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Abstract

This thesis consist of the following three papers.

• Convex hull of face vectors of colored complexes.

In this paper we verify a conjecture by Kozlov (Discrete Comput
Geom 18 (1997) 421–431), which describes the convex hull of the
set of face vectors of r-colorable complexes on n vertices. As part
of the proof we derive a generalization of Turán’s graph theorem.

• Cellular structure for the Herzog–Takayama Resolution.

Herzog and Takayama constructed explicit resolution for the ide-
als in the class of so called ideals with a regular linear quotient.
This class contains all matroidal and stable ideals. The resolu-
tions of matroidal and stable ideals are known to be cellular. In
this note we show that the Herzog–Takayama resolution is also
cellular.

• Clique Vectors of k-Connected Chordal Graphs.

The clique vector c(G) of a graph G is the sequence (c1, c2, . . . , cd)
in Nd, where ci is the number of cliques in G with i vertices and
d is the largest cardinality of a clique in G. In this note, we use
tools from commutative algebra to characterize all possible clique
vectors of k-connected chordal graphs.
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Sammanfattning

Denna avhandling består av följande tre artiklar.

• Convex hull of face vectors of colored complexes.

I detta arbete verifierar vi en förmodan av D. Kozlov (Discrete
and Computational Geometry 18 (1997), 421–431), som beskriver
konvexa höljet till mängden av f -vektorer för r-färgbara komplex
med n hörn. Som en del av beviset härleder vi en generalisering
av Turáns sats i grafteorin.

• Cellular structure for the Herzog-Takayama resolution.

J. Herzog och Y. Takayama har konstruerat en explicit upplös-
ning för ideal som hör till klassen av så kallade ideal med en
reguljär lineär kvot. Alla matroidideal och stabila ideal tillhör
denna klass. Det är känt att alla matroidideal och stabila ideal
har cellulära upplösningar. I denna artikel visar vi att Herzog-
Takayama upplösningen också är cellulär.

• Clique vectors of k-connected chordal graphs.

Klickvektorn c(G) för en graf G är sviten (c1, c2, . . . , cd) i Nd,
där ci är antalet klickar med i hörn och d är kardinaliteten hos
den största av dessa klickar. I detta arbete använder vi metoder
hämtade fråm kommutativ algebra för att ge en karaktärisering
av klickvektorerna till k-sammanhängande kordagrafer.
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Chapter 1

Introduction

This thesis consists of three papers. In the first [Goo14b] and the third [Goo14a]
papers, we study the number of faces of simplicial complexes. The second
paper [Goo13] is concerned with minimal free resolutions.

The aim of this introductory chapter is to give an insight into the mathe-
matical background of the thesis. Throughout this chapter we assume some
familiarity with basic concepts in topology and algebra. Undefined topo-
logical terminology can be found in the books by Spanier [Spa81] and by
Stanley [Sta96] or the survey article by Björner [Bjö95]. The reader can
consult the books by Herzog and Hibi [HH11] and by Peeva [Pee11] for the
basic algebraic concepts.

Our exposition of the combinatorial background follows mostly [Bjö96,
BK89, GK78], with only one exception for our treatment of algebraic shifting.
The facts about free resolutions are mostly taken from [Eis05, Pee11].

In this chapter, we do not give any proofs with only one exception, the
Taylor resolution.

1.1 Face vector of simplicial complexes

A simplicial complex ∆ is a finite nonempty collection of subsets of some
ground set V such that if F ∈ ∆ and H ⊆ F then H ∈ ∆. The elements
F ∈ ∆ are called faces of ∆. The dimension of a face F and of ∆ itself
are defined by dimF = |F | − 1; dim ∆ = maxF∈∆ dimF . For a simplicial
complex ∆, let ∆i be the set of all i-dimensional faces and fi = |∆i|. The
integer sequence f(∆) = (f0, f1, . . .) is called the f -+emphvector of ∆.

1
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The characterization of all integer vectors that arise as f -vectors of simplicial
complexes was given independently by Kruskal, Katona and Schützenberger.

For integers k, n ≥ 1 write

n =
(
ak
k

)
+
(
ak−1
k − 1

)
+ . . .+

(
ai
i

)

so that ak > ak−1 > . . . > ai ≥ i ≥ 1. A unique such expansion exists.
Define

∂k(n) =
(

ak
k + 1

)
+
(
ak−1
k

)
+ . . .+

(
ai
i+ 1

)
.

Theorem 1.1 (Kruskal-Katona-Schützenberger). An integer sequence

(f0, f1, . . . , fd)

is the f -vector of a d-dimensional simplicial complex if and only if

0 < fk+1 ≤ ∂k+1(fk)

for all 0 ≤ k ≤ d− 1.

Let K be a field and H̃q(∆,K) the q-th reduced homology group of ∆
with coefficients in K. Let β̃q = β̃q(∆,K) = dim H̃q(∆,K). The β-vector of
∆ is the integer sequence (β̃0, β̃1, β̃2, . . .).

The Euler-Poincaré formula states that

−1 + f0 − f1 + f2 − . . . = β̃0 − β̃1 + β̃2 − . . . .

Mayer [May42] showed that no other linear relation holds between f and
β. In [BK88], Anders Björner and Gil Kalai used techniques from exterior
algebraic shifting (see below, for the definition) to extend Kruskal-Katona-
Schützenberger theorem and Euler-Poincaré formula simultaneously. They
showed that f - and β-vectors of a d-dimensional complex satisfy d non-linear
relations. In particular, they characterize the possible f -vectors of simplicial
complexes with a given β-vector.

For a face F ∈ ∆, the link of F in ∆ is defined by

link∆F = {G ∈ ∆ | G ∩ F = ∅ and G ∪ F ∈ ∆}.

The k-skeleton ∆(k) of ∆ is the simplicial complex consists of all faces of ∆
of dimension ≤ k.
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We say that ∆ is Cohen-Macaulay over the field K, if

β̃q(link∆F,K) = 0

for all faces F of ∆ (including the empty set) and all q < dim(link∆F ).
The characterization of the f -vectors of Cohen-Macaulay complexes is

due to Stanley [Sta77]. This characterization can be better stated in term
of the h-vector.

Definition 1.2. Let ∆ be a simplicial complex of dimension (d− 1). Then
the h-vector of ∆ is h(∆) = (h0, . . . , hd) where

hi =
∑

j

(−1)(i−j)
(
d− j
d− i

)
fj−1(∆).

Let Y = {Y1, . . . , Ym} be a set of variables. An order ideal of monomials
on Y is a set M of monomials such that if p ∈ M and q divides p, then
q ∈M. The f -vector ofM is the sequence f(M) = (f0, f1, f2, . . .) where fi
is the number of monomials of degree i inM.

Theorem 1.3 (Stanley). A sequence of nonnegative integers h = (h0, . . . , hd)
is the h-vector of a (d−1)-dimensional Cohen-Macaulay complex if and only
if h is the f -vector of an order ideal.

The depth of a simplicial complex is defined to be

depth∆ = 1 + max{k | ∆(k) is Cohen-Macaulay }.

In particular a d-dimensional complex ∆ is Cohen-Macaulay if and only if
depth∆ = d+ 1 and is connected if and only if depth∆ ≥ 2.

The most general known result in this direction is due to Anders Björner [Bjö96],
who characterized the f -vector of all simplicial complexes of bounded depth
and with a given β-vector.

1.2 Combinatorial Alexander duality

Let Sm denote the m-dimensional sphere. If A is a nonempty proper subset
of Sm and the pair (Sm, A) is triangulable, then Alexander duality [Mun84,
p.424] holds that

β̃q(Sm −A,K) = β̃m−q−1(A,K).
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If A is a simplicial complex of n vertices, then there is a natural choice of
Sm, namely, the boundary complex Bn of the simplex on n vertices. The
complex Bn is an (n − 2)-dimensional sphere and Bn − A is closed under
taking supersets. So, if we consider the complement of elements in Bn − A,
then we obtain a simplicial complex.

Definition 1.4. Let A be a simplicial complex on the vertex set [n]. Then
the combinatorial Alexander dual A∗ of A is the following simplicial complex

A∗ = {[n]− F | F /∈ A}.

It now follows from Alexander duality and our observation above that

β̃q(A∗) = β̃n−q−3(A).

1.3 Algebraic shifting

A simplicial complex on the vertex set [n] is shifted if whenever F ∈ ∆, i ∈ F ,
j < i and j /∈ F then (F \ {i})∪{j} ∈ ∆. Gil Kalai introduced operators on
simplicial complexes sending a complex to a shifted complex while preserving
many interesting properties (see e.g. [Kal02]). In this section we review
one of these operators that was developed in collaboration of Björner and
Kalai [BK88]. However, we present here a more algebraic definition.

The exterior algebra
∧
E over K on the basis elements e1, e2, . . . , en is

defined by
∧
E = K〈e1, e2, . . . , en〉/〈{e2

i }i, {ei · ej − ej · ei}i<j〉,

where K〈e1, e2, . . . , en〉 is the free (non-commutative) algebra. The product
in
∧
E will be denoted by ∧.

For a simplicial complex Λ on the vertex set [n], define its exterior face
ideal to be JΛ = 〈eS | S /∈ Λ〉, where for S = {i1 < i2 < . . . < it}, the
symbol eS is defined by eS = ei1 ∧ ei2 ∧ . . .∧ eit . On the other hand, if I is a
monomial ideal in

∧
E, then the collection of all sets S that eS /∈ I forms a

simplicial complex ∆I . Clearly, we have J∆I
= I and ∆JΛ = Λ. Thus, there

exists a bijection between monomial ideals in
∧
E and simplicial complexes

on the vertex set [n].
The general linear group GL(n,K) acts on

∧
E as follows:

If X = [xij ] ∈ GL(n,K) is an n by n matrix, then for a polynomial P =
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P (e1, . . . , en) we let XP = P (∑x1jej , . . . ,
∑
xnjej). We also let XJ be the

image of an ideal J under this action.
Let in(J) denote the initial ideal of J , i.e. the ideal generated by initial

term of polynomials in J , under reverse lexicographic order. If J is a mono-
mial ideal, then it can be shown that there exists a nonempty Zariski open
set B ∈ GL(n,K) such that in(XJ) = in(Y J), for all X,Y ∈ B. The ideal
in(XJ) with X ∈ B is called the generic initial ideal of J . Since nonempty
Zariski open sets are dense, the generic initial ideal is unique.

Definition 1.5. Let Λ be a simplicial complex and I the generic initial ideal
of JΛ. Then the unique simplicial complex Λe such that I = JΛe is called
the exterior algebraic shifting of Λ.

A simplicial complex shares many interesting properties with its exterior
algebraic shifting. Here we mention some of them.

Theorem 1.6. Let ∆ be a simplicial complex and ∆e the exterior algebraic
shifting of ∆. Then the following properties hold:

1. Exterior algebraic shifting and combinatorial Alexander duality com-
mute; (∆∗)e = (∆e)∗,

2. Exterior algebraic shifting preserves face vectors; f(∆) = f(∆e),

3. Exterior algebraic shifting preserves Betti numbers; β(∆) = β(∆e),

4. Exterior algebraic shifting preserves depth; depth(∆) = depth(∆e). In
particular, ∆ is Cohen-Macaulay if and only if ∆e is.

1.4 Stanley-Reisner correspondence

Let ∆ be a simplicial complex on the vertex set [n] and K a field. The
Stanley-Reisner ideal I∆ of ∆ is the ideal generated by

〈xi1 . . . xis | {i1, . . . , is} /∈ ∆〉 (1.1)

in the polynomial ring S = K[x1, . . . , xn]. The Stanley-Reisner ideal is the
symmetric analogue of the exterior face ideal.

The face ring K[∆] is defined to be S/I∆. The ideal I∆ is, by definition,
generated by square-free monomials. On the other hand it is easily seen that
every ideal generated by square-free monomials is the Stanley-Reisner ideal
of a simplicial complex.
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1.5 Flag complexes

A simplicial complex ∆ is flag if all minimal nonfaces of ∆ has cardinality
two. If G is a graph and ∆(G) is the set of all cliques in G, then ∆(G) is a
flag simplicial complex. Such a complex is called a clique complex. On the
other hand, every flag complex is the clique complex of its 1-skeleton. Flag
simplicial complexes are important in graph theory, commutative algebra
and metric geometry.

The following theorem is an equivalent formulation of a fundamental
result of Ralf Fröberg that plays an essential role in the 3rd paper in this
dissertation.

Theorem 1.7 (Fröberg [Frö90]). Let ∆ be a flag simplicial complex. Then
the ∆∗ is Cohen-Macaulay if and only if ∆ is the clique complex of a chordal
graph.

A simplicial complex is called r-colorable if its underlying graph (1-
skeleton) is r-colorable in the sense of graph theory. A (d − 1)-dimensional
simplicial complex ∆ is called balanced if ∆ is d-colorable. It was conjectured
by Eckhoff and Kalai that the f -vector of a flag complex is the f -vector of a
balanced complex. This conjecture is now settled by Frohmader. However,
a characterization of the f -vectors of flag complexes is not known.

1.6 Grading and Hilbert series

The proof of the facts stated in this section and the next one can all be found
in the book by Irena Peeva [Pee11]. The polynomial ring S as a ring has an
extra property, namely, if we denote by Sd the K-vector space of homoge-
neous elements of degree d, then we can decompose S as a direct sum

⊕
d Sd

of K-vector spaces in such a way that Sd · Se ⊆ Sd+e. It is easy to see that
every homogeneous ideal in S (i.e. an ideal generated by homogeneous ele-
ments) inherits this extra property. Precisely speaking, if for a homogeneous
ideal I we put Id := Sd ∩ I, then one has the decomposition I = ⊕

d Id in
such a way that Se · Id ⊆ Ie+d. Monomial ideals, i.e., ideals generated by
monomials, are primary and are important examples of homogeneous ideals.

Definition 1.8. An S-module M is graded if we have a direct sum decom-
position M = ⊕

i∈ZMi into K-vector spaces such that Si · Mj ⊆ Mi+j .
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Each Mi is called a homogeneous component. An element m ∈ M is called
homogeneous of degree i, if m ∈Mi.

Sometimes, specially when we want to consider the homomorphisms be-
tween graded modules, it is useful to change the grading by shifting the
degrees. So, if M is a graded module, we define M(−d) to be the module
M shifted d degrees simply by putting M(−d)i = Mi−d.

Now let us have an example, where S = K[x, y] and I = 〈x2, y3〉. Con-
sider the homomorphism S ⊕ S → I defined by (1, 0)→ x2 and (0, 1)→ y3.
If we consider the usual grading of S ⊕ S and I, this is of course a situation
that we don’t like. An element of degree zero (1, 0) maps to a degree 2 ele-
ment and another element of degree zero (0, 1) maps to a degree 3 element,
and in particular (1, 1) which is a homogeneous element maps to x2 + y3.
To resolve this problem, we can shift the degrees of the first component of
S ⊕ S by 2, and of the second component by 3 to obtain a homomorphism
S(−2)⊕ S(−3)→ I which respects the grading.

Definition 1.9. A map ϕ : M → N between graded S-modules is called
graded if it is degree preserving, that is if ϕ(Mi) ⊆ Ni for all i ∈ Z.

Having defined graded maps, it is of course natural that images and
kernels of such maps inherit the grading structure.

Lemma 1.10. If ϕ : M → N is a graded map, then ϕ(M) and ker(ϕ) are
graded.

If M is a finitely generated S-module, then every homogeneous compo-
nents of M is a finite dimensional vector space. So, to measure the size of
M one can study the sizes of homogeneous component of M . The Hilbert
series of M is Hilb(M ; t) := ∑

i∈Z dimKMit
i. The set of all monomials in S

of degree i forms a basis for Si, so one can compute the Hilbert series of S
as follows

Hilb(S; t) = ∑
i∈Z

(n−1+i
i

)
ti = 1

(1−t)n .

On the other hand if M
⊕l

j=1 S(−dj) is a graded free S-module, then one
has Hilb(M ; t) = ∑l

j=1 Hilb(S(−dj)). Now, using the simple fact that the
effect of shifting degrees by d on the Hilbert series is a factor of td, one can
deduce that
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Hilb(M ; t) =
∑

j
tdj

(1−t)n .

If ϕ : M → N is a surjective graded map, then the short exact sequence

0→ ker(ϕ)→M → N → 0,

breaks into short exact sequences of the homogeneous pieces

0→ ker(ϕ)i →Mi → Ni → 0.

Then by using the rank-nullity theorem for finite dimensional vector spaces
one can easily deduce the following fact

Lemma 1.11. Hilbert series are additive relatively to graded short exact
sequences, that is, if ϕ : M → N is a graded map between finitely generated
graded modules, then

Hilb(M ; t) = Hilb(Im(ϕ); t) + Hilb(ker(ϕ); t).

1.7 Free resolutions

As we have already seen the Hilbert series is easy to compute for free modules
and behaves well along short exact sequences. Hilbert’s idea to compute the
Hilbert series was to compare the size of components of the module with the
size of components of free modules. He associated to every graded finitely
generated module a chain of graded free modules, a free resolution. Before
presenting the precise definitions, in what follows we describe a way to find
such a resolution.
Let M be a finitely generated S-module and let m0,1 . . .m0,s0 be a minimal
set of generators for M and assume that any m0,i has degree d0,i. Let
F0 = ⊕

i S(−d0,i) and consider the natural graded homomorphism ϕ0 from
F0 onto M , defined by sending the generator of S(−d0,i) to m0,i. Every
non-trivial relation between the generators of M , called a syzygy, determine
an element in the kernel of ϕ0. The kernel of ϕ0, that we shall call the first
syzygy module of M is graded and finitely generated1. Now if the kernel is a
free module, then we have resolved M . If not, we continue with “resolving”
the first syzygy, syz1(M), using free modules. So assume that m1,1 . . .m1,s1

1The latter statement is a consequence of the general form of Hilbert’s basis theorem,
that is every submodule of a finitely generated S-module is finitely generated.
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is a minimal set of generators for syz1(M) and denote the degree of m1,i by
d1,i. Put F1 = ⊕

i S(−d1,i) and let ϕ1 : F1 → F0 be the composition of the
natural map from F1 to syz1(M) and the inclusion map. So we obtain

F1
ϕ1−→ F0

ϕ0−→M −→ 0.

Again, if the second syzygy module syz2(M) = ker(ϕ1) is not free we continue
the same process to obtain

F2
ϕ2−→ F1

ϕ1−→ F0
ϕ0−→M −→ 0,

and so on. It is not clear that this process terminates. However, as we will
see in the end of this part, Hilbert observed that for any finitely generated
module M , there exists j ≤ n such that the j-th syzygy module is free.

Definition 1.12. A graded free resolution of a finitely generated S-module
M is a graded exact sequence of free modules

F : · · · −→ Fi
ϕi−→ Fi−1 −→ · · · −→ F1

ϕ1−→ F0,

such that M ∼= F0/Im(ϕ1). The resolution F is called minimal if in addi-
tion ϕi(Fi) ⊆ mFi−1 for all i ≥ 1, where m = 〈x1, . . . , xn〉 is the unique
homogeneous maximal ideal of S.

Theorem 1.13 (Uniqueness of the minimal free resolution). For any finitely
generated graded S-module M there is, up to isomorphism of sequences, only
one minimal free resolution.

The uniqueness of the minimal free resolution implies that the numerical
data that we can read from the minimal free resolution are invariants. The
graded Betti numbers are probably the most interesting one among these
data.

Definition 1.14. LetM be a graded module. Then the graded Betti number
bi,j(M) is the number of copies of S(−j) in homological degree i (i.e. in Fi)
in the minimal free resolution of M .
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1.8 Hochster’s Formula and its dual version

Melvin Hochster [Hoc77] provided a very powerful tool to compute the
graded Betti numbers of face rings. He showed that the graded Betti num-
bers of K[∆] can be computed from homological information of the induced
subcomplexes of ∆.

Let ∆ be a simplicial complex on the vertex set [n]. Then

bi,j(K[∆]) =
∑

W∈([n]
j )
β̃j−i−1(∆W ),

where β̃∗ denotes the reduced Betti number over the field K.
Note that, knowing the graded Betti numbers is not equivalent to knowing
the minimal resolution.

Eagon and Reiner [ER98] used combinatorial Alexander duality to pro-
vide the following dual version of the Hochster’s Formula:

bi,j(K[∆]) =
∑

W∈∆n−j−1

β̃i−2(link∆∗W ).

1.9 The Taylor resolution

Although for a given module, the theory of Gröbner bases provides an effi-
cient algorithm to compute the minimal free resolution, the complete clas-
sification seems to be unreachable at this stage. Describing the minimal
free resolution for various classes of monomial ideals is a momentous and
interesting problem in combinatorial commutative algebra.

One possible approach is to start from non-minimal resolutions such as
the Taylor resolution [Tay66], see below, and try to reduce them to minimal
ones.

Let I = 〈u1, . . . , um〉 be a monomial ideal. For a subset σ ⊆ [m] denote
by Sσ the free module generated by the symbol g(σ) and shifted in degree
by l(σ) := lcm(uj | j ∈ σ). Let Ti be the direct sum

⊕
σ Sσ over all σ ⊆ [m]

with cardinality i. For j ∈ σ denote by pos(j) the number of elements of σ
that are less than j. Define the map ϕi from Sσ to Ti−1 by

ϕi(g(σ)) = ââ
∑

j∈σ
(−1)pos(j) l(σ)

l(σ \ {j})g(σ \ {j}). (1.2)
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Clearly by linear extension we obtain a map ϕi from Ti to Ti−1. The
Taylor complex TI ,

TI : 0 −→ Tm
ϕm−→ Tm−1 −→ · · · −→ T1

ϕ1−→ T0,

is indeed a free resolution of S/I. At first glance it may not be clear that TI is
even a complex. However comparing the Taylor complex with the homology
chain complex of (m− 1)-simplex may shed some light on the problem. The
major difference here is that we have some coefficients from our ring, so one
may think about the Taylor as the labelled homology chain complex of the
simplex. This is indeed the first example of a cellular resolution, our subject
in the next section.

Example 1.15. Let I be the ideal generated by x2y, yz, and xz2 in the
polynomial ring S on variables x, y, and z. Then the Taylor complex of S/I
is

0 −→ S(x2yz2) −→ S(x2yz)⊕ S(xyz2)⊕ S(x2yz2) −→
S(x2y)⊕ S(yz)⊕ S(xz2) −→ S,

which clearly is not minimal, since l({1, 2, 3}) = l({1, 3}) = x2yz2 and there-
fore ϕ3(S(x2yz2)) is not a subset of 〈x, y, z〉T2. The minimal free resolution
of S/I that we get from the software Macaulay2 is

0 −→ S(x2yz)⊕ S(xyz2) −→ S(x2y)⊕ S(yz)⊕ S(xz2) −→ S.

1.10 Cellular resolution

In this section we briefly describe an elegant way to obtain free resolutions
from homology chain complex of topological objects. The reader may con-
sult [BPS98, BS98, BW02, MS05] for more information and details.

Let X be a regular cell complex and ε(F, F ′) an incidence function on
pair of cells of X. If M is a set of monomials in bijection with the vertices
of X, then we define the labeled homology chain complex of X as follows:
For every cell F of X, let l(F ) be the least common multiple of monomials
associated to vertices of F . Also, let M(F ) be the free module generated by
l(F ). Define Ck(X) to be

⊕
M(F ), for all F of dimension k. The labeled

chain complex of X is

. . . −→ Ck+1(X) ϕ−→ Ck(X) ϕ−→ Ck−1(X) −→ . . . ,
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where ϕ(M(F )) = ∑
ε(F, F ′) l(F )

l(F ′)M(F ′).
If m is a monomial, then we denote by X≤m the subcomplex of X con-

sisting of all cells F with m divisible by l(F ).

Theorem 1.16. Let X be a regular cell complex whose vertices are labeled
by a set M of monomials. Also, let I be the ideal generated by all monomials
in M . Then the labeled chain complex of X is a free resolution of S/I if and
only if X≤m is acyclic for all m. Furthermore, this resolution is minimal if
and only if any pair of distinct cells with a containment relation has distinct
labels.

A minimal resolution that is obtained in this way is called a cellular
resolution supported on X.

If a minimal free resolution of S/I is supported on a cell complex X with
intersection property, then the total Betti numbers of S/I is the f -vector
of X. It was shown by Björner and Kalai [BK91] that the f -vector of an
acyclic cell complex with intersection property is the f -vector of an acyclic
simplicial complex. So, we may conclude that:

Theorem 1.17. If a minimal free resolution of S/I is supported on a cell
complex with intersection property, then the total Betti numbers of S/I is the
f -vector of an acyclic simplicial complex.

1.11 Mapping Cone and Resolution

In this section we describe a way to construct a free resolution for the third
module in a short exact sequence, knowing free resolutions of the other two
modules. Let (F, d) and (F′, d′) be two complexes. A homomorphism

ϕ : (F, d)→ (F′, d′)

is a collection {ϕi} such that for each i, ϕi : Fi → F ′i is a homomorphism
and every square is commutative, that is, ϕi−1di = d′iϕi for all i.
If M and N are two modules and ϕ : M → N is a map, then there is a
canonical way to lift ϕ to obtain a homomorphism ϕ between free resolutions
of M and N . The idea is as follows:
Assume that (F, d) and (F′, d′) are free resolutions ofM and N , respectively.

Now we have a surjective map F ′0
d′0−→ N and a map F0

ϕd0−→ N from a
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projective module2, so there exists a map F0
ϕ0−→ F ′0 such that d′0ϕ0 = ϕd0.

In addition, we have d′0ϕ0(Ker(d0)) = ϕd0(Ker(d0)) = 0, so, ϕ0(Ker(d0)) ⊆
Ker(d′0). Therefore we obtain a map ϕ0 between the first syzygy modules
and repeating the process above one can inductively construct the lifting
map ϕ : (F, d)→ (F′, d′).
Having a homomorphism ϕ : (F, d)→ (F′, d′), one can construct themapping
cone complex, C(ϕ) := (C, ψ), of ϕ. That is Ci = Fi−1 ⊕ Gi as S-modules
and differentials

ψi =
(
di−1 0
ϕi−1 d′i

)
.

The short exact sequence of complexes

0 −→ G −→ C −→ F[−1] −→ 0

then gives us the long exact homology sequence

· · · −→ Hi(F) −→ Hi(G) −→ Hi(C) −→ Hi−1(F)

−→ · · · −→ H0(F) −→ H0(G) −→ H0(C) −→ 0.
However, since G and F are exact we get the following exact sequence

0 −→ H1(C) −→M −→ N −→ H0(C) −→ 0.

Now, if in addition ϕ : M −→ N is injective, then H1(C) = 0 and therefore
C(ϕ) is a free resolution of H0(C) = coker(ϕ). Note that even if F and
G are minimal, C is usually far from being minimal. In what follows as
applications of the mapping cone construction we prove that the Taylor
resolution is indeed a free resolution.

Here, is the only place in this chapter that we present a proof. Although
the proof is known, we include it for the sake of completeness.

Theorem 1.18. For any monomial ideal I the Taylor complex TI is a free
resolution of S/I.

Sketch of proof. If I is principle, then the statement clearly holds. So, let
u1, . . . , um be a set of generators of I, with m > 1 and denote by J the ideal
generated by u1, . . . , um−1. Consider the short exact sequence

0 −→ S

J : um
−→ S

J
−→ S

I
−→ 0.

2Every free module is projective
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Then { lcm(ui,um)
um

}m−1
i=1 forms a set of generators for the ideal J : um (not

necessarily a minimal set). So, by induction the Taylor complexes TJ and
TJ :um resolve S/J and S/J : um. Now shift the degree of TJ :um by um to
get a graded map and construct the mapping cone to obtain TI .

The disadvantage of the Taylor resolution is that it is most of the times far
from being minimal. One of the reasons is that the set of generators of the
colon ideal is too big. For example if I is generated by x4, x3y, x2z and xyz
and if we follow the notation above, then the ideal J : xyz is generated by x.
However the set of generators that we get from the algorithm in the proof is
{x3, x2, x}. The other reason is that the Taylor complex of the colon ideal
is not minimal. There are, however, cases for which we can resolve these
problems nicely, see for instance [HT02].



Chapter 2

Summary of results

2.1 Paper A

A vector g ∈ Rd will be called positive if it has positive coordinates. The
k-truncation of g, denoted by gk, is the vector whose first k coordinates
are equal to the coordinates of g, and the rest are equal to zero, for k =
1, 2, . . . , d.

Kozlov conjectured [Koz97, Conjecture 6.2] that the convex hull of the
face vectors of r-colorable complexes on n vertices is equal to the convex
hull of truncations of the clique vector of the Turán graph T (n, r). The
main result of this paper is to verify this conjecture. As part of our proof
we derive a generalization of the Turán graph theorem.

2.2 Paper B

Let K be a field and S = K[x1, . . . , xn] be the polynomial ring in n variables
over K. For a monomial ideal I in S, we denote by M(I) the set of all
monomials in I. We also denote byG(I) the unique minimal set of generators
of I. We say that I has a linear quotient, if G(I) admits an admissible order,
that is a linear ordering u1, . . . , um of monomials in G(I) such that the colon
ideal 〈u1, . . . , uj−1〉 : uj is generated by a subset q(uj) of variables for all
2 ≤ j ≤ m. The minimal free resolution of an ideal with a linear quotient
can be obtained by iterated algebraic mapping cones. In the first part of
this paper by relating algebraic and topological mapping cone, we show that
these resolutions are cellular.

15
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To any admissible order of I one can associate a unique decomposition
function, that is, a function g : M(I) → G(I) that maps a monomial v to
uj , if j is the smallest index for which v ∈ Ij , where Ij := 〈u1, . . . , uj〉. A
decomposition function g is said to be regular, if q(g(yuj)) ⊆ q(uj), for any
j and any y ∈ q(uj). We say that I has a regular linear quotient, if it admits
an admissible order with a regular decomposition function. A minimal free
resolution of the ideals with a regular linear quotient is constructed by Her-
zog and Takayama. We shall call their construction the Herzog–Takayama
resolution. In the second part of this paper, using methods from topological
combinatorics, we show that the Herzog–Takayama resolution is supported
by a regular cell complex.

2.3 Paper C

A graph G is called k-connected if removing any set of vertices of G of
cardinal less than k yields a connected graph. The connectivity number κ(G)
of G is the maximum number k such that G is k-connected. The aim of this
paper is to characterize all possible clique vectors of k-connected chordal
graphs. Precisely speaking, we prove that:

Theorem 2.1. A vector c = (c1, . . . , cd) ∈ Nd is the clique vector of a k-
connected chordal graph if and only if the vector b = (b1, . . . , bd) defined
by

d∑

1
bix

i−1 =
d∑

1
ci(x− 1)i−1 (2.1)

has positive components and b1 = b2 = . . . = bk = 1.

We first prove the Theorem above for a subclass of chordal graph, namely,
threshold graphs. This will be done by giving a combinatorial interpretation
of b-numbers. Then we use exterior algebraic shifting to deduce the general
case. Fröberg’s theorem is indispensable to our approach.

As part of our investigation we derive a general result relating the connec-
tivity number of a graph to the vanishing of special bigraded Betti numbers
of the face ring of its clique complex.

Theorem 2.2. The graph G is k-connected if and only if

bi,i+1(K[∆(G)]) = 0
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for all i ≥ n− k. In particular,

κ(G) = max{k | bi,i+1(K[∆(G)]) = 0 for all i ≥ n− k}. (2.2)
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