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Abstract

A model describing strongly correlated fermions in 3+1 dimensions is presented.
The fermions come in eight flavors and are both spinless and massless. Density-density
interactions connect fermions of different flavors and give rise to the strong correlation in
the model. The geometric structure which the fermions inhabit consists of four groups of
parallel (1+1)-dimensional quantum wires. These are connected in a non-trivial manner
due to the density-density interactions.

A quantum field theory model is obtained after passing in the IR and UV limits.
The resulting model is shown to be exactly solvable using bosonization techniques. In
an extended version, the fermions are first coupled to a U(1) gauge field. After passing
in the IR and UV limits, the gauged model is anew shown to be exactly solvable.

For the model describing fermions decoupled from the gauge field, four massless
plasmon modes are found. In the gauged model, one of these modes becomes massive.
Given a non-zero coupling constant, the gauge field is seen to acquire a mass term. The
corresponding two massive modes are interpreted as transverse photons.
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1 Introduction

In mathematical physics, strongly correlated, many-fermion systems have attracted much
attention. The difficulty associated with these systems reside in the inability to describe
them as sums of weakly interacting parts. For instance, strongly correlated systems are
generally inaccessible through treatments based on perturbation theory. Instead, exactly
solvable models have provided theorists with one viable approach by which these types
of systems can be studied [11].

No attempt will be made to give a precise definition of exact solvability. Rather, the
term “exactly solvable” will (vaguely) be viewed as encompassing those models for which
the physical properties can be explicitly derived. Recurring examples of descriptive
measures, which can be obtained in such a manner, include dispersion relations and
correlation functions. In a broader sense, exact solvability is allowed to include models
where the study of an infinite state space can be reduced to solving a small eigenvalue
problem. For the latter, the solutions can be obtained via techniques borrowed from
linear algebra and numerical analysis.

The Luttinger model is one prominent example of an exactly solvable model. It
was formulated∗ by Luttinger [22] in 1963 and describes spinless and massless electrons
in 1+1 dimensions (one spatial dimension and one time dimension). The electrons are
strongly correlated due to density-density interactions. Pictorially, the model can be
viewed as describing electrons “living” on a (1+1)-dimensional quantum wire, which is
of finite length and discretized in the spatial dimension. Unfortunately, the solution,
given by Luttinger to the problem he himself had posed, was flawed. In postulating
a vacuum state, he did not take into account that certain commutators will be non-
vanishing, although this might, at first, appear to be the case. The first correct solution
was later given by Mattis and Lieb [26] in 1965 using bosonization techniques.

Other important models involving strongly correlated, many-fermion systems include
the Schwinger model [32, 33], the Thirring model [34], and the Hubbard model. For an
account of the latter, see for instance [9]. A proper review of these models would be
unreasonably long for this introduction. Therefore, rather than presenting them in detail,
we will only provide brief descriptions of some of their properties:

(i) The Schwinger model describes a system of massless fermions in 1+1 dimensions,
coupled to a U(1) gauge field. It is exactly solvable [23], and since it exhibits confinement,
constitutes an important tool in the study of quarks [4, 37].

(ii) The Thirring model can be obtained in the quantum field theory (QFT) limit of
the Luttinger model for the case where the interactions are strictly local [16]. It describes
a relativistic field theory, i.e. the model is invariant under Lorentz transformations [34].
From the point of view of the Luttinger model, this is rather astonishing. In general,
these types of systems are not Lorentz invariant, especially those which are constructed
in reference to a lattice – before passing in the QFT limit, such systems do not even
feature rotational invariance.

∗The first incarnation of the model was proposed by Tomonaga [35] as early as 1950. For this reason,
it is sometimes referred to as the Tomonaga-Luttinger model.
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2 1 Introduction

(iii) The Hubbard model describes electrons situated on a lattice∗ with hopping between
lattice sites and on-site electron-electron interactions. In particular, for a setting with
one spatial dimension, the Hubbard model is exactly solvable. This was first proven
using an extension of the “Bethe ansatz” [20].

One motivating factor for studying models describing strongly correlated fermions
has been the discovery of cuprate high-temperature superconductors. The first example
of these materials was discovered in 1986 by Bednorz and Müller [2]. This sparked inter-
est in the field due to the failure of BCS theory to account for a number of the observed
phenomena. For instance, the high critical temperatures of these materials exclude
explanations based solely on the creation of Cooper pairs induced by electron-phonon
interactions [6]. Thus, viable microscopic mechanisms, responsible for high-temperature
superconductivity, must be found elsewhere. Purely electronic mechanisms have been
suggested, although the degree to which they have been successful in explaining the var-
ious observed effects is viewed differently by researchers in the field [38]. In this context,
the Hubbard model is a commonly cited example and is generally regarded as possessing
potential explanatory implications. However, its connection to high-temperature super-
conductivity has not been validated [20]. There are also other experimental reasons for
studying these types of models. For example, the inability of existing theories to explain
properties observed for the normal state in high-temperature superconductors [38]. For
an account of these and related topics, see for instance [3].

In this text, an exactly solvable model in 3+1 dimensions (three spatial dimensions
and one time dimension) is presented. Physical motivations are given, starting from the
study of lattice fermions. The model shares similarities with a suggestion given by Mattis
in [25]. Consequently, the model, considered in this text, is referred to as the 3D Mattis
model. To be precise, the focus in [25] resided on a model formulated in two spatial
dimensions†. This model has been expanded and formalized in [8], where it was used
in the development of an exactly solvable model, referred to as the (2D) Mattis model.
In a subsequent paper [7], the fermions in the 2D Mattis model were coupled to a U(1)
gauge field, and the entire system was shown to be exactly solvable. The corresponding
treatment for the 3D Mattis model will be presented here. As such, the present model
should be viewed as the (3+1)-dimensional analogue of the model considered in [7, 8],
and several parallels between the treatments can be found.

Similar to the treatment of the Luttinger model in [26], bosonization will be used
as the main tool for establishing the exact solvability of the 3D Mattis model. This
applies to the formulation of the model with and without the presence of a U(1) gauge
field. Described succinctly, the “procedure” provides the necessary tools for expressing
interacting fermions in terms of free bosons. In a sense, a mapping is established between
fermionic and bosonic fields. As such, it can be applied in both directions, with the
inverse procedure sometimes referred to as refermionization [36]. These techniques served
the same purpose in [7, 8] in relation to the 2D Mattis model.

∗If desired, this can be extended to more general graphs.
†Only in the final paragraph of his paper did Mattis mention a possible extension to three spatial

dimensions.



1 Introduction 3

The first application of bosonization to a higher dimensional setting was given by
Luther [21] for fermions in 3+1 dimensions. In the construction by Luther, given a point
on the Fermi surface, bosonization was used along the radial direction and discretized
solid angles were treated as fermion flavor indices. In the present construction, i.e.
for the 3D Mattis model, the radial direction is treated in similar manner. However,
instead of discretized solid angles, local Cartesian coordinate systems are used to describe
points on supposed flat parts of the Fermi surface. The directions orthogonal to the
radial directions are discrete by construction and the corresponding coordinates can be
interpreted as fermion flavor indices. This is in complete analogy with the treatment of
the (2+1)-dimensional model in [7, 8].

Outline of the main text: The text is organized as follows. Section 2 contains
preliminary developments and the formulation of the 3D Mattis model. In Section 3,
the 3D Mattis model is transformed to position space and rewritten using bosonization
techniques. Section 4 provides the necessary tools for proving the exact solvability of
the model and approximate dispersion relations are subsequently derived. In Section 5,
the 3D Mattis model is coupled to a U(1) gauge field and then bosonized. Similar to
the case without the presence of a gauge field, the gauged model is proven to be exactly
solvable in Section 6 and approximate dispersion relations are again derived. The last
section, Section 7, contains concluding remarks.

Outline of the appendices: In addition to the main text, a number of appendices
are included. These contain important considerations, necessary for the treatment of
the 3D Mattis model and for understanding the underlying theoretical machinery. The
appendices are structured as follows. Starting with Appendix A, a motivational deriva-
tion of the 3D Mattis model is given. Appendix B contains a brief overview of some of
the material associated with bosonization. Fixed time gauge transformations are pre-
sented in Appendix C. This appendix also includes proofs of a number of lemmas needed
for the construction of a normal ordering prescription consistent with gauge invariance.
Appendix D is dedicated to the details surrounding the exact solvability of the gauged
3D Mattis model. For easy reference, Appendix E contains a list of the sets which are
introduced throughout the text.

Notation: The model considered in this text is formulated in four-dimensional space-
time. Greek letters, µ, ν, . . . = 0, 1, 2, 3, denote space-time indices, while Roman letters,
i, j, . . . = 1, 2, 3, denote spatial indices. Plain letters signify four-vectors, while letters
in bold face are used for spatial vectors: x = (x0,x) where x0 = ct and x = xjej . The
signature of the metric tensor is chosen as (+,−,−,−).

Indices s, s′ = 0, 1, 2, 3 are used to distinguish between fermions situated on four
groups of parallel (1+1)-dimensional quantum wires. Chiral indices r, r′ = ± denote
left and right moving fermions along these wires. The pair (s, r) is to be viewed as a
flavor index. The index ρ denotes the radial direction in three-dimensional space. The
combination ρs represents the orientation of the sth group of quantum wires.



4 1 Introduction

For the field theoretical part, ψ
(†)
s,r denote fermion field operators in position space,

while ψ̂
(†)
s,r denote their counterparts in momentum space. The U(1) gauge field is given

by the electromagnetic potential Aµ. The corresponding electromagnetic tensor is Fµν =
∂µAν−∂νAµ, where Ei = cF0i are the electric field components and Bi are the magnetic
field components. The latter are given by εijkBk = Fij . Lastly, the units are chosen
such that ~ = 1, while the speed of light is kept for clarity.



2 Preliminaries

Consider a system of spinless and massless fermions on a cubic lattice with side L and
lattice parameter a. In order to formulate the model, we will commence the presentation
in momentum space, where an additional lattice parameter ã ∝ a is introduced. This will
allow us to give a precise statement of the 3D Mattis model. The aim is to eventually pass
in the IR and UV limits. This corresponds to letting ã↘ 0 and L −→ ∞, respectively.
Passing in both limits at the same time is referred to as the QFT limit [8].

2.1 Lattice Structure and Fermi Sectors

The relation to lattice fermions is presented in Appendix A and is given in terms of the
so-called 3D t-V model. Following a number of approximations, the 3D Mattis model is
obtained as an effective model, allowing certain parts of the system to be treated.

For lattice fermions, the filling parameter 0 ≤ ν ≤ 1 is defined as

ν
def
=
〈N〉
N , (2.1)

where N is the total number of accessible fermion states and 〈N〉 is the ground state
expectation value of the fermion number operator. Since the fermions are spinless, the
filling parameter equals

ν =
a3〈N〉
L3

, (2.2)

with ν = 1/2 corresponding to half filling∗. For reasons made clear in Appendix A, the
system will always be assumed to be in a state away from, but close to, half filling.

The following assumption is needed: in the interacting case, there is an underlying
Fermi surface. In Figure 1, the first Brillouin zone (BZ) is depicted along with the Fermi
surface at half filling in the non-interacting 3D t-V model. Since we are interested in
fermions which contribute to the material properties of the lattice, we will only consider
fermions lying in regions of BZ which are intersected by the Fermi surface. These regions
are classified as follows:

(i) Nodal regions – regions in momentum space situated toward the corners of BZ.

(ii) Antinodal regions – regions in momentum space situated toward the sides of BZ.

(iii) Seminodal regions – regions in momentum space situated toward the edges of BZ.

The terminology follows the one used in [19], with the addition of the last type. The
reader may find a more detailed study of the above regions in Appendix A.

Only the nodal regions are treated here, and the corresponding fermions are referred
to as nodal fermions. There can of course be couplings to both the antinodal and
seminodal fermions, but this lies outside the scope of the present study. The parts of
the Fermi surface contained within the nodal regions are referred to as Fermi sectors.

∗In this context, ν − 1/2 is referred to as doping.

5



6 2 Preliminaries

−π
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Figure 1: The first Brillouin zone of the cubic lattice. The Fermi surface at half filling
in the non-interacting 3D t-V model is outlined in blue.

These are to be viewed as the equivalents of the Fermi arcs in [7, 8]. In the last section in
Appendix A, the Fermi sectors are shown to be essentially flat, away from half filling, in
the non-interacting 3D t-V model. To be exact, the Fermi sectors are observed to have
a largely triangular shape. However, the calculations will be greatly simplified if each
Fermi sector is approximated∗ using a square lattice structure with lattice parameter†

ã ∝ a. In Figure 7 on page 53, cases (f) and (g) depict the Fermi surface in the non-
interacting model for states above, but relatively close to, half filling.

2.2 Formulation in Momentum Space

Let F be a fermion Fock space with fermion field operators ψ̂
(†)
s,r = ψ̂

(†)
s,r(k). The indices

are of two types: a group index s = 0, 1, 2, 3 and a chiral index r = ±. The momenta

k belong to sets Λ∗s defined in (2.3). Figuratively, the operators ψ̂
(†)
s,r(k) correspond to

fermions restricted to groups of parallel (1+1)-dimensional quantum wires: the index s
specifies the group and the chiral index r whether the fermions are right or left movers
along the wires in the group. In Figure 2, the spatial orientations of the wires are
illustrated, with plus signs indicating positive directions.

∗For consistency, one should verify that this approximation yields the same result in the QFT limit
as the case with triangular Fermi sectors, e.g. using renormalization group methods [29].
†In general, let 0 < κ < 1 and define ã by

√
3a = (1−κ)ã; cf. the presentation in [18]. The parameter

κ determines the size of the nodal regions in relation to the original lattice. In this particular case, we
use κ = 1/2, which yields ã = 2

√
3a.
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Figure 2: The first Brillouin zone of the cubic lattice with representatives (blue lines)
from each group of parallel (1+1)-dimensional quantum wires. The corners are marked
with pairs (s, r), where a plus sign in the second component indicates the positive direc-
tion for the corresponding group of quantum wires.

Consider the set Λ∗s and let eρs denote the unit vector∗ pointing in the positive
direction for the corresponding group of quantum wires. Moreover, let e⊥ρs,i, for i = 1, 2,
denote orthonormal vectors spanning the subspace Λ∗s;2D of Λ∗s orthogonal to eρs . For
each k ∈ Λ∗s, let kρs = k · eρs and k⊥ρs,i = k · e⊥ρs,i. The lattice parameter ã is chosen
such that L/ã is an odd integer. For simplicity, anti-periodic boundary conditions are
imposed on the fermion field operators. This corresponds to the following definition of
the sets Λ∗s:

Λ∗s
def
=
{

k ∈ ∆∗s

∣∣∣ −π
ã
≤ k⊥ρs,i <

π

ã
, i = 1, 2

}
, (2.3)

for each s = 0, 1, 2, 3, where

∆∗s
def
=

{
k

∣∣∣∣ kρs , k⊥ρs,i ∈ 2π

L

(
Z +

1

2

)
, i = 1, 2

}
; (2.4)

cf. the relation between the boundary conditions and the corresponding sets of momenta
in [36]. In effect, the nodal regions have been assigned alternative lattice structures†

which depend on their locations. This necessitates the introduction of rotation matrices
Ts,s′ ∈ SO(3) in order to translate between the different lattice structures. Specifically,

∗The index ρ is used instead of r since the latter is conventionally used as a chiral index.
†As a consequence, the expression in (2.2) has to be altered in order to accommodate the fermion

states in the nodal regions.
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these are defined such that Ts,s′k ∈ Λ∗s′ , given k ∈ Λ∗s, and will prove to be essential in
order to state the density-density interactions between the fermions.

Turning to the fermion field operators, these are normalized such that the anticom-
mutation relations{

ψ̂s,r(k) , ψ̂†s′,r′(k
′)
}

=

(
L

2π

)3

δs,s′δr,r′δk,k′ and
{
ψ̂s,r(k) , ψ̂s′,r′(k

′)
}

= 0 (2.5)

are satisfied. Furthermore, they are represented on F with respect to a vacuum state
Ω ∈ F , chosen in the form of the half-filled Dirac sea:

ψ̂s,r(k)Ω = ψ̂†s,r(−k)Ω = 0, ∀k ∈ Λ∗s : rkρs > 0. (2.6)

In the above expression, the vacuum state is normalized such that

〈Ω,Ω〉 = 1, (2.7)

where 〈., .〉 is the inner product on F . Lastly, given a fermion bilinearB = ψ̂†s,r(k)ψ̂s′,r′(k
′),

the prescription

:B :
def
= B − 〈Ω, BΩ〉 (2.8)

defines normal ordering with respect to the vacuum state. Normal ordering of boson
bilinears is defined in a similar manner. For now, it is denoted with the same notation
as for fermion bilinears, i.e. by placing the operators within colons.

Remark 2.1. Many of the operators encountered below are not well-defined unless they
are normal ordered. Thus, all operator identities are required to contain only normal
ordered fermion and boson bilinears; cf. the discussion in [15].

In Appendix A, the strengths of the density-density interactions are obtained in the
process of deriving the 3D Mattis model. However, in the present formulation of the
model, three new dimensionless interaction parameters are introduced, namely γ1, γ2,
and γ3. This will grant some additional freedom in the subsequent treatment. The
interactions between fermions of different flavors are given by the interaction tensor

gs,r,s′,r′
def
= ã2πvF

[
γ1

(
3∑
i=1

δs,s′+iδr,αs,s′r′

)

+ γ2

(
3∑
i=1

δs,s′+iδr,−αs,s′r′

)
+ γ3δs,s′δr,−r′

]
, (2.9)

where addition of group indices are calculated modulo 4. The relations between the
chiral indices r and r′ are given with the help of the matrix

αs,s′
def
=


0 if s = s′,
1 if either s = 0 or s′ = 0,
−1 otherwise.

(2.10)
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The latter is essential in order to give a consistent definition with respect to the orienta-
tions of the quantum wires in Figure 2. By comparing the definition of the interaction
tensor in (2.9) with the geometric structure in the figure, the nature of the density-density
interactions can be given a figurative interpretation. In particular, the interactions can
be partitioned into “families”. Each interaction parameter is observed to correspond to
the strength of the interactions in such a family:

(i) the strength of the interactions between nearest-neighboring∗ nodal regions is given
by γ1,

(ii) the strength of the interactions between second-nearest-neighboring nodal regions
is given by γ2, and

(iii) the strength of the interactions between opposing nodal regions is given by γ3.

Moreover, the 3D Mattis model is well-defined if and only if a number of requirements are
imposed on the interaction parameters. These can be summarized into two inequalities:

1− |γ1 − γ2| > γ3 > |γ1 + γ2| − 1 (2.11)

and
1 + 3γ2 > |γ3 + 3γ1|. (2.12)

Their necessity is demonstrated in Sections 4 and 6; see also Appendix D.
A second strain of sets is needed in order to accommodate for addition and subtrac-

tion of momenta belonging to ∆∗s. To this end, we define

∆̃∗s
def
=

{
p

∣∣∣∣ pρs , p⊥ρs,i ∈ 2π

L
Z, i = 1, 2

}
. (2.13)

Given a momentum vector p ∈ ∆̃∗s, a cut-off function χs(p) is introduced such that

χs(p)
def
=

{
1 if − π/ã ≤ pρs , p⊥ρs,i < π/ã, i = 1, 2,
0 otherwise.

(2.14)

This allows us to define operators Ĵs,r = Ĵs,r(p) corresponding to fermion density cur-
rents. Specifically, they are given by

Ĵs,r(p)
def
=

(
2π

L

)3 ∑
k1,k2∈Λ∗s

: ψ̂†s,r (k1) ψ̂s,r (k2) :

×
∑
n,m∈Z

δk1+p,k2+ 2π
ã (ne⊥ρs,1+me⊥ρs,2)

,

(2.15)

for p ∈ ∆̃∗s, and are referred to as (normal ordered) fermion densities.

∗These are nodal regions whose corresponding corners of BZ are connected via a single edge of the
cube in Figure 2.
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The 3D Mattis model is defined in Formulation 2.2; see also the more restricted
version of the model in Formulation A.4. Unless otherwise stated, sums over group and
chiral indices range over all allowed values.

Formulation 2.2. (3D Mattis model in momentum space) The 3D Mattis model
is given by the Hamiltonian

H = H0 +H1, (2.16)

with the free part

H0 =

(
2π

L

)3∑
s,r

∑
k∈Λ∗s

rvFkρs : ψ̂†s,r(k)ψ̂s,r(k) : (2.17)

and the interaction term

H1 =
1

L3

∑
s,r

∑
s′,r′

∑
p∈∆̃∗s

χs(p)gs,r,s′,r′ Ĵs,r(−p)Ĵs′,r′(Ts,s′p). (2.18)

Remark 2.3. As emphasized in [8], the fermion densities in (2.15) and the Hamiltonians
in (2.16)–(2.18) are unbounded operators. In order to make the 3D Mattis model well-
defined, the operators must be defined on a common, invariant domain D which is dense
in F . Moreover, H0 and H are required to be the essentially self-adjoint on D. Although
not pursued here, we give an informal outline of the steps needed to achieve this; see also
Remark 2.2 and Section 2.3 in [8]. One approach is to construct a complete orthonormal
set of eigenstates of H0. By defining D as the domain spanned by these eigenstates, it is
possible to show that H0 is essentially self-adjoint on D. In the next step, it should be
verified that D constitutes a common, invariant domain for the operators. All identities
involving unbounded operators should then be understood to be formulated in reference
to D. Lastly, the entire 3D Mattis Hamiltonian in (2.16) has to be shown to be essentially
self-adjoint on D, e.g by referring to general results on operator algebras [8].

2.3 Transition to Position Space

In order to formulate the 3D Mattis model in position space, the corresponding geometric
construction needs to be introduced. To this end, for any vector x in position space, let
xρs = x ·eρs and x⊥ρs,i = x ·e⊥ρs,i, where i = 1, 2. Similar to the situation in momentum
space we define

Λs
def
=

{
x ∈ ∆s

∣∣∣∣ −L2 ≤ xρs , x⊥ρs,i < L

2
, i = 1, 2

}
, (2.19)

for each s = 0, 1, 2, 3, where

∆s
def
=

{
x

∣∣∣∣ xρs ∈ R, x⊥ρs,i ∈ ãZ, i = 1, 2

}
. (2.20)
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Moreover, let Λs;2D denote the subspace of Λs spanned by the unit vectors e⊥ρs,i, where
i = 1, 2. Hence, each vector x ∈ Λs can be decomposed such that x = xρseρs + x⊥ρs ,
with a continuous part xρs ∈ R and a discrete part x⊥ρs ∈ Λs;2D.

The fermion field operators in position space ψ
(†)
s,r = ψ

(†)
s,r(x) are defined through the

inverse Fourier transform

ψs,r(x) =

(
1

2π

)3/2 ∑
k∈Λ∗s

(
2π

L

)3

ψ̂s,r(k)eik·x, x ∈ Λs. (2.21)

Conversely, the transform in the opposite direction is given by

ψ̂s,r(k) =

(
1

2π

)3/2 ∫
Λs

d3x̃s ψs,r(x)e−ik·x, k ∈ Λ∗s. (2.22)

In the preceding integral, d3x̃s is an abbreviated notation for dλ̃s(x) , where λ̃s is a
measure defined by

λ̃s(x)
def
= λρs(xρs)

∑
n,m∈Z

ã2δ2 (x⊥ρs − ãne⊥ρs,1 − ãme⊥ρs,2) . (2.23)

In the above definition, λρs denotes the usual one-dimensional Lebesgue measure along
the direction of the corresponding group of quantum wires. Thus, the measure λ̃s is
continuous in the radial direction and discrete in the subspace Λs;2D. Consequently,
the integral in (2.22) should be regarded as a combination of Lebesgue integrals and
Riemann sums.

From the anticommutation relations in (2.5), it is a straightforward task to derive the
corresponding relations for the fermion field operators in position space. The resulting
expressions are:{

ψs,r(x) , ψ†s′,r′(x
′)
}

= δs,s′δr,r′ δ̃s(x− x′) and
{
ψs,r(x) , ψs′,r′(x

′)
}

= 0, (2.24)

where we have introduced

δ̃s(x)
def
= δ(xρs)

1

ã2
δx⊥ρs ,0. (2.25)

The reason for this rather cumbersome choice of delta function stems from the observa-
tion that only the radial direction is continuous. The other two directions are discrete
and should therefore involve Kronecker deltas instead of Dirac delta functions.

In order to define the Fourier transform and the inverse Fourier transform for the
fermion densities in (2.15) we introduce the sets

Λ̃∗s
def
=
{

p ∈ ∆̃∗s

∣∣∣ −π
ã
≤ p⊥ρs,i <

π

ã
, i = 1, 2

}
; (2.26)

cf. the definition of ∆̃∗s in (2.13). Following (2.15) and (2.22), it is possible to show that
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the correct Fourier transform for the fermions densities is given by

Ĵs,r(p) =

∫
Λs

d3x̃s :ψ†s,r(x)ψs,r(x) : e−ip·x, p ∈ Λ̃∗s. (2.27)

On the other hand, the inverse transform is defined with the aid of a regulator ε > 0:

Js,r(x)
def
= lim

ε↘0
Js,r(x; ε), (2.28)

where

Js,r(x; ε)
def
=

1

L3

∑
p∈Λ̃∗s

Ĵs,r(p)eip·xe−ε|pρs |/2, x ∈ Λs. (2.29)

The reason for the inclusion of a factor exp(−ε|pρs |/2) originates from the infinite sum
over pρs in (2.29). As explained in [15], since this sum could potentially be unbounded,
including a regulator allows us to control the sum and make the transform precise. With
this definition, it is possible to verify that

Js,r(x) = :ψ†s,r(x)ψs,r(x) : . (2.30)

Consequently, the above transforms yield the desired correspondence between the fermion
densities in momentum space and their counterparts in position space.



3 The 3D Mattis Model

With the foundations in the previous section established, the study of the 3D Mattis
model can be advanced further. In particular, it can be written in a form which facilitates
the diagonalization of the Hamiltonian. The diagonalization itself is carried out in the
next section, allowing the present treatment to focus exclusively on matters pertaining
to bosonization and the development of a quantum field theory model.

3.1 Formulation in Position Space

Based on Formulation 2.2, our first step is to rewrite the model in position space. For
this purpose, it is necessary to introduce the derivative

∂ρs
def
=

∂

∂xρs
(3.1)

along the positive continuous direction eρs in Λs. The Hamiltonian in position space is
given in Formulation 3.1. The proof is straightforward, but is included for consistency.

Formulation 3.1. (3D Mattis model in position space) The 3D Mattis model is
given by the Hamiltonian

H = H0 +H1, (3.2)

with the free part

H0 =
∑
s,r

∫
Λs

d3x̃s rvF :ψ†s,r(−i∂ρs)ψs,r : (3.3)

and the interaction term

H1 =
∑
s,r

∑
s′,r′

∫
Λs

d3x̃s

∫
Λs′

d3x̃′s′ gs,r,s′,r′Js,r(x)δ̄s(x− Ts′,sx′)Js′,r′(x′), (3.4)

where δ̄s(x) is the fully regularized Dirac delta function, defined by

δ̄s(x)
def
=
∑
p∈∆̃∗s

1

L3
χs(p)e−ip·x, (3.5)

for x ∈ Λs.

Proof. The proof is divided into two parts:
Part 1. Let B denote the fermion bilinear

B =
∑
k∈Λ∗s

kρsψ̂
†
s,r(k)ψ̂s,r(k). (3.6)

Then, following (2.22), together with the observation that

i∂′ρse
ik·(x−x′) = kρse

ik·(x−x′), (3.7)

13
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where ∂′ρs = ∂/∂x′ρs , we obtain

B =
1

(2π)3

∫
Λs

d3x̃s

∫
Λs

d3x̃′s ψ
†
s,r(x)ψs,r(x

′)i∂′ρs

∑
k∈Λ∗s

eik·(x−x
′). (3.8)

Using integration by parts with respect to x′ρs and dropping a surface term, the resulting
expression becomes

B =

(
L

2π

)3 ∫
Λs

d3x̃s ψ
†
s,r(x)(−i∂ρs)ψs,r(x). (3.9)

After a comparison with (2.17), this is seen to yield the desired result for the free part
of the Hamiltonian.

Part 2. Using (2.30) and (2.27), the first fermion density in (2.18) can be written as

Ĵs,r(−p)
def
=

∫
Λs

d3x̃s Js,r(x)eip·x, (3.10a)

while for the second, the corresponding expression is

Ĵs′,r′(Ts,s′p)
def
=

∫
Λs′

d3x̃′s′ Js′,r′(x
′)e−iTs,s′p·x

′
. (3.10b)

From these equations, along with the use of(
Ts,s′p

)
· x′ = p ·

(
T Ts,s′x

′) = p ·
(
Ts′,sx

′) , (3.11)

where the second equality follows from the orthogonality of Ts,s′ , the interaction term
in (2.18) can be shown to yield the expressions in (3.4) and (3.5).

3.2 Bosonization

Following the approach taken in [8], the model stated in Formulation 3.1 can be rewritten
with the help of bosonization techniques. In our case, all details are contained within
Proposition 3.2, which provides us with a boson-fermion correspondence for a setting
with three spatial dimensions. The proof is given in Appendix B and follows as a direct
consequence of the boson-fermion correspondence in 1+1 dimensions.

Proposition 3.2. Let ψ̂
(†)
s,r be fermion field operators, defined as above. Then the fol-

lowing assertions hold true.

(a) The fermion densities Ĵs,r in (2.15) are well-defined operators on F and satisfy
the commutation relation[

Ĵs,r(p) , Ĵs′,r′(p
′)
]

= r
L3pρs
2πã2

δs,s′δr,r′
∑
n,m∈Z

δp+p′, 2π
ã

(ne⊥ρs,1+me⊥ρs,2). (3.12)
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They also have the additional properties:

Ĵ†s,r(p) = Ĵs,r(−p) (3.13)

and
Ĵs,r(p)Ω = 0, ∀p ∈ ∆̃∗s : rpρs ≥ 0. (3.14)

(b) The operators ψ̂
(†)
s,r and Ĵs,r satisfy the operator identity

∑
k∈Λ∗s

rkρs : ψ̂†s,r(k)ψ̂s,r(k) : =
πã2

(2π)3

∑
p∈Λ̃∗s

: Ĵs,r(−p)Ĵs,r(p) : . (3.15)

The identity in (3.15) is usually referred to as Kronig’s identity. Written in position
space, it takes the form:∫

Λs

d3x̃s r :ψ†s,r(x)(−i∂ρs)ψs,r(x) : = πã2

∫
Λs

d3x̃s :Js,r(x)2 : . (3.16)

The corresponding version of the commutation relation in (3.12) is[
Js,r(x) , Js′,r′(x

′)
]

= r
1

2πiã2
δs,s′δr,r′∂ρs δ̃s

(
x− x′

)
. (3.17)

Inserting (3.16) into (3.3), the entire Hamiltonian for the 3D Mattis model can be ex-
pressed in terms of fermion densities:

H = πvF ã
2
∑
s,r

∫
Λs

d3x̃s :Js,r(x)2 :

+
∑
s,r

∑
s′,r′

∫
Λs

d3x̃s

∫
Λs′

d3x̃′s′ gs,r,s′,r′Js,r(x)δ̄s(x− Ts′,sx′)Js′,r′(x′).
(3.18)

However, this will not be exploited just yet, since we have not developed the means by
which (3.17) can be rewritten in a suitable form.

3.3 Quantum Field Theory Limit

For the time being, the presentation will remain in momentum space. In order to make
use of the apparent bosonic nature of the fermion densities, in so far as they satisfy the
commutation relation in (3.12), we define the operators:

Φ̂s(p)
def
=

ã

2
√

2π

1

ipρs

(
Ĵs,+(p) + Ĵs,−(p)

)
, (3.19a)

Π̂s(p)
def
= − ã

2
√

2π

(
Ĵs,+(p)− Ĵs,−(p)

)
, (3.19b)
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for p ∈ Λ̃∗s such that pρs 6= 0. These are easily shown to satisfy the commutation
relations∗: [

Φ̂s(p) , Π̂†s′(p
′)
]

= i

(
L

2π

)3

δs,s′δp,p′ , (3.20a)[
Φ̂s(p) , Φ̂†s′(p

′)
]

=
[
Π̂s(p) , Π̂†s′(p

′)
]

= 0, (3.20b)

where the Hilbert space adjoints are given by

Φ̂†s(p) = Φ̂s(−p) and Π̂†s(p) = Π̂s(−p). (3.21)

In particular, (3.20) represents a more clear-cut bosonic behavior. For this reason, the
operators Φ̂s = Φ̂s(p) and Π̂s = Π̂s(p) are referred to as boson operators. This is one of
the key features used to diagonalize the model in Section 4. Using Kronig’s identity, as
formulated in (3.15), it is possible to rewrite the Hamiltonian in Formulation 2.2 such
that it only contains fermion densities. On the other hand, all Fourier modes of the
fermion densities cannot be expressed in terms of the boson operators in (3.19). The
exceptions are given by the the zero modes

N̂s,r(p⊥ρs)
def
=

ã

2π
Ĵs,r(p)

∣∣∣∣
pρs=0

, (3.22)

which have to be treated separately in order to give a complete picture [15]. However,
following the discussion in [8], the zero modes can be suppressed for the purpose of
calculating dispersion relations. Specifically, it is shown in [8] that their inclusion would
not alter these calculations†. Since no other objective lies within the scope of this study,
the zero modes will not be included in the reminder of the text. Moreover, in [8], terms
pertaining to the zero modes are shown to scale (at most) as L−1, which implies that
their contributions would disappear in the QFT limit.

In position space, the equivalents of the boson operators in (3.19) are:

∂ρsΦs(x)
def
=
√
πã (Js,+(x) + Js,−(x)) , (3.23a)

Πs(x)
def
= −√πã (Js,+(x)− Js,−(x)) . (3.23b)

Similar to the case in momentum space, they satisfy the commutation relations:[
∂ρsΦs(x) , Πs′(x

′)
]

= iδs,s′∂ρs δ̃s
(
x− x′

)
, (3.24a)[

∂ρsΦs(x) , ∂′ρs′Φs′(x
′)
]

=
[
Πs(x) , Πs′(x

′)
]

= 0. (3.24b)

∗Notice that, since the momenta are restricted to the sets Λ̃∗s , the right-hand side in the first equation
in (3.20) do not contain the umklapp terms seen in (3.12).
†The same is assumed to hold true for the gauged 3D Mattis model, i.e. the model where the fermions

are coupled to a U(1) gauge field; see Section 5.
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As previously stated, we will suppress the zero modes, which for the boson operators
in (3.23) entails removing the derivatives in their commutation relations. Consequently,
the resulting expressions are:[

Φs(x) , Πs′(x
′)
]

= iδs,s′ δ̃s
(
x− x′

)
, (3.25a)[

Φs(x) , Φs′(x
′)
]

=
[
Πs(x) , Πs′(x

′)
]

= 0. (3.25b)

These are the versions of the commutation relations in position space which are used in
the rest of the text. With the help of these operators, the fermion densities Js,r = Js,r(x)
in (2.30) can be decomposed such that

Js,r =
1

2
√
πã

(∂ρsΦs − rΠs) , (3.26)

where Φs = Φs(x) and Πs = Πs(x).
In order to abbreviate the notation, we introduce two new operators:

Fs,s′(x,x′) def
= ∂ρsΦs(x)∂′ρs′Φs′(x

′), (3.27a)

Ps,s′(x,x′) def
= Πs(x)Πs′(x

′). (3.27b)

By inserting (3.26) into the Hamiltonian in (3.18), the 3D Mattis model can be rewritten
exclusively in terms of the boson operators Φs and Πs. The result is given by

H = H0 +H1, (3.28)

with the free part

H0 =
vF
2

∑
s

∫
Λs

d3x̃s :
(
(∂ρsΦs)

2 + Π2
s

)
: (3.29)

and a rather cumbersome interaction term

H1 =
vF
2

∑
s

∫
Λs

d3x̃s

{
γ3

∫
Λs

d3x̃′s δ̄s(x− x′)
[
Fs,s(x,x′)− Ps,s(x,x′)

]
+

3∑
i=1

(γ1 + γ2)

∫
Λs+i

d3x̃′s+i δ̄s(x− Ts+i,sx′)Fs,s+i(x,x′)

+
3∑
i=1

(γ1 − γ2)αs,s+i

∫
Λs+i

d3x̃′s+i δ̄s(x− Ts+i,sx′)Ps,s+i(x,x′)
}
.

(3.30)

In the derivation of the expressions for H0 and H1, the sums over the chiral indices have
been computed. Moreover, the explicit expression for the interaction tensor gs,r,s′,r′ in
(2.9) has been used. In the process, several of the terms are seen to cancel, leaving only
the ones which are still visible in (3.29) and (3.30).
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In the last step, the model is allowed to pass in the QFT limit. As previously
mentioned, this is the limit where ã↘ 0 and L −→∞. When passing in the QFT limit
the boson operators are simultaneously redefined according to:

Φs′(x
′) = Φs′(Ts,s′x) −→ Φs′(x), (3.31a)

Πs′(x
′) = Πs′(Ts,s′x) −→ Πs′(x). (3.31b)

One of the implications of the above redefinitions is that

∂′ρs′Φs′(x
′) −→ ∂ρs′Φs′(x). (3.32)

Hence, all references to transformations between different lattice structures disappear
in the QFT limit. This is expected since all spatial directions are continuous. After a
number of intermediate steps, the 3D Mattis Hamiltonian becomes more manageable.
The final expression is given in Formulation 3.3.

Formulation 3.3. (3D Mattis model in the QFT limit) In the QFT limit, the
3D Mattis model is given by the Hamiltonian

H =
vF
2

∑
s

∫
d3x :

{
(1 + γ3) (∂ρsΦs)

2 + (1− γ3)Π2
s

+
3∑
i=1

(γ1 + γ2)Fs,s+i +
3∑
i=1

(γ1 − γ2)αs,s+iPs,s+i
}

: ,

(3.33)

where the operators Fs,s′ = Fs,s′(x,x) and Ps,s′ = Ps,s′(x,x) are defined in (3.27).
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The solution of the 3D Mattis model is now within reach. Below, the diagonalization
of the Hamiltonian in (3.33) is presented. This is achieved by first transforming the
model back to momentum space. After the Hamiltonian has been rewritten with the
help of a number of matrices, it can be diagonalized via a Bogoliubov transformation.
The technical details are provided in Appendix D.

4.1 Diagonalization

For simplicity, we introduce the following set of parameters:

v1 = vF (γ1 + γ2) , v2 = vF (γ1 − γ2) , (4.1a)

v3 = vF (1 + γ3) , v4 = vF (1− γ3) . (4.1b)

The transition to momentum space is carried out by the use of the Fourier transform

X̂(p) =
1

(2π)3/2

∫
d3xX(x)e−ix·p (4.2a)

and the inverse Fourier transform

X(x) =
1

(2π)3/2

∫
d3p X̂(p)eip·x. (4.2b)

These are applied to all boson operators, i.e. for all X = Φs,Πs, where s = 0, 1, 2, 3. By
collecting the terms, the Hamiltonian (3.33) can be written in the form:

H =
1

2

∫
d3p :

[
P̂(−p)TAP̂(p) + Ẑ(−p)TBẐ(p)

]
: . (4.3)

In (4.3), two matrices, A = A(p) ∈ R4×4 and B = B(p) ∈ R4×4, and two vectors,
P̂ = P̂(p) and Ẑ = Ẑ(p), have been introduced. The latter are given by:

P̂b = Φ̂b−1 and Ẑb = −Π̂b−1, (4.4)

where b = 1, 2, 3, 4. From (3.21) and (3.25), these are observed to satisfy the commuta-
tion relations: [

Ẑb (p) , P̂ †b′(p
′)
]

= iδb,b′δ
3
(
p− p′

)
, (4.5a)[

Ẑb (p) , Ẑ†b′(p
′)
]

=
[
P̂b (p) , P̂ †b′(p

′)
]

= 0, (4.5b)

where the Hilbert space adjoints are given by

P̂ †b (p) = P̂b (−p) and Ẑ†b (p) = Ẑb (−p). (4.6)

19
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The matrices A and B are constructed as follows. For b = 1, 2, 3, 4, we define

cb
def
=

p

|p| · eρb−1
, (4.7)

which corresponds to the angle between p and the direction eρb−1
of the (b− 1)th group

of quantum wires. The first matrix can then be written

(A)b,b′ =

{
v3|p|2c2

b if b = b′,
v1|p|2cbcb′ otherwise,

(4.8)

while the second is given by

(B)b,b′ =


v4 if b = b′,
v2 if either b = 1 or b′ = 1,
−v2 otherwise.

(4.9)

In particular, they appear as submatrices in a special case∗ of the gauged model. Thus,
the treatment in Section 6 will encompass the non-gauged model as well.

In Appendix D, the A and B matrices for the gauged model are shown to be positive
definite if the interaction parameters satisfy:

v3 > |v1|, v3 + 3v1 > 0, (4.10a)

v4 > |v2|, v4 − 3v2 > 0. (4.10b)

The relevant results are given in Lemmas D.1 and D.2, respectively. Consequently, under
these requirements, the matrices are positive definite also in the present case. From (4.1),
it is easily verified that (4.10) corresponds to (2.11) together with (2.12). Furthermore,
as detailed in Appendix D, since the Hamiltonian is quadratic in the boson operators,
it can be diagonalized via a Bogoliubov transformation [15]. This claim is made explicit
in Lemma D.5. The dispersion relations for the model are obtained as the square roots
of the eigenvalues of the positive definite matrix

C = A1/2BA1/2. (4.11)

However, since A is positive definite, thus invertible, it suffices to consider C′ = AB in
order to obtain the eigenvalues of C. Unfortunately, deriving the exact expressions for
the eigenvalues by solving the eigenvalue problem

det
(
λI4 −C′

)
= 0 (4.12)

proves rather cumbersome. Moreover, the exact expressions would shed little light on
the underlying physics since they cannot be handled due to their size. Hence, we will
resort to deriving approximate solutions.

∗The special case referred to is eR = 0, where eR is the renormalized coupling constant in (5.35).
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4.2 Dispersion Relations

Instead of exact dispersion relations, approximate solutions will be derived with the
use of perturbation theory; see for instance [30]. We will only treat the special case
where v2 = 0, i.e. γ1 = γ2, which simplifies the treatment considerably since B becomes
diagonal. To this end, let ξ = v1/v3. From (4.10), it follows that |ξ| < 1. Hence, it is
possible to calculate the eigenvalues of C as a series expansion in ξ. Since the factors cb
in (4.7) depend on the spatial orientations, we have both degenerate and non-degenerate
eigenvalues. These cases have to be handled separately. However, due to geometric
considerations they are only three in number, including the non-degenerate case; see
Remark 4.2. In order to write the approximate solutions in closed form, we introduce
the function

fb(p)
def
=


0 if |cb′ | 6= |cb|, ∀b′ 6= b,
sgn(b′ − b)cbcb′ if |cb′ | = |cb|, for exactly one b′ 6= b,
(4δb,3 − 1) c2

b if |cb′ | = |cb|, ∀b′ 6= b.
(4.13)

In (4.13), the first case corresponds to the non-degenerate situation, while the other two
correspond to two-fold and four-fold degeneracy, respectively. The eigenvalues to second
order in perturbation theory are given in Result 4.1.

Result 4.1. (Approximate eigenvalues) For v2 = 0, the approximate eigenvalues
of the matrix C in (4.11) are given by

λb(p) ≈ v4v3|p|2
c2

b +
v1

v3
fb(p) +

(
v1

v3

)2 (
c2
b + fb(p)

) ∑
b′ : |cb′ |6=|cb|

c2
b′

c2
b − c2

b′

 , (4.14)

where b = 1, 2, 3, 4.

Using the eigenvalues in (4.14), the approximate dispersion relations for the 3D
Mattis model are

ωb(p) =
√
λb(p). (4.15)

Some caution is warranted since nothing ensures that the approximate eigenvalues in
(4.14) are positive. This in turn limits the number of configurations which can be
studied. Following a closer inspection, all approximate eigenvalues are observed to be
positive to first order in perturbation theory. The second order corrections can however
offset this, depending on the values of the parameters. In such cases, higher order terms
are needed in order to ensure that the eigenvalues are positive.

From (4.14), all modes are seen to be massless due to the presence of a factor |p|2.
This is also apparent from (4.8), implying that the assertion holds true for the exact
solutions as well. Using (4.14) and (4.15), approximate energy surfaces for the 3D Mattis
model can be constructed by evaluating the dispersion relations for specific values of γ1,
γ2, γ3, and |p|. These are presented in Figure 3. By solving the eigenvalue problem in
(4.12) numerically, exact energy surfaces can also be obtained. These are depicted in
Figure 4 for the same choice of parameters.
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(a) First energy surface (b) Second energy surface

(c) Third energy surface (d) Fourth energy surface

(e) All energy surfaces

Figure 3: Approximate dispersion relations for the 3D Mattis model. The energy surfaces
were constructed with the following choice of parameters: γ1 = γ2 = 0.15, γ3 = 0.5, and
p = 10 length−1.
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(a) First energy surface (b) Second energy surface

(c) Third energy surface (d) Fourth energy surface

(e) All energy surfaces

Figure 4: Exact dispersion relations for the 3D Mattis model. The energy surfaces were
constructed with the following choice of parameters: γ1 = γ2 = 0.15, γ3 = 0.5, and
p = 10 length−1.
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Remark 4.2. The degeneracies correspond to the points in momentum space which are
symmetric with respect to the orientations of the quantum wires. There are only two
possible scenarios:

(i) Two-fold degeneracy – points in planes which are spanned by any pair of axes.

(ii) Four-fold degeneracy – points along the Ex, Ey, or Ez axis.

On the other hand, the eigenvalues are non-degenerate for points in momentum space
which are not symmetric with respect to the quantum wires.

Remark 4.3. When comparing the plots in Figures 3 and 4, the approximate dispersion
relations are seen to agree with the exact solutions, apart from around the points in
momentum space where the eigenvalues are degenerate. The degenerate eigenvalues
themselves are not the cause of the discrepancies∗. Rather, the problem stems from the
adjacent points in momentum space since the validity of the approximation in (4.14)
diminishes for points near the degeneracies. Nevertheless, the approximate dispersion
relations capture the qualitative behavior of the exact solutions, despite their limitations.

∗In particular, the four-fold degenerate eigenvalues are exact [30]. This can be observed directly from
the approximation in (4.14) since these cases have no higher order corrections.



5 Coupling to a U(1) Gauge Field

In this section, the gauged 3D Mattis model is derived. This model is comprised of the
Mattis model, which was developed in the previous sections, coupled to a U(1) gauge
field. The derivation follows the same outline as given in [7, 14] and will be formal, mean-
ing that density-density interactions and normal ordering will be disregarded. These will
subsequently be reintroduced toward the end of the derivation. In particular, the model
cannot be viewed as mathematically precise before the introduction of a gauge invariant
normal ordering prescription for the fermion bilinears. For this reason, the derivation
should be considered as a method of obtaining a gauge invariant theory. The consis-
tency of the model has to be verified at a later stage, when the model has been given a
mathematically precise formulation.

Our objective is not to construct a lattice gauge theory model, e.g. through the
usual approach of introducing Wilson loops [37]. Instead, the gauge field is defined on
a (continuous) domain which covers the sets Λs on which the fermions are defined. Our
recourse will therefore be to classical field theory. As such, all operators are temporarily
replaced with functions. The formulation of the model in terms of quantum operators
can later be regained via second quantization [28].

5.1 Formal Derivation of the Model

Consider the formal Lagrangian density

L0 =
∑
s,r

(
−ψ†s,r(−i∂t)ψs,r − rvFψ†s,r(−i∂ρs)ψs,r

)
, (5.1)

where the time derivative is given by ∂t = c∂/∂x0. The coupling to a U(1) gauge field
Aµ is introduced via minimal substitution

∂µ −→ Dµ = ∂µ + ie0Aµ, (5.2)

with e0 denoting the coupling constant∗. In addition, the term

− c2

4
FµνFµν =

c2

2

∑
j

(
F 2

0j −B2
j

)
(5.3)

is added to the Lagrangian density in (5.1). The resulting expression is

L′0 =
∑
s,r

[
−ψ†s,r(−i∂t + ce0A0)ψs,r − rvFψ†s,r(−i∂ρs + e0Aρs)ψs,r

]
+
c2

2

∑
j

(
F 2

0j −B2
j

)
,

(5.4)

∗The dimension of the coupling constant e0 is length1/2 · time−1/2.
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where the field Aρs = ejρsAj denotes the radial component of the gauge field for each

direction eρs . The canonical momenta ΠX conjugate to X = Aµ, ψs,r, ψ
†
s,r are defined

according to

ΠX
def
=

∂L′0
∂(∂tX)

. (5.5)

Using the Lagrangian density in (5.4), this yields:

Π
A0

= 0, Π
Aj

= cF0j = Ej , (5.6a)

Π
ψs,r

= − iψ†s,r, Π
ψ†s,r

= 0. (5.6b)

Since the fermion fields are anticommuting, we have used differentiation with respect to
Grassmann numbers∗ in the derivation of (5.6b). Furthermore, the asymmetrical relation
between the two expressions in (5.6b) follows from the non-equal appearances of the
fermion field operators in (5.1). By the usual prescription [28], canonical commutation
and anticommutation relations are introduced for the fields:[

Aj(x), Ej′(x
′)
]

= iδj,j′δ
3(x− x′), (5.7){

ψs,r(x), ψ†s′,r′(x
′)
}

= δs,s′δr,r′ δ̃s(x− x′), (5.8)

the latter of which agrees with the anticommutation relations in (2.24).

In the next step, we consider the Hamiltonian density

H0
def
=
∑
X

(∂tX)ΠX − L′0. (5.9)

From its definition, together with (5.4), (5.6), and Ej = ∂tAj − c∂jA0, we obtain

H0 =
1

2

∑
j

(
E2
j + c2B2

j

)
+
∑
j

c(∂jA0)Ej +
∑
s,r

ψ†s,r(ce0A0)ψs,r

+
∑
s,r

rvFψ
†
s,r(−i∂ρs + e0Aρs)ψs,r.

(5.10)

As in [14], we introduce the Gauss’s law operator

G
def
= −

∑
j

∂jEj + e0

∑
s,r

ψ†s,rψs,r. (5.11)

The importance of this operator in relation to our model will be clear from the subsequent
treatment. Further details are provided at the end of this section and in Appendix C.

∗Stated succinctly, Grassmann numbers are elements of an exterior algebra over a complex vector
space [1]. They are defined such that for two Grassmann numbers, η1 and η2, the anticommutation
relation {η1 , η2}=0 holds. In particular, differentiation of Grassmann numbers is defined such that
∂(η1η2)/∂η2 = −∂(η2η1)/∂η2 = −η1; see for instance [27].
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With the aid of (5.11), the Hamiltonian density in (5.10) can be written

H0 =
1

2

∑
j

(
E2
j + c2B2

j

)
+ cA0G

+
∑
s,r

rvFψ
†
s,r(−i∂ρs + e0Aρs)ψs,r +

∑
j

c∂j(A0Ej).
(5.12)

Using Hamilton’s equations, we obtain the following relation:

− ∂tΠA0 =
∂H0

∂A0
= cG. (5.13)

From (5.6a), the left-hand side in the above equation is seen to equal zero, which implies
the so-called Gauss’s law condition:

G = 0. (5.14)

This condition is used in Section 6 for the purpose of diagonalizing the gauged 3D Mattis
model. In addition, it allows the corresponding term in (5.12) to be canceled.

The formal, free Hamiltonian H0 can be obtained by integrating∗ the Hamiltonian
density in (5.12) over a domain Λ ⊂ R3. In other words,

H0 =

∫
Λ

d3xH0. (5.15)

The domain Λ is chosen† such that it scales with L and covers all the sets Λs in (2.19).

Since the operators ψ
(†)
s,r are only defined on subsets of Λ, the Hamiltonian can be written

H0 =
∑
s,r

∫
Λs

d3x̃s rvFψ
†
s,r(−i∂ρs + e0Aρs)ψs,r +

1

2

∫
Λ

d3x
∑
j

(
E2
j + c2B2

j

)
, (5.16)

where we have dropped a surface term. Lastly, since the inclusion of an interaction term
does not affect the derivation, nothing prohibits us from replacing L′0 with

L′ = L′0 −H1 (5.17)

in the preceding steps, where the interactions are given by the Hamiltonian density

H1 =
∑
s,r

∑
s′,r′

∫
Λs′

d3x̃′s′ gs,r,s′,r′ψ
†
s,r(x)ψs,r(x)δ̄s(x− Ts′,sx′)ψ†s′,r′(x′)ψs′,r′(x′). (5.18)

∗The integral is defined using the usual three-dimensional Lebesgue measure in contrast to the mea-
sures λ̃ρs used for the sets Λs.
†The exact nature of the domain Λ is not needed since the intention is to eventually pass in the

QFT limit. The essential property is the scaling of the domain in addition to ensuring that the coupling
between the fermion field operators and the gauge field is well defined. The latter follows from letting
Λ cover all the sets Λs, meaning that the entire space, accessible to the fermions, is penetrated by the
gauge field.
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This yields the formal Hamiltonian

H = H0 +H1, (5.19)

with H0 as in (5.16) and

H1 =
∑
s,r

∑
s′,r′

∫
Λs

d3x̃s

∫
Λs′

d3x̃′s′ gs,r,s′,r′ψ
†
s,r(x)ψs,r(x)δ̄s(x− Ts′,sx′)

× ψ†s′,r′(x′)ψs′,r′(x′),
(5.20)

where the integrals over Λs have been introduce in the same manner as before.

5.2 Gauge Invariant Normal Ordering

The operators in (5.16) and (5.20) can be made mathematically precise by normal or-
dering the fermion bilinears. However, simply using the standard definition of normal
ordering in (2.8) would not yield a gauge invariant theory∗. This necessitates the intro-
duction of a gauge invariant normal ordering prescription, denoted by �

� . . .
�
� . To this

end, we utilize the point-splitting method in the spirit of Schwinger [31]. In our case, it
is implemented in the form of the gauge invariant expression

ψ†s,r(x−
ε

2
eρs) exp

(
ie0

∫ ε/2

−ε/2
dξ Aρs(x + ξeρs)

)
ψs,r(x +

ε

2
eρs), (5.21)

where ε > 0; see Appendix C for a more detailed presentation. Gauge invariant, normal
ordered fermion densities

Js,r(x)
def
= �
�ψ
†
s,r(x)ψs,r(x)�� (5.22)

can then be defined via

�
�ψ
†
s,r(x)ψs,r(x)��

def
= lim

ε↘0

[
ψ†s,r(x−

ε

2
eρs) exp

(
ie0

∫ ε/2

−ε/2
dξ Aρs(x + ξeρs)

)

×ψs,r(x +
ε

2
eρs)−

〈
ψ†s,r(x−

ε

2
eρs)ψs,r(x +

ε

2
eρs)

〉]
. (5.23)

Both terms in the above expression are gauge invariant. For the last term, this follows
as a consequence of Lemma 5.2 below; see also Remark C.3. In a similar manner, one
can define gauge invariant normal ordering for boson bilinears, denoted by ×× . . .

×
× . The

resulting gauged model is stated in Formulation 5.1.

∗This claim is not obvious, for instance, by simply considering (2.8). However, when the individual
field operators in a fermion bilinear are evaluated at different points in space, the non-invariance becomes
apparent. An example of this situation can be found in the right-hand side of (C.15).
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Formulation 5.1. (Gauged 3D Mattis model) The gauged 3D Mattis model is
given by the Hamiltonian

H = H0 +H1, (5.24)

with the free part

H0 =
∑
s,r

∫
Λs

d3x̃s rvF
�
�ψ
†
s,r(−i∂ρs + e0Aρs)ψs,r

�
�

+
1

2

∫
Λ

d3x
∑
j

×
×
(
E2
j + c2B2

j

)×
×

(5.25)

and the interaction term

H1 =
∑
s,r

∑
s′,r′

∫
Λs

d3x̃s

∫
Λs′

d3x̃′s′ gs,r,s′,r′Js,r(x)δ̄s(x− Ts′,sx′)Js′,r′(x′). (5.26)

The gauge invariance of the Hamiltonian in Formulation 5.1 is easily checked. As
explained in Appendix C, only fixed time U(1) gauge transformations are considered.
The transformation laws for the relevant fields are given in (C.4). From these, the gauge
invariance of the free part (5.25) follows immediately. On the other hand, the interaction
term (5.26) is gauge invariant by construction.

In order to progress, the exact expression for the last term in (5.23) must first be
obtained. This is a ground state correlation function, and the result of its computation is
given in Lemma 5.2. The proof can be found in Appendix C. Moreover, having defined
gauge invariant normal ordering, it is desirable to rewrite all instances involving the
operators Js,r(x) in terms of the known fermion densities Js,r. Lemmas 5.3 and 5.4
provide the required results. Again, the proofs can be found in Appendix C.

Lemma 5.2. Let ψ
(†)
s,r be fermion field operators, defined as in Section 2. Then,

〈
ψ†s,r(x−

ε

2
eρs)ψs,r(x +

ε

2
eρs)

〉
= r

1

2πiã2ε
. (5.27)

Lemma 5.3. The gauge invariant, normal ordered fermion densities Js,r(x) can be
expressed as

Js,r(x) = Js,r(x) + r
e0

2πã2
Aρs(x). (5.28)

Lemma 5.4. The integral in the first term in (5.25) can be expressed as∫
Λs

d3x̃s
�
�ψ
†
s,rr(−i∂ρs + e0Aρs)ψs,r

�
�

=

∫
Λs

d3x̃s

[
:ψ†s,rr(−i∂ρs + e0Aρs)ψs,r : +

e2
0

4πã2
A2
ρs

]
. (5.29)

The developments leading up to Formulation 5.1 and the results provided by Lemmas
5.3 and 5.4 are summarized in Formulation 5.5.
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Formulation 5.5. (Reformulated gauged 3D Mattis model) The gauged 3D
Mattis model is given by the Hamiltonian

H = H0 +H1, (5.30)

with the free part

H0 =
∑
s,r

∫
Λs

d3x̃s vF

[
:ψ†s,rr(−i∂ρs)ψs,r : +re0AρsJs,r +

e2
0

4πã2
A2
ρs

]
+

1

2

∫
Λ

d3x
∑
j

×
×
(
E2
j + c2B2

j

)×
×

(5.31)

and the interaction term

H1 =
∑
s,r

∑
s′,r′

∫
Λs

d3x̃s

∫
Λs′

d3x̃′s′ gs,r,s′,r′
(
Js,r(x) + r

e0

2πã2
Aρs(x)

)
× δ̄s(x− Ts′,sx′)

(
Js′,r′(x

′) + r′
e0

2πã2
Aρs′ (x

′)
)
.

(5.32)

5.3 Bosonization

Using Kronig’s identity in (3.16), which was obtained from the study of the non-gauged
3D Mattis model, the free part in Formulation 5.5 can be rewritten as

H0 =
∑
s,r

∫
Λs

d3x̃s vF
×
×

[
πã2J2

s,r + re0AρsJs,r +
e2

0

4πã2
A2
ρs

]
×
×

+
1

2

∫
Λ

d3x
∑
j

×
×
(
E2
j + c2B2

j

)×
× .

(5.33)

In particular, this implies that the entire Hamiltonian for the gauged model can be
expressed in terms of fermion densities together with operators pertaining to the gauge
field. Using the decomposition in (3.26) for the fermion densities and carrying out the
summation over the chiral index r, the entire free part can be written

H0 =
vF
2

∑
s

∫
Λs

d3x̃s
×
×

[
(∂ρsΦs)

2 + (Πs − eRAρs)2
]
×
×

+
1

2

∫
Λ

d3x
∑
j

×
×
(
E2
j + c2B2

j

)×
× ,

(5.34)

where we have introduced the renormalized coupling constant∗

eR =
e0√
πã
. (5.35)

∗The dimension of the renormalized coupling constant eR is length−1/2 · time−1/2.
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Via a rather cumbersome computation, similar to the corresponding derivation for
the non-gauged model, the expression for the interaction term in (5.32) becomes

H1 =
vF
2

∑
s

∫
Λs

d3x̃s

{
γ3

∫
Λs

d3x̃′s δ̄s(x− x′)
[
Fs,s(x,x′)− Ps,s(x,x′)

]
+

3∑
i=1

(γ1 + γ2)

∫
Λs+i

d3x̃′s+i δ̄s(x− Ts+i,sx′)Fs,s+i(x,x′)

+
3∑
i=1

(γ1 − γ2)αs,s+i

∫
Λs+i

d3x̃′s+i δ̄s(x− Ts+i,sx′)Ps,s+i(x,x′)
}
.

(5.36)

In the expression above, as before, we have introduced two new operators:

Fs,s′(x,x′) def
= ∂ρsΦs(x)∂′ρs′Φs′(x

′), (5.37a)

Ps,s′(x,x′) def
= (Πs(x)− eRAρs(x))

(
Πs′(x

′)− eRAρs′ (x′)
)
, (5.37b)

in order to abbreviate the notation.

5.4 Quantum Field Theory Limit

Once more, we are in a position where the model can be allowed to pass in the QFT limit.
This possibility follows from the observation that all parameters in (5.34) and (5.36) have
the correct scaling. In a sense, this relinquishes all details to the renormalization of the
parameters and the limit of the fully regularized delta function in (3.5). Lastly, the
boson operators are redefined via (3.31). The corresponding redefinition of the gauge
field is given by

Aρs′ (x
′) = Aρs′ (Ts,s′x) −→ Aρs′ (x), (5.38)

and the resulting expression for the Hamiltonian is given in Formulation 5.6. The trans-
formation laws for the fields Aµ, Φs, and Πs are given in (C.4a), (C.6a), and (C.6b),
respectively. From these, the Hamiltonian in (5.39) is observed to be gauge invariant,
as expected from the construction of gauge invariant normal ordering in (5.23).

Formulation 5.6. (Gauged 3D Mattis model in the QFT limit) In the QFT
limit, the gauged 3D Mattis model is given by the Hamiltonian

H =
1

2

∫
d3x ××

vF∑
s

[
(1 + γ3) (∂ρsΦs)

2 + (1− γ3) (Πs − eRAρs)2

+
3∑
i=1

(γ1 + γ2)Fs,s+i +
3∑
i=1

(γ1 − γ2)αs,s+iPs,s+i
]

+
3∑
j=1

(
E2
j + c2B2

j

)×× ,
(5.39)

where the operators Fs,s′ = Fs,s′(x,x) and Ps,s′ = Ps,s′(x,x) are defined in (5.37).
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Remark 5.7. From (5.39), the gauge field is seen to have acquired as mass, since there
are terms quadratic in Aρs . This applies both with and without the presence of density-
density interactions. For simplicity, suppose γ1 = γ2, in which case the mass has the
following behavior:

m ∝ eR
√

1− γ3. (5.40)

Thus, even for a large renormalized coupling constant, the mass is seen to diminish
toward zero if the interaction parameter γ3 tends toward one. A physical interpretation
of this observation is that the mass of the gauge field can be “screened” due to density-
density interactions between opposing nodal regions.

As a last step, we turn our attention to the Gauss’s law operator in (5.11). After the
introduction of gauge invariant normal ordering, the operator becomes

G = −
∑
j

∂jEj + e0

∑
s,r

�
�ψ
†
s,rψs,r

�
�

= −
∑
j

∂jEj + e0

∑
s,r

(
Js,r + r

e0

2πã2
Aρs

)
,

(5.41)

where in the last step we have used (5.28). Since the last term in the above expression
contains a factor r, it disappears when summing over the chiral index. Consider a
differentiable real-valued test function χ = χ(x) and define the action of G on χ by

G [χ]
def
= −

∫
Λ

d3xχ(x)
∑
j

∂jEj(x) + e0

∑
s,r

∫
Λs

d3x̃s χ(x)Js,r(x). (5.42)

From (3.26) and by summing over r, this expression reduces to

G [χ] = −
∫

Λ
d3xχ(x)

∑
j

∂jEj(x) + eR
∑
s

∫
Λs

d3x̃s χ(x)∂ρsΦs(x), (5.43)

where we have introduced the renormalized coupling constant in (5.35). After passing
in the QFT limit, the final expression for the Gauss’s law operator becomes

G [χ] =

∫
d3xχ(x)

−∑
j

∂jEj(x) + eR
∑
s

∂ρsΦs(x)

 . (5.44)

In Appendix C, the relation between gauge transformations and the Gauss’s law
operator is explored. In particular, the Gauss’s law operator is the generator of fixed
time gauge transformations. Since the temporal part is not considered, a suitable choice
of partial gauge fixing is the Weyl gauge, A0 = 0, which is presupposed to have been
implemented hereafter.
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Similar to the case without the presence of a gauge field, the gauged 3D Mattis model
can be diagonalized via a Bogoliubov transformation. The technical details are provided
in Appendix D. The essential parts of the diagonalization procedure are the same as in
Section 4. However, the inclusion of a gauge field complicates matters further. In the
following treatment, it is implicitly understood that all components of the momentum
vector p are non-zero. In other words, |pj | > 0, ∀j = 1, 2, 3.

6.1 Diagonalization

In complete analogy with the non-gauged model, we introduce the parameters v1, v2, v3,
and v4, which are defined in (4.1). Likewise, the Hamiltonian in (5.39) can be rewritten
in momentum space with the aid of (4.2). This transform is applied to all fields, i.e. for
all operators X = Φs,Πs, Aρs , Ej , Bj , where s = 0, 1, 2, 3 and j = 1, 2, 3. Applied to the
Gauss’s law operator in (5.44), the transition to momentum space yields

G [χ̂] =

∫
d3p χ̂(−p)

−∑
j

ipjÊj(p) + eR
∑
s

ipρsΦ̂s(p)

 , (6.1)

for all differentiable real-valued test functions χ̂ = χ̂(p).

The expression in (6.1) can be simplified by rewriting the electromagnetic field in
terms of its longitudinal and transverse components. To this end, we introduce a matrix
R = R(p) ∈ R3×2 whose exact nature is explored below. The longitudinal and transverse
components are denoted by ÊL and ÊT = (ÊT1 , ÊT2)T , respectively, where

ÊL = i
p

|p| · Ê (6.2)

and
ÊT = −iRT Ê, (6.3)

with Ê = (Ê1, Ê2, Ê3)T . The longitudinal and transverse components of the spatial part
of the electromagnetic potential Â = (Â1, Â2, Â3)T are defined in a similar manner.
These are denoted by ÂL and ÂT = (ÂT1 , ÂT2)T , respectively.

In order to construct the matrix R in (6.3), let θ ∈ [0, π] and φ ∈ [0, 2π] denote the
polar and azimuthal angles of the momentum vector p. Our only interest is to obtain
two directions which are orthogonal to the momentum vector. Thus, without loss of
generality we can define

R
def
=

 −|cos θ| cosφ sinφ
−|cos θ| sinφ − cosφ

sgn(cos θ) sin θ 0

 . (6.4)

Consequently, this matrix yields the two transverse components of the fields Ê and Â.

33



34 6 Solution of the Gauged 3D Mattis Model

Remark 6.1. When comparing with spherical coordinates, the first column in (6.4) can be
observed to contain an additional factor sgn(cos θ). The rationale behind this originates
from an ambition to give the matrix desirable properties under parity transformations;
cf. the transformation law in (D.17).

Since only fixed time gauge transformations are considered, a partial gauge fixing
is already understood to have been implemented; see the last paragraph in Section 5.
Invoking the Gauss’s law condition in (5.14) corresponds to fixing the spatial components
of the gauge field; cf. the discussion in Appendix C. For simplicity, the Coulomb gauge
is used, which corresponds to setting ÂL = 0. The solution to the Gauss’s law condition
can be written

ÊL(p) = eR
∑
s

ipρs
|p| Φ̂s(p), (6.5)

which allows us to suppress the longitudinal component of the electric field in all equa-
tions hereafter. For instance, it is possible to show that

∑
j

Êj(−p)Êj(p) = e2
R

∑
s,s′

pρspρs′
|p|2 Φ̂s(−p)Φ̂s′(p) +

2∑
b=1

ÊTb(−p)ÊTb(p), (6.6)

where the first term on the right-hand side is obtained as a direct consequence of the
solution in (6.5). A similar expression can be obtained for the magnetic field, namely

∑
j

B̂j(−p)B̂j(p) = |p|2
2∑
b=1

ÂTb(−p)ÂTb(p), (6.7)

which follows directly from the definition of the magnetic field components. In particular,
the two preceding equations will allow us to treat the last term in (5.39).

The gauged 3D Mattis model in Formulation 5.6 can be written in matrix form with
the help of the vectors P̂ = P̂(p) and Ẑ = Ẑ(p). These are defined such that

P̂
def
= (ÊT1 , ÊT2 , Φ̂0, Φ̂1, Φ̂2, Φ̂3)T (6.8)

and
Ẑ

def
= (ÂT1 , ÂT2 ,−Π̂0,−Π̂1,−Π̂2,−Π̂3)T , (6.9)

respectively. From (3.25), (5.7), and (6.3), they are observed to satisfy the commutation
relations: [

Ẑb (p) , P̂ †b′(p
′)
]

= iδb,b′δ
3
(
p− p′

)
, (6.10)[

Ẑb (p) , Ẑ†b′(p
′)
]

=
[
P̂b (p) , P̂ †b′(p

′)
]

= 0, (6.11)

where, precisely as for the non-gauged model, the Hilbert space adjoints are given by

P̂ †b (p) = P̂b (−p) and Ẑ†b (p) = Ẑb (−p). (6.12)
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Thus, after assembling all the fields into the vectors P and Z, the gauge fixed version of
the Hamiltonian in (5.39) becomes

Hg.f. =
1

2

∫
d3p ××

[
P̂(−p)TAP̂(p) + Ẑ(−p)TBẐ(p)

]
×
× . (6.13)

The two matrices A = A(p) ∈ R6×6 and B = B(p) ∈ C6×6 are constructed with the aid
of a number of submatrices:

(i) Firstly, in order to take into account the orientations of the four groups of parallel
(1+1)-dimensional quantum wires, we introduce the matrix

M
def
=

1√
3


1 1 1
−1 1 1

1 −1 1
1 1 −1

 , (6.14)

where the individual rows consist of the unit vectors eρs .
(ii) Secondly, the presence of αs,s+i in (5.39) requires a matrix K ∈ R4×4, given by

(K)b,b′
def
=


0 if b = b′,
1 if either b = 1 or b′ = 1,
−1 otherwise,

(6.15)

to be introduced.
(iii) Lastly, two additional matrices CD,CND ∈ R4×4 are needed. The former is diag-

onal, while the latter contains only off-diagonal elements:

(CD)b,b′
def
=

{
c2
b if b = b′,

0 otherwise,
(CND)b,b′

def
=

{
0 if b = b′,
cbcb′ otherwise,

(6.16)

where the factors cb are defined in (4.7).

In both (6.15) and (6.16), the indices b and b′ range over the values 1, 2, 3, and 4.

With the help of these matrices, the first matrix in (6.13) can be written

A
def
=

(
I2 0
0
(
v3|p|2 + e2

R

)
CD +

(
v1|p|2 + e2

R

)
CND

)
. (6.17)

For the second matrix in (6.13), we obtain

B
def
=

(
iI2 0
0 I4

)
B′
(
−iI2 0

0 I4

)
, (6.18)

where the matrix in the center is given by

B′
def
=

(
I2 eRRTMT

0 I4

)(
c2|p|2I2 0

0 v4I4 + v2K

)(
I2 0

eRMR I4

)
. (6.19)
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In Appendix D, both A and B are shown to be positive definite under the requirements
in (4.10); see Lemmas D.1 and D.2, respectively. These requirements can equivalently
be written in the form given by (2.11) together with (2.12). Following Lemma D.5, the
dispersion relations for the gauged 3D Mattis model are precisely the eigenvalues of the
square root of the matrix

C = A1/2BA1/2. (6.20)

As argued in Section 4, since A is positive definite, thus invertible, it suffices to study
C′ = AB in order to derive the eigenvalues of C.

6.2 Dispersion Relations

Similar to the non-gauged model, the exact dispersion relations are difficult to obtain.
This is especially true in the present case since the eigenvalue problem

det
(
λI6 −C′

)
= 0 (6.21)

entails solving a polynomial equation of degree six. These types of equations cannot
generally be solved algebraically. In order to circumvent this problem, we again resort
to perturbation theory.

For the purpose of simplifying the calculations, the analysis is restricted to the special
case where v2 = 0, i.e. γ1 = γ2. Consider the parameter

ξ =
v1|p|2 + e2

R

v3|p|2 + e2
R

. (6.22)

Due to (4.10), ξ satisfies the condition |ξ| < 1. This allows us to use perturbation theory
with respect to ξ in order to derive approximate eigenvalues of C′. However, before this
is attempted, we make one more simplification. In general, the speed of light is several
orders of magnitude larger than the Fermi velocity. As a consequence, it is possible to
disregard the off-diagonal submatrices in B. In other words, we restrict the study of
the model to the regime where c � vF . Consequently, the matrix C′ becomes block
diagonal. The eigenvalue problem is thus split into two separate eigenvalue problems.
One of these corresponds to the boson operators Φ̂s and Π̂s, while the other corresponds
to the transverse components of the gauge field.

Once again, the approximate eigenvalues cannot be ensured to be positive to second
order in perturbation theory; cf. the discussion in Section 4. In the present case, the
problem is amplified due to the presence of a term e2

F in both the numerator and the
denominator in (6.22). Hence, for small, non-zero momenta, the convergence of the
series expansion in ξ is slow. As a consequence, negative second order terms have a
larger influence on the overall sign of the eigenvalues. For this reason, the requirement
vF |p|2 > e2

R must be imposed, although at the cost of further reducing the applicability
of the results. Collecting all the cases originating from the possible degrees of degeneracy,
the approximate eigenvalues are presented in Result 6.2. As before, the function fb(p)
in (4.13) has been used for the purpose of writing the solutions in closed form.
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Result 6.2. (Approximate eigenvalues) For v2 = 0, c� vF , and vF |p|2 > e2
R, the

approximate eigenvalues of the matrix C in (6.20) are given by

λb ≈ v4

(
v3|p|2 + e2

R

)c2
b +

v1|p|2 + e2
R

v3|p|2 + e2
R

fb(p)

+

(
v1|p|2 + e2

R

v3|p|2 + e2
R

)2 (
c2
b + fb(p)

) ∑
b′ : |cb′ |6=|cb|

c2
b′

c2
b − c2

b′

 , (6.23)

for b = 1, 2, 3, 4, and

λ5,6 ≈ c2|p|2 +
4

3
v4e

2
R. (6.24)

Using the eigenvalues in (6.23) and (6.24), the approximate dispersion relations for
the gauged 3D Mattis model can be expressed as

ωb(p) =
√
λb(p), (6.25)

for b = 1, 2, . . . , 6. Out of these, the first four dispersion relations correspond to plas-
mons, while the two latter represent transverse photons. Using (6.23), (6.24), and (6.25),
approximate energy surfaces can be constructed for certain values of the parameters. Ex-
amples are given in Figure 5. In addition, exact energy surfaces can be computed by
solving the eigenvalue problem in (6.21) numerically. These are presented in Figure 6
with the same choice of parameters. For the plasmons, the approximate solutions are
seen to agree with the exact solutions for all points in momentum space, except around
those where the eigenvalues are degenerate; see Remarks 4.2 and 4.3. For the trans-
verse photons, the agreement is better. This suggests that disregarding the off-diagonal
submatrices in B did not introduce any significant errors in the present situation.

Fortunately, the special case |p| ↘ 0 can be studied analytically, without the need of
perturbation theory. Again, the results only apply in the regime where the off-diagonal
submatrices in B can be ignored. As has already been mentioned, this is not a serious
restriction. For simplicity, it is also assumed that γ1 = γ2. In this case, the dispersion
relations for the plasmons exhibit the following tendencies:

ω1,2,3 −→ 0 and ω4 −→ 2eR

√
v4

3
, (6.26)

while the dispersion relations for the transverse photons tend toward the same non-zero
value:

ω5,6 −→ 2eR

√
v4

3
. (6.27)

Hence, the gauged model has three massless plasmon modes, one massive plasmon mode,
and two massive modes for the transverse photons. This can be compared with the non-
gauged model where all plasmon modes were shown to be massless.
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(a) First energy surface (b) Second energy surface

(c) Third energy surface (d) Fourth energy surface

(e) Fifth energy surface (f) Sixth energy surface

(g) First four energy surfaces

Figure 5: Approximate dispersion relations for the gauged 3D Mattis model. The energy
surfaces were constructed with the following choice of parameters: γ1 = γ2 = 0.15,
γ3 = 0.5, p = 10 length−1, eR/

√
c = 10−5/2 length−1, and vF /c = 10−5.
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(a) First energy surface (b) Second energy surface

(c) Third energy surface (d) Fourth energy surface

(e) Fifth energy surface (f) Sixth energy surface

(g) First four energy surfaces

Figure 6: Exact dispersion relations for the gauged 3D Mattis model. The energy
surfaces were constructed with the following choice of parameters: γ1 = γ2 = 0.15,
γ3 = 0.5, p = 10 length−1, eR/

√
c = 10−5/2 length−1, and vF /c = 10−5.
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7 Conclusion

An exactly solvable quantum field theory model in 3+1 dimensions has been developed.
The model describes spinless and massless fermions, which are strongly correlated due
to density-density interactions. The underlying motivation was to generalize the work
in [7, 8] to a setting with three spatial dimensions. Although not a prerequisite, the
formulation of the model was inspired by the study of 3D lattice fermions. As such,
the 3D Mattis model can be viewed as an effective model, allowing for the treatment of
certain degrees of freedom in the (larger) model from which it was obtained.

Due to its geometric structure, the 3D Mattis model has a close resemblance to
models consisting of parallel Luttinger chains∗ arranged in three spatial dimensions.
However, an important difference is easily observed. Our model is created from four
groups of parallel Luttinger chains, with density-density interactions connecting the
chains in a non-trivial manner. For γ1 = γ2 = 0, the groups are decoupled. In this
particular case, a description in terms of independent groups of parallel Luttinger chains
is recovered. Moreover, the solutions in (4.14) to the non-gauged model are exact in this
limit, since v1 = v2 = 0. The same observation can be made for the gauged model. A
similar remark was given in [8] in relation to the 2D Mattis model.

Primarily, the emphasis resided on establishing the exact solvability of the model,
both with and without coupling to a U(1) gauge field. It is however understood that the
term “exactly solvable” is interpreted in its broader sense; cf. the second paragraph in
the introduction. Two eigenvalue problems were obtained in the end: one in reference to
a 4× 4 matrix (the non-gauged model) and the other in reference to a 6× 6 matrix (the
gauged model). Unfortunately, the exact solutions to the resulting eigenvalue problems
remain difficult to obtain. To overcome this obstacle, approximate dispersion relations
to second order in perturbation theory were derived. These solutions are to be viewed as
a first attempt at solving the 3D Mattis model exactly. An approach based on methods
beyond perturbation theory might result in better approximate solutions, which would
facilitate a more thorough study of the model.

Secondly, the massiveness† of the modes in both the gauged and the non-gauged
model were studied. For the non-gauged model, all four plasmon modes were found to
be massless. However, given a non-zero coupling constant, one of the plasmons and both
transverse photons were observed to acquire a mass. The mass generation mechanism
is similar to the mechanism in the Schwinger model [32, 33]. In particular, the gauge
field is seen to contain a mass term, despite the requirement of gauge invariance; cf. the
discussion in [32]. The same conclusion was reached in [7] for the 2D Mattis model. In
the special case where γ1 = γ2, all three massive modes in the gauged 3D Mattis model
were found to have the same mass. Moreover, this mass was observed to be proportional
to the coupling constant, while its magnitude can also be affected by density-density
interactions between opposing nodal regions.

∗These are (1+1)-dimensional quantum wires containing fermions described by the Luttinger model.
†Using terminology from condensed matter physics, the terms gapped (instead of massive) and un-

gapped (instead of massless) might be more appropriate.
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As a continuation of the work presented in this text, one further step would be to
calculate the response function to an external magnetic field. Questions which can be
addressed relate to the possible presence of a Meissner effect, or the lack thereof. The
corresponding calculation for the 2D Mattis model has been presented in [7], where the
answer to the question whether a Meissner effect exists was given in the affirmative.

Another study of interest would be to calculate n-point thermodynamic correlation
functions for the fermion fields; see for instance [16] for the corresponding results for
the Luttinger model. The simplest of these are two-point correlation functions, i.e.
correlation functions for fermion bilinears∗. One approach through which this can be
achieved is by expressing the fermion fields in terms of the free boson fields [36]. However,
this requires a correct treatment of the zero modes and the introduction of the so-called
Klein factors; cf. the presentations in [8] and [16].

Depending on the qualitative behavior of the correlation functions, for instance
whether they decrease exponentially or algebraically, additional conclusions could be
drawn concerning the material properties exhibited by the model. Specific questions
which can be addressed relate to the presence of properties observed in superconductors
or indications of Luttinger-liquid behavior [8, 15]. For now, these questions will have to
remain unanswered.

∗The ground state correlation function for fermion bilinears was derived in the process of constructing
the gauged 3D Mattis model; see Lemma 5.2.



A Lattice Fermions

In this appendix, the 3D Mattis model will be constructed from a model describing
spinless and massless fermions on a cubic lattice with side L and lattice parameter a.
The derivation is not intended to be mathematically rigorous. Rather, it should be
viewed as a motivational derivation using approximations based on physical arguments.
These approximations should be seen as generalizations of the steps presented in [18, 19]
to a setting with three spatial dimensions. Specifically, the outset of the derivation is
the so-called 3D t-V model, and the treatment closely follows the outline in [19].

To be clear, the cited articles describe a two-dimensional analogue of the Luttinger
model. The model which is derived in this appendix is akin to a three-dimensional
analogue of the same model. However, the derivation given here is not as clear-cut as
the one in [19]. This is mainly due to the presence of an extra term in the resulting
Hamiltonian. In particular, this term cannot be dropped for any apparent satisfactory
reason; see the discussion following (A.41).

A.1 The 3D t-V Model

Let ψ̂(†)(k) be fermion field operators with momenta k = kjej in the first Brillouin
zone (BZ). These operators are normalized such that they satisfy the anticommutation
relations: {

ψ̂(k) , ψ̂†(k′)
}

=

(
L

2π

)3

δk,k′ and
{
ψ̂(k) , ψ̂(k′)

}
= 0. (A.1)

In analogy with the definition given in [19], the 3D t-V model describes a system of
spinless fermions on a cubic lattice with hopping and repulsive interactions between
nearest neighbor sites. It is given by the Hamiltonian

H = H0 − µN +Hint, (A.2)

where

H0 =

(
2π

L

)3 ∑
k∈BZ

ε(k)ψ̂†(k)ψ̂(k) (A.3)

is the free part,

N =

(
2π

L

)3 ∑
k∈BZ

ψ̂†(k)ψ̂(k) (A.4)

is the fermion number operator, and Hint denotes the interaction term. The exact
expression for the latter is given in (A.21). In the above equations, µ is the chemical
potential and

ε(k) = −2t
[
cos(ak1) + cos(ak2) + cos(ak3)

]
(A.5)

is the tight binding dispersion relation in momentum space, where t > 0 is the hop-
ping parameter; see for instance [25]. The study of the interaction term is presented
separately. Instead, the immediate focus will remain on the first two terms in (A.2).
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A.2 Nodal Fermions

From the onset, it is necessary to make the following fundamental assumption; cf. hy-
pothesis H1 in [19].

Assumption 1. Away from half filling, there is an underlying Fermi surface in the
interacting model.

This has already been emphasized in the main text, although the reason was not
apparent from the treatment. Starting from this assumption, the main idea is to divide
BZ into a number of regions. The essential ones are those which are intersected by
the Fermi surface. The relevant regions are as follows: (i) nodal regions, (ii) antinodal
regions, (iii) seminodal regions, (iv) outer regions, and (v) one center region. The outer
regions lie outside the Fermi surface and will thus not be considered, nor will the inner
region for similar reasons. The parts of the Fermi surface corresponding to the nodal
regions are referred to as Fermi sectors, in agreement with the usage of the term in the
main text.

In [19], it is argued that at low energy levels, the physics in the two-dimensional
analogue of the Luttinger model is mainly determined by fermions situated near the
underlying Fermi surface. Consequently, at low energy levels, the properties of the
described material are not significantly altered by ignoring fermions outside the nodal
and antinodal regions in the two-dimensional model; see hypotheses H1 and H1′ in [19].
For states above half filling, it is furthermore argued that the antinodal fermions are
gapped, while there is reason to believe that the nodal fermions are not∗; see hypothesis
H2 in [19]. These assumptions are motivated by experimental results using angle-resolved
photoemission spectroscopy (ARPES) [5]. For a more detailed discussion, the reader is
referred to the cited articles and references therein.

For our three-dimensional model, we will simply state these properties in the form
of assumptions. The only exception is that none of the regions can be assumed to be
gapped. Thus, we will not attempt to generalize hypothesis H2 in [19] to our setting,
since arguing that fermions in certain regions are gapped would require more support
than mere analogue reasoning. Nevertheless, for our needs, it suffices to simply restrict
the study to nodal fermions, leaving the antinodal and seminodal fermions to be treated
by other means.

Assumption 2. The physics at low energy levels is dominated by the fermions in the
nodal, antinodal, and seminodal regions.

Assumption 3. Away from half filling, the Fermi sectors in the nodal regions can be
approximated by flat surfaces.

Some support for Assumption 3 can be found in Section A.5, albeit for the non-
interacting case. Furthermore, due to symmetry, the distance to the center of BZ is the
same for all eight Fermi sectors. Specifically, it is equal to Q

√
3/a, where Q ∈ [0, π]

depends on the filling parameter ν in (2.2).

∗In the two-dimensional model, these are the only relevant classes of fermions.
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In order to make use of the assumptions listed above, a labeling system similar to the
one used in the main text is introduced. For this reason, the nodal regions are denoted
by Λ∗s,r, where s is a group index and r is a chiral index. These indices can be viewed
as being in direct correspondence with the corners of BZ; cf. the geometric structure
in Figure 2. Denote by eρs,r = ejρs,rej the unit vector directed toward the corner of BZ
which corresponds to Λ∗s,r. Similar to the treatment in the main text, let kρs,r = k · eρs,r
denote the component of k along the radial direction eρs,r . Also, let k⊥ρs,r,i, for i = 1, 2,
denote the components of k in the subspace∗ orthogonal to eρs,r .

The Fermi sectors should most likely be triangular in shape. Support for this claim is
given in Section A.5, where Fermi surfaces are computed for the case without interactions
present; see cases (f) and (g) in Figure 7. However, as stated in the main text, the analysis
can be simplified if square Fermi sectors are used instead. For this reason, and since the
Fermi sectors are assumed to be flat, the lattice structure ∆∗s,r in each nodal region will

be chosen as follows†.

Approximation 1. Each nodal region Λ∗s,r ⊂ ∆∗s,r is given the following underlying
lattice structure:

∆∗s,r
def
=

{
k

∣∣∣∣ kρs,r , k⊥ρs,r,i ∈ 2π

L

(
Z +

1

2

)
, i = 1, 2

}
. (A.6)

As a consequence, each nodal region has been given its own local coordinate system.
This requires the introduction of rotation matrices Ts′,r′;s,r ∈ SO(3) in order to transform
from the local coordinate system in Λ∗s′,r′ to the local coordinate system in Λ∗s,r. The
exact expressions for these matrices depend on the choice of basis for the subspace
orthogonal to the radial direction in each nodal region.

For each nodal region Λ∗s,r, we introduce a representative point Qs,r in the form of
the center of the corresponding Fermi sector. These points are given by

Qs,r =
Q

a
fs,r, (A.7)

where
fs,r = f js,rej and f js,r

def
= ejρs,r/|ejρs,r |. (A.8)

The components of fs,r can be either +1 or −1. Thus, these vectors constitute a sort
of translation between our labeling system for the nodal regions and a more conven-
tional system based on Cartesian coordinates. We also define a vector sum, denoted by
brackets, of two momenta k1,k2 ∈ BZ such that their sum lies in BZ:

[k1 + k2]
def
= k1 + k2 +

2π

a
n, (A.9)

where n is chosen such that the sum is brought back to BZ.

∗The basis
{
e⊥ρs,r,i

}
i=1,2

of this subspace is presumed to have been chosen in a suitable fashion.
†These sets do not correspond to the original lattice, which introduces a certain inconsistency. How-

ever, since the aim is to eventually pass in the QFT limit, such problems should disappear in the end.
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We will only consider the low energy regime. In this case, following the argumentation
in [19], it is reasonable to assume that all possible processes involve only small changes in
momenta. Thus, for each nodal region Λ∗s,r, it is possible to approximate the dispersion
relation in (A.5) at the corresponding Fermi sector with its Taylor expansion around
the representative point Qs,r. For simplicity, only terms to first order in k ∈ Λ∗s,r will
be retained. Since the Fermi sectors are assumed to be flat, the value of ε(k) will not
change if k is displaced by a linear combination of e⊥ρs,r,1 and e⊥ρs,r,2. Hence, only the
radial part will yield a non-zero contribution to first order in the Taylor expansion, as
indicated by the following approximation.

Approximation 2. Consider the nodal region Λ∗s,r. For k ∈ Λ∗s,r, the dispersion relation
in (A.5) is approximated by its first order Taylor polynomial in kρs,r :

ε (Qs,r + k) ≈ εs,r (k)
def
= ε (Qs,r) + kρs,r

∂

∂kρs,r
ε (Qs,r + k)

∣∣∣∣
k=0

, (A.10)

where ∂/∂kρs,r is the derivative along the radial direction eρs,r .

Via a straightforward calculation, we obtain

ε (Qs,r) = −6t cosQ (A.11)

and
∂

∂kρs,r
ε (Qs,r + k)

∣∣∣∣
k=0

= 2
√

3at sinQ. (A.12)

In the derivation of the latter, we have used the following observation:

eρs,r · fs,r =
∑
j

|ejρs,r | =
√

3. (A.13)

The end result can thus be written

εs,r (k) = −6t cosQ+ vFkρs,r , (A.14)

where we have introduced the Fermi velocity∗

vF
def
= 2
√

3at sinQ. (A.15)

In order to summarize the preceding developments, new fermion field operators ψ̂
(†)
s,r

are introduced. These are given by

ψ̂s,r(k)
def
= ψ̂ ([Qs,r + k]) , (A.16)

for k ∈ Λ∗s,r. It follows that they satisfy the anticommutation relations in (2.5). Using

∗In the main text, when passing in the QFT limit, it is assumed that vF is correctly renormalized.
This is achieved by tweaking the hopping parameter such that it scales as a−1.
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these operators, the expression for the nodal part of the first two terms in (A.2) is

(H0 − µN)

∣∣∣∣
nodal

= H0,n − (µ+ 6t cosQ)Nn, (A.17)

where

H0,n =

(
2π

L

)3∑
s,r

∑
k∈Λ∗s,r

vFkρs,r ψ̂
†
s,r(k)ψ̂s,r(k) (A.18)

is the free part and

Nn =

(
2π

L

)3∑
s,r

∑
k∈Λ∗s,r

ψ̂†s,r(k)ψ̂s,r(k) (A.19)

is the number operator for the nodal fermions.

A.3 Interactions Between Nodal Fermions

Let V > 0 denote the coupling strength of the nearest neighbor interactions. In order
to state the interaction term in (A.2), we introduce a lattice periodic Kronecker delta δa
given by

δa(p)
def
=

{
1 if p ∈ (2π/a)Z3,
0 otherwise.

(A.20)

The interaction term can thus be written

Hint =

(
2π

L

)9 ∑
kb∈BZ

û(k1 − k2)ψ̂†(k1)ψ̂(k2)ψ̂†(k3)ψ̂(k4)

× δa(k1 − k2 + k3 − k4),

(A.21)

where

û(p) =
a3V

2(2π)3

[
cos(ap1) + cos(ap2) + cos(ap3)

]
(A.22)

is the Fourier transformed potential corresponding to nearest neighbor interactions; cf.
the corresponding definitions in [19].

Consider a function f = f(k) defined in BZ. Its sum over all allowed momenta can
be decomposed such that∑

k∈BZ

f(k) =
∑
s,r

∑
k∈Λ∗s,r

f ([Qs,r + k]) +
∑

k∈BZ\Λ∗
f (k) , (A.23)

where Λ∗ =
⋃
s,r Λ∗s,r. The last term corresponds to momenta which are situated outside

the nodal regions. Assuming the physics of the lattice is determined by the nodal
fermions, the last term in (A.23) can be ignored. Alternatively, we can simply restrict
the treatment to the nodal fermions, and leave the rest, including the antinodal and
seminodal fermions, to be considered elsewhere.
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In order to abbreviate the notation, let Λ∗b
def
= Λ∗sb,rb , Qb

def
= Qsb,rb , and ψ̂

(†)
b

def
= ψ̂

(†)
sb,rb ,

for b = 1, 2, 3, 4. Following (A.23), the nodal part of the interaction term becomes

Hint

∣∣∣∣
nodal

=

(
2π

L

)9 ∑
sb,rb

∑
kb∈Λ∗b

û (Q1 −Q2 + k1 − T2,1k2)

× ψ̂†1(k1)ψ̂2(k2)ψ̂†3(k3)ψ̂4(k4)δa

(∑
b

(−1)b−1 (Qb + Tb,1kb)

)
,

(A.24)

where the rotation matrices Tb,1
def
= Tsb,rb;s1,r1 have been introduced in order to ensure

that the momenta are added together in the same local coordinate system. Without
these matrices, since (A.24) only includes terms for which the lattice periodic Kronecker
delta is non-zero, the requirements on the momenta kb would be too restrictive. As
previously mentioned, in the low energy regime, the momenta kb are assumed to be
small for the processes which are possible. Thus, since Q1 −Q2 + Q3 −Q4 is either 0
or a large vector, it is reasonable to make the following approximations.

Approximation 3. The lattice periodic Kronecker delta in (A.24) is approximated by

δa

(∑
b

(−1)b−1 (Qb + Tb,1kb)

)
≈ δa (Q1 −Q2 + Q3 −Q4)

× δk1−T2,1k2+T3,1k3−T4,1k4,0.

(A.25)

Approximation 4. The Fourier transformed potential in (A.24) is approximated by

û (Q1 −Q2 + k1 − T2,1k2) ≈ û (Q1 −Q2) . (A.26)

From (A.20) and (A.25), it follows that the points {Qb}4b=1 must satisfy

Q1 −Q2 + Q3 −Q4 =
2π

a
n, (A.27)

for some n ∈ Z3. Using (A.7), this is equivalent to

Q
(
f j1 − f j2 + f j3 − f j4

)
= 2πnj , (A.28)

for each j = 1, 2, 3, where fb
def
= fsb,rb . At half filling, we have µ = 0, which corresponds

to Q = π/2. Thus, it follows that Q 6= π/2 away from half filling. Consequently, the
criterion in (A.28) yields two possibilities for each spatial direction: for each j ∈ {1, 2, 3},
either

f j1 = f j2 and f j3 = f j4 (A.29)

or
f j1 = −f j2 = −f j3 = f j4 . (A.30)
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Hence, the collection of points {Qb}4b=1 which satisfy (A.27) can be partitioned into four
families of solutions Cα, where α = 0, 1, 2, 3. The families are defined in Definition A.1.
It should also be noted that (A.29) contains two possibilities: either

f j1 = f j2 = f j3 = f j4 (A.31)

or
f j1 = f j2 = −f j3 = −f j4 , (A.32)

which have quite different implications for the interactions to which they correspond.

Definition A.1. (Family Cα) Each family Cα, where α = 0, 1, 2, 3, consists of the
solutions {Qb}4b=1 such that:

1. (A.29) is satisfied for 3− α of the spatial directions, while

2. (A.30) is satisfied for the other α spatial directions.

Remark A.2. At half filling, we have Q = π/2, in which case there is one additional
possibility, namely

f j1 = −f j2 = f j3 = −f j4 . (A.33)

However, given a state above half filling, solutions of this type can be disregarded.

Remark A.3. For all solutions {Qb}4b=1 belonging to the same family Cα, the interaction
potential is constant. Specifically, for a given family Cα, the value of the potential is

ûα
def
= û (Q1 −Q2) =

a3V

2(2π)3
(3− α+ α cos 2Q) , (A.34)

which is easily verified via a straightforward calculation.

Similar to the definition in (2.13), we introduce sets

∆̃∗s,r
def
=

{
p

∣∣∣∣ pρs,r , p−ρs,r,i ∈ 2π

L
Z, i = 1, 2

}
. (A.35)

Using these, we can define Fourier transformed fermion densities via

ρ̂s,r(p)
def
=

(
2π

L

)3 ∑
kb∈Λ∗s,r

ψ̂†s,r(k1)ψ̂s,r(k2)δk1+p,k2 , (A.36)

for p ∈ ∆̃∗s,r. By studying the possible permutations of the solutions in a given family,
it is easily observed that some groups of permutations yield a zero contribution to the
nodal interaction term. Other possibilities include terms proportional to the number
operator Nn in (A.19) or terms describing density-density interactions between pairs of
nodal regions. By considering each family of solutions one by one, it is possible to derive
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the following expression for the nodal part of the interaction term:

Hint

∣∣∣∣
nodal

=

(
2π

L

)3
(∑

α

ûα

)
Nn +Hint,n +H ′int,n, (A.37)

where the two last terms are defined in (A.38) and (A.41), respectively. The derivation
of these expressions follow from standard symmetry arguments and multiple applica-
tions of the anticommutation relations in (2.5). However, since the derivation is rather
cumbersome, the details are omitted.

The second last term in (A.37) is in fact the sort of interaction term we are seeking
since it describes density-density interactions between pairs of nodal regions. Explicitly,
it can be written

Hint,n
def
=

1

L3

∑
s,r

∑
s′,r′

∑
p∈∆̃∗s,r

g̃s,r,s′,r′ ρ̂s,r(−p)ρ̂s′,r′(Ts,r;s′,r′p), (A.38)

where the interaction tensor g̃s,r,s′,r′ is given by

g̃s,r,s′,r′
def
= a3V

[
g1

(
3∑
i=1

δs,s′+iδr,αs,s′r′

)

+g2

(
3∑
i=1

δs,s′+iδr,−αs,s′r′

)
+ g3δs,s′δr,−r′

]
. (A.39)

In order to write down the interactions, we have use the matrix αs,s′ in (2.10) and three
dimensionless parameters: g1, g2, and g3. The latter are defined by

gl
def
=

1

V

(
2π

a

)3

(û0 − ûl) = l sin2Q, (A.40)

where l = 1, 2, 3. On the other hand, the last term in (A.37) is

H ′int,n
def
=

1

L3

∑
s,r

∑
i

∑
k1∈Λ∗s,r

∑
k2∈Λ∗s+i,r

∑
k3∈Λ∗s,−r

∑
k4∈Λ∗s+i,−r

a3V sin2Q

×
(

2π

L

)6

ψ̂†s,r(k1)ψ̂s+i,αs,s+ir(k2)ψ̂†s,−r(k3)ψ̂s+i,−αs,s+ir(k4)

× δk1−Ts+i,r;s,rk2+Ts,−r;s,rk3−Ts+i,−r;s,rk4,0,

(A.41)

which corresponds to processes where two fermions are created on one quantum wire,
while two fermions are annihilated on another quantum wire. Unfortunately, this contri-
bution cannot be reduced further, nor can it be dropped due to some physical property.
Thus, in order to construct a model with density-density interactions, the only remaining
recourse is to simply not treat H ′int,n, however unsatisfactory this option may be.
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All the contributions from (A.17) and (A.37), apart from the last contribution in the
interaction term, can be combined to form the desired model. Consider the first term
in (A.37), i.e. the term which corresponds to a number operator. It is a straightforward
task to verify that the coefficient in front of Nn satisfies(

2π

L

)3
(∑

α

ûα

)
=

6a3V

L3
cos2Q. (A.42)

Thus, via a renormalization of the chemical potential,

µn = µ+ 6t cosQ− 6a3V

L3
cos2Q, (A.43)

we obtain the following Hamiltonian for the nodal fermions:

Hn = H0,n − µnNn +Hint,n. (A.44)

As in [19], the last step consists of fixing the chemical potential such that µn = 0.

A.4 Partial Continuum Limit

In order to make the model susceptible to bosonization, the IR cut-off on kρs,r is removed.
This is referred to as passing in the partial continuum limit. To this end, we introduce
the cut-off function χs(p) in (2.14). The last piece which is needed in order to make
the model well-defined is to normal order the fermion bilinears. This is done using
the definition in (2.8). As before, we choose the vacuum state Ω in the form of the
half-filled Dirac sea. Normal ordering thus entails replacing each fermion bilinear B
with : B : in both (A.18) and (A.38). The partial continuum limit is introduced by
replacing all occurrences of Λ∗s,r with the sets Λ∗s in (2.3) and by using the observation
that kρs,r = rkρs . In addition, all redundant chiral indices are dropped. Similar to the
derivation in [19], we also make the following approximation∗.

Approximation 5. Instead of the normal ordered densities : ρ̂s,r(p) : , we introduce
new operators containing umklapp terms by making the substitution

: ρ̂s,r(p) :−→ χs(p)Ĵs,r(p), (A.45)

where Ĵs,r(p) are the fermion densities defined in (2.15).

Finally, we are in a position where the 3D Mattis model can be stated in a form
reminiscent of the formulation of the model given in the main text. In particular, all
essential features have been obtained. The precise statement of the model is given in
Formulation A.4 below.

∗This approximation will prove beneficial when defining the Fourier transform for the fermion densi-
ties, which is needed for the treatment in the main text.
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Formulation A.4. (3D Mattis model) The 3D Mattis model is given by the Hamil-
tonian

H = H0 +Hint, (A.46)

with the free part

H0 =

(
2π

L

)3∑
s,r

∑
k∈Λ∗s

rvFkρs : ψ̂†s,r(k)ψ̂s,r(k) : (A.47)

and the interaction term

Hint =
1

L3

∑
s,r

∑
s′,r′

∑
p∈∆̃∗s,r

χs(p)g̃s,r,s′,r′ Ĵs,r(−p)Ĵs′,r′(Ts,s′p). (A.48)

The only difference between the present formulation and the formulation in the main
text consists of the extra freedom added by using the dimensionless interaction param-
eters γ1, γ2, and γ3, instead of the specific parameters defined in (A.40).

A.5 Fermi Surfaces in the 3D t-V Model

As a final step, the Fermi surface in the 3D t-V model is studied for the non-interacting
case. The aim is to provide support for Assumption 3 regarding the flatness of the the
Fermi sectors.

The Fermi surface is given by the equation

ε(k) = µ, (A.49)

where, as before, µ is the chemical potential and ε(k) is the tight binding dispersion
relation in (A.5). The solutions to this equation are presented in Figure 7 for different
values of the chemical potential. From these plots, the Fermi sectors corresponding to
the nodal regions appear to be relatively flat above half filling, where (f) and (g) would
be the most desirable situations.

Due to symmetry, it suffices to consider one of the nodal regions. For simplicity,
we select Λ0,+, which is represented by the point Q = Q (1, 1, 1) /a. In this case, the
equation in (A.49) becomes

ε (Q + k) = µ, (A.50)

where k ∈ Λ0,+. By expanding the left-hand side around Q we obtain

3 cosQ− a

 3∑
j=1

kj

 sinQ− a2

2

 3∑
j=1

(kj)2

 cosQ+O
(
(ki)3

)
= − µ

2t
. (A.51)

In the above equation, let µ0 denote the chemical potential corresponding to k = 0
and let µ′ be the renormalized chemical potential such that µ = µ0 + µ′. For a ground
state above, but close to, the half-filled Dirac sea, we have Q & π/2. This implies that
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cosQ ≈ 0, which in turn means that (A.51) can be reduced to

3∑
j=1

kj ≈ µ′

2at sinQ
. (A.52)

This equation describes a flat surface. The normal vector of the surface is parallel with
the radial direction, in accordance with the statement in Assumption 3. However, as
emphasized throughout the derivation, this only applies to the non-interacting case.

(a) µ = −4t (b) µ = −3t (c) µ = −2t

(d) µ = −t (e) µ = 0 (f) µ = t

(g) µ = 2t (h) µ = 3t (i) µ = 4t

Figure 7: Fermi surfaces for different values of the chemical potential µ.
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B Boson-Fermion Correspondence

The boson-fermion correspondence in our (3+1)-dimensional setting can be obtained
from the underlying correspondence in 1+1 dimensions. This possibility originates from
the presence of strictly one continuous spatial direction. The two remaining (discrete)
spatial directions can instead be viewed as flavor indices∗. In turn, the proof of the boson-
fermion correspondence in 1+1 dimensions can be obtained from a wedge representation
of a suitable loop algebra [17]. The material is amply summarized in [8], and the results
recounted therein will suffice for our needs.

The notation is as follows. Let r, r′ = ± denote chiral indices, A,A′ ∈ I flavor indices,

and k, k′ ∈ (2π/L) (Z + 1/2) one-dimensional momenta. Furthermore, let ĉ
(†)
r,A(k) denote

fermion field operators defined on a Fock space F , with a normalized vacuum state Ω
given by

ĉr,A(k)Ω = ĉ†r,A(−k)Ω = 0, ∀k : rk > 0, (B.1)

such that the usual anticommutation relations are satisfied:{
ĉr,A(k) , ĉ†r′,A′(k

′)
}

= δr,r′δA,A′δk,k′ and
{
ĉr,A(k) , ĉr′,A′(k

′)
}

= 0. (B.2)

As before, we also introduce fermion densities

̂r,A(p) =
∑

k∈ 2π
L (Z+ 1

2)

: ĉ†r,A(k − p)ĉr,A(k) : , (B.3)

for p ∈ (2π/L)Z, where normal ordering is defined as in (2.8). The elements of the
boson-fermion correspondence in 1+1 dimensions which are of importance to us are
captured by the following proposition.

Proposition B.1. For the operators introduced above, the following hold true.

(a) The fermion densities ̂r,A(p) in (B.3) are well-defined operators on F and satisfy
the commutation relation[

̂r,A(p) , ̂r′,A′(p
′)
]

= rδr,r′δA,A′
Lp

2π
δp+p′,0. (B.4)

Furthermore, they have the additional properties:

̂†r,A(p) = ̂r,A(−p) (B.5)

and
̂r,A(p)Ω = 0, ∀p : rp ≥ 0. (B.6)

∗To be precise, before passing in the QFT-limit, our model is not genuinely (3+1)-dimensional. As
previously mentioned, it is composed of four groups of parallel (1+1)-dimensional quantum wires. Within
each group, the wires are labeled by discrete coordinates in the subspace orthogonal to the orientation
of the wires. Consequently, these coordinates can be interpreted as flavor indices.
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(b) The operators ĉ
(†)
r,A(k) and ̂r,A(p) satisfy the operator identity∑

k∈ 2π
L (Z+ 1

2)

rk : ĉ†r,A(k)ĉr,A(k) : =
π

L

∑
p∈ 2π

L
Z

: ̂r,A(−p)̂r,A(p) : , (B.7)

with both sides being well-defined operators on F .

In order to construct the operators used in the main text we select

I = {(s,x⊥ρs) | s ∈ {0, 1, 2, 3} , x⊥ρs ∈ Λs;2D } , (B.8)

where

Λs;2D =

{
x⊥ρs

∣∣∣∣ x⊥ρs,i ∈ ãZ, −L2 ≤ x⊥ρs,i < L

2
, i = 1, 2

}
. (B.9)

Hence, the fermion field operators introduced in Section 2 can be constructed by setting

ψ̂s,r(k) =

(
L

2π

)3/2 ã

L

∑
x⊥ρs∈Λs;2D

cr,s,x⊥ρs (kρs)e
−ik⊥ρs ·x⊥ρs , (B.10)

for k ∈ Λ∗s, with ψ̂†s,r(k) = ψ̂s,r(k)†. Correspondingly, the fermion densities are given by

Ĵs,r(p) =
∑

x⊥ρs∈Λs;2D

̂r,s,x⊥ρs (pρs)e
−ip⊥ρs ·x⊥ρs , (B.11)

for p ∈ ∆̃∗s. Using these constructions, it is a straightforward task to verify that (2.5)
and (2.6) hold. Similarly, one can ascertain that (B.11) corresponds to the familiar
expression for the normal ordered fermion densities in (2.15).

Proof of Proposition 3.2. The proof is divided into two parts:

(a) Using (B.4), the commutation relation (3.12) follows as a consequence of the con-
struction in (B.11). Similarly, the properties (3.13) and (3.14) follow instantaneously
from their (1+1)-dimensional counterparts (B.5) and (B.6), respectively.

(b) Kroning’s identity in (3.15) follows from (B.7) using the constructions in (B.10)
and (B.11). The only missing observations are the Parseval-type relations:

∑
k⊥ρs∈Λ∗s;2D

: ψ̂†s,r(k)ψ̂s,r(k) : =

(
L

2π

)3 ∑
x⊥ρs∈Λs;2D

: ĉ†r,s,x⊥ρs (kρs)ĉr,s,x⊥ρs (kρs) : , (B.12)

∑
p⊥ρs∈Λ̃∗s;2D

: Ĵs,r(−p)Ĵs,r(p) : =

(
L

ã

)2 ∑
x⊥ρs∈Λs;2D

: ̂r,s,x⊥ρs (−pρs)̂r,s,x⊥ρs (pρs) : , (B.13)

where Λ∗s;2D and Λ̃∗s;2D are the subspaces of Λ∗s and Λ̃∗s, respectively, orthogonal to eρs .



C Gauge Transformations and Normal

Ordering

The details surrounding the gauge invariant normal ordering prescription, introduced
in Section 5, are given below. As previously mentioned, the prescription is based on
the point-splitting method [31]. Throughout the appendix, let ε > 0 be a parameter by
which the desired quantities can be defined in the limit ε ↘ 0. As a preliminary step,
we consider the effects of gauge transformations on the operators in the main text.

C.1 Gauge Transformations

Fixed time U(1) gauge transformations are generated by the Gauss’s law operator; see
for instance [10, 12]. This operator, denoted by G, was introduced in Section 5. Since
only fixed time gauge transformations are considered, a partial gauge fixing can be
introduced. Specifically, the Weyl gauge is chosen, i.e. A0 = 0. Let χ = χ(x) be an
arbitrary real-valued differentiable function, and let G[χ] denote the action of G on χ, as
in either (5.42) or (5.43). Thus, a fixed time U(1) gauge transformation of an arbitrary
operator X = X(x) is given by

X −→ U †XU, (C.1)

where the operator U is defined as

U
def
= exp (−iG[χ]) . (C.2)

Clearly, if X commutes with G, the operator is invariant under this class of gauge
transformations. In particular, for an infinitesimal test function χ, the transformation
law reduces to

X −→ X + i [G[χ] , X] . (C.3)

This is the version of the general transformation law (C.1) used in [7].

Using (C.1) and (C.3), the transformation laws for the field operators, considered in
the main text, can be derived. For the spatial part of the electromagnetic potential and
the fermion field operators, these transformation laws are:

Aj −→ Aj + ∂jχ, (C.4a)

ψs,r −→ exp (−ie0χ)ψs,r, (C.4b)

ψ†s,r −→ ψ†s,r exp (ie0χ) . (C.4c)

Accordingly, the corresponding transformation law for the fermion densities is

Js,r −→ Js,r − r
e0

2πã2
∂ρsχ. (C.5)

This can be proven either directly from (C.3) or by using the redefinition in (C.15) of the
standard normal ordering prescription together with the transformation laws in (C.4).
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As a last step, we consider the transformation laws for the fields in the decomposition
(3.26) of the fermion densities. From (C.5), the resulting expressions are:

∂ρsΦs −→ ∂ρsΦs, (C.6a)

Πs −→ Πs + eR∂ρsχ, (C.6b)

where eR is the renormalized coupling constant defined in (5.35).

C.2 Point-Splitting Method

Let n̂ = njej be a unit vector in three-dimensional space, and consider the expression

ψ†s,r(x−
ε

2
n̂) exp

(
ie0

∫ ε/2

−ε/2
dξ njAj(x + ξn̂)

)
ψs,r(x +

ε

2
n̂). (C.7)

It is a simple task to show that the above expression is gauge invariant under a fixed time
U(1) gauge transformation. In fact, the assertion follows immediately from applying the
transformations laws in (C.4) and observing that∫ ε/2

−ε/2
dξ nj∂jχ(x + ξn̂) = χ(x +

ε

2
n̂)− χ(x− ε

2
n̂). (C.8)

Hence, by choosing n̂ = eρs , the gauge invariance of (5.21) follows immediately.

C.3 Ground State Correlation Function

In order to give the proof of Lemma 5.2, the following lemma is needed.

Lemma C.1. Let ψ̂
(†)
s,r be fermion field operators, defined as in the main text. Then,

〈
ψ̂†s,r(k)ψ̂s,r(k

′)
〉

=

{
0 if rkρs > 0 or rk′ρs > 0,

(L/(2π))3 δk,k′ if rkρs < 0 and rk′ρs < 0,
(C.9)

where k,k′ ∈ Λ∗s.

Proof. In order to abbreviate the notation, we introduce the c-number

v =
〈
ψ̂†s,r(k)ψ̂s,r(k

′)
〉

=
〈
ψ̂s,r(k)Ω , ψ̂s,r(k

′)Ω
〉
. (C.10)

From the definition of the ground state in (2.6), we obtain v = 0 if either rkρs > 0 or
rk′ρs > 0. Hence, assume rkρs < 0 and rk′ρs < 0. Then, with the help of (2.5),

v =

(
L

2π

)3

δk,k′〈Ω,Ω〉 −
〈
ψ̂†s,r(k

′)Ω , ψ̂†s,r(k)Ω
〉

=

(
L

2π

)3

δk,k′ , (C.11)

where in the last step we have used (2.6) and (2.7).
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Remark C.2. Notice that due to the anti-periodic boundary conditions for the fermion
field operators, and thus due to the choice of the sets Λ∗s, the component kρs of the
momentum vector k ∈ Λ∗s cannot equal zero.

Proof of Lemma 5.2. Using (2.21), the ground state correlation function in (5.27) can
be written〈

ψ†s,r(x−
ε

2
eρs)ψs,r(x +

ε

2
eρs)

〉
=

(2π)3

L6

∑
k,k′∈Λ∗s

〈
ψ̂†s,r(k)ψ̂s,r(k

′)
〉
ei(k

′−k)·x

× eiε(kρs+k′ρs )/2.

(C.12)

With the aid of Lemma C.1, this reduces to〈
ψ†s,r(x−

ε

2
eρs)ψs,r(x +

ε

2
eρs)

〉
=

1

L3

∑
k∈Λ∗s : rkρs<0

eiεkρs =
1

Lã2

∑
rkρs<0

eiεkρs , (C.13)

where the last sum is calculated over discrete values kρs ∈ (2π/L) (Z + 1/2) such that
rkρs < 0. The last remaining piece consists of showing∗ that∑

rkρs<0

eiεkρs = r
L

2πiε
, (C.14)

from which the result follows.

Remark C.3. Since the exact expression for the ground state correlation function is
independent of the gauge, the correlation function itself must be gauge invariant.

C.4 Additional Proofs

The reminder of this appendix is dedicated to the proofs of Lemmas 5.3 and 5.4. These
are proven in the same manner as the corresponding properties for the (2+1)-dimensional
model considered in [7].

Proof of Lemma 5.3. Starting from Lemma 5.2, we redefine the standard normal order-
ing prescription in (2.8) via

Js,r(x) = :ψ†s,r(x)ψs,r(x) :
def
= lim

ε↘0

[
ψ†s,r(x−

ε

2
eρs)ψs,r(x +

ε

2
eρs)− r

1

2πiã2ε

]
, (C.15)

which implies

ψ†s,r(x−
ε

2
eρs)ψs,r(x +

ε

2
eρs) = r

1

2πiã2ε
+ Js,r(x) +O(ε). (C.16)

∗This is a straightforward task, for instance by considering the cases r = + and r = − separately.
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From the definition in (5.23), gauge invariant, normal ordered fermion densities are given
by the expression

Js,r(x) = lim
ε↘0

[
ψ†s,r(x−

ε

2
eρs)ψs,r(x +

ε

2
eρs)e

ie0
∫ ε/2
−ε/2 dξ Aρs (x+ξeρs ) − r 1

2πiã2ε

]
, (C.17)

where, following (C.16), the first term can be written as

ψ†s,r(x−
ε

2
eρs)ψs,r(x +

ε

2
eρs)e

ie0
∫ ε/2
−ε/2 dξ Aρs (x+ξeρs )

= r
1

2πiã2ε
+ Js,r(x) + r

1

2πã2
e0Aρs(x) +O(ε). (C.18)

In the above, we have used the expansion

e
ie0

∫ ε/2
−ε/2 dξ Aρs (x+ξeρs )

= 1 + ie0εAρs(x) +O(ε2), (C.19)

which is turn is a direct consequence of∫ ε/2

−ε/2
dξ Aρs(x + ξeρs) = εAρs(x) +O(ε2). (C.20)

By inserting (C.18) into (C.17) and taking the limit, we obtain the desired result.

Proof of Lemma 5.3. The proof is divided into two parts:

Part 1. As a first step, we seek to normal order the fermion bilinear

ψ†s,r(x)ψs,r(x + εeρs). (C.21)

Due to translation invariance of (5.27), the expression becomes

:ψ†s,r(x)ψs,r(x + εeρs) : = ψ†s,r(x)ψs,r(x + εeρs)− r
1

2πiã2ε
. (C.22)

Differentiating with respect to ε and multiplying with −ir yield

:ψ†s,r(x)r(−i∂ρs)ψs,r(x + εeρs) : = ψ†s,r(x)r(−i∂ρs)ψs,r(x + εeρs)−
1

2πã2ε2
. (C.23)

Thus, we have obtained

:ψ†s,r(x)r(−i∂ρs)ψs,r(x) : = lim
ε↘0

[
ψ†s,r(x)r(−i∂ρs)ψs,r(x + εeρs)−

1

2πã2ε2

]
, (C.24)

which in turn implies

ψ†s,r(x)r(−i∂ρs)ψs,r(x + εeρs) = :ψ†s,r(x)r(−i∂ρs)ψs,r(x) : +
1

2πã2ε2
+O(ε). (C.25)
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Part 2. Building on our previous work, we consider the operator

ψ†s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x), (C.26)

where the gauge field is present. It is easily realized that

(−ir) d
dε
ψ†s,r(x)ψs,r(x + εeρs)e

ie0
∫ ε
0 dξ Aρs (x+ξeρs )

= ψ†s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x + εeρs)e
ie0

∫ ε
0 dξ Aρs (x+ξeρs ) +O(ε), (C.27)

and since

(−ir) d
dε
〈ψ†s,r(x)ψs,r(x + εeρs)〉 =

1

2πã2ε2
, (C.28)

the correct gauge invariant normal ordering of the operator in (C.26) is

�
�ψ
†
s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x)��

= lim
ε↘0

[
ψ†s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x + εeρs)

×eie0
∫ ε
0 dξ Aρs (x+ξeρs ) − 1

2πã2ε2

]
. (C.29)

Similar to before, the integral in (C.29) can be expanded according to∫ ε

0
dξ Aρs(x + ξeρs) = εAρs(x) +

ε2

2
∂ρsAρs(x) +O(ε3), (C.30)

which yields

eie0
∫ ε
0 dξ Aρs (x+ξeρs ) = 1 + ie0εAρs(x) + ie0

ε2

2
∂ρsAρs(x)− e2

0

ε2

2
Aρs(x)2 +O(ε3). (C.31)

Using (C.25) and (C.31), the expression for the gauge invariant normal ordering in (C.29)
can be written

�
�ψ
†
s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x)��

= :ψ†s,r(x)r(−i∂ρs + e0Aρs(x))ψs,r(x) : +
e2

0

4πã2
Aρs(x)2 +

ie0

4πã2
∂ρsAρs(x). (C.32)

Finally, the assertion is established by integrating over the spatial variables and dropping
a surface term.



62



D Diagonalization Procedure

The diagonalization procedure for the gauged 3D Mattis model is presented in detail in
the following appendix. The treatment of the non-gauged model follows the exact same
outline. In particular, the corresponding results are obtained by restricting the study to
the special case where the coupling constant is zero, i.e. the case where eR = 0.

D.1 Positive Definiteness

The following two lemmas delineate the circumstances under which the matrices A and
B in Section 6 are positive definite.

Lemma D.1. The matrix A in (6.17) is positive definite for v1, v3 ∈ R such that:

v3 > |v1| and v3 + 3v1 > 0. (D.1)

Proof. Since the matrix is block diagonal, the individual submatrices can be treated
separately. The upper submatrix is trivial. However, in order to establish that the lower
submatrix is positive definite, we resort to LDLT decomposition; see for instance [13, 24].
Following this procedure, the entire matrix can be shown to be decomposable such that

A = LADALTA, (D.2)

where LA is a lower triangular matrix and DA is diagonal. If all elements of the latter are
strictly positive, the original matrix is positive definite [24]. In our case, this corresponds
to the requirements:

v3 + e2
R/|p|2 > 0 (D.3)

and

1− l
(
v1 + e2

R/|p|2
)2(

v3 + e2
R/|p|2

) (
v3 + (l − 1)v1 + le2

R/|p|2
) > 0, ∀l = 1, 2, 3. (D.4)

Since this must hold for all eR and for all l, these can be reduced to:

v3 > 0, |v3| > |v1|, and v3 + 3v1 > 0, (D.5)

which proves the assertion.

Lemma D.2. The matrix B in (6.18) is positive definite for v2, v4 ∈ R such that:

v4 > |v2| and v4 − 3v2 > 0. (D.6)

Proof. In this case, the matrix is not block diagonal, which necessitates some additional
work before LDLT decomposition can be applied according to the prescription above.
Let P ∈ R6×6 be a permutation matrix given by

(P)bb′ =

{
1 if b+ b′ = 7,
0 otherwise;

(D.7)
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see for instance [13]. Since P2 = I6 and by observing that the matrices surrounding B′

in (6.18) are unitary, it follows that

det (λI6 −B) = det
(
λI6 −B′

)
= det

(
λI6 − ŨB̃ŨT

)
, (D.8)

where

B̃ = P

(
c2|p|2I2 0

0 v4I4 + v2K

)
P and Ũ = P

(
I2 eRRTMT

0 I4

)
P. (D.9)

Due to the choice of permutation matrix, one easily observes that Ũ is lower triangular.
Applying LDLT decomposition to B̃, as in the proof of Lemma D.1, it follows that B′

can be decomposed such that

B′ = PLBDBLTBP, (D.10)

where, as before, LB is a lower triangular matrix and DB is diagonal. From the explicit
expressions for the diagonal elements, it is possible to verify that B′, and thus B, is
positive definite under the requirements:

v4 > 0 (D.11)

and

1− lv2
2

v2
4 − (l − 1)v2v4

> 0, ∀l = 1, 2, 3. (D.12)

In analogy with the proof of Lemma D.1, these can be reduced to:

v4 > 0, |v4| > |v2|, and v4 − 3v2 > 0, (D.13)

from which the assertion follows.

D.2 Bogoliubov Transformation

Consider the self-adjoint matrix

C = A1/2BA1/2. (D.14)

From Lemmas D.1 and D.2, it follows that C is positive definite under the requirements
given in (D.1) and (D.6). Consequently, there is a unitary matrix U and a diagonal
matrix ω = ω(p), with positive entries ωb(p), where b = 1, 2, . . . , 6, such that

ω2 = U†CU. (D.15)

The diagonal elements in ω are precisely the eigenvalues of C1/2. The behavior of this
matrix under a parity transformation p −→ −p is given by the following lemma.
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Lemma D.3. The eigenvalues ωb(p) of the matrix C1/2 are invariant under parity
transformations.

Proof. The proof is divided into two steps:
(i) In the first step, the matrices A1/2 and B are considered one by one. From (6.17),

it follows that A is invariant under parity transformations. Hence, the same holds for its
square root A1/2. The situation regarding B requires some preliminary work. Firstly,
consider the polar and azimuthal angles of the momentum vector p. Under a parity
transformation

θ −→ π − θ and φ −→ π + φ, (D.16)

respectively. Secondly, consider the transformation law for the matrix R in (6.4). Fol-
lowing (D.16), its transformation law is

R(p) −→ R(−p) = −R(p), (D.17)

which explains the inclusion of a factor sgn(cos θ) in the first column in (6.4). Conse-
quently, since R changes sign under parity transformations, the matrix B transforms
according to

B(p) −→ B(−p) =

(
−I2 0

0 I4

)
B(p)

(
−I2 0

0 I4

)
. (D.18)

(ii) In this case, the entire matrix C is considered. Its transformation law is given by

C(p) −→ C(−p) =

(
−I2 0

0 I4

)
C(p)

(
−I2 0

0 I4

)
, (D.19)

since A is block diagonal. However, since the matrices surrounding C(p) in (D.19) are
unitary, the eigenvalues of C(−p) are the same as the eigenvalues of C(p).

In conclusion, the eigenvalues of C are invariant under parity transformations. Con-
sequently, the same holds true for its square root C1/2.

We now turn our attention to the gauge fixed Hamiltonian in (6.13). For simplicity
the different Fourier modes will be treated one by one. To this end, let

h(p)
def
= P̂†(p)AP̂(p) + Ẑ†(p)BẐ(p) (D.20)

denote the single mode Hamiltonian, which implies that

Hg.f. =
1

2

∫
d3p ××h(p)×× . (D.21)

Similar∗ to the proof of Lemma C.1 in [8], it is possible to show that there exists a
unitary transformation such that the Hamiltonian in (D.20) can be written in a form
which only contains the matrix ω. These developments are summarized in Lemma D.4.

∗In [8], the momentum space is split into two halves and each half is treated separately. However,
due to Lemma D.3, this is not necessary in the present situation.
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Lemma D.4. There exists a unitary matrix U such that

U†h(p)U = P̂†(p)P̂(p) + Ẑ†(p)ω2Ẑ(p). (D.22)

Finally, we introduce boson creation and annihilation operators a
(†)
b (p) such that:

Pb(p) = − i
√
ωb(p)

2

(
ab(p)− a†b(−p)

)
, (D.23)

Zb(p) =
1√

2ωb(p)

(
ab(p) + a†b(−p)

)
. (D.24)

Rearranging these equations yields

ab(p) =
1√

2ωb(p)
[ωb(p)Zb(p) + iPb(p)] , (D.25)

with a†b(p) = ab(p)† due to the invariance in Lemma D.3. Following (6.10), the commu-
tation relations for these operators are:[

ab(p) , a†b′(p
′)
]

= δb,b′δ
3
(
p− p′

)
and

[
ab(p) , ab′(p

′)
]

= 0. (D.26)

Rewriting (D.22) in terms of the boson operators a
(†)
b (p) in (D.25) yields

U†h(p)U =
∑
b

ωb(p)
[
a†b(p)ab(p) + ab(−p)a†b(−p)

]
. (D.27)

By defining a new set of boson operators ã
(†)
b (p) via

ãb′(p) = ab(p)U†bb′ (D.28)

we have essentially derived the following lemma.

Lemma D.5. (Bogoliubov transformation) There exists a unitary transformation
by which the gauge fixed Hamiltonian in (6.13) can be diagonalized such that

Hg.f. =

∫
d3p

∑
b

ωb(p)××ã
†
b(p)ãb(p)×× , (D.29)

where ωb(p), for b = 1, 2, . . . , 6, are the eigenvalues of the matrix C1/2 given by (D.14),

and the operators ã
(†)
b (p) satisfy canonical commutation relations.

The proof of Lemma D.5 follows from using the commutation relations in (D.26) and
dropping an infinite c-number. As a last step, the two terms originating from (D.27)
can be merged via a change of variables.



E List of Sets

In this appendix, the various sets introduced throughout the text are summarized for
easy reference.

Three-dimensional sets:

∆̃∗s =

{
p

∣∣∣∣ pρs , p⊥ρs,i ∈ 2π

L
Z, i = 1, 2

}
(E.1)

∆∗s =

{
k

∣∣∣∣ kρs , k⊥ρs,i ∈ 2π

L

(
Z +

1

2

)
, i = 1, 2

}
(E.2)

∆s =

{
x

∣∣∣∣ xρs ∈ R, x⊥ρs,i ∈ ãZ, i = 1, 2

}
(E.3)

Λ̃∗s =
{

p ∈ ∆̃∗s

∣∣∣ −π
ã
≤ p⊥ρs,i <

π

ã
, i = 1, 2

}
(E.4)

Λ∗s =
{

k ∈ ∆∗s

∣∣∣ −π
ã
≤ k⊥ρs,i <

π

ã
, i = 1, 2

}
(E.5)

Λs =

{
x ∈ ∆s

∣∣∣∣ −L2 ≤ xρs , x⊥ρs,i < L

2
, i = 1, 2

}
(E.6)

Two-dimensional sets:

Λ̃∗s;2D =

{
p⊥ρs

∣∣∣∣ p⊥ρs,i ∈ 2π

L
Z, −π

ã
≤ p⊥ρs,i <

π

ã
, i = 1, 2

}
(E.7)

Λ∗s;2D =

{
k⊥ρs

∣∣∣∣ k⊥ρs,i ∈ 2π

L

(
Z +

1

2

)
, −π

ã
≤ k⊥ρs,i <

π

ã
, i = 1, 2

}
(E.8)

Λs;2D =

{
x⊥ρs

∣∣∣∣ x⊥ρs,i ∈ ãZ, −L2 ≤ x⊥ρs,i < L

2
, i = 1, 2

}
(E.9)
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