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Abstract

Several of the bridges along the Bothnia railway line do not fulfill the re-
quirements regarding vertical accelerations that are stated in current design
codes. The acceleration of the bridges needs to be reduced, in order to make
the Bothnia line suitable for high speed railway traffic. The aim with this
thesis is to investigate if it is possible to reduce the vertical acceleration of
insufficient bridges to an acceptable level by using post-installed dampers.

The expectation was that this method could have major economic ad-
vantages compared to other rehabilitation methods.

Five different bridges with post-installed dampers were simulated in veri-
fied MATLAB codes. The simulations were performed for two cases for each
bridge: one where the eccentricities between the attachment of the damper
and the centre of gravity of the bridge cross section was taken into consid-
eration, and one where the influence from the eccentricities was excluded.
The results showed that it is fully possible to reduce the acceleration to an
acceptable level with the use of external damper configurations. It was also
shown that the eccentricities of the bridges had a high impact in this kind
of simulations.

Furthermore, some supplementary investigations regarding the location
and position of the damper, were done as well.

Finally, a brief analysis and discussion regarding the practical implemen-
tation of the post-installed was performed. One challenge is to anchor the
damper and take care of the resulting forces in a favourable and safe way.





Sammanfattning

Flertalet broar längs med Botniabanan uppfyller inte de krav som ställs p̊a
de vertikala accelerationsniv̊aerna i gällande dimensioneringsnormer. Dessa
accelerationer måste reduceras för att göra Botniabanan tillänglig för trafik
med höghastighetst̊ag. I denna uppsats undersöks det huruvida det är
möjligt att sänka accelerationen i bristfälliga broar med hjälp av eftermon-
terade externa dämpare.

Förväntningen var att denna metod skulle ha stora ekonomiska fördelar
gentemot andra upprustningsmetoder.

Fem broar med eftermonterade dämpare har simulerats i verifierade
MATLAB-koder. Simuleringarna utfördes p̊a tv̊a olika sätt för varje bro: i
en kod togs eccentriciteten mellan dämparinfästningen och tyngdpunktslin-
jen för bron i beaktande, och i den andra koden försummades all inverkan
av eccentriciteten.

Resultatet fr̊an simuleringarna visade att det är fullt möjligt att reducera
accelerationerna till en acceptabel niv̊a med hjälp av externa dämpnings-
konfigurationer. Eccentriciteten visade sig även ha stor inverkan p̊a resul-
tatet i denna typ av simulering.

Dessutom utfördes n̊agra kompletterande undersökningar gällande längd,
position och vinkel p̊a dämparen.

Slutligen analyserades och diskuterades den praktiska implementeringen
av de eftermonterade dämparna. En utmaning är att förankra dämparna
och föra ner de resulterande krafterna p̊a ett fördelaktigt och säkert sätt.
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List of notations

A Cross sectional area
α Exponential coefficient for damping
C Global damping matrix
Cd Damper coefficient
Cd,req Required damper coefficient
c Local damping matrix
ct Local tangential damping matrix
D Length of coaches in the train
d Bogie axle spacing of train coaches
E Young’s modulus
Ecc Eccentricity
eF Error term
F Global force vector/matrix
Fd Damper force
Fd,res Resulting damper force
Ft Tangential damper force
f Local force vector/matrix
f1 Frequency of the first bending mode
f2 Frequency of the second bending mode
f3 Frequency of the third bending mode
fD Restraining damping force
fI Restraining mass force
fS Restraining stiffness force
I Moment of inertia
K Global stiffness matrix
k Local stiffness matrix, spring stiffness
kt Tangential stiffness
L Length of bridge
Ld Length of damper
Le Length of element
M Bending moment
M Global mass matrix
m Local mass matrix
me Element mass
mend Mass of integrated abutments
N Number of intermediate train coaches
ω Natural circular frequency
φ First mode of vibration



T Transformation matrix
t Time
tint Time interval
u Displacement of the bridge
u̇ Velocity of the bridge
ü Acceleration of the bridge
ümax Maximum acceleration of the bridge
üred Reduced acceleration of the bridge
vcr Critical train speed
x Distance to a specific point in the bridge
xd Distance between the damper and edge
ξ Damping ratio



List of abbreviations

BC Boundary conditions
CEN Eurocode
CPU Computational
DOF Degree of freedom
EEA European Economic Area
EOM Equation of motion
FE Finite element
FEA Finite element analysis
FEM Finite element method
FVD Fluid viscous damper
GTD General technical descriptions
HSLM High speed load model
MN-R Modified Newton-Raphson
MR Magnetorheological
MRD Magnetorheological damper
MRF Magnetorheological fluid
MRT Magnetorheological technology
N-R Newton-Raphson
MDOF Multiple degrees of freedom
SDOF Single degree of freedom
TMD Tuned mass damper
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Chapter 1

Introduction

1.1 Problems with the Bothnia line

One of the most fundamental problems within railway bridge design today is
the dynamic response caused by loading from high speed trains [47].

Trains travelling at high speeds can induce resonance in bridges at certain
speeds, which may lead to passenger discomfort, ballast deconsolidation or even
train derailment. These problems can arise both from construction of new high-
speed railways or by implementation of high-speed train traffic on existing rail-
way lines [36]. Consequently, adequate and correct analyses of the resonant
properties are of great importance when handling the design and assessment of
high-speed railway bridges.

The Swedish general technical descriptions (GTD) regarding bridge con-
struction were developed by Trafikverket (formerly Vägverket), until 2008. By
then, the Eurocodes (CEN) were introduced, which changed the construction
requirements within the European Economic Area (EEA) [43]. The purpose
with the CEN was to rectify the technical language within the construction in-
dustry, while at the same time facilitate the cooperation between the European
countries. This included an enhancement of the trade of services and goods in
the area, which in turn led to an increased need of railway transportation of
these merchandises across all involved countries.

However, the conversion process was gradually initiated, which resulted in
a transition period. Projects that had been started before the initiation of the
CEN had permission to be designed according to the former, national GTD:s,
BV Bro and BV2000 [43]. Unfortunately, this conversion process led to prob-
lems, since the demands were increased while new projects were built according
to the outdated GTD:s. This was shown to be of great importance in Sweden
when a new railway track called the Bothnia line was built.
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CHAPTER 1. INTRODUCTION

The construction of the Bothnia line began in August 1999 and was officially
opened in August 2010. It is 190 km long, includes 87 railway bridges and con-
nects two cities, Kramfors and Ume̊a, in northern Sweden [22]. A perspicuous
map over the locations of the Bothnia line route and the associated bridges can
be seen in Figure 1.1.

Figure 1.1: A map of the locations of all bridges along the Bothnia line [22].

Investigations of the railway bridges along the Bothnia line were conducted
in 2013. The purpose was to find whether or not these bridges were sufficient
enough to withstand future dynamic influence from high-speed trains [22]. 76
of the 87 bridges were analyzed in this study. The remaining bridges were
assessed to be irrelevant from a dynamic point of view, due to different structural
conditions. According to the investigation [22], only 35 of the 76 investigated
bridges fulfilled the requirements that are stated in the CEN, regarding the
maximum allowed acceleration caused by the high speed load models (HSLM).
According to CEN, the maximum allowed vertical acceleration is 3.5 m/s2 for
bridges with ballasted tracks and 5.0 m/s2 for bridges with non-ballasted tracks.

It would be very time consuming and expensive to reinforce or replace a
bridge, in case of a failure. Thus, enhanced methods for improving the dynamic
properties of the deficient bridges could be economical and, hence, vital for both
bridge owners and the society [21].

An efficient way to reduce the vibrations of the bridges and, hence, increase
the safety of the structure is to install damping devices [28].

This thesis contains investigations of the extent to which the vibrations
of some of the insufficient bridges could be mitigated by retrofitting different
external damping systems.

2



1.2. DIFFERENT TYPES OF DAMPERS

1.2 Different types of dampers

The vibration control strategies used in damping systems could schematically
be classified in to three different categories: active, passive and semi-active. The
active control system relies on an external power source, which applies forces
onto the controlled structure [1]. These forces are used to modify the dynamic
response of the structure and, thus, increase the reliability and safety of the
system [48].

Passive control systems, on the other hand, do not rely on external power for
their operation [1]. The control strategy is instead activated by the vibrational
motion of the structure, which means that energy storage and dissipation is only
connected to the structural motion itself [26]. This results in an incapability of
adapting to alternating movement patterns and loading variations [48].

The passive system has some advantages when it comes to costs, reliability
and simplicity, although the active damper shows to be superior to the passive in
terms of vibration reduction and adaptability [26]. Hence, it would be preferable
to introduce a control device that minimizes the disadvantageous aspects and
at the same time combines the preferable properties of the passive and active
systems. This is partly achieved in the semi-active damper.

The semi-active control devices both react on and adapt to structural mo-
tion. These devices are connected to an external power source, but requires
substantially less power than active devices in order to function [14]. Neverthe-
less, semi-active dampers are often called controllable passive dampers due to
their real-time adaptability. Moreover, they cannot induce any energy into the
bridge system, which is similar to the function of a passive damper [11]. How-
ever, the semi-active device is unable to destabilize the controlled structure,
which distinguishes it from the fully active control device. Previous studies
have shown that semi-active control devices achieve the plurality of the benefits
(e.g. adaptability and versatility) of active systems, while at the same time offer
the high reliability of the passive devices [48].

Three different types of damping control devices were introduced in this
report, the fluid viscous damper (FVD), the magnetorheological (MR) damper
and the tuned mass damper (TMD). There are certain differences between these
types of damping devices, although all of them could be used for vibration
mitigation in structures. The primary difference is that the FVD and MRD
uses specific fluids as added energy-absorbing systems, while the function of the
added mass in the TMD is to absorb the superfluous energy. Another difference
between these dampers is that the FVD is passive and the MR damper (MRD)
is semi-active. The TMD, on the other hand, could be configured with either a
passive, active or semi-active control system [17].

The suitability of a certain damping device in a bridge may vary due to
external factors, such as ground or structural conditions, financial limitations
or a lack in technological progress. For that reason, it is of great importance
to weigh the advantages against the disadvantages in order to select the most
appropriate damper.

3



CHAPTER 1. INTRODUCTION

1.3 Purpose

The aim of this thesis is to investigate the possibilities of implementing external
dampers in railway bridges that are not designed for high-speed train traffic.
This will be done by using numerical and finite element methods and software.
The bridges that are going to be analyzed are connected to the Swedish railway
system called the Bothnia line. The bridges will all respond differently when
subjected to high-speed train loading, wherefore the optimal damper for each
bridge has to be found. Consequently, the characteristics (type, model, capacity
etc.), positions, inclinations and the required number of external dampers have
to be determined in order to find the appropriate choice in each case.

1.4 Research contribution

The hope is to contribute to the research area and encourage further investiga-
tions. Another aspiration is to give a practical contribution to the field of bridge
design. The expectation is that it would be less expensive to install external
dampers than to use more conventional rehabilitation techniques.

1.5 Delimitations and assumptions

Only the requirements of the vertical acceleration levels that are stated in the
CEN will be considered. Moreover, the analysis will only cover five of the bridges
along the Bothnia line that do not fulfill the requirements regarding vertical ac-
celerations. The calculations of the bridges will be based on 2D-models, where
the bridge will be idealized as Euler-Bernoulli beams. The cross-sectional prop-
erties of the bridges will be based upon “Järnvägsbroar p̊a Botniabanan: Dy-
namiska kontroller för framtida höghastighetst̊ag - Steg 1”. Eccentricities were
introduced in the codes, due to the relevance of investigation the effect of taking
the distance between the bridge-damper connection and the center of gravity of
the bridge into consideration. The eccentricities for each bridge were estimated
from construction drawings. Furthermore, only one type of damping device will
be investigated, although the FVD, MRD and TMD are all mentioned in this
report. The choice between these devices will be made in the following chapter.

4



Chapter 2

Damping devices

2.1 Fluid viscous dampers

2.1.1 History of the FVD

The application of the fluid viscous damper (FVD) reaches back to 1897, when it
was used in a French 75 mm artillery rifle. Later on, it was implemented in other
military hardwares, but it came to be useful within the aerospace field as well. In
the 1990’s, the application of the FVD reached the field of structural engineering
and has ever since been used in civil structures for seismic protection. At first,
the application of the FVD was limited to high-rise buildings, chimneys and
towers, etc. [31, 33].

Today, hundreds of major structures have been equipped with FVD:s for
vibration mitigation purposes [35].

For example, the West Seattle Swing bridge was equipped with FVD:s in
order to prevent faults caused by motor runaways, wave loadings or seismic ac-
tivity [8]. The idea of using FVD:s in railway bridges has gained more attention
lately, mainly because of the increasing speeds of trains [31,33].

2.1.2 Function and structure of the FVD

The FVD normally consists of six different elements, the piston rod, the cylinder,
the viscous fluid, the seal, the piston head and the accumulator, see Figure 2.1.
Silicone fluid is commonly used in FVD:s due to the thermal, nontoxical and
cosmetically inert characteristics that are vital within structural applications
[29]. This makes the FVD capable of operating over a temperature range of
−40 ◦C to 70 ◦C [8].

The steel materials of the solid parts must be able to resist the internal fluid
pressure, compressional and flexural buckling, as well as thermal expansion from
other components. Moreover, it is of high importance that the constituent parts
do not age, degrade or cold flow over a certain period of time. This may lead
to deterioration of the damping properties [29].
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CHAPTER 2. DAMPING DEVICES

Figure 2.1: Structure of a typical FVD [29].

When the FVD is active the piston rod is stroked through a chamber filled
with fluid [29]. The piston will work in a way where it pushes fluid through
orifices that exists in the piston head. This results in a high fluid velocity close
to the piston head where the pressure energy will be converted to kinematic
energy. The fluid will subsequently be pushed through the orifices and expand
to its full volume. On the other side of the piston head, the pressure will be
much lower and due to the pressure difference a resisting force will be produced.

The FVD has good damping qualities, is cost efficient and simple to con-
struct. Moreover, FVD:s have proven to have excellent qualities regarding age-
ing and maintenance [36]. Hence, FVD:s could be installed in new high-speed
railway bridges, but also in old bridges, on which the maximum allowed train
speed is increased [33].

2.2 Magnetorheological dampers

2.2.1 History of the MR fluid and devices

The invention of the MR fluid (MRF) was originally developed by Jacob Rabi-
now at the National Bureau of Standards during the 1940’s. In one of his earlier
works, Rabinow (1948) stated various applications of the newly discovered mag-
netic fluid. Due to this discovery, different devices, such as dashpots, clutches
and hydraulic actuators could all be upgraded to include the MRF [23].

The number of patent filings was numerous directly after the initial discovery.
Nevertheless, the interest of the MRF decreased during the following decades,
but resurfaced again in the 1990’s [39].

Today, the areas of use range from vehicle application, such as automotive
suspensions and shock absorbers, to human prosthetics and seismic protection
[10]. In fact, one of the most practical uses of MR devices today lies within the
fields of civil and structural engineering. MRT is particularly useful as motion
dampers in products, buildings and other structures [38].

The first application of a MRD in a civil engineering structure occurred in
2001, when the connection between two floors in the Tokyo National Museum of

6



2.2. MAGNETORHEOLOGICAL DAMPERS

Emerging Science and Innovation was equipped with two 300-kN dampers [45].

Furthermore, the cable-stayed Dongting Lake Bridge in Hunan, China, was
fitted with MRD:s, in order to counteract vibrations in the cables that were
caused by wind and rain excitations [6].

2.2.2 Function and structure of the MRD

The MRF is a non-colloidal, controllable suspension consisting of magnetizable
particles of micron-size [45]. These particles are enclosed by a carrier liquid
adulterated with different additives.

The rheological behaviour of the liquid changes when subjected to an exter-
nal magnetic field [48] .

This behavioural change is manifested by induced dipoles, caused by the
particles in the suspension [23]. As a result, the particles rearrange and form
columnar (chain-like) structures parallel to the direction of the field, within only
a few milliseconds. Thus, the movement of the fluid is restricted, which results
in a solid-like behaviour of the system. By increasing the force of the magnetic
field, the energy needed to yield these structures increases as well.

Figure 2.2 shows the formation process of the MRF particles before, during
and after an external field is applied. The arrows in the figure symbolize the
magnetic field, whereas the dots represent the particles.

(a) No magnetic field. (b) Remodelling process. (c) The columnar form.

Figure 2.2: The formation of the MRF particles under different conditions [38].

The density of the particles usually exceeds the density of the carrier liquid
[45]. This may lead to sedimentation of the fluid if it is set in a non-working
mode for a long-term period of time. Thus, the favourable controllable and
energy dissipative properties become severely deteriorated.

However, the MRF has some major advantageous qualities as well. The
MRF has the ability to rapidly and reversibly alter from a linearly viscous
and free flowing fluid into a quasi-solid state [48]. Another advantage is the
high dynamic stress that can be attained, due to emergence of the magnetic
density of the fluid. As a matter of fact, the yield stress can be as high as
100 kPa, when using carbonyl iron powder as the magnetizable particles in the
suspension. Moreover, the yield strength barely changes within a temperature
range of −40 ◦C to 150 ◦C, which allows for usage in rather extreme areas.

7



CHAPTER 2. DAMPING DEVICES

Moreover, the MRF is contained in the MRD, which has a similar structure
and function as a FVD. A general design of a MRD is shown in Figure 2.3:

Figure 2.3: Schematic layout of the MRD [12].

A difference between the FVD and the MRD is that the parameters of the
MRD can be adjusted according to the dynamic response of the structure of
which it is attached to [45]. Thus, the vibration reduction of the structure can
be adjusted using its variable and controllable damping forces.

2.3 Tuned mass dampers

2.3.1 History of the TMD

Hermann Frahm was the first to use the TMD in an engineering problem, when
he implemented undamped vibration absorbers to a ship [41]. The purpose was
to reduce the rolling motion of the ship, while at the same time decrease the
vibrations in its hull. The primary application area of the TMD is, however,
vibrational damping for structural motion caused by external loading [32].

The first structural application of a TMD was in the Centerpoint Tower in
Sydney, Australia [16]. Later on, three large-scale TMD systems were installed
in the Citicorp Center in New York, USA, and the John Hancock tower in
Boston, USA, in order to reduce wind-excited vibrations [4].

The TMD has now been implemented in more than 300 high-rise buildings
around the world [30]. TMD:s were also used during and after the construc-
tion of the Akashi-Kaikyo bridge in Kobe/Awaji, Japan [16]. The purpose with
those TMD:s were to reduce wind-induced vibrations of the main towers. Fur-
thermore, the pylons in another Japanese bridge, the Iwakurojima-bridge, have
been equipped with a TMD system as well [4].

8



2.4. CHOICE OF DAMPER

2.3.2 Function and structure of the TMD

The TMD is a mechanical system, consisting of a mass, a spring and a viscous
damper. The functionality of the TMD is that it is able to resonate with the
structure of which it is attached to [32]. The TMD tends to oppose the inertia
of the mass, when subjected to external forces that induce vibrations in the
structure. This results in opposing forces of similar magnitude which counteract
the movements of the structure.

A common design of a TMD within construction of tall structures, e.g. tow-
ers and bridges, is a pendulum structure. The added mass is, in this case,
shaped as a steel or cement block that is attached to the structure using either
cables or arms [32]. The movement of the mass allows for storage and releasing
of potential energy in a similar manner as a spring does in a mass-spring-damper
system. The damping is then achieved by some kind of hydraulic damper that
has been located in the present direction of motion. The damper is tuned after
the first dominating vertical mode of the structure, in order to reduce the vi-
brations arising at the corresponding frequency [28]. However, the TMD can be
adjusted after several modes if the contribution from the respective frequencies
needs reduction [33].

The tuning of the TMD is based on results from theoretical models of the
structure. Hence, further measurements of the actual behaviour of the struc-
ture have to be done in order to readjust the damper [32]. The modeling and
measurements require extensive equipment and installation methods, which, in
the end, results in an expensive working process.

2.4 Choice of damper

Currently, the MRD is one of the most promising devices within the field of
structural dynamics in general and vibration reduction in particular [48]. How-
ever, the MRD faces a drawback in terms of robustness, since their function
relies on external power [11]. Nevertheless, the semi-active properties allow the
damper to enter a fail-safe mode, in case of power failure or any malfunction
of the control system. The MRD would then behave like a passive, instead of
semi-active, damper after entering this condition [24]. Due to this, it has to be
verified whether or not a MRD could manage to fulfill the CEN criterias after
entering a passive mode. Hence, it would be more interesting to do an initial
investigation of a passive damper, such as the FVD or TMD.

On the other hand, the TMD only dissipates energy at a narrow range of
frequencies. FVD:s, on the other hand, operate at a wide range of frequencies
and, hence, circumvent any tuning related drawbacks. The increased operations
and maintenance costs that arise from friction/yielding based devices, such as
the TMD, is another disadvantage compared to the FVD [33].

Consequently, it was believed that the FVD would be more suitable for this
application with the prevailing circumstances and was, hence, chosen to be the
main topic of this thesis.

9



10



Chapter 3

Literature review

3.1 Retrofitting techniques

3.1.1 Fluid viscous dampers

In order to apply the FVD in high-speed railway bridges different retrofitting
techniques have been investigated over the years. Between 2007 and 2012,
Museros and Martinez-Rodriguez performed several studies concerning the pos-
sibility of reducing vertical vibrations in railway bridges. In these reports, the
FVD:s were retrofitted and connected underneath the bridge, to the load car-
rying beam (main beam), by using auxiliary beams [33,34,37].

In 2007, Museros and Martinez-Rodriguez used this approach when investi-
gating the possibilities of reducing the resonant flexural vibrations in the main
beam in a concrete girder bridge, induced by moving train loads [37]. Due to
this, a planar model was used in order to analyze the configuration system of the
retrofit auxiliary beams and FVD:s, which is shown in Figure 3.1. Furthermore,
the effects from bridge-vehicle interactions were neglected.

Figure 3.1: The configuration system, when using auxiliary beams and FVD:s
for reducing flexural vibrations in the main beam [37].

11
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However, this system was not applicable for multi-track or single-track skewed
railway bridges, since the three-dimensional effects were not accounted for in the
two-dimensional planar system. Torsional oscillations that had been induced by
eccentric moving loads were, thus, neglected. The auxiliary beam was sim-
ply supported and rested directly on the abutments, without any intermediate
elastic bearings. Figure 3.2 shows the concept of retrofitting the FVD:s to an
auxiliary beam installed in a single-track, concrete girder, railway bridge.

Figure 3.2: The retrofitting configuration of the FVD:s and auxiliary beam [37].

This investigation was based on calculation models, where the influence of
the response was determined using the equation of motion (EOM) and Euler-
Bernoulli beam theory.

The conclusions from this investigation were, firstly, that the resonant vi-
brations could be mitigated when using this approach. It was found that the
punching loads for the reinforced concrete slab and main beams, as well as the
maximum yield stress of the auxiliary beam, were higher than the point forces
that arose from the dampers. Furthermore, a conclusion was also that it was
possible to obtain an optimal damper, as well as an optimal size for the auxiliary
beam, for the investigated bridge.

A major advantage with this kind of configuration was the fact that it was
possible to install this system for existing railway bridges without affecting any
eventual railway traffic.

Moreover, Museros and Martinez-Rodriguez continued the investigation of
reducing the vibrations of bridges under high-speed moving loads with FVD:s.
In 2011, the study included the optimal design of passive FVD:s for reducing
the resonant response in orthotropic plates [34]. The same model was used as
in the previous study [37], where the dampers were retrofitted using auxiliary
beams.

However, the investigated case consisted of two tracks, which could result in
eccentric traffic and, hence, torsional modes. Due to this, the three-dimensional
effects were considered as well. The influence of the damper was derived by
solving the EOM according to classical plate theory, which means that this
study was based on calculations.

12
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An example of this kind of the multi-track railway bridge retrofitted with
this damping system is shown in Figure 3.3.

Figure 3.3: Example of an auxiliary damping system configuration [34].

A case study was conducted within the frames of this study, where the bridge
Bracea II connected to the Spanish Railway network was investigated. The
maximum acceleration at the midspan was drastically reduced when installing
FVD:s in the proposed manner.

Furthermore, similar results as in the previous study were achieved, although
this study included the three-dimensional effects as well.

In 2010 Museros, Martinez-Rodriguez and Lavado modeled the same con-
figuration system as shown in Figure 3.3 in a finite element (FE) software [33].
The FE-model shown in Figure 3.4 was implemented in DYNARET (Dynamic
Analysis of Retrofitted Bridges), a Fortran 90 code used for analyzing the dy-
namic performance of bridges under moving loads that have been retrofitted
with dampers. The bridge deck was modeled as a thin orthotropic plate which
had been discretized into linear varying curvature finite elements.

Figure 3.4: FE-model that was analyzed in DYNARET [33].

Furthermore, the investigation of the retrofitting system, as well as the elas-
tic bearings, covered case studies of two Spanish bridges, the Arroyo Bracea
II and the Guadiana bridges. Both bridges fail to sustain the required verti-
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cal acceleration in the serviceability limit state. The properties of the bridges
were transferred to the 3D FE-model, in order to evaluate the influence of the
retrofitted dampers.

The installed dampers were designed to have an effective external damping
of 2.5%, that was added to each bridge, respectively. The maximum acceleration
was, hence, lowered to a level below 3.5 m/2.

In 2014, M. Luu et al [31] also investigated the extent to which the vertical
accelerations could be mitigated when using an auxiliary beam and damping
configuration of the same kind. The study included an optimization of the FVD
using the H∞ norm over the investigated frequency band.

It was found that both the size of the auxiliary beam, but especially the size
of the main beam had a large impact on the acceleration level in the bridge,
prior to any installation of a damping system.

The results also showed that the resulting damper forces could be reduced
by approximately 35%, while still minimizing the response of the structure.

The final conclusion was the proposed model could be used for optimization
purposes of the FVD for all cases of structural damping, over a chosen range of
frequencies and could be extended to treat nonlinear problems as well.

3.1.2 Magnetorheological dampers

in 2009, Jung et al introduced a passive damping system using a MRD, in
order to reduce the acceleration levels of a highway bridge, caused by seismic
activity [25]. The concept was that the current was induced by using a magnet,
instead of the other way around.

The results showed that both the isolator displacement and the vibrations
caused by ground movements could be significantly reduced using this smart
MRD system. This clearly implies that the MRD could be useful when trying
to reduce the vibrational motions in bridge structures.

Another investigation of the possibilities of reducing the vibrational move-
ments of bridges by using MRD:s were conducted by Jiang and Christenson [21],
in 2010. They performed experimental verifications and simulations of MRD:s
installed to an existing highway bridge. The MRD:s were retrofitted according
to Figure 3.5.

Figure 3.5: Retrofitted MRD:s to an existing highway bridge.
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Conclusively, the experiments and simulations performed by Jiang and Chris-
tenson showed that the MRD had great potential to reduce traffic induced vi-
brations of bridge structures. Although this investigation concerned excitations
caused by heavy truck traffic, the belief was that reduction could be achieved re-
garding high-speed railway traffic excited bridges as well, especially with FVD:s
which have greater potential than MRD:s.
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Chapter 4

Theoretical background

4.1 Finite Element Analysis

This section is based on the book Concepts and Applications of Finite Element
Analysis, written by Cook et al [9].

The finite element (FE) method (FEM), also referred to finite element analy-
sis (FEA), is a numerical method which is used to solve different field problems.
Field problems have to be determined by solving the spatial distributions of
some dependent variables.

A structure can be divided into a number of small pieces, finite elements.
The element arrangements are determined by the mesh size, which could be
described as the chosen length of each individual line element (or square unit
of a surface element) that the structure has been divided in to. The results
from the element discretization converges towards the analytical solution, when
decreasing the size of the mesh.

The elements are linked together at certain connection points, which are
called nodes. The nodes consist of one or more degrees of freedom (DOF),
depending on whether it is a single degree of freedom (SDOF) system or if it is
a system of multiple degrees of freedom (MDOF). The number of DOF:s also
depend on which element type it is, e.g. bar or beam element.

4.1.1 Euler-Bernoulli beam theory

The Euler-Bernoulli beam theory is explained in this section. The explanation
is based on the book Structural Analysis, written by Bachau et al [2].

A beam is defined as a 3D structure having one much larger dimension than
the other two. The axis of the beam is defined along the longer dimension and
a common assumption is that the cross section varies smoothly along the length
of the beam.

Beam theory, also called solid mechanics theory of beams, provides an ef-
ficient tool for structural engineers. Today, powerful FE-softwares exist for
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analysing complex structures. Although these softwares often bring more so-
phisticated solutions for analysed structures compared to solutions derived from
beam theory, the usage of them tend to become more time consuming. Beam
theory could be used at the pre-design stage and get valuable insight of the
behaviour of structures, which is very useful within the fields of engineering.
Furthermore, the results from beam theory could be useful for validate derived
solutions from computational simulations, and vice versa.

Several different beam theories exist today, each of them founded on certain
assumptions and with different levels of accuracy. One of the most useful, and
simplest, of these theories is the theory developed by Euler and Bernoulli. This
theory is commonly called the Euler-Bernoulli beam theory.

Three different kinematic assumptions are made in the Euler-Bernoulli beam
theory:

• Assumption 1: The cross-section is rigid in its own plane.

• Assumption 2: The cross-section of a beam remains plane after deforma-
tion, which is a result of Assumption 1.

• Assumption 3: The cross-section remains normal to the deformed axis of
the beam.

In order to describe the Euler-Bernoulli assumptions in further detail, the
reader should imagine an infinitely long beam with the same physical properties
along the span, see Figure 4.1.

An infinitely long beam will deform identically in each point and, thus,
result in a constant curvature of the beam. This means that the cross section
will remain plane and normal to each intersection of the beam.

However, this idealized problem does not apply for normal cases with a
finite length, boundary conditions, varied loading and geometrical asymmetry,
whereas the above stated assumptions have to be made.

It has been shown that these assumptions are acceptable when analysing
long, slender isotropic beams. Nevertheless, the Euler-Bernoulli beam theory
could become inaccurate if these conditions do not apply.
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4.1. FINITE ELEMENT ANALYSIS

2

Figure 4.1: Infinitely long beam subjected to bending moments [2].

4.1.2 Principle of virtual work

It is possible to derive a local stiffness matrix for a beam element by using
Euler-Bernoulli beam theory, which allows for applications of this theory within
FEA. This could be done according to different methods, but only the principle
of virtual work will be described in this thesis.

Many sources try to explain the principle of virtual work. One of them
is the book ”Fundamental Structural Analysis” written by W.J Spencer [42].
This book includes explanations of the emergence of the principle, as well as the
mathematical derivation behind it. The following section is based on this book.

The equilibriums describing the behaviour of a structure could be found
in structural analyses by considering the work done by a force acting through
displacements. Considerations like this can be linked to the principle virtual
work, which consists of two parts:

• Part 1. The principle of virtual displacements.

• Part 2. The principle of virtual forces.

Part 1 is more appropriate to use in the analyses conducted in this thesis.
Hence, only the principle of virtual displacements will be explained.

The principle of virtual displacements was derived by the mathematician
John Bernoulli. Bernoulli emphasized the independence between displacement
and force when analyzing work. This is the reason why the name of the principle
has the term virtual included. The word virtual was widely interpreted to mean
”in effect but not in fact”. In this context, virtual displacements could be
explained as imaginary displacements caused by something that is independent
from the forces acting on the system.

Only rigid bodies would be considered at first, in order to provide a bet-
ter introduction to the principle of virtual displacements before moving on to
deformable bodies.
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Principle of virtual work in rigid bodies

Consider a rigid body in space subjected to small virtual displacements, which is
visualized in Figure 4.2. The directions of the external forces are held constant
and the static equilibrium for the body is retained. As a consequence, the work
done could be written as:

WTot =
∑

Qi∆i (4.1)

Where ∆ is the virtual direction.

Figure 4.2: Concept of the virtual work done on a rigid body [42].

Each of the forces, denoted Qi, could be divided into force and moment
components. Furthermore, the expressions for the components, with respect to
the original coordinate axes, are shown in Equation 4.2.

Fix, Fiy, Fiz,Mix,Miy,Miz (4.2)

The components could then be summed up, in order to describe the total
amount of performed work in the rigid body. The following equation is derived
by dividing the virtual displacement into components, in a similar way as for
the external forces:

δox, δoy, δoz, αox, αoy, αoz (4.3)

Consequently, the total amount of work performed in the rigid body could
be expressed as:

WTot = (
∑

Fix)δox + (
∑

F )iyδoy + (
∑

Fiz)δoz + ...

...+ (
∑

Mix)αox + (
∑

Miy)αoy +
∑

(Miz)αoz

(4.4)

The principle of virtual displacement of a rigid body could be further ex-
plained as:
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If a rigid body is in equilibrium while being subjected to a number of external
forces Q, then the rigid body is exposed to virtual displacements as well and the
virtual work done in the rigid body is equal to zero.

Principle of virtual work in deformable bodies

An assumption is that the changes of the geometry is ignored, when looking
at the work done in rigid bodies. However, further questions regarding the
performed work arise when looking at deformable bodies. Virtual work in terms
of internal stresses occur when a body deforms. This has to be taken into
consideration. A planar deformable body, subjected to a system of external
forces Q, is shown in Figure 4.3a.

(a) The deformable body. (b) Isolated element as a
free body diagram.

Figure 4.3: Concept of virtual work done on a deformable body [42].

A small element of the deformable body was isolated as a free body diagram,
which is visualized in Figure 4.3b. The displacements connected to deformable
bodies could be divided into two parts:

• Part 1 - Rigid body movement.

• Part 2 - Deformation, which includes internal stresses.

The virtual work in deformable bodies could be divided into similar parts.
The first part includes work that is caused by rigid body movement of the
deformable body. The other part involves work which occurrence is a result of
body deformation.

If assuming that no deformation has occurred in the deformable body, then
the total virtual work in the system could be described as WTot. This applies
even though external and internal stresses are involved. The work done by the
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external forces Q and the internal loads q will only involve the external forces
Q. The explanation for this is based on the fact that no deformation of the body
occurs. Hence, the internal forces acting on every infinitesimal interface in the
body will be subjected to equally sized, but counteracting, internal forces acting
on adjacent boundaries.

Consequently, the summation of the virtual work done in the body would
be equal to zero. This means, as mentioned, that the total work done could be
described by only considering the external forces, see Equation 4.5.

WTot =
∑

Qi∆i (4.5)

However, the internal forces has to be taken into account if assuming that
the deformable body does in fact deform. If denoting the total virtual work
in the system during deformation with WE , then the total work done by rigid
body movement could be described as WTot-WE . This has to be equal to zero
according to the principle of virtual work in a rigid body, which gives:

WTot = WE (4.6)

The total virtual work done in the deformable body due to the internal forces
could be expressed as:

WE =
∑

qiδi (4.7)

Furthermore, a new expression of Equation 4.6 is derived:

∑
Qi∆i =

∑
qiδi (4.8)

This principle of virtual work could be stated in a more formal way as well.
Regarding deformable bodies, the application of the principle of virtual work
could be expressed as:

If a deformable body is in equilibrium while being subjected to a number of
external forces Q, then the external virtual work done by all external forces Q
are equal to the internal virtual work done by all the internal stresses q in the
body.
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Type of deformation Internal forces Internal displacements

Axial

Bending

Shearing

Torsional

Table 4.1: Internal actions [42]
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Table 4.1 shows expressions for the internal virtual work due to different
forces.

Type of deformation Internal virtual work

Axial

Bending

Shearing

Torsional

Table 4.2: Internal work [42]

The expressions found in Table 4.1 are integrated over the length of the el-
ement, in order to derive expressions for the internal virtual work for an entire
element. The total virtual work is, hence, the summation of the integrals treat-
ing different internal forces in the element. These integrals can be seen in 4.2.
The total internal virtual work for the structure can be found by simply adding
the internal work for all ingoing elements.

Derivation of the stiffness and mass matrices

Furthermore, a 2D Euler-Bernoulli beam could be created by placing an element
consisting of two nodes on the x-axis. The movement of the beam element is
restrained in the xy-plane and it has three DOF:s at each node. The assumption
stated in the previous section applies for this beam element. Figure 4.4 shows
how this beam element would behave if different DOF:s were activated (please
note that the axial DOF:s are omitted in Figure 4.4) [9].

24



4.1. FINITE ELEMENT ANALYSIS

Figure 4.4: Shape functions for a 2D Euler-Bernoulli beam [9].

The mathematical expressions for the displacements along the beam element
are called shape functions. These functions are derived from elementary beam
theory and can be obtained from handbooks and by looking at the shapes of
the beam element. The values of the forces caused by end displacements could
be found in the handbooks as well. A local element stiffness matrix can be
arranged, with known values of the end forces.

It is easier to deal with bending moments and curvatures than stresses and
strains, in order to construct a beam element from the principle of virtual work.
If considering a simply supported beam with an evenly distributed load, the
external work could be written as:

∑
qδ =

∫
m
M

EI
dx (4.9)

Were M is the bending moment associated with some virtual displacement
and m is the ordinary bending moment. The curvature of the beam could be
written according to Equation 4.10;

M = EIκ (4.10)

and by using regular Euler-Bernoulli theory, the ordinary bending moment
can be expressed as:

m = EI
d2v

dx2
(4.11)

Hence, Equation 4.9 could be rewritten as:

∑
qδ = κEI(δκ)dx (4.12)
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Now, everything is written matrix form. Since:

κ =
d2v

dx2
(4.13)

and:

v = [N ][d] (4.14)

where [N] is a matrix containing the shape functions, that could be seen in
Figure 4.4, and [d] is vector that contains the displacements. The term κ could,
thus, be written as:

κ = [B][d] (4.15)

The matrix [B] is given in Equation 4.16:

[B] =
d2

dx2
[N ] =

[
− 6

L2
+

12x

L3
− 4

L
+

6x

L2

6

L2
− 12x

L3
− 2

L
+

6x

L2

]
(4.16)

This means that the beam element stiffness matrix could be derived by
solving the following expression:

[k] =

∫ L

0

[B]TEI[B]dx (4.17)

The 2D beam element matrix is given in Equation 4.18. Axial deformations
of the elements are no longer omitted, which resulted in the zeros and the
expressions of the axial deformation in the matrix [9].

k =




EA
Le

0 0 −EA
Le

0 0

0 12EI
L3

e

6EI
L2

e
0 − 12EI

L3
e

6EI
L2

e

0 6EI
L2

e

4EI
Le

0 − 6EI
L2

e

2EI
Le

−EA
Le

0 0 EA
Le

0 0

0 − 12EI
L3

e
− 6EI

L2
e

0 12EI
L3

e
− 6EI

L2
e

0 6EI
L2

e

2EI
Le

0 6EI
L2

e

4EI
Le




(4.18)

The consistent mass matrix can be derived through the principle of virtual
work in a similar way as the stiffness matrix. The consistent mass matrix is
visualized in Equation 4.19 [9].

m =
me

420




140 0 0 70 0 0

0 156 22L 0 54 −13L

0 22L 4L2 0 13L −3L2

70 0 0 140 0 0

0 54 13L 0 156 −22L

0 −13L −3L2 0 −22L 4L2




(4.19)
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4.1.3 Constraint equations

It is practical to specify a certain interaction condition between two DOF:s in
FEA. For example, a rigid link could either be created as an element with a high
elastic modulus or be specified by constraint equations between certain DOF:s,
in order to simulate the same behaviour. The first option is not preferable in a
numerical point of view. This is due to the fact that ill-conditioned matrices and
numerical errors could occur, if one element has a higher stiffness than the other
ones. These kind of errors can be avoided when using constraint equations.

A well known type of constraint equations is called master/slave-constraint.
As the name implies, the constraint is between a master DOF and a slave DOF.
The movements of the master will control the behaviour of the constrained slave.
The relation between the master and the slave can be arbitrary [9, 15].

The ordinary global matrices in a FEM-problem are multiplied with a trans-
formation matrix which contains the master/slave-constraints. [9, 15]

Furthermore, a structure consisting of six connected bar elements, is shown
in Figure 4.5.

Figure 4.5: Master/slave constraint [15].

It is assumed that the goal is to imply a constraint, between u2 and u6, in
order to provide further explanation of the concept. If these two DOF:s would
follow the same movement, the master/slave-constrain would be as follows:

u2− u6 = 0→ u2 = u6 (4.20)

For this case, let u2 be the master and u6 the slave. The first step when
applying this constraint would be to create the transformation matrix. This
matrix is produced by doing operations in an unit matrix, where the its dimen-
sions depend on the number of DOF:s in the structure [9,15]. Consider a matrix
with the dimensions of 7x7, which is shown in Equation 4.21. This unit matrix
is applicable to a system that includes 7 DOF:s, as the one in Figure 4.5.

T1 =




1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1




(4.21)

27



CHAPTER 4. THEORETICAL BACKGROUND

The second step is to apply the master/slave-relationship into this matrix.
This is done by condensing the slave-column and put the master/slave-relation
in the location where the slave corresponds to the row and the master to the
column. This would, in this particular case, result in condensing of column num-
ber six and an inserted 1 at location row=6, column=2. With these operations
made, the following transformation matrix is obtained [15]:

T2 =




1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1




→ T =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 0 0 1




(4.22)

The constraint could be applied for the bar by multiplying the transfor-
mation matrix with the global stiffness matrix according to Equation 4.23, if
assuming that the bar does not have any mass or stiffness [15].

Kcon = TTKT (4.23)

However, even if constraint equations are more preferable than elements with
high elastic modulus in general, it should be mentioned that they could be quite
problematic as well. Firstly, if setting up a constraint, the rigid link would be
unable to contract or expand due to temperature changes. It could also bring
problems for dynamic problems as well, since the constructed transformation
matrix would turn a diagonal global mass matrix into a mass matrix that is
non-diagonal [9].

4.2 Structural damping

Damping is one of the most fundamental parameters in dynamic analysis. Nev-
ertheless, it is also considered as very difficult to understand, which has led to
inaccurate modelling methods of damping behaviour in structures. Tradition-
ally, structural damping has been modelled using Rayleigh damping.

The Rayleigh damping will, however, disregard from variations of compo-
nents within the system, as well as behavioural changes of the constituent ele-
ments. The reason for this lies in the fact that the Rayleigh damping function
depends on only two different modes [7]. This will, hence, lead to misinterpreted
and incorrect results when modelling the damping behaviour in structures with
several mode shapes [3].

The remaining part of the section is based on Dynamics of Structures, writ-
ten by Chopra [7]. For an explanation of Rayleigh damping, consider a mass-
proportional and stiffness-proportional damping, see Equation 4.24 and 4.25
respectively.
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c = a0m (4.24)

c = a1k (4.25)

The modal damping ratio for the n:th mode in the mass-proportional damp-
ing could be written as:

ζn =
a0

2

1

ωn
(4.26)

and if solving a0 for the i:th mode:

a0 = 2ζiωi (4.27)

If handling the stiffness-proportional damping in the same manner, the
modal damping ratio and the coefficient a1 for mode j would become:

ζn =
a1

2
ωn (4.28)

a1 =
2ζj
ωj

(4.29)

Neither of these proportional damping types work well for analyzing MDOF-
systems. The variations of damping ratios with natural frequencies will not
match with experimental data. The same damping ratio should, in fact, roughly
occur for several modes of vibrations for a certain structure, according to the
data that has been derived from experiments.

The Rayleigh damping matrix has been developed, in order to construct a
classical damping matrix that is decently consistent with experimental data.
The Rayleigh damping considers both the proportional mass-damping and the
proportional stiffness-damping, according to Equation 4.31.

c = a0m+ a1k (4.30)

The damping ratio for n:th mode could, according to Rayleigh damping, be
expressed as:

ζn =
a0
2

1

ωn
+
a1
2
ωn (4.31)

The coefficients a1 and a0 could be determined by specifying the damping
ratios for different modes. The following system could be set up if the damping
ratios ζi and ζj occur for the i:th and j:th mode, respectively:

1

2

[
1
ωi

ωi

1
ωj

ωj

]{
a0

a1

}
=

{
ζi

ζj

}
(4.32)
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A reasonable assumption (based on experimental data) could be that the two
modes, i and j, have the same damping ratio. This will lead to a paraphrase of
the coefficient a0 and a1:

a0 = ζ
2ωiωj

ωi + ωj
(4.33)

and:

a1 = ζ
2

ωi + ωj
(4.34)

With these coefficients known, the Rayleigh damping for the whole system
could be calculated according to Equation 4.31. The values of the modes i and j
must be chosen carefully, in order to get a good approximation of the structural
damping. All modes that are contributing to the actual response of the system
must be considered. For example, it would be appropriate to use the first and
fourth mode for the analyses, if analysing a response were five modes are con-
tributing with approximately the same damping ratio. A visual representation
of the mass-proportional damping, the stiffness-proportional damping and the
Rayleigh damping, is shown in Figure 4.6.

Figure 4.6: The variation of damping ratios with natural frequencies. The left
figure shows the mass-proportional and the stiffness-proportional damping. The
right figure shows the Rayleigh damping [7].

In addition to this, it should be mentioned that it is possible to implement
a damping term that is updated for each modeshape. This kind of damping
configuration is called Caughey damping. Although Caughey damping often
presents a better match with the real case, it has one major drawback. The com-
putational effort increases significantly for large systems when using Caughey
damping compared to Rayleigh damping. With this taken into consideration,
Rayleigh damping is often preferred and assumed for practical analyses.

30



4.3. EQUATION OF MOTION

4.3 Equation of motion

The equation of motion (EOM) is explained in this section through a stated
example in Dynamics of Structures written by Chopra [7].

In Figure 4.7 an idealized one-storey frame is shown.

Figure 4.7: Idealized one-storey frame [7].

The frame is subjected to an external force F(t) and the system could be
visualized as a combination of three pure components, in order to describe the
behaviour of the system with respect to time:

• 1. The stiffness component → The system without damping or mass.

• 2. The damping component → The system without stiffness or mass.

• 3. The mass component → The system without stiffness or damping.

The visualization of the three pure components could be seen in Figure 4.8

(a) Stiffness component (b) Damping component (c) Mass component

Figure 4.8: Visualization of the three pure components [7].

The lateral force fS for a linear system could be written as the deformation
times the system stiffness, while disregarding damping and mass components,
see Equation 4.35.

ku = fS (4.35)

The pure viscous damping component of the system is visualized in Figure
4.8b. If it is assumed that the viscous damper is linear, then the damper force fD
could be calculated as the damper velocity times the viscous damping coefficient,
see Equation 4.36.

31



CHAPTER 4. THEORETICAL BACKGROUND

cu̇ = fD (4.36)

Finally, Newton’s second law of motion is applied, in order to calculate the
force due to movements of the mass in the system. This means that the force
fI could be expressed as the mass times its acceleration, see Equation 4.37.

mü = fI (4.37)

Conclusively, the behaviour of the frame, visualized in Figure 4.7, can be
found. Equation 4.38 is found by a superposition of the contribution of all pure
components.

fI + fD + fS = mü+ cu̇+ ku = F (t) (4.38)

This equation is called the equation of motion (EOM) and is widely used
for analyzing the dynamic equilibrium of structures. The EOM and the theory
behind it is fundamental in this thesis.

4.4 Newmark’s method

Newmark’s method is an implicit numerical time-stepping method that is used
for integration of differential equations. [7]

This method is sufficient to solve the equation of motion for linear systems
of equations. The foundation of the method is based on Equation 4.39-4.42:

fi = müi + cu̇i + kui (4.39)

fi+1 = müi+1 + cu̇i+1 + kui+1 (4.40)

u̇i+1 = u̇i + [(1− γ)∆t]üi + γ∆tüi+1 (4.41)

ui+1 = ui + ∆tu̇i + [(0.5− β)∆t2]üi + β∆t2üi+1 (4.42)

β is
1

2
and γ is

1

4
, according to the average acceleration method stated by

Newmark.
Equation 4.41 and Equation 4.42 are reformulated into incremental quan-

tities, in order to further derive Newmark’s method. Consequently, iteration
procedures are avoided, which allows for a simplified working process for find-
ing the solutions of the differential equations. The incremental quantities can
be seen in Equation 4.43 and Equation 4.44:

∆ui ≡ ui+1 − ui ∆u̇i ≡ u̇i+1 − u̇i ∆üi ≡ üi+1 − üi (4.43)

∆fi = fi+1 − fi (4.44)
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Which means that the incremental equation of motion is obtained by sub-
tracting Equation 4.40 with Equation 4.39:

∆fi = m∆üi + c∆u̇i + k∆ui (4.45)

By rearranging Equation 4.41 and Equation 4.42:

u̇i+1 − u̇i = ∆tüi + γ∆t(üi+1 − üi) (4.46)

ui+1 − ui = ∆tu̇i +
∆t2

2
üi + β∆t2(üi+1 − üi) (4.47)

and substituting the expressions on the left hand side and in the parentheses
(in Equation 4.46 and Equation 4.47) to the incremental quantities in Equation
4.43, following expressions are obtained:

∆u̇i = ∆tüi + γ∆t∆üi (4.48)

∆ui = ∆tu̇i +
∆t2

2
üi + β∆t2∆üi (4.49)

Equation 4.49 can be solved for:

∆üi =
∆ui
β∆t2

− u̇i
β∆t

− üi
2β

(4.50)

The following expression is achieved by substituting Equation 4.50 into
Equation 4.48:

∆u̇i =
γ

β∆t
∆ui −

γ

β
u̇i + ∆t

(
1− γ

2β

)
üi (4.51)

Moreover, by replacing ∆u̇i and ∆üi in Equation 4.45 with Equation 4.50
and Equation 4.51 and then rearrange the terms, the following is obtained:

∆fi = (
m

β∆t2
+

cγ

β∆t
+ k)∆ui − (

m

β∆t
+
cγ

β
)u̇−

[
m

2β
+ c∆t(

γ

2β
− 1)

]
ü (4.52)

where the first term on the right hand side of the equation can be rephrased
as:

k̂∆ui = ∆f̂i (4.53)

and k̂ is:

k̂ =
m

β∆t2
+

cγ

β∆t
+ k (4.54)

If the second and third terms of Equation 4.52 are denoted as follows:

a =
m

β∆t
+
cγ

β
b =

m

2β
+ c∆t

(
γ

2β
− 1

)
(4.55)
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then, Equation 4.52 can be expressed as:

∆fi = ∆f̂i − au̇− bü (4.56)

and rearranged as:

∆f̂i = ∆fi + au̇+ bü (4.57)

Thus, ∆ui can be solved for by rephrasing Equation 4.53:

∆ui =
∆f̂i

k̂
(4.58)

With the value of ∆ui known, it is possible to calculate ∆u̇i and ∆üi from
Equation 4.50 and 4.51. Finally, the values of ui+1, u̇i+1 and üi+1 are deter-
mined from Equation 4.43. [7]
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Chapter 5

Methodology

5.1 Linear viscous damping

Firstly, a simple SDOF-system was created, in order to get a better understand-
ing of the behaviour of the viscous damper. The input data for the model was
chosen to correspond the Banafjäl bridge of Bothnia line and could be seen in
Table 5.1. The input data for the external damper coefficient was tested for
nine different values, from 0 to 800 kNs/m, with a difference of 100 kNs/m (ex-
pressed as 0:100:800 in Table 5.1). A visual representation of the model could
be seen in Figure 5.2.

E I me L ξ k Cd

[GPa] [m4] [kg/m] [m] [%] [MN/s] [kNs/m]

200 0.61 18 400 42 0.5 4.94 0:100:800

Table 5.1: Input data for the SDOF-model.

Figure 5.1: Example of retrofitting a FVD in reality [20].
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(a) SDOF-model of the Banafjäl
bridge.

(b) Visualisation of the investi-
gated problem.

Figure 5.2: Representation of the SDOF-model.

The purpose of the model was to investigate which influence the damper has
on the response when the system is subjected to a cyclic loading:

f(t) = f0e
iωt (5.1)

Thus, the solution of the equation of motion can be anticipated to be on the
form:

u(t) = u0e
iωt (5.2)

Hence, the velocity and acceleration can be expressed as:

u̇(t) = u0iωe
iωt (5.3)

ü(t) = −u0ω2eiωt (5.4)

and the equation of motion can be written as:

−mu0ω2eiωt + icu0ωe
iωt + ku0e

iωt = f0e
iωt (5.5)

The following expression is obtained by rearranging Equation 5.5:

(
−mω2 + icω + k

)
u0e

iωt = f0e
iωt (5.6)

Due to this, the response of the system could be rewritten as:

u0 =
f0

−mω2 + icω + k
(5.7)

The parameter c, in Equation 5.7, represents the total damping of the sys-
tem. This variable has to be modified, since the model consists of both struc-
tural and external damping. If the first vertical bending mode of vibration of
the bridge is assumed to be:

φ(x) = sin
(πx
L

)
(5.8)
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Then, the damping in the SDOF-model can be written as:

c = c+
φ(xd)

2Cd

2
√

2
= 2ξ

√
km+

φ(xd)
2Cd

2
√

2
(5.9)

Where xd is the horizontal distance from the edge of the bridge to the
damper-bridge connection. The damper coefficient is multiplied by 1/

√
2 in

order to take the 45◦ inclination of the damper into consideration. This value
is an appropriate estimation of the influence of the inclination since the angular
change between the original and the deformed position of the bridge was very
small. The final expression for the damped response is, hence:

u0 =
f0

−mω2 + iω
(

2ξ
√
km+ φ(xd)2Cd

2
√
2

)
+ k

(5.10)

Furthermore, Equation 5.10 is calculated for different damper coefficients
and the results are shown in Figure 5.3.
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Figure 5.3: Acceleration for the SDOF-system.

The reduction of the acceleration is large, as could be seen in Figure 5.3. The
accleration is reduced with approximately 40% for a damper with a damping
coefficient of 20 MNs/m.
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5.2 Simulation of the Bothnia line bridges

5.2.1 Parametric study

Five different bridges were investigated, in order to be able to observe the effects
of the damping devices when alternating some structural parameters. The varied
parameters were the bridge type, number of spans and the prevailing acceleration
level. The different bridges and their respective properties are presented in Table
5.2:

Name Bridge type Nrspans

Banafjäls̊an Simply supported composite girder bridge 1

Brynge̊an Simply supported composite girder bridge 1

Lögde älv Continuous composite girder bridge 2

Sidensjövägen Continuous reinforced girder bridge 3

Öre älv Continuous composite girder bridge 4

Table 5.2: Information regarding the investigated bridges.

Geometry

The first step in modelling the different bridges was to determine the FEM geome-
try. Each bridge was modelled with and without eccentricity, in order to investigate
if the distance between the centre of gravity line and the connection point of the
damper influenced the result. All of the bridges were modelled in a similar manner.
See Figure 5.7 for a visualization of the bridge model, including geometry, nodes,
boundary conditions (BC) etc.

(a) FEM-model without eccentricity (b) FEM-model with eccentricity

Figure 5.7: Representation of the FEM-models.

The bridge deck consisted entirely of beam elements. One of the bridges (Sidensjövägen)
had integrated abutments at both ends of the bridge. These were assigned individ-
ually as two nodal masses, located at each end node of two beam extensions.

There were two damper elements attached to each span. At first, the dampers
were attached between the abutment and the bridge deck, with an inclination of 45◦.
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5.2. SIMULATION OF THE BOTHNIA LINE BRIDGES

However, this was discovered to be impractical, due to the fact that the abutment
could be unable to endure horizontal forces. Consequently, another investigation
was conducted as well. The dampers were rotated to a vertical position and attached
to tension rods that were anchored to the ground.

The eccentricities were modelled as rigid link elements, which were located at
each support and at every damper-bridge connection.

Element properties

The second step was to assign the different element properties for the rigid links,
damper elements and ordinary beam elements. This was achieved by creating
local stiffness, damping and mass matrices that were assembled to global element
matrices. The beam elements were assigned a stiffness and mass matrix according
Equation 4.18 and 4.19 respectively. The damping properties for the regular beam
elements were added in a later step when the structural damping were assembled at
global level for the bridge. This was done by using Rayleigh damping. For further
information about Rayleigh damping and local element matrices, see Chapter 4.2
and 4.1.2.

The simulations were conducted for four different damper coefficients, where
the strength of the dampers were chosen according to the prevailing conditions for
each bridge respectively. The external dampers were modelled as damper elements,
i.e. an element with a damping matrix but with empty stiffness and mass matrices.

Moreover, the rigid link elements were assigned element types without any prop-
erties. Instead, the eccentricities were modelled as master/slave constraints between
two nodes, in order to show a behaviour similar to that of entirely rigid links. How-
ever, master/slave constraint requires several modifications of the FEM-equations.
For example the boundary conditions, as well as the constrained slaves, had to be
condensed from the global element matrices. For further details please turn to the
theory about constraint equations mentioned in Chapter 4.1.3. Another modifica-
tion was done for the mass matrix, where the places in the diagonal that included
zeros had to be substituted for a small mass. However, it was of great importance
that this added mass did not have a significant impact on the results.

Numerical parameters

The numerical model parameters can be chosen to give appropriate accuracy in
the results. These parameters includes the time interval, mesh size and, hence, the
number of elements, nodes and DOF:s.

Input parameters

The input and model parameters that determine the geometry and element prop-
erties of the bridges are presented below, for each bridge individually.
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Banafjäls̊an

E I me L Ecc ξ HSLM

[GPa] [m4] [kg/m] [m] [m] [%] [ - ]

200 0.61 18 400 42 2.21 0.5 A4

Table 5.3: Input parameters for the Banafjäls̊an bridge.

(a) FEM-geometry, no eccentricity.

(b) FEM-geometry, with eccentricity.

Figure 5.8: FEM-geometry of the Banafjäls̊an bridge.

Mesh Ld Nrelements Nrnodes NrDOF:s tint

[m] [m] [ - ] [ - ] [ - ] [s]

No eccentricity 1 1.41 44 45 135 0:0.01:10

Eccentricity 1 1.41 48 49 147 0:0.01:10

Table 5.4: Modeling parameters for the Banafjäls̊an bridge.
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Brynge̊an

E I me L Ecc ξ HSLM

[GPa] [m4] [kg/m] [m] [m] [%] [ - ]

200 0.86 19 000 48 2.0 0.5 A7

Table 5.5: Input parameters for the Brynge̊an bridge.

(a) FEM-geometry, no eccentricity.

(b) FEM-geometry, with eccentricity.

Figure 5.9: FEM-geometry of the Brynge̊an bridge.

Mesh Ld Nrelements Nrnodes NrDOF:s tint

[m] [m] [ - ] [ - ] [ - ] [s]

No eccentricity 1 1.41 50 51 153 0:0.01:10

Eccentricity 1 1.41 54 55 165 0:0.01:10

Table 5.6: Modeling parameters for the Brynge̊an bridge.
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Lögde älv

E I me L Ecc ξ HSLM

[GPa] [m4] [kg/m] [m] [m] [%] [ - ]

35 2.82 13 544 43+43 1.80 0.5 A4

Table 5.7: Input parameters for the Lögde älv bridge.

(a) FEM-geometry, no eccentricity.

(b) FEM-geometry, with eccentricity.

Figure 5.10: FEM-geometry of the Lögde älv bridge.

Mesh Ld Nrelements Nrnodes NrDOF:s tint

[m] [m] [ - ] [ - ] [ - ] [s]

No eccentricity 1 1.41 90 91 273 0:0.005:10

Eccentricity 1 1.41 97 98 294 0:0.005:10

Table 5.8: Modeling parameters for the Lögde älv bridge.
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Sidensjövägen

E I me mend L Ecc ξ HSLM

[GPa] [m4] [kg/m] [kg] [m] [m] [%] [ - ]

20.4 0.31 19 600 64 360 (1.5+)13+17+13(+1.5) 0.4 2.3 A4

Table 5.9: Input parameters for the Sidensjövägen bridge.

(a) FEM-geometry, no eccentricity.

(b) FEM-geometry, with eccentricity.

Figure 5.11: FEM-geometry of the Sidensjövägen bridge.

Mesh Ld Nrelements Nrnodes NrDOF:s tint

[m] [m] [ - ] [ - ] [ - ] [s]

No eccentricity 1 1.41 51 52 156 0:0.005:10

Eccentricity 1 1.41 61 62 186 0:0.005:10

Table 5.10: Modeling parameters for the Sidensjövägen bridge.
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Öre älv

E I me L Ecc ξ HSLM

[GPa] [m4] [kg/m] [m] [m] [%] [ - ]

33 3.19 13 967 35+42+46+37 2.10 0.5 A2

Table 5.11: Input parameters for the Öre älv bridge.

(a) FEM-geometry, no eccentricity.

(b) FEM-geometry, with eccentricity.

Figure 5.12: FEM-geometry of the Öre älv bridge.

Mesh Ld Nrelements Nrnodes NrDOF:s tint

[m] [m] [ - ] [ - ] [ - ] [s]

No eccentricity 1 1.41 168 169 507 0:0.01:10

Eccentricity 1 1.41 181 182 546 0:0.01:10

Table 5.12: Modeling parameters for the Öre älv bridge.
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Dynamic loading

Different train models stated in CEN (EN-1991-2) were simulated to cross the bridge
at increasing speeds, from 100 to 300 km/h. The bridges reached their highest
acceleration level for different train models (and speeds), wherefore only the most
critical one was investigated for each bridge respectively. The critical train model
for each bridge was based on the study “Järnvägsbroar p̊a Botniabanan: Dynamiska
kontroller för framtida höghastighetst̊ag - Steg 1”. The different train models are
described in Figure 5.13 and Table 5.13.

Figure 5.13: Template for the train models stated in EN-1991-2.

HSLM N D d F

[ - ] [ - ] [m] [m] [kN]
A1 18 18 2.0 170
A2 17 19 3.5 200
A3 16 20 2.0 180
A4 15 21 3.0 190
A5 14 22 2.0 170
A6 13 23 2.0 180
A7 13 24 2.0 190
A8 12 25 2.5 190
A9 11 26 2.0 210
A10 11 27 2.0 210

Table 5.13: Table with properties for the different train models stated in EN-1991-2.

The train model was simulated as vertical point loads acting on different posi-
tions of the bridge’s superstructure at different time steps. All these vectors were
put into a matrix which corresponded to the matrix in Equation 5.1.

Fm,n =




FDOF1,t0 FDOF1,t1 · · · FDOF1,tn

FDOF2,t0 FDOF2,t1 · · · FDOF2,tn
...

...
. . .

...
FDOFm,t0 FDOFn,t1 · · · FDOFm,tn


 (5.1)

This matrix described all force locations, for each time step, for a train passage
at a given speed. When the position of a certain force did not correspond with
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a nodal position it was assumed that force would be distributed to the closest
nodes. The distribution of the force was calculated with linear interpolation for the
concerned nodes.

Implicit time-integration

With known locations of the train forces at each time step (for each train speed)
the vertical displacement, velocity and acceleration of the bridge could be estimated
for each DOF. This was done using Newmark’s method. Please see Chapter 4.4 for
more information about this method.

Determining required properties

The maximum vertical acceleration for each train speed and DOF, as well as the
reduced acceleration for each damping coefficient was extracted from Newmark’s
method. Thus, this allowed for the determination of the required damping coef-
ficient that reduced the vertical acceleration to an acceptable level. Furthermore,
the required damping coefficient and the maximum velocity in the damper was used
in order to calculate the required damping force. The velocity in each damper was
extracted in both the vertical and horizontal directions, and the resulting damper
velocity was then calculated by using “Pythagoras theorem”. This enabled the
derivation of the maximum velocity in the direction of the damper at each train
speed (u̇max), from which the maximum required damping force was calculated
according to Equation 5.2:

Fd = Cdu̇
α
max (5.2)

The value of α was set to 1 for linear dampers. Consequently, the optimal set
of dampers, i.e. number of dampers and the damping force in each of them, could
be determined. All of the installed dampers in each bridge were designed according
to the highest obtained required damping force. Hence, they were designed in a
conservative manner.

Figure 5.14: The damper type that has been used in the simulations.

when calculating the required number of dampers at each support. The chosen
damper type is shown in Figure 5.14 and is constructed by Dellner Dampers. It
could sustain a maximum force of 70 kN, wherefore the number of required dampers
were calculated as the obtained damper force divided by 70 kN.
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5.2.2 Supplementary investigations

Other investigations have been performed on the Banafjäls̊an bridge, in order to
analyze the influence from changing some of the parameters. The damper force will
act in an inclined direction, which will, hence, lead to one component in the vertical
direction and one component in the horizontal direction. It is, thus, important to
investigate some alternative attachment possibilities, due to the fact that the abut-
ments have difficulties to take care of horizontal forces. The abutment is designed
to resist a certain pressure from the soil behind it. Hence, failure of the abutment
may occur, if increasing the pressure in the same direction as the resulting pressure.

Furthermore, the belief was that the damper force could be decreased if changing
some parameters that may influence the damper force. A decreased damper force
could in some cases lead to a reduced horizontal component, which would increase
the possibilities of retrofitting the damper to the abutment.

The first investigation that has been conducted is the influence that may arise
when changing the position of the damper attachment point, i.e. the distance
between the damper-bridge attachment point and the support. Another supple-
mentary investigation was to change the inclination of the damper, i.e. the angle
between the support and the direction of the damper.

Influence of the distance from the support

The influence of the damper position was measured by moving the damper further
away from the support, while keeping the inclination of the damper unchanged.
The damper attachment point was moved 1 meter along the bridge (and 1 meter
down along the abutment) in each simulation, allowing the damper to be moved
4 meters from the support in total. A prerequisite of this investigation was that
the length of the damper could be extended to an appropriate length. However,
the damping coefficient was not changed within a given simulation. Otherwise,
the results from the changes in distance would not be comparable. The process of
changing the connection point of the damper to the bridge and the abutment is
shown in Figure 5.15.
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(a) Influence of the distance from the sup-
port, without eccentricity.

(b) Influence of the distance from the sup-
port, with eccentricity.

Figure 5.15: The models measuring the influence of the distance from the support.

The movement of the damper was achieved by changing the node connection of
the damper (and rigid links in the eccentricity case) to adjacent nodes on the beam
elements of the bridge. Furthermore, the coordinates of the nodes at the other end
of each damper, the one connecting to the abutment, was changed accordingly.

Influence of the inclination of the damper

The influence of changing the inclination of the damper were obtained by main-
taining the attachment points of the dampers, while altering the connection point
to the abutment. However, an assumption was that it was possible to extend the
damper to the required length. The damper coefficient was retained, in order to
be able to interpret and compare the obtained results. The investigated angles,
between the abutment and the direction of the damper, were; 15◦, 30◦, 45◦ and
60◦. The procedure of changing the angles of the damper is visualized in Figure
5.16.

The nodes connected to the abutments were changed to coordinates which al-
lowed for the given inclinations of the dampers. As a result, the coordinate of the
damper with a 15◦ inclination was, hence, furthest away from the support and the
distance were reduced while the angle was increased. The damper length was, thus,
the longest for the inclination of 15◦ and shortest for an angle of 60◦.
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(a) Influence of the inclination of the
damper, without eccentricity.

(b) Influence of the inclination of the
damper, with eccentricity.

Figure 5.16: The models measuring the influence of the inclination of the damper.

5.3 Verification of simulations

5.3.1 Verification of codes

To verify the quality of the FE-models made in MATLAB, the same model was
created in Brigade+, a FE-software developed by Scanscot Technologies AB. In all
models, the bridge itself was modelled with Euler-Bernoulli beam elements with
three translations at each node. The dampers were modelled as dashpot elements
in Brigade+.

Two models were created in order to verify the validity of the eccentricities.
The rigid links were modelled as beam elements with high E-modulus in one model
and by master/slave constraints in the other one. For further information about
constraint equations, see Chapter 4.1.3. Both of these models were verified with the
same model that was created in Brigade+, where the rigid links were modelled as
coupling constraints. The comparison of the three models allowed for a verification
whether the constraint equations or the beam elements with high E-modulus cap-
tured the actual behaviour of the bridge in a proper manner. The bridge material
properties such as the mass and the modulus of elasticity, was the same as for the
SDOF-system, see Table 5.1. The remaining input parameters for the bridge model
is shown in Table 5.14.
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Elink Nrelements Nrnodes NrDOF Le Ld Ecc

[GPa] [ - ] [ - ] [ - ] [m] [m] [m]
No eccentricity - 44 45 135 1.0 1.41 1.0

Eccentricity 1000 48 49 147 1.0 1.41 1.0

Table 5.14: Indata for the FEM-models in MATLAB.

All models were exposed to an impulse loading that was applied at the midpoint
of the bridge, see Figure 5.17 for a graphical representation of the applied force.
The acceleration of the bridge was then calculated at the same point.
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Figure 5.17: The impulse force that was applied at the midpoint of the bridge in the validation of
the MATLAB code.

The results are visualized in Figure 5.18. Clearly, the results from the models
show an excellent agreement. Thus, the simulation of this bridge was made through
the MATLAB code due to shorter computational (CPU) time. Even though the
outcome from both models were sufficiently consistent with the results from the FE-
software, it was believed that the constraint equations were more reliable. Hence,
the chosen approach for modeling the rigid links were by adding constraint equa-
tions.
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5.3. VERIFICATION OF SIMULATIONS
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(a) Maximum acceleration, FE-model without eccentricity.

 

 

Brigade+
MATLAB

A
cc
el
er
at
io
n
[m

/s
2
]

Time [s]

Acceleration, Cd = 200 MNs/m

0 0.5 1 1.5 2 2.5 3

×10−4

−2

0

2

4

(b) Maximum acceleration, FE-model with high E-modulus.
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(c) Maximum acceleration, FE-model with master/slave constraints.

Figure 5.18: Verification of the FE-models.
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CHAPTER 5. METHODOLOGY

5.3.2 Verification of constraints

A verification of the constraint equations was performed for all bridges. The simple case
(without eccentricities) was compared to a similar code, where small eccentricities had been
introduced. The eccentricity was chosen to be 1 mm for each bridge. All other parameters
remained the same. The belief was that this should bring a similar behaviour from the code
with small eccentricities introduces, as the case without the influence from the eccentricities.

The conclusion would be that the constraint equations were correct if the results were
similar. The verification was performed for all bridges, but only two of them are reported
below. One of the reported bridges was simply supported and the other one was continuous.
This enabled a reliable verification of all involved bridges, since all of them were either
simply supported or continuous. The first bridge is the Banafjäls̊an bridge, which has been
investigated to a greater extent and it is, thus, important that this code is valid. The other
bridge is the Öre älv bridge, in which the model gave rise to some unexpected results.
Therefore, it was crucial to investigate the validity of the model.

When looking at the different verifications for the Banafjäls̊an bridge (Figure 5.20 and
5.21) and Öre älv bridge (Figure 5.22 and 5.23), it is clear that the results differ more
distinctly for continuous bridges with multiple spans. The model of a continuous bridge
will include a higher amount of rigid links, due to a higher amount of supports and damper
connections. This may, hence, lead to increased inaccuracies.

Furthermore, the results for the Öre älv bridge with regard taken to the influence from
the actual eccentricity differed considerably as well, when compared to the results from the
other bridges. The main difference was that the results without any dampers, i.e. where
the damping coefficient was equal to zero, varied significantly between the codes. According
to the results, there would be no need for any reduction of the acceleration, if taking the
eccentricity into account. Therefore, a complementary verification of the Öre älv bridge
and the real eccentricity was performed in Brigade+. The same impulse load as shown in
Figure 5.17 was used for this verification as well. However, the force was applied in the
middle of one span, due to the fact that the Öre älv bridge had four spans. The result from
the verification is shown in Figure 5.19.
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Figure 5.19: Verification of the eccentricity in the Öre älv bridge.

As seen in the figure, the results obtained from the MATLAB-model corresponds prop-
erly with the results from the model that was created in the FE-software. Hence, it was
reasonable to believe that the results were correct.
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5.3. VERIFICATION OF SIMULATIONS

Banafjäls̊an

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.29 9.17 20.64 6.71 173 80 1.84

Eccentricity 2.29 9.17 20.63 6.71 173 80 1.80

Table 5.15: Results for the Banafjäls̊an bridge.
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(a) Maximum acceleration of the Banafjäls̊an bridge, no eccentricity considered.
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(b) Maximum acceleration of the Banafjäls̊an bridge, eccentricity considered.

Figure 5.20: Vertical accelerations for the Banafjäls̊an bridge.
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CHAPTER 5. METHODOLOGY

Fd,0,res Fd,20,res Fd,40,res Fd,80,res

[kN] [kN] [kN] [kN]

No eccentricity 0 448 636 789

Eccentricity 0 448 636 787

Table 5.16: Resulting damper force for different damping coefficients for the Banafjäls̊an bridge.
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(a) Damper forces in the Banafjäls̊an bridge, no eccentricity considered.
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(b) Damper forces in the Banafjäls̊an bridge, eccentricity considered.

Figure 5.21: Damper forces for reducing the vertical accelerations of the Banafjäls̊an bridge.
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5.3. VERIFICATION OF SIMULATIONS

Öre älv

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.51 3.46 4.41 6.20 300 100 1.79

Eccentricity 2.51 3.46 4.41 6.20 300 100 1.95

Table 5.17: Results for the Öre älv bridge.
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(a) Maximum acceleration of the Öre älv bridge, no eccentricity considered.
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(b) Maximum acceleration of the Öre älv bridge, eccentricity considered.

Figure 5.22: Vertical accelerations for the Öre älv bridge.
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CHAPTER 5. METHODOLOGY

Fd,0,res Fd,20,res Fd,50,res Fd,100,res

[kN] [kN] [kN] [kN]

No eccentricity 0 289 466 708

Eccentricity 0 328 549 752

Table 5.18: Resulting damper force for different damping coefficients for the Öre älv bridge.
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(a) Damper forces in the Öre älv bridge, no eccentricity considered.
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(b) Damper forces in the Öre älv bridge, eccentricity considered.

Figure 5.23: Damper forces for reducing the vertical accelerations of the Öre älv bridge.
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5.4. RESISTANCE VERIFICATION

5.4 Resistance verification

A resistance verification of the load carrying beams (main beams) was conducted, in
order to verify whether or not it was possible to install the external dampers. since
the damper will be connected to the bottom flanges of the main beams. Moreover,
this is an existing part of the bridge, which means that it had to be able to resist
the additional forces that arose at the positions of the damper attachments. The
verification was done for the Banafjäls̊an bridge. The investigated main beam is
shown in Figure 5.24 and the associated input parameters are given in Table 5.19.

(a) Elevation of the main beam.

(b) Cross section of the main beam.

Figure 5.24: Visualization of the main beam.

E fy bf tf tw h

[GPa] [MPa] [mm] [mm] [mm] [mm]
Banafjäls̊an 200 420 900 45 21 2500

Table 5.19: Indata for the resistance calculations of the main beam.

Furthermore, additional beams had to be attached to the bottom flange of each
main beam, in order to enable mounting of multiple dampers. This additional cross
beam was chosen to be a VKR beam of which its dimensions and properties had to
be determined. The calculation procedure of the resistance of the main and cross
beams are to be found in Appendix A.
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Chapter 6

Results

Overview

A parameter study has been conducted in order to verify whether or not
retrofitting of external dampers would reduce the acceleration level. Five
bridges have been investigated and a sufficient damper configuration has
been determined for each case. The results from the parameter study are
presented in this chapter. Other influential parameters, such as the angle
between the damper and the bridge span, are presented as well. Conclu-
sively, a resistance verification of important structural members have been
conducted.
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CHAPTER 6. RESULTS

6.1 Banafjäls̊an

6.1.1 Drawings of Banafjäls̊an

Figure 6.1: Overview of the bridge.

Figure 6.2: Bridge deck.

Figure 6.3: Transversal stiffening beam.
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6.1. BANAFJÄLSÅN

6.1.2 Bridge acceleration and damper force

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.29 9.17 20.64 6.71 173 80 1.84

Eccentricity 2.23 8.03 24.60 6.43 168 12 1.99

Table 6.1: Results for the Banafjäls̊an bridge.
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(a) Maximum acceleration of the Banafjäls̊an bridge, no eccentricity considered.
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(b) Maximum acceleration of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.4: Vertical accelerations for the Banafjäls̊an bridge.
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CHAPTER 6. RESULTS

Cd,req Fd,res Nrd,req

[MNs/m] [kN] [ - ]

No eccentricity 80 789 12

Eccentricity 12 322 5

Table 6.2: Required damping coefficient, resulting damper force and number of required dampers.
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(a) Damper forces in the Banafjäls̊an bridge, no eccentricity considered.
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(b) Damper forces in of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.5: Damper forces for reducing the vertical accelerations of the Banafjäls̊an bridge.
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6.1. BANAFJÄLSÅN

6.1.3 Proposed design

(a) View of the proposed design. (b) Section of the proposed design.

(c) 3D view of the proposed design.

Figure 6.6: The proposed design for the Banafjäls̊an bridge.

63



CHAPTER 6. RESULTS

6.2 Brynge̊an

6.2.1 Drawings of Brynge̊an

Figure 6.7: Overview of the bridge.

Figure 6.8: Bridge deck.

Figure 6.9: Transversal stiffening beam.
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6.2. BRYNGEÅN

6.2.2 Bridge acceleration and damper force

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.05 8.21 18.46 5.48 176 100 1.84

Eccentricity 2.02 7.56 22.27 5.28 174 7 1.84

Table 6.3: Results for the Brynge̊an bridge.

 

 

EC-Limit
C = 100 MNs/m
C = 50 MNs/m
C = 20 MNs/m
C = 0 MNs/m

A
cc
el
er
at
io
n
[m

/s
2
]

Train speed [km/h]

Brynge̊an

100 120 140 160 180 200 220 240 260 280 300
0

1

2

3

4

5

6

(a) Maximum acceleration of the Brynge̊an bridge, no eccentricity considered.
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(b) Maximum acceleration of the Brynge̊an bridge, eccentricity considered.

Figure 6.10: Vertical accelerations for the Brynge̊an bridge.
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Cd,req Fd,res Nrd,req

[MNs/m] [kN] [ - ]

No eccentricity 100 947 14

Eccentricity 7 285 5

Table 6.4: Required damping coefficient, resulting damper force and number of required dampers.
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(a) Damper forces in the Brynge̊an bridge, no eccentricity considered.
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(b) Damper forces in the Brynge̊an bridge, eccentricity considered.

Figure 6.11: Damper forces for reducing the vertical accelerations of the Brynge̊an bridge.
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6.2. BRYNGEÅN

6.2.3 Proposed design

(a) View of the proposed design. (b) Section of the proposed design.

(c) 3D view of the proposed design.

Figure 6.12: The proposed design for the Brynge̊an bridge.
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6.3 Lögde älv

6.3.1 Drawings of Lögde älv

Figure 6.13: Overview of the bridge.

Figure 6.14: Bridge deck.

Figure 6.15: Transversal stiffening beam.
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6.3. LÖGDE ÄLV

6.3.2 Bridge acceleration and damper force

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.29 3.58 9.17 6.58 271 170 2.02

Eccentricity 2.25 3.46 9.72 6.60 262 7 1.78

Table 6.5: Results for the Lögde älv bridge.
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(a) Maximum acceleration of the Lögde älv bridge, no eccentricity considered.
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(b) Maximum acceleration of the Lögde älv bridge, eccentricity considered.

Figure 6.16: Vertical accelerations for the Lögde älv bridge.

69



CHAPTER 6. RESULTS

Cd,req Fd,res Nrd,req

[MNs/m] [kN] [ - ]

No eccentricity 170 1537 22

Eccentricity 7 189 3

Table 6.6: Required damping coefficient, resulting damper force and number of required dampers
at each support.
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Lögde älv
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(a) Damper forces in the Lögde älv bridge, no eccentricity considered.
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(b) Damper forces in the Lögde älv bridge, eccentricity considered.

Figure 6.17: Damper forces for reducing the vertical accelerations of the Lögde älv bridge.
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6.3. LÖGDE ÄLV

6.3.3 Proposed design

(a) View of the proposed design. (b) Section of the proposed design.

(c) 3D view of the proposed design.

Figure 6.18: The proposed design for the Lögde älv bridge.
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6.4 Sidensjövägen

6.4.1 Drawings of Sidensjövägen

Figure 6.18: Overview of the bridge.

Figure 6.19: Bridge deck.
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6.4. SIDENSJÖVÄGEN

6.4.2 Bridge acceleration and damper force

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 4.00 6.18 7.47 21.77 300 - -

Eccentricity 3.97 6.90 7.96 21.86 300 - -

Table 6.7: Results for the Sidensjövägen bridge. It was not possible to reduce the accelerations.

 

 

EC-Limit
C = 40 MNs/m
C = 30 MNs/m
C = 20 MNs/m
C = 0 MNs/m

A
cc
el
er
at
io
n
[m

/s
2
]

Train speed [km/h]

Sidensjövägen
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(a) Maximum acceleration of the Sidensjövägen bridge, no eccentricity considered.
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(b) Maximum acceleration of the Sidensjövägen, eccentricity considered.

Figure 6.20: Vertical accelerations for the Sidensjövägen bridge.
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Cd,req Fd,res Nrd,req

[MNs/m] [kN] [ - ]

No eccentricity - - -

Eccentricity - - -

Table 6.8: Required damping coefficient, resulting damper force and number of required dampers.
It was not possible to reduce the accelerations.
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(a) Damper forces in the Sidensjövägen bridge, no eccentricity considered.
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(b) Damper forces in the Sidensjövägen bridge, eccentricity considered.

Figure 6.21: Damper forces for reducing the vertical accelerations of the Sidensjövägen bridge.
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6.4. SIDENSJÖVÄGEN

6.4.3 Proposed design

(a) View of the proposed design. (b) Section of the proposed design.

(c) 3D view of the proposed design.

Figure 6.22: The proposed design for the Sidensjövägen bridge.

No dampers have been attached to the Sidensjövägen bridge, since it was impossible to reduce
the accelerations to an acceptable level using post-installed FVD:s. A higher damping coefficient
and, hence, a stronger damper would not lead to any substantial reduction. The force would be
increased instead, which will lead to a higher amount of required dampers.
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6.5 Öre älv

6.5.1 Drawings of Öre älv

Figure 6.23: Overview of the bridge.

Figure 6.24: Bridge deck.

Figure 6.25: Transversal stiffening beam.
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6.5. ÖRE ÄLV

6.5.2 Bridge acceleration and damper force

f1 f2 f3 ümax vcr Cd,req üred

[Hz] [Hz] [Hz] [m/s2] [km/h] [MNs/m] [m/s2]
No eccentricity 2.51 3.46 4.41 6.20 300 100 1.79

Eccentricity 2.48 3.02 4.61 3.40 263 1.5 1.97

Table 6.9: Results for the Öre älv bridge.
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Öre älv
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(a) Maximum acceleration of the Öre älv bridge, no eccentricity considered.
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(b) Maximum acceleration of the Öre älv bridge, eccentricity considered.

Figure 6.26: Vertical accelerations for the Öre älv bridge.

77



CHAPTER 6. RESULTS

Cd,req Fd,res Nrd,req

[MNs/m] [kN] [ - ]

No eccentricity 100 708 11

Eccentricity 1.5 48 1

Table 6.10: Required damping coefficient, resulting damper force and number of required dampers.
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(a) Damper forces in the Öre älv bridge, no eccentricity considered.
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(b) Damper forces in the Öre älv bridge, eccentricity considered.

Figure 6.27: Damper forces for reducing the vertical accelerations of the Öre älv bridge.
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6.5. ÖRE ÄLV

6.5.3 Proposed design

(a) View of the proposed design. (b) Section of the proposed design.

(c) 3D view of the proposed design.

Figure 6.28: The proposed design for the Öre älv bridge.
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6.6 Supplementary investigations

6.6.1 Distance from the support

üred,1m üred,2m üred,3m üred,4m Cd

[m/s2] [m/s2] [m/s2] [m/s2] [MNs/m]
No eccentricity 5.72 3.90 2.45 1.57 6

Eccentricity 3.17 2.57 2.60 2.59 6

Table 6.11: Results when changing the distance between the connection point of the damper further
away from the support, for the Banafjäls̊an bridge.
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(a) Maximum acceleration of the Banafjäls̊an bridge, no eccentricity considered.
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(b) Maximum acceleration of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.1: Vertical accelerations for the Banafjäls̊an bridge.
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Fd,res,1m Fd,res,2m Fd,res,3m Fd,res,4m

[kN] [kN] [kN] [kN]

No eccentricity 183 249 237 187

Eccentricity 251 202 172 154

Table 6.12: The resulting damper forces when changing the distance between the connection point
of the damper further away from the support, for the Banafjäls̊an bridge.
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(a) Damper forces in the Banafjäls̊an bridge, no eccentricity considered.
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Banafjäls̊an, Cd = 6 MNs/m

100 120 140 160 180 200 220 240 260 280 300
0

100

200

300

(b) Damper forces in of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.2: Damper forces for reducing the vertical accelerations of the Banafjäls̊an bridge.
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6.6.2 Angle of the damper

üred,15◦ üred,30◦ üred,45◦ üred,60◦ Cd

[m/s2] [m/s2] [m/s2] [m/s2] [MNs/m]
No eccentricity 6.55 6.18 5.72 5.32 6

Eccentricity 3.54 3.37 3.17 3.00 6

Table 6.13: Results when changing the angle between the abutment and the direction of the damper,
for the Banafjäls̊an bridge.
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(a) Maximum acceleration of the Banafjäls̊an bridge, no eccentricity considered.
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(b) Maximum acceleration of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.3: Vertical accelerations for the Banafjäls̊an bridge, with different angles of the dampers.
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Fd,res,15◦ Fd,res,30◦ Fd,res,45◦ Fd,res,60◦

[kN] [kN] [kN] [kN]

No eccentricity 209 198 183 171

Eccentricity 278 266 251 237

Table 6.14: The resulting damper forces when changing the angle between the abutment and the
direction of the damper, for the Banafjäls̊an bridge.
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(a) Damper forces in the Banafjäls̊an bridge, no eccentricity considered.
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(b) Damper forces in of the Banafjäls̊an bridge, eccentricity considered.

Figure 6.4: Damper forces for reducing the vertical accelerations of the Banafjäls̊an bridge.
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6.7 Resistance verification

The resistance against axial forces and bending moment of the existing main
beam was sufficient. However, two transverse stiffeners had to be added for each
damper, in order to fulfil the resistance requirements against patch loading. Two
transverse stiffeners were, hence, added at each support and the other two had
to be installed 1 m along the bridge, seen from the damper-bridge connection.

Furthermore, the VKR beams were design to sustain the damper forces. The
required dimensions and properties are shown in Table 6.15.

L h b t fy

[mm] [mm] [mm] [mm] [MPa]
3420 200 400 16 355

Table 6.15: Dimensions and properties of the VKR beam.

The calculations of the resistance verifications are given in Appendix A.
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Chapter 7

Discussion

The following section is divided into three parts. The first part contains the main
results. The second part describes the results from the supplementary investi-
gations. Finally, the last part includes a discussion of the proposed retrofitting
design of the FVD:s.

7.1 Discussion of results

The results show that post-installed FVD:s could be used in high-speed railway
bridges in order to reduce the vertical acceleration, at least for four out of five
investigated railway bridges. Clearly, the results depend largely on whether or
not the eccentricity of the bridge is considered. The term eccentricity refers
to the actual case where the dampers are attached to the bottom (commonly
the lower flange of the main beam) of the superstructure and not directly to its
center-of-gravity-line. The same reduction was achieved by using a damper co-
efficient with a value of approximately a factor ten lower, when the eccentricities
of the investigated bridges was taken into consideration.

However, this statement did not apply for the Sidensjövägen bridge, which
exceeded the vertical acceleration limit stated in the CEN. The results for the
Sidensjövägen bridge showed that the eccentricity did not have a large impact
and that the effect from the dampers is small compared to the other bridges.
It could also be noticed that the effect from the dampers diminish significantly
when using a large damper coefficients.

Furthermore, the resulting forces in the FVD:s are reduced when a lower
damper coefficient is required. Figure 7.1 shows a summary of the results for the
investigated bridges, where the maximum accelerations could be reduced to an
acceptable level. The diagram shows how many dampers (which can withstand
70 kN each) that are required at each damper location for the different bridges,
in order to reduce the acceleration to a level of approximately 2 m/s2. The
bridge Sidensj¨vägen is excluded from this investigation, due to the fact that it
was shown to be impossible to reduce the bridge acceleration to an acceptable
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level by using post-installed FVD:s.

Figure 7.1: Summarized results - The required amount of dampers that are
required at each damper location for the different bridges, in order to reduce
the acceleration to approximately 2 m/s2.

It should also be mentioned that the higher the reduction of the maximum
acceleration in a bridge (due to larger damping coefficients), the larger will
the resulting forces in the FVD:s be. However, the reduction effect seems to
diminish for higher damping coefficients, in contrast to the damper forces. This
would be problematic for a bridge, such as Sidensjövägen, which requires larger
reductions of the acceleration. The reason is that an increase of the damper
coefficients will only lead to an increased required damper force and no further
reduction of the acceleration whatsoever.

7.2 Results from supplementary investigations

The Banafjäls̊an bridge was examined to a larger extent, in order to investigate
if some parameters had an impact on the result.

The first investigation, where the damper inclination (45◦) was fixed but
the distance from the support to the damper-bridge-connection was altered,
showed to have an influence on the acceleration of the bridge. Moreover, the
results showed that reduction of the acceleration was increased when the FVD:s
were attached further away from the supports. The acceleration level at the
highest peak (occurring at the critical velocity) was substantially reduced, by
retrofitting the dampers in this proposed manner. However, the effect mitigated
for lower peaks at other train speeds. The result from this was that the position
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7.2. RESULTS FROM SUPPLEMENTARY INVESTIGATIONS

of the FVD:s was influential when using low damping coefficients but had almost
no impact when using dampers with larger damping coefficients.

Another interesting effect from this investigation was that the resulting
damper force seemed to decrease with an increasing distance between the sup-
port and the damper-bridge-connection point. All these mentioned effects are
visualized in the figures found in section 6.6.1 and in Figure 7.2.

Figure 7.2: Summarized results - The reduction of bridge acceleration in per-
centage by alternating the damper-bridge-connection point.

The results from the second investigation, where the damper-bridge-connection
was fixed but the inclination of the damper was changed, were that if the damper
was retrofitted with a large angle it would reduce the vertical acceleration more
than for a small retrofitting angle. As for the previous mentioned investigation
this effect was obvious at the critical velocity but negligible for higher train
speeds. Figure 7.3 shows that the effect seems to diminish for larger damping
coefficients for this case as well. However, it is clear that it would be preferable
to use a high damper coefficient, instead of using a lower damper coefficient and
increasing the angle. The reason for this is that the reduction is much higher for
the higher damping coefficients. Other effects regarding this investigation could
be seen in section 6.6.2. Furthermore, a larger angle will increase the horizontal
component of the damper force, which the abutment has to resist. This could
be problematic, since abutments generally are sensitive to horizontal forces.
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Figure 7.3: Summarized results - The reduction of bridge acceleration in per-
centage by alternating the damper retrofitting angle.

Nevertheless, the most suitable configuration will be achieved by making a
trade-off between the angle, damper connection point, damping coefficient and
the resulting damper force.

7.3 Discussion of proposed design

In the simulations, the dampers were assumed to be fixed at the end nodes that
were not attached to the bridge. This is not be the case in reality, since the
damper would be attached to either the bridge abutment or a pier. Lateral
forces will arise, since the damper will be retrofitted with an inclination. It is,
generally, a complex task to enter lateral forces in abutments, due to problems
like for example sliding. Large embankments behind the abutments would prob-
ably be safer when installing the dampers. However, tensile forces will occur
in the FVD:s if the train loads give rise to accelerations in the upward direc-
tion. Hence, failure may occur if the resulting forces from the embankment and
from the FVD:s do not counteract each other. This scenario has to be further
investigated.

The FVD:s should be installed in a way that minimizes the risk of imbalance
in the structure. For that purpose, it is crucial to distribute the dampers along
the VKR beam, in order to provide balance. Another suggestion would be to
retrofit the FVD:s with a small inclination to the VKR beam. However, each
inclined damper force needs to be counteracted by another damper force. See
Figure 7.4 for principal sketch.
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Figure 7.4: Principal sketch over suggestion for retrofitting the FVD:s.

It is believed that this kind of configuration would reduce the risk for imbal-
ance and, thus, stabilize the structure.
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Chapter 8

Conclusion

Primarily, the conclusion is that it is possible to reduce the bridge acceleration
in the Bothnia line by adding post-installed FVD:s. This statement is applicable
for four out of five investigated bridges. Nevertheless, several assumptions were
made in the simulations, e.g. that FVD:s were fixed to the abutments. However,
the simulations were tested and verified extensively and it is fair to say that the
results from the simulations are reliable.

The second conclusion of this thesis is that when modelling bridges in 2D,
and subjecting them to moving loads, it is important to consider the eccentric-
ity of the bridge. The eccentricities of the bridges were shown to have a great
influence on the results. Significantly stronger damping devices were needed in
order to reduce the acceleration level to an acceptable level when using models
without eccentricities, than for the models where the eccentricities were consid-
ered. The acceleration in the Öre älv bridge could be reduced to an acceptable
level only by considering the eccentricity and that no post-installed FVD:s were
needed in order to fulfil the CEN requirements. However, post-installed FVD:s
could be installed for reducing the acceleration below 2 m/s2.

Another conclusion is that positioning and retrofitting parameters, such as
damper-connection point and inclination of the damper, could have a large
impact on the reduction of the bridge acceleration. This had a major effect when
using lower damper coefficients in the simulations, especially in the case when
the connection point of the damper was changed. The reason for this was that
the damper was less effective for smaller peaks occurring for higher train speeds,
than for the peak at the critical velocity. Furthermore, these supplementary
investigations were only performed for the Banafjäls̊an bridge. Thus, the risk is
that the results may differ when performing the same investigations for other
bridges.

The resistance verification of the main beams and the post-installed cross
beams (VKR) shows that it would be possible to install the FVD:s, without
worrying for yielding or failure of the constituent parts. However, transverse
stiffeners must be added to the main beam, in order to be able to sustain the
increased forces.
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Conclusively, the last inference from a more practical point of view. As
mentioned earlier, some assumptions were made in the simulations. However,
it will probably be difficult to connect the dampers to the abutments, due to
increased horizontal forces. It has to be verified whether or not the abutment
can sustain these forces before post-installing the FVD:s.
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Chapter 9

Further research

This thesis contains investigations of whether or not it is possible to reduce
the acceleration levels in existing bridges by using post-installed FVD:s. The
simulations rely on several assumptions and only two dimension are considered.
It has been shown that FVD:s could be retrofitted in existing bridges and pos-
sibly solve fundamental dynamic issues. However, further investigations have
to be conducted before this solution could be used in reality. Firstly, it has
to be proved that the dampers could be connected to the abutments without
giving rise to any problems (e.g. sliding). Other solutions for anchoring the
dampers may exist, if it is shown to be problematic to connect the dampers to
the abutments in this manner.

Secondly, it would be interesting to see the results from the simulation in
an extensive 3D-model. This would be a good way to see if any problems
arise when considering the three-dimensional effects. Moreover, this would be
required when analyzing multi-track railway bridges that may be exposed to
torsional moments.

Furthermore, the results from this thesis showed that the FVD:s are effective
when it comes to reducing the acceleration at the peak at the critical velocity.
Nevertheless, it has also been stated that they are quite ineffective for reducing
the acceleration level at smaller peaks occurring for other train speeds. Only
linear FVD:s has been analysed in the simulations. A proposal for further
research would, thus, be to perform the same simulations, but investigating
non-linear dampers as well. It would be very interesting to see if it would be
possible to use a semi-passive FVD, in order to reduce the acceleration effectively
at several peaks.

Another way to reduce the acceleration for several peaks and achieve the
maximum reduction of acceleration for different train types, would be to use
MRD. Furthermore, the MRD overcomes many of the doubtful problems, such
as expensiveness and technical difficulties, that have been associated with previ-
ous versions of semi-active control devices [48]. However, the MRD may fail in
terms of robustness, due to the diminutive technology that exists today. In ad-
dition to this, it should be said that several reports cover applications for MRD

93



CHAPTER 9. FURTHER RESEARCH

that counteract movement in structures due to seismic activity and weather
emerged vibrations, such as wind and rain excitations. However, there is a lack
of investigations and results when it comes to opposing traffic induced vibra-
tions by using MR technology (MRT). A similar study, but where MRD:s are
implemented in a bridges is a suggestion for further research as well.
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Appendix A

Resistance and fatigue
verification



Resistance verification of structural members
The damper forces will give rise to increased stresses in the structural
members of the bridge. Some members have been designed for the current
loading conditions and will hence behave differently when subjected to higher
load cases. Therefore, it is of great importance to verify whether or not these
members can endure the increased stress states that result from the loading in
the damper-bridge connection area. The cross section classes and the
resistance verifications are determined according to SS-EN-1993-1-1 and
SS-EN-1993-1-5, respectively. 

Main beam

The first member that has to be verified is the transversal stiffening beam. This
member has already been designed for a different load case and stress condition.
Thus, it is important to check whether or not this beam can endure the increased
loading.

Input parameters

fy 420 MPa⋅:= Yield strength of the steel parts

Assumption: weakest steel material according to construction drawings

böf.mb 900 mm⋅:= Width of the top flange

buf.mb 950 mm⋅:= Width of the bottome flange

töf.mb 45 mm⋅:= Thickness of the top flange

tuf.mb 40 mm⋅:= Thickness of the bottom flange

tw.mb 21 mm⋅:= Thickness of the web

hmb 2500 mm⋅:= Height of cross section

ss 400mm:= Length of stiff bearing

xd 1m:= Distance from support to damper-bridge-
connection

Lb 42m:= Length of bridge

PEd.d
322 kN⋅

2
cos

π

4









⋅:= Normal force and shear force

E 210MPa:= Young's modulus of elasticity for steel



Cross section class (SS-EN 1993-1-1 5.5)

cf.mb

buf.mb tw.mb−( )
2

0.465 m=:= Width of protuding flange

Length of the web
cw.mb hmb töf.mb− tuf.mb− 2.415 m=:=

cf.mb

tuf.mb

11.613= c/t-ratio of the flanges

c/t-ratio of the webcw.mb

tw.mb

115=

εmb
235 MPa⋅

fy

0.748=:=

Cross section class for the lower flange

CrossSectionClassFlangeMainBeam "Class 1"
cf.mb

tuf.mb

9 εmb⋅≤if

"Class 2" 9 εmb⋅
cf.mb

tuf.mb

≤ 10 εmb⋅≤if

"Class 3" 10 εmb⋅
cf.mb

tuf.mb

≤ 14 εmb⋅≤if

"Class 4" otherwise

:=

CrossSectionClassFlangeMainBeam "Class 4"=

Cross section class for the web panels

The web panels are assumed to be equally subjected to compression and tension.

CrossSectionClassWebMainBeam "Class 1"
cw.mb

tw.mb

72 εmb⋅≤if

"Class 2" 72 εmb⋅
cw.mb

tw.mb

≤ 83 εmb⋅≤if

"Class 3" 83 εmb⋅
cw.mb

tw.mb

≤ 124 εmb⋅≤if

"Class 4" otherwise

:=

CrossSectionClassWebMainBeam "Class 4"=



Resistance verification

Calculating equivalent widths for the cross sections in class 4 (SS-EN 1993-1-5 4.4)

Web panel

kσ.w 7.81:= Buckling factor

Ψw 0:= Stress ratio

λp.w

cw.mb

tw.mb 28.4 εmb⋅ kσ.w⋅( )⋅
1.937=:=

ρw

λp.w 0.055 3 Ψw+( )⋅−

λp.w
2

0.472=:= Reduction factor

heff.w.mb ρw cw.mb⋅ 1.141 m⋅=:= Effective height of the web

heff1.w.mb
2

5 Ψw−
heff.w.mb⋅ 456.213 mm⋅=:= Effective height of the web part 1

heff2.w.mb heff.w.mb heff1.w.mb− 684.32 mm⋅=:= Effective height of the web part 2

Lower flange

kσ.f 0.43:= Buckling factor

Stress ratio
Ψf 1:=

λp.f

buf.mb

tuf.mb 28.4 εmb⋅ kσ.f⋅( )⋅
1.705=:=

ρf

λp.f 0.188−

λp.f
2

0.522=:= Reduction factor

Effective width of the bottom flange
beff.uf.mb ρf buf.mb⋅ 495.77 mm⋅=:=



Calculating the axial and bending resistance of the main beam (SS-1993-1-5 4.7):

The following condition has to be fulfilled regarding bending resistance, in order
to assure that the structural member will not yield when subjected to the damper
force.
σEd.sb

fy

γM0
≤ Condtion for stress 

γM0 1:= Partial coefficient

Condition for axial and bending
resistance 

η1

NEd

A fy⋅

γM0

My.Ed

Wy.eff fy⋅

γM0

+ 1≤=

Hence, the following parameters have to be calculated:

Aeff1.mb töf.mb böf.mb heff1.w.mb tw.mb⋅+ 0.05 m
2

=:= Effective area part 1

Aeff2.mb tuf.mb beff.uf.mb⋅ heff2.w.mb tw.mb⋅+ 0.034 m
2

=:= Effective area part 2

Total effective area
Aeff.mb Aeff1.mb Aeff2.mb+ 0.084 m

2
=:=

Centre-of-gravity for the top flange
yöf.tp

töf.mb

2
0.023 m=:=

Effective centre-of-gravity 
 for the web of  part 1yeff1.w.tp

heff1.w.mb

2
0.228 m=:=

Effective centre-of-gravity for 

part 1
yeff1.tp

töf.mb böf.mb yöf.tp⋅ heff1.w.mb tw.mb⋅ yeff1.w.tp⋅+

Aeff1.mb

0.062 m=:=

Effective centre-of-gravity for
the bottom flange

yuf.tp hmb

tuf.mb

2
− 2.48 m=:=

yeff2.w.tp hmb tuf.mb−
heff2.w.mb

2
− 2.118 m=:= Effective centre-of-gravity 

 for the web of  part 2

yeff2.tp

tuf.mb beff.uf.mb⋅ yuf.tp⋅ heff2.w.mb tw.mb⋅ yeff2.w.tp⋅+

Aeff2.mb

2.328 m=:=

Effective centre-of-gravity  part 2

Effective centre-of-gravity  for
cross section

yeff.tp

Aeff1.mb yeff1.tp⋅ Aeff2.mb yeff2.tp⋅+

Aeff.mb

0.981 m=:=



Effective moment of inertia for part 1

Ieff1.mb

böf.mb heff1.w.mb töf.mb+( )
3

⋅

12
2

böf.mb tw.mb−

2









heff1.w.mb
3

⋅

12
− 2.488 10

3−
× m

4
=:=

Effective moment of inertia for part 2

Moment of inertia for part 1

Ieff2.mb

beff.uf.mb heff2.w.mb tuf.mb+( )
3

⋅

12
2

beff.uf.mb tw.mb−

2









heff2.w.mb
3

⋅

12
− 3.021 10

3−
× m

4
=:=

Effective moment of inertia for cross section

Ieff.mb Ieff1.mb Ieff2.mb+ Aeff1.mb yeff.tp yeff1.tp−( )
2

⋅+ Aeff2.mb yeff.tp yeff2.tp−( )
2

⋅+ 0.11 m
4

=:=

Effective elastic section modulus

Wy.eff.mb

Ieff.mb

yeff.tp

0.112 m
3

⋅=:=

The axial force and bending moments are calculated:

NEd.mb PEd.d 113.844 kN⋅=:= Axial force

a xd:=

b Lb xd− 41 m=:=

My.Ed.mb PEd.d
a b⋅

Lb

⋅ 111.134 kN m⋅⋅=:= Moment in damper

η1

NEd.mb

Aeff.mb fy⋅

γM0

My.Ed.mb

Wy.eff.mb fy⋅

γM0

+ 0.0056=:= Interaction control

CheckAxialBendingMainBeam "OK" η1 1<if

"Not OK" otherwise

:=

CheckAxialBendingMainBeam "OK"=



Calculating the patch load resistance of the main beam  (SS-EN 1993-1-5 6):

The following condition has to be fulfilled regarding patch loading, in order to
assure that the structural member will not yield when subjected to the damper
force.

Condition regarding patch loading
PEd.d

χF ly⋅ tw⋅ fy⋅

γM1

≤

Dimensionless parameter
m1

fy buf.mb⋅

fy tw.mb⋅
45.238=:=

m2 0.02
cw.mb

tuf.mb









2

⋅ 72.903=:= Dimensionless parameter

as 2m:= Adding stiffeners, one at the support and the other one 2 m from the support

b1 0.12 as⋅ 0.24 m=:= Depth of loaded subpanel

kF 6 2
cw.mb

as









2

⋅+ 5.44
b1

as

⋅ 0.21−








+ 9.359=:= Buckling coefficient

Fcr 0.9 kF⋅ E⋅
tw.mb

3

cw.mb

⋅ 6.783 kN⋅=:= Critical force

ly ss 2 tuf.mb⋅ 1 m1 m2++( )⋅+ 1.35 m=:= Effective loaded length

Confirming that λF>0.5:

λF

ly tw.mb⋅ fy⋅

Fcr

41.89=:=

χF
0.5

λF

0.012=:= Reduction factor

γM1 1:= Partial coefficient

Design resistance to local buckling
PEd.p

χF ly⋅ tw.mb⋅ fy⋅

γM1

142.073 kN⋅=:=

Verification of patch loading
η2

PEd.d

PEd.p

0.801=:=



CheckPatchLoadingMainBeam "OK" η2 1<if

"Not OK" otherwise

:=

CheckPatchLoadingMainBeam "OK"=

Calculating the interaction between axial force, bending moment and patch load:

η1 0.8 η2⋅+ 0.647=

CheckInteractionMainBeam "OK" η1 0.8 η2⋅+ 1.4<if

"Not OK" otherwise

:=

CheckInteractionMainBeam "OK"=

Cross beam

The first member that has to be verified is the cross beam. This beam does not
exist in the current bridge, but has to be added in order to properly account for
the damping forces. Due to this, the limitations of the design are not as strict as
for the existing members (such as the transversal stiffening beam). The chosen
cross beam type is a VKR-beam.

Input parameters

bcb ss 400 mm⋅=:= Width of cross-beam

tcb 16 mm⋅:= Thickness of cross-beam

hcb 200 mm⋅:= Height of cross-beam

LVKR 3420mm:= Length of cross-beam

fy 355MPa:= Yield strength of the steal for the cross-beam

Cross section class (SS-EN 1993-1-1 5.5)

Width of the beam minus the thickness of each side
cf.cb bcb 2tcb− 0.368 m=:=

 

cw.cb hcb 2 tcb⋅− 0.168 m=:= Height of the beam minus the thickness of each side

cf.cb

tcb

23= c/t-ratio of the flange



c/t-ratio of the webcw.cb

tcb

10.5=

εcb
235 MPa⋅

fy

0.814=:=

Cross section class for the flange

Assuming that the flange is entirely in compression, in order to calculate in a
conservative manner.

CrossSectionClassFlangeCrossBeam "Class 1"
cf.cb

tcb

72 εcb⋅≤if

"Class 2" 72 εcb⋅
cf.cb

tcb

≤ 83 εcb⋅≤if

"Class 3" 83 εcb⋅
cf.cb

tcb

≤ 124 εcb⋅≤if

"Class 4" otherwise

:=

CrossSectionClassFlangeCrossBeam "Class 1"=

Cross section class for the web panels

The web panels are assumed to be equally subjected to compression and tension.

CrossSectionClassWebCrossBeam "Class 1"
cw.cb

tcb

72 εcb⋅≤if

"Class 2" 72 εcb⋅
cw.cb

tcb

≤ 83 εcb⋅≤if

"Class 3" 83 εcb⋅
cw.cb

tcb

≤ 124 εcb⋅≤if

"Class 4" otherwise

:=

CrossSectionClassWebCrossBeam "Class 1"=



Resistance verification

All parts of the members are in cross section class 1.

Calculating the axial and bending resistance of the cross beam (SS-1993-1-5 4.7):

The following condition has to be fulfilled regarding bending resistance, in order
to assure that the structural member will not yield when subjected to the damper
force.

Condtion for stress 
σEd.cb

fy

γM0
≤

Condition for axial and bending
resistance 

η1

NEd

A fy⋅

γM0

My.Ed

Wy.pl fy⋅

γM0

+ 1≤=

Hence, the following parameters have to be calculated:

From Tibnor "Konstruktionstabeller, rör-balk-stång", 2011, p. 25

Cross section area of cross beam
Acb 13700 mm

2
⋅:=

Plasic section modulus
Wy.pl.cb 1714 10

3
⋅ mm

3
⋅:=

The axial force and bending moments are calculated. The force acting on the KKR
beam is assumed to be uniformly distributed:

Axial force
NEd.cb PEd.d 113.844 kN⋅=:=

My.Ed.cb

PEd.d LVKR⋅

4
97.337 kN m⋅⋅=:= Bending moment 

η1

NEd.cb

Acb fy⋅

γM0

My.Ed.cb

Wy.pl.cb fy⋅

γM0

+ 0.1834=:= Verification of condition

CheckAxialBendingCrossBeam "OK" η1 1<if

"Not OK" otherwise

:=

CheckAxialBendingCrossBeam "OK"=



Calculating the patch load resistance of the cross beam (SS-EN 1993-1-5 6):

The following condition has to be fulfilled regarding patch loading, in order to
assure that the structural member will not yield when subjected to the damper
force.
PEd.d

χF ly⋅ tw⋅ fy⋅

γM1

≤ Condition regarding patch loading

m1

fy bcb⋅

fy tcb⋅
25=:= Dimensionless parameter

m2 0.02
hcb

tcb









2

⋅ 3.125=:= Dimensionless parameter

Buckling coefficient
kF 6 2

hcb

LVKR









2

⋅+ 6.007=:=

Fcr 0.9 kF⋅ E⋅
tcb

3

hcb

⋅ 23.251 kN⋅=:= Critical force

ly ss 2 tcb⋅ 1 m1 m2++( )⋅+ 0.602 m=:= Effective loaded length

Confirming that λF>0.5:

λF

ly tcb⋅ fy⋅

Fcr

12.124=:=

χF
0.5

λF

0.041=:= Reduction factor

PEd.p

χF ly⋅ tcb⋅ fy⋅

γM1

140.947 kN⋅=:= Design resistance to local buckling

η2

PEd.d

PEd.p

0.808=:= Verification of patch loading

CheckPatchLoadingCrossBeam "OK" η2 1<if

"Not OK" otherwise

:=

CheckPatchLoadingCrossBeam "OK"=

Calculating the interaction between axial force, bending moment and patch load:

η1 0.8 η2⋅+ 0.83=

CheckInteractionCrossBeam "OK" η1 0.8 η2⋅+ 1.4<if

"Not OK" otherwise

:=

CheckInteractionCrossBeam "OK"=





Appendix B

MATLAB codes



B.1. MAIN CODE TEMPLATE-NO ECCENTRICITY

B.1 Main code template-No eccentricity

clear all
close all
clc

%% Plot properties.
MarkerDis=30;
color={'b-o' 'r.' 'k--s' 'm-d'};
linewidth=[0.5 0.5 0.5 0.5];
MarkerSize=[4 6 4 4];

%% Input data.
L = 42; %Length of the bridge
Mesh size=1; %Mesh size
E = 200e9; %Young's modulus
I = 0.61; %Moment of intertia
d=1; %Width of bridge, assuming rectangular cross-section
h=(12*I/d)ˆ(1/3); %Height of bridge, assuming rectangular cross-section
m=18400; %Mass of the bridge per m
A = d*h; %Cross-section area of the bridge
p eq=m/A; %Density of the bridge
dr = 0.005; %Damping ratio of the bridge

n element=L+2; %Number of elements
n node=n element+1; %Number of nodes
n dofs=n node*3; %Number of DOF:s

%% Loop initializing.
y=0;

% Time-vector.
t int=0:0.01:10;

% Investigated damper coefficients.
C d =1e8*[0 0.2 0.4 0.8];

%% Initializing matrices.
M=zeros(n dofs); %Mass matrix
K=zeros(n dofs); %Stiffness matrix
C=zeros(n dofs); %Damping matrix
f mat=zeros(n dofs,length(t int)); %Force matrix

%% Creating element-properties-matrix.
element damp=[43 44]'; %Damper elements

damp node1= [44 42]; %1st damper nodes
damp node1 xcor=[0 41]; %x-coordinates of 1st damper nodes
damp node1 ycor=[-1 0]; %y-coordinates of 1st damper nodes

damp node2= [2 45]; %2nd damper nodes
damp node2 xcor=[1 42]; %x-coordinates of 2nd damper nodes
damp node2 ycor=[0 -1]; %y-coordinates of 2nd damper nodes

elementtype=ones(n element,1); %Element type (beam element)



APPENDIX B. MATLAB CODES

elementtype(element damp)=2; %Element type (damper element)

elementnumber=(1:n element)'; %Number of elements

node1=[1:42 damp node1]'; %1st nodes of the bridge
node1x=[0:L-1 damp node1 xcor]';
node1y=zeros(n node-1,1);
node1y(n node-2:n node-1)=damp node1 ycor;

node2=[2:n node-2 damp node2]'; %2nd nodes of the bridge
node2x=[1:L damp node2 xcor]';
node2y=zeros(n node-1,1);
node2y(n node-2:n node-1)=damp node2 ycor;

element mat=[elementnumber elementtype node1 node2 node1x node1y node2x node2y];

%% Node properties.
NODESNR=(1:n node)';

NODEX=[0:L damp node1 xcor(1) damp node2 xcor(2)]';
NODEY=[zeros(1,L+1) damp node1 ycor(1) damp node2 ycor(2)]';
loc nodes=[NODESNR NODEX NODEY];

%Loop over different damping coefficients
for C d=C d

v=(100:300)./3.6;

%Reset displacement,velocity and acceleration vectors each loop.
umax=zeros(1,length(v));
udmax=zeros(1,length(v));
uddmax=zeros(1,length(v));

%For plotting
y=y+1;
g=0;
C D(y)=C d;

%Loop over different train speeds.
for v = v;

%For plotting
g=g+1
vel(g)=v*3.6;

%% Initializing matrices .
M=zeros(n dofs); %Mass matrix
K=zeros(n dofs); %Stiffness matrix
C=zeros(n dofs); %Damping matrix
f mat=zeros(n dofs,length(t int)); %Force matrix



B.1. MAIN CODE TEMPLATE-NO ECCENTRICITY

%% Loop to build the transformation matrix for each element
%and then assemble the global matrices.
for i=1:n element

element prop=element mat(i,:);
[T,Node1,Node2,L seg] = CreateTransformationMatrix(element prop);
[K,M,C]=AssembleKMandCMatrices(element prop,T,E,A,I,L seg,...

Node1,Node2,K,M,C d,C,p eq);

end

%% Adding BC-conditions.
bcdof=[1,2,128,130:135];

C(bcdof,:)=[];
C(:,bcdof)=[];

K(:,bcdof)=[];
K(bcdof,:)=[];

M(:,bcdof)=[];
M(bcdof,:)=[];

%% Rayleigh damping.
[phi,w2]=eig(K,M);

w=diag(w2).ˆ0.5;

wi=w(1);
wj=w(2);

a0=dr*(2*wi*wj)/(wi+wj);
a1=dr*2/(wi+wj);

%Where the second C is the contribution from the FVD:s.
C=a0*M+a1*K+C;
%% Force vector, HSLM-train.
s=0;
for t=t int

s=s+1;

[D,f,f mat,X bridge]=CreateTrainForceMatrix(f mat,n dofs,v,t,s,L,NODEX);

%Varible that could be used to animate movement of the train.
LOC HSLM(:,s)=X bridge;

end

f mat(bcdof,:)=[];

%% Dynamic Implicit Method, Newmark's method.
%Initializing all the start parameters
[a1,a2,a3,beta,gamma,d t,u,ud,udd,keff]=InitializeNewmarksMethod(t int,f mat,C,K,M);
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%Newmark's method.
for r=1:length(t int)-1

[u,ud,udd]=NewmarksMethod(f mat,a1,a2,a3,u,ud,udd,keff,gamma,beta,d t,r);

end

T=eye(n dofs);
T(:,bcdof)=[];

%% Mode shapes
phi=T*phi;

freq=w/(2*pi);
tit={['f = ' num2str(freq(1)) ' Hz'] ['f = ' num2str(freq(2)) ' Hz']...

['f = ' num2str(freq(3)) ' Hz'],['f = ' num2str(freq(4)) ' Hz']...
['f = ' num2str(freq(5)) ' Hz']};

if g==1 && y==1
figure(1);
hold on
for i=1:5

phimod=phi(:,i);
phinorm=phimod/phimod(3);

subplot(5,1,i)
hold on
title(tit{i})
plot(NODEX(1:end-2),phinorm(2:3:end-6).*max(abs((u(3,:)))))

ylim([min(phinorm(2:3:end-6).*max(abs((u(3,:))))) max(phinorm(2:3:end-6)...
.*max(abs((u(3,:)))))])

end
hold off

end

%% Extracting maximum velocity and acceleration.
org ud=T*ud;

damping dofs hor=[damp node2(1)*3-2 damp node1(2)*3-2];
damping dofs vert=[damp node2(1)*3-1 damp node1(2)*3-1];

for i=1:length(damping dofs hor)

udmax hor=org ud(damping dofs hor(i),:);
udmax vert=org ud(damping dofs vert(i),:);

UDmax(i)=max(sqrt(udmax vert.ˆ2+udmax hor.ˆ2));

end

udmax(g)=max(UDmax);
uddmax(g)=max(max(abs(udd)));

end



B.1. MAIN CODE TEMPLATE-NO ECCENTRICITY

%% Plotting Force-speed and Acceleration-speed diagrams.
figure(2);
hold on
grid on
title('Banafj\"{a}ls\r{a}n'),xlabel('Train speed [km/h]'),ylabel('Force [kN]');
line fewer markers(vel,(C D(y)/10ˆ3)*udmax,MarkerDis,color{y}...

,'LineWidth',linewidth(y),'MarkerSize',MarkerSize(y));
xlim([min(vel) max(vel)])
hold off

figure(3);
grid on
hold on
title('Banafj\"{a}ls\r{a}n'),xlabel('Train speed [km/h]')...

,ylabel('Acceleration [m/s$ˆ2$]');
line fewer markers(vel,uddmax,MarkerDis,color{y},...

'LineWidth',linewidth(y),'MarkerSize',MarkerSize(y));
xlim([min(vel) max(vel)])

end

%% Adding legends to figures.
figure(2);
legend(['C = ' num2str(C D(1)/10ˆ6) ' MNs/m'], ['C = ' num2str(C D(2)/10ˆ6) ' MNs/m']...

,['C = ' num2str(C D(3)/10ˆ6) ' MNs/m']...
,['C = ' num2str(C D(4)/10ˆ6) ' MNs/m'],'Location','EastOutside')

set(gca,'XTick',[100:20:300])
legend boxoff

figure(3);
plot(vel,3.5*ones(1,length(vel)),'r-.','LineWidth',1.5)
legend(['C = ' num2str(C D(1)/10ˆ6) ' MNs/m'], ['C = ' num2str(C D(2)/10ˆ6) ' MNs/m']...

,['C = ' num2str(C D(3)/10ˆ6) ' MNs/m']...
,['C = ' num2str(C D(4)/10ˆ6) ' MNs/m'],'EC-limit','Location','EastOutside')

set(gca,'XTick',[100:20:300])
legend boxoff
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B.2 Main code template-Eccentricity

clear all
close all
clc

%% Plot properties
MarkerDis=30;
color={'b-o' 'r.' 'k--s' 'm-d'};
linewidth=[0.5 0.5 0.5 0.5];
MarkerSize=[4 6 4 4];

%% Input data
L = 42; %Length of the bridge
Mesh size=1; %Mesh size
ecc=2.2; %Eccentricity
E = 200e9; %Young's modulus
I = 0.61; %Moment of intertia
d=1; %Width of bridge, assuming rectangular cross-section
h=(12*I/d)ˆ(1/3); %Height of bridge, assuming rectangular cross-section
m=18400; %Mass of the bridge per m
A = d*h; %Cross-section area of the bridge
p eq=m/A; %Equivalent density of the bridge
dr = 0.005; %Damping ratio of the bridge

%% Time-vector.
t int=0:0.01:10;

%% Damper and link elements.

element link=[43 44 45 46]';

link node1 = [ 44 45 42 43];
link node1 xcor=[ 0 1 41 42];
link node1 ycor=[-ecc -ecc 0 0];

link node2 =[ 1 2 46 47];
link node2 xcor=[ 0 1 41 42];
link node2 ycor=[ 0 0 -ecc -ecc];

element damp=[47 48]';

damp node1= [48 46];
damp node1 xcor=[0 41];
damp node1 ycor=[-(ecc+1) -ecc];

damp node2= [45 49];
damp node2 xcor=[ 1 42];
damp node2 ycor=[-ecc -(ecc+1)];

n element=L/Mesh size+length(element link)+length(element damp);
n node=n element+1;
n dofs=3*n node;



B.2. MAIN CODE TEMPLATE-ECCENTRICITY

%% Investigated damper coefficient.
C d =1e7*[0 0.5 0.8 1.2];

%% Loop initializing.
y=0;

for C d=C d
v=(100:300)./3.6; %Train Speeds

%Empty matrices for shorter calculation time.
umax=zeros(1,length(v));
udmax=zeros(1,length(v));
uddmax=zeros(1,length(v));

C D(y)=C d; %For plotting

%Loop values
y=y+1;
g=0;

for v=v
%% Initialize loop.
g=g+1

%% Initializing matrices.
M=zeros(n dofs);
K=zeros(n dofs);
C=zeros(n dofs);
f mat=zeros(n dofs,length(t int));
vel(g)=v*3.6; %for plot

%% Creating element-properties-matrix.

elementtype=ones(n element,1);

elementtype(element damp)=2;
elementtype(element link)=3;

elementnumber=(1:n element)';

node1=[1:L link node1 damp node1]';
node2=[2:L+1 link node2 damp node2]';

node1x=[0:L-1 link node1 xcor damp node1 xcor]';
node2x=[1:L link node2 xcor damp node2 xcor]';

node1y=[zeros(1,L) link node1 ycor damp node1 ycor]';
node2y=[zeros(1,L) link node2 ycor damp node2 ycor]';

element mat=[elementnumber elementtype node1 node2 node1x node1y node2x node2y];

%% Node properties (mainly for animation plot).
NODESNR=(1:n node)';

NODEX=[0:L link node1 xcor(1:2) link node2 xcor(3:4)...
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damp node1 xcor(1) damp node2 xcor(2)]';

NODEY=[zeros(1,L+1) link node1 ycor(1:2)...
link node2 ycor(3:4) damp node1 ycor(1) damp node2 ycor(2)]';

loc nodes=[NODESNR NODEX NODEY];

%% Loop to build the transformation for each element and then assemble the global matrices.
for i=1:n element

%Create transformation matrices.
element prop=element mat(i,:);
[T,Node1,Node2,L seg] = CreateTransformationMatrix(element prop);

%Assemble global matrices.
[K,M,C]=AssembleKMandCMatrices(element prop,T,E,A,I,L seg,Node1,Node2,K,M,C d,C,p eq);

end

%% Starting to define master-slave relationships.
T=eye(n dofs,n dofs);

%Stiffener 1 stiffener master slave
s1 master=[131 130 132 132]; %vert-vert,hor-hor,rot-hor,rot-rot
s1 slave= [ 2 1 1 3];
s1 rel = [ 1 1 ecc -1];

%Stiffener 2 stiffener master slave
s2 master=[ 5 4 6 6]; %vert-vert %hor-hor rot-rot,rot-hor
s2 slave= [134 133 135 133];
s2 rel = [ 1 1 1 ecc];

%Stiffener 3 stiffener master slave
s3 master=[125 124 126 126]; %vert-vert %hor-hor rot-rot,rot-hor
s3 slave= [137 138 138 136];
s3 rel = [ 1 1 1 ecc];

%Stiffener 4 stiffener master slave
s4 master=[140 141 139 141]; %vert-vert %rot-hor, hor-rot, rot-rot
s4 slave= [128 127 127 129];
s4 rel = [ 1 ecc 1 -1];

%Assembly of master- & slave vector
master = [s1 master s2 master s3 master s4 master];
slave = [s1 slave s2 slave s3 slave s4 slave ];
T rel = [s1 rel s2 rel s3 rel s4 rel ];

%Create another transformation-matrix due to
%master-slave-relationships
for i=1:length(slave)

T(slave(i),master(i))=T rel(i);
end

%% Create slave unique to keep track of number of condensed columns.
slave unique=unique(slave,'stable');

T(:,slave unique)=[];
%% Adding BCs in orginal DOFs and convert it to current numbering.
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org bcdof=[130,131,140,142:147];
bcdof=zeros(1,length(org bcdof));

for i=1:length(org bcdof)

%find number of condensed slaves.
num=find(slave unique<org bcdof(i));

%if any slave-columns are removed
if isempty(num)==0

bcdof(i)=org bcdof(i)-length(num); %Remove number of condensed columns
%from original numbering

else

bcdof(i)=org bcdof(i);

end
end

%% Remove BC-Rows in T-matrix.
T(:,bcdof)=[];

%% Adding mass to nodes without mass (such as the at the support).
%To avoid problems.
mass=diag(M);

mass(mass==0)=200;

for i=1:length(M)
M(i,i)=mass(i);

end

%% Creating new matrices by transforming.
K=T'*K*T;
C=T'*C*T;
M=T'*M*T;

%% Rayleigh damping.
[phi,w2]=eig(K,M);

w=diag(w2).ˆ0.5;

wi=w(1);
wj=w(2);

a0=dr*(2*wi*wj)/(wi+wj);
a1=dr*2/(wi+wj);

C=a0*M+a1*K+C;
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%% Creating a forcevector that is applied to the model after transformation.
s=0;
for t=t int

s=s+1;

[D,f,f mat,X bridge]=CreateTrainForceMatrix(f mat,n dofs,v,t,s,L,NODEX);

end

%% Transform the f mat-matrix as well.
f mat=T'*f mat;

%% Dynamic Implicit Method, Newmark's method.
%Initializing all the start parameters
[a1,a2,a3,beta,gamma,d t,u,ud,udd,keff]=InitializeNewmarksMethod(t int,f mat,C,K,M);

%Newmark's method.
for r=1:length(t int)-1

[u,ud,udd]=NewmarksMethod(f mat,a1,a2,a3,u,ud,udd,keff,gamma,beta,d t,r);

end

%% Extract maximum acceleration of the bridge at given time interval.
org ud=T*ud;

damping dofs hor=[damp node2(1)*3-2 damp node1(2)*3-2];
damping dofs vert=[damp node2(1)*3-1 damp node1(2)*3-1];

for i=1:length(damping dofs hor)

udmax hor=org ud(damping dofs hor(i),:);
udmax vert=org ud(damping dofs vert(i),:);

UDmax(i)=max(sqrt(udmax vert.ˆ2+udmax hor.ˆ2));

end

udmax(g)=max(UDmax);
uddmax(g)=max(max(abs(udd)));

end

%% Plotting Force-speed and Acceleration-speed diagrams.

figure(2);
hold on
grid on
title('Banafj\"{a}ls\r{a}n'),xlabel('Train speed [km/h]'),ylabel('Force [kN]');
line fewer markers(vel,(C D(y)/10ˆ3)*udmax,MarkerDis,color{y},...

'LineWidth',linewidth(y),'MarkerSize',MarkerSize(y));
xlim([min(vel) max(vel)])
set(gca,'XTick',[100:20:300])
legend boxoff
hold off
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figure(3);
grid on
hold all
title('Banafj\"{a}ls\r{a}n'),...

xlabel('Train speed [km/h]'),ylabel('Acceleration [m/$sˆ2$]');
line fewer markers(vel,uddmax,MarkerDis,color{y},...

'LineWidth',linewidth(y),'MarkerSize',MarkerSize(y));
xlim([min(vel) max(vel)])
set(gca,'XTick',[100:20:300])
legend boxoff

end

%% Adding legends to figures.
figure(2);
legend(['C = ' num2str(C D(1)/10ˆ6) ' MNs/m'], ['C = ' num2str(C D(2)/10ˆ6) ' MNs/m']...

,['C = ' num2str(C D(3)/10ˆ6) ' MNs/m'] ,...
['C = ' num2str(C D(4)/10ˆ6) ' MNs/m'],'Location','EastOutside')

set(gca,'XTick',[100:20:300])
legend boxoff

figure(3);
hold on
xlim([min(vel) max(vel)]);
plot(vel,3.5*ones(1,length(vel)),'r-.','LineWidth',1.5)
legend(['C = ' num2str(C D(1)/10ˆ6) ' MNs/m'], ['C = ' num2str(C D(2)/10ˆ6) ' MNs/m']...

,['C = ' num2str(C D(3)/10ˆ6) ' MNs/m'] ,...
['C = ' num2str(C D(4)/10ˆ6) ' MNs/m'],'EC-Limit','Location','EastOutside')

set(gca,'XTick',[100:20:300])
legend boxoff



APPENDIX B. MATLAB CODES

B.3 CreateTransformationMatrix

%Function to create a transformation matrix for an element.

%INPUT:
%element prop=Vector with following element properties:
%element number, elementtype, node1, node2, node1x, node1y, node2x and
%node2y.

%OUTPUT:
%T=Transformation matrix
%Node1=Number of the elements first node.
%Node2=Number of the elements second node.
%L seg=Length of element.

function [T,Node1,Node2,L seg] = CreateTransformationMatrix(element prop)

%Extracting element properties from the element prop vector.
Node1 = element prop(3);
Node2 = element prop(4);
xnode1 = element prop(5);
ynode1 = element prop(6);
xnode2 = element prop(7);
ynode2 = element prop(8);

%Calculating element length.
L seg = sqrt((xnode2-xnode1)ˆ2+(ynode2-ynode1)ˆ2);

%Creating transformation matrix.
nxx = (xnode2-xnode1)/L seg;
nyy = nxx;
nyx = (ynode2-ynode1)/L seg;
nxy = -nyx;

T=[nxx nyx 0 0 0 0;
nxy nyy 0 0 0 0;
0 0 1 0 0 0;
0 0 0 nxx nyx 0;
0 0 0 nxy nyy 0;
0 0 0 0 0 1];

end
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B.4 AssembleKMandCMatrices

%Function that assembles the stiffness,damping and mass matrices.

% INPUT:
%element prop=Vector with following element properties:
%element number, elementtype, node1, node2, node1x, node1y, node2x and
%node2y.
%T=Transformation matrix.
%E=Young's modulus for the bridge.
%A=Cross sectional area of the bridge.
%I=Moment of intertia.
%L seg=Element length.
%Node1=Number of elements first node.
%Node2=Number of elements second node.
%K=Global stiffness matrix.
%M=Global mass matrix.
%C d=Damping coefficient.
%C damp=Global damping matrix.
%p eq=Equivalent density.

% OUTPUT:
% K=Global stiffness matrix.
% M=Global mass matrix.
% C damp=Global damping matrix.

function [K,M,C damp]=...
AssembleKMandCMatrices(element prop,T,E,A,I,L seg,Node1,Node2,K,M,C d,C damp,p eq)

%If beam element.
if element prop(2)==1

%Create local matrices for element.
k loc=[E*A/L seg 0 0 -E*A/L seg 0

0;
0 12*E*I/L segˆ3 6*E*I/L segˆ2 0 -12*E*I/L segˆ3

6*E*I/L segˆ2;
0 6*E*I/L segˆ2 4*E*I/L seg 0 -6*E*I/L segˆ2

2*E*I/L seg;
-E*A/L seg 0 0 E*A/L seg 0

0;
0 -12*E*I/L segˆ3 -6*E*I/L segˆ2 0 12*E*I/L segˆ3

-6*E*I/L segˆ2;
0 6*E*I/L segˆ2 2*E*I/L seg 0 -6*E*I/L segˆ2

4*E*I/L seg];

m el=p eq*A*L seg;

m loc=m el/420*[140 0 0 70 0 0;
0 156 22*L seg 0 54 -13*L seg;
0 22*L seg 4*L segˆ2 0 13*L seg -3*L segˆ2;
70 0 0 140 0 0;
0 54 13*L seg 0 156 -22*L seg;
0 -13*L seg -3*L segˆ2 0 -22*L seg 4*L segˆ2];

c=zeros(6);
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%Converting go global coordinates.
k=T'*k loc*T;
m=T'*m loc*T;

end

%If dashpot element.
if element prop(2)==2

%Create local matrices for element.
c loc=[ C d 0 0 -C d 0 0

0 C d 0 0 -C d 0;
0 0 0 0 0 0;
-C d 0 0 C d 0 0;
0 -C d 0 0 C d 0;
0 0 0 0 0 0 ];

k=zeros(6);
m=zeros(6);

%Converting go global coordinates.
c=T'*c loc.*T;

end

%If rigid link element (constraint equations later on).
if element prop(2)==3

%Creating local matrices for element.
c=zeros(6);
k=zeros(6);
m=zeros(6);

end
%Assembling global stiffness matrix, for element.

K([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])=...
K([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])...
+k([1,2,3],[1,2,3]);

K([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])=...
K([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])...
+k([1,2,3],[4,5,6]);

K([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])=...
K([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])...
+k([4,5,6],[1,2,3]);

K([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])=...
K([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])...
+k([4,5,6],[4,5,6]);
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%Assembling global mass matrix, for element.

M([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])=...
M([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])...
+m([1,2,3],[1,2,3]);

M([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])=...
M([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])...
+m([1,2,3],[4,5,6]);

M([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])=...
M([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])...
+m([4,5,6],[1,2,3]);

M([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])=...
M([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])...
+m([4,5,6],[4,5,6]);

%Assembling global damping matrix for element

C damp([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])...
=C damp([Node1*3-2, Node1*3-1 , Node1*3],[Node1*3-2, Node1*3-1,Node1*3])...
+c([1,2,3],[1,2,3]);

C damp([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])=...
C damp([Node1*3-2, Node1*3-1 , Node1*3],[Node2*3-2, Node2*3-1,Node2*3])...
+c([1,2,3],[4,5,6]);

C damp([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])=...
C damp([Node2*3-2, Node2*3-1 , Node2*3],[Node1*3-2, Node1*3-1,Node1*3])...
+c([4,5,6],[1,2,3]);

C damp([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])=...
C damp([Node2*3-2, Node2*3-1 , Node2*3],[Node2*3-2, Node2*3-1,Node2*3])...
+c([4,5,6],[4,5,6]);

end
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B.5 HSLMA4

%Function that creates a vector describing the load positions for a
%HSLM-load-model.

%INPUT:

%OUTPUT:
%D=Length of coaches in the train.
%P=Force at each axis of the train.
%Vector containing the distances to each axis from one side of the train.
function [D,P,LL]=HSLM A4

%Force at each axis
P = -190000;

%Bogie axle spacing of train coaches
d = 3;

%Length of coaches in the train.
D = 21;

%Number of intermediate train coaches.
N = 15;

%Creating the LL-vector
loc = [3 11 3 3.525]; eng = [d D-1.5*d-3.525/2];

LL = [0 cumsum(loc) max(cumsum(loc))+cumsum(eng)];

for i = 1:N

LL = [LL LL(end)+[d D]];

end

LL = [LL LL(end)+cumsum([fliplr([eng d]) fliplr(loc)]) ];

LL = LL + 1; %To have some time before the train enters the bridge
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B.6 CreateTrainForceMatrix

%Function that create the moving train loads.

%INPUT:
%f mat=empty matrix with spaces for "number of DOFS" X "number of time steps".
%n dofs=number of DOFS.
%v=Train velocity.
%t=time.
%s=Loop counter for each timestep.
%L=Length bridge.
%NODEX=Vector containing the x-coordinates for each node.

%OUTPUT:
%D=Axis distance for HSLM-Model.
%f=Shows the loading at each DOF for current time step.
%f mat=Matrix that describes the loading at each DOF for each time step.
%X bridge=
function [D,f,f mat,X bridge]=CreateTrainForceMatrix(f mat,n dofs,v,t,s,L,NODEX)

%Initializing a matrix for faster computational speed.
f=zeros(n dofs,1);

%Function creating a vector that describes the HSLM-load models.
%D=Axis distance for HSLM-Model.
%P=Force at each axis of the train.
%Vector containing the distances to each axis from one side of the train.

[D,P,LL]=HSLM A4;

%Creating a force vector
F=P*ones(size(LL));

%Creating a vector that describe the nodes x-coordinates for nodes that
%are located at the bridge deck.(To know when the train has passed the bridge).
nodex=NODEX(1:end-2);

%Initial condition, location of the force at t=0.
x0=0;

%Location of the force at t=t.
x=x0+v*t;

%Looping over all the train forces to see how they act on the bridge at
%each time step.
for i=1:length(F)

%How far out on the bridge deck has the current force come?
x bridge=x-LL(i);

%Which node did the current force pass last?
index=find(x bridge>=nodex);
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%Condition to avoid problems.
if length(index)==0
index=1;
else
index=length(index);
end

%Is the force located on or between two node during current time step?
xd=x bridge-nodex(index); %befinner sig lasten p eller mellan noder?

%Which node did the current force pass last?(New name).
x nod=index;

%Which DOFS (vertical) is the current force acting on in current time step.
x dof=3*x nod-1;

%If the force is located on the bridge for current time step.
if x bridge<L && x bridge>=0

%Linear interpolation of the force load between the closest nodes.
a=xd;
Fb=(a/(nodex(index+1)-nodex(index)))*P;

b=(nodex(index+1)-nodex(index))-a;
Fa=(b/(nodex(index+1)-nodex(index)))*P;

f(x dof)=f(x dof)+Fa;
f(x dof+3)=f(x dof+3)+Fb;

end

%Saving the location train-forces at each time step.(For plotting).
X bridge(i)=x bridge;

end
%Creates a matrix that describes the loading at each DOF for each time step.
f mat(:,s)=f;
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B.7 InitializeNewmarksMethod

%Function that creates initializes the Newmarks implict average.
%acceleration method.

%INPUT:
%t int=Vector containing all the different time steps.
%f mat=Matrix that describes the loading at each DOF for each time step.
%C=Global damping matrix.
%K=Global stiffness matrix.
%M=Global mass matrix.

%OUTPUT:
%a1=Coefficient used in Newmark's method.
%a2=Coefficient used in Newmark's method.
%a3=Coefficient used in Newmark's method.
%beta=Coefficient used in Newmark's method.
%gamma=Coefficient used in Newmark's method.
%d t=Time step size.
%u=Empty matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the displacement at each DOF for each time step).
%ud=Empty matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the velocity at each DOF for each time step).
%udd=Matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the acceleration at each DOF for each time step).
%keff=Coefficient used in Newmark's method.

function [a1,a2,a3,beta,gamma,d t,u,ud,udd,keff]=...
InitializeNewmarksMethod(t int,f mat,C,K,M)

%Coefficients used in the average accleration method.
gamma=1/2;
beta=1/4;

%Determining the time step size.
d t=t int(2)-t int(1);

%Initializing matrices for faster computational time later on.
u = zeros(length(K),length(t int)-1);
ud = zeros(length(K),length(t int)-1) ;
udd = zeros(length(K),length(t int)-1);

%Initializing acceleration.
udd(:,1)=M\(f mat(:,1)-C*ud(:,1)-K*u(:,1));

%Finding coefficients.
a1=M/(beta*d tˆ2)+gamma/(beta*d t)*C;

a2=M/(beta*d t)+(gamma/beta-1)*C;

a3=(1/(2*beta)-1)*M+d t*(gamma/(2*beta)-1)*C;

keff=K+a1;
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B.8 NewmarksMethod

%Function that executes Newmark's implicit average acceleration method

%INPUT:
%f mat=Matrix that describes the loading at each DOF for each time step.
%a1=Coefficient used in Newmark's method.
%a2=Coefficient used in Newmark's method.
%a3=Coefficient used in Newmark's method.
%u=Empty matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the displacement at each DOF for each time step).
%ud=Empty matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the velocity at each DOF for each time step).
%udd=Matrix with the size: "Number of DOFS" X "Total number of timesteps-1"
%(Will later on describe the acceleration at each DOF for each time step).
%keff=Coefficient used in Newmark's method.
%beta=Coefficient used in Newmark's method.
%gamma=Coefficient used in Newmark's method.
%d t=Time step size.
%r=Loop-counter

%OUTPUT:
%u=Matrix that describes the displacement at each DOF for each time step.
%ud=Matrix that describes the velocity at each DOF for each time step.
%udd=Matrix that describes the acceleration at each DOF for each time step.

function [u,ud,udd]=NewmarksMethod(f mat,a1,a2,a3,u,ud,udd,keff,gamma,beta,d t,r)

peff=f mat(:,r+1)+a1*u(:,r)+a2*ud(:,r)+a3*udd(:,r);

u(:,r+1)=keff\peff;
ud(:,r+1)=gamma/(beta*d t)*(u(:,r+1)-u(:,r))+...

(1-gamma/beta)*ud(:,r)+d t*(1-gamma/(2*beta))*udd(:,r);
udd(:,r+1)=1/(beta*d tˆ2)*(u(:,r+1)-...

u(:,r))-ud(:,r)/(beta*d t)-(1/(2*beta)-1)*udd(:,r);

end
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