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Abstract

This thesis contains four articles related to mathematical aspects
of Density Functional Theory.

In Paper A, the theoretical justification of density methods for-
mulated with current densities is addressed. It is shown that the set
of ground-states is determined by the ensemble-representable particle
and paramagnetic current density. Furthermore, it is demonstrated
that the Schrödinger equation with a magnetic field is not uniquely
determined by its ground-state solution. Thus, a wavefunction may
be the ground-state of two different Hamiltonians, where the Hamil-
tonians differ by more than a gauge transformation. This implies that
the particle and paramagnetic current density do not determine the
potentials of the system and, consequently, no Hohenberg-Kohn theo-
rem exists for Current Density Functional Theory formulated with the
paramagnetic current density. On the other hand, by instead using the
particle density as data, we show that the scalar potential in the sys-
tem’s Hamiltonian is determined for a fixed magnetic field. This means
that the Hohenberg-Kohn theorem continues to hold in the presence
of a magnetic field, if the magnetic field has been fixed.

Paper B deals with N -representable density functionals that also
depend on the paramagnetic current density. Here the Levy-Lieb den-
sity functional is generalized to include the paramagnetic current den-
sity. It is shown that a wavefunction exists that minimizes the "free"
Hamiltonian subject to the constraints that the particle and param-
agnetic current density are held fixed. Furthermore, a convex and
universal current density functional is introduced and shown to equal
the convex envelope of the generalized Levy-Lieb density functional.
Since this functional is convex, the problem of finding the particle and
paramagnetic current density that minimize the energy is related to a
set of Euler-Lagrange equations.

In Paper C, an N -representable Kohn-Sham approach is developed
that also include the paramagnetic current density. It is demonstrated
that a wavefunction exists that minimizes the kinetic energy subject
to the constraint that only determinant wavefunctions are considered,
as well as that the particle and paramagnetic current density are held
fixed. Using this result, it is then shown that the ground-state en-
ergy can be obtained by minimizing an energy functional over all de-
terminant wavefunctions that have finite kinetic energy. Moreover,
the minimum is achieved and this determinant wavefunction gives the
ground-state particle and paramagnetic current density.



iv

Lastly, Paper D addresses the issue of a Hohenberg-Kohn varia-
tional principle for Current Density Functional Theory formulated with
the total current density. Under the assumption that a Hohenberg-
Kohn theorem exists formulated with the total current density, it is
shown that the map from particle and total current density to the vec-
tor potential enters explicitly in the energy functional to be minimized.
Thus, no variational principle as that of Hohenberg and Kohn exists
for density methods formulated with the total current density.
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Sammanfattning

Denna avhandling innehåller fyra artiklar relaterade till täthets-
funktionalteori ur ett matematiskt perspektiv.

I Artikel A undersöks de fundamentala aspekterna av täthetsfunk-
tionalteori innehållande strömtätheter. Vi visar att mängden av grund-
tillstånd bestäms av partikeltätheten och den paramagnetiska ström-
tätheten. Det visas dessutom att Schrödingerekvationen innehållan-
de magnetfält inte unikt är bestämd av sin grundtillståndslösning. En
vågfunktion kan således vara grundtillstånd för två Hamiltonianer, där
dessa Hamiltonianer skiljer sig åt med mer än en gaugetransformation.
Detta ger att en Hohenberg-Kohn-sats inte existerar, formulerat med
den paramagnetiska strömtätheten. Å andra sidan, om man istället
använder partikeltätheten som data, visar vi att skalärpotentialen be-
stäms om det magnetiska fältet är fixerat. Detta visar att Hohenberg
och Kohns sats fortsätter att gälla för magnetfält om detta fält hålls
fixerat.

Artikel B utvecklarN -representerbara täthetsfunktionaler som ock-
så beror på den paramagnetiska strömtätheten. Förutom att vi gene-
raliserar Levy och Liebs täthetsfunktional till att också inkludera den
paramagnetiska strömtätheten, så visar vi att det existerar en våg-
funktion som minimerar den "fria" Hamiltonianen under bivillkoren
att partikeltätheten och den paramagnetiska strömtätheten hålls fix-
erade. Vad mera är, en konvex och universell strömtäthetsfunktional
introduceras och visas vara lika med den största konvexa minoran-
ten av generaliseringen av Levy och Liebs funktional. Eftersom denna
universella funktional är konvex, kopplar vi samman problemet att
finna de tätheter som minimerar energin med en uppsättning Euler-
Lagrangeekvationer.

I Artikel C utvecklas ett N -representerbart Kohn- och Sham-till-
vägagångssätt för strömtätheter. Det visas att det existerar en våg-
funktion som minimerar den kinetiska energin under bivillkoren att
bara determinantfunktioner beaktas och att partikeltätheten och den
paramagnetiska strömtätheten hålls fixerade. Detta resultat används
senare för att visa att grundtillståndsenergin kan erhållas genom att
minimera en energifunktional över determinanter med ändlig kinetisk
energi. Dessutom existerar en minimerare och denna determinant ger
grundtillståndstätheterna.
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Slutligen behandlar Artikel D frågeställningen huruvida en varia-
tionsprincip som den utvecklad av Hohenberg och Kohn också existerar
för den totala strömtätheten. Under förutsättningen att en Hohenberg-
Kohn-sats gäller för den totala strömtätheten, visar vi att en sådan va-
riationsprincip inte existerar för täthetsfunktionalmetoder formulerade
med den totala strömtätheten.
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Introduction

In physics, the quantum mechanical description of a system is governed by
the Schrödinger equation. For the Schrödinger equation, considered as an
eigenvalue equation, the eigenfunction with the lowest eigenvalue is called
the ground-state of the system and its eigenvalue the ground-state energy.
The complexity of solving this equation increases with the system size. Den-
sity methods, at least in principle, bypasses this complexity-size dependence.
Instead of seeking the eigenfunction (also called the wavefunction), which
depends on the position (and spin) of each particle of the system, one seeks
the particle density (and other types of densities if needed), which, on the
other hand, only depends on the space-coordinates.

The idea to use the particle density to describe quantum mechanical
systems can be found in [Tho27, Fer27]. The theoretical justification, how-
ever, was established by the work of Hohenberg and Kohn [HK64]. There
it was proven that the particle density determines the scalar potential of
the system. This is called the Hohenberg-Kohn theorem. Once the poten-
tial is known, one can model the system by its Hamiltonian. Furthermore,
a variational principle was established, which states that the energy as a
functional of the particle density is minimized by the ground-state particle
density. The practical use of describing the system with the particle den-
sity was later provided by Kohn and Sham [KS65]. In this paper, a set of
one-particle equations, called the Kohn-Sham equations, were derived. This
was achieved by introducing a fictitious non-interacting system that has the
same particle density as the original system. These equations bear much
resemblance to the Hartree-Fock scheme, in which the system is described
by a determinant of one-electron functions.

3
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To account for systems that also include magnetic fields, Vignale and
Rasolt [VR87] extended the Hohenberg-Kohn theory to include the para-
magnetic current density. However, as is well-known, a Hohenberg-Kohn
theorem does not exist for the particle and paramagnetic current density,
i.e., these densities do not determine the potentials of the system [CV02].
A straightforward generalization of the Hohenberg-Kohn theory to include
magnetic fields seems not to be at hand, as a magnetic field defined by a
vector potential profoundly alters the situation. This thesis addresses just
this issue, and aims at giving the foundation of a mathematically rigor-
ous Hohenberg-Kohn-Sham theory for systems including both electric and
magnetic field.

This introduction will give a brief description of quantum mechanics
and density methods in quantum chemistry. For a more thorough overview,
the interested reader is recommended to consult e.g. [LBL05]. After the
introduction a summary of results will follow.

Quantum Mechanics

To begin with, let us study a system of N interacting and spinless electrons
subjected to an electric field. In the quantum mechanical description, the
system is modelled by the Hamiltonian

H(v) =
N∑
k=1

(−∆k + v(xk)) +
∑

1≤k<l≤N
|xk − xl|−1,

where ∆k is the Laplacian acting on the coordinates of the k:th electron. The
term

∑
k<l |xk−xl|−1 accounts for the repulsive Coulomb interaction between

the electrons. We shall use the notation H0 =
∑N
k=1−∆k+

∑
k<l |xk−xl|−1.

The spectrum of H(v), denoted by σ(H(v)), is central in quantum me-
chanics. Let the discrete spectrum of H(v) be given by

σd(H(v)) = {λ ∈ C|0 < dimker(λ−H(v)) <∞}

and define the essential spectrum to be σess(H(v)) = σ(H)\σd(H). We will
assume that there is a lowest eigenvalue e0(v) ∈ σd(H(v)), i.e.,

dimker(e0(v)−H(v)) <∞

and e0(v) < Σ, where σess(H(v)) = [Σ,∞).
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Of special interest is

v(x) =
M∑
j=1

Zj
|x−Rj |

,

which is the potential describingM nuclei and where each nucleus has charge
Zj and position Rj . For this choice of v, set H(v) = HN and e0(v) = e0(N).
Then if

N − 1 < Ztot =
M∑
k=1

Zk,

we have e0(N) < e0(N − 1), e0(N) ∈ σd(HN ) (Zhislin’s binding condition)
and σess(H(N)) = [e0(N − 1),∞) (HVZ-theorem). Thus the assumptions
on the spectrum of H(v) are satisfied for this v.

For the forthcoming discussion we will first need to define some math-
ematical concepts. A function f that satisfies

∫
Rn |f |p < ∞, for some

p ∈ [1,∞), is said to belong to the normed space Lp(Rn) with norm

||f ||Lp(Rn) =
( ∫

Rn
|f |p

)1/p
.

Furthermore, we say that a sequence {fk}∞k=1 converges in Lp(Rn)-norm to
f ∈ Lp(Rn) if

∫
Rn |fk − f |p → 0, and we write fk → f . For R > 0, let

BR = {x ∈ Rn| |x| ≤ R}. Then f ∈ Lploc(Rn) if for any BR we have that
||f ||Lp(BR) = (

∫
BR
|f |p)1/p < ∞. The normed space L∞(Rn) consists of

those functions f that satisfy

||f ||L∞(Rn) = ess sup{|f | |x ∈ Rn} <∞.

We say that a function f ∈ L2(Rn) that satisfies
∫
Rn |∇f |2 < ∞ belongs

to H1(Rn). The spaces L2(Rn) and H1(Rn) are Hilbert spaces with inner-
products (f, g)L2(Rn) =

∫
Rn fg and (f, g)H1(Rn) =

∫
Rn fg +

∫
Rn ∇f · ∇g,

respectively.

Quantum mechanics postulates that the system is described by its wave-
function ψ(x1, . . . , xN ). We shall consider wavefunctions that are antisym-
metric in its coordinates xi and belong to

WN = {ψ ∈ H1(R3N )| ||ψ||L2(R3N ) = 1}.
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Note that, for a ψ ∈WN ,

T (ψ) =
N∑
k=1

∫
R3N
|∇kψ|2 <∞.

We call T (ψ) the kinetic energy of ψ.
Now, assume that v ∈ L3/2(R3) + L∞(R3). To determine the wavefunc-

tion of the system (corresponding to the lowest eigenvalue), we solve the
Schrödinger equation

H(v)ψ = e0(v)ψ.

We will assume that a ψ that satisfies H(v)ψ = e0(v)ψ has the weak unique
continuation property (WUCP). This property guarantees that, if ψ vanishes
in an open set, then ψ = 0 almost everywhere (a.e.). A ψ that fulfills the
Schrödinger equation for the lowest eigenvalue e0(v) is called a ground-state.
It need not be unique, but for simplicity we shall assume that

dim ker(H(v)− e0(v)) = 1,

and we say that the ground-state is non-degenerate. If ψ0 is the ground-state
of H(v), then e0(v) = (ψ0, H(v)ψ0)L2 .

The wavefunctions satisfy a variational principle. This means that for
any ψ ∈WN , Ev(ψ) ≥ e0(v), where

Ev(ψ) = (ψ,H(v)ψ)L2 = (ψ,H0ψ)L2 +
N∑
k=1

∫
R3N

v(xk)|ψ|2, (1.1)

and

e0(v) = inf{Ev(ψ)|ψ ∈WN}. (1.2)

If v(x) is such that
∫
R3N v(xk)|ψ|2 > −∞ for ψ ∈ WN , e0(v) as given by

(1.2) is well-defined even if H(v) has no ground-state (e0(v) is in that case
not an eigenvalue). In particular, if ψ0 is the ground-state of H(v) and
ψ 6= const.ψ0, then

e0(v) < (ψ,H(v)ψ)L2 .

Next, we define the particle density. For ψ ∈WN , let

ρψ(x) = N

∫
R3(N−1)

|ψ(x, x2, . . . , xN )|2dx2 . . . dxN . (1.3)
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The particle density ρψ satisfies the normalization∫
R3
ρψ(x)dx = N,

since ψ ∈WN implies
∫
R3N |ψ|2 = 1. From (1.1) and (1.3), we have

Ev(ψ) = (ψ,H0ψ)L2 +
∫
R3
ρψ(x)v(x). (1.4)

Furthermore, if ψj → ψ0 in L2(R3N ) then ρ1/2
ψj
→ ρ

1/2
ψ0

in L2(R3), see Theo-
rem 1.3 in [Lie83].

To connect the above description to density functionals, we take the fol-
lowing approach. In quantum mechanics, a physical state can be described
by a positive functional, a state, on a C∗-algebra, i.e., an algebra that is a
Banach algebra and has a star operation a 7→ a∗. (This operation satisfies
(a∗)∗ = a and (ab)∗ = b∗a∗.) Quantum mechanical observables then corre-
spond to self-adjoint elements in the C∗-algebra, and σ(a) gives the possible
outcome of a measurement. The state f induces the probability measure
dµf on the spectrum such that

f(a) = 〈a〉 =
∫
σ(a)

xdµf (x),

where 〈a〉 is the expectation value of the operator a in the physical state
described by f . Let H denote a Hilbert space and (ψ, φ)H the inner-product
on H. If ψ ∈ H is a (Schrödinger) wavefunction that describes a physical
state, then 〈a〉 = (ψ, aψ)H. Note that if ψ describes a physical state, then
so will any element in the one-parameter family {ψeiα}α∈R, since

〈a〉 = (ψ, aψ)H = (ψeiα, aψeiα)H.

In the density functional formalism, we instead describe a physical state,
that is the ground-state, with a particle density ρ ∈ X and observables
with functionals on X. Here X denotes a Banach space. Note that any
two elements of the one-parameter family {ψeiα}α∈R have the same density.
The problem is then for a ground-state described by f to instead find a
functional F on the Banach space X such that

f(a) = F (ρ) = 〈a〉.

A functional F (ρ) as set forth above will be referred to as a density func-
tional.
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Hohenberg-Kohn Theory

In this section we will review the work of Hohenberg and Kohn, which
formed the theoretical foundation of Density Functional Theory (DFT). The
Hohenberg-Kohn theory contains two important results:

• The Hohenberg-Kohn theorem.

• A variational principle for particle densities.

However, the idea to use the particle density to describe atomic systems
is older than the Hohenberg-Kohn theory. Thomas and Fermi defined a
density functional [Tho27, Fer27]

ETF (ρ) = CTF

∫
R3
ρ5/3 +D(ρ, ρ)−

∫
R3
ρ
Z

|x|
,
(
CTF = 3

5(2π2)2/3
)

where
D(ρ, ρ) = 1

2

∫
R3

∫
R3

ρ(x)ρ(y)
|x− y|

dxdy

is the (direct) Coulomb energy of the particle density ρ. Here Z denotes the
charge of the nucleus. Let the admissible densities for ETF (ρ) be the set

{ρ|ρ ≥ 0, ρ ∈ L1(R3) ∩ L5/3(R3)}.

Define
eTF (N) = inf

ρ

{
ETF (ρ)

∣∣ ∫
R3
ρ = N

}
,

and note that ETF (ρ) > −∞. This so since

ETF (ρ) ≥ CTF ||ρ||5/3
L5/3 − ||v1||L5/2 ||ρ||L5/3 − ||v2||L∞ ||ρ||L1 ,

where −Z/|x| = v1 + v2 ∈ L5/2(R3) + L∞(R3). A minimizer ρN exists if
and only if N ≤ Z [LL01]. Note that atoms cannot be negatively charged
in Thomas-Fermi theory. Although with limitations, Thomas-Fermi theory
demonstrates that the density can be used to describe quantum mechanical
systems.

Let us, briefly, compare the Thomas-Fermi functional ETF (ρ) with the
expression of Ev(ψ) given in (1.4) where we set v(x) = −Z/|x|. We then
note that the term

(ψ,H0ψ)L2 = T (ψ) + (ψ,
∑

1≤k<l≤N
|xk − xl|−1ψ)L2
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in (1.4) has, in the Thomas-Fermi approach, been replaced by the density
functional

F (ρ) = CTF

∫
R3
ρ5/3 +D(ρ, ρ).

Thus, the kinetic energy T (ψ) is approximated by CTF
∫
R3 ρ5/3, and the two-

particle Coulomb interaction (ψ,
∑

1≤k<l≤N |xk − xl|−1ψ)L2 by the (direct)
Coulomb energy D(ρ, ρ).

Next, let us outline the Hohenberg-Kohn theory.

Theorem 1.1. (The Hohenberg-Kohn theorem.) Let ρk be the ground-state
density of H(vk), k = 1, 2. If ρ1 = ρ2, then v1 = v2 + C, where C is a
constant.

Proof. Assume that ρ1 = ρ2 = ρ, but that v1 6= v2 + C for all constants
C. Let ψk be the ground-state of H(vk), k = 1, 2, and assume that ψ1 is also
the ground-state of H(v2). Then (H(v1)−H(v2))ψ1 = (e0(v1)− e0(v2))ψ1,
which implies

N∑
j=1

(v1(xj)− v2(xj))ψ1 = (e0(v1)− e0(v2))ψ1.

By the WUCP of ψ1, ψ1 6= 0 (a.e.) and v1 = v2 + C. However, this
is a contradiction, and ψ1 is not also the ground-state of H(v2). By the
variational principle for wavefunctions,

e0(v2) < (ψ1, H(v2)ψ1)L2 = e0(v1) +
∫
R3
ρ(v2 − v1).

Conversely,

e0(v1) < (ψ2, H(v1)ψ2)L2 = e0(v2) +
∫
R3
ρ(v1 − v2),

which implies that e0(v1) + e0(v2) < e0(v1) + e0(v2). �
Next, Theorem 1.1 is used to define a density functional. Since ρ deter-

mines v up to a constant, the ground-state ψ0 ofH(v) can be determined (up
to a phase). This means that we can compute (ψ0, H0ψ0)L2 and regard it as
a density functional. It is denoted FHK(ρ) and is called the Hohenberg-Kohn
functional. Using (1.4), we then have

Ev(ψ0) = (ψ0, H(v)ψ0)L2 = FHK(ρ) +
∫
R3
ρ(x)v(x)dx.
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With a slight abuse of notation, we define

Ev(ρ) = FHK(ρ) +
∫
R3
ρ(x)v(x)dx.

Note that FHK(ρ) only makes sense for those densities ρ for which a ground-
state exists. This is crucial in the Hohenberg-Kohn theory. We therefore
define

Definition. A particle density ρ, for which there exists a H(v) with ground-
state ψ such that ρ = ρψ, is called v-representable. �

The collection of all v-representable particle densities is an unknown set.
The next theorem addresses a variational principles for densities.

Theorem 1.2. Assume that ρ0 is the ground-state density of H(v). If ρ is
any v-representable density, then e0(v) = Ev(ρ0) ≤ Ev(ρ).

Proof. Since ρ is v-representable, there exists a vρ such that H(vρ) has
a unique ground-state ψρ. Then,

e0(v) ≤ (ψρ, H(v)ψρ)L2 = FHK(ρ) +
∫
R3
ρv = Ev(ρ).

On the other hand, there exists a ψ0 that is the ground-state of H(v) and
ρψ0 = ρ0. Thus Ev(ρ0) = e0(v). �

Although elegant, the Hohenberg-Kohn theory relies on that when vary-
ing Ev(ρ), one does not go outside the domain of FHK(ρ), i.e., the set of
v-representable densities. Hohenberg and Kohn [HK64] believed that the set
of those densities such that

∫
R3 ρ = N , ρ ≥ 0 and ρ is not v-representable

only contains "pathological" densities. However, this is not the case, as
demonstrated by Englisch and Englisch [EE83].

N-representable Density Approach

The notion of a v-representable particle density is central in the Hohenberg-
Kohn theory, since the Hohenberg-Kohn functional is only defined for such
densities. Furthermore, the admissible set over which the minimization in
the Hohenberg-Kohn variational principle is being performed, is given by
the set of v-representable densities.
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It is possible to characterize some subset of the v-representable densities,
as done in [EE83]. Let N = 1, and set

ρ(x) = f(x)2e−2α|x|,

where each component of ∇f/f and ∆f/f belong to L3/2(R3)+L∞(R3) and
α, f(x) > 0. Then ρ is v-representable. For the proof, define v(x) = ∆ψ/ψ,
where ψ(x) = f(x)e−α|x|. It then follows that v ∈ L3/2(R3) + L∞(R3),
lim|x|→∞ v(x) = α2 and σess(H(v)) = [α2,∞) (see [EE83] for more details).
Clearly, ψ > 0 is an eigenfunction of H(v) = −∆ + v(x) with eigenvalue
0. Assume ψ is not the ground-state. Let ψ0 denote the ground-state of
H(v). From general principles, we know that ψ0 can be chosen strictly
positive (a.e.). Since ψ and ψ0 are eigenfunctions of the same operator
corresponding to different eigenvalues, we have

0 = (ψ,ψ0)L2 =
∫
R3
f(x)e−α|x|ψ0(x)dx > 0,

which is a contradiction. Thus ψ is the ground-state of H(v) with eigenvalue
0 /∈ σess(H(v)).

The motivation for an N -representable density approach is the following:
For small |x1|, set ρ0(x) = ρ1(x1)ρ̃(x2, x3), where ρ̃(x2, x3) is regular and

ρ1(x1) = (a+ b|x1|ε+1/2)2,

where a, b > 0 and 0 < ε < 1/2. Assume that ρ0 is v-representable. Since the
ground-state can be chosen strictly positive, we may take ψ0 = a+b|x1|ε+1/2

for small |x1|. Then ∆ψ0 /∈ L2(R3). Furthermore, −∆ψ0 + vψ0 = 0 implies∫
R3 v|ψ0|2 = −∞. Thus, the density ρ0 is not v-representable.

We now define the set of N -representable densities. Lieb [Lie83] has
proved that for ψ ∈ WN , ρ1/2

ψ ∈ H1(R3). Then, by a Sobolev inequality
[LL01], (∫

R3
(ρ(x)1/2)6dx

)1/3
≤ C

∫
R3

(∇ρ(x)1/2)2dx,

we have ρ ∈ L3(R3)∩L1(R3). The set of N -representable densities are then
defined to be

IN =
{
ρ
∣∣ρ ≥ 0, ρ1/2 ∈ H1(R3),

∫
R3
ρ = N

}
⊂ L1(R3) ∩ L3(R3).
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Moreover, for f ∈ Lp(R3) and h ∈ Lr(R3), the Hardy-Littlewood-Sobolev
inequality states that∣∣∣∣∫

R3

∫
R3
f(x)|x− y|−λh(y)dxdy

∣∣∣∣ ≤ Cλ,p||f ||Lp ||h||Lr ,

where 1/p+1/r = 2−λ/3. Since ρ ∈ L1(R3)∩L3(R3) implies ρ ∈ L6/5(R3),
we can take p = r = 6/5 to obtain for ρ ∈ IN ,

D(ρ, ρ) ≤ C||ρ||26/5.

Furthermore, |x|−1 = v1 + v2 ∈ L3/2 + L∞, and hence

−
∫
R3
ρ
Z

|x|
≥ −||ρ||L3 ||v1||L3/2 − ||ρ||L1 ||v2||L∞ .

Even though a density that is N -representable might not come from a
ground-state, it is interesting to note that we can construct a ψ ∈WN such
that for ρ ∈ IN , ρψ = ρ [Lie83]. To that end, we say that a ψ ∈ WN is a
determinant if

ψ(x1, . . . , xN ) = (N !)−1/2det [φk(xl)]k,l,

and where φk(x), k = 1, . . . , N , are orthonormal. A φk(x) is sometimes
called a one-electron function (or orbital). In particular, for a determinant
ψ ∈WN , we have ρψ = N

∫
R3(N−1) |ψ|2 =

∑N
k=1 |φk|2 and

T (ψ) =
N∑
k=1

∫
R3N
|∇kψ|2 =

N∑
k=1

∫
R3
|∇φk|2.

Theorem 1.3. Suppose ρ ∈ IN . Then there exists a determinant ψ ∈ WN

such that

ρ(x) = N

∫
R3(N−1)

|ψ|2dx2 · · · dxN ,

T (ψ) =
N∑
k=1

∫
R3N
|∇kψ|2 ≤ CN2

∫
R3

(∇ρ1/2)2dx.
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The idea in the proof of Theorem 1.3 is to choose

φk(x) =
(
ρ

N

)1/2
eifk(x),

where the phase functions fk are such that (φk, φl)L2(R3) = δkl. (The Kro-
necker delta, δkl, is equal to one if k = l and zero otherwise.) It then follows
that ρψ = ρ. Furthermore, the kinetic energy estimate for ψ is obtained
from

T (ψ) =
N∑
k=1

∫
R3
|∇φk|2 =

∫
R3

(∇ρ1/2)2 + 1
N

N∑
k=1

∫
R3
ρ|∇fk|2.

See [Lie83] for a complete proof.
Because FHK(ρ) cannot be defined for an arbitrary ρ ∈ IN , Lieb [Lie83]

and Levy [Lev79] extended FHK(ρ) to a functional defined on IN . This
functional is called the Levy-Lieb functional and is given by

FLL(ρ) = inf{(ψ,H0ψ)L2 |ψ ∈WN , ρψ = ρ}.

Note that FLL(ρ) minimizes the energy of the "free" Hamiltonian H0 under
the constraint that the particle density is held fixed. (Here "free" means
that H0 does not contain any external potentials. However, H0 contains the
microscopic two-particle repulsive Coulomb interaction.) The functional
FLL(ρ) has an interesting property [Lie83]:

Theorem 1.4. There exists a ψ0 ∈ WN such that FLL(ρ) = (ψ0, H0ψ0)L2

and ρψ0 = ρ.

To outline the essence of the proof in [Lie83] of Theorem 1.4, we need
the concept of weak convergence. A sequence {ψj}∞j=1 ⊂ H1(R3N ) is said
to converge weakly to ψ0 ∈ H1(R3N ) if (ψj , φ)H1 → (ψ0, φ)H1 as j →∞ for
all φ ∈ H1(R3N ). We write ψj ⇀ ψ0. The idea is now to pick a minimizing
sequence in WN such that

lim
j→∞

(ψj , H0ψj)L2 = FLL(ρ)

and where ρψj
= ρ for all j. Since ||ψj ||2H1 ≤ 1 + (ψj , H0ψj)L2 <∞, by the

Banach-Alaoglu theorem there exists a ψ0 ∈ H1(R3N ) such that, for a sub-
sequence, ψjk ⇀ ψ0 weakly in H1(R3N ). It remains to prove that ρψ0 = ρ.
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This is done in [Lie83] by demonstrating that
∫
R3 |ψ0|2 ≥ 1. It then follows

that ψjk → ψ0 in L2(R3N ). However, this implies by Theorem 1.3 in [Lie83]
that ρψ0 = ρ.

Note that if ρ is v-representable, then FHK(ρ) = FLL(ρ). To see this,
assume that ρ is v-representable. Then there exists a H(v) with a ground-
state ψ0 such that

e0(v) = (ψ0, H0ψ0)L2 +
∫
R3
ρv = FHK(ρ) +

∫
R3
ρv.

By Theorem 1.4, there exists a ψ ∈ WN that satisfies FLL(ρ) = (ψ,H0ψ)L2

and ρψ = ρ. Then, by the variational principle,

FLL(ρ) +
∫
R3
ρv = (ψ,H(v)ψ)L2 ≥ e0(v).

However, this implies FLL(ρ) ≥ FHK(ρ). Conversely, since ρψ0 = ρ, by the
definition of FLL(ρ) we have

FLL(ρ) ≤ (ψ0, H0ψ0)L2 = FHK(ρ).

The Levy-Lieb functional FLL(ρ) extends the Hohenberg-Kohn func-
tional FHK(ρ) to all of IN . Nonetheless, FLL(ρ) suffers from one drawback.
It is not convex [Lie83]. This motivated Lieb to define

F (ρ) = sup
{
e0(v)−

∫
R3
ρv|v ∈ L3/2 + L∞

}
.

The functional F (ρ) is clearly convex, since

F (λρ1 + (1− λ)ρ2) ≤ λ sup
{
e0(v)−

∫
R3
ρ1v|v ∈ L3/2 + L∞

}
+ (1− λ) sup

{
e0(v)−

∫
R3
ρ2v|v ∈ L3/2 + L∞

}
.

Furthermore (see [Lie83]), F (ρ) equals the convex envelope of FLL(ρ) and

e0(v) = inf
{
F (ρ) +

∫
R3
ρv
∣∣ρ ∈ IN}.
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Kohn-Sham Theory

In the work of Kohn and Sham [KS65] a non-interacting system having the
same particle density as the interacting system is introduced. Define

H ′(v) =
N∑
k=1

(−∆k + v(xk)).

We say that a ρ is non-interacting v-representable if there exists a H ′(v)
with ground-state ψ such that ρψ = ρ. Then, for densities that are both
v-representable and non-interacting v-representable, define Exc through the
relation

FHK(ρ) = Tdet(ρ) +D(ρ, ρ) + Exc,

where

Tdet(ρ) = inf
{ N∑
k=1

∫
R3
|∇φk(x)|2dx

∣∣φk ∈ H1(R3),

(φk, φl)L2 = δkl,
N∑
k=1
|φk|2 = ρ

}
.

From the Hohenberg-Kohn variational principle, we can now obtain the
ground-state energy by minimizing

EKS(φ1, . . . , φN ) =
N∑
k=1

∫
R3
|∇φk|2dx+ 1

2

N∑
k,l=1

∫
R3

∫
R3

|φk(x)|2|φl(y)|2

|x− y|
dxdy

+
N∑
k=1

∫
R3
|φk|2v(x)dx+ Exc,

subject to the constraint (φk, φl)L2(R3) = δkl. This yields the so-called Kohn-
Sham equations(

−∆ + v(x) +
N∑
l=1

∫
R3
|φl(y)|2 1

|x− y|
dy + δ

δρ
Exc

)
φk(x) = λkφk(x).

We shall shortly discuss the functional Exc. This functional accounts for
the non-classical two-particle interactions, named exchange and correlation.
We split this term into two different contributions, the "indirect Coulomb
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energy" EIxc and the residual between the interacting kinetic energy and the
non-interacting kinetic energy ∆T . We write Exc = ∆T + EIxc, where EIxc
is defined by the relation

(ψ,
∑

1≤k<l≤N
|xk − xl|−1ψ)L2 = D(ρψ, ρψ) + EIxc(ψ),

which is the reason EIxc is named the "indirect Coulomb energy". In the
quantum chemistry literature, Exc is referred to as the exchange-correlation
functional.

In [Lie79] a lower bound for the indirect Coulomb energy EIxc(ψ) has
been obtained. By an idea of Onsager and Newton’s theorem, it is shown in
[Lie79] that

(ψ,
∑

1≤k<l≤N
|xk − xl|−1ψ)L2 −D(ρψ, ρψ) ≥ −C

∫
R3

(Mρψ)(x)1/3ρψ(x)dx,

where (Mf)(x) is the Hardy-Littlewood maximal function of f ∈ L1
loc(R3)

given by

(Mf)(x) = sup
R>0

(
4πR3

3

)−1 ∫
|x−y|≤R

|f(y)|dy,

and C is a positive constant. Since Mf is of strong type (p, p) for p > 1
(this means ||Mf ||Lp ≤ Cp||f ||Lp), Hölder’s inequality yields

∫
R3

(Mρψ)(x)1/3ρψ(x)dx ≤
(∫

R3
(Mρψ)(x)4/3

)1/4 (∫
R3
ρψ(x)4/3

)3/4

≤ C
∫
R3
ρ

4/3
ψ .

The lower bound in [Lie79] is thus

EIxc(ψ) ≥ −C
∫
R3
ρ

4/3
ψ .

An improved lower bound for EIxc(ψ) can be found in [LO81] with a sharper
value of the constant C.
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Current Density Functional Theory

In Current Density Functional Theory (CDFT) we study a system of N
electrons that interact via a repulsive Coulomb potential

∑
k<l |xk − xl|−1

and moreover are subjected to both an electric and a magnetic field. The
magnetic field B(x) enters the Hamiltonian through the vector potential
A(x), which satisfies B(x) = ∇×A(x). The Hamiltonian takes the form

H(v,A) =
N∑
k=1

(
(i∇k −A(xk))2 + v(xk)

)
+

∑
1≤k<l≤N

|xk − xl|−1.

We will, as in the case without magnetic field, assume that there is a lowest
eigenvalue e0(v,A) ∈ σd(H(v,A)), i.e., dimker(e0(v,A)−H(v,A)) <∞ and
e0(v,A) < Σ, where σess(H(v,A)) = [Σ,∞) (see [rdi83] for a characteriza-
tion of Σ for H(v,A)). For the scalar potential v(x) = −

∑M
k=1 Zk|x−Rk|−1

and a magnetic field that satisfies
∫
R3 |B(x)|2dx < ∞, write HN = H(v,A)

and e0(N) = e0(v,A). Then if N − 1 < Ztot =
∑M
k=1 Zk, we have

e0(N) < e0(N − 1),

e0(N) ∈ σdisc(HN ) and σess(HN ) = [e0(N − 1),∞) (Lemma 12.1 and Theo-
rem 12.2 of [LS10]).

When discussing H(v), we assumed for simplicity that the ground-state
was non-degenerate, i.e., dimker(e0(v)−H(v)) = 1. Now, however, assume
that dimker(e0(v,A) − H(v,A)) = m > 1. We then say that the ground-
state is degenerate. This means that there exist m linearly independent
wavefunctions ψk that satisfy H(v,A)ψk = e0(v,A)ψk. When degeneracy is
present, there are many ways to compute a ground-state particle density:
Any density of the form

ρ(x) =
N∑
k=1

λkρψk
(x)

will be a ground-state density. Note that a set of densities {ρψk
}mk=1 need

not be linearly independent, even though the set {ψk}mk=1 is. For instance,
take

ψk(x) = ρ(x)1/2eifk(x),
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where fk(x), k = 1, . . . ,m, are chosen such that (ψk, ψl)L2 = δkl. Then
ρψk

= ρ for all k. An important notion is the following one:

Definition. A particle density is said to be v-ensemble-representable if there
exist parameters λk, k = 1, . . . ,m, that satisfy λk ≥ 0 and

∑N
k=1 λk = 1 such

that ρ =
∑N
k=1 λkρψk

, where ψk, k = 1, . . . ,m, are the degenerate ground-
state of some H(v,A). �

For an ensemble ψ1, . . . , ψm, any property of the system 〈O〉 with oper-
ator O can be calculated from

〈O〉 = TrΓO,

where
Γ =

m∑
k=1

λk|ψk〉〈ψk|,

λk ≥ 0 and
∑m
k=1 λk = 1. It is interesting to note that we can choose all

λk > 0. The argument is the following: For any representation of Γ, at least
one λk > 0, say λ1, since

∑m
k=1 λk = 1 and λk ≥ 0. Let uk1 6= 0 for all k and

transform ψ1, . . . , ψm with an unitary transformation U = {uk1}k,l, i.e.,

|ψ′k〉 =
m∑
l=1

ukl|ψl〉.

It then follows that
Γ =

m∑
k=1

λ′k|ψ′k〉〈ψ′k|,

where
λ′k =

m∑
l=1
|ukl|2λl ≥ |uk1|2λ1 > 0.

To describe a system with magnetic field in terms of densities we need
more than just the particle density. For a ψ, we compute the paramagnetic
current density from

jpψ(x) = N Im
∫
R3(N−1)

ψ∇ψ dx2 . . . dxN . (1.5)

If a vector potential A has been fixed, there is another current density that
can be defined, namely the total current density jψ = jpψ + ρψA. For an
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ensemble ψ1, · · · , ψm, we instead use ρ =
∑N
k=1 λkρψk

and jp =
∑m
k=1 λkj

p
ψk
,

where λk ≥ 0 and
∑m
k=1 λk = 1.

Now fix v ∈ L3/2(R3)+L∞(R3) and A ∈ L2
loc(R3). For suitable ψ, define

the energy functional

Ev,A(ψ) = (ψ,H(v,A)ψ)L2 =
N∑
k=1

(∫
R3N
|(i∇k −A(xk))ψ|2 +

∫
R3N
|ψ|2v(xk)

)
+

∑
1≤k<l≤N

∫
R3N
|ψ|2|xk − xl|−1. (1.6)

For instance, for Ev,A(ψ) to be well-defined we can require that ψ ∈ WN,A,
where

WN,A = {ψ ∈ ⊗Nk=1H1
A(R3)| ||ψ||L2(R3N ) = 1}.

We say that ψ belongs to H1
A(R3) if

∫
R3 |(−i∇ + A)ψ|2 < ∞ for some A.

By the Diamagnetic inequality [LL01], |∇|ψ|| ≤ |(−i∇+A)ψ|, so ψ ∈WN,A

implies |ψ| ∈WN .
Using the particle and paramagnetic current density we can write

Ev,A(ψ) = (ψ,H0ψ)L2 + 2
∫
R3
jpψ ·A+

∫
R3
ρψ(v + |A|2), (1.7)

which follows from (1.3), (1.5) and (1.6). Furthermore, note that if ψ satisfies
jψ = jpψ + ρψA, then (1.7) implies

Ev,A(ψ) = (ψ,H0ψ)L2 + 2
∫
R3
jψ ·A+

∫
R3
ρψ(v − |A|2).

On the other hand, if jψ = jpψ + ρψa for some other vector a, we have

Ev,A(ψ) = (ψ,H0ψ)L2 + 2
∫
R3
jψ ·A+

∫
R3
ρψ(v − |A|2)− 2

∫
R3
ρψA · (a−A).

The ground-state energy e0(v,A), if it exists, can be obtained (not only from
solving H(v,A)ψ = e0(v,A)ψ, but also) from

e0(v,A) = inf {Ev,A(ψ)|ψ ∈WN,A} .

Note that if ∇ × A(x) = B(x), then also ∇ × (A(x) +∇f(x)) = B(x),
for any smooth function f(x). Thus, when considering magnetic fields, it
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becomes natural to define a so called gauge transformation. Let f(x) be a
smooth function on R3, and set

F (x1, . . . , xN ) =
N∑
k=1

f(xk).

Then the gauge transformations of the wavefunction ψ and the Hamiltonian
H(v,A) are given by, respectively, ψf = ψeiF and Hf (v,A) = H(v,A−∇f).
We now claim that Ev,A(ψ), ρ and j are gauge invariant, whereas jp is not.
To see that

(ψ,H(v,A)ψ)L2 = (ψf , Hf (v,A)ψf )L2 ,

note that Ev,A−∇f (ψf ) = Ev,A(ψ), which is immediate from (1.6). Next,
from

jp
ψf (x) = N Im

∫
R3(N−1)

ψ∇ψ dx2 . . . dxN = jpψ(x) + ρ(x)∇f(x),

it follows that jψf = jpψ+ρ∇f+(A−∇f)ρψf = j, since ρψf = N
∫
R3(N−1) |ψ|2.

An interesting question is whether we could have ρψ = 0 on a set of non-
zero measure, where ψ satisfies H(v,A)ψ = e0(v,A)ψ. This property could
probably be proven under rather mild assumptions on v and A. Essentially,
a WUCP for the N -particle Schrödinger equation should follow from the fact
that |x1 − x2|−1 belongs to the Fefferman-Phong class Ft. Such a property
would, for instance, give that

∫
R3 ρ|A − A′|2 = 0 implies A(x) = A′(x) a.e.

Furthermore, in light of the theory developed for density methods without
magnetic fields, we could ask the following questions. For a formulation of
CDFT with either (ρ, jp) or (ρ, j):

• Does there exists a corresponding Hohenberg-Kohn theorem in CDFT?

• Does there exists a variational principle for current densities as that
proven by Hohenberg and Kohn?

• Can a theory for N -representable densities be developed?

• Can a Kohn-Sham approach be obtained for N -representable densi-
ties?

• For N -representable densities, does there exists a determinant con-
struction for current densities?

Next, a brief summary of the results of Paper A – D is given.
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Summary of results

Paper A

In Paper A, the theoretical foundation of density methods in the presence
of magnetic field is addressed. This paper critically examines the existence
of a Hohenberg-Kohn theorem for CDFT. After the publication of the first
attempt to generalize the Hohenberg-Kohn theory to include magnetic fields
[VR87], it was noted that the suggested proof that ρ and jp determine the
scalar and vector potential of the system was not correct. In [CV02] it
was shown that a density pair (ρ, jp) may be the ground-state densities of
two different Hamiltonians. Thus no Hohenberg-Kohn theorem can exist for
CDFT formulated with the paramagnetic current density jp.

However, the main theorem of the first paper shows the following: Sup-
pose we consider two systems of N interacting electrons that are subjected
to both electric and magnetic fields. The electric fields are described by the
scalar potentials v1 and v2 and the magnetic fields with the vector potentials
A1 and A2. Assume that H(v1, A1) and H(v2, A2) have the sets of (possibly
degenerate) ground-state(s) Ωk, k = 1, 2. Then Theorem 9 in Paper A shows
that if the ensemble-representable ground-state particle and paramagnetic
current densities are the same for both systems, it follows that Ω1 = Ω2.

The proof uses an argument by contradiction. If one assumes that Ω1 6=
Ω2, then there exists a ground-state ψ ofH(v1, A1) that is not a ground-state
of H(v2, A2) and one may conclude that e2 < (ψ,H(v2, A2)ψ)L2 . Now, if the
ensemble-representable ground-state particle density ρ and paramagnetic
current density jp are the same for both system, this strict inequality gives

e2 < e1 + 2
∫
R3
jp · (A2 −A1) +

∫
R3
ρ(v2 − v1 + |A2|2 − |A1|2).

21
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On the other hand, for any ground-state φ of H(v2, A2), one has

e1 ≤ (φ,H(v1, A1)φ)L2 .

This gives the contradiction e1 + e2 < e1 + e2.
We remark that this theorem is not a counterpart of the Hohenberg-Kohn

theorem, since it is not claimed that the ground-state densities determine
the potentials of the same system. In fact, in Theorem 2, we present a new
counterexample for such a result. We are not the first to note that coun-
terexamples of this kind exist. However, for the one-electron case, Theorem
2 and Theorem 4 provide mathematical proofs of such examples. In Theo-
rem 2, we prove that for a one-electron system with scalar potential v that
has a unique ground-state ψ0 when A = 0, the system described by the
Hamiltonian H(v − |A|2, A) has the same ground-state if A = ∇u × ∇ψ0,
for some generic choice of the function u.

The idea of the proof of Theorem 2 is the following: From the specific
choice of the vector potential A, it follows that ψ0 must at least be an
eigenfunction of H(v−|A|2, A). Now, assume that for each λ > 0, H(λ) has
a ground-state ψ(λ), which is not a constant times ψ0, with ground-state
energy e(λ) and where

H(λ) = H(v − |Aλ|2, Aλ),

with Aλ = λA. Then it is shown that the limit function ψ = limλ→0 ψ(λ)
satisfies:

• (ψ,ψ0)L2 = 0.

• ψ is a ground-state of H(v).

But ψ0 was assumed to be the unique ground-state of H(v), and hence there
must exists a λ > 0 such that ψ0 is the ground-state of

H(λ) = H(v − |Aλ|2, Aλ).

Furthermore, in the one-electron case, it is shown that the particle and
total current density determine the scalar and vector potential up to a gauge
transformation. In short, the argument can be outlined as follows: Assume
that

ψk(x) = ρ(x)1/2eifk(x)
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is the ground-state of H(vk, Ak) for k = 1, 2. Under the assumption that
the total current density has been fixed, and since

jpψk
(x) = ρ(x)∇fk(x),

it follows that A1 is equal to A2 a.e. up to a gauge transformation. Here it
is essential that ρ(x) 6= 0 a.e., which we have established using a result in
[Wol92]. Moreover, if we compute vk in terms of fk, Ak and ρ one obtains
v1 − v2 = C for some constant C.

As far as a Hohenberg-Kohn theorem formulated with the total current
density is concerned, Proposition 8 shows that the suggested proof in [DR91]
is unfortunately not correct. The idea in [DR91] was to use an adapted
variational principle stating that

e1 < Ev1,A1(φ)−
∫
R3
ρ|A1 −A2|2,

where e1 is the ground-state energy of the system H(v1, A1) and φ the
ground-state of H(v2, A2). However, while assuming that the above strict
inequality is true, one obtains

e2 > Ev2,A2(ψ)−
∫
R3
ρ|A1 −A2|2,

where e2 is the ground-state energy of the system H(v2, A2) and ψ the
ground-state of H(v1, A1). This shows that the argument made in [DR91] is
in error. Also, since the proof in [PS10] was shown to be false in [TKS+12],
a Hohenberg-Kohn theorem for CDFT formulated with the total current
density is, to the best of our knowledge, still an open question for N > 1.

A partial but constructive result is obtained in Theorem 7. Here the the-
oretical foundation for Magnetic Field Density Functional Theory is given.
It is proven that the magnetic field and the particle density determine the
scalar potential up to a constant, also when the ground-states are degen-
erate. This generalizes the result of Grayce and Harris [GH]. This result
shows that the Hohenberg-Kohn theorem continues to hold in the presence
of a magnetic field in the sense that if the magnetic field is fixed, then the
(ensemble) particle density determines the scalar potential up to a constant.

The proof of Theorem 7 uses Corollary 6, which is a consequence of The-
orem 5. In Theorem 5, we proved that the set of ground-states of H(v1, A1)
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cannot coincide with the set of ground-state of H(v2, A2) in any gauge if
the ground-state particle and total current densities are equal for the two
systems but the magnetic fields are different. The idea of the proof is to
assume that there exists a gauge transformation such that the two systems
have the same set of ground-states, and then show that this leads to

I =
∫
R3
ρ|A1 − (A2 −∇f)|2 = 0,

for some function f(x). It is at this point the WUCP for the N -electron
Schrödinger equation comes into play. Under the assumption that a ground-
state solution to a many-electron Schrödinger equation with magnetic field
is non-zero a.e., I = 0 implies that A1 = A2 −∇f a.e. This is a contradic-
tion, since it was assumed that the magnetic fields of the two systems were
different.

Using the result in Theorem 5, Corollary 6 addresses the question when
the variational principle gives a strict inequality. Assuming that the ground-
state particle and total current densities are equal for two systems, Corollary
6 states that:

• If the magnetic fields are different, then there exists a ground-state
of H(v1, A1), denoted ψ, such that (ψ,H(v2, A2 −∇g)ψ)L2 is strictly
greater than the ground-state energy of H(v2, A2) for any gauge g.

• If the magnetic fields are identical, then for any ground-state of the
Hamiltonian H(v1, A1), denoted ψ, (ψ,H(v2, A2−∇f)ψ)L2 is strictly
greater than the ground-state energy of H(v2, A2) and where f fulfills
the relation A1 = A2 −∇f .

Paper B

In the second paper, Theorem 9 in Paper A is applied to developN -represent-
able density functionals for CDFT formulated with the paramagnetic cur-
rent density. In this paper, N -representable density pairs (ρ, jp) are de-
fined. Such a density pair satisfies Lieb’s criteria for the particle density,
i.e., ρ ∈ IN , in addition to ∫

R3
|jp|2ρ−1 <∞.

Furthermore, each component of the paramagnetic current density jp must
be integrable. This set is denoted YN . Proposition 4 states that the set
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YN is convex and properly contains the set of v-representable density pairs
(ρ, jp).

For N -representable particle and paramagnetic current densities, a Levy-
Lieb-type functional Q(ρ, jp) is defined,

Q(ρ, jp) = inf{(ψ,H0ψ)L2 |ψ ∈WN , ρψ = ρ, jpψ = jp}.

This functional extends the generalized Hohenberg-Kohn functional, de-
noted FHK(ρ, jp), to N -representable densities. In Theorem 5 it is shown
that there exists a minimizer ψ0 ∈WN to Q(ρ, jp), i.e.,

Q(ρ, jp) = (ψ0, H0ψ0)L2 ,

ρψ0 = ρ and jpψ0
= jp. This generalizes the result of an existing minimizer for

the Levy-Lieb functional FLL(ρ) to paramagnetic current densities. Also,
Theorem 5 establishes a lower bound for Q(ρ, jp) on YN in terms of the
N -representability condition given by the convex density functional

(ρ, jp) 7→
∫
R3
|jp|2ρ−1.

In Proposition 8, it is noted that Q(ρ, jp) is not a convex functional.
Here, a convex combination of densities {(ρk, jpk)}Mk=1 is used to establish

1
M

M∑
k=1

Q(ρk, jpk) < Q

(
1
M

M∑
k=1

ρk,
1
M

M∑
k=1

jpk

)
,

which demonstrates the non-convexity.

Of particular interest is to obtain a universal and convex density func-
tional that equals the generalized Hohenberg-Kohn functional FHK(ρ, jp)
for v-representable densities. In proposition 10, the functional

F (ρ, jp) = sup
v,A

{
e0(v,A)− 2

∫
R3
jp ·A−

∫
R3
ρ(v + |A|2)

}
is shown to have these properties. Moreover, Theorem 11 states that F is
the convex envelope of Q, i.e., F is equal to the supremum over all convex
and weakly lower semi continuous functionals that are dominated by Q on
YN . The proof of Theorem 11 uses the Legendre transform. By taking the
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double Legendre transform of the convex envelope of Q, one obtains that
F is greater or equal to the convex envelope of Q. Conversely, from the
definition of F it follows that the strict inequality cannot occur and F must
equal the convex envelope of Q.

Theorem 13 connects the minimization of

F (ρ, jp) + 2
∫
R3
jp ·A+

∫
R3
ρ(v + |A|2)

over densities in YN to a set of Euler-Lagrange equations. If a density pair
(ρ0, j

p
0), which is N -representable, satisfies

F ′ρ(ρ0, j
p
0) + v + |A|2 + µ0 = 0,
F ′jp(ρ0, j

p
0) + 2A = 0,

for some constant µ0 and potentials v and A and in addition we have
Q(ρ0, j

p
0) = F (ρ0, j

p
0), then (ρ0, j

p
0) is the ground-state density pair ofH(v,A).

The proof uses the convexity of F and that a minimizer exists for Q. The
minimizer is indeed shown to be the ground-state for which ρ0 and jp0 are
the ground-state particle and paramagnetic current density.

Furthermore, in this paper, a determinant construction is addressed.
However, only a partial result is obtained, namely: A determinant exists
that maps to a fixed particle density and paramagnetic current density if
∇× (jp/ρ) = 0 (Proposition 15). This result was obtained independently of
the result in [LS13], where a more general result is obtained for N ≥ 4.

In Theorem 14, it is proven that any convex combination of the two
functionals

∫
R3(∇ρ1/2)2 and

∫
R3 |jp|2ρ−1 is a lower bound to F on YN . This

result is proven by demonstrating that

Jλ(ρ, jp) = λ

∫
R3

(∇ρ1/2)2 + (1− λ)
∫
R3
|jp|2ρ−1

is weakly lower semi continuous for each λ ∈ [0, 1]. For densities in YN that
satisfy ∇× (jp/ρ) = 0, Corollary 17 gives both upper and lower bounds for
F and Q in terms of the functionals J0 and J1.
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Paper C

In the third paper, a Kohn-Sham approach for CDFT for N -representable
particle and paramagnetic current densities is developed. The idea is to use
the Levy-Lieb-type functional Q(ρ, jp) from Paper B. In addition, this paper
introduces a non-interacting kinetic energy density functional,

Tdet(ρ, jp) = inf{T (ψ)|ψ is a determinant, ρψ = ρ, jpψ = jp}.

Theorem 6 shows that there exists a determinant ψ0 such that

Tdet(ρ, jp) = T (ψ0),

ρψ0 = ρ and jpψ0
= jp. The functional Tdet(ρ, jp) gives the minimal ki-

netic energy for (non-interacting) determinant wavefunctions that map to a
certain density pair (ρ, jp).

The functionals Q and Tdet are then used to define functionals that ac-
count for the indirect Coulomb (exchange-correlation) energy and the resid-
ual energy between an interacting kinetic energy and a non-interacting one.
The main result is Theorem 7, where a minimization over an energy func-
tional on the set of normalized determinants with finite kinetic energy is
proven to give the ground-state energy for an interacting system of N elec-
trons described byH(v,A). Moreover, the minimizing determinant is proven
to give the ground-state densities.

Moreover, we address the question when a minimizer of the Levy-Lieb
functional FLL(ρ) also is an eigenfunction of some Hamiltonian H(v). A
result is obtained in the case of only one electron (Proposition 2). Criteria
are given for when this eigenfunction also is the ground-state. Corollary
3 shows that if ρ is N -representable and in addition satisfies ρ > 0 a.e.,
∆ρ ≤ Cρ1/2 for some constant C and ρ−1 is locally integrable, then there
exists a potential v(x) and a constant e such that

−∆ρ1/2 + vρ1/2 = eρ1/2

and
∫
R3 ρv > −∞. The wavefunction ψ = ρ1/2 is furthermore the ground-

state of −∆ + v, which implies that ρ is v-representable.
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Paper D

In Paper A, it was demonstrated that a Hohenberg-Kohn theorem exists
for CDFT formulated with the particle and total current density in the
one-electron case. The fourth and final paper concerns a Hohenberg-Kohn
variational principles for CDFT formulated with the total current density j.
The main result is that, when N = 1, no such variational principle exists.
To be more precise, define an energy functional Ev,A(ρ, j) by the relation

Ev,A(ρ, j) = (ψ,H(v,A)ψ)L2 ,

where ψ is determined by ρ and j according the one-electron Hohenberg-
Kohn theorem. Then it is not true that Ev,A(ρ, j) only assumes its minimal
value for the true ground-state densities of H(v,A). Indeed, in this paper
it is demonstrated, by means of Theorem 4 in Paper A, that one can choose
a Hamiltonian H(v0, A0) such that

e0(v0, A0) = min
ρ,j
Ev0,A0(ρ, j) = Ev0,A0(ρ0, jε)

for infinitely many density pairs (ρ0, jε) that are different from the ground-
state density pair (ρ0, j0). This shows that a Hohenberg-Kohn variational
principle does not exists for CDFT formulated with the total current density.

Furthermore, for any number of electrons, and under the assumption that
a Hohenberg-Kohn theorem exists formulated with ρ and j, we show that
the map (ρ, j) 7→ A(ρ, j;x) enters explicitly in the expression of Ev0,A0(ρ, j).
This means that an extension to N -representable density pairs (ρ, j) by a
Levy-Lieb approach is not possible, even if a generalized Hohenberg-Kohn
functional FHK(ρ, j) could be extended to N -representable density pairs
(ρ, j).
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