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A source characterization model for IC-engines, which can take weakly nonlinear source properties 
into account, is developed in the paper. It is based on so called polyharmonic distortion modeling, 
used for nonlinear characterization of microwave systems. Comparisons are made with the results 
from linear source models and another previously published weakly nonlinear source model. The 
results show that the new nonlinear impedance matrix model gives improvements in the prediction 
of sound pressure levels in the exhaust system 

 

1. Introduction 
Linear frequency domain prediction codes are frequently used for calculation of low fre-

quency sound transmission in and sound radiation from IC-engine exhaust and intake systems. To 
calculate insertion loss of mufflers or the level of radiated sound, information about the engine as an 
acoustic source is needed. The source model often used in the low frequency plane wave range is 
the linear time invariant 1-port model1,2. The acoustic source data is obtained from experimental 
tests or from 1-D CFD codes describing the engine gas exchange process3-5. Multi-load methods and 
especially the two-load method are most commonly used to extract the source data. The IC-engine 
is a high level acoustic source and in most cases not completely linear. Linearity tests to check how 
well the experimental data fits a linear source model have been developed6. It is of interest to have 
models taking weak non-linearity into account while still maintaining a simple method for interfac-
ing the source model with a linear frequency domain model for the attached exhaust or intake sys-
tem. Some years ago a model which can consider weakly non-linear sources was presented7 which 
gave an improvement over the traditional two-load technique for determining source data from ex-
periments. It is however fairly complicated to implement and has not been used a lot. In this paper 
an alternative technique based on so called polyharmonic distortion modeling, used for nonlinear 
characterization of microwave systems8-10 is proposed and tested. Comparisons are made with the 
results from linear source models and the previously published weakly nonlinear source model. 

2. Source models 
This section describes the source models used. The already published models are described 

briefly while the new model is described in some more detail. Figure 1 shows the test geometry 
discussed. We will assume that the travelling pressure wave amplitudes in the positive coordinate 
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direction p+ and in the negative coordinate direction p- can be obtained either from multi-transducer 
measurements or from numerical simulation as described in1-5.  We will use so called multi-load 
methods1,2 to determine the source data. These require that measurements or simulations have been 
made for a number of different loads characterized by their reflection coefficients (RL) or normal-
ized impedance (ZL) 
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Figure1.  An in-duct source modelled as an acoustic one-port 

 

2.1 Linear one-port model 
In the linear one-port model the source is characterized by two parameters: the source strength 

and the source reflection coefficient or source impedance. In the reflection coefficient formulation 
we have    

S
S ppRp +−+ += ,                                                          (1) 

where RS is the source reflection coefficient and Sp+  is the source strength. The source reflection 
coefficient will tell us how much that is reflected back when an acoustic plane wave is incident on 
the source and the source strength will tell us the generated sound pressure for a reflection free ter-
mination. In the literature the source model for one-ports is often expressed in terms of source 
strength ( Sp ) and normalized source impedance ( SZ ),  

pZpZpZ SSL ⋅−⋅=⋅ ,                                                    (2) 

where Sp  is the source pressure, p is acoustic pressure and SZ  is the normalised source impedance. 
The source impedance represents the acoustic impedance seen from the reference cross-section to-
wards the source and the source strength represents the pressure generated for a blocked output. It is 
also possible to formulate the source model in Eq. (2) as a volume velocity source 

p
Z
ZqZZp

S
SL ⋅−⋅= 0 ,                                                    (3) 

where qS is the source strength in terms of the volume flow obtained for a completely open termina-
tion and Z0 is the characteristic impedance of the medium. 

2.2 Nonlinear frequency response function model 
The time domain representation of the source model with non-linear term was in7 described 

by 

∫ ∫ −=−+− )()()()()()( tptpdtbhdtqz SSS ττττττ ,   (4) 
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where ( )(tp ) and ( )(tq ) denote the pressure and volume velocity at the source cross section, 
( )(tzS ) is the time domain representation of the source impedance, ( )(tpS ) is the source strength, 
(b(t)) is the non-linear input and ( )(thS ) is the source data coefficient for the non-linear part. When 
applying this technique in8 it was assumed that )()( 3 tqtb =  which is the first higher order series 
expansion term obtained for the pressure drop over an orifice. This assumption will also be used 
here. In the frequency domain Eq. (3) can be formulated as 

pZBHpZpZpZ LSSSL ⋅=⋅−⋅−⋅=⋅                                                (5) 

where ( SH ) and ( B ) are the Fourier transforms of ( )(thS ) and ( )(tb ). This equation has compared 
to Eq. (2) a third complex unknown ( SH ), which means that now at least three acoustic loads will 
have to be used in order to solve the equation and to obtain the source data. 

2.3 Nonlinear scattering matrix model 
In this section expressions for the acoustic source data starting from the polyharmonic distor-

tion (PHD) theory8-10 will be introduced for a source according to Fig. 1. The PHD approach de-
scribes nonlinear scattering and transmission properties when a system is excited with discrete tone 
or harmonic excitation. It has here been adapted to the case that the system also has an active source 
part. The PHD model is an approximation, which involves linearization using three main assump-
tions. The first assumption is that the system studied is time-invariant. This implies that applying an 
arbitrary delay to the input signals in our case the incident p+-waves, always results in exactly the 
same time delay for the output signals, the scattered p--waves. Time-invariance means that the sys-
tem properties do not change with time. One could imagine that for a non-linear system where the 
system properties depend on the level of excitation there is a variation of system properties over the 
acoustic cycle. The second assumption is that the functions describing the system are non-analytic 
because of the nonlinear system properties. In general, when the sample under test becomes nonlin-
ear, the superposition principle is no longer valid. The third assumption is that there is only one 
dominant large-signal input component present (p+(f)) whereas all other harmonic input compo-
nents are relatively small. In this case, we will be able to use the superposition principle for the rela-
tively small input components. This harmonic superposition assumption is the key to the develop-
ment of the PHD model. Using these assumptions leads to a source model 

 
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )
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where we have a linear combination of the input amplitudes and their corresponding complex con-
jugates denoted by p*. The phase of the large harmonic input signal is here arbitrarily chosen as a 
reference for all harmonics. If we do not make the assumption that the system is non-analytic we get 
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One assumption which has been used with success for application to perforates is that the 
nonlinear energy transfer only goes from lower to higher frequencies and not the other way around. 
Using this Eq. (7) can be simplified to 
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It is furthermore reasonable to assume that nonlinear energy transfer only  occurs to integer 

multiples of a certain frequency so that only components in the sum in Eq. (8) where n/i is an inte-
ger should be retained. 

 

2.4 Nonlinear impedance matrix model 
In order to more easily compare the results to the outcome of Eq. (2) and Eq. (5) it is possible 

to reformulate the nonlinear scattering matrix result in Eq. (8) to a nonlinear impedance matrix 
model 
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3. Experimental results and discussion 
Comparisons of results obtained using models according to Eqs. (2), (5) and (9) will be pre-

sented. The experimental results are taken from multi load tests on IC-engines from1-8.  To deter-
mine the linear one-port data in Eq. (2) data for two acoustic loads are needed, while the model in 
Eq. (5) requires data for three loads. The number of loads needed for the nonlinear impedance ma-
trix model in Eq. (9) depends on the number of components included in the sum from 1 to n-1. As 
discussed in section 2.3 only terms for which n/i is an integer should be included so the number of 
loads required will vary with n. Measurements were made for more acoustic loads than needed 
which give the possibility for some over-determination, and can be used to improve the quality of 
the results. It is also possible to formulate linearity tests6 and a normalised residual to show how 
well the data fits the modes.  

3.1 Four cylinder Otto engine 
Results for a four cylinder Otto engine11 are presented. Experiments were performed using 20 

different loads consisting of side branches of different lengths. Figure 2 shows an example of source 
data and linearity tests7 obtained using models according to Eqs. (2), (5) and (9). It can be seen that 
all three models give similar source strength while there is some difference in the source imped-
ance. The real part of the source impedance becomes negative for engine orders 4 and 8, which 
could be an indication of non-linearity. The linearity test, which show how well the measured data 
fits the models, gives a slightly higher value when using the two models including “nonlinear” 
terms.  
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Figure 2. Source data and linearity test: full line – two load method, dashed line - nonlinear frequency re-
sponse function model, dashed-dotted line – nonlinear impedance matrix model. a) Source strength, b) Line-
arity test7,  c) Real part of normalised source impedance, d) Imaginary part of normalised source impedance. 
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Figure 3. Sound pressure level in the exhaust system for two different acoustic loads: full line – measured, 
dashed line - two load method, dashed-dotted line – nonlinear frequency response function model, dotted line 

- nonlinear impedance matrix model.  
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Figure 3 shows a comparison between measured sound pressure level at the source cross sec-
tion in the exhaust system and simulated results obtained using source data according to the three 
different models. Results are presented for two acoustic loads which were not included in the loads 
used to determine the source data. It can be seen that the nonlinear impedance matrix model gives 
an improvement of the prediction result compared to the linear two load model and for most engine 
orders also over the nonlinear frequency response function model. 

 

3.2 Six cylinder diesel engine  
Results for a six cylinder Diesel engine3 are presented. Experiments were performed using 11 

different loads consisting of side branches of different lengths.  
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Figure 4. Source data and linearity test: full line – two load model, dashed line - nonlinear frequency re-
sponse function model, dashed-dotted line – nonlinear impedance matrix model. a) Source strength, b) line-
arity test7,  c) Real part of normalised source impedance, d) Imaginary part of normalised source impedance.  

Figure 4 shows an example, for one engine operating condition, of source data and linearity 
test7 obtained using models according to Eqs. (2), (5) and (9). It can be seen that all three models 
give similar source data for lower engine orders while there is some difference at higher harmonics. 
The real part of the source impedance does not become negative with one exception for the nonlin-
ear frequency response model. The linearity tests show that all three models give a good fit to the 
measured data, with only small improvements obtained by using the nonlinear models. Figure 5 



19th International Congress on Sound and Vibration, Vilnius, Lithuania, July 8-12, 2012 
 

 
7 

shows a comparison between measured sound pressure level at the source cross section in the ex-
haust system and simulated results obtained using source data according to the three different mod-
els. Results are presented for one acoustic load, which was not included in the loads used to deter-
mine the source data, and two different operating conditions. It can be seen that the nonlinear im-
pedance matrix model gives an improvement of the prediction result compared to the linear two 
load model and the nonlinear frequency response function model. 
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Figure 5. Sound pressure level in the exhaust system for two different engine operating conditions: full line 
– measured, dashed line - two load method, dashed-dotted line – nonlinear frequency response function 

model, dotted line - nonlinear impedance matrix model.  

4. Summary and conclusions 
A new source model intended to take weakly nonlinear source properties into account has 

been introduced. It is intended to be used for instance for IC-engines which are known to be high 
level sources of exhaust and intake system noise and not completely linear in character. The model 
takes it starting point in polyharmonic distortion models8-10 used to characterize microwave sys-
tems. Through a series of simplifications a model which can be used when multi-load data for an 
engine is available has been developed. The results of using this model are compared to the results 
from the linear one-port model1,2 and the nonlinear frequency response function model7, which is 
also intended for weakly nonlinear sources. One of the differences between the two nonlinear mod-
els is that the new nonlinear impedance matrix model only considers nonlinear energy transfer from 
lower to higher harmonics and not the other way around. In the nonlinear frequency response func-
tion model one has to make an assumption about the character of the non-linearity, typically cubic 
or so-called square law with sign. Based on this a nonlinear term is deduced which does not in a 
direct way show the nonlinear energy transfer to higher harmonics. The three different models have 
been applied to measured data from a four cylinder Otto engine and a six cylinder Diesel engine. 
The results show that we get an improvement in the results when using the source data to predict the 
sound pressure level in the exhaust system by using both the models taking weak non-linearity into 
account. The new nonlinear impedance matrix model gives slightly better results than the nonlinear 
frequency response function model. It is also more straight-forward to use when acoustic multi-load 
data is available. It can also be used when extracting acoustic source data from numerical simula-
tions4-5 which is a current trend in exhaust system modelling.  
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