemes reduces as α increases since CS
measurements tend to become i.i.d. RV’s, and therefore, the non-sequential opti-
mization method does not provide any extra gain. Observing the curves in Figure 3.4
and Figure 3.5, it can be also found out that the MSE-minimizing measurement
rate using both rx = 0.5 and rx = 0.75 occurs at α = 0.25. We cannot, in general,
claim that the optimal α would be the same at all quantization bit-rate regions.
However, it can be inferred that the curves reach their minima, and then they take
an upward trend.

Next, we evaluate the performance of the schemes for quantization in the re-
constructed signal domain. At small α’s, the reconstruction algorithm fails to re-
construct the locally sparse source. It can be seen that as α increases, and the CS
reconstruction algorithm is able to reconstruct the input signal vector, the curve
does not vary much by further increasing measurement rate since the allocated
quantization bits using this scheme are independent of number of measurements,
unlike the quantization schemes for measurement domain. The direct coding leads
to a poor performance since this scheme does not take into consideration the sparsity
pattern, while the support set coding improves the performance by only quantizing
the magnitude of the non-zero coefficients in the estimated support set. By adap-
tively choosing the better performance among the quantization schemes in signal
and CS measurement domains, one can benefit from both schemes at all ranges of
α which is labeled by adaptive coding. However, note that in the spirit of exploiting
CS for practical applications, we are mainly interested in the lower ranges of α, for
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Figure 3.4: NMSE (in dB) as a function of measurement rate (α = M/N) given
a fixed quantization bit-rate using different quantization schemes. The parameters
are chosen as N = 512, K = 35 and rx = 0.5 bit per component of the input vector
which is equivalent to total bit budget Rx = 256 bits.

example, at α = 0.25 in Figure 3.5, where the AbS quantization schemes achieve at
least a considerable 3 dB reduction in MSE compared to other competing schemes.

Next, we examine the performance (NMSE) as a function of quantization bit-
rate per entry of X, i.e. rx, which is reported for the simulation setup N = 512,
K = 35 at fixed α = 0.25 in Figure 3.6. It can be observed that in low and
moderate bit-rate regimes, the AbS quantization outperforms the other schemes,
while at high bit-rates the support set coding attains a slightly better performance.
Using the adaptive coding scheme, one can achieve the best performance among the
competing schemes at all ranges of quantization bit-rate. At very high bit-rates, it
is observed that the NMSE curves saturate. This is due to the fact that although
the distortion due to quantization decreases as quantization bit-rate increases, the
distortion due to CS reconstruction (because of low number of measurements) still



3.5. Experiments and Results 51

0.2 0.25 0.3 0.35 0.4 0.45 0.5
−16

−14

−12

−10

−8

−6

−4

−2

0

Measurement rate (α)

N
or

m
al

iz
ed

M
S
E

(d
B

)

 

 

Direct coding

Nearest-neighbor coding

Support set coding

Sequential AbS quantization

Non-sequential AbS quantization

Adaptive coding

Figure 3.5: NMSE (in dB) as a function of measurement rate (α = M/N) given
a fixed quantization bit-rate using different quantization schemes. The parameters
are chosen as N = 512, K = 35 and rx = 0.75 bit per component of the input
vector which is equivalent to total bit budget Rx = 384 bits.

exists at a fixed measurement rate. At very high bit-rates, in order to eliminate
the MSE floor, we need more number of measurements (sensors) so that the CS
reconstruction distortion becomes negligible.

3.5.3 Experimental Results: Comparison with Existing Schemes

In order to verify the efficiency of our proposed AbS schemes, we compare the per-
formance of the sequential AbS quantizer vis-a-vis LASSO-optimized quantizer and
uniform quantizer of [SG09]. It is note-worthy while our design method is neither
asymptotic nor limited to any particular CS reconstruction algorithm, the LASSO-
optimized quantizer of [SG09] is based on two main assumptions: (1) asymptotic
quantization bit-rate, (2) LASSO reconstruction for recovering a sparse source from
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Figure 3.6: NMSE (in dB) as a function of quantization rate rx given a fixed mea-
surement rate using different quantization schemes. The parameters are chosen as
N = 512, K = 35 and α = 0.25. The values on the x-axis are equivalent to ry = 1
bit to ry = 8 bits per measurement entry. At very high rates, the curves achieves
MSE floor due to the fixed CS reconstruction distortion.

quantized measurements. Another important design difference between the LASSO-
optimized quantizer and our AbS-based quantizer schemes is described as follows.
The LASSO-optimized scheme is based on the state-of-the-art distributed functional
scalar quantizer (DFSQ) [MGV11] for quantization of a scalar function. Therefore,
it only minimizes the MSE of a scalar function (arbitrary output of the LASSO
CS reconstruction) of the measurement vector. However, in our AbS schemes, we
design the quantizers by taking into consideration the MSE between a source vector
and its final reconstruction vector.

In order to reconstruct a sparse source x̂ from quantized measurements ŷ, the
LASSO reconstruction algorithm aims at solving the following convex optimization
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Figure 3.7: NMSE (in dB) as a function of quantization rate rx given a fixed mea-
surement rate α = 0.5 using the proposed sequential AbS, LASSO-optimized and
uniform quantizer schemes of [SG09]. The parameters are chosen as N = 100,
K = 10 and α = 0.5.

problem

x̂LASSO = argmin
x∈RN

‖ŷ−Φx‖2 + ρ‖x‖1, (3.16)

where ρ > 0 is a fixed user parameter. We solve (3.16) using the SPGL1 toolbox
[vdBF07].

For fair comparison, we use the same type of sources as used in the schemes
of [SG09]. We randomly generate the non-zero coefficients of X from uniform dis-
tribution U [−1, 1], and use the LASSO reconstruction (3.16) with ρ = 10−3 (the
choice of ρ is experimentally verified to achieve the best performance). All other
simulation setups are as the same as those given in Section 3.5.1. Also, simulation
parameters are set to N = 100, K = 10 and α = 0.5. In Figure 3.7, the performance
(in terms of NMSE) as a function of quantization bit-rate rx is illustrated for the
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sequential AbS quantizer as well as LASSO-optimized quantizer and uniform quan-
tizer design schemes. As would be expected, the uniform quantizer provides a poor
performance because of inappropriate codepoints for quantization of measurement
entries. It can be also seen that the proposed sequential AbS quantization gives a
better performance (almost 3 dB) than the LASSO-optimized quantizer.

3.6 Chapter Conclusion

Due to non-linear behavior of CS reconstructions, the effect of quantization on CS
measurements would reflect in a non-linear manner in the signal reconstruction. To
handle the non-linearity, we have developed AbS-based quantization schemes, and
shown that a significant improvement in performance can be achieved. We have
found that the AbS schemes have a limitation at high quantization bit-rates, and
hence we have developed an adaptive coding scheme suited for all scenarios. Fur-
thermore, comparisons with existing quantization algorithms for CS measurements
have demonstrated the efficiency of our AbS-based quantization schemes.



Chapter 4

Joint Source-Channel Vector Quantization

for Compressed Sensing

I
n Chapter 3, we have explored efficient techniques for scalar quantization of CS
measurements over rate-limited channels. Further, we have imposed a sparse
structure on the final reconstructed vector by employing a CS reconstruction

algorithm at the receiving-end. An advantage of taking this approach is that the
sparsity of the source is preserved. This, for example, is relevant for compression
or recognition purposes. However, there is a disadvantage: we may lose some recon-
struction accuracy (e.g., in MSE sense) since the final reconstructed vector may not
be optimally sparse, or even may be dense. Therefore, in this chapter, in a more gen-
eral framework, we bypass the assumption of sparse structure at decoder’s output,
and explore techniques to perform quantization decoding and CS reconstruction
jointly in order to reach a more accurate reconstruction in MSE sense.

In particular, this chapter studies JSCC of CS measurements using a VQ. Since
in the CS framework, we are dealing with vectors, the use of VQ generally pro-
vides better performance than a SQ. In particular, in this chapter, we develop a
framework for realizing optimized JSCC schemes that enable encoding and trans-
mitting CS measurements of a sparse source over discrete memoryless channels, and
decoding the sparse source signal. For this purpose, the optimized design of encoder-
decoder pair of a VQ is considered where the optimality is addressed by minimizing
end-to-end MSE. We derive a theoretical lower-bound on the MSE performance,
and propose a practical encoder-decoder design through an iterative algorithm.
The resulting coding scheme is referred to as channel-optimized VQ for CS, coined
COVQ-CS. In order to address the encoding complexity issue of the COVQ-CS,
we propose to use a structured quantizer, namely low-complexity multi-stage VQ
(MSVQ). We derive new encoding and decoding conditions for the MSVQ, and
then propose a practical encoder-decoder design algorithm referred to as channel-
optimized MSVQ for CS, coined COMSVQ-CS. We also show that JSCC of CS
measurements using optimized VQ and MSVQ significantly outperforms schemes
based on SSCC of CS measurements.

55
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4.1 Introduction

In many practical applications, the collected measurements at a CS sensor node
need to be encoded using finite bits and transmitted over noisy communication
channels. To do so, efficient design of source and channel codes should be considered
for reliable transmission of the CS measurements over noisy channels. As discussed
in Chapter 2, the optimum performance theoretically attainable in a point-to-point
memoryless channel can be achieved using separate design of source and channel
codes, but this performance requires infinite source and channel code block lengths
resulting in large delay. Considering a finite-length sparse source and a CS mea-
surement vector, it is guaranteed that JSCC can provide better performance than
separate design of source and channel codes. Therefore, to design a practical coding
method, we focus on optimized JSCC principles for CS in this chapter. Denoting
the reconstruction vector by X̂ at decoder’s output, our main objective is to de-
velop a generic framework for optimized JSCC of CS measurements using VQ, or
in other words, optimized joint source-channel vector quantization for CS, such that
E[‖X− X̂‖2

2] is minimized.
As we mentioned in Chapter 3, the existing work in quantization for CS mea-

surements falls into three main categories: First, methods that consider optimum
quantizer design for quantization of CS measurements, where a CS reconstruction
algorithm is held fixed at the decoder; for example, the AbS-based quantization
schemes developed in Chapter 3. The second category considers the design of a
good CS reconstruction algorithm, where the quantizer is held fixed. For exam-
ple, in [JHF11], the authors developed a scheme, where CS measurements are uni-
formly quantized and a convex optimization-based CS reconstruction algorithm,
called basis pursuit dequantizing (BPDQ), is developed to suit the effect of uni-
form quantization. The third line of previous work focuses on trade-offs between
the quantization resources (e.g., quantization rate) and CS resources (e.g., number
of measurements or complexity of CS reconstruction).

The contribution of this chapter has the taste of all these categories. We stress
that all the above works are dedicated to pure source coding through quantiza-
tion of CS measurements. In the subsequent sections, we provide a comprehensive
framework for developing optimized JSCC schemes to encode and transmit CS mea-
surements (of a sparse source X) over discrete memoryless channels (DMC’s), and

to decode the sparse source so as to provide the reconstruction X̂. The optimality
is addressed by minimizing the MSE performance measure E[‖X− X̂‖2

2]. The main
results of this chapter can be summarized as follows:

• Establishing (necessary) optimal encoding and decoding conditions for VQ.

• Providing a theoretical bound on the MSE performance.

• Developing a practical VQ encoder-decoder design through an iterative algo-
rithm.
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• Addressing the encoding complexity issue of COVQ-CS using a structured
quantizer, namely low complexity MSVQ, where we derive new encoder-
decoder conditions for sub-optimal design of the MSVQ.

Our practical encoder-decoder designs consider Channel-Optimized VQ for CS,
coined COVQ-CS, and Channel-Optimized MSVQ for CS, coined COMSVQ-CS.
To demonstrate the strength of the proposed designs, we compare them with rel-
evant quantizer design methods through different simulation studies. Particularly,
we show that in noisy channel scenarios, the proposed COVQ-CS and COMSVQ-
CS schemes provide better and more robust (against channel noise) performance
compared to existing quantizers for CS followed by separate channel coding.

The rest of the chapter is organized as follows. In Section 4.2, we introduce some
preliminaries of CS. The optimal design and performance analysis of a JSCC scheme
using VQ for CS are presented in Section 4.3. In Section 4.4, we propose a prac-
tical VQ encoder-decoder design algorithm. Further, in Section 4.5, we deal with
complexity issue of VQ by proposing the design of computationally- and memory-
efficient MSVQ for CS. The performance comparison of the proposed quantization
schemes with other relevant methods are made in Section 4.6, and conclusions are
drawn in Section 4.7.

4.2 CS System

The CS system that is considered in this chapter is the noisy linear reduction model
which was introduced in Section 2.1.2 of Chapter 2. That is to say, a random
sparse vector X ∈ R

N is linearly measured by a known sensing matrix Φ ∈ R
M×N

(M < N) resulting in an under-determined set of linear measurements (possibly)
perturbed by noise

Y = ΦX + W, (4.1)

where Y ∈ R
M and W ∈ R

M denote the measurement and the additive measure-
ment noise vectors, respectively. We assume that X is an exact K-sparse vector, i.e.,
it has K (K ≤M) non-zero coefficients, where the location of non-zero coefficients
are drawn uniformly at random over the set {1, . . . , N}, and the magnitudes of the
non-zero components are drawn from a known distribution. We also assume that the
sparsity level K is known in advance. We define the support set of the sparse vector
X = [X1, . . . , XN ]⊤ as S , {n : Xn 6= 0} ⊂ {1, . . . , N} with |S| = ‖X‖0 = K.
In Section 2.1.3 of Chapter 2, we also introduced the notion of mutual coherence
for a given sensing matrix. Here, for the sake of completeness, we recall the mutual
coherence which is defined as [DH01]

µ , max
i6=j

|Φ⊤
i Φj |

‖Φi‖2‖Φj‖2
, 1 ≤ i, j ≤ N, (4.2)

where Φi denotes the ith column of Φ.
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Figure 4.1: Studied system model for joint source-channel vector quantization of CS
measurements. The goal is to design encoder and decoder mappings (illustrated in

dashed box) with respect to minimizing E[‖X− X̂‖2
2] while the CS sensing matrix

Φ and channel transition probabilities P (j|i) are known in advance.

In this chapter, through the design and analysis procedures, we adopt the
Bayesian framework (see Section 2.1.3 in Chapter 2) for reconstructing a sparse
source from noisy and quantized measurements.

In the subsequent sections, we describe the proposed design methods for quan-
tization by observing the CS measurement vector, and then develop theoretical
results.

4.3 Joint Source-Channel VQ

In this section, we first introduce a general joint source-channel VQ system model
for CS measurements in Section 4.3.1. We derive necessary conditions for optimality
of encoder-decoder pair in Section 4.3.2. Thereafter, we investigate the effects of
optimal conditions in Section 4.3.3, and proceed to the analysis of performance in
Section 4.3.4.

4.3.1 General System Description and Performance Criterion

Consider the general system model, shown in Figure 4.1, for transmitting CS mea-
surements and reconstructing a sparse source. In Section 2.2.4 of Chapter 2, we
have been introduced to the functionality of VQ over a noisy channel for an ar-
bitrary source vector. Now, we consider the noisy CS measurements as a source
vector, and explain the functionality of VQ on CS measurements.

Let the total bit budget allocated for encoding (quantization) be fixed at R bits
per vector of the source. As also defined for a , given the noisy measurement vector
Y, a VQ encoder is defined by a mapping E :RM →I, where I is a finite index set
defined as I, {0, 1, . . . , 2R − 1} with |I|, R = 2R. Denoting the quantized index
by I, the encoder works according to Y∈ Ri ⇒ I = i, where the sets {Ri}R−1

i=0 are

encoder regions and
⋃R−1

i=0 Ri =R
M , such that when Y ∈ Ri the encoder outputs

the index E(Y) = i ∈ I. Note that given an index i, the set Ri is not necessarily
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a connected set (due to non-linear CS reconstruction) in the space R
M . Also, Ri

might be an empty set (due to channel noise, see e.g. [FV91]).
Next, we consider a memoryless channel consisting of discrete input and output

alphabets which is referred to as DMC. In our problem setup, the DMC accepts
the encoded index i and outputs a noisy symbol j∈I. The channel is defined by a
random mapping characterized by transition probabilities

P (j|i) , Pr(J = j|I = i), i, j ∈ I, (4.3)

which indicates the probability that index j is received given that the input index
to the channel was i. We assume that the transmitted index i and the received
index j share the same index set I, and the channel transition probabilities (4.3)
are known in advance. We denote the capacity of a given channel by C bits per
channel use. Given the received index j, a decoder is characterized by a mapping
D : I → C where C is a finite discrete codebook set containing all reproduction
codevectors {cj ∈ R

N}R−1
j=0 . The decoder’s functionality is described by a look-up

table; J =j ⇒ X̂=cj , such that when the received index from the channel is j, the
decoder outputs D(j)=cj ∈C.

Next, we state how we quantify the performance of Figure 4.1 and our design
goal. It is important to design an encoder-decoder pair in order to minimize a distor-
tion measure which reflects the requirements of the receiving-end user. Therefore,
similar to the performance criterion considered in Chapter 3, we quantify the source
reconstruction distortion of our studied system by the end-to-end MSE defined as

D , E[‖X− X̂‖2
2], (4.4)

where the expectation is taken with respect to the distributions on the sparse source
X (which, itself, depends on the distribution of non-zero coefficients in X, as well as
their random placements (sparsity pattern)), the noise W and the randomness in
the channel. We mention that the end-to-end MSE depends on CS reconstruction
error, quantization error, as well as channel noise. While the CS sensing matrix
and channel transition probabilities are given, our concern is to design an encoder-
decoder pair robust against all these three types of error.

4.3.2 Optimal Conditions for VQ Encoder and Decoder

We consider an optimization technique for the system, illustrated in Figure 4.1, in
order to determine encoder and decoder mappings E and D, respectively, in the
presence of channel noise. More precisely, the aim of the VQ design is to find

• MSE-minimizing encoder regions {Ri}R−1
i=0 and

• MSE-minimizing decoder codebook C = {cj}R−1
j=0 .

We note that an optimal joint design of encoder and decoder cannot be implemented
since the resulting optimization is analytically intractable. To address this issue,
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we show how the encoding index i ∈ I (or equivalently encoder region Ri) can be
chosen to minimize the MSE for a given codebook C = {cj}R−1

j=0 . Then, we derive an

expression for the optimal decoder codebook C for given encoder regions {Ri}R−1
i=0 .

Optimal Encoder

Similar to the derivations of the optimal encoder in the studied scenario of Chap-
ter 3, the MMSE estimator of the source (given CS measurements) plays a key role
in the formulation of the optimal encoder in the problem of interest in this chapter.
For the sake of completeness we repeat the definition of the MMSE estimator given
the CS measurements (4.1) as (originally in (2.9) of Chapter 2)

x̃⋆(y) , E[X|Y = y] ∈ R
N . (4.5)

Now, assume that the decoder codebook C = {cj}R−1
j=0 is known and fixed. We

focus on how the encoding index i should be chosen to minimize the MSE given
the observed noisy CS measurement vector y. We rewrite the MSE as

D , E[‖X− X̂‖2
2] = E[‖X− cJ‖2

2]

(a)
=

∫

y

∑

i∈I
Pr{I = i|Y=y}E

[
‖X−cJ‖2

2|Y=y, I = i
]

p(y)dy

(b)
=
∑

i∈I

∫

y∈Ri

{
E
[
‖X− cJ‖2

2|Y = y, I = i
]}

p(y)dy,

(4.6)

where (a) follows from marginalization of the MSE over Y and I. Further, p(y) is
the M -fold pdf of the measurement vector. Also, (b) follows by interchanging the
integral and the summation, and by the fact that Pr{I = i|Y = y} = 1, ∀y ∈ Ri,
and otherwise the probability is zero. Now, since p(y) is always non-negative, the
MSE-minimizing points in R

M that shall be assigned to the encoder region Ri are
those that minimize the term within the braces in the last expression of (4.6). Then,
the MSE-minimizing encoding index, denoted by i⋆ ∈ I is given by

i⋆ = arg min
i∈I

E
[
‖X− cJ‖2

2|Y = y, I = i
]

(a)
= arg min

i∈I

{
E[‖cJ‖2

2|Y=y, I = i]−2E[X⊤cJ |Y=y, I = i]
}

(b)
= arg min

i∈I

{
E[‖cJ‖2

2

∣∣I = i]−2E[X⊤∣∣Y = y]E[cJ

∣∣I = i]
}

,

(4.7)

where (a) follows from the fact that X is independent of I, conditioned on Y;
hence, E

[
‖X‖2

2|Y=y, I = i
]

= E
[
‖X‖2

2|Y=y
]
, which is pulled out of the optimiza-

tion. (b) follows from the fact that cJ is independent of Y, conditioned on I, and
from the Markov chain X → Y → I → cJ . Next, note that introducing channel
transition probabilities P (j|i) in (4.3) and the MMSE estimator x̃⋆(y) in (4.5), the



4.3. Joint Source-Channel Vector Quantization 61

last equality in (4.7) can be expressed as

i⋆ = arg min
i∈I





R−1∑

j=0

P (j|i) ‖cj‖22 − 2x̃⋆(y)⊤
R−1∑

j=0

P (j|i)cj



 . (4.8)

Equivalently, the optimized encoding regions are obtained by

R⋆
i =



y ∈ R

M :

R−1∑

j=0

[P (j|i)− P (j|i′)] ‖cj‖2
2 ≤

2x̃⋆(y)⊤
R−1∑

j=0

[P (j|i)− P (j|i′)] cj , i 6= i′ ∈ I



 .

(4.9)

Optimal Decoder

Applying the MSE criterion, it is straightforward to show that the codevectors,
which minimize D in (4.4) for a fixed encoder, are obtained by letting cj represent
the MMSE estimator of the vector X based on the received index j from the channel,
that is

c⋆
j = E[X|J = j], j ∈ I. (4.10)

Now, using Bayes’ rule, let us define

P (i) , Pr(I = i) = Pr(Y ∈ Ri),

P (j) , Pr(J = j) =
∑

i

P (j|i)P (i),

P (i|j) , Pr(I = i|J = j) = P (j|i)P (i)/P (j),

(4.11)

then the expression for c⋆
j can be rewritten as

c⋆
j = E[X|J = j]

=
∑

i

P (i|j)E[X|J = j, I = i]

(a)
=

∑
i P (j|i)P (i)

∫
y
E[X|Y=y]p(y|i)dy

∑
i P (j|i)P (i)

(b)
=

∑
i P (j|i)

∫
Ri

x̃⋆(y)p(y)dy
∑

i P (j|i)
∫

Ri
p(y)dy

,

(4.12)

where (a) follows from marginalization over Y and the Markov chain X→ Y→ I.
Moreover, p(y|i) is the conditional pdf of Y given that Y ∈ Ri. Also, (b) follows
by using (4.5) and by the fact that p(y|i) = 0, ∀y /∈ Ri.

The optimal conditions in (4.8) and (4.12) can be used in an alternating-iterative
procedure to design a practical encoder-decoder pair for vector quantization of CS
measurements. The resulting algorithm will be presented later in Section 4.4.



62 Joint Source-Channel Vector Quantization for Compressed Sensing

4.3.3 Insights via Analyzing Necessary Optimal Conditions

Here, we provide insights into the necessary optimal conditions (4.8) and (4.10).
Note that the encoding condition (4.8) implies that the sparse source is first MMSE-
wise reconstructed from CS measurements at the encoder, and then quantized to
an appropriate index. Hence, it suggests that the system shown in Figure 4.1 may
be translated to the equivalent system shown in Figure 4.2.

X Φ
Y

W

E
I JP (j|i)

Channel
QuantizerQuantizer

encoder
CS sensing CS decoder

R
(MMSE)

X̃⋆

decoder

D X̂

Figure 4.2: Equivalent block diagram of a system with CS reconstruction at the
encoder side. Necessary optimal conditions for encoder-decoder pair of this system
are equivalent to those of the original system model shown in Figure 4.1 with the
same objective of minimizing end-to-end MSE.

Let us first denote the MMSE estimator as the RV X̃⋆(Y) , E[X|Y], then we
rewrite the end-to-end distortion D as

D = E[‖X− X̃⋆(Y) + X̃⋆(Y)− X̂‖2
2]

= E[‖X− X̃⋆(Y)‖2
2] + E[‖X̃⋆(Y)− X̂‖2

2],
(4.13)

where the second equality can be proved by showing that the estimation error
of the source, X − X̃⋆(Y), and the quantized transmission error, X̃⋆(Y) − X̂, are

uncorrelated. This holds from the definition of X̃⋆(Y) and the long Markov property

X→ Y → I → J → X̂ due to the assumption of deterministic mappings E and D

and memoryless channel.

Remark 4.1. Following (4.13), let us denote by Dcs , E[‖X − X̃⋆(Y)‖2
2] the CS

reconstruction distortion, and by Dq , E[‖X̃⋆(Y) − X̂‖2
2] the quantized transmis-

sion distortion. Then, the decomposition (4.13) indicates that the end-to-end source
distortion D, without loss of optimality, is equivalent to D = Dcs + Dq. �

Interestingly, it can be also seen from (4.13) that Dcs does not depend on quan-
tization and channel aspects. Hence, to find optimal encoding indexes (given fixed
codevectors) and optimal codevectors (given fixed encoding regions) with respect
to the end-to-end distortion D, it suffices to find them with respect to minimizing
Dq. It can be proved that the necessary conditions for optimality (with respect to
Dq) of the encoder-decoder pair derived for the system of Figure 4.2 coincide with
the ones developed for the system of Figure 4.1, i.e., (4.8) and (4.12). The proof of
this claim is as follows.
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Similar to the steps taken in (4.6), the Dq–minimizing encoding index i⋆ ∈ I is
given by

i⋆ = arg min
i∈I

E

[
‖X̃⋆(Y)− cJ‖2

2|Y = y, I = i
]

= arg min
i∈I

{
E[‖cJ‖2

2

∣∣I = i]−2x̃⋆(y)⊤
E[cJ

∣∣I = i]
}

,

= arg min
i∈I





R−1∑

j=0

P (j|i) ‖cj‖2
2 − 2x̃⋆(y)⊤

R−1∑

j=0

P (j|i)cj



 .

(4.14)

Further, the Dq–minimizing decoder c⋆
j is obtained by

c⋆
j = E[X̃⋆(Y)|J = j]

(a)
=

∫
E[X|J = j, Y = y]p(y|j)dy

= E[X|J = j],

(4.15)

where (a) follows from the Markov property X̃⋆(Y) → Y → J . Therefore, we
provide the following remark.

Remark 4.2. The general systems of Figure 4.1 and Figure 4.2 are equivalent,
considering end-to-end MSE criterion, fixed sensing matrix and channel transition
probabilities. �

Before proceeding to the analysis of the MSE using the developed equivalence
property, we provide a comparative study between our proposed design scheme with
related methods in the literature which follow the building block structure shown
in Figure 4.3. Under this system model, for a fixed CS reconstruction algorithm
(or, a fixed quantizer encoder-decoder pair), a quantizer encoder-decoder pair (or,
CS reconstruction algorithm) is designed in order to satisfy a certain performance
criterion, e.g., minimizing end-to-end distortion, quantization distortion or ℓ1–norm
of the reconstruction vector. Some examples of system models following Figure 4.3
include [SG09,JHF11,KGR12], the proposed AbS method in Chapter 3 (assuming
a noiseless channel), and the conventional nearest-neighbor coding of CS measure-
ments. In general, according to this system model, quantizer decoder D outputs the
vector Ŷ ∈ R

M after receiving channel output. Finally, a given CS reconstruction
decoder R : RM→R

N takes Ŷ and makes an estimate of the sparse source.
Following Figure 4.2 (as an equivalent system model of Figure 4.1), we note that

it is structurally different from the system model of Figure 4.3 in the location of
the CS reconstruction, either at the transmitter side or at the receiver side. In the
former system, an encoder reconstructs the source from CS measurements, whereas
the latter system puts all CS reconstruction complexity at the decoder.
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Figure 4.3: Block diagram of a system with CS reconstruction at the decoder side.
The aim is to design encoder–decoder mappings or the CS decoder (illustrated
in dashed box) with respect to optimizing a performance criterion, while the CS
sensing matrix Φ and channel P (v|u) are known in advance.

4.3.4 Analysis of MSE

In this section, we derive a lower-bound on the end-to-end MSE in order to analyze
the impact of CS reconstruction distortion, quantization error and channel noise on
the performance.

Proposition 4.3. Consider the linear CS model (4.1) with an exact K-sparse
source X ∈ R

N under the following assumptions:

i. Each non-zero component of X ∈ R
N is drawn according to i.i.d. standard

Gaussian distribution N (0, 1).

ii. The K elements of the support set are uniformly drawn over the set {1, . . . , N}.

iii. The measurement noise is drawn as W ∼ N (0, σ2
wIM ) uncorrelated with the

measurements, where σ2
w 6= 0.

Further, assume a sensing matrix Φ ∈ R
M×N with mutual coherence µ. Let the

total quantization rate be R bits per vector, and the channel be characterized by
capacity C bits per channel use, then the end-to-end MSE of the system of Figure 4.1
asymptotically (in quantization rate and dimension) is lower-bounded as

D ≥ Kc1 + c1c22
−2C

(
R−log2 (N

K)
K

)

,
(4.16)

where c1 =
σ2

w

1+σ2
w+(K+1)µ , and c2 = 2

(
K
2 Γ
(

K
2

)) 2
K
(

K+2
K

)K
2 , with Γ(·) representing

the Gamma function. �

Proof. See Section 4.A in the Appendix.

Remark 4.4. Every component of the lower-bound (4.16) is intuitive. The first
term is the contribution of the CS reconstruction distortion, and the second term
reflects the distortion due to the vector quantized transmission over the noisy chan-
nel. When the CS measurements are noisy, it can be verified that as R increases, the
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end-to-end MSE attains an error floor. This result can be also inferred from (4.13):
as quantization rate increases, Dq decays (asymptotically) exponentially, however,
Dcs is constant irrespective of rate. Hence, as R → ∞, the value that the MSE
converges to is Dcs = E[‖X− X̃⋆(Y)‖2

2]. �

It should be noted when CS measurements are noiseless (σ2
w = 0), the lower-

bound (4.16) becomes trivial. In this case, a simple asymptotic lower-bound for the
system of Figure 4.1, under the assumptions of Proposition 4.3, can be obtained as

D ≥ c22
−2C

(
R−log2 (N

K)
K

)

,
(4.17)

where the constant c2 is the same dimensionality-dependent constant as in (4.16).
The lower-bound (4.17) (also known as adaptive bound in [Pai06,GFR08] in the

noiseless channel case) can be proved assuming that the support set of X ∈ R
N is

a priori known. Therefore, one can transmit the known support set using log2

(
N
K

)

bits, and the Gaussian coefficients within the support set can be quantized via
R − log2

(
N
K

)
bits. Under noiseless channel condition (C = 1), the right hand side

in (4.17) is shown to achieve the distortion-rate function of a K-sparse source
vector with Gaussian non-zero coefficients and a support set uniformly drawn from(

N
K

)
possibilities [WV12]. Then, as shown in (2.26) of Chapter 2, the separate

source-channel coding theorem [CT06, Chapter 7] can be used to find the optimum
performance theoretically attainable (OPTA) by introducing channel capacity C.

Remark 4.5. The lower-bound in (4.17) shows that the end-to-end MSE can at
most decay exponentially (in quantization rate R) with exponent − 6C

K dB/bit. Since

the sparsity ratio K
N < 1, the decaying exponent can be far steeper than − 6C

N dB/bit
for a Gaussian non-sparse source vector of dimension N . �

The following toy example offers some insights into the tightness of the lower-
bound (4.17).

Example 4.6. Using a simple example, we show how tight the lower-bound (4.17)
is with respect to our proposed design. In Figure 4.4, we compare simulation results
with the lower-bound in some region where X̃⋆(Y) → X.1 Following this best-
case scenario, we generate 2 × 105 realizations of X ∈ R

2 with sparsity level K =
1, where the non-zero coefficient is a standard Gaussian RV, and its location is
drawn uniformly at random over {1, . . . , N}. Then, we use the necessary optimal
conditions (4.8) and (4.10) iteratively (as will be shown later in Algorithm 4.1).
Considering a binary symmetric channel (BSC) with bit cross-over probability ǫ and

capacity C bits per channel use (see (4.33)), we plot MSE, D = E[‖X−X̂‖2
2] versus

quantization rate R for ǫ = 0 (noiseless channel) and ǫ = 0.02 (noisy channel) in
Figure 4.4. It can be observed that at ǫ = 0, the bound (dashed line) is tight. As

1This scenario can be realized in an event where σ2
w = 0 and number of measurements is such

that the CS reconstruction is perfect.
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Figure 4.4: Comparison of the lower-bound in (4.17) and simulation results.

would be expected, degrading channel condition to ǫ = 0.02 reduces the performance.
At ǫ = 0.02, the gap between the simulation result (solid line marked by ‘o’) and its
corresponding lower-bound (dotted line) increases. Note that in the noisy channel
case, the lower-bound is based upon the asymptotic assumption of infinite source
and channel code lengths (used in OPTA). Therefore, the lower-bound is not tight
at ǫ = 0.02 for low dimensions. �

4.4 Practical Quantizer Design

In this section, we first develop a practical VQ encoder-decoder design algorithm,
referred to as channel-optimized VQ for CS (COVQ-CS) using the necessary optimal
conditions (4.8) and (4.12). Then, we provide a practical comparison between our
proposed algorithm and a conventional quantizer design algorithm. We finalize this
section by analyzing encoding and decoding computational complexity.
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4.4.1 Training Algorithm for Practical Design

The results presented in Section 4.3.2 can be utilized to formulate an alternating-
iterative training algorithm for the problem of interest. Similar to the generalized
Lloyd algorithm for noisy channels [Far90], we propose a VQ training method for
the design problem of interest which is summarized in Algorithm 4.1. The following

Algorithm 4.1 Practical training algorithm for COVQ-CS

1: input: measurement vector: y, channel probabilities: P (j|i), bit budget: R bits
per vector.

2: compute: x̃⋆(y) in (4.5).
3: initialize: C = {cj}R−1

j=0 , where R = 2R

4: repeat

5: Fix the codevectors cj ’s, then update the encoding indexes using (4.8).
6: Fix the encoding indexes i’s, then update the codevectors using (4.12).
7: until convergence
8: output: {Ri}R−1

i=0 , C = {cj}R−1
j=0

remarks can be considered for implementing Algorithm 4.1:

• In step (1), besides the channel transition probabilities P (j|i), we assume that
the statistics of the sparse source vector are given for training.

• In general, it is not easy to derive closed form solutions for the optimal de-
coding condition (4.12), for example, due to difficulties in calculating the
integrals even if the pdf p(y) is known. In practice, we calculate the codevec-
tor cj (j ∈ I) in (4.10) using the Monte-Carlo method. To implement this
computationally-efficient procedure, we first generate a set of finite training
vectors X, and then sample-average over those vectors that have led to the
index J = j.

• The performance of the COVQ-CS is sensitive to initializations in order for
the algorithm to converge to a smaller value of the distortion D. Therefore, in
step (3), when the channel is noiseless, the codevectors are initialized using the
splitting procedure of the so-called LBG design algorithm [LBG80]. Then, the
final optimized codevectors are chosen for initialization of Algorithm 4.1 in
the noisy channel case. Furthermore, convergence in step (7) may be checked
by tracking the MSE, and terminate the iterations when the relative improve-
ment is small enough. By construction and ignoring issues such as numerical
precision, the iterative design in Algorithm 4.1 always converges to a local
optimum since when the criteria in steps (5) and (6) of the algorithm are
invoked, the performance can only leave unchanged or improve, given the up-
dated indexes and codevectors. This is a common rationale behind the proof
of convergence for such iterative algorithms (see e.g. [GG91, Lemma 11.3.1]).
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However, nothing can be generally guaranteed about the global optimality of
this algorithm.

4.4.2 Practical Comparison

Here, we offer further insights into quantization aspects through the design of con-
ventional nearest-neighbor coding (NNC) as a representative of Figure 4.3, and the
design of proposed COVQ-CS method as a representative of Figure 4.2. The NNC
for CS is often considered as a benchmark for performance evaluation.

The NNC for CS measurements is accomplished by designing a channel-optimized
VQ for the input vector Y aiming to minimize the quantization distortion, i.e.,
E[‖Y− Ŷ‖2

2], where Ŷ ∈ R
N is the quantizer decoder output as shown in Fig-

ure 4.3.1 Considering the notations given for Figure 4.3, the design procedure of
the quantizer encoder and the quantizer decoder is as follows: for a quantization
rate of R bits per vector, a fixed codebook G = {gv ∈RM}R−1

v=0, with R = 2R, and
channel transition probability P (v|u), the optimized encoding region R⋆

u becomes

R⋆
u =

{
y ∈ R

M :

R−1∑

v=0

[P (v|u)− P (v|u′)] ‖gv‖2
2 ≤

2y⊤
R−1∑

v=0

[P (v|u)− P (v|u′)] gv, u 6= u′ ∈ U
}

,

(4.18)

where U , {0, . . . , 2R − 1} is the encoding index set. Now, for the given region
(4.18) and channel transition probability P (j|i), the quantization MSE-minimizing
codevectors satisfy

g⋆
v = E[Y|V = v], v ∈ U . (4.19)

In order to design an encoder-decoder pair using the NNC, an iterative algorithm
can be used to alternate between (4.18) and (4.19). Finally, a CS reconstruction al-

gorithm R produces the reconstruction vector X̂ from the quantizer decoder output
Ŷ. We refer to this design method as NNC-CS.

Example 4.7. In this example, we illustrate how the COVQ-CS and NNC-CS
design methods are different in shaping encoding regions (given that CS measure-
ments are observed) and positioning codevectors (given that channel output index
observed). For illustration purpose, we choose the input sparse vector dimension,
measurement vector dimension and sparsity level as N = 3, M = 2 and K = 1,
respectively. The location of non-zero coefficient is drawn uniformly at random from
{1, 2, 3}, and its value is a standard Gaussian RV. For implementing the COVQ-CS
via Algorithm 4.1, the MMSE estimator x̃⋆(y) (used in (4.8)) is calculated via the

1See, e.g., [Far90] for more details regarding the design of the channel-optimized VQ in a
non-CS system model.
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closed form solution given in Theorem 2.4 of Chapter 2. We generate 104 realiza-
tions for X (and subsequently Y), where measurement noise vector is drawn from
N (0, σ2

wI2) with σ2
w = 0.04. Then, we fix the quantization rate at R = 2 bits per

vector and assume a BSC with cross-over probability ǫ = 0.02. For implementing
the NNC-CS, an iterative algorithm is used by alternating between encoding regions
(4.18) and codevectors (4.19). Finally, a CS reconstruction algorithm R : RM → R

N

(here, we choose the same MMSE estimator used at the encoder of COVQ-CS)
takes the NNC-CS codevectors and produces an estimate of the sparse source. In
both NNC-CS and COVQ-CS schemes, the sensing matrix Φ is chosen as

Φ =

(
0.9924 0.8961 0.7201

0.1230 0.4439 0.6939

)
.

In Figure 4.5, we qualitatively illustrate encoding regions and codevectors using
the two designs. Figure 4.5(a) shows the samples of CS measurements classified
by encoding regions of COVQ-CS in R

2, i.e., (4.8), and Figure 4.5(b) shows the
samples of X classified by the index of encoding regions (in the same color) together
with the codevectors of COVQ-CS in R

3, i.e., {cj}4
j=1 in (4.12). Figure 4.5(c)

illustrates the encoding regions of NNC-CS, i.e., (4.18), together with codevectors
{gv}4

v=1 shown by black circles, and Figure 4.5(d) shows the samples of the sparse
source along with the codevectors of NNC-CS mapped to the 3-dimensional space
using the CS reconstruction algorithm, i.e., R({gv}4

v=1). From the samples in the
measurement space, we observe that the entries of the CS measurements are highly
correlated, in this particular example, due to a large mutual coherence of the sensing
matrix (µ = 0.9533). Hence, as shown in Figure 4.5(c), the codevectors designed
by the NNC-CS (almost) lie on a single line. Although, in this case, the location

of codevectors are optimized to minimize the quantization distortion, E[‖Y− Ŷ‖2
2],

it is critical when the codevectors are mapped back to the source domain. From
Figure 4.5(d), it is observed that the reconstructed codevectors, R({gv}4

v=1), are
not only situated (approximately) on one axis but also far (in Euclidean distance)
to their corresponding source samples (shown in same color) resulting in a high
end-to-end distortion. Further, if, for example, the codevector g1 is received as
g4 due to channel noise, it produces a large end-to-end distortion. Using other
experiments, in the case of noiseless channel, we observed the same trend in the
location of reconstructed codevectors (using NNC-CS) on the source domain which
also produces large MSE in terms of the average distance between source samples and
their corresponding reconstructed codevectors. While this is the case in NNC-CS, it
can be seen from Figure 4.5(a) that the encoding regions using COVQ-CS may not
form convex sets (for example, region 3) unlike the ones using the NNC-CS. This
is due to the fact that the region fixed by the rule (4.9) may not be a convex set in
y due to non-linearity in x̃⋆(y). As a result, the COVQ-CS uses the measurement

space more efficiently in order to reduce end-to-end distortion, E[‖X − X̂‖2
2]. It

can be observed from Figure 4.5(b) that the COVQ-CS codevectors are located on
different coordinates in the 3-dimensional source space to minimize the end-to-end
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Figure 4.5: The qualitative behavior comparison of quantizer schemes: COVQ-CS
and NNC-CS designed for a BSC with ǫ = 0.02.
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source distortion. In addition, the codevectors are located such that the COVQ-CS
design becomes more robust against channel noise, which produces smaller end-to-
end distortion, unlike the NNC-CS design. For example, as shown in Figure 4.5(b),
if the codevector c1 is chosen as c4 at decoder due to channel noise, it provides
much less end-to-end distortion than that of the NNC-CS. Numerical performance
comparison between these two schemes will be made later in Section 4.6.2 through
different simulation studies.

4.4.3 Complexity of COVQ-CS

We analyze the encoding computational complexity (time usage), as well as encoder-
decoder memory complexity (space usage) for the COVQ-CS. For encoding com-
putational complexity, we calculate the number of operations (in terms of FLOP1)
required for transmitting an encoded index over the channel based on (4.8). In addi-
tion, for memory complexity, we calculate the memory (in terms of float2) required
for storing vector parameters at encoder and decoder.

The encoding complexity for computing the argument in (4.8) requires one
FLOP for calculating the subtraction, as well as 2N−1 FLOP’s (N multiplications
and N−1 additions) for calculating the inner product in the second term. Thus,
the total complexity for the full-search minimization at encoder is 2N2R FLOP’s.
Note that we do not consider the complexity of CS reconstruction algorithm since
its calculation is required for all relevant quantizers for CS. Next, considering the
argument in (4.8), the encoder needs one float to store the first constant term
in (4.8), i.e., ‖cj‖2

2, and also N floats to store the second term in (4.8), i.e., the
codevector cj . Thus, the total encoding memory for full-search minimization is
(N+1)2R. It also follows that the decoder requires N2R floats to store cj in (4.10).

Using high-dimensional VQ and CS, the implementation of the quantizer en-
coder and decoder may not be feasible, both from computational complexity and
from memory complexity viewpoints. The complexity can be reduced by exploiting
sub-optimal approaches (with respect to (4.4)) such as multi-stage VQ (MSVQ)
which splits a single VQ into multiple VQ’s at different stages. In the next section,
we focus on the design of JSCC strategies for CS measurements using MSVQ.

4.5 Joint Source-Channel MSVQ

Taking advantage of VQ properties by addressing its encoding complexity effectively
has led to development of MSVQ.

1Each addition, multiplication and comparison is represented by one floating point operation
(FLOP).

2Float is considered as a single precision point unit.
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Figure 4.6: JSCC system model for CS measurements using MSVQ.

4.5.1 System Description and Performance Criterion

In this section, we give an account for the basic assumptions and models made
about the investigated system depicted in Figure 4.6. We illustrate an L-stage
VQ, where L ≥ 1 is the maximum number of stages. Our MSVQ system model
basically follows that of [PFM93]. More specifically, we consider the lth (1 ≤ l ≤ L)

stage with allocated Rl bits per vector, where
∑L

l=1 Rl = R, and R is the total
available quantization rate. Indeed, Rl adjusts a trade-off between complexity and
performance of MSVQ. A quantizer encoder, at stage l, accepts the measurement
vector Y and the encoded index from the (l−1)th stage as inputs, then maps them
into an integer index il ∈ Il , {0, . . . , 2Rl −1} with |Il| , Rl = 2Rl . Therefore, the
lth–stage encoder is described by a mapping El : RM × Il−1 → Il such that

El (Y, Il−1) = il, if (Y ∈ Ril

i1
, Il−1 = il−1), (4.20)

where Ril

i1
, Ri1 ∩ . . .∩Ril

is called the lth–stage encoding region. The region Ril

i1

might be a connected set or union of some connected sets in R
M . We also make the

assumption that I0 = ∅.
The encoded index Il is transmitted over a DMC (independent of other channels)

with transition probabilities

P (jl|il) = Pr(Jl = jl|Il = il), il, jl ∈ Il, (4.21)

where Jl denotes the channel output at the lth stage.
Next, the decoder Dl accepts the noisy index Jl, and provides an estimation of

the quantization error according to an available codebook set. Formally, the lth–
stage decoder is defined by a mapping Dl : Il → Cl where Cl denotes a codebook
set consisting of reproduction codevectors, i.e., Cl , {cjl

∈ R
N}Rl−1

jl=0 , thus

Dl(jl) = cjl
, if Jl = jl, jl ∈ Il. (4.22)
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We denote the output of the lth stage decoder by X̂l = cJl
, and the final recon-

structed vector by X̂ =
∑L

l=1 X̂l.
We are interested in designing the quantizers in the system of Figure 4.6 using

the end-to-end MSE criterion defined in (4.4). Nevertheless, it is not easy to find
optimal encoders (by fixing the decoders) and decoders (by fixing encoders) for
all the stages jointly with respect to minimizing (4.4). Therefore, we define a new
performance criterion as

Dl , E

[
‖X−

l∑

t=1

X̂t‖2
2

]
, l = 1, . . . , L. (4.23)

Using the performance criterion Dl in (4.23), we assume that the lth stage only
observes the previous (l−1) stages. Applying Dl, we derive necessary encoding and
decoding policies for optimality (with respect to (4.23)) at stage l (1 ≤ l ≤ L). Then,
encoder-decoder pairs at the next stages are sequentially designed one after another.
Using the sequential optimization at stage l, we assume that the subsequent code-
vectors are populated with zero. This assumption means that the sequential design
is sub-optimal with respect to (4.4), and the resulting conditions would lead to nei-
ther global nor local minimum of the end-to-end MSE. However, it provides better
performance compared to the schemes which only consider quantization distortion
at each stage separately.

4.5.2 Optimal Conditions for MSVQ Encoder and Decoder

In this section, we develop encoding and decoding principles for the lth (1 ≤ l ≤ L)
stage of the MSVQ system shown Figure 4.6. Following the arguments of Sec-
tion 4.3.2, we first assume that decoder codevectors {cjl

}Rl−1
jl=0 and all encoding

regions/codevectors at previous l− 1 stages are fixed and known, then we find nec-
essary optimal encoding regions with respect to minimizing Dl in (4.23). Second, we
fix the encoding regions {Ril

i1
}, and then derive necessary optimal codevectors. Fi-

nally, we combine these necessary optimal conditions to develop a practical MSVQ
design algorithm referred to as channel-optimized MSVQ for CS (COMSVQ-CS).

Optimal Encoder

In order to derive encoding regions {Ril
i1
}, we fix the codevectors {cjl

}Rl−1
jl=0 and all

the codevectors at previous stages. First, let us define

Dl(y, il
1) , E

[
‖X−

l∑

t=1

X̂t‖2
2

∣∣∣Y = y, Il
1 = il

1

]
, 1 ≤ l ≤ L. (4.24)
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i⋆
l = arg min

il∈Il

Dl(y, il
1)

= arg min
il∈Il

{
E
[
‖X‖2

2|Y = y, Il
1 = il

1

]
+ E

[
‖cJ1 +. . .+cJl

‖2
2|Y=y, Il

1 = il
1

]

−2E
[
X⊤(cJ1 +. . .+cJl

)|Y=y, Il
1 = il

1

]}

(a)
= arg min

il∈Il

{
E[‖cJ1 +. . .+cJl

‖2
2|Y = y, Il

1 = il
1]

−2E[X⊤(cJ1 +. . .+cJl
)|Y = y, Il

1 = il
1]
}

(b)
= arg min

il∈Il

{
E[‖cJl

‖2
2

∣∣Il = il] + 2

l−1∑

t=1

E[c⊤
Jl
|Il = il]E[cJt |It = it]

− 2E[X⊤∣∣Y = y]E[cJl

∣∣Il = il]

}

(4.26)

Now, Dl in (4.23) can be rewritten as

Dl , E

[
‖X−

l∑

t=1

cJt‖2
2

]

(a)
=
∑

i1,...,il

∫

Ril
i1

Dl(y, il
1)p(y)dy,

(4.25)

where (a) follows from marginalization of Dl over Y and Il
1, and the fact that

Pr{Il
1 = il

1|Y = y} = 1, ∀y ∈ Ril
i1

and otherwise the probability is zero.
Thus, ∀i1, . . . , il−1, the optimized index, denoted by i⋆

l , is attained by (4.26),
where (a) follows from the Markov chain X → (Y, It−1

1 ) → It (∀t ∈ {1, . . . , l}),
hence, E

[
‖X‖2

2|Y=y, Il
1 = il

1

]
= E

[
‖X‖2

2|Y=y
]
, which is pulled out of the op-

timization. Also, (b) follows from the Markov chain (Y, Il
1) → It → cJt , ∀t ∈

{1, . . . , l}.
Introducing transition probabilities (4.21) and the MMSE estimator (4.5), the

last equality in (4.26) is expressed as

i⋆
l = arg min

il∈Il





Rl−1∑

jl=0

P (jl|il) ‖cjl
‖2

2 − 2x̃⋆(y)⊤
Rl−1∑

jl=0

P (jl|il)cjl

+2

Rl−1∑

jl=0

l−1∑

t=1

Rt−1∑

jt=0

P (jl|il)P (jt|it)c
⊤
jl

cjt



 .

(4.27)

Remark 4.8. Comparing the optimized encoding index for MSVQ for CS in (4.27),
with that of the VQ for CS in (4.8), it can be seen that the third term in (4.27) is
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due to imposing a multi-stage structure on the original VQ. As L = 1, this term
vanishes and the resulting expression coincides with (4.8). �

Optimal Decoder

In order to derive codevectors {cjl
}Rl−1

jl=0 , we fix encoding regions {Ril

i1
} and all

prior codebook sets. Therefore, applying Dl in (4.23), it is straightforward to show
that the optimal lth–stage codevectors, denoted by {c⋆

jl
}Rl−1

jl=1 , are obtained as

c⋆
jl

= E

[
X−

l−1∑

t=1

cJt

∣∣∣Jl = jl

]
, jl ∈ Il. (4.28)

Similar to the steps taken in (4.12), the codevectors (4.28) can be parameterized in
terms of encoding regions, channel transition probabilities and MMSE estimation.
Here, for the sake of analysis, we only provide closed form codebook expressions for
L = 2 which are given by

c⋆
j1

=

∑
i1

P (j1|i1)
∫

Ri1
x̃⋆(y)p(y)dy

∑
i1

P (j1|i1)
∫

Ri1
p(y)dy

,

c⋆
j2

=

∑
i1

∑
i2

P (j2|i2)
∫

Ri2
i1

(
x̃⋆(y)−∑j1

P (j1|i1)cj1

)
p(y)dy

∑
i1

∑
i2

P (j2|i2)
∫

Ri2
i1

p(y)dy
.

(4.29)

Note that when L = 1, the condition (4.28) boils down to (4.12).

Training Algorithm

Similar to Algorithm 4.1, we can develop a practical method for training channel-
optimized MSVQ for CS, coined COMSVQ-CS, summarized in Algorithm 4.2. Sim-
ilar remarks, as stated for Algorithm 4.1, can be also considered for implementing
Algorithm 4.2 with the difference that convergence in step (8) may be checked by
tracking the distortion Dl, and terminate the iterations when the relative improve-
ment is small enough. Furthermore, in order to calculate the codevector cjl

(jl ∈ Il)
in (4.28), we use Monte-Carlo method by first generating a set of finite training

vectors X, with known pdf, and then calculating the vector X−∑l−1
t=1 cJt . Finally,

we average over those vectors that have resulted in the index Jl = jl.

4.5.3 Complexity of COMSVQ-CS

In order to calculate the MSVQ encoder complexity, we calculate the number of
operations at the encoder based on (4.27). Here, the computational complexity of
CS reconstruction algorithm is not considered. We consider the argument of (4.27)
which requires two FLOP’s for the subtraction and addition, and also 2N − 1
FLOP’s for computing the second inner product term. Note that the first constant
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Algorithm 4.2 Practical training algorithm of the lth stage (1 ≤ l ≤ L) for
COMSVQ-CS

1: input: measurement vector y, channel probabilities: P (jl|il) from (4.21), bit
budget: Rl

2: compute: x̃⋆(y) in (4.5)
3: initialize: Cl = {cjl

}Rl−1
jl=0 with Rl = 2Rl

4: repeat

5: ∀i1, . . . , il−1, ∀cj1 , . . . , cjl−1

6: Fix the codebooks of all prior stages, then update encoding indexes (regions)
for the lth stage using (4.27).

7: Fix the encoding indexes (regions) of all prior stages, then update the code-
vectors for the lth stage using (4.28).

8: until convergence
9: output: Cl = {cjl

}Rl−1
jl=0 and {Ril

i1
}

term and the third inner product term can be computed offline, and they are not
counted in our complexity analysis. Thus, in total, the COMSVQ-CS encoder re-
quires (2N +1)

∑L
l=1 2Rl operations, where Rl (l = 1, . . . , L) is the quantization rate

available at the lth stage and L is the total number of stages such that
∑L

l=1 Rl = R.
It can be also shown that at stage l, the encoder requires one float to store

the first term in (4.27), i.e., ‖cjl
‖2

2, N floats to store the second term in (4.27),
i.e., cjl

, and also l − 1 floats for storing the constant l floats for storing the third
term in (4.27). Therefore, considering L stages, the total encoding memory of the

COMSVQ-CS is
∑L

l=1(N +l)2Rl . Now, we consider the decoder memory complexity.
Each decoder at stage l requires N2Rl floats to store the codevector cjl

considering
the fact that the memory for storing the codebooks of previous stages has been
already calculated. Hence, the decoder storage memory is N

∑L
l=1 2Rl floats.

By splitting the original VQ into stages, the computational complexity, as well
as memory complexity can be considerably reduced. Therefore, a practical, though
sub-optimal, implementation of COVQ-CS is feasible at high quantization rate and
dimension.

4.6 Experiments and Results

In this section, we evaluate the performance of the proposed designs COVQ-CS
(Algorithm 4.1) and COMSVQ-CS (Algorithm 4.2). Through simulations, we com-
pare their performance with the lower-bounds developed in Section 4.3.4, along
with existing quantizers used for CS. We consider three quantizers following the
system model of Figure 4.3. They are as follows.

• Nearest-Neighbor Coding for CS (NNC-CS):1 The NNC-CS design method

1Here, with abuse of notation we use the term nearest-neighbor coding in the presence of
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has been discussed in Section 4.4.2. Note that this scheme has the same
complexity order as that of the COVQ-CS. We also recall that the NNC-
CS method has been also used for performance comparison in Chapter 3 in
the case of clean measurements and noiseless channel.

• Multi-Stage Nearest-Neighbor Coding for CS (MSNNC-CS): Using multi-stage
structure for NNC-CS leads to the design of MSNNC-CS. The quantizer
encoding-decoding conditions using this design are given in [PFM93] for a
non-CS system model. The encoding complexity order of MSNNC-CS is the
same as that of the COMSVQ-CS.

• Basis Pursuit DeQuantizing (BPDQ) [JHF11]: Using this method, the en-
coder uniformly scalar-quantizes CS measurements, and the BPDQ algo-
rithm [JHF11] reconstructs the sparse source (from the quantized measure-
ments) by solving the following convex optimization problem

x⋆ = arg min
x∈RN

‖x‖1 s.t. ‖ŷ−Φx‖p ≤ γ, (4.30)

where ŷ is the quantized vector, p > 2 and γ > 0 is chosen to satisfy some
fidelity constraint, e.g., quantization error power. Note that the encoder com-
putational complexity is of order O(2R/M ).

The following scheme follows the system model of Figure 4.2.

• Support Set Coding (SSC): In the SSC method, the reconstructed support set
of x̃⋆(y) is transmitted using log2

(
N
K

)
bits, and then the K largest coefficients

(in magnitude) within the reconstructed support set are scalar-quantized to
their nearest neighbor codepoints using R−log2

(
N
K

)
bits.1 It is straightforward

that the encoding complexity of the SSC is of order O(2(R−log2 (N
K))/K), or

equivalently O(2R/K) at high quantization rate. It should be mentioned that
the SSC method has been also used for quantization on signal domain in
Chapter 3. The only difference is that the rate allocation which is proposed
here is more efficient than that of the previous chapter.

4.6.1 Experimental Setup

We quantify the performance using normalized MSE (NMSE) defined as

NMSE ,
E[‖X− X̂‖2

2]

E[‖X‖2
2]

. (4.31)

In principle, the numerator of NMSE in (4.31) is computed by sample averaging over
generated realizations of X using Monte-Carlo simulations, and the denominator

channel noise instead of weighted nearest-neighbor coding.
1We use codepoints optimized for a standard Gaussian RV using the LBG algorithm [LBG80].
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can be calculated exactly under the assumptions of our simulation setup. In addi-
tion, in order to measure the level of under-sampling, we define the measurement
rate 0 < α ≤ 1 as α , M/N .

Our simulation setup includes the following steps:

1. For given values of sparsity level K (assumed known in advance) and input
vector size N , choose α, and round the number of measurements M to its
nearest integer.

2. Randomly generate a set of exactly K-sparse vector X, where the support set
S with |S| = K is chosen uniformly at random over the set {1, 2, . . . , N}. The
non-zero coefficients of X are i.i.d. and drawn from the standard Gaussian
distribution N (0, 1); hence E[‖X‖2

2] = K.

3. We let the elements of the sensing matrix be Φij
i.i.d.∼ N (0, 1/M), and nor-

malize its columns to unit-norm. Once Φ is generated, it remains fixed and
known globally.

4. Compute linear measurements Y = ΦX + W for each sparse data vector
where W ∼ N (0, σ2

wIM ).

5. We Choose the total quantization rate R, and assume a BSC with bit cross-
over probability 0 ≤ ǫ ≤ 0.5 specified by

P (k|l) = ǫHR(k,l)(1− ǫ)R−HR(k,l), R = 2R, (4.32)

where 0 ≤ ǫ ≤ 1/2 represents bit cross-over probability (assumed known),
and HR(k, l) denotes the Hamming distance between R-bit binary codewords
representing the channel input and output indexes k and l. The capacity of
BSC (in bits per channel use) with bit cross-over probability ǫ is equivalent
to

C = 1 + ǫ log2(ǫ) + (1 − ǫ) log2(1− ǫ). (4.33)

6. Apply the quantization algorithms on the generated data Y, and assess NMSE
by averaging over all data.

7. Practical necessity: In our proposed COVQ-CS and COMSVQ-CS design al-
gorithms, it is required to calculate the MMSE estimator x̃⋆(y), e.g., in
(4.8) and (4.27). Implementing the Bayesian MMSE estimator, or in other
words, calculating the conditional mean E[X|Y = y], has been studied in
[LS07, JXC08, EY09, PYE10, QD12] which can be derived approximately or
exactly under certain assumptions. Although the MMSE estimator can be
implemented for low-dimensional vectors (as used in Example 4.7), as the
dimension grows, its complexity increases exponentially. Thus, for the sake
of complexity, we will approximate x̃⋆(y) using the output of a practically
realizable CS reconstruction algorithm. Considering the case that a ℓ1-norm
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minimization-based convex reconstruction also suffers from high complexity
O(N3) for a high dimension N , we choose the simple orthogonal matching
pursuit (OMP) greedy algorithm (see Algorithm 2.1) as a CS reconstruction,
where its computational complexity is O(K3 +K2M +KMN) [TG07]. We
show that using the OMP algorithm, we can obtain reasonable performance.
The OMP is used as the approximation of the MMSE estimator (at the en-
coder side) for COVQ-CS, COMSVQ-CS and SSC schemes, as well as the
realization of CS reconstruction algorithm (at the decoder side) for NNC-CS
and MSNNC-CS methods.

4.6.2 Experimental Results

In our simulations, we generate 106 realizations of the input sparse vector X (corre-
spondingly Y) for the training algorithms, as well as performance assessments using
Monte-Carlo simulations. We evaluate the performance of the competing schemes
in terms of number of CS measurements (α), total quantization rate (R) and chan-
nel condition (ǫ). It should be also mentioned that the training algorithms are
performed at each value on x-axis, i.e., α, R and ǫ.

In our first experiment, we assume that the measurement noise and channel
cross-over probability are negligible, i.e., σ2

w = 0 and ǫ = 0. 1 In Figure 4.7, with
the simulation setup (N = 12, K = 2, R = 12 bits per vector), we vary measure-
ment rate α = M/N , and compare the performance (NMSE) of the quantizers
along with the lower-bound (4.17). We use a 2-stage VQ with equal quantiza-
tion rates. For implementing the BPDQ decoder, we select p = 3 in (4.30) (the
choice of p is experimentally verified to achieve the best performance), and γ is
chosen according to [JHF11, eq. (7)], then a standard convex solver is used to
find the optimal solution of (4.30). Let us first investigate the behavior of the full
search COVQ-CS and NNC-CS quantizer design schemes in Figure 4.7. At a fixed
quantization rate R, increasing the number of measurements improves the CS re-
construction performance, hence the end-to-end MSE decreases. Since quantized
transmission distortion Dq is fixed, NMSE would saturate ultimately. As expected,
the proposed COVQ-CS design method gives the best performance, and at high
measurement rates, it approaches the lower-bound (4.17). This is due to the fact
that, at high measurement rate regime, the CS distortion Dcs becomes negligible
and the source vector can be precisely recovered from the measurements; therefore,
COVQ-CS approaches the distortion-rate function for the sparse source. Note that
the performance gain using the COVQ-CS design scheme is obtained at the expense
of computational and memory complexity of order O(2R). Using the sub-optimal
COMSVQ-CS scheme, the complexity is decreased to the order O(2R/2) although
its performance is slightly declined compared to COVQ-CS. Among multi-stage
structured methods, the COMSVQ-CS performs better than MSNNC-CS since it

1With abuse of notation, we still use the term COVQ-CS and COMSVQ-CS when channel is
noiseless (ǫ = 0).



80 Joint Source-Channel Vector Quantization for Compressed Sensing

takes end-to-end MSE through its design procedure. Also, it can closely follow the
behavior of the COVQ-CS at low to moderate ranges of measurement rates since at
this regime, the performance is mostly influenced by the CS reconstruction distor-
tion. However, as the measurement rate increases, the gap between the performance
of the COMSVQ-CS and COVQ-CS becomes larger. The gap can be made smaller if
we use higher quantization rates at the first stage, while keeping the total quantiza-
tion rate fixed. This, however, imposes more encoding complexity to the system. It
can be also seen that the SSC scheme performs poorer than COVQ-CS and MSVQ-
CS, while its encoding complexity grows at most like O(2R/2). The behavior of the
BPDQ, however, is different: increasing number of measurements, on one hand, fa-
cilitates a more precise reconstruction. On the other hand, it reduces quantization
rate since each measurement entry is quantized using R/M bits. Recall that we have
also seen a similar behavior using the AbS-based scalar quantizers in Chapter 3.
Hence, the performance curve of BPDQ reaches a minimum point. Note that the
BPDQ has the least computational complexity among the competing techniques
varying from the order of O(2R/3) to O(2R/12).

In our next experiment, we use larger dimension and quantization rate as
(N = 32, K = 3, M = 20 (α = 0.625), σ2

w = 0.005) and noiseless channel. In
Figure 4.8, we plot the NMSE of low-complexity quantizer designs, i.e., COMSVQ-
CS, MSNNC-CS, SSC and BPDQ, along with the lower-bound (4.16) by varying
total quantization rate R. The mutual coherence µ in the lower-bound (4.16) is
computed by (4.2) (here, µ = 0.5755). For implementing multi-stage quantizers,
we assume two stages with R1 = R2. Also, BPDQ parameters are specified similar
to the previous simulation study. At low to moderate quantization rate regimes,
the COMSVQ-CS outperforms other techniques; for example, at R = 20 bits per
vector, it has almost 2 dB performance gain over MSNNC-CS and SSC, and 8
dB performance gain over BPDQ. The performance of SSC differs much at low to
high quantization rates: although its performance is very poor at low to moderate
rates, the performance reaches that of the COMSVQ-CS at high rates since the
SSC requires high rates to perform well. Note that all schemes attain a MSE floor
ultimately due to the additive noise which is reflected from the lower-bound as well.

In our final experiments, we consider the effect of channel noise on the perfor-
mance of the proposed JSCC schemes, and we also compare them with separate
source-channel coding schemes. In Figure 4.9 and Figure 4.10, we quantify the per-
formance as a function of channel bit cross-over probability ǫ, respectively, for two
parameter sets: (N =12, K =2, M =9 (α=0.75), R=15 bits per vector, σ2

w =0) and
(N =32, K =3, M =20 (α=0.625), R=20 bits per vector, σ2

w =0). In Figure 4.9, we
observe that the proposed designs, i.e., COVQ-CS and COMSVQ-CS (with R1 =8
and R2 = 7 bits per vector) always outperform other schemes. The curves labeled
by ‘SSC-BCH’ and ‘BPDQ-BCH’, respectively, consist of twelve-dimensional 11-bit
encoded bits using SSC and uniform quantization, followed by (15, 11) BCH codes
(this rate is experimentally tested to obtain the best performance among BCH rate
allocations.). Note that channel coding rates are chosen in order to have a fair com-
parison (in terms of same delay) among JSCC schemes (COVQ-CS and COMSVQ-
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Figure 4.7: NMSE (in dB) as a function of measurement rate α = M/N . Simulation
parameters are chosen as N = 12, K = 2 and R = 12 bits per vector for a noiseless
channel and clean measurements.

CS) and separate source-channel coding methods (SSC-BCH and BPDQ-BCH). We
observe from Figure 4.9 that using separate channel coding, the performance of the
BPDQ is still poor. It can be also seen that the SSC, even equipped with channel
coding, is highly susceptible to channel noise since an error in receiving the sup-
port set may detrimentally degrade the performance. Therefore, the MSE increases
more rapidly as compared to COVQ-CS, COMSVQ-CS and BPDQ-BCH. Using
joint source-channel codes in the proposed designs enhances the performance and
provides robustness, particularly at high channel noise. For example, in Figure 4.9,
the performance gain of COVQ-CS over the SSC is almost 4 dB, when the channel
is highly noisy (ǫ=0.05). While the COMSVQ-CS and SSC have (almost) the same
encoding complexity order, the performance gain of COMSVQ-CS over SSC-BCH
is more than 2 dB at ǫ = 0.05. It should be mentioned that the gap between the
COVQ-CS and the lower-bound is due to CS reconstruction distortion (low number
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Figure 4.8: NMSE (in dB) as a function of total quantization rate R (in bits per
vector). Simulation parameters are chosen as N = 32, K = 3, M = 20 for noiseless
channel and SMNR = 15 dB.

of measurements), as well as finite length of source-channel codes.
Since the SSC is quite sensitive to error in received support set, in Figure 4.10,

we also show the performance of SSC when the reconstructed support set is trans-
mitted without loss, and the non-zero coefficients are encoded using (7, 4) BCH
codes. This scheme is marked by ‘SSC-coded’ in Figure 4.10, and, indeed, is an
ideal coding scheme since the support set may not be transmitted losslessly over
a noisy channel, in practice. The proposed COMSVQ-CS design method outper-
forms not only the ideal separate source-channel coding scheme (SSC-coded), but
also the other JSCC scheme (MSNNC-CS). It can be also seen as channel condi-
tion degrades, the COMSVQ-CS curve increases with the same slope as that of the
lower-bound.
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Figure 4.9: NMSE (in dB) as a function of channel bit cross-over probability ǫ.
Simulation parameters are chosen as N = 12, K = 2, M = 9 and R = 15 bits per
vector for clean CS measurements.

4.7 Chapter Conclusion

We have developed optimized joint source-channel vector quantization schemes
for CS measurements. We have derived necessary conditions for optimality of VQ
encoder-decoder pair with respect to end-to-end MSE. One interesting result of the
necessary optimal conditions is that the CS reconstruction should be performed
MMSE-wise at the encoder side before encoding. We have also provided a theoret-
ical lower-bound on the MSE performance based on the fact that the end-to-end
MSE can be decomposed into CS reconstruction MSE and quantized transmission
MSE without loss of optimality. Using the resulting necessary optimal conditions,
we have proposed a practical encoder-decoder design through an iterative algorithm
referred to as COVQ-CS. Moreover, the encoding complexity of VQ was addressed
using the MSVQ where we have approximated the necessary optimal conditions by
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Figure 4.10: NMSE (in dB) vs. channel bit cross-over probability ǫ. Simulation
parameters are chosen as N = 32, K = 3, M = 20 and R = 20 bits per vector for
clean CS measurements.

applying a multi-stage structure which has led to the design of COMSVQ-CS. Nu-
merical results show promising performance gains of the proposed designs in terms
of performance as well as robustness against channel noise.
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Appendix for Chapter 4

4.A Proof of Proposition 4.3

Note that the end-to-end MSE, E[‖X− X̂‖2
2], of the system of Figure 4.1 is always

larger than the MSE of a system with a priori known (oracle) support set S under

the same assumptions. Let the RV’s X|S , X̃⋆|S , X̂|S ∈ R
N , respectively, denote the

source vector, the MMSE estimation of the source given measurements, and the
final reconstruction vector given the known support set S. Therefore, we have

E

[
‖X− X̂‖2

2

]
≥ E

[
‖X|S − X̂|S‖2

2

]

= E

[
‖X|S − X̃⋆|S‖2

2

]
+ E

[
‖X̃⋆|S − X̂|S‖2

2

]
,

(4.34)

where, the equality in (4.34) follows from the same reasoning as that of (4.13).1

Let us first develop a lower-bound on E

[
‖X|S − X̃⋆|S‖2

2

]
. Defining ΦS ∈ R

M×K

as a sub-matrix of Φ formed by choosing its columns indexed by the elements of
S, then for a single realization of S, we have

E

[
‖X|S − X̃⋆|S‖2

2

]
(a)
= Tr

{(
IK +

1

σ2
w

Φ⊤
S ΦS

)−1
}

(b)

≥ K2

K + 1
σ2

w
Tr{Φ⊤

S ΦS}

≥ K

1 + 1
σ2

w
λmax{Φ⊤

S ΦS}
(c)

≥ K

1 + 1
σ2

w
(1 + (K + 1)µ)

,

(4.35)

where in (a), we use the MMSE estimation error of a Gaussian source XS ∼
N (0, IK) (elements of X|S within the support set) in white Gaussian measurement
noise W ∼ N (0, σ2

wIM ) (see [Kay93, Theorem 11.1] for details). Also, (b) follows
from the fact that for a given positive-definite matrix B ∈ R

K×K , Tr{B}Tr{B−1} ≥
K2 which can be shown using the Cauchy-Schwarz inequality (see e.g. [ZG03,
Lemma 2]). Further, (c) holds since all eigenvalues of Φ⊤

S ΦS are upper-bounded by
1 + (K + 1)µ using the Gershgorin disc theorem [GL96, Theorem 8.1.3]. Now, since
the oracle support set is drawn uniformly at random from all

(
N
K

)
possibilities, the

final inequality in (4.35) is the lower-bound for all realizations of S. Next, we de-

velop a lower-bound on the quantized transmission distortion E

[
‖X̃⋆|S − X̂|S‖2

2

]
.

It should be noted that the elements of X̃⋆|S within the known support set, denoted

1We drop the dependency of X̃⋆|S on Y for simplicity of notation.
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by X̃⋆
S ∈ R

K , are Gaussian with the covariance matrix (see [Kay93, Theorem 10.3])

cov
[
X̃⋆

S

]
=

(
IK +

1

σ2
w

Φ⊤
S ΦS

)−1

. (4.36)

In order to find the minimum distortion, or distortion-rate function, caused by
quantization of a sparse source X̃⋆|S , a natural approach is to let the quantizer
encoder first encode the support set elements using log2

(
N
K

)
bits (since the elements

of S are drawn uniformly) which can be received without loss at the decoder, and

then encode the correlated Gaussian vector X̃⋆
S using R− log2

(
N
K

)
bits. It is shown

in [WV12] that the distortion-rate function of this splitting approach coincides with
the distortion-rate function for a sparse source (with Gaussian non-zero coefficients
and a uniformly distributed sparsity pattern) asymptotically (in quantization rate
R with R≫ log2

(
N
K

)
). Then, it follows that

E

[
‖X̃⋆|S − X̂|S‖2

2

]
≥ c2

−2C

(
R−log2 (N

K)
K

)

det
(

cov[X̃⋆
S ]
) 1

K

,
(4.37)

where c = 2
(

K
2 Γ
(

K
2

)) 2
K
(

K+2
K

)K
2 and Γ(·) is the Gamma function. The right-hand

side in (4.37) is indeed the distortion-rate function of the correlated Gaussian source

X̃⋆
S [YTG80] incurred by transmission over the DMC with capacity C (see (2.26)

in Chapter 2). Further,
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(4.38)

where in (a) we use the fact that all eigenvalues of Φ⊤
S ΦS are upper-bounded by

1 + (K + 1)µ using the Gershgorin disc theorem. Combining (4.38) with (4.37),
(4.35) and (4.34) concludes the proof. �



Chapter 5

Distributed Joint Source-Channel Vector

Quantization for Compressed Sensing

S
o far, in Chapter 3 and Chapter 4, we have considered a point-to-point topol-
ogy for lossy source and joint source-channel coding (JSCC) of CS measure-
ments, respectively. In contrast, this chapter aims to study distributed JSCC

of multiple CS measurement vectors. This chapter has a potential in two aspects:
first, we believe that the distributed coding is of great importance in the area of
sensor networks, where remote sensor nodes perform computation and communica-
tion tasks separately. Second, the joint design of source-channel coding, instead of
SSCC, is valuable in delay-limited applications, for example, in closed loop control
over wireless channels. In a multi-sensor setup, distributed coding of CS measure-
ments introduces new challenges which requires the study of estimating sources
form multiple CS measurement vectors as well as robust design of encoder-decoder
pairs against communication channel errors.

In order to address the aforementioned challenges, we develop a framework for
realizing optimized JSCC schemes, based on VQ, that enable distributed encoding
and transmitting CS measurements of correlated sparse sources over noisy channels,
followed by joint decoding at a fusion center. For this purpose, the optimality is
addressed with respect to minimizing the sum of MSE’s between the sparse sources
and their reconstruction vectors at the fusion center. We also derive a lower-bound
on the end-to-end performance of the studied distributed system, and propose a
practical VQ encoder-decoder design via an iterative algorithm.

5.1 Introduction

With the rapid growth of wireless sensor networks (WSN’s) and their popularity to
accomplish autonomous tasks, such as sensing, computation and communication,
distributed coding of correlated sources has attracted much attention. In a typi-
cal scenario, distributed coding considers separate encoding of correlated sources
(from different terminals), and joint decoding of coded symbols at a fusion cen-

87
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ter (FC). Distributed lossless and lossy source coding are well-developed fields
and various theoretical results on this topic have been established; see, for ex-
ample, [SW73,WZ76,ZB99,CZBW04,XLC04,Ooh05,GDV06,RMRAG06,WTV08,
WKS09, WS09, DG09, SMG13]. Diverse applications of WSN’s motivate the devel-
opment of new techniques and algorithms due to systems’ limited resources, compu-
tational complexity and power consumption. In this regard, CS can be considered
as an emerging tool for signal compression and acquisition that significantly reduces
costs due to sampling and reconstruction, leading to lower power consumption and
computations.

For distributed coding of CS measurements, Bajwa et al. [BHSN07] proposed
a distributed joint source-channel communication architecture by transmitting un-
coded (analog) random projections of sensor data to the FC. In [FME10], Feizi
et al. studied a low-complexity and distributed lossless source compression scheme
by providing a link between analog network coding and CS. In the same line of
work, a sensing-communication scheme has been proposed in [FKM11] which aims
at providing a certain level of distortion using a CS-based reconstruction algorithm.
Further, in [RFAM12], the authors have investigated the empirical rate-distortion
behavior of a CS-based network with correlated sources. In this framework, the CS
is considered as analog encoding, measurement noise as communication channel and
CS reconstruction as decoding. Hence, these works mainly consider distributed un-
coded (unquantized) transmission of CS measurements. In the context of distributed
lossy compression through quantization, Nabayee et. al [NL12] have discussed the-
oretical and practical feasibility of uniformly quantized network coding with the
concepts borrowed from CS literature.

For a distributed CS setup, we consider the optimized design of distributed
JSCC strategy in this chapter. We focus on lossy compression via vector quantiza-
tion (VQ), where noisy CS measurements are encoded and transmitted over digital
channels followed by joint decoding at FC. This can be regarded as distributed joint
source-channel vector quantization of CS measurements.

We consider, without loss of generality, a distributed setup comprising two CS
sensors measuring two correlated sparse sources. The low-dimensional (possibly
noisy) measurements are vector-quantized, and transmitted over independent dis-
crete memoryless channels (DMC’s). The sparse source vectors are reconstructed
at a FC from received noisy symbols. As a performance criterion in this distributed
setup, we are interested in the sum of MSE distortions between the sparse source
vectors and their reconstruction vectors at the FC. By applying the end-to-end
MSE criterion, the main results of this chapter can be summarized as follows:

• Establishing (necessary) conditions for optimality of VQ encoder-decoder
pairs.

• Deriving analytical expressions for the minimum mean square error (MMSE)
estimators of correlated sparse sources from noisy CS measurement vectors;
the MMSE estimation is an integral part of optimized VQ scheme in the
distributed CS setup.
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Figure 5.1: Studied system model for distributed joint source-channel vector quan-
tization for CS measurements.

• Providing a theoretical lower-bound on the MSE performance using the results
from CS and rate-distortion theories.

• Developing a practical VQ encoder-decoder design algorithm through an it-
erative algorithm.

The rest of the chapter is organized as follows. In Section 5.2, we describe a two-
sensor distributed system model that we study; the description involves building
blocks, performance criterion and objectives. Section 5.3 is devoted to preliminaries
and design of encoder-decoder pairs in a distributed fashion. Preliminaries, in Sec-
tion 5.3.1, include developing optimal estimation of correlated sparse sources from
noisy CS measurements which helps us to design optimized encoding schemes, in
Section 5.3.2, and decoding schemes, in Section 5.3.3. Thereafter, in Section 5.3.4,
we develop a practical encoder-decoder design algorithm. The end-to-end perfor-
mance analysis of the studied distributed system is given in Section 5.4. The per-
formance evaluation of the proposed design scheme is made in Section 5.5, and the
conclusions are drawn in Section 5.6.

5.2 System Description and Problem Statement

In this section, we describe the system, depicted in Figure 5.1, and associated
assumptions. In the distributed system, CS-based sensors collect measurements
from correlated sparse sources which are (possibly) corrupted by additive noise.
The noisy CS measurement vectors are quantized, and then transmitted (over noisy
channels) to a FC for reconstruction. For simplicity of presentation, we assume
a two-terminal distributed system, however, the generalization to more than two
terminals is straightforward.
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5.2.1 CS System

We consider a K-sparse (in a known basis) vector Θ ∈ R
N comprised of K random

non-zero coefficients (K ≪ N). We define the support set, i.e., location of non-zero
coefficients, of the vector Θ , [Θ1, . . . , ΘN ]⊤ as S , {n ∈ {1, 2, . . . , N} : Θn 6= 0}
with |S| = ‖Θ‖0 = K. Further, we assume two correlated sources X1 ∈ R

N and
X2 ∈ R

N have a common support set in which their correlation is established by
the following model

Xl = Θ + Zl, l ∈ {1, 2}, (5.1)

where Zl , [Z1,l, . . . , ZN,l]
⊤ ∈ R

N is a random K-sparse vector with a common
support set S; thus ‖Zl‖0 = K. We also assume that Z1 and Z2 are uncorrelated
with each other and with the common signal vector Θ. Such a joint sparsity model
(JSM), also known as JSM-2, was earlier used for distributed CS in [BDW+09]. A
practical application of JSM-2 could be the case where multiple sensors observe a
sparse representation of a single signal, for example a Fourier-sparse signal, but with
phase shifts, delays or attenuations due to multipath propagation [BDW+09]. Other
applications of JSM-2 arise in MIMO communication channels [GT05,TGS05].

The use of JSM-2 simplifies the development of analytical results. However, the
design of joint source-channel VQ, as will be discussed later in Section 5.3, is generic
and can be reused considering other types of correlation models and prior statistics.

The remote sparse sources X1 and X2 are measured by CS-based sensors leading
to measurement vectors Y1 ∈ R

M1 and Y2 ∈ R
M2 described by equations

Yl = ΦlXl + Wl, l ∈ {1, 2}, ‖Xl‖0 = K, (5.2)

where Φl ∈ R
Ml×N is a fixed sensing matrix of the lth sensor, and Wl ∈ R

Ml is an
additive measurement noise vector which is necessarily not sparse and independent
of other sources. Without loss of generality, we will assume that M1 = M2 , M , and
in the sprit of CS, we consider that M < N , that is, the number of measurements
is fewer than the size of source information.

5.2.2 Encoder

The encoders at terminals 1 and 2 (without any cooperation) code the noisy CS
measurements Y1 and Y2, respectively. The encoder mapping El (l ∈ {1, 2}) en-
codes Yl to a transmission index il, i.e.,

El : RM → Il, l ∈ {1, 2}, (5.3)

where il ∈ Il, and Il is a finite index set defined as Il , {0, 1,. . ., 2Rl − 1} with
|Il|,Rl =2Rl . Here, Rl is the assigned quantization rate for each encoder in bits per
vector. We fix the total quantization rate at R1+R2 , R bits per vector. Denoting
the encoded index by Il, the encoders are specified by the regions {Ril

}Rl−1
il=0 where⋃Rl−1

il=0 Ril
=R

M such that when Yl∈Ril
, the encoder outputs El(Yl)= il ∈ Il.
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5.2.3 Channel

As in Chapter 4, we consider DMC’s, which are described by discrete input and
output alphabets as well as channel transition probabilities. In our problem setup,
the DMC’s accept the encoded indexes il, and output noisy symbols jl ∈ Il, l ∈
{1, 2}. The channel is defined by a random mapping Il → Il characterized by
transition probabilities

P (jl|il) , Pr(Jl = jl|Il = il), il, jl ∈ Il, ∀l ∈ {1, 2}, (5.4)

which indicates the probability that index jl is received given that the input index
to the channel was il. We assume that the transmitted index il and the received
index jl share the same index set Il, and the channel transition probabilities (5.4)
are known in advance.

5.2.4 Joint Decoder

Now, we consider the decoders which are located at a fusion center. Each decoder
uses both noisy indexes j1 ∈ I1 and j2 ∈ I2 in order to make the estimate of the
sparse source vector, denoted by X̂l ∈ R

N , l ∈ {1, 2}. Given the received indexes
j1 and j2, the decoder Dl is characterized by a mapping

Dl : I1 × I2 → Cl, l ∈ {1, 2}, (5.5)

where Cl ⊆ R
N×R

N , with |Cl| = 2R1+R2 , is a finite discrete codebook set containing
all reproduction codevectors. Hence, the decoder’s functionality is described by a
look-up table; (J1 = j1, J2 = j2)⇒ (X̂1 = D1(j1, j2), X̂2 = D2(j1, j2)).

5.2.5 Performance Criterion

We use the (normalized) end-to-end MSE as the performance criterion, defined as

D ,
1

2K

2∑

l=1

E[‖Xl − X̂l‖2
2], (5.6)

where the expectation is taken with respect to all types of randomness in the
system. As we will see later in analysis and simulation, the MSE depends on CS
reconstruction distortion, quantization error as well as channel noise. Our goal is
to design encoder-decoder pairs robust against all these three kinds of error. More
precisely, we state our design goal as follows.

Problem 5.1. Consider the system of Figure 5.1 for distributed joint source-
channel vector quantization of CS measurements. Given known distributions for
the sparse source Xl, l ∈ {1, 2}, and measurement noise Wl, fixed quantization
rate Rl, and known sensing matrices and channel transition probabilities P (jl|il),
we target to find
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• encoder mapping El in (5.3) to separately encode CS measurements, and

• decoder mapping Dl in (5.5) to jointly decode correlated sparse sources,

such that the end-to-end MSE in (5.6) is minimized. �

5.3 Design Methodology

In this section, we show how to optimize the encoder and decoder mappings of the
system of Figure 5.1. We are aware that a fully joint design of the encoder and de-
coder mappings is intractable. Therefore, we optimize each mapping (with respect
to minimizing the MSE in (5.6)) by fixing the other mappings. The resulting map-
pings fulfil necessary conditions for optimality, and can be feasibly implemented.
We first take some preliminary steps towards the encoder-decoder design, described
in the next section.

5.3.1 Preliminaries

Before proceeding with the design methodology to obtain the optimized encoder-
decoder pair, we need some analytical results, discussed below.

Assumption 5.2.

1. The K elements of the support set S are drawn uniformly at random from the
set of all

(
N
K

)
possibilities, denoted by Ω.

2. The non-zero coefficients of Θ and Zl (l ∈ {1, 2}) are i.i.d. Gaussian RV’s
with zero mean and variance σ2

θ and σ2
zl

, respectively. Without loss of gener-

ality, we assume that σ2
z1

= σ2
z2

, σ2
z and σ2

θ + σ2
z = 1, i.e., the variance of a

non-zero component in Xl is normalized to 1.

3. The measurement noise vector is distributed as Wl ∼ N (0, σ2
wl

IM ), l ∈ {1, 2},
which is uncorrelated with the CS measurements and sources. �

In order to measure the amount of correlation between sources, we define the
correlation ratio as

ρ , σ2
θ/σ2

z . (5.7)

Hence, σ2
θ = ρ

1+ρ and σ2
z = 1

1+ρ , and ρ→∞ implies that the sources are highly
correlated, whereas ρ→0 means that they are highly uncorrelated. Next, we define
reconstruction distortion of the sparse sources from noisy CS measurements as

Dcs ,
1

2K

2∑

l=1

E[‖Xl − X̃l‖2
2], (5.8)

where X̃l ∈ R
N (l ∈ {1, 2}) is an estimated vector of the sparse source Xl from

noisy CS measurements Y1 and Y2.
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Further, to minimize Dcs in (5.8), it will turn out later that we need to use
a distributed MMSE estimator. The following proposition provides an analytical
expression for the MMSE estimator.

Proposition 5.3 (MMSE estimation). Consider the linear noisy CS measurement
equations in (5.2) under Assumption 5.2. Then, the MMSE estimator of Xl given
the noisy CS measurement vector y = [y⊤

1 y⊤
2 ]⊤ that minimizes Dcs in (5.8), is

obtained as x̃⋆
l (y) = E[Xl|y] which has the following closed form expression

x̃⋆(y) , [x̃⋆
1(y)⊤ x̃⋆

2(y)⊤]⊤ =

∑
S⊂Ω βS · x̃⋆(y,S)∑

S⊂Ω βS
, (5.9)

where x̃⋆(y,S) , E[X|y,S] and within its support

x̃⋆(y,S) =

[
IK IK 0K

IK 0K IK

]
C⊤D−1y, (5.10)

and otherwise zero. Further,

βs = e
1
2 (y⊤(N−1F⊤(E−1+F⊤N−1F)−1FN−1)y−ln det(E−1+F⊤N−1F)) (5.11a)

C =

[
ρ

1+ρΦ1,S
1

1+ρ Φ1,S 0M×K

ρ
1+ρΦ2,S 0M×K

1
1+ρ Φ2,S

]
, (5.11b)

D =

[
Φ1,SΦ⊤

1,S + σ2
w1

IM
ρ

1+ρ Φ1,SΦ⊤
2,S

ρ
1+ρ Φ2,SΦ⊤

1,S Φ2,SΦ⊤
2,S + σ2

w2
IM

]
, (5.11c)

N =

[
σ2

w1
IM 0M

0M σ2
w2

IM

]
, (5.11d)

E =




ρ
1+ρIK 0K 0K

0K
1

1+ρ IK 0K

0K 0K
1

1+ρIK


 , (5.11e)

F =

[
Φ1,S Φ1,S 0M×K

Φ2,S 0M×K Φ2,S

]
, (5.11f)

where Φl,S ∈ R
M×K , l∈{1, 2}, is formed by choosing the columns of Φl indexed by

the elements of a possible support set S.1 2 �

Proof. See Section 5.A in the Appendix.

1Here, for the sake of notational simplicity, we drop the dependency of the matrices C, D and
F on S.

2For simplicity of presentation, unlike Chapter 3 and Chapter 4, we denote the conditional
mean E[X|Y = y] by E[X|y].
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Remark 5.4. Note that the MMSE estimator (5.9) is non-linear in y due to non-
Gaussian nature. But, the MMSE estimator given the support set S, i.e. (5.10), is
linear in y. �

Finding an expression for the resulting MSE of the MMSE estimator (5.9) is
analytically intractable. Alternatively, the resulting MSE can be lower-bounded
by that of the ideal oracle estimator which knows the true support set a priori.
In our studied distributed CS setup, the Bayesian oracle estimator, denoted by
X̃(or), is derived from (5.10) given the a priori known support, denoted by S(or),

i.e., X̃(or) = E[X|Y,S(or)]. The MSE of the oracle estimator, denoted by D
(or)
cs , is

expressed in the following proposition.

Proposition 5.5 (Oracle lower-bound). Let S(or) denote the oracle-known support
set for each realization of X1 and X2. Then, under Assumption 5.2, Dcs in (5.8)
is always lower-bounded as

Dcs ≥ D(or)
cs , (5.12)

where

D(or)
cs = 1− 1

2K
Tr








2IK IK IK

IK IK 0K

IK IK IK


 · 1(

N
K

)
∑

S(or)⊂Ω

C⊤D−1C





, (5.13)

and the matrices C and D are determined by (5.11b) and (5.11c), respectively.
�

Proof. See Section 5.B in the Appendix.

In addition to the MMSE estimator, the conditional pdf’s p(y2|y1) and p(y1|y2)
also need to be considered later for encoder/decoder design. The next proposition
provides a closed form expression for the conditional pdf p(y2|y1).

Proposition 5.6 (Conditional pdf ). Under Assumption 5.2, the conditional pdf
p(y2|y1) is given by

p(y2|y1) =

√
1 + ρ

∑
S⊂Ω βS

(
√

2πσw1 )M σK
w2

∑
S⊂Ω γS

, (5.14)

where βS is specified by (5.11a), and using Ψ , [Φ1,S Φ1,S ]

γS = e
1
2

(
y⊤

1 ( 1

σ2
w1

Ψ(Ψ⊤Ψ)−1Ψ⊤−IM )y1−ln det(Ψ⊤Ψ)

)

.
(5.15)

�

Proof. See Section 5.C in the Appendix.
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By symmetry, p(y1|y2) can be obtained from the same expression as in (5.14)
with the only difference that y1 in (5.15) is replaced by y2 and Ψ by [Φ2,S Φ2,S ].

Next, we show the optimization methods for encoder and decoder design in the
system of Figure 5.1.

5.3.2 Encoder Design

In order to proceed with the encoder design procedure, we keep the mappings E2,
D1 and D2 fixed and known. We have

D =
1

2K

R1−1∑

i1=0

∫

y1∈Ri1

{ ,D1(y1,i1)︷ ︸︸ ︷
E[‖X1 − D1(J1, J2)‖2

2|y1, i1]

+ E[‖X2 − D2(J1, J2)‖2
2|y1, i1]︸ ︷︷ ︸

,D2(y1,i1)

}
p(y1)dy1,

(5.16)

where p(y1) is the M -fold pdf of the measurement vector Y1. Since p(y1) is a non-
negative value, in order to optimize the mapping E1 in the sense of minimizing D,
it suffices to minimize the expression inside the braces in (5.16). Thus, the optimal
encoding index i⋆

1 is obtained by

i⋆
1 = arg min

i1∈I1

{
D1(y1, i1) + D2(y1, i1)

}
. (5.17)

Now, D1(y1, i1) can be rewritten as (5.18), where (a) follows from marginalization
of the conditional expectation over j1 and j2, and from Markov property J2 →
Y1 → I1 → J1. Also, (b) follows by expanding the conditional expectation and the
fact that X1 and D1(J1, J2) are independent conditioned on y1, i1, j1, j2. Further,
(c) follows from marginalization of the expression inside the braces in (b) over i2

and y2.
In a same fashion, D2(y1, i1) can be parameterized similar to (5.18) with the only

difference that X1 and D1(j1, j2) are replaced with X2 and D2(j1, j2), respectively.
Following (5.17) and (5.18), the MSE-minimizing encoding index, denoted by i⋆

1, is
given by (5.19), where D(j1, j2) and x̃⋆(y1, y2) denote

D(j1, j2) ,
[
D1(j1, j2)⊤ D2(j1, j2)⊤]⊤ ∈ R

2N ,

x̃⋆(y1, y2) ,
[
x̃⋆

1(y1, y2)⊤ x̃⋆
2(y1, y2)⊤]⊤ ∈ R

2N .

Note that the codevectors D1(j1, j2) and D2(j1, j2) are given, and the vectors
x̃⋆

1(y1, y2) = E[X1|y1, y2] and x̃⋆
2(y1, y2) = E[X2|y1, y2] denote the MMSE es-

timators that, under Assumption 5.2, are derived in Proposition 5.3. Also, the con-
ditional pdf p(y2|y1) is given by (5.14) in Proposition 5.6 under Assumption 5.2.
It should be mentioned that although the observation at terminal 2, y2, appears in
the formulation of the optimized encoder at terminal 1, it is finally integrated out.
The following remark considers the case in which sources are uncorrelated.
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D1(y1, i1) , E[‖X1 − D1(J1, J2)‖2
2|y1, i1]

(a)
=

R1−1∑

j1=0

R2−1∑

j2=0

P (j1|i1)P (j2|y1)E[‖X1 − D1(J1, J2)‖2
2|y1, i1, j1, j2]

(b)
= E[‖X1‖2

2|y1] +

R1−1∑

j1=0

R2−1∑

j2=0

P (j1|i1)×
{

P (j2|y1)
[
‖D1(j1, j2)‖2

2 − 2E[X⊤
1 |y1, j2]D1(j1, j2)

] }

(c)
= E[‖X1‖2

2|y1] +

R1−1∑

j1=0

R2−1∑

j2=0

P (j1|i1)

R2−1∑

i2=0

P (j2|i2)×
[
‖D1(j1, j2)‖2

2

∫

y2∈Ri2

p(y2|y1)dy2 − 2

∫

y2∈Ri2

E[X⊤
1 |y1, y2]D1(j1, j2)p(y2|y1)dy2

]

(5.18)

i⋆
1 = arg min

i1∈I1

{
R1−1∑

j1=0

R2−1∑

j2=0

R2−1∑

i2=0

P (j1|i1)P (j2|i2)×

∫

Ri2

[
‖D(j1, j2)‖2

2 − 2x̃⋆(y1, y2)⊤D(j1, j2)
]

p(y2|y1)dy2

}
,

(5.19)

Remark 5.7. When there is no correlation between sources (ρ → 0), then Y1

and Y2 become independent of each other. Consequently, J1 becomes independent
of J2, and we have the following Markov chains Xl → Yl → Yl′ and Xl → Il →
Il′ (∀l, l′ ∈ {1, 2}, l 6= l′). Then, it is straightforward to show that the optimized
encoding index (5.19) boils down to

i⋆
1

ρ→0
= arg min

i1∈I1





R1−1∑

j1=0

P (j1|i1)
(
‖D1(j1)‖2

2−2x̃⋆
1(y1)⊤D1(j1)

)


 (5.20)

which is the optimized encoding index for the point-to-point joint source-channel
vector quantization of CS measurements, cf. (4.8) in Chapter 4. �

5.3.3 Decoder Design

Assuming all encoders and decoder l′ (l′ 6= l) are fixed, the MSE-minimizing decoder
is given by

D⋆
l (j1, j2) = E[Xl|j1, j2], jl ∈ Il, l ∈ {1, 2}. (5.21)
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Using the Bayes’ rule, it follows that

P (i1, i2|j1, j2) =
P (j1|i1)P (j2|i2)P (i1, i2)∑

i1

∑
i2

P (j1|i1)P (j2|i2)P (i1, i2)
, (5.22)

where P (i1, i2) = Pr(Y1 ∈ Ri1 , Y2 ∈ Ri2 ). Now, marginalizing the conditional
expectation (5.21) over i1 and i2 and applying (5.22), we obtain

D⋆
l (j1, j2) =

∑
i1,i2

P (j1|i1)P (j2|i2)
∫

Ri1

∫
Ri2

x̃⋆
l (y1, y2)p(y1, y2)dy1dy2∑

i1,i2
P (j1|i1)P (j2|i2)

∫
Ri1

∫
Ri2

p(y1, y2)dy1dy2
. (5.23)

We note the following remark regarding the case where the sources are uncor-
related.

Remark 5.8. In a scenario where the sources are uncorrelated (ρ → 0), due to
the same reasoning stated in Remark 5.7, the optimized codevectors in the studied
distributed scenario, i.e., (5.23), boil down to

D⋆
l (jl)

ρ→0
=

∑
il

P (jl|il)
∫

Ril
x̃⋆

l (yl)p(yl)dyl∑
il

P (jl|il)
∫

Ril
p(yl)dyl

. (5.24)

which is the optimized codevectors for the point-to-point joint source-channel vector
quantization of CS measurements, cf. (4.12) in Chapter 4. �

The necessary conditions for optimality in (5.19) and (5.23) can be used in
an alternating-iterative procedure to design a practical encoder-decoder pairs for
distributed quantization of CS measurements described next.

5.3.4 Training Algorithm

In this section, we develop a practical VQ encoder-decoder training algorithm for
the studied distributed system.

The necessary optimal conditions for the encoder in (5.19) (and its equivalence
i⋆
2) and the decoder in (5.23) can be combined in an alternating-iterative procedure

in order to design distributed joint source-channel VQ encoder-decoder pairs for CS.
We choose the order to optimize the mappings as: 1) the first encoder, 2) the first
decoder, 3) the second encoder and 4) the second decoder, as shown in Algorithm 5.1.

The following remarks can be taken into consideration for implementation of
Algorithm 5.1.

• In order to initialize Algorithm 5.1 in step (2), codevectors for the first and
the second decoders might be chosen as sparse random vectors (with known
statistics) to mimic the behavior of the sources. Furthermore, the conver-
gence of the algorithm in step (8) may be checked by tracking the MSE, and
terminate the iterations when the relative improvement is small enough. By
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Algorithm 5.1 : Training algorithm for distributed joint source-channe vector
quantization of CS measurements

1: input: measurement vector yl, channel probabilities: P (jl|il), quantization
rate: Rl, l ∈ {1, 2}

2: initialize: Dl , l ∈ {1, 2}
3: repeat

4: Fix the second encoder and the decoders, and find the optimal index for the
first encoder using (5.19).

5: Fix the encoders and the second decoder, and find the optimal codevectors
for the first decoder using (5.23).

6: Fix the first encoder and the decoders, and find the optimal index for the
second encoder using equivalence of (5.19).

7: Fix the encoders and the first decoder, and find the optimal codevectors for
the second decoder using (5.23).

8: until convergence
9: output: Dl and Ril

, l ∈ {1, 2}

construction and ignoring issues such as numerical precision, the iterative de-
sign always converges to a local optimum since when the necessary optimal
criteria in steps (4)-(7) of Algorithm 5.1 are invoked, the performance can
only leave unchanged or improved, given the updated indexes and codevec-
tors. This is a common rationale behind the proof of convergence for such
iterative algorithms (see e.g. [GG91, Lemma 11.3.1]); here convergence only
leads to local optima.

• In step (4) of Algorithm 5.1, we need to compute the integral in (5.19)
which consists of the MMSE estimator (5.9) and the conditional probabil-
ity (5.14). The expressions for these parameters are derived analytically in
Proposition 5.3 and Proposition 5.6 under Assumption 5.2. Nevertheless, the
integral in (5.19) cannot be solved in closed form and require approximations.
Let us focus on evaluating the integral in (5.19). We rewrite the integral as

∫

Ri2

[
‖D(j1, j2)‖2

2 − 2x̃⋆(y1, y2)⊤D(j1, j2)
]

p(y2|y1)dy2

= ‖D(j1, j2)‖2
2P (i2|y1)− 2P (i2|y1)E[X⊤|y1, i2]D(j1, j2)

≈ ‖D(j1, j2)‖2
2P (i2|y̌1)− 2P (i2|y̌1)E[X⊤|y̌1, i2]D(j1, j2)

(5.25)

where we have approximated y1 in M−dimensional continuous space with
a M−dimensional vector y̌1 belongs to a discrete space. This is performed
by scalar-quantizing each entry of y1 using ry-bit nearest-neighbor coding.
Here, ry denotes the number of quantization bits per measurement entry,
and determines the resolution of the measurements. For simplicity of imple-
mentation, we use the codeponits optimized for a Gaussian RV (with zero
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mean and variance K/M) for each measurement entry using the LBG algo-
rithm [LBG80]. Hence, y1 is discretized using this pre-quantization method.
Also, P (i2|y̌1) , Pr{I2 = i2|Y̌1 = y̌1} indicates a transition probability that
can be calculated by counting the number of transitions from y̌1 to i2 over
total number of y̌1’s. Note that this probability can be computed off-line and
be available at the first encoder. In order to evaluate the conditional mean
E[X⊤|y̌1, i2] in (5.25), we generate samples of X1 and X2, and then take av-
erage over those samples that have resulted in the quantized value y̌1 and the
quantization index i2. Using this trick, the conditional mean is replaced by a
look-up table that can be calculated off-line and stored. Here, we emphasize
that the value of i2 in online phase of quantization is not required at the first
terminal since it is summed out because of the summation over i2 in (5.19).
For all practical purpose, the approximation in (5.25) is used instead of the
integral in (5.19). Using the discussed modifications, for a given index i1 and
the pre-quantized value y̌1, the encoder computational complexity grows at
most like O(2R1+R2 ). Also, note that we can use the same technique in step
(6) of Algorithm 5.1.

• In steps (5) and (7) of Algorithm 5.1, we need to compute the codevectors
(5.23). Note that although E[Xl|j1, j2], l ∈ {1, 2}, can be calculated analyt-
ically from (5.23), it requires massive integrations of highly non-linear func-
tions. Therefore, we calculate E[Xl|j1, j2] empirically by generating Monte-
Carlo samples of Xl, and then take average over those samples which have
led to the noisy quantized indexes j1 and j2.

In the next section, we offer insights into the performance characteristics of the
distributed system shown in Figure 5.1.

5.4 Analysis of MSE

We analyze the end-to-end MSE for our studied distributed system. First, recall
the MMSE estimation of the correlated sources X̃⋆

l (Y) , E[Xl|Y], l ∈ {1, 2}, with
Y , [Y⊤

1 Y⊤
2 ]⊤, then the MSE can be rewritten as

D
(a)
=

1

2K

2∑

l=1

E[‖Xl − X̃⋆
l (Y)‖2

2] +
1

2K

2∑

l=1

E[‖X̃⋆
l (Y)− X̂l‖2

2]

, Dcs + Dq,

(5.26)

where (a) holds due to orthogonality of CS reconstruction error (i.e., Xl − X̃⋆
l (Y))

and quantized transmission error (i.e., X̃⋆
l (Y) − X̂l). This can be shown by the

definition of the MMSE estimator X̃⋆
l (Y) and by using the Markov property Xl →

(J1, J2)→ X̂l, l ∈ {1, 2}. Interestingly, (5.26) implies that, without loss of optimal-
ity, the end-to-end MSE, denoted by D, can be summed up as CS reconstruction
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MSE (of the MMSE estimator), denoted by Dcs, and quantized transmission MSE,
denoted by Dq. Next, we apply (5.26) in order to develop a lower-bound on D which
reads as follows.

Theorem 5.9 (Lower-bound on end-to-end MSE). Consider the two-terminal dis-
tributed system in Figure 5.1 under Assumption 5.2. Let the total quantization rate
be R = R1 +R2 bits per vector, and the correlation ratio between sources be ρ. Then
the asymptotic (in quantization rate) end-to-end MSE in (5.6) is lower-bounded as

D > max
{

D(or)
q , D(or)

cs

}
, (5.27)

where

D(or)
q =

√(
1− ρ2

(1 + ρ)2

)
2

−2(R−log2 (N
K))

K +
ρ2

(1 + ρ)2
2

−4(R−log2 (N
K))

K , (5.28)

and

D(or)
cs = 1− 1

2K
Tr








2IK IK IK

IK IK 0K

IK IK IK


 · 1(

N
K

)
∑

S(or)⊂Ω

C⊤D−1C





, (5.29)

where S(or) is a possible oracle support in the set Ω, and the matrices C and D are
specified by (5.11b) and (5.11c), respectively. �

Proof. See Section 5.D in the Appendix.

The following remarks can be made with reference to the lower-bound (5.27) in
Theorem 5.9.

• The term D
(or)
cs in (5.27) is the contribution of the CS reconstruction dis-

tortion of the MMSE estimator x̃⋆
l (y) (l ∈ {1, 2}) derived in (5.9). Further,

the term D
(or)
q reflects the contribution of quantized transmission distortion.

When the CS measurements are noisy, it can be verified that as the sum rate

R = R1 +R2 increases, the lower-bound in (5.27) saturates since D
(or)
q decays

exponentially, however, D
(or)
cs becomes constant by quantization rate. Hence,

the end-to-end MSE, D, can, at most, approaches an MSE floor equivalent to

D
(or)
cs .

• When CS measurements are clean, and number of measurements are sufficient
such that Dcs = 0 in (5.26), then it can be verified that X̃⋆

l (Y) = Xl, l ∈
{1, 2}. Then, from (5.27), it can be shown that D ≥ D

(or)
q (see (5.47) in the

proof of Theorem 5.9). In this case, the end-to-end MSE can asymptotically
decay at most −6/K dB per total bit (i.e., R) corresponding to the case where
ρ → ∞. However, if ρ → 0, the end-to-end MSE cannot decay steeper than
−3/K dB per total bit.
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• The source correlation, in terms of ρ, also plays an important role on the level
of the lower-bound in (5.27). First, it can be shown that increasing ρ improves

CS reconstruction performance D
(or)
cs . Further, by taking the first derivative

of D
(or)
q in (5.28) with respect to ρ, it can be verified that the derivative

is always negative. This means that as the source correlation ρ increases,
the lower-bound would decrease. Therefore, the correlation between sources
can be useful in order to reduce the lower-bound and total distortion. This
behavior can be also seen from simulation results later in Section 5.5.

• It can be also seen from (5.27) that the channel aspects are not considered
in developing the lower-bound. This is due to fact that the source-channel
separation theorem is not optimal in the case of our studied distributed sys-
tem, therefore, the minimum MSE (in terms of distortion-rate function over
a DMC) cannot be analytically derived in the scenario of noisy channels. As
a result, when channel becomes very noisy, the lower-bound is not tight.

5.5 Experiments and Results

In this section, we evaluate the performance of the proposed optimized design al-
gorithm, and compare it with the lower-bound derived in Theorem 5.9.

5.5.1 Experimental Setups

The sensing matrices Φ1 and Φ2 are produced by choosing the first (indexed from
the first row downwards) and the last (indexed from the last row upwards) M rows
of a N × N discrete cosine transform (DCT) matrix. Then, the columns of the
resulting matrices are normalized to unit-norm. Note that once the sensing matrix
is generated, it remains fixed and known to the encoder and decoder. In order to
measure the level of under-sampling, we define the measurement rate 0 < α ≤ 1 as

α , M/N,

and the signal-to-measurement noise ratio (SMNR) at terminal l ∈ {1, 2} is defined
as

SMNRl ,
E[‖Xl‖2

2]

E[‖Wl‖2
2]

=
K

Mσ2
wl

. (5.30)

In order to implement a DMC, we consider a binary symmetric channel (BSC)
with bit cross-over probability 0 ≤ ǫ ≤ 0.5 (assumed known), which is specified by
transition probability

P (j|i) = ǫHR(i,j)(1 − ǫ)R−HR(i,j), (5.31)

where HR(i, j) denotes the Hamming distance between R-bit binary codewords
representing the channel input and output indexes i and j. Unless otherwise stated
in simulation studies, we use the joint sparsity model, JSM-2, as discussed in Sec-
tion 5.2, under Assumption 5.2.
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5.5.2 Experimental Results

In the first part of our experiments, we offer insights regarding the impact of cor-
relation between sources (ρ) and measurement rate (α) on the CS reconstruction
MSE, Dcs, defined in (5.8).

We set the source dimension N = 16, sparsity level K = 2, and assume
SMNRl = 10 dB. We randomly generate 104 samples of each sparse source vec-
tor, and empirically compute Dcs in (5.8) using the MMSE estimator (5.9). The
results are illustrated in Figure 5.2 as a function of the correlation ratio for differ-
ent values of measurement rate, i.e., α = 4/16, 5/16, 6/16, 7/16, 8/16. The analyti-
cal lower-bound in (5.29) of Proposition 5.5 corresponding to the measurement rate
α = 8/16 is also demonstrated. From Figure 5.2, we observe that increasing number
of CS measurements improve the performance which is expected since the sources
are estimated from more amount of information. Another interesting point is that
Dcs varies significantly by changing the correlation ratio ρ; for example, there is
more than 5 dB performance improvement (corresponding to the curve α = 8/16)
from the case where the sources are almost uncorrelated (ρ = 10−3) to the one that
they are highly correlated (ρ = 104). This is reflected from the oracle lower-bound
as well. This is due to the fact that at low correlation, the measurement vectors
become uncorrelated, therefore there is no gain obtained by, e.g., estimation of X1

from observations at the second terminal, i.e., y2. On the other hand, when the
sources are highly correlated, the estimation procedure tends to estimating a single
source Θ from 2M number of observations, i.e., y1 and y2. Finally, it should be
noted that the gap between the curve corresponding to α = 8/16 and the corre-
sponding oracle lower-bound is due to imperfect knowledge of support set.

In the second part of experiments, we provide Monte-Carlo simulations of the
proposed encoder/decoder design method in order to offer insights into the effect
of source correlation ρ, compression resources (e.g., measurement rate α or quan-
tization rate R) and channel noise ǫ on the end-to-end distortion, D, defined in
(5.6). All simulations, both in training and performance evaluation, are performed
by generating 3×105 realizations of the source vectors. Further, the vectors y1 and
y2 are pre-quantized using ry = 3 bits per measurement entry in order to obtain
y̌1 and y̌2, respectively.

First, we demonstrate the effect of source correlation ρ and measurement rate
α on the performance. We use the simulation parameter set (N = 8, K = 2, R =
R1 + R2 = 8 bits per vector with R1 = R2), and assume perfect communication
channels and clean measurements. We vary the correlation ratio from very low
(ρ = 10−3) to very high values (ρ = 103), and compare the simulation results
with the lower-bound derived in (5.27) of Theorem 5.9. The results are shown
in Figure 5.3 for various values of measurement rate, i.e., α = 3

8 , 4
8 , 5

8 . As would
be expected, at a fixed quantization rate R and correlation ratio ρ, increasing α

improves the end-to-end MSE. In this simulation setup, D
(or)
cs ≪ D

(or)
q , hence, the

lower-bound mainly shows the contribution of quantization distortion.
From Figure 5.3, we observe that the higher the correlation (i.e., larger ρ) is, the
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Figure 5.2: CS reconstruction distortion Dcs (in dB) as a function of correlation
ratio ρ.

better the performance gets. Hence, the correlation is a useful factor to reduce the
end-to-end distortion which is also reflected from the lower-bound. This behavior
can be interpreted as follows. When the sources are fully correlated, ρ → ∞, the
two sources can be viewed as a single source, and the FC is able to reconstruct
the source jointly from two sets of received quantized indexes. On the other hand,
when the sources are uncorrelated, ρ → 0, the FC reconstructs the sources from
two sets of independent quantized indexes. Thus, there is no gain in joint decoding
at the FC. From the curves of Figure 5.3, it can be concluded if a CS system has
to operate in a regime where the acquisition of each measurement is expensive, one
could, instead, benefit from higher correlation in the source signals.

Now, we investigate how the performance varies by quantization rate. We use
the simulation parameter set (N = 8, K = 2, α = 5/8, SMNR1 = SMNR2 =
10 dB), and assume noiseless communication channels. In Figure 5.4, we illustrate
the end-to-end MSE of the proposed distributed design method as a function of total
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Figure 5.3: End-to-end distortion (D in dB) as a function of correlation ratio ρ
using the proposed design scheme along with the lower-bound (5.27) for different
values of measurement rate α. The parameters are chosen as N = 8, K = 2 and
R = R1 + R2 = 8 bits per vector for clean measurements and noiseless channels.

quantization rate R = R1 + R2 (with R1 = R2) for different values of correlation
ratios: ρ = 1 (less correlated sources), ρ = 10 (moderately correlated sources) and
ρ = 100 (highly correlated sources). The simulation curves are compared with the
lower-bound in (5.27) corresponding to ρ = 1, 10, 100.

From Figure 5.4, we observe that the performance improves by increasing quan-
tization rate. Moreover, increasing correlation between sources reduces the MSE as
observed from the previous experiments too. The gap between the simulation curves
and their respective lower-bounds is due to the reason that when CS measurements
are noisy, the MMSE estimators X̃⋆

l (Y) (l ∈ {1, 2}) become far from (spatially)
Gaussian vectors within support. Hence, the simulation curves do not decay as
steep as their corresponding lower-bounds which are derived under the optimistic
assumption that Xl is available for coding. It should be also noted that as quan-
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Figure 5.4: End-to-end distortion (D in dB) as a function of quantization rate
R = R1 + R2 (in bits per vector) using the proposed design scheme along with the
lower-bound (5.27) for different values of correlation ratio ρ. The parameters are
chosen as N = 8, K = 2 and M = 5 for noisy CS measurements, with SMNR1 =
SMNR2 = 10 dB, and noiseless channels.

tization rate increases, all the simulation curves will eventually approach to their
respective MSE floors, specified by Dcs. This is reflected from the lower-bounds in

Figure 5.4, where each attains an MSE floor equivalent to D
(or)
cs < Dcs.

Next experiments study the impact of channel noise on the performance. In
Figure 5.5, we assess the MSE of the distributed design as a function of channel bit
cross-over probability ǫ (which is the same for channels at both terminals) using the
simulation setup (N = 8, K = 2, M = 5, R = R1+R2 = 8 bits per vector, with R1 =
R2) and for two values of correlation ratio, ρ = 5, 1000. Further, measurement noise
is negligible. In order to demonstrate the efficiency of the distributed design scheme,
in Figure 5.5, we also plot the performance of a centralized design of VQ for CS
measurements presented in Chapter 4. A centralized scheme provides benchmark
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Figure 5.5: End-to-end distortion (D in dB) as a function of channel bit cross-over
probability ǫ using the proposed design scheme along with the lower-bound (5.27)
for different values of correlation ratio ρ. The parameters are chosen as N = 8,
K = 2 and M = 5 for clean CS measurements. In this experiment, we use the
JSM-2 correlation model.

performance where the concatenated measurement vector Y = [Y⊤
1 Y⊤

1 ]⊤ ∈ R
10

is encoded using a VQ encoder with R = R1 + R2 bits per vector, and the source
X = [X⊤

1 X⊤
2 ]⊤ ∈ R

16 is reconstructed at the decoder. From the simulation curves
in Figure 5.5, it can be observed that degrading channel condition increases MSE.
However, the joint-source channel VQ design provides robustness against channel
noise by considering channel through its design. At high channel noise, the cen-
tralized design provides a slightly more robust performance compared with the
distributed design. A potential reason can be that the centralized design operates
on joint source-channel code of length 28 bits, while the distributed design has the
encoded index of length 24 bits at each terminal. However, it can be seen that the
performance of the distributed design closely follows that of the centralized ap-
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proach, particularly at high correlation ratio ρ. By comparing the performance of
the distributed design at ρ = 5 and ρ = 1000, it is revealed that correlation between
sources is also useful in providing better performance in noisy channel scenarios.
However, at very high channel noise level, we observe that the performance of the
designs for ρ = 5 and ρ = 1000 approaches together. To interpret this behavior, let
us consider an extreme case where ǫ→ 0.5. For a BSC with transition probabilities
(5.31), this gives

P (jl|il)→ (1/2)Rl = 2−2Rl
, ∀il, jl, l ∈ {1, 2},

and according to (5.22), this implies that P (i1, i2|j1, j2)→ P (i1, i2), ∀j1, j2. Study-
ing (5.21), we get D⋆

l (j1, j2)→ E[Xl], ∀jl, l ∈ {1, 2}. This means that all the code-
vectors become equal. Further, studying the expression (5.19) for the optimized
encoding index, we obtain

i⋆
l → arg min

il∈Il

{
‖E[Xl]‖2

2 − 2E[X⊤
l |yl]E[Xl]

}
, ∀jl, l ∈ {1, 2}.

This implies that we have only one non-empty encoding region. Hence, at very high
channel noise, only one index is transmitted – irrespective of the input Xl and
correlation between sources – and the decoder produces the expected value of the
source E[Xl] for all received indexes from the channel.

In our final experiment, we investigate the effect of channel noise on the per-
formance by considering a different type of source correlation model. We assume
that the sources share a common sparse component while each individual source
contains a private component. This joint sparsity model is referred to as JSM-
1 in [BDW+09]. To elaborate more, let us consider the linear correlation model
in (5.1). Based on the JSM-1, the common signal Θ has Kc non-zero coefficients
whereas each private signal Zl (l ∈ {1, 2}) contains Kp non-zero components such
that Kc + Kp = K. We assume that the support set for each private and common
signal is drawn uniformly at random over the set {1, . . . , N}. Considering the same
simulation setup as that of the previous experiment, in Figure 5.6, we plot MSE
as a function of channel bit cross over probability ǫ using this joint sparsity model.
Moreover, in order to illustrate the strength of the distributed design scheme, we
compare its performance against that of the centralized approach.

The curves in Figure 5.6 (based on the correlation model JSM-1) show the same
trend as in Figure 5.5 since the design is robust against channel noise. Although
it is not fair to compare the performance of the curves corresponding to JSM-2
(in Figure 5.5) and the ones in corresponding to JSM-1 (in Figure 5.6), it can be
revealed that the performance of the designs using JSM-1 is superior to that of
the original correlation model (JSM-2). To explain the performance improvement,
we consider two facts. First, using the JSM-1, there is a probability of sparsity
reduction since the support set for Θ and Zl may overlap with some non-zero
probability. Hence, X1 or X2 can be 1−sparse. Whereas based on the original
correlation model (JSM-2), Xl (l ∈ {1, 2}) is always 2-sparse. Second, using JSM-
1, increasing correlation ratio ρ would progressively fade away the contribution of
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Figure 5.6: End-to-end distortion (D in dB) as a function of channel bit cross-over
probability ǫ using the proposed design scheme for different values of correlation
ratio ρ. The parameters are chosen as N = 8, K = 2 and M = 5 for clean CS
measurements. In this experiment, we use the JSM-1 correlation model.

Zl. As a result, at high correlation, the source signals effectively become 1-sparse.
Hence, the MSE of the JSM-1 model is lower than that of the original correlation
model. Finally, similar to the previous experiment, we observe from Figure 5.6 that
the performance of the proposed distributed design at ρ = 5, 1000 closely follows
that of the centralized schemes.

5.6 Chapter Conclusion

We have studied the design and analysis of distributed joint source-channel vec-
tor quantization for CS measurements. Necessary conditions for optimality of VQ
encoder-decoder pairs have been derived with respect to minimizing end-to-end
MSE. We have analyzed the MSE and showed that, without loss of optimality, it
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is the sum of CS reconstruction MSE and quantized transmission MSE, where we
used this fact to derive a lower-bound on the end-to-end MSE. Simulation results
have revealed that correlation between sources is an effective factor on the perfor-
mance in addition to compression resources such as measurement and quantization
rates. Further, in noisy channel scenarios, the proposed distributed design method
provides robustness against channel noise.
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Appendices for Chapter 5

5.A Proof of Proposition 5.3

It can be shown that the MMSE estimator of the sparse source Xl that minimizes
Dcs in (5.8) (given noisy CS measurements y⊤ = [y⊤

1 y⊤
2 ]⊤) is x̃⋆

l (y) , E[Xl|y]
(l ∈ {1, 2}). Marginalizing over all supports in Ω, we have

x̃⋆
l (y) =

∑

S⊂Ω

P (S|y)E[Xl |y,S]. (5.32)

Next, we establish the following linear transformation



Y1

Y2

ΘS
Z1,S
Z2,S




=




Φ1,S Φ1,S 0 I 0

Φ2,S 0 Φ2,S 0 I

I 0 0 0 0

0 I 0 0 0

0 0 I 0 0



·




ΘS
Z1,S
Z2,S
W1

W2




. (5.33)

Recalling that ΘS , Zl,S and Wl are all independent and uncorrelated Gaussian
random vectors, the vector on the right-hand-side of (5.33) is jointly Gaussian.
Further, the vector on the left-hand-side of (5.33) is jointly Gaussian as well since it
is a linear transformation of a jointly Gaussian vector. Therefore, based on [Kay93,
Theorem 10.2], we have

E

[
[Θ⊤

S Z⊤
1,S Z⊤

2,S ]⊤
∣∣y
]

= C⊤D−1y, (5.34)

where C and D are covariance matrices specified in (5.11b) and (5.11c), respectively.
Now, since E[Xl,S |y] = E[ΘS |y] + E[Zl,S |y] (l ∈ {1, 2}), it follows that within
support set S, we obtain

x̃⋆(y,S) ,

[
x̃⋆

1(y,S)

x̃⋆
2(y,S)

]
=

[
I I 0

I 0 I

]
C⊤D−1y, (5.35)

and otherwise zero.
Now, it only remains to find an expression for p(S|y) in (5.32). Let us first

define qS , [θ⊤
S z⊤

1,S z⊤
2,S ]⊤, then using Bayes’ rule, it follows that

P (S|y) =
p(y|S)P (S)∑
S p(y|S)P (S)

=

∫
qS

p(qS |S)p(y|qS ,S)dqS∑
S
∫

qS
p(qS |S)p(y|qS ,S)dqS

,

(5.36)

where we used the fact that P (S) = 1

(N
K)

which is canceled out from numera-

tor and denominator of in (5.36). It can be verified that p(qS |S) = N (0, E) and
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p(y|qS ,S) = N (FqS , N), where the matrices N, E and F are specified in (5.11d),
(5.11e) and (5.11f), respectively. Therefore, it follows that

p(qS |S) =
1√

(2π)3K det(E)
e− 1

2 q⊤
S E−1qS

p(y|qS ,S) =
1√

(2π)2M det(N)
e− 1

2 (y−FqS)⊤N−1(y−FqS).

(5.37)

Using the Gaussian distributions in (5.37), we get

p(qS |S)p(y|qS ,S)=
e−y⊤N−1y

√
(2π)3K+2M det(E) det(N)

e− 1
2 (q⊤

S (E−1+F⊤N−1F)qS−2y⊤N−1FqS).

(5.38)
Now, using [PP12, eq. (346)], it yields

∫

qS

p(qS |S)p(y|qS ,S)dqS =
e

1
2 y⊤
(

N−1F⊤(E−1+F⊤N−1F)
−1

FN−1−N−1
)

y

√
(2π)2M−3K det(N) det(E−1 + F⊤N−1F)

. (5.39)

Plugging (5.39) back into (5.36) yields βS in (5.11a), and the proof is concluded. �

5.B Proof of Proposition 5.5

The oracle estimator is obtained by (5.10) given S(or). Then, it follows from the
law of total expectation that

D(or)
cs =

1

2K
E

[
2∑

l=1

E

[
‖Xl,S(or) − X̃l,S(or)‖2

2

]]
, (5.40)

where the inner expectation is taken over the distribution of Xl given the oracle-
known support, and the outer expectation is taken over all possibilities of oracle
support set. Further, X̃l,S(or) , E[Xl,S(or) |Y] ∈ R

K , l ∈ {1, 2}.
Defining QS , [Θ⊤

S Z⊤
1,S Z⊤

2,S ]⊤, for l=1, we have

E

[(
X1,S(or) − X̃1,S(or)

)(
X1,S(or) − X̃1,S(or)

)⊤]

(a)
= [I I 0]E

[(
QS(or)−Q̃S(or)

)(
QS(or)−Q̃S(or)

)⊤]
[I I 0]⊤

(b)
= [I I 0]

(
E−C⊤D−1C

)
[I I 0]

⊤
,

(5.41)

where (a) follows from the fact that X1,S = [I I 0] QS , and (b) can be shown
from [Kay93, Theorem 10.2]. Similarly, for l = 2, we obtain

E

[(
X2,S(or) − X̃2,S(or)

)(
X2,S(or) − X̃2,S(or)

)⊤]

= [I 0 I]
(
E−C⊤D−1C

)
[I 0 I]⊤ .

(5.42)
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Combining (5.41) and (5.42) with (5.40), it follows that

D(or)
cs

(a)
=

1

2K
E


Tr








2I I I

I I 0

I I I



(
E−C⊤D−1C

)







(b)
= 1− 1

2K


Tr








2I I I

I I 0

I I I




1(
N
K

)
∑

S(or)

C⊤D−1C






 ,

(5.43)

where (a) follows from fact that for two matrices A and B with appropriate dimen-
sions, we have Tr{A + B} = Tr{A} + Tr{B} and Tr{AB} = Tr{BA}. Also, (b)
follows the uniform distribution of a possible oracle-known support set, and simple
matrix algebra. �

5.C Proof of Proposition 5.6

The proof follows the same line of arguments in the proof of Proposition 5.3. Let
qS , [θs

⊤ z⊤
1,S z⊤

2,S ]⊤ and gS , [θs
⊤ z⊤

1,S ]⊤, then we rewrite p(y2|y1) as

p(y2|y1) =

∑
S p(y1, y2|S)P (S)∑

S p(y1|S)P (S)

=

∑
S
∫

qS
p(qS |S)p(y1, y2|qS ,S)dqS∑

S
∫

gS
p(gS |S)p(y1|gS ,S)dgS

.

(5.44)

It was shown in the proof of Proposition 5.3 that p(qS |S) and p(y1, y2|qS ,S)
are Gaussian pdf’s with known mean vectors and covariance matrices. Further, it
can be easily shown that p(gS |S) = N (0, bdiag(σ2

θI, σ2
zI)), where bdiag(·) denotes

the block diagonal matrix with diagonal matrices σ2
θI and σ2

zI as its blocks. Also,
p(y1|gS ,S) = N (ΨgS , σ2

w1
I), where Ψ , [Φ1,S Φ1,S ]. The integrations in the nu-

merator and denominator of the last equation in (5.44) can be analytically derived,
similar to the ones in the proof of Proposition 5.3, leading to the expression in
(5.14). �

5.D Proof of Theorem 5.9

We start with the decomposition of the end-to-end MSE in (5.26) as D = Dcs +Dq.
A direct approach to find an expression for the end-to-end MSE is to determine
Dcs and Dq. The CS reconstruction (due to MMSE estimation) can be computed
from (5.8) using the MMSE estimator (5.9) of Proposition 5.3. However, finding an
expression for quantized transmission distortion, or distortion-rate function, for the
source X̃⋆

l (Y) (l ∈ {1, 2}) is not easy since the distribution of X̃⋆
l (Y) is not known in

general. Even the distortion rate function for the temporally and spatially correlated
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Gaussian vectors comprised of coefficients of X̃⋆
1(Y) and X̃⋆

2(Y) within the oracle
known support set is not known. To get around with this difficulty, we first find a
lower-bound on D using the decomposition (5.26) in order to reflect the contribution
of CS reconstruction distortion on the end-to-end distortion. Therefore, it follows
that

D > Dcs ≥ D(or)
cs . (5.45)

Next, in order to address the contribution of quantized transmission distortion
on the end-to-end MSE, we derive another lower-bound on D by considering the
performance of a system where X1 and X2 are available and directly quantized and
transmitted. Using this approach, we actually neglect the loss due to limited number
of measurements as well as measurement noise. Hence, this lower-bound is tight
when the CS system operates in a region where perfect CS (MMSE) reconstruction
is possible (e.g., when measurements are clean and number of measurements are
such that Dcs = 0). Finally, we take the maximum of two lower-bounds (which was
derived in (5.45) and will be derived later in (5.48)) yielding a composite lower-
bound that is sufficiently tighter than each lower-bound.

To start with, we note that the performance of the studied system is always
poorer than that of a system where X1 and X2 are available for coding directly
(with oracle known support set S(or)). Hence, we have

D ≥ 1

2K

2∑

l=1

E[‖Xl|S(or) − X̂l|S(or)‖2
2], (5.46)

where we denote by Xl|S(or) ∈ R
N the source Xl with oracle known support set

S(or), and X̂l|S(or) ∈ R
N denotes its decoded vector at the receiving-end with

the known support that is transmitted without loss. Since the elements of the
support set are i.i.d. and uniformly drawn from all possibilities, a natural approach
is to allocate R0 = log2

(
N
K

)
bits to transmit S(or) which is received without loss.

Then, we only need to find the distortion-rate function for two correlated Gaussian
sources using R1 + R2− log2

(
N
K

)
. Let us denote the non-sparse correlated Gaussian

sources by X1,S , X2,S ∈ R
K . The rate region for the quadratic Gaussian problem

of two-terminal source coding has been developed in [WTV08] so that we can
lower-bound the last expression in (5.46). For this purpose, let us define Dl,S(or) ,
1
KE[‖Xl,S(or) − X̂l,S(or)‖2

2], l ∈ {1, 2}, then with some mathematical simplifications
of the results in [WTV08, Theorem 1], we obtain

D1,S(or) D2,S(or) ≥
(

1− ρ2

(1− ρ)2

)
2

−2(R1+R2−log2 (N
K))

K

+
ρ2

(1 − ρ)2
2

−4(R1+R2−log2 (N
K))

K .

(5.47)

Since D1,S(or) is inversely proportional to D2,S(or) , then 1
2K

∑2
l=1 Dl,S(or) is mini-

mized by setting D1,S(or) = D2,S(or) . Combining this fact with (5.47) and (5.46), it
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follows that

D ≥
((

1− ρ2

(1− ρ)2

)
2

−2(R1+R2−log2 (N
K))

K +
ρ2

(1− ρ)2
2

−4(R1+R2−log2 (N
K))

K

) 1
2

, D(or)
q .

(5.48)
From the lower-bounds (5.45) and (5.48), it can be inferred that the former is

tighter when CS measurements are noisy, and the latter is tighter when there is
no loss due to CS reconstruction. Therefore, in order to adaptively consider both
regimes, we develop a composite lower-bound by combining them as

D > max
{

D(or)
cs , D(or)

q

}
, (5.49)

which concludes the proof. �



Chapter 6

Dynamic Source-Channel Coding for

Networked Control Systems

I
n this chapter, we explore dynamic source-channel coding schemes for networked
control systems (NCS’s). A NCS consists of a plant, sensors, controllers and
actuators communicating acquired data over a shared medium. Our focus is

mainly on developing delay-efficient coding methods that take into account dynamic
characteristics of wireless NCS’s (WNCS’s). In contrast to the previous chapters,
the main conceptual difference with the contents of Chapter 4 and Chapter 5 is that
our scope, in this chapter, is separate source-channel coding (SSCC) rather than
the JSCC. In Chapter 2, we discussed that SSCC is able to provide the optimal
theoretical performance in a point-to-point communication channel. However, this
is attained at the price of infinite delay which cannot be tolerated in delay-sensitive
control applications. Hence, a novel design of source and channel codes should be
considered satisfying real-time and delay constraints of the dynamical systems.

More precisely, in this chapter and in the context of networked control, we study
causal source–channel codes for real-time transmission of a dynamic source over
binary-input memoryless symmetric channels (BI-MSC) in a closed loop control
system. Two types of coding schemes are investigated: dynamic repetition encoding
under sequential majority logic decoding (MLD), and dynamic Fountain encoding
under sequential belief propagation (BP) decoding. We show that the closed loop
system, characterized by mean square stability performance criterion, can be equiv-
alently modeled as an open loop system, with end-to-end MSE performance measure
under a linear control process. The coding methods over the open loop system are
analyzed, and we derive upper- and lower-bounds on the MSE using the proposed
schemes. Further, we investigate relationships among the MSE performance of the
open loop system, encoding complexity of the codes and mean square stability of
the closed loop system.

115
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6.1 Introduction

Theoretical analysis of WNCS’s requires the study of interactions between infor-
mation theory and stochastic control theory (see e.g. [Eli04, TM04] and references
therein). From information theory, we know that transmission reliability over noisy
rate-limited communication channels can be ensured by coding an arbitrary long se-
quence without taking delay constraints into account [Sha48]. On the other hand, in
many control applications, e.g., remotely controlling or stabilizing a dynamic source
over a noisy channel, the system performance is typically very sensitive to delay in
action. Therefore, it is particularly interesting to apply data transmission schemes
which are sensitive to delay. Such problems have been addressed over various types
of communication channels, see for example [MFDN09, FMS10, BSJ11, BSFJ12].
Particularly, the works in this area consider conventional JSCC, and do not involve
SSCC due to large encoding/decoding delay. Although JSCC provides better per-
formance than SSCC in finite-delay scenarios, as observed in Chapter 4, it generally
suffers from increasing operational and memory complexity.

In contrast to the JSCC approach, Sahai et. al in [SM06] proposed an informa-
tion theoretical design methodology regarding channel coding for delay constrained
systems where prototypes established by Shannon do not suffice. This methodology
is known as anytime transmission, where encoding and decoding of dynamic sources
can be realized at any time, while providing increasing performance over time. In-
deed, in [SM06], the authors have shown the equivalence between stabilization of
a linear plant over a noisy feedback channel and sequential communication over
a noisy channel with a noiseless feedback. In [Sim04], error exponents have been
determined based on a time-sharing anytime channel code over a discrete memory-
less channel (DMC) with perfect channel feedback. In [CFZ10], trade-offs between
complexity and distortion of source-channel coding have been investigated for any-
time coding schemes, with different encoding/decoding complexities, over a binary
erasure channel (BEC) and assuming no channel feedback. The authors in [SH11]
have shown the existence of anytime linear reliable codes over erasure channels.
Further, sufficient stability conditions using anytime codes have been derived over
compound channels in [DS07]. Recent results using anytime transmission, based on
advanced coding schemes, can be also found in [DRTS12,TNDT13].

In this chapter, we investigate repetition and Fountain codes designed for the
purpose of delay-efficient communication over a binary-input symmetric channel.
The motivation behind utilizing the dynamic repetition codes is the simplicity of
encoder’s and decoder’s implementation that can be considered as a benchmark for
performance comparison. Further, in real-life applications, repetition code is used
as a concatenation with other advanced coding methods. The Fountain codes, on
the other hand, introduced first in [BLMR98], are a class of low-complexity ran-
dom sparse channel codes in which the encoder generates an unlimited number of
symbols such that the decoder can recover the source symbols from a sufficiently
large subset of channel outputs. Luby transform (LT) codes [Lub02] are the first
universal class of Fountain codes in the sense that they are nearly optimal for era-
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sure channels. From [PY04,ES06,CCM09], we also know that Fountain codes work
satisfactorily over BI-MSC’s. Fountain codes have been exploited over other types
of channel, see for example [CM07, UYWX11]. In real-time applications, it is im-
portant to allocate coding redundancy over streaming information bits according to
their importance level, which is called unequal error protection (UEP). This prop-
erty is also critical for applications such as state estimation and controlling unstable
plants using the anytime design since not only delay is of great importance, but
also some parts of information bits need to be treated differently. In the literature,
Fountain codes have been shown to have advantages exploiting UEP principles, see
for instance [RVF07, SVD+09]. Interestingly, Fountain codes can encode an infor-
mation message into a number of symbols such that the knowledge of a portion of
the symbols allows one to recover the original message. This aspect together with
the UEP makes Fountain codes a natural choice for encoding streaming data1 using
dynamic transmission schemes.

More specifically, this chapter considers the analysis of two dynamic coding
schemes exploiting UEP property, namely, repetition codes, under sequential MLD,
and Fountain codes, under BP decoding, over a BI-MSC in a closed loop system.
We show an equivalence between the closed loop system, with the objective of mean
square stability, and an open loop source-channel coding system, with the objective
of end-to-end MSE, under a specific linear controller. Then, we investigate the
behavior of the repetition and Fountain codes in the open loop system, and derive
upper- and lower-bounds on their end-to-end MSE performances. By analyzing the
degree and rate of convergence of the end-to-end MSE using the studied coding
schemes, we develop stability conditions for the original closed loop control system
in mean square sense. We also show that the encoding complexity is an important
factor, leading to stabilization of the dynamic closed loop system.

The chapter is organized as follows: In Section 6.2, we describe the system model
and give preliminary analysis. In Section 6.3, we show the performance analysis of
the dynamic transmission scheme based on repetition codes. Section 6.4 introduces
dynamic Fountain encoder and decoder. Section 6.5 is devoted to the analysis of
the dynamic Fountain codes. The numerical results are given in Section 6.6, and
the chapter conclusions are drawn in Section 6.7.

6.2 Problem Formulation and Preliminary Analysis

In this section, we first describe the system model, and then start to formulate the
problem of interest.

1By streaming data, we mean that information symbols gradually reveal over time with a
pre-defined rate.
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6.2.1 System Description

We consider the following linear time-invariant system (plant)

X(t + 1) = aX(t) + U(t), (6.1)

where X(t) ∈ R is a random state process and U(t) ∈ R is a control process. We
assume that the scalar a > 1, i.e., the system is unstable in open loop. Further,
the value of a is known both at transmitter and receiver. Also, we assume that the
initial state X(0) is drawn according to a known distribution with a finite second
moment.

Now, consider the closed loop system illustrated in Figure 6.1, where an en-
coder takes the state process X(t) and represents it with a bit to be transmitted
over a noisy channel. At the receiver side, a decoder starts providing estimates of
the current state based on the current and previous received symbols so as to se-
quentially refine the reconstructed value of the state X(t), denoted by X̂(t) ∈ R,
over time. We choose a linear controller which takes an action using the estimate
X̂(0|t), i.e., the estimation of the initial state at time instant t. More precisely, at

t = 0, the control action is U(0) = −aX̂(0|0). At t > 1, the control signal is given

by U(t) = −at+1
(

X̂(0|t)− X̂(0|t− 1)
)

. Plugging the control signal U(t) into the

system equation (6.1), we get

X(t + 1) = at+1
(

X(0)− X̂(0|t)
)

. (6.2)

In the context of NCS, it is central to investigate the closed loop system of
Figure 6.1 in terms of stability. The notion of stability is shown in the sense of
mean square stability [TM04,SM06,MFDN09], and is defined as follows.

Definition 6.1 (Mean square stability). A system is said to be mean square stable
if limt→∞ E

[
X2(t)

]
= 0. �

Applying the above definition to the studied closed loop system, it can be verified
that the system of Figure 6.1 is mean square stable if

lim
t→∞

at
E

1/2
[
(X(0)− X̂(0|t))2

]
= 0. (6.3)

Interestingly, (6.3) implies that in order to mean square stabilize the unstable
system of Figure 6.1, it suffices to find encoder-decoder pairs such that the root

mean square error distortion E
1/2
[
(X(0)− X̂(0|t))2

]
decays faster than at in time.

Therefore, it is reasonable to investigate an open loop system with an input X(0)
instead of the closed loop system of Figure 6.1, and consider the end-to-end MSE,

E

[
(X(0)− X̂(0|t))2

]
, as the performance criterion. In the next section, based on

this fact, we formally describe an equivalent open loop system model of Figure 6.1.
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Plant
X(0)

X(t)

X(t+1)=aX(t) + U(t)

Encoder

Bit

Bit

Channel

U(t)

DecoderController

X̂(t)

Figure 6.1: The functional diagram of a dynamic closed loop system.

6.2.2 Equivalent System Model

In what follows, we describe the assumptions and building blocks of the dynamic
system model shown in Figure 6.2 which can be thought of as an equivalent open
loop model of Figure 6.1.

We shall assume that the initial state X(0) is drawn according to the uniform
distribution in [0, 1]. In our dynamic transmission scheme, the two main functional
units, i.e., dynamic source coding and channel coding are considered separately. At
the transmitter side, we, throughout the chapter, employ the truncated binary ex-
pansion as the source encoder to map X(0) to a sequence of bits bKt

1 , b1, . . . , bKt ,
where Kt denotes the number of information bits revealed at time t; furthermore,
we assume that Kt≥Kt−1, and choice of Kt depends on the rate of source coding.
For example, if the source generates a bit, bk (1 ≤ k ≤ Kt), every 1/R time units
for a given source rate 0 < R < 1, then Kt = ⌈Rt⌉. The fact that the rate R
is bounded in the unitary interval is due to causality of the studied system. The
binary expansion provides unequal weights for streaming bits, that is, the first por-
tion of generated bits are more significant than the later ones. Therefore, this type
of source coding is particularly well-suited for streaming image and video transmis-
sion [ACM12]. Later, we show that in order to reliably transmit source-coded data,
the channel encoder needs to provide UEP. The binary expansion source encoder
is defined by a mapping Es,t : [0, 1] → {0, 1}Kt such that Es,t(X(0)) = bKt

1 . The
channel encoder is described by a mapping Ec,t : {0, 1}Kt → {0, 1}. More specifi-

cally, at time instant t, the channel encoder maps the generated bit sequence bKt
1
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X(0)

X̂(0|t)

Source encoder Channel encoder
b1 . . . bKt

b̂1(t). . .̂bKt(t)

y(t)

z(t)

Channel

Encoder

Decoder

Channel decoderSource decoder

Figure 6.2: An equivalent open-loop functional diagram of the dynamic closed loop
system in Figure 6.1.

to a single bit y(t) ∈ {0, 1} such that Ec,t(b
Kt
1 ) = y(t).

The coded symbol y(t) is conveyed over a time-invariant BI-MSC. We consider
binary symmetric channel (BSC) as a realization of BI-MSC which is described by
bit cross-over probability 0 ≤ ǫ ≤ 1/2. The channel output is denoted by z(t) ∈
{0, 1}.

At the remote receiver, the sequential channel decoder at time t, specified by a
mapping Dc,t : {0, 1}t → {0, 1}Kt, is allowed to exploit the information from the
current symbol z(t) as well as the previous received symbols z(1), . . . , z(t− 1) for

the purpose of estimation, i.e., Dc,t(z
t
1) = b̂1(t)̂b2(t) . . . b̂Kt(t) , b̂Kt

1 (t). The latter
equation implies that the channel decoder refines the estimated bits over time after
receiving the channel output at time t. Finally, the source decoder is expressed
as a mapping Ds,t : {0, 1}Kt → [0, 1) such that Ds,t(b̂

Kt
1 (t)) = X̂(0|t), where the

reconstructed value X̂(0|t) denotes the estimation of X(0) at each time instant t.
Motivated by (6.2), the common objective of the encoder and decoder is to
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estimate the initial state such that the MSE between the state and its estimate is
minimized at every time instant t. Therefore, we establish the performance criterion
for the system model in Figure 6.2 using the end-to-end MSE, which is defined as

D(t) , E

[(
X(0)− X̂(0|t)

)2
]

. (6.4)

In order to analyze the end-to-end MSE in (6.4), it is important to identify the
types of distortion throughout the system. There exist two main causes of distortion
in the studied open loop system model:

• the distortion due to source coding (quantization) of the initial state, termed
source distortion, and

• the distortion due to source-coded (quantized) transmission over the noisy
channel, termed channel distortion.

In order to quantify these types of distortion, let us first denote the reconstruction
of the source X(0) from quantized bits bKt

1 at time t by Xs(0|t) ,
∑Kt

k=1 bk2−k.
Then, we define the source and channel distortions, respectively, as

Ds(t) , E

[
(X(0)−Xs(0|t))2

]
,

Dc(t) , E

[(
Xs(0|t)− X̂(0|t)

)2
]

.
(6.5)

It can be shown, using the Minkowski’s inequality, that the end-to-end MSE is
upper-bounded as √

D(t) ≤
√

Ds(t) +
√

Dc(t). (6.6)

The following lemma provides an analytical expression for the source distortion.

Lemma 6.2 (Source distortion). The distortion caused by the binary expansion at
time t is given by

Ds(t) =
1

3
2−2Kt , (6.7)

where Kt is the number of information bits fed into the dynamic channel encoder
at time t. �

Proof. See Section 6.A in the Appendix.

Lemma 6.2 indicates that the source distortion, Ds(t), decays with an exponent
proportional to Kt. Let us assume that the channel is noiseless such that the chan-
nel distortion Dc(t) = 0, and thus, D(t) = Ds(t). We investigate the conditions
upon which the binary expansion-based source encoder is capable of stabilizing an
unstable plant with system equation in (6.2) over a noiseless channel. Following the
mean square stability condition (6.3), we need to satisfy

lim
t→∞

2(t log a−Kt) = 0.
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It can be easily observed that for ensuring mean square stability, Kt has to grow
at least linearly in time. If we assume that Kt = ⌈Rt⌉, where 0 < R < 1 is the
source coding rate, then the sufficient condition for stabilizing the unstable plant
over a noiseless channel is log a < R (note that ⌈Rt⌉ > R(t−1)). From now on, and
throughout the chapter, we assume that Kt = ⌈Rt⌉ with 0 < R < 1. The following
lemma gives a generic upper-bound on the channel distortion.

Lemma 6.3 (Channel distortion). The channel distortion over a BI-MSC is upper-
bounded as

Dc(t) ≤
⌈Rt⌉∑

k=1

2−2kPek
(t), (6.8)

where Pek
(t) , Pr

(
b̂k(t) = 1

∣∣bk = 0
)

is the decoding error probability of the kth bit

arrived at the channel decoder at time t. �

Proof. See Section 6.B in the Appendix.

The channel distortion can be characterized by the rate and the degree of con-
vergence to zero which quantify the merit of dynamic coding schemes. Particularly,
if for some c(t) > 0, the channel distortion decays at least as fast as c(t)2−ηtα

, then
0 ≤ α ≤ 1, and η > 0 specify the degree and the rate of convergence to zero, re-
spectively.1 Whenever α = 1, the constant η is also known as the channel distortion
exponent since the channel distortion is guaranteed to decay at least exponentially.
Following the relation between the source and the channel distortions in (6.6), the
end-to-end root mean square error distortion can be rewritten as

D1/2(t) ≤ 1√
3

2−Rt +
√

c(t)2− 1
2 ηtα

. (6.9)

Now, it is observed that in order to find a sufficient condition for mean square
stability of the closed loop system of Figure 6.1, the end-to-end distortion D(t)
has to decay exponentially, i.e., α = 1. As such, following Definition 6.1 and mean
square stability condition (6.3), the sufficient condition for the stability is obtained
as

log a < min

{
R,

1

2
η

}
, (6.10)

where 0 < R < 1 is the source distortion exponent (or, source coding rate) and
η > 0 is the channel distortion exponent.

It is important to design a channel encoder-decoder pair which achieves an
exponential distortion decay over a noisy channel with non-exponential encod-
ing/decoding complexity. In the subsequent sections, we study two types of channel
encoder-decoder pairs, and analyze the rate and degree of convergence. The first
dynamic coding scheme is based on repetition codes described in the next section.

1Here, we also assume that c(t)2−ηtα
is always convergent to zero for some polynomial c(t) > 0.
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6.3 Dynamic Repetition Coding

As a part of the channel code, a dynamic repetition strategy, with UEP property,
is used. More specifically, how frequently an information bit is coded is determined
by its importance level. For example, the first bit b1 is repeated most often since

it is the most significant bit. If the bit stream b
⌈Rt⌉
1 is generated up to time t and

available for encoding, the channel encoder transmits a bit y(t) ∈ {0, 1} according
to the sequence {b1; b1b2; b1b2b3; · · · ; b1b2 · · · bk}, where semicolons indicate time
instants at which the repetition begins. Therefore, at time t, the channel encoder
knows to send the bit y(t) = bk where the integer index k is a solution to the
equation t = 1 + 2 + . . . + k = k(k + 1)/2. If some index k′, at time t′, is not
integer, then the index k′ is calculated as k′ = t′ − t, where t′ is the current time
instant and t < t′ is the time instant corresponding to the nearest integer index.
Since the encoder should calculate the index k from the aforementioned equation,
the total complexity of the encoder, i.e., total number of operations up to time t,
grows linearly in t. Further, it can be easily verified that at time t, the decoder’s
output consists of the estimated bit stream b̂Nt

1 , where Nt = (−1 +
√

1 + 8t)/2.
The decoder receives a bit z(t) ∈ {0, 1} from the channel, and by helping the

previous received bits z(1), . . . , z(t− 1) employs MLD so as to decide b̂k(t) = 0 (or,
1) if the number of received zeros (or, ones) is more than the number of ones (or,
zeros) in the sequence of channel outputs zt

1. Note that the decoder should also be
able to decode if the number of received zeros or ones is equal which is performed
by deciding b̂i(t) = 1 or b̂i(t) = 0 using coin flipping.

The next proposition provides an upper-bound to the end-to-end MSE using
the dynamic repetition coding.

Proposition 6.4. Given the binary expansion source coding, and the dynamic
repetition channel code under MLD over the BSC, with bit cross-over probability
ǫ, the end-to-end distortion, D(t), of the dynamic source-channel coding system
of Figure 6.2 is upper-bounded as

D(t) ≤





c1(t)2−η1t1/2

, if ǫ >
4−

√
15 + 1/N2

t

8

c2(t)2−η2t1/2

, if ǫ ≤ 4−
√

15 + 1/N2
t

8

, (6.11)

where η1 =
√

2 log(1/
√

4ǫ(1− ǫ)), c1(t) = 1 + 8t, η2 = 2
√

2 and c2(t) = c(1 + 8t)
for some constant c > 0 deepening on ǫ. Further, Nt = (−1 +

√
1 + 8t)/2 is the

number of bits used for encoding. �

Proof. See Section 6.C in the Appendix.

Remark 6.5. The upper-bound in (6.11) of Proposition 6.4 indicates that the end-
to-end distortion is guaranteed to decay to zero at least sub-exponentially with degree
and rate of convergence specified by 1/2 and

√
2 log(1/

√
4ǫ(1− ǫ)), respectively. �
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Remark 6.6. In [CFZ10, Proposition 5.1], an upper-bound on the end-to-end MSE
using the dynamic repetition coding is derived over a BEC, which shows that the
end-to-end distortion decays to zero at least sub-exponentially with degree of con-
vergence equivalent to 1/2. �

A lower-bound on the end-to-end MSE using the dynamic repetition coding is
given by the following proposition.

Proposition 6.7. Given the binary expansion source coding of rate R, and the
dynamic repetition channel code under MLD over the BSC, with bit cross-over
probability ǫ, the end-to-end distortion, D(t), of the dynamic source-channel coding
system of Figure 6.2 is lower-bounded as

D(t) ≥





1

12
2−2Rt + c1(t)2−η1t1/2

, if ǫ <
4−

√
15 + 4/(Nt − 1)2

8

1

12
2−2Rt + c2(t)2−η2t1/2

, if ǫ ≥ 4−
√

15 + 4/(Nt − 1)2

8

, (6.12)

where η1 =
√

2 log(1/ǫ), c1(t) = −1.5+
√

2t1/2

4
√

2+16t1/2
, η2 = 2

√
2 and c2(t) = −3+2

√
2t1/2

0.5+
√

2t1/2
.

Further, Nt = (−1 +
√

1 + 8t)/2 is the number of bits used for encoding. �

Proof. See Section 6.D in the Appendix.

Remark 6.8. The lower-bound in (6.12) of Proposition 6.7 implies that the end-
to-end distortion can decay to zero at most sub-exponentially with degree and rate
of convergence specified by 1/2 and

√
2 log(1/ǫ), respectively. �

Remark 6.9. The dynamic repetition coding under MLD over a binary symmetric
channel, can never stabilize the closed loop system of Figure 6.1 in mean square
sense. This can be proved immediately from the result developed in Proposition 6.7,
which shows that, in the best case scenario, the end-to-end MSE cannot decay to
zero exponentially. �

6.4 Dynamic Fountain Coding

In this section, we describe the encoding and decoding schemes that follow Fountain
codes [Lub02] with UEP property under sequential BP decoding algorithm, fitted
into the dynamic delay-constrained transmission model over BI-MSC.

6.4.1 Encoding Scheme: Fountain Codes

Fountain codes (also known as rateless codes) are a class of channel codes in which
the encoder produces an unlimited number of symbols such that the decoder can
recover the source symbols from a sufficiently large subset of channel outputs.
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In order to explain the encoding task, let us use the term input bit for informa-
tion bit bk (k ≤ ⌈Rt⌉), and output bit for encoded bit y(t) ∈ {0, 1} to be transmitted
over the channel. Now, we describe how the output bits are generated. We define the
distribution {Ωdt}Mt

dt=1 on {1, . . . , Mt}, with Mt ≤ ⌈Rt⌉, where Ωdt (1 ≤ dt ≤ Mt)
denotes the probability that the degree dt is selected. It is more common to demon-
strate this distribution using its generator polynomial Ω(x, t) ,

∑Mt

dt=1 Ωdtxdt ,

where
∑Mt

dt=1 Ωdt = 1, and Ωdt ≥ 0 indicates the probability according to which
dt random input bits at time t are chosen to construct an output bit. Assigning
the generator polynomial Ω(x, t) to output bits, it is called degree distribution for
output bits.

Based on the degree distribution Ω(x, t) =
∑Mt

dt=1 Ωdtxdt , the Fountain encoding
scheme, at time t, is given by the following steps:

1. Randomly choose the degree dt (1 ≤ dt ≤ Mt) from the degree distribution
Ω(x, t).

2. Choose uniformly at random dt input bits.

3. An output bit is obtained by exclusive-or’ing (XOR’ing) the selected dt bits.

Note that in step (2) of the encoding scheme described above, the dt input bits
may be alternatively non-uniformly selected. For example, one might assign more
or less weights on selecting different portions of information bits leading to UEP
properties (see e.g. [SVD+09, CFZ10]). An illustration of the encoding scheme is
depicted in Figure 6.3. The average degree of an output bit at time t also plays a key
role in our analysis, which is defined as βt ,

∑Mt

dt
dtΩdt = Ω′(1, t), where Ω′(x, t)

denotes the derivative of Ω(x, t) with respect to x. Later in Section 6.5.3, we show
how βt introduces a tradeoff between performance and encoding complexity.

6.4.2 Decoding Scheme: Belief Propagation

Regarding the decoding procedure, BP is recognized as one of the most efficient
message passing algorithms in decoding graphical codes approaching Shannon ca-
pacity [CCM09]. It is an iterative procedure such that at each iteration input and
output bits exchange messages, containing channel log-likelihood ratio (LLR).

At time t and iteration l of the BP algorithm, let m
(l)
j,o(t) ∈ R denote a message

passed from an edge connecting an input bit j to an output bit o. Similarly, we

denote by m
(l)
o,j(t) ∈ R a message passed from an edge connecting the output bit o

to the input bit j.1 The updating rules for the messages at each iteration l are as

1Here, j and o represent input bits and output bits generated up to time t.
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time

Output bits

Streaming input bits

Figure 6.3: Fountain encoding scheme.

follows [ES06] (originally in [KFL01])

tanh(m
(l)
o,j(t)/2) = tanh(q(t)/2)

∏

j′ 6=j

tanh(m
(l)
j′,o(t)/2) (6.13)

m
(l+1)
j,o (t) =

∑

o′ 6=o

m
(l)
o′,j(t), (6.14)

where

q(t) , ln

(
Pr(y(t) = 0|z(t))

Pr(y(t) = 1|z(t))

)

denotes channel LLR at time t. For a BSC with cross-over probability 0 ≤ ǫ ≤ 0.5,
the channel LLR becomes

q(t) =

{
ln
(

1−ǫ
ǫ

)
, if z(t) = 0

ln
(

ǫ
1−ǫ

)
, if z(t) = 1

(6.15)

or, in a more compact way q(t) = (−1)z(t) ln
(

1−ǫ
ǫ

)
.

Now, assume that at time t, the input bit j represents the kth information bit,
i.e., bk, where k ≤ ⌈Rt⌉. Then, after sufficient number of iterations, the estimation of

the input bit, denoted by b̂k(t), is obtained by the hard-decision
∑

o m
(l)
o,j(t)

b̂k(t)=0

≷
b̂k(t)=1

0,

where the sum is over all edges connecting the input bit j to its corresponding
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output bits (neighbors). The decoding algorithm sequentially applies the BP based
on the fact that the previous connecting edges are known at time t.

We also note that the encoding and decoding algorithms described in this sec-
tion can be utilized for binary-input additive white Gaussian (BI-AWGN) channels
with the only difference that the channel LLR for BSC in (6.15) is replaced by an
appropriate term for BI-AWGN channel (see e.g. [ES06] for more details).

6.5 Analysis of Dynamic Fountain Codes

In this section, we analyze the dynamic Fountain encoding over BSC in Section 6.5.1,
and then proceed with the analysis of the sequential BP decoding in Section 6.5.2.
Finally, in Section 6.5.3 and Section 6.5.4, we present upper- and lower-bounds,
respectively, on the end-to-end MSE using this coding scheme.

6.5.1 Encoder Analysis

In Section 6.4.2, we discussed that the estimate of each input bit at time t is deter-
mined via the sum of messages passing to the input bit. Therefore, it is important
to characterize the degree distribution from the view point of streaming input bits
over time.

From now on, for simplicity of presentation, we assume that Rt ∈ N; hence,
⌈Rt⌉ = Rt. Further, let R , r

s (r < s) with gcd(r, s) = 1, where gcd(·) denotes the
greatest common divisor. We assign the input bits, which are selected for encoding
at time t, to an information window. Similarly, we allocate the generated output
bits, encoded from an information window, to an encoding window. Naturally, at
time t, the encoding windows become disjoint while the information windows are
overlapping. Following the earlier assumptions, it can be shown that t/s number of
information windows and encoding windows are formed up to time t. Furthermore,
we define an importance level i (i ≥ 1) which contains the input bits within the
ith information window excluding those of the (i − 1)th information window. It
can be also verified that all the encoding windows and importance levels consist
of s and r number of bits, respectively. Using the proposed window classifications,
the analysis of the encoder structurally follows that of expanding window Fountain
(EWF) codes [SVD+09] with UEP property. An illustration of the information and
encoding windows (for the rate R = 2

3 at time t = 9) is depicted in Figure 6.4.
Now, we characterize the degree distribution of input bits for each importance

level. We denote the degree distribution of the ith level of importance at time t by
Γi(x, t) ,

∑
n Γi,n(t)xn, where Γi,n(t) denotes the probability that an input bit,

at time t, in the ith importance level is of degree n, where 1 ≤ n ≤ t − (i − 1)s.
We note that the degree distribution of the ith level of importance is influenced by
the degree distributions of input bits for all the mth (m ≥ i) information windows
that are only connected to their corresponding encoding windows. We denote the
degree distribution of the input bits within the mth information window that is
connected only to the mth encoding window by Im(x, t) ,

∑s
n=1 Im,n(t)xn. Note
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t = 9

Output bits

Streaming input bits

1st encoding window

1st information window 3rd level of importance

Figure 6.4: The streaming information bits (shown by circles) and the encoded
bits (shown by squares) are partitioned into overlapping information and disjoint
encoding windows, respectively. In this illustration, the parameters are chosen as
R = 2

3 and t = 9.

that Im,n(t) denotes the probability that an input bit in the mth information win-
dow is connected to an output bit in the mth encoding window is of degree n at
time t. Notice that Im,n(t) follows the binomial distribution with parameter βm

R·m ,
where βm is the average degree of an output bit in the mth encoding window intro-
duced in Section 6.4.1.1 Further, s and r are the lengths of encoding windows and
importance levels, and βm/Rm is the probability that an input bit within the mth

information window is connected to an output in the mth encoding window. Thus,
we have

Im(x, t) =

s∑

n=1

(
s

n

)(
βm

Rm

)n(
1− βm

Rm

)s−n

xn

=

[
1− βm(1 − x)

Rm

]s

,

(6.16)

which can be well-approximated by e
βm
Rm (x−1) [ES06] for x ∈ [0, 1]. The approxi-

mation is tight at large t, and since our analysis of mean square stability holds
asymptotically, we accept the approximation by equality as in [ES06]. Now, we are
ready to express the degree distribution of input bits within an arbitrary level of
importance. The degree of an input bit in the ith level of importance is the sum of

1Note that, we replace the dependency of βt on t with the index of the encoding window, i.e.,
m, where m varies with time.



6.5. Analysis of Dynamic Fountain Codes 129

all (independent) edges connecting the input bit in the mth (m ≥ i) information
window to the mth encoding window. Therefore, the resulting degree distribution is
obtained as Γi(x, t) =

∏
m=i Im(x, t). Hence, it follows that the degree distribution

of the ith level of importance at time t is given by

Γi(x, t) = exp




t/s∑

m=i

βm

Rm
(x− 1)


 . (6.17)

6.5.2 Decoder Analysis

Before proceeding to the analysis of the BP decoding algorithm, we state our main
assumptions.

Assumption 6.10.

1. We assume that the resulting graph of the Fountain codes consisting of input–
output bits (nodes) and edges connecting them is cycle-free which means that
the incoming messages at each node are statistically independent. This as-
sumption is true with high probability at any node for a large t [CRU01],
which is aligned with the ultimate goal of this chapter, i.e., mean square sta-
bility of an unstable plant in Definition 6.1.

2. To simplify the analysis of the codes, one can approximate the pdf of messages
passed at each iteration by simple functions instead of tracking the true densi-
ties. Commonly in theory (see e.g., [CRU01,ES06]) the messages passed from
input/output to output/input bits in (6.13) and (6.14) are assumed Gaussian
random variables, referred to as Gaussian approximation. The Gaussian ap-
proximation provides analytical solutions to problems that otherwise would
be mathematically intractable. It is also note-worthy that at each iteration

of the BP, the messages m
(l)
j,o(t) and m

(l)
o,j(t) are symmetric random vari-

ables [RU01], i.e., if p(x) represents the pdf of a message X then it satisfies
p(−x) = e−xp(x). Thus, the variance of the Gaussian variables becomes twice
the mean, therefore we only need to determine one parameter. �

As discussed in Section 6.5.1, the Fountain codes produce a number of impor-
tance levels over time. Each level has its own input degree distribution, hence, the
probability of decoding error for a level should be individually determined. We
finalize this subsection by presenting an upper-bound on the BP decoding error
probability.

Lemma 6.11 (BP decoding error probability). The decoding error probability of
an input bit in the ith importance level at iteration l of the BP and at time instant
t, under Assumption 6.10, is upper-bounded as

P (l)
ei

(t) ≤ exp


−

t/s∑

m=i

βm

Rm

(
1− E(l)

m (t)
)

 , (6.18)
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where R = r/s is the source coding rate, and βm is the average degree of an output

bit in the mth encoding window. Further, E
(l)
m (t) , e−E[Y (l)

m (t)]/4, where Y
(l)

m (t) is
the message passing from output bits of the mth encoding window at iteration l and
time t. �

Proof. See Section 6.E in the Appendix.

Note that the value of the term E
(l)
m (t), at each time instant, depends on Foun-

tain encoding/decoding (through the output degree distribution and BP iterations),
channel condition (through channel LLR and bit cross-over probability), and the
encoding window (through the index m).

6.5.3 Upper-bounds on End-to-end MSE

In this section, we provide a link between the BP decoding error probability devel-
oped in (6.18) of Lemma 6.11 and channel distortion in (6.5). At iteration l = L of
the BP, we have

D(L)
c (t)

(a)

≤
Rt∑

k=1

2−2kP (L)
ek

(t)

(b)
=

t/s∑

i=1

P (L)
ei

(t)

ri∑

k=1+r(i−1)

2−2k

(c)
=

22r − 1

3

t/s∑

i=1

2−2riP (L)
ei

(t)

(d)

≤ 22r − 1

3

t/s∑

i=1

2−2ri2−
∑

t/s

m=i

βm
Rm (1−E(L)

m (t)) log e

(6.19)

where (a) follows from Lemma 6.3, and (b) holds since the input bits at each level
of importance have the same probability of decoding error. In (c), we use the sum
of geometric series, and (d) follows by applying (6.18).

Now, we study the behavior of the upper-bound on the channel distortion de-
rived in (6.19) in terms of degree and rate of convergence. The main goal of this
chapter is to find a coding scheme that is capable of stabilizing an unstable plant
in terms of mean square stability. For this purpose, it is required to determine how
fast the channel distortion (6.19) decays in time.

Notice that βt, i.e., the average degree of output bits, is an important component
of the channel distortion expression in (6.19). It should be mentioned that βt can
be viewed as a notion of encoding complexity as well. In fact, tβt shows the total
number of edges (on average) connected to output bits up to time t. Denoting the
total complexity by χt , tβt, it indicates how many binary operations (e.g., XOR)
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over input bits are required at the encoder in order to construct outputs bits up to
time t.

In general, for each type of output degree distribution Ω(x, t), βt has a different
growth rate. Most commonly, it can grow linearly, sub-linearly [ES06, CFZ10] or
logarithmically [Lub02] in time. In what follows, we derive upper-bounds on channel
distortion with respect to different types of average degree of output bits βt.

βt grows linearly in time

We consider the case where the average degree of output bits grows like βt = γt, or
the complexity increases as χt = γt2 for some γ > 0. We have the following result.

Proposition 6.12. Let the average degree of output bits grow linearly in time, i.e.,
βt = γt (or, χt = γt2). Then, the channel distortion using the Fountain codes, over
BSC, at the last iteration of the BP, l = L, is upper-bounded as

D(L)
c (t) ≤





c1t2−η1t if R > γ
2r ln 2

(
1− E

(L)
1

)

c2t2−η1t if R = γ
2r ln 2

(
1− E

(L)
1

)

c2t2−η2t if R < γ
2r ln 2

(
1− E

(L)
1

) (6.20)

where c1 , 1−2−2r

3s and c2 , 22r−1

3s2
γ

R ln 2 (1−E
(L)
1 )

in which R = r
s is the source coding

rate, and E
(L)
1 , exp(−E[Y

(L)
1 (1)]/4), where E[Y

(L)
1 (1)] denotes the expected value

of the message passing from the first encoding window at iteration l = L of the BP

and at time t = 1. Further, η1 , γ
r ln 2

(
1− E

(L)
1

)
and η2 , 2R. �

Proof. See Section 6.F in the Appendix.

Remark 6.13. If βt increases linearly in time, the closed loop system of Figure 6.1
can be mean square stabilized since the channel distortion and consequently end-to-
end distortion, decay at least exponentially in time. �

Now, using (6.10), we can derive a sufficient condition for mean square stability.

Theorem 6.14 (Sufficient condition for mean square stability). Let βt = γt (or
χt = γt2) for some γ > 0. Then, the sufficient condition upon which the dynamic
Fountain coding scheme enables mean square stability of the closed loop system of
Figure 6.1, over BSC, is that

log(a) < min
{

R,
γ

2r ln 2

(
1− E

(L)
1

)}
, (6.21)

where R = r
s is the source coding rate, and E

(L)
1 , exp(−E[Y

(L)
1 (1)]/4), where

E[Y
(L)

1 (1)] denotes the expected value of the message passing from the first encoding
window at iteration l = L of the BP and at time t = 1. �
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Proof. See Section 6.G in the Appendix.

Remark 6.15. It should be mentioned that the sufficient condition for stability
developed in (6.21) of Theorem 6.14 depends upon source coding rate (through R
and r), encoder complexity (through γ), degree distribution and channel condition

(through E
(L)
1 ). �

βt grows sub-linearly in time

In this scenario, the average degree of output bits grows like βt = γtα for 0 ≤ α < 1,
or complexity increases as χt = γt1+α. For example, α = 0 implies that Mt (the
maximum degree of the output degree distribution) does not vary with t, and the
average degree of an output bit βt becomes constant over time. In other words,
the output bits are constructed by encoding from bounded number of information
bits. Some examples are the degree distributions proposed in [Sho06,ES06]. For this
category, we have the following result.

Proposition 6.16. Let the average degree of output bits grow sub-linearly in time,
i.e., βt = γtα (or χt = γtα+1) for some γ > 0 and 0 ≤ α < 1. Then, the channel
distortion using the Fountain codes, over BSC, at the last iteration of the BP, l = L,
is upper-bounded as

D(L)
c (t) ≤ ct2−ηtα

, (6.22)

where η , γ(1−E
(L)
1 )

Rsα ln 2 in which R = r
s is the source coding rate, and E

(L)
1 ,

exp(−E[Y
(L)

1 (1)]/4), where E[Y
(L)

1 (1)] denotes the expected value of the message
passing from the first encoding window at iteration l = L of the BP and time t = 1.

Further, c , 1−2−2r

3s . �

Proof. See Section 6.H in the Appendix.

βt grows logarithmically in time

In this category of degree distributions, the average degree of output bits grows like
βt = γ ln t, or equivalently, complexity increases as χt = γt ln t. The ideal and robust
Soliton degree distributions [Lub02] may fall in this category (see Section 6.6.1 for
different examples).

Proposition 6.17. Let the average degree of output bits grow logarithmically in
time, i.e., βt = γ ln t (or χt = γt ln t) for some γ > 0. Then, the channel distortion
using the Fountain codes, over BSC, at the last iteration of the BP, l = L, is
upper-bounded as

D(L)
c (t) ≤ ct−α, (6.23)

where α , γ
R

(
1− E

(L)
1

)
− 1 in which R = r

s is the source coding rate, and E
(L)
1 ,

exp(−E[Y
(L)

1 (1)]/4), where E[Y
(L)

1 (1)] denotes the expected value of the message



6.5. Analysis of Dynamic Fountain Codes 133

passing from the first encoding window at iteration L of the BP and at time t = 1.

Further, c ,
(1−2−2r)

3s−α . �

Proof. See Section 6.I in the Appendix.

Remark 6.18. The resulting upper-bound on the channel distortions derived in
Proposition 6.16 and Proposition 6.17 can be combined with (6.6) in order to deliver
an upper-bound on the end-to-end distortion. Since the degree of convergence for
source distortion is 1, then the degree of convergence for the end-to-end distortion
attains that of the channel distortion. �

In the next section, we provide a stronger results which shows that unless the
average degree of output bits βt grows at least linearly, the closed loop system
cannot be stabilized over binary symmetric channels using the given schemes.

6.5.4 Lower-bound on End-to-end MSE

We first demonstrate an existing lower-bound on the end-to-end MSE incurred by
the dynamic Fountain encoding scheme over BEC. Then, we bridge a link between
the lower-bound for transmission over BEC to our problem of interest over BSC.

Proposition 6.19 (Theorem 5 in [CFZ10]). For the dynamic Fountain encoding
scheme introduced in Section 6.4.1 over BEC, with erasure probability τ ∈ [0, 1/2],
it holds that the end-to-end distortion D(t) is lower-bounded as

D(t) ≥ c2−
√

tβt log(τ −1), (6.24)

where βt is average degree of an output bit and c > 0 is a constant which depends
on τ . �

The following corollary is an immediate result of Proposition 6.19 for BSC.

corollary 6.20. For the dynamic Fountain encoding scheme over the BSC, with
bit cross-over probability ǫ, the end-to-end distortion D(t) is lower-bounded as

D(t) ≥ c2−
√

tβt log((2ǫ)−1), (6.25)

where βt is average degree of an output bit and c > 0 is a constant which depends
on ǫ. �

Proof. The proof follows a fortiori from the result of Proposition 6.19 since the
BSC is a physically degraded version of the BEC [BB11, pp. 83-84]. Note that the
BSC with cross-over probability ǫ ∈ [0, 1/2] can be seen as the cascade of a BEC
with erasure probability 2ǫ and a random map which sends 0 to 0, 1 to 1, and an
erasure symbol to 0 or 1 with probability 1/2. Thus, the lower-bound is valid for a
BSC with bit cross-over probability 2ǫ.
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Remark 6.21. Based on (6.25) of Corollary 6.20, it can be concluded that as long
as βt grows sub-linearly or logarithmically in time, there exists no casual dynamic
Fountain transmission scheme over BSC that is capable of providing exponential
decay for end-to-end MSE. Hence, only dynamic Fountain codes of linear βt (or
quadratic complexity) are capable of stabilizing an unstable plant of Figure 6.1. �

Notice that in the cases where βt grows sub-linearly or logarithmically, the
upper- and lower-bounds developed in Proposition 6.16, Proposition 6.17 and Corol-
lary 6.20 might not be tight. This can be observed from their corresponding degrees
of convergence. However, when βt grows linearly, the upper- and lower-bounds be-
come tighter.

6.6 Experiments and Results

In this section, we report experimental results for the studied coding schemes,
namely, dynamic repetition coding and dynamic Fountain codes with different de-
gree distributions. We first state experimental setups, which consist of performance
evaluation criteria and simulation steps.

6.6.1 Experimental Setups

We quantify the efficiency of the codes using two parameters, end-to-end root mean
square error (RMSE) and stability condition (SC), respectively, defined as

RMSE(t) , E
1/2[(X(0)−X(0|t))2], (6.26)

and

SC , −1

t
log
(
E

1/2[(X(0)−X(0|t))2]
)

. (6.27)

The motivation behind introducing the SC as a performance criterion is to
evaluate the decaying rate of RMSE over time, and to observe if a coding scheme is
capable of stabilizing the closed loop system. In principle, if SC for a coding scheme
tends to zero as t→∞, the closed loop system cannot be stabilized. On the other
hand, if SC becomes constant as t → ∞ the closed loop system can be stabilized
(in mean square sense) using the coding method. Our simulation setup includes the
following steps:

1. Randomly generate the source X(0) according to the uniform distribution in
the unitary interval.

2. Perform the truncated binary expansion, as a realization of source coding, to
generate source information bits at a rate R < C, where C denotes the channel
capacity. We use binary symmetric channel with cross-over probability ǫ =
0.11, which has the capacity of approximately C = 1/2 bits per channel use.

3. Employ the dynamic coding schemes:
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• Dynamic repetition coding with sequential MLD (as described in Sec-
tion 6.3). Recall that the encoding complexity of this method is of order
O(t).1

• Dynamic Fountain coding with sequential BP decoder (as described in
Section 6.4). In order to generate an output bit from input bits, we
need to specify a degree distribution. According to the principles of the
dynamic Fountain codes, at time t, we first choose dt information bits
randomly based on the degree distribution Ω(x, t) =

∑Mt

dt=1 Ωdtx
dt , with

1 ≤ Mt ≤ ⌈Rt⌉. In our experiments, the coefficients Ωdt ’s are chosen
from the following distributions having different characteristics in terms
of average degree and complexity.

– Ideal Soliton distribution: We have

Ωd1 = 1/Mt, Ωdt =
1

dt(dt − 1)
, ∀1 < dt ≤Mt.

It can be shown that the average degree of output bits using the
ideal Soliton grows at most like O(ln t) (i.e., logarithmically) if Mt

increases linearly in time. Therefore, the encoding complexity be-
comes O(t ln t). On the contrary, if Mt is fixed in time, the encoding
complexity becomes linear in time. The ideal Soliton distribution
performs poor in practice, however, its combination with other pa-
rameters provides a more efficient distribution described next.

– Robust Soliton distribution: Using this distribution, we first define

S , c ln(Mt/δ)
√

Mt,

where c, δ > 0. Then define

κdt ,





S

dtMt
, 1 ≤ dt ≤ (Mt/S)− 1

Mt

S
ln(S/δ), dt = Mt/S

0, otherwise

.

Finally, the coefficients above will be linearly combined with the
ideal Soliton such that

Ωdt =
κdt + Ω∗

d′
t

(
∑

dt
κdt + Ω∗

d′
t
)
, 1 ≤ dt ≤Mt,

where Ω∗
d′

t
denotes the ideal Soliton degree distribution coefficients

with 1 ≤ d′
t ≤ M ′

t where M ′
t denotes the maximum degree of the

1By using the notation O(t), we mean that at large t, the complexity grows like χt = γt for
some γ > 0. This also applies for the logarithmic and quadratic growth.
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ideal Soliton. Note that if Mt is constant in time, then the average
degree of output bits βt does not change over time (i.e., constant),
and the complexity grows at most like O(t). On the other hand,
if Mt = ⌈Rt⌉ (or Mt grows linearly), then it is shown in [Lub02,
Theorem 13] that the average degree of output bits grows at most
likeO(ln t) (i.e., logarithmically) that yields the encoding complexity
of order O(t ln t).

– Uniform distribution: According to this distribution we choose Mt =
⌈Rt⌉, and

Ωdt = 1/⌈Rt⌉ , ∀1 ≤ dt ≤ ⌈Rt⌉.
It can be shown that the average degree of output bits grows at most
like O(t) (i.e., linearly), where the encoding complexity becomes
O(t2).

Once dt, i.e., the number of input bits, is specified by the corresponding
degree distribution described above, we need to choose dt random input
bits. Although the original Fountain coding suggests that information
bits should be selected uniformly at random from information windows,
this yields a poor performance in practice since some information bits
that generated first are more significant than the others. To address this
issue, we adapt the degree distribution proposed in [CFZ10] which is
optimized to minimize the lower-bound in (6.24) for BEC. Note that our
theoretical results are still valid by using the mentioned non-uniform
distribution since the uniform selection of information bits from infor-
mation windows naturally provides a poorer performance than that of
the non-uniform selection. Here, a minor modification is made with re-
spect to the degree distribution in [CFZ10] in order to be used for a BSC
with bit cross-over probability ǫ. Let βt represent the average degree of
an encoded bit at time t using the degree distribution Ω(x, t), then we
define the degree distribution ν(x, t) =

∑
nt

νntx
nt on {1, . . . , ⌈Rt⌉} for

selecting dt random input bits, where νnt ’s are chosen as follows:

νnt ,





1

tβt
(ςt − ρdt) if 1 ≤ nt ≤ st

0 if st < nt ≤ ⌈Rt⌉
(6.28)

with ρ , 2
log(2ǫ)−1 , st , ⌊

√
2tβtρ−1⌋ and ςt = tβt

st
+ ρ st+1

2 .

Next, we report simulation results by evaluating the performance of the dynamic
repetition coding and dynamic Fountain coding using different degree distributions.

6.6.2 Experimental Results

First, in Figure 6.5, we plot the performance (in terms of RMSE(t)) using the
repetition and Fountain coding schemes (with different degree distributions) as
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Figure 6.5: RMSE for different dynamic coding schemes over BSC with ǫ = 0.11.

a function of time t. The Monte-Carlo simulations are carried out by generating
5× 104 realizations of the initial state. Further the number of iterations for the BP
algorithm is fixed at 10.

Now, we explain the behavior of the curves in Figure 6.5. In Section 6.3, we
analytically proved that the end-to-end MSE of the studied open loop system using

the dynamic repetition coding cannot decay faster than O(2−ηt1/2

) for some η > 0.
This can be also verified from the curve labeled by “Dynamic repetition (O(t) com-
plexity)” that shows the repetition coding scheme cannot actually provide a linear
decay (in log-linear scale) of the MSE. Next we report the performance character-
istics of the dynamic Fountain codes. For the curve labeled by “Dynamic Fountain
(O(t) complexity)”, we have used the robust Soliton degree distribution where the
maximum degree of the distribution is Mt = 4. Further, the maximum degree of
the ideal Soliton is chosen as 4. This implies that at each time at most 4 input bits
are chosen to generate an output bit. Therefore, the encoding complexity grows at
most like O(t). We also choose the constants c = 0.02 and δ = 0.05 for the robust
Soliton distribution. Although this coding method outperforms the dynamic repeti-
tion coding, the performance using this scheme does not decay linearly in log-linear
scale. Next, we employ the dynamic Fountain codes, where the maximum degree
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Figure 6.6: Stability condition for different dynamic coding schemes over BSC with
ǫ = 0.11.

of the robust Soliton distribution is Mt = ⌈Rt⌉, and the maximum degree of the
ideal Soliton is fixed at 4, leading to encoding complexity of order O(t ln t). Other
parameters are chosen as in the previous experiment. The performance of this cod-
ing scheme is demonstrated by the curve labeled by “Dynamic Fountain (O(t ln t)
complexity)” . It can be seen that this method provides better performance in terms
of RMSE compared to previously described methods, but the RMSE still decays
sub-exponentially. Next, we examine the dynamic Fountain codes whose degree dis-
tribution is chosen as a linear summation of the robust Soliton and uniform degree
distributions. We choose the same parameters for the robust Soliton distribution.
The coefficients of the uniform distribution are chosen as 1

16⌈Rt⌉ , then we add the

robust Soliton and uniform distributions and normalize the resulting degree dis-
tribution such that the probabilities are summed to one. Note that the encoding
complexity of the final degree distribution grows at most like O(t2). The perfor-
mance of the system using this degree degree distribution is illustrated by the curve
labeled by “Dynamic Fountain (O(t2) complexity)”. As shown by Proposition 6.12
and Corollary 6.20, the MSE using the dynamic Fountain codes with quadratic en-
coding complexity decays (asymptotically) exponentially which can be verified by
observing the performance of this coding method in Figure 6.5.

Next, in Figure 6.6, we plot the SC, defined in (6.27), for the introduced coding
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Table 6.1: Convergence rate of end-to-end MSE, D(t), using Fountain codes of
quadratic encoding complexity over BSC with ǫ = 0.11.

Lower-bound Simulation Upper-bound

0.0018 0.1395 0.2448

schemes of different encoding complexities as a function of time t. As can be seen,
since the RMSE of the codes with encoding complexity of O(t) and O(t ln t) decays
sub-exponentially in time, the curves ultimately converges to zero. This shows the
closed loop system cannot be stabilized using these codes. However, if the dynamic
Fountain codes of complexity O(t2) is used, the SC ultimately remains constant
as time goes on. It also indicates that the Fountain code with quadratic encoding
complexity is capable of stabilizing the unstable close loop feedback system in mean
square sense.

In Table 6.1, we also provide a comparison among the rate of convergence of
end-to-end MSE D(t) for 1) the simulated curve corresponding to Fountain codes
of quadratic complexity, 2) the upper-bound developed in Proposition 6.12, and
3) the lower-bound derived in Corollary 6.20 over BSC with ǫ = 0.11 and at t =
1000. All simulation parameters are chosen as before corresponding to this coding

scheme. Using simulation, at t → ∞ (here, t = 1000), the parameters γ and E
(L)
1

used in the upper-bound (6.20) of Proposition 6.12 are obtained as 0.0038 and
0.3297, respectively. We also note that the upper-bound (the lower-bound) to the
convergence rate is attained by the lower-bound in Corollary 6.20 (the upper-bound
in Proposition 6.12).

Now, based on the lower-bound reported in Table 6.1 and Theorem 6.14, the
sufficient condition for mean square stability is given by a < 1.0007.

6.7 Chapter Conclusion

In this chapter, we have analyzed delay-efficient source-channel coding schemes
for a dynamic closed loop system. We have investigated two dynamic transmission
schemes, namely, dynamic repetition codes (under MLD) and dynamic Fountain
codes (under BP decoder), over binary symmetric channels. The analysis of repeti-
tion codes revealed that they are not suitable for providing mean square stability
of the studied closed loop system under a linear control scheme. However, by ana-
lyzing the dynamic Fountain codes, we proved that, under the condition that the
encoding complexity grows quadratically in time, they are able to providing mean
square stability. In this case, we also derived a sufficient condition for mean square
stability of the dynamic Fountain codes.
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Appendices for Chapter 6

6.A Proof of Lemma 6.2

The proof is based on the definition of the source distortion in (6.5) and binary
expansion. We have

Ds(t) , E
[
(X(0)−Xs(0|t))2

]

= E



( ∞∑

k=1

bk2−k −
Kt∑

k=1

bk2−k

)2



= E



( ∞∑

k=Kt+1

bk2−k

)2



= E

[ ∞∑

k=Kt+1

∞∑

l=Kt+1

bkbl2
−(k+l)

]
=

∞∑

k=Kt+1

∞∑

l=Kt+1

2−(k+l)
E[bkbl],

(6.29)

where straightforward mathematical manipulations are used as well as the linear
property of the expectation operator. Since X(0) ∼ U [0, 1], then bk’s are i.i.d.
distributed from Bernoulli(1/2). Hence, E[bkbl] = 1

4 + 1
4 δ(k − l), where δ(·) is the

delta-Dirac function. Applying the sum of geometric series yields Ds(t) = 1
3

(
1
2

)2Kt
.

�

6.B Proof of Lemma 6.3

The proof follows from the definition of the channel distortion in (6.5), i.e.,

Ds(t) , E

[
(Xs(0|t)− X̂(0|t))2

]

= E







⌈Rt⌉∑

k=1

bk2−k −
⌈Rt⌉∑

k=1

b̂k(t)2−k




2



=
∑

k

∑

l

2−(k+l)
E[(bk − b̂k(t))(bl − b̂l(t))]

(a)

≤
∑

k

2−2k
E[(bk − b̂k(t))2]

=
∑

k

2−2k
∑

bk∈{0,1}

∑

b̂k(t)∈{0,1}

(
bk − b̂k(t)

)2

P
(

b̂k(t)
∣∣bk

)
P (bk)

(b)
=
∑

k

2−2kPr
(

b̂k(t) = 1
∣∣bk =0

)
=
∑

k

2−2kPek
(t),
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where (a) follows from the Cauchy–Schwarz and triangle inequality, and (b) from
the symmetry of error. The last equality follows by defining the decoding error

probability Pek
(t) , Pr

(
b̂k(t)=1

∣∣bk =0
)

. �

6.C Proof of Proposition 6.4

According to the repetition strategy, ⌈Rt⌉ bits are generated at time t, in which
only Nt = (−1 +

√
1 + 8t)/2 bits are used for channel encoding. For notational

simplicity, from now on, we drop the dependence of Nt on t. In order to analyze
the channel distortion, the probability of error for the bits that are repeated odd
times, denoted by P odd

en
, is considered individually from those which are repeated

even times, denoted by P even
en

, where n is the number of repetitions of the bits.
Without loss of generality, we assume N is odd, then the probability of error using
the MLD is given by

P odd
en

=
n∑

j= n+1
2

(
n

j

)
ǫj(1 − ǫ)n−j ,

P even
en

=

n∑

j= n
2 +1

(
n

j

)
ǫj(1− ǫ)n−j +

1

2

(
n
n
2

)
ǫn/2(1− ǫ)n/2.

(6.30)

The second term in P even
en

is due to the errors in which the number of zeros is equal
to the number of ones. Combining source and channel distortion using Lemma 6.2
and Lemma 6.3, the end-to-end distortion is upper-bounded as

D1/2(t)≤ 1√
3

2−⌈Rt⌉+

N∑

k=1
k:odd

2−k
√

P odd
eN−k+1

+

N−1∑

k=1
k:even

2−k
√

P even
eN−k+1

(a)

≤ 1√
3

2−⌈Rt⌉+2

N∑

k=1
k:odd

2−k
√

P odd
eN−k+1

(b)

≤ 1√
3

2−⌈Rt⌉+4
N∑

k=1
k:odd

2−k2−( N−k+1
2 )D( N−k+2

2(N−k+1)
‖ǫ)

≤ 1√
3

2−⌈Rt⌉+2(N +1)2
− min

1≤k≤N

{
k+ N−k+1

2 D
(

N−k+2
2(N−k+1)

‖ǫ
)}

(c)
=

1√
3

2−⌈Rt⌉+(N +1) 2−N 2
− min

1
N

≤θ≤1
{ 1

θ (−1+ 1
2 D( θ+1

2 ‖ǫ))}

(6.31)

where (a) follows the fact that P even
en

≤P odd
en

which can be shown by induction.

(b) follows by defining the binary relative entropy function D(x‖y) , x log x
y +
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(1 − x) log 1−x
1−y and the corresponding inequality in [Gal68, Problem 5.8], i.e., for

0≤σ<δ≤1, then
∑n

i=nδ

(
n
i

)
σi(1− σ)n−i≤2−nD(δ‖σ)+1. The equality (c) is obtained

by defining θ, 1
N−k+1 , and changing the variable from k to θ. Now, we interpret the

behavior of 1
θ

(
−1+ 1

2 D
(

θ+1
2 ‖ǫ

))
. By taking the derivative of 1

θ

(
−1+ 1

2 D
(

θ+1
2 ‖ǫ

))

with respect to θ, it can be understood that if ǫ >
4−
√

15+1/N2

8 , then the objective
function in the exponent of (c) becomes monotonically increasing; hence, the mini-
mum value lies at θ = 1/N . Plugging θ = 1/N back into the last equality in (6.31)
yields

D1/2(t) ≤ 1√
3

2−⌈Rt⌉+(N +1)2
− N

2 D
(

1+1/N
2 ‖ǫ

)
. (6.32)

Since D(1+1/N
2 ‖ǫ) ≥ D(1

2‖ǫ) = log
(

1/
√

4ǫ(1− ǫ)
)

,
√

1 + 8t/2 ≥
√

2t1/2 and

⌈Rt⌉ ≥ N , then (6.32) can be translated into

D1/2(t) ≤ c1(t)2−η1t1/2

, (6.33)

where c1(t) =
√

1 + 8t and η1 =
√

2
2 log

(
1/
√

4ǫ(1− ǫ)
)

.

Now, we assume that ǫ ≤ 4−
√

15+1/N2

8 . In this case, it can be easily shown that

the objective function 1
θ

(
−1+ 1

2 D
(

θ+1
2 ‖ǫ

))
attains its minimum either at θ = 1 or

at some point 1/N < θ < 1. In both cases, the value of the objective function does
not depend on N ; hence, the end-to-end distortion can be upper-bounded as

D1/2(t) ≤ c2(t)2−η2t1/2

, (6.34)

where η2 =
√

2 and c2(t) = c
√

1 + 8t for some constant c > 0, possibly dependent
upon ǫ. �

6.D Proof of Proposition 6.7

First, We rewrite the end-to-end MSE, D(t), as

D(t) = E

[
(X(0)−Xs(0|t))2

]
+ E

[(
Xs(0|t)− X̂(0|t)

)2
]

+ 2E
[
(X(0)−Xs(0|t)) (Xs(0|t)− X̂(0|t))

]
.

(6.35)
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The cross term in (6.35) can be expressed as

E

[
(X(0)−Xs(0|t)) (Xs(0|t)− X̂(0|t))

]

(a)
= E






∞∑

k=1+⌈Rt⌉
bk2−2k



(

N∑

l=1

(bl − b̂l(t))2
−2l

)


(b)
= E




∞∑

k=1+⌈Rt⌉
bk2−2k


E

[
N∑

l=1

(bl − b̂l(t))2
−2l

]
(c)
= 0,

(6.36)

where (a) can be obtained from X(0) =
∑∞

k=1 bk2−k, Xs(0|t) =
∑⌈Rt⌉

k=1 bk2−k and

X̂(0|t) =
∑N

k=1 b̂k(t)2−k. Also, note that N = (−1 +
√

1 + 8t)/2 is the maximum
number of bits that the decoder can estimate up to time t. Further, (b) follows

from the fact that bk (1 + ⌈Rt⌉ ≤ k < ∞) and (bl − b̂l(t)) (1 ≤ l ≤ N ≤ ⌈Rt⌉)
are independent. Finally, (c) holds since E[bl − b̂l(t)] = 0, that is to say, E[bl] =

E[̂bl(t)] = 1
2 due to i.i.d. Bernoulli(1/2) distribution of generated bits and symmetry

of error.
Now, it only remains to calculate lower-bound on the sum of source and channel

distortions. According to Lemma 6.2, the source distortion can be lower-bounded
as Ds(t) ≥ 1

12 2−2Rt since ⌈Rt⌉ ≤ Rt + 1. On the other hand, from Lemma 6.3, the
channel distortion can be expressed as

Dc(t) =

N∑

k=1

2−2kPek
(t), (6.37)

where Pek
(t) is the decoding error probability. Also, note that the equality occurs

since, using the introduced repetition coding, the estimated bit b̂l(t) at time t is
independent of the choice of generated bit bk, ∀l 6= k. Next, using the expressions
for Pek

(t) in (6.30), we find a lower-bound to the channel distortion in (6.37). We
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have

Dc(t)
(a)

≥ 2

N−1∑

k=1
k:even

2−2kP even
eN−k+1

(b)

≥ 2

N−1∑

k=1
k:even

2−2k
N−k+1∑

j= N−k+3
2

(
N − k + 1

j

)
ǫj(1 − ǫ)N−k+1−j

(c)

≥ 2

N−1∑

k=1
k:even

2−2k 1

N − k + 2
2

−(N−k+1)D
(

N−k+3
2(N−k+1)

‖ǫ
)

≥
(

N − 1

N

)
2

−2 max
2≤k≤N−1

{
k+( N−k+1

2 )D
(

N−k+3
2(N−k+1)

‖ǫ
)}

(d)
=

(
N − 1

N

)
2−2(N+1)2

−2 max
1

N−1
≤θ≤1

2

{ 1
θ (−1+ 1

2 D( 2θ+1
2 ‖ǫ))}

,

(6.38)

where (a) follows from the fact that P even
en

≥ P odd
en

. (b) holds since the second
additive term in P even

en
is non-negative. (c) follows by the definition of the binary

relative entropy function (see the proof of Proposition 6.4 and the corresponding
inequality in [Gal68, Problem 5.8], i.e., for 0 ≤ σ < δ ≤ 1, then

∑n
i=nδ

(
n
i

)
σi(1 −

σ)n−i ≥ 1
n+1 2−nD(δ‖σ). Finally, equality (d) holds by defining new optimization

variable θ, 1
N−k+1 , and changing the variable from k to θ.

Now, in order to find the channel distortion exponent, we interpret the be-
havior of the objective function 1

θ

(
−1 + 1

2 D
(

2θ+1
2 ‖ǫ

))
in (6.38). By taking the

derivative of the objective function with respect to θ, we observe that as ǫ <(
4−
√

15+4/(N−1)2
)

/8, the objective becomes monotonically decreasing and the

maximum value lies at θ = 1/(N − 1). Therefore, inserting θ = 1/(N − 1) back into
the last equation of (6.38), we obtain

Dc(t) ≥ c1(t)2−2η1t1/2

, (6.39)

where c1(t) = (−1.5 +
√

2t1/2)/(4
√

2 + 16t1/2) and η1 =
√

2
2 log(1/ǫ). In developing

the final lower-bound in (6.39), we used the fact that − 1
2+
√

2t1/2≤N≤ 1
2 +
√

2t1/2

in which N = (−1+
√

1 + 8t)/2 is the number of decoded bits up to time t. Note
that if the channel condition is good, i.e., ǫ≪0.5, then log(1/ǫ)≫1 that amplifies
η1.

Next, if ǫ ≥
(

4−
√

15 + 4/(N − 1)2
)

/8, it turns out that the objective function
1
θ

(
−1 + 1

2 D
(

2θ+1
2 ‖ǫ

))
in (6.38) attains its maximum value at θ = 1

2 . Hence, we have

Dc(t) ≥ c2(t)2−2η2t1/2

, (6.40)
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where c2(t) =
(

−3+2
√

2t1/2

0.5+
√

2t1/2

)
ǫ2 and η2 =

√
2. Combining the lower-bounds to the

channel distortion, developed in (6.39) and (6.40), with the one to the source dis-
tortion, i.e., Dc(t) ≥ 1

12 2−2Rt, concludes the proof. �

6.E Proof of Lemma 6.11

The proof follows from the following steps.

P (l)
ei

(t) = Pr

(
∑

o

m
(l)
o,j(t) < 0

∣∣j ∈ ith importance level

)

(a)
=

s∑

ni=1

. . .

s∑

nt/s=1

Ii,ni . . . It/s,nt/s
Pr
(

niY
(l)

i (t) + . . . + nt/sY
(l)

t/s(t) < 0
)

(b)
=

s∑

ni=1

. . .

s∑

nt/s=1

Ii,ni . . . It/s,nt/s
Q

(√
niE[Y

(l)
i (t)]/2 + . . . + nt/sE[Y

(l)
t/s(t)]/2

)

(c)

≤
t/s∏

m=i

∑

nm

Im,nme−nmE[Y (l)
m (t)]/4

(d)
= Γi

(
e−E[Y

(l)
i

(t)]/4, t
)

(e)
= exp




t/s∑

m=i

βm

Rm

(
exp

(
−E[Y (l)

m (t)]/4
)
− 1
)

 ,

(6.41)
where (a) follows by finding the probability where the edges are connected encoding

windows to their corresponding information windows. Here, Y
(l)

i (t) is the RV repre-
senting the message passing from the ith encoding window at iteration l of the BP
and at time t. Also, we assume cycle-free assumption, i.e., all messages at each itera-
tion are independent. Further, Im,n denotes the probability that an input bit in the
mth information window which is connected to an output bit in the mth encoding
window is of degree n. In (b), we use the Gaussian assumption for the messages pass-
ing at each iteration of the BP. Further, (c) follows from the Chebyshev’s inequality
for Gaussian distribution, and (d) by the fact that Γi(x, t) =

∏
m=i Im(x, t). Fi-

nally, (e) follows from (6.17). Using the notation E
(l)
m (t) , e−E[Y (l)

m (t)]/4, the proof
is completed. �
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6.F Proof of Proposition 6.12

The proof follows from (6.19), and the following steps

D(L)
c (t) ≤

(
22r − 1

3

) t/s∑

i=1

2−2ri2−
∑t/s

m=i

βm
Rm (1−E(L)

m (t)) log e

(a)

≤
(

22r − 1

3

)
2− 1

R φ
(L)
1 (t/s+1)

t/s∑

i=1

2−i(2r− 1
R φ

(L)
1 )

≤
(

22r − 1

3

)
2− 1

R φ
(L)
1 (t/s+1)

(
t

s

)
2

− min
1≤i≤t/s

i
(

2r− 1
R φ

(L)
1

)
,

(6.42)

where in (a), we use the notation φ
(L)
1 , γ(1−E

(L)
1 ) log e, and the inequality holds

since βt = γt and E
(L)
m (t) is a decreasing function with m and t due to the fact that

the mean of the messages passing from the encoding window m−1 is less than that
of m and so forth. 1

Now, we interpret the behavior of min
1≤i≤t/s

i
(

2r − 1
R φ

(L)
1

)
in the last inequality

of (6.42). Since i is always positive, the objective function can be monotonically
increasing, zero or monotonically decreasing. Therefore, we have the following three
cases.

1. If 2r− 1
R φ

(L)
1 > 0, then the objective function is monotonically increasing and

the minimum value lies at i = 1. Hence, it follows that

D(L)
c (t) ≤

(
1− 2−2r

3s

)
t2

−

(
φ

(L)
1
r

)
t

. (6.43)

Note that we also use the fact that R = r/s.

2. If 2r − 1
R φ

(L)
1 = 0, then the value of the objective function is always zero.

Then, we have

D(L)
c (t) ≤

(
22r − 1

3s2
1
R φ

(L)
1

)
t2

−

(
φ

(L)
1
r

)
t

. (6.44)

3. If 2r − 1
R φ

(L)
1 < 0, then the objective function is monotonically decreasing

and the minimum value lies at i = t/s. Thus, we obtain

D(L)
c (t) ≤

(
22r − 1

3s2
1
R φ

(L)
1

)
t2−2Rt. (6.45)

�

1For simplicity of notation, we drop the dependency of E
(L)
1 in time, and represent the time

at t = 1 in the subscript.
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6.G Proof of Theorem 6.14

The proof can be easily followed by combining the result of Proposition 6.12 on
channel distortion with source distortion in Lemma 6.2 in order to find an upper-
bound on MSE. Using Definition 6.1 and the mean square stability condition in
(6.10), it follows that

log(a) <





γ
2r ln 2

(
1− E

(L)
1

)
if R ≥ γ

2r ln 2

(
1− E

(L)
1

)

R if R < γ
2r ln 2

(
1− E

(L)
1

) (6.46)

or in a more compact way

log(a) < min
{ γ

2r ln 2

(
1− E

(L)
1

)
, R
}

. (6.47)

�

6.H Proof of Proposition 6.16

The proof follows from (6.19), and the following steps
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where (a) holds since E
(L)
m (t) is a decreasing function in m and t; further, βt = γtα.

In (b), we use φ
(L)
1 , γ(1−E

(L)
1 ) log e. Further, (c) holds since mα−1 with 0 ≤ α < 1

is a monotonically decreasing function in m, therefore, the minimum value of the
objective function mα−1 happens at m = t/s. Also, (d) follows by showing that the

objective function i
(

2r − φ
(L)
1 (t/s)α−1

)
is a monotonically increasing function.
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This claim holds since as time goes on the contribution of φ
(L)
1 (t/s)α−1 vanishes

(note that 0 ≤ α < 1) and 2r − φ
(L)
1 becomes positive. Hence, the minimum of the

objective function occurs at i = 1. �

6.I Proof of Proposition 6.17

Similar to the proof of Proposition 6.16, it can be shown that
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where (a) holds since βt = γ ln t, and also due to the facts that the objective

function ln m/s
m/s is a monotonically decreasing function, hence, its minimum value

lies at m = t/s. Moreover, we use the notation φ
(L)
1 , γ(1 − E

(L)
1 ). Also, (b)

follows by showing that the objective function i
(

2r − φ
(L)
1

ln t/s
t/s

)
is monotonically

increasing in i. This is straightforward to prove since the contribution of ln t/s
t/s

vanishes as time goes on, thus, the objective becomes monotonically increasing and
its minimum value occurs at i = 1. �



Chapter 7

Conclusion

7.1 Summary and Concluding Remarks

I
n this thesis, we have studied various fundamental aspects of wireless networked
data systems. The main aim of the thesis is to understand fundamental princi-
ples and interactions in and among sensing, compression, communication, com-

putation and control, involved in networked data systems.
In the major part of the thesis, in order to deal with acquiring data in networks,

we have employed an emerging technique, namely CS, which performs sensing and
compression simultaneously under the condition that the source data can be rep-
resented sufficiently sparse. For transmission and storage tasks, CS measurements
must be discretized using a quantizer. As discussed in the introduction chapter, em-
ploying traditional quantizers for CS measurements could degrade the overall per-
formance. Therefore, with the objective of minimizing end-to-end MSE criterion, we
have explored optimized design of coding and quantization for CS measurements in
point-to-point rate-limited channels (Chapter 3), point-to-point noisy rate-limited
channels (Chapter 4), and distributed (multi-terminal) noisy rate-limited channels
(Chapter 5). In order to address the design complexity, we have proposed meth-
ods based on sample-by-sample quantization, in Chapter 3, and multi-stage vec-
tor quantization, in Chapter 4, of CS measurements. Further, in Chapter 4 and
Chapter 5, in order to take delay into consideration for transmission of quantized
measurements, we have used the principles adapted from JSCC. We have analyzed
the end-to-end performance of the studied scenarios for the point-to-point and dis-
tributed noisy rate-limited channels using the tools from CS and distortion-rate
theories. One interesting finding is that the end-to-end MSE performance of these
systems can be decomposed into CS reconstruction MSE (via MMSE estimation)
and quantized transmission MSE without loss of optimality. Furthermore, the pro-
posed schemes significantly outperform the previously existing coding methods for
CS measurements.

In the final part of the thesis (Chapter 6), we have focused on dynamic coding
schemes for real-time transmission of a quantized source over a noisy channel in
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a closed loop control system. In contrast with the previous chapters, we used the
framework of SSCC for developing of the coding schemes, suited to delay-sensitive
control applications. We have been able to show an equivalent open loop system
to the original one under a particular controller, and established upper- and lower-
bounds on the end-to-end MSE performance using the dynamic coding methods.
Then, we have shown the relation between the end-to-end MSE of the open loop
system and stability conditions of the closed loop system. In particular, we have
proved that the dynamic Fountain codes can stabilize an unstable linear dynamic
systems, while the dynamic repetition codes are insufficient for this purpose.

7.2 Future Works

In the following, we discuss some possible lines of work for future research.

Design of Sensing Matrix

Through the main part of the thesis, we have considered that the sensing matrix
for CS-based sensors is fixed and given, then we have focused on optimizing coding
schemes. We have observed in Chapter 4 and Chapter 5 that the CS reconstruction
MSE plays a key role in the analysis of the end-to-end performance for the point-to-
point and distributed noisy channels, leading to saturation of the end-to-end MSE.
Therefore, one might optimize the sensing matrix in order to lower the total MSE
floor. This can be done by minimizing the CS reconstruction MSE over the sens-
ing matrix subject to relevant constraints, such as bounding the mutual coherence.
The resulting optimization problem is not convex by no means. Hence, a fine ap-
proach should be taken to relax the original problem and perform the optimization
iteratively.

Quantizer Design for CS over Different Channel Models

Another subject of future research is to extend the quantizer design for CS mea-
surements presented in Chapter 4 to other types of channel, e.g., AWGN, fading,
relay or interference channels. These types of channel models are typically more
realistic than a point-to-point channel with discrete inputs or outputs.

Approximating Distributed MMSE Estimation

In Chapter 5, we have derived a closed form expression for the distributed MMSE es-
timation of correlated sparse sources from CS measurements. Note that the MMSE
estimation is determined over all possibilities of support set that grow exponentially
with the source size. Hence, its calculation becomes intractable. A subject for future
work is to use a greedy algorithm, such as OMP, with randomization proportional
to weights of the MMSE coefficients. By doing so, a nearly-optimal approximation
of the distributed MMSE estimator can be feasibly implemented.
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Sparsest Reconstruction

In Chapter 4 and Chapter 5, our approach to optimize the quantizer encoder-
decoder pair(s) was based on minimizing the end-to-end MSE. On the other hand,
MMSE estimation/decoding would normally lead to non-sparse reconstruction. In
some applications, alongside with the desired accuracy of the estimation/decoding,
one might desire a sparse representation at the receiving-end. This, for example, is
relevant for compression or recognition purposes. In this case, one alternative would
be to use the AbS approach taken in Chapter 3. Another alternative is to use MAP
estimator/decoder which would lead to a sparser reconstruction compared to that of
the MMSE estimator/decoder. Therefore, if sparse reconstruction is more favorable,
one needs to optimize the quantizer encoder/decoder with respect to maximizing
the posterior pdf rather than minimizing the MSE.

Real-time Coding for Noisy Dynamic Plants

In Chapter 6, we consider real-time coding schemes assuming noiseless linear plant
and measurements. In practical industrial scenarios, systems and measurements are
normally subject to additive noise. Hence, one possible extension is to design and
analyze real-time coding methods as well as controller for noisy dynamical systems.

Design of Degree Distribution for Dynamic Fountain Codes

Another line of future research work in Chapter 6 is the optimized design of degree
distribution for dynamic Fountain codes. The degree distribution may be optimized
with respect to minimizing an upper-bound on the channel distortions.
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