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BSTRACT Specification for process oriented applications tends 
to use languages that suffer from infinite, intractable 

or unpredictably irregular state spaces that thwart exhaustive searches by 
verification heuristics. However conceptual schemas based on FOL, offer 
techniques for both integrating and verifying specifications in finite spaces. It is 
therefore of interest to transform process based specifications into conceptual 
schemata.  

Process oriented languages have an additional drawback in that reliable 
inputs to the integration of diverse specifications can result in unreliable 
outputs. This problem can more easily be addressed in a logic representation in 
which static and dynamic properties can be examined separately.  

The first part of the text describes a translation method from the process 
based language SDL, to first order logic. The usefulness of the method for 
industrial application has been demonstrated in an implementation. The method 
devised is sufficiently general for application to other languages with similar 
characteristics. Main contributions consist of: formalising the mapping of state 
transitions to event driven rules in dynamic entity-relationship schemas; 
analysing the complexity of various approaches to decomposing transitions; a 
conceptual representation of the source language that distinguishes meta- and 
object models of the source language and domain respectively. 

The second part of the text formally describes a framework for the 
integration of schemata that allows the exploration of their properties in relation 
to each other and to a set of integration assertions. The main contributions are 
the formal framework; an extension to conflicts between agents in a temporal 
action logic; complexity estimates for various integrational properties; a 
previously unrecognised source of conflict in dynamic integration. 
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1 Introduction 
The formal specification of systems can be approached from various paradigms. In 
the area of telematic services, process based specification is the most common [12]. 
A process based language easily models another common approach to the 
specification of dynamic behaviours: that of agents. The agent metaphor has turned 
out to be most useful for describing complex software artefacts [122], extending the 
range of process based specification far beyond that of tele-informatics1. This gives 
even greater range to the areas to which any improvements in the reliability of 
software specified in a process based formalism can be applied.  

Two of the problem areas addressed by this work concern the difficulties in 
implementing telematic service specifications of disparate nature; and the difficulties 
in verifying system behaviour when specification analysis leads to state space 
explosion.  

The first of these problem areas, that of disparate specifications, arises from the 
fact that specifications are often developed by different people or work units and 
may therefore be expressed in different terms or structures. This naturally increases 
the difficulty of co-ordinating communication between the various schemas and the 
data they use. Decentralised architectures of asynchronous processes that have been 
developed independently therefore create the need to integrate design schemas and 
co-ordinate information. The problem is further exacerbated when different portions 
of telecom systems are developed at different times. Furthermore, changing 
customer requirements, service improvements and technical advances all mean that 
new sub-systems must continuously be integrated with older systems in a way that 
will not lead to conflicts or other undesired effects [94].  

For systems specified with conceptual modelling in the form of entity 
relationship schemata, research is abundant, since the entity relationship model is the 
foundation of current database technology [132]. However little has been done on 
dynamic conflicts especially conflicts due to integration of component schemata. The 
term schema integration is defined by the many techniques and methods used in 

 
1 Tele-informatics is defined as the intersection of electrical engineering, computer science and 

communication. 
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overcoming conceptual differences between systems that need to be combined into a 
working whole [11].  

A second problem area addressed in this work lies in the fact that when, as is 
common, agents are specified in the form of asynchronous processes, analysing their 
behaviour becomes a hard problem. For instance, techniques such as those described 
in [71], allow perhaps 95% of the state space to be analysed. However, with no 
probability distribution available over the state space, states belonging to the 
unexplored 5% may have a high probability of occurring. An approach to reducing 
the state space explosion problem for some special cases is to be found in [69] which 
simplifies extended finite state machines to one minimal finite state machine. 
Another approach applicable to fault tolerant systems where state space explosion is 
particularly troublesome [22] is the of partial ordering of single fault regions [7]. 
Slicing, a technique that originated with programming optimisation [136], has since 
been transferred to reduction of specifications [103, 86]. However, these techniques 
do not facilitate schema merging, which is a necessary stage in schema 
integration [11].  

Exploration of the state space can be tackled in FOL (first order logic). FOL has 
the advantage that by introducing 2nd order analyses, it becomes possible to analyse a 
broader spectrum of conflicts, i.e, using FOL extended with transaction mechanisms 
provides tools for systematically classifying conflicts, including: individual 
inconsistency; protocols for multi-agent behaviour; incongruities when events are 
incompatible; whether certain combinations of initial states are incongruent; whether 
event paths are incompatible, etc [52, 54].  

Current knowledge of techniques and methods in FOL that are immediately 
applicable to the two problem areas outlined above, provides strong motivation for 
wishing to translate process based specifications into a suitable modelling formalism 
in FOL. This is a language that is more fully understood and that lends itself more 
readily to in-depth analyses. At the same time it is attractive from both a conceptual 
and computational viewpoint. When used in conjunction with conceptual modelling, 
FOL provides a sound basis on which specifications written in a process based 
language can be transformed, integrated, and exhaustively verified for the purpose of 
detecting interferences [127].  

By allowing a process based specification to be transformed into a finite 
conceptual schema expressed in FOL, it becomes possible to analyse the entire state 
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space. This approach is therefore particularly suited to applications where safety is 
crucial. The method takes advantage of the fact that analysis of a conceptual schema 
over a determined finite domain results in satisfiability problems in first order 
propositional logic.  

The importance of transforming specifications that are process based into a 
conceptual schema is two-fold: it allows not only the creation of a consistent set of 
specifications using techniques in schema comparison, unification and integration; 
but it also allows exhaustive verification to be carried out. It is the bridging between 
these two forms of specification that constitutes the contribution of the first part of 
this thesis. The work on this presented here, is an improvement and formalisation of 
work on transformations begun and then further developed in [40, 39] respectively, 
and concentrates in particular on mapping the dynamic aspects of translating 
specifications from a process-driven language into a logic based formalism.  

The limited translation scheme of [34] was applied to conflict detection between 
specifications of commonly interacting telematic services in industrial use. The 
success of this application provided the incentive to continue this rewarding line of 
research beyond the limitations of the first translation scheme, which were due to the 
simple nature of the telematic services assigned for translation within the research 
project. For these services the translation scheme was sufficient. Although those 
services were specified in the process based language SDL, the approach can well be 
applied to other formal languages that model process dynamics through state 
transitions of finite automata, such as those in [20, 21].  

An elegant approach to verification of SDL using first order logic is to be found 
in [134]. The schema is represented by sets of formulae, and a resolution theorem 
prover is used to test whether these formulae entail forbidden states. However, the 
representation used there, loses the conceptual characteristics of a specification and 
would not serve to integrate specifications. It is also fraught with inherent short-
comings similar to those identified in chapter 4 on diverging state transition paths 
and variable assignment dependence. The author has since moved on to other more 
wide spread approaches such as embedding SDL in verification language PROMELA 
[135, 73] closely related to work using the SPIN model checker [72] together with 
temporal logic [43].  

Other translation approaches which do not address the problems of verification 
and schema merging are to be found in [59, 88] which transforms SDL to the 
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declarative language Erland that supports distributed systems, and [31] which 
provides a transformational frame work. The approach in this paper differs from 
these by taking the stand point that transformation should serve to preserve both the 
conceptual integrity of the original specification for the purposes of integration, as 
well as to provide a sound basis for both verification and simulation.  

This standpoint, when applied to conceptual schemas expressed in logic, allows 
specifications to be viewed in keeping with the current task at hand, conceptually for 
integration purposes, and logically for verification purposes. This dual approach to 
specification analysis is employed elsewhere too. For example in [62, 138] the 
perspectives of concurrent processes and state automata are linked through event 
analyses in logic and process algebra.  

On the one hand, although Z is one of the strongholds of formal methods [107], 
it has been a weak contender for a target language for the purposes of this 
translation, for although automated theorem provers were being developed even 
before this work began [118], Z had neither specification simulators [139, 138] nor 
established methodologies for schema integration. This proof and simulation 
situation has since improved with prototyping tools permitting simulation after 
provably correct mapping to the functional language Haskel [2]; as well as animation 
in Mathematica [121], the latter also supplemented with some theorem proving 
capabilities. These approaches still leave much work to be done, which favours 
ongoing work with test oracles [60] and other fallible [75] approaches focussed on 
software or type checking. 

On the other hand, temporal logic is a strong contender for the target language. 
However, modal logics are intractable for complexity reasons found in [65] so first 
order logic remains the choice for this work. This is also in agreement with the 
authors of [14], who preferred first order logic modelling dynamics, and who argue 
for this approach in contrast to approaches based on traditional temporal logic.  

1.1 Problem, Aim, Overview 

Entity relationship models are easily represented in first order logic which offers a 
host of verification techniques, but both first order logic and entity relationship 
modelling is less appropriate for specifying process oriented systems, which are 
common, particularly in the communications industry. These are more naturally 
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modelled in procedural process based languages. The latter can be particularly 
difficult to verify when specifications include hierarchical structures, or unexplorable 
state spaces, or separately specified components that must work in concordance. 
Failure by one component can cause an entire system to fail. 

A translation of specifications from a process based language to first order logic 
in a finite domain, would enable separately specified components easily to be 
integrated and enable verification to be carried out both on the individual 
components, and the integrated components. Also semantic enrichment of the 
system becomes possible. However integrating process oriented specifications brings 
with it the focus on system behaviour and dynamics. The way in which integrating 
components represented in first order logic affects dynamics is not well studied. 

This work aims to explore translation to first order logic using entity relationship 
modelling as an intermediate representation, and further to lay a theoretical 
foundation by which to investigate the properties of such specifications with a view 
to non-conflicting integration of dynamics. 

Process
Spec 1

Process
Spec 2

Process
Spec 1

Process
Spec 2

Schema 1

System
Schema

Schema 2

Flatten

Flatten

Translate

Translate

Integrate

Simulation
Static 
    Consistency 
       Checks

       Dynamic 
    Consistency 
Checks

Enrichment

P r o c e d u r a l   A b s t r a c t i o n D e c l a r a t i v e   A b s t r a c t i o n 

 
Fig. 1 An overview of my work 

The process based language used is SDL, since it is an established standard in 
industry. My focus is however, on entity-relationship modelling, integration and 
conflict rather than formal methods. The domain of this thesis is illustrated by the 
various arrows in Fig. 1. The words in italics surrounding the integrated system 
schema are not part of the work presented here, but they are goals shared by many 
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researchers, the attainment of which I hope to contribute with this work. 

 
Contributions include: a general method for translating process language to first 
order logic; a conceptual framework for discussing conflict due to integration; 
complexity analyses of various properties of schemata relevant to translation and 
integration; a temporal view of integrational conflicts, a formalisation of work done 
in [52]. 

1.2 History 

This work has its origins in a pilot project commissioned by Telia Research AB NP, 
previously Swedish Telecom, the aim of which was to detect interferences to tele-
phone services. The study and research completed in 1998, was motivated by the lack 
of suitable tools for integrating and verifying specifications of telematic services, and 
as such this work is solidly based on an industrial problem.  

My part in the project was to specify the translation of specifications from a 
process based to an entity-relation based representation in first order logic. The 
resulting translation specification, was successfully implemented and applied during 
the project. A formalised abridgment of this work constitutes the first half of this 
thesis, more detailed coverage of which can be found in [34]. When I later 
investigated the integration of translated specifications, several possible anomalies 
became apparent. The consequences for schema integration and the formalisation of 
these anomalies became the point of departure for the research presented in most of 
the remaining text. While developing a theoretical description of integrational 
conflicts, I was invited to include some aspects of my work in closely related research 
into agent collaboration using speech act theory [41]. Revised parts of this 
collaboration are incorporated toward the end of this thesis. 

1.3 Organisation of Text 

Chapter 2 outlines the concepts that are used later on providing an intuitive 
introduction to process based specification and the language of conceptual modelling 
along with some formal definitions of the structures in these two languages. The 
definitions provide a basis on which to build the manipulations of the structures 
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necessary to accomplish a transformation. These include some incidental general data 
manipulation functions for handling lists and strings. The chapter also explains pre-
processing of specifications: how the hierarchical and modular structure of a process 
specification can be simplified into a uniform single level and single module structure 
without loss of process identity or communication constraints, see the arrows 
labelled ‘flatten’ in Fig. 1 above. Pre-processing is a precursor to the transformation 
of the static language constructs and constraints which, marginal to the central topic 
of this text, is only briefly described and summarised.  

Chapter 3 introduces specification dynamics and the analytical approach taken 
when decomposing the procedural specification of transitions within processes. The 
decomposition is taken from earlier informal work [40]. However here it is 
augmented, restructured and formalised so as to enable a more detailed examination 
of the properties of the resulting translation scheme. The chapter ends by assembling 
the various functions and mapping components of the previous sections into a 
unified translation function.  

Chapter 4 presents basic generic process specifications of the kind not covered in 
previous work and shows that the augmentation of cases from the source language 
with the inclusion of decision points creates anomalies in the resulting translations. 
The anomalies are in the form of dependencies between variable assignments 
separated by decision points. These anomalies are analysed together with the 
complexity of the translation scheme, and the problems identified.  

Chapter 5 builds on the decomposition of chapter 3, it formalises an alternative 
decomposition that solves the problems of variable dependency discovered in 
chapter 4.  

Chapter 6 investigates complexity characteristics of the alternative decomposition 
of transition paths using the concept of failure when searching for enabled dynamic 
rules. A break even point is located for when one decompositional method becomes 
more efficient than the other. The role in efficiency played by the inference machine, 
which drives events, is discussed and the two decompositional approaches are 
compared.  

Chapter 7 summarises the translation work and how it can and has been applied. 
It also outlines further work and re-introduces a number of basics in conceptual 
modelling in which time is explicitly represented. Also described is the language used 
as a formalism for the rest of the article, followed by a discussion of the dynamics of 
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event rules and combinations thereof. Some of the ideas of non-correspondence and 
conflict from earlier chapters are used together with time to characterise conflict in 
agents systems. 

Part II is devoted to first developing a formal framework based on the properties 
induced by correspondence assertions. This is first done in chapters 8 – 10 in the 
context of a single schema. The way in which correspondence assertions partition the 
state space is demonstrated and then after combining schemata, the effects of 
partitioning on combined schemata shown, first in the static and then in the dynamic 
case.  

Chapter 8 discusses some previous work related to modelling and integration in 
relation to conflicts, as well as reintroducing basic concepts in the formal framework 
to be used in the ensuing chapters. It also generalises assertions for semantic 
integration in relation to previous work and shows that the proposed generalisation 
increases their expressive power. 

Chapter 9 compares some formal properties induced by integration assertions on 
the set of models for schemata under semantic correspondence assertions. Pertitions 
and partitions are defined and compared. Also introduced is the concept of 
characteristic signatures for components of partitions – a concept that is useful in 
later analyses. 

Chapter 10 considers the complexity effects that correspondence assertions have 
on the partitioning of the state space of a schema when the constraints of the 
correspondence assertions are pursued. The number of correspondence assertions in 
relation to the number of models, pertitions and characteristic signatures is explored. 

Chapter 11 includes the dual perspective of how both schemata in a 
correspondence mapping affect each other as well as casting a graph theoretical 
perspective on the their relationship.  

Chapter 12 critically examines the concept of conflict defined in [52], finds it 
deficient and offers an alternative. The possible mappings of models between 
schemata under the constraints of correspondence assertions are explored in the 
context of relational cardinality constraints defined as eluding and enriching. These 
are further developed into a concept of domination, the properties of which are then 
explored. 

Chapter 13 reintroduces a slightly modified concept of the event from chapter 3 
and develops it in a similar way to the exploration of eluding and enriching properties 
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of chapter 12 but in a dynamic context. In this way the formal framework for the 
static properties of schemata is extended into the dynamic realm in a consistent 
manner building on the same basic concepts. The relationships between the static 
and dynamic properties thus created, are mapped and formally tested. 

Chapter 14 applies some of the concepts developed so far in an agent setting and 
includes temporal aspects in determining whether a multi-agent system is in conflict 
when features such as intentions, obligations and commitments are important. Such 
features are represented in the first order action language FAL, which is a first order 
language with extended semantics for handling certain speech acts, and with 
arithmetic for dealing explicitly with discrete time. 

Chapter 15 provides an approach to combining schemata for which domination 
properties from chapter 12 can demonstrated. 

Chapter 16 extends previous work [52] on path correspondence and integrates 
this with the theoretical framework developed this far. The complexity of path 
correspondence is investigated and a possible simpler definition tested and shown to 
reduce one part of the procedure for checking for path correspondence from 
exponential to quadratic in the number of models in a schema. 

Chapter 17 returns to the action logic framework of chapter 14, taking paths into 
account and illustrates how conflict there becomes an issue when agents are 
integrated. The examples demonstrate the independence of static and dynamic 
consistency, and illustrate how spurious events can arise as a result of integration.  

Chapter 18 and 19 summarise and discuss topics for further research. 

1.4 Mnemonics and Concept Ranking 

In the text that follows, the labels of functions and predicates are mnemonic 
abbreviations. In many of the definitions an aid memoir is set in italics to help 
readers associate labels with their function later on.  

Which formal results are important here may not be important in other contexts 
and visa versa. So rather than label them as lemmas, corollaries and theorems, formal 
results are either unmarked or marked with ◊ or ◊◊ to indicate their relative 
importance to the work being presented. These markings, together with one 
continuous numbering sequence for all results should considerably reduce the 
reader’s access time when following cross references, in contrast to a hierarchical 
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labelling scheme. Interpret unmarked theorems as lemmas. A mark ◊ indicates a 
corollary or less central result and ◊◊ indicates a theorem of importance in the 
context of this work. As well as marking theorems, definitions are marked too in an 
attempt to help you focus on what matters as you work through this arduous text. 
Unmarked definitions indicate low reference rate, those marked with ◊ indicate more 
frequent use later, whereas those marked with ◊◊ indicate central concepts, or pivotal 
use in ensuing proofs. 

The proofs are extremely tedious and many may seem unnecessary, considering 
how the theorems often seem to be obvious statements. However, many statements 
that at first appeared to be obviously true, turned out to be false, and only by 
attempting to prove them did their false nature become apparent. I have therefore 
included nearly all proofs to vindicate the proposed theorems. 
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Part I 
 
By translating specifications from a process based language to first order logic in a 
finite domain and using the entity relationship model as an intermediate 
representation, separately specified components can easily be integrated, verifications 
can be carried out both on the individual components and the integrated whole. The 
following chapters 2 – 7, cover various aspects of the translation illustrated by the 
straight and the dashed arrows on the left hand side of Fig. 1 repeated here. 
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2 Preliminaries 
Verifying the correctness of specifications in process oriented languages builds on an 
important class of formal validation methods based on state space exploration. Such 
exploration is not exhaustive and undesirable states with a high probability of 
occurring can therefore be overlooked. Because this is not acceptable in systems with 
high demands on safety, more reliable methods are required. Verification in first 
order logic provides such methods thereby making it worth while pursuing the 
problem in a logic formalism.  

The approach devised here is to model the basic functional components of the 
chosen subset of SDL in an entity-relationship schema. The translation of any SDL 
specification within this subset of the language then becomes a question of extending 
the schema with subtypes together with their relations, according to the SDL 
specification’s use of basic SDL components. The resulting schema is expressed in a 
format of first order logic compatible with Delphi, which is a language for 
conceptual modelling [74]. The whole process has been implemented, as described in 
[34]. 

An essential observation in this context, of the difference between process based 
and logic based models of a system, is apparent during simulation of an execution. In 
the process based model the static properties of the system are contained, and 
thereby concealed, within the internal states of its component processes, whereas in a 
system based on FOL the system’s properties are immediately apparent by 
examination of the formulae. Likewise the dynamic aspects of process based 
specifications display only selected components’ executional status whereas in FOL 
the whole state of the system and every change to that state can be inspected and 
analysed for consistency in its entirety.  

This text improves on the dynamic modelling of transactions presented in [40] in 
which process descriptions did not require decision points in their internal state 
transitions. The possibilities of viewing dynamic change have thereby increased. The 
translation of the decision construct is addressed here too, allowing a more general 
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class of specifications to be tackled providing also a translation scheme with finer 
granularity of so called ‘atomic’ procedural transitions.  

2.1 The Source Language -  
Process Specification in SDL 

This chapter only very briefly introduces the central concepts and structural rules of 
the language SDL which exemplifies process based specification languages. SDL 
stands for Specification and Description Language. The reader unfamiliar with SDL 
is referred to [12]. The work described in this paper is based on a subset of SDL-88 
as defined [28] by Comité Consultatif International Telegraphique et Telephonique, 
now called ITU. The basis for the language is the state machine extended with: 
variables, machine communication, and life cycle management2. The language’s basic 
structural properties are all present in this version. In spite of the later attempt in 
SDL-92 to add object oriented features (more than doubling the number of non-
terminals required), SDL-92’s formal properties remain the same as in ’88, and are 
sufficiently expressive for our purposes.3  

For the purpose of introducing the language, the graphical representation is also 
used in order to facilitate the reader’s understanding of the basic concepts of process 
based languages.  

System specification in SDL consists, in principle, of a number of structured 
blocks that communicate with one another and the environment via channels. Carried 
along these channels in one or both directions are signals belonging to various sorts. 
Sorts correspond to data types. Which signals may be carried by a channel is deter-
mined by a signal list.  

Blocks can describe nested levels of block structures. A block level specification 
describes a set of processes that communicate with each other and with the channels of 
their enclosing block by way of signal routes. Like channels, signal routes can carry 
signals in one or both directions and may be either external, connecting a process to 
a channel at the block boundary; or internal, connecting two processes within the 

 
2  These aspects are explained in 13 pp. 161, 162, 173 respectively. 
3  The reader should be aware that the presentation in this section is simplified for the purpose of emphasizing 

the principles for the transformation. A rigorous treatment and exposition of the restrictions imposed is to 
be found in 34. 
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Fig. 2  A simple route and channel structure 
lock. Fig. 2 shows a simple structure of this kind.  
ocess specifications express the dynamics of the system using descriptions of 
ed state machines. The number of process instances that can exist in the 
 simultaneously is arbitrary and may vary over time. A process may be at rest 
able state, or perform a transition from one state to another. During a transi-
ariable assignments, calculations and activation of other processes can occur. 
tions are initiated from signal queues and terminate in a stable state. Each 
s is associated with a signal queue that receives signals for consecutive 

mption by the process in order to initiate or fire state transitions.  
e static characteristics of a process instance in the source language are the 
ing: 
may own a collection of variables 
possesses its own set of states and exists in exactly one them.  
has a reference to itself, its creator, and the most recent offspring.  
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• it has its own signal queue  
• it has at least one out-going signal route  
 
The dynamic characteristics of a process instance are that it can do the following: 
• come into existence and disappear when its task is over.  
• send at or receive signals of a specific type 
• change from one state to another 
• create other pre-defined process instances of a specific type 
• update internal variables 
• perform operations on internal data 
 
The basic symbols used in the graphical representation of process descriptions are as 
follows. An oval represents a state. A nicked box represents the consumption of a 
signal from the process’ queue. A pointed box sends a signal. Plain boxes contain 
assignments and other operations on data contained by process variables. A diamond 
shape presents a decision point where the course of the transition depends on the 
outcome of a Boolean evaluation. The symbols are connected by a uni-directional arc 
and constitute a directed graph. A sequence of shapes and arcs build a path that 
represents a procedural computation. Paths follow a general downward direction. 
Every such path from one state symbol to the next represents a transition.  

The static characteristics of a signal instance in the source language are the 
following: 

• it may carry a collection of parameters 
• it has a position in exactly one queue.  
• it has a reference to its sender and receiver.  

 
The dynamic characteristics of a signal instance are that it can do the following: 

• come into existence at the command of a process  
• disappear when it has been consumed.  
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Fig. 3 shows a specification of a 
process type expressed with SDL’s 
graphical notation. The name of the 
process type p1 is written in the top 
left hand corner of the graph where 
variables v1 and v2 are also declared 
and typed.  

The first symbol in Fig. 3 is an 
empty oval representing the start 
state of the process. Every process 
has a start state. When an instance 
of a process is created the instance 
automatically moves from the start 
state to the first state, carrying out 
what ever operations are specified 
along the way. In Fig. 3 there are 
no initial operations. The process 
instance now waits in state st1 until 
it receives an input signal of type i1 
or i2, upon which a transition is 
fired. If the input signal is of type i1 
then variable v2 is implicitly (by parameter passing) assigned the value of the 
parameter carried by signal i1. The transition then proceeds to an output symbol 
which sends signal u1 to process 2. If the input signal is of type i2, then signal u4 is 
sent to process 3. The next four symbols are common to both paths. Signal u2 is sent 
to process 3, variable v1 is assigned the value of f(v2) and a decision point is reached. 
If at this point v1 has a value exceeding zero the transition terminates leaving the 
process instance in state st2, otherwise in st3. The process will remain in its new state 
until some other transition is fired.  

st1

st2 st3

i1(v2) i2

u1 to
process 2

u4 to
process 3

u2 to
process 3

v1:=f(v2)

u3(v1) to
process 3

v1>0

true false

dcl v1
dcl v2

process

Typ1
Typ2

p1

 

   Fig. 3 A process specification in SDL 
 

Formal Model of Block Structure in SDL 

The formalisation of the static structure of blocks can be expressed as follows. The 
notation in this and all other definitions will be used throughout the ensuing text 
unless otherwise stated.  
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Definition 1  
SP is the set of possible specifications in the subset of SDL described by the BNF 

syntax in the appendix  

SP ∈ SP is partitioned into the following 4 sets: 
B(SP), DT(SP), SG(SP), PS(SP) and in addition the following sets are defined 
over these four: 
RT(SP), CH(SP), PM(SP) which are defined in more detail below  

b01 ∈ B(SP) is the root block 

B(SP) = {bhi | 0 ≤ h < i and  
for all p, q, r, s it holds for bpq ≠ brs that q ≠ s  
and further, either bhi is the root or  
bxy and bvw exist where and v ≤ h = y and w = i − 1}  
is the set of blocks each declared in SP as 〈block definition〉 

BL(SP) = {bhi | 0 ≤ h < i and no block bxy exists for which x = i}  
is the set of leaf blocks     

The phrase ‘d
SP specificatio
language. The

                   
4  See appendix fo
b 0, 1

b 3, 10b 3, 9b 3, 8b 3, 7b 2, 6b 2, 5

b 1, 4b 1, 3b 1, 2

b 8, 13 b 8, 14b 6, 12b 6, 11   

Fig. 4   Labelling the block hierarchy  
eclared in’ should be taken to mean that there is a labelled object in the 
n represented by a <non-terminal> in the BNF syntax4 of the source 
 partitioning of SP into B(SP) is the set of blocks in a specification. 

17 
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Each block has a unique identity indicated by the second index. These blocks form a 
hierarchical tree structure according to the application of the mother function 
defined below. Identity indexing is contiguous and runs sequentially from the root 
down through the tree level by level. A child is contained in its parent. Except for the 
root every block has a parent indicated by equality between the first index of the child 
and the second index of the parent. Any two blocks with the same first index are 
siblings and every set of siblings is indexed contiguously on the second index. Except 
for the root every block has a predecessor, the identity index of which is one less 
than its successor. Blocks without child blocks are leaf blocks. This arrangement is 
illustrated in Fig. 4 The location of processes in this structure is as child nodes to leaf 
blocks. The ordering of blocks in the hierarchy is effected through the mother 
function defined next.  

Definition 2  
PS(SP) is the set of ps, where ps is a ProceSs type declared in SP as 〈process definition〉  

M: PS(SP) ∪ B(SP) a  B(SP) is the Mother function such that  
if x ∈ PS(SP) then M(x) = bgh ∈ BL(SP);  
or if bhi ∈ B(SP) then M( bhi) = bgh ∈ B(SP) − BL(SP),  
for i < 1 and bhi ∈ B(SP), M(bhi) is undefined 

Given x, y ∈ PS(SP) ∪ B(SP), then x is contained in y iff M(x) = y  

ENV is the dummy block that contains bhi for all h and i, and ps ∈ SP(SP) and is 
equivalent to the mother function M    

M is the mother function that yields the parent of a given block or process from a 
specification unless the block is the root of the tree structure of blocks. It extends 
the tree structure of blocks to contain processes such that only leaf blocks may 
contain processes. ENV is the environment for any given process or block. The 
environment for the root block is the environment to the system. M defines a partial 
order over its domain and makes it possible to dispense with indices in the ensuing 
text.  

Variables and Parameters in SDL 

The notation in this and all other definitions will be used throughout the ensuing text 
unless otherwise stated.  

 18 
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Definition 3  
DT(SP) is the set of Data Types declared in SP as a 〈data definition〉 

SG(SP) is the set of SiGnal types declared in SP as a 〈signal definition〉 

PM(SP) = { (i, sg, pm1) | (i, sg, pm1) ∈ I × SG(SP) × DT(SP) ∪ PS(SP), and either 
1) i = 1 or 
2) i > 1 and some (j, sg, pmj) ∈ PM(SP) exists such that j = i -1}  
is the set of ParaMeter types each declared in SP as 〈sort〉     

The phrase ‘declared in’ should be taken to mean that there is a labelled object in the 
SP specification represented by a <non-terminal> in the BNF syntax5 of the source 
language. For example, an element in DT(SP) would be represented in SP with a 
labelled instance of <data definition>. A parameter is a triple. The third element 
gives the range of the parameter over data types and processes. The second element 
gives the domain of the parameter as signal types. The first element indexes the 
parameter’s position within the signal type given in the second element. Parameters 
thereby form a list associated with a signal. The index is necessary over and above 
the combinatorial identities of signal domain and range type (data or process), 
because a signal type may have several parameters with the same type of range. More 
importantly, the passing of parameters via signals to processes is achieved by 
matching the order of a signal’s parameters to the order of the actual variables as 
listed in process’s declarations for incoming signals. The latter are usually displayed 
as input symbols with text. The indices of parameters are contiguous from 1 for each 
signal type.  

The next definition states the notation convention used for the domain and range 
of functions and relations throughout the text and is followed by a definition of 
sequences which is also used extensively.  

Definition 4  
Given a relation R ⊆ A × B, dom(R) = {x|for some y, (x, y) ∈ R} is a subset of A. 
ran(R) = {y|for some x, (x, y) ∈ R} is a subset of B. 

                                           

 

Definition 5 ◊ 
A finite sequence or list of size n ranging over the set Ε denoted nλΕ is a total 
function from I = {1, 2, … , n} to Ε. The domain I of a sequence is called its 

 
5  See appendix for the full BNF syntax of the source language 
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index set. Let nΛΕ denote the set of nλΕ and ΛΕ denote the set of nΛΕ for all n. 

Given λ ∈ nΛΕ then λ(i) = ε is called the ith element in list λ, and ε is said to hold 
position i in λ. If λ is injective then its inverse λ−1 denotes the sequence numbering 
function, such that if ε ∈ Ε, but ε ∉ ran(λ) then λ−1(ε) = 0. For convenience a 
sequence may be written 〈ε1, ε2, … , εn〉.  

A sequence 〈y1, y2, … , ym〉 is a sub-sequence of 〈x1, x2, … , xn〉 iff m < n and for 
some value 0 ≤ v ≤ n−m, yi = xi+v for all 1 ≤ i ≤ m.   

In the remainder of this text Λ and λ will be used to denote lists as defined.  

Definition 6  
PL: SG(SP) a Λ is the parameter list function such that  

given sg ∈ SG(SP) then  
PL(sg) = {λ | for all pm = (i, sg, dp) ∈ PM(SP), λ−1(pm) = i }  

The parameter list of a signal type is defined in terms of the sequential position of 
the parameter in the list corresponding to the index number of the parameter.  

Communication in SDL 

Definition 7  
CH(SP) = {ch | ch = (b1, b2) is a 〈channel definition〉 declared in SP, b1, b2 ∈ B(SP) 

where (b1 = M(b2) or M(b1) = b2 or M(b1) = M(b2))}  

RT(SP) = {rt | rt = (f, t) is a 〈signal route definition〉 in SP and f, t ∈ PS(SP) ∪ 
{ENV} 
where (f = M(t) or M(f) = t or M(f) = M(t)) = ENV}  

SS: CH(SP) ∪ RT(SP) a ℘(SG(SP)), is the Signal Set function such that  
SS(z) = {sg | sg is part of the 〈signal list〉 declared in SP for z} 

Given z = (x, y) ∈ CH(SP) ∪ RT(SP) and sg ∈ ℘(SG(SP)) then  
z carries sg from x to y iff SS(x) = y    

CH(SP) is the set of channels in a specification. Channels can only link blocks that 
have a sibling- or parent/child relationship. RT(SP) is the set of routes in a 
specification. Routes can only link processes within the same enclosing block. The 
signal set function defines the signal types that a route conveys if either of the 
arguments is a process from the process or enclosing block in the first argument to 
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the enclosing block or process respectively in the second argument. Alternatively if 
the arguments of SS are both blocks then it defines the signal types that a channel 
conveys from the block in the first argument to the block in the second argument.  

2.2 Pre-processing  

The pre-processing of the specification described below has been formalised from 
[34] and extended to include specifications with blocks nested to arbitrary depth.  

The prevailing approach to the design of network and communication 
architectures is that of successive refinement from high level specifications [68, 62]. 
This way of working is best supported by hierarchical and modular modelling; one of 
the great strengths of process based languages. However once a specification is 
completed, what was conducive to a sound methodology becomes a hindrance to 
later work on integration or verification. Modularity and hierarchical structure are of 
no interest for the purposes to which the translated specifications will be put, on the 
contrary. Blocks can be eliminated and the processes they contain be assembled in 
one and the same level, as long as the following constraints on communication 
illustrated in Fig. 2, are preserved in translation. The only additional information 
required for this preservation can be provided by extra signal routes.  
1. Channels and routes have directions 
2. A given signal type may travel either or both ways along a given channel or route.  
3. A given signal type may travel along a sequence of interconnected channels or 

routes 
The intuition behind flattening is illustrated by Fig. 2 and Fig. 5. A series of channels 
and routes between source and destination process types are transformed into one 
unified route between source and destination. Paths from source to destination that 
branch are converted into as many unique routes as there are branchings. Bi-
directional channels and routes are treated as two uni-directional routes. The set of 
signals conveyed by the so formed routes is the intersection of the signal sets of 
those routes from which it was composed. A renaming procedure preserves the 
nested structure symbolically in the unique hierarchical sequence of identifiers taken 
from each components original setting. This strategy also allows reversal of the 
procedure. However because the flattening function F is a surjection, any inversion 
using F-1 will not necessarily result in the same original structure but will however 



Chapter 2 

preserve the functionality of the original specification. Flattening, I recently 
discovered, was independently described in the similar context of MSCs, message 
sequence charts, in an update of their semantics [96] but without preservation of the 
labelling structure. Message sequence charts are used in conjunction with SDL [114]. 
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Fig. 5   The flattened structure of Fig. 2 

The next two definitions will be used in Definition 20 on page 39 to identify with 
the function ID, the components in the source language SDL.  

Definition 8  
I is the alphabet used to index and label elements in the specification extended 
with underscore, _. The asterisk indicates the Kleene star operator on this 
alphabet 

Let conc be a function I* × I* × … × I* a I* such that conc(arg1, arg2, … , 
argn) is the concatenation ‘arg1arg2 … argn’ of an arbitrary number of 
arguments   

The following definitions help simplify the hierarchical structure of nested blocks 
and interconnecting channels.  
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Definition 9  
B: B(SP) a ℘(P(SP)) ∪ ℘(B(SP)) is the child function such that  
B(bgh) = {x | M(x) = bgh }    

B is the child function that for a given block yields its set of children. If the input is a 
leaf block these will be processes otherwise blocks according to the mother function 
M defined above. The symbol℘(s) denotes the power set of s.  

Definition 10  
cs: B(SP) × B(SP) a ℘(SG(SP)) is the partial channel signals function such that 

cs(b1, bn) = SS(b1, b2) ∩ SS(b2, b3) ∩ … ∩ SS(bn -1, bn) where 
(bi, bi+1) ∈ CH(SP) for all i ∈ [1, n-1]  

CC(SP) = {(b1, bn, sg) | sg = cs(b1, bn), sg ≠ ∅}    

cs(b1, bn) recursively defines the intersection of the sets of signals for all the 
sequences of interconnecting channels that carry any signal from the block in the 
first argument b1 to bn the block in the second argument. No distinction is made for 
signals passing along different routes from b1 to bn. As long as source and destination 
are the same the intersection of signals in all intermediary channels is included in 
CC(SP).  

This lack of distinction between different routes connecting a pair of processes in 
a given direction means that all communication is supported as before but some 
modularity of the original design may be lost. But as stated above, modularity is not 
an issue here. However does mean that the flattening function below is not a 
bijection and that any attempt at an inverse will not necessarily result in an identical 
structure even though functionality will be preserved.  

Definition 11  
ls: PS(SP) × PS(SP) a ℘(SG(SP)) is the partial lane signals function such that 

ls(p1, pn) = (SS( p1, x) ∩ ss ∩ SS( y, pn)) where 
(p1, x), (y, pn) ∈ RT(SP) and p1 ≠ pn and 
ss = cs(x, y),  
or  
ls(p1, pn) = SS(p1, pn) such that 
(p1, pn) ∈ RT(SP)  

LN(SP) = {(p1, pn, sg) | sg = ls(p1, pn) and sg ≠ ∅ }   
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LN(SP) is the set of lanes in a specification. The word lane is taken merely as a 
generalisation of single or combined routes and channels, and will be dropped after 
‘flattening’ has been carried out in the next section and the term ‘route’ will be 
reinstated. The third element of the triple is the intersection of the sets of signals for 
all the sequences of interconnecting channels preceded by or succeeded by a route, 
so that together they carry signals from the process in the first argument p1 to pn the 
process in the second argument. As long as source and destination are the same the 
intersection of signals in all intermediary channels or routes is included in LN(SP).  

Definition 12 ◊◊ 
FSP is the set of flattened specifications that results from F(SP)  

FSP ∈ FSP is partitioned into the following 4 sets: 
DT(FSP), SG(FSP), PS(FSP), B(FSP) = CH(FSP) = ∅,  
and in addition the following sets defined over the first 3 of these 4: 
RT(FSP), PM(FSP) 

F: SP a FSP is the Flattening function, which is surjective, such that  
DT(SP) = DT(FSP), SG(SP) = SG(FSP),  
PS(SP) = PS(FSP), PM(SP) = PM(FSP), and  
RT(FSP) = LN(SP)   

There is a one to one correspondence between all objects in SP and FSP = F(SP) 
with the exception of B(SP) and CH(SP) which are empty in FSP, and of RT(SP), 
which is transformed using the function LN(SP) defined below. Although all signals 
are present in FSP, they are regrouped into new signal sets suitably associated with 
elements of LN(SP). With this new structure, if x ∈ PS(FSP) then M(x) = Env.  

Preservation of Communication 

This section relates how all information regarding the specification of 
communication between processes in the process specification with block structure 
SP, is preserved in the flattened specification FSP and therefore that the initiation of 
transitions either by external or internal events is also preserved.  

The routes and channels are merely a construction to allow constraints to be 
placed on communication between processes in a modular system design. When 
signals actually arrive at their destination processes, they are queued. Although 
conceptually each process has its own queue for incoming signals, this is not strictly 
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necessary. The information needed to uphold separate queues for each process is the 
order of the signals within each queue and the process to which a queue belongs. 
This can be modelled in several ways. From a functional view the most natural is for 
each signal to point to its predecessor and the queue it is in, and for the queue to 
point to the process it serves. Given that pointing is functional, a signals destination 
process is uniquely determined by the transitivity of functions. What then is the 
purpose of a queue object? The signals could just as well point directly to their 
destination process. The queue construct then collapses into the reification of the 
ternary relationship between queuing elements their predecessors and their 
destination process. As long as each signal indicates its predecessor and destination 
process and elements are handled in the appropriate order, the queue is in effect.  

There is a one to one correspondence between all process types, signal types, 
data types and parameters in the SP and FSP = F(SP). Because this is important for 
the preservation of communication, it is stated here as a theorem. It is trivially true 
since a process is created in FSP for each process in SP and not otherwise according 
to the previous definition. Likewise it is true for data- signal- and parameter types 

Theorem 1 ◊◊ 
Given SP and FSP = F(SP) 
Dt is a data type in SP iff Dt is a data type in FSP  
Sg is a signal type in SP iff Sg is a signal in FSP 
Ps is a process type in SP iff Ps is a process in FSP  
Pm is a parameter type in SP iff P is a parameter type in FSP    

Equally important for the preservation of communication is the following theorem, 
the proof of which is immediate from the construction of ls in the transformation.  

Theorem 2 ◊ 
Given SP and FSP = F(SP) then Signal type sg may pass from psi to psj in SP iff sg may pass 
from psi to psj in FSP   

2.3 The Target Language -  
Conceptual Modelling in FOL 

This section presents an overview of the target language and its basic constructs and 
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assumes basic knowledge of conceptual modelling. The unfamiliar reader is referred 
to [23]. A conceptual schema usually contains a static and a dynamic part. The static 
schema expresses the schema’s static characteristics, i.e, the state space of the 
schema, using graphs and additional textual formulae.  

The definitions below assume an underlying language L of first order formulae. By 
a diagram for a set SR of formulae in a language L, is intended a Herbrand model of a 
schema S, extended by the negation of the ground atoms in L that are not in the 
Herbrand model. Thus, a diagram for L is a Herbrand model extended with classical 
negation.6 From chapter 8.1 onwards, the term ‘diagram’ will be replaced by ‘model’. 

Definition 13  ◊◊ 
A schema S is a pair (SR, ER) consisting of static rules SR and dynamic rules ER  

SR is a finite set of closed first order formulae in a language L  

ER is a set of event rules. Event rules describe possible transitions between 
different states of a schema and will be described below  

L(R) is the restriction of L to R, i.e, L(SR) is the set {p | p ∈ L, but p does not 
contain any predicate symbol, that is not in a formula in SR}  
The elements in SR are called static rules in L(SR)     

The dynamic part of the schema is a collection of transition rules, each of which 
specifies how a state description in the schema is changed. Intuitively, an event gives 
rise to a transition from one diagram to another, and is the result of an event rule 
together with a possibly empty event message in the system or its immediate 
environment. Messages, which trigger event rules when their pre-conditions are 
satisfied, consume signals and change the state of the system, or more specifically, of 
the entities and relations representing the source specification. The trigger 
mechanism of message driven events is dispensed with here. A systematic check of 
event rules for satisfied pre-conditions is sufficient to drive the system c.f. section 3.1 
on the inference machine. Indeed, it will transpire that dispensing with messages 
supports the very approach to decomposing transitions that is proposed in chapter 5.  

Definition 14  ◊ 
Let L denote a language. An event rule, er, in L is a structure 〈κ, C(z), P(z)〉, where 

                                            
6  For our purposes, this is no loss of generality by the well-known result that a closed formula is satisfiable 

iff its Herbrand expansion is satisfiable. For a discussion of this expansion theorem and its history, see, e.g. 
47. 
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C(z) and P(z) are sets of formulae in L, and z is a vector of variables in the 
alphabet of L.7 In terms of conceptual modelling, C(z) denotes the antecedent or 
pre-condition of er, and P(z) the consequent or post condition   

For clarity of reading, the sets C(z) and P(z) will be demarcated with square brackets 
rather than curly brackets, except when shown as they would appear after translation. 

Definition 15 ◊◊ 
The set of basic events for a schema S = 〈SR, ER〉 is a relation EV ⊆ DG(SR) × 
DG(SR), where DG(SR) is a diagram set for SR. An element (σ, ρ) belongs to 
ER iff 

(i) ρ = σ, or 

(ii) there is an event rule er = 〈κ, C(z), P(z)〉  in ER, and a vector v of constants 
in L, such that σ satisfies C(v), ρ satisfies P(v), and κ is an identifying label. 
In this case we will also say that the basic event, e = (σ, ρ) results from er.    

Note that an event rule is non-deterministic: if a diagram σ satisfies the pre-condition 
of an event rule then any diagram ρ satisfying the event rule’s post condition will give 
rise to an event (σ, ρ) resulting from the event rule.8 This definition will be modified 
in chapter 13. 

Conceptual Modelling Constructs 

The schema in Fig. 5 exemplifies the use of the constructs in conceptual modelling. 
The variant of conceptual modelling and notation used here is called Delphi [137]. It 
uses simple set relationships and binary relations between sets. A rectangular box 
represents a set, its label a unary predicate symbol. An unbroken line between two 
boxes represents a set relation, its label a binary predicate. Constraints on its domain 
and range are indicated by the relation’s origins; cardinality constraints by relation 
numbers or in this text by cardinality symbols at either end. For example the relation 
livesAt represents the formula: 

∀x∀y(livesAt(x, y) → settled(x) ∧ address(y))  
∀x∃y(settled(x) → address(y) ∧ livesAt(x, y) ) 

 
7 The notation A(x) means that x is free in A(x). 
8  In this way the approach to the dynamics of a schema presented in this paper differs from the traditional 

transactional approach of the database area, where an event deterministically specifies a minor modification 
to a state. 
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An inheritance arrow - IsA, 
represents a subset relationship 
between sets. For example the IsA 
relation between woodMouse and 
ruralDweller represents a generalisa-
tion relationship: 

∀x(woodMouse(x) → ruralDweller(x)).  

The general conceptual 
modelling concepts described 
above are augmented here, with 
rounded boxes that indicate a 
subset relationship to the 
enclosing set. A dashed rounded 
box represents a logical connective
indicated by its label.  
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due to the information in the specification itself but also because of the foundational 
ideas behind the language. These ideas are not represented in the specification 
explicitly but are implicit, and belong to the underlying ‘machinery’ assumed by the 
process language. In order for a translated specification to be translated with full 
functionality, this machinery must also be translated. To do this separately would 
require two modules to the translation in addition to the ‘machinery’ of the target 
language: one module to simulate the executional environment of the source 
language in that of the target language, and one module to contain the specification. 
Rather than do this, the approach taken here is to treat the machinery underlying the 
process language as part of the specification.  

In order to gain a clear picture of how a first order language can embody a 
process specification including its implicit machinery, a schema needs to be 
constructed. This requires careful distinction in the schema between meta-level 
machinery and object level specification requirements.  

Process types can be made to correspond with entity types in the conceptual 
schema. Likewise a process corresponds to a type instance. Mapping the concept of a 
process onto an entity was suggested in [53] and provides the basis for the rest of the 
mapping suggested in this thesis.  

Constraints that restrict which types of signals may be sent to which types of 
processes, or which type of process may create which other types of processes, 
require a type or meta-level. Given a clear distinction between the type and instance 
levels, through meta- and object descriptions, it is sufficient to state the permitted 
route that all signals of a certain type are allowed to follow just once for all instances 
of a particular process and signal type.  

The data types of a process language can be modelled quite naturally by entity 
types in a conceptual schema. Each entity stands for the data type as a whole and its 
instantiations for the enumerated values of the data type. The restriction here is that 
the number of elements of a particular sort must be finite. A special data type is a Pid 
process type. No extra entity is required since process types can be represented as 
entities in the schema as explained above.  

What in a process language is a variable becomes a relation in the conceptual 
schema. A variable that varies over the elements of a data type in the source language 
thus becomes a relation ranging over the instances of an entity type in the conceptual 
schema. Signal parameters are modelled likewise. This is illustrated in the schema of 
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Fig. 7.  
The mapping algorithm in [34] that converts the flattened process specification 

into a conceptual schema is a syntax directed translation [5], that traverses the syntax 
tree using a top down, depth first strategy implemented using a tail recursive 
procedure.9  

The static part SR of the conceptual schema describes the objects in the system 
described by the source specification as well as their structure and the constraints 
placed upon them. SR has a meta-schema over the process based language which is 
instantiated with type constraints. It also has an object level schema which 
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Fig. 7  The conceptual model of the process based language SDL 
 the particulars of the system described in the source specification. After 
 the complete static schema has an appearance similar to Fig. 7.10  
eta-schema is to the left and separate from the object schema by dashed 
rked ‘IsA’, indicating a subset relationship to the super sets of the meta-
the head of the arrows. In logical terms: A IsA B iff ∀x(A(x) → B(x)). 
                             
ural details of this are given in 34. 
ils of the particular modelling notation used in figure 3, see 137, 128. 
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The appearance of the part of the schema at the meta-level is always the same, only 
its instantiations vary with each specification. The object at the tail end of the IsA 
relations appears different for each specification and is entirely dependent on its 
contents. The instantiations of this schema, in their turn, vary with the dynamic 
simulation of the specification. The entire system is specified in first order logical 
formulae using unary and binary predicates only. Binary predicates are qualified by 
cardinality restraints. For example, the pairs of square brackets at either end of the 
arrow from route to processType i Fig. 7 represent cardinality constraints on the 
predicate leadsTo. The brackets give an interval within which the number of instances 
in the neighbouring entity may be associated with one instance of the entity at the 
other end of the arrow. An instance of route may leadTo a least one and at most one 
instance of processType. An instance of processType be leadTo from at the least none, and at 
the most an unlimited number of routes, indicated by the ellipsis.  

Entity types that correspond to process types are prefixed with createdProcess. The 
super type createdProcess serves to make the schema more compact. Instances of this 
type may exist in exactly one of the two states running or terminated. Entity types 
processType, route and signalType allow dynamic checks of signal source and destination.  

Provided the number of processes that may be created during an execution is 
limited, the transformation to the conceptual schema can be done by representing 
existing processes and non-existent processes in two different states in the entity 
type. The creation of a process is then achieved by changing the state of the process 
instance in the conceptual schema from terminated to existent. Later when the 
process dies, the instance returns to its former state of terminated.  

Signal types are treated similarly. The relation precedes which is used to derive 
the predicate first which identifies which signals lie at the head their respective 
queues. The predicate succeeds is necessary to prevent the same signal from being 
used twice by the same rule.  

The entity types queuingSignal_S1 have a relation, the range of which is the entity type 
createdProcess_P2. This indicates that the type of value contained by queuingSignal_S1 is that of 
a process instance of createdProcess_P2. In general, variables of type PId are represented by 
a relation to the entity type createdProcess.  

Sorts in SDL can also be modelled naturally by entity types given the restriction 
that the number of elements of a particular sort must be finite. Finally variables, 
parameters and the properties of signals, all become relations that vary over the 
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instances of their respective entity types.  
A dashed mutual exclusion box labelled XOR round solid state boxes express the 

enclosed states as mutually exclusive in the static rules SR of the schema. Mutual 
exclusion supports a frame rule used by the inference machine that makes explicitly 
negating previously held states unnecessary if they are contradicted by a mutual 
exclusion rule in a later assertion. For example changing the state of a process 
instance p1 from terminated to running requires only the assertion of running in the 
post conditions of an event rule. Negating ‘terminated’ for p1 is taken care of by the 
frame rule simply by removing it from the fact base of SR.  

In order to clear some of the later event rules of confusing details, the following 
rules in the style of the target language define some predicates that will useful in what 
follows. The predicates in the body of the rules are taken from the static schema in 
Fig. 7. The symbol ← means that the predicate to the left of the symbol is true if the 
set of formulae to the right of the symbol is true.  

firstInQ(P, M) ← queingSignal(M), running(P), queuingFor(M, P), ¬((queuingSignal (M2), M <> M2, 
precedes(M2, M))).  

lastInQ(P, M) ← queingSignal(M), running(P), queuingFor(M, P), ¬((queuingSignal(M2), M <> M2, 
precedes(M, M2))).  

ok2Send(M, P1, P2) ← boundTo(M, Mtype), allowedOn(Mtype, R), comesFrom(R, PT1), leadsTo(R, PT2), 
occuranceOf(PT1, P1), occuranceOf(PT2, P2).  

The final definition of this chapter summarises the informal explanation of static 
transformation for incorporation into the full translation scheme following the 
constructive definitions of the mapping of dynamics in the next chapter.  

Definition 16 ◊ 

comTst: FSP a SR in S in S is the static translation function such that comTst(FSP) is 
the set elements in S such that each element fulfils the constraints of a static 
conceptual schema for S as outline above and in strict accordance with the 
detailed algorithmic procedure of [34]   

The function comTst translates the static properties of a specification in the source 
language to a set of first order formulae in the target language that make up the static 
rules of a conceptual schema. Although the details of this function are outside the 
scope of this text, the intuition behind them is provided in Fig. 7 and its description. 
The resultant set of formulae establishes all the entities and relations upon which the 
dynamics of event rules are based. Predicates used in events are first defined in the 
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static part of the conceptual schema. 
  



 

 

3 Dynamic Schema Transformation 
This chapter introduces the concepts central to the dynamics of system specifications 
and the role played by the inference machine in effectuating dynamics. First the 
structure of processes is formalised followed by the decomposition of process graphs 
into translatable input. The mapping of dynamic translation is then laid out. After 
assembling the translation a criteria is identified by which to assess the adequacy of 
the translation scheme.  

3.1 Dynamics 

In contrast to the static part of a specification which determines a state space within 
which the specified system can ‘play’, the dynamic part of a specification places 
further restrictions determining how it can play.  

The true state of an entire system specified with a process based language, 
consists of more than just currency of the states of executing processes that are 
declared as ‘states’, rather it includes: the values of a parameter’s signals; the values of 
variables; and the configuration of signal queues. What the static part of a 
specification does is to exclude a precise set of permutations of values for these 
configurations from the system’s universe of discourse. It is the ‘discourse’ within 
this universe which constitutes the essence of dynamics; the system’s possible 
journeys through its universe. Every step of a journey takes the system from one 
state to another. The dynamic part of a specification entails a precise set of such 
steps and thereby determines the directions in which a system can possibly travel 
within its universe. In terms of the source language, each possible step is a transition 
between process states. In terms of the target language each step is an event taking 
the system from one diagram to another. Transitions are described by transition 
paths and events by event rules. The intuition for the correspondence between these 
two is illustrated in Fig. 8.  
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Given the above and arbitrary states such that a state sp1 in S corresponds to se1 
in E and sp2 in S corresponds to se2 in E, then T is a dynamically adequate translation 
of S iff for each transition in S from sp1 to sp2 there is an event from se1 to se2 and 
for each event in S from se1 to se2 there is a transition from sp1 to sp2. 

The concept of correspondence is investigated more precisely from chapter 8.1 
onwards, where it is applied to mapping between schemata through integration 
assertions. 

The Inference Machine 

There is a clear distinction between the specification domain and the instance 
domain of the source specification. The specification domain of the source language 
has only static properties and corresponds to the static part of the target language. In 
contrast the instance domain of the source specification is an instantiated 
specification fulfilling the constraints of the static domain and allowing the instance 
to display behaviours. This corresponds to the instantiation of the conceptual 
schema with a model or diagram, the dynamic state changes of which, emulate 
system behaviour.  

In the source language the specification can be simulated through the application 
of an interpreter to a specification instance. The interpreter treats the specification in 
accordance with the constraints and semantics of the static specification from which 
dynamic behaviour then emerges. In the corresponding conceptual schema, 
emulation of dynamics also requires that the instantiation of the conceptual schema 
is interpreted according to the dynamic event rules of the schema. This is effected 
through an inference machine.  

For the following discussion it is assumed that the inference machine works in a 
similar fashion to a Prolog interpreter scanning through formulae in a right to left, 
top to bottom order, applying a unification procedure. In accordance with sequential 
searches the average case involves testing half the rules in ER before finding the 
enabled rule [6].  

Normally a trigger is the mechanism that drives an inference machine to simulate 
events. For the system to trigger a transition there must be a signal at the front of a 
process’s queue. However, triggers can be dispensed with in favour of an inference 
machine that can perform more or less sophisticated strategies for selecting event 
rules and manipulating the signal queue. The strategy suggested here is for the system 
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to enable an event rule by including the triggering signal in the pre-conditions. This 
simplifies the inference machines procedural operation and makes it easier to effect 
variations on the basic principles of queuing, see section 6.3.  

This chapter continues now by formalising the structure of processes in order to 
describe those constructs that are responsible for changing the values that contribute 
to the general states of the specified system. It is followed by a formalisation of the 
decompositional approach to analysing process dynamics from earlier work [40]. This 
is done with a view to analyse the applicability of the approach to the more general 
class of specifications tackled in this work.  

Decomposition results in sets of transition paths bearing sequences of value 
changing constructs that together effectuate an atomic state change. With the help of 
some general manipulation functions for the data structures used in the formalisation 
as well as of some identity functions, the apparatus for mapping the dynamics of a 
transition is prepared. The definitions of the dynamic translation then describe the 
mapping of each type of language construct in a transition path, to formulae in FOL 
in a corresponding event rule in the target language. The various components of the 
formalisation are then pieced together into a complete dynamic translation function. 
With the formal apparatus assembled, the chapter ends by restating in formal terms, 
the requirement for dynamic adequacy stated above.  

3.2 The Structure of Processes 

The following is a representation of the structure of processes that permits an 
unambiguous mapping between the specification formalisms. A process is a set of 
directed graphs. These follow a certain structure as laid out below, and are called 
transition diagrams.  

Definition 17  
A process ps ∈ PS(SP) is a graph 〈VX, EG〉  

VX is the set of Vertices partitioned into the following 6 sets: 

ST(PS) is the set of STates declared in ps as 〈state〉 

DC(PS) is the set of comparative DeCisions declared in ps as 〈decision〉 

IN(PS) is the set of IN-coming messages receiver declared in ps as 〈stimulus〉 
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AS(PS) is the set of ASsignments statement declared in ps as 〈assignment statement〉 

PC(PS) is the set of Process Creators declared in ps as 〈create request〉 

OU(PS) is the set of OUt-going messages sender declared in ps as 〈output〉    

Definition 18  
EG(ps) is the set of pairs (fv, tv) ∈ VX × VX such that the EdGe is directed from 

vertex fv to vertex tv 

AC(ps) = IN(ps) ∪ AS(ps) ∪ PC(ps) ∪ OU(ps) is the set of ACtions in declared in 
PS as 〈action〉    

3.3 Compound Decomposition of Transition Graphs  

The translation algorithm suggested in [40] transforms transition graphs by compound 
decomposition: an analysis of the all paths between states in a transition graph.  

In this decomposition each unique path through a process graph that emanates 
from one state symbol and finishes in another, corresponds to one event rule in a 
conceptual schema. In section 4.2 Fig. 12 shows the compound decomposition of 
Fig. 10 into compound paths.  

Definition 19  
Let EV(ps) = ST(ps) be the set of End Vertices 

pe: VX(ps) × VX(ps) a ℘(VX(ps) × VX(ps)) − ∅  
is the Path Edges function such that  
pe(v1, vx) = {(v1, v2) ∈ EG(ps) | there is pe(v2, vx), v2 ∉ EV(ps), or v2 = vx} 

TP: PS(SP) a ℘(EG(PS)) is the Transition Paths function such that  
TP(ps) = {tp | tp = pe(v1, v2) for v1, v2 ∈ EV(ps)} 

bg: TP(ps) a VX(ps) is the BeGinning vertex function such that 
bg(tp) = vx where vx ∈ (vx, x) ∈ tp and for all y, (y, vx) ∉ tp  

nd: TP(ps) a VX(ps) is the ENd vertex function such that 
nd(tp) = vx where vx ∈ (x, vx) ∈ tp and for all y, (vx, y) ∉ tp 

VS: VX(ps) × VX(ps) × TP(ps) a sequence of vx ∈ VX(ps)  
is the Vertex Sequence function such that 
VS(v1, vn, tp) = [v1, v2, …, vn] where (vi, vi+1) ∈ tp, for all i ∈ [1, n-1] 
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TS: TP(ps) a permutations of elements in the sets of ℘(VX(ps)) − ∅  
is the Transition Sequence function such that  
TS(tp) = VS(bg(tp), nd(tp), tp)  

AC: TP(ps) a VX(ps) is the ACtions function such that  
AC(tp) = {ac | ac ∈ TS(tp)}   

Compound decomposition of a process ps yields transition paths TP(ps) as the set of 
sets of edges that form an unbroken path through the directed graph of the process’s 
transition graph between two state vertices.  

N.b! When function λ−1: ε × Λ a I, from definition 5 on page 19, is used with ε 
= AC(PS) and Λ = TP(ps) then tp−1(ac) = n where n indicates the sequential position 
of ac in transition path tp. However, it may produce different values of n for 
different instances of tp ∈ TP even if ac ∈ A is unchanged. This is because an action 
can belong to several paths, which occurs in paths that join, after the join but before 
reaching an end vertex.  

The transition path sequences of a process TS(ps) are permutations of vertices 
that occur in a transition path running through the directed graph of a transition 
diagram beginning with a state vertex and ending in a state vertex. The set of end 
vertices may seem superfluous here, but later it will play a crucial role in defining an 
alternative decomposition. See section 5.1.  

Translation of Identity  

The lexical identity of objects in the source and target languages is given primarily by 
their labels. Labels are strings from the alphabet of each language. However, identity 
in a highly structured process language is dependent on structural context, and this 
context disappears in the transformation proposed in this work. I have therefore 
chosen to preserve the identifying context of objects in the source language in the 
lexical identity of the corresponding objects in the target language. This allows for 
the possibility of a reverse transformation, and has the additional advantage of being 
able to check the result of the translation against the source specification by 
inspection.  

Definition 20  
ID: is the IDentity function that given some object in FSP takes the 〈object 
identifier〉 from that object’s BNF definition, concatenates it with 〈object 
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identifier〉s of any objects that contain it and translates the resulting string to the 
language of S. The identity of objects that in S are represented by a binary 
relation become the concatenation of the 〈object identifier〉s of the SP objects in 
the domain and range of the relation  

The labelling serves to preserve not only identity labels but also specification context 
and uniqueness for those objects that lose their modular environment during the 
flattening procedure. Labelling is arbitrary as long as it fulfils the requirements stated 
in the definition This definition is not formalised or explained further because it 
involves considerable amounts of string manipulation and parsing, which would in 
no way increase the understanding of the dynamic aspects of translation that are the 
realm of this work. Suffice to examine the examples of labelling shown in Fig. 5 and 
Fig. 7 above. 

Preliminaries to Dynamic Mapping 

Definition 21  
VR: SP a PS(SP) × DT(SP) ∪ PS(SP) is the VaRiables function such that VR(SP) is 

the set of vr such that vr = (ps, dp) is a variable declared in SP as variable for a 
process ps ranging over a data- or process type dp  

VR: PS(SP) a ℘(VR(SP)) is the VaRiables function such that  
VR(ps) = {(ps, dp) | ps ∈ PS(SP)} 

TV: TP(ps) a ℘(VR(ps)) is the Transition Variables function such that TV(tp) = {vr 
∈ VR(ps) | vr occurs11 in tp, ps∈ PS(SP) and tp ∈ TP(ps)} 

LHS: AS(ps) a ℘(VR(ps)) is the Left Hand Side function such that  
LHS(as) = vr, vr ∈ VR(ps)  

PA: (VR(ps), AC(PS), TP(ps)) a I is the Previous Assignments function such that 
PA(vr, tp−1(ac), tp) = i where i is number of occurrences in transition path tp, of 
assignments in which vr occurs in the left hand side and that have lower 
sequence numbers than action ac 

L: TP(ps) a I is the Length function such that L(tp) = i, where i is the length of the 
transition path, i.e, the number of elements in the set tp, +1 

                                            
11  'occurs' means that there is declaration of vr as <variable definition> in the <process definition> in of ps in 

SP. Occurs is used similarly in other definitions and will not be commented further. 
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AS: TP(ps) a AS(ps), is the transition Assignments function such that AS(tp) = { as | 
as ∈ AS and is an element in sequence VS(tp)}  

RHS: AS(ps) a Exp, is the Right Hand Side function such that  
RHS(as) yields the 〈expression〉 to the right of the assignment symbol  

RHSV: AS(ps) a AV(PS) is the Right Hand Side Variables function such that 
RHSV(as) is the set of vr ∈ TV(as) such that vr occurs in RHS(as)  

subst: (Exp, VR(ps), L(S)) a L(S), is the substitution function such that subst(exp, vr, 
str) yields a string expression in the target language in which all occurrences of 
variable vr in exp, an expression in the source language, have been replaced with 
str ∈ L(S), and where Exp is declared in PS as 〈expression〉 

RHSS: AS(ps) × TP(ps) a L(S), is the Right Hand Side String function such that 
RHSS(as, tp) = str,  
where the following is fulfilled: 
 For all dc ∈ DC(ps) if vr ∈ RHSV(as) and  
  tp−1(as) = p and  
  PA(vr, p, tp) = n and  
  m = n + 1 then  
  str = subst(RHS(as), vr, conc(ID(vr), m))    

3.4 Path translation after Compound Decomposition 

The correspondence between the dynamics of the process specification as held in 
transition paths can now be mapped to event rules in the conceptual schema. In 
addition to the restrictions already placed upon the source language, the translation 
puts additional constraints on the form of transitions. These constraints do not effect 
the expressional power of the process specification but do simplify the translation 
scheme and its exposition  

• Only one in-coming signal occurs in each transition path and it occurs as the 
second element only, the first being a state. 

• Process creation does not pass parameters. 

The motivation for the first constraint is two-fold. Firstly that incoming signals pass 
their parameters’ values to the process’s actual variables and hence variable passing 
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boils down to assignment. Without this constraint the counting of assignments used 
in the mapping of assignment statements in section 5.2 would become more 
complicated by requiring counting and adjustment for previous incoming signals. 
Relaxing the constraint would also require redefining the function PA from 
Definition 21 on page 40 above, to count not only previous assignments to a given 
variable but also previous incoming signals that pass values to the variable.  

The second motivation for the first constraint, and more acute concern, is due to 
the fact that the consuming of a signal is indicated by difference in the state of the 
queue between pre and post conditions. This means that a transition path with a 
second incoming signal will not find the second signal because it will not be first in 
the queue, but second. This is because the first signal is not removed from the queue 
until the changes in the post conditions have been made and the event 
corresponding to the transition path is over. It is possible to adjust for a second 
incoming signal, see section 6.3, however it is far simpler, and certainly reasonable, to 
require of the original specification that it satisfy the first constraint above.  

The second constraint above is justified by the fact that sending parameters to 
initialise a process can equally well be done by sending them with a signal to the 
process after it has been created. Relaxing this constraint would merely require 
including in the mapping of process creation, similar constructs to those used in the 
mapping of out-going signals.  

The ensuing sub-sections of this chapter specify the mapping scheme for the 
translation of the dynamics of transition paths. Every transition path tp ∈ TP(ps) 
where ps ∈ PS(FSP), corresponds to a separate event rule er ∈ ER where ER is in S. 
There are six types of vertices in a transition path, each dealt with separately: 

• states: initial and final 
• incoming messages 
• outgoing messages 
• assignments 
• process creation 
• decisions 

In the following sub-sections, the mapping of each type of vertex is explained 
together with a schematic example. The examples only give the general idea of the 
translation because the names of predicates and variables will vary greatly depending 
on the contextual level of nesting of the source process. The order in which each 
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mapping is applied is immaterial.  
The definition of the mapping function is constructive. This means that the pre-

and post conditions are constructed by application of the rules defined under each 
heading labelled construction. The target language formulae use both meta- and 
object level components. In order to distinguish between these the object level 
components are included between double quotation marks. Bold type or some other 
typographical variation would not have made clear the differences between many of 
the punctuation symbols needed at both levels of description. The assumption in the 
next definition underlies the ensuing definitions of this section  

Definition 22  
TPdy is the bijective Transition Path dynamics translation function such that TPdy(tp) 
= er and Tdy is specified by the constructions presented in the remaining sub-
sections of this chapter, constructions that together define the minimal sets for 
A(w) and P(w) under the following assumption:   

Assumption 1  
Assume some tp ∈ TS(TP(ps)) and ps ∈ PS(FSP) and  
er = 〈κ, C(w), P(w)〉 ∈ ER in S   

Initiation of Variables 

The following definition maps the occurrence of all the variables used in tp and 
allows er to catch these variables in its pre-conditions.  

Construction 

Given assumption 1 above,  
if vr ∈ TV(tp) then  
conc(ID(vr), "( PS, V", ID(vr), ")") ∈ C(w)   

The mapping expresses that for each variable that occurs in the given transition path, 
the relation labelled with that variable in the conceptual schema is present in the pre-
conditions of the event rule that corresponds to the transition path.  

This would result in a predicate looking something like the following, in which 
the variable PS becomes bound to a process instance through the clauses that result 
from the mapping defined in the next sub-section. ‘Vvarname’ is a target language 
variable formed according to Definition 20 of the ID function.  
 
processtypename_varname(PS, Vprocesstypename_varname) 
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Initial and Final States  

The starting state of the transition path tp is mapped to the pre-conditions of the 
corresponding event rule as follows:  

Construction 

Given assumption 1 above,  
1)  if st ∈ tp ∩ ST(PS) where tp−1(st) = 1 then 
 conc(ID(ps), "_", ID(st), "(PS)") ∈ C(w)  
2) if st ∈ tp where tp−1(st) = L(tp) then 
 conc(ID(ps), "_", ID(st), "(PS)") ∈ P(w)   

The resulting formulae have an appearance similar to the following:  
procName_initialState(PS)  This tests whether the process bound to variable PS is in the initial 

state necessary to enable the event corresponding to tp. The process 
so bound is thereby effectively caught for all ensuing reference 
within the event rule’s pre- and post conditions.  

procName_finalState(PS)  leaves the process bound to variable PS in the final state resulting 
from the event corresponding to tp.  

Incoming Signals and Parameters 

The following part of the translation maps in-coming signals and the passing of 
values from their accompanying parameters. The assumption is made here that any 
parameters arriving with in-coming signals are instantaneously assigned to variables 
declared in the destination process and also listed in the in-coming signal’s parameter 
list. But first two functions needed for both incoming and outgoing signals: 

Definition 23  
XV: IN(TP) ∪ OU(TP) a Λ of VR(TP) is the extract Variables function such that 

XV(ac) = λ where the sequence of variables in list λ is the order from left to right in which 
they appear in ac  

MSG: IN(TP) ∪ OU(TP) a SG(PS) is the MeSsaGe type function such that  
MSG(ac) = sg where sg is the type of signal declared in ac    

XV extracts a variable list from an action. The list is necessary to match up the 
formal parameters listed in the symbol for incoming message, with the respective 
actual parameters of the incoming signal, according to the order in which they are 
both listed. MSG determines the signal type from or to which values are to be 
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passed.  

Construction 

Given assumption 1 above,  

if tp−1(ac) = 2 and ac ∈ tp ∩ IN(PS) and MSG(ac) = sg and XV(ac) = VL then  
"firstInQ(PS, S)") ∈ C(w),  
conc(ID(sg), "(S)") ∈ C(w),  
"consumed(S)" ∈ P(w),  
and if i ∈ [1, length(VL)] in VL then  
 conc(ID(el#(i, PL(sg))), "(S, P", i, ")") ∈ C(w),  
 conc("V", ID(el#(i, VL(ac)), " = P", i, ")") ∈ C(w)   

If the second action ac in tp is an in-coming signal then any formal parameters are 
captured in variable list VL. Whenever the formal parameter list of the incoming 
message symbol is shorter that the parameter list of the incoming signal, the signals 
additional parameters are ignored, as practised in SDL. An empty actual parameter 
list results in no value passing formulae. The frame rule mentioned on page 32 above 
is invoked during simulation by the mutually exclusive predicates consumed and 
existent. The three formulae above resulting from concatenations are more easily 
comprehended through the following examples, cf. Fig. 7.  
queuingSignalType_S1(S)  identifies the signal type.  

s1_Parameter_i_dt(S Pi)  captures the value of the ith in-coming parameter from signal S.  

Vps_VarName_dt = Pi  effectively passes the value of the ith in-coming parameter to a variable 
in er through unification with Pi.  

Assignments  

The following part of the translation maps assignment statements in the transition 
path through equivalences for the variables involved in the corresponding event rule. 
Doing this requires some string manipulation which is relegated to the following 
function: 

Definition 24  
XU: Lexp(SP) a Lexp(S) is the eXpression Update function such that 

XU(exp) where exp is an 〈expression〉 in SP expressed in Lexp(SP), maps a string 
expression from the source language to the target language and updates all the 
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variables with occurrences of ID(vr)  12

The source language expressions included here are only the most basic Boolean or 
integer operations. The details of this conversion are the uncontroversial subject of 
standard parsing and compiling techniques and are not specified further. The 
interested reader is referred to [5].  

Construction  

Given assumption 1 above,  

if as ∈ tp ∩ AS(ps), where 
LHS(as) = vr,  
then conc(ID(vr), “ (PS, ”, XU(RHSS(as, tp)), “)”) ∈ C(w)))    

For all actions that are assignments ‘as’ in the current transition path ‘tp’, a clause is 
added to the pre-conditions of the corresponding event rule ‘ev’ expressing the left 
hand side and the expression in the right hand side. The formulae produced might 
have an appearance similar to the following two examples:  
Ps1_VvB(PS, VvC) 

Ps1_VvB(SP, Ps1_VvD + 1) 

Outgoing Signals and Parameters 

The following part of the translation maps out-going messages and the passing of 
values to the parameters of signals, as well as the placement of signals at the end of 
the signal queue.  

Construction 

Given assumption 1 above,  

if ac ∈ tp ∩ OU(PS) where 
 MSG(ac) = sg and XV(ac) = VL 

                                            
12  Lexp(S) indicates the set of well formed expressions in the language of S, distinguishing expression from 

other language constructs. 
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then  
 "consumed(S)" ∈ C(w),  
 conc(ID(sg), "(S)") ∈ C(w),  
 "ok2Send(S, P, _ )" ∈ C(w),  
 "lastInQ(P, S2)" ∈ C(w),  
 "existent(S)" ∈ P(w),  
 "precedes(S2, S)" ∈ P(w)  

and further  
if i ∈ [1, length(VL)] in VL then  
conc(ID(el#(i, VL(ac))), "(PS, V", i, ")") ∈ C(w),   
conc(ID(el#(i, PL(sg))), "(S, V", i, ")") ∈ P(w)   

The above description states that for each out-going signal in a transition path, the 
corresponding event rule should find a vacant signal with ‘consumed’, check that the 
path is valid with ‘ok2Send’, find the end of the queue with ‘lastInQ’ and finally 
activate the signal with ‘existent’, adding it to the rear of the queue with ‘precedes’. 
Furthermore if the out-going message lists any variables these are paired off with 
variables that occur in the parameter list of the out going signal. Here again the frame 
rule mentioned on page 32 is invoked during simulation by the mutually exclusive 
predicates consumed and existent. The two concatenations result in formulae similar 
in appearance to the following: 
process1Var2(PS, V2)  identifies the second variable in the process  

sg3parameter2(S, V2)  unifies the second parameter of the out-going signal with the second 
variable of the process  

Saving State 

Upon reaching the end vertex of a transition path, not only the state but also the 
final value of all the variables used in the transition must be saved by the 
corresponding event rule so as to preserve the total state of the conceptual schema 
after the event.  

Construction 

if vr ∈ TV(tp)  
then conc(ID(vr)), "(PS, V", ID(vr), ")") ∈ P(w)    

The formula resulting from concatenation is better exemplified by the following, 
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which effectively saves the value held by the variable VvarId.  
ps_VarName_dt(PS, VvarId)   

Processes Creation 

All process instances the specified system will ever need must be present from the 
outset in order to fulfil the requirement of a finite description by the finite 
conceptual schema as stated on page 2. Process instances that are as yet non-existent 
are designated the subset terminated until invoked by a process creation request. 
Invocation of a new process is achieved by relocating a process instance from the set 
‘terminated’ to the set ‘running’.  

Passing parameters during process creation is equivalent to first creating the 
process and then sending it signals. So as not to obfuscate this presentation with 
inelegant descriptions of elegant short hands, only process creation is dealt with here.  

Definition 25  
T2C: AC(TP) ∩ PC(PS) a PS(SP) is the Type to Create function such that  

T2C(pc) ={ ps | ps is a type of process declared in SP for z}    

The function T2C merely determines the type of process declared in the process 
creation symbol at vertex pc. It is used in the next definition.  

Construction 

Given assumption 1 above,  
if pc ∈ (tp) ∩ PC(PS) where tp−1(pc) = i then  
conc(ID(PCT(pc)), "_Terminated(P", i, ")") ∈ C(w),   
createdBy(Pi, PS) ∈ P(w) 
conc(ID(PCT(pc)), "_Running(P", i, ")") ∈ P(w),  
conc(ID(PCT(pc)), "_StartingState(P", i, ")") ∈ P(w)    

The resulting formulae have an appearance similar to those that follow. These 
provide the process Pi with provenance, set it running in its starting state. Its 
previous state of termination is taken care of by the frame rule which makes negating 
the state ‘terminated’ unnecessary. This can be seen by referring to Fig. 7, which 
shows the dashed mutual exclusion a box labelled XOR round the two state boxes, 
‘terminated’ and ‘running’. Because only one creation request can be made from any 
one action, the index i ensures that multiple creation requests will have unique 
variables.  
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procName_Terminated(Pi)  This formula tries to unify with a process instance of the type specified 
in the process creation symbol, and that is in a terminated state. If the 
unification is successful the variable Pi refers to the instance from 
formulae similar to the following three, which are added to the post 
conditions.  

createdBy(Pi, PS) 

procName_Running(Pi) 

procName_StartingState(Pi) 

Decisions 

The possible permutations of decision out-comes in a transition graph are each 
represented in one compound decomposed path. The outcome of each decision in 
such a path, is captured by inspection of the ensuing vertex. The following functions 
accomplish this.  

Definition 26  
T: DC(PS) a VX(ps) such that  

T(dc) = v2 where (dc, v2) ∈ EG(PS) is declared as true in PS  

F: DC(PS) a VX(ps) such that  
T(dc) = v2 where (dc, v2) ∈ EG(PS) is declared as false in PS  

cond: DC(PS) a (Lexp(S))* such that  
cond(dc) is the conditional statement declared in dc converted to a string in the language of 
S   

The first of these three functions identifies the vertex that succeeds a decision if the 
condition declared in the body of the decision evaluates to true. The second function 
does the corresponding identification for a false evaluation. The third function 
captures the Boolean expression of a decision and yields a string for inclusion in the 
pre-conditions of event rule ‘er’. The details of this manipulation are can be achieved 
by standard parsing and compiler techniques [5] and lie outside the scope of this 
exposition.   

Construction 

Given assumption 1 above,  
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if dc ∈ tp ∩ DC(PS) and tp−1(dc) = n then 
if T(dc) = tp(n + 1) then cond(dc) ∈ C(w) otherwise  
if F(dc) = tp(n + 1) then conc("¬(", cond(dc), ")") ∈ C(w) 

                                           

13  

The relationship each decision dc has to its successor is checked. If the vertex that 
follows dc succeeds a true evaluation of the condition declared in the body of the 
decision, the condition is added to the pre-conditions of the event rule. However, if 
the next vertex follows a false evaluation of the condition, then the condition is 
negated before being added to the pre-conditions. The mapping could result in 
formulae similar in appearance to the following:  
¬(VarIdA1 ≥ VarIdB1)  This negated condition clause allows continued evaluation of the event 

rule iff the corresponding conditional statement of the decision would 
also have evaluated to false.  

3.5 Assembly of the Translation 

Having defined the mapping details of the six possible types of vertex present in 
transition paths, as well as some accompanying manipulations, it remains to piece 
together the translation as a whole. Recall the set FSP of flattened specifications 
from Definition 12.  

Definition 27 ◊◊ 
Given specification SP in FSP and ER in S in S  

PSdy: PS(SP) a ER is the process dynamics mapping function such that PSdy(ps) = 
{er | er = TPdy(tp) for tp ∈ TS(TP(ps))}  

comTdy: FSP a ER in S in S is the dynamics translation function such that Tdy(FSP) 
= {er | er ∈ PSdy(ps) and ps ∈ PS(FSP)}    

The function comTdy is the dynamic counter part to comTst defined on page 32, which 
results in all formulae needed to define the static part of the conceptual schema of 
the specification to be translated. comTdy thus results in all formulae needed to defined 
the dynamic part of the conceptual schema, by collecting all event rules from each 
process defined in the source specification. This is done using function PSdy, which in 
turn is based on the transition path dynamics translation function TPdy.  

 
13  This construction can be extended to cover decisions with a finite number of branches. 
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Definition 28 ◊ 

comT: SP a S is the translation function using compound decomposition such 
that comT(SP) = (SR, ER) such that 
SR = comTst(F(SP)) and ER = comTdy(F(SP))    

comT is the complete translation function of a process based specification to a 
conceptual schema using compound decomposition.  

Requirement for Adequacy 

At the beginning of this chapter a requirement for adequacy was stated. Now that the 
formal framework of dynamic translation has been laid out, the requirement can be 
expressed more precisely but first a helpful definition to this end.  

Definition 29  
Let IT be the inter-transitional state of SP ∈ SP at time t such that  
IT(SP, t) = x at each time point t in between transitions is:  
1. the value of each parameter of each sent and unconsumed signal;  
2. the value of each variable of each existent process;  
3. the state of each signal queue;  
4. the current state of each existent process 

GS: SP a ℘(IT(SP, t), SP ∈ SP) is the general states function such that GS(SP) 
= {g | g = IT(SP, t) for all t}   

The inter-transitional state function collects all information pertaining to the state of 
a given system specified in the source language during an execution at any time point 
before or after a transition. It can effectively be seen a complete memory dump of an 
executing machine. The general states function yields the set of all inter-transitional 
states of a given system that can be attained at any time.  

Definition 30  
S is the set of schemata S = <SR, ER>, and er ∈ ER 

DG(SR) is the set of diagrams dg for SR14  

C(p) ⊆ GS(SP) × GS(SP) such that  
C(p) = {(g, g') | g, g' ∈ G(PS) and p describes a transition in the source language 
from g to g' } 

 
14  S and DG are from Definition 13 and Definition 15 on page 26. 
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Given a schema S = <SR, ER>, then  

EV: ER a ℘(DG(SR) × DG(SR)) is the EVents function such that 
EV(er) is the set of ev such that ev is a pair (dg, dg') where dg is a diagram for the 
pre-conditions of er and dg' is a diagram for the post conditions of er and both 
are elements in DG(SR) and er ∈ ER   

The last definition of this chapter formalises the requirement for dynamic adequacy 
stated informally at the beginning of the chapter, for an adequate translation scheme 
from a process based transaction language to a first order event driven language.  

Definition 31 ◊◊ 
The translation function comTdy is dynamically adequate iff given comT(SP) = S = (SR, 
ER) 
and tp ∈ TP(ps), ps ∈ PS(SP) 
and er ∈ ER in S 
and comTdy(tp) = er 
and a bijection ψ: GS(SP) a D(SR), and ψ = comTst such that  
ψ(g) = d and ψ(g') = d' then  
tp allows a transition in SP from g to g' iff (d, d') ∈ EV    

Although this definition relates the dynamic aspects of a specification expressed in 
two languages, it is essentially an identifying definition of non-conflict between two 
systems in accordance with type II conflicts of [32], where two parties strive for 
different outcomes but are both bound to the same outcome. In the next chapter the 
translation scheme is tested to see whether it satisfies this requirement for dynamic 
adequacy.  
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4 The Inadequacy of 
Compound Decomposition  

This chapter presents an example of the kind not covered in previous work and 
shows that the augmentation creates anomalies in the resulting translations. The 
problems with the results are then identified, followed by an analysis of the 
complexity of the translation scheme.  

4.1 Problem Example  

Fig. 9 shows the decision structure of a transition. Although actions may include 
signal sending and process creation only variable assignments are needed in the 
example.  

Let the initial values of the variables be A = 1 and B = 2. The order in which the 
assignments take place and dependency between variables effects the final result, 
which should be A = 3 and B = 4 ending in state 2.  

Except for having simplified the strings, the 
following event rules are what would have 
resulted from comT applied to the SDL language 
specification of the transition graph in Fig. 9.  

S1

m

A := A + B

B := A + 1

S2 S3

B > 2

 

Fig. 9  An example of the 
difficulties procedural description 
causes in declarative description 

〈event1, pre {inState1(P), firstInQ(P, M), sigM(M),  
  (vA(P, A), vB(P, B), B > 2},  
  post {consumed (M), inState2(P), 
  vA(P, A + B), vB(P, A + 1) }〉  

〈event2, pre {inState1(P), firstInQ(P, M), sigM(M),  
  (vA(P, A), vB(P, B), ¬(B > 2)},  
  post {consumed (M), inState3(P),  
  vA(P, A + B), vB(P, A + 1) }〉  

With these rules to apply, after unification event2 
is enabled. However, the resulting values of the 
variables in the post conditions of event2 are: A 
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= 3 and B = 2, ending in state 3. Without further analysis this could just be attributed 
to a lexical mapping discrepancy of symbols but setting the values of the variables to 
A = 3 and B = 0 the result of the transition should be A = 3 and B = 4 ending in 
state 2, as before. If there were bijection between states the result of the 
corresponding event should also be the same as before, but it is not. Instead event2 
is enabled and results in A = 3 and B = 4 ending in state 3, which although it yields 
the correct values for A and B, it does not yield the correct ending state. It also 
contradicts the assumption of a bijective state function upon which the requirement 
for dynamic adequacy is based.  

source

comTd

 

This can 
left hand
on the ri
produce 
fulfilled. 

Identif

The tran
was form
Fig. 9 ut
with the 

Type 1. 

 54 
Before   After   
Variable 

A 
Variable 

B 
State Path / 

Event Variable A Variable B State 

1 2 1 true 3 4 2  graph - 
g8 3 0 1 true 3 4 2 

1 2 1 event2 3 2 3 y(F(g8)) 
3 0 1 event2 3 4 3 

Table 1 General system states and transitions for the process in Fig. 9 
be seen more clearly in table 1. Given the two starting configurations on the 
 side of the table, the source graph produces the same ending configurations 
ght hand side of the table. However the events resulting from comTdy(F(g8)) 
different configurations. Therefore the requirement for adequacy is not 
 

ying and Dealing with the Problem 

sformation comT is a formalisation of that implemented according to [34] and 
ulated for a smaller subset of procedural specifications than the example in 
ilises. The subset did not include sequences of actions in transition paths 
following characteristics:  

any two assignments in a transition path with say sequence numbers x and 
y such that x < y and a variable v occurs in the LHS in assignment x and 
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also in the RHS in assignment y.  

Type 2. decisions based on the value of a variable that is changed somewhere 
along the transition path prior to the decision.  

The first of these will be called variable dependency. The second will be called assignment 
dependent branching. The latter has a special case which is of particular importance, that 
of cycles in transition graphs, which in order to be well formed must contain a 
decision with the characteristics of the second point above. Enlarging the subset of 
the original implementation to include transitions in which these two characteristics 
occur is the cause of the problems in the above example.  

Cases with either kind of dependency are problematic because an event’s post 
conditions are expressed as a logical conjunction in which order has no meaning. In 
contrast, the procedural nature of a process transition means that the sequence of 
assignments and decisions affects both the pre-conditions and post conditions 
respectively, contrary to the impression given by Fig. 8 on page 30.  

In the following sections, the two problems above are tackled in a way that leads 
to an alternative decomposition strategy. The properties of the current strategy are 
examined in order to arrive at a translation that results in a schema with more 
efficient dynamics.  

Amending the problems (variable indexing) 

The problem with any finite sequence of type 1 can be amended for variable 
assignments using supplementary variables so that that final values of variables are 
independent of the order of the assignments, since transition paths always consist of 
a finite number of actions, the supplementary variables approach is viable. The 
following procedure will achieve this: 

Reading through a transition path’s list of actions, reading each assignment’s 
RHS before LHS, every variable is given a current index starting with ‘1’ at its first 
occurrence and assigned the initial value of the unindexed variable. Subsequent 
occurrences of that variable are labelled with the current index until the variable 
occurs on the LHS of an assignment, when it is given the variable’s current index 
incremented by 1. This is done for the entire path. Thereafter the highest indexed 
variant of each variable is then unified with the variable in the conceptual schema, 
effectively assigning the variable’s final value for ensuing transitions.  
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The procedure outlined above neatly deals with both types of sequence problems 
as far as the difficulties with the transition graph in Fig. 9 are concerned, but it does 
not deal with cycles. These could be eliminated from the source specifications simply 
by adding an extra state in every cycle before any translation is begun. However 
complexity considerations should also be taken into account here.  

4.2 Complexity of Path Decomposition 

Looking back at the path decomposition and the resulting events certain 
problems become evident. The number of compound paths Pc(g) through a 
transition graph with d decisions is greatly affected by the fact that transition graphs 
are not trees but directed graphs. In the worst finite case Pcw(g) = 2d. The worst 
case15 occurs when both paths emanating from a decision δi both lead to another 

Fig. 11  
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decision δi+1, for 1 ≤ i < d with the two paths from δd leading to a state without 
encountering any more decisions. The graph in Fig. 10, call it g10, illustrates a worst 
case for d = 3 resulting in Pcw(g10) = 8 the decomposition of which is shown in Fig. 
12.  
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However the best case for any graph g with d decisions is Pcb(g) = d + 1. This 
occurs when one path emanating from a decision δi leads to another decision δi+1, for 
1 ≤ i < d and the other path from δi, and both paths from δd lead to a state without 
encountering any more decisions. The graph in Fig. 11, call it g9, illustrates a best 
case for d = 3 resulting in Pcb(g9) = 4. The double scored boxes in the graph are 
process creation. A label PS1 inside a box indicates the creation of a new process 
instance of type PS1.  
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structure. In most cases this structure will be a mixture of these two extremes of 
decision branching. The type of problem and style of specification will naturally play 
a part in the structure that arises in a specification. In an attempt at a general 
indication of the complexities involved let us assume that an average graph will 
contain equal parts of the graphical structure from the worst and best cases. 
Assuming this implies that in general the number of compound paths in an average 
case graph g is  
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The identification of enabled rules requires that all pre-conditions are fulfilled. The 
larger the pre-condition the more computation may be necessary before a pre-
condition fails.  

Apart from creating many rules with many pre-conditions, compound 
decomposition creates many very similar pre-conditions because their construction 
repeats formulae from sub-paths that compound paths have in common. This 
repetition is also exponential in the worst case and has a second consequence 
discussed in the section on Failure Cost on page 72. In any case, common to all paths 
are the actions preceding the first decision.  

Viewing the paths as broken into sub-paths preceded by decisions it is possible to 
see how large the intersection of sub-paths is for various numbers of compound 
decomposed paths expressed as powers of 2. The size of the intersection of sub-
paths for all 2d paths is 0. For 2d-1 that is to say half the paths, it is 1 sub-path, for a 
quarter of the paths 2d-2 it is 2 sub-paths and so on. Following this pattern the 
number of paths for which half the sub-paths d/2 are common is 2d/2 paths. 
However with no particular order assumed in the corresponding event rules it is 
more practical to consider the probability that the preconditions of some other path 
will be tested than the one that is enabled by the current state. Assume that the 
probability is 0.5 that 1 of the 2d rules other than the rule that will eventually fire, 
satisfies the first set of formulae from one of the sub-paths. The probability that this 
will happen for the second set too, is (0.5)2 by the same argument. The probability 
p(i) that this will happen for the ith set is (0.5)i. The expected number of false 
comparison is then 

∑
=

−
d

i

i

1
2  

which as d grows larger tends to 1. Together with the fact that the actions preceding 
the first decision are common to all paths, yields an expected number of false sub-
path matches between 1.5 and 2. This implies that the worst case is not too 
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problematic as far as common preconditions are concerned as long as the sub-paths 
are short. The longer the sub-paths the more pre-conditional formulae will be unified 
before the pre-condition fails.  

One kind of transition graph that cannot be handled by compound 
decomposition is one with a cycle. This occurs when a path emanating from a 
decision δi leads to a decision δj where i ≥ j. Cycles have the potential of creating an 
arbitrarily long transition path, the length of which cannot be determined prior to 
execution. Fortunately this prospect is kept safely at bay with the decompositional 
approach outlined in the next chapter.  

To summarise the discussion on complexity so far, several factors from the input 
have been identified that influence the size of event rules resulting from translation 
after compound decomposition, notably these three:  
• number of decisions and branching arrangement of transition paths effects the 

number of event rules in ER  
• the length of decomposed transition paths effects the number of preconditions 

per event rule 
• length of sub-paths between decisions effects the number of pre-conditions 

common to more than one rule  
 
These factors are examined again in section 6.2 against the decompositional 
approach of the next chapter.  

The problems of the two dependencies, variable dependency and assignment 
dependent branching identified above, have previously afflicted program 
optimisation and are known there as data dependence and procedural dependence, 
respectively. I was not aware of this at the time of the work shown here [35], which 
possibly enabled the solution found to suit the task at hand better. The solutions for 
optimisation of procedural languages were not directly applicable to the purpose of 
translation however, nor to specifications. However more recently the problems of 
dependence have been applied specifically to extended finite state automata [86] and 
although their solution to the problem is primarily geared towards reduction of the 
state space rather than preparation for translation, it is very similar.  



 

 

5 Alternative Path Decomposition 
Another approach to path analysis is sub decomposition: to break down the transition 
path into a series of smaller events as suggested in [53]. These smaller events would 
correspond to segments of the transition path separated by decisions. They would 
then trigger one another in the same order in which they occur on the transition 
path. This decomposition also resolves the problem of cycles in a transition graph 
that compound decomposition cannot. This is because any well defined cycle 
contains by necessity at least one decision.  

5.1 Sub-decomposition of Transition Paths 

The small adjustment to the set of end vertices in the next definition is the essential 
difference between compound- and sub-decomposition of a process. The latter yields 
as transition paths TP(ps), the set of sets of arcs that form an unbroken path through 
the directed graph of the process’s transition diagram between two end vertices with 
no end vertices in between. This is the basis of the four cases shown in Fig. 13. 

Definition 32  
Let EV′(PS) = EV(PS) ∪ DC(PS) be the set of end vertices for transition paths.  

The definitions of transition paths, and sequences remain unchanged: as they are for 
compound decomposition, although their extensions are changed due to the primed 
definition of end vertices EV′(PS).  

Simulating the transitions of sub-paths in an event driven schema requires saving 
the state of the path before each decision. The mapping for saving state that is 
previously described on page 47 needs only a slight adjustment. Incoming messages 
must be also be ‘remembered’ in the intermediary state. Parameters belonging to an 
in-coming messages need not be retained in any special way because they will already 
have been passed to local variables and saved along with these variables. Similarly the 
reverse applies to out-going messages.  
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The transformation of the static 
part of a process specification into the 
conceptual schema SR is described in 
glorious algorithmic detail in [34]. 
However to accommodate the 
mapping of components from 
transition graphs after sub decomp-
osition, it is necessary to augment the 
static transformation. This is because 

decision states need to be mapped as part of the intermediary states that may occur 
between transition paths from sub decomposition.  
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between transition paths from sub decomposition.  
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DS: set of decision vertices in some FSP a SR for some S  
is the bijective decision state function such that  
DS(dc) results in a formula  
conc("decision_state(", ID(dc), ")") ∈ SR   
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Fig. 15  Sub-decomposition of the transition graph in Fig. 10, showing all sub-paths 

This static mapping is simplified since the details lie outside the scope of this text. 
Omitted is the translation of the decision’s association with its enclosing process and 
its inclusion in that process’s mutual exclusion formula which thereby includes the 
decision state in the operation of the frame rule.  

5.2 Path translation after Sub-decomposition 

As for compound decomposition the correspondence between the dynamics of the a 
process as specified in transition paths can now be mapped to event rules in the 
conceptual schema. The same restrictions already placed upon the source language 
apply. Again, every transition path tp ∈ TP(ps) where ps ∈ PS(FSP) corresponds to a 
separate event rule er ∈ ER where ER is in S.  

Definition 34  
TPdy is the bijective path dynamics translation function such that  
TPdy(tp) = er  
and 
Tdy is specified by the constructions presented in the remaining sub-sections of 
this chapter, constructions that together define the minimal sets for C(w) and 
P(w) under the following assumption:   
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Assumption 1  
Assume some  
tp ∈ TS(TP(PS(FSP))) and er = 〈κ, C(w), P(w)〉 ∈ ER in S   

Initiation of Variables 

Variable initiation for subTdy differs from that in the corresponding section of comTdy 
only in that the second variable of the target languages relation representing the 
source languages variable, is suffixed with 1.  

Definition 35  
Given assumption 1 above,  
if vr ∈ TV(tp) then  
conc(ID(vr), "( PS, V", ID(vr), "1)") ∈ C(w)   

This would result in a conjunct similar in appearance to the following, in which the 
variable PS becomes bound to a process instance through the clauses that result from 
the mapping defined in the next section.  
processtypename_varname(PS, Vvarname1) 

Initial and Final States  

The starting state of the transition path tp is mapped to the pre-conditions of the 
corresponding event rule using the definition in the subsection by the same name on 
page 44.  

Incoming Signals and Parameters 

The passing of values from the parameters of in-coming signals is mapped using 
functions XV and MSG defined and explained under the same sub-heading on page 
44. The following construction differs only in that the first variable of the equality 
relation is suffixed with 1, shown here with bold type for clarity. The suffix allows 
the temporary variables of the target language to store the changing values of a 
variable of the source language declared in a process. This will become clear in the 
explanation of assignments below.  

Construction 

Given assumption 1 above,  
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if tp−1(ac) = 2 and ac ∈ tp ∩ IN(PS) and MSG(ac) = sg and XV(ac) = VL then  
"firstInQ(PS, S)") ∈ C(w),  
conc(ID(sg), "(S)") ∈ C(w),  
"consumed(S)" ∈ P(w),  
and if i ∈ [1, length(VL)] in VL then 
 conc(ID(el#(i, PL(sg))), "(S, P", i, ")") ∈ C(w),  
 conc("V", ID(el#(i, VL(ac)), "1 = P", i, ")") ∈ C(w)   

The last formula above resulting from concatenation is better exemplified by the 
following:  
Vps_VarName_dt1 = Pi  This effectively passes the value of the ith in-coming parameter to a 

temporary variable in er through unification with Pi.  

Assignments  

The following mapping differs from that under the same sub-heading on page 45, in 
that it creates suffixes for the variables involved. It also uses the XU function with 
the difference that the variables in the expression are mapped to the object 
language’s temporary variables, and those that have last been assigned values in the 
transition path. This is taken care of through the function PA, defined on page 40, 
which determines the correct suffix.  

Definition 36  
XU′: SDLexpressions a String, is the eXpression Update function such that 
XU′(exp) converts exp to a string and updates all the variables that occur in exp 
with occurrences of conc(ID(vr), PA(vr, p, tp) + 1)   

Construction 

Given assumption 1 above,  

if as ∈ AS(ps) ∩ tp, where 
LHS(as) = vr and  
tp−1(as) = p and  
n = PA(vr, p, tp) + 2 
then conc(ID(vr), n, " = ", XU′(RHSS(as, tp))) ∈ C(w)))     

The definition expresses that for all assignments in the current transition path, the 
left hand side variable’s previous assignment tally is set to an integer determined by 
PA incremented by 2. The ‘+ 2’ allows one variable occurrence for the name of the 
initiating variable in the pre-condition of er (see ‘Initiation of Variables‘ on page 63) 
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and then adds one to increment the suffix in order to store intermediary values of a 
variable. The formulae produced might have an appearance similar to the following 
two examples:  
Ps1_VvB3 = Ps1_VvC2 

Ps1_VvB4 = Ps1_VvB3 + 1 

Outgoing Signals and Parameters 

The mapping of out-going signals and the passing of values via parameters differs 
only from that specified on page 46 by the additions shown here in bold type, which 
through the use of ‘tp−1’ and ‘PA’, ensure that the most recently assigned temporary 
variables are used for unification with the parameters of the out going signal.  

Construction 

Given assumption 1 above,  

if ac ∈ tp ∩ OU(PS) where tp−1(ac) = p and MSG(ac) = sg and XV(ac) = VL  
then  
"consumed(S)" ∈ C(w),  
conc(ID(sg), "(S)") ∈ C(w),  
"ok2Send(S, P, _ )" ∈ C(w),  
"lastInQ(P, S2)" ∈ C(w),  
"existent(S)" ∈ P(w),  
"precedes(S2, S)" ∈ P(w)  
and further if i ∈ [1, length(VL)] in VL  
 then 
 conc(ID(vr), "(PS, V", PA(vr, p, tp) + 1, ")") ∈ C(w),   
  conc(ID(el#(i, PL(sg))), "(S, V", PA(vr, p, tp) + 1, ")") ∈ P(w),  
 where vr = el#(i, VL(ac))   

Saving State 

After a transition has been performed the system state depends not only on those 
entities named as ‘states’ but on all variables and queue configurations. States are 
dealt with in the sections on decisions and states above. Queues likewise are dealt 
with by the mappings defined in the sections for in-coming and out-going messages. 
This leaves only the relations representing variables in need of preservation. These 
need to be asserted in the post conditions so that they contain the highest indexed 
temporary variables, thereby making these permanent, at least until the next 
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transition fires.  

Construction 

if vr ∈ TV(tp) where PA(vr, Length(tp), tp) = m  
then conc(ID(vr)), "(PS, V", ID(vr), m + 1, ")") ∈ P(w)    

The definition states that for each variable used in a transition path, the number of 
times it has been assigned a value prior to the final state, becomes the number of the 
temporary variable with which the relation in the conceptual schema is unified. This 
unification effectively saves the value held by the temporary variable. The + 1 allows 
one variable occurrence for the name of the initiating variable in the pre-condition of 
the event rule er. The formula resulting from concatenation is better exemplified by 
the following:  
ps_VName_dt(PS, VarId4)  This effectively updates the variable vr with the value held by the 

temporary variable with the highest index value m, here 4.  

Processes Creation 

The starting state of the transition path tp is mapped to the pre-conditions of the 
corresponding event rule using the construction specified in the same heading on 
page 47.  

Decisions 

The T, F and cond functions, defined in Definition 26 on page 49 also serve in the 
mapping of decisions from sub-decomposed paths. The following definition differs 
only from the latter in the additions shown here in bold type. In contrast to 
compound decomposed paths, decisions in sub-decomposed paths only occur as the 
first or last vertices in a path.  

Construction 

Given assumption 1 above,  

if dc ∈ (tp) where tp−1(dc) = L(tp) then 
conc(ID(ps), "_", ID(dc), "(PS)") ∈ P(w) 
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otherwise if dc ∈ (tp) ∩ DC(PS) where tp−1(dc) = 1 then 
conc(ID(ps), "_", ID(dc), "(PS)") ∈ C(w)  
and further 
if T(dc) = tp(2) then cond(dc) ∈ C(w) otherwise  
if F(dc) = tp(2) then conc("¬(", cond(dc), ")") ∈ C(w)   

When a decision dc is the last vertex in a transition path the intermediary state 
representing that decision is added to the post conditions just as for a final state, see 
‘Initial and Final States‘ on page 44. When the first vertex in a transition path is a 
decision it is treated as on page 49. The first formula resulting from the mapping 
becomes similar in appearance to the following; the others are as before.  
procName_decisionID(PS)  This fulfils the same purpose as an initial state: binding a process 

instance to variable PS for further reference by other clauses in the 
event rule.  

5.3 Assembly of the Translation 

Having defined the mapping details of the six possible types of vertex present in 
transition paths, as well as some accompanying manipulations, it remains to piece 
together the translation as a whole. Recall the flattening function F from Definition 
12 on page 24.  

Definition 37 ◊ 
Given specification SP in FSP and ER in S in S  

PSdy: PS(SP) a ER is the process dynamics mapping function such that PSdy(ps) = 
{er | er = TPdy(tp) for tp ∈ TS(TP(ps))}  

subTdy: FSP a ER in S in S is the dynamics translation function such that Tdy(FSP) 
= {er | er ∈ PSdy(ps) and ps ∈ PS(FSP)}    

The function subTdy is the dynamic counter part to subTst refined from Definition 16 
on page 32 which results in all formulae needed to defined the static part of the 
conceptual schema of the specification to be translated. subTdy thus results in all 
formulae needed to defined the dynamic part of the conceptual schema, by collecting 
all event rules from each process defined in the source specification. This done using 
function PSdy, which in turn is based on the transition path dynamics translation 
function TPdy.  



Chapter 5 

Definition 38 ◊ 
Tsub: SP a S is the translation function using sub-decomposition such that 
Tsub(FSP) = (SR, ER) such that 
SR = subTst(F(SP)) and ER = subTdy(subTst(F(SP)))    

Tsub is the complete translation function of a process based specification to a 
conceptual schema using sub-decomposition.  

Reassertion of Dynamic Adequacy  

The requirement of Definition 31 on page 52 for dynamic adequacy was not fulfilled 
by comT. Now however, after having redefined parts of the translation, the 
requirement has been fulfilled and is stated here as a theorem. The theorem follows 
immediately from the formal construction of the translation when applied to a sub-
decomposed transition graphs. Without a frame rule the implication only holds in the 
if direction.  

Theorem 3 ◊◊ 
Given Tsub(SP) = S = (SR, ER) and  
tp ∈ TP(ps), ps ∈ PS(SP) and  
er ∈ ER in S and  
subTdy(tp) = er and  
a bijection ψ: GS(SP) a D(SR), implied by comTst such that  
ψ(g) = d and ψ(g') = d' then  

there is a transition in SP from g to g' iff (d, d') ∈ EV    
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6 Examination of 
Sub-Decomposition  

This chapter illustrates the translation scheme of the previous chapter and 
investigates the factors identified at the end of chapter 4 concerning the complexity 
characteristics of compound decomposition and compares them with those of sub-
decomposition.  

Continuing with the translation of the graphs in Fig. 9, Fig. 10 and Fig. 12 from 
pages 34, and 57 the appearance of the events resulting from these after sub-
decomposition is exemplified in a number of different ways below 

6.1 Translation Example 

In the rules that follow the strings are simplified: identifying context and some 
indices have been omitted for clarity. The next two event rules are translated using 

subTdy(g14) from two of the 7 paths resulting from the sub-decomposition of g14 in 
Fig. 15. The first rule represents path1, which runs from the initial state to the first 
decision, the second represents path8, which runs from the last decision state 
following the right branch of the decision to the final state.  

〈sub-event1, pre{inState1(P), firstInQ(P, M), sig1(M),  
 vX(P, X1), vA(P, A1), X2 = A1) }  
post{consumed (M), inState1D1 (P), vX(P, X2) }〉 

〈sub-event7, pre{ inState1D3(P)  
 vX(P, X1), vC(P, C1), vD(P, D1),  
 ¬(X1 > D1), C2 = D1, D2 = X1) }  
post{ inState2(P), vC(P, C2), vD(P, D2) }〉 

These rules can be reinterpreted in terms of the original system. In the first rule, the 
process is in the state inState1 until sub-event1 is enabled which happens when all 
the preconditions are satisfied. In the pre conditions the variable P is unified with an 
instance of the process currently undergoing a transition. The queue is checked by 
the predicate firstInQ for an incoming signal, the type of which must match 
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according to the predicate sig1. The variable M is then unified with the message 
instance that satisfies the firstInQ and sig1 predicates. The predicates vX and vA 
merely catch the currently saved values of variables X and A and unify them for later 
use with the temporary variables X1 and A1. In general event rules must catch in 
their the preconditions, all the variables used during a transition. The equality 
between X2 and A1 effectively assigns the value held by A1 to the temporary variable 
X2, so as not to interfere with the value held by X1. If the preconditions all unify 
successfully the post conditions are then asserted.  

In the post conditions the signal bound to variable M is removed from the queue 
by asserting the predicate consumed. This invokes the frame rule which owing to the 
mutually exclusive states of signals as shown in Fig. 7, retracts the predicate existent, 
which helped to satisfy predicate firstInQ in the preconditions. The predicate 
precedes that for the preconditions would have been instantiated with the signal 
bound to variable M, is then also retracted by the frame rule because the signal 
instance is no longer within its domain. Asserting the signal as consumed leaves it 
ready for sending in some other transition. Another mutual exclusion neatly effects 
the change to the decision state inState1D1 which represents the fact that the process 
has entered a new state, in this case an intermediary decision state labelled with the 
concatenation of the compound path’s source state and the index number of the 
decision. The predicate vX in the post condition asserts the new value of the variable 
X as that held by the temporary variable X2. The rule sub-event7 works in a similar 
fashion.  

6.2 Efficiency Considerations 

There are disadvantages with sub-decomposition. The conceptual schema must be 
modified. For each decision di in a transition graph g emanating from state S1 sub-
states S1di must be included. Fortunately this is in keeping with the underlying 
conceptual structure of the specification. What is not in keeping with the basics of 
transition based dynamics is the way sub-decomposition breaks the atomic nature of 
a process transition. However, this atomic nature is preserved in the practice because 
the new states that represent the intermediary states of a compound path are unique 
and event rules that represent sub-paths do not require input from the signal queue 
and can therefore easily be given priority by an inference machine: simply firing all 
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enabled rules that do not require signal input before those that do will ensure the 
unbroken sequence of sub-paths that constitutes a compound path.  

Three parameters important to the efficiency of a simulation of the translated 
specification were identified in sub-section 4.2 above. In brief these were: The 
number of paths/event rules, the number of actions/pre-conditions in those rules, 
and the number of actions/pre-conditions common to more than one path/event 
rule. These are now discussed.  

The number of sub-paths Ps(g) resulting from a transition graph with d decisions 
is always Ps(g) = 2d + 1, i.e, double the number of decisions with an additional sub 
path from the initial state to the first decision. So although the sub-decomposition 
shown in Fig. 15 for the worst case transition graph with d = 3 in Fig. 10 yields 7 sub 
paths, the sub-decomposition of the best case with d = 3 in Fig. 11 also results in 7 
paths.  

The number of formulae in the pre-conditions of each atomic event will always 
be less than or equal to that of a compound event extracted from the same transition 
graph. The reason for this is that the number of actions in a sub-path is a fraction of 
those in a compound path. Assuming an even distribution of actions between 
decisions, given a path with d decisions and n actions there will be n/d+1 actions in 
each sub-path. Clearly less than for a compound path. This would bare less 
importance if sub-decomposition required more formulae than a compound path of 
the same length, but this is not the case for the following reason.  

An intermediary decision state summarises many of the actions in the preceding 
sub-paths’ interrupted computation. It requires an extra conjunct in the pre-
conditions of the corresponding event rule. Any variable unification necessary for 
catching in the preconditions, the values of variables used in the sub-path, is only 
necessary for the those variables that are actually used between the decision in 
question and the next decision. In the worst case this can never be more than for the 
compound decomposition of the same path, and usually it will be less because the 
sub-path will not use all the variables used by the entire compound path. Also any 
signal passing in preceding sub-paths will already be over and dealt with.  

The number of formulae common to the pre-conditions of different rules will 
affect the speed with which an inference engine can find an enabled rule to fire, i.e, a 
pre-condition that is satisfied by the current system state. The following discussion 
assumes only one rule to be enabled at a time and no particular organisation of event 



Chapter 6 

rules in ER. These assumptions are made in order to simplify the analysis. Their 
affect on the results is considered later in this chapter.  

Failure Cost 

On average at least half the event rules need to be tested in order to find the one that 
is enabled. However, further checks are required for each satisfied formula in the 
pre-condition before establishing whether the pre-condition set is satisfied. Similarity 
between formulae in the pre-conditions of different event rules therefore constitutes 
an important parameter in the efficiency of schema dynamics.  

Definition 39  
Let n be the number of formulae in the pre-condition of the enabled event rule 

Let i be the sequential index numbering the formulae in a pre-condition 

Let ρ(i) be the number of rules for which the current system state satisfies the i 
first formulae in the pre-conditions of er but fails to satisfy the (i + 1)th formula 

Let fc be a function that given an event rule er and a set of event rules ER, 
evaluates the average failure cost of er such that  

( ) ( ) ( )∑
−

=

+×
=

1

1 2
1,

n

i

iiERerfc ρ
   

The ‘+1’ in the second factor of the first term represents the failure of the current 
state to satisfy the next formula after i. 2 is a divisor because the search through 
event rules is assumed to be sequential failing half way through ER on average. 
Because the condition on ρ(i) is failure exactly at i and only there, i partitions the 
rules and the average becomes a simple summation.  

Definition 40  
Let N = | ER | i.e, the number of paths/event rules in ER 

Let j be the sequential index number of event rules in ER 

The overall failure cost for ER is then  
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If fc has an average value, say c, for a given ER, then ofc(ER) = N⋅ c. Although it is 
difficult to determine average values for the parameters, even if ρ(i) ≤ 1 for all i in a 
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given er, then fc(er, ER) would be at least n(n + 1) ÷ 4 which is quadratic. Reducing 
n would therefore be a quadratic increase in efficiency. In general sub-decomposition 
does reduce n, if for no other reason than that sub-decomposed paths are necessarily 
shorter than compound decomposed paths. Sub-decomposition also reduces n 
because decision states summarise and replace many of the pre-conditions that have 
been satisfied for preceding sub-paths in the transition.  

The value of ρ(i) is not a strictly decreasing function of i and although it 
constitutes only a factor, its value may be large and significantly influence the value 
of fc. Sub-decomposition reduces the value of ρ(i) also. This is because intermediary 
decision states are represented in the pre-conditions of only two event rules in ER 
thereby reducing ρ(i) to 1 for decision state clauses16, and thereby also ofc.  

If overall failure cost ofc(ER) is about the same for compound- and sub-
decomposition then the latter will take longer because there are more rules to find 
and execute in order to accomplish the same task effective amount of computation. 
This is because in order to perform what is an atomic state transition, a sub-
decomposition will require finding an extra event for each decision made in the 
original transition, whereas compound decomposition will only require one. To 
illustrate this consider an average case as discussed in section 4.2. Finding the correct 
event rule requires on average one search in which half the rules are inspected and 
costs ofc(ER) for inspecting them.  

½(2d-1 + (d +1) ÷2) × ofc(ER) = (2d-2 + (d+1)/4) × ofc(ER) 

On the other hand for sub-decomposition finding the correct event rule requires 
d+1 searches for which, on average, half the 2d +1 rules are inspected, and costs 
ofc(ER) for inspecting them. This yields  

(1+d)(½ (2d+1)) × ofc(ER) = (d2 + 3d/2 + ½) × ofc(ER) 

The number of searches required is 1+d because the first part of the transition prior 
to the first decision must be fired, followed by one of the two sub-paths that follow 
each decision until the final state is reached. It results in a quadratic expression. 
Setting the two expression equal and cancelling the ofc(ER) yields  

2d-2 + (d+1)/4 = d2 + 3d/2 + ½  

⇒  

2d - 4d2 -5d -1 = 0.  
 

16  This assumes binary decision and that the decision state is listed first in the pre-conditions. 
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The solution lies 8 < d < 9, an interval which is the break point for d at which 
compound decomposition becomes less efficient than sub-decomposition. In 
accordance with good specification design [115], the number of decisions between 
states will almost always be less than 8, and in practice therefore sub-decomposition 
is less efficient than compound decomposition. In spite of this, sub-decomposition 
of transition paths is preferable because the overall advantages, not least coping with 
cycles, outweigh the disadvantages.  

Order of Formulae  

The inference machine’s top to bottom, left to right searching strategy assumed 
earlier, makes it worthwhile considering the effects ordering has on the performance 
of a simulation. Ordering can be applied in two distinct ways: order over er in ER; 
order over conjuncts in C(w) for every er ∈ ER.  

Footnote 16 above imposed the assumption that intermediary decision states 
should be placed first in C(w). This approach can be generalised and applied to all 
conjuncts. Assuming that only binary decisions are permitted, there will only be two 
rules with the same decision state. The number of rules with any given conjunct 
common to their respective preconditions constitutes an excellent ranking strategy 
upon which to base a partial order of conjuncts within each rule’s pre-conditions. 
Variable catching clauses would probably end up to the rear of the preconditions 
because they are the same for all sub-paths using the variable in question for the 
entire process.  

One criteria for ordering the rules of ER could be the size of their sets of 
preconditions, placing the smallest first. However not knowing which rules are most 
frequently used this could be a poor criteria. A frequency of use could be recorded 
during a simulation but this requires using an inefficient arrangement first. However, 
since simulation will not be used for application purposes and only for analysis and 
since analytical simulations will probably test very different parts of the specification 
for different simulations, this may never be of much use. Perhaps a simple ‘most 
recently used first’ strategy would be the most suitable. This would move each rule to 
the top of the list of rules after each execution and be immediately effective and 
adaptive to any simulation.  

Given that an improved order is found, any efficiencies thereafter may be greatly 
improved with a good searching algorithm. In the original implementation at Telia an 
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unordered flat file was used.  

6.3 Other Considerations 

There are two aspects of the examination of sub decomposition that are also worthy 
of consideration in addition to the examples and the analysis of efficiency. The first 
of these is how managing signals can affect simulation and the requirements placed 
on an inference machine. The second aspect concerns variations in the way that the 
different constituents of the translation are combined and whether any such hybrid 
approaches might be of interest. 

Signal Concerns 

Two matters concerning signals seem worthy of comment: Multiple incoming signals 
and saving signals’ position in the queue. The earlier constraint in section 3.4 for 
compound decomposition allowed only one incoming signal per path. This 
constraint can be relaxed somewhat for sub decomposition, requiring that only one 
in-coming signal occurs in each sub-path and it occurs as the second element only.  

Were there a need for later signals in the transition, these could easily be 
preceded by an additional state and would effectively so become the second element 
in an ensuing transition. In cases when the earlier constraint of section 3.4, with only 
one in-coming message construct per transition disrupts the dynamic integrity of the 
specification by violating the atomicity of a transition, this could be dealt with by 
preceding later signals by an additional message state that would effectively so 
become the second element in an ensuing transition. The message states would have 
much the same effect on simulation as the extra decision states, as described in 
section 5.1.  

The need for several decisions per transition could be achieved with the use of 
temporary variables, the indices of which precede those of variable assignment. Then 
it would become possible to adjust for a second incoming signal by adapting the 
procedure of the inference machine. This would involve looking at the successor of 
the first element in the queue, and likewise at the successor of the successor of the 
first for a third incoming signal, and so on. But this requires a more elaborate 
procedure for the inference machine.  

These two alternatives show that the digressions from basic queue handling are 
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only achieved at the cost of the simplicity of the inference machine, and it is not clear 
which alternative provides the best trade off. This should be established through 
experimental testing. The trade off is between simple translation and simple 
simulation.  

Let SP be an executing system with two processes p1, p2 and the current state of 
the queue is q = s3, s2, s1 with s1 at the head. If p1 needs s2 and then s1 to achieve a 
certain computation. It might have to wait forever for s2 to reach the head of the 
queue.  

If s2 and s3 have both been sent by p2 during a single transition, the order in 
which they end up in the queue is arbitrary by the assumption of atomicity of 
transitions underlying languages based on finite state machines [13].  

Discarding s1 to get to s2 would prevent correct calculation. This is the reason for 
the signal saving mechanism used in some languages. Signal saving can best be 
effectuated in the schema used for this translation by allowing the inference machine 
to check the queue as follows: After any transition look for the next transition by 
searching for instantiations of event rules that will be enabled by the ith element in 
the queue setting i to 1 and then incrementing by one for each failed search. This 
strategy will give priority to rules that obey normal queue semantics.  

Hybrid Translation Schemes 

It would be possible to combine the best aspects of the transformations discussed 
into a kind of hybrid translation scheme, by conducting a compound decomposition 
and then applying a variant of the second dynamic translation scheme to the 
compound paths. The hybrid variant could then use temporary variables but not 
decision states. To illustrate the kind of event that could result, here is an event rule 
translated in this way from the compound decomposition of g8 in Fig. 9 on page 34. 
The rule represents the left path.  

〈event1, pre {inState1(P), firstInQ(P, M), sigM(M),  
 vA(P, A1), vB(P, B1), A2 = A1 + B1, B2 = A2 + 1}  
post {consumed (M), vA(P, A2), vB(P, B2), inState2(P)}〉 

Given starting state = state1, A = 1 and B = 2 enables this event and yields A = 3, B 
= 4 and state = state2. Likewise, given starting state = state1, A = 3 and B = 0 also 
enables this event and yields A = 3, B = 4 and state = state2. Both of these results 
are correct with variables vA and vB holding correct values according to the 
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specification. Note that temporary variables are internal to the event and need not be 
represented in the conceptual schema.  

Further illustration of the kind of event that could result from a hybrid 
translation is worth looking at. Here are a couple of event rules translated in this way 
from two of the 8 paths resulting from the compound decomposition shown in Fig. 
12. The first rule represents the path1, which follows all left branches, the second 
represents path8 following all right branches.  

〈event1, pre {inState1(P), firstInQ(P, M), sigM(M),  
 vX(P, X1), vA(P, A1), vB(P, B1), vC(P, C1), vD(P, D1),  
 X2 = A1, (X2 > B1), X3 > B1, (X3 > C1), X4 = C1, (X4 > D1)}  
post {consumed (M), inState2(P), vX(P, X4) }〉 

〈event8, pre {inState1(P), firstInQ(P, M), sigM(M),  
 vX(P, X1), vA(P, A1), vB(P, B1), vC(P, C1), vD(P, D1) 
 X2 = A1, ¬(X2 > B1), A2 = B1, ¬(X2 > C1), B2 = C1, ¬(X2 > D1), C2 = D1, D2 = X2} 
post {consumed (M), inState2(P), vX(P, X4),  
 vX(P, X4), vA(P, A2), vB(P, B2), vC(P, C2), vD(P, D2) }〉 

Confirming that these event rules give correct results in accordance with the source 
paths is left as an exercise for the reader. Note that the first rule has 14 preconditions 
and the second 16 preconditions. These examples serve also to illustrate how 
compound decomposition results in large preconditions even in a hybrid translation 
scheme. The major disadvantage of such a hybrid translation scheme is that it can 
not cope with cycles. However together with a decomposition function that 
substitutes decision states only for cycle bounded decisions, a useful hybrid 
translation scheme could be constructed. The properties of such a scheme would be 
worth investigating and comparing with the two schemes analysed here.   



 

 

7 The Translation and 
its Problems Summarised  

The work presented so far revises and extends a working method described in [40], 
for the transformation of process based specifications to an event driven logic based 
formalism. The method models a fully expressive subset of basic language constructs 
from the source language, in an entity-relationship schema at meta-level, and extends 
this with subtypes together with their relations in accordance with an input 
specification. The translation of any specification within this subset of the language 
then becomes a question of extending the meta-schema. The resulting entity 
relationship schema is expressed in first order logic. In this way the transformation 
preserves the conceptual integrity of the source specifications and provides a sound 
basis for both integration and verification.  

The division of the conceptual schema into meta- and object level is the key idea 
to the translation. It is easy to see how this technique is applicable to a wide variety 
of process- or object based languages. The meta-level models the language’s core 
constructs and the object level models application specific classes, as illustrated in 
Fig. 7 on page 30. A general way of viewing this translational approach is to regard 
the target language as modelling the constructs of the source language. Since 
publication [35] of the translation method, I discovered some prior work which takes 
a similar approach to translation, though in the ‘opposite’ direction, from the 
declaratively formal to the procedurally executable, from Object-Z [125] to C++, 
where C++ classes model the set theoretical constructs of Z in order to facilitate 
translation [60]. Clearly the approach has general applicability.  

An extension to this work consists of accepting input specifications that use 
arbitrary levels of hierarchical nesting. This augments the input set of the translation. 
Limitations in previous work are revealed with the aid of a requirement for dynamic 
adequacy. Formalising the method allows this requirement to be precisely stated. The 
formalised but unrevised translation method proves to be unsatisfactory when tested 
against the criteria requirement on dynamics. Investigation into the cause of this 
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reveals problems with variable dependency, cycles and decision order. The nature of 
these problems suggests a formalised extension to the method. This extension builds 
on the existing method with a modification to the decomposition of transition paths 
that requires intermediary states for decisions and temporary variables for retaining 
intra-transitional values. The revised translation scheme satisfies the requirement for 
dynamic adequacy. Further support for the extended translation scheme is offered by 
an analysis of the complexity of the two decompositional approaches: sub-
decomposition and compound decomposition. The extended translation scheme has 
satisfactory complexity characteristics compared with its predecessor.  

The development of the ideas in this research hinges round the definition of 
adequacy for schema dynamics, which can be seen as non-conflict between systems 
facing type II conflicts, defined in [32]. The notion of dynamic non-conflict is 
important not only here in the context of translation, but also in the subsequent 
application of schema integration to the translated schemata, where it constitutes one 
of a host of goals for verification techniques. Dynamic non-conflict is therefore a 
natural progression for this line of research, and one that I investigate in the chapters 
that follow. 

This work explored translation of one process based language SDL to first order 
logic using the entity relationship model to represent the language. Industrial use is 
proof of principle, and I claim this method of translation will work for specifications 
written in other process based languages via an entity relationship model of the 
language constructs extended with the specification details. By translating 
specifications from a process based language to first order logic in a finite domain 
and using the entity relationship model as an intermediate representation, separately 
specified components can easily be integrated verifications can be carried out both 
on the individual components, and the integrated whole.  
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Part II 
 
With the translation in hand, conceptual schemata each representing some 
component of a system in the making, can be integrated more easily. The ensuing 
chapters explore the ways in which integration through correspondence assertions 
affects the interrelationship of two component schemata. In relation to the whole, 
this part of the thesis is illustrated in the overview of Fig. 1, repeated here, by the 
converging arrows and intersecting schemata on the right hand side of the figure. 
Content from the second half of this thesis under submission for publication [36, 37, 
38]. 
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Fig. 1 (repeated) An overview of my work 
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8 Integration and Conflicts 
Information systems of a decentralised character consisting of autonomous or role 
changing software components have gained an ever more important place in 
telecommunications, and networking environments in general. The concept of agents 
as more or less independent and intelligent components of such systems has lead to 
many useful advances in system design through the application of various artificial 
intelligence techniques [63]. The second contribution of my research is an analysis of 
the integrational properties of schemata in FOL that may specify such agents and in 
particular identification of integrational conflicts. 

Work on conflicts between agents has frequently been based on communication 
between agents and most of the literature is focussed on resolving conflicts. This 
frequently requires a precompiled frame work of co-ordinating plans [122, 100] or 
expensive run-time protocols for co-ordinating negotiations between agents [87, 89, 
113, 131] and altering belief systems [109]. However, tackling the difficulties in 
detection and identification of conflicts is in itself a complex task that has received 
notably less attention. This justifies exploring conflict genesis. An general approach 
to detection and diagnosis based on logic can be found in [110].  

There is a vast literature on conflict from the sociological to the computer 
hardware realm. Each area gives its own definitions of conflict. The anomalies that 
schema integration can give rise to investigated in this work fall under various 
categories of conflict depending of the completeness, correctness and compatibility 
of the specification design. I feel that most integrational anomalies are primarily 
indicative of semantic discrepancies originating in the design process. However, in 
some cases anomalies truly do constitute conflict between soundly specified agents 
for distributed systems. The criterion for agent conflict common to many distributed 
systems is that the choices made by interdependent agents with different goals can 
affect further choices or affect the outcomes that other agents can attain [101]. 

The consensus set for a group of interdependents is the set of solutions that fall 
within the boundaries of what all of them consider acceptable. Soft conflicts are 
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those where parties’ interests differ such that there is no optimal solution for all 
parties, but where the consensus set is non-empty. Hard conflicts start with an empty 
consensus set and require changing the boundaries to the ranges of parameters so 
that the consensus set becomes non-empty. Many conflict resolution protocols 
negotiate minimal boundary changes until a solution falls within the consensus set or 
it transpires that no solution can be found, such as described in [104]. 

Inconsistencies that occur between schemata due to dynamic discrepancies are 
what some researchers would classify as conflict [133], satisfying as they do the 
criteria of interacting processes between two parties. However the research into 
conflict management, so thoroughly addressed by researchers of distributed artificial 
intelligence, is of little use for the dynamic anomalies investigated in this work, since 
their occurrence, rather than being due to true difficulties in collaboration between 
soundly specified agents, is due either to inappropriate semantic mapping that 
violates the designers intentions or to incompatible disparate specifications.  

Furthermore, the conflicts fall outside the frame work of agent conflicts 
extrapolated in [49] since they lack utility for those agents and are not manageable 
within the context of agent interactions, and thus not amenable to resolution at 
object level, even with the plethora of AI dialogue techniques for negotiation, 
competition, collaboration etc. It is optimistic to hope that inconsistencies at the 
meta-level of design of agent semantics can be resolved by instances of agents at the 
object level. Therefore it seems more appropriate, rather than describing the 
inconsistencies formalised below as agent conflicts, to call them design or semantic 
conflicts, even though they may also arise between soundly specified agents. 

Definitions of agent conflicts assume differing intentions or goals, however some 
are not necessarily a result of differing agent goals nor design goals, merely a lack of 
understanding between designers who in the case of incrementally designed agent 
networks will often be separated geographically, linguistically and by time or 
organisational boundaries. The latter two of these separations, in particular, impede 
or rule out many of the approaches to resolving conflict in the design process put 
forward by concurrent engineering researchers such as [27, 85, 95], which assume 
disparate design within known boundaries. Many of these approaches deal with 
conflicts over the acceptable range of values that shared parameters may assume. 
Increasing the complexity of agents to deal with problems leads in itself to more 
problems not least that of expensive run-time overhead both for agents internal 
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processing and for their interactions. Alternative approaches of reallocating fewer 
responsibilities to simpler agents have also been attempted, such as ‘single functions 
agents’ which represents a fairly extreme approach to value negotiation [15, 48]. 
Other approaches in the ‘task oriented domain’ deal with collaboration over limited 
resources.  

From the perspective of database research a subset of the conflicts tackled by 
agent technologies are the result of the introduction into relational database theory of 
complex objects, the complexity of which has gradually increased towards autonomy. 
Due to this development, many of the ideas in this work stem from research into 
database- and user view integration. A generic term, schema integration introduced in 
[11] refers to both areas. Paper [53] argues the case for meaningful integration of two 
static schemata when the rules of one schema together with a set of integration 
assertions do not restrict the models of the other. From the consensus set 
perspective, meaningful integration forces at least the union of the schematas state 
spaces, which is provides plenty of possible contradictions.  

Integration assertions express ontological overlap between the agent systems 
[126], that is to say, terminological and structural differences between representations 
of the same reality. This theory was further extended in [52], where some general 
dynamic aspects of conceptual schemata were studied.  

This article extends previous work on schema integration, which has considered 
only static and structural aspects, as in [17], to handle some general dynamic aspects 
too. Dynamics are formalised by means of the event concept, similar in many ways to 
that proposed in [140], although many other approaches have been investigated [98, 
66, 50]. In contrast to traditional temporal logic, first order logic is used to model 
dynamics here, an approach that is argued for in [14]. 

Although the spurious dynamics that arises during integration may indicate 
conflicts over the ranges of parameters, it may equally well indicate disparities in 
semantic mapping well beyond the scope of negotiation at the object level where it is 
not so much the values of parameters that are at odds but rather the semantic 
equivalence of the parameters themselves. Furthermore, the equivalence relationships 
defined by a set of integration assertions can involve groups of parameters and be far 
from trivial. Without a lingua franca there can be no negotiation, only confusion.  

Generally agents resolve their conflicts with an interaction protocol that allows 
them to negotiate and compromise. There is a plethora of modellings most of which 
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more or less intentionally implement various ideas from game theory [113]. These 
include theories of planning, rationality, cooperative behaviour, decision analysis, 
commerce. All of these implementations depend on reliable communication between 
agents based on common semantics.  

The characteristics and consequences of events that might arise through 
correspondence assertions that allow transitions that would not be possible in the 
constituent schemata before integration is issue that will return several times in the 
following chapters. 

8.1 Conceptual Modelling Revisited 

In the modelling description below, agent process specifications are represented and 
studied as a structure containing formulae in first order logic, FOL. Such a structure 
will be referred to as a conceptual schema, which consists of two parts. The first part, 
the static part, expresses rules and the schema’s static characteristics – the state space 
of the schema. The second part, the dynamic part, uses event rules to express 
possible transitions between states. Although other suitable representations could 
have been used, familiarity with conceptual schemata and their formal properties is 
widespread. Furthermore, FOL has convenient properties from a theorem proving 
perspective. 

The exposition below assumes an underlying language L of first order formulae, 
and also a basic knowledge of conceptual modelling [23]. 

Definition 41  
An alphabet for first order language L is a tuple (C, V, P, F, K, Q, I) of sets 
symbols for: constants, variables, predicates, functions, connectives, quantifiers 
and punctuation respectively. A formula obeying the grammar of first order 
predicate logic will be called a well formed formula and denoted wff.  

Definition 42  
Let S be a variable not in L. A schema S is a pair (SR, DR) consisting of static rules 
SR and dynamic rules DR. SR is a finite set of first order formulae in a language L. 
DR is a set of event rules. Event rules describe possible transitions between 
different states of a schema and will be described below. 

L(SR) is the restriction of L to SR, i.e, L(SR) is the set {p|p ∈ P in L, but p does 
not contain any predicate symbol that is not in a formula in SR}. The elements in 
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SR are called static rules in L(SR). 

                                           

 

Definition 43 ◊◊ 
A model for a set SR of static rules of a schema S in a language L, is an Herbrand 
model for SR, extended by the negation of the ground atoms in L that are not in 
the Herbrand model. Thus, a model for L is an Herbrand model extended with 
classical negation.17 The model set M(S) is the set of all models for SR in S.  

The term ‘model’ will be used rather than the word ‘diagram’, which is otherwise 
common in the sense defined, because no Herbrand models are referred to that are 
not explicitly qualified as such.  

In order to compare the semantics of schemata and not just their structural 
information capacity, some kind of semantic mapping is required. Static 
correspondence assertions suggested in [79] and further developed in [80, 78, 52] 
serve this purpose by expressing an equivalence between parts of two schemata  

Definition 44 ◊◊ 
Given two schemata S1 and S2, where it holds for the sets of symbols for 
predicates P1, P2, functions F1, F2 and constants C1, C2 in the languages of S1 and 
S2 respectively, that P1 ∩ P2 = F1 ∩ F2 = C1 ∩ C2 = ∅, then a static correspondence 
assertion for S1 and S2, denoted sca, is a logical equivalence:  

∀x((G(x) ↔ H(x)) 

where G(x) is a formula in L(S1) and H(x) is a formula in L(S2) and x is a vector 
of variables.18 A set of such assertions for S1 and S2, will be denoted SCA1,2 
below.  

The schematas’ subscripts will usually be omitted. This definition is a generalisation 
of that defined in [52], which restricts G(x) to a single predicate. Unless stated 
otherwise, it will be assumed below whenever two schemata S1, S2 are subject to 
correspondence assertions, that their predicates, functions and constants are disjoint.  

Satisfaction of one side of the equivalence of a sca by a model from one schema 
will frequently need to be evaluated. Such an evaluation is not wholly consistent with 
conventional use of the |= symbol which requires complete formulae to be evaluated. 
Therefore a definition is required to distinguish convenient usage from conventional 

 
17 For our purposes, this is no loss of generality by the well-known result that a formula is satisfiable iff its 

Herbrand expansion is satisfiable. For a discussion of this expansion theorem and its history, see, e.g. [47]. 
18 Assume that the set of predicate symbols in L(S1) and L(S2) are disjoint. 
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usage. The intention of the latter definition is to help to reduce clutter from later 
definitions and proofs by allowing the omission of details concerning which side of a 
correspondence assertion is relevant to a particular model. 

Definition 45 ◊ 
Given a schema S, a model m ∈ M(S), and a static correspondence assertion sca 
= ∀x(G(x) ↔ H(x)) for S and some other schema, the restriction of sca to the 
language of schema S denoted r(sca, L(S)) =  

1)  G(x) iff G(x) is in L(S) or 
2)  H(x) iff H(x) is in L(S).  

Further m will be said to satisfy its part of sca denoted m |=r sca iff m |= r(sca, L(S)) 
otherwise m |≠r sca.   

Next, two models, one from each schema, that in union satisfy a complete sca are 
characterised as a relationship between those models 

Definition 46  
Given schemata S1 and S2 and a static correspondence assertion sca for S1 and S2, 
then a correspondence relation between S1 and S2 induced by sca, denoted c(S1, S2, sca) is 
the set {(m1, m2)| m1 ∈ M(S1), m2 ∈ M(S2) and m1 ∪ m2  |= sca}  

Note that since m1 and m2 are disjoint, each model pertains to only one half of sca’s 
equivalence formula. When individually m1 |≠r sca and m2 |≠r sca, then m1 ∪ m2 
|= sca, since false ↔ false = true. Thus members of c(S1, S2, sca) are pairs of models 
that either both satisfy or both do not satisfy sca. 

Definition 47  
Given a set SCA of static correspondence assertions for schemata S1 and S2, then 
the model correspondence relation between S1 and S2 induced by SCA, denoted Cm(S1, S2, 
SCA) is the set {(m1, m2)| m1 ∈ M(S1), m2 ∈ M(S2) and m1 ∪ m2 |= SCA}.  

Alternatively: 

Cm(S1, S2, SCA) = ∩i c(S1, S2, scai) for all scai ∈ SCA. 
 
Elements of Cm(S1, S2, SCA) are called corresponding models and these pairs of 
models are said to satisfy SCA for S1 and S2.   

The symmetry of the model correspondence relation shown next is needed later for 
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graph representation. 

Theorem 4  
The model correspondence relation is symmetric. 

Proof: Given a set SCA of static correspondence assertions for schemata S1 and S2, 
assume (m1, m2) ∈ Cm(S1, S2, SCA). By definition m1 ∪ m2 |= SCA. Since m1 ∪ 
m2 = m2 ∪ m1 it follows that m2 ∪ m1 |=  SCA and so (m2, m1) ∈ Cm(S1, S2, SCA). 
The assumed pair was arbitrary, so for all (x, y) if (x, y) ∈ Cm(S1, S2, SCA) then (x, y) 
∈ Cm(S1, S2, SCA). Thus the model correspondence relation is symmetric.  

The question investigated next is whether this restriction excludes possible semantic 
mappings. Which forms are there for correspondence assertions and which of these 
possible forms provide equivalent power for expressing semantic mapping? The 
choice of restricting one side of an equivalence to an single predicate and leaving the 
other side unrestricted reduces to three cases: a) predicate equivalence; b) equivalence 
between a predicate and a non atomic formula; c) equivalence between non-atomic 
formulae. 

Definition 48  
Given a set SCA of static correspondence assertions for schemata S1, S2 and sca 
∈ SCA, where sca has the general form ∀x((G(x) ↔ H(x)) then sca is of type a iff 
it is subject to the following restrictions:  

G(x) is a one predicate formula in L(S1) 
H(x) is a one predicate formula in L(S2) 

and sca is of type b iff it is subject to the following restrictions:  

G(x) is a one predicate formula in L(S1) 
H(x) is a well formed formula in L(S2) 

and sca is of type c iff it is subject to the following restrictions:  

G(x) is a well formed formula in L(S1) 
H(x) is a well formed formula in L(S2) 

SCA is: of type c if any sca ∈ SCA is of type c; of type b if SCA is not of type c 
but has some element of type b; of type a if all elements are of type a.   

Note that the restrictions on assertions of type a, b and c are progressively weaker. 
Type a assertions form a subset of type b, which forms a subset of type c. Each type 
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permits progressively greater expressive power as explained below. 

Definition 49  
Let SAT(X) denote the set of models satisfying a set X of formulae in first order 
logic. Given two sets of formulae F1 and F2, then  
F1 is at least as expressive as F2 iff SAT(F1) ⊇ SAT(F2),  
F1 is less expressive than F2 iff SAT(F1) ⊂ SAT(F2),  
F1 is more expressive than F2 iff SAT(F1) ⊃ SAT(F2),  
F1 is identically expressive as F2 iff SAT(F1) = SAT(F2)  

The following theorem states that in general for two schemata the three types of 
assertions a, b, c, are successively more expressive.  

Theorem 5 ◊◊ 
Let SCAx denote an arbitrary set of static correspondence assertions for two schemata S1, S2 such 
that SCAx is of type x ∈ {a, b, c}.  
1) For all SCAa and schemata S1, S2, there exists SCAb such that  

SCAb is at least as expressive as SCAa.  
2) For all SCAb and schemata S1, S2, there exists SCAc such that  

SCAc is at least as expressive as SCAb.  
3) For all SCAa there exist schemata S1, S2, and SCAb such that  

SCAb is more expressive than SCAa.  
4) For all SCAb there exist schemata S1, S2, and SCAc such that  

SCAc is more expressive than SCAb.  

Proof: For part 1) the definition of assertion types states that there is always an 
assertion of type b that can express any assertion of type a, since a one predicate 
formula is also a well formed formula and thus any assertion of type a is by 
definition also an assertion of type b. Thus for any SCA of type a, there will be an 
SCA of type b such that any model set satisfying a, will also satisfy b. This shows 
that for any set SCAa of assertions of type a, there is a set of assertions of type b that 
is at least as expressive as SCAa. The argument for part 2) is the same.  

To prove 3) assume the opposite and constructing a counter example. So assume 
that there exists an SCAa such that for all schemata S1, S2, no SCAb is more expressive 
than SCAa. A counter example to this would be schemata S1, S2, and an SCAb, that is 
more expressive than any SCAa. This requires a correspondence pair (m, d) ∈ Cm(S1, 
S2, SCAb) for which no SCAa can be defined such that (m, d) ∈ Cm(S1, S2, SCAa), 



Chapter 8 

while Cm(S1, S2, SCAa) ⊆ Cm(S1, S2, SCAb) holds.  
 
Let SCAb = {∀x (P(x) ↔ ¬Q(x) ∨ W(x)}. 
Let M(S1) = {{P(a)}}, and label its element m.  
Let M(S2) = {{Q(a), W(a)}, {Q(a), ¬W(a), {¬Q(a), ¬W(a)} and label its elements d1, 
d2, d3 as listed. 
Cm(S1, S2, SCAb) = {(m, d1), (m, d3)}.  
Note that (m, d2) ∉ Cm(S1, S2, SCAb). 
 
If Cm(S1, S2, SCAa) ⊆ Cm(S1, S2, SCAb) holds then SCAa must exclude (m, d2) from 
Cm(S1, S2, SCAa) without excluding members of Cm(S1, S2, SCAb). This requires that 
SCAa include either ∀x (P(x) ↔ ¬Q(x) or ∀x (P(x) ↔ W(x) or both.  
but if ∀x (P(x) ↔ ¬Q(x) ∈ SCAa then (m, d1) ∉ Cm(S1, S2, SCAa)  
and if ∀x (P(x) ↔ W(x) ∈ SCAa then (m, d3) ∉ Cm(S1, S2, SCAa)  
So it is not possible for SCAa to exclude (m, d2) without excluding some model that 
SCAb allows. Hence by this counter example, 3) must hold. 

To similarly prove 4) indirectly with a counter example requires correspondence 
pairs (m, d) ∈ Cm(S1, S2, SCAc) for which no SCAb can be defined such that (m, d) ∈ 
Cm(S1, S2, SCAb), while Cm(S1, S2, SCAb) ⊆ Cm(S1, S2, SCAc) holds.  
 
Let SCAc = {∀x (P(x) ∧ Q(x) ↔ R(x) ∨ ¬S(x)}.  
Let M(S1) = {{P(a), Q(a)}, {P(a), ¬Q(a)}, {¬P(a), Q(a)}} and label its elements m1, 
m2, m3 as listed. 
Let M(S2) = {{R(a), S(a)}, {¬R(a), S(a)}, {R(a), ¬S(a)}} and label its elements d1, d2, 
d3 as listed. 
Cm(S1, S2, SCAc) = {(m1, d1), (m1, d3), (m2, d2), (m3, d2)}.  
Note that (m2, d1) ∉ Cm(S1, S2, SCAc).  
 
Cm(S1, S2, SCAb) ⊆ Cm(S1, S2, SCAc) holds then SCAb must exclude (m2, d1) from 
Cm(S1, S2, SCAb) without excluding members of Cm(S1, S2, SCAc). Excluding (m2, d1) 
requires that SCAb include either: 

i) ∀x (P(x) ↔ ¬R(x) ∨ ¬S(x) or  
ii) ∀x (P(x) ↔ ¬R(x) ∧ … or  
iii) ∀x (P(x) ↔ ¬S(x) ∧ … or  

their negations or 
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iv) ∀x (¬Q(x) ↔ ¬R(x) ∨ ¬S(x) or  
v) ∀x (¬Q (x) ↔ ¬R(x) ∧ … or  
vi) ∀x (¬Q (x) ↔ ¬S(x) ∧ … or  

their negations or some combination of the above. 
i), ii) and iii) each exclude (m1, d1) ∈ Cm(S1, S2, SCAc), iv) and vi) each exclude (m1, d3) 
∈ Cm(S1, S2, SCAc), and v) excludes (m3, d2) ∈ Cm(S1, S2, SCAc), as do their negations. 
Combination of any of the assertions i) to vi) will also exclude some model from 
Cm(S1, S2, SCAc) that belongs to Cm(S1, S2, SCAb). Thus a pairs (m, d) ∈ Cm(S1, S2, 
SCAc) exist for which no SCAb can be defined such that (m, d) ∈ Cm(S1, S2, SCAb), 
while Cm(S1, S2, SCAb) ⊆ Cm(S1, S2, SCAc) holds. Hence by this counter example, 4) 
must hold.  

The expressiveness of sets of assertions of type a and b can be enhanced by adding 
formulae to a schema to express the equivalence between groups of predicates and a 
dummy formula. In this way any sca can be expressed as type a. However for 
arbitrary schemata without modification the correspondence relation between the 
two schemata is limited by the expressive power of the assertions. This is significant 
in the context of schema integration since it is desirable to be able to integrate 
schemata using a set of logic formulae that are separate from and independent of the 
original schema specification and do not complicate it further or require its 
modification or human interpretation in order to transform type b or c assertions 
into type a. 

The choice made in [52] to represent all correspondences by assertions of type a 
is clearly a disadvantage if schemata are to be integrated for which the semantic 
correspondences require assertions of type c that are not of type b or a. In this case a 
restriction to type a assertions for integration will only be possible if the semantics of 
one of the schemata is tampered with. 

Now follows an investigation into the properties of schemata under the 
constraints imposed by correspondence assertions. 



 

 

9 Pertitions and Assertion Divisions  
This section introduces two concepts: pertitions and divisions. These are two different 
ways of subdividing M(S) into a collection of models. It will transpire that they 
produce equivalent collections though in different ways. The need for the two terms 
is justified by later usage where different kinds of sub-sets of M(S) for a schema are 
appropriate for different analyses. In particular, pertitions are useful when 
considering the affects of adding correspondence assertions to SCA whereas 
divisions are more useful when looking at correspondences between schemata. The 
effects of static correspondence assertions on the relationships between models 
within and between schemata is easiest grasped by looking ahead to the illustration in 
Fig. 17 on page 119, the details of which are investigated in what follows. 

Some preliminary definitions and basic results follow now in preparation for 
later. Sequence defined earlier in Definition 5 is repeated here for convenience. 

Definition 50  
A finite sequence or list of size n ranging over the set Ε denoted nλΕ is a total 
function from I = {1, 2, … , n} to Ε. The domain I of a sequence is called its 
index set. Let nΛΕ denote the set of nλΕ and ΛΕ denote the set of nΛΕ for all n. 

Given λ ∈ nΛΕ then λ(i) = ε is called the ith element in list λ, and ε is said to hold 
position i in λ. If λ is injective then its inverse λ−1 denotes the sequence numbering 
function, such that if ε ∈ Ε, but ε ∉ dom(λ) then λ−1(ε) = 0. For convenience a 
sequence may be written 〈element1, element2, … , elementn〉.  

A sequence 〈y1, y2, … , ym〉 is a sub-sequence of 〈x1, x2, … , xn〉 iff m < n and for 
some value 0 ≤ v ≤ n−m, yi = xi+v for all 1 ≤ i ≤ m.   

In the remainder of this text Λ and λ will be used to denote generic lists as defined. 
Given sequence λ ∈ nΛΕ for some Ε and n, then the ordered n-tuple (λ(1), λ(2), … 
, λ(n)) ∈ Εn, in other words the ordered sequences of nΛΕ are simply members of the 
n-product of Ε. 

The following well known theorem is stated for reference’s sake in later proofs. 
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Theorem 6  
Given non-empty finite sets X and Y such that |X| = m and |Y| = n then there are nm 

functions from X to Y.   

It follows immediately for any set of lists nΛΕ that |nΛΕ| = n|Ε|. Another important 
basic is the Boolean type set, defined next. 

Definition 51  
Let B = {1, 0} denote the set of Boolean values.   

Example 1  
From the previous two definitions nΛΒ denotes the set of lists of size n ranging over 
B. If n is 3 then nΛΒ would include 〈0, 0, 0〉, 〈0, 0, 1〉, 〈0, 1, 0〉, as well as all other 
triples from {0, 1}3.  

Next is the definition of the operation collection intersection with which pertitions are 
constructed. It is followed by two theorems that establish the commutativity and 
associativity of collection intersection. 

Definition 52 ◊◊ 
A collection is a set of sets. The collection intersection of collections X and Y denoted 
X ∩c Y = {x ∩ y | x ∈ X and y ∈ Y}  

Theorem 7  
A ∩c B = B ∩c A.  

Proof: Let A = {a1, a2, … , an} and B = {b1, b2, … , bm}. The definition of ∩c yields:  
A ∩c B = {a1 ∩ b1, a1 ∩ b2, … , a1 ∩ bm, 
 a2 ∩ b1, a2 ∩ b2, … , a2 ∩ bm, 
 an ∩ b1, an ∩ b2, … , an ∩ bm} 
which by the commutativity of intersection is equivalent to: 

 {b1 ∩ a1, b1 ∩ a2, … , b1 ∩ am, 
 b2 ∩ a1, b2 ∩ a2, … , b2 ∩ am, 
 bn ∩ a1, bn ∩ a2, … , bn ∩ am} = B ∩c A. 
Thus A ∩c B = B ∩c A.   

Theorem 8  
(A ∩c B) ∩c C = A ∩c (B ∩c C).  

Proof: Let a, b, c be arbitrary members of collections A, B, C respectively. By 
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definition a ∩ b ∈ A ∩c B and therefore (a ∩ b) ∩ c ∈ (A ∩c B) ∩c C. Similarly 
b ∩ c ∈ B ∩c C and a ∩ (b ∩ c) ∈ A ∩c (B ∩c C). By the associativity of 
intersection (a ∩ b) ∩ c = a ∩ (b ∩ c). Since a, b and c were arbitrary, this holds for 
all members of A, B and C. Thus (A ∩c B ) ∩c C = A ∩c (B ∩c C).   

9.1 Pertitions 

A pertition, defined next, is a relaxed partition that allows the empty set as a member. 
This is useful in considering complexity issues concerning how the size of a set of 
static correspondence assertions affects the number of models in a schema that 
satisfy the same set of assertions. The definition is followed by closure assertion for 
pertitions under collection intersection, ∩c. 

Definition 53  
A partition P of X is a collection such that: (1) if x ∈ P then x ≠ ∅; (2) for all x, y 
∈ P, where x ≠ y, x ∩ y = ∅; (3) ∪ {x|x ∈ P} = X. Relaxing the first condition 
admits the empty set as a valid member of P. For clarity, such a collection will be 
called a pertition. Members of a pertition will be called components.  

Theorem 9  
Given pertitions P, Q of a set Z, then P ∩c Q is a pertition of Z.  

Proof: Show that P ∩c Q fulfils the defining conditions of a pertition. It is obvious 
that P ∩c Q is a collection since its elements are all sets. That these sets are all 
subsets of Z should be clear from the following:  

To show condition (2) of Definition 53 consider that each element x ∈ Z by 
definition belongs to exactly one element of P, say p, and to exactly one element of 
Q, say q. Therefore x is only present in the intersection p ∩ q ∈ P ∩c Q. Since x, was 
arbitrary it holds for all elements z of Z that there exist r ∈ P and s ∈ Q, that z ∈ r ∩ 
s. Thus no two elements of P ∩c Q can contain a common element and condition (2) 
is fulfilled.  

Since P and Q are Pertitions of Z, by definition every element in Z and no 
elements not in Z are contained in the elements of P and of Q. Since P ∩c Q is 
defined using only elements from P and Q it cannot contain any set with elements 
not in Z. By the definition of ∩c, every possible combination of intersection of the 
elements of P and Q is included in P ∩c Q. So for any x ∈ Z there will be some 
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element of P ∩c Q in which x is also an element and therefore the union of the 
intersections will contain every element in Z and nothing else. In other words ∪ {t|t 
∈ P ∩c Q } = Z and condition (3) is fulfilled.   

Note that for some p ∈ P and q ∈ Q it may be the case that p and q have no 
common elements. A number of such p’s and q’s may exist. However P ∩c Q is 
defined as a set and so contains at most one empty set. The inclusion of the empty 
set in pertitions is a necessity for reflexive use of collection intersection as follows. 

Theorem 10  
Given a pertition P of some set Z, then P ∩c P = P ∪ {∅}.  

Proof: Let P = {p1, p2, … , pn}. The definition of ∩c yields:  
P ∩c P = {p1 ∩ p1, p1 ∩ p2, … , p1 ∩ pm, 
 p2 ∩ p1, p2 ∩ p2, … , p2 ∩ pm, 
 … , 
 pn ∩ p1, pn ∩ p2, … , pn ∩ pm} 
For all 1 ≤ i ≤ n and 1 ≤ j ≤ m, if i ≠ j then pi ∩ pj = pi = pj, and if i ≠ j then pi ∩ pj = 
∅ since all components in a pertition are disjunct, so  
P ∩c P = {p1 ∩ p1, ∅, … , ∅, 
 ∅, p2 ∩ p2, … , ∅, 
 … , 
 ∅, ∅, … , pn ∩ pm} = {p1, p2, … , pn, ∅} = P ∪ {∅} 
Thus P ∩c P = P ∪ {∅}.   

Another interaction, stated next, between collection intersection and pertitions will 
be useful later on for exploring the ability of assertions to capture subsets of a 
schemata’s state space.  

Theorem 11  
Given pertitions A, B, and C,  

if B = C then A ∩c B ∩c C = (A ∩c B) ∪ {∅}.  

Proof: A ∩c B ∩c C = A ∩c (B ∩c B). By Theorem 10 A ∩c (B ∩c B) =  
A ∩c (B ∪ {∅}), which yields {a ∩ b|a ∈ A and b ∈ (B ∪ {∅})} by definition. 
Since for all y ∈ Y, y ∩ ∅ = ∅ the presence of {∅} in (B ∪ {∅}) results only in the 
addition of ∅ to { a ∩ b|a ∈ A and b ∈ B}, which is {a ∩ b|a ∈ A and b ∈ B} ∪ 
{∅} ⇔ (A ∩c B) ∪ {∅} as desired.  
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Collection intersection and pertitions are the basis of the investigation into the 
effects of static correspondence assertions on the models of schemata. The 
pertitioning of M(S) by static correspondence assertions follows the next definition 
which helps to simplify the grouping of models. 

Definition 54   
Given a schema S and a static correspondence assertion sca for S and some other 
schema then the true assertion models for S under sca are denoted: 

T(S, sca) = {m | m ∈ M(S) and m |=r sca }.  

The false assertion models for S under sca are denoted:  

F(S, sca) = {m | m ∈ M(S) and m |≠r sca }.   

These sets of models are put to use in the following way, which is further explained 
in Example 2 below. 

Definition 55  
Given a schema S and a static correspondence assertion sca for S and some other 
schema then the assertion pertition of S by sca denoted p(S, sca) = {T(S, sca), F(S, 
sca)}.  

This last and the following definition are central concepts in the exposition of the 
next two sections. Owing to the associativity of collection intersection by Theorem 8 
above, surplus parentheses have been omitted from the next definition. 

Definition 56  
Given a schema S and a set SCA = {sca1, sca2, … , scan} of static correspondence 
assertions for S and some other schema then the intersection of assertion pertitions is 
p(S, sca1) ∩c p(S, sca2). The assertion pertition of S by SCA denoted P(S, SCA) = p(S, 
sca1) ∩c p(S, sca2) ∩c … ∩c p(S, scan)  

Example 2  
Given a schema S, where M(S) = {{A, B}, {¬A, B}, {A,¬B}, {¬A,¬B}} and a set 
SCA = {sca1, sca2} of static correspondence assertions for S where sca1 = ¬A ∨ ¬B 
↔ Y ∨ Z and sca2 = B ↔ Y where Y and Z are propositions in another schema, 
then  

P(S, SCA) = p(S, sca1) ∩c p(S, sca2) =  
{{{¬A,B},{A,¬B},{¬A,¬B}},{{A,B}}} ∩c 
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{{{A,B},{¬A,B}},{{A,¬B},{¬A,¬B}}} =  
{{{¬A, B}}, {{A,¬B}, {¬A,¬B}}, {{A, B}}, { }}.   

Here the first element of P(S, SCA) is the set of models that satisfy both sca1 and 
sca2, which in this case is only one model, the second element is the two models of 
M(S) that satisfy sca1 but not sca2, and the third element is the model that only 
satisfies sca2. Models that satisfy neither sca1 nor sca2, would be members of the 
fourth element of P(S, SCA). However there are no such models and that element is 
therefore empty.  

Theorem 12 ◊◊ 
Given a schema S, a set SCA of n correspondence assertions for S and some other schema, then 

P(S, SCA) is a pertition of M(S).  

Proof: By induction on n. For n=1, SCA = {sca} and P(S, SCA) = p(S, sca) = p(S, 
sca). Since p(S, sca) is a pertition of M(S) then by Theorem 9 so is P(S, SCA) and the 
proposition holds for n = 1.  

Suppose n = k-1 for some k > 2, so that SCA = {sca1, sca2, … , scak-1} and P(S, 
SCA) is a pertition of M(S). Let scak be a static correspondence assertion for S and 
some other schema. Put SCA′ = SCA ∪ scak. By definition p(S, scak) is a pertition of 
M(S) and by hypothesis so is P(S, SCA). Since P(S, SCA) ∩c p(S, scak) fulfils the 
definition of P(S, SCA′), by Theorem 9, P(S, SCA′) is a pertition of M(S) and the 
proposition holds for k. Since k was arbitrary, the proposition holds for all n ≥ 1.  

It follows immediately from this theorem and the definition of a pertition that ∪ {p| 
p ∈ P(S, SCA)} = M(S).  

The following definitions formalise the intuitive notion of an equivalence class 
consisting of elements with a shared characteristic attribute. The shared attribute is 
associated in the proof below by values from a set Z for elements of X. The proof 
shows that all elements in the same equivalence class of X/R share the same attribute 
value. This characteristic attribute of an equivalence class is useful for identifying the 
components of a schema’s state space under correspondence constraints. 

Definition 57 ◊ 
An equivalence relation is a reflexive, symmetric and transitive relation. Let R be an 
equivalence relation in X. If x ∈ X, then the equivalence class of x with respect to R 
denoted x/R, is the set of all those elements y in X, for which x R y. Let X/R 
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denote the set of all such equivalence classes in X. A total function fR: X a Z is 
said to characterise R iff for a set Z of attributes of the elements in X, it holds that 
fR(x1) = fR(x2) iff x1 R x2.    

The following result concerns the existence of a common characteristic value unique 
to each equivalence class and shared by all its elements. This will be useful for 
exploring the relationships between the functions that characterise assertion 
pertitions and the subsets of models induced by correspondence assertions both 
within and between schemata. 

Theorem 13  
Given sets X, Z, and equivalence relation R in X, total function fR: X a Z that characterises 
R, and relation ℜ ⊆ X/R × Z such that for all x ∈ X and z ∈ Z, (x/R, z) ∈ ℜ iff (x, z) 
∈ fR, then ℜ is a total injective function: X/R a Z.  

Proof: For indirect proof assume ℜ is multi-valued. Then for some component x/R 
∈ X there must exist z1, z2 ∈ Z, z1 ≠ z2, such that (x/R, z1), (x/R, z2) ∈ ℜ. Then by 
definition (x, z1), (x, z2) ∈ fR which contradicts fR being a function. So ℜ is single-
valued.  

Assume ℜ is partial. Then for some x/R ∈ X/R no value z ∈ Z exists such that 
(x/R, z) ∈ ℜ. But fR is total so some z exists such that (x, z) ∈ fR and by definition 
therefore (x/R, z) ∈ ℜ which is a contradiction. So ℜ is total.  

Assume ℜ is non-injective. Then for some z there exist x1/R, x2/R ∈ X/R, x1/R 
≠ x2/R such that (x1/R, z), (x2/R, z) ∈ ℜ. By definition therefore (x1, z), (x2, z) ∈ fR. 
Since fR characterises R, by definition fR(x1) = fR(x2) iff (x1, x2) ∈ R, so (x1, x2) ∈ R. 
Since R is an equivalence relation in X, x1 and x2 must belong to the same 
equivalence class of X/R and so x1/R = x2/R which is a contradiction. Thus ℜ is an 
injective, total function.  

Definition 58 ◊ 
Given sets X and Z, and equivalence relation R in X, let FR denote the function 
X/R a Z proved in the previous theorem and call FR(x/R) = z the characteristic 
value of x/R. If z ∈ (Z − ran(FR)) then z is said to be void for X/R, otherwise z is 
non-void for X/R.   

Example: Let R be an equivalence relation in P the set of polygons characterised by 
function fR: P a N, N is the set of natural numbers, such that for all p ∈ P, fR(p) is 
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the number of sides of p. If p is a square then p/R is the set of all four-sided 
polygons and FR(p/R) = 4. The values 0, 1, and 2 are void for P/R.   

Note that the empty set in pertitions is consistent with the totality of the 
characteristic value function, since the function is only defined over the equivalence 
classes of a pertition of which the empty set is not one.  

Theorem 14  
1) Given set X and an equivalence relation R in X then X/R is a partition.  

2) Given a partition P of a set Y, then an equivalence relation Q exists such that Y/Q = P.  

For the proof of these two statements refer to [64]. 
An equivalence relation that exists due to a partitioning of a set is said to be 

induced by the partition. As with partitions, pertitions also induce an equivalence 
relation between elements belonging to the same equivalence class. But by definition 
an equivalence class requires at least one element. The equivalence relation induced 
by a pertition does therefore not pertain to an empty member set. This distinction 
can be made by referring to components instead in the few contexts where this 
matters. 

9.2 Pertitions are Characterised by Signatures 

In order to characterise the equivalence relation of the assertion pertitioning of a 
schema by a set of static correspondence assertions, the following two definitions are 
helpful. 

Definition 59 ◊ 
B denotes the set of Boolean values {0, 1}.

 
Given a set SCA of static 

correspondence assertions between two schemata, then the set of total satisfaction 
signature functions for SCA denoted SIGs = {sig| sig is a total function from SCA 
to B}    

The sub-script ‘s’ in SIGs indicates the functions are for static correspondence 
assertions, but will only be used where extra clarity is needed. Dynamic 
correspondence assertions, yet to be defined, will use subscript d for SIGd. 
Satisfaction signature functions can be used to identify a set of assertions satisfied by 
a given model. 
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Definition 60 ◊ 
Given a schema S and a set SCA of correspondence assertions for S and some 
other schema, the set SIGs of satisfaction signature functions for SCA, then Msig 
⊆ M(S) × SIGs denotes the satisfaction signatures of a model in S under SCA such that 
(m, sig) ∈ Msig iff for all sca ∈ SCA,  

sig(sca) = 1 iff m |=r sca, 
sig(sca) = 0 iff m |≠r sca   

The following theorem strengthens the definition of Msig by establishing that each 
model has exactly one signature function and that Msig must therefore be a total 
function. 

Theorem 15  
Given a schema S, a set SCA = {sca1, sca2, … , scan} of correspondence assertions, SIG 
defined over {SCA × B}, and models m1, m2 ∈ M(S), then for (m1, sig1), (m2, sig2) ∈ Msig  

if m1 = m2, then sig1 = sig2

and further for each m ∈ M(S) some sig ∈ SIG exists such that (m, sig) ∈ Msig. 

Proof: By indirect argument. Assume (m, sig1), (m, sig2) ∈ Msig and sig1 ≠ sig2. If sig1 
≠ sig2 then there must be some sca ∈ SCA for which sig1(sca) ≠ sig2(sca) which by 
the definition of sig entails m |=r sca, and m |≠ sca which leads to a contradiction. 
Thus if m1 = m2, then sig1 = sig2, and Msig is a function. 

For the second part assume there is an m for which no sig ∈ SIG exists such that 
(m, sig) ∈ Msig. For each sca ∈ SCA it can be established whether m |=r sca or 
m |≠r sca. Construct a set C of pairs (sca, b) for all sca ∈ SCA such that b = 1 when 
m |=r sca and b = 0 when or m |≠r sca. The construction C is a total function from 
SCA to B and since SIG contains all such functions, C ∈ SIG. By definition 
therefore (m, C) ∈ Msig, which contradicts the assumption. Thus Msig is total.  

Msig will hence forth be used as a total function Msig: M(S) a SIG. 

Definition 61  
Given a schema S, a set SCA of correspondence assertions for S and some other 
schema, the set SIG of signature functions from SCA to B and function Msig 
from M(S) to SIG, then let φ denote the equal signature relation in M(S) such that 
for all x, y ∈ M(S), 
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(x, y) ∈ φ iff Msig(x) = Msig(y)   

Note that so far in this section S1 = S2. The next result shows that all models in a 
component p ∈ P(S, SCA) have the same signature, and that all models with the 
same signature belong to the same component. This establishes that φ is the 
equivalence relation induced by the assertion pertitioning of a schema. 

Theorem 16  
Given a schema S, a set SCA of correspondence assertions for S and some other schema, the set 
SIG of signature functions from SCA to B and function Msig from M(S) to SIG, m1, m2 ∈ 
M(S), and some p ∈ P(S, SCA) such that m1 ∈ p then  

m1, m2 ∈ p iff Msig(m1) = Msig(m2) 

Proof: Take some arbitrary sca ∈ SCA. By the definition of P(S, SCA) and p(S, sca) 
= {T(S, sca), F(S, sca)} for some sca ∈ SCA, either p ⊆ T(S, sca) or p ⊆ F(S, sca) 
since these are disjoint. Make a note of which by constructing a pair (sca, b) such that 
b = 1 iff p ⊆ T(S, sca), and b = 0 iff p ⊆ F(S, sca). Repeat this for all sca ∈ SCA and 
collect all pairs constructed into a set C. The construction C is clearly a total function 
from SCA to B and since SIG contains all such functions, C ∈ SIG. 

Take some arbitrary m ∈ p. It holds for each sca that m ∈ T(S, sca) if p ⊆ T(S, 
sca), and m ∈ F(S, sca) if p ⊆ F(S, sca). From the construction of C it therefore 
holds for each (sca, b) ∈ C that b = 1 iff m ∈ T(S, sca), or else b = 0 iff m ∈ F(S, 
sca). By definition therefore C = Msig(m). Since m was arbitrary it holds for all m ∈ 
p that Msig(m) = C. 

 For indirect proof of the proposition in the ‘if’ direction assume m1, m2 ∈ p and 
Msig(m1) ≠ Msig(m2). But this contradicts the last sentence in the previous paragraph. 

For indirect proof of the converse assume m1 ∈ p and m2 ∉ p and Msig(m1) = 
Msig(m2). m2 must belong to some p2 ∈ P(S, SCA), p2 ≠ p since P(S, SCA) is a 
pertition and its member sets are disjoint. Similarly to the construction of C for p, 
construct C2 for p2. Assume C = C2. Then p ⊆ T(S, sca) iff p2 ⊆ T(S, sca), and p ⊆ 
F(S, sca) iff p2 ⊆ F(S, sca) and by the definitions of P(S, SCA), p(S, sca) and p2(S, sca) 
then p = p2. But that contradicts the assumption that m1 ∈ p and m2 ∈ p2 ≠ p, so C ≠ 
C2. From the earlier argument it holds for all m ∈ p that Msig(m) = C. Similarly by 
this argument Msig(m2) = C2. Since C ≠ C2 then Msig(m1) ≠ Msig(m2), which 
contradicts the assumption.   

Following this result (Theorem 16) it becomes convenient when talking about a 
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given component of an assertion pertition p ∈ P(S, SCA), to refer to the shared 
signature of the models in p. Note however, that there may be more than one 
signature associated with p when p = ∅.  

The terminology ‘non-void’ of a signature function sig is now specified in order 
to indicate that models exist that satisfy the static correspondence assertions 
according to the truth values of sig. Conversely ‘void’ is defined so that no models 
satisfy SCA according to the truth values of sig. The ‘definition’ is really just an 
instantiation of Definition 58. 

Definition 62  
Given a schema S, a set SCA of correspondence assertions for S and some other 
schema, and the set of functions SIG: SCA a B, then a signature function sig ∈ 
SIG is non-void for M(S)/φ iff (m, sig) ∈ Msig for some m ∈ M(S), otherwise sig 
is void for M(S)/φ.   

For example, the signature function sig0 that results in 0 for all sca ∈ SCA will be 
non-void if a model m ∈ M(S) exists that does not satisfy any sca ∈ SCA, and to the 
contrary, sig0 will be void if every m ∈ M(S) satisfies some sca ∈ SCA. This notion of 
void signatures is useful in the later discussion of empty pertitions that correspond to 
signatures; as is easy reference to the signature function associated with each 
component of a pertition, defined next. 

Definition 63 ◊ 
Given a schema S, a set SCA of correspondence assertions for S, the set of 
functions SIG: SCA a B, q ∈ M(S)/φ, and the characteristic value function Fφ: 
M(S)/φ a SIG, then Fφ(q) will hence forth be referred to as the signature of 
q.    

Example: Given a schema S, a set SCA of correspondence assertions for S, the set 
SIG of functions from SCA to B, model m ∈ M(S), and component c ∈ P(S, SCA), 
such that m ∈ c, then Fφ(c) = sig = Msig(m). In this case sig is the signature of 
c.   

Theorem 17  
Given a schema S, a set SCA of correspondence assertions for S and some other schema, the set 
SIG of signature functions from SCA to B and function Msig from M(S) to SIG, then 

M(S)/φ = P(S, SCA) − ∅. 
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Proof: The p ∈ P(S, SCA) used in Theorem 16 was arbitrary, so for all p ∈ P(S, 
SCA) and for all x, y ∈ M(S) it holds that x, y ∈ p iff Msig(x) = Msig(y). From the 
definition of φ it then follows that (x, y) ∈ φ iff x, y ∈ p for a given p. Thus φ is the 
equivalence relation induced by P(S, SCA). Since P(S, SCA) is a pertition of M(S) by 
Theorem 14 it follows that M(S)/φ = P(S, SCA) − ∅.  

9.3 Divisions 

The following definition identifies sub-sets of M(S) in relation to signature functions 
and defines these sub-sets as divisions. Divisions are the second way of sub-dividing 
M(S) into a collection of models, the way promised earlier that contrasts with 
pertitions. A division is nothing more than a set of models that share the same 
signature function and is therefore equivalent to an assertion pertition, as will be 
shown in Theorem 19 below. However, through their definition, divisions are more 
useful than assertion pertitions for exploring certain aspects of correspondences 
between schemata.  

Definition 64 ◊ 
Given a schema S and a set SCA of static correspondence assertions for S and 
some other schema, and a signature function sig ∈ SIG from SCA to B, then a 
division of M(S) by sig denoted d(S, sig) = {m | m ∈ M(S), Msig(m) = sig}. 

Further, the set of divisions of M(S) under SCA, denoted D(S, SCA) = {d(S, sig) | 
sig ∈ SIG}   

Clearly a signature function is void whenever d(S, sig) = ∅, so the set of divisions 
D(S, SCA) of M(S) under SCA may contain the empty set, which then may represent 
divisions of M(S) by one or more void signature functions.  

Theorem 18   
Given a schema S, a set SCA of correspondence assertions for S and some other schema, the set 
SIG of signature functions from SCA to B and function Msig from M(S) to SIG, then 

M(S)/φ = D(S, SCA) − ∅. 

Proof: Let d ∈ D(S, SCA) − ∅ be a division of M(S) by some sig ∈ SIG. By the 
definition of division, some sig ∈ SIG exists for all models m ∈ d such that 
Msig(m) = sig. This implies for all x, y ∈ M(S) that Msig(x) = Msig(y) = sig, iff x, y ∈ 
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d. By the definition of φ it follows for all m1, m2 that if m1, m2 ∈ d then (m1, m2) ∈ φ. 
So if m ∈ d then d ⊆ m/φ. Can there be any m2 ∈ m/φ such that m2 ∉ d? Assuming 
so, the following would hold (m, m2) ∈ φ, m ∈ d, m2 ∉ d. By the definitions of a 
division and φ respectively, some sig must exist such that sig = Msig(m) and also 
Msig(m) = Msig(m2). But then m2 ∈ d, which contradicts the assumption. Therefore 
if m ∈ d then d = m/φ. Since d was arbitrary this holds for all d. The union of the 
elements of D(S, SCA) contains all m ∈ M(S) and since Msig is total from M(S) and 
because D(S, SCA) is defined over all sig ∈ SIG, every element of M(S)/φ is also a 
member of D(S, SCA). If any sig ∈ SCA is void for M(S)/φ then ∅ ∈ D(S, SCA). ∅ 
∉ M(S) since it is a partition. Thus M(S)/φ = D(S, SCA) − ∅.   

Theorem 19 ◊ 
Given a schema S, a set SCA of correspondence assertions for S and some other schema then  

P(S, SCA) = D(S, SCA), and 

q ∈ D(S, SCA) iff q ∈ P(S, SCA) 

Proof: It follows immediately from Theorem 17 and Theorem 18 that q ∈ D(S, 
SCA) − ∅ iff q ∈ P(S, SCA) − ∅. It remains to show that ∅ ∈ D(S, SCA) iff ∅ ∈ 
P(S, SCA). 

∅ ∈ D(S, SCA) iff there exists d(S, sig) ∈ D(S, SCA) such that d(S, sig) = ∅. 
This occurs iff sig is void for M(S)/φ. 

For every assertion pertition p(S, sca) = {T(S, sca), F(S, sca)} and for every m ∈ 
M(S) either m ∈ T(S, sca) or F(S, sca). Construct for m ∈ M(S) a set c of pairs (sca, 
b) for all sca ∈ SCA such that b = 1 if m ∈ T(S, sca) and b = 0 if m ∈ F(S, sca). The 
construction c is a total function from SCA to B and since SIG contains all such 
functions, c ∈ SIG. Let C be the union of c for all m ∈ M(S). Suppose sigx ∈ SIG − 
C. For each (scai, b) ∈ sigx construct the union px over 1 ≤ i ≤ |SCA| of T(S, scai) if 
b = 1 or F(S, scai) if b = 0. Since sigx ∉ C, px = ∅. Thus sigx is void for M(S)/φ. px 
was arbitrary so ∅ ∈ P(S, SCA) if sig is void for M(S)/φ. This matches the condition 
for ∅ ∈ D(S, SCA). Thus ∅ ∈ D(S, SCA) iff ∅ ∈ P(S, SCA) and so P(S, SCA) = 
D(S, SCA).   

The common signature function of the models in a non-empty division is simply 
identified for any d ∈ D(S, SCA) − ∅ using Fφ(d) which yields the signature of d, just 
as Fφ(p) yields the signature of p ∈ P(S, SCA) − ∅. In practice Fφ(d) = Fφ(p) and this 
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signature identifies, through SIG, elements of D(S, SCA) − ∅ with those of P(S, 
SCA) − ∅. Intuitively the operation Fφ(p) is a partial inverse of d(S, sig), partial since 
it is not defined over ∅, which results from every void signature. 
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10 Complexity Effects 
of SCA on One Schema 

The number of pertitions of the model set of a schema under a set of 
correspondence assertions has consequences for the computability of consistent 
mapping between schemata. The following results provide some basic facts about  
cardinalities including some about the significance of void signature functions. 

Theorem 20  
Given a schemata S and a set SCA = {sca1, sca2, … , scan} of n static correspondence 
assertions for S and some other schema, then the maximum number of divisions of M(S) under 
SCA is 2n. 

Proof: By definition a division d(S, sig) of M(S) under SCA, is by signature function 
sig ∈ SIG from SCA to B. By Theorem 6 there are |B||SCA| = 2n signature functions 
and therefore 2n possible divisions.  

From this it follows that maximum cardinality of P(S, SCA) = 2n since each element 
of P(S, SCA) is a set of models that share the same signature function. Note that 
signature functions that are void give rise to divisions that are equal in value, namely 
{{ }}.  

The next theorem states that for two different sca1, sca2 it is possible that 
p(S, sca1) = p(S, sca2) in which case the number of non-empty elements of P(S, SCA) 
will remain the same whether both or only one of sca1 and sca2 belong to SCA.  

Theorem 21  
Given a schemata S and a set SCA = {sca1, sca2, … , scan} of static correspondence assertions 
for S and some other schema. Let SCA′ = SCA ∪ {sca′}, where sca′ ∉ SCA. For all i, 1 ≤ 
i ≤ n, 

if p(S, scai) = p(S, sca′) then P(S, SCA′) = P(S, SCA) ∪ {∅}  

Proof: Let SCA∗ = SCA − scai. By the definition of an assertion pertition and 
Theorem 7 on the associativity of ∩c, it follows that P(S, SCA) = P(S, SCA∗) ∩c p(S, 
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scai). By definition P(S, SCA′) = P(S, SCA) ∩c p(S, sca′) so by substitution P(S, SCA′) 
= P(S, SCA∗) ∩c p(S, scai) ∩c p(S, sca′) which by Theorem 11 is P(S, SCA∗) ∩c 
p(S, scai) ∩ {∅}. Reversing the substitution yields P(S, SCA) ∪ {∅} as desired.  

Thus the addition to SCA of an sca that duplicates p(S, scai) for some scai ∈ SCA, 
leaves assertion pertitions unaltered with the possible exception of the addition of 
the empty set. Such assertions offer no expressive gain. Pertitions behave in a similar 
way under collection intersection when a correspondence assertion sca results in an 
assertion pertition where ∅ ∈ p(S, sca), as shown next. 

Theorem 22  
Given a schemata S and a set SCA = {sca1, sca2, … , scan} of static correspondence assertions 
for S and some other schema. Let SCA′ = SCA ∪ {sca′}, where sca′ ∉ SCA. The following 
holds for n ≥ 1: 

If ∅ ∈ p(S, sca′) then P(S, SCA′) = P(S, SCA) ∪ {∅}  

Proof: By induction on the number n of correspondence assertions.  
For n = 1, SCA = {sca1}, and P(S, SCA) = p(S, sca1) = {t1, f1} where t1 ≠ ∅ or f1 

≠ ∅. By definition p(S, sca′) pertitions M(S) into two sets. If ∅ ∈ p(S, sca′) then p(S, 
sca′) = {∅, M(S)}. By the definition of P(S, SCA′) above and the definition of the ∩c 
operation, P(S, SCA′) = P(S, SCA) ∩c p(S, sca) = {∅ ∩ t1, ∅ ∩ f1, M(S) ∩ t1, M(S) ∩ 
f1} = {∅, t1, f1} = P(S, SCA) ∪ {∅}. Thus for n = 1, P(S, SCA′) = P(S, SCA) ∪ {∅} 
regardless of whether t1 = ∅ or f1 = ∅.  

 For n = k, let SCA″ = SCA′ ∪ scak+1 and assume ∅ ∈ p(S, scak+1). By definition 
P(S, SCA′′) = P(S, SCA′) ∩c p(S, scak+1). By definition p(S, scak+1) partitions M(S) into 
two sets, x and y say. If x = ∅ then y = M(S). Through the ∩c operation, x ∩ p = ∅ 
for all p ∈ P(S, SCA′) since the empty set has no elements in common with any set, 
whilst on the other hand y ∩ p = p for all p ∈ P(S, SCA′) because y = M(S) and p ⊆ 
M(S) since P(S, SCA′) is a pertition. Thus P(S, SCA″) = P(S, SCA′) ∪ {∅} for n = k. 
Since k was arbitrary, by induction the proposition holds for all n ≥ 1.  

The number of void signatures under a set of assertions quantifies to some degree 
the effectiveness of the assertions in subdividing the state space into meaningful sets 
of models.  

Theorem 23 ◊ 
Given a schemata S and a set SCA of n static correspondence assertions for S and some other 
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schema. Let SCA′ = SCA ∪ sca′, where sca′ ∉ SCA. Let V and V′ be the number of void 
signature functions (SCA a B) ∈ SIG and (SCA′ a B) ∈ SIG′ respectively and 
similarly let N and N′ be the number of non-void signature functions. The following holds for all 
n ≥ 1: 

If ∅ ∈ p(S, sca′) then N′ = N and V′ = 2V + N 

Proof: By induction on the number n of correspondence assertions.  
For n = 1, SCA = {sca1}, and P(S, SCA) = p(S, sca1) = {t1, f1} where t1 ≠ ∅ or f1≠ 

∅. By definition p(S, sca′) pertitions M(S) into two sets, t and f say. Assume ∅ ∈ 
p(S, sca′) say t = ∅, then f = M(S). By Theorem 6, |SIG|= 21 for n = 1, and, | SIG′| 
= 22 for n = 2. 

Assuming that ∅ ∈ p(S, sca1), if ∅ = t1 then f1 = M(S) so Fφ(f1) is non-void 
leaving the other signature void, so N = 1 and V = 1. By Theorem 22, P(S, SCA′) = 
P(S, SCA) ∪ {∅} and so only f1 = M(S) is non-empty. By 0 and Theorem 15, Fφ(f1) 
∈ SIG′ yields one non-void signature function for all m ∈ f1 which leaves all the 
remaining 22 − 1 signature functions void, so N′ = N and V′ = 22 − 1 = 3 = 2 × 1 + 1 
= 2V + N. Similarly if ∅ = f1. 

Assume instead that ∅ ∉ p(S, sca1). Since P(S, SCA) is a pertition both t1 and f1 
are non-empty and exhaustive of M(S). By 0 Fφ(t1) ≠ Fφ(f1) thereby yielding both of 
the 21 signatures in SIG non-void. So N = 2 and V = 0. By Theorem 22, P(S, SCA′) = 
P(S, SCA) ∪ {∅} and so t1, f1 ∈ P(S, SCA′), which are still non-empty and 
exhaustive of M(S). Again by 0 and Theorem 15, Fφ(t1) ≠ Fφ(f1), so there are 2 non-
void signatures which by Theorem 15 and Theorem 16 leaves no models for the 
remaining 22 − 2 signature functions, which are void. So N′ =2 = N and V′ = 2 = 2 × 
0 + 2 = 2V + N. Thus in both cases N′ = N and V′ = 2V + N for n = 1 

Let n = k − 1 for some k > 1, and SCA be a set of k − 1 correspondence 
assertions for S. Let SCA′ = SCA ∪ scak, where scak ∉ SCA. Let V and V′ be the 
number of void signature functions SCA a B ∈ SIG and SCA′ a B ∈ SIG′ 
respectively and similarly let N and N′ be the number of non-void signature 
functions. By Theorem 6, |SIG′|= 2k for n = k and |SIG″| = 2k+1 for n= k+1. 
Clearly N′ + V′ = 2k and N″ + V″ = 2k+1. 

Assume ∅ ∈ p(S, scak+1). By Theorem 22, P(S, SCA′) = P(S, SCA) ∪ {∅} and so 
all N non-empty p ∈ P(S, SCA) are also in P(S, SCA′). By 0 and Theorem 15, each 
non empty p ∈ P(S, SCA′) yields a unique signature through Fφ(p). So the number of 
non-void signature functions N′ = N which by Theorem 15 and Theorem 16 leaves 
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no models for the 2k+1 − N′ remaining signature functions in SIG′ which must 
therefore be void. This yields V′ = 2k+1 − N′ = 2k+1 − N = 2k+1 − 2k + V = 2k + V = N 
+ V + V. Thus N′ = N and V′ = 2V + N holds for n = k. Since the proposition holds 
for n = 1 and n = k and k was arbitrary, by induction it holds for all n ≥ 1.  

The extremes of expressive power capable by a set of assertions are of interest since 
they set the limits for how poorly or how well those assertions can subdivide the 
state space of a schema into meaningful subsets. The following two theorems 
establish two such limits The following of these two theorems describes the case 
where all models belong to the same component of a pertition.  

Theorem 24  
Let S be a schema and SCA be a set of n static correspondence assertions for S. Let w be the 
minimum number of non-empty p ∈ P(S, SCA), then 

w = 1 and Fφ(p) ranges over 2n possible values. 

Proof: In order for w = 1, all models must belong to the same equivalence class of 
P(S, SCA). By Theorem 16 Msig(m) must then be the same for all models. By 
definition this would entail for each sca ∈ SCA that for all m ∈ M(S), either m ∈ 
T(S, sca) or m∈ F(S, sca). This is certainly possible in the case that p(S, sca) = {∅, 
M(S)} for all sca. It is sufficient that each sca ∈ SCA is unsatisfiable or tautological. 
So w = 1 is possible for any number of sca.  

Whether ∅ = T(S, sca) or ∅ = F(S, sca) is determined by sca alone independently 
of all other sca ∈ SCA. Two independent outcomes for each sca yields 2n possible 
signatures.   

Note that for there to be exactly one non-empty set it is neither necessary for all 
models to satisfy all formulae in SCA nor for no models to satisfy any formula in 
SCA, although these are sufficient conditions. It is necessary however that all models 
satisfy, or else all models not satisfy each sca. Clearly it is not a very useful set of 
assertions that clump all models together. However the purpose here is only to show 
some bounding results for the number of classes and signatures associated with 
assertions for a schema. 

In contrast to the minimum bound, the maximum number of non empty 
elements of P(S, SCA) for some S and SCA is bound by both the number of 
correspondence assertions in SCA and the number of models in |M(S)| and occurs 
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when each non-empty partition contains exactly one model.  

Theorem 25 ◊ 
Let S be a schema and SCA = {sca1, sca2, … , scan} be a set of static correspondence assertions 
for S. Let N be the number of p ∈ P(S, SCA) where p ≠ ∅ and e be the number of scai for 
which ∅ ∈ p(S, scai). The following holds: 

N ≤ 2n-e and N ≤ |M(S)| 

Proof: The inequality in the first conjunct is true by induction on n and e. When n = 
e = 0, then SCA = ∅, and the only element of P(S, SCA) is M(S) Thus N= 20-0 = 1 
and the inequality holds for n = e = 0.  

Assume the inequality holds for n = k − 1 for some k and e = j − 1 for some j. 
Then N ≤ 2(k-1)-(j-1). By Theorem 6 the number of signature functions for n = k − 1 is 
2k-1 and the so the maximum number of elements in P(S, SCA) is also 2k-1

 since by 0 
each equivalence class has a unique signature function. Note that any increase in the 
value of e is dependent on SCA being augmented by scak, for which there are two 
exhaustive cases for n = k: 

1) ∅ ∈ p(S, scak) 
2) ∅ ∉ p(S, scak) 

In the first case e = j. A corollary of Theorem 23 is that the number of p ∈ P(S, 
SCA), is the same as the number of non-void signature functions. In this case 
therefore, N is same before and after the addition of scak to SCA. Thus N ≤ 2n-e so 
holds for this case. 

In the second case e = j − 1 since the addition of scak does not increase the 
number of scai for which ∅ ∈ p(S, scai). So knowing ∅ ∉ p(S, scai) = {p1, p2} then 
p1 ≠ M(S), p2 ≠ M(S) and either member of p(S, scak) in intersection with a non-
empty element of P(S, SCA), p ≠ M(S), can also result in an empty p ∈ P(S, SCA). 
However, the maximum number of non-empty p ∈ P(S, SCA) will be when each 
member of p(S, scak) in intersection with a non-empty element in P(S, SCA), results 
in a non-empty set, in which case the number of non-empty elements in P(S, SCA) 
will double to N ≤ 2⋅2(k-1)-(j-1) = 2k-(j-1). Thus N ≤ 2n-e holds for the second case too.  

Since k and e were arbitrary and all cases have been tested, by induction, the 
result holds for all n and e. 

The inequality in the second conjunct holds because the maximum number of 
non-empty p ∈ P(S, SCA) can be achieved when each p contains exactly one model 
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from M(S). By the definition of pertition each model can only belong to one p and 
therefore N ≤ |M(S)|.  

The following two theorems establish relationships between the numbers of empty, 
void, and non-void components in pertitions and how these depend on the number 
of models in a schema.  

Theorem 26 ◊ 
Let S be a schema such that M(S) ≠ ∅ and let SCA = {sca1, sca2, … , scan} be a set of static 
correspondence assertions for S. Let V and N be the number of void and non-void signature 
functions respectively in SIG, and e be the number of sca for which ∅ ∈ p(S, scai). The 
following hold: 
1) 0 ≤ e ≤ n, 
2) 2n −2n-e ≤ V ≤ 2n − 1,  
3) if |M(S)|≤ 2n then 2n−|M(S)|≤ V  

Proof: The left inequality of 1) is true since e = 0 when SCA = ∅. For the right 
inequality of 1), note that for i=1 to n, p(S, scai) = {T(S, scai), F(S, scai)} and at most 
one of these two elements can be empty since p(S, scai) is a pertition of M(S) ≠ ∅. 
The maximum number of scai for which ∅ ∈ p(S, scai) is therefore n. Thus e ≤ n. 

The left inequality of 2) follows from previous results. By Theorem 6, the 
cardinality of SIG = 2n. Clearly V+N=2n since a signature function cannot be both 
void and non-void. By Theorem 25 N ≤ 2n-e and therefore V ≥ 2n −2n-e.  

The right inequality of 2) follows from Theorem 24 by the fact that 1 is the 
minimum number of non-empty p ∈ P(S, SCA). This occurs when ∅ ∈ p(S, scai) for 
all i from 1 to n. In this case e=n, its maximum value, and 2n −2n-e reduces to 2n − 1 
which constitutes the maximum value for V. Thus V ≤ 2n − 1. 

For 3), a small state space can result in |M(S)|≤ 2n. By Theorem 25 N ≤ |M(S)|, 
which with V+N=2n yields 2n −|M(S)|≤ V.  

Note that when e = n the maximum and minimum values for V coincide. For lower 
values of e, the number of empty partitions may vary within the interval depending 
on how many empty intersections result from two non-empty assertion partitions. 

The number of empty partitions is important later on in the identification of 
correspondence anomalies and possible conflicts. 

In order to create a one to one mapping between the models of two schemata 
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using static correspondence assertions, it is necessary that the assertions partition 
M(S) into singleton sets, i.e, that each element in P(S, SCA) contains only one model. 
It is therefore of interest to know how many assertions might be needed to 
accomplish this. 

Theorem 27 ◊ 
Let S be a schema and SCA be a set of n static correspondence assertions for S. Let N be the 
number of non-void signature functions SCA a B ∈ SIG, The following holds:  

The minimum n required to maximise N is ⎡log2|M(S)|⎤. 

Proof: By Theorem 25, N ≤ |M(S)|, so maximising N is a question of assuming the 
maximum N = |M(S)| which requires N non-void signature functions. By Theorem 
15 there can only be one signature for each model so the number of signature 
functions needs to be at least |M(S)|. By Theorem 6 the number of signature 
functions in SIG is 2n, which yields the condition 2n ≥ |M(S)|. Solving for n yields n 
≥ log2|M(S)|, the least n then being log2|M(S)|. However, n must be an integer so 
rounding up the expression becomes ⎡log2|M(S)|⎤.   

The number of signature functions that actually do create a partition of M(S) into 
singleton sets may be considerably more than ⎡log2|M(S)|⎤ since it is possible that 
p(S, scai) = p(S, scaj) even if scai ≠ scaj, in which case N will remain the same with or 
without the duplicate belonging to SCA. This follows from Theorem 21 which states 
that any sca ∈ SCA for which ∅ ∈ p(S, scai) will leave N unchanged. So if assertions 
that create duplicate pertitions of M(S) are to be taken into account, then given d as 
the number of duplicating sca, then the minimum n required to maximise N is 
⎡log2|M(S)|⎤ + d. It is tempting to conclude from the previous results that a value of 
N can be expressed in terms of n, e, and d. However this is not the case. Even 
knowledge of the number of distinct p(S, scai) ≠ p(S, scaj) gives little indication of the 
cardinality of the resulting collection intersection.  

For example let p1 = {{a}, {b, c, d}} p2 = {{a, b}{c, d}} and p3 = {{b}{a, c, 
d}}. These are all distinct pertitions of {a, b, c, d}. However, p1 ∩c p2 = p1 ∩c p2 ∩c 
p3. = {{ }, {a}, {b}, {c, d}}. The size of P(S, SCA) can not be determined only by 
checking all models against all assertions. Also necessary is to check the signature 
function of each model against the signature of every other model.  

The relationships between the number of assertions, models in the state space 
and resulting components shows that exponential state space explosion can be 
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matched by exponential expressiveness of the assertions in the best case though 
there are many possible suboptimal assertion sets in which one or more assertion 
results in no expressive gain.  

These results reflect on the importance of wisely formulated assertions. In order 
to assert constraints, models need to be checked against those constraints. Any 
assertion that does not increase the expressiveness of the intended mapping to 
another schema, will require no less computation. In an exponential space this is 
obviously undesirable, and the minimum number of assertions should be chosen that 
are able to express the semantics needed to capture the intended integrational 
correspondence. 

Rather than further investigate the relationship between the size of the set of 
assertions and the number of elements in the resulting pertition, I prefer to pursue an 
investigation into the assertions main purpose – that of integrating schemata. 
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11 Both Sides of SCA 
with a Bipartite View  

The formulation of correspondence in Definition 46 and Definition 48 on page 86 is 
a more general form of the semantic mapping analysed for conflict in [52]. This 
generalisation allows the investigation of conflict in relation to the pertitioning of 
schemata by correspondence assertions.  

The following theorem establishes the relationship between assertion signatures 
and member sets of pertitions. More specifically that given an equivalence class in a 
pertition induced by a set of correspondence assertions, then all the models in that 
equivalence class have the same assertion signature, and conversely all models with 
the same assertion signature belong to the same equivalence class. 

Definition 65 ◊ 
Given schemata S1, S2, a set SCA of correspondence assertions for S1 and S2, the 
set SIG of signature functions from SCA to B and function Msig from M(S1) ∪ 
M(S2) to SIG, then the corresponding signature relation for S1 and S2, is the relation φ 
⊆ M(S1) × M(S2) such that for all x ∈ M(S1) and y ∈ M(S2) 

x φ y iff Msig(x) = Msig(y).  

It follows directly from the definition that φ is an equivalence relation in M(S1) × 
M(S2), since the defining equality is an equivalence relation. The relation φ differs 
from φ only in that φ is defined over two schemata.  

Theorem 28  
Given schemata S1 and S2 and a set SCA of static correspondence assertions, then 

φ = Cm(S1, S2, SCA) 

Proof: Assume (x, y) ∈ φ. Then by the definition of φ, Msig(x) = Msig(y) = sig for 
some sig ∈ SIG. Since sig is the same for x and y, it follows from the definition of 
Msig that for all sca ∈ SCA, sig(sca) = 1 iff x |=r sca and y |=r sca, or else sig(sca) = 0 
iff x |≠r sca and y |≠r sca. Since each sca is a logical equivalence x ∪ y |= sca because 
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both models either satisfy simultaneously or do not. Since this holds for all sca it 
follows that x ∪ y |= SCA, which with the assumption entails (x, y) ∈ 
Cm(S1, S2, SCA). Now for the converse. 

Assume (x, y) ∈ Cm(S1, S2, SCA). By definition x ∈ M(S1), y ∈ M(S2) and x ∪ 
y |= SCA. The latter entails for an arbitrary sca ∈ SCA that x ∪ y  |=  sca. Thus sca is 
either satisfied by both x and y simultaneously or else not satisfied simultaneously. In 
the first case x |=r sca and y |=r sca and in the second case x |≠r sca and y |≠r sca. 
Construct a function f from SCA to B such that sig(sca) = 1 in the first case and 
sig(sca) = 0 in the second case repeating for each sca ∈ SCA. By definition f = 
Msig(x) = Msig(y). Thus (x, y) ∈ φ.  

Since x and y were arbitrary the result holds for all pairs in φ and 
Cm(S1, S2, SCA).   

It follows directly from this that the models in any pair in a correspondence relation 
share the same signature. One way to view shared signatures is as edges in a bipartite 
graph. The following prepares for this view. 

Definition 66  
A graph g = (V, E) where V is a finite set of vertices and E ⊆ {{x, y}| x ∈ V and y 
∈ V} is the set of edges. E = {{x, y}| x, y ∈ V} iff g is complete. A graph g′ = (V′, 
E′) is a sub-graph of a graph g = (V, E) iff V′ ⊆ V and E′ ⊆ E and further g′ is an 
intact sub-graph of g iff g′ is a sub-graph of g and E′ ={{x, y} ∈ E |x ∈ V′ and y 
∈ V′}. 

Given an equivalence relation R in V, such that the partition V/R = V1, V2, ... , 
Vn, let Ei ⊆ R be the set of pairs such that for all {x, y} ∈ Ei it holds that x ∈ Vi 
and y ∈ Vi, then gi = (Vi, Ei) is a component of g = (V, E), g is a forest of n 
components, and g is connected iff n = 1. 

A graph g = (V1 ∪ V2, E) is bipartite iff V1 ∩ V2 = ∅ and E ⊆ {{x, y}| x ∈ V1 
and y ∈ V2}, and further g is a complete bipartite graph iff E = {{x, y}| x ∈ V1 and y 
∈ V2}.   

Theorem 29  
If g′ is a sub-graph of a bipartite graph g then g′ is also bipartite. 

Proof : Let g = (V1 ∪ V2, E), then given that g is bipartite, V1 ∩ V2 = ∅. and E ⊆ 
{{x, y}| x ∈ V1 and y ∈ V2}. Let g′ = (V′, E′) then by definition of a sub−graph, V′ 
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⊆ V1 ∪ V2 and E′ ⊆ E. It holds therefore for all vertices w, z that if {w, z} ∈ E′ then 
{w, z} ∈ E and {w, z} ∈ {{x, y}| x ∈ V1 and y ∈ V2}. Let V′ = V′1 ∪ V′2 and for all 
{w, z} ∈ E′ put w ∈ V′1 iff w ∈ V1 and put z ∈ V′2 iff z ∈ V2. Since V′1 ⊆ V1 and 
V′2 ⊆ V2 and V1 ∩ V2 = ∅ then V′1 ∩ V′2 = ∅. Cleary E′ ⊆ {{x, y}| x ∈ V′1 and y ∈ 
V′2}. Thus g′ is bipartite.   

The relationships between relationships in a bipartite representation of 
correspondence are summarised in Fig. 16. The relationship between φ and φ is 
defined next

Fig.  
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all pairs 

Example: 
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16  Labelling of the various correspondence relations for integrating schemata.
Definition 67  
hemata S1 and S2, a set SCA of static correspondence assertions, define 
espondence signatures Φ as a relation in the set Cm(S1, S2, SCA) such that for 
(w, x), (y, z) ∈ Cm(S1, S2, SCA), (w, x) Φ (y, z) iff w φ y and x φ z.   

The correspondence in Fig. 19 on page 127 would yield Φ = 
A, B}), ({Y,¬Z},{¬A, B})), 

A,¬B}),({¬Y, Z},{¬A,¬B})), 
A, B}), ({Y, Z},{¬A, B})), (({Y,¬Z},{¬A, B}), ({Y,¬Z},{¬A, B})),  
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(({¬Y,Z},{A,¬B}),({¬Y,Z},{A,¬B})),(({¬Y,Z},{¬A,¬B}),({¬Y, Z},{¬A,¬B})). 
The last four elements of Φ are merely its reflexive closure. The models {¬Y, ¬Z} 
and {A, B} do not appear because they have no correspondence to any model in the 
schema to which the assertions apply.   

Another way of looking at the meaning of Φ is that it expresses a correspondence 
between elements from φ. Fig. 16 should make things clearer. 

Theorem 30  
Equal correspondence signatures Φ is an equivalence relation.  

Proof : By Definition 62, φ is an equivalence relation and so is reflexive, symmetric 
and transitive. Given a pair (a, b) ∈ Cm(S1, S2, SCA), since a φ a and b φ b then (a, b) 
Φ (a, b) so Φ is reflexive.  

Given another pair (c, d) ∈ Cm(S1, S2, SCA), such that (a, b) Φ (c, d) then a φ c 
and b φ d, which since φ is symmetric yields c φ a and d φ b and so (c, d) Φ (a, b). 
Thus Φ is symmetric. Lastly Φ is transitive since given another pair (e, f) ∈ Cm(S1, S2, 
SCA), such that (a, b) Φ (c, d) and (c, d) Φ (e, f), this implies a φ c and b φ d as well 
as c φ e and d φ f, which by the transitivity of φ yields c φ a and d φ b and so (a, b) Φ 
(e, f). Thus Φ is transitive.    

Theorem 31 ◊◊ 
Given schemata S1 and S2, and a set SCA of static correspondence assertions, the relation Φ 
partitions Cm(S1, S2, SCA).  

Proof: By Definition 67 and Theorem 29, Φ is an equivalence relation in 
Cm(S1, S2, SCA), so by Theorem 14 Cm(S1, S2, SCA)/Φ is a partition.  

Example: Referring to Fig. 17 on page 119 again, the components of the partition of 
Cm(S1, S2, SCA)/Φ are shown using different styles of lines. There are four 
components in the partition each characterised by a distinct correspondence 
signature.   

Definition 68  
A bipartite graph g = (V1 ∪ V2, E) represents a symmetric relation R iff V1 = 
dom(R), V2 = ran(R) and {x, y} ∈ E whenever (x, y) ∈ R.  

The requirement of symmetry ensures that no information held in the order of pairs 
in R is lost. Since a correspondence relation Cm(S1, S2, SCA) is symmetric by 



Chapter 11 

Theorem 4, it has a bipartite graph representation gφ = (V1 ∪ V2, E) where V1 ⊆ 
M(S1), V2 ⊆ M(S2), and E = ϕ, or more concisely gφ = (M(S1) ∪ M(S2), ϕ). Similarly 
there are graphs gφ = (M(S), φ) and gΦ = (M(S1) × M(S2), Φ).  

The following theorem establishes that each equivalence class of Φ is the 
Cartesian product of its domain and range, i.e bipartite sets of edges. 

Theorem 32  
Given schemata S1 and S2, a set SCA of static correspondence assertions and an equivalence 
class q ∈ Cm(S1, S2, SCA)/Φ then q = dom(q) × ran(q) 

Proof : Let (a, b) and (c, d) be arbitrary pairs from q. By Theorem 30 these are also 
pairs from Cm(S1, S2, SCA). By the definition of Φ and equivalence classes, Msig(a) = 
Msig(b) = Msig(c) = Msig(d). Clearly Msig(a) = Msig(d) = Msig(c) = Msig(d) and 
thereby (a, d) Φ (c, b) and so both (a, d) ∈ q and (c, b) ∈ q which by Theorem 28 
yields (a, d), (c, b) ∈ Cm(S1, S2, SCA). 

Since the pairs (a, b) and (c, d) were arbitrary elements of q the result holds pair 
wise for all elements in q. Thus for all x, y where x ∈ dom(q) and y ∈ ran(q), (x, y) ∈ 
q, which by definition is the Cartesian product dom(q) × ran(q).  

The tidy relationships created by the partitioning of a schema’s model set by 
correspondence assertions become evident by drawing out the φ relation. Indeed this 
was how the bipartite consequences of correspondence assertions first suggested 
themselves to me. The fact that correspondence relations are always bipartite under a 
set of correspondence assertions, is stated next. 

Theorem 33 ◊◊ 
Given schemata S1 and S2, and a set SCA of static correspondence assertions, then the graph 
representation of Cm(S1, S2, SCA) is a forest of complete bipartite components. 

Proof: Let graph g = (M(S1) ∪ M(S2), φ) represent φ = Cm(S1, S2, SCA). Let X ∈ 
M(S1)/φ and Y ∈ M(S2)/φ. By the definition of φ and φ, it holds for all x ∈ X and y 
∈ Y that (x, y) ∈ φ and Msig(x) = Msig(y) iff Fφ(X) = Fφ(Y). If indeed Fφ(X) = Fφ(Y), 

then Cartesian product X × Y ⊆ φ results. Represent this relation as a graph h = (X 
∪ Y, X × Y), then h is bipartite since X ∩ Y = ∅; and complete since the relation is a 
Cartesian product. Clearly h is a component of g since X ∈ M(S1)/φ and Y ∈ 
M(S2)/φ; and a sub-graph since X ∪ Y ⊆ M(S1) ∪ M(S2) and X × Y ⊆ φ. But X and 
Y were arbitrary, so the same applies to all members of M(S1)/φ and M(S2)/φ. Since 
M(S1)/φ and M(S2)/φ are exhaustive of dom(φ) and ran(φ), all possible elements of 
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Cm(S1, S2, SCA) must belong to a complete bipartite component of g, giving the 
required result.  

119 

 
Cm(S1, S2, SCA) must belong to a complete bipartite component of g, giving the 
required result.   

The result is apparent in Fig. 17, which illustrates correspondences between models 
given a set of static correspondence assertions. The propositional case suffices well 
to show the partitioning effect induced by SCA and the bipartite components are 
clearly visible. Theorem 33 makes clear that this is not just an instantiational 
coincidence.  
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given a set of static correspondence assertions. The propositional case suffices well 
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sca1 sca2 sca3 M(S1) M(S φ φ M(S2) M(S sca1 sca2 sca3sca1 sca2 sca3 1) 2) sca1 sca2 sca3

1 1  X Y Z  A B C 1 1  

0 1  X Y ¬Z  ¬A B C 1 0  

0 1  X ¬Y Z  A ¬B C 1 0  

0 1  X ¬Y ¬Z  ¬A ¬B C 1 0  

1 0  ¬X Y Z  A B ¬C 0 1  

0 0  ¬X Y ¬Z  ¬A B ¬C 0 0  

0 0  ¬X ¬Y Z  A ¬B ¬C 0 0  

0 0  ¬X ¬Y ¬Z  ¬A ¬B ¬C 0 0  

SCA = {sca1, sca2} where sca1 = Y ∧ Z ↔ C and sca2 = X ↔ A ∧ B 
If c ∈ φ then all pairs in (c/φ) where Fφ(c/φ) = 
{(sca1, 1), (sca2, 1)} are shown with  
{(sca1, 1), (sca2, 0)} are shown with  
{(sca1, 0), (sca2, 1)} are shown with 
{(sca1, 0), (sca2, 0)} are shown with 

Fig. 17  The relation between two schemata resulting from a set of static correspondence assertions 
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The figure exemplifies how the correspondence relation constrains M(S1) × M(S2) as 
a basis upon which further constraints can be placed. In their current extensions the 
sets of models for S1 and S2 are unrestricted by static constraints from SR1 or SR2. 
Either set of models could be restricted by adding static rules. Such restrictions may 
lead to unsatisfactory semantics given a set of static correspondence assertions. The 
next section looks at some cases. 
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12 Statically Elude, 
Enrich, and Dominate 

In earlier work [52] an intuition for non-conflict stated that “two schemata are in conflict 
with respect to a set of static [correspondence] assertions if one of them together with the 
[correspondence] assertions restricts the set of [models] for the other one”. The 
accompanying definition of non-conflict required, in terms of the terminology used 
here, that, for each x ∈ M(S1) there exist some y ∈ M(S2) such that (x, y) ∈ 
Cm(S1, S2, SCA). In other words there should be a total non-surjective relation from 
M(S1) to M(S2). This requirement has the disadvantage that it classes the following 
situation as non-conflicting: Some z ∈ M(S2) exists for which no w ∈ M(S1) exists 
such that (w, z) ∈ Cm(S1, S2, SCA). In this case the schema S1 together with the 
correspondence assertions does indeed restrict the set of models for schema S2. This 
hardly captures the intuitive idea that the definition intended to express. In Example 
3, model {X, Y} ∈ M(S2) is a case in point, illustrating the question of whether non-
surjectivity = non-conflict. 

Example 3  
M(S1) = {{A, B}, {¬A, B}} 
M(S2) = {{X, Y}, {¬X, Y}} 
SCA = {B ↔ ¬X}    

 
The static correspondence assertions used in [52] were of type a in the sense of 
Definition 48 on page 88. A property inherent to the definitions of both non-conflict 
and static ‘integration’19 assertions in [52] was that they were not symmetric, whereas 
the notion of conflict that the work aimed to capture was. 

Here then are two properties based on relational cardinality constraints, which 
seem useful in pursuing the intuitive notion of conflict as quoted informally above.  

                                            
19 In this work the word ‘correspondence’ is preferred to ‘integration’. 
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Definition 69  
Given schemata S1, S2, and a set SCA of static correspondence assertions, S1 statically 
enriches S2 through SCA iff the relation Cm(S1, S2, SCA) is not injective. Conversely S2 
statically enriches S1 through SCA iff Cm(S1, S2, SCA) is multi-valued.  

Definition 70  
Given schemata S1, S2, and a set SCA of static correspondence assertions, S1 statically 
eludes S2 under SCA iff dom(Cm(S1, S2, SCA)) ≠ M(S1). Conversely S2 statically eludes S1 
under SCA iff ran(Cm(S1, S2, SCA)) ≠ M(S2).  

For two schemata not to elude one another simply requires that Cm(S1, S2, SCA) be a 
total surjective relation from M(S1) to M(S2). For two schemata not to enrich one 
another simply requires that Cm(S1, S2, SCA) be an injective function (not necessarily 
total) from M(S1) to M(S2). These properties of either schema eluding or enriching 
the other are independent since their defining cardinality constraints are known to 
be.  

Theorem 34  
Given schemata S1, S2, and a set SCA of static correspondence assertions, S1 may elude S2 
regardless of whether S1 enriches S2 and S1 may enrich S2 regardless of whether S1 eludes S2, and 
conversely for S2 to S1.  

The proof of the independence of static elusion and enrichment can easily be done 
by providing counter examples to entailment and is left to the reader. Their 
independence is illustrated schematically in Fig. 18 omitting the details. Dots in the 
left hand side of a box are models in S1, dots on the right hand side are models of S2. 
The doted lines represent a correspondence satisfying some SCA. Fig. 19 on page 
126 on the other hand provides a full example in the propositional case. The full 
example can easily be constrained to any of the correspondence diagrams in Fig. 18 
simply by adding static rules.  

Of the two properties just defined, ‘elude’ provides a basis for capturing the 
naïve notion of conflict described at the start of this chapter. 

Definition 71  
Given schemata S1 and S2, and a set SCA of static correspondence SCA incites 
naive conflict between S1 and S2 iff either schema eludes the other under SCA.   

In spite of the logical independence of ‘eludes’ and ‘enriches’ illustrated above there 
is some interdependency due to the relative sizes of M(S1) and M(S2). 
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Fig. 18  Examples of combinations of one schema eluding  
and/or enriching the other  

 

Theorem 35  
Given schemata S1 and S2, and a set SCA of static correspondence assertions under which S1 does 
not elude S2, and |M(S1)| > |M(S2)| then S1 enriches S2. The converse of the entailment does 
not hold. 

Proof: For indirect argument assume the antecedent and that S1 does not enrich S2. 
If S1 is not to elude S2, then dom(Cm(S1, S2, SCA)) = M(S1). If S1 does not enrich S2 
then the relation Cm(S1, S2, SCA) is injective. Since |M(S1)| > |M(S2)|, by the pigeon 
hole principle, at least one element of M(S1) would be excluded from participating in 
the relation Cm(S1, S2, SCA). Therefore the relation Cm(S1, S2, SCA) is not injective 
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and by definition S1 enriches S2. Fig. 17 on page 119 illustrates a counter-example to 
the converse.   

A consequence of this is that unless the numbers of models for two schemata are 
equal, no bijective correspondence relation is possible without inciting naive conflict. 
More importantly, since it is unlikely that there be equal numbers of models, 
whatever criteria for correspondence and integration are set up, they must accept that 
the schema with the larger state space must enrich or elude the other.  

The definition of naive conflict certainly captures the intuitive idea of conflict 
expressed at the beginning of this chapter. But is it useful? It seems rather to express 
something that might be labelled ‘integrational completeness’. Rather than dwell on 
appropriate labelling, an investigation of static domination ensues. 

12.1 Static Domination 

The concept of domination of one schema over another in the static case would 
seem to require that the dominating schema can express everything that the 
dominated schema can express. In the static case this could be defined as follows. 

Definition 72  
Given schemata S1 and S2, a set SCA of static correspondence assertions, S1 statically 

weakly dominates S2, denoted S1 s≿sca S2 iff neither S2 statically eludes S1 nor S2 

statically enriches S1. S1 and S2, are on statically equal terms, denoted S1 s≈sca S2 iff S1 

s≿sca S2 and S2 s≿sca S1, otherwise they are on statically unequal terms denoted 

S1 s≉sca S2. S1 statically strongly dominates S2, denoted S1 s≻sca S2 iff S1 s≿sca S2, and S1 

s≉sca S2.   

The pre-fixed sub-script “s” in “s≿sca“ and the other domination relationships 
indicates the static property and the post-fixed sub-script “sca” indicates the 
constraining set of assertions. Later these subscripts will display “d” and “dca” to 
indicate dynamic properties and dynamic assertions, respectively. 

Theorem 36  

The predicates s≿sca and s≈ sca are reflexive. 

Proof: In the case that a schema S is mapped semantically onto itself the only 
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reasonable semantics of such a correspondence is a set of equivalences between each 
predicate in L(S) and shadow language L′(S) such that every element of L(S) is 
concatenated with a symbol not in L(S). This is a formality needed because 
integration through correspondence assertion requires the languages of integrated 
schemata to be disjoint. Thus Cm(S, S, SCA) becomes a total bijective function and S 
neither eludes nor enriches S and by definition therefore S ≿sd S, and since S = S in 
all but labelling, it follows that S ≈sd S. Thus ≿sd and ≈sd are reflexive.  

Some amendments to the preliminary notions of conflict and dominance are 
necessary when dynamics come into play. For instance, what if there is a model for S1 

that although valid can never be reached by valid transitions? Does it matter if that 
model means that S1 eludes another schema? These and similar questions are tackled 
in the next chapter. 

The following results can be deduced from Theorem 35. They more fully 
describe the interdependency between ‘eludes’ and ‘enriches’ due to the relative sizes 
of M(S1) and M(S2). 

Theorem 37  
Given schemata S1 and S2, and a set SCA of static correspondence assertions the following hold: 

1) if S1 does not enrich S2, and |M(S1)| > |M(S2)| then S1 eludes S2. 

2) if S1 ≿sd S2, then |M(S1)| ≥ |M(S2)|. 

3) if S1 ≈sd S2, then |M(S1)| = |M(S2)|. 

4) if S1 ≻sd S2, then |M(S1)| > |M(S2)|. 
5) The converses of entailments 1-4 do not hold. 

Proof 1) From Theorem 35 we have that S1 does not elude S2, and |M(S1)| > 
|M(S2)| then S1 enriches S2. Propositional encoding yields: ¬L ∧ G → R which 
yields ¬(¬L ∧ G) ∨ R ⇔ R ∨ ¬G ∨ L ⇔ ¬(¬R ∧ G) ∨ L ⇔ ¬R ∧ G → L which 
decoding yields the desired result.  

2) Using 1) in the reverse direction from S2 to S1 yields: if S2 does not enrich S1 
and |M(S1)| < |M(S2)| then S2 eludes S1. Propositional encoding of 1) now yields: 
¬R ∧ G → L which yields ¬(¬R ∧ G) ∨ L ⇔  
L ∨ R ∨ ¬G ⇔ ¬(¬L ∧¬R ) ∨ ¬G ⇔ ¬L ∧ ¬R → ¬G, which decoded yields: if 
neither S2 eludes S1 nor S2 enriches S1 then |M(S1)| ≮ |M(S2)|, equivalent to if S1 
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≿sd S2, then |M(S1)| ≥ |M(S2)|as desired.  
3) S1 ≈sd S2 iff S1 ≿sd S2 and S2 ≿sd S1, which with 2) yields |M(S1)| ≥ |M(S2)| 

and |M(S2)| ≥ |M(S1)| and therefore |M(S1)| = |M(S2)|. 
4) S1 ≻sd S2 iff S1 ≿sd S2 and S1 ≉sd S2. 
By definition S1 ≉sd S2 yields ¬(S1 ≿sd S2 ∧ S2 ≿sd S1) equivalent to  

¬(S1 ≿sd S2) ∨ ¬(S2 ≿sd S1). Resolution with S1 ≿sd S2 and S1 ≉sd S2 yields S1 ≿sd S2 ∧ 
¬(S2 ≿sd S1)) which by definition yields 
¬S2eludesS1 ∧ ¬S2enrichesS1 ∧ ¬(¬S1eludesS2 ∧ ¬S1enrichesS2) ⇔  
¬S2eludesS1 ∧ ¬S2enrichesS1 ∧ (S1eludesS2 ∨ S1enrichesS2) 

The definitions of ‘elude’ and ‘enrich’ yield 
¬(ran(Cm(S1, S2, SCA)) ≠ M(S2)) ∧ ¬(Cm(S1, S2, SCA) is multi-valued) ∧  
dom(Cm(S1, S2, SCA) ≠ M(S1) ∨ Cm(S1, S2, SCA) is not injective, which is equivalent 
to Cm(S1, S2, SCA) is surjective and single-valued ∧ partial or non-injective, in other 
words Cm(S1, S2, SCA) is a partial or non-injective surjective function. 

Further the first conjunct of the definition of ≻sd together with 2) yields 
|M(S1)|≥|M(S2)| ⇔ |M(S1)|>|M(S2)| or |M(S1)|=|M(S2)|.  

Assume the second disjunct, |M(S1)|=|M(S2)|. Single-valuedness requires all 
mappings to be one to one, or many to one, and surjection that all elements in S2 be 
mapped. Together the assumption, single-valuedness and surjection require each 
model in S1 to map onto one model in S2. 

Assuming Cm(S1, S2, SCA) is partial (the first disjunctive case), leads to a 
contradiction because it requires that model m exist in S1 for which there is no model 
in S2. But all models in S1 are already mapped. 

Assuming Cm(S1, S2, SCA) is non-injective (the second disjunctive case), also leads 
to a contradiction because it requires that there are two models in S1 that map onto 
the same model in S2 which would either require some model in S1 to map onto two 
models in S2 violating single-valuedness, or that there be more models in S1 than S2 
violating the first assumption. Thus the assumption, |M(S1)|=|M(S2)| must be false 
and the first disjunct |M(S1)|>|M(S2)| true. Thus the definition of ≻sd together with 
2) implies |M(S1)|>|M(S2)|as desired. 

5) Supposing they do hold, then Fig. 19 illustrates a counter-example. 
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SCA = {sca1, sca2} where sca1 = Y ∨ Z ↔ ¬A ∨ ¬B and sca2 = Y ↔ B 

If c ∈ φ then all pairs in (c/φ) where Fφ(c/φ) = 
{(sca1, 1), (sca2, 0)} are shown with  
{(sca1, 1), (sca2, 1)} are shown with 

Fig. 19  A diagram of a correspondence in which both schemata enrich and elude the other,  
and neither dominates 



 

 

13 Dynamically Elude, 
Enrich, and Dominate 

The main issue of this and the next several chapters is the representation of agent 
interaction in an event driven first order setting. The dynamic semantics of a schema 
is based on transitions between diagrams using the event concept. The dynamic part 
DR of a schema consists of event rules that describe transitions. Intuitively, an 
instance of an event is a transition from one diagram to another in accordance with 
an event rule. An event rule may be enabled by the environment of the agent system 
or by another agent in the system.  

13.1 Dynamics Revisited 

The following 2 definitions modify Definition 14 and Definition 15 on page 26 to 
better accommodate the ensuing theory. The identifying label has been dispensed 
with, and most importantly, the initial and resultant states of an event are required to 
differ.  

Definition 73 ◊ 
An event rule in a language L is a structure 〈C(z), P(z)〉, where z is a vector of 
variables in the alphabet of L20 and C(z), P(z) are sets of formulae in L such that 
C(z) ∪ P(z) is inconsistent.   

In terms of conceptual modelling C(z) denotes the precondition of the event rule, 
that the initial model m must satisfy, and P(z) the post condition that m′ must satisfy. 
The requirement that C(z) ∪ P(z) be inconsistent ensures that m ≠ m′, in other 
words, that some change takes place and disqualifies the identity transition, defined 
next. 

                                            
20 The notation A(x) means that x is free in A(x). 
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Definition 74 ◊◊ 
The set of basic events E for a schema S = 〈SR, DR〉 is a relation E ⊆ M(S) × M(S) 
where M(S) is a set of models for SR. An element (m, m′) belongs to E iff m ∈ 
M(S) and m′ ∈ M(S) and there is an event rule 〈C(z), P(z)〉  in DR, and a vector e 
of constants in L(S), such that m |= C(e) and m′ |= P(e), in which case the basic 
event (m, m′) will be said to result from the event rule.  

The dynamic extension of S, denoted E+ is the transitive closure of E less the 
reflexive closure. A compound event is an element in E+ − E. An event (m, m′) ∈ E+ 
is cyclic iff m = m′, other wise it is non cyclic. An identity transition is a cyclic event 
(m, m) ∈ E.  

Note that an event rule is non-deterministic, for if a model m satisfies the 
precondition of an event rule then any model m′ satisfying the event rule’s post 
condition will give rise to a basic event (m1, m2). In this way, the approach to the 
dynamics of a schema differs here from the traditional transactional approach in the 
database area, where an event deterministically specifies a modification of the 
information base [4].  

Note also that because the pre- and post conditions of each event rule in DR are 
inconsistent, no identity transitions can result. Cyclic events are thereby necessarily 
compound. 

The notation E+ rather than E* is an indication that the reflexive closure is not 
included in the dynamic extension of a schema. Excluding identity transitions 
through the condition above that C(z) ∪ P(z), prevents pointless rules. For example 
without this condition, the rule 〈[A, B], [B]〉 would be allowed which would permit 
the identity transition as would 〈[ ], [ ]〉. This last rule is special because it alone would 
result in E = M(S1)2.  

Having drawn up a graph representation of correspondences between models it 
seems only natural to continue with a graphical representation of events between 
models. So basic definitions to this end therefore follow. 

Definition 75  
A digraph g = (V, A) where V is a finite set of vertices and A ⊆ V × V is the set of 
arcs. g is complete iff A = V × V. Digraph g′ = (V′, A′) is a sub-graph of a g iff V′ ⊆ 
V and A′ ⊆ A and further g′ is an intact sub-graph of g iff g′ is a sub-graph of g 
and A′ = (V′ × V′) ∩ A.   
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A digraph only differs from a graph in that an arc is an ordered pair (directed) 
whereas an edge is unordered. As such a digraph is well suited for mapping the 
dynamics of a schema where each vertex represents a model and each arc a basic 
event such that the first element is the initial model and the second element is the 
resultant model.  

Definition 76  
A digraph D = (V, A) represents the dynamics of schema S = (SR, DR) where DR 
results in a set E of events, iff V = M(S) and A = E. A path in D is a sequence nλV 
of distinct vertices 〈v1, v2, …, vn〉, such that (vi, vi+1) ∈ A and vi ≠ vi+1 for 1≤ i< n. 
A sequence nλV is a cycle in D iff λ(1) = λ(n). The valency of a vertex v denoted 
v(v) = |{e ∈ E|e = (v, x), x ∈ V}|. A sub-path is sub-sequence.   

The valency of a vertex v is thus the number of arcs “directed away” from v. 

13.2 Dynamically Elude and Enrich 

The term ‘static’ in a static correspondence assertion is misleading, for although the 
constraints express only state correspondences, as soon as transitions are considered 
the SCA leads to a number of dynamic consequences. This is a positive characteristic 
of SCAs because any dynamic properties that are apparent from a static inspection 
should be computationally less demanding to analyse than simulations of instantiated 
dynamic state spaces. Chapter 12 examined the intuition of the static properties that 
permit a definition of static dominance, the dynamic consequences of which seem 
worthwhile exploring. 

The concept of correspondence between states can be extended to events. It 
seems reasonable that two events should correspond whenever their initial states 
belong to the same equivalence class of Cm(S1, S2, SCA), and their resulting states 
belong to the same, equivalence class, though the static correspondence class of the 
initial and resulting states may be different within each schema. From the graph 
perspective, dynamic correspondence is a mapping between arcs in different 
schemata. 

Definition 77  
Given a set SCA of static correspondence assertions for schemata S1 and S2, and 
sets of events E1 and E2 for S1 and S2, respectively and events (d, d′) ∈ E1

+ and 
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(m, m′) ∈ E2
+, then, (d, d′) corresponds dynamically to (m, m′) under SCA iff (d, m) ∈ φ 

and (d′, m′) ∈ φ. Further, the event correspondence relation between S1 and S2, under SCA 
is Ce

+(S1, S2, SCA) = {((d, d′), (m, m′))| such that (d, d′) corresponds dynamically 
to (m, m′) under SCA}.  

The subscript ‘e’ in the definition differentiates between this correspondence 
between events and the correspondence for the models from Definition 47 on page 
87, denoted Cm using subscript ‘m’. The superscript ‘+’ in Ce

+ indicates that 
corresponding events can be compound or basic.  

Intuitively one schema dynamically eludes another if it can express a transition 
between states that the other cannot capture. Obviously this occurs when an event 
includes a model that causes one schema to elude another schema, but can also occur 
if there is an event (d, d′) ∈ E1

+ such that (d, m) ∈ φ and (d′, m′) ∈ φ but where 
(m, m′) ∉ E2

+.  
One schema dynamically enriches another if it has more than one way of 

expressing an event from the other schema. The definitions both nicely echo the 
static case: 

Definition 78  
Given a set SCA of static correspondence assertions for schemata S1, S2, then S1 
dynamically eludes S2 under SCA iff dom(Ce+(S1, S2, SCA)) ≠ E1

+. Conversely S2 
dynamically eludes S1 under SCA iff ran(Ce+(S1, S2, SCA)) ≠ E2

+.   

In E1
+, the ‘+’ indicates transitive closure less reflexive closure.  

Definition 79  
Given a set SCA of static correspondence assertions for schemata S1, S2, then S1 
dynamically enriches S2 through SCA iff the relation Ce+(S1, S2, SCA) is not injective. 
Conversely S2 dynamically enriches S1 through SCA iff Ce+(S1, S2, SCA) is multi-
valued.  



Chapter 13 

 
 

 

S1 eludesdy S2 under 

SCA 

 

    

 

 

S2 eludesdy S1 under 

SCA 

 

    

 
 

S1 enrichesdy S2 
through SCA 

 

    

 
 

S2 enrichesdy S1 
through SCA 

 

    

  

S1 eludesdy S2 under 

SCA 

 

 

S2 eludesdy S1 under 

SCA 

 

S1 enrichesdy S2 

through SCA 

 

S2 enrichesdy S1 

through SCA 

Fig. 20  Examples of combinations of one schema dynamically eluding  
and/or enriching the other under static correspondence assertions  

 
For two schemata not to elude one another dynamically simply requires that 
Ce+(S1, S2, SCA) be a total surjective relation from E1 to E2 For two schemata not to 
enrich one another dynamically simply requires that Ce+(S1, S2, SCA) be a single-
valued injective, i.e. one to one relation from E1 to E2. The properties of the last two 
definitions are independent since their defining cardinality constraints are known to 
be. Their independence is illustrated schematically in Fig. 20 omitting the details. 
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Dots in the left hand side of a box are models in S1, dots on the right hand side are 
models of S2. The straight dashed lines represent a correspondence satisfying some 
SCA, and the curved arrows represent transitions. Fig. 21 on the other hand provides 
a full example in the propositional case. The full example can easily be constrained to 
any of the correspondence diagrams in Fig. 20 simply by adding static rules that 
eliminate models. Note that in Fig. 21 the event rules assume no frame rule. 
 

sca1  
sca2

 
 

sca3
M(S1) E1 Cm(S1, S2, SCA)  E2 M(S1) 

sca1  
sca2

 
 

sca3

0 1 1 X  ¬Y Z    ¬A B C 1 0 1 

0 1 1 X ¬Y ¬Z    A B ¬C 0 1 1 

0 0 0 ¬X Y ¬Z    A ¬B ¬C 0 0 0 

1 0 0 ¬X Y Z    A ¬B C 1 0 0 

0 1 0 X Y ¬Z    ¬A ¬B C 1 0 0 

SR1 = {¬(¬X ∧ ¬Y), ¬(X ∧ Y ∧ Z)},  
SR2 = {¬(¬A ∧ ¬C), ¬(A ∧ B ∧ C)},  
DR1 = {〈[¬X, Y ¬Z], [¬(¬X ∧ Y ∧ ¬Z )]〉} 
DR2 = {〈[A, ¬B, ¬C], [¬(A ∧ ¬B ∧ ¬C)]〉} 
SCA = {sca1, sca2, sca3} where  
sca1 = Y ∧ Z ↔ C and sca2 = X ↔ A ∧ B sca3 = ¬Y ↔ B 

If c ∈ φ then all pairs in (c/φ) where (c/φ)-φ = 
{(sca1, 0), (sca2, 1), (sca3, 1)} are shown with  
{(sca1, 0), (sca2, 0), (sca3, 0)} are shown with  
{(sca1, 1), (sca2, 0), (sca3, 0)} are shown with  

Fig. 21  A diagram of a correspondence in which statically and dynamically  
both schemata enrich and elude each other and neither dominates 
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Without dynamic integration assertions, the number of rules in DR1 is independent 
of the number of rules in DR2. So either or both of two schemata with certain static 
properties can be assigned an empty set of dynamic rules as a counter example to any 
assumption of logical dependence between dynamic and static eluding. The 
independence of eluding schema is shown next. 

Theorem 38  
Given arbitrary schemata S1, S2, and a set SCA of static correspondence assertions, the 
properties of S1, dynamically eluding S2, is independent from S1, statically eluding S2 under 
SCA. 

Proof:. For indirect proof assume that dynamic and static eluding are not 
independent. Then either dynamic eluding implies static eluding or the converse. 
Assume the first disjunct. A counter example is the following:  

M(S1) = {{X}, {¬X}}, DR1 = {〈[X], [¬X]〉} 
M(S2) = {{A}, {¬A}}, DR2 = { } 
SCA = { X ↔ A }  

Since E1 = {(X, ¬X)} and E2 = ∅ it follows that Ce+(S1, S2, SCA) = ∅ and therefore 
that dom(Ce+(S1, S2, SCA)) ≠ E1. By definition then S1 dynamically eludes S2 under 
SCA. However, Cm(S1, S2, SCA) = {({X}, {A}), ({¬X}, {¬A})} and 
dom(Cm(S1, S2, SCA)) = {{X}, {¬X}} = M(S1), but S1 statically eludes S2 under SCA 
iff dom(Cm(S1, S2, SCA)) ≠ M(S1), so S1 dynamically eludes S2 under SCA but does 
not statically elude S2 under SCA contrary to the assumption. 

Now assume the second disjunct. A counter example is the following:  
M(S1) = {{X, Y}, {¬X, Y}, {¬X, ¬Y}}, DR1 = {〈[X], [¬Y]〉} 
M(S2) = {{A, B}, {¬A, ¬B}}, DR2 = {〈[A], [¬A]〉} 
SCA = {X ↔ A, Y ↔ B}  

Since Cm(S1, S2, SCA) = {({X, Y}, {A, B}), ({¬X, ¬Y}, {¬A, ¬B})} and 
dom(Cm(S1, S2, SCA)) = {{X, Y}, {¬X, ¬Y}} ≠ M(S1) so by definition S1 statically 
eludes S2 under SCA. However E1 = {(X, Y), (¬X, ¬Y)} and E2 = {(A, B), (¬A, 
¬B)} it follows that Ce+(S1, S2, SCA) = {((X, Y), (A, B)), ((¬X, ¬Y), (¬A, ¬B))} 
and therefore that dom(Ce+(S1, S2, SCA)) = E1. By definition then S1 does not 
dynamically elude S2 under SCA. So S1 statically eludes S2 under SCA but does not 
dynamically elude S2 under SCA contrary to the assumption. 

Thus, since neither dynamic nor static eluding implies the other, they are 
independent.    
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The property of enrichment in the dynamic case, unlike eluding, is not independent 
between schemata, but is related to static enrichment as stated next. 

Theorem 39  
Given schemata S1, S2, and a set SCA of static correspondence assertions, If S1 dynamically 
enriches S2 then S1 statically enriches S2. The converse does not hold. 

Proof:. Suppose S1 dynamically enriches S2 then Ce+(S1, S2, SCA) is not injective. 
Assume S1 does not statically enrich S2, then Cm(S1, S2, SCA) is injective. Since 
Ce+(S1, S2, SCA) is not injective by definition there must exist two dynamic 
correspondence pairs ((d1, d1′), (m, m′)), ((d2, d2′), (m, m′)) ∈ Ce+(S1, S2, SCA) where 
non-injectivity requires that events (d1, d1′) ≠ (d2, d2′) and thus that d1 ≠ d2 or d1′≠ d2′ 
such that  

Msig(d1) = Msig(m) and Msig(d1′) = Msig(m′) and also  
Msig(d2) = Msig(m) and Msig(d2′) = Msig(m′). 

But Cm(S1, S2, SCA) was injective which requires that there be only one model in S1 
with the same correspondence signature as m thus d1 = d2. The same applies to m′ so 
d1′= d2′ too. This contradicts both d1 ≠ d2 and d1′≠ d2′, so the assumption is false. 
Thus S1 statically enriches S2.  

Suppose the converse were true then a counter example is illustrated in Fig. 19 
on page 127. Both schemata enrich the other and since there are no events there can 
be no dynamic enrichment.  

It is significant and unfortunate that, with the exception of Theorem 39, elusion and 
enrichment in the static and dynamic case are independent. This means that dynamic 
dominance cannot be checked by investigation of static properties which would be 
more efficient. 

13.3 Dynamic Domination under Static Assertions 

The intuition for the concept of domination of one schema over another in the 
dynamic case was well captured in [52] mentioned earlier; “the concept of weak dominance 
intuitively expresses that the [dominating] schema, in some sense, expresses as least at much 
information as its [dominated].”  

That work’s accompanying definition, expressed in terms of the terminology 
used here, reads as follows: A schema S1 weakly dominates S2 iff there is a relation r 
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⊆ Cm(S1, S2, SCA) such that r-1 is a total injective function, and that for each (x, y) ∈ 
E2

+, there exists (r-1(x), r-1(y)) ∈ E1
+ and both (r-1(x), x), (r-1(y), y) ∈ φ. Ironically this 

earlier concept of weak dominance seems too strong, since it would not classify as 
dominance, dynamic enrichment without dynamic elusion, even though an enriching 
“schema, in some sense, expresses as least at much information as” the enriched schema, and 
should thereby reasonably be considered dominant. Therefore this earlier concept of 
dominance will be relaxed in order to correspond more closely with the intuition that 
dominating schema can express every event that the dominated schema can express. 
The definition that follows is similar to the static case.  

Definition 80  
Given schemata S1 and S2, a set SCA of static correspondence assertions, S1 

dynamically weakly dominates S2 under SCA, denoted S1 d≿sca S2 iff neither S2 
dynamically eludes S1 nor S2 dynamically enriches S1 under SCA. S1 and S2, are on 

dynamically equal terms under SCA, denoted S1 d≈sca S2 iff S1 d≿sca S2 and S2 d≿sca S1, 

otherwise they are on dynamically unequal terms denoted S1 d≉sca S2. S1 dynamically 

strongly dominates S2 under SCA, denoted S1 d≻sca S2 iff S1 d≿sca S2, and S1 d≉sca 
S2.  

In general terms dynamic dominance can be seen as a requirement that the dynamic 
correspondence relation must map a single-valued surjection from the dominating to 
the dominated schema. The weakly dominating schema may elude or enrich but the 
strongly dominating schema must elude or enrich the dominated schema. The earlier 
definition of dominance from [52] is equivalent to: S1 does not statically enrich S2 but 
S1 ≿sd S2 and S1 ≿dd S2. (It then follows by contraposition from Theorem 39 that S1 
does not dynamically enrich S2) or in other words that there be a partial, single-
valued, surjective injection from S1 to S2. Reference to Fig. 21 and Fig. 22 should 
help to illustrate these concepts.  

The scribbled over state and correspondence line in the figure to the left in Fig. 
22 are not permitted by the conditions of dynamic dominance from [52]. By these 
overly restrictive conditions the situation in the figure to the right does not qualify 
for dominance, even though the models with connecting events on its left hand side 
clearly express at least as much as those on the right hand side.  

The ultimate purpose of defining a notion of dominance is that it be useful in 
determining whether a combined schema expresses everything that its constituent 
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Fig. 22  The left figure’s dominance concept is too strong: even though the right figure’s left hand models 

express at least as much as its right hand models, the left figure’s domination concept excludes it 

In the next chapter such conflicts are illustrated between agents, striving to 
satisfy obligations in a temporal environment that incorporates semantics for first 
order action logic enhanced with correspondence assertions that can be analysed in 
relation to time.  

In the next chapter such conflicts are illustrated between agents, striving to 
satisfy obligations in a temporal environment that incorporates semantics for first 
order action logic enhanced with correspondence assertions that can be analysed in 
relation to time.  
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14 Integrating Obligations in Time  
This and chapter 17 present a model for the analysis of temporal conflicts in sets of 
autonomous agents restricted in the sense that they can be described in a first-order 
language. Much of this work, originally published in [41], precedes the theory 
presented in chapters 8 to 13, and has here been reworked and integrated with the 
theoretical framework of those chapters.  

The first main issue of this chapter is the use of ideas from speech act theory 
within the representation of agent interaction in an event driven first order setting 
like that created by the translation scheme discussed in chapters 2 to 7. The second 
main issue is an investigation into how the concept of non-conflict can be 
generalised to the temporal and dynamic case and contained in a theoretical 
framework in which conflicts in multi-agent systems can be detected and analysed. 
This second issue is where my contribution lies, with the temporal part of the model 
and how this can give rise to transient conflicts. The setting for these issues is an 
agent environment described in a first-order language. 

The agent metaphor as a generalisation of collective systems’ behaviour has 
proved its worth in the developments of complex software artefacts [122]. Mental 
and social states of agents in natural distributed systems are a common point of 
departure for agent models that may centre around various fields such as linguistics, 
child development, entomology, game theory, neurology etc. Knowledge from 
philosophy and psychology has enriched AI research into various mental aspects, in 
particular on belief and knowledge [117]. The linguistic branch of speech acts has 
been fruitful in recent years, opening up the modelling of agents to the possibilities 
of more anthropomorphic protocols based on obligations and commitments. 
Although the latter are essential for successful co-operation and co-ordination, they 
have previously found expression through lower level protocols and interactions. 

In the same vein as speech acts, agents agree upon obligations by offering and 
accepting commitments to carry out agreed actions. They can further grant or revoke 
privileges which may help or hinder each agent as it strives to fulfil its obligations.  
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‘First order Action Logic’ (FAL) models the ideas of speech act theory that are 
useful for such representation. FAL is a language for specifying, creating, and 
monitoring obligations. FAL is similar to the language proposed in [92], which 
provides constructs for deontic modelling in a first order framework; important 
differences between this language and FAL is that FAL handles the explicit creation 
of obligations through speech acts and can handle states of affairs as the subject 
matter of obligations. FAL is also similar to the extended situation calculus proposed 
in [106]. Advantages offered by first order logic over temporal logic are set out in 
[14]. In addition the approach of FAL provides several more advantages: 

• Simple semantics  
• Explicit creation of obligations  
• Commitment to States of affairs  
• Representation of time  

FAL is simpler to understand than modal approaches because, rather than possible 
world semantics, it uses first order semantics with clearly labelled language 
constructs. Similar to an approach propounded in [44], these constructs allow the 
explicit creation through speech acts of obligations to commit both to a satisfactory 
state of affairs or to a satisfactory action. Allowing both of these types of obligations 
yields a language that is more expressive than some recent approaches to deontic 
logic, such as [98], which only allow actions. Explicit representation of time in the 
language makes it possible to express time intervals within which an action must take 
place or a state of affairs come to pass. An explicit representation of time seems 
essential for providing obligations with adequate semantics. 

14.1 The Language FAL 

First order Action Logic (FAL). FAL is a first order language extended with the 
arithmetic required to handle discrete points in time. The extent to which FAL is 
used here warrants only a brief description of a subset of the language. In the simple 
examples the intuitive meaning should be apparent. An axiomatised semantics can be 
found in [10] and a full description in [81]. 

As is customary for first order predicate logic, the alphabet consists of a set C of 
constants, a set of variables, a set F of function symbols, a set P of predicate 
symbols, a set of connective symbols {¬, ∧, ∨, →} and a set of punctuation 
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symbols. The UoD (Universe of Discourse) includes agents, time points, actions, and 
states of affairs which are typed: Ag for agents; T for time points; A for actions; SoA 
for states of affairs; and AS for the contents of speech acts, which may be actions, 
states of affairs, or combinations of these. A and SoA are subtypes of AS. Further 
types are: SA for speech acts and IA for instrumental acts, both of which are 
subtypes of A.  

Agents use speech acts, commissives and directives, in order to commit 
themselves and others to carrying out actions. To make it possible to construct 
different actions and states of affairs, some special sets of function symbols are 
defined: 

• a set IP = {dir, com} of illocutionary points 
• a set IAC ⊂ F of instrumental acts constructors 
• a set SoAC ⊂ F of states of affairs constructors 
• a set DO = {O, P} ⊂ SoAC of deontic operators 
• a set T ⊂ C of time variables 

All time variables are elements of N the set of natural numbers. The predicate 
symbols in FAL are <, =, done and holds with arity two and fulfilled with arity three. 
The predicate symbols are typed, and include < and = which yield a partial order 
between the time points:  

Predicate symbols: 

• holds: SoA × T 
• done: A × T 
• fulfilled: AS × T × T 

Function symbols: 

• dir(AgA, AgB, AS, T) - AgA asserts a request for AS that AgB is obliged to 
fulfil, by T at the latest  

• com(AgA, AgB, AS, T) - AgA commits himself to AgB, to fulfil AS by T at 
the latest 

• O(Ag, AS, T1, T2) - Agent Ag is obliged to fulfil AS between T1 and T2 
inclusive 

• P(Ag, AS, T) - Agent Ag is permitted to fulfil AS at T 
• Predicate symbols: 
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• holds(SoA, T) - The state of affairs SoA holds at T 
• done(A, T) - The action A has been performed at T 
• fulfilled(AS, T1, T2) - AS is fulfilled in the interval [T1 T2]. This means that AS 

is done in [T1 T2] if AS is an action, or else if AS is a state of affairs, that AS 
has been adequately dealt with in [T1 T2].  

Example 4  
The following formula in FAL expresses that agent A1, at time point 15, has 
committed himself to agent A2 to ringBackOffPeak at time point 18: 

done(com(A1, A2, ringBackOffPeak, 18), 15)  

This speech act will result in an obligation for agent A1 to fulfil his commitment. 
The following is derivable from the formula above: 

holds(O(A1, ringBackOffPeak, 18), 15)   

14.2 Conceptual Modelling with Time 

Many of the definitions below are similar to those in the preceding text except that 
here they assume an underlying language L of formulae in FAL and incorporate a 
model for time.  

Example 5  
The following implication is an example of a static rule in a schema expressing that 
the charge levied at all time points must be non-negative: 

∀x∀t(holds(rate(x), t) → x ≥ 0)   

In order to compare the semantics of schemata at a given time correspondence 
assertions can be defined to include a time variable. 

Definition 81  
Let t be a time variable in L. A temporal static correspondence assertion that expresses 
an equivalence between schemata S1 and S2 at a given time t is a formula:  

∀x (R(t) → (F(x, t) ↔ G(x, t))) 

where R is a formula containing no other predicate symbols than = and > (or 
semantically equivalent symbols). F(x, t) is a formula in L(S2) and G(x, t) is a 
formula in L(S1) and x is a vector of variables. A set of such assertions will be 
denoted FALCA(t) below.  
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Static correspondence assertions in FAL express a static relationship between objects 
in the two schemata in relation to a point in time t. Thus, in a sense, they define a 
time dependent protocol for relationships between agents. This protocol may vary 
over time depending on global aspects of the system or changes in agents’ internal 
goals. Note that both the static and the dynamic parts of a schema are functions of 
time. This allows protocols to be updated, and behaviour to change. 

Example 6  
Assume that there are two agents A1 and A2 represented by the schemata S2 and S1. 
These agents monitor the rate of telephone charges but use different terminology 
and knowledge of possible states, which means that there is ontological overlap. The 
first agent can only distinguish between ‘dear’ and ‘cheap’ while the second agent can 
distinguish between integral rates. Furthermore, the different representations vary 
over time. Formally, we have the following correspondence assertions given t ∈ T: 

FALCA(t) = 
{∀x((t < 7 ∨ 18 ≤ t) → (holds(dear, t) ↔ holds(rate(x), t) ∧ x > 24)), 
∀x((t < 7 ∨ 18 ≤ t) → (holds(cheap, t) ↔ holds(rate(x), t) ∧ x ≤ 24)), 
∀x((7 ≤ t ∧ t < 18) → (holds(dear, t) ↔ holds(rate(x), t) ∧ x > 27)), 
∀x((7 ≤ t ∧ t < 18) → (holds(cheap, t) ↔ holds(rate(x), t) ∧ x ≤ 27))}  

Temporal aspects will first be introduced into the static semantics of conceptual 
schemata and later into their dynamic semantics. 

Definition 82  
A time-independent model m ∈ M(S) for a set SR of static rules of a schema S in a 
language L, is a Herbrand model for SR, extended by the negation of the ground 
atoms in L that are not in the Herbrand model. Thus, a model for L is a 
Herbrand model extended with classical negation.  

This is merely a restatement of the earlier definition of models stipulating that those 
models are independent of time within a temporal context. Models can also be 
defined taking time into account. A time dependent model is M(S, t), t ∈ N, is a 
subset of the time-independent models M(S).  

Definition 83  
A time point t is a natural number. An interval or period of time denoted [t, t′] is 
sequence nλt such that n = t′ − t + 1 and λ(1) = t and for all 1 ≤ i < n, λ(i+1) = 
λ(i)+1. When t = t′ then [t, t′] may be abbreviated to t.  
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In this way the number of time points in an interval maps contiguously onto a sub-
sequence of the sequence of natural numbers. 

Definition 84  
Given a schema S = 〈SR, DR〉 and a non-negative integer t, the set of time 
dependent models for SR is M(S, t) ⊆ M(S), but where for all m ∈ M(S, t) all 
occurrences of time variables in the formulae of m are substituted by the value t. 

   

Negations in the models below may sometimes be omitted, and presented rather as 
Herbrand models.  

Example 7  
Consider the rule, holds(cheap, t) ↔ holds(rate(x), t). An example of a model, 
M(S, 5), for this rule is {holds(cheap, 5), holds(rate(24), 5))}.  

Definition 85  
Given a schema S = 〈SR, EΡ〉, the temporal model set M(S, [t1,t2]) for S, where t1 and 
t2 are time points and t1 ≤ t2, is the set {M(S, t) | M(S, t) is a model for SR and 
t ∈ [t1,t2]}.  

A temporal model in this sense is a time independent model for which time is made 
explicit. This definition can be used to represent sets of current, past and future 
possible states. Needless to say M(S, t1) is identical to M(S,[t1, t1]). 

Example 8  
Continuing with the rule from the example above, setting x = 26, yields the following 
model set for t = [6, 7]:,  

M(S, [6, 7]) = {{holds(cheap, 6), holds(rate(26), 6)},  
{¬holds(cheap, 6), ¬holds(rate(26), 6)},  
{holds(cheap, 7), holds(rate(26), 7)},  
{¬holds(cheap, 7), ¬holds(rate(26), 7)}}  

Using model sets makes it simple to describe all possible states up until time t1 using 
{M(S, [0,t1])} and the possible future states between t1 and t2 using {M(S, [t1,t2])}, t1 ≤ 
t2. 

Definition 86  
The set of basic events Ep1,p2 for a schema S = 〈SR, DR〉 spanning periods p1 = [t1, t3] and 
p2 = [t4, t6] is a relation Ep1,p2 ⊆ M(S, [t1, t3]) × M(S,[t4, t6]) where t1 ≤ t3 and t4 ≤ t6 
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and where M(S, [t1, t3]) and M(S,[ t4, t6]) are model sets for SR. An element (m, d) 
∈ Ep1,p2 to iff there is an event rule ∈ DR, and a vector e of constants in L, such 
that m satisfies C(e) and d satisfies P(e) and also that there are two time points 
t2 and t5 where t1 ≤ t2 ≤ t3 and t4 ≤ t5 ≤ t6, such that m ∈ M(S, t2) and d ∈ M(S, t5) 
and t2 ≤ t5. In this case (m, d) is said to result from 〈C(z), P(z)〉 .  

Further the set of all basic events for S, E = ∪Ep1,p2, where p1 = p2 = [tmin, tmax]. 
Also, advE, ⊆ E where t2 < t5 is the set of advancing basic events for S, and the set of 
instant basic events for S, insE = E − advE.  

The choice of weak order between t1 and t2 allows events to take place 
instantaneously as well as from one point in time to the next. The model sets may 
overlap in any way as long as time points t2 ≤ t5 exist for m and d within the interval 
of their respective model sets, that ensure that d does not precede m. This prevents 
events from going back in time.  

Note that for instant events spanning periods p1 and p2, that unless the periods 
overlap insEp1,p2 is empty. Note also that the definition of E assumes Definition 73 of 
dynamic rules on page 128 and that identity transitions are therefore excluded.  

The definition is fairly general in that it allows events to occur both between 
specific time points if the relation is M(S, [t1, t1]) × M(S, [t2, t2]), as well as 
instantaneously for M(S, [t1, t1]) × M(S, [t1, t1]). However, it is not the most general 
since it is realistic to require that in order for an event to be enabled its preconditions 
be fulfilled over a period of time ending at some time before or up until the event 
occurs. Also realistic and practical would be to require that the post conditions be 
enforced over a period of time beginning at, or at some time after the point in time 
when the event occurs. A further generalisation would be to allow the transition itself 
to take place over a period taking possibly finitely more than one point in time to 
complete.  

These generalities all introduce considerable complexity to the system, since any 
conflict checks would need to be conducted with regard to all points in the periods 
given, instead of just at one given point. Suppose the length of the preconditional, 
postconditional and transitional periods were Pc, Pp, and Pe, respectively. Since the 
periods can be defined independently, the complexity of consistency checks would 
increase by a factor of Pc × Pp × Pe for each such event.. For this reason a fully 
general temporal model has been dismissed, even though a more general temporal 
model than that presented here could still be of interest given strong constraints on 
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Definition 87  Definition 87  
The basic events for a schema S = 〈SR, DR〉 between time points t1, t2 is the set Et1,t2. The 
incrementing events for a time point t1 denoted incEt1 = Et1,t1+1. The set of incrementing 
events of a schema is ∪t incEt, for all t < tmax.   

The basic events for a schema S = 〈SR, DR〉 between time points t1, t2 is the set Et1,t2. The 
incrementing events for a time point t1 denoted incEt1 = Et1,t1+1. The set of incrementing 
events of a schema is ∪t incEt, for all t < tmax.   

Note that from Definition 86, that the set of instant basic events for S, insE = 
{Et1,t2|t1 = t2}. 
Note that from Definition 86, that the set of instant basic events for S, insE = 
{Et1,t2|t1 = t2}. 

Example 9  Example 9  
A possible event rule for a schema is: 〈[holds(a, t)], [holds(b, t)]〉. Let the model set 
M(S, 1) of the schema be: 
A possible event rule for a schema is: 〈[holds(a, t)], [holds(b, t)]〉. Let the model set 
M(S, 1) of the schema be: 

m1 = {holds(a, 1), holds(b, 1)} 
m2 = {¬holds(a, 1), holds(b, 1)} 
m3 = {holds(a, 1), ¬holds(b, 1)} 

m1 = {holds(a, 1), holds(b, 1)} 
m2 = {¬holds(a, 1), holds(b, 1)} 
m3 = {holds(a, 1), ¬holds(b, 1)} 

The set of basic events at time 1 for this schema is all events resulting from the event 
rule in accordance with Definition 86: {(m1, m2), (m3, m1), (m3, m2)}, see Fig. 23.  
The set of basic events at time 1 for this schema is all events resulting from the event 
rule in accordance with Definition 86: {(m1, m2), (m3, m1), (m3, m2)}, see Fig. 23.  

 

m1 m2

m3

(m1, m2)

(m3, m1) (m3, m2)

Fig. 23 The dynamic extension of the schema at time 1
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An extension of a schema is a structure consisting of all models for a schema, 
together with all possible events that can result from the event rules in the schema.  

Definition 88  
The dynamic extension of a schema S at time t1 is a digraph 〈M(S, t1), insEp,p〉, where p = 
[t1, t1]. This is a special case of the dynamic extension of a schema S during period p = 
[tq, tr], which is a digraph 〈∪i=q to r M(S, ti), Ep,p〉. 

As for the non-temporal case, a compound event is an element in E+ − E. An event 
(m, m′) ∈ E+ is cyclic iff m = m′, otherwise it is non cyclic. An identity transition is a 
cyclic event (m, m) ∈ E. The set of advancing compound events, advE+ = E+ − insE+ − 
E.   

Note that cyclic events are bound by time. Once time is incremented from a time 
point t, cycles with models at both t and a later time can no longer occur. Even so 
the basic events (m, m′) where m and m′ are identical in all but the value of t are still 
not possible due to the requirement on event rules that of pre- and post conditions 
be inconsistent. This may be enforced in a variety of ways, such as in the way the 
rules themselves are written or through some kind of temporal frame rule. The 
choice of mechanism is left open. 

Example 10  
Fig. 23 illustrates the digraph 〈M(S, t1), E〉 for the event rule in the previous example. 
The arrows in the figure represent basic events and the ellipses represent the models 
for the schema.   

14.3 Temporal Conflict Detection 

This section introduces the basics of static temporal conflict detection. The notion of 
conflict has many interpretations offered by many researchers which are not 
necessarily compatible with each other [32, pp 1-5]. In contrast to the inconsistencies 
discussed earlier, here inconsistencies are truly conflicts between agents in the sense 
of agents’ goals interfering with one another. Members of a multi-agent system may 
find that in creating and fulfilling obligations, they enter into conflicts in which their 
individual goals are incompatible [82, 141].  

Three fundamental and general types of conflict I, II, and III are useful in 
classifying most situations considered conflicting [32], the first two of which help 
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distinguish between the two types of conflict described here. Type I occurs when an 
agent simultaneously has tow or more incompatible goals and must choose one. 
Type II occurs when two agents strive for different goals but must settle for a 
common outcome. For completeness, Type III occurs when two agents have a 
common goal, but must settle for different outcomes, in other words both cannot 
have what they both want.  

Inconsistency and Type I Conflict 

In an agent system, perhaps the most basic kinds of conflict that can occur is when a 
schema for an agent system is self-conflicting at a given time. This is type I conflict 
and with in a first order framework it naturally corresponds to inconsistency, which 
begs a definition of consistency as the preferred state. 

Definition 89  
Given time points tn, tm, a schema S is consistent at t iff M(S, t) is non-empty. 
Otherwise S is inconsistent at t. S is consistent before tn iff S is consistent at all t < tn ; S 
is consistent after tn iff S is consistent at all t > tn. ; S is consistent up until tn iff S is 
consistent before t and at t ; S is consistent from tn iff S is consistent at t and after t ; 
S is always consistent iff S is consistent at all t ; S is consistent during [tn, tm] iff S is 
consistent at all t where tn ≤ t ≤ tm.   

The definition implies that a schema is consistent for an extended period iff for all t 
in that period there is at least one model. If this were not required, fleeting conflicts 
could exist but pass by unnoticed which could invalidate the correctness of all 
subsequent transitions. 

Example 11   
Assume that the static part of the schema representing an agent A1 contains the 
following rule meaning that the agent A1 has made a commitment at time point 3, 
that from t1 onwards, obliges him only to fetch data if the charge rate is 24 units: 

R1 = {∀t1 ∀t2 (t1 = t2 ∧ t2 ≥ 5 → holds(O(A1, fetchIf(rate(24)), t1, t2), 3))} 

Furthermore, assume that the agent has also made a commitment at time point 4, 
that at t3 obliges him until t4, only to fetch data if the charge rate is 26 units 

R2 = {∀t3∀t4((t3=t4 ∧ 7 ≤ t4 ∧ t4 ≤ 9) → holds(O(A1, fetchIf(rate(26)), t3, t4), 4))} 
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Given that the agent always fulfils its obligations21 the agent A1 is not consistent 
during the interval [7, 9]. A1 is consistent up until time point 4, upon which A1 
harbours impending inconsistency until time point 7 when the inconsistency is 
immediate. However, A1 is apparently consistent again after 9.  

Note that although the schema is consistent at 1 it is not consistent from 1. However, 
it is apparently consistent again after 9. Even if from the static point of view the 
states after 9 are consistent, their validity is contentious since they follow an 
inconsistent state. Avoiding such contentious states can be achieved by requiring a 
definition of consistency that depends on all previous states having been consistent. 
A similar consistency problem with two agents in conflict is illustrated in Example 12 
below.  

14.4 Correspondence Assertions and Conflicts  

Systems of agents can also conflict with the protocol of the agent system. The basic 
idea in the definitions below is that if for a specified period two agent representations 
are non-conflicting, then neither agent obstructs the other during that time. This falls 
under the category of type II conflicts.  

Assume each agent to be represented by a schema specification. Intuitively, two 
schemata are in conflict at time t1 under a set of static correspondence assertions in 
FAL if the static rules of one of them, in union with the correspondence assertions, 
restricts the set of models to the empty set for the other schema at time t1, or vice 
versa. This is analogous to eluding as investigated in earlier chapters. 

Definition 90  
Let FALCA(t) be a set of static correspondence assertions in FAL expressing a 
partial equivalence between S1 and S2 at time t. S1 eludes S2 at t under FALCA iff 
for any d ∈ M(S2, t) no model m ∈ M1(S1, t) exists such that d ∪ m 
 |= FALCA(t).  

Definition 91  
S1 and S2 are inconsistent at t under FALCA iff either S1 eludes S2 at t under 
FALCA(t) or S2 eludes S1 at t under FALCA(t). Otherwise S1 and S2 are consistent 
at t under FALCA.   

                                            
21 A mechanism that forces the agents to always fulfil their obligations is assumed here.  
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If two schemata S1 and S2, representing the agents A1 and A2, are inconsistent at 
time t1, they are not necessarily inconsistent at time t2, and similarly for consistency, 
or ‘non-conflict’. The definition offers a general state based concept. This 
inconsistency differs from the definition of conflict in [52] in that it is symmetric and 
that the check for inconsistency is dependent on the time variable. It is also stronger. 
The definition can also be generalised for time intervals in several ways similar to 
Definition 89 for consistency in the single agent case. 

The generalisations below are not the most general. They are based on the 
assumption of a bijection between the extensions at a given time of S1 and S2. That is 
to say, every time point for which there is an extension to schema S1, there is exactly 
one extension to schema S2 and vice versa. In keeping with this, time is assumed to 
be global because the semantics of equivalence across time points seems most 
unsatisfactory. Therefore every set of correspondence assertions is assumed to 
express equivalences between schemata only for one point in time, not between time 
points.  

Definition 92  
Given a time points tn, tm, then schemata S1 and S2 under FALCA are: consistent 
before tn iff they are consistent at all t < tn ; consistent after tn iff they are consistent at 
all t > tn ; consistent up until tn iff they are consistent before t and at t; consistent from tn 
iff they are consistent at t and after t; always consistent iff they are consistent at all t; 
consistent during an interval [tn, tm] iff they are consistent at all t where tn ≤ t ≤ tm.    

When inconsistency is the result of incompatible agent goals, rather than improper 
design and muddled semantics, it is appropriate to call it conflict. This highlights a 
problem with the handling of inconsistencies within a temporal framework. An 
inconsistency can equally well indicate incompatible integrational semantics as it can 
conflict between correctly specified software agents. Only in the latter case does 
detecting an inconsistency reveal an agent conflict: 

Example 12  
Assume that there are two agents A1 and A2, and a set of correspondence assertions: 

FALCA(t1,t2) = 
{∀x ((t < t1∨ t2 ≤ t) → (holds(dear, t) ↔ holds(rate(x), t) ∧ x > 24)), 
∀x ((t < t1∨ t2 ≤ t) → (holds(cheap, t) ↔ holds(rate(x), t) ∧ x ≤ 24)), 
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∀x ((t1 ≤ t ∧ t < t2) → (holds(dear, t) ↔ holds(rate(x), t) ∧ x > 27)), 
∀x ((t1 ≤ t ∧ t < t2) → (holds(cheap, t) ↔ holds(rate(x), t) ∧ x ≤ 27))}  

where t1 = 7 and t2 = 10  

Suppose now the situation illustrated in Fig. 24, that an agent, A1, has made a 
commitment at time point 3, that from time point 5 onwards, obliges him to set the 
charge rate at 25 units and keep it there: 

R1 = {∀t1 ∀t2 (t1 = t2 ∧ t2 ≥ 5 → holds(O(A1, setRate(25), t1, t2), 3))} 

Suppose also that a different agent, A2, has made a commitment at time point 4, that 
obliges him during the interval [6, 8] to set the charge rate to cheap: 

R2 = {∀t3∀t4((t3 = t4 ∧ 6 ≤ t4 ∧ t4 ≤ 8) → holds(O(A2, makeCheap, t3, t4), 4))} 

Assume that the agents always fulfil their obligations. Stepping through each point in 
time t, the correspondence assertions together with the two rules above interact as 
follows. 

At t = 3, only A1 has made a commitment and there is no conflict. At t = 4, A2 
makes his commitment and a potential conflict has arisen between A1 and A2. 
Unless one of the agents is released from his obligation, conflict will occur at t = 6. 
At t = 5, A1 begins fulfilling his commitment by setting the charge rate to 25. Still no 
conflict has occurred. At t = 6 however A1 and A2 are in conflict: A2 is bound to set 
the charge rate to ‘cheap’ which for A1 corresponds to 24 or lower, whilst A1 is 
bound to maintain the charge rate at 25. However, without either agent’s obligations 
expiring, the conflict is resolved at t = 7 because then the correspondence assertions 
state that A2’s value ‘cheap’ corresponds to 27 or lower, which accommodates A1’s 
rate of 25. At t = 8 A2’s obligation ends. See Fig. 24   

This example illustrates some of the subtleties that arise when both correspondence 
assertions and schema formulae are assigned time constraints. Although the conflict 
in the example resolves itself, the reliability of ensuing states is dubious to say the 
least. Conflict is equivalent to the empty model, so without further semantics it is not 
clear what it actually means to arrive at any state coming from an empty model set.  

The conflict arises from the incompatibility of the two agents’ goals in 
controlling a common environmental parameter while having to settle for the same 
value: a type II conflict. In this type of conflict, an event that one of two agents 
might initiate violates the dynamic rules of the other agent. From the point of view 
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Fig. 24  Conflict resolves into a non conflicting state with dubious semantics 

of the integrated system such an event is spurious in that it is explicitly or implicitly 
forbidden by one of the agents. It is spurious for the agent that cannot not control 
the other agent’s actions. Only because they share a common state space, is a 
situation that one agent would control correctly alone, out of that agent’s control 
when the semantics of another agent is in operation. An analysis that could identify 
such spurious events when two agents are integrated would be useful for discovering 
agent conflicts of a dynamic nature. 

of the integrated system such an event is spurious in that it is explicitly or implicitly 
forbidden by one of the agents. It is spurious for the agent that cannot not control 
the other agent’s actions. Only because they share a common state space, is a 
situation that one agent would control correctly alone, out of that agent’s control 
when the semantics of another agent is in operation. An analysis that could identify 
such spurious events when two agents are integrated would be useful for discovering 
agent conflicts of a dynamic nature. 

As the definitions are formulated, the general problem of determining non-
conflict is undecidable. In most cases, however, it is reasonable to assume that there 
is a finite number of relevant objects in the agent system as well as in its 
environment. In this case a language with a finite number of constants may be used. 
Complexity results for such a logic are provided in [53].  

As the definitions are formulated, the general problem of determining non-
conflict is undecidable. In most cases, however, it is reasonable to assume that there 
is a finite number of relevant objects in the agent system as well as in its 
environment. In this case a language with a finite number of constants may be used. 
Complexity results for such a logic are provided in [53].  

The dynamic consequences of schema integration are the root cause of event 
anomalies and therefore, how schemata can be combined and how this effects their 
relative expressiveness is the subject of the next chapter. Following that is an 
examination of their combined dynamics which in the penultimate chapter leads back 
to the temporal theme in the FAL setting above. 

The dynamic consequences of schema integration are the root cause of event 
anomalies and therefore, how schemata can be combined and how this effects their 
relative expressiveness is the subject of the next chapter. Following that is an 
examination of their combined dynamics which in the penultimate chapter leads back 
to the temporal theme in the FAL setting above. 
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15 Static Schema Combination  
The most important property that an integrated schema should have is that all 
reachable states be preserved and remain reachable. This preserves the semantic 
integrity of the schemata since, the meaning of a specification includes all reachable 
states space [129 p.15]. This may seem too weak a criteria since unreachable states 
could be made reachable in order to reflect new requirements by changing static or 
dynamic rules. So it could be argued that disregarding unreachable states depreciates 
the schema that results from integration. However the consistency of the integrated 
schema cannot be expected to withstand changes made to the semantics of one of 
the original schemata without regard for the other since it is not possible to predict 
the nature and effects on schema correspondences that any such changes might have 
without a new integrational analysis. Preserving unreachable valid states is therefore 
not an essential part of integration, though it can be seen as maintaining an 
expressive reserve.  

Integration of schemata on the semantic basis provided by the static 
correspondence assertions can be simply achieved with the union of the rules of each 
schema and the static integration assertions. This is unproblematic since the 
languages of each schema are required to be disjunct. 

 

Definition 93  
Given a set SCA of static correspondence assertions for schemata S1 = (SR1, 
DR1) and S2 = (SR2, DR2), then the statically united schema U(S1, S2, SCA) = (SR1 ∪ 
SR2 ∪ SCA, DR1 ∪ DR2).  

Note that eluding models are not members of the united schema. This has 
detrimental consequences for the dynamics of the united schema which are explored 
later. It is of interest to isolate the contribution of models by schema to those of the 
united schema. 
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Definition 94  
Given schema S = (SR, DR) let r(m, L) denote the restriction of a model m ∈ M(S) 
to a language L ⊆ L(S), such that r(m, L) = m minus all formulae written in L(S) 
− L.  

It follows immediately that r(m, L) ⊆ m, and more specifically the following, which 
will help in proving some dominance relationships of a united schema over a 
constituent schema. 

Theorem 40  
Given a set SCA of static correspondence assertions for schemata S1 and S2, it holds that if m ∈ 
M(U(S1, S2, SCA)) then 

1a)  r(m, L(S1)) ∈ M(S1), 

1b)  r(m, L(S2)) ∈ M(S2), 

2 )  r(m, L(S1)) ∪ r(m, L(S2)) = m 

3a)  m − r(m, L(S1)) ∈ M(S2), 

3b)  m − r(m, L(S2)) ∈ M(S1). 

Proof: For direct proof of 1a), let m ∈ M(U(S1, S2, SCA)). By definition m is a 
Herbrand model extended with classical negation for SR1 ∪ SR2 ∪ SCA and so 
m |= SR1 ∪ SR2 ∪ SCA. Since the languages L(S1) and L(S2) are required to be 
disjoint for integration through correspondence assertions, the restriction r(m, L(S1)) 
is m, minus all formulae written in L(S) − L(S1). By Definition 13 the formulae of SR1 
are in L(S1) and of SR2 are in L(S2), and since models are appropriate (complete) for 
their domain r(m, L(S1)) is a appropriate for S1, and r(m, L(S1)) |=  SR1 − SR2 and so 
r(m, L(S1)) ∈ M(S1). The proof of 1b) is similar.  

Part 2) follows from the above arguments. Given m ∈ M(U(S1, S2, SCA)), then m 
= m1 ∪ m2 such that r(m, L(S1)) = m1 and r(m, L(S2)) = m2, and it follows that r(m, 
L(S1)) ∪ r(m, L(S2)) = m. 

For 3a) and 3b) let m ∈ M(U(S1, S2, SCA)) then from 2) m = r(m, L(S1)) ∪ 
r(m, L(S2)), r(m, L(S1)) ∈ M(S1) and r(m, L(S2)) ∈ M(S2), so m − r(m, L(S1)) = 
r(m, L(S2)) and m − r(m, L(S1)) = r(m, L(S2)) and from 1a) and 1b), m − r(m, L(S1)) ∈ 
M(S2), and m − r(m, L(S2)) ∈ M(S1) as desired.  

The following theorem states that all models in the static correspondence relation 
under SCA are preserved in the statically united schema.  
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Theorem 41  
Given a set SCA of static correspondence assertions for schemata S1 and S2 then the set of 
models for the united schema  

M(U(S1, S2, SCA)) = {m1 ∪ m2| (m1, m2) ∈ φ} 

Proof: A model m ∈ M(U(S1, S2, SCA)) is a Herbrand model extended with classical 
negation for SR1 ∪ SR2 ∪ SCA and so m |= SR1 ∪ SR2 ∪ SCA and thereby m |= 
SCA. From Theorem 40, m = r(m, L(S1)) ∪ r(m, L(S2)) so r(m, L(S1)) ∪ r(m, 
L(S2)) |= SCA, which by definition yields m ∈ Cm(S1, S2, SCA) and Cm(S1, S2, SCA) = 
φ by Theorem 28. Since m was arbitrary the result holds for all m. For the converse 
suppose (m1, m2) ∈ φ. φ = Cm(S1, S2, SCA) and by Definition 47, m1 ∈ M(S1), m2 ∈ 
M(S2) and m1 ∪ m2 |= SCA, so m1 ∪ m2 |= SR1 ∪ SR2 ∪ SCA and therefore m ∈ 
M(U(S1, S2, SCA)).  

It would be convenient if the united schema always expressed as much as its 
constituent schemata. Unfortunately the next theorem establishes that a statically 
united schema does not necessarily dominate its constituents as the united schema 
under SCA is defined, in contrast to the integrated schema of Definition 96 on page 
158. 

Theorem 42  
Given a set SCA of static correspondence assertions for schemata S1 and S2, then it is not 
generally the case that 

U(S1, S2, SCA) s≿sca S1 or U(S1, S2, SCA) s≿sca S2, or 

U(S1, S2, SCA) d≿sca S1 or U(S1, S2, SCA) d≿sca S2. 

Proof: by counter example. Supposing these dominances were generally true, then 
the correspondence between schemata shown in Fig. 21 on page 132 provides a 
counter example. There is no model in S1 for the signature 101, and consequently no 
model in U(S1, S2, SCA) for the signature 101, which means S2 statically eludes 
U(S1, S2, SCA) under SCA. The mirror case applies to signature 010 in S2. Thus 
U(S1, S2, SCA) statically dominates neither of its constituent schemata. 

For the second two propositions, the same example shows an event resulting in a 
model in M(S1) with signature 101 and an event resulting in a model in M(S2) with 
signature 010, both of which dynamically elude U(S1, S2, SCA) under SCA. Thus 
U(S1, S2, SCA) dynamically dominates neither of its constituent schemata.   
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However when the relationship between two schemata is already one of dominance 
then the united schema dominates the dominated schema too. As demonstrated next. 
This result is important to the validity of this approach to schema integration using 
static correspondence assertions. It establishes that domination between two 
schemata is preserved in the united schema. 

Theorem 43  
Given a set SCA of static correspondence assertions for schemata S1 and S2, it holds that if S1 

s≿sca S2 then U(S1, S2, SCA) s≿sca S2 and if S2 s≿sca S1 then U(S1, S2, SCA) s≿sca S1. 

Proof: For indirect proof assume S1 s≿sca S2 and U(S1, S2, SCA) s≵sca S2

The first conjunct of the assumption yields by Definition 72 that S2 neither statically 
eludes S1 nor statically enriches S1, which in turn yields ran(Cm(S1, S2, SCA)) = M(S2) 
and Cm(S1, S2, SCA) is single-valued. The second conjunct yields the negation of the 
latter conditions, substituting U(S1, S2, SCA) for S1, which yields the disjunction 
ran(Cm(U(S1, S2, SCA), S2, SCA)) ≠ M(S2) or Cm(U(S1, S2, SCA), S2, SCA) is multi-
valued.  

From Theorem 41 and Theorem 28 M(U(S1, S2, SCA)) = {(m1 ∪ m2)|(m1, m2) ∈ 
(Cm(S1, S2, SCA)) and by definition (m1 ∪ m2, m2) ∈ Cm(U(S1, S2, SCA), S2, SCA) iff 
(m1 ∪ m2) ∪ m2 |= SCA and likewise (m1, m2) ∈ Cm(S1, S2, SCA) iff (m1 ∪ 
m2) |= SCA. But since (m1 ∪ m2) ∪ m2 = m1 ∪ m2 it follows that (m1, m2) ∈ 
(Cm(S1, S2, SCA)) iff (m1 ∪ m2, m2) ∈ Cm(U(S1, S2, SCA), S2, SCA), so ran(Cm(U(S1, 
S2, SCA), S2, SCA)) = ran(Cm(S1, S2, SCA)). But the assumptions yield 
ran(Cm(S1, S2, SCA)) = M(S2) and ran(Cm(U(S1, S2, SCA), S2, SCA)) ≠ M(S2) 
respectively, which is a contradiction. This disproves the first disjunct. 

From the second disjunct Cm(U(S1, S2, SCA), S2, SCA) is multi-valued, but the 
above argument yielded (m1, m2) ∈ (Cm(S1, S2, SCA)) iff (m1 ∪ m2, m2) ∈ Cm(U(S1, S2, 
SCA), S2, SCA), from which it follows that (Cm(S1, S2, SCA)) and Cm(U(S1, S2, 
SCA), S2, SCA) have the same cardinality constraints. But Ce+(S1, S2, SCA) is single-
valued in the premise, which is a contradiction. This disproves the second disjunct. 

Thus the assumption is false and S1 s≿sca S2 entails U(S1, S2, SCA) s≿sca S2 as 
desired. 

The proof of the second implication is similar.  

From this result the preservation of strong dominance during schema combination 
follows: 
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Theorem 44  
Given a set SCA of static correspondence assertions for schemata S1 and S2, it holds that if 
S1 s≻sca S2 then U(S1, S2, SCA) s≻sca S2 and if S2 s≻sca S1 then U(S1, S2, SCA) s≻sca S1. 

Proof: Direct proof follows from Definition 72 where S1 s≻sca S2 iff S1 s≿sca S2 and S1 

s≉sca S2 ⇔ S1 s≿sca S2, and not S1 s≈sca S2 ⇔ S1 s≿sca S2 and not(S1 s≿sca S2 and S2 s≿sca 
S1) ⇔ S1 s≿sca S2 and (not S1 s≿sca S2 or not S2 s≿sca S1), which by resolution yields ⇔ 
S1 s≿sca S2 and not S2 s≿sca S1. Using Theorem 43 yields U(S1, S2, SCA) s≿sca S2 and not 
U(S1, S2, SCA) s≿sca S1, which through the same sequence of equivalences in reverse 
yields U(S1, S2, SCA) s≻sca S2 as desired. The proof of the second implication is 
similar.  

Similar results to those above for domination in the static case also apply to the 
dynamic case. These are established next. 

Theorem 45  
Given a set SCA of static correspondence assertions for schemata S1 and S2, it holds that if 
S1 d≿sca S2 then U(S1, S2, SCA) d≿sca S2, and if S2 d≿sca S1 then U(S1, S2, SCA) d≿sca S1. 

Proof: For indirect proof assume as premises S1 d≿sca S2 and U(S1, S2, SCA) d≵sca S2. 
The first premise yields by definition that S2 neither dynamically eludes S1 nor 
dynamically enriches S1, which in turn yields ran(Ce+(S1, S2, SCA)) = E2

+ and 
Ce+(S1, S2, SCA) is single-valued. The second premise yields the negation of the latter 
conditions, substituting U(S1, S2, SCA) for S1, which yields the disjunction 
ran(Ce+(U(S1, S2, SCA), S2, SCA)) ≠ E2

+ or Ce+(U(S1, S2, SCA), S2, SCA) is multi-
valued.  

From Theorem 49, the events E of U(S1, S2, SCA) = {(m1 ∪ m2, m1′ ∪ m2′)| 
(m1, m1′) = e1 ∈ E1

+ and (m2, m2′) = e2 and (e1, e2) ∈ Ce+(S1, S2, SCA). By definition 
((m1 ∪ m2, m1′ ∪ m2′), (m2, m2′)) ∈ Ce+(U(S1, S2, SCA), S2, SCA) iff m1 ∪ m2 φ m2 
and m1′ ∪ m2′ φ m2′. which by Theorem 28, φ = Cm(S1, S2, SCA), and Definition 47 
of Cm(S1, S2, SCA) yields m1 ∪ m2 ∈ M(U(S1, S2, SCA)), m2 ∈ M(S2) and m1 ∪ m2 ∪ 
m2 |= SCA, and m1′ ∪ m2′ ∈ M(U(S1, S2, SCA)), m2′ ∈ M(S2) and m1′ ∪ m2′ ∪ 
m2′ |= SCA. But since (m1 ∪ m2) ∪ m2 = m1 ∪ m2 and (m1′ ∪ m2′) ∪ m2′ = m1′ ∪ 
m2′ it follows that m1 φ m2 and m1′ φ m2′ and therefore that (e1, e2) ∈ 
(Ce+(S1, S2, SCA)) iff (e1 ∪ e2, e2) ∈ Ce+(U(S1, S2, SCA), S2, SCA), so ran(Ce+(U(S1, 
S2, SCA), S2, SCA)) = ran(Ce+(S1, S2, SCA)). But the first and second premise yield 
ran(Ce+(S1, S2, SCA)) = E2

+ and ran(Ce+(U(S1, S2, SCA), S2, SCA)) ≠ E2
+ respectively, 
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which is a contradiction. This disproves the first disjunct. 
From the second disjunct Ce+(U(S1, S2, SCA), S2, SCA) is multi-valued, but the 

above argument yielded (e1, e2) ∈ (Ce+(S1, S2, SCA)) iff (e1 ∪ e2, e2) ∈ Ce+(U(S1, S2, 
SCA), S2, SCA), from which it follows that (Ce+(S1, S2, SCA)) and Ce+(U(S1, S2, 
SCA), S2, SCA) have the same cardinality constraints. But Ce+(S1, S2, SCA) is single-
valued in the premise, which is a contradiction. This disproves the second disjunct. 

Thus the assumption is false and S1 d≿sca S2 entails U(S1, S2, SCA) d≿sca S2 as 
desired. 

The proof of the second implication is similar.  

As for weak static domination under a set SCA of static correspondence assertions, it 
follows from the definition of weak dynamic domination under SCA that dynamic 
domination under static correspondence assertions is preserved in schema 
combination.  

Theorem 46  
Given a set SCA of static correspondence assertions for schemata S1 and S2, it holds that if  

S1 d≻sca S2 then U(S1, S2, SCA) d≻sca S2 and if 

S2 d≻sca S1 then U(S1, S2, SCA) d≻sca S1.  

The proof is similar to that of Theorem 44. 
Static combination of schemata as explored above can be understood as a simple 

intersection of their state space and domination as a superset relationship. With that 
simplification in mind, the results seem obvious – no combined schema dominates 
the other unless the state space of the dominated schema is already a subset of the 
dominating. Domination however, is a desirable property, so a way in which to 
include the non-common state spaces of the schemata into the combined schema 
would be a more useful approach to integration if dominance relationships are more 
easily established. This is attempted in the next section.  

15.1 Integrating Eluding Models 

Since they play an important role in the dynamics of the integrated schema, eluding 
models can be included as the union of the eluding models of each schema with the 
models in U(S1, S2, SCA). Any events that apply to the constituent schemata only, 
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will still apply since all event rules are preserved. This idea is formalised in the next 
definition which requires the reader to refresh the meaning of these previously 
defined constructs r(sca, L(S)): Definition 45; SIG: Definition 58; void: Definition 
59; M(S)/φ: Definition 62; Φ: Definition 67. 

Definition 95  
The set of formulae of a signature in a schema S under SCA denoted wffs(sig, S, SCA) 
= {G(x)|for all sca ∈ SCA if sig(sca) = 1 then G(x) = r(sca, L(S)) otherwise G(x) 
= ¬(r(sca, L(S)))}. The collection of formulae for void signatures in a united schema 
S = U(S1, S2, SCA) denoted Wffv(S) = {wffs(sig, Si, SCA) | sig ∈ SIG is void for 
M(S)/Φ, sig is non-void for M(S1)/φ or M(S2)/φ, and i = 1 iff sig is void for 
M(S2)/φ, otherwise i = 2}.  

The condition on the index i uses knowledge of the fact that any signature that is 
void for M(S)/Φ, is so because at least one of the schemata has no model that 
corresponds to the other schema, and therefore that a signature that is non-void for 
at least one of the schemata is necessarily void for the other.  

Supplementing the united schema with the formulae for a signature that is non-
void for only one of the schemata captures eluding models in order to supplement 
the state space of the integration with the models that are excluded from the united 
schema. 

Definition 96 ◊ 
The integration of schemata S1, S2, through static correspondence assertions SCA, 
denoted I(S1, S2, SCA), is a structure (SR, DR, IC), where (SR, DR) = 
U(S1, S2, SCA) and IC = Wffv(U(S1, S2, SCA)) is the integrational complement of 
U(S1, S2, SCA).   

The simple structure for the integrated schema defined here is unsuitable for 
implementation since it does not take memory consumption into account, but is 
rather for demonstration of principle. In a more practical representation, IC could 
consist of lists of Boolean values that map to a complete ordered reference list of 
correspondence assertions. Such a mapping avoids having to repeat formulae from 
SCA for each component of IC. This alternative definition for IC outlines this idea.  

Definition 97  
Let sca# denote a total bijective order |SCA|λSCA. Define IC = {ic| ic ∈ |SCA|ΛB  and 
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some sig ∈ SIG exists that is void for U(S1, S2, SCA) and non-void for M(S1)/φ 
or M(S2)/φ, such that for all 1 < i ≤ |SCA|, (sca#(i), ic(i)) ∈ sig}.  

Gathering lists of Boolean values for all non mutually void signatures into an 
integrational complement is thus easily and concisely defined. However this will not 
be used in what follows as it necessitates and extra formal step in references to 
formulae in the integrational complement of the union. 

Definition 98  
The set of models for an integration I(S1, S2, SCA) = (SR, DR, IC), denoted 
M(I(S1, S2, SCA)) = M(U(S1, S2, SCA)) ∪ {m|m |= SR1 ∪ ic or m |= SR2 ∪ ic, 
where ic ∈ IC}.   

Events are defined similarly to those of an ordinary schema as pairs of models 
satisfying the pre- and post-conditions of an event rule. 

Definition 99   
The set of basic events E(I(S1, S2, SCA)) also denoted EI for an integrated schema 
I(S1, S2, SCA) = (SR, DR, IC) is a relation EI ⊆ M(I(S1, S2, SCA))× M(I(S1, S2, 
SCA)) where M(I(S1, S2, SCA)) is a set of models. An element (m, m′) belongs to 
E iff m ∈ M(I(S1, S2, SCA)) and m′ ∈ M(I(S1, S2, SCA)) and there is an event rule 
〈C(z), P(z)〉  in DR, and a vector e of constants in L(SR), such that m |= C(e) and 
m′ |= P(e), in which case the basic event (m, m′) will be said to result from the 
event rule.  

Note that models for a constituent schema as well as for the united schema can 
satisfy an event rule, which allows transition between united models to eluding 
models.  

The following theorem follows from the definitions but is itself not useful as a 
definition of the integrated schema because it does not specify formulae for the 
integrated schemata, only constraints on their static extension. 

Theorem 47   
Given a set SCA of static correspondence assertions for schemata S1 and S2, then the models of 
the integrated schema M(I(S1, S2, SCA)) =  

M(U(S1, S2, SCA)) ∪ (M(S1) − dom(φ)) ∪ (M(S2) − ran(φ)). 

Proof: From the definitions of M(I(S1, S2, SCA)) and M(U(S1, S2, SCA)) it is clearly 
sufficient to show the conjunction m |= SR1 ∪ ic, where ic ∈ IC iff m ∈ (M(S1) − 
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dom(φ)) and m |= SR2 ∪ ic, where ic ∈ IC iff m ∈ (M(S2) − ran(φ)).  
For indirect proof of the first conjunct assume m |= SR1 ∪ ic, where ic ∈ IC and 

m ∉ (M(S1) − dom(φ)). From Definition 96 and Definition 95, ic = {G(x)|for all sca 
∈ SCA if sig(sca) = 1 then G(x) = r(sca, L(Si)) otherwise G(x) = ¬(r(sca, L(Si)))} for 
some sig that is void for M(S)/Φ, non-void for M(S1)/φ or M(S2)/φ, and i = 1 iff sig 
is void for M(S2)/φ, otherwise i = 2. Given that m |= SR1 ∪ ic, m |= SR1, so 
m ∈ (M(S1), and m |= ic, so ic must pertain to i = 1 since L(S1) ∩ L(S1) = ∅. Thus sig 
is void for M(S2)/φ. Since m |= ic, for each G(x) ∈ ic, if sig(sca) = 1, G(x) = 
r(sca, L(S)) otherwise G(x) = ¬(r(sca, L(S))). This is equivalent to for all sca ∈ SCA 
sig(sca) = 1 iff m |=r sca, sig(sca) = 0 iff m |≠r sca, which by Definition 60 means 
Msig(m) = sig.  

For m ∉ (M(S1) − dom(φ)) to hold while m ∈ (M(S1), requires that m ∈ dom(φ). 
Then by Definition 65 of φ, some model d ∈ M(S2) exists such that Msig(m) = 
Msig(d). In that case m is not void for M(S2)/φ, which is a contradiction. 

For the converse assume m |≠  SR1 ∪ ic, where ic ∈ IC and m ∈ (M(S1) − 
dom(φ)). The latter conjunct yields m ∈ M(S1) and, god this is boring, no-one will 
ever read this, and m ∉ dom(φ). But m |≠  SR1 ∪ ic entails that m |≠  SR1 or m |≠ ic. 
Since m ∈ M(S1), m |= SR1, and by resolution m |≠ ic. ic is a set of formulae satisfied 
for signatures that are void for M(S)/Φ so by Definition 67 and Definition 61 some 
d ∈ M(S2) must exist such that Msig(m) = Msig(d) so that sig is not void for M(S)/Φ. 
But then by Definition 65, m ∈ dom(φ), which is a contradiction. Thus 
m |= SR1 ∪ ic, where ic ∈ IC iff m ∈ (M(S1) − dom(φ). The argument for the second 
conjunct is similar.   

In contexts where it makes no difference whether schema are integrated or united 
the term combined will be used. Next the superset relationship of the integrated 
schema over the united schema is demonstrated both for their state spaces and their 
dynamic extensions. 

Theorem 48  
M(I(S1, S2, SCA)) ⊇ M(U(S1, S2, SCA))  

E(I(S1, S2, SCA)) ⊇ E(U(S1, S2, SCA)) 

Proof: By Definition 96, if m ∈ M(U(S1, S2, SCA)) then m ∈ M(I(S1, S2, SCA)). Also, 
if m ∈ (M(S1) − dom(φ)), then m can be in L(S1), which is insufficient for m ∈ 
M(U(S1, S2, SCA)). Together these entail that that M(I(S1, S2, SCA)) ⊇ M(U(S1, S2, 
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SCA)).  
From Definition 96 it is apparent that the set of event rules for I(S1, S2, SCA) and 

U(S1, S2, SCA) is the same and since M(I(S1, S2, SCA)) ⊇ M(U(S1, S2, SCA)) if (m, 
m′) ∈ M(U(S1, S2, SCA))2 then (m, m′) ∈ M(I(S1, S2, SCA))2. However if (m, m′) ∈ 
M(I(S1, S2, SCA))2, and m ∈ M(I(S1, S2, SCA)) − M(U(S1, S2, SCA)) or m′ ∈ M(I(S1, 
S2, SCA)) − M(U(S1, S2, SCA)) then (m, m′) ∉ M(U(S1, S2, SCA))2. Thus  E(I(S1, S2, 
SCA)) ⊇ E(U(S1, S2, SCA)).   

The united and integrated schemata also preserve corresponding events.  

Theorem 49  
Given a set SCA of static correspondence assertions for schemata S1, S2 then for the sets EU and 
EI of basic events, 

E(U(S1, S2, SCA))+ ⊇  
{(m ∪ d, m′ ∪ d′)|((m, m′), (d, d′)) ∈ Ce+(S1, S2, SCA)}, and 

E(I(S1, S2, SCA))+ ⊇ 

{(m ∪ d, m′ ∪ d′)|((m, m′), (d, d′)) ∈ Ce+(S1, S2, SCA)}, 
respectively. 

Proof: If (m ∪ d, m′ ∪ d′) is such that ((m, m′), (d, d′)) ∈ Ce+(S1, S2, SCA), then by 
the definition of Ce+( ), (m, m′) ∈ E1

+ and (d, d′) ∈ E2
+. Since (m, m′) and (d, d′) 

result from some sequences vλ1DR1 and wλ2DR2 respectively of event rules then for all j 
and k, 1 ≤ j ≤ v, 1 ≤ k ≤ w, events e1j = (mj, mj′), e2k = (dk, dk′) result from λ1(j) ∈ 
DR1 and λ2(k) ∈ DR2. However ((mj, dj), (mk′, dk′)) ∈ E(U(S1, S2, SCA))+ may result 
from λ1(j) or λ2(k) and a sequence uλDR1∪DR2 can be constructed such that λ = λ1 or 
λ = λ2.  

Since m, d, m′, d′ were all arbitrary this applies to any sequences of event rules 
and therefore for all events (m, m′) ∈ E1

+, (d, d′) ∈ E2
+, it holds that if ((m, m′), (d, 

d′)) ∈ Ce+(S1, S2, SCA), then ((m ∪ d), (m′ ∪ d′)) ∈ E(U(S1, S2, SCA))+.  
It is however not the case that E(U(S1, S2, SCA))+ = {(m1 ∪ m2, m1′ ∪ 

m2′)|((m1, m1′), (m2, m2′)) ∈ Ce+(S1, S2, SCA)}, for example if event (m, m′) ∈ E1 
dynamically eludes S2 but there exist d, d′ ∈ M(S2) such that m φ d and m′ φ d′, then 
((m, m′), (d, d′)) ∉ Ce+(S1, S2, SCA), but (m ∪ d, m′ ∪ d′) ∈ E(U(S1, S2, SCA))+. 
Thus E(U(S1, S2, SCA))+ ⊇ {(m1 ∪ m2, m1′ ∪ m2′)|((m1, m1′), (m2, m2′)) ∈ Ce+(S1, 
S2, SCA)}.  

It follows immediately from this result and Theorem 48 that E(I(S1, S2, SCA))+ ⊇ 
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{(m1 ∪ m2, m1′ ∪ m2′)|((m1, m1′), (m2, m2′)) ∈ Ce+(S1, S2, SCA)}.   

The subset relationship in this theorem is significant and has important 
consequences because the union of the schematas’ sets of dynamic rules allows 
events to result according to the dynamic rules of one of the constituent schemata 
even if there is no possibility for a corresponding event to result from the dynamic 
rules of the other schema. Such transitions are spurious from the point of view of the 
schema that cannot express them.  

As might be expected from the subset relationships in the previous two 
theorems, the integrated schema similarly dominates its component schemata as 
shown in the next two theorems. 

Theorem 50  
Given a set SCA of static correspondence assertions for schemata S1 and S2, then  

I(S1, S2, SCA) s≿sca S1 or I(S1, S2, SCA) s≿sca S2, and 

I(S1, S2, SCA) d≿sca S1 or I(S1, S2, SCA) d≿sca S2. 

Proof: These results follow immediately from Theorem 42 together with Theorem 
48.   

Theorem 51  
Given a set SCA of static correspondence assertions for schemata S1 and S2, then  

if S1 s≿sca S2 then I(S1, S2, SCA) s≿sca S2, 

if S1 s≻sca S2 then I(S1, S2, SCA) s≻sca S2, 

if S1 d≿sca S2 then I(S1, S2, SCA) d≿sca S2, 

if S1 d≻sca S2 then I(S1, S2, SCA) d≻sca S2. 

Proof: These four implications follow immediately from Theorem 42 together with 
Theorem 43, Theorem 44, Theorem 45, and Theorem 46 respectively.   

Integration as defined is a more inclusive way to combine schemata than uniting, and 
leads to more useful domination relationships. These better reflect the kind of 
perspective that one might wish to have of a system composed of agents working 
together. 

I now wish to return to the dynamic aspects of combined schemata in the 
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temporal time frame. However before doing so the dynamics properties of one 
schema alone need to be investigated in relation to the correspondence assertions, 
just as the static properties were first investigated for a single schema on one side of 
the correspondence assertions. The consequences of correspondence assertions in 
the dynamic extension of a schema constitutes a restriction on the possible chains of 
events that can occur. Before returning to the temporal environment of FAL these 
restrictions and some of the dynamic properties they entail are worth investigating. 
The next chapter deals with these issues. 



 

 

16 Path Correspondence 
An objection to the current formulation of static correspondence assertions is that 
they do not express constraints on state progression through the dynamic space of a 
schema. This seems a fair objection since there may be many paths between any two 
models. It is reasonable to require that all paths in a dominated schema correspond 
to some path in the dominating schema. To this end paths and their correspondences 
will now be defined. 

Definition 100  
Given a schema S = (SR, DR), then an event path in S of length n-1 is a list nλM(S) of 
n distinct models where 2 ≤ n ≤ |M(S)| such that for all 1 ≤ i < n, (λ(i), λ(i+1)) 
results from some er ∈ DR. Let Π(S) ⊆ ΛM(S) denote the set of all event paths in 
S. Given the set of basic events E for S and (m, m′) ∈ E+, let π((m, m′)) ⊆ Π(S) 
denote the set of paths in S from m to m′. The second pair of brackets will be 
omitted below.   

The next two sets will help to define concepts that will be useful later. The word 
‘correspondence’ rather than ‘corresponding’ is used to apply to entities on the one 
side of the correspondence relation. For pairs of entities each of which is in a 
different schema such as in the relation φ, ‘corresponding’ will be used. The reason 
for this may become more apparent when events are considered. 

Definition 101  
Given a set SCA of correspondence assertions for schemata S1, S2, that induces 
the corresponding signature relation φ, then the correspondence models of S1 and S2 
under SCA are dom(φ) and ran(φ) respectively. Let Rr denote the reflexive 
closure of a relation R, then the correspondence events of S1 under SCA denoted CE1

+ 
= (dom(φ)2 ∩ E1

+) − E1
r, and for S2, CE2

+ = (ran(φ)2 ∩ E2
+) − E2

r.   

The correspondence models are merely those that participate in the relation φ. A 
basic correspondence event may be a compound event but only if there is path of 
non-corresponding models between the initial and resultant models. In general the 
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correspondence events are the transitive closure of events that both start and finish 
with correspondence models, with reflexive consequences of the closure removed 
since identity transitions are not permitted.  

Basic correspondence events are useful for moving the focus away from the 
effects of eluding models and look more closely at the relationship between 
corresponding models and events. Although the models of a basic correspondence 
event by definition correspond with models in the other schema, this does not mean 
to say that they thereby necessarily correspond to an event – a situation that 
characterises spurious events, and which returns again in chapter 17. 

In similar vein basic correspondence paths are defined in order to characterise 
correspondences between paths under a set of correspondence assertions. These 
assertions are intended to capture the dynamics that are not independent. The 
independent parts of the schemata are amenable to interleaving techniques such as 
those possible with asynchronous multiprocessors [29]. However the dependency of 
correspondence states along paths means that these states cannot be handled in this 
way. For this purpose it is suitable temporarily, to exclude those models that do not 
participate in any correspondence. A function that strips out eluding models from 
event paths is useful to this end.  

Definition 102  
Given a set SCA of correspondence assertions for a schema S and some other 
schema, and the sets ∏(S) of event paths in S then the set of basic correspondence 
paths of S under SCA denoted C∏s = {〈m1, m2, … , mn〉 ∈ ∏(S)|m1, mn ∈ 
dom(φ)2 ∪ ran(φ)2 and mi ∉ dom(φ) ∪ ran(φ), 1 < i < n}. The basic correspondence 
events of S under SCA denoted CE = {(m1, mn) | for some p ∈ π(m1, mn), p ∈ 
C∏s}.  

Let fb: ∏(S) a Λdom(φ) ∪ Λran(φ) denote the path stripping function where fb(rλ) = sλ′ 
such that for all i, j where 1 ≤ i < j ≤ r, 〈λ(i), λ(j)〉 is a subsequence of sλ′ iff 
〈λ(i), λ(i+1), … , λ(j)〉 ∈ C∏s.  

Let Fb:℘(∏(S)) a ℘(dom(φ)2) ∪ ℘(ran(φ)2) denote the dynamics stripping 
function such that Fb(∏(S)) = {(m, m′) | 〈m, m′〉 is a subsequence of fb(λ) where 
λ ∈ ∏(S)}   

The function fb is partial since not all paths in dom(fb) start and finish with 
correspondence models. The reason for the range being the union of the domain and 
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range of φ is simply to allow the stripping function to apply to either schema. 
Necessarily, the function preserves the order of corresponding models in the input 
path and excludes any eluding models. This function helps in defining path 
correspondence. The use of basic correspondence events in the definition allows 
corresponding paths to be derived along paths of eluding models. 

Fig. 25 shows two digraphs. The one on the left shows the dynamic extension of 
a schema under some set of correspondence assertions. The filled circles labelled m1, 
m3, and m5 represent correspondence models, the smaller hollow circles labelled m2, 
and m4 represent eluding models. The digraph to the right shows the basic 
correspondence paths that result from stripping the paths of the left hand digraph 
with function fb. More specifically fb(〈m1, m2, m5〉) = fb(〈m1, m4, m5〉) = 〈m1, m5〉 and 
fb(〈m1, m2, m3, m5〉) = fb(〈m1, m2, m3, m4, m5〉) = 〈m1, m3, m5〉. Note that |ran(fb)| ≤ 
|dom(fb)|. 
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. 25  Stripping out eluding models yields basic correspondence paths 

 

g models have been stripped out of a path, correspondences between 
e characterised. In the next the definition basic correspondence paths 
fined as corresponding if three cases can be used to map one entire 
er without any gaps. The three cases are illustrated in Fig. 26.  

Definition 103  
 correspondence assertions SCA for schemata S1 and S2, paths λ ∈ 
 ∈ ∏(S2) such that fb(λ) = rλ′ and fb(δ) = sδ′ then λ, δ path-correspond 
er under SCA denoted  λπϕδ iff λ′(1) φ δ′(1) and λ′(r) φ δ′(s) and for 
e 1≤ i < r and 1≤ j < s, if λ′(i) φ δ′(j) then either λ′(i) φ δ′(j+1) or 
(j) or λ′(i+1) φ δ′(j+1).  
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Further, S1, S2 path-correspond to each other under SCA iff πϕ is a total surjective 
relation in C∏S1 × C∏S2.   
Further, S1, S2 path-correspond to each other under SCA iff πϕ is a total surjective 
relation in C∏S1 × C∏S2.   

The disjuncts in the definition are illustrated in Fig. 26. The disjuncts represented by 
the first two figures allow each schema both to statically enrich and to dynamically 
elude the other, and therefore by Definition 80 on page 136, static path 
correspondence, though useful for integrational analyses, is insufficient to establish 
whether S1 d≿sca S2, S2 d≿sca S1 or S1 d≈sca S2. Appropriately repeated concatenation of 
these correspondence fragments can express any valid correspondence path. 
However the configurations shown by the left and middle figures are not path 
correspondences by the definition because a single state does not constitute a path. 
The definition excludes corresponding models that do not occur in elements of CE1 
or CE2, however unconnected and thereby unreachable digraph components of the 
dynamic extension of U(S1, S2, SCA) are included. For the same reason schemas are 
not defined as path corresponding in ∏(S1) × ∏(S2), because paths containing no 
correspondence models do not path correspond to any path in the other schema. 

The disjuncts in the definition are illustrated in Fig. 26. The disjuncts represented by 
the first two figures allow each schema both to statically enrich and to dynamically 
elude the other, and therefore by Definition 80 on page 136, static path 
correspondence, though useful for integrational analyses, is insufficient to establish 
whether S1 d≿sca S2, S2 d≿sca S1 or S1 d≈sca S2. Appropriately repeated concatenation of 
these correspondence fragments can express any valid correspondence path. 
However the configurations shown by the left and middle figures are not path 
correspondences by the definition because a single state does not constitute a path. 
The definition excludes corresponding models that do not occur in elements of CE1 
or CE2, however unconnected and thereby unreachable digraph components of the 
dynamic extension of U(S1, S2, SCA) are included. For the same reason schemas are 
not defined as path corresponding in ∏(S1) × ∏(S2), because paths containing no 
correspondence models do not path correspond to any path in the other schema. 
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Fig. 26  The three basic fragments of corresponding paths
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This definition is intuitively satisfactory but computationally not so, because any 

practical analysis of dynamic correspondences between schemata will invariably entail 
searching and comparing events and paths. It is therefore of interest to know how 
many paths might need searching. 

This definition is intuitively satisfactory but computationally not so, because any 
practical analysis of dynamic correspondences between schemata will invariably entail 
searching and comparing events and paths. It is therefore of interest to know how 
many paths might need searching. 

16.1 Dynamic Complexity 16.1 Dynamic Complexity 

If dynamic correspondences are to be checked in any way, it is of interest to know 
the bounds within which checks of dynamic properties are to take place. Even if not 
all correspondences need to be checked for every path, or for every event, it is still 
important to be able to estimate the complexity that possible procedures will be 

If dynamic correspondences are to be checked in any way, it is of interest to know 
the bounds within which checks of dynamic properties are to take place. Even if not 
all correspondences need to be checked for every path, or for every event, it is still 
important to be able to estimate the complexity that possible procedures will be 
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required to handle. The relationship of the number paths, to numbers of other 
quantities in a schema are therefore valuable information for anybody wishing to 
construct a checking routine. Basic knowledge of the asymptotic complexity 
estimates big oh and omega is assumed, otherwise to be found in [16]. 

A path must be shorter in length than the number of vertices in a graph because 
otherwise it would contain a cycle. The number of paths in a complete dynamic 
digraph with m vertices is the sum of the number of paths of lengths i where 1 ≤ i ≤ 
m−1. Basic events account for i = 1. For i = 2, the reasoning is continued that the 
initial model is a choice from m models which leaves m − 1 choices for the second 
model which leaves m − 2 choices for the third model. No model can be chosen 
twice because all models along a path must be distinct. By this argument the 
expression for the number of paths |Π(S)| becomes: 
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For functions f(x), g(x): N a R, from natural to real numbers, if there is a real 

constant c > 0 and an integer constant n0 ≥ 1 such that f(x) ≥ c⋅ g(x), for x ≥ n0 then 
f(x) is Ω(g(x)). Using this approximation of a lower bound, m! is bound from below 
by Ω(2m). Therefore the expression of 1 is at least exponential. And since m = 2n 
this yields (2n)! which is 
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where n is the number of propositional letters.  
This worst case may seem very unrealistic. For comparison assume instead that 

the digraph is not full but that from any given model there are exactly n models that 
can be reached. Under this assumption, once the initial model is chosen an n-ary tree 
develops that contains all paths, the longest of which are still m−1. This yields an n-
ary tree of height m−1. Viewed level by level the total number of paths in the tree 
then becomes n paths of length 1, n2 paths of length 2, n3 paths of length 3 and so 
on until level m-n. After this there are n(m-n) × (n−1) paths of length m−n+1 because 
there are no longer n models to choose from. Then there are n(m-n) × (n−1) × (n−2) 
paths of length m−n+2, and so on until n(m-n) × n! paths of length m-1. In summation 
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where m outside the brackets expresses the first choice, the first term expresses the 
number of paths where n choices where available, and the second term expresses 
dwindling choice in paths longer than m-n. This expression is Ω(nm-n) < Ω(nm) but 
still exponential in m. Indeed 1 is just a special case of 3 where n = m or is 
unrestricted. 
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dwindling choice in paths longer than m-n. This expression is Ω(nm-n) < Ω(nm) but 
still exponential in m. Indeed 1 is just a special case of 3 where n = m or is 
unrestricted. 

Even if the assumption of a n-furication in the digraph at every model seems 
unrealistic and that an n-ary choice is only available after every x transitions, the first 
term in the expression then becomes  
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which is still exponential in m.  which is still exponential in m.  

Another reasonable assumption that might seem to help reduce complexity is 
that each event rule changes at most one literal, say Q. In the propositional case with 
n propositional letters in L(S) then the number of resultant m′ that an event can 
reach from any given m is at most m/2 This is because in exactly half of the models 
Q will falsify the precondition of the event rule since pre- and post-condition are by 
definition inconsistent and the assumption was that only one change be made. So 
there will be m × m/2 paths of length 1.  

Another reasonable assumption that might seem to help reduce complexity is 
that each event rule changes at most one literal, say Q. In the propositional case with 
n propositional letters in L(S) then the number of resultant m′ that an event can 
reach from any given m is at most m/2 This is because in exactly half of the models 
Q will falsify the precondition of the event rule since pre- and post-condition are by 
definition inconsistent and the assumption was that only one change be made. So 
there will be m × m/2 paths of length 1.  

To extend any of these paths to length 3 entails choosing from the remaining 
models according to the proposition say Q2 that the second event rule changes. If in 
the second model chosen for the path of length 1 the value of Q2 is opposite to that 
required by the post- conditions of the second event rule then there will still be 
exactly m/2 models to choose from for the third model in the path. If the value of 
Q2 is the same as that required by the post-conditions of the event rule then there 
will be m/2 − 1 models to choose from. For simplicity assume that the value of the 
proposition changed by any event rule is the same as often as not to the value of that 
proposition in the previously chosen model. This then yields the following numbers 

To extend any of these paths to length 3 entails choosing from the remaining 
models according to the proposition say Q2 that the second event rule changes. If in 
the second model chosen for the path of length 1 the value of Q2 is opposite to that 
required by the post- conditions of the second event rule then there will still be 
exactly m/2 models to choose from for the third model in the path. If the value of 
Q2 is the same as that required by the post-conditions of the event rule then there 
will be m/2 − 1 models to choose from. For simplicity assume that the value of the 
proposition changed by any event rule is the same as often as not to the value of that 
proposition in the previously chosen model. This then yields the following numbers 
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of paths: 
m × (m/2)2 paths of length 3, 
m × (m/2)2 × (m/2−1) paths of length 4, 
m × (m/2)2 × (m/2−1)2 paths of length 5, 
m × (m/2)2 × (m/2−1)2 × (m/2−2) paths of length 6, 
m × (m/2)2 × (m/2−1)2 × (m/2−2)2 paths of length 7, etc. 

The total number of events then becomes the sum of these products. Summing  
alternate rows into separate terms yields the total number of paths, a close 
approximation of which is given by the following expression: 
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which is still exponential since for i = m/2-2 alone, the expression yields (m/2)!/2 + 
(m/2)!/2 × 2 ≥ (m/2)! 

In the predicate case the reduction under the assumption that each event rule 
changes at most one literal, is greater than in the propositional case since the number 
of models that can be reached by events that can only make atomic changes is m/v 
where v is a finite cardinality of the domain of the predicate to be changed during the 
transition. However the number of models using only p untyped unary predicates is 
vp, which far outweighs the reduction in complexity gained under the assumption of 
event rules restricted to atomic changes, since vp/v = vp-1. 

Because there is a possibly exponential number of paths in each schema in 
relation to the number of models, checking all paths would be quadratic exponential22 
in the number of models in the dominating schema: each unmatched path has all 
remaining non-matching paths in the other schema as possible matches.  

The complexity shown is the result of having to check correspondence paths in 
one schema against those in the other. A definition of correspondence that allowed 
simpler check is desirable. 

                                            
22 Please refer back to section 4.2 Complexity of Path Decomposition on pagepå sidan 56 
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Reducing Complexity Reducing Complexity 

The following definition of correspondence between paths is proposed as permitting 
less computationally demanding procedures for matching paths. 
The following definition of correspondence between paths is proposed as permitting 
less computationally demanding procedures for matching paths. 

Definition 104  Definition 104  
Schemata S1, S2, p-correspond to each other under static correspondence assertions 
SCA iff for every (m, m′) ∈ CE1, models d, d′ ∈ ran(φ) exist, such that m φ d, 
m′ φ d′ and (d = d′ or (d, d′) ∈ CE2

+); and iff for every (d, d′) ∈ CE2, models m, 
m′ ∈ dom(φ) exist, such that m φ d, m′ φ d′ and (m = m′ or (m, m′) ∈ CE1

+).   

Schemata S1, S2, p-correspond to each other under static correspondence assertions 
SCA iff for every (m, m′) ∈ CE1, models d, d′ ∈ ran(φ) exist, such that m φ d, 
m′ φ d′ and (d = d′ or (d, d′) ∈ CE2

+); and iff for every (d, d′) ∈ CE2, models m, 
m′ ∈ dom(φ) exist, such that m φ d, m′ φ d′ and (m = m′ or (m, m′) ∈ CE1

+).   

S2m1 ϕ

ϕ

d1S1

ϕ

m2

d3m3

d2

 

Fig. 27  S1 and S2 p-correspond even though  
no basic correspondence event in S1 corresponds to (d1, d3) 

The + sign after CE1
+ and CE2

+ for the existential membership in Definition 104 is 
necessary to capture cases like that shown in Fig. 27. Without the + sign S1 would 
not p-correspond to S2 because (d1, d3) ∈ CE2, m1 φ d1 and m3 φ d3 but (m1, m3) ∉ 
CE1. This definition, which closely reflects the cases shown in Fig. 26 on page 167. 

The + sign after CE1
+ and CE2

+ for the existential membership in Definition 104 is 
necessary to capture cases like that shown in Fig. 27. Without the + sign S1 would 
not p-correspond to S2 because (d1, d3) ∈ CE2, m1 φ d1 and m3 φ d3 but (m1, m3) ∉ 
CE1. This definition, which closely reflects the cases shown in Fig. 26 on page 167. 

In order for this definition to fulfil its purpose of reducing complexity in 
calculating path correspondence is must be shown to both allow a less complex 
checking procedure and to be equivalent to the definition of ‘path-corresponds’. The 
latter is shown in the following theorem. 

In order for this definition to fulfil its purpose of reducing complexity in 
calculating path correspondence is must be shown to both allow a less complex 
checking procedure and to be equivalent to the definition of ‘path-corresponds’. The 
latter is shown in the following theorem. 

Theorem 52  Theorem 52  
Schemata S1 and S2 path-correspond under a set of correspondence assertions SCA iff S1 and S2 
p-correspond under SCA. 
Schemata S1 and S2 path-correspond under a set of correspondence assertions SCA iff S1 and S2 
p-correspond under SCA. 

Proof: For indirect argument assume S1 and S2 path-correspond under SCA and S1 Proof: For indirect argument assume S1 and S2 path-correspond under SCA and S1 
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and S2 do not p-correspond under SCA.  
The first conjunct of the assumption requires by definition that path-

correspondence between the elements of C∏S1 and C∏S2 is a total surjective relation. 
In particular every path in C∏S1 path corresponds to some path in C∏S2. Choose 
arbitrary paths λ ∈ C∏S1 and δ ∈ C∏S2 that path correspond to each other. Then 
Definition 103 yields fb(λ) = rλ′ and fb(δ) = sδ′ and λ′(1) φ δ′(1) and λ′(r) φ δ′(s) and 
for all i, j where 1 ≤ i < r and 1 ≤ j < s, if λ′(i) φ δ′(j) then either λ′(i) φ δ′(j+1) or 
λ′(i+1) φ δ′(j) or λ′(i+1) φ δ′(j+1). 

Negating Definition 104 for the second conjunct of the assumption requires the 
existence of some (m, m′) ∈ CE1 such that for all d, d′ ∈ ran(φ) the following 
disjunction holds (m, d) ∉ φ or (m′ φ d′) ∉ φ or both d ≠ d′ and (d, d′) ∉ CE2

+.  
Now let λ′(1) = m, λ′(2) = m′. Further assume δ′(1), δ′(2) = d, d′ respectively. 

Substituting into the disjuncts, (λ′(1), δ′(1)) ∉ φ contradicts λ′(1) φ δ′(1), and 
(λ′(2), δ′(2)) ∉ φ contradicts λ′(2) φ δ′(2), and finally δ′(1) ≠ δ′(2) and (δ′(1), δ′(2)) ∉ 
CE2

+ contradict that δ′(1), δ′(2) are models in a basic correspondence path which 
entails that (δ′(1), δ′(2) ) ∈ CE2

+. Letting λ′(1) = m, λ′(2) = m′ leads to a 
contradiction, but the indirect argument assumed its first conjunct to be universally 
valid so no contradictory instances should exist, which is a contradiction which 
proves the ‘if’ direction. 

For indirect argument of the converse assume S1 and S2 p-correspond while S1 
and S2 do not path-correspond. S1 and S2 p-correspond iff for every (m, m′) ∈ CE1, 
models d, d′ ∈ ran(φ) exist, such that m φ d, m′ φ d′ and (d = d′ or (d, d′) ∈ CE2

+). 
The second conjunct of the assumption requires by negated definition that path-

correspondence between the elements of C∏S1 and C∏S2 is neither a total nor a 
surjective relation, and more specifically therefore that there exist λ ∈ C∏S1 and δ ∈ 
C∏S2 such that fb(λ) = rλ′ and fb(δ) = sδ′ where λ′(1) φ δ′(1) and λ′(r) φ δ′(s) and for 
some 1 ≤ i < r and 1 ≤ j < s, if λ′(i) φ δ′(j) then (λ′(i), δ′(j+1)) ∉ φ and 
(λ′(i+1), δ′(j)) ∉ φ and (λ′(i+1), δ′(j+1)) ∉ φ.  

Let λ′(i) = m, λ′(i+1) = m′, and assume δ′(j) = d, δ′(j+1) = d′. Substituting into 
the second conjunct of the assumption yields (m φ d) and (m, d′) ∉ φ and 
(m′, d) ∉ φ and (m′, d′) ∉ φ the last conjunct of which contradicts m′ φ d′ from the 
first conjunct of the universal assumption for indirect argument. This contradiction 
proves the converse.   

Since ‘p-correspond’ is equivalent to ‘path-correspond’, if it can also be shown to 
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both allow a less complex checking procedure then it fulfils its purpose.  
Since the cases shown involve basic correspondence events, it is only these that 

need be checked. The number of basic correspondence events is at most the number 
of arcs in a complete digraph. Given m models the number of outward directed arcs 
is m-1 for each of the m models, which yields m(m-1). This quadratic expression 
clearly has much lower complexity class than the exponential complexity that using 
the definition of ‘path-correspondence’ entails. However, basic correspondence 
events are not basic events, and there still remains the sub-problem of having to 
check paths to establish what is, and what is not a basic correspondence event, this 
check is the same whether the ‘path-’ or the ‘p-correspondence’ definition is used. All 
being equal ‘p-correspondence serves its proposed purpose in reducing complexity, 
but both definition require knowledge of basic correspondence events. Discovering 
this knowledge appears in itself to be an intractable sub-problem which means that 
the reduction from quadratic exponential to merely quadratic, though desirable, is 
insufficient unless the sub-problem can also be reduced by using a simplifying 
representation.  

With more knowledge about the dynamic extension of schemata, we now return 
to the dynamics of combined schemata in the temporal environment for FAL from 
chapter 14. 



 

 

17 Dynamics in Time  
This chapter investigates paths and compound events for schemata with time 
variables. The definitions below take both static and dynamic aspects of multi-agent 
specifications into consideration. As with schemata without time variables, events 
may be sequentially composed into paths between models.  

Definition 105  
Given a schema S = (SR, DR), then an instant event path in S at t is a list nλM(S,t) of 
distinct models where 2 ≤ n ≤ |M(S, t)| such that for all 1 ≤ i < n, (λ(i), λ(i+1)) 
is an instant basic event. Π(S, t) ⊆ ΛM(S,t) denotes the set of all instant event paths 
in S at time t. Given the set of basic events E for S and (m, m′) ∈ E+, π((m, m′), t) 
⊆ Π(S, t) denotes the set of paths in S from m to m′ at time t.  

Αn event path in S that spans [t1, t3] and [t4, t6] is a sequence nλM(S,[t1,t6]) of distinct 
models where 2 ≤ n ≤ |M(S, [t1, t6])| for S, such that for all 1 ≤ i < n, 
(λ(i), λ(i+1)) ∈ E and λ(1) ∈ M(S, [t1, t3]) and λ(n) ∈ M(S, [t4, t6]). Π(S, [t1, t3], 
[t4, t6] ) denotes the set of all such paths.   

 

(m1, m2) 

(m2, m3) 

(m3, m4) 

(m4, m5)

[m1, m2, m3, m4, m5]

 

Fig. 28  A sequence of events and the corresponding event path 
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Fig. 28 exemplifies an event path. The dots represent models and the arrows repre-
sent basic events. The basic events labelled in the graph to the left compound into 
the sequence labelled in the graph to the right. 

When dynamics are mapped between schemata their paths may differ in length. 
In this case the models of compound events are of particular interest since when 
these correspond it is of interest to know whether the paths between these models 
also correspond. Compound events defined in chapter 13 on ‘Schema Dynamics’ 
couple the first and last models of an event path into a pair. 

The above concepts can now be employed in dynamic correspondence. Section 
14.2 on page 141, defines the set FALCA of static correspondence assertions as 
equivalences that, given two schemata, expresses formulae in one schema in terms of 
formulae in the other. A dynamic counterpart to these provides the semantics for 
dynamic integration correspondence by asserting correspondences in a similar way to 
those for the static case.  

17.1 Dynamic Integration and Conflict 

This section suggests an extension to the theory presented so far, into the temporal 
dynamic realm. The exposition of several notions of conflict and their properties 
explored in [52] found various definitions of dynamic non-conflict to be equivalent 
to static non-conflict. The unsatisfactory situation that this leads to was referred to 
on page 165 above as spuriousness and the same problem occurs in the temporal 
context as the following example illustrates. The propositional case and instant 
events suffice to show this. 

Example 13  
Let there be two agents A1 and A2, one irresponsible and one protective, 
represented by schemata S1 = 〈SR1, DR1〉 and S2 = 〈SR2, DR2〉 respectively. 

M(S1, 1) = {m1}, M(S1, 2) = {m2} 
M(S2, 1) = {d1}, M(S2, 2) = {d2, d3} 

where 

m1 = {holds(normal, 1)} 
m2 = {¬holds(normal, 2)} 
d1 = {holds(stable, 1), ¬holds(crash, 1)} 
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d2 = {¬holds(stable, 2), ¬holds(crash, 2)} 
d3 = {¬holds(stable, 2), holds(crash, 2)} 

DR1 = {〈[holds(normal, 1)], [¬holds(normal, 2)]〉} 
DR2 = {〈[holds(stable, 1),¬holds(crash, 1)],  
  [¬holds(stable, 2),¬holds(crash, 2)]〉} 

FALCA = {∀t((t > 0) → (holds(normal, t) ↔ holds(stable, t)))} 

Events for DR1 and DR2 at time t are: 

E1
+ at t = {(m1, m2)}  

E2
+ at t = {(d1, d2)} 

This is illustrated in Fig. 29. In S1 it is possible to get from a normal state to 
abnormal state, whereas in S2 it is possible to get from a stable state to an unstable 
state. However it is not possible in S2 to get to a crashed state. In this light, agent A1 
can be seen as irresponsible and agent A1 as protective. Together, S1, S2 and the 
static correspondence assertion of FALCA, are consistent and can thus be said not 
be in conflict. Since dynamic non-conflict in [52] is equivalent, the example also 
satisfies dynamic non-conflict. However, the static correspondence assertion leads to 
a united schema S3 with the following model sets: 

M(S3, [1, 2]) = {µ1, µ2, µ3} 

where 

µ1 = m1 ∪ d1 = {holds(normal, 1), holds(stable, 1), ¬holds(crash, 1)} 
µ2 = m2 ∪ d2 = {¬holds(normal, 2), ¬holds(stable, 2), ¬holds(crash, 2)} 
µ3 = m2 ∪ d3 = {¬holds(normal, 2), ¬holds(stable, 2), holds(crash, 2)} 
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Fig. 29  Static non-conflict and dynamic conflict 
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These correspond to the dashed lines in Fig. 29. Now it becomes clear that agent A1 
can get to both µ1 and µ2 from µ3. Which of these occurs is immaterial to A1, indeed 
it is non-deterministic, and so although agent A2 does not permit a transition to a 
crashed state in schema S2, in S3 he is powerless to prevent it.   

According to [52] this situation is not classified as conflicting. A definition of 
dynamic non-conflict is therefore needed to capture this problem. Intuitively, two 
schemata are dynamically non-conflicting under a set of static correspondence 
assertions if for every event e1 in one schema it holds that for every pair of models 
compatible with the static correspondence assertions together with event e1, there is 
some rule that will result in that pair. More formally:  

Definition 106  
S1 and S2 are dynamically non-conflicting at t under FALCA(t) iff it holds for every 
(m, m′) ∈ E1

+ at t that for all d where m ∪ d satisfies FALCA(t) and for all d′ 
where m′ ∪ d′ satisfies FALCA(t); (d, d′) ∈ E2

+. Otherwise S1 and S2 are 
dynamically conflicting at t under FALCA(t)   

With this definition the example above no longer qualifies as dynamically non-
conflicting because m1 ∪ d1 and m2 ∪ d3 both satisfy FALCA(t), and although there 
is an event (m1, m2) ∈ E1 there is no event (d1, d3) ∈ E2. This is a spurious event. 

Note that this definition does not require that a single event rule or sequence of 
rules in S2 must be able to result in all the events compatible with all the events 
resulting from a single rule or sequence of rules in S1. This is the unnecessarily 
stronger requirement demanded by dynamic correspondence assertions in [52]. The 
definition of dynamic non-conflict presented here is essentially different. Static non-
conflict does not imply dynamic non-conflict and dynamic non-conflict does not 
imply static non-conflict. Example 13 above, shows the first conjunct since it is 
statically non-conflicting but dynamically it is conflicting. The following example 
shows the second conjunct: dynamic non-conflict does not imply static non-conflict. 
Again the propositional case and instant events suffice.  

Example 14  
Let there be schemata S1 = 〈SR1, DR1〉 and S2 = 〈SR2, DR2〉 respectively. 

M(S1, 1) = {m1, m2, m3} 
M(S2, 1) = {d4, d5} 
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where 

m1 = {holds(a, 1), ¬holds(b, 1), holds(c,1)} 
m2 = {¬holds(a, 1), holds(b, 1), holds(c,1)}} 
m3 = {¬holds(a, 1), ¬holds(b, 1), ¬holds(c,1)}} 
d4 = {holds(d, 1), holds(e, 1), ¬holds(f,1)} 
d5 = {holds(d, 1), ¬holds(e, 1), holds(f,1)} 

FALCA(t) = {((t > 0) → (holds(c, t) ↔ holds(d, t)))} 

DR1 = {〈[holds(a, t)], [holds(b, t)]〉} 
DR2 = {〈[holds(e, t)], [holds(f, t)]〉} 

Events for DR1 and DR2 are: 

E1
+ at t = {(m1, m2)} 

E2
+ at t = {(d4, d5)}  

The example satisfies the conditions for dynamic non-conflict because for the only 
event (m1, m2) ∈ Ε1, there is an event (d4, d5) ∈ E2 such that the requirements are 
fulfilled. However for the model m3 in S1 there are no models in S2 that satisfy 
FALCA(t), and therefore S1 eludes S2, and they are conflicting. The schemata in the 
example are thus dynamically non-conflicting and statically conflicting. 

The independence of static and dynamic consistency is important because it 
allows greater freedom in the expression of constraints between two schemata. This 
means that when based on the definitions of consistency given here, compatibility 
and conflict between two schemata will be less dependent on the static 
correspondence assertions alone, and rest instead upon a number of properties of the 
schemata in question. This offers finer analytical resolution than if these properties 
were covariant.  

One of the situations revealed by this finer degree of analysis is that characterised 
by static non-conflict and dynamic conflict as illustrated in Fig. 29 above, a situation 
in which spurious events occur.  

Definition 107  
Given schemata S1, S2 united by a set of correspondence assertions, then a 
spurious event is an event that is not possible in S1 or S2 alone but is possible in 
the united schema.   

The relationship between static and dynamic consistency, seems to be a necessary 
and sufficient condition for spurious events to occur, and leads to the following:  
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Conjecture 

Given two schemata under a set of correspondence assertions spurious events 
exist iff S1 and S2 are statically consistent and dynamically inconsistent.   

This conjecture which invites an investigation into spurious events seems to be a 
natural point at which to conclude this thesis, which I now do, abruptly and 
unceremoniously.  



 

 

18 Concluding Remarks 
One of the consequences of combining schemata as defined above is the appearance 
of events for the united schema that allow spurious transitions between models, 
transitions that would not have been possible in one of the original schemata. Much 
previous work has focussed on dominance with regard to preservation of 
information capacity as a primary integration criteria, as summarised in [76]. Even 
though it is desirable that the information capacity of a combined schema dominate 
one or both of its constituent schemata, domination based on information capacity is 
insufficient for the integration to be semantically satisfactory. 

Knowledge of information capacity provides no means of detecting semantic 
discrepancies such as spurious events, a problem that arises in integration because 
both specifications and code tend to define expressive potential rather than define 
suppressive potential. That is to say they tend to specify what may be done rather 
than what may not be done, the latter being implicit through restrictions on 
expressiveness as defined in the specification. Research and studies of catastrophic 
failures in industry have shown this approach to be far from adequate [77, 93]. 
Specifications restrict events simply by not providing the rules that would enable 
undesired events to occur, as in [30] for example. 

This poses a major obstacle to the integration process because if an undesired 
event is excluded by lack of a rule in one schema but permitted by a schema with 
which it is integrated, then the first schema will probably have no indication whether 
the additional event is undesirable and would result in a semantic conflict. Indeed the 
additional event would not technically result in a semantic conflict according to the 
specification only according to the designers intentions. It is the fact that such 
intentions are often enforced implicitly for example by relying on a frame rule [25, 
83, 67] that is one reason why integration can then result in software that does 
exactly what it shouldn’t.  

People who specify systems naturally focus on what they want the system to 
achieve and don’t like to spend time specifying what it should not do, even though 
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suppressive specification is equally important for high integrity [19, 26]. Only with 
very methodical software design such as VDM [8] extended to RAISE [102, 108]; 
abstract data types and logics with guarded conditions [45] as in Z [107] or Hoare 
logic [70]; use of recursion points as in Unity [29], etc, does specification reach such a 
level at which both its expressive and suppressive potential can be accounted for. 
Then integration can identify semantic conflicts. But such complete methods are 
more time consuming [99], and the abstractions are too difficult for the average 
trained software developer [58], so they are generally reserved for use in highly 
critical applications or domain specific central code [61, 105, 112], or ignored due to 
lack of faith [57].  

This discussion seems to point in one direction - the automation of as much of 
the software development process as possible, in particularly highly abstract and 
formal activities including verification and conflict detection. By doing so, more 
effort can be devoted to the areas of software development that are inherently 
interpretive in their character and cannot be automated. Researchers working with 
formal methods including SDL share this opinion [18]. 

My thesis is a contribution to this automation. The first half has extended the 
reach of exhaustive verification tools to the telecommunications industry through a 
translation bridge from that industry’s most extensively used specification language, 
SDL, to first order logic. The second part of the thesis, though still only theoretical, 
has maintained an application perspective with a view to automation. Unfortunately 
some of the results are negative, such as the existence of spurious events and the 
complexity of path checking. However these should help focus future efforts on 
finding simplifications or alternative approaches and so avoid futile attempts at 
implementing intractable problems.  

When I look at my work from this point of view it seems of far greater value 
than it ever did when I was trying to sort out a fiddly syntax mapping or an 
unyielding proof. Such arduous perplexity seemed comparable to the attempts at 
extracting sun-beams out of cucumbers begun at the Academy of Lagado in Laputia 
[130], the practical consequences of both being sufficient that the worth of all 
attempts would overshadow the impossibility of the task and the impenetrability of 
any exposition. 

The point chosen to close my thesis marks for me a point beyond that where I 
began to work independently from my supervisor. His support and help were always 
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available but as the work progressed, needed to an ever lesser extent. The work in 
chapters 9 - 10, 13, 15, 16 offers the grading committee evidence for assessment of 
whether I posses “the knowledge and skills needed to conduct research independently” [111], 
and as such constitute my apprentice piece. 

Every new insight during this work has lead to more questions that demanded 
my attention, more concepts that needed defining and more relationships that 
needed investigating. I have little reason to believe this process will ever stop, on the 
contrary, I hope that it does not. I therefore finish with invitations for further work, 
having completing more than I ever intended to achieve from the outset.  

 

 182 



 

 

19 Future Research 
The lack of an event in a design, or of an event rule that would result in that event, 
may be intentional in order to prevent an undesirable transition. Relying on 
dominance alone as an integration criteria does not take such intentions into account. 
This can result in spurious events, and because spurious events may result in critical 
errors, the relationship of spurious events to dominance, to the static and dynamic 
properties of schemata and how such relationships might be detected is of particular 
interest. 

Many designers naturally assume minimal change when designing rules for a 
system. However, control of spuriousness requires a supplement of dynamic 
constraints that explicitly express constraining design intentions to prevent 
transitions that are implicitly omitted from the state space under the minimal change 
assumption. Since supplementing a specification in this way is an interpretive activity, 
it cannot easily be automated, if at all. Without an automated method, the possibility 
of spurious events occurring in a combined schema requires human scrutiny in order 
to preserve its semantic integrity. Similar problems are known in the field of database 
technology. In [3], three fundamental ways of restricting updates to a database are 
described: 

a) Specify constraints (static as well as dynamic) that the database must satisfy 
and reject any update that leads to a violation of the constraints. 

b) Restrict the updates themselves by only allowing the use of a set of pre-
specified update rules. 

c) Permit users to request essentially arbitrary updates, but provide an automatic 
mechanism for detecting and repairing constraint violations. 

This thesis, relates to points a) and b) by introducing static and dynamic rules as well 
as the event concept. Point c) above is studied in the field of active databases [124]. 
An active database supports the automatic triggering of updates as a response to 
events. One possible extension to the work on schema integration in this thesis is to 
investigate how such forms of automatic updates could be incorporated into the 
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proposed framework. If prior detection of spurious events is intractable then one 
way to combat their consequences would be to allow an active mechanism to role 
back the events that cause them and assert a disabling value to a triggering variable.  

Another research direction is to constrain the event concept used in this thesis. 
Here the event concept is deliberately weak and it could be argued that it does not 
capture common intuitions about events. As defined event rules are indeterministic 
and unless post conditions are stated, a single event rule extends to the entire state 
space. To remedy this situation, it is straightforward to introduce an alternative event 
concept, by means of an information processor that obeys some form of a frame 
rule. This would render the event concept used here, more similar to traditional 
transactional update approaches in the database area, where updates are provided by 
means of transactions composed of sequences of insertions, deletions, and 
modifications [4]. 

Reliance on frame rules entails that the lack of an event should be considered an 
intentional design decision not to be violated during integration without alerting the 
designer of correspondence assertions that a dynamic discrepancy has been detected. 
It is then up to the designer to determine whether it is a true conflict or not.  

An extension to static correspondence assertions into the dynamic realm to 
encompass correspondences between event rules is of interest too. Such an extension 
should maintain the frame work presented here for the static assertions and offer 
checks and quality controls that extend the analytical granularity of the concepts 
already developed here.  

A reduction of the rules in number or size of conditions sets during integration 
would also be highly desirable since the complexity of many of the checks needed in 
the simulation of the dynamics of a model, is dependent on the number of event 
rules and the size of their sets of preconditions. 

The notion of conflict explored in chapters 14 and 17 assumed a semantically 
correctly specified model, where inconsistencies result from transitions into 
temporally bound and inconsistent states in concordance with the intentions of 
designers. These kinds of conflict are productive in the sense that they constitute 
sought information. This is in contrast to the inconsistencies that occur in systems as 
a result of faulty modelling, or models with incompatible semantics. Unfortunately, 
in both these cases inconsistency or conflict is what results and the results are often 
indistinguishable. However, the cause, the meaning and the method of resolving 
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these two kinds of conflicts is entirely different. The most difficult problem raised by 
this difference of valid agent’s conflicts as opposed to semantic inconsistencies, is 
how to distinguish the one from the other. Even with complete verification 
techniques the there is no guarantee that conflicts in a verified system constitute valid 
information about the domain that the system is modelling. If the specifications 
incorrectly model the domain, then conflicts in a verified system are no longer 
information about the domain, but rather information about the validity of the 
system. But how do you know? This is the hard problem, the problem that without 
doubt will continue to diversify and unite systems science. 
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