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Abstract

Homogenization theory is the study of the asymptotic behaviour of solu-
tions to partial differential equations where high frequency oscillations occur.
In the case of a perforated domain the oscillations are due to variations in the
domain of the equation. The four articles that constitute this thesis are de-
voted to obstacle problems in perforated domains. Paper A treats an optimal
control problem where the objective is to control the solution to the obstacle
problem by the choice of obstacle. The optimal obstacle in the perforated do-
main, as well as its homogenized limit, are characterized in terms of certain
auxiliary problems they solve. In papers B,C and D the authors solve homog-
enization problems in a perforated domain where the perforation is defined
as the intersection between a periodic perforation and a hyper plane. The
theory of uniform distribution is an indespensible tool in the analysis of these
problems. Paper B treats the obstacle problem for the Laplace operator and
the authors use correctors to derive a homogenized equation. Paper D is a
generalization of paper B to the p-Laplacian. The authors employ capacity
techniques which are well adapted to the problem. In Paper C the obsta-
cle varies on the same scale as the perforations. In this setting the authors
employ the theory of Γ-convergence to prove a homogenization result.
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Sammanfattning

Homogenisering är studiet av det asymptotiska beteendet av lösningar
till partiella differential ekvationer med högfrekventa oscillationer. I perfo-
rerade områden uppkommer oscillationer till följd av variationer i området
där ekvationen är definierad. De fyra artiklar som utgör den här avhandling-
en behandlar hinderproblem i perforerade områden. I Artikel A studeras ett
problem inom optimal reglering där målet är att reglera lösningen till hinder-
problemet genom valet av hinder. Det optimala hindret i det perforerade om-
rådet och dess homogenisering karakteriseras i termer av ekvationer de löser.
I Artikel B,C och D löser författarna homogeniseringsproblem i perforerade
områden där perforeringen är definierad som skärningen mellan en periodisk
perforering och ett hyperplan. Teorin om likformig fördelning är ett oumbär-
ligt verktyg i analysen av dessa problem. Artikel B behandlar hinderproblemet
för Laplace-operatorn och författarna använder sig av korrektorer för att här-
leda en homogeniserad ekvation. Artikel D är en generalisering av artikel B
till p-Laplace-operatorn. Författarna använder kapacitetsmetoder som är väl
anpassade till problemet. I artikel C varierar hindret på samma skala som
perforeringarna. Här använder sig författarna av teorin om Γ-konvergens för
att visa ett homogeniseringsresultat.
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Introduction

1 The General Framework of Homogenization

The aim of this section is to give the reader a conceptual idea of the term homog-
enization. Essentially, homogenization theory seeks to determine the macroscopic
properties of a system that is heterogeneous on a microscopic scale. The size of the
heterogeneities is usually indicated by a small parameter ε > 0, compared to the
macroscopic scale 1. Let me start by giving a very generic mathematical descrip-
tion of a homogenization problem. Suppose we are given an equation in a bounded
domain Ω ⊂ Rn,

Fε(u(x)) = 0, x ∈ Ω, (1.1)

with a unique solution uε in a spaceW (which is to be specified in each setting). To
capture the macroscopic nature of uε for small values of ε we study the asymptotics
of the solution as ε→ 0. More precisely, we want to prove that

i) the sequence of solutions {uε}ε converges to a limit u0 ∈ W with respect to
an appropriate topology of W,

ii) the limit function u0 is identified as the solution to a limit problem

F0(u0(x)) = 0, x ∈ Ω. (1.2)

Moreover, we would like to derive an error estimate in some norm ‖ · ‖,

‖uε − u0‖ ≤ σ(ε),

where limε→0 σ(ε) = 0.
Let me briefly indicate what is involved in proving i) and ii). The function space

W is typically a reflexive Banach space, such asW 1,p
0 (Ω), for some bounded domain

Ω and 1 < p < ∞. In this setting boundedness of uε in the norm of W implies
that uε has a weakly convergent subsequence inW, so the first step is to show that
‖uε‖W is bounded. Having proved the existence of a weak limit u0, the second step
is to identify u0 in terms of an equation it solves. This is more involved and the
techniques used depend very much on the type of equation at hand. A common

3
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feature of several methods is to perturb the limit u0 by a certain test function φε.
This test function is chosen for the specific problem at hand in order to achieve
u0 + φε ≈ uε and

lim
ε→0

Fε(u0 + φε) = 0. (1.3)

Concrete examples of test functions will be given later. If the asymptotic behaviour
of φε is well known this may be used to gain information about u0, in particular
about the equation F0(u0) = 0. The third step is to show that u0 does not depend
on a particular subsequence of {uε}ε. If the limit problem F0(u0) = 0 has a unique
solution u0, then any weakly convergent subsequence of {uε}ε must have u0 as its
limit. This together with the boundedness of {uε}ε implies that uε ⇀ u0, without
passing to a subsequence.

2 PDE in Perforated Domains

The main topic of this dissertation is homogenization of PDE (Partial Differential
Equations) and obstacle problems in perforated domains. I define a domain Ω as
a bounded open subset of Rn for n ≥ 3. The case n = 2 is slightly different from
n ≥ 3 and will be suppressed in order to simplify the presentation. A perforated
domain is then obtained by removing a subset Tε from Ω, which leaves us with
the perforated domain Ωε = Ω \ Tε. The set Tε can be thought of as holes in the
original domain Ω, where the size and distribution of the holes are functions of
the parameter ε > 0. A very common way of defining Tε is to put rescaled sets at
lattice points in a lattice of size ε. To be more presice, let T be a subset of (− 1

2 ,
1
2 )n

and define
Tε =

⋃
k∈Zn

{aεT + εk}, (1.4)

where aε < ε and {aεT + εk} = {aεx+ εk : x ∈ T}. For many more examples see
[CM97].

The question of interest for perforated domains is the asymptotic behaviour of
solutions to PDE with certain constraints on the set Tε. A model problem here is
that of determining the asymptotic behaviour of the sequence of solutions {uε}ε>0
to 

−∆uε = f in Ωε, (f ∈ L2(Ω))
uε = 0 on ∂Ω,
uε = 0 on Tε.

(1.5)

The first question that arises is how large the set Tε has to be in order to actually
influence the solution uε. That is, when does uε converge to the solution of{

−∆u = f in Ω,
u = 0 on ∂Ω?

(1.6)

This is a well known problem and the right way to measure the size of Tε is by
capacity. More precisely, the capacity of Tε ∩ Ω since the PDE (1.6) is defined in
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Ω. In fact, the capacity of Tε ∩ Ω tends to zero as ε → 0 if and only if uε ⇀ u
in H1

0 (Ω) as ε → 0, where u is the solution to (1.6). A good reference for this is
[RT75]. Here the capacity of a set A is defined as

Definition 1.1.

cap(A) = inf
{∫

Rn

|∇ϕ|2dx : ϕ ∈ C∞c (Rn), ϕ ≥ 1 on A
}
, n ≥ 3.

The capacity cap is a countably subadditive set function and satisfies

cap(rA) = rn−2 cap(A), A ⊂ Rn, r > 0.

Before we treat more general types of perforated domains let me give a more
complete description of (1.5) when Tε is given by (1.4). In this case the constraint
set is ⋃

k∈Zn

{aεT + εk} ∩ Ω.

The number of components in the above set is O(ε−n) and the capacity of each
component is

cap(aεT ) = an−2
ε cap(T ).

Since capacity is a subadditive set function, we have

cap(Tε ∩ Ω) = O(ε−nan−2
ε ).

Thus if
aε = o(εn/(n−2))

then limε→0 cap(Tε) = 0. In this case limε→0 uε = u in L2(Ω), where u solves (1.6).
The opposite extreme is when

εn/(n−2) = o(aε).

In this case it can be shown that the solution uε to (1.5) converges to zero in L2(Ω)
by proving that the principal eigenvalue of the Laplacian in Ωε tends to infinity
as ε → 0, see [RT75]. The most interesting question is what happens when aε is
comparable to εn/(n−2). For the sake of simplicity we assume

aε = εn/(n−2). (1.7)

To my best knowledge this problem was first solved by Marchenko and Hruslov
in [MH64]. In [CM97], Cioranescu and Murat developed a convenient method
based on correctors to solve a large class of homogenization problems. Essentially,
a corrector is a function wε that corrects a limit u0 of the sequence of solutions
{uε}ε to (1.5) to be close to the solution of the ε-problem, i.e. wεu0 ≈ uε. If
u0 = limε→0 uε, then wε is chosen so that the corrected limit wεu0 is zero on Tε.
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Since wεu0 = u0 + (wε− 1)u0, the function φε in Section1 will be (wε−1)u0 in this
case. Correctors will be reviewed in greater detail in section 2. For aε as in (1.7),
the solution uε to (1.5) converges weakly in H1

0 (Ω) to the solution u of{
−∆u+ cap(T )u = f in Ω,
u = 0 on ∂Ω.

(1.8)

Thus, the effect of the constraints on Tε appears in the limit ε → 0 as an extra
term in the equation. This is often referred to as strange term behaviour and is not
specific to this particular perforation, c.f. Theorem 1.4 below.

It is possible to give a physical interpretation to this result. One may think of
(1.5) as a model for the stationary temperature distribution u in Ω subject to the
condition that u = 0 on ∂Ω, u = 0 on Tε, and the heat source f . The term cap(T )u
serves to regulate the temperature towards zero in Ω which is also the effect of
keeping the temperature at zero on Tε.

Variational Problems in Perforated Domains

The articles in this dissertation are all about obstacle problems in perforated do-
mains. The obstacle problem in Ωε = Ω \ Tε is to find the pointwise smallest
function uε that satisfies 

−∆u ≥ f in Ωε,
u ≥ ψ in Tε,
u = 0 on ∂Ω,

(1.9)

where the obstacle ψ is a given function such that ψ ≤ 0 on ∂Ω. Another possible
formulation is

Find uε ∈ Kε = {v ∈ H1
0 (Ω) : v ≥ ψ on Tε} such that∫

Ω

1
2 |∇uε|

2dx− fuεdx ≤
∫

Ω

1
2 |∇v|

2 − fvdx for all v ∈ Kε.
(1.10)

Problem (1.10) is called a variational formulation of the obstacle problem. It should
be noted that the Dirichlet problem (1.5) also has a variational formulation. In fact,
uε ∈ H1

0 (Ω) solves (1.5) if and only if it solves
Find uε ∈ Kε = {v ∈ H1

0 (Ω) : v = 0 on Tε} such that∫
Ω

1
2 |∇uε|

2 − fuεdx ≤
∫

Ω

1
2 |∇v|

2 − fvdx for all v ∈ Kε.
(1.11)

For this reason homogenization techniques for variational problems are well adapted
for both the Dirichlet problem and the obstacle problem. Using the techniques
developed in [CM97] it can be proved that, for the perforation Tε defined by (1.4)
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and aε = εn/(n−2), the solution uε to (1.10) converges weakly in H1
0 (Ω) to u solving

Find u ∈ H1
0 (Ω) such that∫

Ω

1
2 |∇u|

2 + cap(T )
2 |(ψ − u)+|2 − fudx

≤
∫

Ω

1
2 |∇v|

2 + cap(T )
2 |(ψ − v)+|2 − fvdx, for all v ∈ H1

0 (Ω),

(1.12)

where g+ is the positive part of a function g. The solution to (1.12) is also the
unique solution to the semilinear PDE{

−∆u = cap(T )(ψ − u)+ + f in Ω,
u = 0 on ∂Ω.

(1.13)

Let us now turn to a more general situation. We make no assumptions on the
perforation Tε and consider, for 1 < p <∞, the minimization of functionals of the
type

min
v∈W 1,p

0

1
p

∫
Ω
|∇v|pdx+

∫
Ω
fvdx+ Fε(v). (1.14)

The functional Fε takes into account the constraint on the perforations Tε. For the
Dirichlet problem (1.5)

Fε(v) =
{

0 if v = 0 on Tε,
∞ if v 6= 0 on Tε,

(1.15)

and for the obstacle problem (1.9)

Fε(v) =
{

0 if v ≥ ψ on Tε,
∞ if v 6≥ ψ on Tε.

(1.16)

When p 6= 2 the Laplace operator in (1.5) and (1.9) has to be replaced with the
p-Laplacian, given by

∆pv = div(|∇v|p−2∇v).

It should be pointed out that the case p > n in (1.14) is less interesting due
to the compact embedding W 1,p

0 (Ω) ↪→ C0(Ω). In this case it is not possible for
constraints to take on a relaxed form in the limit since the solution uε to (1.14)
converges uniformly. That is, if there exists a sequence {xε}0<ε<ε0 such that xε ∈ Tε
and limε→0 xε = x, then u(x) = 0 if uε(xε) = 0 for all 0 < ε < ε0. This is generally
not true for p ≤ n. For the sake of simplicity we shall focus on the situation
when 1 < p < n since the case p = n is slightly different. For these values of
p, the influence of the perforation Tε, through the constraint Fε, is measured by
p-capacity capp.
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Definition 1.2 (p-capacity). For any subset A ⊂ Rn and 1 < p < n, the p-capacity
of A is defined by

capp(A) = inf
{∫

Rn

|∇φ|pdx : φ ≥ 1 on A, φ ∈ C∞c
}
.

A set Tε with vanishing p-capacity in the limit is negligible in the sense that the
solution uε to (1.14) converges weakly in W 1,p

0 (Ω) to the solution u of

min
v∈W 1,p

0

∫
Ω
|∇v|pdx+

∫
Ω
fvdx (1.17)

if and only if limε→0 capp(Tε) = 0.
It is a remarkable fact that the structure of the limit functional is the same

for all types of perforations Tε. This can be proved within the framework of Γ-
convergence.

Γ-convergence
Γ-convergence is essentially a tool for studying the convergence of a sequence of
functionals and their corresponding minimizers.

Definition 1.3. Suppose {Gε}ε>0 is a sequence of functionals on a topological
space X. We say that Gε Γ-converges to G if

G(x) ≤ lim inf Gε(xε), whenever xε → x in X,
for every x ∈ X there is a sequence {xε}ε>0

such that xε → x and G(x) ≥ lim supGε(xε).

The reason for this definition is that if Gε
Γ→ G, if xε minimizes Gε and if

xε → x, then x minimizes G. This allows us to characterize the limits of minimizers
as minimizers to the limit functional G.

For the problem at hand, i.e. determining the limit of (1.14), the topological
space is W 1,p

0 (Ω) with weak convergence and the sequence of functionals is given
by

Gε(v) = 1
p

∫
Ω
|∇v|pdx+

∫
Ω
fvdx+ Fε(v). (1.18)

We assume that the functional Fε is of the type

Fε(v) =
{

0 if v ≥ ψε,
∞ if v 6≥ ψε,

or of the same type but with equalities. The asymptotic behaviour of this class of
functionals was fully determined during the 1980’s, with most notable contributions
by Dal-Maso and his co-authors [DM81], [DM83b], [DM83a], [DMD88]. See also
[AP83].
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Theorem 1.4 (Dal-Maso). Let Gε be as in (1.18) and assume there is a sequence
vε ∈ W 1,p

0 (Ω) such that Gε(vε) and ‖vε‖W 1,p
0 (Ω) are bounded. Then Gε has a

subsequence that Γ-converges to the functional

G(v) =
∫

Ω

1
p
|∇v|pdx+

∫
Ω
fvdx+

∫
Ω
g(x, v)dµ, (1.19)

where µ is a Radon measure. When Fε is given by (1.15) or (1.16),

g(x, v) =


|v|ph(x) if Fε(v) =

{
0 if v = 0 on Tε,
∞ if v 6= 0 on Tε,

|(ψ − v)+|ph(x) if Fε(v) =
{

0 if v ≥ ψ on Tε,
∞ if v < ψ on Tε,

(1.20)

where h is an extended real valued function on Ω.

We have seen two examples of limit functionals that are very different in their
nature. In the case when p = 2 and Tε is given by (1.4), the solution to (1.14)
converges weakly in W 1,p

0 (Ω) to u, where either

i) u solves (1.6) if aε = o(εn/(n−2)),

ii) u solves (1.8) if aε = εn/(n−2),

iii) u = 0 if εn/(n−2) = o(aε).

In terms of the limit functional G this corresponds to

i) µ = 0,

ii) h = cap(T ) and µ is Lebesgue measure,

iii) h ≡ ∞ and µ is Lebesgue measure.

Correctors
While Theorem 1.4 gives a lot of insight about the structure of limit problems,
it does not provide a way of determining the measure µ. The corrector method,
sometimes referred to as the energy method, is a more direct and less general way
of determining the limit of minimum problems which involves explicit calculation
of µ. The method was developed by Cioranescu and Murat in the papers [CM82a]
and [CM82b] (see also [CM97]).

Let me start by producing the weak formulation of the Dirichlet problem (1.5)
in the perforated domain Ωε.

∫
Ω
∇uε∇vdx =

∫
Ω
fvdx, for all v ∈ H1

0 (Ωε),

uε ∈ H1
0 (Ωε).

(1.21)
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The objective is to pass to the limit ε→ 0 in (1.21) and deduce the weak formulation
of an equation that u0 = limε→0 uε solves. Using the fact that the extension by
zero of uε belongs to H1

0 (Ω), it is a standard matter to obtain estimates of uε in
H1

0 (Ω) that are independent of ε. Thus we are able to extract a weakly convergent
subsequence uε ⇀ u. However, the test function v in (1.21) must depend on ε
unless it is identically zero, due to the condition v ∈ H1

0 (Ωε), i.e. v ∈ H1
0 (Ω) and

v = 0 on Tε. The idea is to choose a very special test function which will enable us
to pass to the limit ε→ 0 in (1.21). This is dealt with by constructing a corrector
wε that satisfies

H1 wε = 0 on Tε, 0 ≤ wε ≤ 1 and wε ⇀ 1 in H1(Ω),

H2


there exists a measure µ ∈ H−1(Ω) such that
if φε ∈ H1

0 (Ωε) and φε ⇀ φ in H1
0 (Ω), then

limε→0〈−∆wε, φε〉H−1(Ω)×H1
0 (Ω) = 〈µ, φ〉H−1(Ω)×H1

0 (Ω).

Once the corrector has been constructed, vε = ϕwε, ϕ ∈ C∞c (Ω), is a valid test
function for all ε > 0. If one substitutes vε into (1.21) it is possible to pass to the
limit ε → 0 after integrating by parts and exploiting H1-H2. This results in the
equation

∫
Ω
∇u∇ϕdx+

∫
Ω
uϕdµ =

∫
Ω
fϕdx, for all ϕ ∈ C∞c (Ω),

u ∈ H1
0 (Ω).

(1.22)

Since C∞c is dense in H1
0 (Ω) (1.22) holds for all ϕ ∈ H1

0 (Ω). The limit equation
(1.22) has a unique solution, so the full sequence uε converges to its solution u,
which solves the equation {

−∆u+ µu = f, in Ω,
u = 0, on ∂Ω.

For general 1 < p < n, we study
−∆puε = f in Ωε, (f ∈ Lp

∗
(Ω))

uε = 0 on ∂Ω,
uε = 0 on Tε,

(1.23)

with the corresponding weak formulation
∫

Ω
|∇uε|p−2∇uε∇vdx =

∫
Ω
fvdx, for all v ∈W 1,p

0 (Ωε),

uε ∈W 1,p
0 (Ωε).

(1.24)

In this setting the hypotheses on the corrector need to be slightly modified. If we
restrict ourselves to bounded solutions of (1.23), the following assumptions on the
corrector are enough (c.f. paper D).
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Hp
1 wε = 0 on Tε, 0 ≤ wε ≤ 1 and wε ⇀ 1 in W 1,p

0 (Ω),

Hp
2


there exists a measure µ vanishing on sets of zero p− capacity such that
if φε ∈W 1,p

0 (Ωε) ∩ L∞(Ω) and
supε>0 ‖φε‖L∞(Ω) <∞, φε ⇀ φ in W 1,p

0 (Ω), then
limε→0〈−∆pwε, φε〉 = 〈µ, φ〉.

Hp
3 limε→0

∫
Ω |∇wε|

pvdx =
∫

Ω vdµ, for all v ∈W
1,p
0 (Ω) ∩ L∞(Ω).

For the general case including unbounded solutions, see [CD96], where the existence
of a corrector is proved under rather weak assumptions. If Hp

1-H
p
3 above hold, the

weak limit of the solution to (1.23) solves{
−∆pu+ |u|p−2uµ = f in Ω,
u = 0 on ∂Ω.

3 A Particular Perforated Domain

In three of the papers in my thesis I have studied a perforated domain where Tε
is defined as the intersection between a hyperplane and a periodic perforation, see
Figure 1.1. More precisely,

Tε = Γ ∩
⋃
k∈Zn

{εk + aεT}

=
⋃
k∈Zn

Γkε , Γkε = Γ ∩ {εk + aεT},

where aε = εn/(n−p+1), T ⊂ B1/2 and Γ = {x ∈ Rn : x · ν = 0}, ν ∈ Sn−1. The
size of aε is chosen in order to get a nontrivial homogenization, that is, in order for
the limit problem to assume a relaxed form. To be able to construct and analyse
correctors for this problem, it is essential to understand how the intersections Γkε are
distributed over Γ. Loosely speaking, if Γ1 and Γ2 are two congruent subsets of Γ,
we would like to know if Γ1 and Γ2 intersect the same number of sets {εk+ aεT}k,
up to an error depending on ε. That is, we ask if the intersections Γkε are uniformly
distributed over Γ. If this is the case, we expect the measure µ in Hp

3 to be
translation invariant on Γ and therefore a multiple of the n−1 dimensional Hausdorff
measure Hn−1 on Γ.

Since the set ⋃
k∈Zn

{εk + aεT}

has a lattice structure with period ε, we may translate all intersections in Ω to
the cube Qε = (0, ε)n and study their distribution in Qε. Our goal is to solve
homogenization problems in a domain Ω so only k ∈ Zn such that εk ∈ Ω are of
interest. Additionally, we want to show that the distribution of intersections is the
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Figure 1.1

same on all open subsets of Γ. Thus, for cubes Q, we are looking at the intersections
{Γkε}k∈Zn∩ε−1Q modulo ε, and want to know if they are uniformly distributed over
aεT . Of course, this will depend on the distribution (mod ε) of the hyper plane
itself, i.e. the distribution of the hyper plane segments Γ ∩ {εk +Qε}k. Figure 1.2
depicts this situation in two dimensions.

Assume that the n:th component of the normal vector of Γ, νn, is nonzero and
let x′ denote the first n− 1 coordinates of a point x ∈ Rn. Then

Γ = {(x′, α · x′) : x′ ∈ Rn−1},

where α = −ν′
νn

. Thus the distribution (mod ε) of of the hyper plane segments can
be determined from the distribution (mod ε) of the sequence

{α · εk′}k′∈Zn−1∩ε−1Q′ .

For the sake of convenience we make a rescaling by ε−1 and study uniform distri-
bution (mod 1) instead. Thus we are interested in the distribution (mod 1) of

{α · k′}k′∈Zn−1∩ε−1Q′ , (1.25)

and want to know if the hyper plane segments are uniformly distributed over (0, 1)n.
In particular we would like to know if the intersections {ε−1Γkε}k∈Zn∩ε−1Q are
uniformly distributed over aε

ε T . Since limε→0
aε

ε = 0, the sequence (1.25) has to be
uniform on a scale less than 1, namely aε

ε . This leads us to the notion of discrepancy
introduced in the next section.
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The Theory of Uniform Distribution

This section introduces the tools from the theory of uniform distribution that are
necessary to study the perforated domain described in section 3. For more back-
ground on uniform distribution, see [KN74]. As we saw in the previous section,
more information about Tε can be gained by determining the distribution of the
sequence

{α · k′ : k′ ∈ Zn−1 ∩Q′N}, N = [ε−1], α ∈ Rn−1, (1.26)

where Q′N = (0, N)n−1 and [ε−1] is the integer part of ε−1. For a real number x,
we denote by 〈x〉 the fractional part of x.

Definition 1.5 (Uniform distribution). Let {xk}∞k=1 be a sequence of real numbers.
For any positive integer N and interval I ⊂ [0, 1), let

AN (I) = #{1 ≤ k ≤ N : 〈xk〉 ∈ I}.

Then {xk}∞k=1 is said to be uniformly distributed mod 1 if for any interval I ⊂ [0, 1),

lim
N→∞

∣∣∣∣AN (I)
N

− |I|
∣∣∣∣ = 0. (1.27)
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Since we want to show that the intersections {Γkε}k∈Zn∩ε−1Q distributes uni-
formly over aεT (mod ε), or equivalently, that {ε−1Γkε}k∈Zn∩ε−1Q distributes uni-
formly over ε−1aεT (mod 1), we need to consider intervals I with length decreasing
in N in (1.27). In fact, for the sequence of ε−n+1 points in (1.26), we need to
consider intervals of length |I| = O(aε/ε). For this reason we introduce discrep-
ancy, which is a quantitative measure of the distribution of a sequence, i.e. of its
deviation from being uniformly distributed.

Definition 1.6. The discrepancy of {xk}∞k=1 is defined as

DN = sup
I

∣∣∣∣AN (I)
N

− |I|
∣∣∣∣ ,

where the supremum is taken over all intervals I ⊂ [0, 1).

The following proposition (Corollary 18 in paper D) shows that the discrep-
ancy of the sequence of Nn−1 elements in (1.26) is bounded by the discrepancy of
{kiαi}Nki=1 where αi is the i:th component of α in (1.26).

Proposition 1.7. Let DNn−1(α · k′) be the discrepancy of

{α · k′ : k′ ∈ Zn−1, 1 ≤ ki ≤ N}

and let DN (αiki) be the discrepancy of {αiki}Nki=1. Then

DNn−1(α · k′) ≤ 2 min
1≤i≤m

DN (αiki).

Proposition 1.7 tells us that it is sufficient to have an estimate for the discrepancy
of sequences of the type {θk}∞k=1 for θ ∈ R, so called arithmetic progressions. For
the next theorem we refer to [DT97], Theorem 1.72.

Theorem 1.8. For a.e. θ ∈ R, the discrepancy of the sequence {θk}∞k=1 satisfies

DN (θk) = O(Nδ−1), for any δ > 0.

In view of Proposition 1.7 and Theorem 1.8, the sequence in (1.26) has discrep-
ancy of O(Nδ−1) for a.e. α ∈ Rn−1. Recall that α comes from a parametrization
of a hyper plane Γ = {x · ν = 0}, i.e.

α = −ν
′

νn
.

Therefore the discrepancy is O(N1−δ) for a.e. ν ∈ Sn−1 and any δ > 0. We want
to determine the number of points in the sequence {α · k′}k′∈Zn−1, 1≤ki≤ε−1 that
belong to an interval Iε, where |Iε| ≈ aε/ε. This is possible since, for a.e. ν, the
discrepancy is O(ε1−δ) and aε/ε = o(ε1−δ) if δ is small enough.



2

Summary of Results

Paper A

My first paper is devoted to the homogenization of an optimal control problem in
the perforated domain Ωε = Ω\Tε where Tε = ∪k∈ZnB(εk, aε) and B(εk, aε) is the
ball of radius aε with center at εk. The objective is to minimize the functional

J :
{
H1

0 (Ω) 7→ R,
ψ 7→

∫
Ω(Fε(ψ)− z)2 + α|∇ψ|2dx. (2.1)

In the definition of J , z ∈ L2(Ω) is referred to as a target profile, Fε is the solution
operator to the obstable problem with obstacle ψ on Tε, i.e. uε = Fε(ψ) is the
solution to {

uε ∈ Kε = {v ∈ H1
0 (Ω) : v ≥ ψ on Tε},∫

Ω∇uε∇(v − uε)dx ≥ 0, ∀v ∈ Kε.
(2.2)

The term α|∇ψ|2 (α > 0) is necessary for the existence of a minimizer to J and has
a regularizing effect on the minimizer. We would like to characterize the optimal
obstacle ψε (the minimizer of J) and the optimal solution uε. In particular we
want to determine their limits as ε→ 0. We will assume that for any fixed ψ, the
solution uε to (2.2) converges weakly in H1

0 (Ω) to the solution u of{
u ∈ H1

0 (Ω),∫
Ω∇u∇(v − u) + c(ψ − u)+vdx = 0, ∀v ∈ H1

0 (Ω). (2.3)

This corresponds to aε = εn/(n−2).

Main results

i) For any 0 < ε < 1, the optimal obstacle ψε is superharmonic in Ω and
harmonic in Ω \ Tε. Additionally, the optimal solution uε coincides with ψε,
uε = Fε(ψε) = ψε.

15
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ii) The optimal obstacle and solution uε is uniquely determined by the elliptic
system 

−∆uε = µε in Ω, supp(µε) ⊂ Tε,
−∆pε = µε + uε − z in Ω,∫

Ω
pεdµε = 0, pε ≥ 0 in ∪ Tε.

(2.4)

Here uε ∈ H1
0 (Ω), µε is a positive measure and pε ∈ H1

0 (Ω) is an auxiliary
variable that can be thought of as a Lagrange multiplier.

iii) As ε → 0, uε converges weakly in H1
0 (Ω) to u which is determined by the

elliptic system {
−∆u = cp−, in Ω,
−∆p = cp− + u− z, in Ω,

(2.5)

where c comes from (2.3) and p− is the negative part of the function p.

iv) If z1 and z2 are two different target profiles, the corresponding optimal ob-
stacles u1 and u2 satisfy

‖u1 − u2‖2H1
0 (Ω) ≤

1
2α‖z1 − z2‖2L2(Ω),

and
‖u1 − u2‖2L2(Ω) ≤ ‖z1 − z2‖2L2(Ω).

Paper B,C and D
The remaining three papers are devoted to the study of obstacle problems in the
perforated domain Ωε = Ω \ Tε where Tε is the intersection between a hyper plane
Γ and a periodic perforation:

Tε = Γ ∩
⋃
k∈Zn

{aεT + εk}, (2.6)

with T ⊂ Q1/2 = {x = (x1, . . . , xn) : |xi| ≤ 1/2}. We assume that the hyperplane Γ
can be represented as Γ = {x ∈ Rn : x ·ν = 0}, and as {(x′, α ·x′) : x′ ∈ Rn−1}, α ∈
Rn−1. A problem that needs to be solved in all three papers is that of estimating
the number of intersections between

⋃
k∈Zn{aεT + εk} and any measurable subset

of Γ. More precisely we ask the following question: Given a parametrization of a
portion of Γ,

GR(p) = {(x′, αx′) : x′ = (x1, . . . , xn−1), |xi − pi| ≤ R},

for how many k ∈ Zn do {aεI+εk} and GR(p) intersect if I = {sen+s0 : 0 ≤ s ≤ h}
(an interval of length h in the xn-direction)? If we let Aε denote this number, then

Aε = hRn−1 aε
εn

+ o(ε1−δ), for any δ > 0. (2.7)
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This was first proved in paper B. For more on this problem and its connection to
uniform distribution of sequences, see the introduction.

Paper B concerns homogenization of the obstacle problem
Find uε ∈ Kε = {v ∈ H1

0 (Ω) : v ≥ ψ on Tε} such that
1
2

∫
Ω
|∇uε|2 − fuεdx ≤

1
2

∫
Ω
|∇v|2 − fvdx for all v ∈ Kε.

(2.8)

Theorem 2.1 (B). Let aε = εn/(n−1). Then for a.e. ν ∈ Sn−1, n ≥ 3, the solution
uε to (2.8) converges weakly in H1

0 (Ω) to the solution of

Find u ∈ H1
0 (Ω) such that for all v ∈ H1

0 (Ω),
1
2

∫
Ω
|∇u|2 − fudx+ 1

2 capν(T )
∫

Γ∩Ω
|(ψ − u)+|2dS

≤ 1
2

∫
Ω
|∇v|2 − fvdx+ 1

2 capν(T )
∫

Γ∩Ω
|(ψ − v)+|2dS.

(2.9)

An equivalent formulation of (2.9) is{
−∆u = capν(T )(ψ − u)+ + f in Ω,
u = 0 on ∂Ω.

(2.10)

In (2.9) and (2.10), capν(T ) is the mean capacity of T with respect to ν:

capν(T ) =
∫ ∞
−∞

cap(T ∩ {Γ + tν})dt.

Paper D is a generalization of paper B to the p-Laplacian. More precisely, we
study 

Find uε ∈ Kε = {v ∈W 1,p
0 (Ω) : v ≥ ψ on Tε} such that

1
p

∫
Ω
|∇uε|p − fuεdx ≤

1
p

∫
Ω
|∇v|p − fvdx for all v ∈ Kε.

(2.11)

The main result is

Theorem 2.2 (D). Let aε = εn/(n−p+1). Then for a.e. ν ∈ Sn−1, for 1 < p < n+2
2 ,

the solution uε to (2.11) converges weakly in W 1,p
0 (Ω) to the solution of

Find u ∈W 1,p
0 (Ω) such that for all v ∈W 1,p

0 (Ω),
1
p

∫
Ω
|∇u|p − fudx+ 1

p
capp,ν(T )

∫
Γ∩Ω
|(ψ − u)+|pdS

≤ 1
p

∫
Ω
|∇v|p − fvdx+ 1

p
capp,ν(T )

∫
Γ∩Ω
|(ψ − v)+|pdS.

(2.12)
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An equivalent formulation of (2.12) is{
−∆pu = capp,ν(T )|(ψ − u)+|p−1 + f in Ω,
u = 0 on ∂Ω.

(2.13)

In (2.12) and (2.13), capp,ν(T ) is the mean p-capacity of T with respect to ν:

capp,ν(T ) =
∫ ∞
−∞

capp(T ∩ {Γ + tν})dt.

The proof of Theorem 2.2 is also based on the corrector method. However, the
proof uses capacity methods which greatly simplify many arguments.

Paper C concerns a different type of obstacle than that in paper B and paper
D. Given a continuous function φ with compact support in B1/2, we define

φε =
{
φ(a−1

ε (x− εk)) if x ∈ {Qε + εk} ∩ Γ,
−∞, otherwise,

where aε = εn/(n−1). We want to find a homogenized equation satisfied by the limit
of the solution to the following problem:

Find uε ∈ Kε = {v ∈ H1
0 (Ω) : v ≥ φε} such that

1
2

∫
Ω
|∇uε|2 − fuεdx ≤

1
2

∫
Ω
|∇v|2 − fvdx for all v ∈ Kε.

The main difference between this problem and that studied in paper B and
paper D is that the obstacle is almost constant on the balls B(εk, aε) = {x ∈ Rn :
|x − εk| < aε} in the latter, but not in the former. For this reason the corrector
method is not applicable. Rather, the proof relies on Γ-convergence, in particular
Theorem 1.4. The main result is

Theorem 2.3 (C). For a.e. ν ∈ Sn−1, the functional

Jε(u,Ω) =
∫

Ω
|∇u|2dx+ Fε(u,Ω),

where
Fε(v) =

{
0 if v ≥ φε,
∞ otherwise,

Γ-converges in the weak topology of H1
0 (Ω) to

J0(u,Ω) =
∫

Ω
|∇u|2dx+

∫
Γ∩Ω

(∫
gλ(u(x))dλ

)
dS(x). (2.14)

In particular, the sequence of minimizers uε of Jε converges weakly in H1
0 (Ω) to the

minimizer u of J0. In (2.14), the function gλ(t) is defined by

gλ(t) = min
{∫

Rn

|∇v|2dx : v − t ∈ D1,2(Rn), v ≥ φλq.e. on Rn

}
,
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where
D1,2(Rn) = {v ∈ L2∗(Rn) : ∇v ∈ L2(Rn)}, 1

2∗ = 1
2 −

1
n
,

and
φλ(x) =

{
φ(x) if x ∈ {Γ + λν},
−∞ otherwise.
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