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Abstract

The space of Cohen–Macaulay curves is a compactification of the
space of curves that are embedded in a given projective space Pn. The
idea is similar to that of the Hilbert scheme but instead of adding
degenerated curves, one considers only curves without embedded or
isolated points. However, the curves need not be embedded into the
projective space. Instead, they come with a finite morphism to Pn

that is generically a closed immersion. More precisely, the space CM
of Cohen–Macaulay curves parameterizes flat families of pairs (C, i)
where C is a curve without embedded or isolated points and i:C ! Pn

is a finite morphism that is an isomorphism onto its image away from
finitely many closed points and such that C has Hilbert polynomial
p(t) with respect to the map i.

In Paper A we show that the moduli functor CM is represented
by a proper algebraic space. This is done by constructing a smooth,
surjective cover ⇡:W ! CM and by verifying the valuative criterion
for properness.

Paper B studies the moduli space CM in the particular case n = 3
and p(t) = 3t+1, that is, the Cohen–Macaulay space of twisted cubics.
We describe the points of CM and show that they are in bijection with
the points on the 12-dimensional component H0 of the Hilbert scheme
of twisted cubics. Knowing the points of CM , we can then show that
the moduli space is irreducible, smooth and has dimension 12.

Paper C concerns the notion of biequidimensionality of topological
spaces and Noetherian schemes. In EGA it is claimed that a topo-
logical space X is equidimensional, equicodimensional and catenary
if and only if all maximal chains of irreducible closed subsets in X
have the same length. We construct examples of topological spaces
and Noetherian schemes showing that the second property is strictly
stronger. This gives rise to two different notions of biequidimension-
ality, and we show how they relate to the dimension formula and the
existence of a codimension function.
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Sammanfattning

Modulirummet av Cohen–Macaulay-kurvor är en kompaktifiering
av rummet av kurvorna som är inbäddade i ett givet projektivt rum
Pn. Grundidén liknar Hilbertschemat, men i stället för att lägga till
degenererade kurvor, betraktar man endast kurvor utan inbäddade el-
ler isolerade punkter. Kurvorna behöver dock inte vara inbäddade i det
projektiva rummet, utan de kommer i stället med en ändlig avbildning
till Pn som är generiskt en sluten immersion. Konkret så parametri-
serar rummet CM av Cohen–Macaulay-kurvor platta familjer av par
(C, i) där C är en kurva utan inbäddade eller isolerade punkter och
i:C ! Pn är en ändlig morfi som är en isomorfi på sin bild förutom
i ändligt många slutna punkter, och sådan att C har Hilbertpolynom
p(t) med avseende på i.

I Artikel A visar vi att modulifunktorn CM är representerad av
ett algebraiskt rum genom att konstruera en slät, surjektiv övertäck-
ning ⇡:W ! CM . Dessutom verifierar vi det valuativa kriteriet för
properhet.

Artikel B studerar modulirummet CM i specialfallet n = 3 och
p(t) = 3t+ 1, det vill säga, Cohen–Macaulay-rummet av twistade ku-
biska kurvor. Vi beskriver punkterna på CM och visar att det finns en
bjektion mellan dem och punkterna på den ena komponenten H0 av
Hilbertschemat av twistade kubiska kurvor. Med vetskapen om punk-
terna på CM kan vi visa att modulirummet är irreducibelt, slätt och
har dimension 12.

Artikel C handlar om biekvidimensionella topologiska rum och
noetherska scheman. I EGA påstås det att ett topologiskt rum X är
ekvidimensionsionellt, ekvikodimensionellt och katenärt om och endast
om samtliga maximala kedjor i X har samma längd. Vi konstruerar ex-
empel på topologiska rum och noetherska scheman som visar att den
andra egenskapen är strikt starkare. Detta ger upphov till två biekvi-
dimensionalitetsbegrepp, och vi relaterar dessa till dimensionsformeln
och existensen av en kodimensionsfunktion.
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Zusammenfassung

Der Raum der Cohen–Macaulay-Kurven CM ist eine Kompaktifi-
zierung des Raumes der Kurven, die in einem gegebenen projektiven
Raum Pn liegen. Die Grundidee ist ähnlich der des Hilbertschemas.
Anstatt degenerierte Kurven hinzuzufügen, betrachtet man jedoch aus-
schließlich Kurven ohne eingebettete oder isolierte Punkte. Allerdings
müssen die Kurven nicht in dem projektiven Raum liegen, sondern
sie sind nur generisch in Pn eingebettet. Konkret parametrisiert der
Raum CM der Cohen–Macaulay-Kurven flache Familien von Paaren
(C, i), wobei C eine Kurve ohne eingebettete oder isolierte Punkte ist,
und i:C ! Pn ist eine endliche Morphie welche, außer in endlich vielen
Punkten, eine Isomorphie auf ihr Bild ist, und so dass C das Hilbert-
polynom p(t) bezüglich i hat.

In Artikel A zeigen wir, dass der Modulfunktor CM durch einen
eigentlichen algebraischen Raum dargestellt wird. Dies wird erreicht,
indem wir eine glatte, surjektive Überdeckung ⇡:W ! CM konstruie-
ren und zeigen, dass das Bewertungskriterium für Eigentlichkeit erfüllt
ist.

Artikel B betrachtet den Modulraum CM für den Spezialfall n = 3
und p(t) = 3t+1, das heißt, den Cohen–Macaulay-Raum der getwiste-
ten kubischen Kurven. Wir beschreiben die Punkte in CM und zeigen,
dass sie in Bijektion mit den Punkten der 12-dimensionalen Kompo-
nente des Hilbertschemas der getwisteten kubischen Kurven stehen.
Mit dem Wissen über die Punkte in CM können wir zeigen, dass der
Modulraum irreduzibel, glatt und 12-dimensional ist.

Artikel C behandelt biäquidimensionale topologische Räume und
noethersche Schemata. In EGA wird behauptet, dass ein topologi-
scher Raum X genau dann äquidimensional, äquikodimensional und
katenär ist, wenn alle maximalen Ketten abgeschlossener, irreduzibler
Teilmengen in X die gleiche Länge haben. Wir konstruieren Beispiele
topologischer Räume und noetherscher Schemata die zeigen, dass die
zweite Eigenschaft strikt stärker ist. Dies führt zu zwei unterschied-
lichen Biäquidimensionalitätsbegriffen, und wir zeigen wie diese sich
zur Dimensionsformel und zur Existenz einer Kodimensionsfunktion
verhalten.
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Introduction

This thesis consists of work on the space of Cohen–Macaulay curves (Paper A
and Paper B), as well as on the notion of biequidimensionality of topological
spaces and Noetherian schemes (Paper C).

In Section 1.1 we give an introduction to moduli spaces in general as well
as to some specific moduli spaces parameterizing curves. An overview of
different concepts related to the notion of dimension in algebraic geometry
can be found in Section 1.2.

1.1 Moduli spaces of curves

The term “moduli” dates back to 1857, when Riemann in his seminal paper
[Rie57] parameterized smooth complex curves (Riemann surfaces) of a given
genus by certain constants that he called moduli. So instead of regarding a
curve as an individual object, he considered it as one point in the “space” of
all curves. This is also the general idea of moduli spaces.

More precisely, a moduli space X of certain objects is a space whose
points are in bijection with the objects, or, in many cases, the isomorphism
classes of the objects. Moreover, relations between the objects are supposed
to be reflected by the geometry of X. For example, such objects can be
curves of a given genus, subschemes of a given space or vector bundles on a
given variety.

Many moduli problems are formulated in a functorial way, that is, we
consider a functor F that to every scheme S assigns the set of families of
objects over S. Grothendieck’s functor of points approach allows us to con-
sider any scheme X as a functor. If the moduli functor F is the functor of
points of a scheme X, we say that F is represented by X, and X is the fine

3
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moduli space of the moduli problem.
Unfortunately, many natural moduli problems fail to be representable in

the category of schemes, but they have a solution after passing to a larger
category, for instance the category of algebraic spaces. These objects were
introduced by Artin in [Art69b]. The main idea is to generalize the concept of
schemes to sheaves of sets on a more general Grothendieck topology, the étale
topology. Alternatively, algebraic spaces are given as quotients of schemes
with respect to certain equivalence relations.

In many cases it is too restrictive to only consider the actual objects
of interest. For example, if we want to parameterize pairs of points in the
projective plane, then it is natural to also take into account the limit of two
points converging towards each other. This corresponds to a compactification
of the moduli space X. Usually one only considers modular compactifica-
tions, that is, a compactification X that is the fine moduli space of a related
moduli problem.

Riemann’s moduli space of smooth curves of a given genus that we men-
tioned initially has been studied extensively. Deligne and Mumford con-
structed in [DM69] a modular compactification parameterizing stable curves.
However, this moduli problem does not have a fine moduli space and even
more general objects, namely so-called stacks, are necessary to describe it.
See [HM98] for an detailed introduction to these and related moduli spaces.

Moduli spaces of curves and their compactifications play an important
role for the solution of classical problems in enumerative geometry. For
example, Kontsevich determined the number of rational curves of degree d
passing through 3d�1 points in general position in P2 using Gromov–Witten
theory and quantum cohomology, which are related to intersection theory
on the moduli space of stable maps, see [KM94]. An extensive introduction
to the algebro-geometric aspects of quantum cohomology can be found in
[FP97]. This subject is also tightly connected to theoretical physics, and
many enumerative problems related to curves arise naturally in string theory.

In the following, we present a collection of moduli spaces of curves that
are relevant for this thesis.

The Hilbert scheme

An interesting class of objects to parameterize are the curves that lie in
a given projective space Pn or, more specifically, all curves in Pn having
certain invariants, namely the degree d and the arithmetic genus g, fixed.
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The degree of a curve defined over the complex numbers is the number of
points in the intersection with a generic hyperplane. For a smooth irreducible
curve the genus is the topological genus, that is, the number of holes in the
Riemann surface. These invariants are united in the Hilbert polynomial
p(t) = dt+ 1� g of the curve. Then one can ask for a parameterization of
all curves in Pn having a given Hilbert polynomial p(t).

The solution to this problem is given by the Hilbert scheme. More gen-
erally, the Hilbert scheme parameterizes closed subschemes (of any dimen-
sion m) of Pn with a given Hilbert polynomial p(t) 2 Q[t] of degree m.
Concretely, we consider the moduli functor Hilb

p(t)
Pn :Sch� ! Sets defined as

Hilb
p(t)
Pn (S) =

⇢
Z ✓ Pn

S

����
Z flat over S, and Zs has Hilbert
polynomial p(t) for every s 2 S

�
.

So for every scheme S, the set Hilb
p(t)
Pn (S) consists of all closed subschemes

of Pn
S that are flat over S and such that every fiber Zs has the given Hilbert

polynomial. The flatness condition on Z gives a notion of continuity of the
fibers and guarantees that the Hilbert polynomial is constant.

These moduli functors were introduced by Grothendieck in [Gro61]. He
moreover showed that Hilb

p(t)
Pn is represented by a projective scheme Hilb

p(t)
Pn ,

the Hilbert scheme. The idea of his proof was that every projective variety
can be described in terms of all hypersurfaces of a certain, sufficiently high
degree containing it. By this he was able to recover Hilb

p(t)
Pn as a closed

subscheme of a projective scheme, namely a suitable Grassmannian. See
[Mum66] for a detailed treatment of the case of curves on a surface.

There are not many Hilbert schemes that are well-understood, and usu-
ally they are not very well-behaved either. For instance, in [Mum62] Mum-
ford gave an example of a Hilbert scheme that has a nonreduced component.
In fact, Harris and Morrison formulated Murphy’s Law for Hilbert Schemes
[HM98, Law (1.34)]:

There is no geometric possibility so horrible that it cannot be
found generically on some component of some Hilbert scheme.

This was specified by Vakil in [Vak06], where he showed that every singularity
of finite type over Z can be found on some Hilbert scheme. On the positive
side, every Hilbert scheme over a connected base scheme is connected, see
[Har66]. Moreover, the Hilbert scheme of points on a smooth surface is even
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smooth by [Fog68]. One example that is both well-understood and quite
well-behaved is the Hilbert scheme of twisted cubics that we discuss in the
following.

The Hilbert scheme of twisted cubics

A twisted cubic is a smooth, rational curve in the projective space P3. More
specifically, it is projectively equivalent to the image of the Veronese map
P1 ! P3 mapping a point [u : v] on the line to [u3 : u2v : uv2 : v3]. Such a
curve has degree 3 and genus 0 and hence Hilbert polynomial p(t) = 3t+ 1.

Let H = Hilb3t+1
P3 be the Hilbert scheme parameterizing flat families of

curves in P3 having Hilbert polynomial p(t) = 3t+1. For example, consider
the subscheme Z ⇢ P3

k[t] given by the ideal

I = (xz � tyw, yz � tx(x+ w), z2 � t2w(x+ w), x3 + x2w � y2w)

in k[t][x, y, z, w]. Then Z is a flat family of twisted cubics specializing to a
nodal curve with an embedded point: for t 6= 0 the curve Zt is a twisted
cubic, whereas the fiber Z0 is the plane nodal curve x3+x2w�y2w = 0 with
an embedded point at the singularity, see Figure 1.1.

A1
k = Spec(k[t])

t = 0t = 0.5t = 1

Figure 1.1: Three fibers of a flat family of twisted cubics degenerating to a
plane nodal curve with an embedded point.

This example already indicates that the moduli space H contains degen-
erate curves with embedded points. In fact, Piene and Schlessinger showed
in [PS85] that the Hilbert scheme H has two smooth irreducible components
H0 and H1. The component H0 has dimension 12, and its generic point is
a twisted cubic. The generic point of the 15-dimensional component H1 is
a plane curve together with an isolated point. The components H0 and H1
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intersect transversally in the locus of all plane curves having an embedded
point emerging from the plane at a singularity. The points in H0 are the
following: all curves in H that do not have any embedded or isolated point
and all plane singular curves that have an embedded point as above. For
example, in the flat family Z ⇢ P3

k[t] mentioned earlier, the fibers Zt for t 6= 0

correspond to points in H0 \H1. The fiber Z0 is a point in the intersection
H0 \H1. A detailed discussion of the Hilbert scheme of twisted cubics can
also be found in [Har82].

As H0 contains all the curves of interest, namely the twisted cubics, this
component has also been studied individually. The generators of the ideal
(xz�yw, yz�x(x+w), z2�w(x+w)) of the twisted cubic are the maximal
minors of the matrix 

x w z
y z x+ w

�
.

In a similar way, all curves in H0\H1 are generated by such a net of quadrics,
that is, the maximal minors of a (2⇥3)-matrix with linear entries. Ellingsrud,
Piene and Strømme showed in [EPS87] that the component H0 can be de-
scribed as the blow-up of the variety parameterizing nets of quadrics along
a point-plane incidence relation.

Note that H0 is a compact scheme containing all twisted cubics and their
degenerations. However, the scheme H0 does not have any known modular
interpretation.

The space of Cohen–Macaulay curves

For the case of one-dimensional schemes, Hønsen introduced a related moduli
functor in his PhD thesis [Høn05]. One can consider a subscheme C ⇢ Pn

as the pair (C, i) consisting of the abstract scheme C and an embedding
i:C ,! Pn. Then the Hilbert scheme Hilb

p(t)
Pn parameterizes such pairs (C, i)

where i is a closed immersion and C has Hilbert polynomial p(t) with respect
to it. In a similar way, Hønsen’s space of Cohen–Macaulay curves CM p(t)

Pn

parameterizes pairs (C, i), where C is a one-dimensional scheme without
embedded or isolated points and i:C ! Pn is a finite morphism that is
generically a closed immersion and such that C has Hilbert polynomial p(t)
with respect to i.

For example, let D be a plane nodal cubic curve embedded in the pro-
jective space P3

k, and let C = D̃ be its normalization. Then the composed
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map i:C ! P3
k shown in Figure 1.2 defines a point on CM 3t+1

P3 . Note that i

i

C P3
k

Figure 1.2: A point (C, i) on the Cohen–Macaulay space of twisted cubics.

is an isomorphism onto its image, that is, the nodal curve D, away from the
singularity.

The moduli functor CM p(t)
Pn is represented by a proper algebraic space.

Hønsen proves this by checking Artin’s criteria for representability [Art69a,
Theorem 3.4] and the valuative criterion for properness.

Thus, both the Hilbert scheme and the space of Cohen–Macaulay curves
give compactifications of the space of curves in Pn that do not have any em-
bedded or isolated points. In the first case, the compactification is obtained
by adding all subschemes in Pn, even those with embedded or isolated points.
In the second case, we keep our restrictions on the curve C, but weaken the
conditions on the map i from being a closed immersion to only generically
being a closed immersion.

Further related moduli spaces

There are plenty of related moduli spaces, and in the following we mention
a few examples.

One of the oldest is the Chow variety parameterizing curves of degree d
in Pn, see [CvdW37]. The idea here is to describe a curve in terms of all the
lines meeting it.

Kontsevich’s moduli space of stable maps, that was discussed in [Kon95],
is significant in the interplay between algebraic geometry and theoretical
physics. For a fixed smooth projective variety X and homology class � in
H2(X,Z), it parameterizes isomorphism classes of tuples (C, f), where C is
a connected curve of genus g having only nodal singularities, and f :C ! X
is a stable morphism such that f⇤([C]) = �.
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A space similar to CM was introduced by Alexeev and Knutson in
[AK10]. Their proper moduli stack of branchvarieties parameterizes reduced
curves with finite maps to Pn. Note that they have more restrictions on the
curve but less constraints on the morphism.

The moduli space of stable pairs is also closely related to CM , see [PT09].
Let X be a non-singular projective variety. A stable pair consists of a sheaf
F on X with given Hilbert polynomial p(t) such that every nonzero subsheaf
of F has one-dimensional support, and a section s 2 H0(X,F) such that the
cokernel of the induced map s:OX ! F has zero-dimensional support. In
this case the support of F is a one-dimensional scheme without embedded
or isolated points. Note conversely that for a point (C, i) on CM , the sheaf
i⇤OC has a natural global section s corresponding to the structure map
OPn ! i⇤OC .

In [Kol09] Kollár studied the moduli space of husks, which for a quasi-
coherent sheaf F on a variety X parameterizes pairs (G, q) where G is a
quasi-coherent sheaf and q:F ! G is a homomorphism that satisfy conditions
similar to those in CM . He shows that this moduli functor is represented by
a proper algebraic space.

Moreover, other related moduli spaces are constructed in [Ryd08].

1.2 Dimension in algebraic geometry

The notion of dimension used in algebraic geometry is the so-called Krull
dimension. It was introduced in 1928 by Krull in [Kru28]. He defined the
dimension of a ring R as the supremum of the lengths of all chains of prime
ideals in R. As the prime ideals in R are in bijection with the irreducible
closed subsets in the affine scheme Spec(R), the definition can be generalized
to all schemes and, since it does only depend on the underlying topology,
even to general topological spaces. The Krull dimension of a topological
space X then is the maximal length of all chains of irreducible closed subsets
in X. Note that the dimension of X is the supremum of the dimensions
of its irreducible components. A topological space is equidimensional if all
irreducible components have the same dimension.

In a similar way, the codimension of an irreducible closed subset Y of X
is defined as the maximal length of all chains of irreducible closed subsets
in X that contain Y . Then the dimension of X is the maximum of the
codimensions of all minimal irreducible closed subsets of X. A space is
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called equicodimensional if all minimal irreducible closed subsets have the
same codimension.

Consider for example the variety X consisting of a plane and a line meet-
ing in one point. Then X has one component of dimension 2 (the plane) and
one component of dimension 1 (the line), hence it is not equidimensional.
Note that every closed point in the plane has codimension 2 in X. However,
every point on the line that is not the intersection point has codimension 1
in X. It follows that X is not equicodimensional either.

A chain of irreducible closed subsets is saturated if it does not admit any
nontrivial refinement. Note that two saturated chains between irreducible
closed subsets Y ✓ Z in a topological space X need not have the same
length. For example, there might occur saturated chains Y ( X1 ( Z and
Y ( X2 ( X3 ( Z of length 2 and 3. If for all irreducible closed subsets
Y ✓ Z every saturated chain between Y and Z has the same length, the
topological space is catenary. Similarly, a ring is catenary if its spectrum
has this property. Most rings that naturally appear in algebraic geometry
are catenary. An example of a Noetherian ring that is not catenary was
constructed by Nagata in [Nag62, Example A1.2].



2

Summary of results

2.1 Paper A

In Paper A we re-prove the representability and the properness of the space
of Cohen–Macaulay curves CM . It is a revised and extended version of the
licentiate thesis [Hei12].

Studying [Høn05], we had trouble following several of the proofs as they
are incomplete or essential conditions seem not to be satisfied. For example,
Krull’s intersection theorem is applied to a general Noetherian ring ([Høn05,
Lemma 3.13]), and Nakayama’s lemma is applied to a module that is not
finitely generated ([Høn05, Theorem 3.14]). Moreover, the definition of the
moduli functor CM ([Høn05, Definition 2.1]) does not explicitly exclude
curves with isolated points, which give counterexamples to several of the
main results.

The proofs for the representability and the properness of CM given in
Paper A are simpler and more explicit. For instance, we do not have to use
projective methods to exclude the existence of nontrivial automorphisms.
Furthermore, we work directly with Castelnuovo–Mumford regularity instead
of bounded families. In contrast to [Høn05], we do not show that CM satisfies
Artin’s criteria for representability, but we construct an explicit smooth cover
of the functor CM . In our proof for properness, we construct a global lift
(C, i) 2 CM (Spec(R)) of an element (CK , iK) 2 CM (Spec(K)), where R is
a discrete valuation ring with field of fractions K, instead of operating only
locally.

First we observe that the fact that i is generically a closed immersion
implies that there do not exist any nontrivial automorphisms over Pn. This
is then used to show that the CM functor is a sheaf in the étale topology.

11
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Moreover, it follows that the diagonal map CM ! CM ⇥ CM is repre-
sentable.

Using Castelnuovo–Mumford regularity, we show that there exist integers
m and N = N(m), depending on the Hilbert polynomial p(t), such that for
every field k and every element (C, i) 2 CM (Spec(k)) there exists a closed
immersion j:C ,! PN

k . The induced closed immersion (i, j):C ,! Pn
k ⇥k PN

k
motivates us to consider the functor F parameterizing closed subschemes
Z of the product Pn ⇥ PN such that the second projection pr2:Z ! PN is
a closed immersion and the pair (Z, pr1) defines an element of CM . The
moduli functor F is represented by an open subscheme W0 of the Hilbert
scheme HilbPn⇥PN , and we have a surjective map ⌧ :W0 ! CM mapping a
closed subscheme Z to the pair (Z, pr1).

By construction, the closed immersion j corresponds to the invertible
sheaf i⇤OPn

k
(m) and the choice of a basis of its space of global sections,

that is, an isomorphism kN+1 ⇠�! H0(C, i⇤OPn
k
(m)). We globalize this

idea and show that there exists a scheme W1 over W0 that parameter-
izes closed subschemes Z ✓ Pn

S ⇥S PN
S as in F (S) together with an iso-

morphism �:ON+1
S

⇠�! f⇤ pr
⇤
1OPn

S
(m), where f :C ! S denotes the struc-

ture morphism. Every such isomorphism � gives rise to a closed immersion
j�:Z ,! PN

S . Finally, the locus of all isomorphisms � such that the two closed
immersions j� and pr2 coincide is parameterized by a closed subscheme W of
W1, and we have a map ⇡:W ! CM given by mapping Z to (Z, pr1). The
existence of the closed immersion j mentioned above eventually implies that
⇡ is surjective. The refinement W of W0 allows us to restrict ourselves to
closed immersions that can be lifted. In particular, the map ⇡ is (formally)
smooth, and we conclude that CM is an algebraic space.

The last section of Paper A is dedicated to the properness of CM . We
show that the algebraic space CM satisfies the valuative criterion for proper-
ness, that is, for every discrete valuation ring R with field of fractions K,
every element (CK , iK) in CM (Spec(K)) is the generic fiber of a unique el-
ement (C, i) in CM (Spec(R)). The main idea here is the following. The
scheme-theoretic image i(C) is the closure of the scheme-theoretic image
iK(CK) in Pn

R. Moreover, the non-isomorphism locus between C and i(C)
is given as the union Y of the closure of the non-isomorphism locus between
CK and iK(CK) and the non-Cohen–Macaulay locus of the structure sheaf
Oi(C). On the union U = iK(CK) [ (i(C) \ Y ) there exists a coherent OU -
module AU such that the restriction of AU to iK(ZK) is (iK)⇤OCK and the
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restriction to i(C)\Y is Oi(C)\Y . Then C = Spec(j⇤AU ), where j:U ,! i(C)
is the open immersion, and i:C ! Pn

R is the corresponding affine map.

2.2 Paper B

In Paper B we study the space CM in the case of finite maps to the projective
space P3 and Hilbert polynomial p(t) = 3t+ 1, and compare it with the 12-
dimensional Hilbert scheme component H0.

In this situation only two possibilities can occur for a k-rational point
(C, i) on CM . Either the morphism i is a closed immersion or the scheme-
theoretic image i(C) is a plane curve of degree 3 and i induces an isomor-
phism between C and i(C) away from one singular point. Moreover, for
every singular plane cubic curve D in P3 and singular point p 2 D, there
exists a unique point (C, i) of CM such that the scheme-theoretic image is
D and the non-isomorphism locus is the point p.

This analysis then allows us to compare the space CM with the com-
ponent H0 of the Hilbert scheme of twisted cubics. There exists a bijection
between the points of CM and the points of H0 such that a point (C, i)
where i is not a closed immersion is mapped to the plane scheme-theoretic
image i(C) with an additional embedded structure at the non-isomorphism
point. For example, the plane nodal curve with an embedded point at the
singularity corresponds to the pair (C, i) illustrated in Figure 1.2.

This bijection defines a birational map between CM and H0, and we
conclude that CM is irreducible and 12-dimensional. Moreover, the open
subscheme corresponding to all pairs (C, i) where i is a closed immersion is
smooth.

We can compute the dimension of the tangent spaces at the remaining
points in the following way. From the characterization of the points in CM ,
we know that for every (C, i) in CM the curve C comes with a canonical
embedding into the projective space P3. It turns out that for all deformations
(C̃, ĩ) in CM (Spec(k["])), the scheme C̃ can be taken as a deformation of
C as a subscheme of P3, that is, as a point on the Hilbert scheme. These
deformations can easily be computed, and it suffices to check all possibilities
for the morphism ĩ. We do this for the most specialized point in CM , namely
the case that the scheme-theoretic image is a plane triple line, and get that
even here the dimension of the tangent space is 12. This shows that CM is
smooth.
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2.3 Paper C

In Grothendieck’s EGA, specifically in [Gro65, Proposition (0.14.3.3)], it is
claimed that the following properties are equivalent:

(Bi1) The topological space X is catenary, equidimensional and equicodi-
mensional.

(Bi2) All maximal chains of irreducible closed subsets in X have the same
length.

Moreover, a topological space is defined to be biequidimensional if one and
hence both of these properties hold.

Paper C is about constructing various counterexamples to this state-
ment. Explicitly, we show that property (Bi2) is strictly stronger than prop-
erty (Bi1) by giving counterexamples in the categories of topological spaces,
schemes and Noetherian schemes. For instance, we show that there exists a
Noetherian affine scheme such that the underlying topological space X looks
as follows:

• •

· · · • • • · · · · · · • • • · · ·

• •.
Here every irreducible closed subset is depicted by a dot. The lines stand
for inclusion, with the sets increasing from bottom to top. Both the left and
the right column have infinitely many points on the intermediate level. We
observe that both components are two-dimensional, both closed points have
codimension 2 and all chains between two irreducible closed subsets have
the same length. In other words, the space X is equidimensional, equicodi-
mensional and catenary. However, there are maximal chains of length 1 and
length 2, that is, property (Bi2) does not hold.

Hence it is necessary to distinguish properties (Bi1) and (Bi2). We say
that a topological space is weakly biequidimensional if it is equidimensional,
equicodimensional and catenary. If all maximal chains of irreducible closed
subsets in a topological space have the same length, it is biequidimensional.

In the second part of Paper C, we use the constructed examples to show
that two properties of biequidimensional spaces, namely the dimension for-
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mula and the existence of a codimension function, need not hold in a weakly
biequidimensional space.

As [Gro65, Proposition (0.14.3.3)] and its ambiguous definition of biequi-
dimensionality still is the main reference for biequidimensional spaces, the
purpose of Paper C is to raise awareness of the difference between the two
notions of biequidimensionality.
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