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CONVEX HULL OF FACE VECTORS OF COLORED
COMPLEXES

AFSHIN GOODARZI

Abstract. In this paper we verify a conjecture by Kozlov (Discrete Comput Geom 18 (1997)
421–431), which describes the convex hull of the set of face vectors of r-colorable complexes on
n vertices. As part of the proof we derive a generalization of Turán’s graph theorem.

1. Introduction
Let ∆ be a simplicial complex on n vertices and let ∆k be the set of all faces

of ∆ of cardinality k. The face vector of ∆ is f (∆) = (n, f2, f3, . . .) where
fk is the cardinality of ∆k. A simplicial complex ∆ is said to be r-colorable
if its underlying graph (i.e., the graph with the same vertices as ∆ and with
edges ∆2) is r-colorable.

Throughout this paper, by a graph G we mean a finite graph without any
loops or multiple edges. The set of vertices and edges of G will be denoted by
V (G) and E(G), respectively. The cardinality of V (G) and E(G) are order
and size of G. A k-clique in G is a complete induced subgraph of G of
order k. The clique vector of G is c(G) = (c1(G), c2(G), . . .), where ck(G)
is the number of k-cliques in G. The Turán graph T (n, r) is the complete
r-partite graph of order n with cardinality of the maximal independent sets
“as equal as possible”.

A vector g ∈ Rd will be called positive if it has positive coordinates. The
k-truncation of g, denoted by gk, is the vector whose first k coordinates
are equal to the coordinates of g, and the rest are equal to zero, for k =
1, 2, . . . , d.

Kozlov conjectured [4, Conjecture 6.2] that the convex hull of the face
vectors of r-colorable complexes on n vertices has a simple description in
term of the clique vector of the Turán graph. The main result of this paper
is to show the validity of his conjecture, more precisely:

Theorem 1.1. The convex hull of f -vectors of r-colorable complexes on
n vertices is generated by the truncations of the clique vector of Turán
graph T (n, r).
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The structure of the paper is as follows. In Section 2, we set up a method for
finding the convex hull of the skeleta of a positive vector. The generalization
of Turán’s graph theorem will be proved in Section 3. Finally, in Section 4
we will prove our main result.

2. Thales’ Lemma
Let g = (g1, . . . , gd) be a positive vector in Rd and denote by Cg the convex

hull generated by the origin and all truncations of g. If g ∈ R2, then Cg is
the boundary and interior of a right angle triangle. In this case using Thales’
Intercept theorem, one can see that a positive vector (a, b) is in Cg if and
only if a ≤ g1 and (b/a) ≤ (g2/g1). The following result is a generalization
of this simple observation.

Lemma 2.1. Let g = (g1, . . . , gd) and f = (f1, . . . , fd) be two positive
vectors. Then f ∈ Cg if and only if f1 ≤ g1 and figj ≤ fjgi for all
1 ≤ j < i ≤ d.

Proof. The vectors g1, . . . , gd form a basis for Rd. So there exists c =
(c1, . . . , cd) ∈ Rd such that f = ∑d

1 cig
i. So we have

fd = cdgd,

fd−1 = (cd−1 + cd)gd−1,
...

f1 = (c1 + . . . + cd)g1.

On the other hand, f ∈ Cg if and only if cj ≥ 0 for all j and ∑
ci ≤ 1.

Therefore we have f ∈ Cg if and only if f1 = (∑ ci)g1 ≤ g1 and figj =
(ci + . . . + cd)gigj ≤ (cj + . . . + ci + . . . + cd)gjgi = fjfi. �

In the special case where g is the face vector of the (n − 1)-dimensional
simplex, the result above is already contained in the work of Kozlov [4, Section
5]. His proof, however, works in the general case as well.

3. Turán Graphs
Let us denote by G(n, r) the set of all graphs G of order n and clique

number ω(G) ≤ r. Turán graph has many extremal behaviors among all
graphs in G(n, r). Recall that Turán graph T (n, r) is the complete r-partite
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graph of order n with cardinality of the maximal independent sets as equal
as possible. We will denote by tk(n, r) the number of k-cliques in T (n, r).

In 1941 Turán proved that among all graphs in G(n, r), the Turán graph
T (n, r) has the maximum number of edges. This result, Turán’s graph the-
orem, is a cornerstone of Extremal Graph Theory. There are many different
and elegant proofs of Turán’s graph theorem. Some of these proofs were
discussed in [1] and in [2, Chapter 36].

Later, in 1949, Zykov generalized Turán’s graph theorem by showing that
ck(G) ≤ tk(n, r) for all G ∈ G(n, r) and all k. Here we state and prove a
generalization of Zykov’s result.

Theorem 3.1. For any graph G ∈ G(n, r) and for each k ∈ {2, . . . , r},
one has

cr(G)
tr(n, r)

≤ . . . ≤ ck(G)
tk(n, r)

≤ ck−1(G)
tk−1(n, r)

≤ . . . ≤ c2(G)
t2(n, r)

≤ 1.

Proof. Let G ∈ G(n, r). We may assume that G is not complete and and
for a fixed k, qk(G) := ck(G)/ck−1(G) is maximum among all graphs in
G(n, r). Let u and v be two disconnected vertices in G and define Gu→v
to be the graph with the same vertex set as G and with edges E(Gu→v) =(
E(G) ∪ (∪w∈N(v){u,w})

)
\ (∪z∈N(u){u, z}).

The following properties can be simply verified

• Gu→v ∈ G(n, r),

• ck(Gu→v) = ck(G)− ck−1(G[N(u)]) + ck−1(G[N(v)]).

On the other hand, it is straightforward to check that either one of qk(Gu→v)
and qk(Gv→u) is strictly greater than qk(G), or they are all equal. Hence
qk(Gu→v) is maximal.
Now consider all vertices of G that are not connected to v. let us label them
by u1, . . . , um. We define

G1 := Gu1→v, . . . , G
j := Gj−1

uj→v, . . . , G
m := Gm−1

um→v.

If Gm \{v, u1, . . . , um} is a clique, then we stop. If not, there exists a vertex
w ∈ Gm \ {v, u1, . . . , um} which is not connected to all other vertices. We
repeat the above process with w and continue until the remaining vertices
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form a clique. So we will obtain a complete multipartite graph H ∈ G(n, r)
such that qk(H) is maximum. If H is a Turán graph, then we are done.
If not there exist two maximal independent sets I1 = {w1, . . . , wm} and
I2 = {z1, . . . , zl} such that m − 2 ≥ l. Let H ′ be the graph obtained by
removing all edges of the form wmzi and adding new edges wmwi for all
1 ≤ i ≤ l. Then it is easy to see that for all j, H ′ has as many j-cliques
as H has and, in particular qk(H ′) is maximum. Therefore qk(H ′wm→z1

) is
maximum as well and the result follows by repeating the above process.

�

Remark 3.2. The operator Gu→v in our proof is similar to operators used
in [2, p. 238] and in [4, Theorem 3.3]. However it may belong to “folklore”
graph theory, since its origin is not clear.

4. Proof of Theorem 1.1
In order to prove our main result, using Thales’ Lemma 2.1, it is enough

to show that for any r-colorable complex ∆ on n vertices and for each k,

fk(∆)/fk−1(∆) ≤ tk(n, r)/tk−1(n, r).

To prove inequalities above, we need further definitions.
Let 1 ≤ k ≤ r be fixed integers and let us denote by Ni the set of all

positive integers whose residue modulo r is equal to i. The set of all r-colored
k-subsets is

M(k, r) =
F ∈

N
k

∣∣∣∣∣ |F ∩ Ni| ≤ 1 for all i
 .

We consider the partial order <p on M(k, r) defined as follows. For T =
{t1, . . . , tk} and S = {s1, . . . , sk} with t1 < . . . < tk and s1 < . . . < sk in
M(k, r), set T <p S if ti ≤ si for every 1 ≤ i ≤ k. A family F ⊆M(k, r)
is said to be r-color shifted if whenever S ∈ F , T <p S, and T ∈ M(k, r)
one has T ∈ F . A simplicial complex is said to be r-color shifted if for
any k the set of its k-faces is an r-color shifted family. It is known that for
any r-colorable complex ∆ on n-vertices and for any k there exists a r-color
shifted complex Γ such that fk(∆) = fk(Γ) and fk−1(∆) ≥ fk−1(Γ). (see [3,
Proposition 3.1], for instance.)
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Proof. We use induction on r. For r = 1, ∆ is totally disconnected and
the statement clearly holds. Now assume that the statement holds for any
(r − 1)-colorable complex. Fix a k and let ∆ be an r-colorable complex on
n vertices such that

fk(∆)
fk−1(∆)

= max
 fk(Γ)
fk−1(Γ)

∣∣∣∣∣ Γ is r-colorable on n vertices
 .

We may assume that ∆ is color shifted. We may also assume that for any
j ≥ k if ∆ contains the boundary of a j-simplex δ, then ∆ contains δ itself.
Let I(1) = {u1, . . . , um−1} be the set of all vertices that are not connected
to the vertex 1. For u ∈ I(1) define ∆u→1 to be the complex obtained by
removing all faces which contain {u} properly and adding new faces F ∪{u}
for all F ∈ link∆1. Note that if we have an r-coloring of ∆, it is possible
that u and a vertex in link∆1 has the same color, however we can change the
color of u with the color of 1, so this construction preserves r-colorability.
It is easy to see that

fj(∆u→1) = fj(∆)− fj−1(link∆u) + fj−1(link∆1).

Hence fk(∆u→1)/fk−1(∆u→1) is maximum as well. So if we define

Λ = (. . . ((∆u1→1)u2→1) . . .)um−1→1,

then Λ is r-colorable and fk(Λ)/fk−1(Λ) is maximum, since in each step our
operator preserves fk/fk−1 and r-colorability.
Let us denote by L and D, the subcomplex link∆1 and the subcomplex of
∆ induced by vertices of link∆1, respectively. It is easy to see that fj(Λ) =
mfj−1(L) + fj(D).

Claim 4.1. Dj = Lj, for any j ≥ k − 1.

Proof. It is easy to see that Lj ⊆ Dj. So assume that F ∈ Dj. For any
u ∈ F we have F \{u}∪{1} ∈ ∆, by the structure of ∆. Hence the boundary
of F ∪ {1} is in ∆ and we have F ∪ {1} ∈ ∆, therefore F ∈ Lj. �

So we have
fk(Λ)
fk−1(Λ)

= mfk−1(L) + fk(L)
mfk−2(L) + fk−1(L)

.
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On the other hand, since L is (r − 1)-colorable, there exists a graph H ∈
G(|V (L)|, r − 1) such that ft(L)/ft−1(L) ≤ ct(H)/ct−1(H) for any 2 ≤
t ≤ r − 1. Denote by Gk the graph obtained by joining H and a to-
tally disconnected graph on m vertices. Clearly Gk ∈ G(n, r) and we have
ct(Gk) = mct−1(H) + ct(H) for all t. So we have

ck−1(Gk)fk(Λ) = (mck−2(H) + ck−1(H))(mfk−1(L) + fk(L))
= m2ck−2fk−1(L) + mck−2(H)fk(L) +

mfk−1(L)ck−1(H) + ck−1(H)fk(L)
≤ m2ck−1fk−2(L) + mck(H)fk−2(L) +

mfk−1(L)ck−1(H) + ck(H)fk−1(L)
= ck(Gk)fk−1(Λ).

So we have proved that for any r-colorable simplicial complex on n vertices
and for a fixed k there exists a graphGk ∈ G(n, r) such that fk(∆)/fk−1(∆) ≤
ck(Gk)/ck−1(Gk). On the other hand by using Theorem 3.1, for all k, we have

ck(Gk)
ck−1(Gk)

≤ tk(n, r)
tk−1(n, r)

,

as desired. �

Acknowledgments. The author would like to thank Bruno Benedetti and
Anders Björner for helpful suggestions and discussions.

References
[1] M. Aigner, Turán’s Graph Theorem, The American Mathematical Monthly 102

(9) (1995), 808âĂŞ-816.

[2] M. Aigner, G . M. Ziegler, Proofs from THE BOOK, 4th ed., Springer, New York,
2010 (Chapter 36).
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