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Abstract

Domineering is the classic combinatorial game in which players take turns placing
1 × 2 or 2 × 1 dominoes to cover a board of squares, losing when there is no space
available. In this paper, we study Domineering under the additional rule that the
board must be a Young tableau at all times. We analyze some simple positions of
the game, solve the game for a specific family of boards, and present an interesting
conjecture.

Sammanfattning

Domineering är ett välkänt kombinatoriskt spel där spelarna turas om att täcka
ett bräde med dominobrickor (brickor av storlek 1× 2 eller 2× 1) tills inga fler drag
är möjliga. I detta examensarbete undersöks Domineering med en ytterligare regel:
brädet m̊aste hela tiden vara en Youngtabell. Spelet löses för en särskild mängd
bräden och en intressant förmodan diskuteras.
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1 Introduction

Combinatorial game theory is a powerful tool for the analysis of mathematical games.
Through its application, many games are now well understood (like Nim and Pen-
tago) and many more have been at least partially solved (for example, Chess and Go
endgames). But a number of open problems remain.

One unsolved game is Domineering, a combinatorial game in which players take turns
placing 1 × 2 or 2 × 1 dominoes on a board of empty squares. A complete analysis of
this game has eluded mathematicians for years. However, it may be possible to simplify
the game by introducing some additional rule or constraint, hopefully leading to a more
readily analyzed problem. This paper examines Domineering under the rule that the
board must be a Young tableau, meaning that each row of the grid must have at least as
many empty squares as the one below it (a more rigorous definition is given in Section
1.2). This modified game has, to our knowledge, never been studied before. We will
analyze some small positions of the game, derive explicit solutions for certain large
boards, and finish with some interesting conjectures.

Section 1 reviews the basics of combinatorial game theory, Domineering, and Young
tableaux. Section 2 contains some simple but useful results, and in Section 3 we solve
certain families of large boards. Section 4 presents a conjecture concerning square boards,
and Section 5 concludes the paper with a discussion of the results obtained.

1.1 Game theory

Here we briefly summarize some of the fundamentals of combinatorial game theory.
We formally define a game as follows:

Definition 1. A game is an ordered pair of sets of games. A game is denoted

G = {GL |GR}.

GL is the set of left options of G, while GR is the set of right options.

This recursion is self-starting, since the empty set is a set of games; the game {∅ | ∅}
can be more compactly written { | } and is called 0.

A game is played by two players, whom we shall call Left (L) and Right (R). Either
Left or Right moves first, and then players alternate moves; making a move consists
of selecting a game from the set of corresponding options (left options for Left, right
options for Right). Play then continues in the selected game on the next turn. The
definition above can then be interpreted as a tree, with branches to the left and right
representing the two players’ moves.

When a player is unable to make a move – that is, when the set of options for that
player is the empty set during their turn – the game ends. Under the normal play
convention (which we will be using), that player then loses the game. We also require
of our combinatorial games that they must not continue indefinitely – that is, there is
no infinite sequence of moves. This means that the game cannot end in a tie; there is
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always a winner. Since each game can begin in two different ways (Left moves first or
Right moves first) and can end in two different ways (Left wins or Right wins), there are
exactly four outcome classes or types:

• If there exists a winning strategy for the first player to move, the game is an
N-game.

• If there exists a winning strategy for the second player to move, the game is a
P-game.

• If there exists a winning strategy for Left (whoever moves first), the game is an
L-game.

• If there exists a winning strategy for Right (whoever moves first), the game is an
R-game.

Typically, when analyzing a game, our goal is merely to determine its type; finding
an explicit winning strategy is often much more difficult. It is also possible to assign
numbers to certain games, allowing us to determine not only the types of those games,
but also the type of their sum; however, we will not be making use of this technique,
for reasons discussed in Section 5. The interested reader is referred to Conway’s On
Numbers and Games [1].

1.2 Regular Domineering

A (regular) game of Domineering is played on a grid of empty squares, on which players
take turns placing dominoes, covering up the squares. Left plays vertical 2×1 dominoes
while Right plays horizontal 1 × 2 dominoes. The player who cannot place a domino
during their turn loses. For example, consider the grid depicted in Figure 1.

Figure 1: A 3× 2 board.

Assume Right moves first. He can choose to play his horizontal domino in any of the
three rows; for example, if he plays in the bottommost row, he leaves a 2× 2 board (see
Figure 2).

Now it is Left’s turn to move. He can play either in the first or the second column;
if he plays in the first column, he leaves a 2× 1 board (see Figure 3).

From here, there are no possible moves for Right to make. Therefore, Right loses
and Left is the winner.

While the game is easy to play and its rules simple to understand, it turns out to be
very hard to analyze, as the number of moves available to each player rapidly increases
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Figure 2: Right covers the bottom row, leaving a 2× 2 board.

L
L
R R

Figure 3: Left covers the first column, leaving a 2× 1 board.

with the size of the board. Strategies have been found for boards as large as 10× 10 [2],
but no general solution is known.

1.3 Domineering on Young tableaux

In this paper, we will not attempt to tackle the problem of solving regular Domineering.
Instead, we make a slight modification to the rules by introducing a constraint on the
board: it must at all times be a Young tableau. The following is our definition of a Young
tableau.

Definition 2. Let L1 ≥ L2 ≥ L3... ≥ Lk > 0 be a decreasing sequence of positive
integers. A Young tableau is then defined by the set

{(i, j) : 1 ≤ i ≤ k, 1 ≤ j ≤ Li}.

The tableau may be graphically represented by interpreting each element (i, j) as
the coordinates of a square in a k×L1 grid. As an example, the Young tableau defined
by the sequence (4, 2) is depicted in Figure 4. In regular Domineering, there would have
been several legal moves for both Left and Right on this board; for example, Left could
place a vertical domino in the first column, or Right could place a horizontal domino in
the top left corner. But under our Young tableau constraint, these moves are not legal,
because the resulting grid would not again be a Young tableau. With the new rule, the
legal moves for Right are to move to (2,2) or to (4), and Left has no legal moves.

Figure 4: The Young tableau (4,2) has 4 squares in the first row and 2 squares in the
second.

Another way to represent Young tableaux, less intuitive at a glance but occasionally
useful in our proofs, is to describe it using a sequence of 0’s and 1’s – a binary string. We
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do this by tracing the tableau’s outline. Starting in the bottom left corner of the tableau,
we represent a move upwards by 0 and a move to the right across the diagram by 1. For
example, the tableau (5, 3, 3, 2, 1) is shown in Figure 5; if we follow the procedure just
described, we obtain the string 1010100110.

Figure 5: The tableau (5,3,3,2,1). Starting in the bottom left corner, we move right, up,
right, up, right, up, up, right, right, up. This gives us the string 1010100110.

Using this binary string notation, we can also easily represent the moves made by
Left and Right; when a vertical domino is placed, a substring 100 is converted to a
substring 001, and when a horizontal domino is placed, a substring 110 is converted to
a substring 011. (For convenience, we typically omit any leading 0’s or trailing 1’s that
may result from a move.) The reader is encouraged to verify that this representation
corresponds to the graphical one.

1.4 An impartial variation

There is an impartial version of Domineering, often called Cram, in which both players
are allowed to place dominoes in either orientation. What would happen if we were to
impose our Young tableau constraint on Cram? It turns out that the resulting game is
neatly solvable using the technique of representing Young tableaux as binary strings.

As mentioned before, the placing of a vertical domino is represented by converting a
substring 100 to a substring 001, and the placing of a horizontal domino is represented
by converting a substring 110 to a substring 011; since we allow both players to perform
either of these moves, we can summarize this by saying that a legal move is to convert a
substring 1?0 to a substring 0?1, where ? may be either 0 or 1. This means that moves
are made by selecting a 1 and letting it trade places with a 0 two spaces to its right.

Clearly, since each digit in a string affects only digits that are two spaces away from
it, we may separately consider the odd-indexed digits (first digit, third digit, fifth digit
and so on) and the even-indexed digits; they will never interact with each other. We
illustrate by using the string 11010100101110 as an example. Splitting the string in two
parts, we obtain 1000111 (odd digits) and 1110010 (even digits).

In this two-string representation, moves are made by selecting a 1 and swapping it
with a 0 to its right; players may move in either of the two strings. However, we can now
straightforwardly calculate the total number of moves that can be made: it is just the
number of times that each 1 can be moved to the right. (Equivalently, it is the number
of inversions of the two strings.) If there is an odd number of moves, the first player
wins, and if there is an even number of moves, the second player wins. In the example
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above, 3 moves can be made in the string of odd digits, and 10 moves can be made in
the string of even digits; therefore, the game as a whole is an N -game.

Apparently, then, the game of Cram played on Young tableaux does not require
further study; but its partisan counterpart cannot be solved as easily. In Domineering,
the even-indexed and odd-indexed digits do interact, so the above method fails.

2 Small boards

If a board is sufficiently small, we can determine its game type (N, P, L or R) by
examining all possible sequences of moves until we find a winning strategy for a player.
For moderately sized boards, a computer can perform an exhaustive search in relatively
short time; for very small ones we can even solve the problem by hand. Table 1 presents
the game type calculated in this way for a number of small boards. (Here we have
chosen not to include any R-games, because each of the presented L-games becomes a
corresponding R-game if we flip it across its diagonal so as to exchange the roles of Left
and Right. An expanded table is found in the Appendix.)

Tableau Game type Tableau Game type

P L

P L

P N

P L

P L

L L

L L

Table 1: Game types for some small boards.
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Studying the table above, we notice a promising pattern: boards that are more ”vertical”,
in the sense that they have more rows than columns, tend to favour Left. With a bit
more data (as in the Appendix), one can also see that the n × n boards appear to be
alternately N and P . We will expand on both of these observations in the next sections.

3 Large boards

As the size of the board increases, so too does the number of possible sequences of moves;
for very large boards, an exhaustive search is no longer viable. However, certain kinds
of boards can be solved explicitly, no matter the size. Of particular interest are the
Γn,k-boards, which we introduce in this section. We will also derive some useful results
regarding the number of rows and columns of a board.

3.1 The Γn,k-boards

The Γn,k-boards are a family of boards that lend themselves especially well to study, as
we will soon see.

Definition 3. Consider a board consisting of n rows, with the first k rows having length
n and the others length k. We call this board the Γn,k-board.

Γn,k-boards are shaped like an upside-down L, or like the letter Γ; hence the name. The
board Γ5,2 is pictured in Figure 6.

Figure 6: The Γ5,2-board has 5 rows, the first 2 of length 5 and the rest of length 2.

These boards have two important properties: they are symmetric, and if n > k, neither
player can place a domino that crosses the board’s diagonal. This will turn out to be
useful in the following proofs. We begin with the simplest of the Γ-boards: the Γn,1-
boards.

Theorem 1. The Γn,1-boards are P -games.

Proof. Clearly, R can only ever play in the first row, and L can only play in the first
column. Since the first row and the first column are of equal length, both players have
the same number of moves at their disposal. Therefore, whoever moves first will be the
first to run out of moves, so the game is a second-player win.
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Corollary. Let the Γa,b-board be the board with b rows, the first having length a and the
remaining having length 1. (This is essentially just a Γn,1-board in which the first row
and the first column need no longer have the same length.) The type of this game can be
determined as follows:

• If a = b, the board is a P -game.

• If a > b + 1, the board is an R-game, and if b > a + 1, it is an L-game.

• If a = b + 1, then the game is a P -game when a is odd and an R-game when a is
even.

• If b = a + 1, then the game is a P -game when b is odd and an L-game when b is
even.

Proof. The first case is just a Γn,1-board, already solved. The second case is also straight-
forward; if a > b+ 1 then R can make at least one more move than L, so L will run out
of moves first (and vice versa for b > a + 1).

Finally we will prove the third case (the fourth case then proceeds analogously). On
any Γa,a−1-board with a > 3, L and R have only one legal move each; after they have
each made a move, they will always end up on the Γa−2,a−3-board. So by induction,
the Γa,a−1-board will have the same type as the Γ2,1-board when a is even, or the same
type as the Γ3,2-board when a is odd. It’s easy to verify that their types are R and P ,
respectively, which completes the proof.

The above results, though trivial, serve to illustrate the simplicity of the Γ-boards:
because neither player can ”break” the game’s symmetry (until possibly at a later stage
in the game), we can apply symmetry arguments that would not be applicable on a
general board. A slightly more advanced symmetry proof lets us solve the Γn,2-boards.

Theorem 2. The Γn,2-boards (where n ≥ 2) are N -games.

Proof. The case n = 2 is easy. Let n > 2 and consider the Γn,2-board. Assume that L
moves first.

L can remove the last column as his opening move, leaving a board where the first
two rows have length n − 1 and the first two columns have length n. After this, L can
mirror all of R’s moves in the following sense: if R plays in the last row, L plays in the
last column; if R plays in the second row, L plays in the second column; and if R plays
in the first row, L plays in the first column. This means that, whenever it is R’s turn
to move, the first column will be one square longer than the first row, and the second
column will be one square longer than the second row – no matter what moves are made.
The board keeps getting smaller with every move, so eventually, we will have to reach
the smallest board that matches this description, namely the tableau (2,2,2). This is
an L-game, so the strategy leads to a win for L. Of course, R can employ an identical
strategy, proving that the Γn,2-boards are N -games.
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3.2 Row-column properties

As we saw in Section 2, the number of rows and the number of columns of a board seem
to play an important role in determining the type of a game. It is not surprising that
a board with more rows than columns should give Left an advantage, since Left plays
vertical dominoes (similarly, a board with more columns than rows should favour Right).
In fact, we have the following lemma:

The Row-Column Lemma. If a tableau has more rows than columns, at least one
move exists for L. If a tableau has more columns than rows, at least one move exists for
R.

Proof. Consider the binary string representation of a Young tableau. Here, the number
of rows is the number of 0’s in the string, and the number of columns is the number of
1’s. Assume that there are n 0’s and m 1’s, and recall that the tableau must begin with
a 1 and end with a 0. Then, we can form an arbitrary Young tableau by first forming
a string of m 1’s, and then distributing the 0’s among them. But this is essentially
the problem of sorting n 0’s into m bins, with each 1 being a bin. By the pigeonhole
principle, when n > m, at least one 1 must be followed by two 0’s; so a substring 100
exists and L has a move. The proof works similarly for R.

Since having more rows than columns gives L an advantage, we might expect that L is
guaranteed to win if the advantage is sufficiently large. We can formalize and prove this
statement, but for convenience, we first introduce some new terminology.

Definition 4. The i:th last column of a board is called dead if it has a length that is i
or less. (For example, the last column is dead if it has length 1 or less, and the 2:nd last
column is dead if it has length 2 or less.) If a column is not dead, it is living. If a player
makes a move that turns a living column into a dead column, that player has killed the
column.

The definition is illustrated in Figure 7. Here, the lengths corresponding to dead columns
have been marked with the symbol X. The first two columns are living, since they extend
beyond that length.

X X X X X
X X X X
X X X
X X
X

Figure 7: A board with three dead columns and two living columns. The last column
has length ≤ 1, the second last column has length ≤ 2, and the third last column has
length ≤ 3.
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The idea of living and dead columns is useful because L can always kill the rightmost
living column. This is true because, per definition, the rightmost living column must
have at least two squares more than the next column (which is dead). We make use of
this property in proving the following theorem.

Theorem 3. Let n be the number of rows and m the number of columns of a board. If
n > 2m−2m(m− 1), the game is an L-game.

Proof. We will begin by finding an appropriate value of n for a board with only one
living column. Then, we can inductively find a value of n for a board with any number
of living columns.

We first look at a board where only the first column is living, and the remaining m−1
are dead. Clearly, only L can play in the first column for as long as it remains living; R
will have to make his moves among the dead columns. Therefore, if the length n of the
first column is sufficiently large, L has a winning strategy: he can play repeatedly in the
first column and wait for R to run out of moves. What is the required value of n?

Let us assume that the dead columns are as long as possible; then the last column has
length 1, the second last has length 2 and so on. Adding together these lengths, we find
that the dead columns contain a total of 1

2m(m− 1) squares. If we further assume, very
generously, that R is able to cover every single one of these squares with his dominoes,
then L will need the same amount of squares to cover before the living column is killed.
Since the first column must have more than m squares to qualify as living, we find that
the required length of the living column is 1

2m(m − 1) + m = 1
2m(m + 1). In other

words: on a board with n rows and m columns, where only the first column is living, L
is guaranteed a win when n > 1

2m(m + 1). This result will serve as our base case.
Next, the inductive step. Consider a board with m columns, of which k are living

and the remaining m− k are dead, and let n(m, k) be a number such that if this board
has n(m, k) rows, a win for L is guaranteed. We need to find an estimate of n(m, k).

Recall that L is always able to kill the rightmost living column, given enough moves.
This means that L can eventually move to a board with k − 1 living columns, and this
board will be an L-game if it has n(m, k − 1) rows. Therefore, L will win if there are
enough rows that he can kill the rightmost column and still have n(m, k − 1) rows to
spare. But while L is busy killing the rightmost living column, R may be removing rows.
Assume – again very generously – that R is able to remove an entire row with each move.
Assume also that the rightmost living column has the longest possible length, which is
of course the number of rows, n(m, k). In order to kill this column, L has to make no

more than n(m,k)
2 moves, since n(m, k) is the length of the longest column. During that

time, R has just as many moves to remove rows. So killing the rightmost living column
is a winning strategy for L if n(m, k) = n(m, k − 1) + n(m,k)

2 , or

n(m, k) = 2n(m, k − 1),

since L can then kill the rightmost living column and still have at least n(m, k− 1) rows
left. This recursion of course gives us

n(m, k) = 2k−1n(m, 1).
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But we previously solved the case where there is only one living column, and we found
that n(m, 1) > 1

2m(m + 1). Ultimately, on a board where every column is living, we
have

n(m,m) > 2m−2m(m + 1)

as claimed. Naturally, an analogous result holds for R-games.

Notice that we have been quite charitable towards R in this derivation; in reality, the
necessary value of n is much smaller than the theorem predicts. Some actual values of
n for the first few values of m are shown in the table below.

m (columns) n (rows needed)

1 2

2 4

3 5

4 8

5 11

6 14

7 17

Table 2: The number of rows, n, needed to guarantee that a game with m columns is
an L-game.

4 The n× n conjecture

Computing the game types of the n× n boards, for the first few values of n, yields the
data shown in Table 3. A clear pattern emerges, leading us to the following conjecture.

The n × n conjecture. The n × n boards are N -games when n is even, and P -games
when n is odd.

n Game type

1 P

2 N

3 P

4 N

5 P

6 N

n Game type

7 P

8 N

9 P

10 N

11 P

12 N

Table 3: Game types of n× n boards.

Here, we are not able to construct a complete proof, but we make this observation: when
n is even, the first player to move is able to remove the entire last column (for L) or row
(for R), while the second player cannot do likewise. On the other hand, when n is odd,
it is the second player to move who can remove an entire row or column, while the first
player cannot. This is consistent with the conjecture: apparently, the player who is able
to establish this early advantage is the one who eventually wins the game.
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5 Remarks

We end this paper with a few comments on Young tableau Domineering and the results
found so far.

As the reader has no doubt noticed by this point, introducing the Young tableau con-
straint did not make Domineering significantly easier to solve. Although the constraint
reduces the number of possible moves players can make, it also presents a new obstacle:
games rarely break down into disjunctive sums of games (excepting some trivial cases).
In regular Domineering, especially when played on large boards, the later stages of a
game often sees the board divided into several disjoint pieces. We can then treat this
game as a sum of smaller games, using the theory of disjunctive sums as explained by
Conway [1]. However, Young tableau domineering does not permit players to split the
board into pieces; many of the tools of combinatorial game theory are therefore inappli-
cable to this game. There are some cases where a game can be regarded as consisting of
two pieces, a rightmost piece and a bottommost piece, joined by an unplayable section
in the upper left corner; on the Γn,1-boards, for example, neither player can ever play on
the corner square, so the game can be seen as a sum of a long column and a long row.
But already the Γn,2-boards lose this property, as it is possible to reach the corner and
remove it entirely.

We have presented a crude proof of Theorem 3, regarding the number of rows and
columns needed to guarantee a win for L or R, which leads to a value of n much larger
than necessary. However, it should not be too difficult to revisit this proof and adjust
some of the assumptions made to obtain a more sophisticated estimate; after all, we
should like to find the smallest possible value of n for which the theorem is true.

The n × n conjecture is more problematic. Despite the simplicity of the observed
pattern, no proof has yet been found, though the row-column lemma may provide an
avenue of approach. However, if this conjecture is true, it could perhaps be extended
to a statement about the Γn,k-boards using symmetry arguments similar to the one in
Theorem 2, with k × k boards serving as base cases for induction.
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Appendix: Table of Game Types

Tableau Game type Tableau Game type Tableau Game type

P R L

P L R

P N P

L R P

R L R

R L L

L R L

P R R

L R L

R L L



Tableau Game type Tableau Game type Tableau Game type

P P R

L L L

L R R

R R P

N N L

R R R

L L N

P R L



L R L

P L R

R R P

L R L

R L R

R L R

L P R


