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Abstract
This thesis deals with the instabilities of the incompressible boundary-layer flow that
is induced by a disk rotating in otherwise still fluid. The results presented are mostly
limited to linear instabilities derived from direct numerical simulations (DNS) but
with the objective that further work will focus on the nonlinear regime, providing
greater insights into the transition route to turbulence.

The numerical code Nek5000 has been chosen for the DNS using a spectral-
element method in an effort to reduce spurious effects from low-order discretizations.
Large-scale parallel simulations have been used to obtain the present results.

The known similarity solution of the Navier–Stokes equation for the rotating-disk
flow, also called the von Kármán flow, is investigated and can be reproduced with
good accuracy by the DNS. With the addition of small roughnesses on the disk surface,
convective instabilities appear and data from the DNS are analysed and compared
with experimental and theoretical data. A theoretical analysis is also presented using
a local linear-stability approach, where two stability solvers have been developed
based on earlier work. A good correspondence between DNS and theory is found
and the DNS results are found to explain well the behaviour of the experimental
boundary layer within the range of Reynolds numbers for small amplitude (linear)
disturbances. The comparison between the DNS and experimental results, presented
for the first time here, shows that the DNS allows (for large azimuthal domains) a
range of unstable azimuthal wavenumbers β to exist simultaneously with the dominant
β varying, which is not accounted for in local theory, where β is usually fixed for each
Reynolds number at which the stability analysis is applied.

Furthermore, the linear impulse response of the rotating-disk boundary layer is

investigated using DNS. The local response is known to be absolutely unstable. The

global response is found to be stable if the edge of the disk is assumed to be at infinity,

and unstable if the domain is finite and the edge of the domain is placed such that

there is a large enough pocket region for the absolute instability to develop. The

global frequency of the flow is found to be determined by the edge Reynolds number.

Descriptors: Fluid mechanics, boundary layer, rotating disk, laminar-turbulent

transition, convective instability, absolute instability, secondary instability, crossflow

instability, direct numerical simulations.
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Sammanfattning

Den här avhandlingen behandlar instabiliteter i det inkompressibla gränsskiktet
som skapas d̊a en disk roterar. Linjära instabiliteter presenteras huvudsakligen när
en direkt-numerisk simuleringskod har används, där målet är att fortsätta in i det
icke-linjära omr̊adet för att först̊a den fulländade vägen flödet tar för att bli turbulent.

Den numeriska koden Nek5000 har valts för att göra de direkt-numerisk simu-
leringar (DNS) som presenteras här. Den använder sig av en spektral element metod
för att minska felaktiga effekter fr̊an metoder som har diskretiseringar av l̊ag ordning.
Stora parallella simuleringar har används för att f̊ar resultaten presenterade här.

Den befintliga similaritetslösningen av Navier–Stokes ekvationen för flödet över
en roterande disk, vilket ocks̊a kallas von Kármán flödet, undersöks och återges med
bra noggrannhet med DNS. D̊a små grova partiklar läggs p̊a diskytan uppkommer
konvektiva instabiliteter och även för dessa analyseras data fr̊an DNS och jämförs
med experimentell och teoretisk data. Det teoretiska tillvägag̊angssättet är en lokal
linjär stabilitetsanalys vilken ocks̊a presenteras där tv̊a stabilitetslösare har utvecklats
baserat p̊a tidigare forskning. DNS och teori överensstämmer bra och simuleringarna
fr̊an DNS förklarar ytterligare beteendet som visas i det experimentella gränsskik-
tet för små störningsamplituder (linjära). Jämförelsen mellan DNS och experiment,
vilken presenteras här för första g̊angen, visar att DNS till̊ater (för stora domäner i
azimutell riktning) ett spann av instabila azimutella v̊agtal β att existera samtidigt
där det dominerande β varierar, vilket det inte gör i den lokala teorin där β vanligvis
är fixerat för varje Reynoldstal där stabilitetsanalysen appliceras.

Vidare undersöks även responsen fr̊an en linjär impuls i gränssiktet över en ro-

tarande disk genom DNS. Den lokala responsen är känd att vara absolut instabil. Den

globala responsen visas här vara stabil om diskens kant antas vara vid oändligheten,

och instabil om disken antas ha en kant som är placerad s̊a att det finns en tillräck-

ligt stor region innanför där den absoluta instabiliteten kan utvecklas. Den globala

frekvensen visar sig vara vald av Reynoldstalet vid kantens position.

Descriptors: Fluiddynamik, gränsskikt, roterande disk, laminär-turbulent överg̊ang,

konvektiv instabilitet, absolut instabilitet, sekundär instabilitet, tvärflödesinstabilitet,

direkt-numeriska simuleringar.
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Preface

The boundary layer over a rotating disk is examined closely in this licentiate
thesis. The work is based on numerical simulations where results have been
obtained with a spectral-element code to determine the behaviour of the flow
when going from the laminar to the turbulent state. The main focus is on
small perturbations when the flow behaviour is linear, however consideration
of secondary instabilities and the nonlinear regime through to fully-developed
turbulence is also included. The thesis is divided into two parts. The first
part contains an introduction to the rotating-disk flow, an overview of previous
studies and a summary of the present study with an appendix deriving the
governing equations. The second part consists of four articles. The first one
has been submitted to Journal of Fluid Mechanics and is followed by three
technical reports.

Paper 1. E. APPELQUIST, P. SCHLATTER, P. H. ALFREDSSON & R. J.
LINGWOOD, 2014, Global linear instability and the radial boundary of the
rotating-disk flow. J. Fluid Mech. (submitted).

Paper 2. E. APPELQUIST, SHINTARO IMAYAMA, P. SCHLATTER, P. H.
ALFREDSSON & R. J. LINGWOOD, 2014, Simulating the linear behaviour
of the flow over a rotating disk due to roughness elements. Technical report.

Paper 3. E. APPELQUIST & P. SCHLATTER, 2014, Simulating the laminar
von Kármán flow in Nek5000. Technical report.

Paper 4. E. APPELQUIST & SHINTARO IMAYAMA, 2014, Revisiting the
stability analysis of the flow over a rotating disk. Technical report.

May 2014, Stockholm

Ellinor Appelquist
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Part I

Overview and summary





CHAPTER 1

Introduction

This study is about the incompressible fluid flow due to a rotating disk. The
disk rotates in still fluid, such as air or water, creating a thin boundary layer
on the surface where the flow is directly affected by the rotation of the disk.
The flow both rotates with the disk and is pushed outwards through a radial
force which accelerates the flow, and in turn fluid is drawn towards the surface.
If the disk is rotating slowly, the flow is smooth and predictable. For this so-
called laminar flow, there is an exact similarity solution for the infinite-radius
disk describing the motion in the radial, azimuthal and vertical direction (von
Kármán 1921). The boundary-layer height is then constant, approximately
2 mm in air for a rotation rate of 1000 rotations per minute (rpm). In nondi-
mensional units, when nondimensionalizing by the lengthscale L∗ = (ν/Ω∗)1/2

where ν is the kinematic viscosity of the fluid and Ω∗ is the rotation rate,
this height corresponds to almost z = 3. However, for a disk of about 0.5 m
in diameter and a rotation rate as high as 1000 rpm, the flow will undergo
transition to turbulence as it moves outwards in the radial direction since the
velocity magnitude is proportional to the radial position, r∗. The condition of
the flow can be described by the Reynolds number, R, which is a dimensionless
parameter created by taking the ratio of inertial forces to viscous forces,

R =
r∗Ω∗L∗

ν
=
r∗

L∗
. (1.1)

Since the viscous forces are stabilizing, the flow is more likely to be unstable
for higher Reynolds numbers. During the transition to turbulence, when mov-
ing outwards in the radial direction, the laminar similarity solution no longer
applies and the boundary layer grows and the thickness increases to approx-
imately 1 cm for a rotation rate of 1000 rpm. If the surface of the disk is
very smooth, i.e. a ‘clean’ rotating-disk boundary layer, the flow becomes fully
turbulent at R = 650 (Imayama et al. 2012).

Ever since von Kármán published his paper on the exact similarity solution
for the boundary layer over a rotating disk in 1921, this flow has been a popular
prototype flow for three-dimensional boundary layers. For example, Gregory
et al. (1955) investigated this flow in relation to the flow over a swept wing.
Their paper is one of the first documented experiments of this boundary layer
showing the crossflow instability arising from an inflectional velocity profile

1



2 1. INTRODUCTION

Figure 1.1. Visualization of the flow over a rotating disk us-
ing China-clay by Gregory et al. (1955). The disk speed is
3200 rpm and it spins in the anti-clockwise direction. The
radius of the disk is 15.2 cm (6 in).

both in the rotating-disk boundary layer and in the swept-wing boundary layer.
Their figure 4 is represented here as figure 1.1 showing their disk spinning anti-
clockwise. The crossflow instability is shown as stripes in the outer black region
of the disk.

The rotating-disk flow is more complicated than two-dimensional bound-
ary layers, but simpler than other three-dimensional flows because of the neat
description of the Navier–Stokes equations in cylindrical coordinates and the
lack of additional parameters such as a sweep angle. This together with
the fact that the boundary layer is susceptible to inviscid instability due to
its inflectional radial velocity component makes it an interesting prototype,
which arguably allows greater experimental reproducibility than other three-
dimensional boundary-layer flows.

The aim of the current work is to study the rotating-disk boundary layer
using direct numerical simulations (DNS), increasing the understanding of the
laminar-turbulent transition. Experimental studies, e.g. Wilkinson & Malik
(1985); Lingwood (1996); Othman & Corke (2006); Imayama et al. (2012);
Siddiqui et al. (2013), and theoretical investigations, e.g. Malik (1986); Ling-
wood (1995); Pier (2003), have been performed of this boundary layer and,
for example, the crossflow instability shown in figure 1.1, which is excited by
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Figure 1.2. Visualization of the flow over a rotating disk
when simulating one roughness element in a linear DNS. The
figure is adapted from paper 2 of this thesis showing the dis-
turbance field log10|u+ v| at z = 1.4.

unavoidable roughnesses on the disk surface, has been thoroughly examined.
Also within this project these crossflow vortices have been simulated, as shown
in figure 1.2, and a technical report describing the current findings (paper 2)
is included in this thesis. In connection to the specific DNS setup used, an-
other technical report (paper 3) about the laminar flow setup is also included.
Furthermore, published simulations of the rotating-disk flow are scarce. One
reason for this is that the simplicity of the boundary layer does not make the
simulations less expensive. Davies & Carpenter (2001, 2003) conducted lin-
ear DNS of the rotating-disk boundary layer, whereas Wu & Squires (2000)
investigated the turbulence via large-eddy simulations (LES).

The main motivation for the linear simulations done by Davies & Carpen-
ter (2003) was to compare with the theoretical findings by Lingwood (1995). In
addition to the convective behaviour that was previously investigated, includ-
ing the crossflow instability, Lingwood (1995) showed using local linear stability
theory that there is an absolute instability above a certain threshold Reynolds
number. This indicates that the transition mechanism could be very different
from e.g. the flow over a swept wing. For a swept wing, disturbances grow in
the flow as they move into regions of increasing Reynolds number making their
way to turbulence independent of the amplitude of the flow at other spanwise
positions. Instead of such a convective transition behaviour, the behaviour of
the absolute transition could make the amplitude of the disturbances grow fast
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at a specific radius creating a very sharp transition to turbulence. However,
an absolute instability is a local phenomenon and may not translate to the
spatially-inhomogeneous, i.e. global, case as described above. Thus, the char-
acteristics of the global nonlinear boundary layer must be studied to compare
with experimental results and to cast light on the significance of the local linear
absolute instability in the transition process.

A sharp transition to turbulence is observed in flow-visualization exper-
iments (Kobayashi et al. 1980), however investigations of the exact physical
mechanisms behind transition are still needed, and how to translate the lin-
ear absolute behaviour to the real boundary-layer flow is an active research
topic. The advantage of DNS over experiments is particularly the possibility
to isolating the dynamics, e.g. to eliminate the crossflow vortices which are
always present in experiments where they are unavoidably forced due to small
roughnesses on the disk. DNS can also investigate an impulse response more
clearly, first simulated linearly by Davies & Carpenter (2003) with a contin-
uation of their work presented in paper 1, further moving towards the real
boundary-layer flow.

In this thesis, mainly the linear behaviour of the rotating-disk flow is dis-
cussed. A natural continuation of this work would move into the nonlinear
regime and describe and determine the exact path the flow takes when going
from the laminar state to turbulence. This explanation is valuable within re-
search in order to have an idealized three-dimensional simple flow case which
can help to understand similar fluid flows. Research on, for example, a rotat-
ing cone has already started (Garrett & Peake 2007). Although, there are also
rotating-disk devices used in industry, e.g the chemical vapour deposition re-
actor (CVD) (Hussain et al. 2011), computer storage devices (Oh et al. 2012),
and also rotating disks are part of the rotor-stator flows (Serre et al. 2004),
which typically are seen in industry between rotating compressors and turbine
disks.

Part I of this thesis contains chapters 1–4 and an appendix A. Part II
contains four papers related to the rotating-disk flow. The following chapter 2
gives a theoretical background to the flow case and the potential instabilities.
Chapter 3 gives a summary of the four papers contained in Part II of this thesis,
and chapter 4 further gives conclusions and a view towards future work.



CHAPTER 2

Theoretical background

In this chapter the path from laminar to turbulent flow is taken via linear local
instabilities to nonlinear global instabilities, describing previous theoretical, ex-
perimental and numerical work on convective and absolute instabilities for the
rotating-disk boundary-layer flow. In the first part, the laminar von Kármán
flow is introduced via the governing equations and a family of rotating flows is
described. Further convective instabilities in the rotating-disk boundary layer
are introduced followed by an absolute instability. The differences between a
convective and an absolute instability are described and furthermore the trans-
lation from a local absolute instability to a global nonlinearly unstable flow
will be done in steps; first describing the research of the global linear rotating-
disk flow followed by the research of a nonlinearly unstable flow. Finally, the
Reynolds averaged Navier–Stokes equations are formulated for this flow case.

2.1. Laminar flow

The equations governing the boundary-layer flow over a rotating disk are the in-
compressible Navier–Stokes and continuity equation in cylindrical coordinates
in the rotating frame of reference;

∂U∗

∂t∗
+ (U∗ · ∇)U∗ = −

1

ρ
∇P ∗ + ν∇2U∗ −Ω∗ × (Ω∗ × r∗)− 2Ω∗ ×U∗ (2.1)

∇ ·U∗ = 0. (2.2)

Here U∗ = (U∗, V ∗,W ∗) is the total velocity vector, t∗ is time, P ∗ is the
pressure, r∗ = (r∗, θ, z∗) is the position vector in space, Ω∗ = Ω∗ez is the
constant angular velocity vector, ν is the dimensional kinematic viscosity and
ρ is the dimensional density. The asterisk, where used, refers to dimensional
units. These equations are the equivalents of equations (A.21) and (A.25) in
appendix A where they are related to the Navier–Stokes equations in Cartesian
coordinates in the laboratory frame of reference.

The von Kármán flow belongs to a family of rotating flows called the BEK
boundary layers, where BEK stands for Bödewadt, Ekman and von Kármán.
These flows are all three-dimensional and involve a disk spinning with rotation
rate Ω∗

D, and a fluid above the disk spinning with a rotation rate Ω∗
F . Bödewadt

(1940) studied the flow over an infinite stationary plane, Ω∗
D = 0, where fluid

5



6 2. THEORETICAL BACKGROUND

rotated with a uniform angular velocity at an infinite distance above the plane,
Ω∗

F �= 0; Ekman (1905) studied the influence of the Earth’s rotation on ocean-
currents which can be reformulated into a study of the flow over a rotating
disk when the fluid velocity at infinity approaches the same rotation rate as
the disk itself, Ω∗

D ≈ Ω∗
F , and, as already mentioned, von Kármán (1921)

studied the flow over a rotating disk, Ω∗
D �= 0, when the fluid at infinity is

not rotating, Ω∗
F = 0. These BEK boundary layers for infinite radius disks all

have an exact solution of the Navier–Stokes equations for the mean flow. The
differences between these flow are most easily described by the Rossby number
(Ro). This nondimensional number gives the ratio between the inertial term
and the Coriolis term in equation (2.1) defined as

Ro =
U

Ω∗L
(2.3)

where U and L are the characteristic velocity and advective lengthscale. Ling-
wood (1997) gives a formula to determine Ro

Ro =
Ω∗

F − Ω∗
D

Ω∗
(2.4)

where

Ω∗ =
Ω∗

F

2−Ro
+

Ω∗
D

2 +Ro
(2.5)

giving Ro = 1, 0 and −1 for the BEK boundary layers, respectively.

This work will only consider the rotating-disk boundary layer and its sim-
ilarity solution first derived by von Kármán (1921). In the derivation of the
similarity solution, the first step is to make the governing equations (2.1)–(2.2)
nondimensional. The similarity variables used when going from a dimensional
to a nondimensional system are functions of z alone. For the global scale these
are

U(z) =
U∗

r∗Ω∗
, V (z) =

V ∗

r∗Ω∗
, W (z) =

W ∗

(νΩ∗)1/2
, P (z) =

P ∗

ρνΩ∗
,

and for the vertical and radial direction

z =
z∗

L∗
, r =

r∗

L∗
,

where L∗ = (ν/Ω∗)1/2. The nondimensional Reynolds number from equa-
tion (1.1) can then be rewritten using the similarity variables

R =
r∗Ω∗L∗

ν
= r∗

1

L∗2
L∗ =

r∗

L∗
= r, (2.6)

and equals the nondimensional radius. In previous experimental articles, e.g.
Fedorov et al. (1976), a similar definition of the Reynolds number has also been
used,

R� =
r∗Ω∗r∗

ν
=
r∗2

L∗2
= r2, (2.7)
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Figure 2.1. The similarity solution for the flow over a ro-
tating disk. The solution is shown in the rotating reference
frame where U , V and W are the radial, azimuthal and ver-
tical velocity components, and P is the pressure. The figure
is adapted from paper 4 in this thesis where in the appendix,
equations (2.8)–(2.11) are solved numerically.

equal to the square of the present Reynolds number. Taking the global scale
similarity variables into the governing equations (2.1)–(2.2), and assuming that
the base flow is independent of θ and steady in time, the following ordinary
nonlinear differential equations are obtained

2U +W � = 0 (2.8)

U2 − (V + 1)2 + U �W − U �� = 0 (2.9)

2U(V + 1) + V �W − V �� = 0 (2.10)

P � +WW � −W �� = 0 (2.11)

where the prime denotes differentiation with respect to z. These are the equa-
tions first derived by von Kármán (1921). In the appendix of paper 4, the
above equations are solved using a Runge–Kutta fourth order (RK4) method
with a Newton–Raphson searching method. The boundary conditions used
are: no slip at the wall, U(0) = 0 and V (0) = 0; W (0) = 0 due to the imper-
meability of the disk; and a far field boundary condition implying no viscous
effects far from the wall giving U(z → ∞) = 0 and V (z → ∞) = −1. The
resulting velocity and pressure profiles are shown in figure 2.1. The similarity
of the rotating-disk flow and the boundary-layer flow over a swept wing is the
radial inflectional velocity component, meaning that both boundary layers are
susceptible to certain inviscid instabilities. In paper 3 the DNS code Nek5000
(Fischer et al. 2012) is described when simulating the laminar velocity field in
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three-dimensions both in the laboratory frame of reference and in the rotating
frame of reference.

2.2. Convective instability

This section is concerned with the convective instabilities found in the rotating-
disk boundary-layer flow. A convective instability is characterized by a distur-
bance that grows as it is convected away from its source. The flow at the
disturbance location will in time return to a laminar state if not continuously
disturbed. For the rotating disk boundary layer, the stationary vortices appear-
ing around the disk in experiments are an example of a convective instability.
These vortices are seen in the outer dark region of figure 1.1, and they are
stationary with respect to the disk surface and the reason for this is that they
are continuously forced by the roughness of the disk. Within this section, the
convective instability responsible for these stationary vortices will be discussed
starting with previous results. The correspondence between the experimental,
theoretical and DNS approach will also be shown.

2.2.1. Previous work

The instability and transition of the rotating-disk flow has been investigated
since Theodorsen & Regier (1944) and Smith (1947) noticed fluctuations in this
boundary layer in experiments. Gregory et al. (1955) suggested that rough-
nesses on the disk surface fix the vortex pattern seen in figure 1.1. This was
later shown from the experiments of Wilkinson & Malik (1985) where the dist-
urbances from roughnesses propagated and grew as wave packets. Malik et al.
(1981) used linear stability theory to show that the critical Reynolds num-
ber for the stationary vortices is 287, and the linear stability theory work by
Mack (1985) concluded that the pattern seen is the superposition of the zero-
frequency azimuthal wavenumber spectrum. Additional linear theoretical work
has also been performed by e.g. Kobayashi et al. (1980); Malik (1986); Faller
(1991). Also, in this thesis linear stability analysis is performed using two
different methods, a shooting method and a method using Chebyshev poly-
nomials. These procedures are documented in paper 4. In linear theory, the
normal-mode assumption is made containing a disturbance of the form

u = û(z, α, ω;β,R)ei(αr+βθ−ωt) (2.12)

v = v̂(z, α, ω;β,R)ei(αr+βθ−ωt) (2.13)

w = ŵ(z, α, ω;β,R)ei(αr+βθ−ωt) (2.14)

p = p̂(z, α, ω;β,R)ei(αr+βθ−ωt) (2.15)

where the eigenvalue problem is solved for either α or ω. Here the hat quantities
are the spectral representations of the perturbation fields (u, v, w and p), ω
is the frequency of the disturbance and α and β are the radial and azimuthal
wavenumbers, respectively. In figure 2.2 three branches of the zero-frequency
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Figure 2.2. Radial wavenumber α for disturbances of nor-
mal mode form for β = 32 and ω = 0. Three branches are
shown of which branch 3 is a stable upstream branch hitting
the imaginary axis slightly above r = 350. The non-parallel
PSE is compared to the parallel local theory for branch 1 and
2. The figures are adapted from paper 2 in this thesis.

(ω = 0) are shown for the azimuthal wavenumber 32. The radial wavenumber
α is shown as a function of R for these branches where the real part, αr, is
shown in figure 2.2(a) and the imaginary part, −αi, is shown in figure 2.2(b).
These three branches are referred to as type I, II and III and have different
characteristics: type I is the inviscidly unstable mode or the crossflow mode;
type II is due to the viscous effects; and type III is an upstream mode (which
coalesces with type I for ω �= 0 at higher Reynolds numbers). For the stationary
modes, type II disturbances have smaller growth rates than type I, and type
I is identified as the crossflow vortices in the rotating-disk boundary layer. In
figure 2.2(b) the type II line (branch 2) is seen below zero, meaning that these
disturbances decay for β = 32. Also the type III disturbance is decaying even
though it is shown as positive −αi, this is due to the negative group velocity
creating an upstream travelling mode. The same analysis for β = 22 reveals a
change of sign for αi at R = 287 consistent with the critical Reynolds number
found by Malik et al. (1981).

Investigations examining the effect of the parallel-flow approximation are
also presented in this thesis. This approximation is made for most theoretical
work, in order to solve the perturbation equations. Since the similarity solu-
tion of the mean flow is parallel itself, i.e. the thickness of the boundary layer
does not change with r, the meaning of the parallel-flow approximation for
this boundary layer refers to neglecting the variation of the Reynolds number
with radius in the mathematical approximation required to render the govern-
ing equations separable. When using the parallel-flow approximation, a local
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analysis is said to be done. Further, when comparing theoretical work to ex-
periments (for small amplitude disturbances), where the flow is changing with
radius, then there is a local–global difference. To investigate this local–global
effect Malik & Balakumar (1992) performed a thorough study with the par-
abolic stability equations (PSE). PSE is also used here in paper 2 to a small
extent with the NOLOT code from Hanifi et al. (1994) adapted to the rotating-
disk flow. A comparison between the solutions based on local theory using a
shooting method to solve the perturbation equations, and the PSE solutions is
shown in figure 2.2. The figures indicate that the local and global approaches
give similar results for branches 1 and 2. The PSE method fails to give the
third branch due to its upstream behaviour, which is naturally neglected due
to the parabolisation.

Visualizations of the rotating-disk flow show around 32 stationary spiral
vortices and focus on the zero-frequency spectrum, e.g. Gregory et al. (1955);
Kobayashi et al. (1980); Kohama (1984). The reason for this is due to the
continuous reinforcement via unavoidable surface roughnesses, the stationary
modes are then naturally more easily observed and measured than travelling
modes, which are usually randomly excited. From local theory, the convective
instabilities with a non-zero (travelling) frequency have also been extracted;
Malik et al. (1981) found weakly unstable propagating (type II) modes with a
critical Reynolds number of 49. Experiments focusing on these modes are e.g.
Corke & Knasiak (1998); Corke & Matlis (2004). Travelling modes were also
simulated in the DNS work by Davies & Carpenter (2001).

2.2.2. Combining previous results from experiments and theory to DNS

In this thesis DNS of the convective instability responsible for the station-
ary vortices has been conducted to verify the simulation method against both
the theoretical work and experiments. The availability of the theoretical data
from a local stability code using a shooting method (paper 4) and PSE, and
the experimental data (setup described in Imayama et al. 2012) lead to the
comparisons made in paper 2. It is anticipated that the relative simplicity
of the rotating-disk flow should allow for good correspondence between theo-
retical, DNS and experimental data. Spatial growth-rate data as a function
of radius in figure 2.3 emphasize this correspondence. The azimuthal fluctua-
tion velocity from experiments was obtained by ensemble averaging measured
single-realization time series by a single hot-wire probe. The root mean square
(r.m.s.) data for stationary disturbances are calculated using the ensemble-
averaged times series. There are three different simulations shown in figure
2.3: case r1 is made with one roughness element where the whole disk was sim-
ulated (visualization in figure 1.2); case r4 is made when simulating a fourth
of the disk in the azimuthal direction (90◦) containing one roughness element
and thus four identical roughness elements if considering the whole disk; and
case r32 is made when simulating a 32nd of the disk containing one roughness
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Figure 2.3. Growth rates (d[ln(vrms)]/dr or −αi at z = 1.3)
of DNS data (r1, r4 and r32), local theory and experimental
data. The figure is adapted from paper 2 in this thesis.

element and thus 32 roughnesses when considering the whole disk. The r.m.s.
for the DNS is extracted via

v2rms =
1

2π

� 2π

0

�v

r

�2

dθ, (2.16)

at z = 1.3 where v is the azimuthal perturbation velocity. For the r32 case,
due to the stability characteristics, the azimuthal wavenumber β = 32 is forced
for all Reynolds numbers throughout the domain (up to R = 600). This gives
an exact comparison to theory when using ω = 0 and β = 32. In figure 2.3 the
correspondence is clear. Comparing the other two curves from simulations, r1
and r4, to experimental data, where in all cases the number of vortices increase
with radius (β varies), a very similar growth rate is obtained.

2.3. Absolute instability

The theoretical analysis of the rotating-disk flow can be further extended; in
contrast to a convective instability, Lingwood (1995) found an absolute insta-
bility.

2.3.1. Absolute instability definition

A general definition of the absolute instability can be found in Schmid & Hen-
ningson (2001). Adapting this to the rotating-disk boundary-layer flow, the
disturbance is assumed to have a shape defined by equation (2.14). The disper-
sion relation is satisfied by solutions of for the system of perturbation equations
obtained from the governing equations of the rotating-disk flow (a detailed de-
scription of the equations can be found in paper 4). The dispersion relation
specifies the stability characteristics and by using the specific normal-mode
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Figure 2.4. The behaviour of a linear impulse response to
distinguish between convective and absolute instability. The
time, t is shown as a function of r where rs is the location of
the impulse at t = 0. The trailing and front edges are shown
as rays. The behaviours shown are (a) stable, (b) convectively
unstable, (c) absolutely unstable.

form of the disturbance shape, the derivatives within the system can be re-
placed by,

D
�
− i

∂

∂r
, i
∂

∂t
;−i

∂

∂θ
,R

�
w(r, t) = 0 ⇐⇒ D(α, ω;β,R) = 0, (2.17)

where only for certain α and ω this relation is fulfilled. For the stability analysis
discussed in paper 4 the eigenvalues satisfying the dispersion relation are found
by setting either ω or α and solving for the other. To investigate if the system
holds an absolute instability it has to be impulsively disturbed. From the
impulse response it is possible to see if the disturbance grows in time at fixed
locations, which implies absolute instability. In order to impulsively disturb
the system, Kronecker delta functions are used δ(r)δ(t) and the response to
this linear impulse is described by a Green’s function G(r, t)

D(α, ω;β,R)G(r, t) = δ(r)δ(t). (2.18)

Figure 2.4 shows typical impulse responses when the flow is disturbed at rs,
where (a) is stable, i.e. no disturbance is growing, (b) is convectively unstable,
i.e. there is a growing disturbance travelling away from the source, and (c)
shows absolutely unstable behaviour, where the disturbance grows within the
domain for all times.
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2.3.2. Previous work

For a general open-flow case the linear dynamics might be expected to ex-
hibit successive transitions from a stable state to a convectively unstable state,
and further to a possible absolutely unstable state as the control parameter
is continuously increased (Chomaz et al. 1990). The concept of the absolute
instability was first introduced by Briggs (1964) in the field of plasma physics.
Lingwood (1995) conducted the first spatio-temporal stability analysis for an
absolute instability following this theory for the rotating-disk boundary layer,
finding the first example of an absolutely unstable boundary-layer flow. The
absolute instability found consists of the type I and type III convectively unsta-
ble modes coalescing (at a pinch point of zero group velocity) for ωi > 0 above
the critical Reynolds number of 507. The spatio-temporal stability analysis
used to find the absolute instability uses the parallel-flow approximation and
therefore the absolute instability derives from local theory. When simulating
using DNS the linear local behaviour Davies & Carpenter (2003) found the
same absolute instability with the same critical Reynolds number. However,
the continuations of these simulations, for the global linear behaviour, did not
show absolutely unstable behaviour and their conclusion was that the rotating-
disk flow is linearly locally unstable but linearly globally stable. Healey (2010)
found the same global behaviour when using the linearized Ginzburg–Landau
model for investigating the boundary layer over a rotating disk. However, this
was the behaviour of an infinite disk. When a finite disk was used, and the disk
edge was within the absolutely unstable region and the region before the edge
was sufficiently large, the global behaviour became absolutely unstable. In the
simulations by Davies & Carpenter (2003) disturbances coming in from the
edge were neglected and the simulations were stopped before they could reach
the domain of interest, thus the simulations were only run for 1.6 rotations.
The results of Healey (2010) and Davies & Carpenter (2003) thus agree for an
infinite disk. However, the result of Healey (2010) for a finite disk were at the
time only shown using the linearized complex Ginzburg-Landau equations, and
not for the linear Navier–Stokes equations.

Attempts have been made to examine the global linear behaviour of an
impulse in experiments (Lingwood 1996; Othman & Corke 2006), where an
edge is always present, however with different conclusions. These are discussed
in paper 1, where simulations of the rotating-disk boundary layer are conducted
where an edge is included as a continuation of the previously found results. In
figure 2.5 energy data from five simulations are shown (runs r01–r05) in terms
of growth rates in time as a function of time. Case r01 has the edge at a
position lower than redge = 594, and cases r02–r05 have the edge at positions
higher than this, and show a qualitatively different final behaviour in time.
Case r01 exhibits a final decaying behaviour in time and cases r02–r05 show
a temporally growing final behaviour. Further descriptions of the simulations
can be found in paper 1 with the concluding behaviour that for a finite disk,
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Figure 2.5. Growth rate data in time, (1/2)d[lnE(r)]/dt
(where E(r) is the kinetic energy of the disturbance field) for
several linear runs of an impulse disturbance. The data is
measured at r = 530 and is shown together with an arrow
indicating the anticipated behaviour for having the edge at
redge = ∞. This figure is adapted from paper 1 in this thesis.

when the absolute unstable region before the edge is sufficiently large, is globally
unstable corresponding to the results by Healey (2010) for the linear Ginzburg–
Landau equations.

2.4. Nonlinear instability

The absolute instability is a linear local concept, which can be extended to a
global case when also considering the spatial evolution of the flow. However,
the real experimental boundary layer is both global and nonlinear. Theoretical
work by Pier (Pier & Huerre 2001; Pier 2003, 2007) has extended the analysis
to the nonlinear regime, discussing the nonlinear stability behaviour of the
flow over a rotating disk and routes to turbulence. These studies predict a
(sub-critical) nonlinear ‘elephant’ global mode characterized by a stationary
front located at the critical Reynolds number from the local linear theory (R =
507). This front saturates when moving downstream and is itself absolutely
unstable to secondary instabilities, as has more recently been found in the
DNS by Viaud et al. (2011) in an open rotating cavity. In a nonlinear case
the appearance of absolute instability is a necessary and sufficient condition
to make the flow globally unstable (Pier et al. 2001). If the disk is considered
infinite, the rotating-disk boundary layer is thus considered linearly globally
stable but is nonlinearly globally unstable.
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2.5. Turbulent flow

The equations for turbulent averaged quantities over the rotating disk are given
by the Reynolds-averaged Navier–Stokes (RANS) equations and the Reynolds-
averaged continuity equation, which can be derived from equations (2.1)–(2.2).
The Reynolds-averaged continuity equation is

∂U∗

∂r∗
+
∂W ∗

∂z∗
+
U∗

r∗
= 0. (2.19)

and the RANS radial, azimuthal and axial components are

U∗ ∂U
∗

∂r∗
+W ∗ ∂U

∗

∂z∗
−
V ∗2

r∗
− 2V ∗Ω∗

= −
1

ρ

∂P ∗

∂r∗
+ r∗Ω∗2 +

1

ρ

∂

∂z∗

�

µ
∂U∗

∂z∗
− ρu∗w∗

�

,

(2.20)

U∗ ∂V
∗

∂r∗
+W ∗ ∂V

∗

∂z∗
+
U∗V ∗

r∗
+ 2U∗Ω∗ =

1

ρ

∂

∂z∗

�

µ
∂V ∗

∂z∗
− ρv∗w∗

�

, (2.21)

and

∂w∗w∗

∂z∗
= −

1

ρ

∂P ∗

∂z∗
, (2.22)

where the full derivation can be found in Imayama (2012). The velocity
components and the pressure is divided into a mean and a fluctuating part,
ũ∗ = U∗ + u∗ and P̃ ∗ = P ∗ + p∗ where the tilde represents the instantaneous
field. The overbar represents the mean quantity and µ is the dynamic viscosity.

There are few studies of the turbulent boundary layer over a rotating disk
that go beyond the fundamentals, both by numerical methods (Wu & Squires
2000) and experiments (Cham & Head 1969; Erian & Tong 1971; Littell &
Eaton 1994; Itoh & Hasegawa 1994; Imayama et al. 2014b). The latest of
these works suggests that the outer flow structures are less influential in the
inner region for the rotating-disk case when comparing to a two-dimensional
flat-plate boundary layer (Imayama et al. 2014b).



CHAPTER 3

Summary of papers

Paper 1
Global linear instability and the radial boundary of the rotating-disk flow.
The global linear behaviour in the rotating-disk boundary layer due to an
impulse is examined in detail. Simulations are performed in domains of a 68th
of an annulus where the disk is assumed to be of finite radius. Due to the
finite domain in the radial direction, inward-travelling disturbances from the
outer radial boundary are included within the simulations potentially allowing
absolute instability to develop. During early times the flow shows traditional
convective behaviour, however, for long times this behaviour changes and a
single dominant global mode is found. For an edge Reynolds number larger than
approximately R = 594, this mode is growing in time and for smaller values
the global mode is decaying in time. The global mode shape and frequency
are unambiguously imposed by the conditions found at the radial edge of the
domain. Our results show clearly that there is linear global instability provided
the Reynolds number at the edge of the disk is sufficiently larger than the
critical Reynolds number for the onset of absolute instability.

Paper 2
Simulating the linear behaviour of the flow over a rotating disk due to roughness
elements.
Direct numerical simulations were performed to investigate the linear stability
behaviour of the flow over a rotating disk due to roughness elements. Three
simulations differing in the azimuthal extent of the disk were made including
a whole annulus of the disk, a forth of an annulus and a 32th of an annulus.
Each of these simulations contained one roughness element, corresponding to
a total of one, four and 32 roughness elements distributed on the disk surface.
The simulations were verified by linear stability analysis and compared to ex-
periments. For all three approaches (simulations, theory and experiments) the
numbers of vortices appearing on the disk surface and the growth rates of these
vortices show exellent agreement. Simulation data when separating each vortex
is shown along with a frequency analysis indicating the possible appearence of
the absolutely unstable mode.
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Paper 3
Simulating the laminar von Kármán flow in Nek5000.
The first simulations made with the code Nek5000 of the laminar flow over a
rotating disk, the von Kármán flow, are presented. The environment for direct
numerical simulations is set up and the accuracy of the Nek5000 solver is in-
vestigated by comparing the laminar solution to the similarity solution of the
Navier–Stokes equations. Different scalings of the equations are investigated,
together with quantifications of how suitable the different available boundary
conditions are, and also different reference frames and grid dependency of the
solution are investigated. The general conclusion is that it is possible to simu-
late the von Kármán flow in Nek5000.

Paper 4
Revisiting the stability analysis of the flow over a rotating disk.
The stability of the rotating-disk flow has been investigated from a theoret-
ical point of view. Two different ways of solving the perturbation equations
derived from the incompressible cylindrical Navier–Stokes equations are fol-
lowed, a shooting method and by using Chebyshev polynomials. The shooting
method uses equations of transformed variables and solves for one solution of
the dispersion relation at a time, whereas the Chebyshev code solves for the all
temporal solutions of the dispersion relation at once. The results from the two
approaches coincide except for a slight difference in the region where type I and
type II coalesce close to the neutral curve. Also, the von Kármán equations for
the mean flow are derived from the incompressible cylindrical Navier–Stokes
equations and are solved via a shooting method.



CHAPTER 4

Conclusions and outlook

In the first part of this work, paper 1, the linear stability of the rotating-
disk boundary layer was examined. This revealed that the flow is linearly
globally stable if the edge Reynolds number is considered to be at infinity,
and that the flow is linearly-globally unstable if there is an outer radial edge
located sufficiently within the absolutely unstable region. For further analysis
of the transition route from laminar to turbulence, and to move closer to real
flow development, the next step is to simulate the behaviour of the impulse
response in a nonlinear global boundary layer. Much of the theoretical work
has already been outlined by Pier (2003), and can further be compared to
the behaviour of an impulse in the rotating cavity simulated by Viaud et al.
(2011). The simulations of paper 1 can be modified to suit also the nonlinear
behaviour by increasing the resolution and extending the domain in the wall-
normal direction due to increased boundary-layer growth. Further, in order to
mimic the practically observed transition behaviour of the real boundary layer
the stationary vortices always found in experiments due to the small surface
roughnesses should also be present in simulations. The scenario would then
be to generate the stationary vortices from distributed roughness elements in
the simulations, and potentially also some low-amplitude temporal noise. Here
also an impulse could be added to the simulations when the stationary vortices
are fully grown in order to assess the stability and transition scenario in the
presence of the crossflow vortices. In particular a secondary instability analysis
would be of interest to assess the flow structures on top of the crossflow vortices.

However, the simulations are limited by one factor, their size, which in
turn limits the azimuthal extent of the domain. Paper 2 shows that this limi-
tation narrows down the simulated azimuthal wavenumbers to only one, making
simulations directly comparable to theoretical research previously done. Also
shown in paper 2 is a direct comparison between simulations and experiments
also when multiple wavenumbers are present in the simulation; very good agree-
ment is found if a large enough domain is simulated. For nonlinear simulations
extending over radial positions of 230 to 750, up to a height of 48 and over a
32nd of an annulus about 800,000 spectral elements are needed to resolve the
turbulent structures, to be compared with approximately 20,000 spectral ele-
ments needed for the linear simulations of paper 1. Such a simulation would
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have a small azimuthal extent for including both the stationary vortices and
an impulse response for the most amplified wavenumbers found from theory.
It is therefore computationally costly, but not impossible to assess the be-
haviour of stationary and travelling wave interactions as discussed by Corke &
Knasiak (1998). However, the findings in Corke & Knasiak (1998) and seen
in the experiments by Imayama et al. (2014a) in their figure 12, suggests that
at least a fourth of the disk is needed due to the resulting wavenumber four
from these wave interactions. The corresponding simulation would have ap-
proximately 6,400,000 spectral elements. The element count is, however, based
on the present mesh setup and further work can be done to remove elements
in positions where the resolution is not needed, e.g. the domain height can be
reduced for low Reynolds numbers and increased when moving outwards in the
radial direction. In the context of larger azimuthal domains where the number
of vortices can increase with radius, an interesting case for investigation is how
the energy is distributed in the azimuthal direction. For example, if growth in
this direction is favoured prior to radial growth, especially when it comes to
the nonlinear breakdown.

Nevertheless, staying with smaller azimuthal domains, the transition routes
can be examined in DNS and compared to previous nonlinear theoretical work
outlined by Pier (Pier & Huerre 2001; Pier 2003, 2007). The main different
routes to be investigated are: i) the convective route where large enough dist-
urbances, here the stationary vortices, grow and become turbulent below the
local critical Reynolds number for absolute instability (Rc = 507); and ii) the
supercritical route to turbulence thought to be caused by the linear global
instability. This linear instability then grows large enough to create finite am-
plitude disturbances leading to a nonlinear global instability, possibly having
properties from the local absolute instability (Pier 2003). Disturbances would
then be amplified at Rc, and further downstream the turbulent region would
be entered via the ‘elephant’ global mode (Pier & Huerre 2001).

For the investigations regarding the global linear behaviour due to an im-
pulse disturbance, the outer radial boundary conditions for the various research
by numerical codes were all different. Paper 1 in this thesis and Healey (2010)
(for the linear Ginzburg–Landau equation) used different boundary conditions
where all the perturbations decayed at the outer radial boundary, and Davies
& Carpenter (2003) used a type of convective boundary conditions. Both in
the linear and nonlinear case it would be interesting to investigate the exact
impact the outer radial boundary condition has on the flow. Previous research
of the nonlinear case includes Imayama et al. (2013); Healey (2010) and Pier
(2013), where the latest article suggests that the radial jet present at the disk
edge position can itself be unstable and induce new perturbations to the flow
field. To investigate the impact of this jet by DNS it is possible to, for exam-
ple, model the field at the edge including the radial jet, include the disk edge
within the DNS to investigate the flow field at the outer edge of the disk, or to
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further optimize the boundary conditions in Nek5000, such as implementing a
convective boundary condition. The goal of all these suggestions is to simulate
the desired edge condition as accurately as possible.

Furthermore, conducting simulations of the transition behaviour also gives
the opportunity to look into details of the turbulence in the rotating-disk
boundary layer, both to compare this with experimental results and with data
obtained in the flat-plate boundary layer. There is no DNS of turbulence in
the disk geometry available, and several experimental observations e.g. related
to spectra should be checked and examined also based on numerical data.

The present setup in Nek5000 can also be modified to further simulate not
just the von Kármán flow but also the dynamics of the Bödewadt or Ekman
flows, and the instabilities within these boundary layers. Also, a slight modifi-
cation from the rotating-disk geometry may lead to a rotating cone or a sphere.
The cone shape is particularly of interest due to a variable elevation angle of
the wall surface, and the sphere is a reminder of the shape of the Earth. Com-
parison to theoretical work by Garrett (2002) would be of interest for this last
part.



APPENDIX A

Cylindrical coordinate system

The most commonly used coordinate system is the Cartesian one consisting of
three fixed unit vectors orthogonal to each other in a three-dimensional space
(x, y and z directions). Although the Cartesian coordinate system is easy
to understand, the rotating-disk flow is suitably described in the cylindrical
coordinate system. This is due to the axisymmetry of the flow making the
cylindrical unit vectors correspond well to the three different directions char-
acterizing the flow, the radial, azimuthal and vertical direction (r, θ and z).
Within the cylindrical coordinate system, it is also possible to easily swap ref-
erence frame to a rotating system, fixed to the disk. The forces induced by the
rotation are then apparent (or virtual) forces. There are two apparent forces
active in the rotating frame of reference of the cylindrical system, the centrifu-
gal force acting in the radial direction and the Coriolis force acting on a moving
object. In this thesis, the rotating-disk flow case is described in the cylindri-
cal coordinate system consistent with previous theoretical investigations, e.g.
Lingwood (1995), whereas the DNS code Nek5000 uses the Cartesian coordi-
nates. A description of the Navier–Stokes equations in the two systems and a
transformation between the two frames of reference are thus of importance to
fully understand the simulations made herein.

A.1. Unit vectors

The two-dimensional Cartesian and polar unit vectors are shown in figure A.1,
ex, ey and er, eθ, respectively. Adding a vertical third direction, ez, gives the
three-dimensional Cartesian and cylindrical coordinate systems. The transfor-
mation for a position in space described by the Cartesian coordinates to the
cylindrical coordinates, and vice versa, are given by

r =
�
x2 + y2 x = rcosθ

θ = tan−1(y/x) ⇐⇒ y = rsinθ

z = z z = z.

(A.1)

The cylindrical unit vectors are functions of the position itself making it con-
venient to express them in terms of the cylindrical coordinates and the unit
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Figure A.1. Unit vectors in the two-dimensional Cartesian
coordinate system, ex and ey, and in the polar coordinate
system, er and eθ.
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A.2. Rotating system

The velocity field in Cartesian coordinates is denoted ux = uxex + uyey +wez
and the velocity field in cylindrical coordinates is denoted u = uer+veθ+wez.
The position, velocity and acceleration of a fluid particle or fluid parcel (this is
to avoid the notion of inertia of the particle itself) in a cylindrical system can
be described by the expressions

r = rer + zez

u = ṙer + rθ̇eθ + żez

a = (r̈ − rθ̇2)er + (rθ̈ + 2ṙθ̇)eθ + z̈ez

(A.3)

where the dot refers to a derivation in time and u = ṙ, v = rθ̇ and w = ż.
When a system is rotating it is convenient to change the reference frame to
the rotating system such that θ = θ� + Ωt, where Ω is the angular rotation
rate considered to be constant in time, t is the time and the dash denotes the
new system. The angular rotation rate is then θ̇ = θ̇� + Ω and the angular
acceleration θ̈ = θ̈�. Substituting this into the expression of acceleration gives

a = a� − (2Ωrθ̇� + rΩ2)er + 2ṙΩeθ. (A.4)
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The above expression can be simplified to

a = a� +Ω× (Ω× r) + 2Ω× u�. (A.5)

where u� = (u, v�, w), v� = rθ̇� and Ω = Ωez. Within the new � system, the
equation of motion is thus

F� = F− Fa = F−m(Ω× (Ω× r) + 2Ω× u�) (A.6)

where F represents the force and Fa are the apparent forces present in the
rotating system, where m is mass and the first term represents the centrifu-
gal apparent force, and the second term represents the Coriolis force. When
simulating a system in the rotating frame of reference, the apparent accelera-
tion terms need to be added to the Navier–Stokes equations as volume forcings.
They are translated to the Cartesian system to match the geometry of Nek5000

fx = 2Ωuy +Ω2x

fy = −2Ωux +Ω2y
(A.7)

where fx and fy are the volume forces in the x and y direction, respectively.
Due to the conservative nature of the centrifugal force, it can be incorporated
into the pressure term when solving Navier–Stokes equations via DNS. It is
thus possible to skip the last term of equations (A.7).

A.3. Operators in cylindrical coordinate system

A.3.1. Path increment

A small change in r (see equation A.3) can be expressed by

dr = d(rer + zez) = drer + rder + dzez + zdez (A.8)

and using the relation der/dθ = eθ gives

dr = drer + rdθeθ + dzez . (A.9)

A.3.2. Del operator

When the value of ux changes by a small amount in Cartesian coordinates

dux =
∂ux
∂x

dx+
∂ux
∂y

dy +
∂ux
∂z

dz (A.10)

the equivalent in cylindrical coordinates, due to the path increment becomes

dux =
∂ux
∂r

dr +
1

r

∂ux
∂θ
rdθ +

∂ux
∂z

dz (A.11)

giving the del operator for cylindrical coordinates

∇ =
∂

∂r
er +

1

r

∂

∂θ
eθ +

∂

∂z
ez . (A.12)
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A.3.3. Divergence

The divergence of a vector A = (Ar, Aθ, Az) can be formulated in cylindrical
coordinats according to

∇ ·A =
� ∂

∂r
er +

∂

r∂θ
eθ +

∂

∂z
ez

�
· (Arer +Aθeθ +Azez), (A.13)

where the derivatives have to be taken before the dot product giving
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There are only two derivatives of the unit vectors that will be separate form
zero; ∂er/∂θ = eθ already used for the path increment, and ∂eθ/∂θ = −er.
These relations give

∇ ·A = er ·
�∂Ar

∂r
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∂Aθ

∂r
eθ +
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�

+
eθ
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·
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ez +Areθ −Aθer

�

+ ez ·
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�
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(A.15)

and by taking the dot product the final divergence for cylindrical coordinates
becomes

∇ ·A =
∂Ar

∂r
+
∂Aθ

r∂θ
+
Ar

r
+
∂Az

∂z
. (A.16)

A.3.4. Curl

To derive an expression for the curl, the same procedure as for the divergence
in section A.3.3 is done for ∇ × A. Again, the unit vectors are themselves
functions of the coordinates and the derivatives are evaluated before the cross
product

∇×A =
�1

r

∂Az

∂θ
−
∂Aθ

∂z

�
er +

�∂Ar

∂z
−
∂Az
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�
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∂r
+
Aθ

r
−

1

r

∂Ar

∂θ

�
ez .

(A.17)
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A.3.5. Laplace operator

The Laplace operator act on a scalar field

∇2ux = ∇ · (∇ux) =
� ∂

∂r
er +

∂

r∂θ
eθ +

∂

∂z
ez

�
·
�∂ux
∂r

er +
∂ux
r∂θ

eθ +
∂ux
∂z

ez

�

(A.18)
and following the same procedure as described in section A.3.3 gives the oper-
ator

∇2 = ∇ · ∇ =
1

r

∂

∂r

�
r
∂

∂r

�
+

1

r2
∂2

∂θ2
+
∂2

∂z2
. (A.19)

A.4. Rotating frame of reference

The Navier–Stokes equations in Cartesian coordinates is given by

∂u

∂t
+ (u · ∇)u = −

1

ρ
∇p+ ν∇2u+

1

ρ
F (A.20)

where the kinematic viscosity ν equals the dynamic viscosity over density, µ/ρ,
and F are external volume forces like for example gravity or apparent forces.
In the rotating system, F = Fa from section A.2, i.e. the centrifugal and the
Coriolis are added giving

∂u

∂t
+ (u · ∇)u = −

1

ρ
∇p+ ν∇2u− (Ω× (Ω× r) + 2Ω× u) (A.21)

where u is now the velocity of the rotating � system. Using the cylindrical op-
erators from the previous sections, the equations in each r, θ and z component
are

∂u
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+ (u · ∇)u−

v2

r
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= −
1
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�
,

(A.22)

∂v
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+ (u · ∇)v +

uv

r
+ 2Ωu

= −
1
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�
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2

r2
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∂θ
−
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r2

� (A.23)

and
∂w

∂t
+ (u · ∇)w = −

1

ρ

∂p

∂z
+ ν∇2w, (A.24)

along with the continuity equation

∇ · u =
∂u

∂r
+
u

r
+

1

r

∂v

∂θ
+
∂w

∂z
= 0. (A.25)

Note the additional terms arising in the momentum equations, (A.22)–(A.24),
due to the change of er and eθ with θ. For example, the r-component of (u·∇)u
is not (u · ∇)u but (u · ∇)u− v2/r.
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