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Abstract

In this thesis, we have studied the electronic and optical properties of solar energy ma-
terials. The studies are performed in the framework of density functional theory (DFT),
GW, Bethe-Salpeter equation (BSE) approaches and Kinetic Monte Carlo (KMC). We
present four sets of results. In the first part, we report our results on the band gap en-
gineering issues for BiNbO4 and NaTaO3, both of which are good photocatalysts. The
band gap tuning is required for these materials in order to achieve the maximum solar
to hydrogen conversion efficiency. The most common method for the band gap reduc-
tion is an introduction of foreign elements. The mono-doping in the system generates
electrons or holes states near band edges, which reduce the efficiency of photocatalytic
process. Co-doping with anion and cation or anion and anion can provide a clean band
gap. We have shown that further band gap reduction can be achieved by double-hole
mediated coupling between two anionic dopants. In the second part, the structure and
optical properties of (CdSxSe1−x)42 nanoclusters have been studied. Within this study,
the structures of the (CdS)42, (CdSe)42, Cd42Se32S10, Cd42Se22S20, and Cd42Se10S32 clus-
ters have been determined using the simulated annealing method. Factors influencing
the band gap value have been analyzed. We show that the gap is most significantly
reduced when strongly under coordinated atoms are present on the surface of the nan-
oclusters. In addition, the band gap depends on the S concentration as well as on the
distribution of the S and Se atoms in the clusters. We present the optical absorption
spectra calculated with BSE and random phase approximation (RPA) methods based
on the GW corrected quasiparticle energies. In the third part, we have employed the
state-of-art computational methods to investigate the electronic structure and optical
properties of TiO2 high pressure polymorphs. GW and BSE methods have been used
in these calculations. Our calculations suggest that the band gap of fluorite and pyrite
phases have optimal values for the photocatalytic process of decomposing water in the
visible light range. In the fourth part we have built a kinetic model of the first water
monolayer growth on TiO2 (110) using the kinetic Monte Carlo (KMC) method based
on parameters describing water diffusion and dissociation obtained from first princi-
ple calculations. Our simulations reproduce the experimental trends and rationalize
these observations in terms of a competition between different elementary processes. At
high temperatures our simulation shows that the structure is well equilibrated, while at
lower temperatures adsorbed water molecules are trapped in hydrogen-bonded chains
around pairs of hydroxyl groups, causing the observed higher number of molecularly
adsorbed species at lower temperature.
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Chapter 1

Theoretical background

In this thesis, we studied the electronic and optical properties of the solar energy mate-
rials. We have studied a variety of materials with different dimensions ranging from 3D
solids to 0D quantum dots. All these materials are semiconductors with the potential to
utilize the solar energy. Generally, their ability to conversion of solar energies depends
on their band gap value. Therefore, band gap engineering is required in order to opti-
mising the solar energy conversion efficiency in these materials. It is possible with the
aid of computational methods in materials simulations, i.e. computational materials de-
sign. Computational design of the solar energy materials demands accurate description
of the ground-state properties and excited-state properties, e.g. optical absorptions. In
this thesis, the ground-state properties are studied with DFT methods including hybrid
functional method. Due to the limitations of DFT in calculating the excited states, the ac-
curate calculation of the excited states requires more advanced methods. GW approach
and BSE method are employed in our studies to accurately calculate the band gap and
optical absorption spectrum.

In chapter 1, the basic concepts of the theoretical background employed in most of the
works in this thesis is discussed. DFT is the starting point for us to do excited states
calculations and KMC calculations.

1.1 Density Functional Theory

1.1.1 The many-body problem

For a system consisting of N electrons and M nuclei, the properties of this system can
be determined by solving the Schrödinger equation[1]

HΨ(r1, r2, ..., rN,R1,R2, ...,RM) = EΨ(r1, r2, ..., rN,R1,R2, ...,RM) (1.1)

1
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with the Hamiltonian

H = −~2

2

M∑
k=1

∇2
k

Mk

− ~2

2

N∑
i=1

∇2
i

me

+
1

2

M∑
k 6=l

ZkZle
2

|Rk −Rl|
+

1

2

N∑
i 6=j

e2

|ri − rj|

+

M,N∑
i,k

Zke
2

|ri −Rk|
= TN + T e + V NN + V ee + V Ne. (1.2)

Where ~ is Plank constant, Rk is the coordinate for the kth nucleus, ri the coordinate for
the ith electron, Mk and me are the corresponding masses, and Z is the nuclear charge.

The first two terms in Eq. (1.2) correspond to the kinetic energy operators for the nuclei
and electrons, the third, fourth and fifth terms are the potential operators describing the
interactions between nucleus-nucleus, electron-electron, and nucleus-electron, respec-
tively. However, the exact solution to Eq. (1.1) is only possible for the Hydrogen atom.
Even for a helium atom, the closed-form solution has not been found and various ap-
proximations are used. In solids and molecules, where we have a complex many-body
problem, solving Eq. (1.1) becomes much more difficult, requiring approximations.

The first approximation, which is known as the Born-Oppenheimer approximation,
treats the nuclei as frozen, with the electrons moving in instantaneous equilibrium with
them. This implies that the nuclei clamped at certain positions in space create an exter-
nal potential, Vext, to the electron cloud. This approximation is justified by the fact that
the heavy nuclei move much slower than the light electrons.

Thus, the total wavefunction of the studied system can be broken into two components,
the electronic part and the nuclear part. The electronic wavefunction can be obtained
by solving the following Schrödinger equation[1]

HeΨe(r1, r2, ..., rN,R1,R2, ...,RM) = EeΨe(r1, r2, ..., rN,R1,R2, ...,RM), (1.3)

with the electronic Hamiltonian given by

He = −~2

2

N∑
i

∇2
i

me

+
1

2

N∑
i 6=j

e2

|ri − rj|
+

M,N∑
i,k

Zke
2

|ri −Rk|
= T + U + V ext. (1.4)

Based on this approximation, the complexity of solving the Schrödinger equation of
solids and molecules can be significantly reduced. However, it is still difficult to solve
the problem of an interacting many-body system due to the presence of electron-electron
interaction (the second term of Eq. (1.4)). Further approximations are needed in order
to rewrite the Eq. (1.4) in an simplified form, which can be solved explicitly. One way
to solve the many-body Schrödinger equation is to expand the wavefunction in Slater
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determinants as it is done in Hartree-Fock methods[2],

Φ =
1√
N !

∣∣∣∣∣∣∣∣∣
φ1(~x1) φ2(~x1) · · · φN(~x1)
φ1(~x2) φ2(~x2) · · · φN(~x2)

...
... . . . ...

φ1(~xN) φ2(~xN) · · · φN(~xN)

∣∣∣∣∣∣∣∣∣ . (1.5)

However, the problem of this method is the neglect of electron correlations, which leads
to large deviations from experiment results, mostly for solids. For molecule, Hartree-
Fock provides an excellent starting point for many other methods to describe the sys-
tem more accurately. Another method is the independent particle approximation which
states that electrons are uncorrelated but obeying Pauli exclusion principle. In the com-
ing section, DFT is introduced which provides a way to map the many-body problem
onto a single-body problem. In most parts of this thesis, DFT is used as the computa-
tional method. Therefore, a more detailed description of this method is presented in the
following sections.

1.1.2 The Hohenberg-Kohn theorems

The central theorems of DFT are based on the theorems given by Hohenberg and Kohn
(HK)[3]:

Theorem 1: For any system of interacting particles in an external potential Vext(r), there
is a one-to-one correspondence between the potentials and the ground-state particle
density n0(r). The ground-state expectation value of any observable is a unique func-
tional of the ground-state particle density n0(r):

〈Ψ|A|Ψ〉 = A[n0(r)]. (1.6)

Theorem 2: For any external potential applied to an interacting particle system, it is
possible to define a universal total energy functionalE[n(r)] of the particle density n(r),
written as

E[n(r)] = FHK [n(r)] +

∫
drVext(r)n(r), (1.7)

where FHK [n(r)] includes all the electron-electron interaction and the kinetic energy
of the interacting particle system. The global minimum of this functional is the exact
ground-state total energy of the system, E0, and the particle density that minimizes this
functional is the exact ground-state density n0(r).

The first theorem implies that all ground-state properties of a system can be completely
obtained by only the ground-state density. It emphasizes the importance of the ground-
state density.



4 CHAPTER 1. THEORETICAL BACKGROUND

The term FHK [n(r)] in the second theorem is a universal functional and is the same for
any N-electron system. The external potential,Vext(r), is a non-universal functional de-
pending on the system under study. Vext(r) is specified for a specific system. The second
theorem indicates that the ground-state density can be determined by the minimization
of the energy functional, which can further be used to compute other ground-state ob-
servables.

1.1.3 The Kohn-Sham equations

Although the H-K theorems are robust, to find the exact solution is still not possible due
to poorly known functionals. The Kohn and Sham ansatz[4] states that the interacting
many-body problem can be replaced by a corresponding one-particle non-interacting
system, where the total energy functional can be written as

E[n(r)] = T0[n(r)] +

∫
Vextn(r)dr +

1

2

∫ ∫
n(r)n(r′)

|r − r′|
dr′dr + Exc[n(r)] + EII , (1.8)

which is the so-called Kohn-Sham functional. The first and second terms in Eq. (1.8) are
the functional of the kinetic energy, and the external potential describing the interaction
between nuclei and valence electrons. The third term is the Coulomb potential (Hartee
term), and the forth term is the exchange-correlation functional which includes all the
many-body effects of exchange and correlation. This is the only term that cannot be
evaluated exactly, and should be described by different approximations. The last term
is the energy contribution from the interaction of nuclei. Based on the second theorem,
using the variational principle to minimize the K-S functional with respect to the density
n(r) leads to the one-particle Kohn-Sham equations

(
−~2

2me

∇2 + VKS)ϕi(r) = εiϕi(r) (1.9)

where εi are the eigenvalues, ϕi(r) are the K-S orbitals and VKS is the K-S potential,

VKS = Vext +

∫
n(r′)

|r − r′|
dr′ + Vxc, (1.10)

with the exchange-correlation potential defined by

Vxc =
δExc[n]

δn(r)
. (1.11)

One thing that we should bear in mind is that the K-S equations describe non-interacting
electrons. The K-S orbitals, ϕi(r), have no physical meaning. But the density obtained
from the K-S equation and the density of the system of interacting electrons should
be the same. If the exchange-correlation potential is defined, the exact ground state
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density and energy can be obtained by solving the single-particle K-S equations. But the
effective potential depends on the electron density, which depends on the K-S orbitals,
which, in turn, depends on the effective potential, therefore, one needs to solve the K-S
equations in a self-consistent manner.

1.2 Exchange correlation functional

The main challenge for practical use of the Kohn-Sham equations is to find a good ap-
proximation for the exchange-correlation functional. Numerous approximations have
been proposed. J. P. Perdew and K. Schmidt have suggested an informative way for cat-
egorising the existing various Exc functionals, known as ”Jacob’s ladder”(Figure 1.1)[5].
Most commonly used exchange-correlation functionals will be briefly discussed in the
following part, many of which have been employed and tested in this thesis.

Figure 1.1. The schematic illustration of ”Jacob’s ladder” of exchange-correlation
functionals in DFT proposed by J.P. Perdew[5]. Here n(r),∇n(r), τ(r) and∇2n(r) are
referred to the electron density, the gradient of the density, the kinetic energy density
and the second derivative of the density.
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1.2.1 The local-density approximation (LDA)

In this approximation, the exchange-correlation functional energy is evaluated from the
exchange-correlation energy for the homogenous electron gas[6]. Specifically, for a real
inhomogenous system, it can be viewed as made up of infinitesimal volumes with con-
stant electron density for each of them. Thus, the Exc as a function of density within
each volume can be assumed as the one derived from the uniform electron gas for that
density. The total exchange-correlation energy of the system can be written as

ELDA
xc [n(r)] =

∫
drn(r)εhomXC [n(r)] (1.12)

where εhomXC [n(r)] is the exchange-correlation energy density of a homogenous gas with
density n(r). In practice, the exchange and correlation energy of the homogenous elec-
tron gas can be calculated separately. The form of the exchange energy is well-known
with a simple analytical expression[7] and the correlation energy has been calculated
accurately with quantum Monte Carlo method[8].

In principle, LDA can only be valid for systems with slowly varying densities. Cal-
culations performed with this method for atoms, molecules and solids show that Eq.
(1.12) also works surprisingly well for these systems. However, LDA indeed has some
accuracy problems. For example, it tends to overestimate cohesive energies and under-
estimate the lattice constants for metals and insulators[9, 10].

1.2.2 The generalized gradient approximation (GGA)

One way to improve LDA is to include the gradient of the density∇n(r) instead of only
including the local density n(r). This is the so-called generalized gradient approxima-
tion (GGA)[11]. Such a functional can be described as

EGGA
xc [n(r)] =

∫
dr n(r)εXC(n(r), |∇n(r)|) =

∫
dr n(r)εhomX FXC(n(r), |∇n(r)|), (1.13)

where FXC is a functional of the density n(r) and the gradient of the density∇n(r) and
the εhomX is the exchange energy of a homogenous electron gas. The GGA-functionals
have many parameterizations for example, such as B88 by Becke [12], PW91 by Perdew
and Wang [13] and PBE by Perdew, Burke and Enzerhof [14]. With the inclusion of the
gradient of the density∇n(r), GGA can result in better agreement with experiment than
LDA for many properties of molecule and solids such as geometries and ground state
energies.

Recently, the functionals for ”GGAs for solids” (e.g. AM05[15] and PBEsol[16]) have
been proposed. They produce rather accurate lattice constants and surface energies, but
give poor atomization energies.
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1.2.3 The meta-GGAs

The meta-GGAs are the third generation functionals in Jacob’s ladder, which includes
the second derivative of the density,∇2n(r), and/or the kinetic energy density, τσ, in the
exchange and correlation potential. Functionals of this type are, for example, TPSS[17],
revTPSS [18] and AM06-L[19]. The meta-GGAs improve the accuracy of results further
and predicting good agreement with experiment for lattice constants, surface energies
as well as atomization energies.

1.2.4 The hybrid functionals

A mixing scheme of some exact exchange with the exchange and correlation from DFT
is employed in hybrid functionals. Becke proposed an adiabatic connection formula
which can be used as a starting point for a hybrid functional[20].

EXC =

∫ 1

0

dλEλ
XC , (1.14)

where EXC is the exchange-correlation energy and λ scales the contribution from exact
exchange. This formula is the connection between the non-interacting system and the
fully interacting one with density n(r). In the λ=0 limit, it restores to the Kohn-Sham
non-interacting particles system.

B3LYP (Becke, three-parameter, Lee-Yang-Parr)[21, 22, 23] is most widely used espe-
cially in quantum chemistry, where three parameters (determined by fitting to exper-
iment) are employed to treat the mixing of exact exchange and the DFT exchange-
correlation.

The Heyd-Scuseria-Ernzershof (HSE) hybrid functional is a hybrid density functional
based on a screened Coulomb potential for the exchange interaction[24]. Using a screened
Coulomb potential for Hartree-Fock (HF) exchange enables fast and accurate hybrid cal-
culations, where the Coulomb potential are decomposed into a long-range and a short
range part. In practice, the splitting of the full Coulomb potential is done by means of
error functions

EωPBEh
XC = aEHF,SR

X (ω) + (1− a)EPBE,SR
X (ω) + EPBE,LR

X (ω) + EPBE
C , (1.15)

where a is the mixing parameter and ω is the adjustable parameter controlling the short-
range of interactions beyond which the short range interactions becomes negligible.
HSE06 with standard value of a = 0.25 and ω = 0.2 have been shown to yield good
results for many systems(Figure 1.2). The PBE0 functional[25] can be obtained for ω = 0.
EHF,SR
X (ω) is the short range exact exchange energy. EPBE,SR

X (ω) and EPBE,LR
X (ω) are the

short and long range components of the PBE exchange energy, respectively, and EPBE
C

is the PBE correlation energy.
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Figure 1.2. The calculated band gap from PBE, HSE03 and PBE0 methods and the
comparison against experiment[26].

The M06 suite of functionals,[19] contain a set of four meta hybrid GGA functionals,
i.e. M06-L, M06, M06-2X and M06-HF, each of which has different amount of exact
exchange. The M06-L is completely local without any HF exchange, and M06, M06-2X,
and M06-HF have 27%, 54%, and 100% of HF exchange, respectively. The M06 suite
mainly improves one of the big deficiencies of DFT in describing the dispersion forces.
Each of them has the advantages to specific systems, for example, M06-HF is suitable
for TD-DFT calculations of Rydberg and charge-transfer states.

In this thesis, HSE is employed in the study of band gap engineering of NaTaO3. HSE
gives much better value of the band gap for NaTaO3 than conventional DFT.

1.3 Computational methodology

In this section, a brief discussion of the methods developed to solve the Kohn-Sham
equations will be presented. The main focus will be on the methods used in this thesis.
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1.3.1 The secular equation

In order to solve Eq. (1.9), it is necessary to expand K-S orbitals, ϕi(r), in a set of basis
functions such as {ξj(r)},

ϕi(r) =
N∑
j=1

cqjξj(r). (1.16)

Finding a set of coefficients {cqj} becomes the main task. All the known computational
methods developed as of today are based on this idea. The K-S orbitals belong to a
Hilbert space with infinite dimensions. Therefore N should go to infinity to exactly
describe the ϕi(r). However, in practice a basis set of limited size is used to meet both
accuracy and efficiency.

Substituting Eq. (1.16) into Eq. (1.9), one gets

N∑
j=1

cqj [
−~2

2me

∇2 + VKS]ξj(r) =
N∑
j=1

cqjεqξj(r). (1.17)

Multiplying by the conjugate of the basis functions ξ∗k(r) the left part of Eq. (2.16) and
integrating over real space, one arrives at

N∑
j=1

cqj

∫
ξ∗k(r)[

−~2

2me

∇2 + VKS]ξj(r)dr =
N∑
j=1

cqjεq

∫
ξ∗k(r)ξj(r)dr, (1.18)

where
∫
ξ∗k(r)[−~

2

2me
∇2 + VKS]ξj(r)dr are the matrix elements of the K-S Hamiltonian in

the basis and
∫
ξ∗k(r)ξj(r)dr are the overlapping matrix elements. Solving Eq. (1.18)

results in N eigenvalues and N eigenfunctions expanded with the N sets of coefficients
{cqj}. Larger N will provide an accurate description of the eigenfunctions, but at the
same time will increase the computational time. Thus finding an acceptable basis set
size for practical applications is one of the tasks in using DFT.

1.3.2 The plane wave basis set

For a periodic solid, the potential has the periodicity of the crystalline lattice. Therefore,
the eigenfunctions of the K-S equations can be written as a product of a plane wave eik·r

and a function un,kwith the periodicity of the potential

ϕn,k(r) = eik·run,k(r). (1.19)

Here index k is the wave vector of a set of plane waves within the first Brillouin zone
and n is the band index. This is the Bloch theorem. If we expand the periodic function
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un,k in a plane wave basis set whose wave vectors correspond to the reciprocal lattice
vectors, the expansion of ϕn,k(r) can be written as

ϕn,k(r) =
1√
Ωcell

∑
G

cn,k+G(k)ei(k+G)·r, (1.20)

where Ωcell is the volume of the primitive cell and G is any reciprocal lattice vector.
Usually, a finite number of plane waves is used to represent ϕn,k(r) with G ≤ Gmax

which commonly is specified in terms of the kinetic energy of free electron called the
cut-off energy

Ecut =
~2G2

max

2me

. (1.21)

Now the secular equation Eq. (1.18) can be written in this basis set as

∑
G′

cnk+G′ [
~2

2me

|k +G′|2δGG′ + VKS(G−G′)] = εnc
n
k+G′ , (1.22)

where VKS(G−G′) =
∫

Ωcell
VKS(r)ei(G−G

′) is the matrix element of the effective potential
and ~2

2me
|k +G′|2δGG′ is the matrix element of the kinetic energy operator.

1.3.3 Pseudopotentials

As described above, a plane wave basis set can be used for electronic structure calcu-
lations in a solid state system. However, the description of core electrons of a nuclei
require a large amount of basis functions. In addition, the electrons in the inner region
of the nuclei do not take part in forming the chemical bonds and their behavior is pretty
much close to that of free atoms. Therefore, it is reasonable to treat electrons in the va-
lence and core regions differently. Slater[27] in 1937 proposed that the crystal lattice can
be divided into two main parts, where the first part is defined as atomic sphere cen-
tered muffin-tin (MT) region at each atom position, and the remaining part is termed
as interstitial (I) region. In the MT region, the linear combination of solutions to the
Schrödinger equations with a spherical potential can be used as the basis functions,

ϕMT (r) =
∑
lm

Almul(r, El)Y
l
m(r̂), (1.23)

where l andm are angular momentum quantum number, Y l
m(r̂) are spherical harmonics

and ul are the solutions of the radial Schödinger equation.

In the interstitial region, the wave functions vary more slowly and can be described
accurately by plane waves. This is the main idea of augmented plane wave method



1.3. COMPUTATIONAL METHODOLOGY 11

(APW)[27]. One problem of the APW basis functions is that its energy dependent prop-
erty results in unphysical meanings inside the MT region where the functions vary
rapidly with energy. To address this problem, the linearized augmented plane wave
(LAPW) method is introduced to make the basis function energy independent[28]. More
detailed discussion of these methods can be found in reference [28].

Figure 1.3. The schematic illustration of the Coulomb potential (dashed lines) and
the pseudopotential (solid lines) and their wavefunctions. The distance above which
the real and psuedo-wavefunctions match each other is denoted as rc.

In fact, most physical properties of solids are largely dependent on the valence electrons
rather than core electrons. Another way to treat the less important core electrons is to
replace the atomic all-electron potential with an effective potential or pseudopotential
to eliminate the core states. In this approximate, the valence electrons that take part
in chemical bonding are described explicitly and the core electrons together with the
nuclei are considered as rigid non-polarizable ion cores. The pseudo-wave functions
of valence electrons must be the same as the all-electron ones outside a chosen cut-off
radius(Figure 1.3). The two most widely used pseudopotential forms in first princi-
ple electronic structure theory are norm-conserving pseudopotentials[29] and ultrasoft
pseudopotentials[30].

In norm-conserving pseudopotentials, the effective potential is constructed under the
condition that the norm of pseudo-wavefunctions is to be the identical to all electron
ones within the cut-off radius, rc. In the ultrasoft pseudopotential method, a generalized
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eigenvalue problem is introduced to further reduce the basis set size(see ref. [30] for
details).

1.3.4 PAW method

The projector augmented wave (PAW) method, which is an all electron frozen core
method[31], combines both the concept of ultrasoft pseudopotentials and augmented
plane wave method. The wave functions have different representations in different re-
gions of a solid. In the core region, within spheres centered at each atomic position,
partial waves are used to expand the wave functions. In the interstitial region, the wave
functions are described by plane waves or some other convenient basis set. In order to
represent the all electron wavefunction | Ψ〉 by the pseduo-wavefunction | Ψ̃〉, a linear
transformation τ is introduced: | Ψ〉 = τ | Ψ̃〉. In PAW method, the all electron wave-
function has the same form as pseudo wavefunction in the interstitial region but not in
the core region. Thus, the linear transformation can be written as,

τ = 1 +
∑
R

τ̂R, (1.24)

where τ̂R is non-zero only within the spherical augmentation region ΩR around atom R.

Now we expand the pseudo wavefunction in the augmentation region around R into
pseudo partial waves,

| Ψ̃〉 =
∑
i

| φ̃〉ci, (1.25)

As the operator τ is linear, ci can be defined as, ci = 〈pi | Ψ̃〉, where pi is a projector state
with δij = 〈pi | φ̃i〉. We could write down the all electron partial waves, which is the
solution of the radial Schödinger equation for the isolated atom, as | φi〉 = τ | φ̃i〉

Therefore, the operator τ can be written as

τ = 1 +
∑
i

(| φi〉− | φ̃i)〈pi | . (1.26)

The expectation value of an all-electron observable can be calculated with the pseudo-
wavefunction using PAW transformation:

ai = 〈Ψ | Â | Ψ〉 = 〈Ψ̃ | τ †Âτ | Ψ̃〉. (1.27)

We define the pseudo operator Ã and expand it with the definition of τ as,

Ã = τ †Âτ = Â+
∑
i,j

| pi〉(〈φ | Â | φ〉+ 〈φ̃ | Â | φ̃〉)〈pi | . (1.28)
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The indices i, j run over all operators on all atoms. For example, the density operator is
given by,

n̂ =| r〉〈r | +
∑
i,j

| pi〉(〈φ | r〉〈r | φ〉+ 〈φ̃ | r〉〈r | φ̃〉)〈pj | . (1.29)

And the charge density is

n(r) = 〈Ψ̃ | r〉〈r | Ψ̃〉+
∑
i,j

〈Ψ̃ | pi〉(〈φ | r〉〈r | φ〉+ 〈φ̃ | r〉〈r | φ̃〉)〈pj | Ψ̃〉

= ñ(r) + n1(r)− ñ1(r), (1.30)

where ñ(r) is the pseudo-charge-density, and the on site charge densities n1(r) and
ñ1(r) are calculated by

n1(r) =
∑
i,j

ρi,j〈φ | r〉〈r | φ〉, (1.31)

and

ñ1(r) =
∑
i,j

ρi,j〈φ̃ | r〉〈r | φ̃〉, (1.32)

respectively,

Here ρi,j is calculated from the pseudo-wavefunctions and the projector functions

ρi,j =
∑
n

fn〈Ψ̃n | pi〉〈pi | Ψ̃n〉, (1.33)

where fn is the occupation number.

From Eq. (1.27), the total energy of the all-electron functional can be written as

E = Ẽ + E1 − Ẽ1, (1.34)

where Ẽ is a pseudo-part, and E1 and Ẽ1 are two on-site contributions.

If the completeness of the partial and plane wave basis set used to represent the all
electron wavefunction and pseudo-wavefunction is satisfied, the PAW method is an
exact implementation of DFT within frozen core approximation. In practice, we are
using a finite number of all electron partial waves φi and pseudo-partial waves φ̃, and
the projectors are finite. Therefore, it is crucial to carefully check the convergence of the
calculated results with respect to the plane-wave cut-off energy.

Despite the great success of DFT some properties of solids and molecule cannot be de-
scribed properly, for example, intermolecular interactions such as van der Waals forces
(dispersion), charge transfer excitations, stronge electronic correlations, and band gaps
in semiconductors.

In the following chapter, we will introduce Green’s function theory and the concept of
the GW self-energy, which can help us to calculate band gaps in semiconductors more
accurately.



Chapter 2

Green’s function Theory

The Green’s function is an extremely useful technique which can be used to deal with
such problems as the calculations of the excitation and ionization energies, ground-state
energies, transition matrix elements, absorption coefficients and so on[32, 33, 34]. This
is the underlying theory used in papers I, IV and V.

2.1 The concept of Green’s Function and the self energy

The one electron Green’s function G (at 0 K) can be written as an expectation value
corresponding to the ground state | N〉 of the many-electron system,

G(xt, x′t′) = −i〈N | TΨ(xt)Ψ†(x′t′) | N〉

=

{
−i〈N | Ψ(x)e−i(H−E(N))(t−t′)Ψ†(x′) | N〉 t > t′

i〈N | Ψ†(x′)ei(H−E(N))(t−t′)Ψ(x) | N〉 t < t′
(2.1)

where Ψ(xt) is the field operator in the Heisenberg picture, x represents both the space
coordinates (r) and the spin coordinates (σ), T is the time-ordering operator. The
Ψ†(xt) | N〉 is the representation of a state of (N+1) electron system which is created
by adding one more electron to the N electron system at point r and time t. Thus, when
t > t′, the Green’s function gives the probability of finding an electron in N electron
system at point r and time t when an electron is added to the system at point r′ and
time t′. When t < t′, the Green’s function describes the propagation of a hole which is
removed at point r and time t. One can insert the complete set of the N+1 states ( t > t′

) or N-1 states ( t < t′ ) in Eq. (2.1) which leads to the Lehmann representation of the
Green’s function with

fs =

{
〈N | Ψ(x) | N + 1, s〉 ε = E(N + 1, s)− E(N) > µ
〈N − 1 | Ψ(x) | N〉 ε = E(N)− E(N − 1, s) > µ.

(2.2)

14
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Here µ is the chemical potential. The Fourier transformation of the Green’s function
with respect to time is (atomic unit is used here with m=~=e=1 and the energy is in
Hartree)

G(x, x′, ω) =

∫ ∞
−∞

eiωtG(xt, x′0)dt =

∫
C

A(x, x′;ω′)

ω − ω′
dω′ (2.3)

where A(x, x′;ω) =
∑

s fs(x)f ∗s (x)δ(ω − εs) referred the spectral function with

A(ω) =| (1/π)ImG(ω) |.

The Green’s function in k space can be expressed asGkk′ = δkk′ [ω−ω(k)+iηsign(ωs−µ)]
for the free independent electrons, which has a pole close to the real axis. The spectral
function has the simple form of Akk′ = δkk′δω−ωk

showing a sharp peak at energy of
ω(k) which corresponds to the free electron excitation energy. When introducing the
exchange and correlation effects between electrons (known as quasiparticles), the spectral
function is quite different, exhibiting a peak with finite width. The position of the peak
is shifted, corresponding to the quasiparticle excitation energy. The width of the peak is
proportional to the inverse lifetime of the corresponding quasiparticle.

From the definition of the Green’s function, we can derive many fundamental properties
of the system such as charge and spin density or the total energy. For example, the
charge density can be obtained by

ρ(rt) = −i lim
τ→0+

∫
G(xt, xt+ τ)dξ (2.4)

The many body Hamiltonian in the representation of the second quantization can be
written as H = T +W + V , where

T = −1

2

∫
drΨ†(r)∇2Ψ(r) (2.5)

W =

∫
drΨ†(r)Vext(r)Ψ(r) (2.6)

V =
1

2

∫
drdr′Ψ†(r)Ψ†(r′)v(r − r′)Ψ(r′)Ψ(r) (2.7)

From the Heisenberg equation of motion for the field operator

i
∂Ψ

∂t
= [Ψ, H], (2.8)

the equation of motion of Green’s function can be derived as,

[i
∂

∂t
− h(x)]G(xt,x′t′) + i

∫
dx′′v(r′, r′′)〈N | T{Ψ†(x′′t)Ψ(x′′t)Ψ(xt)Ψ†(x′t′)} | N〉

= δ(x,x′)δ(t, t′), (2.9)
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with

h(x) = −1

2
∇2 + Vext(x). (2.10)

To simplify the notation, we use 1, 2 ... for (xt),(x′t′), ... . Instead of introducing two-
particle Green’s function, we define a non-local, time-dependent operator Σ, known as
self-energy operator, to rewrite Eq. (2.9) as,

[i
∂

∂t
− h(1)− V (1)]G(1, 1′)−

∫
d(2)Σ(1, 2)G(2, 1′) = δ(1, 1′), (2.11)

where V (x) =
∫
v(xx′)ρ(x′)dx′ is referred as the total average potential (equivalent to the

Hartree potential in the Hatree-Fock Approximation (HFA)). For the case with Σ = 0,
Eq. (2.10) can be simplified to the non-interacting Green’s function G0

[i
∂

∂t
− h(1)− V (1)]G0(1, 1′) = δ(1, 1′), (2.12)

From Eq. (2.10) and Eq. (2.11), we get

G(1, 2) = G0(1, 2) +

∫
d(34)G0(1, 3)Σ(3, 4)G(4, 2) (2.13)

which is the representation of Dyson equation for Green’s function[35, 36].

We can therefore write down the equation of motion in the frequency domain,

[ω − h(x)− V (x)]G(xx′, ω)−
∫

Σ(xx′′, ω)G(x′′, x′, ω)dx′′ = δ(xx′) (2.14)

Now expressing the Green’s function in the Lehmann representation, one gets

[h(x) + V (x)]fs(x
′, ω) +

∫
Σ(x, x′, ω)fs(x

′, ω)dx′ = εsfs(x). (2.15)

Here fs and εs can be interpreted as the quasiparticle amplitudes and energies. This
equation is quite similar to the Hartree-Fock equation, of which the exchange part is
replaced by the non-local self-energy operator. However, the situation is more com-
plicated here due to the presence of energy dependence and non-Hermiticity of the
self-energy operator.

2.2 Hedin’s equation

Experimentally, the electronic energy level, i.e. the quasi-particle energies, can be deter-
mined by the direct and inverse photoemission measurements, which can be calculated
through Eq. (2.15) as long as the exact expression of self-energy is found.
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Hedin[37] proposed an approach to express the self energy in terms of the dynami-
cally screened Coulomb potential instead of the bare coulomb potential, W (1, 2) =∫
ε−1(1, 3)v(3, 2)d3. Here ε is the time-ordered dielectric matrix, the inverse of which

describes the screening effects from all other electrons to the bare Coulomb poten-
tials. In Hedin’s approach, five coupled equations are proposed to determine the Σ
self-constantly:

Σ(1, 2) = i

∫
d(34)G(1, 3)Γ(3, 2, 4)W (4, 1+) (2.16)

G(1, 2) = G0(1, 2) +

∫
d(34)G0(1, 3)Σ(3, 4)G(4, 2) (2.17)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
d(4567)

δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3) (2.18)

W (1, 2) = v(1, 2) +

∫
d(34)v(1, 3)P (3, 4)W (4, 2) (2.19)

P (1, 2) = i

∫
d(34)G(1, 3)G(4, 1+)Γ(3, 4, 2) (2.20)

Here 1+ = (x, t1 + δ) where δ is a positive infinitesimal. The P (1, 2) is the irreducible
polarizability with P (1, 2) = ∂n(1)/∂(Vext(2) + VH(2)). Γ is the vertex function. The five
equations form a closed set of equations which must be solved self-consistently.

One possible route for solving the Hedin’s equations is to
start with Σ = 0 to obtain the others in the following order:
the Green’s function G (G0 at first), the vertex function (δ
function), the polarizability P 0 (P 0 = iG0G0 is the Random
Phase Approximation (RPA) polarizability[38]) and the up-
dated self-energy Σ = iG0W 0. This should be run until a
self-consistency reached. However, it is a very difficult task
to solve Hedin’s equation in this way. One much seek ap-
proximations to simplify it.

2.3 GW approximations and GW cal-
culations

2.3.1 GW approximation

The simplest approximation to the Hedin’s equation is to
assume that the vertex function is a delta function, Γ(1, 2, 3) = δ(1, 2)δ(1, 3), which is the
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so-called GW approximation (GWA). The other equations now become

P 0(1, 2) = iG0(1, 2)G0(1+, 2) (2.21)

Σ(1, 2) = iG0(1, 2)W 0(1+, 2) (2.22)

W 0(1, 2) = v(1, 2) +

∫
d(34)v(1, 3)P 0(3, 4)W 0(4, 2) (2.23)

In practice, the Green’s function in the GWA is evaluated by the solution of the K-S
equation to approximate the quasi-particle amplitudes with KS wavefunctions and the
quasi-energies with KS energy levels:

G0(r1, r2, ω) ≈
∑
j

ϕj(r1)ϕ∗j(r2)

ω − εKSj + iηsign(εKSj − εF )
(2.24)

Therefore, the quasi-particle energies can be calculated via Eq. (2.15) using the self-
energy Σ = iG0W 0. In fact the wavefunctions of quasiparticles are very similar to the KS
ones[32, 39], one can compute the quasiparicle energies with the first order perturbation
theory:

εQPi = εKSi + 〈ϕi | Σ(εQPi )− Vxc | ϕi〉 (2.25)

which should be in principle solved self-consistently to get εQPi . Or alternatively, one
can expand the self-energy Σ(εQPi ) using Taylor expansion to the first order around εKSi
which gives

εQPi − εKSi = Zi〈ϕi | Σ(εKSi )− Vxc | ϕi〉 (2.26)

with Zi = [1− 〈ϕi | ∂Σ/∂ε |ε=εKS
i
| ϕi〉].

GWA appears to be an excellent predictor for the quasiparticle energy levels not only
for the bulk materials but also for molecular systems(Fig. 2.1).[32, 39, 40]

2.3.2 Plasmon-pole model

In the GW approximation, the screened Coulomb potential is calculated by accessing
the inverse of the dynamical dielectric matrix ε−1(ω), which has poles on the real axis of
ω. The plasmon-pole model is used to avoid this problem, where the frequency depen-
dence of ε−1(ω) is substituted by a single plasmon-pole:[32, 41, 42, 43]

ε−1
G,G′ = δGG′ +

RGG′(q)

ω − ω̃GG′ + iη
− RGG′(q)

ω + ω̃GG′ − iη
, (2.27)

where RGG′(q) and ω̃GG′ are effective strength and frequency of the plasmon excita-
tion. These two parameters can be calculated by using the f-sum rule as an additional
constrain[39] or by adding an additional imaginary frequency calculation.[44] In this
thesis, we have used this approximation for all the GW calculations.
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Figure 2.1. The calculated band gap from GW and LDA methods and the compari-
son with experiment[40].

2.4 The response functions

2.4.1 Response function and dielectric function

The response function χ(r, r′, t − t′) is used to describe the response of charge density
δn at (r, t) due to a small change of the external potential δvext at (r′, t′),

χ(r, r′, t− t′) =
δn(r, t)

δvext(r′, t′)
. (2.28)

Within K-S scheme, the response function here is the response to a small change of the
effective potential,

χKS(r, r′, t− t′) =
δn(r, t)

δveff (r′, t′)
. (2.29)

where veff = vext + vH + vxc.
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χ and χKS in the frequency space is linked by

χ(r, r′, ω) = χKS(r, r′, ω)

+

∫
dr1dr2χ

KS(r, r1, ω)(
1

| r1 − r2 |
+ fxc(r1, r2, ω))χ(r2, r

′, ω). (2.30)

Here we introduced the exchange-correlation kernel fxc = δvxc(1)
δn(2)

|nGS
. The simplest

approximation called Random Phase Approximation (RPA) or Hartree approximation
assumes fxc = 0.

The independent particle response function of K-S scheme can be calculated by,

χKS(r, r′, t− t′) = −
∑
n

∑
m

2fn(1− fm)

× (
ϕ∗m(r′)ϕn(r′)ϕ∗n(r)ϕm(r)

εm − εn − ω − iη
+
ϕ∗n(r′)ϕm(r′)ϕ∗m(r)ϕn(r)

εm − εn + ω + iη
) 0 < η ≤ 1, (2.31)

where fn is the occupation number.

The macroscopic dielectric function ε links total electric field E to external electric field
Eext by

E = ε−1Eext. (2.32)

In general, ε is a 3×3 tensor. If the external electric field is caused by any external charge,
the electrical field can be expressed asE = ∇φ. The potential and the underlying charge
density is given by the Poisson’s equation: vφ = ên where v is the Coulomb kernel
v = 4πe2/q2. In momentum space and in the long-wavelength limit, we can rewrite Eq.
(2.32) as

vtot = ε−1vext, (2.33)

where vext is the external potential and the total potential vtot is the sum of the external
potential and the induced potential vind caused by the external perturbation.

In the linear response regime, the induced charge is assumed to be proportional to the
total potential or the induced potential

nind = χvext χ is the reducible polarizability (2.34)
nind = Pvtot P is the irreducible polarizability (2.35)

Therefore the dielectric function can be expressed as:

ε−1 =
vtot
vext

= 1 + v
nind
vext

= 1 + vχ (2.36)

ε =
vext
vtot

= 1− vnind
vtot

= 1− vP (2.37)
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Thus, the relationship between the reducible (χ) and irreducible polarizability (P ) can
be expressed as:

χ = P + Pvχ, (2.38)

which is a Dyson like equation quite similar to Eq. (2.13).

In periodic crystalline, the microscopic dielectric function and its inverse can be calcu-
lated by,

ε−1
G,G′(q, ω) = δG,G′ + v(q)GχG,G′(q, ω), (2.39)

εG,G′(q, ω) = δG,G′ − v(q)GPG,G′(q, ω). (2.40)

The Coulomb kernel is v(q)G = 4π
|q+G|2 .

Therefore, we get

χG,G′(q, ω) = PG,G′(q, ω) +
∑
G1

PG,G1(q, ω)v(q)G1χG1,G
′(q, ω). (2.41)

In order to calculate the dielectric function, an approximation has been made. As dis-
cussed above, the independent particle response function χKS is defined in Eq. (2.31).
Replacing the irreducible polarizability P by χKS (known as RPA), we get the dielectric
function as,

εRPAG,G′(q, ω) = δG,G′ − v(q)Gχ
KS
G,G′(q, ω). (2.42)

2.4.2 Micro-macro connection

In a solid, the electron-energy-loss (EELS) and the photon absorption spectra which are
usually described by the macroscopic dielectric function εM . Its relationship to micro-
scopic dielectric function is discussed in ref. [45], [46] and [47].

Abs(ω) = ImεM(ω) = lim
q→0

Im
1

ε−1
G=0,G′=0

(q, ω)
, (2.43)

EELS(ω) = −Imε−1
M (ω) = − lim

q→0
Imε−1

G=0,G′=0
(q, ω). (2.44)

Here ε−1
G,G′(q, ω) = ε−1(q +G, q +G′, ω) is the Fourier transformation of ε−1(r, r′, ω), G

is the reciprocal lattice vector, and q is within first Brillouin zone. In homogeneous gas,
the εG,G′ is diagonal thus εM = limq→0 εG=0,G′=0. On the other hand, when εG,G′ is not
diagonal, the inverse of ε00 will be influenced by all the other matrix elements (it is the
so-called local field effects). Local field effects are very important in calculating both
absorption and energy loss spectra, which can shift peak positions.
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In fact, εM can also be described by a modified response function P̄ as [48],

εM(ω) = 1− lim
q→0

[v(q)0P̄G=G′=0(q, ω)] (2.45)

where matrix P̄GG′ has the form of a Dyson-like screening equation

P̄ = P + P v̄P̄ , (2.46)

and v̄(q)G is the modified Coulomb interaction defined as follows:

v̄(q)G =

{
0 if G = 0
v(q)G = 4π

|q+G|2 else , (2.47)

which is responsible for the local field effects. Putting v̄ = 0 corresponds to neglecting
the local field effects[34].

2.5 The Bethe-Salpeter equation

Although GW can reproduce accurate band gap for many semiconductors and insula-
tors, there is still one term missing namely the contribution of electron-hole correlation
to ε, which is necessary to describe excitonic effects. In this section, we will introduce the
effective two-particle equations and Bethe-Salpeter equation which take into account
the electron-hole interaction and can be used to calculate the optical spectra accurately.

2.5.1 Four-point kernels and the effective two-particle equations

We define a four-point total response function 4χ as,

4χ(r1, r2, r3, r4) =
δnind(r1, r2)

δVext(r3, r4)
. (2.48)

By introducing the four-point independent-quasiparticle polarization 4χ0 [49],

4χ0(r1, r2, r3, r4) =
δnind(r1, r2)

δVtot(r3, r4)
, (2.49)

where Vtot = Vext + Vind.

We can write down the general four-point polarizability

4χ =4 χ0 +4 χ0K
4χ = (1−4 χ0K)−1 4χ0, (2.50)

defining the four-point kernel K = δVind/δn.
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The response function in principle can be obtained by inverting the four-point matrix
for each frequency. However, we are seeking to reformulate the problem as an effec-
tive eigenvalue problem based on the physical picture of the interacting electron-hole
pairs. The idea is to construct the density matrix using a basis of eigenfunctions, ϕn,
of the effective single-particle Hamiltonian, assuming that each excitation is made up
of only a limited number of electron-hole pairs[34]. Assuming that these functions
form an orthonormal and complete set, any four-point function S can be written as
S(r1, r2, r3, r4) =

∑
n1...n4

ϕ∗n1
(r1)ϕn2(r2)ϕn3(r3)ϕ∗n4

(r4)S(n1n2)(n3n4).

The four point equation for χ, Eq. (2.50), can be transformed to an eigenvalue problem
with the two particle Hamiltonian defined as[34]:

H2p
(n1,n2)(n3,n4) = (εn2 − εn1)δn1,n3δn2,n4 + (fn1 − fn2)K(n1,n2)(n3,n4). (2.51)

Here fn1 and fn2 are the occupation numbers.

We can reduce the two-particle Hamiltonian to the only interesting part H2p,exc defined
as

H2p,exc =

(
H2p,res

(vc)(v′c′) K(vc)(c′v′)

−[K(vc)(c′v′)]
∗ −[H2p,res

(vc)(v′c′)]
∗

)
. (2.52)

H2p,res is the resonant part corresponding to positive frequency transitions and has the
form of

H2p,res = (εc − εv)δv,v′δc,c′ +K(vc)(v′c′). (2.53)

The resonant part is Hermitian, the fourth term is the anti-resonant part relating to
negative frequency transition, and the off diagonal parts are called coupling term with
mixed positive and negative frequency transitions. Omitting the coupling part we get
the Tamm-Dancoff approximation.

2.5.2 The Bethe-Salpeter equation

Now we return to the Hedin’s equations to obtain polarizability P and then dielectric
function with the inclusion of vertex corrections. This can be done in the second itera-
tion of the Hedin’s equations. Using Σ = iGW for the self energy and neglecting term
iG(∂W/∂G)[50, 51, 52], one can yield the vertex equation and subsequently obtain a
generalized three-point polarizability,

3P (3, 1, 2) = −iG(4, 3)G(3, 5) + i

∫
d(12)G(4, 1)G(2, 5)W (1+, 2)3P (312). (2.54)

The two point polarizability can be obtained from the three-point polarizability by
P (3, 1) =3 P (3, 1, 1). While the kernel GGW of the Eq.(2.54) is a four-point function,
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therefore, we define the independent quasiparticle response function as 4χ0(1, 2, 3, 4) =
−iG(1, 4)G(3, 2) and W (1, 2, 3, 4) = iW (1+, 2)δ(1, 3)δ(2, 4). The generalized four-point
polarizability can be written as

4P (1, 2, 3, 4) =4 χ0(1, 2, 3, 4)−
∫
d(5678)4χ0(1, 2, 5, 6)W (5, 6, 7, 8)4P (7, 8, 3, 4), (2.55)

which is the so-called Bethe-Salpeter equation (BSE) for the four-point polarizability.
The two point polarizability can be obtained by contracting the four-point polarizability
to the form P (12) =4 P (1221).

Now, substituting Eq. (2.55) to Eq. (2.46) and Eq. (2.38), we get the Bethe-Salpeter
equation for the modified polarizability and for the response function, respectively:

4P̄ =4 χ0 +4 χ0(4v̄ −4 W )4P̄ , (2.56)
4χ =4 χ0 +4 χ0(4v −4 W )4χ. (2.57)

4W is the screened Coulomb interaction which is a complex energy-dependent two-
point function. In practice, W is often taken to be the statically screened Coulomb inter-
action. The four point Coulomb potential is v(1, 2, 3, 4) = δ(1, 2)δ(3, 4)v(1, 3).

Now, we could see that the kernel K in Eq. (2.50) contains two terms: the Coulomb
interaction v, also called electron-hole exchange, and the screened Coulomb interaction
−W , also known as electron-hole attraction.

At this point, if we want to compute the optical absorption using Eq. (2.45), then the
modified polarizability P̄ has to be calculated. We can write down the two-particle
effective equation with the static screening used as follows:∑

n3n4

{(εn2 − εn1)δn1,n3δn2,n4 + (fn1 − fn2)[v̄(n1,n2)(n3,n4)+

−W(n1,n2)(n3,n4)]}An3n4
λ = Eexc

λ A
(n1n2)
λ . (2.58)

Once Eq. (2.58) is solved by diagonalization, the results, {Eexc
λ } and {Aλ}, can be used

to build the modified polarizability function,

P̄ =
∑
λ,λ′

A
(n1n2)
λ C−1

λλ′A
∗(n1n2)
λ′

Eexc
λ − ω

. (2.59)

The overlap matrix is given by Cλλ′ =
∑

n1n2
A
∗(n1n2)
λ A

(n1n2)
λ′ .

Therefore, the macroscopic dielectric constant can be calculated and is given by substi-
tuting Eq. (2.59) to Eq. (2.45). If we only consider the resonant part of the excitonic
Hamiltonian, the mutually orthogonal eigenstates Aλ can be obtained. We can get a
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simple form of the macroscopic dielectric function:

εM(ω) = 1− lim
q→0

v0(q)
∑
λ

|
∑

n1,n2
〈n1 | e−iq·r | n2〉A(n1n2)

λ |2

Eλ − ω − iη
. (2.60)

Figure 2.2. The imaginary part of the dielectric function of anatase TiO2 with dif-
ferent calculation methods.

Eq. (2.60) is a good approximation for calculating the absorption spectra of semicon-
ductors by neglecting the coupling term (Fig. 2.2).[53, 54] However, when calculating
the EELS which involves calculating the real part of the dielectric function, the coupling
term turns out to become important (see Ref. [55]).

Moreover, an effective electron-hole wavefunction can be obtained by solving Eq. (2.58),

Φλ
e−h =

∑
λ

A
(cv)
λ ϕc(re)ϕ

∗
v(rh), (2.61)

which can give the visual information about the average value of the separation of the
electron-hole pairs.

Here, we present the procedures we use when we perform BSE calculations and applied
approximations.

• First, we perform the ground state calculations to get the KS eigenvalues {εi} and
eigenfunctions {ϕi}.

• Second, we perform the calculations of the independent-particle polarizability χ0 and
obtain the dielectric function ε with RPA approximation.
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• Third, we use GWA to construct self-energy Σ = iG0W 0, whereW 0 is calculated within
plasma-pole approximation and calculate the quasi-particle energies εqpi .

• Fourth, we calculate the screened Coulomb potential and the independent quasi-
particle polarizability 4χ0, where the static limit for W is used.

• Finally, we perform the BSE calculations with 4χ0 and v̄ −W 0 or v −W 0 (Eq. (2.56)
and Eq. (2.57)), where only the resonant part is considered.

In figure 2.2, we show the imaginary part of the dielectric function of anatase TiO2 with
different calculation methods. The RPA method is poor in calculating the dielectric
function of anatase TiO2. The dielectric function obtained by BSE method is in excellent
agreement with experiment.



Chapter 3

Band gap engineering in
BiNbO4 and NaTaO3 photocatalysts

In this chapter, we present the results of band gap engineering in BiNbO4 and NaTaO3

photocatalysts, which are based on the results from papersI to III. In the project of band
gap engineering in photocatalysts, we have studied some other materials of this kind
such as BiTaO4 and Sr2Nb2O7 and the results are published in papers that are not in-
cluded in this thesis. BiNbO4 and NaTaO3 are the representative cases. For other ma-
terials, the methodology and results are similar. Thus we won’t discuss them in this
thesis.

3.1 Introduction

The depletion of fossil fuels and the serious environmental problems with their com-
bustion urge us to search for an alternative source of energy which is cheap, clean, and
renewable. One of such promising alternative energy carriers is hydrogen.[56] Today
95% of world’s hydrogen production comes via steam reforming of fossil fuels, thus
produces a lot of greenhouse gases. So it is very important to find a clean and efficient
way to produce hydrogen. Photocatalysis of water splitting gives us such an oppor-
tunity (see Figure 3.1).[58, 59] The first photocatalysis work was reported by Honda
and Fujishima[60] almost 30 years ago. Since then different types of Photoelectrochem-
ical (PEC) cells have been developed.[62, 63, 64, 65, 66] Most of the PEC electrodes are
fabricated using oxide based semiconducting materials, so that the maximum portion
of the sunlight can be used for the photocatalysis.[59] To achieve the maximum us-
age of sunlight, the semiconductor must have an optimal band gap and its valence
band position should be lower than the water oxidation potential and conduction band
position should be higher than hydrogen reduction potential. Based on the valence
band and conduction band positions (Fig. 3.2), some materials are reported to be good

27
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Figure 3.1. Schematic illusion of the main processes in photocatalytic water
splitting.[57]

Figure 3.2. The alignment of band structure of semiconductors with respect to
redox potentials of water splitting.[61]

only for hydrogen reduction reaction and some for water oxidation reaction. When
such materials are combined together, the resultant photocatalyst is called a Z-scheme
photocatalyst.[67]
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3.2 BiNbO4

Recently synthesized BiNbO4 was found to be a promising material for visible-light
photocatalysis[68] in comparison to standard bulk TiO2 (Fig. 3.3).

But its band gap (2.6 eV) is still large for absorbing the maximum range of solar visible
spectrum. Thus the band gap engineering in BiNbO4 is required for achieving the max-
imum solar to hydrogen conversion efficiency. The most common method for the band
gap reduction is to introduce some foreign elements.[69] Narrow and clean band gap
can be achieved to a greater extent if the double-hole-mediated coupling between two
anionic dopants can be introduced.[70]

Table 3.1. The formation energies (Ef ), relative binding energies (Eb) and band
gaps (Eg) of different doped BiNbO4

Dopants Formation Energy, Ef (eV/f.u.) Binding energy, Eb (eV ) Band gap (eV )
Pure - - 2.54

S 0.13 - 2.10
N 0.23 - 2.29
C 0.27 - 1.41

N-N 0.36 2.78 1.44
C-S 0.38 2.30 1.10
N-S 0.33 0.68 1.24
N-C 0.42 0.78 0.31

The total and partial density of states (PDOS) of pure BiNbO4 are shown in Fig. 3.4. The
valence band edge of BiNbO4 consists mainly of O 2p states and Bi 5s states whereas
the conduction band edge has predominantly Nb 4d character. Our calculated band
gap (2.54 eV) for BiNbO4 is in good agreement with the experimental band gap of 2.60
eV.[68] The band gap of BiNbO4 is smaller than that of the well-known TiO2 (3.2 eV)
photocatalyst, but it is still larger than the required band gap for the efficient photo-
catalysis.

We have shown how the anionic mono- and co-doping of BiNbO4 can reduce the band
gap significantly. To simulate the effect of doping atoms, the original unit cell is ex-
panded to a 2×1×2 supercell containing 96 atoms for bulk calculations. In the BiNbO4

structure, there are two nonequivalent oxygen sites where oxygen 1 (O-1) is directly
bonded to the Nb and Bi atoms, while oxygen 2 (O-2) is bridged between the two Nb
atoms. We have determined the most stable site for each of the three anionic dopants
(S, N, and C) by comparing their relative energies. We found N and C are more likely
to occupy the O-2 site, while S is more likely to be found at O-1. We have calculated the
formation energy (Table 3.1) for the anionic mono-doped BiNbO4 which are calculated



30
CHAPTER 3. BAND GAP ENGINEERING IN

BINBO4 AND NATAO3 PHOTOCATALYSTS

Figure 3.3. Crystal structure of bulk pristine BiNbO4; Bi, Nb, and O atoms are
represented by purple, light green and red spheres, respectively

by the following equation:

Ef = ET (D)− ET (H) + nµO − nµX (3.1)

Here ET (D) and ET (H) are the total energies of doped and pure BiNbO4, respectively,
and n is the number of the doping atoms. µO and µX are the atomic potential of the
oxygen and dopant atoms, respectively. The relative stability between the co-doped
and mono-doped systems is calculated by the binding energy calculations using the
following equation:

Eb = ET (D1) + ET (D2)− ET (D12)− ET (H), (3.2)

where ET (D1) and ET (D2) are the energies of mono anion atoms substituting at O-1
and O-2 sites, respectively, and ET (D12) is the energy of the co-doped system where
two anion atoms substituting O-1 and O-2.

Sulfur has the same number of valence electron as oxygen. The electronic structure of
S-doped BiNbO4 is given in Fig. 3.5(a). Two fully filled 3p states of S appear at the top
of valence band. The conduction band minimum (CBM) is shifted downward by 0.18
eV compared to pure BiNbO4. The effective band gap is 2.10 eV, which is by 0.44 eV
smaller than the gap of pure BiNbO4.

For the nitrogen doped case, N has one valence electron less than oxygen, thus it in-
troduces a hole into the system. The N 2p-orbital’s energy is 1.9 eV higher than the O
2p orbitals energy.[71] This implies that upon N substitution of O, N 2p will create a
partially filled impurity state at the Fermi level, which can be seen from the total DOS
plot in Fig. 3.5(b). The CBM of BiNbO4, which is mainly composed of Nb 4d orbitals, is
shifted downwards by 0.06 eV.

As carbon has two valence electrons less than oxygen, C substituting O will act as an
acceptor. The 2p orbital energy of carbon is 3.8 eV higher than that of O 2p orbitals,[71]
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Figure 3.4. Total and partial density of states (DOS) of pure BiNbO4. The Fermi
level is set to 0 eV

and the carbon acceptor levels appear just above the VBM of pure BiNbO4(Fig. 3.5(c)).
The two impurity states of C appear 0.16 eV and 0.58 eV below the Fermi level. CBM
is shifted (Fig. 3.5(c)) downwards by 0.16 eV, which might be due to the change of the
interactions between the Nb 4d and O 2p orbitals after C substitution. As the C 2p
orbitals energy is higher than those of N 2p and S 3p, the bands appearing above the
valence band edge reduce the band gap significantly.

We have done the anionic co-doping of BiNbO4 to introduce the hole-hole mediated
coupling for the band gap engineering. In (N-N) co-doped BiNbO4, both the nonequiv-
alent O atoms of the BiNbO4 are substituted by N atoms, thus adding two net holes
into the system. We have examined all possible configurations for (N-N) co-doped
BiNbO4. The most stable isomer is the one where two N atoms substitute the two closest
nonequivalent O atoms.

After structural relaxation, one of the nitrogen atoms is bridged between two Bi atoms
and the other one is bridged between two Nb atoms. The distance between N-1 and
N-2 is 1.40 Å, which is very close to the N-N single bond distance of 1.45 Å observed
in hydrazine (NH2-NH2). This might be due to the strong interaction between the half-
filled N 2p orbitals which leads to the formation of bonding and anti-bonding states.

The half-filled state of each N atom lies a little higher in energy than the two filled states.
The filled bonding state appears deep inside the valence band, and unoccupied anti-
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Figure 3.5. The calculated DOS for (a) S, (b) N, (c) C doped BiNbO4 compared with
the pure BiNbO4; the DOSs for doped BiNbO4 are shifted so that the peaks of the O
2s states (at the farthest site from the dopant) are aligned with each other. Pure and
doped TDOS are represented by black and red curves; the vertical lines indicate the
Fermi levels.

bonding states lie in the conduction band of BiNbO4. The coupling between the two
fully occupied states leads to the VBM upshift and downshift of CBM, which reduces
the effective band gap (Fig. 3.6(a)). So the effective band gap of (N-N) co-doped BiNbO4

is reduced to 1.44 eV which is significantly smaller than for the N mono-doped system
(2.29 eV) . This is due to the strong hole-hole coupling between the two half filled N 2p
orbitals.

For the (C-S) co-doped case, there are two net holes in the system but the hole-hole
mediated coupling is different from the (N-N) co-doped case. Here both holes are con-
tributed by C atom. Thus the nature of C-S bond is partially ionic. The impact on the
band gap reduction from the dopant-dopant coupling is clear from Fig. 3.6(b). In the (C-
S) co-doped case, the band gap is reduced to 1.1 eV, which is much smaller than the gap
of pure BiNbO4 (2.6 eV). Due to the anionic co-doping, the CBM also gets affected along
with the VBM. The filled impurity states above the VBM have strongly mixed characters
from C and S indicating a strong coupling between C and S atoms (Fig. 3.6(b)).

Anion or cation mono-doped systems create partially occupied states that can facilitate
the formation of recombination centers, and thus reduce the efficiency of photocatlyst.
For further reduction of the band gap and to avoid partially occupied or unoccupied
states, we have studied co-doping of BiNbO4 by N and Mo. The doping concentrations
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Figure 3.6. The total and partial DOS of (a) (N-N), (b) (C-S), (c) (N-S), and (d) (N-C)
co-doped BiNbO4 which is compared with the pure system. Pure and doped TDOS
are represented by black and red plots. The vertical dashed lines represent the Fermi
levels of each system.

were 1.56% of N and 6.25% of Mo. The electronic structure of the co-doped system
is shown in Fig. 3.7. Individual doping of N creates holes, and Mo doping generates
electrons in the material, which are at the VBM and CBM, respectively. So, the co-
doping of Mo and N neutralizes the electrons and holes in the system, and clean band
gap is obtained which avoids the recombination centers for the efficient photocatalyst
material.

From the analyse of the PDOS, we know that Mo 4d and O 2p are hybridized at the
CBM, and VBM is mainly comprised of N 2p states. We consider two configurations,
”far” and ”near” for the investigation of the co-dopant interactions. Distance between
N and Mo for ”near” and ”far” configurations are 7.85 Å and 1.83 Å, respectively. In-
dividual doping of N creates holes, and Mo doping generates electrons in the material,
which are at the VBM and CBM, respectively.

So, the co-doping of Mo and N neutralizes the electrons and holes in the system, and
a clean band gap is obtained which helps to prevent the formation of recombination
centers.

We have studied the optical absorption properties for our doped systems which give
a clean band gap. Thus, for the mono-doped (C and S) and co-doped (N-N and C-S)
BiNbO4 we have plotted the optical absorption curves and compared them with that of
pure BiNbO4 (presented in Fig. 3.8). It reveals that C and C-S doing can harvest longer
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Figure 3.7. The calculated total density of states for N, Mo mono- and co-doped
BiNbO4 comparing with pure BiNbO4; the DOSs for doped BiNbO4 are shifted so
that the peaks of the O 2s states (at the farthest site from the dopant) The vertical lines
indicate the Fermi levels.

wavelengths of visible light spectrum as compared to the pristine BiNbO4.

3.3 NaTaO3

NaTaO3 is one of the most efficient photocatalysts for water plitting under Ultra-Violet
(UV) irradiation[72, 73]. Moreover, NaTaO3 is considered as a good host material for
developing visible light photocatalysts[74, 75, 76, 77, 78]. Doped NaTaO3 compounds,
with the dopants like Bi, Co, Cr, Cu, N, and Fe have been studied for the visible light
photocatalysis. These studies show that doping is a promising way to induce visible
light absorption in NaTaO3. Although a few doped systems are reported in the litera-
ture, efficient photocatalytic system which works under visible light is lacking among
the family of NaTaO3 materials. In order to design such a system, the effect of various
dopants on the band gap of NaTaO3 should be studied in detail. The literature on the
doped photocatalysts shows that doping of anions in wide band gap semiconductors
is one of the successful strategies to achieve visible light photocatalystsis[69, 79]. Pho-
tocatalysts such as A (A= C, N, S) doped TiO2, N doped SrTiO3 have been studied for
various photocatalytic applications under visible light. Thus detailed studies on anion
doped NaTaO3 systems are useful to develop efficient photocatalytic materials systems.
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Figure 3.8. Optical absorption plots for C, S, (N-N) and (C-S) doped BiNbO4 which
is compared with pure BiNbO4.

Figure 3.9. Formation energy of NaTaO3. The dark grey area is the allowed chemi-
cal domain for NaTa3. The formation energy calculations are based on standard DFT.
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The formation energy of dopants can be calculated using the expression[80],

∆HD,q = (ED,q − EH) + Σαnαµα + q(Ev + EF ),

where ED,q and EH are the total energies of the doped system and the pristine material,
nα is the number of α atom added (nα > 0) or removed (nα < 0) from host to create
defect. µα is the chemical potential of the α atom which can be expressed as µα=µelemα +
∆µα. The chemical potential µα is constrained by keeping the host compound stable.
The sum of the chemical potential of components Na, Ta and O must be equal to the
formation energy of NaTaO3, with 3∆µO + ∆µNa + ∆µTa = ∆Hf (NaTaO3). Thus, the
atomic chemical potential can be varied in the range of O rich (∆µO = 0 and ∆µNa +
∆µTa = ∆Hf (NaTaO3)), Na rich with ∆µNa = 0 and 3∆µO + ∆µTa = ∆Hf (NaTaO3),
and Ta rich with ∆µTa = 0 and 3∆µO + ∆µNa = ∆Hf (NaTaO3).

The other constrain we need to have is that the elements of Na, Ta and O should not
form competing phases. Competing phases of NaO and Ta2O5 have been calculated in
our study. When doping with N, C, P, and S, the dopants should avoid forming possible

Table 3.2. Minimum formation energy and the corresponding chemical potential
of O, Na and dopants. The units are in eV

formation energy ∆µO ∆µNa ∆µX
N 0.50 0 -2.89 -5.53
P 2.74 -4.59 0 0
C 3.0 -4.08 0 0
S -0.67 -4.58 -2.53 0

competing phases with Ta and Na atoms. For example, NaS compound is formed in a
natural way, we need to apply the constrain with ∆µS + ∆µNa ≤ ∆Hf (NaS). In our
study, we have considered the competing phases of N2NaTa, NaS, TaC, and Ta3P for N,
S, C, and P doping.

Figure 3.12 shows the allowed chemical domains (dark grey area) for NaTaO3 in the
∆µNa and ∆µO plane. The calculated formation energies of different dopants in NaTaO3

have been shown in figure 3.13 and the minimum formation energy is summarized in
Table 3.3.

When doping with N, the minimal formation energy is 0.50 eV with ∆µO = 0 eV (O-
rich), ∆µN = −5.53 eV and ∆µNa = −2.89 eV (Figure 3.13a). As doping with S, the
results are quite different. The formation energy is negative with the value of -0.67 eV.
The corresponding chemical potentials are ∆µO = −4.58 eV, ∆µNa = −2.53 eV, and
∆µS = 0 eV, respectively (Figure 3.13b). The negative formation energy means that
doping with S is energetically favorable.
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(a) (b)

(c) (d)

Figure 3.10. Formation energy of N, S, C, P mono-doped NaTaO3. The color of the
map corresponds to the value of formation energy. The formation energy calculations
are based on standard DFT.

For C doping the minimal ∆HC,0 is at Na rich condition with ∆µNa = 0 eV and ∆µO =
−4.08 eV. The minimal formation energy is 3.0 eV at the condition of ∆µC ≤ 0 eV siting
at upright corner of the formation energy map (Figure 3.13c). For P doping, the forma-
tion energy (2.74 eV) is slightly smaller than that for C doping (3.0 eV). The chemical
potential at this point of ∆µNa and ∆µN equals 0 eV which is also located at the upright
corner of formation energy map (Figure 3.13d).

The band alignment is shown in Figure 3.14, the position of the valence band edge of
pure NaTaO3 is adopted from experiment.[81] Water can be decomposed into H2 and
O2 for pure NaTaO3, as both water oxidation and reduction energy levels are within
the band gap. As shown in the band alignment, it is still possible for N doped NaTaO3

photocatalyst to produce H2 and O2 with its valence band edge moving 0.97 eV up-
wards. It is also possible for S doped NaTaO3 photocatalyst to produce H2 and O2.
For C doped NaTaO3, the valence band edge is on top of water oxidation level, which
makes O2 production impossible. The impurity band, 0.6 eV above valence band edge,
works as the recombination center, which is not good for efficiency of photocatalysis.
P doped NaTaO3 can only work as electrode for water reduction rather than oxidation,
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Figure 3.11. Band alignment of doped NaTaO3. The position of the valence band
edge of pure NaTa3 is adopted from experiment.

similar for N-N, C-S, and N-P co-doped cases. However, the band gaps for the four
doped systems are suitable for visible light absorption. Although it is feasible for P-P
co-doped NaTaO3 to generate H2 and O2, the localized hole state in the gap will work
as a recombination center which is a drawback for P-P co-doping.



Chapter 4

Structure, electronic and optical
properties of (CdSexS1−x)42
nanoclusters

This chapter is based on paper IV.

4.1 Introduction

Nanocrystal quantum dots (QDs) are unique materials, exhibiting size-dependent op-
tical and electronic properties. Size tunable properties make these materials ideal for
many applications, for example, photovoltaic,[82, 83, 84] light-emitting diodes,[85, 86,
87] and biological labeling.[88, 89, 90, 91] Nanocrystals of different sizes are needed to
achieve a range of emitted colours in multiplexing experiments. On the other hand,
small and compact nanoparticles are desired to minimize interactions with biological
systems in vivo imaging.[92] To fully realize the potential of QDs, multiple requirements
should be simultaneously fulfilled for a single system, such as high particle uniformity,
high quantum efficiency, broad absorption spectrum and good color saturation. One
way to try to meet these criteria is to vary the composition of nanocrystals, e.g. to alloy
them in order to tailor their optical properties.

CdSxSe1−x (where 0< x < 1) is an important material for optoelectronics,[93, 94, 95,
96, 97] produced in many structures including bulk films, nanowires, nanobelts, and
nanoparticles. The band gap of these structures varies in a wide range and it can
be tuned in a large frequency interval from visible to near infrared. [98] Both gra-
dient and homogeneous structures of CdSxSe1−x nanoparticles have been fabricated.
[99, 100, 101, 102] They show new properties absent in parent CdSe and CdS systems, in
particular, a nonlinear relationship between the composition and absorption/emission.
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[99] CdSxSe1−x have also been synthesized as core-shell structures, which have different
band edge alignments depending on the morphology of the structures. Special attention
has been paid to type-II QDs, where both conduction band edge and valence band edge
are arranged in a zigzag form. Such an arrangement diminishes the overlap between
hole and electron wave-functions ensuring a better separation of electrons and holes at
the interface between the core and shell regions. This, in turn, helps to reduce the band
edge oscillator strength and significantly increases the lifetime of excited states.[103]
Despite substantial efforts devoted to the characterization of alloyed QDs, a detailed
understanding of how the distributions of alloying elements in different concentrations
influence their structure, electronic and optical properties is still lacking.

Here we employ ab initio molecular dynamics and many body perturbation theory to
study the structure and optical properties of (CdSxSe1−x)42 nanoclusters. These clusters
have a diameter of about 1.8 nm, which is close to the average size of CdSxSe1−x clusters
obtained in experiments [102]. The structure of the nanoclusters was determined by a
simulated annealing procedure. Having obtained a number of structures we studied
how the distribution of S and Se atoms, Se(S) concentration and structural features affect
the band gap.

4.2 Results

4.2.1 Cluster structures

Starting from the five initial structures described above we ran MD simulations at 300
K for 5000 fs for each structure. The five final structures are shown in Fig. 4.1b-f. We
denote these structures as follows: S1 obtained for Cd42Se42, the structure obtained for
Cd42Se32S10 as S2, and so on (see Figure 1b-f for illustration). Although S1 and S5 struc-
tures were obtained for pure CdSe and CdS, and S2-S4 from alloyed initial structures
at this point we treat these clusters as template configurations and take a closer look
at their structural features. The structures are cage-like polyhedra with modified sp3-
bonded Cd-Se/S networks. Four- and six-member rings on the cage are formed by
alternatively connected Cd and Se(S) ions that is in agreement with previously reported
structures of (CdSe)n clusters [104] and also similar to (BN)n nanoclusters[105]. Most
atoms on the surface of the nanoparticles are three coordinated while atoms in its core
are four coordinated as in the bulk. Figure 4.2 shows the distribution of differently co-
ordinated Cd, S+Se sites in the five structures. As can be seen from Fig. 4. 2a, in S1 the
25 Cd and 25 Se atoms have 3 Se and 3 Cd nearest neighbors, respectively. 17 Cd and 17
Se atoms have 4 Se and 4 Cd nearest neighbors, respectively. As Se and S have the same
number of valence electrons, the S5 structure is similar to S1 (Fig. 4.2b). The amount
of three and four coordinated atoms in S5 is only slightly different from that in S1 (Fig.
4.2ab). In the S2 structure, the number of three coordinated Se and S atoms is 25, 15
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Figure 4.1. (a) The initial structure used for the (CdSxSe1−x)42 nanoclusters. All
five initial clusters have the same size and shape. (b) Structure S1 is the final structure
obtained for Cd42Se42 nanocluster; (c) Structure S2 is obtained for Cd42Se32S10; (d)
Structure S3 is obtained for Cd42Se22S20, (e) Structure S4 is obtained for Cd42Se10S32,
and (f) Structure S5 is obtained for Cd42S42. Cd is denoted as large magenta balls, Se
and S are denoted as small green balls and small yellow balls.

Se+S sites are four coordinated (Fig. 4.2c). 23 Cd and 7 Cd atoms have respectively 3
and 4 Se(S) atoms as their first neighbors. Different from S1 and S5, the S2 structure has
also two coordinated atoms, both Se+S and Cd (Fig. 4.2c).

Analyzing the S3 structure we notice one remarkable difference of this structure from
the others, namely, that it has the smallest number of four coordinated atoms: 12 for
both Cd and Se+S. At the same time, it has the largest number of atoms (30 for Cd,
29 for S+Se) with three neighbors indicating that more atoms are situated at the sur-
face of S3 compared to the other structures. Additionally, it has one two-coordinated
Se+S site. In comparison to other structures, S3 appears to be more loosely packed,
which might be due to the different atomic radii of Se and S (note that to obtain S3 the
Cd42Se22S20 composition was used). The S4 structure has 25 and 27 three coordinated
Se+S and Cd sites, respectively, plus 15 Se+S and 13 Cd sites with four nearest neigh-
bors (Fig. 4.2e). Next to two-coordinated Cd and Se(S) atoms, S4 also has one Cd atom
with the only Se(S) neighbour (Fig. 4.2e). Such strongly under coordinated atoms with
dangling bonds are highly reactive and can be easily passivated in solutions. To show
how structural features can influence the electronic structure of the clusters we plot-
ted the densities of states (DOS) for different structures using one composition, namely,
(CdSe)42. In Fig. 4.3 we compare the obtained spectra with the DOS of bulk CdSe. The
DOSs of the nanoclusters have discrete energy peaks. HOMO and LUMO levels are due
to the 4p states of Se and 5s states of Cd, respectively. The gap is the smallest for S4,
which has dangling bonds on two coordinated and one coordinated atoms, which also
results in higher energy for this structure compared to the others (see Fig. 4.4).

Next to it, the energy difference between the HOMO and HOMO-1 levels is much larger
for S4 as compared to that of other clusters. The S3 and S1 nanoclusters have almost the
same gap. However, more electrons fill the states between -0.4 eV to -0.2 eV in S1,
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Figure 4.2. Coordination number of Cd, Se(S) atoms in the five considered nan-
oclusters (a) S1:(CdSe)42; (b) S5: CdS42 in S5; (c) S2: Cd42Se32S10; (d) S3: Cd42Se22S20

and (e) S4: Cd42Se10S32. Notice that for structures S2, S3 and S4 the coordination
numbers for Se and S are summed up together.
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Figure 4.3. Density of states of (CdSe)42 nanoclusters in different structures com-
pared to the DOS of bulk CdSe. Fermi energy is set to zero.

indicating more degenerate states, resulting from atoms on the shell of the cluster. For
the most stable S3 structure fewer electrons occupy the high energy levels in comparison
to those of S1.

Therefore, the above analysis indicates that the presence of low coordinated sites in
clusters, especially one- and two- coordinated atoms, reduces the gap most profoundly.
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Figure 4.4. Total energies of S1-S5 nanoclusters depending on the concentration of
S. For each concentration, we show total energies for these structures with respect to
the lowest energy structure.

4.2.2 Influence of Se/S composition and distribution on the band gap

Even there might exist more cluster structures with low energy, the five structures con-
sidered here should at least correspond to some local minima of the potential energy
surface. The total energies of the S1-S5 structures calculated for all the Se/S concen-
trations considered here using a number of different Se/S configurations are shown in
Fig. 4.4. It appears that S3 clusters have always the lowest energy among the S1-S5
structures. S2 is the second stable structure followed by S1 and S5. Clusters in the S4
structure are least stable for all the concentrations.

Fig. 4.5 presents the band gaps of the studied nanoclusters in S1-S5 structures obtained
with DFT for different S(Se) concentrations. S1 and S5, similar in structure, have almost
the same band gap for the clusters of the same concentration. The band gaps of S1 and
S5 nanoclusters increase as the concentration of S increases. For the structures with one-
or two-coordinated atoms the band gap changes nonlinearly with concentration (Fig.
4.5). In S2, the band gaps for Cd42Se42 and Cd42Se32S10, are smaller than those for the S2
clusters of other concentrations. It is so because the two-coordinated atom is Se for the
first two concentrations and it is S for the last three. The gaps values for the S4 structure
are the smallest of all the structures as it has one- coordinated Cd atom (see also Fig.
4.3).

To perform a more detailed analysis of the effect of the Se/S distribution on the elec-
tronic properties of the Cd42SexS1−x clusters we choose S3 as a model structure. Table I
describes the different distributions of the S and Se species for three Se/S concentrations
in structure S3. Among others we consider core-cage like structure, when Se(S) is either
placed predominantly into the core of the cluster or into its shell. In addition, S3 has two
coordinated atoms where the HOMO or LUMO levels are always located. As the va-
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Table 4.1. The average number of the second nearest neighbors of S (with the cut-
off radius of 5.0 Å) in the alloyed nanoclusters calculated for the S3 structure. For
each concentration we also show total energies for these structures with respect to the
lowest energy structure.

Structure N (S-S) N (S-Se) Energy/eV
Cd42Se32S10

S core, 2-coord. S 3.8 6.1 0.17
S core, 2-coord. Se 4.2 5.8 0.12
Se core, 2-coord. S 1.4 5.3 0
Se core, 2-coord. Se 1.2 5.4 0.14
Cd42Se22S20

radam, 2-coord. S 3.8 3.9 0.09
radam, 2-coord. Se 4.7 3.1 0.05
S core, 2-coord. S 5.4 3.2 0.16
S core, 2-coord. Se 3 4.8 0.09
Se core, 2-coord. S 4.2 2.8 0.01
Se core, 2-coord. Se 3.2 3.4 0.04
ordered, 2-coord. S 1.0 2.1 0.22
ordered, 2-coord. Se 1.2 1.9 0.26
Se, S segregated, 2-coord. S 5.1 1.8 0.17
Se, S segregated, 2-coord. Se 5.3 1.6 0
Cd42Se10S32

S core, 2-coord. S 6.2 4.5 0.03
S core, 2-coord. Se 5.6 6 0.01
Se core, 2-coord. S 4.75 5.8 0.02
Se core, 2-coord. Se 4.75 6 0

lence electrons of S and Se have different energies, the gap will be directly influenced by
the type of the 2-coordinated atom. In Table I the average number of the second nearest
neighbors of S in the alloyed nanoclusters is counted for different Se(S) configurations.
The total energy of the cluster crucially depends on the S/Se distribution. Notice, how-
ever, that energy variations are different for different concentrations. In particular, for
Cd42Se10S32 the considered distributions are almost degenerate in energy (within 0.03
eV), whereas for Cd42Se32S10 the same variety of distributions results in larger energy
differences ( up to 0.17 eV). In the case of Cd42Se22S20 we observe even a greater spread
of energies (from 0.01 to 0.26 eV).

The Cd-S bond length for S at the two-coordinated sites (2.38 Å) is shorter than the Cd-
Se distance (2.50 Å) for Se at the same site. The Cd-S bond appears to be more covalent-
like compared to the character of the Cd-Se bond. The Cd-S(Se) bond length increases
with increasing coordination up to 2.62 Å(Cd-S) and 2.73 Å(Cd-Se) for four- coordinated
atoms. The bond lengths show rather strong dependence on site coordination but weak
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Figure 4.6. The band gaps of all the nanoclusters in S3 structure with S or Se atom
in the two- coordinated position.

In Fig. 4.6 we plot the gaps for clusters in the S3 structure with different S(Se) distribu-
tions and concentrations sorted into two groups according to the type of the atom (Se
or S) in the two- coordinated position. The p-orbital energy of S is higher in energy than
that of Se[106]. As the HOMO level is determined by the states of the atoms with lowest
coordination one could expect the gap to be different depending on the type of under
coordinated atom.

Fig. 4.6 indeed demonstrates that gaps for clusters with Se in the two- coordinated
position are systematically smaller than those for clusters with S at this site. The gap
variation with Se(S) concentration and distribution is within 0.08 eV for both groups
(Fig. 4.6).
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Fig. 4.7 shows how the density of states varies with sulphur concentration. The pre-
sented DOSs are for the nanoclusters in the S3 structure and the Se(S) distribution cor-
responding to the lowest energy configuration (Table 4.1). The DOS of (CdS)42 and
(CdSe)42 has similar shape. The separation between HOMO and HOMO-1 is nearly
the same. The difference in the band gaps for these two cases comes from the differ-
ent Cd-Se(S) bond lengths and different type of under coordinated atoms. In alloyed
nanoclusters the HOMO-1 energy level shifts to lower energies as the S concentration
increases, whereas the HOMO level is unaffected by concentration. We notice that in
the colloid solutions, often used to grow CdSe(S) cluster, the dangling bonds are always
passivated by ligands, therefore, the HOMO levels predicated from bared nanoclusters
might not be observed in experiment.
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Figure 4.7. Density of states of (a) (CdSe)42 and (CdS)42, and (b) Cd42Se32S10,
Cd42Se22S20 and Cd42Se10S32. All the nanoclusters are in the S3 structure. The Fermi
levels of all clusters are shifted to zero.

4.2.3 Electronic wavefunction and optical properties

Here we select the Cd42Se22S20 (S,Se segregated, 2-coord. Se) nanocluster, which has
lowest energy among all the structures of Cd42Se22S20, in order to illustrate how the
electron wave function is distributed within the cluster. Notice that in this structure
Se and S are totally segregated (Fig. 4.8). The wave function of HOMO-1, HOMO,
LUMO, and LUMO+1 states of Cd42Se22S20 (S,Se segregated, 2-coord. Se) are shown in
Fig.8. The HOMO level is located at the two- coordinated Se atom and neighboring S/Se
atoms confined in the Se segregated part. HOMO-1 is located on the opposite side of
the cluster with respect to HOMO and at the interface between the S and Se segregated
parts. LUMO is spreading nearly over all surface Cd atoms and three coordinated S/Se
atoms. The LUMO-1, similar to LUMO, is quite spread being slightly more localized on
some atoms.



4.2. RESULTS 47

Figure 4.8. The wavefunction distribution of (a) HOMO-1, (b) HOMO, (c) LUMO,
and (d) LUMO-1 states of Cd42Se22S20 (S,Se segregated, 2-coord. Se) nanocluster. The
HOMO level is located at two coordinated S and its nearby S/Se atoms.

When calculate the optical properties, using 3D supercell approach to model QD will
introduce arbitrary volume effect on the dielectric function calculations. In order to
make direct comparison with experiment measurement and eliminate the ambiguity,
we calculate the imaginary part of optical polarizability per unit volume alfa (in units
of Å3), α = Im{Ω(ε−1)/4π}, ε is the calculated dielectric function, Ω is the volume of the
simulated supercell. To get the measured value of α, one should multiply this quantity
with the density of the QDs per unit volume.

The calculated optical absorption spectra with and without electron-hole interaction
are shown in Fig. 4.9. There is a striking difference between the optical polarizability
calculated including electron and hole interaction and without it. The first absorption
peak located at 2.63 eV in the BSE absorption spectrum of (CdSe)42 comes from the first
bright exciton (E11), which is mainly due to the transitions from HOMO-1 and HOMO-2
to LUMO states. For (CdS)42 the main contribution to the bright exciton is the transition
from HOMO-2 to LUMO and LUMO+1, with the optical excitation energy of 3.13 eV.
The binding energy of this bright exciton is 1.58 eV for (CdSe)42 and 1.87 eV for (CdS)42.

Dark excitons (with the oscillator strength less than 2% of the main absorption peak) are
observed in both cases. The energy of the lowest bound dark exciton (K) is located at
2.62 eV and 3.13 eV with the binding energy of 1.53 and 1.38 eV for (CdSe)42 and (CdS)42,
respectively. This means that the electron and hole coupling is stronger in (CdS)42 than
in (CdSe)42. The dark exciton was also observed in experiment and it is mainly made
up of the transitions from HOMO to LUMO. Thermolization of excitons to the ground
dark exciton state plays an important role for the long lived emission and luminescence



48
CHAPTER 4. STRUCTURE, ELECTRONIC AND OPTICAL PROPERTIES OF

(CDSEXS1−X)42 NANOCLUSTERS

Figure 4.9. The optical absorption polarisability α (a) (CdSe)42 and (CdS)42, (b)
Cd42Se32S10, Cd42Se22S20 and Cd42Se10S32. All these clusters have the lowest energies
at their concentrations.

Stokes shift[107, 108].

Our calculated binding energies of the excitons in CdSe nanocluster are slightly larger
than the measured value around 1 eV[109]. Exciton in these nanoclusters is stronger
bound than in the bulk as the binding energies of excitons in bulk CdSe and CdS are
only about 20-50 meV. This clearly illustrates that the strong electron and hole coupling
in the nanoclusters arising from the quantum confinement and reduced screening in
nanostructures. For CdSe and CdS nanoclusters the binding energies of the first bright
exciton are larger by 0.2 eV and 0.34 eV, respectively, than those of the ground state dark
exciton. It is comprehensible as more degenerate states contribute to the first bright
exciton than to the dark one.

For the alloyed nanocluster, the absorption edges are shifted to higher energies when
the S concentration increases. All of the three clusters display dark exciton states (K)
before the first bright exciton (E11). Three low lying dark excitons appear in the absorp-
tion spectrum of Cd42Se10S32. The binding energies of ground state dark excitons are
1.54 eV, 1.39 eV, and 1.35 eV for Cd42Se32S10, Cd42Se22S20, and Cd42Se10S32, respectively.
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Figure 4.10. The exciton wave function distribution of the first bright exciton. The
hole position is fixed at the surface S atom (a) and at two coordinated Se atom (b)
denoted as large blue ball.

The binding energy of the first dark exciton tends to decrease with increasing S concen-
tration. However, the binding energy of the first bright exciton increases with S con-
centration: 1.60 eV, 1.67 eV and 1.73 eV for Cd42Se32S10, Cd42Se22S20 and Cd42Se10S32, re-
spectively). Therefore, the energy difference between the first bright exciton and ground
state dark exciton increases, which is important for the exciton decay rate of nanoclus-
ters [110]. As the first dark exciton mainly consists of the transition from HOMO to
LUMO, the decrease of the binding energy indicates the weakening of electron-hole
coupling related to these interband transitions. This can be attributed to the alloying
effects.

In order to illustrate how the electron-hole are coupled and how the exciton states
spread over the cluster, the electron-hole amplitude in real space can be determined



50
CHAPTER 4. STRUCTURE, ELECTRONIC AND OPTICAL PROPERTIES OF

(CDSEXS1−X)42 NANOCLUSTERS

by expanding in the quasiparticle basis:

ΨS(re, rh) =
∑
kvc

ASvckψck(re)ψvk(rh). (4.1)

The corresponding exciton states can be visualized in real space in terms of the electron
amplitude square with the hole position fixed. Fig. 4.10 shows the first bright exciton
state of Cd42Se22S20 (S,Se segregated, 2-coord. Se) with the hole position fixed at a S
atom on the shell and a two coordinated Se atom. The electron orbitals are distributed
all over the cluster as the exciton originates from a combination of several interband
transitions.



Chapter 5

Optical properties of TiO2 high pressure
polymorphs

This chapter is based on the results of Paper V

5.1 Introduction

Rutile and anatase are the most abundant forms of titanium dioxide (TiO2), which are
mainly used as the antireflection coatings for solar cells and the photoelectrodes for
photochemical energy conversion processes [60].The photoelectrochemical (PEC) cell
consists of anode (TiO2 single crystal) and cathode (Pt) electrodes can be used for water
splitting under irradiation of light. Both optical and catalytical functionality are re-
quired for the PEC cells to obtain maximal absorption of solar energy. The TiO2 nanos-
tructure has attracted great attention since the prominent discovery made by B. O’Regan
who demonstrated that the photovoltaic cell with sintered anatase TiO2 nanoparticles
exhibits a commercially realistic energy-conversion efficiency [111]. The reasons for the
continuous interest in TiO2 for energy conversion are that titanium dioxide is chemically
inert and has outstanding corrosion resistance to aqueous solutions and the position of
its conduction band near the threshold of hydrogen formation [58, 111]. Nonetheless, an
important drawback for its application as photoelectrode is related to the limited ability
for light absorption due to a relative large band gap value [60, 112].

TiO2 will absorb only in the ultraviolet part of the solar emission spectra, thus imposing
low conversion efficiency. A number of attempts have been made to narrow the band
gap of TiO2. Many tentatives were focusing on doping of TiO2 with cation or anion
atoms. The incorporation of vanadium in anatase TiO2 can shift the absorption edge to
longer wavelength [113]. Nitrogen-doped TiO(2−x)Nx films have also been proven to be
important for band-gap narrowing [69]. The passivated co-doping approach, doping
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with both equally charged cation and anion, can enhance the photoelectrochemical ac-
tivity [70]. Recently Yin et al. [70] showed in their paper that the TiO2 band gap can be
reduced to a greater extent when co-doped with nitrogen and nitrogen or carbon and
sulphur, due to the introduced double-hole-mediated coupling. However, presence of
trapping states in both cation- and anion-doped TiO2 systems strongly enhances the
recombination processes and may reduce the photocatalytic activity.[114].

Figure 5.1. Crystal structure of TiO2 polymorph (a) anatase, (b) fluorite, (c) pyrite,
(d) cotunnite. The oxygen atom is denoted by red sphere and Ti atom is denoted by
grey sphere.

The discovery of a new titania polymorph (cotunnite) [115] encourages us to seek the
possibility to synthesize new high-pressure TiO2 forms with possibly smaller band gaps
and to quench them for practical applications. Titanium dioxide (TiO2) exists in a large
number of polymorphs, including the abundant tetragonal rutile and anatase struc-
ture and orthorhombic brookite phases [116] and the high-pressure forms such as or-
thorhombic columbite [117], monoclinic baddeleyite [118] and orthorhombic cotunnite
[115]. The cotunnite-structured titanium dioxide is regarded as the hardest oxide [115]
and may have a hardness approaching that of diamond [117, 119]. According to some
theoretical work, the calculated band gap of cotunnite is around 1.2 eV [120], which
shows a potential application for photocatalyst. Furthermore, it is proposed that there
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is a possibility for TiO2 to convert to cubic fluorite structure at high pressure. In this
structure, the titanium atoms have eight-coordinated oxygen and each oxygen is also
tetrahedrally surrounded by titanium atoms. Pyrite is a distorted structure of fluorite,
where the positions of oxygen atoms are different. The oxygen atoms are located at
±(0.25,0.25,0.25), while in pyrite they are situated at ±(0.34,0.34,0.34). Mattessini et al
[121] have conducted some theoretical calculations on fluorite and pyrite tantinia and
pointed out that they could be good candidates for visible light photocatalysis (Fig. 5.1).

Since the accurate description of spectral features with complex origin, such as excitonic
features and strong correlation effects are not properly described by DFT we have in this
chapter investigated the electronic and optical properties of anatase, pyrite, fluorite, and
cotunnite with three different theoretical methods, DFT, hybrid functional (HSE), G0W0

and BSE.

5.2 Results

We have studied the four phases of TiO2: anastase, fluorite, pyrite and cotunnite. The
energy-volume curves are shown in Figure 5.2. The bulk modulus has been calculated
by fitting to Birch-Murnaghan equation of state[122]. The bulk modulus of anatase cal-
culated in PBE approximation is 172 GPa, which is very close to 173GPa calculated
from PW91 methods[123] and is in good agreement with the experimental value of 178
GPa [115] LDA slightly overestimates the value (187 GPa)(Table 4.1). For fluorite, the
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Figure 5.2. The E-V curve of different phases.
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calculated bulk modulus, 248 GPa, in PBE is nearly the same as that reported in ref.
[124] (246 GPa), whereas the value given by LDA (282-287 GPa)[125, 126] and LCAO-
HF (331 GPa)[116] overestimate the bulk modulus compared to the experimental data
(202 GPa)[127]. Our calculated bulk modulus of pyrite is 240 GPa which is in good
agreement with previous study by PBE (239 GPa)[124] and is smaller than the value
got from HF (318 GPa)[116]. The bulk modulus of cotunnite is predicted from the pres-
surized structure. Compared to experimental data (431 GPa)[115], the theoretical value
(497 GPa) is slightly larger. The calculated bulk modulus of high pressure phases are
systematically larger than the experimental value. It is overestimated by more than 20
% for fluorite and by about 15% for cotunnite.

Table 5.1. The calculated bulk modulus of different phases of TiO2.

Method Anatase Fluorite Pyrite Cotunnite (60GPa)
PBE (this work) 172 248 240 490
PBE (Ref.[124]) 246 239
PW91(Ref.[123]) 173
LDA 187 1 282-287 2

LCAO-HF(Ref. 10) 202±10 331±10 318±10
Exp. 178±1 3 202±5 4 431±10 5

In Fig. 5.3, we show the band structure of the investigated TiO2 polymorphs computed
by different methods. There is a clear change of the band gap when different methods
are applied. Because of DFT underestimation of the band gap, the difference between
HSE and DFT methods is significant.

For anatase, the measured band gap is 3.2eV. Our DFT calculation gives 1.95 eV, similar
to previous study (2.05 eV) [120]. However, the band gap calculated by HSE is 3.56 eV
which is slightly larger than experimental value, while G0W0 methods yields a much
larger value, 3.81 eV. Our results are similar to previous G0W0 results (3.83 eV and 3.79
eV) performed by Letizia et al [129] and Lukas et al [130] (Table 5.2). We can conclude
that the band gap calculated by HSE is reasonable since it approaches experimental
values. The band gap from the G0W0-method seems to be overestimated compared
to experimental values. The overestimation of the band gaps of semiconductors has
previously been shown by Reference [130].

As can be seen from the band structure plot, the band structure of fluorite has an indirect

1Reference[128]
2References[125, 126]
3Reference[115]
4Reference[127]
5Reference[115]
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(a)

(b)

(c)

Figure 5.3. The band strucuture (a) fluorite, (b) pyrite, (c) cotunnite with GGA-PBE.
Fermi level has been set to zero.
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band gap. The gap between the highest occupied state (at symmetry point X) and the
lowest unoccupied state (at symmetry point Γ) is 1.05 eV. The direct band gap at the
symmetry point X is 1.75 eV. The band gap value of fluorite computed by GGA-PBE is
quite similar to the calculated value (indirect 1.04 eV and direct 1.79 eV) by Mattesini
with full potential methods [121]. The band gap calculated by the hybrid functional
method (HSE) is 1.72 eV and 2.19 eV by G0W0, which is comparable to the previous
calculations [131]. Fluorite is good for visible light photocatalysis, since the band gap
value is suitable to absorb visible light.

The indirect band gap of pyrite calculated by GGA-PBE is 1.37 eV (Γ→ R) and the direct
band gap is 1.65 eV at Γ. These values are slightly smaller than 1.44eV (indirect) and
1.81 eV (direct) calculated by full potential methods [121]. The calculated band gap by
HSE and G0W0 are 2.34 eV and 2.45 eV, respectively. The band gap of pyrite is slightly
larger than that of fluorite. However it is still suitable to harvest visible light. So pyrite
is also a good candidate for visible light photocatalysis.

For cotunnite, we performed our calculation at 60 GPa and the direct band gap at the
Γ-point is 1.65 eV calculated by GGA-PBE. The value of the band gap calculated by HSE
and G0W0 methods are 2.64 eV and 2.67 eV, respectively. The band gap of cotunnite is
larger than those for fluorite and pyrite, but smaller than the gap for anatase, which
is slightly too large for visible light absorption but suitable for absorbing light in the
UV-range.

Table 5.2. The calculated band gap of different phases of TiO2.

Anatase Fluorite Pyrite Contunnite (60 GPa)
PBE (this work) 1.95 1.05 1.37 1.65

LDA(Ref.[120], [121]) 2.05 1.04 1.44 1.65
HSE 3.56 1.72 2.34 2.64

G0W0 3.81 2.19 2.45 2.67
G0W0 3.83 6, 3.79 7 2.36

Exp. (Ref.[132]) 3.2

The imaginary part of the dielectric function of all phases have been calculated. Fig.
5.4(a) shows the imaginary part of the dielectric function of anatase. The polarization
perpendicular and parallel to the tetragonal axis c are calculated. The results obtained
by PBE are far away from experimental results. Neither the absorption edges nor the
overall shape of the spectrum are similar to experimental data in any direction. There-
fore the oscillator strength is not correct. HSE may give an improved prediction of the
band gap of semiconductors compared to PBE. However the overall shape of the spec-

6Reference [129]
7Reference [130]
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Figure 5.4. The imaginary part of the dielectric function of (a) anatase, (b) fluorite,
(c) pyrite, (d) cotunnite with different calculation methods.

trum is similar to PBE, meaning that the oscillator strength is still incorrect, with the
absorption edge shifted to too high energies.

The red curves in Fig. 5.4 (a) are our BSE results. As can be seen from the figure, the
optical spectrum calculated by the BSE method is very similar to experiment. This in-
dicates that the absorption edges and electronic transitions are accurately described by
BSE methods. The first absorption peak of the spectrum in the direction perpendicular
to the c axis has the same absorption energy as the one measured in experiment. The
calculated oscillator strength of the main absorption peak is described correctly. The
first two peaks in the in-plan xy direction are slightly overestimated. In the z direction,
we achieve a very good description of the intensity of the initial peak, but with some
underestimation of the higher energy absorption.

Comforted by the good agreement with experiment which we achieved for the anatase
phase, we performed the BSE calculation for the high pressure phases of TiO2. Fig.
5.4 (b) displays the dielectric function of the fluorite phase. As can be seen from the
figure, BSE gives a very different description of absorption edge and overall shape of
the absorption spectrum with respect to RPA-LDA and GW. The result of RPA-LDA has
a shoulder located at about 2.5 eV. The first main absorption peak is around 2.9 eV. The
second absorption peak is located around 3.6 eV. GW results can be viewed as an energy
shift of RPA-LDA results with all peaks shifted to higher energies.
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Compared with RPA-LDA and GW results, the BSE results show that the shoulder is
at 3.27 eV which is mainly due to the transition from VBM, VBM-1, and VBM-2 state
to CBM and CBM +1 state at Γ. The first absorption peak comes at 3.45 eV and the
transition for this peak comes from VBM and VBM-1 to CBM and CBM+1. The second
absorption peak has a slightly larger intensity at 3.72 eV. The main transition for this
peak is from VBM to CBM.

The spatial localization distribution of the first bright exciton is described by the elec-
tron distribution probability at the fixed hole position. The transition plotted in Figure
5.5 (a) is from the O 2p states to Ti 3d states. The optically bright transition involves the
states of the nearest-neighbor Ti atoms. The transition has no anisotropic distribution
as the cubic structure of fluorite. The distribution of the exciton in space gives us in-
formation on the electron and hole coupling in each system. To induce a photocurrent,
the coupling (binding energy) needs to be weak in order for the photoelectrons to move
freely in the system.

Figure 5.5. The spatial distribution of the first bright exciton (a) Fluorite, (b) Pyrite,
(c) Cotunnite with E‖a, and (d) Cotunnite with E‖c. The hole is denoted as large blue
ball.

The calculated results of the pyrite phase are shown in Fig. 5.4 (c). The RPA-LDA results
shows that a broad absorption spectra starts from 2.5 eV. The first absorption peak of
the spectra is around 3.3 eV followed by the second intense peak with the absorption
energy of 3.8 eV. The spectrum calculated by GW has the same shape as the RPA-LDA
results but with shifted peaks. However, our calculated BSE spectral function is differ-
ent from the one calculated by RPA-LDA and GW. Neither the shape of the spectra nor
the oscillator strength is similar to RPA-LDA or GW results.

The first absorption peak is located at 3.90 eV which is due to the transitions: VBM-2
to CBM, VBM to CBM+2, and VBM to CBM. Before the first main absorption peak (at
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3.82 eV), there is a shoulder at 3.80 eV coming from the transitions: VBM-2, VBM-1, and
VBM to CBM+3 at Γ point. The second intense absorption peak is located at 4.12 eV is
mainly due to the transitions: VBM-1 and VBM-2 to CBM+2. The spatial distribution
of the first bright exciton for pyrite shown in Fig. 5.5 (b) has similar distribution as
in fluorite phase. The first bright exciton transition is also from the O 2p states to the
nearest-neighbour Ti 3d states. However, the excitonic Bohr radius is 11 Å, which is
slightly larger than that of fluorite (9.6 Å).

The optical properties of the cotunnite phase are anisotropic. Therefore, the optical spec-
tra are resolved in three principal directions E‖a, E‖b, E‖c which indicate the electric
field vector polarized along the crystallographic axis a, b and c. However, our calcu-
lation shows that the absorption behavior along the crystallographic axes a and b are
similar at RPA level. Thus, for our BSE calculations for cotunnite phase is only consid-
ered the electric field vector polarized along a axis and c axis are considered. Both the
RPA-LDA and BSE results of absorption along axis a have several shoulders before the
maximum absorption peak.

The shoulder predicted by BSE is located at a slightly larger energy than that of RPA-
LDA results (Figure 5.4 (d)). The shoulders are located at 3.82 eV, 4.15 eV, 4.45 eV, and
5.11 eV as given by BSE. The first shoulder comes from transitions: VBM, VBM-1 and
VBM-2 to CBM. The second shoulder is due to the transitions: VBM and VBM-1 to CBM.
While the third shoulder is due to the transition from VBM to CBM at U point. The first
main absorption peak is at 5.59 eV. The shape of the spectra given by RPA-LDA and BSE
in both directions are different, as the first absorption peak in direction E‖c is at 4.04 eV
given by BSE methods and the transition is from VBM to CBM at Z point. The second
absorption peak comes at 4.82 eV which is main contributed by the transition of VBM-2
to CBM at Γ to S direction. Then the main absorption peak is at 5.38 eV.

As can be seen from Fig. 5.5 (c) and (d), the first bright exciton wavefunction distribu-
tion is plotted with the hole position fixed. Fig. 5.5 (c) corresponds to the excitation with
the electric field polarized along axis c and Fig. 5.5 (d) is the excitation induced by E‖a.

The exciton distribution in cotunnite is quite different from that of fluorite and pyrite, as
the anisotropic optical properties of cotunnite phase is clearly shown in the Fig. 5.5 (c)
and (d). The optical transition of the bright absorption with E‖c is mainly the transition
from O 2p to Ti 3d states with electrons from O site excited to the nearest Ti atoms along
a axis. While, the distribution of the exciton with E‖a is from electrons at O site excited
to the next nearest Ti atoms along a axis. This may have an impact on the efficiency of
cotunnite phase as a photoelectrode. Most likely, the photo conduction will be strongly
texture dependent in this material.



Chapter 6

Kinetics of water adsorption on
TiO2(110)

This chapter is based on paper VI

6.1 Introduction

The structure adopted by water layers on solid surfaces is the result of the balance be-
tween water-water and water-surface interactions. As most surfaces in nature are ox-
idized, the interaction of water with oxide surfaces is one of the most basic processes
in surface science. How oxides wet has significant implications to materials science,
(photo-)catalysis, fuel cells, corrosion and environmental remediation[133, 134]. How-
ever, reaching a molecular level understanding of the structure of water layers on oxide
surfaces is an extremely challenging task and hence heavily debated. An example hereof
is the possibility of dissociation into adsorbed H and OH. Hydroxyls can be generated
by point defects, step edges as well as on perfect areas[135, 136, 137, 138, 139]. The
joint effect of molecular water adsorption and different channels for hydroxyl forma-
tion sets the scene for the composition and structure of the first water layer, which in
turn templates the growth of additional water layers [140, 141, 142].

Rutile TiO2(110) has for many years served as a prototype oxide surface[135, 136, 143].
TiO2 is a very important material widely used in the fields of photocatalysis (water pu-
rification and water splitting), solar fuel cells and self-cleaning coatings[58, 60, 135, 136,
143, 144, 145]. The rutile TiO2(110) surface is composed of alternating five-fold coor-
dinated Ti ions and two-fold coordinated bridging oxygen ions. It is well established
that on the TiO2(110) surface, water dissociates at defect sites where bridging oxygen
atoms are missing[135, 145, 146]. It has also been shown that sites on the 〈11̄1〉 step
edges dissociate water[137]. Dissociation on stoichiometric TiO2(110) has been a much
more controversial topic[147, 148]. However, the most recent experimental and theoret-

60
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ical efforts are consistent in that the first water layer on a defect-free surface is partially
dissociated [149, 150, 151, 152, 153, 154, 155, 156].

X-ray photoelectron spectroscopy (XPS) is a powerful tool to disclose the chemical state
of adsorbed water as it can distinguish between H2O and OH by virtue of a significant
shift of the O 1s level (about 2 eV). In particular, XPS studies of water on MgO and
Fe3O4 undertaken at elevated pressures have provided an insight into the process of ox-
ide hydroxylation[141, 142]. At low water pressure (≤ 10−4 − 10−5 Torr) basically only
water adsorbed dissociatively on defect sites was observed. The onset of hydroxylation
sets in between 10−4 and 10−2 Torr and coincided with the presence of molecular water
species on the surface. Our XPS studies of wetting of TiO2(110) in conjunction with DFT
calculations and Monte Carlo simulations have allowed us to propose a mechanism
for the OH and H2O speciation, which is found to vary with coverage[152]. Accord-
ing to this model, the experimentally observed continuous shift of the D2O-OH balance
towards molecular water at increasing coverage can be rationalized in terms of initial
formation of stable hydroxyl pairs, a repulsive interaction between these pairs and at-
tractive interaction with respect to water molecules. Although the developed model
seems to adequately describe main experimentally observed features of the growth pro-
cess it does not take into account the kinetic effects and therefore can be limited to low
temperatures.

The kinetic effects might be indeed important at increased temperatures, varying depo-
sition rates and water pressure. For example, a clear difference in molecular structures
formed on TiO2(110) at different temperatures has been observed[157]. To check how
significant temperature could influence the formation of the first water monolayer (ML)
on TiO2(110) we used XPS to obtain the surface-sensitive O 1s photoelectron spectra
(see next section for experimental details). The ratios between intact and dissociated
water molecules obtained for four temperatures are shown in Fig. 6.1. The temperature
dependence of the D2O/OD ratio is apparent for the whole coverage range. As tem-
perature decreases more molecules stay intact. Notice that the curves for 210 and 240
K practically follow each other as well as the curve obtained for the desorption series
when the sample was heated to gradually reduce the amount of adsorbed water. The
most striking difference in the slopes of the curves is observed at the beginning of the
growth for the coverage up to 0.2-0.25 ML. It is not possible to explain the found dif-
ferences solely based on the model developed in Ref [152]. A more elaborated model
including kinetics of water diffusion, dissociation and adsorption should be developed.

The kinetic Monte Carlo (KMC) method [158, 159] allows simulations of large num-
bers of atoms over long times by only simulating rare events, bypassing the need for
describing vibrational motion explicitly by treating the system as vibrationally equili-
brated each time a rare event takes place. The input to a KMC simulation is the set of all
possible elementary processes (or rare events) with their corresponding rate constants.
The outcome of a KMC simulation is the trajectory of the simulated system evolving
over time according to the provided elementary processes. Spatial correlations and ge-
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ometric effects are explicitly included in the simulations and the resulting trajectories
can capture nonlinear behavior and pattern formation on surfaces over large time and
length scales not easily predicted from knowledge of the elementary processes alone. Ab
initio KMC approaches that rely on computed activation barriers from first-principles
(often DFT) calculations to use with rate expressions from transition state theory (TST)
as input, to propagate the dynamics of atomic systems have been successfully applied
to the study of a large variety of problems in surface science and catalysis [160].

Figure 6.1. Coverage dependence of the D2O/OD ratio obtained in XPS experi-
ments for four temperatures and the heating series, when the sample with full water
monolayer was heated to gradually reduce the amount of adsorbed water. The low
coverage range marked with a rectangle shows the most striking differences in the
composition of the water layer growing at different temperatures.

In this paper we build a KMC model of the water adsorption process on TiO2(110) using
diffusion and dissociation rates estimated based on the results of first principle calcu-
lations and adsorption rates estimated from experiment. We focus on the beginning on
the growth (up to 0.2-0.25 ML) and rationalize the observed temperature dependence
of the D2O to OD ratio (Fig. 6.1).

6.2 Kinetic Monte Carlo method

The KMC method is Monte Carlo method that can be used to simulate the time evolu-
tion of some processes occurring in nature. In this work, the lattice KMC is employed,
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where the geometry of the simulated system are described on a regular grid space[161].

The outline the main KMC algorithm is as follows[162].

First, we start with a set of species at a set of points (lattice sites), and a list of the all
the elementary processes that the system undergoes from one state u to the next state v.
Here the elementary processes are water molecule adsorption, diffusion, dissociation,
and recombination. We denote each process as i with a rate constant ri.

Second, matching the geometry of each lattice site to obtain the availability of each
elementary process, Navail

i,u , which is the number of sites where the elementary process i
is available. We can construct a table to list Navail

i,u . One can obtain the total rate for each
elementary process, Ri,u, with Ri,u = riN

avail
i,u . The total rate constant of all the available

elementary processes is rtot,u =
∑

iRi,u.

Then we construct an array of accumulated rates: racc1,u = 0, and racci,u = racci−1,u + riN
avail
i,u .

Third, by drwainging a random number ρ (0 < ρ ≤ 1), the elementary process j can be
selected for which raccj−1,u < ρrtot,u ≤ raccj,u through a binary search.

Fourth, we pick a site from the list of site available for the chosen process, with each site
being equally likely.

Fifth, the chosen process is performed at the chosen site and the geometry of the process
is updated according to the information the process has.

Sixth, the propagation of time is performed by drawing a random number, ρ′, between
0 and 1, and we determine the time step with ∆t = −ln(ρ′)

rtot,u
and add it to the simulation

time.

Seventh, repeat from step 2 until the maximum number of steps set in the calculation is
reached.

Rates for the KMC simulations were obtained from the conventional TST expression for
simple diffusion and reaction processes at a surface [160],

κ =

(
kBT

h

)
exp

[
−∆E

kBT

]
(6.1)

where κ is the rate constant for a process with energy barrier ∆E.

6.3 Results and discussion

Figure 6.2a shows the D2O/OD ratio as a function of uptake for the 40 × 40 unit cells
KMC model at three different temperatures. The starting configuration for all three
temperatures was the empty defect free Ti(110) surface, and the simulations were halted
after an uptake > 0.2 ML was reached. There is a large effect on the D2O/OD ratio
with temperature. For the high temperature case (represented here by the simulation at
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170K) the ratio quickly reaches 0.4, where after it increases only slowly with coverage
and reaches 0.5 at 0.2 ML. On the other hand, for the low temperature case (represented
here by the simulation at 140K), we see a continuous increase in the D2O/OD ratio with
coverage. The intermediate temperature case (the simulation at 150K) shows features
from both extremes but it is much closer to the high rather than the low temperature
case.
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Figure 6.2. (a): D2O/OD ratio from KMC simulations of water uptake at the 40×40
surface as a function of uptake. The uptake is shown at three different simulation
temperatures, 140K (red line), 150K (grey line) and 170K (black line). Equilibrated
ratios from fixed rate simulations are also indicated. (b): High temperature uptake and
equilibrated ratio shown for the 40 × 40 surface (1600 Ti-sites). The high temperature
uptake ratio is also shown for a larger, 160×160 cells (25600 Ti-sites) surface, to obtain
better statistics.

Figure 6.2b presents the 170K data both for the 40× 40 unit cells KMC model (grey line)
and using a larger, 160 × 160 unit cells model for improving the statistics. The smaller
simulation model follows rather closely the larger model, but it is more noisy due to
the lack of statistics especially at low coverages. This is not surprising noting that 0.01
ML on a 40× 40 surface corresponds to only 16 adsorbed molecules, however the close
resemblance between the results from the small and large surfaces render it likely that
trends are correctly captured also in the small model. Figure 6.2 also has the D2O/OD
ratio from equilibrated simulations where the uptake was kept fixed. The simulations
were started with given number of adsorbed intact water molecules (0.05, 0.1, 0.15 and
0.2 ML) and was run at 170K until a stable equilibrium solution was reached without
allowing further adsorption during the simulation. The D2O/OD ratio for the equili-
brated points represents the lowest energy solution within the given model.
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Figure 6.3. Snapshots at 0.2 ML coverage for the 140K simulation (top) and the
150K simulation (bottom). There is a clear difference in pattern formation at the two
different temperatures. Green dots represent adsorbed water molecules; red dots
represents hydroxyl groups at Ti-top sites; blue dots represents hydroxyl groups at
bridge-O atom; empty Ti-top sites are grey; bridge-O atoms are yellow.

Comparing figure 6.2 to the experimental situation at low coverage shown in figure (6.1)
we see that our model indeed captures the trends in the D2O/OD ratio with coverage
at different temperatures. It is also directly apparent that the KMC model does not give
a correct quantitative picture. In particular, the temperature scale seems to be shifted
and compressed especially at the low temperature side. We know from eqn. (6.1) that
a small change in an energy barrier has a large effect on the corresponding rate. Given
the uncertainties of the DFT barrier estimates and the inevitable shortage of details in
any KMC model it is indeed quite remarkable that the quantitative picture is reason-
ably close to experiment. We will in the following argue that the qualitative picture
obtained from or KMC model correctly captures the important physical effects from the
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experimental reality.

Figure 6.4. Snapshots at 0.2 ML coverage for the 170K simulation (top) and the
equilibrated simulation at fixed 0.2 ML coverage (bottom). The pattern formation for
the two systems are very similar, indicating that the high temperature simulation is
indeed close to the minimum energy situation. Same coloring as in figure 6.3.

There are four main processes in our KMC model: dissociation, recombination, diffu-
sion and adsorption. If these processes could have the same rate at all possible sites,
regardless of physical surrounding, then the balance between water and hydroxyl at
the surface would be determined solely from the balance between the rates of dissocia-
tion, recombination, adsorption and diffusion. Over the temperature range from 97K to
210K including only processes no. 1, 8, 13, 14 and 20 from table 6.1 results in complete
dissociation in the equilibrated simulations. To reach a physically sound picture the
effect of the surroundings on the process rates must be included into the model.

Our DFT calculations show that the barrier for dissociation of a water molecule becomes
significantly higher if the molecule is hydrogen-bonded to a nearby water along the
row in x (from 0.39 to 0.49 eV). Also the recombination barrier for a hydroxyl that has
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a nearest neighbor water is significantly increased (from 0.52 to 0.64 eV). This means
that hydrogen bonding, in particular chain formation along the rows in x, will stabilize
both hydroxyls and waters on the surface, however the effect of stabilization is more
pronounced for hydroxyl. We include processes no. 6, 7, 11 and 12 (see table 6.1) to
capture this effect. Hydrogen bonding also increases the barrier for diffusing away
from the nearest neighbor position of another water or hydroxyl. This effect, which will
lead to a tendency to form and keep chains of molecules along the rows on the surface,
is included with processes no. 15 and 16.

We know from our previous work that there is a substrate mediated repulsion of hy-
droxyl pairs on the surface[152]. We include processes no. 2, 3, 4, 5, 9 and 10 from table
6.1 into the model to take our knowledge about the blocking area for dissociation into
account in the dynamic simulations. It also turns out from our DFT calculations that the
diffusion of an intact water molecule is faster in the vicinity of a hydroxyl than on the
bare surface. We therefore include processes no. 17, 18 and 19 into the model.

We now turn to the analysis of the snapshots of the configurations from the simulations
at different temperatures. Figure 6.3 shows the configuration at 0.2 ML coverage for
the KMC simulations run at 140K and 150K, while figure 6.4 shows the configuration
at 0.2 ML coverage for the 170K simulation and a snapshot from the fully equilibrated
0.2 ML simulation. The trend with temperature is striking. At low temperature water
molecules arrange in chains that are anchored with hydroxyls. At higher temperature
the chains become shorter and at the highest temperature the hydroxyls are spread out
and many of them are stabilized with only one or two neighboring water molecules.
Although the fully equilibrated structure has a slightly lower D2O/OD ratio than the
170K simulation (see figure 6.2b), the pattern formed at the surface is qualitatively very
similar. This is a clear indication that at high temperatures the dynamics is fast and the
structure is close to equilibrated, while at low temperatures the slower dynamics causes
the system to get trapped in a metastable local energy minimum with stabilized chains
of water molecules.

Thus the simulations show that there are two temperature regimes, high-T and low-T.
The high-T regime is close to the equilibrated structure. This can be understood if one
considers the effective barrier for water adsorption (Table 2), which at high T is much
higher than other barriers in the system. It means that molecules at the surface will have
the possibility to get into a low energy structure before the next water molecule arrives
at the surface. In the low-T regime a chain formation sets in that stabilizes both hydroxyl
groups and water molecules at the surface. The diffusion in the x direction for a non-
bonded adsorbed water molecule is still faster than adsorption (lower barrier). The
trapping and subsequent stabilizing effect of hydrogen bonding along the x direction
(on the Ti(5) rows), therefore, play a crucial role in how the D2O/OD ratio develops at
low temperatures.
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Table 6.1. Processes and their barriers used in the KMC simulations.

no. Process Barrier [eV]
Dissociation

1 on the bare surface (no water or hydroxyl neighbors) 0.39a

2 with two hydroxyl neighbors in x 3.50b

3 with one hydroxyl neighbor in x 2.50b

4 with one or two next nearest neighbor hydroxyls in x 2.00b

5 with one or two next next nearest neighbor hydroxyl in x 1.60b

6 with two water neighbors in x 0.49c

7 with one water neighbor in x 0.49a

Recombination
8 on the bare surface (no water or hydroxyl neighbors) 0.52a

9 with two hydroxyl neighbors in x 0.30b

10 with one hydroxyl neighbor in x 0.30b

11 with two water neighbors in x 0.64c

12 with one water neighbor in x 0.64a

Diffusiona

13 along x (Ti-row) 0.29
14 along y (over O-ridge) 0.52
15 along x away from neighboring water 0.37
16 along x away from neighboring hydroxyl 0.38
17 along x towards next nearest neighbor hydroxyl 0.18
18 along x away from nearest neighbor hydroxyl in y 0.13
19 along x towards next nearest neighbor hydroxyl in y 0.18
20 Adsorptiond

at 140K 0.43
at 150K 0.47
at 170K 0.53

a Barrier from DFT calculations.
b Barrier from knowledge about blocking area from ref. [152].
c Using the same number as calculated for one neighbor.
d Constant rate (6.727 × 10−4 Hz) taken from experimental value. Effective barrier calculated using eqn.
(6.1) for different temperatures.
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Table 6.2. Effective barriers at different temperatures calculated from eqn. (??)

T [K] ∆E at 6.727× 10−4 Hz +20% rate −20% rate
100 0.30737 0.30580 0.30930
110 0.33902 0.33729 0.34113
120 0.37074 0.36885 0.37304
130 0.40253 0.40048 0.40503
140 0.43438 0.43218 0.43708
150 0.46630 0.46395 0.46919
160 0.49828 0.49577 0.50136
170 0.53031 0.52764 0.53358
180 0.56239 0.55956 0.56585
190 0.59452 0.59154 0.59817
200 0.62670 0.62355 0.63054
210 0.65891 0.65561 0.66295



Chapter 7

Conclusions and outlook

In this chapter, I will give the conclusions by pointing out some interesting problems
which could be addressed in future as the continuation of some work in this thesis.

First, tuning the band gap of semiconductors by doping is widely studied in literature
by both experiment and theory. It is an effective way to tune the band gap in a host
material. The limitations of this method is that dopants usually introduce localised
states within the band gap. These localised states can work as recombination centres
for the photon excited electrons and holes. This will degrade the efficiency of water
splitting in photocatalysts.

Many studies are conducted in order to avoid this deficiency, for example, decreasing
the ratio of bulk to surface defects and increasing calcination temperature of doped
samples. Both of them can increase the lifetime of photon generated carriers and photo-
catalytic efficiency. Further questions, such as dopants interaction with intrinsic defects
at surface and their relation to photocatalytic efficiency, have already gained some at-
tention but they need to be studied further.

Beside doping, there are many other ways to tune the band gap such as a reduction of
system dimensionality, introduction of strain, and alloying. Band gap value varies as
the material changes. Materials with reduced dimensionality have different band gaps
compared to the corresponding bulk values. They are more reactive to water molecules
due to their large surface to volume ratio and have a good photocatalytic efficiency. For
example, the band gaps of nanoclusters are usually larger than the corresponding bulk
values and increase as the size of the nanoparticle decreases. Although much work
has been done to study the relationship between the structure and the band gap in
nanomaterials, due to the complexity of the system and many factors influencing the
gap, it should be more systematically addressed.

In the second part, we have studied the factors that influence the band gap value of nan-
oclusters. According to our study, the presence of strongly under-coordinated atoms is
the most important factor causing a decrease of the band gap value. However, bare nan-
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oclusters only exist under high vacuum conditions and in realistic environments, their
surface is usually passivated by atoms or molecules. Passivation of surface atoms will
eliminate the localised states and further change the electronic structure of nanoclus-
ters. Questions concerning how passivation will change the structure and electronic
properties of nanoclusters are already under intensive studies. Understanding of how
the arrangement and types of ligands will influence the structure and the band gap of
nanoclusters are also an important issue in nanocluster studies. Moreover, the band
gaps of nanoclusters are strongly size and composition dependent, which adds addi-
tional factors that should be taken into account.

Water adsorption on solid surfaces is both a technologically important and challenging
fundamental problem. Wetting of a surface often involves water dissociation into hy-
droxyl groups, which is important in many processes. In solar energy material, molec-
ular adsorption on the surface of a semiconductor will induce the band bending effects
which are important for carrier transport, water splitting and CO2 oxidation. Therefore,
a detailed understanding how water wets the surface and how it influences the band
bending is of significant importance for applications.
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