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Adjoint Based Control and Optimization of Aerodynamic Flows

Mattias Chevalier
Department of Mechanics, Royal Institute of Technology
S-100 44 Stockholm, Sweden

Abstract

Adjoint based optimal controls both for transitional boundary flows and
for quasi-1D Euler flow are studied in this thesis. A nonlinear optimization
problem governed by the Navier–Stokes equations is solved using the associ-
ated adjoint equations to minimize the objective function measuring the energy
of the perturbation to a laminar flow. The optimization problem is derived and
implemented in the context of direct numerical simulations of incompressible
spatially-developing three-dimensional boundary layer flows and the gradient
computation is verified with finite-differences. The nonlinear optimal control
is shown to be more efficient in reducing the disturbance energy than an op-
timal control based on the Orr–Sommmerfeld–Squire equations when nonlin-
ear interactions are becoming significant in the boundary layer. For weaker
disturbances the two methods are quite similar. Tollmien-Schlichting waves,
streamwise streaks, and cross-flow vortices have all been controlled successfully
with a nonlinear control.

The same adjoint based solution strategy is applied to another optimization
problem which is governed by the quasi-1D Euler equations and where we want
to find the optimal shape of a nozzle. The impact of the choice of boundary
conditions and discretization of the problem on the convergence rate of the
optimization algorithm is studied. Numerical experiments at subsonic and
transonic speeds, show that the gradient evaluations are accurate enough to
obtain satisfactory convergence of the quasi-Newton algorithm.

Descriptors: transition control, flow control, nonlinear optimal control, bound-
ary layer flow, Falkner–Skan–Cooke flow, quasi-1D flow, shape optimization,
adjoint equations, DNS



Preface

This thesis deals with adjoint based optimization methods applied to different
aerodynamic flows and configurations. The thesis is divided in two parts, the
first part is a short introduction to the adjoint based methodology applied to
optimal control problems and the second part contains the papers. A guide
to the papers and the contributions of different authors is included in the last
chapter of the thesis.

The three papers in part two are adjusted to comply with the present thesis
format for consistency, but their content have not been altered compared to
published versions except for minor corrections.

Stockholm 2002-05-06
Mattias Chevalier
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CHAPTER 1

Introduction

The interest in controlling complex physical phenomena has grown as the need
for and the possible benefits from this knowledge have become clearer, both
economically but also environmentally. The field of aerodynamics is no excep-
tion. For example, large amounts of money could be saved if one could lower
the fuel consumption of an airplane by just a fraction. Controlling the flow
around the aircraft might be one way to achieve that.

Interest in different aspects of flow control goes back hundreds of years and
this interest has now grown into a well-established research area. The notion
of flow control includes a wide variety of both methods and applications and a
classification of those methods is useful. The first distinction is whether energy
is fed into the flow or not. In passive control methods the flow field is altered
without any energy addition. For example by putting small pieces of metal on
a wing, so called vortex generators, the flow field around the aircraft can be
slightly altered in a way that reduces drag. Another classical example is the golf
ball that would fly shorter if it had no dimples. The dimples trigger turbulence
which in turn delay separation and drag is reduced. In active control methods,
an energy input to the flow is required. This can be done in two ways, either
in a predetermined manner, open loop, or in a closed loop form, where some
measurements are input to the control loop. The latter method is also known
as reactive control, which emanates from the fact that measurements of the
state is fed back to the controller that reacts on the basis of that information.

A few recent review articles of both experimental and numerical efforts on
the subject can be found in Bushnell & McGinley (1989), Metcalfe (1994), Moin
& Bewley (1994), Joslin et al. (1996), Gad-el-Hak (1996), Bewley et al. (1997),
Lumley & Blossey (1998). More mathematical aspects of optimization methods
for flow control can be found in the books edited by Gunzburger (1995) and
Sritharan (1998).

During the last decade, new approaches to solve flow control problems have
emerged. By formulating the flow control problems as optimization problems
where one wants to minimize or maximize some flow properties, one obtains a
problem similar to what is studied in optimal control theory. The early pub-
lications regarding optimal flow control problems, such as Abergel & Temam
(1990), Glowinski (1991), Gunzburger et al. (1989), Sritharan (1991a), Sritha-
ran (1991b), and Gunzburger et al. (1992) are mostly concerned with theoret-
ical aspects of the optimal control problem. Once the theoretical foundation
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1. INTRODUCTION 3

was built, subsequent publications present results from numerical simulations
where the optimal control for different flow configurations is computed. One
such publication is Joslin et al. (1997) where the optimal control of spatially
growing two-dimensional disturbances in a boundary layer over a flat plate is
computed. In Berggren (1998) the vorticity is minimized in an internal un-
steady flow using blowing and suction on a part of the boundary and in He
et al. (2000) two different control approaches are tested to reduce the drag
resulting from the flow around a cylinder. The first approach is to use cylinder
rotations to control the flow and the other is to use blowing and suction on
parts of the cylinder wall. In Pralits et al. (2002) convectively unstable dist-
urbances are controlled. This is done by computing the optimal wall normal
velocity distribution on the wall of a steady meanflow for a given disturbance.

A recent review of computational efforts in flow control is given in Hinze
& Kunish (2000), and e.g. Bewley (2001) and Högberg (2001) give overviews
of different flow control approaches.

In e.g. Jameson (1989) and Jameson (1995), better aerodynamic properties
of wings and air foils are computed by formulating the governing equations
of the physics and the restrictions on the geometry as a shape optimization
problem. This may be viewed as a flow-control problem in which the geometry
is the control variable. The possibility to solve the problem in an automated
fashion is a big improvement over a trial and error approach. In addition,
repeated trials give no guarantees at all whether a truly optimal design will be
found or not.

When the number of parameters to optimize are small, direct search meth-
ods such as genetic algorithms can be used, but when having many degrees
of freedom of the control, gradient based optimization algorithms are usually
much more efficient. The gradient information can be computed in many dif-
ferent ways but with many parameters to find in the optimization problem,
the most tractable approach is to solve the adjoint equations associated with
the equations modeling the physics. From the solution of the adjoint equa-
tions, we obtain information about where the process is most sensitive to small
modifications in the control. That information can also be used to compute
the gradient in a procedure that is independent of the dimensionality of the
optimization problem.

The application of adjoint based methods to various optimization problems
within the field of aerodynamics plays a central role in all included papers.
However, the main effort has been to develop tools to be able to make sensitivity
computations in three-dimensional boundary layer flows in order to find the
optimal control for the flow configurations under consideration. Paper 1 and
paper 2 contain the present status of that effort. Paper 3 contains a smaller
study of discretization issues and choice of boundary conditions and their effect
on the accuracy of the gradient. These issues are studied in the context of a
quasi-1D nozzle.



CHAPTER 2

Optimal control

2.1. Introduction

The goal of an optimal control problem is to minimize or maximize an objective
function. When formulating such a problem, three important issues need to be
settled:

• the choice of governing equation (state equation),
• how to control the flow,
• what properties of the flow to control.

For a particular flow geometry with given fluid properties, each choice has to
be made with care. The state equation should of course model the appropriate
physics. This choice also indirectly affect the choice of methods to use when
solving the optimal control problem. If we are working with nonlinear governing
equations, such as the Navier–Stokes equations, we have to use an iterative
procedure to solve the optimization problem and retrieve the optimal control,
whereas when working with linear governing equations the optimal control can
be computed in one step.

A governing dynamical system can be written on the general form
∂x

∂t
= A(x) + B(x, ϕ), x(t = 0) = x0, (2.1)

where x denotes the state variable, the operator A includes the dynamics of the
model, and operator B describes how the control ϕ forces the system. There
are numerous ways to affect and control the flow in an efficient way. Injection
and suction of fluid through small holes or distributed over an area is one
already mentioned method. Other means of control are, for example, heating
and cooling and geometry changes. If the fluid is conductive, one can also use
electric and magnetic fields to affect the flow.

To get the desired effect out of the control one needs to choose what prop-
erties of the flow to target. This choice is formulated as an objective function

J =
1
2

T∫
0

(x∗S∗Sx+ εϕ∗ϕ) dt (2.2)

where S is an operator measuring the quantity to be minimized in the flow, the
superscript ∗ denotes the complex conjugate transpose, and (0, T ) is the time
interval. A regularization term with the parameter ε is also added to put a limit
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2.2. NONLINEAR OPTIMIZATION 5

GE

AE
∇J

O
pt
im

iz
at
io
n

ϕ

Figure 2.1. The optimization procedure. The control is de-
noted ϕ. The gradient of the objective function with respect to
the control ϕ is denoted ∇J where J is the objective function.
The governing equations and associated adjoint equations are
denoted GE and AE respectively.

on the control. The choice of objective function is usually a non-trivial matter
due to the complicated physics present in aerodynamic flows. In paper 1 and
paper 2 the objective functions measure the flow perturbation energy over an
observation interval in time and space and the spatial extent is not restricted to
the wall surface but allowed to extend in the wall normal direction into the flow
field. In paper 3, where an optimal shape is sought, the error norm between a
desired pressure distribution and the actual pressure distribution is measured.

2.2. Nonlinear optimization

We can now formulate the nonlinear optimization problem as: find ϕ = ϕopt
such that J(ϕopt) ≤ J(ϕ) for all ϕ belonging to the set of admissible controls.
As mentioned the non-linearity in the state equation prohibits direct solution
of the nonlinear optimization problem. Instead an iterative procedure is needed
to find the optimal control. The general procedure is described in Figure 2.1.
First, the governing equations (GE) are solved with an initial guess of ϕ. From
the solution of the governing equations one can solve the corresponding adjoint
equations (AE). Once the state and adjoint state are solved, we can construct
the gradient of the objective function with respect to the control. We can
then update the control with, for example, a conjugate gradient method or a
quasi-Newton method. The whole loop is repeated until a satisfactory control
is found.

The drawback with this kind of control is that it will only work under
exactly the very conditions the control is constructed for. On the other hand, no
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Figure 2.2. Snapshot of the wall normal velocity component
in an xz-plane at y = 0.5 without control (left) and with non-
linear control (right). The control is applied in x ∈ (145, 295).
The black to white scale lies in the interval v ∈ (−0.001, 0.001).

a priori knowledge of the control is needed, and the performance obtained with
the nonlinear optimization procedure often far exceeds the result from other
simplified control finding approaches. One obvious application is to determine
an upper limit of what is possible to achieve with a certain control scheme,
something that might aid in the search for more efficient direct methods of
control.

An example of nonlinear optimal control in action is shown in Figure 2.2
where cross-flow vortices in a Falkner–Skan–Cooke boundary layer are develop-
ing downstream. In the left plot the flow is uncontrolled whereas the nonlinear
optimal control is active in the right plot. The results are taken from simula-
tions in paper 1.

2.2.1. The gradient

To derive a gradient expression of the objective function with respect to the
control ϕ, we differentiate equation (2.2),

δJ =

T∫
0

x∗S∗Sδx+ εϕ∗δϕ dt �
T∫
0

(
∂J

∂ϕ

)∗
δϕdt, (2.3)

and the state equation (2.1),

∂δx

∂t
−
[
∇xA(x) +∇xB(x, ϕ)

]
δx = ∇ϕB(x, ϕ)δϕ, δx(t = 0) = 0. (2.4)

where

∇xA(x) =
∂A(x)
∂x

, ∇xB(x, ϕ) =
∂B(x, ϕ)

∂x
, and ∇ϕB(x, ϕ) =

∂B(x, ϕ)
∂ϕ

.
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Then by defining the inner product 〈·, ·〉 as

〈p, δx〉 =
T∫
0

p∗δxdt, (2.5)

and using the adjoint identity,

〈p,N δx〉 = 〈N �p, δx〉+ boundary terms, (2.6)

where N is a differential operator, we can define the adjoint of the state equa-
tion

−∂p
∂t
−
[
∇xA(x) +∇xB(x, ϕ)

]�
p = S∗Sx, p(t = T ) = 0. (2.7)

Inserting the adjoint equation into the differentiated objective function yields
an expression for the gradient

∂J

∂ϕ
=
[
∇uB(x, ϕ)

]�
+ εϕ. (2.8)

The derivation of the adjoint equations and the gradient expression in paper 2
follows the outline given above.

2.2.2. Computational issues

The computational effort to solve the adjoint state is comparable to the solu-
tion of the state equation. Thus, the gradient can be determined by roughly
the computational cost of solving two state equations, this cost being and inde-
pendent of the number of degrees of freedom of the control parameterization.
Note that the adjoint equations are always linear equations.

For unsteady simulations where the temporal history of the state equation
is needed in the adjoint state computation the storage requirement can be
very large. However, this requirement can be lowered using a checkpointing
technique, see e.g. Berggren (1998). The price for the decreased storage demand
is increased execution time. A memory reduction from N to

√
N , increases the

computational cost with about a factor two.
Another important issue when deriving the discrete adjoint equations to

be solved numerically is in what order the discretization takes place. One
way is to discretize the expressions for the adjoint equations and the gradient
that have been derived on the “continuous” level. An alternative is to dis-
cretize the Navier–Stokes equations and the objective function and derive the
adjoint equations and the gradient expression on the discrete level. The latter
approach leads to more accurate gradient directions, but it seems difficult to
apply for the present discretizations. Issues related to the errors introduced by
the approximative (continuous) formulation are discussed in e.g. Glowinski &
He (1998) and Gunzburger (1998). The use of the continuous formulation is
motivated by the findings in Högberg & Berggren (2000) where one conclusion
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is that it is sufficient to use the approximative (continuous) formulation in or-
der to control strong instabilities. It was noted that in such cases, most of the
reduction of the objective function is achieved in the first few iterations, and
additional iterations only result in a fine tuning of the control. The drawback
is that it will require more iterations to reach the true optimal solution, if it
is even possible, than with the discrete formulation. In paper 1 and paper 2 a
continuous derivation of the gradient is performed whereas in paper 3 a discrete
gradient is derived, except for the artificial viscosity term which is not taken
into account at all.

2.3. Linear optimization

If we assume that the operators A and B in equation (2.1) are linear, the
optimization problem can be solved with a direct method, since we immediately
can identify the solution from the equations and solve it numerically. With
these assumptions, the governing equation can be written as

∂x

∂t
= Ax+ Bϕ, x(t = 0) = x0, (2.9)

and the gradient expression becomes
∂J

∂ϕ
= B�p+ εϕ, (2.10)

where again p denotes the adjoint state. If we now introduce a linear mapping
such that,

p = X (t)x, (2.11)

where X is self-adjoint and non-negative, we can find the optimal solution by
setting the gradient to zero which gives

ϕ = −1
ε
B�X (t). (2.12)

This is a feedback law for the control ϕ and by substituting the feedback law
and the linear mapping into the adjoint equation and combining it with the
state equation, we arrive at the operator Riccati equation for X(

∂X
∂t

+A�X + XA− 1
ε
XBB�X + S∗S

)
x = 0, ∀x, X(t = T ) = 0.

(2.13)

If we let T →∞ we solve for the stationary solution to the Riccati equation to
get the optimal time-independent feedback law. Note that linear feedback law
is the same regardless of what kind of disturbances that are present in the flow
and is thus computed once and for all for a certain base flow. However, in the
present work we are focusing on the situation where the governing equations are
nonlinear. See Högberg & Henningson (2001) for a more thorough derivation of
the linear feedback law and applications of it. For mathematical details about
the Riccati equation see e.g. Ito & Morris (1998). The feedback law used in
paper 1 follows the steps outlined above.



CHAPTER 3

Conclusion and outlook

In the present work, different applications of adjoint based optimization tech-
niques of nonlinear governing systems have been investigated.

A quasi-discrete form of the adjoint equations is derived for quasi-1D Euler
equations, with physically relevant boundary conditions for nozzle flow. This
was done in order to be able to solve an optimization problem where the differ-
ence between the actual pressure distribution and a target pressure distribution
was minimized. The gradient computation is shown to work well for subsonic
and transonic flows and the optimal shape for the corresponding target pressure
distributions is found.

We have implemented an adjoint solver to an already existing spectral
code (Lundbladh et al. (1999)) that solves the incompressible Navier–Stokes
equations for boundary layer flows where control is applied through blowing
and suction on part of the wall, and where the objective function measures
the deviation in velocity between the flow field and a laminar flow field. The
adjoint code is verified with a gradient computed with finite differences of the
objective function. The nonlinear control is computed and compared with the
linear optimal control, see Högberg & Henningson (2001).

Some conclusions that can be drawn so far from this project are:

• Tollmien-Schlichting waves, streamwise streaks, and cross-flow vortices
have all been controlled successfully with a nonlinear control.

• For weak disturbances the linear and nonlinear optimal control are quite
similar.

• For flows with nonlinear interactions the nonlinear control works better
than the linear control.

A natural continuation for the adjoint based control scheme is to investigate
the use of other, more efficient, inner products. This choice could have a large
impact on the convergence rate of the iterative process and also on how well
the “optimal control” will work, see e.g. Protas & Bewley (2002). The choice
of inner products is important for both shape optimization and flow control
problems.

There are many other interesting flow situations, not studied here, where
the nonlinear optimal control could be of interest to compute such as in a flow
with a separation bubble where nonlinear interactions and nonparallel effects
are pronounced.

9



CHAPTER 4

Quick guide to papers and authors contributions

Paper 1
Linear and nonlinear optimal control in spatial boundary layer
M. Chevalier (MC), M. Högberg (MH), M. Berggren (MB) &

D. S. Henningson(DH)

A linear and a nonlinear optimal control approach are compared when applied
to a spatially-developing three-dimensional boundary layer flow. The control
is tested for three fundamentally different disturbance types. The flow is con-
trolled through blowing and suction on part of the wall. Implementations and
simulations have been performed by MC and MH. The report was written by
MC and MH with feedback from MB and DH. Published as an AIAA paper
at the 3rd Theoretical Fluid Mechanics Meeting, St. Louis, MO (AIAA 2002-
2755).

Paper 2
Optimal control in wall bounded flows
M. Högberg, M. Chevalier, M. Berggren & D. S. Henningson

In this paper a solver for the nonlinear optimization problem, using the adjoint
equations for gradient computations, is developed and tested for both channel
and boundary layer flow. The channel flow problem has been explored by MH
and the extension to boundary layer flow was performed by MC. Derivations
of the adjoint equations and the gradient expressions were done by MH and
MC in close cooperation with MB. Implementation for solving the channel flow
problem was performed by MH and for the boundary layer flow by MC. The
report was written jointly by MH and MC with feedback from MB and DH.
The results presented for the channel flow case were previously published in the
proceedings of ETC8, Barcelona (Högberg & Berggren (2000)). Published as a
technical report at the Swedish Defence Research Agency (FOI-R--0182--SE),
2001.

10
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Paper 3
Accuracy of gradient computations for aerodynamic shape optimization prob-
lems
M. Chevalier & M. Berggren

A gradient based optimization method is applied on an aerodynamic shape
optimization problem. Issues regarding discretization and choice of boundary
conditions and their effect on the accuracy of the gradient are studied. The
problem formulation and theory was jointly derived by both authors. Simula-
tions were performed by MC and the report was written by MC and MB. Much
of the work was done for the MSc of MC (Chevalier (1999)), but postprocessing
of data and additional simulations as well as the writing of the conference pro-
ceeding were a part of the doctoral studies of MC. Published as a proceeding
to ICAS 2000 (ICA0245). A more detailed version is published as a technical
report at the Swedish Defence Research Agency (at the time Aeronautical Re-
search Institute of Sweden, FFA), Chevalier & Berggren (2000).

The papers are re-set to the present thesis format.
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