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Abstract

Graphene is a two-dimensional material, whose popularity has soared in both condensed-
matter physics and material science the past decade. Due to its unique properties,
graphene can be used in a vast array of new and interesting applications that could fun-
damentally change the material industry. This report reviews the current research and
literature in order to trace the historical development of graphene. Then, in order to
better understand the material, the unique properties of graphene are explained and po-
tential applications are listed. From a theoretical physics perspective, the tight-binding
approximation is used to calculate the energy bands formed by the π-electrons. Then, the
electrons close to the Fermi energy are shown to satisfy the relativistic Dirac equation of
a massless fermion and additionally, the Landau energy levels of graphene are calculated.
Finally, the band gap structure of graphene is modelled and compared to that of silicon.

Sammanfattning

Grafen är ett tvådimensionellt material vars popularitet har stigit kraftigt inom fasta till-
ståndets fysik och materialfysik det senaste årtiondet. Grafen har unika egenskaper som
kan användas till ett stort antal nya och intressanta tillämpningar, vilket skulle kunna
fundamentalt förändra materialindustrin. Denna rapport går igenom befintlig forskning
och litteratur för en historisk tillbakablick av grafen. Vidare förklaras materialets unika
egenskaper och möjliga tillämpningar gås igenom. Från ett fysikperspektiv, så används
den så kallade tight-binding approximationen för att beräkna energibanden bildade av
π-elektronerna. Sedan visas att elektronerna nära Fermienergin kan beskrivas av den rel-
ativistiska Diracekvationen för en masslös fermion och Landau-energinivåerna beräknas.
Slutligen modelleras energibandstrukturen för grafen och detta jämförs med motsvarande
för kisel.
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Chapter 1

Introduction

The topic of this report is graphene, a single atomic layer of carbon atoms structured in a
hexagonal (honeycomb) lattice. Graphene has received a significant amount of attention,
both in the condensed matter physics community and in popular science, in the past
decade. The reason is that graphene represents a class of new two-dimensional (2D)
crystalline materials that have properties very different from materials known and used
today. As a result, graphene is viewed as the first of potentially many new materials with
fundamentally new and possibly unique properties that could be used for a vast array of
future applications.

In 2004, Andre Geim and Konstantin Novoselov of the University of Manchester found
a way to produce, isolate, identify and characterize graphene in a functional way. Even
though the composition, properties and structure of graphene had been known to physi-
cists long before that, their contribution to the accumulated knowledge of graphene
enabled a rapid increase in graphene research the following years. The scientific impact
of the contributions by Geim and Novoselov to graphene was so significant that they
were awarded the Nobel Prize in Physics in 2010.

The purpose of this report is to produce a document that can be used as an introduction
to graphene for any undergraduate physics student. The aspects of graphene that we will
focus on are fourfold. First, we will present the historical research on graphene in order
to understand the development of graphene, both conceptually and practically. Secondly,
we will present and discuss general properties of graphene and the material’s potential
applications. Thirdly, we will seek to understand the physics of graphene, where we limit
the theoretical aspects to the energy dispersion relation, how graphene wavefunctions are
related to the relativistic Dirac equation solutions and the Landau levels of graphene.
Finally, we will model the electronic band structure of graphene and that of a traditional
semiconductor material using MATLAB and compare the two with each other.
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Chapter 2

Background

2.1 Historical Review

The sixth element in the Periodic Table is carbon and it has two stable isotopes: 12C
which makes up 98.9% of natural carbon and 13C which makes up 1.1% of natural carbon.
The origin of carbon can be traced to the nucleosynthesis of pre-existing nucleons, similar
to other chemical elements. Due to its valency, carbon is able to form many different al-
lotropes, such as graphite, carbon nanotubes, diamond, fullerenes and graphene ( Fig. 2.1
displays some non-graphene carbon allotropes and Fig. 2.2 displays graphene).

In order to better understand graphene, we begin with a review of its historical back-
ground. The study of graphene is historically intertwined with the studies of other carbon
allotropes, particularly graphite (many layers of graphene stacked on top of each other
by the van der Waals force), but later also fullerenes and carbon nanotubes. The his-
torical origin of graphene in a bibliographical sense is in many works set to 1859, when
B. C. Brodie discovered the lamellar structure of thermally reduced graphite oxide, a
multilayer carbon oxide material that is often used as an analogy to graphene [1]. In
1918, V. Kohlschutter and P. Haenni describe the properties of graphite oxide paper, a
composite material with a graphene backbone [2]. About three decades later, in 1948, G.
Reuss and F. Vogt produced the first transmission emission microscopy (TEM) images
of few-layer graphite dry residue [3], that is multiple-layer graphene. These remained the
best observations of graphene for several decades.

The theoretical foundation of graphene can be traced back to the work of P.R. Wallace
in 1947 [4]. In this paper, the author studied the zone structure and the electronic
properties, such as the number of free electrons and the conductivity, of a single hexagonal
layer of graphite. Back then, Wallace’s intention was not to study graphene in itself, but
rather to study graphite, which was an important material for nuclear reactors following
the Second World War [5].

About a decade later, the focus of graphite research shifted to the study of the band
structure of the material, which resulted in the Slonczewski-Weiss-McClure model. J.W.
McClure wrote down the wavefunctions and state equations for excitations of graphene [6]
and J.C. Slonczewski and P.R. Weiss studied graphene features such as valence and con-
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(a) Graphite
(b) Graphite structure

(c) Carbon nanotube

(d) Diamond (e) Fullerene

Figure 2.1: Figure (a) shows a piece of graphite and its corresponding structure (b) [12,
13]. Figure (c) shows an ideal carbon nanotube structure, figure (d) a diamond and figure
(e) a fullerene structure [14–16].

duction bands using tight-binding calculations [7]. Subsequent research focused on de-
scribing experimental data. For example, W.S. Boyle and P. Nozières calculated the
infrared optical properties of graphite single crystals and approximated the band over-
lap [8] and several other studies focused on the de Haas-van Alphen effect – a quantum
mechanical effect where the magnetic moment of a pure crystal oscillates as a stronger
magnetic field is applied – on graphite [9, 10]. One last significant paper in the early
1960s on graphene was the paper by H.P. Boehm et al, which continued the study of the
surface properties of graphene while working on single layer carbon foils [11].

During the time period from the late 1970s to the early 1990s, the research focus of
carbon allotropes shifted more towards fullerenes and carbon nanotubes due to their
discoveries in 1985 and 1991 respectively. However, some important findings were made
in the graphene area. In 1984, Semenoff found that the wavefunctions of graphene were
similar to the solutions of the relativistic Dirac equation [17]. Later, in 1987, S. Mouras
and colleagues coined the term "graphene" for the single layer crystalline 2D carbon
allotrope [18]. Before, graphene was commonly known as "thin graphite lamellae".

In the late 1990s, due to a need for better materials in the modern electronics industry -
especially due to the limitations of performance improvements to the silicon dominated
semiconductor industry - a new wave of research emerged. One branch of this new re-
search focused on organic thin film transistors (OTFTs) and carbon nanotubes [19, 20].
OTFTs and carbon nanotubes were viewed as an attractive option because the alterna-
tive, all-metallic transistors, needed to be thin but this quality made them thermody-
namically unstable.

In 2004, Geim, Novoselov and their collaborators published a paper on graphene where
they described the production, identification and characterization of graphene [21]. They
used a simple and effective technique of mechanical exfoliation in order to extract thin
layers of graphite from a graphite crystal using scotch tape. Then, these layers were
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(a) Idealized graphene
(b) TEM image of graphene membrane

Figure 2.2: Figure (a) shows the idealized structure of graphene while figure (b) shows a
bright-field TEM image of a suspended graphene membrane [25,26]. The centre light-blue
object is monolayer graphene.

transferred to a silicon substrate (SiO2) and optical microscopy was used to characterize
the electric-field effects of the graphene flakes [21]. The main reason this discovery was
ground breaking was partially because no one expected to find graphene in a free state
and partially because it was next to impossible to find a one-atom thick flake among the
graphite debris. Placing the graphene flake on the substrate generates an optical effect
that allows observation via an optical microscope [5].

After 2004, the research on graphene increased tremendously based on the number of
graphene papers published, with significant basic research performed on the material
in order to study some fundamental physical properties. Geim and Novoselov found
that electron transport in graphene is governed by the relativistic Dirac equation and
the charge carriers resemble Dirac fermions, relativistic particles with zero rest mass
and an effective speed in the range of that of light [22]. Another significant feature of
graphene found is related to the Klein Paradox, describing unhindered penetration of
relativistic particles through wide potential barriers. Katsnelson et al. found that, by
using electrostatic barriers in single and bi-layer graphene, the massless Dirac fermions
in graphene allow a close realization to Oskar Klein’s experiment [23]. Furthermore, in
2007 the quantum Hall effect, where the Hall conductance takes on quantized values for
electron systems subject to low temperatures and strong magnetic fields, was observed
in graphene at room temperature [24].

From 2008 and onwards, the research on graphene was more focused towards applications.
For instance, the electron carrier mobility of graphene was studied and Bolotin et al.
found that electron carry capacity at low temperatures is about three times that of the
best semiconductor [27]. Another example is that the thermal conductivity of graphene
is at least twice as large as that of copper of similar geometrical forms [28].

The last five years, given the number of research papers published, graphene as a material
has reached a new level of maturity and no longer is only basic research done in the area.
Investment and funding for graphene research has become more and more prevalent, both
from governments and from the industry, and a larger part of the research is directed
towards cost-effective production and applications of graphene [29].
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2.2 Properties and Applications

2.2.1 Electronic

Graphene is a strong conductor, enabling electron flow more easily than metals. The
electron mobility of graphene is reported to be approximately 200,000 cm2V−1s−1 at low
temperatures. For comparison, silicon displays an electronic mobility of 1400 cm2V−1s−1
at 300 K, a factor 143 times smaller [30].

Graphene could potentially improve traditional electronic devices significantly, since these
devices are produced by stacking silicon semiconductors, metal constructions, doped
junctions, barrier structures etc. on top of each other. In comparison, new concepts
of nanodiodes and transistors using graphene-based architecture could reach speeds of
1.5 THz, far exceeding any other nano device today. The main application area to such
new electronic devices is high-speed electronics, such as computers and communication
devices [30].

One more specific and popular application area is screens and windows. Graphene could
replace common transparent conducting oxides due to its superior conducting properties,
and the devices affected by this application are mobile devices such as phones and tablets.
An added feature of this would be the increased flexibility of new such devices [31].

2.2.2 Thermal and Thermoelectric

Graphene is an excellent thermal conductor. The thermal conductivity of the material
has been measured to be more than 5000 Wm−1K−1 at room temperature, higher than
that of other carbon allotropes [30]. As a comparison, pure copper, one of the best metal-
lic heat conductors has a thermal conductivity of approximately 400 Wm−1K−1, about
a factor 12 smaller to that of graphene [32]. Additionally, the thermal conductance of
graphene is isotropic, uniform in all directions [30]. The main reasons to graphene’s high
thermal conductivity are the two-dimensional structure of graphene and that phonons
dominate the thermal conduction in the material (phonons are the main heat carriers in
graphene). It has been shown both theoretically and experimentally that phonon trans-
port properties are significantly different in two-dimensional systems such as graphene
compared to three-dimensional systems such as graphite, resulting in rare thermal con-
ductivity in graphene and related materials [32]. As a comparison, the three-dimensional
carbon allotrope graphite, displays a thermal conductivity about five times smaller to
that of graphene [30].

From an applications perspective, graphene could be best used for heat transfer compo-
nents in electronic devices. Since two aspects of the development of electronic devices
is towards smaller size and higher circuit density, heat dissipation becomes increasingly
more important in order to keep electronic components cool so that the reliability and
longevity of those devices is maximized [30–32].
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(a) Graphene oxide paper sample (b) A touch screen panel

Figure 2.3: Figure (a) shows graphene oxide paper, a composite material, and figure
(b) shows a touch screen panel where graphene could be applied in the future [36].

2.2.3 Mechanical

Three important mechanical properties of graphene are that the material is strong,
stretchable and low-weight. By using Atomic Force Microscopy to determine its strength,
scientists pushed a sharp tip on a graphene layer lying on top of a circular well to see
how much graphene could be pushed without breaking. The tensile strength was ap-
proximated to exceed 1 TPa, exceeding that of diamond and that of steel by a factor of
about 300 [30]. From a stretchability point of view, graphene is so robust that it can be
stretched up to 20 percent of its initial length [30]. Graphene is also elastic since it is
able to retain its original shape after having been stretched out. Further tests showed
that graphene sheets suspended over silicone dioxide cavities possessed a spring constant
ranging from 1 to 5 Nm−1 with a Young Modulus of 0.5 TPa, compared to 1 TPa for bulk
graphite [33]. The low weight is another key mechanical property of graphene, measured
to 0.77 mg/m2 [34]. For comparison, newsprint paper has a area density of 45 g/m2, a
factor of more than 58,000 times larger than graphene [35].

One of the most immediate applications would be the use of graphene in composite
materials. Due to its combination of strength, stiffness and low weight, it could be mixed
with plastics in order to create materials with very specific physical properties. These
types of graphene-plastic composite materials could replace metals in the manufacture
of vehicles in order to reduce weight and increase fuel efficiency. Moreover, graphene
mixed with plastics could create conductive graphene-plastic composite materials that
could help protect aircraft wings against lightning and fuel tanks against static electricity.
Also, graphene is highly inert and could also be used for shielding possibilities, such as
acting as a corrosion barrier against water and oxygen diffusion [30,31].

2.2.4 Optical

Graphene is visible to the naked eye even though it is only one atom layer thick, implying
high opacity. About 2.3 percent of white light that passes through it is absorbed, indepen-
dent of wavelength (πα = 2.3%) [30,34]. Also, graphene becomes completely transparent
when the optical energy is less than twice the Fermi energy due to Pauli blocking. As a
result, graphene would be suitable for many controllable photonic devices [31].
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One potential application of graphene is photodetectors, because unlike semiconductors
with limited detecting spectral width, graphene can be used in the spectral range from ul-
traviolet to infrared. Moreover, the maximum bandwidth for traditional semi-conducting
materials (GaAs and Ge) for optical communication and optical interconnection are re-
stricted to 150 GHz and 80 GHz respectively, due to carrier transit times. For graphene,
the maximum bandwidth is estimated to 640 GHz [31].

2.2.5 Chemical

Regarding the chemical properties, graphene, like graphite, has the ability to absorb and
desorb different types of atoms and molecules [30]. Due to its two-dimensional structure,
graphene has higher chemical reactivity compared to other solid materials since each
atom is exposed on both sides of a graphene sheet. Also, the atoms at the edge of a
graphene sheet are more reactive than the rest and graphene has a higher ratio of edge
atoms than similar carbon allotropes. Therefore, the fewer the sheets, the more reactive
graphene is, both due to surface exposure and possible holes and other defects on the
surface. However, at room temperature and extreme reaction conditions aside, graphene
is a reasonably inert material even though its atoms are exposed to its surroundings [31].
Lastly, certain chemical groups can also functionalize graphene, for example OH– and F–,
creating graphene oxide and flourinated graphene [30].

In the electrochemical area, graphene could be applied to any form of electrochemical
energy conversion and storage. The reason is that graphene possesses properties that are
ideal for electrode materials: conduction, strength, inert, light, flexible and maximum
surface area. Therefore, graphene is a material that could be applied to batteries, fuel
cells, photovoltaic cells and capacitors [30, 31].

In the area of biochemistry and biomedicine, graphene could potentially be used for an
application such as drug delivery. The properties of graphene that enable this are large
surface area, chemical purity and the prospect of easy functionalization. Because of
this, graphene derivatives could solubilize and bind drug molecules and then be used for
drug delivery. Besides, graphene is lipophilic (able to dissolve in fats, oils and lipids),
which could enable membrane barrier penetration which could be used for future cancer
treatment [31,37].
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Chapter 3

Theory

3.1 Composition and Structure

Graphene consists of carbon atoms arranged in a triangular lattice with a basis of two
atoms, which forms a hexagonal structure as seen in Fig. 3.1a. The lattice vectors are
given by a1 = 3a

2
x̂ +

√
3a
2
ŷ and a2 = 3a

2
x̂−

√
3a
2
ŷ where a is the carbon-carbon distance

(see below). The atoms connected by the lattice vectors form the A sub-lattice, and
atoms connected to the A sub-lattice by a nearest-neighbour vector δ form the B sub-
lattice.

The reciprocal lattice is spanned by the vectors b1 = 2π
3a

(x̂+
√

3ŷ) and b2 = 2π
3a

(x̂−
√

3ŷ)
and is depicted in Fig. 3.1b. Of particular note is the Brillouin zone (BZ) in the same
figure and the corners K and K ′ of the BZ. Note that there are only two inequivalent
corners because the others can be connected by a reciprocal lattice vector. As we shall see
in the next section, the corners K and K ′, known as the Dirac points, play an essential
role because the low-energy excitations are centred around the Dirac points.

The electron configuration in the ground state is 1s22s22p2 but in the presence of other
atoms such as another C atom one 2s2 atom may be excited to the 2p orbital at a
cost of 4 eV. This allows the 2s electron to form a hybridized sp2 orbital with two 2p
electrons, which in graphene forms three co-planar σ-bonds with other carbon atoms

(a) Lattice and vectors (b) Reciprocal lattice and vectors

Figure 3.1: Figure (a) shows the lattice of graphene, sublattices A and B and vectors
ai δi and figure (b) shows the corresponding reciprocal lattice and vectors [5, 30].
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(σ-bonds are the strong, single bonds between atoms). The fourth electron forms a π-
bond normal to the plane of the σ-bonds (π-bonds arise when atoms are close together
so that their orbitals overlap). These electrons are relatively weakly bound to the nuclei
and are delocalised over the structure. As a result they are responsible for the electronic
properties of graphene.

The graphene structure is the same as the benzene-ring structure, with the hydrogen
atom replaced by a carbon atom. One might suspect that the bond lengths would be
different depending on where the π-bonds are located. However, it turns out that the
quantum-mechanical ground state is a superposition of the two states with respect to
the position of the π-bonds [38]. Thus, the carbon-carbon distance is the same for all
atoms (a = 1.42 Å), which is roughly the average of the distance for a single σ-bond and
a double bond.

3.2 Electronic Band Structure of Graphene

Now we will compute the structure of the energy bands of graphene, using the tight
binding approximation. As discussed in Section 3.1, three of the four valence electrons
of carbon form planar σ bonds with neighbouring carbon atoms. These will not be con-
sidered in the discussion below, as only the fourth electron in the 2pz state, which forms
π bonds with other atoms, contributes to the electrical properties of graphene [4].

The general idea in the tight bonding approximation is to construct a trial wavefunction
constructed from the orbital wavefunctions φ(a) (r −Rj), where Rj is a lattice vector.
Consider now graphene, which has a basis consisting of two atoms and thus two π elec-
trons. The total wavefunction is a weighted sum of two wavefunctions, one for each atom,
that both must satisfy Bloch’s theorem, such that

ψk (r) = akψ
(A)
k (r) + bkψ

(B)
k (r) , (3.1)

where A and B denote the two atoms in the basis, respectively, and CA and CB are
two functions that depend on k. Furthermore, the two wavefunctions are assumed to be
known

ψ
(j)
k (r) =

∑
Rl

eik·Rlφ(j) (r + δj −Rl) , (3.2)

where j labels the atoms and δj is the vector joining a lattice point and the second atom
in the basis. The sum is taken over all lattice points. Each electron in the crystal satisfies
the Schrödinger equation with the Hamiltonian

Hl = − ~2

2m
∆l +

N∑
j=1

V (rl −Rj) , (3.3)

where each electron is labelled l, ∆l is the Laplacian with respect to the electron’s position
and the sum is taken over all lattice points. The total Hamiltonian of the system is then
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the sum over all electrons l. Armed with this we can now attempt to solve the Schrödinger
equation for the energy bands

H |ψk〉 = Ek |ψk〉 . (3.4)

Multiply the time independent Schrödinger equation by 〈ψk| from the left to receive

〈ψk |H |ψk〉 = 〈ψk |Ek |ψk〉 . (3.5)

This may be written in a more illuminating form using Eqs. (3.1) and (3.2):

(
a∗k b∗k

)
Hk

(
ak
bk

)
= Ek

(
a∗k b∗k

)
Sk
(
ak
bk

)
(3.6)

where we have defined the (Hermitian) matrices

Hk ≡
(〈
ψAk
∣∣H ∣∣ψAk 〉 〈

ψAk
∣∣H ∣∣ψBk 〉〈

ψBk
∣∣H ∣∣ψAk 〉 〈

ψBk
∣∣H ∣∣ψBk 〉

)
(3.7)

and
Sk ≡

(〈
ψAk
∣∣ψAk 〉 〈

ψAk
∣∣ψBk 〉〈

ψBk
∣∣ψAk 〉 〈

ψBk
∣∣ψBk 〉

)
, (3.8)

which are known as the Hamiltonian matrix and the overlap matrix, respectively.

The energy eigenstates, the bandgap, can now be obtained from the secular equa-
tion

det
[
Hk − Eλ

kSk
]

= 0. (3.9)

From a dimensional analysis it is clear that the equation will have two solutions, denoted
by λ = ± above, corresponding to two different energy bands.

Expanding the Hamiltonian matrix (Eq. (3.7)) and using Eq. (3.2) we find that:

Hij
k =

∑
Rl,Rm

eik·(Rm−Rl)

∫
φ(i)∗(r + δi −Rl)Hφ

(j)(r + δj −Rm) dr

= N
∑
Rm

eik·Rm

∫
φ(i)∗(r) [Ha + ∆V ]φ(j)(r + δj −Rm) dr

= N
(
εisijk + tijk

)
,

(3.10)

where we have defined the hopping matrix

tijk ≡
∑
Rm

eik·Rm

∫
φ(i)∗(r) ∆V φ(j)(r + δj −Rm) dr (3.11)

and
sijk ≡

∑
Rm

eik·Rm

∫
φ(i)∗(r)φ(j)(r + δj −Rm) dr. (3.12)
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The secular equation now reads

det
[
tk − (Eλ

k − ε)sk
]

= 0. (3.13)

For the purpose of this calculation, we will only consider nearest-neighbour and next
nearest-neighbour hopping and nearest-neighbour overlap, which correspond to the off-
diagonal and diagonal terms in Eqs. (3.11) and (3.12) above. Thus, for the off-diagonal
elements of the hopping matrix tijk , we define the nearest-neighbour hopping ampli-
tude

t ≡
∫
φ(A)∗(r) ∆V φ(B)(r + δ) dr. (3.14)

Note that, because of symmetry, we can choose any nearest-neighbour vector δ. The
off-diagonal elements then become

tABk =
(
tBAk

)∗
= tf(k), (3.15)

where we have defined the sum of the phase factors

f(k) ≡
∑
R

eik·R. (3.16)

If we consider an arbitrary lattice site on sublattice A, only one of the nearest-neighbours
is connected by the same vector δ. The other two are displaced by lattice vectors a1 and
a2 respectively, and contributes to the phase factor f so that

f(k) = 1 + eik·a1 + eik·a2 . (3.17)

Similarly, we can define the next nearest-neighbour hopping amplitude

tnnn ≡
∫
φ(A)∗(r) ∆V φ(A)(r + a1) dr, (3.18)

so that

tAAk = tBBk = tnnn
(
eik·a1 + e−ik·a1 + eik·a2 + e−ik·a2 + eik·(a2−a1) + e−ik·(a2−a1)

)
,

which, after some algebra, reduces to

tAAk = tBBk = tnnn
(
|f(k)|2 − 3

)
. (3.19)

Furthermore, we consider the nearest-neighbour overlap

sABk =
(
sBAk

)∗
= sf(k), (3.20)

where
s ≡

∫
φ(A)∗(r)φ(B)(r + δ) dr. (3.21)

Note that the diagonal elements of sk are equal to unity due to the normalization of the
wavevectors.
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Now Eq. (3.13) can be written as

∣∣∣∣ tAAk − Eλ
k tABk − Eλ

ks
AB
k

tBAk − Eλ
ks

BA
k tBBk − Eλ

k

∣∣∣∣ = 0 (3.22)

with the two solutions

Eλ
k =

tAAk + λt|f(k)|
1 + λs|f(k)|

, (3.23)

where λ = ± labels the two bands. Under the reasonable assumption that s � 1, the
expression above can be simplified to

Eλ
k = λt|f(k)|+ tnnn|f(k)|2, (3.24)

where we a have neglected the constant −3tnnn, which simply represents a physically
unimportant shift of the Fermi level.

Expanding the absolute value of f(k), one obtains

|f(k)| =
[
(1 + eik·a1 + eik·a2)(1 + e−ik·a1 + e−ik·a2)

] 1
2

=

(
3 + 2 cos(

√
3kya) + 4 cos(

√
3

2
kya) cos(

3

2
kxa)

) 1
2

,
(3.25)

so that the energy dispersion relation Eq. (3.24) can be written

Eλ
k = λt

√
3 + g(k) + tnnng(k), (3.26)

where

g(k) = 2 cos(
√

3kya) + 4 cos(

√
3

2
kya) cos(

3

2
kxa). (3.27)

From this one can easily notice that the relation is symmetric around zero if tnnn = 0.
The valence band (λ = −) and the conduction band (λ = +) touches at the Dirac points
K =

(
2π
3a
, 2π
3
√
3a

)
and K ′ =

(
2π
3a
, 2π
3
√
3a

)
, which happens to coincide with the purely crys-

tallographic points defined in Section 3.1. Around these points we can expand Eq. (3.26),
setting k = K ± q, for q �K to receive (with tnnn = 0)

Eλ
k = λvF |q|, (3.28)

where we have defined the Fermi velocity vF = 3ta
2
. This in contrast to most other

semiconductors, where the relation is not linear but parabolic, and implies a relativis-
tic behaviour near the Dirac points. This will be further elaborated upon in the next
section.

The energy levels at interesting points Γ, M and K can be seen in Fig. 3.2a. The Γ point
is the centre of the Brillouin zone where the conduction band reaches its maximum.
Moreover, the M point is a saddle point and the K point is where the conduction and
the valence band connect, resulting in Dirac cones and a linear dispersion relation in the
vicinity of the K point.

13



(a) Electronic band structure (b) Dispersion relation

Figure 3.2: Figure (a) shows the electronic band structure of graphene and the corre-
sponding energy dispersion relation is shown in figure (b) [5, 39].

3.3 The Relativistic Dirac Equation

The Dirac equation is a relativistic wave equation in particle physics that describes the
behaviour of spin-1/2 particles such as electrons. Due to the almost massless nature of
fermions in graphene, the relativistic Dirac equation is used instead of the non-relativistic
Schrödinger equation. Also, in contrast to the Klein-Gordon equation that could lead to
negative values in the probability density function, the Dirac equation circumvents this
problem by taking the square root of the momentum operator, thus receiving an equation
that is first order in time. This can be achieved by considering 4× 4 matrices.

The Hamiltonian in the two-dimensional relativistic Dirac-equation is

H = σ · p+mσz, (3.29)

where σ = (σx, σy) is a vector of the Pauli matrices. Identifying c with the Fermi velocity
vF from Section 3.2 and setting the mass to zero, we find the effective Hamiltonian for
the low-energy electrons near the Dirac points K and K ′. The Pauli matrices are defined
as

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
,

Then, Eq. (3.29) can be rewritten to

H = ε

(
cos β sin βe−iϕp

sin βeiϕp − cos β

)
, (3.30)

where the variables are ε =
√
m2 + p2, cos β = m/ε, sin β = |p|/ε and ϕp = arctan(py/px).

A plane-wave ansatz for a 2-spinor is used in order to find the eigenstates

Ψλ,p(r) =
1√
2

(
uλ
vλ

)
eip·r, (3.31)

and after substitution into Eq. (3.30), one obtains
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(cos β − λ)uλ + sin βe−iϕpvλ = 0.

A 2-spinor component choice is

uλ =
√

1 + λ cos β and vλ = λ
√

1− λ cos βeiϕp,

resulting in the eigenstates

Ψλ,p(r) =
1√
2


√

1 + λm√
m2+p2

λ
√

1− λm√
m2+p2

eiϕp

 eip·r. (3.32)

Lastly, the relativistic limit (m→ 0) result in the wave equation

Ψλ,p(r)→ 1√
2

(
1

λeiϕp

)
eip·r, (3.33)

keeping only the non-zero elements of a Dirac four spinor. Thus, the wavefunctions for
graphene close to the Dirac points are similar to the solutions of the Dirac equation.

3.4 Landau Levels

Landau levels are discrete energy levels that charged particles can occupy due to the
quantization of cyclotron orbits when magnetic fields are applied to the charged particles.
The Landau levels are degenerate and directly affect electronic properties of materials
dependent on the applied magnetic field. Unlike non-relativistic electron gases, where
the Landau energy levels have the same difference between energy levels, the relativistic
electron movement in graphene modifies its Landau quantization. The Hamiltonian used
for solving the Landau energy levels is

HΨ = vF

(
−σ · p 0

0 σ · p

)
Ψ, (3.34)

where σ = (σx, σy) is a matrix of Pauli matrices and p is particle momentum. Then make
the variable substitution pi = p0i− e

c
Ai and Eq. (3.34) transforms into

H = vF


0 −(p0x + ip0y) 0 0

−(p0x − ip0y) 0 0 0
0 0 0 p0x − ip0y
0 0 p0x + ip0y 0

 , (3.35)

and the corresponding wave vector is Ψ =
(
ΦK′
A ΦK′

B ΦK
AΦK

B

)T . Here, A and B represent
sublattices A and B in Fig. 2.3a. The wave vector components ΦK

A and ΦK
B are envelope

wave functions of K while ΦK′
A and ΦK′

B are the same for K ′. Since the equations for
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points K and K ′ are decoupled, we can start by finding the solutions for the K-point.
We are solving the system

{
εΦK

A = vF (p0x − ip0y)ΦK
B

εΦK
B = vF (p0x + ip0y)Φ

K
A .

(3.36)

Then insert one of the equations above into the other for both equations above in order
to obtain

ε2ΦK
A = v2F (p0x − ip0y)(p0x + ip0y)Φ

K
A (3.37)

ε2ΦK
B = v2F (p0x + ip0y)(p0x − ip0y)ΦK

B . (3.38)

At this point, we solve for the Landau energy levels ε for ΦK
B . Note that [H, px] = 0 and

that the electron e = −e0

ε2

v2F
ΦK
B = ((px +

e

c
By) + ipy)((px +

e

c
By)− ipy)ΦK

B

= ((px +
eB

c
y)2 − i[px +

eB

c
y, py] + p2y)Φ

K
B

= ((px +
eB

c
y)2 +

~eB
c

+ p2y)Φ
K
B ,

1

2m
(
ε2

v2F
+

~e0B
c

)ΦK
B = (

k

2
(y − y0)2 +

p2y
2m

)ΦK
B .

(3.39)

Here, k and y0 are k = e0B
c
√
m

and y0 = pxc
e0B

. The right-hand side of Eq. (3.39) has
the structure of a harmonic oscillator Hamiltonian oscillating around y0 (compare with
H = k

2
y2 + p2

2m
). If ΦK

B is the eigenfunction of the Hamiltonian just mentioned, the

eigenvalues will be hwc(n + 1
2
) where wc =

√
k
m

= e0B
mc

. Therefore, the Landau energy
levels in graphene must be

ε2

v2F
=

~e0B
c

(2n), (3.40)

where n = 0, 1, 2... takes on the values of the harmonic oscillator. Due to the positive
and negative roots of ε, we can rewrite this equation as

ε = sgn(n)

√
2~e0B
c

vF
√
|n|. (3.41)

The Landau level index, n, can be either positive or negative. Positive values correspond
to electrons (related to conduction band) and negative values correspond to holes (related
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to valence band). Additionally, the difference between energy levels is not constant as
it is in many other cases. The largest difference is between n = 0 and n = 1 and the
difference decreases for larger integers on n and a corresponding n+ 1. Lastly, note that
Eq. (3.41) is for monolayer graphene only.
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Chapter 4

Modeling

4.1 Problem and Model Choice

In this section, we intend to use MATLAB in order to illustrate the electronic band
structure of graphene and compare that to the one of silicon (see Fig. 4.1a) in order to
see and discuss some differences between the two materials. The reason silicon is chosen
as the comparison material is because it is one of the most common materials used in
the semiconductor industry, and therefore a suitable one to compare graphene to due to
their similar application area.

Silicon is a chemical element with atomic number 14 and belong to the category group
IV type of semiconductors since they have four valence electrons. Silicon has a band gap
of 1.11 eV at 300 K and the band gap is considered indirect, meaning that the maximum
energy of the valence band occurs at a different momentum value than the minimum
conduction band energy. Furthermore, silicon is the most common semiconductor ma-
terial used today since it is easy to fabricate and displays good electric and mechanical
properties. From a crystallography point of view, silicon has a diamond cubic crystal
structure (see Fig. 4.1b) with direct lattice vectors

(a) Silicon (b) Silicon’s diamond cubic crystal structure

Figure 4.1: Figure (a) shows a piece of silicon and figure (b) shows its corresponding
diamond cubic crystal structure [40, 41].
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a1 = a
2

0
1
1

 , a2 = a
2

1
0
1

 , a3 = a
2

1
1
0

 ,

where a is the lattice spacing distance with a value of 5.43 Å.

The band gap of graphene is depicted in Fig. 4.2, here including the effects of sec-
ond nearest-neighbour hopping, with t = 2.7 eV and tnnn = −0.2t taken from litera-
ture [5].

The figure was generated in MATLAB using the built-in surface ezsurf function, which
takes a function handle (the dispersion relation Eq. (4.1) below) and generates the plot
in a given domain.

4.2 Analytical Calculations and Numerical Analysis

In order to model the electronic band structures, the tight-binding energy dispersion
relations for both materials are used. For graphene, Eq. (3.26) is expressed again in a
slightly different form below

Eλ
k = λt

√
3 + g(k)− tnnng(k). (4.1)

Note that the introduction of the next nearest-neighbour hopping amplitude tnnn breaks
the electron-hole symmetry.

For silicon, a nearest-neighbour tight-binding approximation yields poor results [42],
which is why we will consider next nearest-neighbour interactions in this section.

4.3 Results and Discussion

The electronic band structure plots of graphene in 3D and 2D can be seen in Figs. 4.2
and 4.3 while the corresponding ones for silicon can be seen in Figs. 4.4 and 4.5. Ek
and E are the energy in all figures while kx and ky are the x- and y-components of the
wave vector. In all figures, Γ is the origin. In Fig. 4.3, the M point is the centre point
between Dirac points K and K ′. In Figs. 4.4 and 4.5, the distance between Γ and X is
often named the ∆-line and represents the energy dispersion in silicon. Fig. 4.6 displays
a zoom in of Fig. 4.4 at a K- or K ′-point.

The main observation is the difference in band gaps between the two materials. Graphene
does not display any band gap at the Dirac points, i.e. the band gap is 0 eV, whereas
silicon displays a band gap of 1.11 eV. Note that the bandgap is indirect, that is it occurs
at different wavevectors (points Γ′25 and X1 in Fig. 4.5). Since the band gap represents
an energy range where no electrons can exist, the larger the band gap, the more energy
is needed to free an outer shell electron from its orbit around the nucleus in order to
become a mobile charge carrier. Because of this, the band gap characteristics are a key
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Figure 4.2: Electronic band structure of graphene. Generated in MATLAB.
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Figure 4.3: Electronic band structure of graphene along the specified crystallographic
points. Generated in MATLAB.
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Figure 4.4: Crystal structure of silicon [43].

Figure 4.5: Electronic band structure of silicon [42].

21



Figure 4.6: Zoom in on one of the Dirac points of graphene. Generated in MATLAB

aspect in determining the electronic properties of a solid, as smaller band gap implies
higher electric conductivity.

Near the Dirac points (Fig. 4.6), the energy dispersion can be approximated by a lin-
ear relationship, as discussed in Section 3.2. This implies a relativistic behaviour of the
electrons near the Fermi level. For silicon, and most other semiconductors, the approx-
imation is no longer linear but parabolic, the classically expected behaviour (If we were
to model the band structure of silicon in MATLAB, we would replace the two cones in
Fig. 4.6 with two paraboloids with focal point axes parallell to eachother but a distance
apart since silicon has an indirect band gap). This is one of the reasons graphene has
become theoretically interesting to study.

These two features illustrate the unique electronic properties of graphene and why the
electronic conductivity of graphene far exceeds that of silicon.

22



Chapter 5

Summary and Conclusions

Graphene is a material that physicists for a long time thought could not exist since
two-dimensional materials were thought to be thermodynamically unstable. After more
than a century of research, the discovery of graphene in 2004 and the ease of which the
material could be isolated sparked a scientific revolution in the material science field of
two-dimensional materials.

The development process, from thermically reduced graphite oxide to graphene has cer-
tainly not been a easy one, but has along the way contributed much to our understanding
of carbon allotropes. Additionally, the properties and applications of graphene are many
but can today be divided into five broad categories: electric, thermal and thermoelectric,
mechanical, optical and chemical.

In this report, we have derived three of the most elementary qualities of graphene from a
theoretical physics perspective: the energy dispersion relation, the wave functions and its
similarity to the relativistic Dirac equation solutions and the Landau levels. Furthermore,
we have modelled the electronic band structure of graphene and compared it to silicon.
The key observations made are the non-existent band gap of graphene, which greatly
influences its rare electronic capabilities as compared to other materials, and the linear
dispersion relation around the corners of the Brillouin zone at the K– andK ′–points.

Finally, questions about graphene in physics still exist, but with ample time and re-
sources devoted to graphene research, we will be able to understand the material and
its applications far better than originally thought. Hence, a future where graphene is as
common as today’s conventional metals might not be that far away after all.
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