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Abstract

To counter radio signal reconnaissance, an efficient way of covert com-
munication is to use subsecond duration burst transmissions in the con-
gested HF band. Against this background, the present thesis treats fast
direction finding using antenna arrays with known response only in a few
calibration directions. In such scenarios the known method of array map-
ping (interpolation) may be used to transform the output data vectors
from the existing array onto the corresponding output vectors of another
(virtual) array that is mathematically defined and optimally chosen.
But in signal reconnaissance the emitter directions are initially un-

known and the mapping matrix must be designed as a compromise over
a wide angular sector. This compromise may result in large direction
of arrival (DOA) estimate errors, both deterministic and random. Ana-
lyzing, analytically describing, and minimizing these DOA errors, is the
main theme of the present thesis.
The first part of the thesis analyzes the deterministic mapping errors,

the DOA estimate bias, that is caused by dissimilarity between the two
array geometries. It is shown that in a typical signal reconnaissance
scenario DOA estimate bias can dominate over DOA estimate variance.
Using a Taylor series expansion of the DOA estimator cost function

an analytical expression for the bias is derived and a first order zero bias
condition is identified. This condition is general, estimator independent,
and can be applied to any type of data pre-processing.
A design algorithm for the mapping matrix is thereafter presented

that notably reduces mapped DOA estimate bias. A special version is
also given with the additional property of reducing the higher order Tay-
lor terms and thus the residual bias. Simulations demonstrate a bias
reduction factor exceeding 100 in some scenarios.
A version based on signal subspace mapping rather than array man-

ifold mapping is also given. This version is of large practical interest
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ii Abstract

since the mapping matrix can be designed directly from calibration data
without first having to construct a model for the array response.
In the second part of the thesis the derived bias minimization theory is

extended into mean square error (MSE) minimization, i.e. measurement
noise is introduced. Expressions for DOA error variance and DOA MSE
under general pre-processing are derived, and a design algorithm for the
mapping matrix is formulated by which mapped DOA estimate MSE
can be minimized. Simulations demonstrate improved robustness and
performance for this algorithm, especially in low SNR scenarios.
In the third and final part of the thesis the theoretical results are

supported by experimental data. For an 8 element circular array mapped
onto a virtual uniform linear array (ULA) across a 600 sector it is shown
that the mapped DOA estimate errors can be suppressed down to the
Cramér-Rao level.
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Chapter 1

Introduction

1.1 Some historical notes

The first successful transatlantic radio transmission experiments in 1901
by Marconi meant the dawn of a new era in human society. The almost
instant conveying of information, not only between remote installations,
but also to and between moving platforms, soon became an important
part of the infrastructure of western society. Other early applications, of
importance to aerial and maritime safety, were navigation using beacon
transmitters at known locations, and the use of radio wave reflections to
detect large objects in poor visibility (radar).
Thus finding the direction of arrival (DOA) of the electromagnetic

field impinging on a receiver antenna became an early challenge, and
already in 1903 Bellini and Tosi developed the radio goniometer [TH66],
and used it with two crossed loops to attain the first electromechanically
scanning radio direction finder (DF), see Figure 1.1.
Due to the long wavelengths used at the time, the employed antennas

had to be electrically small. Despite this, in 1906 Marconi performed
direction finding experiments from the ship H. M. S. Furious, which was
steaming 16 miles off shore [Jen91]. Furthermore mobile radio DF units
using large rotating vertical loops were in use during World War I [GP89].
To counter the bearing errors of vertical loops when illuminated by

ionospherically propagated waves with horizontal polarization, the loop
was replaced by two or four vertical dipoles connected out of phase (Ad-
cock, 1918). A few years thereafter with the advent of the cathode
ray tube, instantaneous visual reading of the bearings became possible

1



2 1 Introduction

Figure 1.1: The goniometer was developed in 1903 to provide the first
electromechanically scanned radio DF. The four coils reproduce the ex-
ternal field pattern and by rotating the tuned center coil for minimum
signal strength, the direction to the transmitter could be found (less a
180o error).

[WWH26]. The principle of the Watson-Watt direction finder is evident
from Figure 1.2.
At LW, MW and HF1, the loops and dipoles were later replaced by

two crossed ferrite rods and automatic display of the bearing. Such non
directed beacon receiving systems are still used widely in aviation, both
for navigation and as landing approach aid. They normally presume a
vertical E-vector and ground wave propagation, and are therefore located
primarily below 500 kHz.
Later developments included a switch from amplitude comparison

techniques to combined phase- and amplitude measurements. Further-
more improved multi channel receiver systems were built with better
phase- and amplitude matching, and thus much better DOA precision.
Techniques to resolve the 180o ambiguity inherent in all the basic meth-

1See appendix A for acronyms
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Figure 1.2: By using a cathode ray tube (CRT) instantaneous reading of
the bearing became possible. Here four vertical dipoles, spaced < λ/4,
where λ is the wavelength, are used. The elements are fed pairwize out of
phase using 180o−hybrids. Polarization rotation and multipath broaden
the ideally straight bearing line into an ellipse [WWH26].

ods were also developed. Along with the electronic hardware development
during and after World War II, radio beacons and DF systems in the
higher frequency bands, VHF and UHF, were also deployed. Here more
antenna elements were used along with multi channel receiver systems.
Doppler direction finding has been introduced using an electrically

moving antenna. Direction finding is achieved by successive phase mea-
surements from a circular array of fixed antenna elements that are se-
quentially switched to a common receiver. The signal bearing is taken
as the tangent to the circle of rotation at the maximum doppler point
[Jen91].
During the last decades wide bandwidth waveforms have found many

applications. This has advocated the development of Time Difference
of Arrival (TDOA) DF techniques, where the transmitter is localized
against a set of intersecting hyperbolas. The advent of phase stable
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and coherent radio- and radar systems has also brought the Doppler
Difference of Arrival (DDOA) techniques used primarily by fast moving
aircraft against emitters fixed on the ground.
Note however that none of these techniques utilizes knowledge or mod-

els of the transmitted waveform.
Finally, the fast A/D converters and general digital signal processing

techniques of later years, combined with research driving applications
such as Anti Submarine Warfare and mobile telephony, have brought
many DOA estimation algorithms into the scene, algorithms that are
virtually unbound by hardware such as inductors and capacitors. Such
algorithms, e.g. MUSIC and WSF, can achieve DOA accuracies down
to the Cramér-Rao bound (CRB), i.e. these algorithms are limited only
by signal to noise ratio, the number of samples, array geometry and size
in relation to wavelength. When DOA is the only signal parameter of
interest the signal model is not critical and a Gaussian stochastic process
is usually sufficient to model the signal in these algorithms.

1.2 Signal surveillance

Along with the increased use of radio waves in a variety of society services,
including military forces, came the need for these societies to monitor the
used frequency bands for any illegal or hostile transmissions, as well as
for any frequency allocation encroachments. Signal intelligence (SIG-
INT) can aim at intercepting the transmitted messages (communication
intelligence, COMINT), or at geolocation or measuring some important
technical parameters of the emitter (electronic intelligence, ELINT).
The first decisive use of COMINT occurred during the naval battle at

Tsushima in 1905 during the Russian-Japanese war, were the Japanese
naval forces could gather information on the whereabouts of the Russian
fleet through their radio transmissions. This turned out to be decisive.
During World War I mobile radio communication was in widespread

use and again, at Tannenberg in 1914 outnumbered German forces could
defeat a superior Russian army, much through the use of organized signal
intelligence. Many similar scenarios occurred during World War II, e.g.
the introduction of radar was immediately revealed through ELINT.
Nowadays signal surveillance, combined with intelligence gathering,

is an established part of the security structure of every modern nation.
Signal surveillance is carried out by both civilian and military authorities.
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1.3 Signal intelligence, an information duel

The transmissions against which signal surveillance is directed can be
timed or modulated to avoid interception by said surveillance. Signal in-
telligence, or reconnaissance, aims at gathering technical and other infor-
mation about the transmitting system and associated platform, or about
activities coupled to the transmissions. SIGINT is carried out by govern-
mental or military agencies and involves detection, intercepting, locating
and analyzing transmissions that often are designed to avoid precisely
such detection, interception, locating and analysis.
Covert or low probability of intercept (LPI) radio- and radar systems

therefore often use transmission- and modulation schemes especially de-
signed to avoid said SIGINT systems, i.e. we have a technical information
duel.
Such LPI measures can include:

• Direct sequence (DS) band-spreading to mismatch the SIGINT re-
ceiver and reduce contrast against the noise- and interference back-
grounds,

• Fast wide band frequency hopping also to mismatch the SIGINT
receiver and reduce signal-to-interference-and-noise ratio (SINR),

• Ultra wideband transmissions using sub-nanosecond pulses,

• Burst transmissions, e.g. 1 second or less per transmission, to avoid
or reduce risk of interception,

• Selection of a carrier frequency or wave propagation mode which
are maximally disadvantageous at an anticipated hostile SIGINT
location,

• The use of high gain antennas with low side lobes in the anticipated
SIGINT direction.

The above is best described as a technical duel, with the LPI trans-
mitter trying to become as unpredictable as possible as seen from the
SIGINT receiver. Since the perfectly matched filter requires full knowl-
edge of the incoming signal, in an averaged sense the evasive measures of
the LPI transmitter can be assessed as a certain achieved degree of signal
mismatch in the SIGINT receiver.
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If, in the case of full signal knowledge, the SNR at the receiver detector
is

SNR =
E

No
(1.1)

where E is the integrated signal energy (or energy per bit of information),
and No is the channel noise density, and, against the LPI signal on the
average we obtain

SNRLPI = SNR/η (1.2)

where η > 1, we can call η the LPImismatch factor. This mismatch factor
can easily be made decisively large by superimposing a wide band pseudo
noise code on the information data flow or by other means. Mismatch
factors of the order of η = 106 are quite realistic in this context.
Here we should observe that the task of the SIGINT receiver is more

demanding than just detecting the signal properly. Since the SIGINT
action often involves gathering technical information about the emitting
system, it shall also measure interesting parameters in the transmitted
signal, such as bit rate and modulation method. This requires a higher
SNR than does the mere detection of the signal.
The domains which the LPI signal can use to avoid the SIGINT are

several:

• The frequency domain,
• The time domain,
• The modulation (code) domain,
• The interference domain,
• The wave propagation domain.

If the SIGINT receiver has to surveil all frequencies at all times for all
possible codes and modulations, in an environment of many similar but
irrelevant interfering emitters, and this during unfavorable propagation
conditions, then the LPI mismatch factor η can get decisively large. The
more uncertainty the SIGINT receiver can exclude beforehand, the better
the chances of interception.
Using concepts from Shannon’s information theory, we can describe

the above technical hide and seek duel as an information duel. The
more the SIGINT receiver knows beforehand, the more alternatives in
the search that can be excluded beforehand, the better the SNRLPI .
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1.4 The importance of the spatial domain

An LPI emitter may be spread out in one or several of the above 5 do-
mains, but geographically most transmitters are usually concentrated to
one point, namely the location of the transmitting antenna. Thus, if
spreading in the above domains is utilized, not only detection and inter-
ception of the LPI emitter becomes difficult, but also its characterization
and identification. Use of the remaining spatial domain to characterize or
track the emitter, or the emitting platform, will therefore become more
and more important in future SIGINT systems.
Use of this spatial domain can involve proximity, i.e. putting the

SIGINT receiver close to the transmitter in order to improve SNRLPI ,
and/or emitter location, i.e. determination of the geographical coordi-
nates of the transmitter. The latter is the more common and makes
characterization of the emitter-carrying platform possible.
Emitter location usually requires two or more SIGINT/DF receiver

sites. Single Site Location (SSL), whereby the transmitter is located
from one receiver site only, is sometimes feasible (e.g. using ionospheric
multipath with known reflecting layer heights).
By adding sufficient resolution also in elevation to an existing azimuth

only DF system at HF, the system is upgraded and can provide geoloca-
tion from a single site using ionospheric hop angles. This possibility is
one of the driving forces behind the present work.
Radio emitters are however usually located indirectly by estimating

the direction of arrival (DOA) of the impinging local field at two or more
receiver sites. The work presented in this thesis deals with the problems
of such direction estimation against the above SIGINT background. This
explains the assumed requirements on wide instantaneous bandwidth, i.e.
a wide-spaced antenna array, a limited number of antenna elements and
arbitrary array geometry for mobility and rapid deployment, and also
the pronounced need for fast DOA estimation, typically 40000 bearing
estimates per second in a general coverage HF system.

1.5 The experimental background

The underlying background behind the present work is an experimen-
tal 2-16 MHz radio DF system, which is part of an ongoing research
project at the Swedish Defence Research Institute FOI (formerly FOA).
The purpose is to find improved methods for rapid signal analysis and
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direction finding against LPI emitters by using an automatic FFT-based
HF surveillance system.
The system comprises 8 vertical ground plane antenna elements cir-

cularly arranged, and a combination of Adcock and model based DOA
estimation. The system is coarsely described in Chapter 13. It has pro-
vided the measurement data that are used to illustrate and verify the
theories developed in this thesis.

1.6 A word on nomenclature

The main theme of this thesis is pre-processing of the output data from
an existing antenna array. This pre-processing is done before the data is
fed to the DOA estimator with the purpose of speeding up or otherwise
improving the DOA estimation process. Since this pre-processing can be
seen as a transformation on the response vectors of the array, the term
“beam space processing” also appears in the literature, especially if the
pre-processing is a Fourier transformation.
An early application of such pre-processing was to reconstruct an

error free array response in between a set of calibrated directions, hence
the term “array interpolation” was coined. This term was also used
to denote array pre-processing in general. However, another important
application of array pre-processing is to transform the data output from
a given array to correspond to (virtual) data from another (virtual) array
of more suitable geometry, dimension, or size. Mathematically this can
be described as mapping between the two sets of possible output vectors,
the real set and the virtual set, hence the term "array mapping" seems
more natural in such cases.
Since the work presented in this thesis treats the latter use of pre-

processing, the term "array mapping" will be used in the sequel. If
"array interpolation" appears, it will be in the same sense.

1.7 Contributions and outline

In this section an overview of the contents and contributions of the sub-
sequent chapters is given. To make the chapters more self contained and
facilitate for the reader, the employed analytical models and other as-
sumptions are restated in the beginning of some chapters and additional
background specific to that chapter, given.
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Chapter 2: Classical DOA Estimation Techniques at HF

This chapter is included both as a general background to the reader and
to provide a comparative performance reference to the model based DOA
estimation techniques used in the later chapters.
The rather special wave propagation conditions in the HF band affect

the optimum design of direction finders. Therefore in this chapter a brief
overview of important DOA measurement error sources is also given. It
is seen that ionospheric reflection can yield large deviations from great
circle propagation. These aspects, along with an overview of model based
DOA estimators suited for circular arrays, were treated by the author also
in

• P. Hyberg, "A Comparison of Model Based DOA Methods for Cir-
cular Arrays in the HF Band", FOA Report FOA-R—99-01113-616—
SE, ISSN 1104-9154, April, 1999, FOA, SE-172 90 Stockholm, Swe-
den.

• P. Hyberg, "Model Based Algorithms for Direction Finding at HF",
Proceedings of RadioVetenskap och Kommunikation, pp. 347-351,
RVK 99, Karlskrona, Sweden, June 1999.

In the subsequent chapters on array mapping, both the channel and
signal are modelled as Gaussian. Whether this model is optimal at HF
is indeed an open question so to provide a basis for future work, Chapter
2 also contains a short discussion on the HF channel characteristics.

Chapter 3: Data Models and Assumptions

The fundamental assumptions and models used throughout the thesis are
given in this chapter. Since in the treated reconnaissance application the
signal waveforms are completely unknown and only DOA is of interest,
a stochastic signal model without any further parameterization is used.
Furthermore, the background noise is modelled as spatially white and
circularly symmetric.
Since subspace based techniques will be used in the sequel the signal-

and noise subspaces are defined in this chapter. The gradient of the
DOA estimator cost function derivative along the complex eigenvectors
comprising the signal subspace, is also defined. This entity will be used
later on in the analytical description of DOA estimate bias and variance.
It will also be used in the proposed design algorithms for the various
mapping matrices.
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Finally the uniform linear array (ULA) and uniform circular array
(UCA) are introduced and discussed as to their ambiguities when oper-
ated wide-spaced.

Chapter 4: Analytical UCA to ULA Transformations

Since both omni-directionality and processing speed are wanted features
in signal reconnaissance and other similar applications, UCA to ULA
transformations have been treated by many authors. As a background
to the subsequent chapters on array mapping (interpolation) Chapter 4
gives a brief overview of the phase mode expansion- and discrete Fourier
transform (DFT) techniques to perform analytical UCA to ULA trans-
formations. It is shown why none of these techniques can be used when
the circular array has a limited number of antenna elements and the op-
eration bandwidth is stressed. The chapter builds on results presented
in

• P. Hyberg, "Computational Efficiency & Bandwidth in Superres-
olution Circular Arrays", FOA Report FOA-R—99-01419-616—SE,
ISSN 1104-9154, Dec. 1999, FOA, SE-172 90 Stockholm, Sweden,
and

• P. Hyberg, "Circular to Linear Array Mapping and Bias Reduc-
tion", Royal Institute of Technology KTH, Stockholm, Sweden,
Sept. 2001, Licentiate Thesis.

Chapter 5: The Array Mapping Approach

The concept of sector array mapping (interpolation) using a set of cali-
brated directions is introduced in this chapter. Both array manifold- and
signal subspace eigenvector mapping are defined. The calibration proce-
dure is also discussed and various fundamental problems associated with
sector mapping are identified, discussed and illustrated.
It is shown that to achieve sufficient linear independence among the

calibration response vectors that are used to construct the sector mapping
matrix, the mapped sector must have a certain minimum width. This
width is often large enough to cause bias in the mapped DOA estimates,
an observation that motivates the bias- and MSE-minimization theories
developed in the later chapters.
The results of this chapter have been published in
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• P. Hyberg, "Circular to Linear Array Mapping using Calibration
Data", IEE Eighth International Conference on HF Radio Systems
and Techniques, pp. 71-75, Guiltford England, July 2000.

• P. Hyberg, "Circular to Linear Array Mapping using Calibration
Data", Proceedings of Antenn 2000, Nordic Antenna Symposium,
pp. 125-130, Lund 2000, Sweden.

• P. Hyberg, "Circular to Linear Array Mapping using Calibration
Data", FOAReport FOA-R—00-01782-616—SE December 2000, ISSN
1104-9154-616—SE, FOA, SE-172 90 Stockholm, Sweden

Chapter 6: Error Analysis

In this chapter a Taylor series expansion of the DOA estimator cost func-
tion derivative is performed. The resulting expression for DOA estimate
error as a function of signal subspace error is general in nature and holds
for all types of errors. This expression is then applied to mapping, i.e. it
is formulated in terms of real and virtual arrays.
In the array mapping situation the expression is given a new geomet-

rical interpretation and, as a result, the gradient of the estimator cost
function derivative is identified as an analytical tool with which the ef-
fect on the DOA estimates of both deterministic and random errors in
the signal subspace can be described, analyzed, and quantified.
Using this gradient a first order zero error condition is formulated.

The limitations of this first order analysis are also discussed and higher
order expressions derived for reference. These results are central to the
thesis. They form the basis for the derivation of the DOA bias- and
MSE-minimizing algorithms later on.
The content of this chapter is published in the same papers and re-

ports as those listed under Chapter 7.

Chapter 7: A Design Algorithm for Minimum Mapped Bias

Using the results of Chapter 6, in Chapter 7 first and (approximate)
second order expressions for mapped DOA estimate bias are derived.
Using the first order expression, a design algorithm is proposed that yields
sector mapping matrices with the property of minimizing the bias in the
mapped DOA estimates. In addition, a slightly modified version of the
design algorithm is given which performs better for larger mapping errors,
i.e. when also higher order terms are involved.
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Both array- and signal subspace mapping versions are proposed. The
latter version is particularly well suited for experimental implementations
since an analytical model for the array response is not needed to design
the mapping, only collected calibration data. This version is supported
also by field trials, see Chapters 13 and 14.
The developed DOA bias minimization theory has been published in

• P. Hyberg, "Circular to Linear Array Mapping and Bias Reduc-
tion", Royal Institute of Technology KTH, Stockholm, Sweden,
Sept. 2001, Licentiate Thesis.

• P. Hyberg, M. Jansson and B. Ottersten, "Array Mapping: Optimal
Transformation Matrix Design", IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), May 2002.

• P. Hyberg, M. Jansson and B. Ottersten, "Array Mapping: Re-
duced Bias Transformation Matrix Design", Proceedings of Ra-
dioVetenskap och Kommunikation 2002, KTH, Stockholm, Sweden.

• P. Hyberg, "Array Mapping for the SESAM System: Optimal Trans-
formation Matrix Design", National Defence Research Institute FOI,
Report no FOI-R—0941-SE, ISSN 1650-1942, Oct. 2003.

• P. Hyberg, M. Jansson and B. Ottersten, "Array Interpolation and
Bias Reduction", IEEE Transactions on Signal Processing, Vol. 52,
No 10, pp. 2711-2720, Oct. 2004.

Chapter 8: Bias Simulations

In this chapter the bias minimization theory and the proposed mapping
matrix design algorithms are supported by simulations. For the rather
difficult UCA to ULA mapping scenario a bias suppression factor in ex-
cess of 100 is demonstrated. Effects of the higher order terms, SNR,
mapped sector width and jammers are illustrated and explained. Al-
though designed for high SNRs, simulations show the proposed designs
to work well down into the 10 dB signal SNR range.
The results of this chapter were published in the same reports and

papers as those listed under Chapter 7 above.

Chapter 9: DOA MSE Reduction

In Chapters 9-11 the bias minimizing theory is extended to include also
finite sample effects due to noise. Hence not only DOA estimate bias due
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to the mapping is reduced, but DOA mean square error (MSE), i.e. bias
squared plus variance. The errors in the analysis in Chapter 6 are now
given a more generalized interpretation. Based on this and the gradient
of the DOA estimator cost function, analytical expressions for mapped
DOA variance and mapped DOA MSE are derived. As for the earlier
treated DOA bias, these expressions are given an affine structure and
therefore lend themselves well to least squares minimization. They form
the basis for the MSE minimizing mapping matrix design proposed in the
following Chapter 10.
The results of this chapter are published in the same papers and

reports as those listed under Chapter 10.

Chapter 10: A Design Algorithm for Best Mapped MSE

This chapter starts by giving a geometrical interpretation to the derived
expression for mapped DOAMSE. From this interpretation it is seen that
the earlier derived zero bias condition can be identified as a special case
corresponding to high SNR. Using the analytical expression for mapped
DOA MSE, a design algorithm is thereafter proposed for the mapping
matrix that minimizes this DOA MSE.
As will be supported by simulations in Chapter 11 this results in a

mapping scheme that is much more robust to noise, i.e. has a much better
performance for low signal to noise ratios (SNR).
The MSE minimizing theory has been published in

• P. Hyberg, M. Jansson and B. Ottersten, "Sector Array Mapping:
Transformation Matrix Design for Minimum MSE", 36th Asilomar
Conference on Signals, Systems and Computers, Pacific Groove
CA., 2002.

• P. Hyberg, M. Jansson and B. Ottersten, "Sector Array Mapping:
Transformation Matrix Design for Minimum MSE", Proceedings of
Antenn 2003, Nordic Antenna Symposium, Kalmar Sweden 2003.

• P. Hyberg, "Array Pre-processing for the SESAM System DOA
Mean Square Error Minimization", National Defence Research In-
stitute FOI, Report no FOI-R—1297—SE, 2004.

• P. Hyberg, M. Jansson and B. Ottersten, "Array Interpolation and
DOA MSE Reduction", Submitted to IEEE Transactions on Signal
Processing Jul. 2004.
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Chapter 11: MSE Simulations

In this chapter both the analytical MSE expression and the derived
MSE minimizing mapping matrix algorithm are supported by simula-
tions. These simulations show not only conspicuous DOA MSE improve-
ments in relevant scenarios, but also a resulting pre-processing of better
robustness for low SNRs as compared to the pure bias minimizing design
derived in the earlier chapters.
A DOA MSE reduction factor of 10-20 at signal SNR 0 dB is demon-

strated for a UCA to ULA mapping scenario. Furthermore, the variance
of the resulting mapped DOA estimates fall close to the Cramér-Rao
bound. Here it is also demonstrated that, and explained why, the con-
ventional manifold match mapping design does not guarantee minimum
DOA estimate variance.
The results and analysis of these simulations are published in the same

papers and reports as those listed under Chapter 10, see the previous
section.

Chapter 12: Sector Filtering & Optimal Mapping Parameters

This chapter is intended as a prelude to the subsequent analysis of field
trial data in Chapters 13 and 14. Several issues of importance when
implementing a practical DF system along the lines described earlier are
treated.
The phase mode technique is proposed to perform jammer suppres-

sion via spatial sector filtering. Furthermore the problem of selecting an
optimal combination of mapping parameters is discussed. Array element
separation, numerical condition of the array manifold matrix, mapped
sector width, virtual array size and calibration response beam overlap
are discussed and illustrated by simulations. As a design figure of merit
for the mapping operation the number of calibration beamwidths per
mapped sector is proposed.
Since most of the experimental data are collected from an Adcock

array with small (λ/4) antenna element separation, this case is also ana-
lyzed.

Chapter 13: Experimental Verifications 2002

In this chapter experimental data collected from an 8 element Adcock
array is analyzed. The array element separation was λ/4 but an analytical
model for the array response was not available, nor constructed.



1.7 Contributions and outline 15

This comparatively small array size in combination with the 300 cali-
brated sector width does not produce visible mapped DOA estimate bias,
but two important conclusions are drawn from the analysis of these data,
namely

1. The DOAs can be estimated accurately from a non-existing math-
ematically defined ULA, i.e. the mapping operation as such is ex-
perimentally verified, and

2. This DOA estimation can be performed without access to an ana-
lytical model of the array response, only collected data from a few
calibration directions are needed.

The latter result constitutes an important contribution since it con-
firms that the derived bias- and MSE minimizing procedures are well
suited for wider applications. Not only where the used array is carefully
mounted and measured, but also where rapid and provisional deploy-
ment is necessary and time does not allow construction of a complete
array model.
The results of this and Chapter 14 are published in

• P. Hyberg, "Array Pre-processing for the SESAM System: Field
Trials August 2002 and December 2003", National Defence Re-
search Institute FOI, Report no FOI-R—1488—SE, 2004.

Chapter 14: Experimental Verifications 2003

In this chapter experimental data collected across a wider sector, 600, are
analyzed. It is shown that, at the used SNR, conventional manifold match
sector mapping across 600 cannot be applied to the utilized experimental
8-element λ/4 spaced circular array without creating a (squared) DOA
estimate bias at least 10 times larger than the CRB. Hence, at the used
SNR, with a conventional mapping design there is no hope of achieving
DOA MSE values in the vicinity of the CRB.
However, with the bias- and MSE minimization designs derived in this

thesis, mapping across this sector width can be applied without visible
DOA estimate bias. Hence, attaining the CRB is no longer prevented.
Also during the 2003 field trials, an analytical model of the array

response was not at hand to construct the mapping matrix, only the
collected calibration data.
Furthermore, it is shown in this chapter that when the array beamwidth

is wider than the mapped sector, missing calibration data from certain
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directions in the sector can be successfully replaced by new data interpo-
lated from adjacent calibration directions.
The results of this chapter are also published in

• P. Hyberg, "Array Pre-processing for the SESAM System: Field
Trials August 2002 and December 2003", National Defence Re-
search Institute FOI, Report no FOI-R—1488—SE, 2004.

Chapter 15: Conclusions and Future Work

This chapter summarizes the findings and gives some suggestions for fu-
ture research.



Chapter 2

Classical DOA
Estimation Techniques at
HF

2.1 Introduction

The classical radio direction finding techniques briefly described in the
beginning of the previous chapter rely mainly on the analog measurement
and comparison of amplitudes and phases. The purpose of the present
chapter is to analyze some of these classical techniques as to their perfor-
mance limits, especially the Adcock principle. This is the basic operation
mode of the experimental HF direction finding system SESAM that was
used to collect experimental data for the present work, see Chapters 13
and 14.
Due to the special wave propagation conditions at HF (3-30 MHz)

bearing error sources other than measurement noise often dominate. To
put the results of the following chapters into the proper context, a brief
overview of these error sources is also given in this chapter.

2.2 The basic Adcock array

Broad overviews of classical (data independent) direction finding tech-
niques are given in [GP89] and [Jen91]. Especially at LW and MW, but

17
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Figure 2.1: By using 8 Adcock antenna elements instead of 4, better
accuracy can be obtained. The voltages from the NE-SW and SE-NW
directions are added using a weighting of 1/

√
2.

also at HF, these techniques use antenna arrays that are small in rela-
tion to wavelength. The resulting lack of spatial selectivity may seem
disadvantageous in today’s congested HF bands but digital filter-bank
techniques of later years plus the fact that these omnidirectional arrays
need not be scanned spatially, has proven to be a powerful and versa-
tile way of rapidly surveilling wide frequency ranges for burst- and other
types of covert non-cooperative emitters. The Adcock-FFT system using
4 vertical antennas is one such example, see Figure 1.2.

Three parallel receiver channels1 make instantaneous DF possible, ei-
ther by comparing amplitudes, by comparing phases, or a combination
of both. The latter is the preferred method today. Maximum antenna
element separation is λ/2, where λ is the wavelength, but requirements
for azimuth-independent performance as well as precise receiver channel
phase and amplitude tracking, usually limits the optimum element sepa-
ration to λ/4. The principle of an extended 8 element version (yielding
better accuracy) is illustrated in Figure 2.1.
A four element quadratic array, and even more so an eight element

1East-West, North-South and the sum of all channels.
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array, can be considered as (a sampled) circular array. For such arrays
phase mode analysis in conjunction with Butler matrices [DP98] are very
convenient, especially when the DFT (normally provided by a Butler
matrix) can be performed digitally at the carrier frequency as is the case
at HF. Both null steering to avoid jammers and direction finding can be
achieved [CDGC88a]. See Section 12.4 for a further discussion on this.

2.2.1 Adcock accuracy when comparing amplitudes

As indicated in Figure 2.2, if the array is dense in comparison with the
wavelength λ, the difference voltages ∆VEW and ∆VNS get circular lobe
shapes as a function of azimuth. Here indices EW and NS refer to the
“east-west” and “north-south” base-lines of the array. The azimuth is
then obtained as θ = arctan (∆VEW /∆VNS) . It is also possible to first
form the four possible cardioids and then calculate the DOA, an approach
that yields a somewhat better SNR.
The azimuth standard deviation σθ in relation to the beamwidth BW

for the amplitude comparison method is somewhat involved but, for a two
antenna array can be obtained from [Lev88]

σθ
BW

=
1

k

r
1

2SNR
(2.1)

where k is the derivative w.r.t. the bearing θ of the difference beam,
taken at the true DOA.
Accurate amplitude tracking between the three receiver channels is

needed. In addition an amplitude comparison system is sensitive to poor
phase matching, especially at the lobe cross-over points.

2.2.2 Adcock accuracy when comparing phases

The error analysis in this section presumes two orthogonal baselines of
equal length ∆ and independent noise in the four receiver channels. As-
sume a wavefront arriving from azimuth θ and let ϕN , ϕS , ϕE , ϕW be the
phases at the four antenna elements. These phases are estimated after
filtering and integration in the four receiver channels. Neglecting any in-
terference the resulting SNR implicitly depends on signal strength (array
gain), and the number of samples (integration time). Let δϕN , δϕS , δϕE
and δϕW denote the accuracies (RMS errors) with which these phases
can be estimated.
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Figure 2.2: By forming sums and differences this lobe pattern can be gen-
erated by four vertical dipoles. At LW and MW where the two baselines
are electrically small the beams become almost circular. The DOA can
be found either by comparing amplitudes or phases or a combination of
both.

For any phasor the noise will always have one in-phase component
ni and one quadrature component nq, where under the assumption of
circularly symmetric noise, the powers n2i = n2q and the total noise power
n2t = n2i + n2q = 2n

2
q. Assuming a high signal to noise ratio and defining

SNR = P/n2t , where P is the signal power, we get [Jen91]

δϕN ≈ tan (δϕN ) =
nq√
P
=

p
n2t/2√
P

=
1√

2SNR
, (2.2)

and correspondingly for the other antennas. Note that (2.2) is not pa-
rameterized by the beamwidth, however the signal to noise ratio SNR
depends implicitly on antenna gain (and integration time).
The corresponding variances (δϕN )

2 , (δϕS)
2 , (δϕE)

2 and (δϕW )
2

all become 1/(2SNR), and if the noise is spatially white, the variances
(δϕ1)

2 and (δϕ2)
2 in the phase differences ∆ϕ1 = ϕN − ϕS , and ∆ϕ2 =

ϕE − ϕW therefore both become 1/SNR.
With two orthogonal baselines of equal length the azimuth θ can be

estimated by [Jen91]

θ = arctan

µ
∆ϕ1
∆ϕ2

¶
, (2.3)
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and, approximately, DOA elevation φ by

φ = arcsin

Ãp
∆ϕ21 +∆ϕ

2
2

2π/λ ·∆

!
, (2.4)

where ∆ is the length of the two base lines.
The interesting problem now is how the variance (δθ)2 in the estimate

of θ according to (2.3) depends on the two phase measurement variances
(δϕ1)

2 and (δϕ2)
2.

To assess this we differentiate (2.3) with respect to ∆ϕ1 and ∆ϕ2 and
get

δ (θ) =
1

1 +
³
∆ϕ1
∆ϕ2

´2 · δ (∆ϕ1)∆ϕ2
+

1

1 +
³
∆ϕ1
∆ϕ2

´2 · −∆ϕ1δ (∆ϕ2)∆ϕ22
. (2.5)

But the phase differences ∆ϕ1 =
2π
λ ∆ sin θ and ∆ϕ2 =

2π
λ ∆ cos θ,

which implies that (∆ϕ1)
2 + (∆ϕ2)

2 =
¡
2π
λ ∆

¢2
, i.e. independent of the

DOA θ. With this (2.5) can be simplified into

δ (θ) =
cos θ
2π
λ ∆

· δ (∆ϕ1)−
sin θ
2π
λ ∆

· δ (∆ϕ2) . (2.6)

Assuming independent noise in the measurements of the two phase
differences ∆ϕ1 and ∆ϕ2, and inserting (δϕ1)

2 = (δϕ2)
2 = 1/SNR, we

get the variance (δ (θ))2 in the estimate of θ as

(δθ)
2
=

µ
λ

2π∆

¶2
1

SNR
, (2.7)

which, because of the two orthogonal and equal base lines, is independent
of azimuth θ.
For the largest allowed base line ∆ = λ/2, we get

(δθ)
2
= 1/

¡
π2 SNR

¢
. (2.8)

Finally it should be observed that precise phase tracking between
the receiver channels is needed if DOA estimate bias is to be avoided.
The phase tracking errors should be small compared to (2.2) for the
highest SNR expected. Also precise amplitude tracking (including the
array beam shapes) is needed. Therefore in many practical DF systems
the antenna element separation is set at λ/4 in the center of the operating
frequency band, although wide band commercial DF systems at HF can
use baselengths ranging from 0.1 λ to 0.5 λ [Jen91].
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Figure 2.3: DOA estimate standard deviation (STD) as function of SNR
for a 4 element Adcock direction finder with element separation λ/4 and
N = 100 samples. The analytical (×−marked) curve is based on (2.7).
Further CRB curves are found in Figure 14.1 in Chapter 14.

2.2.3 Comparison with CRB

The Cramér-Rao bound (CRB) on DOA error variance is a lower bound
that is set only by array geometry in relation to wavelength and pre-
vailing signal to noise ratio. The CRB presumes that the available data
are optimally used to estimate the searched parameter, in this case the
azimuth θ, hence it is a lower bound on the performance of any estimator.
To form the CRB for a typical Adcock array with λ/4 element separa-

tion we assume four vertical dipoles positioned at coordinates
£
λ/
¡
4
√
2
¢
, 0
¤
,£

0, λ/
¡
4
√
2
¢¤
,
£−λ/ ¡4√2¢ , 0¤ and £0,−λ/ ¡4√2¢¤, yielding a baseline

length of λ/(2
√
2). Furthermore we assume a single emitter in the hor-

izontal plane and take the phase reference at origin. The corresponding
CRB values are calculated according to Appendix B.
Figure 2.3 displays (the square root of) these CRB values as obtained

from (B.2) for a set of typical SNRs, (circle marked curve). The number
N of (independent) samples is set to 100 and the noise is assumed spa-
tially Gaussian white. Because the array has limited size in terms of λ
and is rotationally symmetric, the accuracy is azimuth independent.
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Figure 2.3 also shows (the square root of) the analytical DOA variance
according to (2.7), (×-marked curve) calculated using SNR/N, and the
corresponding simulated (square root of the) DOA variance (diamond
markings). For the latter curve noisy array output data were generated
and (2.3) thereafter used to calculate the DOAs.
As seen from Figure 2.3 the simulated DOA variances are very close

to the analytical ones. The difference to the CRB (o-marked curve) for
low SNRs is small but may be an artifact in the simulation.
As a background to the later chapters on general model based DF

techniques, the next section provides a short discussion on DOA estimate
accuracy of practical DF systems that operate in the HF band. It will
be seen that DOA errors due to the rather special wave propagation
conditions at HF often dominate over the noise errors illustrated in Figure
2.3.

2.3 Errors in practical DF systems at HF

This section contains a brief overview of some environmental error sources
that a typical DF system faces at HF. These are usually due to ionospheric
propagation effects. More extensive information on the ionosphere, in-
cluding those effects and phenomena that cause the propagating wave to
deviate from the great circle path and other irregularities, can be found
in [Dav65b] and [Dav90].

2.3.1 Deviation from great circle propagation

Ideally radio signals travel the shortest way from transmitter to receiver,
i.e. on earth along a great circle. Hence in the sequel we define the
concepts "true bearing" and "true azimuth" as the local azimuth at the
DF site of this great circle. Note that this is not the same thing as the
direction of arrival (DOA) of the local wavefront impinging on the DF
antenna.
At HF signals may deviate from the great circle since during sunset

and dawn the height of the ionospheric layers change. Thus, despite a
correct estimation of the direction of the local wave front, tilt of the
ionospheric layers can cause large errors in the estimated azimuth to
the transmitter, see Figure 2.4. Since any DF system is limited to the
information carried by the local field in front of its antenna, this type of
error can only be corrected by real time calibration supported by accurate
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Figure 2.4: Wave propagation through the termimator can yield large
deviations from the great circle and hence bearing errors. This is due to
ionospheric tilt in the twilight area.

models of the ionosphere as a function of frequency, bearing, time of day,
ionospheric and solar state.
For intercontinental communication links it is not uncommon for the

long path to be superior to the short path. During such conditions we
can thus have great circle propagation but still (correctly) estimate the
azimuth to the transmitter 180o off.
Similarly tropospherical propagation at VHF along weather fronts

and via sporadic E-layers2, as well as direction finding on long wave
(LW) vertically polarized navigation beacons across coast lines, are both
susceptible to refraction and thus transmitter bearing estimate errors
(bias and excess variance).
Large deviations from great circle propagation can also occur due to

aurora. Bearing estimate errors exceeding 60o have been reported during
such conditions. Meteor trails can also provide similar reflections but are
of much shorter durations. Such trails can be used for covert radio traffic
which then becomes difficult to intercept and geolocate. Due to typical
electron densities in the meteor trail plasma this traffic normally takes
place at VHF.
The east-west extending ionospheric electron density trough immedi-

ately south of the northern auroral zone contains large ionospheric layer
tilts. East-west HF radio traffic across northern Scandinavia is affected
by this phenomenon. Transmitter bearing estimation of signals from such

2A geographically confined cloud of ionization in the lower part of the ionosphere,
at 90-120 km height. This ionization normally is strong enough to reflect signals with
frequencies up to 80 MHz [Dav90].
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Figure 2.5: The path taken by the wave from transmitter (Tx) to receiver
(Rx) depends on the carrier frequency in relation to the critical frequency
of the ionospheric plasma. In the skip zone neither the ground wave nor
the sky wave can be received.

traffic are hence susceptible to significant and lasting errors (DOA bias)
[Dav90].

2.3.2 Multipath

Multipath is a typical phenomenon at HF due to ionospheric refraction,
see Figure 2.5. Depending on the distance to the transmitter, the carrier
frequency and the critical frequency of the ionosphere, both adding of
the ground and sky waves, and adding of different sky waves can occur.
Destructive fading can last up to minutes and cause not only SNR

loss, but also long lasting warps in the phase fronts impinging upon a
receiving antenna. While multipath usually occurs in the vertical plane,
ionospheric irregularities and tilt can cause large bearing estimate bias
and variance also in azimuth. Spatial or polarizational resolving of the
different propagation paths is the only way to counter this problem.

2.3.3 Ionospheric scattering

Angular spread due to ionospheric scattering occurs in the troposphere,
ionosphere and during reflections off the earth’s surface (long distance
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multihop). Scattering sources are inhomogenities in the troposphere and
irregularities in the electron density of the ionosphere. Scatter propaga-
tion involves "considerable" [Jen91] angular dispersion, the direction of
arrival is disordered and diffused with no significant specular component.

2.3.4 The ground wave

The ground wave can contain several components: The direct wave (pre-
suming line of sight between transmitter and receiver), the ground re-
flected wave, and the surface wave. The latter dominates below 30 MHz
and is normally used for radio beaconing with vertical polarization and
carrier frequencies below 500 kHz to extend range. The effect of earth
conductivity and dielectric constant on ground wave propagation is strong
and therefore large azimuth estimate bias can be caused by intersecting
coastlines between the beacon and the DF receiver.
Interestingly enough, in dense forests a propagation mode has been

found to exist along the tree tops at the forest-air interface [Jen91]. This
mode, the so called lateral wave, occurs from about 1 to 100 MHz. De-
pending on vegetation this mode may deviate significantly from the great
circle path [Jen91].
The skip-zone indicated in Figure 2.5 is an area where neither the

ground wave nor the sky wave can be received. Depending on the state
of the ionosphere, above 5-7 MHz the skip zone can extend to several
thousand kilometers.
At lower frequencies the ground wave and sky wave usually overlap.

The resulting fading minima can be more than 20 dB deep and last up to
minutes. During such minima the phase fronts get severely warped and
large bearing estimate errors result.

2.3.5 Magnetoionic mode errors

In the presence of the earth’s magnetic field and near the critical fre-
quency of the ionospheric plasma, the ionosphere decomposes an incident
linearly polarized wave into two counter-rotating essentially circularly po-
larized components, the ordinary (o), and extraordinary (x) waves. These
two components experience different phase velocities, and when emerg-
ing from the refracting layer, combine to form an elliptically polarized
plane wave with rotating axis (Faraday rotation), of typically 10 seconds
period. If the two components cannot be spatially resolved significant
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bearing estimate errors occur in polarization sensitive antennas, for ex-
ample inductive loops [Jen91].

2.3.6 Other environmental factors

Metal objects in the near field of the DF antenna(s) can upset matching
and calibration. Furthermore, since the wavelength at HF is of the order
of 30 m, the near field extent may include power and telephone lines,
above ground as well as subsurfaced. Furthermore electric cattle fences,
bridges, railroad tracks, chimney stacks and even large aircraft (that
become resonant at HF), can cause constant or varying bearing estimate
errors. Hence the location of a HF direction finding site is important, as
well as regular system calibration.

2.4 Modelling ionospheric signals
The short wave radio channel, 3-30 MHz, poses several challenges when
it comes to accurate modelling. Multipath, time- and doppler-spread,
as well as the congested signal environment are well known difficulties
[Dav90], [Goo92]. Therefore this section provides some background on
the relevant characteristics of the typical HF channel. The purpose is to
illustrate the problem of properly modelling ionospherically propagated
radio signals.
In this thesis both the signal of interest and the noise (including in-

terference) are modelled as Gaussian stationary processes. To illustrate
the possible limitations and facilitate the questioning of this modelling,
the present section is included.

2.4.1 Noise and interference

The above mentioned difficulties include non-stationarity of the ionospheric
propagation channel, see Figure 2.5, which limits the useful sample batch
lengths [Goo92], and the fact that the array output noise is not always
spatially white, i.e. it is often dominated by interference rather than by
thermal noise. Furthermore, the background (non man-made) noise is
not always Gaussian distributed, it can have a highly impulsive charac-
ter (static) and may consist of a superimposed multitude of interfering
signals when the channel is interference- rather than noise limited.
For DOA estimators that utilize the array output covariance matrix

and its decomposition into signal- and noise subspaces, this poses a prob-
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lem since it can prevent the equalization of the noise eigenvalues, some-
thing that makes subspace decomposition via simple thresholding of the
eigenvalues more difficult. Adaptive thresholds, steered by the joint esti-
mation of center frequency and signal waveform, may be needed [LHS95].
However, if the covariance matrix of the interfering emitters can be esti-
mated pre-whitening may be used to improve the situation [Eri02]. Some
interfering emitters (that contain periodicity) may also be modelled as
cyclostationary ARMA processes and thereafter be subtracted from the
data flow. Many DOA estimators, among them MUSIC, can also be
modified to exploit the cyclostationarity [SCGA89], [CWS03].

2.4.2 The ionospheric propagation model

Figure 2.6 indicates the seasonal and diurnal variations of the ionospheric
reflecting layers3 , and also explains the tilt phenomenon at twilight. Dra-
matic unexpected variations can also occur due to solar flares (strong sig-
nal attenuation) or sporadic E-layers. These and many other ionospheric
propagation effects should be incorporated into a general HF channel
model.
In addition to ionospheric multipath come time- and doppler spread.

Time spread occurs because of different propagation path lengths and
localized random scattering in the reflecting layers. Time spread is typ-
ically of the order of a millisecond. Doppler spread amounts to about
0.1 Hz [Dav90] and is caused by rapid movements of irregularities in the
ionosphere.
Aside from generating large bearing errors, auroral reflections can im-

ply a very prominent rapid amplitude modulation of the signal (flutter),
rendering voice transmissions unintelligible, and a corresponding doppler
spread on top of this. This effect is most important during periods of
high solar activity and at high latitudes and can cause doppler spread up
to about 10 Hz [Dav90], [Goo92].
In the HF band a dual polarized DOA system with sufficient angu-

lar resolution can resolve and measure the polarization of the ordinary
(o), and the (orthogonal) extraordinary (x) magneto-ionic modes. Two
independent outputs from one emitter thus can provide an opportunity
for blind channel estimation. This issue will be investigated further on
in the SESAM project but is not treated in the present thesis.

3The apparent reflective layers actually correspond to gradients in the electron
density of the ionospheric plasma. The refractive index depends on this electron
density.
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Figure 2.6: The altitude and electron density of the ionospheric layers de-
pend on time of day, season, the solar cycle and occasional solar eruptions
(solar flares). This figure shows the magnitude of the vertical gradient of
the electron density. The so called "layers" are maxima in this gradient.

Furthermore, a combined DOA and modulation classifying HF sur-
veillance system can use the estimated signal waveforms to improve the
DOA algorithms, see [LHS95], [SCGA89], [CWS03]. As an example,
FSK signals are often cyclostationary and would rather be modelled as
structured signals and not as stationary stochastic processes. Robustness
against coherent multipath situations can also be improved if the signal
waveforms are known and computationally efficient variants of some al-
gorithms can be formulated [LHS95].

2.5 Motivation

Against the above background we conclude this chapter by noting that
the interception and geolocation of non-cooperative (burst and frequency
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hopping) emitters put requirements for very fast signal processing on
modern HF direction finding surveillance systems. As an example, when
surveilling the HF spectrum 40 000 DOA estimates per second is a design
goal for the SESAM DF system4.
This has a clear implication for the candidate DOA estimators: In

practice they can only use algorithms free of iterative peak-search pro-
cedures, notably the rooting methods and ESPRIT. However, this also
implies very special antenna array geometries (ULAs and identical array
pairs respectively). These restrictions on array geometry may impede the
simultaneous requirement for omni-directionality and rapid deployment.
In addition, the instantaneous coverage of 3-30 MHz, i.e. one decade,

with a fixed array of limited number of elements may require the array
to be operated with element spacing exceeding the Nyquist λ/2 limit at
the upper band edge. The array ambiguities that then arise must be
suppressed by randomizing the antenna element positions but, as will be
seen in a subsequent chapter, unfortunately this also prevents (analyt-
ical) transformation of the (circular) array manifold into Vandermonde
structure, a structure that is a prerequisite for the rooting methods.
Array mapping is a known method by which the array geometry can

be chosen independently of the DOA estimator. Refining the array map-
ping principle (in a signal surveillance context), especially removing the
dominating errors, forms the main scope of the present thesis.

4Further details on the SESAM system are found in Section 13.2.



Chapter 3

Data Models and
Assumptions

3.1 Introduction

This chapter introduces the various models and the associated notation
that will be used in the sequel. In the forthcoming analysis models are
thus needed for the response of the DF antenna array and its elements, the
signals, and the noise. These models shall catch the interesting properties
and facilitate the analysis, but otherwise be as simple as possible.
Note that in the present thesis the only signal parameter of interest

is the DOA, i.e. the direction of the local wavefront impinging on the
antenna array. This means that the signals can be modelled without any
further parameterization. In addition, the forthcoming analysis uses only
second order statistics and therefore the exact model chosen for the signal
is not critical to the results. Against this background a Gaussian model
is used for the signals, see the next section for a further discussion.
Measurement noise is usually also modelled as Gaussian, but mod-

elling of the total noise at HF, i.e. measurement noise plus interference,
is a complex issue. As an example the interference may have a cyclo-
stationary rather that stationary character. Spatially coloured Gaussian
noise and ARMA processes have been used to model such interference.
In addition, at HF distant thunderstorms can give the background noise
a highly impulsive character (static) and this requires a different model.
The issue of optimally modelling the total noise at HF is still an open

31
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problem. This problem is not specifically treated in this thesis, instead,
for the sake of simplicity, a Gaussian model for the noise is used in the
analysis.

3.2 A note on models

It is a truism that proper channel and signal models are necessary for
the success of model based estimation methods. As pointed out in the
previous chapter the HF channel is far from trivial in this respect. Often
a typical HF channel is disturbance- rather than noise limited and some
signals may be so narrow-band that it becomes difficult to draw indepen-
dent samples at a reasonable rate, i.e. the stochastic signal model can be
questioned. Continuous Wave (CW) Morse signals at low speed comprise
such a case.
In a general wide band long range signal surveillance system that

is built to estimate many signal parameters (pulse length, phase- and
doppler shift, bandwidth, clock frequency, etc.), a library of built in
models for different propagation conditions and emitter types may well
be necessary. However this thesis concentrates on DOA estimation only
and uses only second order statistics. Since the temporal behavior of the
signals is not used, these signals can be modelled rather coarsely. Hence
in this thesis, also for the signal, a stochastic Gaussian model will be used
in the analysis.

3.3 The narrowband model

The concept of phase is exactly defined only for periodic signals. However,
describing time delays as phase shifts is very convenient and is therefore
often used also for modulated but narrowband signals as an approxima-
tion. In array signal processing, especially where narrowband techniques
are used, we usually also want to model the array as dispersion-free, i.e.
the propagation time across the array aperture is supposed to be short
compared to the inverse of the signal bandwidth.
The majority of communication systems at HF use modulation band-

widths below 10 kHz. This fits well into the above assumption: Since 10
kHz of bandwidth corresponds to 30 km propagation path length, we see
that for a DF array less than typically 30 m across, dispersion is no prob-
lem. This will hold also for frequency hopping systems that use up to 100
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Figure 3.1: The used spherical coordinate system and the planar UCA
confined to the xy-plane. The vector Γ =

£
γ1 . . . γm

¤
contains the

angular positions of the m UCA elements.

kHz hopping bands, a typical coherency bandwidth for the ionospheric
channel.
One example of emitters for which a typical DF array may not be

dispersion free is ionosonds and Over The Horizon (OTH) radars. Espe-
cially ionosonds may sweep over frequency ranges more than one octave
wide.
While being aware of the above exceptions, at HF it seems reasonable

to model all time delays across the antenna array as phase lags although
need for minor alignments to this model is expected in scenarios with
extra broadband emitters.

3.4 The array- and signal model
Consider a general array ofm isotropic antenna elements and assume that
d narrowband far-field source signals impinge upon the array. Then in-
troduce a spherical coordinate system with azimuth θ measured counter-
clockwise from the x-axis and elevation φ measured downwards from the
z-axis, see Figure 3.1 for a uniform circular array (UCA) example.
The above d sources are parameterized by p parameters each and

collected in the p× d matrix θ. In the direction finding case we typically
for the ith emitter have θi= [θi φi]

Twhere θi is the azimuth and φi the
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elevation of the ith emitter. Although both azimuth and elevation are
of paramount interest in a HF direction finding system, for notational
convenience we will limit the forthcoming analysis to the planar case, i.e.
all elevations equal 90o. Furthermore azimuth will be the only emitter
parameter of interest, i.e. p = 1. This incurs no loss of generality however,
and extension to the two-dimensional case is straightforward. In the
sequel we hence write θ = [θ1 . . . θd] where (the scalar) θi refers to the
azimuth of emitter i.
As will be discussed later, the forthcoming analysis will be further

limited to scenarios with only one simultaneous emitter. To simplify
notation we therefore put d = 1.
Under these conditions a complex baseband model for the (single)

received signal can be written as

x(t) = a(θ)s(t) + n(t), (3.1)

where

- x(t) is the m× 1 array output vector at the discrete time instant t,
- a(θ) is the m × 1 complex array response to a (unit-power) source in

the direction θ,

- s(t) is the received signal at a reference point at time t,

- n(t) is the m× 1 noise vector at time t.
Later, in the design of array transformation matrices, response vectors

from Ncal calibration directions will be needed. For reference to these
calibration directions the superscript (i) will be used. The collection of
calibration response vectors is denoted A(θ(c)) = [a(θ(1)) . . . a(θ(Ncal))].
The mapping operation (to be introduced later) presumes the exis-

tence of a matrix T such that THa(θ) ≈ av(θ), where av(θ), the virtual
array response, is the target of the mapping operation. The entities of
this virtual array will carry the subscript v.This virtual array consists of
mv antenna elements.
Array output data are assumed available for t = 1, 2, . . . , N .

3.5 The noise model
The measurement noise (due to the pre-amplifiers in the array) is also
modelled as ergodic, temporally and spatially white circularly symmetric
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Gaussian processes. Furthermore, the noise is assumed to be independent
of the received signal. Hence, in the analysis we neglect interference,
atmospheric disturbances, static and other external noise sources.
In order to use certain important theorems in the sequel, the noise

signals at the inputs of the m receiver channels are assumed to be both
circularly symmetric and spatially and temporally white. Hence with T

denoting transpose and H Hermitian transpose,

E {n(t)} = 0 (3.2a)

E
©
n(t)nH(s)

ª
= σ2I δts (3.2b)

E
©
n(t)nT (s)

ª
= 0, (3.2c)

where σ2 is the noise power, I the identity matrix, and δts the Kronecker
delta.
Furthermore, the noise is assumed to be an ergodic spatially white

stochastic process such that

lim
N→∞

1

N

NX
t=1

n(t)nH(t) = E
©
n(t)nH(t)

ª
= σ2I. (3.3)

3.6 The data covariance matrix

With a stochastic signal model, and in the presumed one emitter case,
the data covariance matrix has the following structure:

R , E
©
x(t)xH(t)

ª
= a(θ)paH(θ) + σ2I, (3.4)

where p = E
n
|s(t)|2

o
is the (limited) power of the received signal.

This thesis utilizes subspace based methods for DOA estimation which
rely on the eigendecomposition R =

Pm
j=1 λjeje

H
j , where {ej} are or-

thonormal eigenvectors corresponding to the eigenvalues {λj} with λ1 >

λ2 = · · · = λm = σ2. The property that the range of e1 , es (the signal
subspace) equals the range of a(θ) will also be used.

Note that if R =
Pm

j=1 λjeje
H
j is an eigenvalue decomposition of R,

so is R =
Pm

j=1 λje
jφeje

H
j e
−jφ for all phase constants φ. This fact will

be referred to in the field trial Chapters 13 and 14 and is also commented
on in the next section.
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The above assumptions on ergodicity and limited signal power imply
that the sample covariance matrix

R̂ =
1

N

NX
t=1

x(t)xH(t), (3.5)

approaches (in mean square and with probability one) the covariance
matrix (3.4) as the number of snapshots N tends to infinity.

3.7 Eigenvector phase factors

Note that es is only determined up to a phase factor, i.e. if es is a signal
eigenvector of R̂ so is ejφes, ∀φ. To obtain unique signal eigenvectors in
the analysis this phase factor will henceforth be chosen such that es equals
the corresponding normalized array response vector, i.e. es = ā(θ) ,
a(θ)

¡
aH(θ)a(θ)

¢−1/2
, and similarly for the eigenvectors corresponding

to the virtual array. This choice is always possible if the array response
a(θ) is known. (Recall that av(θ) is mathematically defined and therefore
always known).
If a(θ) is not known, this scheme does not work. As is the case for the

field trials analyzed in Chapters 13 and 14, then the particular numerical
routine used to perform the eigenvalue decomposition on R̂ determines
the phase factor in a particular estimated signal eigenvector. For data
collected during field tests against spatially coloured background noise,
additional (false) phase factors may be added. This issue will be further
discussed in Section 7.5.
The relation es = ā(θ) in single emitter scenarios will be used for

much of the theoretical developments in this thesis.

3.8 The coloured noise case

The assumptions (3.2) can be disputed if the channel is disturbance lim-
ited by a small number of strong interfering emitters, a common situation
at HF. In such a situation the (total) noise becomes spatially coloured
and the model may have to be adjusted.
If this becomes a problem one solution is to view the unwanted signals

as signals and not noise, and try to estimate the DOA and the other
interesting parameters of these signals as well. This approach of course
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presumes the array and associated signal processing to be able to handle
the increased number of emitters.
Another solution is to estimate a coloured noise covariance matrix Q

that contains the unwanted signals, i.e. in the two (uncorrelated) emitter
case

R = A(θ1)p1A
H(θ1) +

A(θ2)p2A
H(θ2) + σ2I

, A(θ1)p1A
H(θ1) +Q, (3.6)

where θ1 is the wanted signal DOA and θ2 the DOA of the interferer.
We will return to the problem of coloured noise and interference later.

3.9 The complex gradient
In the forthcoming analysis we will need gradients of real scalar func-
tions with respect to complex valued vectors. In this thesis we use the
convention introduced by Brandwood [Bra83] .
Let J(e) be a function of the complex vector e and its conjugate.

Further, let ek be the kth element of e and let xk and yk be the real
and imaginary parts of ek, respectively. Then the kth component of the
gradient vector is defined as

[∇eJ(e)]k =
1

2

µ
∂J(e)

∂xk
+ j

∂J(e)

∂yk

¶
(3.7)

The differential of J(e) will now be dJ(e) = 2Re{[∇eJ(e)]Hde}. Specif-
ically, for the quadratic form1 J(e) = eHRe where R is any Hermitian
matrix independent of e, we get∇eJ(e) = Re and dJ(e) = 2Re{eHR de}.

3.10 The UCA and the ULA
As is common in most of the related literature, the two involved an-
tenna arrays (the real one and the virtual one) are described only by the
phase lags of their elements. Hence the antenna elements are modelled
as isotropic, non-polarized and lossless. It is easy to prove that such an-
tennas do not exist in the real world but nevertheless this modelling is

1This quadratic form appears in the cost function of both the MUSIC and WSF
estimators. It will be used in the bias minimizing theory developed in the sequel.
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adequate for the development of the array mapping concept, as well as
the bias- and MSE reduction theories later on. The successful verification
against experimental data, Chapters 13 and 14, also justifies this way of
modelling the antenna elements.
An array geometry frequently treated in this thesis is the uniform

circular array, UCA, shown in Figure 3.1.
With all phases referring to the origin and only modelling the delays,

the ith response vector of the UCA becomes

a(θi, φi) =

 ej
2π
λ r sinφi cos(θi−γ1)

...
ej

2π
λ r sinφi cos(θi−γm)

 (3.8)

where sinφi = 1 in the planar case, r is the array radius and Γ =
[γ1 . . . γm] are the angular positions of the m elements. For a non uni-
form circular array, the radius r is still constant but Γ is a non equispaced
vector. In this case the acronym NUCA will be used.
Note that (3.8) models the array as consisting of identical non-polarized

isotropic antenna elements. Obviously this is a coarse approximation,
even where the antenna elements are small compared to the wavelength
λ. A typical HF surveillance system uses vertical active ground plane
(GP) antenna elements about a quarter wavelength high at the upper
band edge. These have a doughnut-like vertical lobe shape with much
less gain for high incidence signals than for horizontal ones, something
that in a real implementation has to be taken onto account. See Section
13.2.1 for further comments on this issue.
Also, the vertical polarization of the GP antennas matches them well

to the ground wave but less well to the ionospherically refracted waves
which are randomly polarized.
For a uniform linear array (ULA), if the center point is taken as phase

reference, the corresponding response vector is

a(θi) =


ej

2π
λ (

1−m
2 +0)∆ sin θi

...

ej
2π
λ (

1−m
2 +m−1)∆ sin θi

 (3.9)

where ∆ is the antenna element separation. Note the attractive Vander-
monde property of (3.9), a property that facilitates the use of rooting
methods for rapid DOA estimation.
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As will be seen in the next chapter, to combine processing speed
with array omni-directionality, a lot of research has gone into finding
various schemes of transforming the UCA response vector (3.8) into the
Vandermonde structure of (3.9) when the DOA is unknown.

3.11 Array ambiguities
A fundamental observation is that the transformation performed by the
antenna array from the incoming signals, s(t), onto the output vector x(t)
must be unambiguous. This means that linear dependence among differ-
ent response vectors a(θi) is not allowed. The reason for this restriction is
that no matter what signal processing is applied after the array, if several
emitter DOAs can form the same output vector, x(t), the array cannot
be used to estimate directions to those emitters. Hence the issue of array
ambiguity will be important for all the forthcoming analysis presented in
this thesis.

3.11.1 Uniform linear arrays and ambiguity

For the uniform linear array, ULA, the above is easy to illustrate. If
broadside is taken as reference such an array has response vector com-
ponents of the form an(θ) = ej

2π
λ n∆ sin θ, where n = 1, ..., m. Collecting

the m antenna outputs for several signal directions yields a matrix of
Vandermonde structure

· · · ej
2π
λ (

1−m
2 +0)∆ sin θi · · ·

...
...

...

· · · ej
2π
λ (

1−m
2 +m−1)∆ sin θi · · ·

 . (3.10)

From (3.10) it is seen that along with the (desired) Vandermonde struc-
ture comes the possibility of loosing rank, i.e. the mapping from the
directions of arrival to the array output space becomes ambiguous.
This occurs when

ej
2π
λ n∆ sin θ1 = ej

2π
λ n∆ sin θ2 , n ∈ [1, m] , (3.11)

for some θ1 6= θ2.
If ∆ > λ/2 there exist at least two DOA:s θ1 and θ2 for which the

corresponding columns of (3.10) become identical and the mapping thus
ambiguous. This puts an upper bound on the frequency range of a given
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ULA. An inspection of (3.10) reveals that the Vandermonde structure is
closely tied to the ability to form ambiguities. Unfortunately we cannot
have one without getting the other. Hence the upper frequency limit of
a given ULA is set by ∆ < λ/2 if the full visible sector

£−π
2 ,

π
2

¤
is to be

retained.
A more detailed study of ambiguities in linear arrays, including a

method of calculating a list of potential ambiguities for a given linear
array, can be found in [MP98]. In [ASG00] this type of list is used to
estimate DOAs from a NULA where the number of sources exceeds the
number of array elements.

3.11.2 Circular arrays and ambiguities

With all phases referring to the origin, a collection of several response
vectors of the uniform circular array, UCA, has the structure · · · ej

2π
λ r sinφi cos(θi−γ1) · · ·

...
...

...
· · · ej

2π
λ r sinφi cos(θi−γm) · · ·

 . (3.12)

From this it is seen that much fewer directions θi can generate 1st

degree linear dependent response vectors. We thus expect circular arrays
to be more tolerant against over-sizing.
Relevant examples of ambiguous mapping of the response vectors

(3.10) and (3.12) are shown in Figure 3.2 left and right, respectively.
Both arrays have 8 elements and about the same overall dimension. The
ULA to the left is uniform and spaced 1.5λ. It can give exactly the same
output vector x(t) for three2 different directions. This (full) ambiguity
is also easily seen from (3.10). The circular array to the right is slightly
randomized: The element separations vary +/- 40 % around the nominal
4λ value. This plus the non-linear curvature prevents all full ambiguities.
(Note the logarithmic radial scalings with 10 dB per grid increment.)
Generally, it is more difficult for a curved or randomized array to

generate plane waves in unwanted directions than is the case for uniform
linear arrays. This robustness against ambiguities will be taken advantage
of in the sequel.
The above indicates a useful property of the circular array shape that

will be exploited further on: Especially at good SNR it can be operated

2Disregarding the back-to-back symmetry.
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Uniform linear array with 8  elements

Total length = 10.5 m

Wavelength= 1 (m)

Element separation =1.5 (lambda)

Non uniform cicular array with 8  elements

Diameter = 10.4525 m

Wavelength= 1 (m)

Element separation =4 (lambda)

Figure 3.2: Ambiguous lobing from an 8 element ULA with element spac-
ing 3λ/2 (left) and an 8 element NUCA nominally spaced 4λ but with
+/- 40 % randomization in the angular position vector Γ (right). The
patterns were calculated by summing up the fields from the 8 equally
excited elements phased for maximum radiation in the x direction. Loga-
rithmic scaling with 10 dB per grid increment is used. It is worth noting
that the grating lobes of the ULA all have full size, corresponding to a
complete loss of rank in the manifold matrix (3.10).

in a spatially under-sampling manner, i.e. with element spacing above
the Nyquist ULA λ/2 limit.
The possibility of running a DF array oversized in the above fashion

yields two valuable advantages, especially in the HF band with its large
relative bandwidth:

• Improved DOA estimation accuracy (scales with 1/λ),
• For a given fixed array, much larger frequency coverage.

However, in a practical implementation such as the SESAM system,
the need for a slight reduction in the upper frequency limit of the system
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should not be excluded. The reason for this preparedness is that SNR
may be limited and strong interfering emitters may impinge on the array
in the near ambiguous directions.
In the later chapters we will study mapping over sectors of UCA

received data onto the corresponding ULA data as a means of using
rooting DOA estimators despite the circular array. It will be seen that
this type of transformation can be severely hampered by DOA estimate
bias when the UCA is operated over-spaced in the above sense. The bias-
and MSE reduction theories developed in the later chapters can eliminate
this bias to a large extent and form a main contribution of this thesis.



Chapter 4

Analytical UCA to ULA
Transformations

4.1 Introduction

This chapter starts by restating the rather special requirements of (i), fast
(peak search free) DOA estimation, (ii), multi octave frequency coverage,
and (iii), omni-directionality, of a modern signal surveillance system at
HF. For military systems portability and rapid deployment are additional
requirements that tend to limit the number of antenna elements. Since
the number of receiver channels is a cost driving factor, economy may
also put a limit on the number of antennas in the array, hence a typical
restriction may be (iv), m < 10.
Taken together these requirements call for a circular array (for omni-

directionality) of less than 10 elements (for low cost and rapid deploy-
ment) with a randomized angular position vector Γ (see Figure 3.2 right
part) (for bandwidth and rapid deployment). The problem addressed in
this chapter is to find analytical transformations by which the output
data from such an array is given a structure that can be used by rooting
based DOA estimators, notably root-MUSIC and root-WSF. The trivial
case of constructing the transformation around an already known DOA is
excluded here since it is not relevant in the signal surveillance application.
The content of this chapter is a survey and assessment of already

published results. The above special requirements (i)−(iv) form the basis
for this assessment. The survey will show that a great deal of research has

43
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gone into constructing transformations from (non-randomized) uniform
circular arrays (UCAs) onto ULAs, but it will also be shown in this
chapter that fundamental limitations exist as to the size and density of
the UCA that prevent error-free UCA-ULA transformations for unknown
DOAs under the above mentioned restrictions (i)− (iv).
This chapter starts with the phase mode expansion approach since

this approach gives a good insight into the above fundamental limitations.
Thereafter the related DFT based techniques used by [TH92], [WS94] and
others, are briefly mentioned.
The content of the present chapter forms the background to, and main

motivation for, the central part of this thesis namely the introduction,
analysis, and refinement of the sector array mapping concept.
The results of this chapter are discussed and assessed at a more de-

tailed level in [Hyb99a], [Hyb99b], [Hyb99c] and [Hyb01].

4.2 Phase mode expansion analysis

All of the above mentioned early research aimed at finding a linear trans-
formation B on the response vectors a (θ) of the uniform circular array
(3.12) such that BHa (θ) obtains a Vandermonde structure. Thereafter
the collected data would be transformed by B and a rooting based DOA
estimator used. Presumably B shall be independent of the searched pa-
rameter θ (or θ = [θ, φ]T in 2D cases).
This transformation problem dates back to the 1960 -ies when lobe de-

sign for circular arrays was studied [THN61], [Dav65a], [She68], [LCD67],
[Dav83]. One result from this early work is that for a sufficiently dense
circular array the excitation function (4.1) along the perimeter of the
array equals the lobe function. Expanding this excitation function, here
denoted w, into a set of orthogonal base functions, phase modes, is a
fruitful approach when establishing the necessary conditions on the UCA
for useful UCA-ULA transformations.
Using phase modes for the development of the transformation B we

initially consider the (horizontal) circular aperture as continuous1 and
thereafter introduce the discretization. Any azimuthal excitation func-
tion w(γ) along the perimeter of the circular continuous array will be
periodic with a period of 2π and can therefore be represented by a Fourier-

1 i.e. with infinitely many elements equally spaced
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series of discrete terms [DP98], [MZ94a], [Mai94],

w(γ) =
∞X

M=−∞
cMejMγ , (4.1)

where ejMγ , wM (γ) are the so called phase modes and cM the corre-
sponding Fourier coefficients.
The zero order phase mode (M = 0) corresponds to an excitation

of constant phase as a function of azimuth, the first order mode to a
1×2π phase variation along the circular aperture, and correspondingly for
the higher orders, see Figure 4.1 where the phase modes are represented
as varying radii in a polar plot. This implies that only the zero order
mode contributes to vertical radiation, a fact that was used in [MZ94a]
to separate out the elevation dependence to derive the 2D DOA estimator
UCA-ESPRIT.
With the origin as phase reference, the normalized 2D far-field pattern

from the M th phase mode is obtained by the scalar product,

f
(c)
M (θ) =

1

2π

Z 2π

0

wM (γ) · ejkr sinφ cos(θ−γ)dγ, (4.2)

where the superscript (c) refers to the continuous aperture, k = 2π/λ is
the wavenumber and r is the UCA radius. As before azimuth, θ, and
elevation, φ, are collected in the parameter vector, θ.
Substituting ej·M·γ for wM (γ), the integral evaluates into [DP98],

[MZ94a],
f
(c)
M (θ) = jMJM (kr sinφ)e

jMθ, (4.3)

where JM is the Bessel function of the first kind of order M .
From (4.3) it is seen that for a continuous circular array a variation in

azimuth, θ, only affects the phase of the distant field whereas elevation,
φ, only affects the amplitude. Furthermore, we note that the azimuthal
variation, ejMθ, of the field is proportional to the azimuthal variation of
the M th phase mode of the excitation function, w(θ).
The magnitude of the Bessel functions are small when the order M

exceeds the argument, here kr sinφ. Therefore, inside the visible elevation
region φ ∈ [0, π/2], Bessel functions JM of order M larger than

Mmax = k · r, (4.4)

will not contribute significantly to the excitation of the aperture. This
observation is intuitively seen in Figure 4.1: Excitation maxima and min-
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Antenna elements
Constant phase mode
First phase mode
Second phase mode
Third phase mode
Sum of all modes

Figure 4.1: The phase modes for M = 0, 1, 2 and 3, and all ci = 1 in
(4.1). The outer ∗ -marked line shows the (non-weighted) sum of all 4
modes. Compare with Figure 12.2 where the sum is weighted.

ima much closer together than wavelength would pairwize null each other
out when viewed from a large distance.
The important consequence of (4.4) is that since only a limited num-

ber of contributing phase modes can be excited by a given continuous
circular array, only a limited number mmin of antenna elements are re-
quired to synthesize a given lobe2. For the signal surveillance application
addressed in this thesis it thus becomes important to determine this min-
imum number mmin. This will be done in the next section.

4.2.1 The discrete circular array

When the array is non-continuous, i.e. spatially sampled with the number
of elements m bounded, the discrete Fourier-transform to generate the
phase modes (4.1) can be implemented as a Butler matrix [DP98]. The

2This can also be seen as a consequence of the Nyquist sampling theorem applied
to spatial sampling.
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excitation function remains the same but is now sampled at the element
positions.
The normalized beamforming weight vector that excites the array

with phase mode M , is [MZ94a],

wH
M =

1

m

£
ejMγ0 . . . ejMγm−1

¤
,

where γ0, . . . γm−1 are the angular positions of the antenna elements.
The resulting array pattern is the scalar product

f
(s)
M (θ) = wH

M · a(θ), (4.5)

where the UCA response vector a(θ) was given in (3.8) and the super-
script (s) denotes the sampled array.
Comparing with the far-field equation (4.3) for the continuous case,

assuming |M | < m, and using the Fourier series representation of ejα cos γ ,

ejα cos γ =
∞X

n=−∞
jnJn(α)e

jnγ , (4.6)

for some α and γ, and where Jn is the Bessel function of order n, (4.5)
can be written [MZ94a], [DP98],

f
(s)
M (θ) = jMJM (kr sinφ)e

jMθ

+
∞X
q=1

jgJg(kr sinφ)e
−jgθ + jhJh(kr sinφ)e

jhθ, (4.7)

where integers g = mq −M , and h = mq +M .
The first term in (4.7) is equal to (4.3) and describes the lobe from the

continuous array, whereas the remaining residual terms describe the rip-
ple [DP98] due to the spatial sampling. To use the phase mode approach
for DOA estimation with discrete arrays, we therefore must require the
first term to be the dominant one. This will be the case [MZ94a] when
the number of array elements

m > 2Mmax, (4.8)

i.e. the number m of antenna elements must be larger than twice the
highest mode order Mmax.
For the full number of contributing phase modes, Mmax = k · r, (4.8)

corresponds to an element separation of 0.5 · λ, the usual Nyquist limit,
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though 0.42 ·λ is recommended in [MZ94a] as a safety margin to keep the
magnitude of the disturbance terms down. Referring to the 8 element
SESAM system used to provide field trial data later in this thesis, this
corresponds to 2π/0.42 ≈ 15 elements for an r = λ UCA3.
One way to solve this problem would be to use only phase modes

of low enough order to meet requirement (4.8) but this would cause er-
rors. It would also affect resolution, just as fulfilling the Nyquist limit
by reducing the radius, r, would. However, radius transformation, i.e.
retaining the size of the real UCA and estimating the DOAs from the
output of a virtual UCA of equally many elements but smaller radius, is
a possible solution [Hyb01]. Due to the discretization however, such a
transformation would depend on azimuth, θ.
We conclude this section by noting that if a given circular array is

operated at too high a frequency, too many phase modes, Mmax, will be
supported. This will then violate the requirement (4.8) and the prin-
cipal term in (4.7) will no longer be the dominant one. If the simple
Vandermonde-like structure of (4.3) is necessary for the used DOA find-
ing algorithm, condition (4.8) therefore puts a clear and mandatory upper
frequency limit on a given circular array.
This frequency limit becomes tighter for fewer elements, and fewer

elements also reduce DOA estimate accuracy through truncation errors
in (4.1). Both [WS94] and [MZ94a], as well as simulation results by the
author [Hyb99b], [Hyb01], give 12-16 elements as minimum for a UCA
based DOA estimator to be operated in phase-mode.
However for large4 and dense enough (element separation < 0.4λ)

UCAs where the first principal term in (4.7) dominates, transformations
onto the Vandermonde-like structure (4.3) are possible, see [WS94] and
[TH92]. The separation of azimuth and elevation in (4.3) has been ex-
ploited in the 2D DOA estimator UCA-ESPRIT described in [MZ94a]
and [MZ94b]. Phase modes also offer a convenient way of beamforming
for circular arrays, e.g. null-steering to avoid jammers, see Section 12.4
for further comments.
Because of the generality of the above phase mode analysis we con-

clude that for signal surveillance applications meeting the requirements
(i) − (iv) given in Section 4.1, analytical DOA independent UCA-ULA
transformations are not feasible. This is the main motivation behind the

3One might think that a sufficient element density could always be achieved by
reducing array radius, thereby reducing Mmax. However this is not desirable since it
would profoundly affect resolution.

4According to simulations by the author, preferably m > 30.
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introduction of the sector array mapping concept in the next chapters.

4.3 DFT based transformations

When Copernicus in 1543 published his book "De Revolutionibus" he
postulated that the orbits of all heavenly bodies must be made up by
combinations of spherical motions. Thus he had to combine long se-
quences of epicycles to make up for the ellipticity of the planetary orbits,
thereby almost inventing Fourier analysis 250 years ahead. Likewise, if
an antenna array is circular, i.e. it can be described by one single epicy-
cle, there are reasons to expect important simplifications in the manifold
structure if a Fourier transformation is applied. The strong analogy in
structure between (4.1) and the digital Fourier transform (DFT) supports
this expectation.
Tewfik et al., [TH92], rewrite (3.8) into an infinite sum of Bessel

functions which thereafter is Fourier transformed and truncated to get a
Vandermonde structure in azimuth. In doing this they require that the
number of sensors

mÀ 4πr

λ
, (4.9)

where r is the array radius.
Based on the early works by Davies [Dav65a], Wax et al. [WS94] use

the concept of phase mode (defined somewhat differently than in (4.1))
and arrive at the condition

mÀM, (4.10)

on the number of UCA elements. This means that a UCA with r ≈ λ, a
relevant example in the SESAM case, would need mÀ 6 elements. Note
that (4.10), just as (4.8), also puts an upper bound on the wave number
k, i.e. on the upper frequency limit of a given UCA.
The condition (4.10) does not contradict (4.8) but is coarser. Its

detailed derivation is deferred to Appendix D. Tewfik et al. [TH92] use a
similar derivation as the above to arrive at the Vandermonde structure.
The requirement (4.10) is also identified.
As expected from the phase mode analysis, DFT based UCA-ULA

transformations are not feasible for arrays meeting the requirements (i)−
(iv) given in Section 4.1. Many more antenna elements than 10 are
needed.
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4.4 Chapter conclusions
We conclude this chapter by again noting the fundamental restrictions
on UCA size and density if a Vandermonde based DOA estimator is to be
used with analytical DOA independent UCA-ULA transformations. The
requirements (i)−(iv) given in Section 4.1 for a typical signal surveillance
system at HF cannot be met.
Through both phase-mode and DFT analysis, and verifying with own

simulations [Hyb99b] and [Hyb01], we now conclude that 8 UCA elements
are too few for a HF signal surveillance application if a DOA-independent
UCA-ULA transformation must be used. Even for 16 elements the trun-
cations and approximations involved limit the array bandwidth typically
to less than one octave [Hyb01].
However, the idea of re-structuring the output data from antenna

arrays is attractive since the (real) array and the DOA estimator can
then be chosen independently. This idea will therefore be generalized
to arbitrary arrays by the development and refinement in the following
chapters of the concept of sector array mapping.



Chapter 5

The Array Mapping
Approach

5.1 Introduction

This chapter starts by introducing the array mapping approach. As op-
posed to the analytical UCA-ULA transformation schemes overviewed in
the previous chapter, with this approach the mapping can go from any
(real) array onto any virtual array. The latter array does not even have
to be physically realizable, it only needs a usable mathematical structure.
If the mapping is designed around a known DOA θ0, i.e. one response

vector a(θ0) from the real array is mapped onto one corresponding re-
sponse vector av(θ0) of the virtual array, then the mapping operation
can usually be error free, i.e. we have THa(θ0) = av(θ0), where T is the
mapping matrix. However, then the mapping matrix becomes a function
of the DOA θ0, a severe limitation in signal reconnaissance applications
where the surveilled signals initially are unknown.
Therefore the sector mapping concept is introduced in this chapter,

i.e. a concept where the mapping matrix must be designed as a com-
promise across all DOAs in a wide sector (typically 300 or more). This
sector compromise usually prevents an error free mapping for all response
vectors in the sector and hence the interesting question is to what ex-
tent these unavoidable errors impede a correct DOA estimation from the
mapped data. Analyzing and handling these unavoidable errors is the
main scope of the present thesis.
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In preparation for the theoretical developments in the subsequent
chapters, it is also emphasized in this chapter that the mapping need not
go between array manifolds. The signal subspace associated with the real
array can preferably be mapped onto the corresponding signal subspace
associated with the virtual array, provided that the involved eigenvectors
can be uniquely defined. As will be discussed later, if the mapping ma-
trix is not unitary this procedure has certain advantages concerning the
mapped measurement noise, THn(t).
Finally the calibration procedure needed to construct the sector map-

ping matrix if a(θ) is unknown, is described in this chapter and the
problem of ill conditioned solutions due to linear dependence between
the calibration response vectors is illustrated. It is shown that dimension
reduction to restore numerical stability may be necessary in a typical
signal surveillance scenario at HF.

5.2 Array mapping

We will now drop the strategy of analytically deriving a DOA independent
transformation between the two array manifolds, the original real one,
A, (containing the real response vectors a), and the virtual one, Av,
(containing the virtual response vectors av) upon which we want to map
A. Instead of presuming the real array to be uniform and circular, and
the virtual array to be uniform and linear, we now generalize the problem
into finding a method with which arrays of any geometry can be used
with DOA estimators of our choice, and, given a certain fixed real array,
this over frequency ranges as wide as possible. However, since we also
require a mapping operation across a wide sector, unavoidable errors will
occur, i.e. we only have THa(θi) ≈ av(θi), where θi is a DOA inside the
sector.
The approach in the sequel will seem somewhat ad hoc, but is based

on certain wanted transformation properties. From now on the transfor-
mation matrix will be denoted T and, to stress that the transformation
is applied to vector sets, we will also use the term mapping.
Remind that the purpose of the mapping operation is to be able to

use fast (search free) DOA estimators with array geometries suitable for
signal surveillance. The latter usually means omni-directionality, at least
in the horizontal plane, and large frequency coverage.
One example of a suitable search free DOA estimator is root MU-
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Figure 5.1: A sector mapping scenario where a UCA, or any array of
arbitrary geometry, is mapped onto a ULA to allow rooting estimators,
or onto two equal but displaced arrays to use the ESPRIT algorithm. The
transformation matrix T can be obtained by using the response vectors
(or signal eigenvectors) from a calibration procedure in the directions
θ(c). In this example the signal eigenvectors are mapped.

SIC, which usually is considered1 to require the array manifold to have
a Vandermonde structure. Hence in this case the virtual array would be
a ULA. A further example of a search free estimator is ESPRIT which
needs two equal but displaced arrays, see Figure 5.1 lower part. Obvi-
ously none of these array geometries yield omni-directionality, but after
the mapping operation we can have both omni-directionality2 and the
processing speed of the ULA based or ESPRIT estimators.
Array mapping is of interest in radio signal surveillance where omni-

directionality thus can be combined with fast search free DOA estimators.
In fact array mapping allows the use of any geometry for the real array,
and, as will be shown later, the response of this array need not be analyt-
ically described, i.e. the explicit expression a(θ) can be unknown. A set
of relatively few calibration response vectors as illustrated in Figure 5.1,
is sufficient to construct the mapping matrix, T. Apart from freedom of

1See Appendix C for applying root MUSIC to non-uniform linear arrays.
2Presuming several mapped sectors to cover 3600 of azimuth.
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picking the best DOA estimator, this also allows rapid array deployment
and other practical advantages of interest to the authorities that perform
signal surveillance.

5.3 Earlier work and motivation

An important early motivation for array mapping was to adjust a given
(but approximate) array model to better describe the existing array
(model adjustment). Thus, from a set of collected calibration data a
correction matrix C was constructed such that CAm ≈ A0, where Am

is the (approximative) model, and A0 is the true (but unknown) model.
The improved model CAm would be used also in between the calibra-
tion points (model interpolation). This idea appears in [SW89] where the
validity of the adjusted model also outside the set of calibration data is
discussed (model extrapolation).
Viewed the other way around, an available set of calibration data can

also be used to adjust the real array to its own mathematical model, i.e.
from the calibration data a transformation matrix T is constructed such
that THA0 ≈ Am. Applying the transformation T to data obtained
from the (real) array would then allow this transformed data to be used
as if it came from an ideal (virtual) array exactly corresponding to the
model Am.

A strong motivation for this type of pre-processing is to give the
received data a mathematical structure that better fits the algorithms
used for the subsequent parameter estimation. The present thesis treats
this latter aspect.
Array mapping in this sense, i.e. transformation of the output data

from one (real) array to correspond to data from another (virtual) array,
was addressed in [Bro88] where a sector mapping procedure is described
by which an irregular two-dimensional array of sensors is mapped on two
different uniform linear arrays (ULAs). The performance of the described
mapping operation is then demonstrated by applying the mapped data
to a DOA estimator designed for ULAs.
Another early and illustrative example of this type of array mapping

is given in [GW91] and [WG91] where data from a single sensor array is
transformed and given a mathematical structure that fits the ESPRIT
estimator, see Figure 5.1 lower part. In this case the mapping operation
produces the second displaced (but equal) array in the doublet needed
for the ESPRIT algorithm. Expressions for the variance of the resulting
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DOA estimates were derived in [GW93]. Mapped ESPRIT using a more
refined mapping technique was later described in [BPB03] and [BPB04].

Given the above applications for the array mapping principle, an in-
teresting question that was early addressed is if this type of data pre-
processing affects the performance of the subsequent DOA estimator. As
a figure of merit for this performance, DOA estimate variance in relation
to the Cramér-Rao bound, CRB, was usually taken, i.e. deterministic
errors in the mapped DOA estimates were considered small. This as-
sumption is justified in many mapping scenarios, especially where the
mapped sector is small relative to the beamwidth of the array, and where
the real and virtual arrays have similar geometries. As will be shown
later however, there are also important mapping applications where the
deterministic errors cannot be neglected, radio signal surveillance is one
important example. This fact forms an important motivation for the ap-
proach taken in the present thesis, namely to study and minimize the
effect of the mapping on both the deterministic and the random DOA
estimate errors.

Using DOA estimate variance as the figure of merit the performance
of mapped root-MUSIC and MODE has been studied in several papers
[Fri93], [WF93], [WFS95], [GB97]. The chosen scenarios usually involved
a randomized or otherwise modified linear array being mapped onto a
regular ULA, i.e. due to the similar geometries of the two arrays, deter-
ministic errors could be neglected.

Another common simplification in the above papers is to assume uni-
tarity for the mapping matrix T, i.e. if the measurement noise n(t)
originally is spatially white, then the mapped noise THn(t) is also spa-
tially white. As will be seen in the subsequent chapters however, without
this restriction the matrix T can be given new and desirable properties
that minimize both deterministic and random errors in the mapped DOA
estimates.

Other aspects on array mapping have also been studied over the
years. Thus mapping focusing on wideband signals was treated in [KS90],
[DD92], [FW93]. Furthermore, the associated problem of suppressing in-
terfering signals was treated in [PGL02], [CLL02], [Eri02], [LCL04] and
[FGT04]. Considerably fewer papers have been published on array map-
ping applied to experimental data however, one example though is [SG98].
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Dimension reduction

Array pre-processing with the purpose of achieving array dimension re-
duction can be seen as a special case of array mapping. Here the array
output data is transformed to correspond to data from an array with
fewer antenna elements. Dimension reduction, especially including con-
ditions to preserve the accuracy of the DOA estimates, has been treated
in [And92a], [And93], and [WF94]. One result in these papers is that
the range of the dimension reducing transformation matrix must include
the space spanned by the involved array response vectors and their deriv-
atives if the CRB on the DOA estimate variance is to be attained. In
[EV00] it was shown how a mapping matrix could be designed to better
meet this conditions. Also this design assumed a unitary transformation
matrix and negligible deterministic mapping errors.
Another result in [And92a] is that if a set of calibration (or construc-

tion) response vectors is used to construct the dimension reducing trans-
formation matrix, then the calibration (or construction) directions must
be confined inside one beamwidth from the true DOA if the CRB is to
be attained, i.e. the true DOA must be known to within one beamwidth.
This is an important restriction that can enforce iterative (and therefore
slow) real time procedures in dimension reducing mapping applications
over wide sectors.
Dimension reduction as studied in [And92a], [And93], and [WF94] is

another problem than the one addressed in this thesis. In the present
thesis dimension is normally retained in the analysis and no assumptions
on narrow mapped sectors are made, nor any assumptions on unitarity of
the mapping matrix. Instead we will allow mapping sectors that are wide
compared to the array beamwidth, and in addition we will develop meth-
ods of minimizing both deterministic and random errors in the mapped
DOA estimates. Last but not least, we will require that the mapping ma-
trices can be calculated beforehand, i.e. without knowledge of the true
DOA.
The main motivation behind dimension reduction is that it advocates

processing speed since the number of floating point operations required to
invert (or do eigenvalue decomposition on) a given m by m matrix varies
proportionally3 tom3. In signal surveillance applications it is therefore of
interest to combine array mapping with dimension reduction if possible.
As will be seen in the analysis of field trial data in Chapters 13 and 14,

3Processing time is normally, but not always, proportional tom3.When the number
d of emitters is known processing time can be reduced to ∼ m2d.
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dimension reduction can also be used to improve numerical condition in
experimental mapping scenarios.

Mapped DOA estimate bias

In many applications DOA estimate bias due to imperfect array map-
ping, or various model errors, can dominate over the random errors. One
common example is radio signal reconnaissance across multiple octave
frequency bands using a single circular array that, for processing speed,
is mapped onto a linear array across wide sectors. Such large relative
bandwidths in combination with the dissimilar array geometries can gen-
erate non-negligible DOA bias, especially in the upper part of the covered
band. The bias minimization theory presented later addresses this prob-
lem.
In this thesis cases where bias dominates will first be treated, (Chap-

ters 7 and 8). Thereafter we will look at the more general case where
neither bias nor variance can be neglected, (Chapters 9, 10 and 11).
Hence our figures of merit for the mapping operation will be, first bias,
and then MSE = bias2 + variance, i.e. DOA mean square error.

5.4 The sector mapping concept

Since in signal surveillance applications the bearings to the impinging
signals must be considered initially unknown, we have to partition the
surveilled ranges of directions into sectors and then design one transfor-
mation matrix for each sector. A typical sector width in azimuth is 300

or more. In addition, for each sector we may have to design one trans-
formation matrix for each frequency band. Note however that with the
approach to array mapping taken in this thesis, all design calculations
are made off-line and in advance.
For each combination of sector and frequency band, we have to find

a transformation matrix T that gives minimum DOA estimate errors for
all possible DOAs inside the sector. A natural approach to this problem
is to minimize the sum of the squares of the DOA estimate errors at a
grid {θ(i)}Ncal

i=1 of DOAs (calibration4 directions) across the sector. Thus
such a set of calibration directions, comprising each sector, is needed.

4 If the array response a(θ) is analytically known no calibration procedure is needed.
Then ’construction directions’ is a more appropriate term.
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It is obviously advantageous to have as few sectors and frequency sub-
bands as possible, but stressing the widths of the sectors and frequency
bands too much will lead to mapping errors. This is because the used
transformation matrix has to be a compromise over all directions inside
the sector and inside the frequency band. Reducing these errors will fa-
cilitate the use of array mapping in signal surveillance, the main scope of
this thesis.
With this strategy two additional problems have to be solved, namely

(i) assigning an incoming signal to the proper sector, and (ii), suppress
interfering out of sector signals. These problems have been treated else-
where and solutions have been developed. For completeness these solu-
tions will be mentioned later on but are not specifically addressed in this
thesis.

5.4.1 Sector mapping strategies

Since we are focusing on subspace based DOA estimators there are two
natural strategies for the construction of the mapping (interpolation)
matrix:

1. Use the response vectors: First define the matrix A(θ(c)) as con-
taining all the response vectors a(θ(i)), i = 1, ...,Ncal, and corre-
spondingly for the virtual array. Then construct a T that provides

a best least squares match between the spaces <
n
A(θ(c))

o
and

<
n
Av(θ

(c))
o
, i.e. between the spaces spanned by the columns of

A(θ(c)) and Av(θ
(c)). Thereafter this T is used to transform the

data. With this approach the mapping matrix would be constructed
as

TLS = argmin
T
kTHA(θ(c))−Av(θ

(c))k2F , (5.1)

where F denotes the Frobenius norm and θ(c)=
n
θ(i)
oNcal

i=1
is a set

of directions comprising the mapped sector. When used in this

way,
n
θ(i)
oNcal

i=1
can be called the construction directions. If the

analytical model a(θ) for the real array is known then A(θ(c)) can
be calculated without a calibration experiment. Note that the so-
lution TLS becomes a least squares compromise over the set θ

(c),
a fact that generally prevents perfect mapping, i.e. we only get
TH
LSa(θi) ≈ av(θi), where θi is a DOA inside the sector. If the
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mapped data are used for DOA estimation these mapping errors
may then result in DOA estimate bias. Finally note that the re-
sponse vectors inAv(θ

(c)) can be given different weightings, thereby
giving the solution TLS the additional property of spatial filtering
[CLL02], [LCL04].

2. Use the signal eigenvectors (a feasible strategy if the analytical
model a(θ) of the real array response is not available): From a cal-
ibration experiment first form estimates R̂(i), i = 1, ..., Ncal, of the
Ncal data covariance matrices corresponding to the set of directions
θ(c). For each such R̂(i) do an eigenvalue decomposition to get the
signal subspace eigenvector estimate ê(i)s . Also form the correspond-
ing signal eigenvector e(i)v of the virtual array (which is assumed
analytically known). This can be done as e(i)v = āv(θ

(i)). There-
after find a T that provides a best least squares match between the

two spaces <
n
ê
(i)
s

oNcal

i=1
and <

n
e
(i)
v

oNcal

i=1
. With this approach the

transformation matrix would be chosen as

TLS = argmin
T

°°°TH
h
ê
(1)
s · · · ê

(Ncal)
s

i
−h

ê
(1)
v · · · ê

(Ncal)
v

i°°°2
F
, (5.2)

and
n
θ(i)
oNcal

i=1
can be called the calibration directions. Also with

this strategy the least squares fit will seldom be perfect, thus deter-
ministic mapping errors and DOA estimate bias will generally re-
sult. Just as in Strategy 1, the different virtual signal eigenvectors
ê
(1)
v can be given different weightings to provide spatial filtering.
Strategy 2 is used to analyze field trial data later in the thesis.

Note that a possible third strategy would be to use the collected
calibration data to first modify an approximative model of the array re-
sponse, i.e. model adjustment as discussed in Section 5.3, and then apply
Strategy 1. This may be tractable when the mapping is between similar
and simple array geometries for which analytical transformations can be
used after the correction, but for the more demanding signal reconnais-
sance application treated in this thesis, setting up a good approximative
model for the real array may sometimes be difficult. Therefore this third
strategy will not be further considered, instead Strategy 2 where the
calibration data are used directly, is preferred.
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Furthermore, if the signal eigenvectors ê(i)s in (5.2) are calculated
from estimates R̂(i) of the sample data covariance matrix, then the signal
eigenvector estimates ê(i)s are in principal only determined less a phase
factor. In Section 3.7 this phase factor was chosen to be referred to that
of the corresponding normalized response vector, i.e. for an error free
estimate ês we have ê

(i)
s = ā(θ(i)), ∀i.

Limited SNR, interference and spatially coloured measurement noise,
plus other possible mechanisms, may cause errors in ês. At least some of
these errors can be described by an extra (unwanted) phase factor ejφ

(i)

being imposed on ê(i)s , i.e. we can define

ejφ
(i)

= min arg
ejφ

(i)

¯̄̄
ê(i)s − ejφ

(i)

ā(θ(i))
¯̄̄
. (5.3)

Note that this phase factor may vary with the calibration direction θ(i).
However, if this phase factor remains the same for all estimates ê(i)s ,

i.e. ejφ
(i)

= ejφ, ∀i, then TLS when calculated from (5.2) will also be
determined less this phase factor. But the performance of a mapping
matrix of the type ejφTLS will not be affected by this undetermined
phase factor ejφ if MUSIC or WSF or other DOA estimators based on
’full’ subspaces are used, since in a mapping e−jφTH

LSEsE
H
s TLSe

jφ the
phase factor cancels. If the phase factors ejφ

(i)

associated with the set
θ(c) cannot be considered equal however, then the solution to (5.2) will
be affected and errors in the mapping may result. These errors can then
become an additional source of mapped DOA estimate bias.
The latter is an effect that is difficult to quantify analytically because

of the least squares process involved in (5.2). This error effect is therefore
best studied through simulations, see Section 7.5 for a further discussion.
Some of the bias minimizing mapping design algorithms to be derived in
the sequel will be robustified against this error mechanism.
The closely related problem of allowable DOA errors in the set θ(c)

when constructing transformations of the type (5.1) was also studied in
[And92a] where it was shown (through simulations) that errors in the
set θ(c) smaller than about one third of the array beamwidth do not
detrimentally affect the resulting transformation.
Furthermore, in terms of DOA estimate errors we shall see that none

of the above two strategies is optimal. Due to the least squares com-
promise across the set θ(c) of DOAs, a non-perfect mapping matrix TLS

will result for both strategies. Only when the set θ(c) is confined in-
side the center portion of the array beamwidth can the resulting TLS
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be considered perfect [And92a], a mapping case of limited interest to
signal surveillance. Hence in relevant signal surveillance scenarios DOA
estimate bias cannot be avoided, not even in the (5.1) case where both
arrays are analytically known.
Therefore this thesis will henceforth focus, not on minimizing the

mapping errors, but instead on minimizing the errors in the resulting
DOA estimates, especially when the width of the mapped sector is com-
parable to, or larger than, the array beamwidth. The focus will first
be on the deterministic DOA estimate errors only (Chapters 7 and 8),
thereafter the scope will be widened to encompass cases consisting of
both random and deterministic error parts, and where neither can be
neglected (Chapters 9, 10 and 11).
In the sequel certain wanted properties of T will be identified that

minimize these DOA estimate errors. In addition, algorithms will be de-
rived with which mapping matrices can be constructed possessing these
wanted properties. It will be seen that in some scenarios the resulting
DOA estimate improvements relative to (5.1) and (5.2) can be quite dra-
matic, several orders of magnitude.
The derived algorithms will be verified both by simulations and field

trials.

5.4.2 The calibration procedure

To construct the mapping matrix TLS in (5.2) we assume a calibration
experiment using a single calibration transmitter that is moved between
the (adjacent) directions θ(i), i = 1, ..., Ncal. In the analysis it is also
assumed that this transmitter is strong enough to yield received signals
of good SNR, i.e., unless otherwise mentioned, in the analysis the signal
eigenvector estimates, ê(i)s , associated with the calibration procedure are
assumed error free (but in a practical application this may not always be
the case).
The directions, θ(i), comprise the mapped sector for which we want to

design a common mapping matrix, therefore these directions should be
adjacent (in terms of array beamwidth). However, since we need sufficient

rank in the matrices
h
a(θ(1)) · · · a(θ(Ncal))

i
and

h
ê
(1)
s · · · ê

(Ncal)
s

i
respectively to solve (5.1) and (5.2) for TLS , we require Ncal ≥ m and
also sufficient linear independence among the Ncal vectors a(θ

(i)) and ê(i)s
respectively.
Going down in frequency for a given array widens the calibration
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beams, generates beam overlap, and increases this linear dependence. In
such cases the dimension of the mapped observation space may have to
be accordingly reduced, see Figures 5.3 and 5.4 for an illustration.
From each calibration direction θ(i) one signal is transmitted (d = 1),

and an estimate of the data covariance matrix is formed according to
(3.5). Thereafter an eigenvalue decomposition is performed yielding the
(single) signal eigenvector estimate ê(i)s and the correspondingm−1 noise
eigenvector estimates ê(i)n,j, j = 1, ..., m− 1. Since the calibration process
as such is assumed error-free in the analysis, we will use the notations
e
(i)
s and e(i)n,j respectively for these quantities.
The virtual array is analytically defined and therefore always analyt-

ically known. For example, it can preferably be a half wavelength (λ/2)
spaced ULA at all frequencies, and always be oriented perpendicular to
the bisector of the chosen calibration sector. Since the calibration direc-
tions θ(i) also are known, we can readily form the corresponding vectors
av(θ

(i)) and e(i)v for the virtual array, the latter preferably as āv(θ
(i)).

With these entities at hand, using (5.1) or (5.2), we can then calculate
a best manifold match (or signal subspace match) mapping matrix TLS

for the calibrated sector.

5.5 Sector mapping problems

5.5.1 Error types

According to the results in [And92a], [And93] and [WF94], under dimen-
sion reduction the DOA of an impinging emitter has to be known at least
to within a beamwidth in order to design an array pre-processing (map-
ping) that preserves the variance in the DOA estimates. Hence, if we
have to process sectors that are wide in relation to the beamwidth and
dimension reduction is applied, then extra DOA error variance may be
generated by the mapping as such.
In addition, for obvious geometrical reasons deterministic mapping

errors will occur since the (fixed) mapping matrix cannot perform a per-
fect match of all response vectors (or signal eigenvectors) stemming from
a curved array, onto those of a linear array, over all azimuths in the sec-
tor. The wider this sector the larger the errors. For a given scenario the
errors also tend to scale with frequency.
Since we are interested in the resulting DOA errors, and since the

DOA estimator can be viewed as receiving data from the virtual array,
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we will use a corresponding notation in the sequel.
Focusing on the signal subspace mapping approach (5.2) and using

single emitter notation for convenience, due to the less than perfect trans-
formation, the DOA estimator will receive data from the virtual array
with eigenvector errors

∆ev , THes − ev (5.4)

that contain both a random5 and a deterministic part. With superscript
denoting the cause, and subscript effect of these errors, we can therefore
write

∆ev = ∆e
(det)
v,(bias) +∆e

(rand)
v,(var) +∆e

(rand)
v,(bias). (5.5)

In conjunction with array mapping these entities will later be given more
precise definitions, see Section 6.2.3, equations (6.4) and (6.6).
The first superscript (det) refers to various model errors, imperfect

mapping, or other non-fluctuating deterministic error mechanisms. This
type of error is independent of signal to noise ratio SNR and the number
of snapshots N . Array and signal subspace mapping errors are of this
type.
Random errors (rand) can cause both DOA estimate variance, the

second term in (5.5), and bias, the third term. Transformation of the
noise can aggravate both these error types, especially non-unitary trans-
formations.
DOA estimate variance has been studied extensively and conditions

for the attainment of the Cramér-Rao bound, CRB, without and with
pre-processing described, [SN89], [SN90], [And92a] and [WF94]. Fur-
thermore, DOA bias due to noise and finite sample effects was analyzed
for MUSIC in [XB92]. Here third order error analysis was used to identify
asymmetry around the valleys of the used DOA estimator cost function
as the main bias generating mechanism in this respect.
In this thesis we will study the effect on the DOA estimates of errors

due to the mapping rather than due to limitations in the used DOA
estimator. Hence the estimator as such will be considered bias free and
the third error type in (5.5) will be excluded from the analysis.
The problem of best mapping matrix design can now be formulated as

a best transformation on the errors ∆ev. In other words, find a transfor-
mation matrix T such that the resulting ∆ev has a small impact on the

5The random part arizes when es is estimated against non-negligible noise.
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Figure 5.2: The observed array and subsequent eigenvalue decomposi-
tion can be regarded as error free but followed by an arbitrary error
source. This error source can generate both random and deterministic
errors depending on the error mechanism. In a mapping application the
(imperfect) transformation together with the noise would constitute the
arbitrary error source.

DOA estimates. This requires knowledge of how ∆ev affects the DOA
estimates, therefore a corresponding first order model will be derived in
the next chapter. Remind that due to the sector compromise, generally
∆ev 6= 0, therefore other properties in ∆ev than small magnitude must
be invoked.
As a result of this approach, the methods derived in the sequel of

minimizing the effect of the mapping errors on the DOA estimates are
applicable to a much wider class of errors than those caused by imperfect
mapping. In fact the methods to be derived are applicable to all estima-
tors that are based on cost functions of the type V (θ,P), where P is a
matrix of arbitrary parameter vectors that can be manipulated in order
to minimize the effect of errors ∆P, stemming from an arbitrary error
source, on the DOA estimates. See Figure 5.2.

5.5.2 Need of dimension reduction

Assuming that we have more calibration points than antenna elements in
the real array (Ncal ≥ m), the least squares solutions to (5.1) and (5.2)
are respectively

TLS =
³
A(θ(c))AH(θ(c))

´−1
A(θ(c))AH

v (θ
(c)), (5.6)

and

TLS =
³
E(c)s E

(c)H
s

´−1
E(c)s E

(c)H
v , (5.7)
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where for convenience the definitions E(c)s ,
h
e
(1)
s · · · e

(Ncal)
s

i
and

E
(c)
v ,

h
e
(1)
v · · · e

(Ncal)
v

i
were used.

One important prerequisite for these solutions is that the columns
of A(θ(c)) and E(c)s span a subspace of dimension not less than m, and
this with a sufficient condition number to avoid numerical problems in
the inversions. Note that this requires (i), that Ncal ≥ m, and (ii),
that the calibration directions θ(c) are separated well enough for the
corresponding response vectors a(θ(i)) not to be linearly dependent. With
the scalar product bi(θ) , aH(θ(i))a(θ) describing the ith (power) beam,
this linear independence means that the corresponding beams bi(θ) must
not entirely overlap, see Figures 5.3 and 5.4 for a UCA example.
The decisive indicator in this context is the fall-off rate in the singular

values of the matrix A(θ(c)). This problem will be further discussed in
Chapter 12.
For the UCA to ULA mapping application the above problem is evi-

dent: The maximum number Nrv of (almost) independent response vec-
tors inside a certain sector of width Sw can be approximated by Sw

Bw
where Bw is the array beamwidth. Ideally we should have Nrv ≥ m.
Strict inequality is to prefer since it leads to a numerically more robust
least squares solution for the best mapping matrix.
Taking a uniform λ/2 spaced UCA, where λ is the wavelength, as an

example we roughly have Bw = λ/(mλ
2
1
π ) =

2π
m . The above inequality

then becomes Nrv = Sw/Bw = Sw/(
2π
m ) ≥ m which yields Sw > 2π, ∀m.

Since for a good circular to linear match this is too wide we conclude
that the span of the subspace spanned by the calibration response vectors
will always be an issue. Concerning the upper frequency limit for a given
array, in [Hyb01] it is shown that up to 4λ element separation is quite
feasible for a UCA at high SNR. This would yield Bw =

π
4m and Sw > π/4

respectively, see Figure 5.3.
At moderate or low SNRs the above 4λ element separation must be

reduced because of the near ambiguities illustrated in Figure 3.2. In
addition, for a 10 m radius 8 element UCA array performing signal sur-
veillance in the HF band, operating below 15 MHz is typical. Here the
element separation falls below λ/2 and the lobewidth increases to about
400, see Figure 5.4, so now very few beams with limited overlap exist
inside a reasonably wide mapped sector. To cope with the resulting un-
avoidable linear dependence dimension reduction may become necessary.
The case of a narrow-spaced UCA, especially Adcock arrays with λ/4

element spacing, will be further discussed in Chapters 13 and 14. As
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Figure 5.3: With 4 λ of UCA element separation a 45o sector can barely
encompass m non-overlapping beams bi(θ) , aH(θ(i))a(θ), where m is
the number of antenna elements. Here the term "overlapping" refers to
the - 3 dB points.

expected, the experimental data collected with such an array required
dimension reduction to obtain minimum DOA estimate bias.
The important disadvantage of dimension reduction is the loss of DOA

estimate accuracy (variance increase) if certain conditions on the mapping
matrix are not fulfilled, see (12.4) in Section 12.6.3. Dimension reduction
was treated extensively in [And93], [And92a] and [WF94], to which the
interested reader is referred for further details, see also [Hyb04a]. Di-
mension reduction in order to use output data from an 8 element Adcock
array (spaced only λ/4) is also discussed in Chapter 12.

5.6 Chapter conclusions

This chapter introduced the array mapping approach and, against the
background of earlier work in this field, motivated the standpoint taken
in the present thesis, namely to study array mapping during conditions
where neither the deterministic nor the random DOA estimate errors due
to the mapping can be neglected. Two strategies for sector mapping were
described, array manifold and signal subspace mapping respectively, and
the pros and cons of especially the latter strategy, were discussed.
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Figure 5.4: With only λ/2 array element spacing the need for dimension
reduction is evident. This is because now much fewer linearly independent
calibration response vectors can be encompassed inside a given sector.

The problem of linear dependence among the collected calibration
response vectors was also pointed out, and it was found that for a typ-
ical signal surveillance scenario at HF, need of dimension reduction is
expected to avoid numerical problems in the calculation of the mapping
matrix. Such dimension reduction will be used on the experimental data
that are analyzed in Chapters 13 and 14.





Chapter 6

Error Analysis

6.1 Introduction

In this chapter, general principles that govern the magnitude of DOA
estimation errors due to a certain perturbation (error) in the signal sub-
space of the observation space, will be derived. The considered errors
may be both deterministic and random. The derivation will be general
and independent of any specific DOA estimator or data pre-processing,
the existence of a cost function will be presumed however. For reasons to
be explained later, Section 6.5, we will restrict the analysis to one emitter
scenarios.
Following a geometrical interpretation of the analysis a first order

orthogonality condition for zero DOA estimate error is formulated (6.7),
the main result of the chapter. In the following chapters this condition
will be used to derive design algorithms for the mapping matrix, T, that
yield, first minimum mapped DOA estimate bias, and then minimum
mapped DOA estimate mean square error.
Since the virtual array can be viewed as delivering data to the DOA

estimator, a corresponding notation that refers to the virtual array is
used in the analysis.

6.2 DOA estimation error analysis

Subspace based DOA estimators are considered and therefore an estimate
êv of the signal subspace eigenvector ev of the virtual array is needed.
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The error (or perturbation) ∆ev = êv−ev can be both deterministic and
random but is assumed small.
Henceforth θ0 is used to denote the true DOA to distinguish it from

the generic DOA θ. Furthermore, in the sequel it is assumed that the
DOA estimate θ̂ is taken at the extreme point of a sufficiently smooth
criterion function

V (θ, êv), (6.1)

where êv denotes a general approximation of ev. Later êv will be given
a more specific mapping interpretation.
It is also assumed that the true DOA, θ0, is obtained at the peak or

valley of V (θ, ev), i.e. we get the true DOA if we insert the true signal
eigenvector associated with the virtual array1.
The derivatives of V (θ, êv) and V (θ, ev) with respect to θ are denoted

by V̇ (θ, êv) and V̇ (θ, ev), respectively. The second order derivative is
denoted V̈ (θ, ev). In addition, define ∆θ , θ̂ − θ0.

6.2.1 A Taylor series expansion

With the above definitions, a first order Taylor series expansion of V̇ (θ̂, êv)
around (θ0, ev) is performed to assess the effect of a general perturbation
∆ev in ev on the DOA estimates.
Using the Brandwood derivative defined in Section 3.9, the (first or-

der) Taylor series expansion becomes

0 = V̇ (θ̂, êv) =V̇ (θ0, ev) + V̈ (θ0, ev)∆θ

+ 2Re
©
gHv ∆ev

ª
+ r. (6.2)

Here gv is the complex gradient along ev of V̇ (θ0, ev)2. The remain-
der term r is at least quadratic in ∆θ and/or ∆ev. Whether it can be
neglected or not will be discussed later, see Section 6.4.
Since θ̂ and θ0 by definition correspond to extreme points of V (θ̂, êv)

and V (θ0, ev) respectively, we have V̇ (θ̂, êv) = V̇ (θ0, ev) = 0. Using (6.2)
and assuming invertibility of the second derivative, the resulting pertur-
bation ∆θ in θ0, due to the perturbation ∆ev in ev, can be expressed as
(up to a first order approximation)

∆θ ≈ −
h
V̈ (θ0, ev)

i−1
2Re

©
gHv ∆ev

ª
. (6.3)

1This is a requirement on the estimator.
2Expressions for the gradient gv are given in Appendix E.
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This expression shows the effect of a small perturbation ∆ev in the signal
subspace ev on the DOA estimate.
For the interesting case where the DOA estimators MUSIC or WSF

are used together with a ULA illuminated by a single emitter, Appendix
E gives the explicit expressions for the gradient and second derivative in
(6.3).

6.2.2 A deterministic mapping interpretation

To apply (6.3) to a deterministic array mapping scenario, i.e. a scenario
where noise and finite sample effects are negligible, let es denote the
(error free) signal subspace eigenvector of the real array. Introduce a
mapping matrix T such that THes becomes an approximation of ev, i.e.
we presume that THes ≈ ev. The non-specific perturbation ∆ev in (6.3)
can now be interpreted as the signal subspace mapping error, i.e. we
define

∆e(det)v = THes − ev. (6.4)

With this interpretation (6.3) yields the (first order) DOA mapping bias
∆θ due to the error ∆e(det)v in the approximation THes of ev. For further
use we note that ∆e(det)v , and therefore also (6.3), are affine functions3

of the elements of T.
Recall that (6.3), using∆e(det)v , only expresses first order bias. Hence,

if T can be chosen such that the scalar product Re
n
gHv ∆e

(det)
v

o
in (6.3)

is zero, then any remaining DOA bias is explained by the higher order
bias terms in r.

6.2.3 A non-deterministic mapping interpretation

In a scenario where noise and finite sample effects not are negligible, we
can only obtain (a noisy) estimate ês of es. We will assume that the
properties of this ês are such that the expectation E {ês} = es.
However, since (6.3) is general and does not prescribe any special

character to the perturbation ∆ev other than it must be small, we can
more precisely define the total eigenvector mapping error ∆ev = TH ês−

3This property facilitates least squares solutions in the design algorithms for T
that will be derived later on.
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ev by rewriting

∆ev = TH(ês − es) +THes − ev
= ∆e(rand)v +∆e(det)v , (6.5)

where we have defined

∆e(rand)v = TH(ês − es) = TH∆es, (6.6)

and ∆e(det)v as in (6.4).
We assume that both ∆e(det)v and ∆e(rand)v are small enough for the

first order expression (6.2) to hold. Furthermore, the corresponding
DOA perturbations are denoted ∆θ(det) and ∆θ(rand) respectively, where

E
n
∆θ(rand)

o
= 04.

For use in the later derivations of design algorithms for the mapping
matrix, T, we note that both ∆e(det)v and ∆e(rand)v are affine functions of
the elements of T.
If we use ∆e(rand)v instead of ∆ev in (6.3), then (6.3) provides a re-

lation between the variances var (∆θ) and var
³
∆e

(rand)
v

´
. This relation

will be exploited later.

6.3 A zero error condition

Note that the second derivative V̈ in (6.3) is real and independent of
the transformation matrix, T. Hence, to minimize first order error, ∆θ,
T should be chosen to minimize the magnitude of the scalar product
Re
©
gHv ∆ev

ª
. This can be geometrically interpreted as (in the real part)

making the error ∆e(det)v (or ∆e(rand)v ) as orthogonal as possible to the
gradient of the criterion function derivative.
Hence, for negligible higher order residuals, r, we conclude that gen-

eral signal subspace errors, ∆ev, fulfilling (in the real part)

∆ev ⊥ gv, (6.7)

do not contribute to the errors in the DOA estimates, an important
conclusion for the remainder of this thesis.

4This is a first order requirement. Higher order analysis shows that noise can
generate DOA bias in some scenarios [XB92].
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The orthogonality (6.7) forms a general condition that holds regard-
less of the particular error mechanism that causes ∆ev. This condition
will be exploited in the sequel to derive error minimizing design algo-
rithms for the mapping matrix, T.

6.4 Residual errors

If we want to reduce the DOA estimation errors, ∆θ, as much as possible
we should keep both Re

©
gHv ∆ev

ª
and r in (6.2) small. Therefore mech-

anisms that can impede this are of interest. We shall now identify two
such mechanisms in Sections 6.4.1 and 6.4.2.

6.4.1 Mapping imperfection

In the mapping procedure, the first term in (6.3), Re
©
gHv ∆ev

ª
, can

be made small by using a mapping matrix, T, that yields errors, ∆ev,
fulfilling (6.7) in the real part. When the mapping is over a sector and
the DOA of an impinging signal is varied across this sector, both the
(local) gradient gv = gv(θ) and the mapping error ∆ev = ∆ev(θ) will
vary however.
In the subsequent chapters on design algorithms for T we will take

measures to both keep the magnitude of ∆ev limited and fulfill the or-
thogonality (6.7). Since we assume |gv| to be limited, the modulus of the
scalar product gHv ∆ev will also be limited, but it will vary with θ. In ad-
dition the phase angle of gHv ∆ev will vary, all contributing to a variation
as a function of θ in the error-determining real part Re

©
gHv ∆ev

ª
.

This mapping imperfection is due to the mapping matrix, T, being
a compromise over a sector. The resulting DOA errors should therefore
decrease with decreased sector width. As mentioned earlier, only when
the mapped sector is narrower that the array beamwidth can these errors
generally be assumed small.

6.4.2 The higher order terms

If we, through the selection of T or otherwise, can manipulate ∆ev so
that the orthogonality condition (6.7) is perfectly met, then according to
(6.2) the DOA estimate error reduces to

∆θ = −
h
V̈ (θ0, ev)

i−1
r. (6.8)
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Then it becomes interesting to assess the magnitude of the remainder
term r. To facilitate this assessment Appendix F gives the second order
terms contained in r.

As seen in Appendix F, r contains terms of the type ∆θ2, ∆e2v and
∆ev∆θ, hence we immediately observe the importance of keeping the
signal eigenvector mapping errors ∆ev small in addition to rotating these
errors into orthogonality with the gradient.
Furthermore, r contains the second order derivatives of V̇ with re-

spect to θ, i.e. a measure of the asymmetry of V around its extremes. In
[XB92] these asymmetries were studied in conjunction with an analysis
of noise induced bias for MUSIC. Such asymmetries, i.e. deviations from
the parabolic approximation of V inherent in (6.2), exist for two close
emitters and near ULA end-fire directions [XB92]. However, in a map-
ping scenario we have full freedom of orienting the virtual ULA broadside
to the mapped sector, i.e. to avoid the end fire directions. With the ad-
ditional assumption of single emitters (to be motivated later) the second
order derivative of V̇ , i.e.

...
V , can be assumed small. This facilitates the

derivation of the (approximative) higher order residual term (see Appen-
dix F), and the associated higher order bias expression (6.10) in the next
section.

6.4.3 A higher order error expression

The two residual error mechanisms discussed above are coupled (through
∆ev) and their relative importance is difficult to assess in a general man-
ner. We will therefore use the higher order Taylor term, r, given in
Appendix F to derive an approximate generalized version of the error
expression (6.3) that includes both the above error mechanisms.
Equation (F.4) in Appendix F gives the second order terms in r.

Assuming
...
V small as is done in (F.4), we can neglect the

...
V (θ0, ev)∆θ

2

term (F.1a). This yields the following approximate second order Taylor
expansion of V̇ (θ̂, êv) around V̇ (θ0, ev) for the one emitter case

V̇ (θ̂, êv) =V̇ (θ0, ev) + V̈ (θ0, ev)∆θ (6.9a)

+ 2Re
©
gHv ∆ev

ª
(6.9b)

+ 2Re
©
g0Hv ∆ev∆θ

ª
(6.9c)

+Re
©
Tr
¡
H∆ev∆e

H
v

¢ª
(6.9d)

+ r0. (6.9e)
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Here g0v denotes the gradient of V̈ , i.e. g0v , ∇ev V̈ (θ, ev), and r0 is the
(still) higher order residual term which we neglect in the sequel. The
Hessian H is given in Appendix F.
Again using that V̇ (θ̂, êv) = V̇ (θ0, ev) = 0, we get the following ap-

proximative extended expression for the DOA errors, a generalization of
(6.3),

∆θ = −2Re
©
gHv ∆ev

ª
+Re

©
Tr
¡
H∆ev∆e

H
v

¢ª
+ r0

V̈ (θ0, ev) + 2Re {g0H∆ev} .
(6.10)

This entity will be plotted as reference in the simulations in Chapter
8, see Figure 8.3. There it is seen that the extended expression (6.10) is
more accurate than the first order expression (6.3) when it comes to pre-
dicting the bias obtained by simulations. Furthermore, a comparison of
the plots of (6.3) and (6.10) illustrates the DOA estimate bias suppression
performance limits of the first order approach.
As can be seen from these simulation results, the effect of the higher

order terms is not negligible. This is because the design algorithm for
the T used in these simulations, see (7.11), is very effective in nulling out
the linear term Re

©
gHv ∆ev

ª
.

6.5 The one emitter restriction

Up until now the analysis has been restricted to single emitters. Observe
that if d > 1 simultaneous emitters are present, i.e. the virtual signal
subspace contains several signal eigenvectors ev,i, i = 1, .., d, then the
Taylor series expansion (6.2) will include a sum over all d scalar products
Re
©
gHv,i∆ev,i

ª
, where ∆ev,i is the mapping error in the ith signal eigen-

vector, and gv,i is the gradient of the estimator cost function derivative
along the corresponding ith eigenvector ev,i:

V̇ (θ̂, [êv,i]) =V̇ (θ0, [ev,i]) + V̈ (θ0, [ev,i])∆θ

+
dX
i=1

2Re
©
gHv,i∆ev,i

ª
+ r. (6.11)

Since the different signal eigenvectors ev,i generally depend on the
relative location and power of the sources, a simple zero error condition
corresponding to (6.7) cannot be established if d > 1. Therefore an
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off-line design of T cannot be performed easily in multi emitter cases.
Especially, if d > 1 it becomes difficult to design a single T with the
property of minimizing all the d scalar products Re

©
gHv,i∆ev,i

ª
in (6.11).

6.5.1 Encountered problems if d > 1

To minimize DOA estimate errors the sector mapping matrix T shall
be constructed to yield mapping errors that (as well as possible) are
orthogonal to any gradient of the DOA estimator cost function in the
sector, and this in all d dimensions of the signal subspace. In addition
this should hold for all possible combinations of DOAs in the mapped
sector.
To construct such a mapping matrix we need d simultaneous calibra-

tion transmitters that together produce a sequence of d-dimensional sig-
nal subspaces Es. Thus, in comparison with the single-emitter approach
a number of new difficulties arise:

1. No longer can a given response vector a(θ) unambiguously be asso-
ciated with a specific eigenvector in the corresponding signal sub-
space. (This restricts the formulation of design algorithms for T
somewhat.)

2. Complexity: With Ncal (azimuthal) calibration emitter positions
there are Nd

cal combinations, i.e. N
d
cal separate d-dimensional signal

subspaces for each of which all the d mapping errors should be
orthogonal to the corresponding gradients.

3. Available number of degrees of freedom in the constructed mapping
matrix may be insufficient for the Nd

cald orthogonalities that this
(single) mapping matrix shall produce to achieve zero biases across
the sector.

To obtain practical solutions, the scope in this thesis is therefore lim-
ited to the one-source case. Despite this, the resulting transformation
matrices (to be derived in the sequel) may still be applied to cases with
multiple sources but reduced performance is then expected, all depending
on emitter proximity, relative power and correlation.
Finally recall that restricting the scenario to one emitter makes the

array response vector a(θ) and the corresponding signal eigenvector es
parallel. This fact is used repeatedly in the later theoretical develop-
ments.
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6.6 Chapter conclusions
In this chapter, analytic expressions where derived that show the effect
on the DOA estimate of a small error in the signal subspace. A Taylor
series expansion of the (derivative of the) estimator cost function was
used in this derivation since this type of perturbation analysis leads to
tractable expressions for the DOA error. This fact will be utilized in
the next chapter to derive a design algorithm for an error minimizing
mapping matrix, T.
Using the Taylor series expansion it was possible to identify orthogo-

nality (in the real part) between the cost function gradient and the signal
eigenvector error as a condition for (first order) zero DOA estimate er-
ror. Hence, in a first order sense we have found that the only component
of a given signal eigenvector error that affects the DOA estimate, is the
projection of this signal eigenvector error onto said estimator’s gradient.
The error analysis was performed without any specific assumption

on the particular mechanism that causes the eigenvector error, hence
the result is very general. However we gave both a deterministic and a
statistical mapping interpretation. These interpretations form the basis
for the bias- and MSE-reduction algorithms developed in the following
chapters.





Chapter 7

A Design Algorithm for
Minimum Mapped Bias

7.1 Introduction

In this chapter the results of the error analysis in Chapter 6 will be ex-
ploited. Based on the first order Taylor series expansion (6.2) a design
algorithm for the mapping matrix, T, is derived that yields signal sub-
space mapping errors almost fulfilling the orthogonality criterion (6.7)
despite the sector compromise.
The algorithm is given in a generic version (7.6), a specific version

for MUSIC and WSF (7.9), a simplified version (7.10) with a common
second derivative V̈ across the mapped sector, and an improved version
(7.11) that reduces bias not only through the orthogonality criterion (6.7)
but by generating an improved T that attenuates also the residual bias
caused by the higher order Taylor expansion terms r. Finally a version
based on signal eigenvectors only is given, (7.12).
Through simulations in the subsequent Chapter 8 it will be shown that

the ability of the derived algorithms to reduce mapped DOA estimate
bias across a relatively wide sector, 300, is conspicuous. A bias reduction
factor in excess of 100 times relative to the conventional designs (5.1) and
(5.2) is demonstrated for a UCA to ULA mapping scenario.
The design algorithm is also given in a version based on signal eigen-

vectors only, see (7.12). This version is of particular importance during
field tests and other practical implementations, since it avoids explicit

79
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use of the analytical expression a(θ) (which may not be available) for the
response of the real array. The only requirement for this version is that

the set
n
e
(i)
s

oNcal

i=1
of calibration signal eigenvectors is collected properly

and the corresponding phase factors ejφ
(i)

defined in (5.3) coped with, see
Section 7.5 for further comments. This attractive feature of the proposed
mapping scheme has been exploited in the experimental verifications, see
Chapters 13 and 14.

7.2 An analytical expression for mapped DOA
bias

It is restated here that bias in the estimated mapped DOAs depends on
deterministic errors ∆ev = ∆e

(det)
v that are independent of SNR and

the number of snapshots N . Instead this type of error depends on the
two array geometries, the width of the mapped sector and the mapping
matrix, T. We therefore perform a purely deterministic bias analysis and
define

∆e(det)v = THes − ev, (7.1)

where es is the “true” signal eigenvector of the real array, uncorrupted
by noise.
By narrowing the mapped sector, ∆e(det)v can always be made suffi-

ciently small for the first order Taylor series expansion (6.2) to be valid.
In the sequel we assume this to be the case.
Using ∆e(det)v in (6.3) we get the following (first order) expression for

mapped DOA bias:

∆θ(det) = −
2Re

n
gHv ∆e

(det)
v

o
V̈ (θ0, ev)

. (7.2)

Including also the higher order Taylor terms, see (6.10), we get the
extended (approximative) expression

∆θ(det) = −
2Re

n
gHv ∆e

(det)
v

o
+Re

n
Tr
³
H∆e

(det)
v ∆e

(det)H
v

´o
+ r0

V̈ (θ0, ev) + 2Re
n
g0H∆e(det)v

o .

(7.3)
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Note however that, as opposed to (7.2), the latter expression is not an
affine function of T. This prevents a straightforward least squares formu-
lation of the bias minimization problem and therefore a bias minimizing
T cannot easily be calculated.
In the subsequent Chapter 8 on bias simulations the two expressions

(7.2) and (7.3) will be compared as to their ability to predict DOA esti-
mate bias in a given scenario, and given a certain T. This will illustrate
the effect of truncating the higher order Taylor terms in the analysis.

7.3 A sector mapping design for minimum
bias

Since we do not know the true DOA, we have to find a transformation
matrix, T, that gives minimum bias for all possible DOAs in the sector of
interest. A natural approach to this problem is to minimize the sum of the
squares of the biases ∆θ(det)(i) at a grid {θ(i)}Ncal

i=1 of DOAs (calibration
directions) across the sector. Henceforth reference to the ith of these
calibration directions (from which the array is illuminated by one emitter)
is made by the superscript (i).
With the aim of obtaining a transformation (mapping) matrix that

is a best least squares compromise over the sector, a bias minimizing T
would be designed as

T = argmin
T

NcalX
i=1

³
∆θ(det)(i)

´2
, (7.4a)

∆θ(det)(i) = −
h
V̈ (θ(i), e(i)v )

i−1
2Re

n
g(i)Hv ∆e(det)(i)v

o
, (7.4b)

where
∆e(det)(i)v , THe(i)s − e(i)v , (7.5)

and e(i)s and e(i)v are the real and virtual signal eigenvectors (uncorrupted
by noise) resulting from a single impinging signal from azimuth θ(i).
Hence the errors, ∆e(det)(i)v , are referred to the ith true signal eigenvector,
e
(i)
v , the target vectors of the mapping operation.
Note that the different quantities ∆e(det)(i)v are affine functions of T,

and that the above criterion (7.4) therefore is a quadratic function of
the elements of T. This is a desirable feature for the subsequent bias
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minimization problem since the solution is readily obtained by solving a
least squares problem.
Also note that, although we in principal could base a design algorithm

for T on the second order expression (7.3) instead of (7.2), a least squares
formulation of the minimization problem for∆θ(det)(i) would then become
difficult. We will therefore base the design algorithm for T on the first
order expression (7.2). The loss of accuracy involved in this choice will
be evaluated via simulations in Chapter 8.
Furthermore, for MUSIC [Sch79] and WSF [VO91], two common es-

timators, we know from (E.5) that g(i)Hv av(θ
(i)) = 0, and consequently

g
(i)H
v ∆e

(det)(i)
v = g

(i)H
v THe

(i)
s − g(i)Hv e

(i)
v = g

(i)H
v THe

(i)
s . Hence T = 0

becomes a (not wanted) trivial solution to (7.4), a solution that must
be prevented in any practicable design algorithm. In addition we also
need to keep the magnitude of the error vectors ∆e(i)(det)v under control
in order for the first order perturbation analysis (6.2) to hold.
In conclusion we have the following design algorithm requirements:

1. The signal subspace mapping errors ∆e(det)(i)v should be kept small,

2. The orthogonality criterion (6.7) should be at least approximately
met,

3. The T = 0 solution must be prevented,

4. A least squares solution should be facilitated.

Since we need a T with all properties, a natural design algorithm is
the following combination:

Topt = argmin
T

NcalX
i=1

³
(1− µ)k∆e(det)(i)v k2

+µ

¯̄̄̄
¯̄2Re

n
g
(i)H
v ∆e

(det)(i)
v

o
V̈ (θ(i), e

(i)
v )

¯̄̄̄
¯̄
2´
, (7.6)

where the first term advocates requirements 1 and 3, and the second term
requirement 2. Above, k·k is the vector 2-norm and µ a weighting factor,
0 < µ < 1, that allows a balancing between the two properties 1 and 2.
Recall that ∆e(i)v is an affine function of T, ∆e(i)v = THe

(i)
s − e(i)v ,

and that the above criterion (7.6) therefore is a quadratic function of the
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elements of T. Hence, the minimizing T can be obtained by solving a
linear least squares problem. An explicit solution for Topt is given in
Appendix G.

7.4 Mapping design for MUSIC and WSF
The above bias minimizing design (7.6) bears the notation of the under-
lying Taylor series expansion (6.2) and is general in nature. To arrive
at more explicit expressions the design criterion associated with MUSIC
and WSF will now be presented. The detailed derivations of the used
entities are given in Appendix E.
First, note that ∆e(i)v = THe

(i)
s − e(i)v = TH ā(θ(i)) − āv(θ(i)), where

ā(·) and āv(·) are the normalized array response vectors as defined in
Section 3.7. In Appendix E it is shown that

g(i)v = −Π⊥
āv(θ(i))

d̄v(θ
(i)), (7.7)

and
V̈ (θ(i), e(i)v ) = 2d̄

H
v (θ

(i))Π⊥
āv(θ(i))

d̄v(θ
(i)), (7.8)

where d̄v(θ) =
∂āv(θ)
∂θ and Π⊥āv(θ) = I − āv(θ)āHv (θ). Using this and the

observation that g(i)Hv āv(θ
(i)) = 0, implementing (7.6) for MUSIC and

WSF results in

Topt = argmin
T

NcalX
i=1

³
(1− µ)kTH ā(θ(i))− āv(θ(i))k2

+ µ

¯̄̄̄
¯̄Re{d̄Hv (θ(i))Π⊥āv(θ(i))TH ā(θ(i))}

d̄Hv (θ
(i))Π⊥

āv(θ(i))
d̄v(θ

(i))

¯̄̄̄
¯̄
2´
. (7.9)

Observe that quantities related to the virtual array are assumed to be
known analytically whereas in (7.9) the real array response only needs to
be known in the calibration points {θ(i)}. The latter fact is important in
practical applications as we usually cannot assume a(θ) to be accurately
known for all DOAs.
The case where a model for the response vectors of the real array is

not available is more demanding. In this case the Ncal sample covariance
matrices (3.5) from the calibration transmitter are the only source of
information on which to base the mapping design. This situation is not
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uncommon in practical applications. It will therefore be further discussed
below, see Section 7.5.

7.4.1 Selection of the weighting factor

It remains to select the weighting factor µ. Clearly, µ = 0 leads to the
solution Topt = TLS , (cf. (5.1)), i.e. a design of T for best array manifold
(or signal subspace) match. On the other hand, choosing µ close to 1 puts
a large emphasize on minimizing the first order approximation of DOA
bias.
Presuming that calibration data from Ncal directions are at hand,

obviously the weighting constant µ must be chosen such that the least
squares problem for Topt can be solved, see (G.8) in Appendix G. Since
Topt contains m×mv unknown elements we hence need at least m×mv

equations.
If Ncal = m, the choice µ = 0 implies no problem in this respect since

then each calibration direction yields mv equations, but setting µ = 1
deletes the manifold match terms (and the corresponding equations) and
leads to a system of only Ncal (scalar) equations, see (G.8) in Appendix
G. Since usually Ncal < m×mv this means an under-determined system
of equations and infinitely many solutions for T if µ = 1.
Choosing Ncal > m×mv is in principal possible but since the solution

must be constrained to ensure a small manifold mapping error in order
for the bias analysis (6.2) to be valid we must have the corresponding
weight factor 1 − µ > 0. Recall that the choice µ = 1 is forbidden also
due to the gradient property g(i)Hv āv(θ

(i)) = 0, since for many estimators
it implies the solution T = 0. This is because the second norm in (7.9)
then becomes proportional to T.
In the numerical examples in Chapter 8, Figure 8.7, it is demonstrated

that otherwise the choice of the weighting factor is not critical.

7.4.2 Modification 1: A common second derivative

Below, some possible modifications and simplifications of the design al-
gorithms (7.6) and (7.9) are discussed.
First, note that the weighting factor µ can be modified to include

the second derivatives, thus providing some simplification: Typically the
mapping will be onto a half wavelength spaced virtual ULA. The second
derivatives V̈ (θ(i), e(i)v ) are measures of the curvature of V at the peaks
(or valleys) θ(i), i.e. of the corresponding ULA beamwidths. For a typical
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broadside mapping sector, say up to +/ − 15o wide, these beamwidths
do not vary much (this is easily verified numerically). Therefore, in such
scenarios the second derivatives V̈ (θ(i), e(i)v ) in (7.6) and (7.9) can be
regarded as essentially constant across the sector1. This constant value
can then be incorporated into the weighting factor leading to the following
simplified version of (7.9):

Topt = argmin
T

NcalX
i=1

³
(1− k)kTH ā(θ(i))− āv(θ(i))k2

+ k
¯̄̄
Re{d̄Hv (θ(i))Π⊥āv(θ(i))T

H ā(θ(i))}
¯̄̄2´

, (7.10)

where 0 < k < 1 denotes the new weighting factor.

7.4.3 Modification 2: No real part operator

Second, in the simulations to be presented later it has been observed
that the bias suppression performance of a transformation matrix Topt

designed according to (7.6), (7.9), or (7.10) can be conspicuously im-
proved if the scalar products gHv (θ

(i))TH ā(θ(i)) are minimized not only
in the real part but also in the imaginary part, i.e. the scalar products
gHv (θ

(i))TH ā(θ(i)) are minimized in the magnitude. The design algorithm
corresponding to this modification is

Topt = argmin
T

NcalX
i=1

³
(1− k)kTH ā(θ(i))− āv(θ(i))k2

+ k
¯̄̄
d̄Hv (θ

(i))Π⊥
āv(θ(i))

TH ā(θ(i))
¯̄̄2´

. (7.11)

As shown in the simulations in the next chapter, in some scenarios where
the mapping error ∆ev is large this design reduces the bias by roughly
another factor of 10 for high SNRs (see e.g. the lower ×−marked curve
in Figure 8.1). In Section 8.3.2 an intuitive explanation, involving the
higher order Taylor terms, for this improved bias suppression is given.

1The effect of the resulting upweighting of the center calibration directions is neg-
ligible.
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7.5 Analytically unknown array response vec-
tors

In practical applications it is not uncommon that an analytical model
a(θ) for the response vectors of the used array is not available. In such
cases ā(θ(i)) cannot easily be formed and used as in (7.11), instead the
only2 information available for the construction of the transformation
matrix, T, are the Ncal sample covariance matrices, R̂(i), obtained from
the calibration procedure. Thus the second mapping strategy discussed
in Section 5.4.1 has to be applied.

The virtual signal eigenvectors e(det)(i)v (needed to form ∆e(det)(i)v )
would still be calculated as e(det)(i)v = āv(θ

(i)) since the calibration bear-
ings θ(i) are known, and the analytical expression for āv(θ) is mathemat-
ically defined and therefore also known.
Using the estimated signal eigenvectors in lieu of ā(θ(i)) is not prob-

lem free, especially in an experimental situation where limited SNR plus
interference from other emitters may yield a background noise that is
both non-negligible, coloured and time varying. Due to the calibration
process time variation also means variation across the calibration points,
i.e. variation with (i). In such situations the eigenvalue decomposition
performed on R̂(i) will result in signal eigenvectors with errors, i.e. we
only have e(i)s ≈ ā(θ(i)), i = 1, .., Ncal. That part of the error in e

(i)
s

which can be described as a multiplicative phase factor ejφ
(i) 6= 1, was

defined in (5.3). There it was also pointed out that for the signal sub-
space match problem (5.2) the resulting mapped DOA estimate is not
affected if ejφ

(i)

= ejφ, ∀i, φ.
Likewise, in the bias minimizing case, if the scalar products

¯̄̄
Re
n
g
(i)H
v THes

(i)
o¯̄̄
,

i = 1, .., Ncal, are used in the bias minimizing terms in the design al-
gorithm for T, then a resulting unwanted phase factor for (the scalar)
g
(i)H
v THes

(i) that does not vary with θ(i), i.e. we have g(i)Hv THe−jφes(i), ∀i,
is no problem, see Section 5.4.1. However, if this phase factor does vary
with θ(i) in a way that cannot easily be compensated for, then the re-
sulting solution for Topt will be affected, see Section 8.3.3 for a simulated
example.
This effect of the phase factors defined in (5.3) is easy to counter:

2 In principal it is possible to estimate a(θ(i)) from calibration data but this option
is not considered here.
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For the scalar products
¯̄̄
Re
n
g
(i)H
v THes

(i)
o¯̄̄
, i = 1, .., Ncal, insensitiv-

ity against variation in these phase factors can be achieved simply by
dropping the real part operator.

Hence we see that this measure brings two advantages: Additional
attenuation of the higher order terms as discussed in the previous section
and thus ability to cope with larger mapping errors ∆ev, plus the above
discussed insensitivity to uncontrolled variation in the phase factors (5.3)
of the estimated signal eigenvectors.

Assuming MUSIC or WSF and using the weighting factor k, (7.6)
without the real part operator becomes

Topt = argmin
T

NcalX
i=1

µ
(1− k)

¯̄̄
∆e(det)(i)v

¯̄̄2
+

k
¯̄̄
g(i)Hv THes

(i)
¯̄̄2¶

. (7.12)

As seen, in (7.12) without the real part operator the second bias
minimizing term is insensitive to all multiplicative errors in es(i) of the
type e−jφ

(i)

, where φ(i), i = 1, .., Ncal, is any arbitrary sequence of phases.

The first manifold match term in (7.12) contains∆e(det)(i)v = THes
(i)−

ev
(i) which is calculated as THes

(i) − āv(θ(i)), hence any uncontrolled
phase factors e−jφ

(i)

in es(i) can play a role in this term. However, since
the weighting constant k normally is chosen close to 1, typically k = 0.99,
the manifold match term is downweighted with typically 0.01. Thus, by
dropping the real part operator in the mapping design as in (7.12), a net
robustness is added against the eigenvalue decomposition errors that can
be described by the phase factors ejφ

(i)

as defined in (5.3).

The versions (7.11) and (7.12) of the design algorithm are therefore
recommended in practical applications where an analytical model a(θ)
for the response of the real array is not available. The performance in
such scenarios is illustrated in Figure 8.4.

This mechanism is exploited in the analysis of field trial data in Chap-
ters 13 and 14 where no analytical model of the array response was avail-
able and Strategy 2 (see Section 5.4.1) therefore had to be used for the
mapping design.
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7.6 The least squares solution
In Appendix G a least squares solution is given to the above suggested
design algorithms, using the common weighting constant k. Although
this solution involves inversion of a rather large matrix it is to be noted
that in a practical signal surveillance application all mapping matrices
will be calculated off-line and in advance.

7.7 Chapter conclusions
The present chapter builds on the general orthogonality condition (6.7)
that was derived in the previous Chapter 6. In the present chapter noise
and finite sampling effects were assumed to be negligible, and, based on
this, the results of Chapter 6 were used to formulate an analytical expres-
sion for mapped DOA bias. Thereafter an algorithm was derived yielding
transformation matrices not with the primary property of minimizing the
mapping errors, but rather to rotate them into the abovementioned or-
thogonality with the gradient. After this rotation, the errors no longer
affect the value of the cost function or the DOA estimates.
The design algorithm was given in several versions: First using gen-

eral signal eigenvector notation, (7.6), and then a more explicit version
for MUSIC and WSF, (7.9). In addition a version without the real part
operator was given, (7.11) and (7.12). According to simulation results in
the next chapter, this version shows improved bias suppression perfor-
mance. This version was also shown to be robust against uncontrolled
phase factors in the signal eigenvectors, and therefore well suited to de-
sign transformation matrices in scenarios where the analytical expression
a(θ) for the response of the real array is not available.
In the next Chapter 8: Bias simulations, the properties of the sug-

gested bias minimizing design algorithms will be illustrated, and in Chap-
ters 13 and 14 respectively, experimental data from an 8 element Adcock
array, with no analytical model for the array response at hand, are ana-
lyzed and shown to verify the derived algorithms.



Chapter 8

Bias Simulations

8.1 Introduction

In this chapter the performance of the design algorithms derived in the
previous chapter are supported by simulations. Compared to the tradi-
tional manifold match designs (5.1) and (5.2) it will be shown that giving
the mapping matrix, T, the property of rotating the mapping errors into
near orthogonality with the gradient of the cost function, condition (6.7),
can reduce the mapped DOA estimate bias more than 100 times when
mapping over 300 wide sectors. (In Chapter 11 where a 600 wide sector
is used, a bias reduction factor exceeding 1000 is demonstrated).
One immediate conclusion from this observation is that the traditional

designs (5.1) and (5.2) do not fully exploit all available degrees of freedom
inherent in T. This matrix can harbour many more properties than just
the ability to match two array manifolds (or signal subspaces).
It is also shown in this chapter that although the new design al-

gorithms in Chapter 7 were deterministically derived, i.e. presuming
negligible measurement noise, the resulting mapping matrices perform
reasonably well for SNRs down to 10 dB in the analyzed scenarios.

8.2 Simulation prerequisites

Below some numerical examples have been conducted for the case of
mapping from uniform circular arrays (UCAs) to ULAs, both consisting

89
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of 8 sensors. For reference, a NULA1 to ULA mapping case with a wider
mapped sector is also presented.
The arrays are confined to the same plane and the virtual ULA is

oriented broadside to the center of the sector of interest. The latter
means that the ULA end-fire directions are avoided. Furthermore, the
phase center of the ULA is symmetrically placed in its middle. Note
however that if the phases of the ULA output instead are referred to one
edge element, due to numerical reasons then the mapping error increases
somewhat. Also the effect of this larger mapping error can be almost
nulled out by the orthogonality condition (6.7), since this criterion is
independent of the origin of the errors.
To illustrate bias effects the UCA is wide-spaced with four wave-

lengths between elements. This corresponds to a typical signal surveil-
lance application where omni-directionality (the UCA) and stressed band-
width (the wide antenna spacing), can be combined with ULA based es-
timator processing speed. It is however also a scenario where the DOA
bias is large and can dominate over variance if no countermeasures are
taken [Hyb00a], [Hyb00b].
For DOA estimation root-MUSIC is used, although the presented bias

reduction method can be applied to most DOA estimation algorithms.
In addition, for one emitter and when only one parameter (here azimuth)
is estimated, the criterion functions of MUSIC and WSF have the same
structure (see [VO91] and Appendix E). For these two estimators iden-
tical results are therefore obtained.
Simulation data were generated according to the model (3.1) in Chap-

ter 3 with spatially white and circularly symmetric Gaussian noise. N =
100 snapshots and 400 Monte Carlo runs were used to calculate the DOA
biases and the root mean square (RMS) errors.
Furthermore, to make the proposed design of T also useful at lower

SNRs (where finite data effects become visible), additional bias due to
colouring of the measurement noise by the (usually) non-unitaryT should
be avoided. Hence the signal eigenvectors were obtained from an eigen-
value decomposition of the real array output data sample covariance ma-
trix. Thereafter these signal eigenvectors were mapped by T to form êv.
With this, the MUSIC criterion was formed as in (C.1) in Appendix C.
Note that this is in concert with the Taylor analysis in Chapter 6,

where the Taylor expansion was parameterized with the (unmapped) sig-
nal eigenvector ev only, and the corresponding (general) perturbation

1Non Uniform Linear Array
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∆ev.
Unless otherwise stated, the various mapping matrices, T, were calcu-

lated with the sector width set at 30o. For the chosen UCA-ULA mapping
scenario this is an empirical limit above which the mapping errors begin
to degrade the bias suppression. This means that in the presented plots
the achieved bias suppression is limited by the fact that T is a compro-
mise over the mapped sector.
A set of Ncal = 15 calibrated directions uniformly spread across the

30o wide broadside azimuthal sector is used. The beamwidth of the 8
element four wavelengths spaced UCA is about 5o so with 30o/15 = 2o

between the calibration directions there is a substantial amount of linear
dependence in the calibration response vector set A(θ(c)). This indicates
a sufficient density of the calibration grid.
The Ncal = 15 second derivatives V̈ (θ

(i), e
(i)
v ) vary about 15 % across

the sector with maximum at ULA broadside, i.e. at sector center. Re-
placing these second derivatives by their mean somewhat changes the
weighting across the sector in the least squares solution for T, but it
is easily shown by simulations that this has no significant effect on the
result. Thus, in accordance with (7.10) the second derivatives were con-
sidered constant across the sector. Finally, unless otherwise stated, the
weighting constant k (see (7.10)) was set to 0.99 to emphasize bias sup-
pression.

8.3 Bias suppression at high SNR

The simulation results for a high SNR case of 40 dB are shown in Figure
8.1 as the DOA estimate bias for a single emitter moving across the 30o

wide mapped sector. Figure 8.1 clearly illustrates the bias suppression
capability of the proposed design algorithm (square-marked curve) as
compared to the usual least squares manifold matching design (5.1), (o-
marked curve). Note the sharp bias increase for emitters outside the
mapped sector.
In Figure 8.1 the result obtained with the design (7.11) is also included

(×-marked curve). In (7.11) the magnitude of the scalar product between
the gradient and the mapping error is minimized and not only the real
part as suggested by the first order analysis. As seen in the lower ×-
marked curve in Figure 8.1 this leads to a substantial additional reduction
of the bias, roughly another factor of 10.
A further discussion on this empirical observation is provided in Sec-
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Figure 8.1: Bias as function of azimuth across the mapped 30o wide
sector. T is designed according to (7.10) with the real part operator
(squares) (wrp), (7.11) with no real part operator (× -marks) (nrp), and,
for reference, (5.1) (circles). Note the logarithmic y-axis.

tion 8.3.2.
Bias suppression as a function of signal to noise ratio SNR, the weight-

ing factor k, and width of the mapped sector, will be illustrated in the
subsequent sections. Bias suppression as a function of mv, i.e. the di-
mension of the virtual array, is treated in Chapter 12, Section 12.6.

8.3.1 A NULA to ULA mapping case

As shown in Section 3.11.1, a ULA has a strong tendency to form am-
biguous responses when operated wide spaced, i.e. with element spacing
exceeding λ/2. To extend the upper frequency limit of a given linear
array its elements may therefore be randomly positioned. The result-
ing NULA can thereafter be mapped onto a (parallel) ULA. Due to the
similar geometries this mapping is expected to work well over a sector
much wider than in the UCA-ULA case. This mapping case was also
treated in [EV00] but there the mapping was optimized for minimum
DOA variance, here the bias is minimized.
Figure 8.2 shows the DOA bias when an 8 element NULA is mapped
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Figure 8.2: DOA bias for NULA-ULA mapping over a 180o wide sector.
The upper curve shows the manifold match design (5.1), and the lower
curve the bias minimizing design (7.10). Due to the similar geometries
mapping with low DOA estimate bias is now possible over a wider sector.

onto a 3 element ULA (dimension reduction) over an 180o wide sector.
The average NULA element spacing is λ/2 but 50 % randomized. As
seen the DOA bias of the proposed new design, algorithm (7.10) in this
case, is approximately a factor of 10 smaller than for the conventional
manifold match design (5.1).

8.3.2 A higher order term discussion

Since we have used a truncated Taylor series expansion (6.2) to describe
(and reduce) the DOA bias, the mechanism behind the above observed
possibility to further reduce the bias (Figure 8.1, ×-marked curve) is
tentatively described by the higher order error terms in the used Taylor
series expansion. Recall that the design (7.10) aims at minimizing the
first order approximation of the DOA bias. The degradation in the bias
suppression performance that is introduced by basing the mapping design
on the first order terms only, is illustrated in Figure 8.3 where the upper
part shows the result of the original design (7.10) with the real part
operator retained (wrp), and the lower part the results of (7.11) without
this operator (nrp).
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Figure 8.3: A comparison between the two versions (7.10) with the real
part operator retained (wrp, upper figure), and (7.11) with no real part
operator (nrp, lower figure), of the design algorithm for T. The latter
design, performs better tentatively because of the superior suppression
of the higher order Taylor terms.
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For reference, both figure parts also show simulated bias for the man-
ifold match case, (solid curves).
First note that analytically calculated bias to first order, i.e. cal-

culated according to (7.2), is much lower (100-1000 times) for the pro-
posed bias minimizing designs (square markings) than for the manifold
match design (circle markings). This confirms that both design algo-
rithms (7.10) and (7.11) have resulted in transformation matrices with
the property to yield errors that are almost orthogonal to the DOA es-
timator gradient, i.e. errors that fulfill the condition (6.7) for first order
zero bias.
Next, the difference between the two algorithm versions (7.10) and

(7.11) stands out clear when comparing the corresponding analytically
calculated biases to the second order, i.e. using (7.3) in lieu of (7.2), see
the ×-markings. As can be seen, accurate bias prediction for the original
(7.10) design (upper figure) requires that also the second order terms are
used for the prediction, hence these terms are not negligible.
On the other hand, for the modified (7.11) design (lower figure), in-

cluding also the higher order terms does not improve the prediction, hence
in this case these terms are negligibly small. The plausible cause is that
dropping the real part operator in (7.11), i.e. imposing the additional
requirement on the mapping errors ∆ev that the scalar product gHv ∆ev
is minimized in both the real and imaginary parts, has notably reduced
also that bias which requires higher order Taylor terms to be accurately
described.
This explanation is mainly descriptive and no analytical theory is at

hand that can cast better light on this observed effect. As a consequence
it is difficult to predict that the fix of dropping the real part operator
always has this effect. Although it did in all simulations performed by
the author (and his colleagues at KTH).
Due to the complexity of the higher order terms, studying higher

order DOA bias effects analytically is cumbersome but could perhaps
give insights into other designs reducing the bias even further. This falls
outside the scope of the present thesis however.

8.3.3 Analytically unknown array response

Figure 8.4 shows a UCA-ULA mapping case where the analytical model
a(θ) for the UCA response is assumed unavailable. The purpose of this
simulation is to illustrate and compare the performance of the two map-
ping designs (7.10) and (7.11) in the experimental scenario that was dis-
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Figure 8.4: Bias curves corresponding to Figure 8.1, but with randomized
phase factors for the calculated signal eigenvectors e(i)s . These random
phase factors are coped with if the real part operator is dropped in the
design algorithm for T.

cussed in Section 7.5. In this scenario erratic variations in the phase
factors, ejφ

(i)

, of the signal eigenvectors e(i)s are presumed, see (5.3) for
a definition of these phase factors.

Hence, to plot Figure 8.4, array output data x(t) were first generated
(using a stochastic signal model and a(θ)). Then the Ncal = 15 sam-
ple covariance matrix estimates R̂(i) were calculated according to (3.5).
Thereafter the needed signal eigenvectors, e(i)s , were extracted from the
corresponding R̂(i) via an eigenvalue decomposition. To better illustrate
an experimental situation these signal eigenvectors were thereafter given
random phase factors.

As was discussed in Section 7.5, the design algorithm (7.11) without
the real part operator is more robust against uncontrolled and varying
phase factors in e(i)s provided that the weighting factor, k in this case, is
chosen close to 1. As expected, it can be seen in Figure 8.4, with k = 0.99
the bias suppression performance is almost retained for this design (×-
marked curve) when the phase factors are randomized, but not for the
original design (7.10) (square marked curve).



8.3 Bias suppression at high SNR 97

-15 -10 -5 0 5 10 15
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

DOA relative to sector center (deg)

B
ia

s 
(d

eg
)

SNR=40 dB
SNR=20 dB
SNR=10 dB

Figure 8.5: Bias across the mapped sector for different SNR values. T is
designed according to (7.11).

8.3.4 Effect of SNR

As expected, the reduction of deterministic bias is most visible in high
SNR scenarios, but it is also of interest to study the effect of measure-
ment noise. In Figure 8.5 the bias for a single emitter with varying SNR
and DOA is shown. When the emitter SNR is reduced, errors in the
(estimated) signal subspace eigenvectors, es, increase and deviate more
significantly from the span of the array response vectors. Due to these
finite sample effects, the bias increases (see Figures 8.5 and 8.6).
Figure 8.6 shows the RMS of all bias values inside a 20o wide centered

subsector. As before each such bias value was calculated as the mean of
400 Monte Carlo runs. For high SNR values the new algorithm without
the real part operator is superior (×-marked curve).

8.3.5 Effect of the weighting factor

To study the effect of the weighting factor, in algorithm (7.11) k was
increased from 0 (corresponding to pure manifold match) to 0.9999. For
each such k the root mean square (RMS) of 20 bias values inside a 20o

centered subsector of the 30o mapped sector was formed. Figure 8.7
shows these RMS values plotted against k for three different SNRs. As
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Figure 8.6: For each SNR the RMS of all the bias values inside a 20o

centered subsector of the 30o mapped sector is displayed. The design
(7.11) with no real part operator, (nrp), was used for the ×−marked
curve, and the design (7.10) with the real part operator, (wrp), for the
square marked curve.

can be seen, the weighting factor k in this case is not critical. The
more the gradient orthogonality condition is enforced the lower the bias.
Although the bias analysis and design criterion assume that the mapping
bias dominates over noise effects, Figure 8.7 shows that the resulting T
displays good bias suppression for SNRs down into the 10 dB range.
Table 8.1 displays the condition number (defined as the maximum

singular value divided by the smallest) of the matrixM in (G.10) in Ap-
pendix G. This condition number determines the numerical conditioning
of the linear system of equations used to solve for Topt. The more the
manifold matching term in the design algorithm is downweighted the
more ill-conditionedM becomes.

8.3.6 Effect of sector width

The tendency of the mapping operation to generate bias depends on
sector width. This is illustrated in Figure 8.8 which shows the RMS of
(the center third of) all the bias values across the mapped sector as a
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Figure 8.7: Bias RMS across the sector as a function of the weighting
factor k when the simplified design criterion (7.11) for T is used. The
results of the manifold match design are also shown (horizontal curves)
for comparison.

function of sector width. For each sector width new mapping matrices
are calculated.
In the simulated scenario we observe that for large sector widths bias

due to the mapping errors dominates and the new designs (7.10) and
(7.11) give a significantly better performance compared to the manifold
match design (5.1). When the sector width decreases the mapping errors
decrease and at some point they contribute negligibly to the net bias
which instead becomes dominated by bias due to finite sample effects
(SNR = 40 dB). For this reason we see a noise floor in Figure 8.8 at
sector widths below about 20◦.
The more efficient design (7.11) reaches this noise floor already at 250

and the design (7.10) at 150 but the manifold match algorithm (5.2) not
until the sector approaches one beamwidth, 50.
Another feature in Figure 8.8 is the deterioration of the bias sup-

pression of the two new designs when the sector width approaches one
beamwidth. These designs are more sensitive to the increasing linear de-
pendence in the set A(θ(c)) since the first manifold match term in the
design algorithms (7.10) and (7.11) is down-weighted (by 1 − k = 0.01)
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Table 8.1: Condition numbers of the matrix M in (G.10) for different
choices of k.

k log10(cond(M))

0 1.8171
0.5 2.4435
0.99 4.9801
0.999 5.4820
0.9999 5.9822
0.99999 6.4823

and the Ncal = 15 (bias minimizing) scalar products accordingly up-
weighted (by k = 0.99). The corresponding Ncal = 15 scalar equations2

are not sufficient to alone solve for the m ×mv = 8 × 8 = 64 elements
of the mapping matrix, T. Hence the solution for T becomes ill condi-
tioned much faster for the new designs than for the traditional manifold
match design when the mapped sector width is decreased and the linear
dependence in the set A(θ(c)) thus increases.
This effect is illustrated in Table 8.2, where the condition numbers

CLS , Cwrp and Cnrp for the matrixM in (G.10) are shown for the three
designs (5.2), (7.10) and (7.11) respectively. It is seen that Cwrp and
Cnrp increase much faster than CLS when the sector width is reduced.

8.3.7 Effect of jammer inside the mapped sector

The proposed design algorithm for T is based on a one emitter analysis.
When two or more emitters simultaneously impinge on the array, the
signal subspace of the array observation space contains several signal
eigenvectors. Only if the corresponding response vectors are orthogonal
can these eigenvectors be associated with specific emitters. Usually the
signal eigenvectors will contain power from all emitters in a complicated
manner. Therefore, with the proposed design of T one strategy in a
multiple emitter scenario would be to model the strongest emitter only
and treat the others as (coloured) noise. Obviously this presumes the
desired emitter to dominate (which may not always be the case).

2 See the lower Ncal rows in the matrix M in (G.8) in Appendix G.
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Figure 8.8: RMS of (the center third of) all the bias values across the
sector as a function of sector width. The curves show the three different
designs (5.1), (7.10) and (7.11).

Figure 8.9 illustrates a scenario with one (fixed) jamming emitter at
azimuth 5o, i.e. inside the mapped sector, but 10 dB weaker than the
desired (sweeping) signal. The manifold match design (5.1) and the bias
minimizing design (7.11) are then applied (square and diamond markings
respectively), incorrectly presuming d = 1, i.e. using only the signal
eigenvector that is associated with the largest eigenvalue.
As seen from the diamond marked curve, the bias suppression mech-

anism works at the jammer’s azimuth, 5o, because there both signals
coincide and the signal subspace dimension collapses to 1. When the
sweeping emitter passes through other azimuths, the bias resulting from
the (7.11) design varies depending on the degree of orthogonality between
the corresponding two response vectors. This is due to the subsequent
periodic perturbations in ∆ev.
As seen from a comparison with the one emitter case, the proposed

gradient orthogonality design is more sensitive to this perturbation of the
signal subspace (caused by the jamming emitter) than is the manifold
matching design.
If the covariance of the coloured noise (comprised by the jammer plus

the white measurement noise) can be estimated, this noise can also be
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Table 8.2: log10 of condition numbers of the matrix M in (G.10) for
different sector widths.

Sector log10(CLS) log10(Cwrp) log10(Cnrp)

20 10.9149 14.1200 14.1226
50 7.6667 10.8612 10.8696
100 5.1389 8.3316 8.3349
150 3.7401 6.8861 6.9031
200 2.8509 5.9929 6.0060
250 2.2091 5.3659 5.3756
300 1.8171 4.9742 4.9801

pre-whitened. This is done by pre-multiplying the data withΣ−1/2 where
Σ is the sample covariance matrix of the coloured noise. (Note that this
has the same effect as superimposing an inverted Capon spectrum on the
DOA estimator criterion function with the notch at the azimuth of the
jammer [Eri02].)
A jammer pre-whitening example is also shown in Figure 8.9, circle

and ×-marked curves. For illustration, here the colored noise was esti-
mated without errors, i.e. Figure 8.9 shows the best performance that
this approach can yield. Comparing the diamond- and ×- marked curves,
the bias reduction capability of the proposed T design is almost, but not
fully, restored by the pre-whitening.

8.3.8 Effect of jammer outside the mapped sector

When the jammer moves outside the mapped sector it becomes heav-
ily mismatched to the virtual ULA after transformation by T, and the
jammer now corresponds to a warped wavefront impinging on the ULA.
Since the presented bias reduction theory presumes one dominating emit-
ter, i.e. a one dimensional signal subspace, spatial filtering to suppress
the jammer is required in this case. Simulations indicate that the signal
to jam ratio after this filtering should be at least 20 dB.
Spatial filtering as such has been treated elsewhere [PGL02], [CLL02],

[LCL04], which use mapping onto a virtual array with weighted amplitude
for the response vectors. This method and the special case (of interest
here) when the used array is circular, and therefore also phase mode
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Figure 8.9: Bias as a function of azimuth when a -10 dB jammer is present
at 5o, i.e. inside the sector. The × -marked curve shows the improvement
when pre-whitening of the jammer is applied. For reference the curves
for manifold match are also shown (square and circle markings).

analysis can be utilized, will be discussed in Chapter 12.

8.4 Chapter conclusions

In this chapter we used a representative signal surveillance scenario and
illustrated through simulations how the proposed bias minimizing de-
sign algorithms for the mapping matrix can be used in difficult scenarios
where arrays of very dissimilar geometries are mapped over wide sectors
across large frequency ranges. A bias reduction factor in excess of 100
was demonstrated for a UCA to ULA mapping. For the more similar
geometries of NULA-ULA mapping the developed bias reduction theory
was shown to work over a 180o wide sector.
Although the proposed design was derived using deterministic (noise

free) analysis, bias suppression was shown to be useful down into the 10
dB SNR range. The effect of narrowing the width of the mapped sector
as well as the effect of interfering emitters were also illustrated.
Presuming that frequency selectivity combined with spatial filtering
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can yield single emitter situations, the proposed designs should be useful
in scenarios where earlier manifold match designs yielded strong bias. A
typical such example is omnidirectional radio signal surveillance, using
arrays with extended upper frequency limits, where the emitters initially
are unknown and fast DOA processing is required.
Finally, it was demonstrated in this chapter that access to the ana-

lytical expression a(θ) for the response of the used array, is not necessary
to construct a bias minimizing mapping matrix. The signal eigenvectors
estimated from the calibration sample covariance matrices are sufficient.
In fact, using the (7.11) mapping design, the array can have any unknown
geometry. This important result will be used in the analysis of field trial
data in Chapters 13 and 14 later on.



Chapter 9

DOA MSE Reduction

9.1 Chapter overview

In the earlier Chapter 6 the condition (6.7) for zero DOA bias under
mapping was derived. This condition was thereafter used in Chapter
7 to construct design algorithms for the mapping matrix that minimize
DOA estimate bias. In the present and the following two chapters this
bias minimizing theory is extended to minimize not only bias but DOA
mean square error (MSE), i.e. bias squared plus variance.
For convenience the present chapter starts with a short restatement of

the background, the general mapping prerequisites, the data models and
the Taylor error analysis. Thereafter the expression (9.15) for the vari-
ance of the mapped DOA estimates is derived. Combining this expression
with the earlier derived corresponding expression (6.3) for mapped DOA
bias, the analytical expression (9.16) for mapped DOA MSE is formu-
lated. This expression is quadratic in T and lends itself well to least
squares minimization. The latter property will be exploited in Chapter
10 where an MSE minimizing design algorithm for T will be derived.

9.2 Introduction

As mentioned earlier, array interpolation (mapping) was introduced as a
concept around 1990 (see e.g. [Bro88], [SW89], [GW91], [Fri93], [WF93]
and the references therein). One early application was to interpolate
between available calibration directions, another to transform the array

105
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output data to possibly correspond to data from a uniform linear array,
ULA, in order to use the fast DOA estimation algorithms available for
such arrays. Interpolation focusing on wideband signals was treated in
[KS90], [DD92], [FW93] and, using experimental data, in [SG98]. Fur-
thermore, the associated problem of suppressing interfering signals was
analyzed in [PGL02], [Eri02], and [LCL04].
Seen as a general form of pre-processing, a relevant problem in this

context is under what circumstances the above array mapping retains
accuracy in the DOA estimates. Mapped DOA estimate variance in rela-
tion to the Cramér-Rao bound (CRB) has been studied by many authors,
[Fri93], [WF93], [WFS95], [GB97]. Furthermore, conditions to attain the
CRB under the related problem of dimension reduction were derived in
[And93], [And92a] and [WF94]. DOA bias, caused by the deterministic
part of the mapping errors, was treated in the earlier Chapters 6, 7 and 8
of this thesis. These chapters build on results in [Hyb01], [HJO02a] and
[HJO04].
The combined error, the DOA estimate MSE, was first treated in

[HJO02c], [HJO03] and [HJO], where the latter paper forms the basis
for the present and the following two chapters. Hence, in the present
chapter an analytical expression for DOA MSE under general array pre-
processing is derived and, based on this expression, in the next Chapter
10 a new design algorithm for the pre-processing matrix that minimizes
this DOA MSE is presented.
As in [HJO02c], [HJO03] and [HJO] the derived expressions are gen-

eral in nature and in principal independent of both the used DOA esti-
mator and the array geometries, although ULA root MUSIC will be used
in the verifying simulations in Chapter 11.

9.3 Design of the mapping matrix

The usual method is to design the mapping matrix, T, for a best least
squares fit between the transformed response vectors of the real array
and the response vectors of the virtual array for a set of adjacent DOAs
comprising a sector, see (5.1), (5.2) and Figure 5.1. In [Hyb01], [HJO02a],
and [HJO04] however, as well as in the previous chapters, it was shown
that such a best array manifold match does not in general guarantee the
smallest DOA estimate bias. Correspondingly, from [And93], [And92a]
and [WF94] we know that a similar limitation holds for mapped DOA
estimate variance.
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In the present and the following two chapters we will study the com-
bination of the two, namely the DOA mean square error. This figure of
merit is better suited for practical systems, especially signal surveillance
systems where SNR often is low.

As before, we will presume subspace based DOA estimators and per-
form the mapping not on the array data output x(t), but instead on
the eigenvectors of the signal subspace of the (estimated) data covari-
ance matrix. With this procedure the eigenvalue decomposition can be
performed against a background of unmapped (and therefore spatially
white) measurement noise.

Furthermore we identify the gradient of the used estimator cost func-
tion as a tool with which both bias and variance can be analytically
described. Through the choice of T we then rotate the deterministic
mapping errors (determining the bias) and the noise subspace eigenvec-
tors (determining the variance) into optimal directions relative to this
gradient, all in order to minimize the combined effect of the mapping
errors and the noise on the DOA estimate MSE.

As in the earlier bias minimization theory the design will be derived
using a Taylor expansion of the DOA estimator cost function deriva-
tive. The resulting design algorithm for T will be a generalization of
the corresponding bias minimizing designs (7.6), (7.9), (7.10) and (7.11)
in Chapter 7, hence for high signal to noise ratio, SNR, these and the
extended design will coincide. The highly versatile feature of the (7.12)
design algorithm that the used array need not be analytically known will
be retained under this MSE generalization.

Also the extended argument will be of a general nature, although the
underlying application still is fast signal surveillance against (narrow-
band) emitters in unknown directions across wide frequency ranges. The
mapping will therefore use a common transformation matrix, T, over a
wide sector at limited SNRs. This means that neither bias nor variance
can be neglected.

The purpose of the present and the next two chapters is to study array
pre-processing, especially sector array mapping (interpolation), with the
property of minimizing the total DOA MSE, not just bias or variance.
Again, we will study the effect of the mapping rather than the properties
of the used DOA estimator. Hence in the analysis, bias caused by finite
sample effects [XB92] will not be considered. As in Section 6.2 we will
also assume that the true DOA, θ0, results if the true signal eigenvector
is inserted.
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9.4 Data models and error analysis

9.4.1 Data models

To derive the MSE-minimizing sector mapping design the same notation
and data models will be used as in the bias minimizing theory, see Chapter
3. For convenience some of these data models and prerequisites will now
be restated.
As before we consider a general array of m isotropic antenna ele-

ments and assume that one single narrowband far-field source signal is
received by the array. For simplicity of notation the emitter is confined
to the horizontal plane, i.e. DOA is described by azimuth only. Since
the derivations in the sequel will build on the expression (6.3) for DOA
estimate error, the number of simultaneous emitters is limited to one.
Let θ be the azimuth. A complex baseband model for the received

signal can then be written as

x(t) = a(θ)s(t) + n(t), (9.1)

where

— x(t) is the m× 1 array output vector at the discrete time instant t,
— a(θ) is the complex array response to a (unit-power) source in the

direction θ,

— s(t) is the received signal at a reference point at time t,

— n(t) is the m× 1 noise vector at time t.

We assume that array output data are available for t = 1, 2, . . . , N .
Furthermore, the noise is assumed to be independent of the signals and
spatially white with variance σ2. We will also need that the noise is
circularly symmetric, i.e. has independent real and imaginary parts of
equal power.
The stochastic signal model is still used and the data covariance ma-

trix has the following structure:

R = E
©
x(t)x(t)H

ª
= a(θ)paH(θ) + σ2I, (9.2)

where p = E
n
|s(t)|2

o
is the (limited) power of the signal.



9.4 Data models and error analysis 109

We still presume subspace based methods for DOA estimation rely-
ing on the eigendecomposition R =

Pm
i=1 λieie

H
i , where {ei} are eigen-

vectors corresponding to the eigenvalues {λi} indexed in non-increasing
order with λ2 = · · · = λm = σ2. Again we will use that the range of
e1 , es (the signal subspace) equals the range of a(θ). We can then
write es = ā(θ), where ā(θ) is the response vector normalized to length
one. This equality will be used throughout also the MSE-minimizing the-
ory. As before we also need gradients of real scalar functions with respect
to complex valued vectors, see Section 3.9 for reference.

9.4.2 Error analysis

The Taylor expansion of the derivative V̇ of the DOA estimator cost
function V will form the basis also for the MSE minimizing theory. Using
first order perturbation analysis, in Chapter 6 we derived the following
expression (6.3) for the DOA estimate error as a function of the errors
∆ev in the eigenvectors ev of the (virtual) signal subspace:

∆θ = −
h
V̈ (θ0, ev)

i−1 ¡
2Re

©
gHv ∆ev

ª
+ r
¢
. (9.3)

Here r contains the higher order terms, see (F.1) in Appendix F. Fur-
thermore, ev is the true eigenvector to which the error ∆ev is referred,
and V̈ (θ0, ev) is the second order derivative with respect to θ taken at
the true DOA θ0. As before gv is the gradient of V̇ along ev.
For use in the present and the following chapters we again point out

that for small residuals, r, the amount of DOA estimation error, ∆θ,
depends on the scalar product between the two vectors gv and ∆ev,
independently of the latter being deterministic or random.

9.4.3 A mapping interpretation

The expression (9.3) will now be applied to a mapping scenario where, as
opposed to Chapters 7 and 8, neither the deterministic mapping errors
nor the measurement noise is negligible. Due to the generality of (9.3) the
perturbation ∆ev can be used to model both deterministic and random
errors. These two error types were discussed in Sections 6.2.2 and 6.2.3,
but, for convenience, will now be redefined. The two error types are
denoted ∆e(det)v and ∆e(rand)v respectively where it is presumed that the

expectation E
n
∆e

(rand)
v

o
= 0.
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Let es denote the true signal eigenvector of the real array. Further-
more let ês be an unbiased estimate of es. We then have E {∆es} = 0,
where ∆es = ês − es.
Then introduce a mapping matrix T such that THes becomes a

(deterministic) approximation of ev. The eigenvector mapping error
TH ês − ev can be additively decomposed as

TH(ês − es) +THes − ev = ∆e(rand)v +∆e(det)v , (9.4)

where we again have defined

∆e(rand)v = TH(ês − es) = TH∆es, (9.5)

and

∆e(det)v = THes − ev. (9.6)

We again assume that both ∆e(det)v and ∆e(rand)v are small enough
for the first order expression (6.2) to hold. The corresponding DOA
perturbations are denoted ∆θ(rand) and ∆θ(det) respectively, where the

expectation E
n
∆θ(rand)

o
= 01.

The next step is to derive an expression for mapped DOA variance.
To facilitate least squares minimization of mapped DOA MSE, this ex-
pression should be quadratic in T.
To arrive at an analytical expression for mapped DOA estimate vari-

ance, the earlier used strategy of first estimating ês from measured (or
simulated) data, and only thereafter perform the mapping TH ês, will be
retained. As in the previous bias analysis in Chapter 6, apart from al-
lowing the subspace decomposition to be performed against non-mapped
(white) noise, this approach also decouples the error analysis from the
mapping operation.
Hence, later in the next section an expression for the variance in the

estimates of the non-mapped signal eigenvectors is first given, thereafter
the mapping is applied. Using the gradient, gv, and the second order
derivative, V̈ , the corresponding variance in the DOA estimates is finally
formulated.

1According to [XB92], for MUSIC and single emittters, finite sample effects can

cause E ∆θ(rand) 6= 0 near the end-fire directions of a ULA. This mapping case is

not considered here however.
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9.5 An analytical expression for mapped DOA
variance

9.5.1 Signal eigenvector error variance

In order to assess DOA estimate error variance from (9.3) an analytical
expression is needed for the error variance with which a signal eigenvector,
es, in the measurement space of a general array, can be estimated in the
presence of noise. Here the corresponding sample covariance matrix and
its noise subspace will be used to describe this variance.
Given one single emitter, N samples, an array of m elements plus

spatially white and circularly symmetric noise, then the following theorem
yields the covariance of the signal eigenvector estimates:

Lemma 1 Given the assumptions in Chapter 3, the normalized signal
eigenvector error

√
N∆es =

√
N (ês − es) is asymptotically Gaussian

distributed with zero mean and second order moments

C , lim
N→∞

N E
©
∆es∆e

H
s

ª
=

λ1 σ
2

(λ1 − σ2)2
·
mX
k=2

eke
H
k , (9.7)

lim
N→∞

N E
©
∆es∆e

T
s

ª
= 0, (9.8)

where N is the number of snapshots and T denotes matrix transpose.

Proof. This is a special case of a more general result. See e.g., [JF85],
[KB86b], [KB86a], [SN89], [SS97].
The above lemma will be used pragmatically as

cov (∆es) , E
©
∆es∆e

H
s

ª
= C/N = α ·

mX
k=2

eke
H
k , (9.9)

where α , λ1 σ
2

N(λ1−σ2)2 . Note that α depends on SNR in relation to N .

Hence in the presumed scenario cov(∆e(rand)s ) = E
n
∆e

(rand)
s ∆e

(rand)H
s

o
is determined solely by the noise eigenvectors en,k, k = 1, ..., m− 1, and
the factor λ1

N · σ2

(σ2−λ1)2 , which is a measure of SNR.
To apply Lemma 1 to the (single) virtual signal eigenvector we first

observe that by the definition (9.5) of ∆e(rand)v given above, we have
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cov(∆e
(rand)
v ) = cov

¡
TH ês −THes

¢
= cov

¡
TH ês

¢
since es is a deter-

ministic entity. Furthermore the mapping (interpolation) matrix, T, rep-
resents a deterministic and linear transformation, therefore cov(TH ês) =
THcov(ês)T. This formulation fits well into the earlier adopted strategy
of regarding the mappingT as a transformation that is applied afterwards
on the already estimated ês.

In conclusion, the random component ∆e(rand)v of the error in the
mapped (virtual) signal subspace has the covariance

cov(∆e(rand)v ) =
λ1
N

σ2

(σ2 − λ1)2
·
m−1X
k=1

THen,ke
H
n,kT. (9.10)

As seen from (9.10) the variance of ∆e(rand)v depends on SNR. This
dependence can be made more explicit by first observing that due to the
structure of (9.2) the signal eigenvalue λ1 can be expressed as

λ1 = paHa+ σ2. (9.11)

Thereafter define SNRb = paHa/σ2, which is the SNR at the output
of a beamformer. Then the factor preceding the sum operator in (9.10)
can be written as

α , λ1σ
2

N(σ2 − λ1)2
=
1

N

¡
paHa+σ2

¢
σ2

(paHa)
2

=
1

N · SNRb

·
1 +

1

SNRb

¸
. (9.12)

9.5.2 Using the gradient to express mapped estimate
variance

To study the effect on V̇ of ∆e(rand)v , i.e. variance, according to (9.3)

we need to examine the entity 2Re
n
gHv ∆e

(rand)
v

o
. Also, for notational

convenience the superscript (rand) is omitted in what follows.

Since this term is random we use second order statistics and assess
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its magnitude by forming the expectation

E
©
2Re(gHv ∆ev)2Re(g

H
v ∆ev)

ª
(9.13a)

= E
n
(gHv ∆ev + g

H
v ∆ev)(g

H
v ∆ev + g

H
v ∆ev)

o
(9.13b)

= E
©
gHv ∆ev∆e

H
v gv

ª
(9.13c)

+E
©
gHv ∆ev∆e

T
v ḡv

ª
(9.13d)

+E
n
gHv ∆ev∆e

H
v gv

o
(9.13e)

+E
n
gHv ∆ev∆e

T
v ḡv

o
, (9.13f)

where (̄·) denotes complex conjugate, and in (9.13b) we used that for any
real scalar x, we have x = xH .
By Lemma 1, (9.8), the entities (9.13d) and (9.13e) are both zero. The

last term (9.13f) equals E
n
gHv ∆ev∆e

T
v ḡv

o
= E

n
gHv ∆ev∆e

H
v gv

o
, and

since gHv en,ke
H
n,kgv =

¯̄
gHv en,k

¯̄2
is real we have (9.13c)=(9.13f). In addi-

tion gv is deterministic, hence it can be moved outside the expectations
and we get

E
©
2Re(gHv ∆ev)2Re(g

H
v ∆ev)

ª
= 2gHv E

©
∆ev∆e

H
v

ª
gv

= 2gHv cov(∆ev)gv. (9.14)

Equation (9.10) now gives an expression for cov(∆ev) and we can
write the mapped DOA variance varT(∆θ

(rand)) as:

varT(∆θ
(rand))

=
2λ1N

σ2

(σ2−λ1)2 ·
Pm−1

k=1 g
H
v T

Hen,ke
H
n,kTgv

V̈ 2(θ0, ev)
. (9.15)

As (7.2) when squared, we note that (9.15) has the desired property
of being quadratic in T and therefore lends itself well to least squares
minimization.
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9.6 An analytical expression for mapped DOA
MSE

Using the earlier result (7.2) and the above expression (9.15), the MSE
of the DOAs estimated from the transformed data can be written as

MSET =
4Re

n
gHv ∆e

(det)
v

o2
V̈ 2(θ0, ev)

(9.16a)

+
2λ1N · σ2

(σ2−λ1)2
Pm−1

k=1 g
H
v T

Hen,ke
H
n,kTgv

V̈ 2(θ0, ev)
. (9.16b)

Recall that this expression assumes small errors ∆ev (deterministic or
random) so that the higher order terms, r, in the Taylor series expansion
(6.2) remain negligible. Also recall that (9.16) presumes that the un-
mapped signal eigenvector ês is first estimated, and thereafter mapped
by T. If the data covariance matrix R̂ is mapped by T before the sub-
space decomposition, then (9.16) does not hold.
Note that the variance part (9.16b) depends on the scalar product

between the gradient, gv, of the cost function derivative and the mapped
noise eigenvectors THen,k. This means that mapped DOA estimate vari-
ance is determined by the orientation of the gradient relative to the
mapped noise subspace.
Also observe that for very large SNRs the variance term (9.16b) be-

comes negligible and the MSE minimizing problem reduces to the pure
bias minimization case described in the earlier Chapters 7 and 8.

9.7 Chapter conclusions

In this chapter an analytical expression (9.16) for mapped DOA estimate
MSE was derived. To derive this expression the stochastic interpretation
(6.6) of the earlier Taylor analysis was used together with the (known)
Lemma 1 that yields the variance in the estimates of the signal eigenvector
associated with the real array.
The derived variance expression for the mapped DOA estimates has

the desired feature of being quadratic in the elements of the mapping
matrix, T. This variance expression was then combined with the earlier
derived mapped bias expression to form (9.16) for mapped DOA MSE.
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This expression, (9.16), will be used in the next chapter to formulate a
design algorithm for T that minimizes mapped DOA estimate MSE.





Chapter 10

A Design Algorithm for
Best Mapped MSE

10.1 Introduction

The present chapter starts by giving an illustrative geometrical interpre-
tation to the expression (9.16) for mapped DOA estimate MSE that was
derived in the previous chapter. This interpretation identifies the gra-
dient gv as the key entity in that its direction in the observation space
determines both mapped DOA estimate bias and variance, i.e. mapped
DOA estimate MSE.
Furthermore, in the present chapter the earlier derived expression

(9.16) for mapped MSE is used to construct an algorithm with which a
mapping matrix, T, can be calculated having the properties of minimizing
the MSE of the mapped DOA estimates. This new algorithm will be a
logical extension to the earlier proposed algorithms (7.6), (7.9), (7.10)
and (7.11) for the design of a bias minimizing T. In fact, for high SNR,
as expected, the new algorithm coincides with the previous ones.

10.2 A geometrical interpretation

In [HJO04] it was shown that for MUSIC and WSF, in the one emitter
case the scalar product gHv ev = 0. Hence, for these estimators, in (9.16a)
the entity gHv ∆e

(det)
v = gHv (T

Hes − ev) can be replaced by gHv THes.

117
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Furthermore, it was (empirically) found in Chapter 8 that dropping
the real part operator as in (7.11) gives an improved reduction of the bias,
especially when the eigenvector errors, ∆ev, are large. In such cases the
scalar product gHv T

Hes/V̈ (θ0, ev) without the real part operator obvi-
ously gives a better description of the bias as obtained in simulations.
With the aim of including also the larger error situations, mapped

DOA estimate MSE (as obtained in simulations) can thus be expressed
as

MSET =
4
¡
gHv T

Hes
¢2

V̈ 2(θ0, ev)
(10.17a)

+
2λ1N · σ2

(σ2−λ1)2
Pm−1

k=1 g
H
v T

Hen,ke
H
n,kTgv

V̈ 2(θ0, ev)
. (10.17b)

In (10.17b) the summed variance terms can be interpreted as the
projection of the transformed gradient, Tgv, onto the noise subspace,
or alternatively, as a projection of the gradient gv onto the transformed
noise subspace.
Using the latter interpretation, from (10.17) we now see the important

role of the gradient of the estimator cost function in determining both
mapped bias and mapped variance: In the treated one emitter case bias
is determined by the scalar product gHv T

Hes (where es is uncorrupted by
noise), and variance by the m− 1 scalar products gHv THen,k. The direc-
tion of the gradient gv inside the mapped observation space is obviously
decisive for both mapped DOA bias and mapped DOA variance, i.e. for
mapped DOA MSE. Note that this argument is only slightly modified if
the real part operator in (10.17a) is retained.
An interesting question now is what properties the mapping matrix,

T, should have in order to minimize MSET . From (10.17) we observe
the following:

1. For high SNR cases, where the factor σ2

(σ2−λ1)2 in (9.16b) is small
so that (9.16a) dominates, the transformation with T should yield
gv⊥ THes, i.e. the gradient should lie in the mapped noise sub-
space, [HJO04], [HJO].

2. On the other hand, when SNR is very low so that (9.16b) dominates,
the transformation should yield gv⊥ THen,k ∀k, i.e. the gradient
should lie in the mapped signal subspace.
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For intermediate SNR values there exists an optimal direction for the
gradient inside the observation space yielding minimum DOA MSE.

It is difficult to draw a graph of an m−dimensional complex space but
Figure 10.1 illustrates the principle of these findings. The identification of
the importance of the direction of the gradient gv relative to the mapped
observation space is a main contribution of this thesis. It forms a central
part of the MSE minimizing theory that now will be exploited.

10.3 A design algorithm for best mapped
MSE

In this section, an algorithm for the (off-line) design of a mapping matrix,
T, that aims at minimizing the DOA estimate MSE will be proposed.
In deriving this algorithm we have the same requirements 1-3 as in the
bias minimizing case, but now extended with the new requirement 4 (see
below):

1. The resulting mapping errors should be kept small so that the first
order analysis holds,

2. The T = 0 solution must be prevented,

3. A least squares solution should be facilitated,

4. The entire mapped observation space should be optimally oriented
relative to the gradient gv, not just the signal subspace.

As in the bias minimizing theory the second point is important since
we have shown that the scalar products g(i)Hv ∆e

(det)(i)
v = g

(i)H
v (THes −

ev) = g
(i)H
v THes for both MUSIC and WSF in the one emitter case, i.e.

these scalar products are proportional to T.

Based on the affine structure of (7.2), the quadratic structure of (9.15),
and taking the above 4 requirements into account, the following design
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Figure 10.1: Referring to (10.17) the mapped signal- (axis a, es) and noise
(axis en1 and en2) subspaces are rotated relative to the gradient, gv, by
the mapping matrix, T, for minimum DOA estimate MSE. For simplicity
the SNR scaling is not indicated. Bias is represented by the projection
gs of gv onto the signal subspace and variance by the projection gn onto
the noise subspace. This figure also illustrates the orthogonal nature of
bias reduction in relation to variance reduction. No rotation exists by
which both can be zeroed simultaneously.
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algorithm for T is suggested:

Topt = argmin
T

(
(1− µ)

NcalX
i=1

°°°∆e(det)(i)v

°°°2 (10.18a)

+ µ

"
NcalX
i=1

1

V̈ 2(θ(i), e
(i)
v )

¯̄̄
2Re

n
g(i)Hv ∆e(det)(i)v

o¯̄̄2
(10.18b)

+

NcalX
i=1

1

V̈ 2(θ(i), e
(i)
v )

m−1X
k=1

¯̄̄
g(i)Hv THe

(i)
n,k(θ

(i))·
vuut2λ(i)1

N
· σ(i)2

(σ(i)2 − λ
(i)
1 )

2

¯̄̄̄
¯̄
2

 , (10.18c)

where g(i)v , gv(θ(i)) are the gradient vectors, e(i)n,k the noise eigenvectors,
λ
(i)
1 the signal eigenvalues, σ(i)2 the noise eigenvalues, and V̈ (θ(i), e(i)v ) the
second order derivatives of V with respect to θ evaluated at (θ(i), e(i)v ). In
general the superscript (i) means that the corresponding quantity should
be computed as if there were a single source in the ith calibration direc-
tion.
The first term (10.18a) reduces the mapping errors ∆ev(θ

(i)) and pre-
vents the T = 0 solution, the second term (10.18b) advocates minimum
DOA bias, and the third (10.18c) minimum DOA variance. Together
(10.18b) and (10.18c) advocate minimum MSE.
The weighting factor, µ, is chosen close to but less than 1. As in

the earlier bias application the value 1 is forbidden since it could violate
both requirements 1 and 2. If µ = 1 in (10.18) then Ncal × m scalar
equations remain. While it is true that Ncal may be chosen such that
m × Ncal > m × mv, i.e. the number of equations is larger than the
number of elements in T, we still need to secure requirements 1 and 2,
therefore the value µ = 1 is forbidden. With µ = 0, the problem reduces
to least squares matching of the two involved signal subspaces. This case
is essentially equal to array manifold matching.
Note that (10.18) can be given an alternative formulation using (nor-

malized) array response vectors ā(θ) instead of the signal subspace eigen-
vectors.

As for the earlier treated bias minimization, in many mapping cases,
such as mapping a 30o wide sector broadside onto a λ/2 spaced ULA,
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the second order derivatives V̈ (θ(i), e(i)v ) do not vary much across the
sector. In such cases the Ncal entities V̈ (θ

(i), e
(i)
v ) can be replaced by

their average value, moved outside the second bracket and included in µ

to form a new weighting constant, in the sequel denoted kMSE .

10.3.1 Design issues

To design a sector mapping matrix according to (10.18) we assume a
calibration experiment performed at good SNR in the directions θ(i),
i = 1, ..., Ncal. These directions comprise the mapped sector for which
we want to design the common mapping (interpolation) matrix. As dis-
cussed in the bias minimizing case, therefore the directions should be
adjacent yet separated enough to avoid linear dependence among the
corresponding response vectors. In order to allow a mapped observation
space of full dimension, together these response vectors should span a
space of at least dimension m.
From each calibration direction θ(i) one signal (d = 1) is transmitted.

The virtual array response av(θ) is always analytically known and if we
in addition assume also the real array response a(θ) analytically known,
then because of the restriction to one-emitter scenarios we can utilize
the unit norm versions ā(θ(i)) and āv(θ

(i)) as the eigenvectors needed
in (10.18). This approach is used in the simulations in the subsequent
Chapter 11. Note however that (9.16) can be minimized also without
access to the analytical expression a(θ), see Section 7.5.
Furthermore we observe from (9.16b) that an MSE minimizing T will

depend on SNR through the factor α defined in (9.12). This means that
we either have to estimate the prevailing SNR or use a pre-set design SNR
according to which the mapping matrix T is constructed. In a practical
sector mapping application one would (per sector) pre-calculate a number
of matrices T for different SNR values and then, once the proper sector
has been determined, via an eigenvalue decomposition estimate the SNR.
Thereafter the best pre-calculated T would be used.

10.3.2 Implementation issues

Recall that quantities related to the virtual array are considered known
analytically. When implementing the suggested design algorithm (10.18)
we need the gradient vector gv along the relevant (virtual) signal subspace
eigenvectors for the derivative V̇ of the cost function V of the used DOA
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estimator. In Appendix E, for MUSIC and WSF this entity was shown
to be

∇es V̇ (θ0, es) , g = −Π⊥āv d̄v, (10.19)

where the projection matrix Π⊥̄av = I− āv(āHv ā)−1āHv and the differential
d̄v(θ) =

∂āv(θ)
∂θ .

Using the same notation, the second order derivative is

V̈ (θ0, es) = 2d̄
H
v (θ0)Π

⊥
āv(θ0)

d̄v(θ0). (10.20)

10.3.3 The least squares solution

The least squares problem (10.18) is solved as an extension with the
variance term (10.18c) to the corresponding bias minimization problem,
see Appendix G. This extension amounts to adding more rows to the
matrixM in (G.10) in Appendix G, rows that correspond to the variance
terms (10.18c).

Hence it is again suggested to apply the vec operator to both terms
inside each norm in (10.18) and solve for a vectorized version t of T. Just
as when solving for the corresponding bias minimization mapping matrix
we get a least squares solution of the type

t =

·
vec(Re {T})
vec(Im {T})

¸
=M†m, (10.21)

but now the matrix M has size [2Ncal ×m+Ncal + 2Ncal × (m− 1)]×
[2mvm]. If, as a typical example, mv = m = 8 and Ncal = 15, the size of
the matrix M is 465× 128.
Finally, we recall that solving (10.18) and inverting the rather large

matrixM is part of the calibration process. During real time operation of
a typical DF system all mapping matricesT would therefore be calculated
in advance, a procedure that hence will not slow down the real time
generation of DOA estimates.
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10.4 Dimension reduction versus degrees of
freedom in T

When them×mv mapping matrix, T, is designed the traditional manifold
match way, (5.1) and (5.2), all the inherent degrees of freedom1 are used
to achieve the property of matching the two array manifolds (or the two
signal subspaces).
As seen from the bias minimizing designs (7.6), (7.9), (7.10), and

(7.11), adding the extra property to the mapping matrix of rotating the
deterministic mapping errors into orthogonality with the cost function
gradient is done at some expense of the first manifold matching property
(this term is heavily down-weighted). Furthermore, adding the third
property of rotating the noise subspace into an optimal direction relative
to the gradient (to minimize DOA variance), is done at the expense of
the first two properties. Adding a fourth property, e.g. spatial filtering
by putting amplitude weights on the virtual response vectors [PGL02],
[CLL02], [LCL04], would occupy still more degrees of freedom in T.
The empirically found best value k = kMSE = 0.99 for the weight-

ing factor in both the bias- and MSE minimizing design algorithms (in
the chosen UCA-ULA mapping case) illustrates the surprisingly minute
importance of the first property (the matching of the manifolds). This
observation is supported in [EV00] and [Eri02] where DOA variance mini-
mization was studied. In a similar algorithm structure there the manifold
match term was down-weighted even further (another factor of 10).
The conclusion so far, is that the plain manifold match mapping de-

signs (5.1) and (5.2) do not optimally exploit all the degrees of freedom
available in the mapping matrix T, at least not when this matrix has
full rank. Many more properties can be designed into T. How many and
which ones ?
This remains an interesting but still open problem. However, it should

be pointed out that the sector mapping as such (i.e. the sector compro-
mise) also consumes some of the available degrees of freedom.
When mapping small arrays, typically λ/4 spaced Adcock arrays, the

array beamwidth can exceed 800, i.e. often encompass the entire mapped
sector. In such cases the resulting strong linear dependence between the
calibration response vectors (or signal subspace eigenvectors) may enforce
dimension reduction to maintain numerical stability. This case is further

1Here the expression "degrees of freedom" is used in the sense "ability to possess
many mapping properties". This ability depends on the number of elements in T.
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discussed in Section 12.6.3 where dimension is reduced from 8 to 2, i.e.
to the lowest possible number for one emitter.
Instead of 8 × 8 = 64 complex numbers, the corresponding mapping

matrix then contains only 8 × 2 = 16 complex numbers. This reduction
in degrees of freedom impedes imposing all three properties: (i) manifold
match, (ii) gradient orthogonality (for bias minimization), and (iii) noise
subspace adjustment (for variance minimization), in the mapping matrix,
T. In such cases, sacrificing (ii) and (iii) may be necessary. Hence
numerical stability and imposing several desired properties in T may be
opposing issues, see Figures 11.1 and 11.3 in the next chapter.
This argument is illustrated by simulations in Section 11.4.1 of the

next chapter, and also in Chapter 12, Section 12.6.3, where further sim-
ulations are presented, see Figure 12.6.

10.5 Chapter conclusions
This chapter started by giving a geometrical interpretation to the ana-
lytical expression (9.16) for mapped DOA estimate MSE derived in the
previous Chapter 9. Thereafter this expression was used to formulate a
design algorithm for the mapping matrix. The purpose of the design was
to yield mapping errors resulting in minimized DOA estimate MSE.
It was found that the strategy for the MSE minimizing design should

be to rotate the (entire) mapped observation space into an optimal di-
rection relative to the gradient, gv, of the DOA estimator cost function
derivative. This optimal direction was found to depend on SNR: Presum-
ing MUSIC or WSF, for high SNR values the gradient should lie in the
mapped noise subspace, and for low SNRs in the mapped signal subspace.
The structure of the constructed algorithm is such that it lends itself

well to least squares solution techniques.
In the next chapter simulations will be used to verify both the an-

alytical expression (9.16) for mapped MSE, and the MSE minimizing
performance of mapping matrices constructed according to the proposed
algorithm (10.18). In Chapter 14 supporting field trial data will be ana-
lyzed.





Chapter 11

MSE Simulations

11.1 Introduction

In this chapter the derived expressions (9.16) for mapped DOA estimate
MSE, and the performance of the design algorithm (10.18) are supported
by simulations. It will be seen that by extending the earlier derived
bias-minimizing design into MSE minimizing, the DOA estimate RMSE
can be reduced an additional factor of up to 20 in the studied scenarios,
and also come very close to the Cramér-Rao bound CRB, a significant
improvement over the bias minimizing design, especially at medium and
low SNR. The simulations in this chapter start at a relatively high SNR,
60 dB. Also at this relatively high SNR the gain obtained by imposing
an optimal noise subspace rotation is clearly illustrated. Furthermore,
good agreement between the simulated and the analytically calculated
curves supports the derived expression (9.16) for DOA estimate MSE
under sector mapping.
At SNR 60 dB the consequences of reducing the virtual array dimen-

sion, i.e. mv, is also illustrated. Such dimension reduction may lead
to increase in the DOA estimate variance if certain conditions on the
mapping matrix are not met [And92a], [WF94]. In addition dimension
reduction may lead to increased bias following the reduced number of
degrees of freedom in the mapping matrix, T. However, in certain map-
ping scenarios where the set A(θ(c)) possesses strong linear dependence,
such as during the field tests analyzed in Chapters 13 and 14, dimension
reduction may be unavoidable. Therefore this case is also illustrated in
the present chapter.

127
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Thereafter the SNR is reduced to 0 and -10 dB where the total mapped
error ∆ev = ∆e

(det)
v + ∆e

(rand)
v (see (9.4) for a definition) is large due

to the increased ∆e(rand)v . Especially at SNR -10 dB the 1st order based
MSE minimizing theory becomes less accurate due to the omitted higher
order Taylor terms. To counter the increase in the total error ∆ev due
to the increased ∆e(rand)v , larger emphasis must be put on reducing the
magnitude of the deterministic mapping error ∆e(det)v in these low SNR
cases. As will be seen, this is done by a slight reduction in the weighting
constant kMSE .
Next the effect of varying the weighting factor µ (or here kMSE which

includes the second order derivatives V̈ ) is studied. It will be seen that
the choice of this weighting factor is not critical, but since it is a free
mapping parameter its setting can preferably be adjusted according to
the estimated SNR.
Mapped DOA estimate RMSE as a function of SNR is also illustrated.

Furthermore, to show the usefulness of the improved mapping scheme in
signal reconnaissance applications where the received emitter locations
are totally unknown, the width of the mapped sector is increased to 600.
Finally an example of mapped DOA RMSE as a function of sector

width is studied by simulations, and the two involved error mechanisms,
(i) linear dependence among the response vectors in A(θ(c)) (narrow sec-
tors), and (ii), large mapping errors ∆e(det)v (wide sectors), are discussed.
In general the simulations show that the proposed mapping design

(10.18) allows large variations in most of the above parameters. The sim-
ulations also show that if the free mapping parameter kMSE is properly
chosen according to estimated SNR, then the CRB of the unmapped DOA
estimate variance can almost be attained despite the 600 wide mapped
sector.

11.2 Near ambiguities, low SNR, and nu-
merical stability

The mapping parameters that are most important in the above context
are mapped sector width vs. array element separation. As a background
to the selection of mapping parameter values in the numerical examples
later in this chapter, some important relations between these parameters
are now restated.
Given that the other simulation parameters are held constant the
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following holds:

1. Larger sector widths decrease the linear dependence among the re-
sponse vectors in A(θ(c)). This allows full virtual array dimension
but also increases DOA estimate bias. Full virtual array dimension
helps to reduce bias and variance.

2. Smaller sector widths increase the linear dependence among the
response vectors in A(θ(c)). This may require dimension reduction
but also reduces bias. Reduced virtual array dimension impedes
bias reduction somewhat but may be unavoidable in some scenarios.

3. Larger (real) array element spacing reduces beam overlap and linear
dependence in A(θ(c)), but also increases bias and array ambigu-
ities. High SNR is required to cope with these ambiguities. This
case was used to illustrate bias suppression.

4. Smaller (real) array element spacing decreases bias and array am-
biguities. This also allows low SNR thanks to the reduced ambigu-
ities. But a smaller array also increases calibration beam overlap
and thus linear dependence among the response vectors in A(θ(c)),
which may enforce dimension reduction. The λ/4 spaced Adcock
array is a typical example.

5. Large sector widths combined with large element spacing increases
the mapping errors to a point where the first order Taylor analysis
no longer is valid.

Thus it is seen that in many cases the mechanisms that increase DOA
estimate bias also tend to make bias removal easier, a benign circle of
cause and effect. The above observations will govern the selection of
scenario parameters in the sequel. The specific setting of the simulation
parameters is further discussed below.

11.2.1 Selection of scenario parameters

In the simulations to follow the RMSE of the DOA estimates obtained
from a mapped circular array will be studied. The mapping will go from
an 8 element uniform circular array, (UCA) onto an 8 (or 3) element
λ/2 spaced linear array (ULA) where λ is the wavelength. The chosen
scenario is thus similar to the one used in Chapter 8 to which the reader
is referred for comparisons.
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In Chapter 8 bias suppression was studied, therefore SNR was chosen
high and the UCA was spaced at 4λ to highlight the systematic errors,
i.e. DOA estimate bias. In the present chapter it is presumed that DOA
estimate bias and standard deviation (due to finite sample effects and
noise) are of comparable sizes, therefore the UCA element separation is
reduced to 1λ which is combined with 600 mapped sector width. Signal
to noise ratio is chosen lower, down to -10 dB.
The previously used large element spacing 4λ generates many, but

due to the circular shape of the UCA, not fully developed ambiguities.
These near ambiguities cause no problem at high SNR but tend to get
excited and affect the result when measurement noise is stronger. At
SNR 0 and -10 dB these array ambiguities therefore need to be reduced,
hence, also for this reason the UCA element spacing is set to 1λ. As
a consequence the array beamwidth increases from 5.6o to 22.4o, a fact
that also increases the linear dependence in the set of calibration response
vectors. This effect is somewhat countered however by the widening of
the sector from 30o to 60o.

11.3 Simulation prerequisites

As in Chapter 8 both the real and the virtual arrays are confined to the
same plane with the phase centers symmetrically placed. A set of Ncal =
15 calibrated directions uniformly spread across a 60o wide azimuthal
sector is used. The virtual ULA is oriented broadside to the center of the
mapped sector, i.e. the ULA end-fire directions are avoided.
The mapping (interpolation) matrix, T, is constructed according to

the proposed algorithm (10.18). Furthermore it is assumed that the cali-
bration process is carried out at high SNR, i.e. the eigenvector mapping
errors ∆e(i)v needed in (10.18), were calculated without errors (and could
therefore in the simulations be replaced by the corresponding (normal-
ized) array response mapping errors). The real part operator in (10.18b)
is retained in all presented simulations.
Measurement noise is temporally and spatially white, Gaussian, and

circularly symmetric. N = 100 snapshots and 400 Monte Carlo runs
per azimuth are used to calculate the DOA means and variances. All
SNR values are referenced per antenna element. These are modelled as
isotropic, unity gain and non-polarized. The response vectors are scaled
to yield array power gains of m and mv respectively.
Furthermore, according to the argument in Section 8.2 theNcal second
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order derivatives V̈ (θ(i)) were replaced by their mean which was incorpo-
rated into the weighting constant µ to form the new weighting constant
kMSE . Across the 600 sector V̈ (θ

(i)) varies according to1 78 − 103 − 78
with maximum in the middle, i.e. ULA broadside, which means that re-
placing them by their mean slightly upweights the center calibration re-
sponse vectors (V̈ (θ(i)) appears in the denominator). In the least squares
solution for T the net effect of this is small however.
The value of the new weighting constant kMSE is one of the design

parameters. In the simulations it also includes the factor 4 in (10.18b),
and is given values between 0.95 and 0.99999.
As in Chapter 8 the (single) signal eigenvector, es, was first obtained

from an eigenvalue decomposition of the estimated (real) array output
data covariance matrix. Thereafter this signal eigenvector was mapped
by T and the orthogonal noise subspace needed for root MUSIC obtained
from a subsequent eigenvalue decomposition. This eigenvalue decompo-
sition also yielded estimates of the noise eigenvectors en,k as well as of
the eigenvalues λ1 and σ2 needed in (10.18c).
When obtaining the analytic MSE values, the deterministic mapping

error ∆e(det)v needed in (9.16) was calculated as TH ā(θ)− āv(θ), and the
noise subspace base vectors needed in the variance term from a singular
value decomposition performed on a(θ)aH(θ) + σ2I. Unless otherwise
noted, in the presented simulations the array response vectors, a(θ), were
considered analytically known.

11.4 MSE minimization at SNR 60 dB

To confirm the bias suppression performance of the proposed extended
design algorithm (10.18), we start by assuming large SNR, 60 dB, so that
the mapping errors ∆ev = ∆e

(det)
v + ∆e

(rand)
v are dominated by bias,

i.e. by ∆e(det)v . The total error ∆ev now becomes almost deterministic
which facilitates its rotation into precise orthogonality with the gradient,
i.e. fulfillment of the zero DOA error condition gv ⊥ ∆ev, (6.7). Since
∆ev is almost deterministic in this case, reducing its size becomes less
important and the main emphasis can instead be put into achieving the
orthogonality (6.7). This means that the weighting constant kMSE can
be chosen close to 1.

1These values presume that the used response vectors are normalized and that
mv = 8.
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Figure 11.1: RMSE of the (simulated) DOA estimates at SNR 60 dB when
the UCA is spaced 1λ and the ULA has full dimension, i.e. mv = 8.
The MSE-minimizing design (×-marked curve) shows up to 10 times
improvement relative to the bias minimizing design (diamond marked
curve), and up to 100 times relative to the manifold match design (upper
+ -marked curve).

Furthermore, due to the high SNR the design algorithm (10.18) now
essentially enforces the orthogonality gv ⊥ ∆e(det)v in the real part and
the third variance term (10.18c) is correspondingly downweighted.

Figure 11.1 shows DOA estimate RMSE for this case as a function of
azimuth across the mapped sector for full dimension of the virtual ULA,
i.e. mv = 8. Exploiting the high SNR, the weighting factor kMSE is
set at 0.99999. For the bias minimized DOA RMSE values also shown
in Figure 11.1 for reference (diamond marked curve), the (empirically
found) optimum weighting factor is k = 0.99 in this scenario.

It can be seen that the manifold matching design (+ -marked upper
curve) shows a conspicuous and varying bias. This bias is suppressed
about one power of ten by the bias minimizing design, but two powers
of ten by the MSE minimizing design (10.18), (× -marked curve). In the
latter curve most of the bias is removed so that DOA variance becomes
visible, this explains the smoother behavior of the × -marked curve.
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Figure 11.2: DOA estimate standard deviation curves corresponding to
Figure 11.1. A comparison shows that after bias removal mainly variance
remains in the DOA RMSE values. Note that the CRB (solid bottom
line) is not met.

A comparison with the corresponding standard deviation (STD) val-
ues in Figure 11.2 confirms that the (10.18) design has removed most
of the bias so that the remaining RMSE values in Figure 11.1 contain
mainly variance. In addition this variance is conspicuously attenuated,
hence at SNR 60 dB both the bias and the noise removal properties of
the (10.18) design are clearly visible.

The variance reduction specifically illustrates the effect of rotating the
noise subspace of the total observation space into an optimal direction rel-
ative to the gradient gv. This is the main feature of the MSE-minimizing
design as compared to pure bias minimizing.

In Figure 11.1 it is also seen that the analytic expression (9.16) is fairly
accurate, despite its 1st order derivation (dotted curve). This accuracy
is advocated by the small random component ∆e(rand)v in ∆ev.

Also note that the CRB (solid bottom line in both figures) is not
attained. Lack of knowledge of the true DOA (the 600 sector compromise
involved in (10.18)) plus the non-negligible deterministic errors, are the
most plausible explanations.
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11.4.1 Effect of dimension reduction

In Figure 11.3 all parameters from Figure 11.1 are retained but dimen-
sion reduction from mv = 8 to mv = 3 is introduced. As can be seen by
comparing with the corresponding plots in Figure 11.1, this dimension
reduction, i.e. reduction in the number of elements in T from 64 to 24,
results in a slight deterioration in the RMSE suppression performance of
both the bias minimizing (diamond marked curve), and the MSE mini-
mizing (×-marked curve) designs. A comparison with the corresponding
STD curves (not shown) reveals that this deterioration is mainly due to
DOA estimate variance increase.
According to the results in [And92a] and [WF94] (see also Section

12.6.3), certain requirements on the range space ofTmust be met in order
to avoid DOA estimate variance increase under dimension reduction. All
response vectors a(θ(i)) in the sector, as well as their derivatives w.r.t. θ,
must be included in the range space of T. With only 24 matrix elements
instead of 64 and in addition unknown DOA, in the simulated case this
requirement is no longer fully met.
This drawback of dimension reduction must be accepted in cases with

strong linear dependence in the calibration response vector set A(θ(c)).
The analysis of field trial data from the λ/4 spaced Adcock array in the
subsequent Chapters 13 and 14 is a typical example. Dimension reduction
may also be needed to increase signal processing speed.

11.5 MSE minimization at SNR 0 dB

Next we want to evaluate the MSE-minimizing design (10.18) at low
SNR where the deterministic error ∆e(det)v in the total mapping error
∆ev = ∆e

(det)
v +∆e

(rand)
v no longer dominates. This sum was defined in

(6.5) and should be kept small for the first order analysis to hold. Hence
if SNR is reduced, an interesting question is at what SNR the total error
(through the increase in ∆e(rand)v ) becomes too large for the first order
design (10.18) to perform well.
This SNR limit depends on the chosen scenario and is best studied by

simulations. Repeated such simulations by the author have shown SNR
= -10 dB to be the lower practical SNR limit for the scenario chosen here
if the 1st order based design (10.18) is to be used. However, measures
must be taken to limit the rather large mapping errors (due to the noise).
This is done by reducing the weighting constant kMSE , from 0.99999 at
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Figure 11.3: When the dimension of the virtual array is reduced from 8
to 3 the number of elements (degrees of freedom) in the resulting map-
ping matrix T is no longer sufficient to fully carry all three properties
(i), good manifold match, (ii), gradient orthogonality, and (iii), opti-
mal noise subspace rotation. This results in degraded MSE suppression
performance.

SNR 60 dB, down to 0.99 at SNR 0 dB and 0.95 at SNR −10 dB, thus
putting successively more emphasis on the first signal subspace matching
term (10.18a) in the design algorithm for the mapping matrix.
The performance of (10.18) at SNR 0 dB will first be illustrated,

see Figure 11.4. The DOA RMSE reduction performance of the MSE-
minimizing design (10.18) (relative to the manifold match design) is ap-
proximately a factor of 10− 20. Note that the CRB (solid straight line)
is almost attained, something that again clearly illustrates the effect of
rotating the noise subspace of the measurement space into an optimal
direction relative to the gradient, gv.
The pure bias minimizing design fails at this SNR and is not plotted.

This is expected since in the derivation of this design, measurement noise
was entirely neglected.
The analytic RMSE values (lower dotted line) were calculated ac-

cording to the 1st order (9.16) expression, and, as seen, fall below the
CRB line. This is explained by the higher order terms missing in this
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Figure 11.4: The mapped DOA estimate RMSE performance of the MSE-
minimizing (10.18) design (× -marked curve) when SNR is reduced to 0
dB. The pure bias minimizing design fails at this SNR and is not plotted.
Note that the CRB (solid straight line) is almost attained.

first order expression. These higher order terms are needed to fully de-
scribe the effect of the rather large total errors ∆ev caused by the strong
measurement noise in this case.

11.6 MSE minimization at SNR -10 dB

If the SNR is further reduced the signal subspace mapping errors ∆ev =
∆e

(det)
v +∆e

(rand)
v become still larger (through increased ∆e(rand)v ). As

a consequence the 1st order analytic MSE expression (9.16), as well as
the 1st order based design algorithm (10.18), loose accuracy. Hence, not
surprisingly, more emphasis must be put into reducing the magnitude of
the total signal subspace mapping error ∆ev. Hence in the simulation
displayed in Figure 11.5 the weighting factor kMSE has been further
reduced from 0.99 to 0.95.
As can be seen, this measure is not quite sufficient, the total errors

∆ev at this low SNR still become too large for the (first order based)
design algorithm (10.18) to work properly at all azimuths. Thus, at least
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Figure 11.5: At SNR -10 dB the total mapping errors ∆ev = ∆e
(det)
v +

∆e
(rand)
v become too large for the first order based mapping design to

work properly. This is seen both in the behavior of the MSE minimized
values (×-marked curve) and in the still larger difference to the (solid)
CRB line of the analytically calculated RMSE values (lower dotted line).

in this mapping scenario, −10 dB can be regarded as the lower workable
SNR limit. This should be compared to the corresponding lower SNR
limit +10 dB for the previously derived bias minimizing design (where
measurement noise was totally neglected in the derivation), see Section
8.3.4.

The resulting 20 dB improvement in handling low SNRs is attributed
to the introduction of the additional property in the mapping matrix,
T, namely to rotate the noise subspace of the measurement space into a
much better direction relative to the gradient gv.

Finally, also in this case the analytically calculated RMSE values fall
below the unmapped CRB line. Due to the still larger errors ∆ev, and
the resulting still larger (but truncated) higher order terms, the difference
to the CRB is still larger in this case.
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11.7 Dependence on the weighting factor

The weighting factor kMSE (or µ as it appears in the design algorithm
(10.18)) balances between small signal eigenvector mapping errors∆e(det)v

on one hand, and the DOA MSE minimizing properties in T on the other.
The value kMSE = 0 yields the conventional manifold match solutions
(5.1) or (5.2), whereas kMSE close to (but less than) 1 advocates DOA
MSE minimization. As seen in the previous section, a high SNR with an
almost deterministic ∆ev, can be exploited by choosing kMSE very close
to 1 (the value 0.99999 was used at SNR 60 dB), but when the SNR is
lower, and the total mapping errors ∆ev = ∆e

(det)
v +∆e

(rand)
v therefore

larger, kMSE must be chosen smaller to reduce the magnitude of ∆e
(det)
v

through increasing the weighting of the first term (10.18a) in the design
algorithm. Hence the optimum value of kMSE is a function of SNR.
However, for a given mapping scenario with a fixed SNR, the sensitiv-

ity of the proposed mapping design (10.18) to variations in kMSE is also
of interest. Therefore, Figures 11.6 and 11.7 are included in this section
to show mapped DOA RMSE as a function of kMSE for two different
SNRs, 60 dB and 10 dB.
To get a single representative DOA RMSE value for the 600 wide

sector and a given kMSE , all RMSE values at a 20 spaced grid between
−280 and +280 across the sector were calculated. Thereafter the arith-
metic mean was formed and plotted along the vertical axis. Further-
more, to more clearly display the effect of kMSE values very close to
1, the parameter kMSE,exp is plotted along the horizontal axis, where
kMSE = 1− 10−kMSE,exp .
Figure 11.6 shows a high SNR case, 60 dB, and should be compared to

Figure 11.1. It is seen that when the SNR allows kMSE values in excess
of 0.99 then the MSE minimizing design begins to outperform the bias
minimizing design. Below 0.99 the value of kMSE is not critical.
The corresponding curves for SNR 10 dB are shown in Figure 11.7.

At this SNR, the errors ∆e(rand)v are larger and hence more emphasis
must be put on reducing the magnitude of ∆e(det)v . Therefore only kMSE

values up to 1− 10−4 are plotted in this case. It is also seen that for the
600 wide mapped sector combined with the lower SNR 10 dB, the pure
bias minimizing design fails. For the MSE minimizing design, also at this
SNR the precise value of kMSE is not critical although it should be kept
below 1− 10−3.5.
A comparison with Figure 11.6 shows that at SNR 60 dB a kMSE
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Figure 11.6: Mapped DOA estimate RMSE as a function of the weighting
constant kMSE . To better illustrate the RMSE behavior near kMSE = 1,
the exponent kMSE,exp is plotted along the x-axis, where kMSE = 1 −
10−kMSE,exp . Both the signal- and design SNR are set at 60 dB.

value much closer to 1 can be used.

11.8 Dependence on SNR

Next the performance of the proposed design algorithm (10.18) is verified
as a function of signal SNR. As before, the UCA has 1λ element spacing,
the virtual ULA has 8 elements, and the mapped sector is still 600 wide.
Since normally the prevailing signal SNR can be estimated, it is reason-
able to set the design SNR equal to signal SNR, the normal way to use
the (10.18) algorithm. This will therefore be done in the sequel but the
performance of (10.18) will also be illustrated when design SNR is held
fixed.
The weighting constant kMSE (or µ as it is denoted in (10.18) when V̈

is not included) is a free design parameter, therefore it is also reasonable
to take the estimated signal SNR into account when setting kMSE . This
means that for lower signal SNRs, typically below 20 dB where ∆e(rand)v

is larger, kMSE would be chosen slightly smaller to reduce the other



140 11 MSE Simulations

0 0.5 1 1.5 2 2.5 3 3.5 4

10-1

100

101

102

k MSE exponent

R
M

S
E

 (d
eg

)

SNR = 10 dB
k = kMSE

Sim. man. match RMSE
Sim. bias min. RMSE
Sim. MSE min RMSE
Unmapped UCA CRB

Figure 11.7: At the lower SNR 10 dB larger kMSE values than 1−10−3.5
cannot be used. The pure bias minimization design does not work at all
at this SNR.

component of the total MSE, namely ∆e(det)v . On the other hand, at
high SNRs, 40 dB and up, where ∆e(rand)v is small, a larger ∆e(det)v can
be tolerated. Hence for such SNRs kMSE can be chosen closer to 1 to
maximally emphasize MSE minimizing.
The simulations to follow will first show a mapping case where kMSE

is fixed at a relatively low value, 0.995. Hence good performance for low
SNRs is expected. Thereafter kMSE will be stepwize increased according
to the SNR to (at least coarsely) exploit the knowledge of this parameter.
Thus Figures 11.8 and 11.9 show the DOA estimate RMSE and DOA

estimate standard deviation (STD) respectively, as a function of SNR
when the weighting constant kMSE is fixed at 0.995.
As expected from a comparison with Figure 11.4 the DOA RMSE

attains the CRB in the vicinity of SNR 0 dB. Furthermore, above SNR
60 dB the bias minimized curve (diamond markings) and the MSE mini-
mized curve (× -markings) merge. This is also expected since the weight-
ing factors (k and kMSE) are equal, so for large SNRs the two designs
become identical.
For still higher SNRs the bias reduction properties of both these de-

signs relative to the conventional manifold match design (+ -markings)
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Figure 11.8: DOA RMSE as a function of SNR for the three designs
manifold match (+ -markings), bias minimized (diamond markings), and
MSE minimized (× -markings). Due to large random errors ∆e(rand)v , at
low SNRs the (first order based) analytically calculated (dotted) curve is
less accurate. Note that the bias- and MSE minimized curves merge at
high SNRs.

are prominent, the RMSE (i.e. mainly bias) is reduced at least 200 times.
Furthermore, in the —10 to +40 dB SNR range the MSE minimized design
clearly outperforms the other two.
From the corresponding Figure 11.9 the superior DOA variance re-

duction of the MSE minimizing design is obvious, also relative to the +
-marked manifold matching2 curve. The variance of the estimates of the
proposed design (10.18) comes much closer to the CRB.
From Figure 11.9 it is also clear that the leveling out of the RMSE

values in Figure 11.8 towards high SNRs for both the bias- and MSE
minimizing designs is due to remaining DOA bias.
Since the signal SNR can be estimated in real time, the ’SNR range

of best performance’ can easily be extended by adjusting the weighting

2This indicates that the mere matching of the two array manifolds (or array signal
subspaces) does not guarantee an optimal orientation of the noise subspace (of the
observation space) relative to the gradient gv of the virtual array. I.e. array manifold
matching does not guarantee minimum (1st order) DOA estimate variance.
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Figure 11.9: The DOA standard deviation values corresponding to Figure
11.8. For high SNRs the bias- and MSE-minimizing designs both more
and more minimize bias. As far as DOA estimate STD, the manifold
matching design therefore performs better at high SNRs.

factor. This is done in the simulations behind Figure 11.10 where k =
kMSE = 0.995 is used up to SNR 10 dB, thereafter k = kMSE = 0.999
up to 35 dB, and, to illustrate the properties of the two designs at high
SNR values (especially how they merge), k = kMSE = 0.99999 up to 120
dB.

A comparison with Figure 11.8 (where k = kMSE = 0.995 all the
way) shows that this results in improved performance for the highest
SNRs: Relative to the manifold match design, here the DOA RMSE is
suppressed more than 1000 times.

Finally, the dotted curve in Figures 11.4 and 11.10 shows the ana-
lytically calculated RMSE values, using the first order (9.16) model. As
already noted this model is less accurate below SNR 0 dB due to large
errors ∆e(rand)v . It is also observed (where kMSE is stepped) that for
a given SNR the accuracy of the first order analytical expression (9.16)
deteriorates if kMSE is increased. This illustrates the effect of putting
less emphasis on the first signal subspace matching term (10.18a): Larger
magnitude in ∆e(det)v deteriorates the accuracy of the first order model
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Figure 11.10: Mapped DOA estimate RMSE as function of signal SNR.
The weighting constant kMSE is set at 0.995 below SNR 10 dB, at 0.99999
above 35 dB, and at 0.999 in between. The changes in kMSE are visible
as steps in the analytically calculated (dotted) curve.

(but does not necessarily increase the resulting DOA RMSE).
Correspondingly, it is also seen in Figure 11.10 that for a fixed kMSE ,

the deviation in the analytical RMSE from the simulated values becomes
smaller for increased SNR, i.e. for decreased ∆e(rand)v in the total error
∆ev. This also mirrors the limitations of the first order model (9.16).

11.9 Dependence on errors in the design SNR

To study the sensitivity of the proposed MSE minimizing design (10.18)
to errors in the chosen design SNR in (10.18c), we now keep this design
SNR fixed at 10 dB and vary only the signal SNR. This means a deviation
from the (10.18) design where it is presumed that design SNR equals
signal SNR. For high signal SNRs the variance term (10.18c) now becomes
upweighted relative to the bias minimizing term (10.18b), hence DOA
bias suppression at high SNRs will be impeded.
The overall effect of this deviation from algorithm (10.18) is visible

by comparing Figures 11.11 and 11.8. As can be seen, within the -5 to
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Figure 11.11: When the design SNR is fixed at 10 dB the performance of
the MSE minimizing mapping design (10.18) is only marginally affected
for limited SNRs. At higher SNRs the deterioration is more profound.

+ 40 dB signal SNR range, the effect is not dramatic, thus indicating a
certain robustness in the proposed algorithm (10.18) to the design SNR
parameter.
Also note that despite the fixed design SNR, the CRB of the variance

of the unmapped DOA estimates (slant solid line in Figure 11.11) is
almost attained within the fairly large signal SNR window 0 to 20 dB.

11.10 Dependence on sector width

Normally mapped sector width is a free design parameter that can be
chosen in real time, based on the expected bearings of the impinging
emitters and the associated uncertainty. Mapped sector width can then
be chosen more or less optimally, i.e. not too wide (which would cause
large derministic mapping errors∆e(det)v ), and not too narrow (which, due
to calibration beam overlap, would generate strong linear dependence in
the set A(θ(c)) of construction response vectors).
In order to assess these mechanisms, the effect of sector width on the

performance of the (10.18) design will now be illustrated with a simulated
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Figure 11.12: Mapped DOA estimate RMSE as function of sector width
for the manifold match design (+ -marked curve), the bias minimizing
design (diamond marked curve), and the MSE-minimizing design (× -
marked curve). The dotted curve shows the analytically calculed RMSE
values.

example. Thus in Figure 11.12 the sector width is stepped from 100 up
to 1300, and for each sector width the arithmetic mean of 17 DOA RMSE
values, calculated at 17 evenly spread azimuths across the chosen sector,
is plotted on the y-axis. The chosen weighting constants are kMSE =
0.997 and k = 0.995. Both the signal- and design SNR are set to 10 dB.
Note that at least two different error mechanisms are now anticipated

to be visible in the resulting mapped DOA estimates. First, since the
lower limit 100 < 22.50 (where 22.50 is the array beamwidth at the used
1λ UCA element separation), strong beam overlap, and consequently also
linear dependence in the setA(θ(c)) of design response vectors can render
the least squares solution for the mapping matrix T numerically sensitive
in the left part of the plotted curves.
As seen in Figure 11.12 for narrow sector widths, the MSE minimizing

design (10.18) (× -marked curve) is more robust to this linear dependence
than both the manifold match (+ -marked curve) and the bias minimizing
(diamond marked) designs. This is attributed to the added variance terms
(10.18c), which add more equations to the linear system of equations that
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has to be solved to obtain T from (10.18).

The second error mechanism in Figure 11.12 occurs at wide sector
widths. Due to pure geometrical reasons the mapping errors ∆ev now
cannot be prevented from increasing to levels where the first order Taylor
expansion (6.2) no longer holds, which renders the (10.18) algorithm less
accurate. This explains the increase in all the four plotted curves in
Figure 11.12 towards large sector widths. It also explains the increasing
discrepancy to the simulated MSE minimized values of the analytically
calculated (dotted) curve.

For both the manifold match- and the bias minimizing designs it is
seen that in between the above mentioned two error mechanisms there
is a window of best sector widths. Furthermore, the MSE-minimizing
(10.18) design achieves DOA estimate RMSE values that are close to the
unmapped CRB level (solid straight curve).

Finally, Figure 11.12 shows that in a typical signal reconnaissance
scenario, the proposed MSE minimizing mapping design (10.18) can be
used across a wide range of sector widths, much wider than for the other
two designs.

11.11 Dependence on other parameters

Real array inter-element spacing is a another mapping parameter, al-
though in a typical signal reconnaissance application it cannot be ad-
justed in real time. It is easy to see through simulations however that
increased antenna element spacing has at least two detrimental effects,
(i) array response ambiguities, in the ULA case if the separation exceeds
λ/2, and (ii) increased (deterministic) mapping errors, i.e. increased
mapped DOA estimate bias.

However, as discussed in Section 5.5.2, increased array element spac-
ing also has the (positive) effect of reducing beam overlap and thus linear
dependence among the calibration response vectors in A(θ(c)). Hence,
if the increased bias can be handled, e.g. by using the proposed (10.18)
mapping design, better DOA estimate accuracy for a given number of
receiver channels becomes possible.

These and other issues related to the analysis of field trial data later
in this thesis are further discussed in the next chapter, see Section 12.6.
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11.12 Chapter conclusions
As an extension to the earlier developed bias minimizing theory, in the
three latest chapters we analyzed both the deterministic and the ran-
dom DOA estimation errors that arise from general array pre-processing,
specifically sector array mapping (interpolation). Via a Taylor expansion
of the derivative of the DOA estimator cost function, its gradient along
the signal eigenvectors was identified as a tool by which not only de-
terministic, but also the combination of deterministic and random DOA
errors (MSE = bias2 + variance) could be analytically described and
minimized. The action of the gradient was illustrated in Figure 10.1.
Based on these theoretical findings analytic expressions, not only for

DOA estimate bias under mapping, but also for DOA estimate variance
and MSE were derived. Furthermore the design algorithm (10.18) was
proposed yielding mapping matrices that rotate the entire mapped obser-
vation space into a more optimal direction relative to the gradient, thus
resulting in minimized DOA MSE.
In the present chapter the earlier derived expressions for DOA bias,

DOA error variance and DOA MSE, were supported by simulations. In
addition, the operation of the proposed design algorithm (10.18) was illus-
trated and confirmed by constructing MSE minimizing mapping matrices
with superior performance relative to the earlier designs. A DOA MSE
reduction of 10-20 times at SNR 0 dB was demonstrated for a UCA-ULA
mapping case of relevance for signal surveillance. DOA estimate RMSE
values close to the Cramér-Rao bound of the unmapped array were also
demonstrated.
The simulations also showed that the selection of the design SNR

value for the variance terms in algorithm (10.18), as well as mapped
sector width, are not critical.
Finally, in relation to the earlier described pure bias minimizing de-

signs (7.6), (7.9), (7.10) and (7.11), by adding the variance terms to the
design criterion for the mapping matrix, a much larger robustness in low
and moderate SNR scenarios was achieved. The lower SNR limit 10 dB
for the bias minimizing design was extended downwards to - 10 dB, a 20
dB improvement.
In Chapter 14 the MSE minimizing design will be supported by ex-

perimental data (obtained from field trials where no analytical expression
a(θ) for the array response was available).





Chapter 12

Sector Filtering &
Optimal Mapping
Parameters

12.1 Introduction

This chapter is intended as a prelude to the analysis of field trial data from
the SESAM HF direction finding system in the subsequent Chapters 13
and 14. Hence the current chapter does not present any new results but
instead addresses some problems that must be solved before applying the
developed bias- and MSE-minimizing algorithms to measured data from
practical DF systems, especially DF systems at HF with Adcock antenna
arrays where the antenna element separation is only λ/4. Countering
the often difficult interference situation at HF is the first problem to be
treated. Selection of an optimal combination of mapping parameters,
given the constraint of the resulting wide Adcock array beamwidth, the
second.
By adding spatial filtering, the normal frequency filtering in a DF re-

ceiver can be backed up to ensure single emitter measurements also during
propagation conditions when signal congestion is high. (Note that intra-
channel interference is disastrous to the classical Adcock/Watson-Watt
methods of direction finding, and impedes the bias- and MSE minimizing
principles developed in the previous chapters).
Many schemes of classical sum and delay beamforming have been

149
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described in the literature but herein it is suggested to exploit the circular
array geometry and use phase mode analysis to achieve null-steering as
a means of interference rejection. A case of relevance for the analysis of
field trial data in Chapters 13 and 14 will be discussed and illustrated by
simulations.
The principal possibility of designing the spatial filtering property

directly into the mapping matrix will also be discussed, but as far as
the SESAM system is concerned, it will be shown that the available 8
antenna elements are too few to take advantage of this possibility.
Concerning the second problem, it will be seen that the issue of op-

timal combination of sector mapping parameters for electrically small
arrays is a question of best compromise in the number of real and vir-
tual array elements, i.e. degrees of freedom in the transformation matrix,
T, combined with a best selection of mapped sector width. Ideally the
matrix T should also be full (i.e. no dimension reduction) to allow ef-
fective bias and MSE- minimization. But this dimension reduction may
be necessary since with the λ/4 element separation much linear depen-
dence prevails in the set of calibration response vectors. Generally, this
linear dependence cannot be avoided if the real array is small and the
calibration beams therefore are wide and overlapping.

12.2 Signal surveillance and spatial filtering

In the congested HF band interference from unwanted transmitters and
ionospheric multipath are very common. Such interference can severely
impede not only direction finding (DF) but also other signal analysis such
as automatic modulation classification. The traditional way of separating
HF signals is via frequency selectivity but it is obvious that adding spatial
selectivity, i.e. the ability to suppress signals from not wanted directions,
would improve the performance of most DF systems at HF.
Traditional DF systems use the Figure 1.2 Adcock array which is

small compared to wavelength (element spacing ≤ λ/4), resulting in
beamwidths of approximately 900 for an 8 element array. The traditional
Adcock/Watson-Watt signal processing does not provide an option for
the needed spatial selectivity.
For proper sector mapping we need to suppress all signals arriving

from outside the sector. The bias- and MSE-minimizing techniques de-
veloped earlier in this thesis require one-dimensional signal subspaces,
hence for proper sector mapping with bias- or MSE-minimization, we in
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addition need to secure a one-emitter situation inside the mapped sector.
Finally, estimators such as MUSIC are sensitive to coherent out of sector
interference [CLL02] when estimating a DOA inside the sector.

12.2.1 Available strategies

We now turn to the previously developed bias- and MSE-minimizing tech-
niques. To prevent interference from affecting the signal eigenvector of
the wanted signal, there are three basic strategies:

1. Attenuate the power of all interference by shaping the antenna el-
ement gain pattern,

2. Attenuate the power of all interference by shaping the array gain
pattern,

3. Add to the mapping matrix the additional property of attenuating
out of sector signals,

4. Estimate the covariance matrix of noise plus jammers and pre-
whiten.

Here strategies 2 and 3 are closely related.
Strategy 1 is obvious and for HF direction finding often used in the

vertical plane. A typical example is attenuation of near vertical incidence
signals in the lower part of the HF band. Such signals often reach the DF
site simultaneously via ground wave propagation, resulting in destructive
interference between the ground- and sky waves (Figure 2.5, dashed sig-
nal path). Using antenna elements with reduced gain for high incidence
signals (GP antennas) can mitigate this problem.
Strategy 2 amounts to beamforming and is illustrated in Figure 12.1:

By (i) matching the width of the main beam to the width of the mapped
sector, (ii) steering the main beam towards the center of this sector, and
(iii) simultaneously put array nulls at the DOAs of the jammers, the
wanted signals (in the main beam) and the jammers will fall into orthog-
onal directions in the signal subspace. The eigenvector of the wanted
signal is then unaffected by the jammers and can be used for DOA esti-
mation (of the wanted signal).
Strategy 3 implies imposing an additional property into the mapping

matrix T (see Section 12.5 for a further discussion). Given a certain
number of degrees of freedom inT, this means that the new property must
compete with the other properties being imposed on T, such as gradient
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Figure 12.1: A beam that is matched to the mapped sector, in this case£−300, 300¤ and in addition nulls the jammers.
orthogonality to reduce mapped DOA estimate bias, and noise subspace
rotation to reduce mapped DOA MSE. For an array of limited size with
few antenna elements this can impede all the imposed properties. This
strategy also means that the calibrated sector has to be much larger since
it must now include not only the mapped sector, but also the stopbands,
i.e. in practice 3600.
Strategy 4 was mentioned in Section 8.3.7 and is illustrated in Figure

8.9. The problem here is to estimate the covariance matrix Σ of the noise
plus interference. Beamforming can help here by putting a null at the
wanted signal. When an estimate Σ̂ of Σ is available, the output data
x(t) from the array is pre-multiplied by Σ̂−

1
2 . This action will spread

out the noise plus interference equally across all bearings (spatial pre-
whitening), i.e. we are left with the wanted signal and spatially white
noise.
This is easily seen from

Rtotal = a (θ) pa
H (θ) + a (θj) pja

H (θj) + σ2I,| {z }
Σ

(12.1)

where p is the (expected) signal power and index j represents the jammer.



12.3 General beamforming methods 153

12.3 General beamforming methods

Strategy 1 can be accomplished by constructing the antenna elements
properly, but Strategies 2 and 3 require that beamforming is applied to
the array. This amounts to introducing a vector w of complex weights
[w1 ... wm]

T in the output of the array before the covariance matrix R
is formed. A non-trivial problem however is to determine the m complex
weights [w1 ... wm]

T .

There exists a rather extensive literature on the topic of beamforming:
[VB88], [Mai94], [Bal97], [DP98], [Van02]. Many methods use target
intervals for the final beam shape and various iterative procedures for
determining the weights.

The method introduced by [Sch43] is suitable for designing beam
patterns possessing nulls in desired directions. The Fourier transform
method [BC50], and the [Woo46], [WL48] methods, are suitable for syn-
thesizing the entire beam shape. General beamforming is also treated in
[Kra88] and (including the special case of circular arrays), in [Mai94] and
[DP98].

A narrow beam steered towards the wanted signal can be used to spa-
tially filter away the interfering signals. Beamforming with this goal are
the binomial method, and Dolf-Chebyshev methods [Bal97]. Relatively
large apertures in terms of wavelength are needed however.

A narrow null can be steered to reject the wanted signal and this way
facilitate the estimation of the covariance matrix of the jammers plus
noise. With small arrays nulls are easier to generate than narrow main
beams.

An interesting method of adaptive beamforming with the property of
adapting to radar receiver interference that is non-stationary within the
coherent processing time interval (i.e. over the doppler processing time)
was suggested in [FGT04]. This method is designed and tested against
fast varying HF interference in an Over-The-Horizon (OTH) radar and
avoids the temporal decorrelation of radar clutter due to the rapidly
changing spatial weight vector. Although designed for a radar application
where the received signal is known, this method may perhaps be modified
to work also against unknown signals.
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12.4 Phase mode techniques

Phase mode analysis was introduced in Section 4.2 as a means of trans-
forming the UCA output to resemble the output of a ULA, i.e. to result
in a sample data covariance matrix of Vandermonde structure. The phase
modes, see (4.1), can be seen as the result of a Digital Fourier Transform
(DFT) performed on the output from the UCA, hence these modes are
orthogonal and therefore have no mutual coupling.
In the phase mode domain beam- and null-steering for a uniform

circular array are accomplished with the same techniques as for a uniform
linear array. Hence, beam steering (and null-steering) is done by applying
phase shifts that vary linearly along the element outputs. An example of
relevance for signal surveillance at HF using sector mapping, is seen in
Figure 12.2.
For an m = 8 element, λ/2 spaced UCA, it is possible to generate

m+1 = 9 phase modes [Mai94], [DP98]. A weighted sum of these modes
is plotted as the outer solid curve in Figure 12.2. The weights in this
case are

£
1
4
1
3
1
2
1
1
1
1
1
1
1
2
1
3
1
4

¤
, and in addition a linear phase vector with the

phase increment π/16 is applied, a simple way of beam steering just as
for a linear array.
Furthermore, two consecutive phase modes when summed always pro-

duce a single null, see Figure 12.2. The direction of this null is set by
the phase difference between the modes, i.e. the array pattern nulls can
be steered using the same steering vector as for the main beam. As seen
from Figure 12.2, by including all, or just some of the phase modes, not
only the directions of the main beam and nulls can be controlled but
also their widths. Thus, for a uniform circular array the natural way to
achieve beamforming is to first transform into the phase mode domain.
The classical way of transforming from element space to phase mode

space is to use a Butler matrix. At HF however, digital techniques can
readily produce the resulting DFT.
For circular arrays the phase mode technique is an attractive way

of suppressing signals that impinge from outside a certain wanted sec-
tor. When the UCA is used overspaced however (element spacing much
larger than λ/2), too many phase modes are supported which results in
aliasing and rippled lobes. The same limitation as for the earlier (Section
4.2.1) discussed transformation of the response vectors into Vandermonde
structure applies, i.e. m > 2Mmax, where M was defined in (4.1).
However, exceeding the λ/2 element spacing limit merely results in

increasing sidelobes in Figure 12.2. If only one jammer is present and
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8 element UCA phase mode beamforming

UCA array
Sum 0+1
Sum 1+2
Sum 2+3
Sum of all modes

Figure 12.2: In the phase mode domain, applying linearly increasing
phase shifts to the UCA outputs results in beam (null) steering. Here
the increment is π/16 radians. The radial scale is linear.

null steering is used, some sidelobe increase may be allowed and thus
also some overspacing.
Another problem is the allowed amount of deviation from the UCA

geometry if phase mode based beamforming is to be used. This issue will
not be treated in the present thesis however.

12.4.1 Phase mode simulations

To support and illustrate the above argument in a scenario relevant to
HF signal surveillance and sector array mapping, the null-steering case in
Figure 12.3 was simulated. The UCA has 8 elements spaced λ/4 which
corresponds to the Adcock array used for collecting the field test data
analyzed in the next two chapters.
Signal SNR is high (120 dB) to highlight beam shape and geometry,

with one fixed emitter at azimuth 00 and a jammer of equal strength
sweeping from −900 to 900.
The upper (solid) curve shows the shape of the beam when steered
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Figure 12.3: The upper curves show beams without (solid curve) and
with (dashed curve) the linear phase vector applied. Middle and lower
curves show the relative magnitudes of the corresponding two eigenvalues
in the signal subspace.

towards the wanted emitter at 00. The two curves in the middle diagram
show the sizes of the two eigenvalues in the (two-dimensional) signal
subspace as a function of azimuth of the jammer. When the jammer
passes through the azimuth of the wanted signal at 00 the signal subspace
dimension collapses to 1 and the second eigenvalue (dotted curve) is zero.
Both signals are now inside the same (one-dimensional) subspace, the
eigenvalue of which (solid curve) therefore reaches maximum.
On the other hand, when the jammer passes through nulls in the

beam, such at −350 in Figure 12.3, the two eigenvalues become equal,
indicating a complete separation of the two emitters into orthogonal sig-
nal subspace dimensions. The projection of the jammer’s response vector
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onto that of the wanted signal is zero, hence the response vectors are
orthogonal and the eigenvalues reflect the original signal powers. Thus
nulling out in beam-space corresponds to orthogonalization in signal sub-
space.
Suppose a fixed jammer at −100. To reject this jammer the beam

should be moved to put a null precisely at −100. In the simulations be-
hind Figure 12.3 this was done by first applying a DFT on the array data
output, thereby extracting the phase modes. These were then linearly
phase shifted, i.e. with a fixed phase increment along the phase modes.
Thereafter an inverse DFT was applied and the data covariance matrix
formed. As can be seen in the lower curves the equalization of eigenval-
ues, i.e. orthogonalization of the two response vectors, now occur at the
azimuth of the jammer. The latter can now easily be separated out of
the DOA estimation process.

12.5 Designing spatial filtering into T

Since we already have introduced array mapping as a special case of gen-
eral array pre-processing, an interesting question is if the property of
spatial filtering can be designed directly into the mapping matrix, T.
Note that if so, this property would have to compete with the other
properties, (i), manifold match (small mapping errors), (ii), gradient or-
thogonality (low DOA estimate bias), and, (iii), noise subspace rotation
(low DOA estimate MSE), for the available degrees of freedom in T. To
harbour all these properties simultaneously, obviously the mapping ma-
trix needs a certain minimum number of degrees of freedom. How many,
thus becomes another interesting question.
To give the mapping matrix T the two simultaneous properties of

manifold match and spatial filtering, T can be designed as

Tfilt = argmin
T
kTHA(θ(c))−Av(θ

(c))W(θ(c))k2F , (12.2)

whereW(θ(c)) is a diagonalNcal×Ncal matrix with the spatial amplitude
weightings along the diagonal, i.e. the virtual array is given restrictions
as to its spatial response. Note that the sequence θ(c) of calibration
directions now must extend all around the DF array, and not just cover
the mapped sector.
This problem has been treated in [CLL02] and [LCL04] where dif-

ferent shapes for the weighting sequence are discussed. As expected,
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abrupt changes in the values of the weights should be avoided since large
mapping errors would otherwise be generated in the transition regions.
Instead Gaussian or cosine on a pedestal are recommended in [CLL02]
and [LCL04] for the shape of the weighting curve.
In [PGL02] the problem is reformulated into minimizing the mapping

error under the constraint of keeping the out of sector response below a
given level. An efficient numerical solution method is also given (second
order cone programming) which utilizes commercially available software.
More than 30 dB of out of sector (power) attenuation is demonstrated

in [LCL04], however the used UCA had to be large (30 elements), and
dense (λ/3 element separation). The virtual ULA had 11 elements yield-
ing 30× 11 = 330 mapping matrix elements. Repeated simulations (not
shown) by the author of this thesis confirm [LCL04] in that at least 30
real array antenna elements are needed if the spatial stop- and passbands
together shall cover 3600 of azimuth. In addition it was confirmed that
the antenna element spacing should be less than λ/2, preferably λ/4.
With the 8 element UCA used in the SESAM system, the number of

degrees of freedom in the mapping matrix is much less (≤ 64). If these
degrees of freedom in addition already are occupied by the bias-, or MSE
minimizing properties, efficient spatial filtering this way may be difficult
to add. The required number of degrees of freedom (elements) for a set of
given wanted mapping properties seems difficult to derive analytically, in-
stead we will illustrate the problem with a simulated example, see Figure
12.4.
Figure 12.4 shows a case where an m = 32 element, λ/4 spaced UCA

is mapped onto an 8 element λ/2 spaced ULA. The spatial passband
(dotted curves in Figure 12.4) is ± 600 wide, and Ncal = 180 calibration
directions are used to cover the 3600 of azimuth, i.e. one for every 2nd

degree. The only property imposed on the mapping matrix, besides the
spatial filtering, is the manifold match property, i.e. the mapping matrix
was designed according to (12.2).
The skirts of the spatial filter are 50 wide with a (per degree) ampli-

tude roll-off according to 0.1, 0.2, 0.5, 0.8, 0.9, in order to avoid sharp
transients and excess mapping errors near the passband limits. This roll-
off characteristic was chosen rather ad-hoc, a more detailed analysis of
this specific issue can be found in [LCL04].
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Figure 12.4: DOA estimate bias (upper plot) whenm = 32, element spac-
ing is λ/4, and spatial filtering is designed into the mapping matrix. The
dotted curves show the shape of the applied weighting functionW(θ(c))
in (12.2). The lower plot shows the resulting (element) gain when the
(dotted) weighting function is applied. SNR is high, 60 dB, to illustrate
the effect on the bias of the spatial filtering.
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The bias in the mapped estimates are shown in Figure 12.4, (top
plot). A comparison with the corresponding non-filtered case (not shown)
reveals that the size of the in-sector bias is not changed very much by the
filtering. However, outside the ± 600 sector bias increases in both the
filtered and the non-filtered case, presumably due to mismatch between
the mapped signals and the virtual ULA.
Also the lower plot shows the imposed spatial filter characteristic

(dotted curve), i.e. the diagonal elements of theW(θ(c))matrix in (12.2).

In addition the resulting power gain, i.e.
¯̄̄
TH
filt a(θ)

¯̄̄2
, is displayed as

the + -marked curve. It is seen that more than 30 dB of stop band
attenuation is achieved in this case.
Further simulations (not shown) indicate that if the stop-band outer

edges are set at ± 300 (instead of ± 1800), and the passband is limited to
± 150, then efficient bias minimizing can also be imposed on the mapping
matrix. This result can be explained by fewer degrees of freedom now
being occupied by the filtering, leaving more for the other property.
In conclusion, while the spatial filtering property in principal can be

built into the mapping matrix, the 8 antenna elements of the present
SESAM system seem to be too few to fully take advantage of this option.
Hence, for the SESAM system, it remains to perform the spatial filtering
before the sample covariance matrix is formed, i.e. it remains to apply
classical beamforming. Since the SESAM array is circular, the earlier
described phase mode technique is one candidate method in this context.

12.6 Optimal selection of mapping parame-
ters

A relevant problem now is the following: Given a certain number of
receiver channels (which usually is the cost driving factor and therefore
not a variable), how should the other mapping parameters be selected in
order to minimize the errors in the mapped DOA estimates ?
These other parameters are

1. Array element separation, i.e. array size,

2. Width of the mapped sector,

3. Virtual array dimension, i.e. mv,
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4. The weighting factor k (or µ) in the design algorithm for T, see
(7.11) or (10.18) for a definition.

The problem of selecting the best values for these parameters will now
be discussed. In a given experimental setup, obviously all but the first
can be varied in real time.

12.6.1 Condition of the response vector matrix

As previously pointed out, in the signal surveillance application the emit-
ter directions are initially unknown and therefore wide sectors have to be
processed. Given this condition we have in the earlier chapters derived
mapping schemes that can minimize DOA estimate bias and MSE due to
the sector compromise involved in the mapping. These mapping schemes
were based on a first order Taylor expansion that requires the mapping
errors to be small. To yield these required small mapping errors the
mapping matrix, T, must have the property of at least approximately
matching the set of calibration response vectors of the real array to the
corresponding set of calibration response vectors of the virtual array.
If array manifold match (which for single emitters is similar to sig-

nal subspace match) is the only property that is to be imposed on the
mapping matrix, T, this matrix would be designed as

TLS = argmin
T
kTHA(θ(c))−Av(θ

(c))k2F , (12.3)

where F denotes the Frobenius norm, and θ(c) is the set of calibration
directions (azimuths), see Section 5.5.2. We need at least rank m in
A(θ(c)). In addition, a desired property is that the solution is numerically
non-critical, i.e. an interesting issue is how well the m dimensions are
spanned by the columns of A(θ(c)). If some of these m dimensions are
poorly spanned, i.e. the condition number of A(θ(c)) is too large, then
the dimension mv of the virtual array may have to be reduced below
m to achieve a robust numerical solution. The consequences of such a
dimension reduction on DOA estimate variance will be further discussed
in the sequel.
Achieving the manifold matching property only is the easiest case

when considering the limited number of available degrees of freedom in
the m×mv solution TLS . Imposing additional properties in T, such as
gradient orthogonality to reduce mapped DOA estimate bias, and noise
subspace rotation to reduce MSE, is numerically more demanding and
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can be impeded through at least two mechanisms: (i) an enforced di-
mension reduction in the virtual array, i.e. fewer elements (degrees of
freedom) in the mapping matrix T, and (ii), some of the needed dimen-
sions being poorly spanned by the columns of A(θ(c)), which enforces a
higher relative emphasis on the manifold matching property (i.e. lower
values for the weighting constants k or kMSE).
From this we see that a well conditioned matrix A(θ(c)) of calibration

response vectors helps in achieving bias and MSE minimization in the
mapped DOA estimates. Given this observation we shall next address
the problem of best azimuthal width for the mapped sector.

12.6.2 Mapped sector width and bias reduction

Since in a signal reconnaissance application it is desirable to use as wide
mapped sectors as possible, and since bias in the mapped DOA estimates
increases with the width of the mapped sector, two interesting questions
arise: (i) above which mapped sector width can the DOA estimate bias be
visibly reduced by applying the earlier derived bias minimization designs
instead of using the pure manifold matching design, and (ii), above which
mapped sector width do the mapping errors become too large for the first
order bias- and MSE minimizing mapping designs to perform well ? These
two questions are highly relevant for the analysis of field trial data in the
subsequent Chapters 13 and 14, and will therefore be briefly discussed
and illustrated in the present section.
Because the field trials to be analyzed in the next two chapters use

relatively high SNR data (25-30 dB) and the used array is small, the
bias- and MSE minimizing designs are expected to perform similarly. The
discussion on best mapped sector width in this section is therefore limited
to the bias minimizing mapping design (7.6) and its various versions.
Since the condition of A(θ(c)) is determined by geometry and wave-

length only, this condition can be adjusted via the sector width para-
meter. Hence a rule of thumb for optimal mapped sector width would
obviously be of value. Is it possible to formulate such a rule of thumb ?
As far as numerical condition in the matrix A(θ(c)) is concerned the

number Nrv of response vector beamwidths per mapped sector is suggested
as a suitable measure, cf. Section 5.5.2. This measure takes both array
size in relation to the wavelength, and sector width, into account.
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Figure 12.5: Bias values vs. sector width for λ/4, λ/3, λ and 2λ element
separation respectively. Note the successive shift in the cross-over point,
i.e. in the mapped sector width above which the bias minimizing mapping
design performs better than the pure manifold matching design.
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To cast some light over this issue, mapped DOA estimate bias will
now be simulated as a function of sector width for a few relevant cases,
see Figure 12.5.
The 4λ wide-spaced UCA was simulated and discussed in Chapter 8

(Figure 8.8). In this case it is seen that the used bias reduction algorithm
needs about 120 of sector width, i.e. 12/5.8 ≈ 2 beamwidths per mapped
sector, to perform better than the pure manifold match design. This
cross-over point is of interest since in the design of an array mapping
system it indicates the amount of pay-off to be expected from introducing
bias reduction when a certain mapped sector width is considered.
Figure 12.5 shows the corresponding cross-over points for some other

relevant antenna element spacings, 2λ (bottom), 1λ, λ/3, and λ/4, i.e.
the Adcock array (top). The number Nrv of response vector beamwidths
per sector is also plotted (dotted square marked curves).
The other simulation parameters in Figure 12.5 were chosen to resem-

ble those of the field trials analyzed in the next two chapters: m = 8,
mv = 3, SNR = 40 dB, k = 0.99 and Ncal = 15. The bias minimizing
design (7.11) was used for the ×−marked curves. For each sector width
the plotted bias values were calculated as the root mean square of all (21
equispaced) bias values inside that sector.
Another purpose of this simulation is to give a coarse indication of

what can be expected from the field trial data analyzed in the subsequent
Chapters 13 and 14. It is seen from the upper plot in Figure 12.5 that
for a λ/4 spaced Adcock array a mapped sector width in excess of about
550 (see arrow) is needed for the bias minimizing mapping design to yield
visible improvement over the manifold match design. It will be seen in
Chapter 14 that this is in good accordance with the experimental results.
The numberNrv for some cross-over points, i.e. mapped sector widths

above which the bias minimizing design yields less bias than the manifold
match design, are also listed in Table 12.1.
As seen in Table 12.1 the entity Nrv varies only a factor 3 when the

array element spacing varies a factor 16, hence the number of beamwidths
per mapped sector is at least an approximate predictor of the effectiveness
of a given bias minimizing sector mapping design, but obviously there
are also other bias generating mechanisms that are not caught in Nrv.
One possible such mechanism may be the near ambiguities that occur in
the UCA response for element separations larger than λ/2. This would
explain why Nrv increases with increased element separations.
Due to these near ambiguities combined with the least squares com-

promise in the design of the mapping matrix, it seems difficult to derive
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Table 12.1: The proposed criterion Nrv of needed beamwidths per
mapped sector as function of element separation.

El.sep. Nrv

4λ 2
2λ 1.6
λ 1.3
λ/3 0.7
λ/4 0.6

a general analytical design rule for the selection of best mapped sector
width. However, Table 12.1 along with Figures 8.8 and 12.5 may give
some guidance.

12.6.3 Virtual array dimension and bias reduction

The next mapping design parameter to be discussed is the dimension, i.e.
number of antenna elements of the virtual array.
It is clear that the smaller the (real array) antenna element separation,

and the narrower the sector, the larger the amount of linear dependence in
the matrix A(θ(c)) of calibration response vectors. To avoid the resulting
numerical criticality when solving for T, and to ensure a good match
between the two manifolds THA(θ(c)) and Av(θ

(c)), in such cases we
may reduce the number of antenna elements in the virtual array and set
mv < m, i.e. dimension reduction. This measure has the additional
advantage of better processing speed.
In principal mv = 2 is the minimum dimension for the presumed

one-emitter scenarios but this is not necessarily the optimum dimension.
Several mechanisms call for more dimensions, the prime one being the
available number of degrees of freedom (elements) in T. Another (not
wanted) mechanism has been analyzed in [And92a] and [WF94]: Re-
ducing dimension too much may result in unnecessary increase in DOA
estimate variance.
In [And92a] (Theorem 3.2 p. 43) it is shown that if

1. The data are mapped, i.e. x(t)→ THx(t),
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2. The mapping matrix T is unitary, i.e. THT = Iv, where Iv is the
mv ×mv identity matrix, and

3. The virtual array dimension mv = 2d,

then the CRB for the mapped and unmapped estimates coincide if T has
the property that

<
n
TTH

o
k <©£ A(θ) D(θ)

¤ª
. (12.4)

Here the matrixA(θ) contains the response vectors, andD(θ) their deriv-
atives w.r.t. θ evaluated at the different DOAs in θ.
Furthermore it was shown in [And92a] that to calculate a CRB pre-

serving dimension reducing T under the above 3 conditions, the true
DOA must be known, at least to within a fraction of a beamwidth.
In the approach to array mapping (with and without dimension re-

duction) taken in this thesis, unitarity in T is not guaranteed, hence of
the 3 conditions above only the last one is usually met. In addition the
Cramér-Rao bound concept presumes unbiased estimates which is not
the case in this work. Hence (12.4) does not exactly apply here. However
in our simulations, compare Figures 11.1 and 11.3, it is seen that the di-
mension reduction as such (from 8 to 3) indeed increases DOA estimate
variance.
In conclusion, for the mapping approach taken in this thesis, it does

not appear possible to formulate a general rule for the optimal amount
of dimension reduction, a rule that would hold in an arbitrary sector
mapping scenario. However, since mapped DOA bias can exceed DOA
standard deviation the important issue in this context is the effect of the
dimension reduction, i.e. of the reduced number of degrees of freedom
in T, on the possibility of imposing the extra property of bias (or MSE)
reduction in the mapping matrix T.
This effect is best studied by simulations and is illustrated in Figure

12.6 for two values of the weighting constant k in the bias minimizing
design (7.11): k = 0, i.e. pure manifold match (upper diagram), and
k = 0.99 (lower diagram). In Figure 12.6 signal SNR is 40 dB and UCA
element separation 4λ. The other simulation parameters equal those used
in Figure 8.1 to which the reader is referred for comparisons.
Figure 12.6 illustrates the effect on DOA estimate bias of reducing

the number of antenna elements in the virtual array.



12.6 Optimal selection of mapping parameters 167

-20 -15 -10 -5 0 5 10 15 20
10-6

10-5

10-4

10-3

10-2

10-1

100

101

102
Effect of dimension of virtual array: Man.match

DOA relative to sector center (deg)

ab
s(

B
ia

s)
 (d

eg
)

Man.match m ULA = 8
Man.match m ULA = 6
Man.match m ULA = 3
Man.match m ULA = 2

-20 -15 -10 -5 0 5 10 15 20
10-5

10-4

10-3

10-2

10-1

100

101

102
Effect of dimension of virtual array: Bias min

DOA relative to sector center (deg)

ab
s(

B
ia

s)
 (d

eg
)

B ias min m ULA = 8
Bias min m ULA = 6
Bias min m ULA = 3
Bias min m ULA = 2

mv=8

mv=2

mv=2

mv=8

Figure 12.6: DOA estimate bias across the mapped sector as a function
of the number of elements in the virtual array. T is designed for best
least squares manifold match (upper curves), and bias suppression (lower
curves). UCA element separation is 4λ and SNR = 40 dB. As seen
the bias minimizing design (lower curves) is more sensitive to dimension
reduction. This design requires more degrees of freedom in the mapping
matrix T. Cf. Figure 13.5.



168 12 Sector Filtering & Optimal Mapping Parameters

Along with this reduction comes a reduction in the number of elements
in the mapping matrix T, i.e. in the available degrees of freedom, but in
addition also reduced numerical criticality and smaller manifold match
error. Hence Figure 12.6 shows the net effect of these three mechanisms.
The upper curves indicate a rather slowly deteriorating manifold match

bias when mv is reduced from 8 down to 2. Hence the available degrees
of freedom -mechanism was only slightly more important than the other
two in this case. Only one property in T was needed in this case, namely
the manifold match property.
The lower curves show the corresponding effect whenT is designed for

minimum DOA estimate bias. As seen the available degrees of freedom -
mechanism is much stronger now, bias is increased roughly a factor of 100
as opposed to 10 in the manifold match case when mv is reduced from
8 to 2. Here two properties are required in T, namely both manifold
match (small mapping errors), and the gradient orthogonality condition
(6.7) (low bias).
The bias reduction property occupies (and needs) extra degrees of

freedom in T as compared to the pure manifold match mapping case.
When these degrees of freedom are successively removed (as in Figure
12.6) bias reduction ability deteriorates. For wide element spacings this
mechanism can obviously be more important than the simultaneously
improving numerical margins and the reduced manifold match error due
to the dimension reduction.
In conclusion, in the simulated (wide spaced) case the net effect of

reducing the number mv of virtual antenna elements is to increase bias
in the mapped DOA estimates. This effect is about 10 times stronger
when the mapping matrix was designed for minimum bias. However, it
must be pointed out that dimension reduction may still be necessary,
especially for small arrays with rapid fall-off in the singular values of
A(θ(c)). This will be the case for the analysis of the Adcock array field
trial data in the subsequent two chapters (cf. Figure 13.5).
The optimal amount of dimension reduction depends on array size in

relation to wavelength and seems difficult to express analytically. How-
ever simulations and the above argument indicate the following:
Given a certain (real) array with a certain antenna element spacing,

and given a certain mapped sector width, then

1. Low numerical criticality calls for small mv,

2. Small manifold match errors ∆a call for small mv,
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3. High processing speed calls for small mv,

4. More properties in T calls for large mv, and

5. Avoiding DOA estimate variance increase also calls for large mv.

12.6.4 Mapping parameter conclusions

Above we have identified several interacting and competing mechanisms
that affect quality in the mapped DOA estimates. All these mechanisms
have to be taken into account when designing a sector mapping procedure
in a practical DF system.
However, a benign sequence of implications was also identified. As a

conclusion to the current section, this will be re-stated as follows:

The very mechanisms that cause DOA estimate bias (wide mapped
sector, wide spaced array) also advocate bias removal (better condition in
A(θ(c)), and thus larger usable mv and k).

12.7 Some practical issues

To conclude this chapter a few practical details, of relevance to the
SESAM field trials, concerning sector mapping at HF will now be pointed
out or re-stated.
Recall that the phase mode based beamforming treated in the begin-

ning of this chapter, while seemingly simple and attractive, requires the
array to be (electrically) circular, and also sufficiently large and dense.
However, at HF where the wavelength is typically 30 m (10MHz), nearby
objects like wire fences, power lines, trees and other similar structures,
are likely to appear inside the near field zone and therefore to couple to
the array and upset the circular symmetry. Hence the DF site has to be
chosen carefully.
Furthermore, the ground is seldom perfectly conducting and a suffi-

ciently large metallic artificial ground plane is usually not practicable,
therefore the cabling between the array elements and the receiver site is
also likely to perturb the symmetry, see Figure 13.1 in the next chapter
for an illustration.
All this may lead to small but noticeable array model errors, i.e. devi-

ations from the (3.8) ideal UCA response. Array mapping along the lines
presented in the earlier chapters, i.e. where estimated calibration signal
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eigenvectors are used instead of analytical response vectors, circumvents
this problem however.
Other practical issues that can affect field test data are: Prevailing

wave propagation conditions, interference, receiver channel calibration
and stability, receiver front end dynamic range, A/D converter synchro-
nization and stability, band pass filter skirt selectivity, local interference,
and so on. Note that some of these conditions may vary during the time
needed to complete the calibration procedure. This will translate into a
variation with the calibration directions θ(i).
These issues should be kept in mind when analyzing and drawing con-

clusions from experimental data. Furthermore, these issues also highlight
the importance of DOA estimation procedures that do not require an ex-
act model of the array response. In the next two chapters experimental
data obtained from an array, for which only a sparse set of calibration re-
sponse vectors are available, will illustrate this. Despite lack of a model,
a(θ), for the array response, emitter DOAs are estimated using the (ULA
presuming) root-MUSIC algorithm and data from an 8 element Adcock
UCA.

12.8 Chapter conclusions

The purpose of this chapter was to rehearse and discuss some issues of
relevance to the subsequent analysis of field test data in Chapters 13 and
14. One such issue is the requirement for single emitter scenarios, which
in dense emitter situations necessitates spatial filtering as a back up to
the normal frequency filtering in a typical DF receiver system.
Phase mode techniques were highlighted for this spatial filtering since

it allows the UCA to be treated as a linear array when it comes to beam-
forming and null steering. Although it assumes circular geometry, the
phase mode principle can be applied without the explicit array response
being analytically available, an advantage of practical importance. The
array however must be at least approximately uniform circular, and also
sufficiently large and dense.
The option of designing the spatial filtering property directly into

the sector mapping matrix was also discussed. However, it was found
that the 8 antenna elements of the SESAM system are too few in this
context. Harbouring all four properties (manifold matching for small
mapping errors, gradient orthogonality for low DOA bias, noise subspace
rotation for low DOA MSE and, in addition, spatial filtering to suppress
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interference), requires many more degrees of freedom in the mapping
matrix and hence a larger array.
The more involved issue of optimal selection of sector mapping para-

meters was also treated and the effects of various mechanisms illustrated
by simulations. It was confirmed that the more properties that are im-
posed in the mapping matrix, T, the more degrees of freedom it needs.
Thus the unavoidable compromise between low virtual array dimension
(for small mapping errors, numerical stability and processing speed) on
one hand, and high virtual array dimension (for many degrees of freedom)
on the other, was identified.
No general rule or algorithm for determining the optimal set of map-

ping parameters was derived. It is unclear if such a general rule or algo-
rithm in principle exists.





Chapter 13

Experimental
Verifications 2002

13.1 Introduction

In this chapter field trial data collected at Kvarn1 during August 2002 are
analyzed and compared to the previous theoretical results. During these
field trials the 8 element UCA was configured for the Adcock mode, i.e. it
had a radius of 10 m resulting in only λ/4 element separation at the used
frequency 9.8 MHz. No model for the response of the array was available
or constructed, instead the collected calibration signals and their corre-
sponding signal eigenvectors formed the only basis for the construction of
the mapping matrix. Furthermore, calibration data were collected across
a 300 wide sector.
The resulting array beamwidth (900) is much larger than the mapped

sector (300) hence mapped DOA estimate bias is anticipated to be small.
According to the results in the previous chapter, see Figure 12.5 (top
diagram), therefore the 2002 data are not expected to clearly verify the
bias- or MSE minimization algorithms developed in Chapters 7 and 10,
but as will be seen, this data does positively verify that, (i) the DOAs can
be estimated accurately from a virtual ULA (i.e. the mapping operation
as such is experimentally verified), and (ii), that this DOA estimation
can be performed without first having to construct an analytical model
of the array response.

1A test range situated about 60 km west of Linköping, Sweden.

173
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The latter, (ii), is a feature of the (7.12) design algorithm derived
in Section 7.5, and works for both small (as here), and large arrays (as
simulated in Section 8.3.3). This feature is of importance in practical DF
systems, especially where rapid antenna deployment is required, since the
rather cumbersome process of constructing a complete analytical model
of the array response from calibration data is avoided.
Experimental data collected across a 600 wide mapped sector are an-

alyzed in Chapter 14. From these data further conclusions will be drawn.

13.2 The SESAM system

In the configuration used during the field tests, the SESAM experimental
system [Hyb04b] at FOI2 covers 2-16 MHz. The system is intended for
research and development in the field of fast signal surveillance against
short duration and other covert emitters. Operation modes include di-
rection finding and modulation classification. In the chosen configuration
SESAM uses a 10 m radius circular array of 8 vertical active monopoles
connected to 8 coherent receiver channels. To achieve the required in-
stantaneous dynamic range (90 dB), the receivers are straight (i.e. with
no frequency conversion) and feature FFT filtering techniques combined
with DRFMs3 for delayed signal analysis. Synchronized digital data out-
puts at baseband provide opportunity for use of various DOA estimation
and modulation analysis algorithms.
Estimated azimuthal accuracy is about 0.10 at SNR 10 dB. This limit

is set not only by the array geometry but also by the number of bits in
the A/D-converters and the internal phase and amplitude tracking.

13.2.1 The antenna system

The antenna array is illustrated in Figure 13.1. The array elements con-
sist of vertical rods, about 2 m high, feeding a high input impedance
preamplifier in the base of each rod. Each vertical rod has a single radi-
ally outgoing electrical counterpoise see Figure 13.1. All 8 coaxial cables
merge radially into a center nave and are then brought out of the array
as a bundle laying on the ground (usually grass).
There are several potential mechanisms that can result in errors, i.e.

deviations from the (3.8) UCA model:

2 Swedish Defence Research Agency, SE-172 90, Stockholm, Sweden.
3Digital Radio Frequency Memories.
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Figure 13.1: The SESAM array consists of 8 electrically short (2 m high,
i.e. ≈ λ/15 at 10 MHz) monopoles, equispaced along a circle of radius 10
m. This yields an element separation of about λ/4 at 10 MHz. The 40 m
long bundle of outgoing coaxial cables ends in a van housing the receiver
system.

Inter-element coupling

At the typical HF frequency of 10 MHz element separation is only λ/4,
therefore coupling between the parallel rods is expected to be high. How-
ever, because of the electrically short elements, their current distribution
is nearly triangular with maximum at the base. The high input im-
pedance pre-amplifier integrated into each base drastically limits this
current. Thus the antenna elements are not power matched to the im-
pinging field but can instead be described as small E-field sensors that
do not interact with the local field pattern at the array site.

The matrix of coupling factors for the Figure 13.1 array can easily
be calculated [Bal97], but becomes nearly diagonal due to the high input
impedance (several kΩ) pre-amplifiers. Hence inter-element coupling is
not expected to be visible as a perturbing effect in the collected data.
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Circular symmetry

Circular symmetry is presumed in the Adcock operation mode. It is also
presumed if the analytical UCA model (3.8) is to be used explicitly in the
applied DOA estimation algorithms. Even if other electrically conducting
objects in the vicinity of the array do not upset this symmetry it is
apparent from Figure 13.1 that the 40 m long bundle of outgoing coaxial
cables from the array center, may. During the field tests these cables
ended in a (metallic) van 40 m away which housed the receiver system
(40 m corresponds to only about 1.3λ at 10 MHz).
Burying the cables into humid soil would reduce this perturbation on

circular symmetry but this measure was not taken. Instead the cables
were laying close onto the ground, and this ground (grass) was not a
perfect conductor. The high impedance pre-amplifiers provide some iso-
lation between the antenna elements and the outgoing bundle of coaxial
cables, but nevertheless a small perturbation presumably attributed to
this mechanisms is seen in some of the diagrams.
Note that this and other perturbing effects can be coped with by not

basing the DOA estimation on the (3.8) UCA model but instead on a
set of collected calibration data. This calibration procedure will be more
closely described in the sequel.

Element gain

In the (3.8) expression the antenna elements are modelled as (i) isotropic,
(ii) unity gain, and (iii) non-polarized. Theoretically (i) and (iii) cannot
exist, so when performing field trials some preparedness for deviations
from these assumptions is motivated.
From Figure 13.1 it is obvious that (i) is not true for the depicted ar-

ray, not even in the horizontal plane. Due to the radially outgoing coun-
terpoise each element has a net directivity outwards. This means that
those elements that are facing an incoming wavefront are upweighted,
and the elements along the other side of the circle correspondingly down-
weighted. (Interestingly enough, it can be shown that the total array
directivity is independent of this element directivity [Mai94], [DP98].)
In principle it is possible to adjust the (3.8) model for this effect

but such detailed antenna element analysis falls outside the scope of the
present thesis.
The difference (in dB) between directivity and gain describes the

losses in the system. These are expected to be constant or only slowly
varying however, and since the sensitivity of most HF receiver systems is
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limited by external noise rather than by the internal noise factor, devia-
tion from the modelling assumption (ii) can (as is done in the SESAM
system) be handled by proper internal calibration.
Both the UCA array and the test (calibration) transmitter are verti-

cally polarized, so in this sense the assumption (iii) is no problem for the
array in Figure 13.1. However, for an ionospherically reflected sky-wave
this is not obvious. Given that the calibration and construction of the
sector mapping matrix are based on the vertical E−field component only,
in principle errors are to be expected when mapping, and taking DOA
estimates from, a (randomly polarized) sky-wave. Especially when the
latter in addition has high angle of incidence.
No sky-wave data are analyzed in this or the next chapter however.

13.2.2 The calibration procedure

In the SESAM system the amplitude and phase tracking of the 8 receiver
channels is maintained by an internal calibration system. To collect data
for the array transformation, the antenna array (plus the receiver chan-
nels and the associated signal processing) were calibrated by moving a
test transmitter between known positions along a road around the array
outside the near-field region. This procedure usually required more than
half a day to complete. During the calibration process the background
interference therefore varied which enforced several minor changes in the
used carrier frequency. This implies a small deviation from the spatially
white noise assumption, and therefore constitutes a (minor) error source
when the collected data are analyzed.
The inner limit rmin of the near field region can be approximated as

rmin =
2D2

λ
, (13.1)

where D is the array aperture (diameter) and λ is the wavelength. At
10 MHz, i.e. λ = 30 m, and 8 elements separated λ/4, this limit is close,
about 27 m, but increases with the square of the array radius if larger
element separations are used.
During the 2002 campaign a sector extending between bearings 200

and 510 was calibrated this way with 10 of nominal separation between
bearings. The calibration transmitter was mounted in a DGPS4 equipped
vehicle with a vertical rod antenna. Hence the SESAM array (and receiver
system) was calibrated for ground waves of vertical polarization.

4Differential Global Positioning System, i.e. GPS with auxilliary correction.
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The array-vehicle distance, about 200 m, in combination with the
DGPS position accuracy of about 4 m, resulted in a calibration bearing
accuracy, as seen from the array center, of about 10. This means that
absolute emitter bearings could not be measured with better accuracy
than 1o. It also means that when calculating DOA estimate bias values,
the bearing associated with a particular bias value could not be deter-
mined with better accuracy than 10. See also Section 14.4.2 for a further
discussion on this issue.
However, when it comes to verifying the bias- and MSE minimizing

algorithms it is the overall bias (or MSE) behavior across the mapped
sector that matters. The < 10 azimuth accuracy is less relevant.
During the 2003 field trials (see the next chapter) a high precision

optical sight was used to determine the bearing to the calibration vehicle.
This yielded a better azimuthal precision, about 0.10.
Furthermore, during both the 2002 and the 2003 trials the SNR of the

received calibration signals was relatively high, 20 − 30 dB. In addition
the data were collected during noon and early afternoon hours when
the D layer (see Figure 2.6) attenuated most ionospherically propagated
interfering emitters.
The test range and antenna site were chosen carefully to ensure flat

ground of reasonable conductivity and avoiding conducting man made
objects in the neighborhood. Insofar as these parameters remained con-
stant during the measurements, their effect on the results were covered
by the calibration process.

13.3 The 2002 Kvarn measurements

13.3.1 SESAM signal processing

During the 2002 and 2003 field tests the SESAM signal processing was
configured as follows: In each of the 8 channels, the received signals were
first passed through an analog filter bank where each passband was 1
MHz wide. The upper frequency limit of the highest passband of this
filterbank was at 16 MHz. Thereafter the output signals from each filter
in the bank were sampled at a speed of 32 MHz, and thereafter further
filtered by a 1024 point FFT filter bank. For each resulting frequency
bin (1 kHz wide) the data were then stored as time sequences.
When the stored data were analyzed, a frequency window [f1, f2] ,

where f1 and f2 are defined in 1 kHz steps, could be specified and the
corresponding FFT-lines (time sequences) extracted. After conversion
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to baseband, low-pass filtering and sampling decimation,5 the signal in
the selected window was thereafter obtained as N = 1024 baseband data
vectors x(t) according to the (3.1) model in Chapter 3.
To extract the signal from the calibration transmitter and at the same

time suppress interference, the frequency window [f1, f2] was set at 3
kHz bandwidth centered around the carrier frequency of the calibration
transmitter (mostly 9.7 or 9.8 MHz). Then, for each of the 31 (known)
calibration bearings between 200 and 510, the extracted 8× 1024 matrix
of data vectors x(t) was used to form an estimate R̂i of the covariance
matrixRi according to (3.5). Hence the number of samples, N , was 1024.
To construct the mapping matrices the Ncal = 15 matrices R̂i corre-

sponding to bearings 200, 220, ..., 480 were used. When testing the bias-
and MSE minimizing properties of the various calculated transformation
matrices, all 30 available R̂i corresponding to 200, 210, ..., 490 were used.
Note that only one R̂i per bearing was estimated (using all available

snapshots). Hence only one independent DOA estimate per tested az-
imuth could be generated. This means that the variance (or MSE) of the
DOA estimates could not be assessed. Due to the relatively high SNR
however (about 30 dB), variance is expected to be less important.
In addition to the estimates R̂i, for each calibration bearing the cor-

responding Adcock DOA estimates were also formed according to (2.3),
and used for comparison.

13.3.2 Experimental results vs. simulated results

As a first test of the 8 element array depicted in Figure 13.1, the estimated
R̂i corresponding to a (single) true DOA of 300 was used together with
the MUSIC criterion function (C.1). The noise subspace matrix ÊnÊ

H
n

was obtained from an eigenvalue decomposition performed on this R̂i.
The UCA response vector a(θ) also required in (C.1) was formed from
the analytical expression (3.8). Note that the latter is an approximation
since no analytical expression a(θ) for the real array was available.
As a reference against which the quality of the collected data can be

checked, using the (3.8) UCA model at θ0 = 300, simulated data x0(t)
were also generated with N = 1024, SNR = 10 dB, and a corresponding
covariance matrix

R̂0=
1

N

NX
i=1

x0(i)x0(i)
H . (13.2)

5Resampling at a lower rate.
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Figure 13.2: MUSIC angular spectra using experimental data (solid line),
and simulated data (dotted line). True azimuth is 300 and both spectra
are normalized to max 1. The response of the experimental array is
unknown but for the simulated plot the (3.8) model was used for data
generation. The broadened spectral peak for the experimental data, as
well as off-set in the peak, is attributed to model errors in (3.8) relative
to the experimental array.

The two resulting MUSIC criterion functions are plotted in Figure
13.2. Using a cubic spline procedure the peak of the criterion function
for the experimental data is estimated at 27.180 (instead of 300), which
presumably is due to model errors in a(θ), i.e. in (3.8), relative to the
response of the experimental array. This assumption is also supported
by the broader experimental data peak despite the lower SNR for the
simulated criterion function.
To further investigate and characterize those model errors, a recom-

mended step before applying the collected data to sector mapping, the
above procedure was repeated for all calibrated bearings, i.e. all 30 co-
variance matrices R̂i were estimated and the MUSIC estimator applied.
Thereafter the obtained 30 DOA estimates were compared to the true
bearings and a sequence of corrections calculated. These MUSIC DOA
corrections are plotted in Figure 13.3 (×−marked curve).
The corresponding corrections for the Adcock estimates are also plot-
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Figure 13.3: DOA estimate correction curves across the calibrated sector.
Some similarity is evident between the MUSIC (×-marked curve) and the
Adcock estimates (ring-marked curve). This similarity can be explained
by imperfections in the experimental antenna array relative to a perfect
UCA.

ted, and as seen, the two curves do show some similarity, typically the
dips at bearings 270 and 500.

These two estimates use different algorithms (Adcock vs. MUSIC)
but share the same antenna array. It is therefore plausible that the
curves in Figure 13.3 to some extent mirror deviations in the experimental
array response from the mathematical (3.8) model. The perturbation in
azimuthal symmetry caused by the outgoing bundle of coaxial cables in
Figure 13.1 may be one such mechanism.

13.3.3 Sector mapping based on experimental data

In this section the manifold match algorithm (5.2), the bias minimizing
algorithm (7.12), and the MSE minimizing algorithm (10.18) will be ap-
plied to experimental data collected during the August 2002 field trials.
The results are displayed in Figures 13.5 and 13.6 respectively.
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Data analysis procedure

Since a model, a(θ), for the electrical properties of the used experimen-
tal array was not available (or constructed), the set of 30 estimated
covariance matrices R̂i, corresponding to the 30 calibration azimuths
θ(c) =

£
200, 210, ..., 490

¤
, formed the only basis for the construction of

the mapping matrix, T, as well as for the calculation of the resulting
DOA estimate bias values. The virtual ULA was oriented broadside to
the bisector of the mapped sector defined by θ(c). For construction of the
mapping matrix, data from the Ncal = 15 calibration bearings 200, 220,
..., 480 were used, i.e. a subset of the set of calibrated bearings.
Furthermore, the data were obtained from the array while in the

Adcock configuration, i.e. element separation was only λ/4 and the
beamwidth hence much wider than the mapped sector, 900 vs. 300. Ac-
cording to the previous simulations in Figure 12.5, small bias generating
deterministic mapping errors are therefore expected.
Through eigenvalue decompositions (using the MatLab6 svd com-

mand) the sequence R̂i of 30 estimated covariance matrices yielded a
sequence of 30 estimated signal eigenvectors. Of these the ones corre-
sponding to the 15 bearings 200, 220, ..., 480 were collected in the matrix

Ê
(det)
s =

h
ê
(1)
s · · · ê

(15)
s

i
. This matrix was thereafter used to con-

struct T according to the algorithms (5.2), (7.12), and (10.18) (using 30
dB as design SNR), for all of which only signal eigenvectors are needed.

Need of dimension reduction

As expected from the small array (in terms of wavelength), and from
the mapped sector being much smaller than the array beamwidth, non-
negligible linear dependence exists in the matrix Ê(c)s Ê

(c)H
s which forms

the basis for the design of the mapping matrix. This is also seen from the
fall-off in the corresponding singular values, see Figure 13.4 where the
×-marked curve shows the singular values for the (noise free) analytic
matrix A(θ(c))AH(θ(c)), and the o-marked curve the corresponding ex-
perimental singular values (which contain some measurement noise and
therefore level off at the noise floor)7.

6MatLab is a trademark of MathWorks, Inc.
7Due to a hardware failure, one of the 8 receiver outputs was interpolated from the

other 7. Hence the missing 8th singular value. The smooth and unambiguous phase
behavior of the λ/4 separated Adcock array made this possible.
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Figure 13.4: Fall-off in the singular values for the matrix Ê(c)s Ê
(c)H
s (o-

markings), and for reference, also for the corresponding (noise free) ana-
lytical matrixA(θ(c))AH(θ(c)), (×-markings).Due to hardware problems
the last singular value is misleading and therefore not plotted.

Figure 13.4 hints at dimension reduction being a suitable measure to
improve the solution when solving for the mapping matrix T. Because
of this and the small expected bias, as a first step in the analysis we will
now study the two relevant cases mv = 3 and mv = 2, together with a
pure manifold match design of the mapping matrix.

Performance of the manifold match design

When using signal eigenvectors only the manifold match mapping matrix
Topt is designed according to

Topt = argmin
T

NcalX
i=1

¯̄̄
TH ê(i)s − e(i)v

¯̄̄2
, (13.3)

where ê(i)s is an estimate of the signal eigenvector corresponding to the
ith calibration direction.
Here e(i)v were calculated as āv(θ

(i)) since the calibration bearings θ(i)

and the analytic expression for āv(θ) are known. The signal eigenvectors
ê
(i)
s were obtained from the estimated R̂(i) using the MatLab svd com-
mand. Two levels of dimension reduction were also applied, from m = 8
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Figure 13.5: Performance of the manifold match design for experimental
and (for reference) simulated data. The plot shows DOA estimate bias
across the calibrated sector for the experimental data (×-marked curves)
and simulated data (o-marked curves). C.f. Figure 12.6 where element
separation is 4λ.

down to mv = 3, and mv = 2 respectively. The mapping matrix was
calculated according to (13.3).
The bias properties of the resulting mapping matrix are shown in

Figure 13.5, both when experimental SESAM data are used for the design
of T (×-marked curves), and, for reference, also when simulated data are
used (o-marked curves). Curves for two values of mv, i.e. for the number
of elements in the virtual ULA, are plotted, mv = 2 (solid lines), and
mv = 3 (dotted lines).
The simulated data were generated using the (3.8) UCA model with

the radius r and element angular positions γi set to equal the experi-
mental array as close as possible. Further simulation parameters were
SNR = 40 dB and N = 100. The corresponding mapping matrix was
calculated using these generated data and the resulting bias values are
plotted in Figure 13.5 (o-marked curves).
For these simulated data, reducing the dimension from 3 to 2 (the

minimum value in one emitter scenarios), reduces the bias by more than
a factor of 10, see Figure 13.5. Presumably this reduction is due to better
matching of the two manifolds THa (θ) vs. av (θ) (which now both have
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lower dimension). It is true that the mapping matrix T now also has
fewer elements, i.e. degrees of freedom, but note that signal subspace
match is the only property that is imposed on T in this case.
However, as seen in Figure 13.5 the same improvement does not occur

when the experimental data are used (×-marked curves). One possible
explanation to this observation is change in the wave propagation condi-
tions of the background interference during the calibration process, and
hence varying coloured background noise that affects the estimation of
ê
(i)
s from R̂(i). Note that any change with time in these parameters
translates into a change along the sequence of calibration directions, i.e.
a change with θ(i), since the calibration procedure required many hours
to complete. Further possible explanations are change in the local elec-
trical environment around the array, drift in the phase and amplitude
tracking interior to the receiver system, or other similar errors.
However, despite this, the experimental manifold match design (×−marked

curves) functions reasonably well compared to the simulated (analytical)
design (o-marked curves), and with only limited DOA estimate bias. The
latter is due to the mapped sector (30o) being much narrower than the
beamwidth of the array (900) which reduces bias due to the mapping.

Performance of the bias and MSE minimizing designs

As earlier pointed out, see Figure 12.5 top plot, due to the fact that
the mapped sector (300) during the 2002 field trials was much narrower
than than the array beamwidth (900), the effect of imposing the bias-
and MSE-minimizing properties on the mapping matrix is not expected
to be visible in the DOA estimates. According to the simulations behind
Figure 12.5 at least 500 of mapped sector width is required for this to be
the case.
To verify this prediction the 2002 data were used with the (5.2), the

(7.12), and the (10.18) design algorithms, both with (wrp), and with no,
(nrp), real part operator. The performances of the resulting mapping
matrices are displayed in Figure 13.6.
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Figure 13.6: Performance of the bias and MSE minimizing algorithms
for experimental data. This figure shows the bias of the mapped DOA
estimates when the 2002 experimental data are used to design the various
mapping matrices. The weighting factors k = kMSE = 0.999 and the de-
sign SNR for the MSE minimizing design was set at 30 dB. The bias term
in the designs is used with (wrp), and with no, (nrp), real part operator.
As seen, at this 300 mapped sector width no significant improvement is
provided by the bias- or MSE-minimizing designs. Compare with Figures
14.4-14.6 in the next chapter which show the corresponding plots for a
wider sector, 600.
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The weighting constants, k in (7.12) and kMSE in (10.18), were both
set at 0.999 and the design SNR in (10.18) to 30 dB. Recall that no
variance data could be calculated since only one estimated covariance
matrix, R̂i, per bearing was available. Furthermore, the azimuths of the
fine-structure in the plotted bias curves are accurate only to about 10

due to the calibration procedure.
As seen from comparing the upper and lower plots, the slight modifi-

cation of dropping the real part operator in the design algorithms (7.12)
and (10.18), had limited effect on the quality of the resulting DOA es-
timates. I.e. the two earlier discussed advantages of this modification,
(i), reduction of the rest bias due to the higher order terms, and (ii), in-
creased robustness against uncontrolled phase factors8 in the estimated
signal eigenvectors, had limited effect. This is explained by the wide array
beam in relation to the width of the mapped sector, plus the relatively
high signal to noise ratio during the calibration process, factors that all
tend to limit the magnitude of the mapping errors.
Figure 13.6 supports the general prediction made in the previous

Chapter 12 that with only λ/4 of antenna element separation, a 300

mapped sector is too narrow to generate sufficient mapped DOA bias for
the bias and MSE minimizing algorithms to produce visible results. A
minute bias reduction is visible for these algorithms in Figure 13.6 but
this reduction is not significant.
Quite in accordance with the predictions in Chapter 12 however, these

reductions do become visible when the mapped sector width is increased
from 300 to 600, see the next Chapter 14.

Experimental data mapping scheme

In conclusion, to calculate the DOA estimate bias values from the exper-
imental data, the following steps were taken:

1. Load the (previously stored) sequence R̂i of estimated covariance
matrices,

2. Perform e.v.d. on each R̂i and form the matrix Ê(c)s of Ncal = 15
calibration signal eigenvectors ê(i)s corresponding to the azimuths
θ(c) =

©
200, 220, ..., 480

ª
,

3. Calculate Topt according to the various algorithms (5.2), (7.12) or
(10.18),

8 See (5.3) for a definition.
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4. For all R̂i calculate a DOA estimate based on the mapped signal
eigenvectors TH

optê
(i)
s and the root-MUSIC estimator. Here ê(i)s are

the estimated signal eigenvectors corresponding to all available cal-
ibrated azimuths

©
200, 210, ..., 490

ª
,

5. Taking the true DOA sequence
©
200, 210, ..., 490

ª
as reference, cal-

culate the DOA estimate bias values.

Recall that the collected data come from a (circular) array for which
an analytical model of the response was not available, nor constructed.
Despite this the DOAs were calculated using root MUSIC, i.e. presuming
ULA data structure.
From the above the following conclusions can be drawn:

1. The mapping operation as such is verified for experimental data,

2. In the prevailing scenario, for the 300 mapped sector, the λ/4 spaced
experimental UCA, and when the MatLab command svd is used
for the eigenvalue decomposition of R̂i, the (uncontrolled) phases
in the estimated signal eigenvectors ê(i)s did not vary enough across
the mapped sector to cause large excess bias,

3. Despite the small array and the lack of a model for the array re-
sponse, mapping of the experimental data resulted in a DOA esti-
mate bias comparable to the values predicted by simulations, see
Figure 12.5,

4. The bias due to the 300 sector mapping was too small for the bias-
and MSE minimizing designs to produce visible results.

13.4 Chapter conclusions
In this chapter experimental data collected during the August 2002 field
trial were analyzed. The used UCA array was configured for the Adcock
operation mode, i.e. element spacing was only λ/4, and in addition a
model for the array response was not available, only the collected cali-
bration response vectors. The mapped sector was much narrower than
the beamwidth.
The electrically small array size concealed the performance of the

earlier derived bias- and MSE minimizing design algorithms for T, but
despite this the experimental data collected during the 2002 campaign
confirmed the following:
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1. Model errors from array element non-isotropy, polarization, and
inter-element coupling, were not visible,

2. Array circular symmetry was slightly perturbed (as seen in the
unmapped data), possibly by the outgoing bundle of coaxial cables,

3. The mapping procedure as such was experimentally verified,

4. Signal subspace mapping could replace array manifold mapping,

5. The sector calibration and mapping procedure eliminated DOA es-
timate errors caused by 1. and 2.

Observe that the last point, 5, implies an advantage over any non-
mapping procedure, such as Adcock, direct MUSIC, etc. With these DOA
estimation methods more involved procedures are required to reduce the
influence of model errors with the help of calibration data. In this thesis
the calibration data are used directly to construct the mapping matrix.
The proposed designs take both the model errors and the properties of
the used DOA estimator into account.





Chapter 14

Experimental
Verifications 2003

14.1 Introduction

In this chapter data from the November 2003 field trials at the Kvarn test
range are analyzed. Due to the wider mapped sector, 600 instead of 300,
both the bias- and MSE minimizing mapping designs now produce better
results than the pure manifold match design. Due to the relatively high
SNR, 20-30 dB, the former two designs in addition perform similarly.

Furthermore, despite missing directions in the collected calibration
data set, it is shown that through interpolation of the existing calibration
data, the missing data could be restored with only marginal effects on
the DOA estimates. This is due to the wide beamwidth, 900, in relation
to the mapped sector, 600.

Although the limited amount of collected data prevented DOA esti-
mate variance analysis, it is shown that bias in the estimates could be
reduced down to or below the (square root of the) CRB limit. This
means that the achieved bias level does not prevent the DOA estimate
MSE from approaching the CRB.

As during the earlier 2002 field trials, the mapping matrix was con-
structed directly from the signal eigenvectors of the calibration sample co-
variance matrices, without the intermediate step of first forming a model
for the array response.

191
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14.2 Experimental prerequisites

During the November 2003 field trials with the SESAM system the same
frequency band and Adcock array configuration were used as during 2002,
see Figure 13.1 in Chapter 13. Hence the antenna element separation
was only λ/4 and the array beamwidth 900. As before, no model for
the response of the array was available or constructed. Anticipated DOA
estimate accuracy (and CRB) is 0.10.
During the 2003 field trials calibration response vectors were collected

across a wider sector, 600, which, according to the discussion in Chapter
12, Figure 12.5 (top plot), is expected to generate visible mapped DOA
bias, i.e. bias exceeding 0.10, and therefore also visible bias reduction if
the bias- and MSE-minimization designs derived in Chapters 7 and 10
are used.
Due to hardware problems, only Ncal = 9 usable calibration response

vectors could be collected, i.e. θ(c) =
£
290 340 390 440 490 640 690 790 840

¤
,

but due to the wide array beamwidth and the m = 8 < 9 antenna ele-
ments, as will be seen later this fact poses no problem. The virtual ULA
was oriented broadside to the bisector of the mapped sector defined by
θ(c). Furthermore the calibration response vectors had a relatively high
SNR, 20− 30 dB, but limited sample size (N = 32).
The collected data allowed only one covariance matrix per calibration

bearing to be formed, hence variance in the mapped DOA estimates could
not be assessed. However, calibration SNR was relatively high so variance
is expected to be small anyway.
The azimuths from the array center to the calibration vehicle were de-

termined with a high precision optical sight. Hence the nominal bearings
in the vector θ(c)are accurate to within 0.10. Since the DOAs in the θ(c)

vector also were used as reference for calculation of the bias values, this
means that both the calculated bias values and the azimuths to which
these bias values are referred, are accurate only to within 0.10. This
matches the CRB of the used array however and therefore is sufficient.

14.2.1 A design goal for DOA estimate bias

Although the Cramér-Rao bound (CRB) is a lower bound on DOA esti-
mate variance, it can also be seen as a natural design goal when DOA es-
timate MSE is used as a figure of merit. For theMSE = bias2+variance
to attain the CRB we must then reduce the variance down to the CRB,
and the bias down to zero. Obviously, if the bias is comparable to, or
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larger than the (square root of) the CRB, then the DOA MSE cannot be
reduced down into even the neighborhood of the CRB. Hence a natural
design goal for DOA estimate bias is to make it much smaller than the
(square root of the) CRB.
Therefore, when assessing the achieved bias values it seems natural

to compare them to the (square root of) the CRB. Such comparisons will
therefore be done in this chapter.

14.3 What to expect

The signal processing in the SESAM system is designed to give an ac-
curacy in the Adcock mode that matches the Cramér-Rao lower bound
(CRB) on DOA estimate variance at approximately 30 dB SNR. The ul-
timate goal for any MSE suppression scheme is to reach the CRB, and
therefore, as reference, (the square root of) this bound is plotted in Fig-
ure 14.1 as a function of SNR for some of the array configurations that
have been discussed throughout this thesis.
The two upper curves represent the λ/4 spaced 4 and 8 element Ad-

cock arrays, the latter of which was used during the 2002 and 2003 Kvarn
measurements. The two lower curves show the CRB for some of the UCA
configurations that were simulated in Chapters 8 and 11.
From Figure 14.1 it is clear that at the approximate 20-30 dB of

calibration SNR during the Kvarn 2003 measurements we shall not expect
any better DOA accuracy than 0.10 − 0.20. Furthermore, if 30 dB is a
typical calibration SNR then bias suppression much below 0.10 is not
meaningful for an 8 element Adcock array.
Note that for the larger arrays (with better resolution) still lower bias

is desired, but, as pointed out earlier, for larger arrays (with more beams
per mapped sector), more effective bias suppression is also feasible.
Figure 14.2 shows a simulation of the MSE minimized (×−marked

curve), and for reference also the manifold match (5.1) (+ -marked curve),
mapping designs for the 2003 Kvarn scenario. The square root of the
DOA estimate MSE values across the mapped sector is plotted, however
due to the relatively high SNR these values are dominated by DOA bias.
Further prerequisites include a 50 equispaced sequence of 12 calibration
directions, ( -markings) and spatially white measurement noise. Note
that in comparison with the field trials the latter is an approximation.
To resemble and provide a reference to the 2003 Kvarn measurements

in the next section, the SNR in Figure 14.2 is set at 25 dB, the weighting
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Figure 14.1: Square root of the CRB for some of the arrays discussed in
this thesis. To represent the 2003 Kvarn measurements, the number of
samples, N, is set at 32. The response vectors are modelled to yield a
power gain of m.

constant kMSE = 0.995, and the number of samples N = 32. As in the
earlier simulations in Chapter 11 the number of Monte Carlo calculations
per azimuth was 400.
As seen from Figure 14.2, in the field trial data we can expect the

manifold match mapping design to yield a bias of about 10 and the MSE-
minimized design around 5− 10 times smaller.
The main difference between the simulated curves in Figure 14.2 and

the ones obtained from experimental data, is that the simulated ones are
much smoother across the matched sector. The mechanism behind this
will be discussed later.

14.4 The 2003 Kvarn measurements

Just as in Chapter 13, Figure 13.2, the collected data from the November
2003 field trials were first given a coarse evaluation by plotting the (non-
mapped) MUSIC criterion function using the analytical expression (3.8)
for the array response, and the collected data for the noise subspaces.
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Figure 14.2: The Kvarn 2003 scenario with simulated data. SNR = 25
dB and the number of samples N = 32 to resemble the experimental
prerequisites. The measurement noise is simulated as spatially white.
Cf. Figure 14.7.

This resulted in a plot similar to Figure 13.2 in Chapter 13.

The next step was to check the fall-off rate in the singular values
of the matrix Ê(c)s Ê

(c)H
s , which is comprised of the (calibration) signal

eigenvectors ê(i)s of the Ncal = 9 covariance matrices R̂i formed from the
collected data. The result is shown in Figure 14.3 and should be compared
with the previous 300 mapped sector case, Figure 13.4 in Chapter 13. The
benign effect of the widened mapped sector (from 30o to 600) is evident.
As in Figure 13.4 the ×-marked curve shows the singular values for the
(noise free) analytical matrixA(θ(c))AH(θ(c)) for reference (using (3.8)),
and the o-marked curve the corresponding experimental singular values
(which contain some measurement noise plus interference).

The sequence ê(i)s of estimated calibration signal eigenvectors was
thereafter used to form mapping matrices according to (5.2), (7.12) and
(10.18), i.e. according to the manifold match, the bias minimization, and
the MSE-minimization designs respectively.
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Figure 14.3: Fall-off in the singular values in the matrix Ê(c)s Ê
(c)H
s for

the 600 sector case. For reference, the corresponding singular values
for the analytical matrix A(θ(c))AH(θ(c)), (×-markings) are also shown.
Concerning the last singular value see Figure 13.4 in Chapter 13.

14.4.1 Interpolating missing response vectors

As seen the collected sequence

θ
(c)
1 =

£
290 340 390 440 490 640 690 790 840

¤
(14.1)

of calibration bearings is not a complete 50 equispaced sequence. Some
directions are missing. While an equispaced sequence of calibration az-
imuths is no requirement to construct the mapping matrix, since the
emitter bearings initially are unknown it is desirable to design the map-
ping matrix for equal performance across the mapped sector. Missing
calibration directions cause a corresponding down-weighting in the least
squares solution for the mapping matrix and hence reduced mapping per-
formance in the missing directions.
To overcome this the MatLab interpolation command spline1 was used

to form the missing signal eigenvectors, thus yielding ê(i)s corresponding
to the completed sequence

θ
(c)
2 = 290 : 50 : 840. (14.2)

1This command provides cubic interpolation
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In addition, using the above interpolation procedure and the eigenvec-
tors ê(i)s corresponding to θ(c)1 , two still denser sequences of eigenvectors
were formed, namely corresponding to the directions

θ
(c)
3 = 290 : 20 : 840, (14.3)

and

θ
(c)
4 = 290 : 10 : 840. (14.4)

The idea behind this was to use eigenvectors corresponding to θ(c)1 , θ
(c)
2 ,

or θ(c)3 to construct the sector mapping matrices, T, and then evaluate
(and plot) the resulting DOA bias values along the denser θ(c)4 bearings.
Note that the 0.10 inaccuracy (due to the calibration process) inher-

ent in θ(c)1 via the interpolation procedure is transferred to θ(c)2 , θ
(c)
3 and

θ
(c)
4 . However, if these errors are independent and zero mean, a reason-
able assumption, the cubic spline procedure is expected to provide some
averaging, and thus mitigation. It will therefore be assumed that also
θ
(c)
2 , θ

(c)
3 and θ(c)4 are accurate to within 0.10.

More important, note that due to the above interpolation scheme,
there may be some common structure in the interpolated signal eigen-
vectors ê(i)s corresponding to especially the denser sequences θ(c)3 and
θ
(c)
4 . Any noise content in the originally collected 9 signal eigenvectors
will no longer be independent between adjacent interpolated ê(i)s . Since
eigenvectors corresponding to θ(c)4 are used for evaluation of the bias this
common structure is expected to be visible, at least for small bias values.

14.4.2 Assessment of the experimental DOA bias

The virtual ULA was oriented broadside to the calibrated sector, i.e.
broadside to mean(θ

(c)
4 ). The mapped estimated signal eigenvectors

TH ê
(i)
s were then used by root-MUSIC to form DOA estimates θ̂

(i)
. The

corresponding bias values were thereafter formed as θ̂
(i)− θ

(i)
0 , where θ

(i)
0

is the ith azimuth in the sequence θ(c)4 .
Since the (nominal) calibration azimuths are assumed accurate only to

within 0.10 with independent errors, this means that both the calculated
DOA bias values in the subsequent figures, and the azimuths to which
these bias values refer, are accurate only to within 0.10.
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Use of available experimental data only

If the (incomplete) sequence of signal eigenvectors associated with the
θ
(c)
1 bearings are used to both design the mapping matrix and thereafter
also to evaluate the bias in the resulting mapped DOA estimates, then
we would face three obvious disadvantages:

1. Eigenvectors ê(i)s associated with a relatively sparse, incomplete and
irregular sequence of calibration bearings are used. This is expected
to affect the least squares solution for the mapping matrix, T, and
cause a mapping performance that varies with azimuth.

2. The resulting bias can only be evaluated in the same sparse cali-
bration directions, θ(c)1 .

3. Exactly the same eigenvectors are used to construct the mapping
matrix T and to perform the bias evaluation of the resulting es-
timates. As a result of this some common structure may possibly
exist in the mapping matrix and the eigenvectors used for bias eval-
uation.

To avoid the second (and to some extent the third) disadvantage,
when using θ(c)1 for the mapping matrix design, interpolated signal eigen-
vectors belonging to the denser sequence θ(c)4 were employed to evaluate
(and plot) the resulting bias. However, this also means that the gener-
ated signal eigenvectors with which the bias properties of the mapping
is evaluated have a noise content which is dependent between adjacent
plotted azimuths.
Figure 14.4 shows the DOA estimate bias across the mapped sector

for the case where only the collected 9 signal eigenvectors are used to
construct the mapping matrices. The calibration directions (o-markings
along the x-axis), and the directions (the same in this case) for which
eigenvectors are formed and used in the mapping design ( -markings
just above the x-axis), are indicated in the lower part of Figure 14.4.
Note the dips in the bias values at the (rather sparse) calibration

directions. These dips are expected from the least squares process that
was used to calculate the mapping matrix, T.
As seen both the bias minimizing algorithm (7.12), which was used

with the real part operator retained (diamond markings), and the MSE
minimizing algorithm (10.18), (×-markings), perform less well in the right
part of the mapped sector (where some calibration directions are missing).
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Figure 14.4: Bias curves for the λ/4 spaced experimental Adcock array
when signal eigenvectors associated with the (incomplete) sequence (14.1)
of calibration directions are used to construct the mapping. CRB is 0.10.
Note the bias dips at the calibration directions. These are shown as
o-markings along the x-axis. Estimated bias accuracy is ≈ 0.10.

In this part of the sector the bias reduction compared to the pure manifold
match mapping design (+ -marked curve) is none or negligible.
On the other hand, in the left part of the sector where the sequence of

calibration directions is more complete the improved bias performance of
the (7.12) and (10.18) designs is clear. The detailed behavior of the bias
curves below the 0.10 level will be further discussed in Section 14.4.3.
When applying the MSE minimizing algorithm (10.18), the design

SNR was set at 30 dB. The number mv of virtual ULA elements was set
at 3 for all curves, i.e. dimension reduction from 8 to 3 was applied. The
weighting constants k and kMSE in (7.12) and (10.18) respectively, were
both set at 0.995.

Use of a completed calibration sequence

Next the completed (interpolated) sequence of signal eigenvectors ê(i)s
associated with θ(c)2 was used to design the mapping matrices. Remaining
mapping parameters were kept constant. As expected, the resulting bias
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Figure 14.5: Bias curves for the λ/4 spaced array when signal eigen-
vectors associated with the interpolated (and thus completed) 50 spaced
sequence (14.2) of calibration directions are used to construct the map-
ping matrices. The CRB is at 0.10. Note the clear inter-dependence and
systematic behavior in the plotted bias values. Estimated bias accuracy
is ≈ 0.10.

curves, see Figure 14.5, are now more level and symmetric and has also
improved. Both designs (7.12) and (10.18) now clearly outperform the
pure manifold match design. Bias for the two new designs approaches
the CRB- (and design) limit 0.10 of the SESAM system for the prevailing
SNR 30 dB, cf. Figure 14.1.
A comparison with Figure 14.2 shows that the resulting plotted bias

values are not mutually independent, instead adjacent bias values show
a clear inter-dependence. This effect will be further discussed in Section
14.4.3.

Use of a denser calibration sequence

Finally the denser sequence of signal eigenvectors ê(i)s associated with θ(c)3
was used to design the mapping matrices. The resulting mapped DOA
estimate bias curves are displayed in Figure 14.6.
As seen the improvement relative to Figure 14.5 is clear but not dra-

matic. Note that the conventional manifold match design algorithm yields
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Figure 14.6: Bias curves for the λ/4 spaced experimental Adcock array
when the denser 20 spaced sequence of signal eigenvectors associated
with (14.3) are used to construct the mapping matrices. Note that the
suppressed bias now falls below the CRB at 0.10. Estimated bias accuracy
is also ≈ 0.10.

up to 20 of DOA bias and that the new algorithms (7.12) and (10.18) de-
rived in this thesis suppress this bias down into and below the CRB level
at 0.10, a 20 -fold improvement.
The curves plotted in Figures 14.5-14.6 proved to be quite insensitive

to variations in the mapping parameters k and kMSE . Values between
0.95 and 0.999 could be used with only limited change in mapping perfor-
mance. Also the design SNR parameter in the MSE minimizing algorithm
(10.18) proved uncritical.
Finally interpolated signal eigenvectors associated with the still denser

sequence θ(c)4 of azimuths were used to calculate the mapping matrix. The
improvement relative to Figure 14.6 was not significant however.

14.4.3 Conclusions

Any conclusions drawn from Figures 14.5-14.6 should take the following
limiting factors into account:

1. The relatively small amount of data,
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2. The same data were used for the construction and evaluation of T,

3. The missing calibration directions and the spline procedure,

4. Lack of exact description of the external measurement noise.

The availability of only one estimated covariance matrix R̂(i) per bear-
ing prevented calculation of variance in the DOA estimates. However, due
to the relatively high SNR, 25-35 dB, the displayed DOA estimate bias
values are expected to be reliable, at least to an accuracy of 0.10.
The other points will be discussed below.

Effect of eigenvector commonality in T and bias evaluation

In the DOA estimate bias results above, bias values from experimental
data, signal eigenvectors from the same set of collected data covariance
matrices R̂(i), i = 1, .., 9, were used both to construct the mapping ma-
trix and to calculate the resulting DOA estimate bias values. A relevant
question is to what extent this commonality has affected the bias curves
plotted in Figures 14.4-14.6. This issue was briefly assessed by simula-
tions (not shown) similar to the one in Figure 14.2.
First the R̂(i) used for the construction of T were generated inde-

pendently from the R̂(i) used for the calculation of the bias (as in Figure
14.2), and then a single sequence of simulated R̂(i)was generated out of
which signal eigenvectors were extracted both to construct T and to eval-
uate the resulting mapped DOA estimate bias. In all simulated cases the
effect of the abovementioned commonality was smaller than the presumed
0.10 accuracy in the presented plots.

Effect of eigenvector commonality plus interpolation

How are the constructed mapping matrices T affected by the fact that,
in addition to the above commonality, some of the used calibration eigen-
vectors are interpolated from adjacent ones ? And how are the plotted
bias values affected by the fact that some of the eigenvectors used for
bias evaluation were interpolated from adjacent ones ? Obviously this
depends on how much a given eigenvector changes between two adjacent
calibration directions, i.e. on calibration SNR and the array beamwidth
in relation to the density of the calibration (or plotting) grid.
During the Kvarn 2003 measurements the calibration grid was spaced

at 50 , as compared to the 900 of beamwidth for the used 8 element Ad-
cock array. In a noise free situation this seems to guarantee a sufficiently
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Figure 14.7: Here the simulation in Figure 14.2 is repeated with some
of the calibration eigenvectors replaced by interpolated ones, see the o-
and -markings. The bias evaluation eigenvectors are also interpolated
from the o-marked directions. Note the conspicuous change in the fine-
structure of the two curves.

smooth change in the sequence of estimated signal eigenvectors across the
sector for the interpolation procedure to yield reliable results. However,
any noise content in the originally collected 9 signal eigenvectors will no
longer be independent between the denser interpolated signal eigenvec-
tors.
To assess the effect of this mechanism the simulation in Figure 14.2

was repeated twice, but with the following changes:

1. Three of the (simulated) calibration signal eigenvectors were first
removed (see Figure 14.7, o -markings). For the construction of the
mapping matrices these eigenvectors were then replaced by new
interpolated ones. The same interpolation procedure was used as
in figures 14.5-14.6. The resulting mapped DOA estimate bias was
evaluated using individually generated R̂(i) just as in Figure 14.2.

2. Next the interpolated signal eigenvectors were used, not only to
construct the mapping matrices as in 1 but also to evaluate the
resulting bias. This resembles the analysis of the experimental data.
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The effect of applying only change n:o 1 was not significant. The
resulting bias curves (not shown) did not differ much from those in Figure
14.2. Hence, at least for the simulated scenario, the dependent noise parts
in the (interpolated) signal eigenvectors used to construct the mapping
matrices did not visibly affect the resulting bias properties.
Note however that this result does not exclude the existence of map-

ping scenarios where the above interpolation scheme may cause errors
in the resulting mapping matrices. The array beamwidth being much
narrower than the mapped sector may be such a case.
The effect of applying also change n:o 2 was more significant, compare

figures 14.2 and 14.7. Indeed a comparison between figures 14.7 and 14.5
shows similar systematic behavior for the resulting bias values. Hence,
the internal affinity in the rather densely interpolated signal eigenvectors
used for evaluation of the bias seems to be a good candidate mechanism
to explain the systematic fine-structure in the experimental bias curves.
Note the good agreement between the average bias levels in these

experimental curves and the corresponding bias values predicted by Fig-
ure 14.2. The bias reduction provided by the two new mapping designs is
clearly visible also in the experimental data and, on the average, amounts
to 5− 10 times.

The character of the external measurement noise

The external noise (including interference and various atmospheric dis-
turbances) was not recorded during the field tests, so its spatial colour
and temporal character is unknown. Therefore it is not possible to mani-
fest rule out the possibility that some of the observed DOA estimate bias
is affected by spatially coloured external noise. Note however that due
to the relatively high calibration signal SNR this effect should be small.
As shown above, the interpolated dense sequence of signal eigenvectors

against which the mapped experimental bias was evaluated can probably
explain the difference in the bias fine-structure between Figure 14.2 and
figures 14.4-14.6. Therefore it is difficult to identify any effect of external
interference in these curves. However the possibility of such effects in the
collected data cannot be ruled out.

14.5 Chapter conclusions
In this chapter experimental data from the 2003 Kvarn measurements
were analyzed. The experimental prerequisites were first outlined and
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thereafter the CRB for the used 8 element Adcock array was illustrated
and used as a reference for the mapped DOA bias reduction. As a result a
DOA estimate accuracy of 0.10 is expected for the collected experimental
data.
Thereafter it was shown that when the mapped sector is compara-

ble to, or narrower than, the array beam (a likely case for the Adcock
configuration), then missing calibration data (signal eigenvectors) can
be replaced by new data obtained by interpolating data from adjacent
calibration directions. It was also found that calibration data from an
equispaced sequence of directions helps to get a more uniform bias sup-
pression across the whole mapped sector.
Finally, within the limits set by the amount and quality of the col-

lected data, it was made plausible that for an 8 element λ/4 spaced
circular array calibrated at SNR 25-30 dB across a 600 sector, the bias-
and MSE minimizing mapping algorithms derived earlier in this thesis,
yielded DOA estimate bias values at or below (the square root of) the
CRB limit, i.e. the bias was reduced to levels where it no longer prevents
mapped DOA estimate MSE from approaching the CRB. This is usually
not possible with conventional (manifold match) mapping designs which,
in this case, resulted in up to 10 times larger bias.
However, more data are desirable to consolidate these conclusions.





Chapter 15

Conclusions and Future
Work

15.1 The background

Radio signal reconnaissance against non-cooperative emitters is the un-
derlying application for the work presented in this thesis. At HF where
antenna arrays are large, such radio signal reconnaissance may sometimes
be carried out under conditions where rapid antenna array deployment is
necessary. This sets the requirements for both fast direction finding, and
the option to use more or less arbitrary antenna array geometries (that
hence become difficult to model analytically).
Traditionally radio direction finding has used arrays of very precise

geometry, such as the 4 or 8 element Adcock/Watson-Watt array. In
addition to this restriction, these arrays are limited to element spacings
less than λ/4 which puts a bound on DOA resolution. Therefore more
general DOA processing algorithms, such as MUSIC and WSF, become
interesting. These algorithms allow at least λ/2 of element separation,
and, given good SNR, in some cases even more.
Since omni-directionality is a usual requirement on signal surveillance

systems, the uniform circular array is the natural choice for the array
geometry, and therefore the conflict between the fast (but ULA based)
root versions of MUSIC and WSF on one hand, and the necessity to use
circular arrays on the other, was early identified by the signal processing
society. A similar conflict exists between omni-directionality and use of
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the ESPRIT algorithm.
Much research has gone into the problem of finding DOA independent

analytical UCA-ULA transformations in order to combine the desired
omni-directionality with fast ULA-based DOA estimation, but the (cost
driving) result that the UCA must be both dense (element spacing .
0.4 λ) and large (contain & 20 elements) has not been circumvented to
date. In addition, all these transformation schemes presume a precise
uniform circular geometry which, especially at HF, is less suited to rapid
deployment during field conditions.
The above forms an important part of the background behind the

present thesis and motivates Chapter 4 where some of this materiel is
briefly overviewed.
Another part of the background is the existing concept of array in-

terpolation which initially was studied as a means of constructing an
analytic array response model, given a certain set of adjacent calibration
response vectors. This idea was then extended to array mapping, initially
between arrays of similar geometry, such as NULA to ULA mapping to
extend bandwidth. For such mapping DOA estimate bias usually is small
and therefore the variance was taken as a figure of merit for the mapping
operation. Several powerful results concerning array mapping yielding
minimum variance have been published.

15.2 The signal reconnaissance problem

The purpose of the work presented in this thesis is to use as many of
the above background results as possible and apply them to the rather
special application of radio signal reconnaissance. This means to study
and optimize the array transformation (mapping) under the conditions
of

1. Omni-directionality,

2. Mapping between arrays of dissimilar geometry,

3. Wide surveilled frequency ranges,

4. Initially unknown emitter DOAs, hence wide mapped sectors,

5. Fast DOA estimation,

6. Unmodelled array response.
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It was immediately recognized that the above points 2-4 can cause
large bias (that dominates over variance) in the mapped DOA estimates,
and also that this problem had not been addressed before in the open
literature. This motivates the bias minimization theory developed in
Chapters 6 - 8.
The DOA MSE minimization theory developed in Chapters 9 - 11

followed as a natural extension leading to a more general optimization
for the mapping and also to more robust results, especially at low signal
to noise ratios.
With the design algorithms thus derived it becomes possible to per-

form mapping over wide sectors from any array geometry onto any other
(preferred) array geometry better suited for fast DOA estimation, thus
meeting point number 5 above.
Since the proposed design algorithms are based on an analysis of the

errors in the signal subspace (of the total observation space) the mapping
designs use signal eigenvectors. These can readily be obtained from the
calibration sample covariance matrices without using an explicit model
for the array response. Thus the last point 6 is also met.

15.3 Main results and conclusions

To conclude this thesis, the main findings and contributions were:

• A Taylor error analysis was used to describe both DOA estimate
bias and variance,

• The derived first order error expression was given a geometrical
interpretation to illustrate the possibilities and limitations inherent
in mapped DOA error minimization,

• The role of the DOA estimator cost function gradient was high-
lighted and exploited,

• A zero DOA estimate error condition was formulated,
• Several versions were given of a design algorithm for the mapping
matrix yielding minimized mapped DOA estimate bias,

• Some of these versions used signal eigenvectors instead of response
vectors and therefore do not require an analytical description of the
response of the used array,
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• Using the derived designs, simulations verified DOA bias reduction
factors in excess of 1000 in some scenarios,

• Still using the gradient as the key tool, an expression for mapped
DOA estimate MSE was derived,

• Using the above geometrical interpretation, also the DOA MSE
minimization problem was illustrated,

• A design algorithm for the mapping matrix was derived leading to
minimized mapped DOA estimate MSE,

• Nor the MSE minimizing design requires an analytical description
of the array response,

• Both the DOA MSE expression and the MSE minimizing mapping
design were verified by simulations,

• The MSE minimizing design proved to yield a better robustness
and improved performance, especially in low SNR scenarios,

• Experimental data from field trials supported the sector mapping
operation as such,

• Experimental data from field trials also supported the bias min-
imization theory, still without use of an analytical model for the
antenna array response.

Finally it should be pointed out that the presented bias- and MSE-
minimizing theories are general in nature and are not limited to UCA-
ULA mapping applications. These theories can be used for any type
of array mapping, or any type of general array pre-processing where an
associated DOA estimator cost function exists for which the necessary
derivatives and gradients can be formed.
The presented error minimization theories can in principle also be

applied to general spectral analysis, e.g. frequency estimation of time
data series provided that a suitable cost function can be formulated.

15.4 Application aspects in practical DF sys-
tems

How would the bias- and MSE-minimizing mapping designs developed
in this thesis be applied in a practical DF system ? Which are the
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advantages compared to the older Adcock techniques ? These issues
will be further discussed in the present section.

15.4.1 The calibration transmitter

Concerning the first question it is obvious that the calibration procedure
must be quick, simple, and as automatic as possible. As seen from other
(perhaps unfriendly) signal reconnaissance sites, the calibration trans-
mitter should also be covert, so a special vehicle has to be equipped for
this task.
At each calibration position the calibration transmitter would be pre-

programmed to perform frequency hopping to cover the required fre-
quency bands and also to adjust the output power to yield precisely the
required SNR at the receiver site. The transmitted calibration signals
would consist of single short bursts, time and frequency synchronized
with the DF receiver. This synchronization in time and frequency could
be achieved by using a common reference such as GPS.

15.4.2 The mapping matrices

Driving around the DF antenna array only once (outside the near field
region) would then be sufficient to generate and store sample covariance
matrices R̂(i)for all frequency bands of interest at say each degree of az-
imuth. Several thousands of mapping matrices can thus easily be calcu-
lated and stored beforehand, corresponding to all relevant combinations
of sector widths, sector orientation and frequency band.
Since much of the interference at HF is rather stationary (broadcast

transmitters, fixed traffic, etc.), the interference can to a large extent
be surveilled and tracked in real time and the appropriate beamforming
applied. Depending on the interference situation, and the interesting
bearing sector, suitable mapping matrices can then be selected at a much
higher pace than the change in the wave propagation and interference
situation, i.e. in practice in real time.
Parallel processing is also an option, i.e. several alternative mapped

sectors and matrices can be used in parallel, the output bearing esti-
mates compared, and a weighted resulting DOA estimate calculated. This
scheme would work also for burst transmitters that are intercepted only
once. For longer lasting transmissions (a couple of seconds or more) the
best mapping parameters and the best beamforming can also be found
using sequential iterations in time.
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The limitations in this respect are set mainly by hardware cost (num-
ber of receiver channels), and the physical action of driving the calibration
vehicle around the DF antenna site. In comparison with this, the signal
processing is fast and cheap.

15.4.3 The real array

Concerning the second question, if the existing DF system uses traditional
Adcock techniques with 8 antenna elements spaced λ/4, after modifica-
tion of the software to include the mapped model based DOA estimation
methods presumed in this thesis (MUSIC, WSF, ESPRIT, etc.), the array
element spacing could immediately be doubled to λ/2, thereby improving
the resolution a factor of 2. Compared to doubling the number of receiver
channels (which is needed if the Adcock technique were to be retained),
this would save a substantial amount of cost.
The freedom of choosing geometry for the real array can be exploited

in many ways. As already mentioned, where rapid array deployment is
an issue, the antenna hardware can be erected where it is practicable, and
with little or no concern about the geometry or the electrical properties
of the antenna site.
The freedom of choosing the real array geometry could also be used to

optimize the DF performance in a desired azimuthal sector. Non-uniform
ULAs were treated in [EV00] but other geometries are also possible for
this purpose.

15.4.4 The 2D case

A planar UCA can also be used to measure the elevation of impinging
signals. To achieve this it is natural to use two array mapping schemes in
parallel as depicted in Figure 5.1 (upper part). For each combination of
azimuthal and elevational sector, an extra added transformation matrix
would be calculated to do mapping onto a vertical ULA. A rooting based
DOA estimator fed by data from this transformation would then provide
elevation estimates. Correct azimuth-elevation pairing would not be a
problem since single emitter scenarios are presumed.
The calibration vehicle can in this case be a helicopter, preferably

small and remotely piloted, although the elevated transmitter would be
easier to pinpoint. The number of azimuth-elevation combinations would
be large however, but a sparser calibration grid could be used if supported
by a coarse analytical model of the array.
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Interfering (coherent) sky and ground waves can be detected via the
sample covariance matrix, and with 2D capacity beamforming the weak-
est component could be nulled out to leave the strongest one for azimuth
estimation. Elevation estimation (together with an updated model for
the ionospheric refraction layers) could also provide single site location,
i.e. estimation of both azimuth and range.

15.5 Suggested future research
During the course of the work presented in this thesis many new ideas
appeared. Some of these are of principal nature and could be the sub-
ject of future research, whereas some were more specific to the SESAM
experimental system. A number of suggestions for continued research
in the field of signal surveillance oriented array mapping are listed and
commented on below.

15.5.1 Optimality

Is the mapped DOA estimate bias (and DOA estimate MSE) optimally
reduced by the suggested designs ? This question comes natural but since
the solution for the mapping matrix involves a least squares compromise
over a wide sector, the answer is not evident.
The used error analysis was based on a first order Taylor expansion.

This type of expansion was chosen rather ad hoc and there may be alter-
natives, although the Taylor expansion seems natural when approximat-
ing smooth peaks in a given cost function.
It is also possible to introduce weightings among the calibration re-

sponse vectors. In most of the literature to date though, the calibration
directions have been given equal weightings (with exception for applica-
tions where spatial filtering was built into the mapping matrix).

15.5.2 Higher order terms

It was shown through simulations that the first order based designs were
very effective in reducing first order bias. This left higher order bias
visible and therefore a natural way of improving the suggested mapping
designs would be to include also the higher order Taylor terms. This
was done to some extent by minimizing the scalar product between the
gradient and the first order error in both the real and imaginary parts
(algorithm (7.11)), but are further improvements within reach ? The
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difficulty in formulating a feasible minimization problem that includes
also the higher order terms is obvious. Other expansions than the Taylor
series may help here.

15.5.3 Optimal virtual array size

The compromise between required numerical stability, array manifold
mapping error and processing speed on one hand, (small mv), and DOA
estimate variance control plus the required number of degrees of freedom
(number of elements) in the mapping matrix on the other, (full mv),
was addressed in Section 12.6. This problem was only coarsely analyzed
via simulations however and it is possible that further research here could
yield a deeper understanding of the most important mechanisms involved
in successful sector array mapping. Obviously the array manifold match
property is much less important than expected and why this is the case
is not evident. In much of the literature though it is recommended that
the virtual array should be of about the same extension as the real array,
[Fri92], [LCL04].

15.5.4 Optimal virtual array geometry

Mapping onto ULA virtual arrays was used as an example in the simula-
tions in this thesis, but other virtual array geometries are also of interest.
As depicted in Figure 5.1 in Chapter 5, mapping onto an ESPRIT doublet
in order to use this estimator is also an option. This mapping scenario
has been studied in [WG91] and [BPB03] but was not analyzed as to
mapped DOA estimate bias. Simulations by the author of this thesis in-
dicate that ESPRIT doublet mapping is a geometrically easier case with
less inherent bias.
Since the virtual array does not need to be physically realizable, it

can be given any mathematical structure. This freedom could encourage
further research on a widened class of DOA estimators.

15.5.5 Number of properties in T

The observed surprisingly small importance of the manifold match prop-
erty in T deserves a deeper investigation. Also the related principal ques-
tion of how many, and which, additional properties that can be imposed
on T given a certain number of matrix elements.
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In addition to the manifold match, DOA bias minimization and DOA
MSE minimization properties discussed in this thesis, variance minimiza-
tion has been treated by earlier researchers. Building robustness into the
mapping against array and receiver calibration errors does not seem to
have been treated to date. (See [JSO98] however). This appears to be
an essentially open problem.

15.5.6 Data dependent procedures

If the scenario and processing time allow multistep data dependent pro-
cedures mapping bias as well as variance can be appreciably reduced by
the traditional manifold match design. Then it is presumed that a coarse
DOA has been estimated in a first iteration, and that the second itera-
tion includes a narrowing of the mapped sector width down to about a
beamwidth, centered around the estimated DOA. If the first coarse DOA
estimation was reliable, then this first iteration could also form the basis
for narrow-band spatial filtering to increase signal to interference ratio.
Two-step procedures along these lines have been suggested in [And92a].

These data dependent procedures fall outside the signal reconnaissance
oriented scope of the present thesis however.

15.5.7 Experimental applicability

Depending on the particular application the derived design algorithms
may be extended or otherwise improved. The field trials referred to in
this thesis involved only ground waves, hence for ionospherically prop-
agated waves 2D calibration schemes are of interest, and consequently
also modelling of the two involved arrays in elevation and, maybe, also
in polarization. Applications at VHF and UHF may require other align-
ments.
As an intermediate case between a totally unmodelled array response

and an analytically perfectly modelled array, if an approximate model of
the array is at hand this knowledge could perhaps be exploited. At least
if the distribution of the errors is known. Similarly, if the calibration
response vectors are only approximate, e.g. due to low calibration SNR,
but with a known or assumed distribution, improved mapping procedures
could perhaps be derived.
Since all the presented algorithms hinge on single emitter scenarios,

the unavoidable question of handling interfering emitters will always be
an issue. However, the possibility of placing array peaks and nulls in cer-
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tain directions depends to a large extent on the used array. Pre-processing
with this purpose is worth looking into, although many powerful results
already exist in this field.
Also related to experimental applicability is the question of band-

width for a given mapping matrix that is based on a calibration proce-
dure carried out at a certain frequency. Obviously this bandwidth de-
pends on array geometry, size, and element spacing, but perhaps a given
such bandwidth could be improved by modifying the mapping procedure,
e.g. by spreading the calibration emitters not only spatially but also in
frequency.

15.6 Closing words
Finally, following the spirit of Gallileo Gallilei who dared to oppose Aris-
totle and put the experiment in the center of science, more field trials are
recommended. Such activities always contribute to extended knowledge
and widened horizons.



Appendix A

Some used Acronyms

Below are listed some acronyms that appear throughout the thesis.

ADF Automatic Direction Finder
AGC Automatic Gain Control
AM Amplitude Modulation
AOA Angle Of Arrival
ARMA Auto Regressive Moving Average
COMINT Communication Intelligence (aiming at

the conveyed information)
CRB Cramér-Rao bound
CRT Cathode Ray Tube
CW Continuous Wave
DF Direction Finding
DFT Discrete Fourier transform
DOA Direction Of Arrival
DDOA Doppler Difference Of Arrival
ELINT ELectronic INTelligence (aiming at technical information)
ESPRIT Estimation of Signal Parameters via Rotational

Invariance Techniques
FFT Fast Fourier Transform
FM Frequency Modulation
FOT Frequency of Optimum Transmission
HF High Frequency, 3-30 MHz
LF Low Frequency, 30-300 kHz
LS Least Squares
LUF Lowest Usable Frequency (depends on D layer attenuation)
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MF Medium Frequency, 300 kHz-3 MHz
ML Maximum Likelihood
MLE Maximum Likelihood Estimator
MSE Mean Square Error
MUF Maximum Usable Frequency

(depends on ionospheric electron density & geometry)
MUSIC MUltiple SIgnal Classification
MVDR Minimum Variance Distorsionless Beamformer
NDB Non Directed Beacon
NUCA Non Uniform Circular Array
NULA Non Uniform Linear Array
OTH Over The Horizon (radar using ionospheric hops)
PM Phase Modulation
PN Pseudo Noise
RX Receiver
SIGINT SIGnal INTelligence (includes COMINT and ELINT)
SNR Signal to Noise Ratio
SSB Single Side Band
SSL Single Site Location
STD Standard Deviation
TDOA Time Difference Of Arrival
TX Transmitter
UCA Uniform Circular Array
UHF Ultra High Frequency, 300 MHz-3000 MHz
ULA Uniform Linear Array
VHF Very High Frequency, 30 MHz-300 MHz
VLF Very Low Frequency, 30 kHz and below
WSF Weighted Subspace Fitting



Appendix B

The Cramér-Rao Bound

B.1 Unmapped CRB

For scenarios and array manifolds relatively free of sidelobes the Cramér-
Rao Lower bound (CRB) is the most widely used measure of the lowest
attainable covariance matrix B of the DOA estimate errors. In using
the CRB as a bound on the accuracy of a certain DOA estimator it is
assumed that this estimator is bias free and that the noise is spatially
white. It is also assumed that all the data that are used to form the
estimates are included in the bound.
The Cramér-Rao inequality for the (real) parameter vector θ is given

by

E

½³
θ̂ − θ0

´³
θ̂ − θ0

´T¾
≥ B. (B.1)

For the stochastic signal model that is used throughout this thesis,
and when only one parameter per emitter, usually azimuth, is of interest,
the covariance matrix B = Bsto can be written [WF94],

Bsto =
σ2

2N

·
Re

½
DHΠ⊥AD¯

³
SAHR−1AS

´T¾¸−1
. (B.2)

The entities in (B.2) were defined in Chapter 3 but are restated for
convenience:
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- N is the number of samples (which corresponds to integration time in
analog DF systems),

- σ2 is the noise power in the individual receiver channels,

- A is the matrix of receiving array response vectors a(θi), i.e.

A =
£
a(θ1) . . . a(θd)

¤
, (B.3)

where d is the number of emitters illuminating the array,

- D is the matrix of corresponding derivatives, i.e.

D =
h

∂a(θ)
∂θ

¯̄̄
θ=θ1

. . . ∂a(θ)
∂θ

¯̄̄
θ=θd

i
, (B.4)

- S is the signal covariance matrix of size d× d, and

- R is the covariance matrix of the data output from the array. R has
size m ×m where m is the number of antenna elements, and the
structure

R = A(θ)SAH(θ) + σ2I, (B.5)

where I is the identity matrix.
To form the CRB for the array in Figure 1.2 we assume that the four

vertical dipoles are positioned at coordinates [λ/4, 0] , [0, λ/4] , [−λ/4, 0]
and [0,−λ/4] . For simplicity we assume a single emitter in the horizontal
plane and take the phase reference at origin. For this case the response
vector becomes

A = a =
ej

π
2 cos θ

ej
π
2 sin θ

e−j
π
2 cos θ

e−j
π
2 sin θ

 , (B.6)

and the vector of derivatives

D = d =
−j π2 sin θ ej

π
2 cos θ

j π2 cos θ e
j π2 sin θ

j π2 sin θ e
−j π2 cos θ

−j π2 cos θ e−j
π
2 sin θ

 . (B.7)
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B.2 Mapped CRB
As opposed to the approach taken in this thesis (where the mapping
is performed on the signal eigenvectors), the usual way, see [And92a],
[WF94], is to apply the mapping matrix T directly to the array response
vectors. This usually presumesT to be unitary in order to avoid colouring
of the measurement noise, an obvious and limiting drawback when it
comes to imposing useful extra properties in T.
To assess the minimum attainable DOA estimate variance when (uni-

tarily) transformed array response vectors are used, the matrices A and
D in (B.2) are replaced by THA and THD respectively, and R =
A(θ)SAH(θ) + σ2I by

RT=T
HA(θ)SAH(θ)T+ σ2THT, (B.8)

where σ2THT =σ2I.
With this approach the mapping can be seen as a transformation on

the response vectors, i.e. on the data. Using (B.8) in (B.2), [And92a]
derived the needed requirements on the range space of T for the variance
of the DOA estimates to attain the unmapped CRB under dimension
reduction (but under the presumption of a unitary T).
However, with the more general approach to array mapping taken

in this thesis there is no guarantee for unitarity in the transformation
matrix T. Hence the data covariance matrix in our case does not get the
(B.8) structure. The interpretation of the mapping as a transformation
on the response vectors is no longer evident and therefore A and D in
(B.2) can no longer be replaced by THA and THD respectively. Nor can
RT be used in lieu of R in (B.2). In addition, the derivation of the (B.2)
expression as such presumes spatially white noise.
In conclusion, with the more general approach to mapping taken in

this thesis, (B.2) can no longer be used as a strict lower bound on the
variance of the mapped DOA estimates, not even with the modifications
used by [And92a] and [WF94]. This explains why the unmapped CRB
associated with the real array appears as reference in some of the pre-
sented plots in Chapter 11. The unmapped CRB is also the ultimate
performance limit of any DOA estimation applied directly to the real ar-
ray output. Generalizing the conventional CRB to coloured measurement
noise cases falls outside the scope of the present thesis.





Appendix C

Root MUSIC for
Non-Uniform Linear
Arrays

Standard root MUSIC is a well known example of how the cost function of
a ULA DOA estimator can be recast into a polynomial, the zeros of which
correspond to the searched DOAs. Can root MUSIC handle data from
linear arrays with ambiguity suppression, i.e. with randomized element
positions ? Yes it can.

MUSIC uses the decomposition of R into a matrix Es, whose columns
span the signal subspace of R, and a corresponding matrix En whose
columns span the orthogonal complement to Es, the noise subspace. The
MUSIC criterion function (C.1) then merely tests the orthogonality be-
tween the estimated noise subspace and the space spanned by the re-
sponse vectors:

PMU =
aH (θ) · a (θ)

aH (θ) · Ên · ÊH
n · a (θ)

. (C.1)

For uniform linear arrays, or other arrays that have been transformed
to get response vectors of the same regular structure, we have
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a (θ) =

 ej
2π
λ n1∆ sin θ

...
ej

2π
λ nm∆ sin θ

 , (C.2)

where only for a ULA, ni = 0, . . .m− 1, i.e. all ni are integers.
Letting z = ej

2π
λ ∆ sin θ we can write the array manifold vectors as

a (θ) =
£
1 z z2 . . . zm−1

¤T
, (C.3)

where the powers are integers when ni are integers.
For good SNR when Ên is estimated almost correctly, the location of

the zeros of the denominator of (C.1) are close to the unit circle where
aH(z) = aT (z−1). The DOAs are thus determined by the roots of

aT (z−1)ÊnÊ
H
n a(z) = 0, (C.4)

which for integer ni and limited m can be found using fast root searching
techniques.
With ni an integer the polynomial (C.4) gets integer exponents which

facilitates the finding of the roots, but these integer exponents are in
fact not necessary. The roots of (C.4) are found reasonably fast even for
non-integer exponents, i.e. also when the linear array is non-uniform, see
[Hyb99b] for an illustrative example.
In conclusion, for linear arrays, randomization and running over-

spaced do not prevent the use of rooting methods: Counterexamples can
easily be constructed [Hyb99b]. Finding the zeros of polynomials with
non-integer powers may require some more iterations in the equation
solver but nevertheless is sufficiently fast.
Hence, the Vandermonde structure is not always needed1 for linear

arrays in order to use rooting estimators. However, omni-directionality
requires circular arrays for which the phase does not vary linearly along
the array.

1This fact is not always recognized in the litterature, [LR99], p. 262 is such an
example where the opposite is stated.



Appendix D

DFT UCA-ULA Array
Transformations

Wax et. al., [WS94], use the concept of phase mode (defined somewhat
differently than in (4.1)) and the following submatrix of the spatial dis-
crete Fourier transform (DFT)

F =
1√
m



1 ω−h ω−2h · · · ω−(m−1)h
...

...
... · · · ...

1 ω−1 ω−2 · · · ω−(m−1)

1 1 1 · · · 1
1 ω1 ω2 · · · ω(m−1)
...

...
... · · · ...

1 ωh ω2h · · · ω(m−1)h


, (D.1)

where ω = ej2π/m and 2h+1 is the dimension (number of phase modes) of
the new transformed array. In [WS94] the components of b(θ) , Fa(θ),
are called phase modes.
The transformation (D.1) can also be achieved by means of a Butler

matrix.
Phase mode number M , i.e. component number M of b(θ), where

M = 0,±1, ...± h, is then given by

bM (θ) =
1√
m

m−1X
i=0

ej2π
Mi
m · ejkr cos(θ− 2πi

m ). (D.2)
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Using the Fourier series representation (4.6) we get for the M :th
mode

bM (θ) =
1√
m

∞X
n=−∞

jnJn(kr)e
jnθ

m−1X
i=0

ej2π
Mi
m · e−j2π ni

m . (D.3)

Here the second sum can be simplified since

m−1X
i=0

ej2π
Mi
m · e−j2π ni

m =

½
m, if n−M = l ·m, l integer
0, otherwise

, (D.4)

and we get

bM (θ) =
√
m

∞X
l=−∞

jM+l·mJM+l·m(kr)ejnθej(M+l·m)θ. (D.5)

To proceed further on the road to Vandermonde structure [WS94] now
note that for n >> kr the Bessel function Jn(kr) can be approximated
by

Jn(kr) =
1√
2πn

(ekr)n. (D.6)

This relation implies that if the number of antenna elements

mÀM, (D.7)

then the l = 0 -term in (D.5) dominates and we can write

bM (θ) =
√
mjMJM (kr)e

jMθ, (D.8)

which nearly has the Vandermonde structure.
If (D.7) is not met, the truncation involved in going from (D.3) to

(D.8) generates an error1, the magnitude of which was derived in [MZ94a].
Of importance for the usefulness of (D.8) in a DOA estimating algo-

rithm is the fact that a given mode number M of b(θ) has an approxi-
mately angle2 dependent phase, given by Mθ, and an angle independent
amplitude factor with a mode dependant phase given by

√
mjMJM (kr).

1 In [Hyb99b] these errors are shown to cause both bias and reduced bandwidth.
2Here only azimuth is considered
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Recalling that M = −h, ..., 0, ...h, equation (D.1), we can separate
out the Vandermonde part of (D.8) by pre-multiplying with the diagonal
matrix

J = diag

½
1√

mjMJM (kr)

¾
, (D.9)

to yield the desired Vandermonde response vector structure [MZ94a]

b̃(θ) =
£
e−jhθ . . . e−jθ 1 ejθ . . . ejhθ

¤T
. (D.10)

Finally note that since we showed in Appendix C that root finding
can be applied also to non-uniform linear arrays, the structure (D.10) is
unnecessarily stringent and can be relieved. The integer steps in the ex-
ponentials are really not needed but the correct pre-multiplication (D.9)
is. Thus the slight relaxation of allowing non-integer exponentials does
not help out greatly.





Appendix E

Gradients and Hessians
for MUSIC and WSF

In this Appendix expressions for the gradient and the second derivative
in the Taylor expansion (6.2) are given. The MUSIC, [Sch79], [Sch81],
and WSF, [VO91], estimates for one emitter scenarios are obtained by
minimizing the criterion functions

VMUSIC(θ, êv) = av
H(θ)Π⊥êvav(θ) (E.1)

and
VWSF (θ, êv) = Tr{Π⊥av(θ)êvwêHv }, (E.2)

respectively. Here êv is an estimate of the signal subspace, Π⊥êv =

I − êv(êHv êv)−1êHv and Π⊥av = I − av
¡
aHv av

¢−1
aHv are the orthogonal

projectors onto the estimated noise subspace and onto the array mani-
fold complement, respectively. For the single source case, the weighting
matrix of WSF reduces to the scalar w and it is straightforward to show
that the two criterion functions lead to identical DOA estimates. In
fact, assuming that aHv (θ)av(θ) is constant, the WSF and MUSIC DOA
estimate is obtained as the minimizing argument of

V (θ, êv) = −āHv (θ)êvêHv āv(θ) (E.3)

where āv(θ) = av(θ)
¡
aHv (θ)av(θ)

¢−1/2
is the normalized array response

vector of the virtual array as introduced in Chapter 3. In the following,
this common criterion for MUSIC and WSF may be used.
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Differentiate V with respect to θ to obtain:

V̇ (θ, êv) = −2Re{d̄Hv (θ)êvêHv āv(θ)}, (E.4)

where d̄v =
∂āv(θ)
∂θ .

The gradient of V̇ (θ, êv) with respect to the complex valued vector
êv is obtained using the definition of the gradient given in Section 3.9:

gv (θ, êv) = ∇êv
©−2Re{d̄Hv (θ)êvêHv āv(θ)ª

= −∇êv
©
êHv āvd̄

H
v êv + ê

H
v d̄vā

H
v êv

ª
= −āvd̄Hv êv − d̄vāHv êv.

Since āHv (θ)āv(θ) = 1, it is easily established that āHv d̄v= −d̄Hv āv.
This observation and the fact that ev = āv(θ0) (see Section 3.6), allows
the gradient evaluated at θ0 and ev to be expressed as

gv(θ0, ev) = −Π⊥āv d̄v, (E.5)

where d̄v and āv are evaluated at θ0. Note that the last step implies that
gHv āv = 0, a fact that is used to formulate the design criteria (7.10) and
(7.11).
To obtain a convenient expression for the second derivative of V with

respect to θ, rewrite (E.4) as

V̇ (θ, êv) = 2Re{d̄Hv (θ)
¡
I− êvêHv

¢
āv(θ)}, (E.6)

where the fact that Re{d̄Hv āv} = 0 is used (follows from the property
āHv d̄v = −d̄Hv āv above). The desired expression is obtained by differen-
tiating (E.6) and evaluating the result at θ = θ0 and êv = ev:

V̈ (θ0, ev) = 2d̄
H
v (θ0)Π

⊥
āv(θ0)

d̄v(θ0). (E.7)



Appendix F

The Higher Order Taylor
Terms

Continuing the Taylor expansion (6.2) in the one emitter case yields

r =
1

2

...
V (θ0, ev)∆θ

2 (F.1a)

+2Re

½³
∇ev V̈ (θ, ev)

´H
∆ev∆θ

¾
(F.1b)

+Re
©
Tr
¡
H1∆ev∆e

H
v

¢ª
(F.1c)

+Re
©
Tr
¡
H2∆ev∆e

T
v

¢ª
(F.1d)

+r0, (F.1e)

where
...
V (θ0, ev) = 6Re

©
hHv (I− eveHv )dv

ª
, with dv = ∂av

∂θ and hv =
∂dv
∂θ . Furthermore ∇ev V̈ (θ0, ev) denotes the complex gradient along ev
of V̈ (θ0, ev). The last term r0 contains the still higher terms.
The (i, j)th elements of the mv × mv Hessian matrices H1 and H2

are given by

H1(i, j) =
∂2V̇ (·, ·)

∂ēv(i)∂ev(j)

¯̄̄̄
¯
(θ,ev)

(F.2)

and
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H2(i, j) =
∂2V̇ (·, ·)

∂ev(i)∂ev(j)

¯̄̄̄
¯
(θ,ev)

, (F.3)

respectively.
The different terms in (F.1) also appear in the analysis of noise in-

duced bias in [XB92]. There however the errors ∆ev and ∆θ are treated
as statistical entities only. Furthermore, in (F.1) we observe that the
second Hessian H2 = 0.
We will now assume that

...
V (θ0, ev) is small enough for the first term

(F.1a) to be omitted. This is a reasonable assumption on V in the neigh-
borhood of the "true" point (θ0, ev). Remind that in the mapping appli-
cation the virtual array (i.e. usually the ULA) can always be oriented so
that end fire scenarios are avoided. This plus the one emitter assumption
helps in keeping V symmetric around (θ0, ev) and thus

...
V small [XB92].

Hence, defining H , H1 for simplicity, and omitting (F.1a), under
these conditions the residual term r can be approximately expressed as

r = 2Re

½³
∇ev V̈ (θ, ev)

´H
∆ev∆θ

¾
+Re

©
Tr
¡
H∆ev∆e

H
v

¢ª
+r0, (F.4)

where r0 contains the still higher order terms.



Appendix G

The Least Squares
Solution for T

The minimization problems (7.6), (7.9), (7.10), and (7.11) can be solved
in many ways. One approach is to apply the vec operator to both terms
inside each norm and solve for a vectorized version t of T. Taking the
(7.10) algorithm with the virtual array terms retained as an example, we
first reverse order between factors by taking the Hermitian transpose

Topt = argmin
T

½
(1− k)

°°°ĀH(θ(c))T− ĀH
v (θ

(c))
°°°2
F

+ k ·
NcalX
i=1

¯̄̄
Re
n
āH(θ(i))Tg(i)v − āHv (θ(i))g(i)v

o¯̄̄2)
, (G.1a)

where Ā, Āv are matrices of normalized response vectors, and θ
(c) is a

1 × Ncal vector of calibration azimuths
n
θ(i)
oNcal

i=1
. Thereafter the vec
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operator is applied to get

Topt = argmin
T

n
(1− k)

·
°°°³I⊗ ĀH

(θ(c))
´
vec(T)− vec(ĀH

v (θ
(c)))

°°°2
F

+ k ·
NcalX
i=1

¯̄̄
Re
n³
g(i)Tv ⊗ āH(θ(i))

´
vec(T)

− āHv (θ
(i))g(i)v

o¯̄̄2o
. (G.2)

In (G.2) the following relation is used

vec(ABC) =
¡
CT ⊗A¢ vec(C), (G.3)

where ⊗ is the Kronecker product. Also note that the weighting factor
k includes the second derivative V̈ , and that in a wide class of cases the
last term in (G.2) is zero, a property that was used in the designs (7.9),
(7.10) and (7.11).

The first norm in (G.2) contains a term of dimension mvNcal × 1,
whereas all the penalty terms have dimension mv × 1.
Introducing the short hand notations

M1 =
√
1− k I⊗ ĀH(θ(c)) (G.4)

of size mvNcal ×mvm,

m2 =
√
1− k vec(ĀH

v (θ
(c))) (G.5)

of size mvNcal × 1,

M
(i)
3 =

√
k g(i)Tv ⊗ āH(θ(i)) (G.6)

of size 1×mvm, and finally

m
(i)
4 =

√
k āHv (θ

(i))g(i)v (G.7)



G The Least Squares Solution for T 235

which is a scalar, we get from (G.2) by stacking terms

Topt =

argmin
T

°°°°°°°°°°°°°



Re {M1} − Im {M1}
Im {M1} Re {M1}
Re
n
M

(1)
3

o
− Im

n
M

(1)
3

o
...

...

Re
n
M

(Ncal)
3

o
− Im

n
M

(Ncal)
3

o


·

·
·
vec (Re {T})
vec (Im {T})

¸
−


Re {m2}
Im {m2}
m
(1)
4
...

m
(Ncal)
4



°°°°°°°°°°°

2
. (G.8)

Using the further short hand notation

Topt = argmin
T
kMt−mk2 (G.9)

for (G.8), with obvious definitions forM, t, andm, the minimizing trans-
formation matrix is obtained from the least squares solution

topt =

·
vec (Re {T})
vec (Im {T})

¸
=M†m. (G.10)

This involves calculating the Moore-Penrose pseudoinverse (†) of a large
(full rank) matrix of size (2mv+1)Ncal×2mvm. If, as a typical example,
mv = m = 8 and Ncal = 15, the size of the matrix M is 255× 128. This
size will not slow down real time operation of a radio surveillance system
however, since all mapping matrices, one for each sector and frequency,
can be calculated in advance.
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