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Abstract 

The procedure of cardiographic magnetic resonance imaging requires patients to hold their breath 

for up to twenty seconds, creating an uncomfortable situation for many patients. It is proposed that 

an acquisition scheme using spiral trajectories is preferable due to their much shorter total scan 

time; however, spiral trajectories suffer from a blurring effect caused by off-resonance frequencies 

in the image area.  

There are several methods for reconstructing images with reduced blur and Conjugate Phase 

Reconstruction has been chosen as a method for implementation into Matlab-script for evaluation 

in regards to image reconstruction quality and computation time. This method finds a conjugate to 

the off-resonance from a field map to demodulate the image and an algorithm for 

frequency-segmented Conjugate Phase Reconstruction is implemented along with an improvement 

called Multi-frequency Interpolation.  

The implementation is tested through simulation of spiral magnetic resonance imaging using a 

Shepp-Logan phantom. Different off-resonance frequencies and field maps are used to provide a 

broad view of the functionality of the code. The two algorithms are then compared to each other in 

terms of computation speed and image quality. 

It is concluded that this implementation might reconstruct images well but that further testing on 

actual scan sequences is required to determine the usefulness. The Multi-frequency Interpolation 

algorithm yields images that are not useful in a clinical context. Further study of other methods not 

requiring a field map is suggested for comparison. 

 

Keywords: MRI; blur; spiral; inhomogeneity; off-resonance correction. 

  



  



Sammanfattning 

Kardiografisk magnetresonansavbildning kräver att patienter håller andan i upp till tjugo sekunder, 

vilket skapar en obehaglig situation för många patienter. Det är föreslaget att en upptagningsmetod 

som använder spiraltrajektorier är att föredra på grund av deras mycket kortare skanntid. 

Spiraltrajektorier lider dock av en suddeffekt orsakade av off-resonance frekvenser i bildområdet.  

Det finns ett flertal metoder för att rekonstruera bilder med reducerad suddighet och Conjugate 

Phase Reconstruction valdes som en metod för implementation i Matlab-script. Koden ska 

evalueras enligt rekonstruktionskvalitet och beräkningstid. Den här metoden hittar ett konjugat till 

off-resonance utifrån en field map för att demodulera bilden och en algoritm för 

frekvenssegmenterad Conjugate Phase Reconstruction är implementerad tillsammans med en 

förbättring kallad Multi-frequency Interpolation. 

Implementationen är testad genom simulering av spiralmagnetresonansavbildning genom att 

använda en Shepp-Logan fantom. Olika off-resonance frekvenser och field maps användes för att 

skapa en bred bild av kodens funktionalitet. De två algoritmerna jämfördes sedan mot varandra i 

termer av beräkningstid och bildkvalitet. 

Slutsatsen är att den här implementationen skulle kunna rekonstruera bilder men att fler tester på 

verkliga scan-sekvenser behövs för att kunna bestämma användbarheten. Multi-frequency 

Interpolation algoritmen skapar bilder som inte är användbara i ett kliniskt sammanhang. Vidare 

studier av andra metoder som inte kräver en field map föreslås som jämförelse.  



  



Glossary 

 

MRI 

PSF  

– 

– 

Magnetic Resonance Imaging 

Point Spread Function 

CPR – Conjugate Phase Reconstruction 

MFI – Multi-frequency Interpolation 

FWHM – Full-Width Half Maximum 

EPI – Echo-Planar Imaging 

FFT – Fast Fourier Transform 

Hz 

ms 

– 

– 

 

Hertz 

Millisecond(s) 
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1.  Introduction 

Clinical examinations of the heart by way of magnetic resonance imaging (MRI) are important for 

assessing the heart function of patients. These examinations comprise imaging of the heart 

layer-by-layer under one breath-hold. This procedure is necessary because the heart needs to be in 

roughly the same place throughout the examination to make sure that each slice is read next to the 

last. Due to the limits of current methods the patient is forced to hold their breath for periods which 

may extend over twenty seconds at a time. This presents a great discomfort and sometimes 

impossibility for the patients that usually need this type of examination. (Bernstein, King and Zhou 

2004, p. 464) 

The currently most used method for reading phase and frequency components (k-space) reads one 

line at a time in a Cartesian coordinate system. There is an over-head to every read which makes 

the effective reading time low.  

An alternative method called spiral imaging reads k-space as one or several spirals. Each spiral arm 

then covers a greater part of k-space than a line in ordinary Cartesian imaging. The over-head 

associated with creating a pulse for reading a line or arm diminishes. A challenge with using this 

method rather than the current is that the susceptibility to off-resonance effects increase greatly the 

longer a reading is sampled. Off-resonance denotes areas where the signal is not in resonance with 

the larmor frequency due to inhomogeneities in the magnetic field. This off-resonance appear as an 

extra complex exponential error in the signal and as a blur in the image.  

There has been extensive research on the matter of correcting the resulting images through post-

processing. Noll et al. (1991) and 1992) developed a method named Conjugate Phase 

Reconstruction (CPR) which later was deemed too heavy computation wise. Alternate methods 

such as Linear correction developed by Irrarrazabal et al. (1996) provided faster but less accurate 

correction. Man et al. (1997) developed an improvement upon Conjugate Phase Reconstruction 

using Multifrequency interpolation. Building upon this research a method was implemented in 

Matlab-script for off-resonance correction. 

Many aspects of MRI are common knowledge. For example a Google search for “mri gridding” 

yields several free code examples. Yet similar searches for topics related to off-resonance 

correction yields none. 

The goal of this study was to implement a post-processing algorithm for off-resonance correction 

into Matlab-script. The aim was also to study the impact of off-resonant frequencies in the image 

and what methods are developed to correct them. 

The concern of this project was with the theory behind these effects and the image processing 

necessary to alleviate them, while a more concise view of the hardware side to Magnetic 

Resonance Imaging as well as the theory behind pulse sequences are explained to great detail in 

other texts such as Handbook of MRI Pulse Sequences (Bernstein, King and Zhou 2004). CPR was 

chosen as the main algorithm for implementation and other algorithms are only mentioned briefly. 

  



 

2 

  

  



 

3 

  

2. Theory 

The following section will deal with the theory behind this project starting with describing the data 

received from the magnetic resonance scanner, after which spiral trajectories and off-resonance 

effects will be described. 

2.1. Magnetic Resonance Imaging 

MRI comprises methods for creating images by employing the nuclear magnetic resonance within 

the body, specifically the magnetic resonance of hydrogen. The main idea is that a subject is placed 

within a magnetic field with the power in magnitude of a few Tesla, and then a radio frequent 

signal is sent through the body which is absorbed by the hydrogen nuclei. As soon as the signal is 

stopped the nuclei will re-transmit a signal, which is collected through a receiver in the scanner. 

(Allisy-Roberts and Williams 2008) 

As the specific details on how the signal is received within the scanner are out of the scope, this 

text will continue from the point where the signal is received and then describe common uses of 

this signal. 

2.1.1. Signal and k-space 

Following a radio frequent pulse a signal is acquired from the object to be imaged through the coils 

on the scanner. The signal received from a scan of volume V takes the form of Eq. I, where s is the 

signal in the time domain, ρ the spin density at point r and k the path in k-space. (Ljunggren 1983) 

���� � �����	
�����∗���   Equation I 

Eq. I is only applicable to the points which are on-resonance. All other points receive off-resonance 

effects which are discussed further in 2.3. 

K-space is a spatial-frequency 

domain. It is the Fourier conjugate 

domain to the spatial domain where 

object magnetization is measured. It 

can be one of either two or three 

dimensions depending on the 

trajectories used. This domain is 

filled by sampling the scanner signal 

along a trajectory. (Bernstein et al. 

2004) 

In Eq. I the k(t) describes the path by 

which k-space is traversed, or 

sampled. This path is commonly 

referred to as a trajectory. As the 

signal is sampled, k-space is built up 

along the trajectory. Several 

trajectories are shown in Figure 1. 

 

Figure 1. Different k-space trajectories. (a) spiral (b) echo planar 

imaging (c) radial (d) Cartesian raster. 
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Since the trajectory is tightly linked to the shape of k-space it is also closely determinant of the 

method for image reconstruction. Due to the efficiency of the Fast Fourier Transform and the 

availability of image processing tools in Cartesian systems, common trajectories traverse k-space in 

a Cartesian raster. (Bernstein et al. 2004, 380-382) 

Other trajectories such as spiral (Meyer 1998) have been developed to improve speed of scans, 

more on the spiral trajectory in 2.2. 

2.1.2. Image Reconstruction 

Reconstructing an image from k-space data is a fairly straightforward procedure in those cases 

where the trajectories conform to a Cartesian system. Since the signal is proportional to proton 

density and k-space contains the spatial frequency it is necessary to perform an inverse Fourier 

transform of the k-space data in order to receive a reconstructed image. (Bernstein et al. 2004, 491-

492) 

In cases where the trajectory used is not Cartesian the k-space data will have to, either be 

rearranged onto a Cartesian grid before the inverse Fourier transform through a rearrangement 

called gridding, which is explained further in 2.2.1 and by Hargreaves (2001), or be transformed 

using a non-uniform Fourier transform designed for the trajectory as described by Sarty, Benner 

and Cox (2001). 

2.2. Spiral Imaging 

As this project is concerning off-resonance effects within spiral magnetic resonance imaging it is 

beneficial to examine why to bother with this method. The following section will dig deeper into 

the necessary gridding followed by the theory behind the advantages and disadvantages of using 

spirals. 

Spiral trajectories sample data in a spiral around k-space starting in the middle for spin-out and 

starting out and going in for spin-in. The most common form of the spiral is that of an 

Archimedean spiral over k-space according to Eq. II. (Meyer 1998) 

� � ��   Equation II 

The data sampled along this trajectory might then have to be gridded onto a Cartesian grid 

depending on whether it is necessary to perform a Fast Fourier Transform or other image 

processing procedures that operate on Cartesian grids. 

2.2.1. Gridding 

To enable the use of common Fast Fourier Transform algorithms the k-space data is usually 

reconstructed onto a Cartesian grid by interpolation. This gridding is performed by convolving the 

sampled data with a smooth function as well as multiplying by a density compensation function. 

The latter is used to compensate for density of sampling points as the Cartesian grid has the same 

density all over. (Bernstein et al. 2004, pp. 506-521) 

The grdding function described by Bernstein et al. (2004, pp. 506-521) is a smooth function, called 

the gridding kernel, should preferably have a compact support to accommodate the sampling 
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theorem in resampling the data onto a rectangular grid. The most commonly used gridding kernel is 

the Kaiser-Bessel kernel 

Eq. III taken from Bernstein et al. (2004, p. 521) shows the convoluted data ���� resampled as a 
sum of originally sampled data S, convolved by the kernel g and the density compensation ∆�. This 
equation shows the one-dimensional case but is trivially extended to both two and three 

dimensions. 

������� � ∑ ��������∆� − ���∆��
���

�   Equation III 

2.2.2. Advantages 

Among the advantages gained by using spiral trajectories in the sampling of k-space, the most 

central to this implementation is speed. Since it is theoretically possible to cover all of k-space with 

just one spiral only one shot per slice is needed, rather than as many shots as there are lines in 

k-space which is required by other Cartesian trajectories. Hence the spiral trajectory will be more 

time efficient than the more commonly used Echo-Planar Imaging (EPI). This would in turn 

shorten the examination time for patients and reduce the stress. (Bernstein et al. 2004, p. 928) 

Spiral trajectories are also less sensitive to patient motion and signal loss in the frontal regions of 

the brain using functional Magnetic Resonance Imaging. (Glover 2012) 

2.2.3. Disadvantages 

King (1998) claims that the biggest problem with using spiral trajectories in magnetical resonance 

imaging is the blurring that appears as an off-resonance effect. Off-resonance effects will be treated 

firstly by definition after which their causes will be explained followed by different methods for 

correcting these effects. 

Bernstein et al. (2004, p. 79) defines off-resonance spins as any spin that is not resonating with the 

expected Larmor frequency. For these spins Eq. I is modified with another exponential term 

resulting in Eq. IV. 

���� � �����	
�����∗�	
�∆����∗���  Equation IV 

The additional term ∆���� being the off-resonance frequency at location r. This off-resonance 
frequency is dependent upon the variations of the magnetic field gradient, tissue susceptibility, and 

magnetic shift as well as the read-out time all of which varies differently over the image area. 

Since the off-resonance frequency is spatially dependent in so many ways it is difficult to find a 

single inverse for equation Eq. IV. (Man et al. 1997) 

The main reason that spiral imaging is more prone to blurring is because both gradients (x, y) 

change simultaneously rather than interchangeably like they do when utilizing other methods such 

EPI. This feature in spiral imaging creates a blur instead of a shift in a single direction. (Delattre, et 

al. 2010) This blurring means that all offsets to the resonance frequency: namely magnetic field 

inhomogeneity, chemical shift and magnetic susceptibility blur the image further. (Bernstein, et al. 

2004, p. 946) 

Off-resonance effects are also proportional to read-out time as shown by (Yudilevich and Stark 

1987) This is especially detrimental to the spiral trajectories method as read-out times are long.  
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2.3. Correction methods 

The blurring in images acquired by spiral trajectories and the lack of beneficial trade-offs or 

changes to hardware settings makes correction of the signal absolute key. (Bernstein, King and 

Zhou 2004, p. 946) Several methods have been developed and the remainder of this chapter will 

deal with the details and theory of these methods. 

2.3.1. Conjugate Phase Reconstruction 

The method referred to as Conjugate Phase Reconstruction (CPR) which name was introduced by 

Noll et al. (1991) centers around the idea of finding an inverse of the extra exponential in signal 

described in Eq. IV and cancelling it out by multiplying the signal by its complex conjugate. The 

process of CPR is described in Figure 2. 

This is accomplished by first creating a field map which is a mapping of off-resonance frequency 

∆ ��� as a function of spatial location r. This knowledge of frequency offset at a point can then be 
used to demodulate the image at the correct frequency for that point. These points are summed up 

into a final corrected image with reduced blur. Since each point in the final image will be derived 

from a demodulated and inverse Fourier transformed set of data the computation will require a 

transform for each pixel. The resulting computational time of this exact version of CPR is too large 

for application as a deblurring algorithm. (Noll et al. 1991) 

Since the exact version of CPR is too computationally intensive, many different approximations 

have been developed to reduce the computation needed. Two of these methods are described by 

Noll et al., the first (1991) on time-segmented and the second (1992) on phase-segmented CPR. 

Following is a brief explanation of the methods. 

Time-segmented CPR takes the sampled k-space data and separates it into segments according to 

read-out time, which using spiral trajectories create segments formed like rings with width, w, as in 

Eq. V. These segments are then inverse Fourier Transformed into a set of images. These images are 

then demodulated at the frequency acquired from the field map together with an approximate time 

for each segment. (Noll et al. 1991) 

 

Figure 2. Flow chart describing the proces of CPR and MFI correction. 
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! �		
#$%&

'()*+),-(
	  Equation V 

Frequency-segmented CPR instead separates the off-resonance frequencies into equally spaced bins 

from which a frequency is chosen to demodulate the data, creating several sets of data. These sets 

are then all inverse Fourier transformed to create a set of images. The final image is then recreated 

by taking each pixel from the image demodulated at the frequency closest to the off-resonance at 

this pixel. This frequency can be read from the field map. (Noll, Pauly, et al. 1992) 

. > 0∆�1234	
5

   Equation VI 

The amount of images that need to be reconstructed through inverse Fourier transform is 

determined by Eq. VI. Because this amount is large, CPR is not often used in application, despite 

the benefits. (Bernstein, King and Zhou 2004, p. 949) 

 

2.3.2. Linear correction 

Linear correction is a method developed by Irrarrazabal et al. (1996) as a fast solution to the 

magnetic field inhomogeneity. This method being at least nine times faster than 

frequency-segmented CPR since it can be incorporated as a shifting within the gridding operation 

making it unnecessary to have a correction step. The drawback is that susceptibility offsets and 

chemical shift are dependent on both time and spatial position creating a non-linear artifact which 

will not be corrected by this approximation.  

2.3.3. Multi-frequency interpolation 

Man, Pauly and Macovski (1997) describe an improvement to frequency segmented CPR in terms 

of computation time, image quality and theoretical correctness. This improvement is achieved 

through an interpolation of demodulation frequencies.  

	�∆��� � ∑ 6��.
�78 ∆��	�∆����    Equation VII  

The central idea of Multi-Frequency Interpolation (MFI) is that arbitrary demodulation frequencies 

could be expressed as a linear combination of a set of demodulation frequencies as expressed in Eq. 

VII. The generalization is made to include pixels demodulated at an arbitrary frequency as a linear 

combination of the already demodulated and reconstructed pixels. The coefficients can be 

calculated through a Least Squares approximation. This interpolation step is performed last in the 

process and can be added to the frequency-segmented after the inverse Fourier transform step in 

Figure 2. 

Taking every pixel to be a linear combination of the pixels from all of the demodulated and 

reconstructed images enables the pixel to be demodulated at a frequency closer to the exact value. 

It is shown in (Man, Pauly and Macovski 1997) that MFI requires one-fourth of the inverse Fourier 

transforms for equal image quality, represented by Eq. VIII, and should theoretically be between 

three and four times faster than frequency-segmented CPR. 

. > ∆�1234	
5

    Equation VIII 

The final image, using MFI, is created by combining each pixel from the different demodulated 

images using the linear combination coefficients generated using least squares.   
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3. Method 

A procedure for reconstructing an image blurred by off-resonance effects was implemented in 

Matlab code and tested on simulated reconstructions of Shepp-Logan phantoms. The corrected 

images were compared to a reference phantom. 

The rest of this chapter will explain the method that was used to implement off-resonance 

correction. Firstly dealing with an account of the test data, followed by the procedure for 

implementing the correction method and lastly a description of the evaluation parameters and how 

they were applied. 

3.1. Data 

The data used for testing was constructed using a simplified simulation of spiral scanning. The base 

data used was a Shepp-Logan phantom created with the parameters noted in Appendix B.1. and 

displayed in Figure 3. This phantom was Fourier transformed and then sampled along a spiral 

trajectory. Every sample was demodulated at the center 

frequency according to a field map, which is explained further in 

3.3. The sampled spiral k-space data was then gridded to a 

Cartesian grid. After gridding the k-space was inverse Fourier 

transformed into an image.  

Four types of generated field maps were created for testing 

purposes. A uniform field map with a uniform offset frequency 

over the entire image area made up from a single matrix with 

ones scaled to the off-resonance frequency. A linear field map 

made up from a matrix with values between 0.5 and 1 along the 

y-axis and constant across the x-axis. Two randomized matrices, 

the first being an 8x8 randomized and lowpass filtered matrix 

extrapolated to cover the entire image area, with values scaled to 

the absolute distance of the offset frequency. The second randomized matrix was made up from a 

random 2x2 matrix which was then extrapolated to cover the entire image area creating a smooth 

gradient in offset frequency. 

3.2. Implementation 

The implementation will be separated into three steps: firstly a description of the theory behind the 

methods which comprises 2.3, secondly pseudo code for the implementation of these methods in 

Appendix A and lastly the final Matlab code in Appendix B. The implemented methods were the 

frequency-segmented CPR explained in 2.3.1 and the MFI method explained in 2.3.3. 

The demodulation of the data at the L different frequencies could be performed before or after the 

gridding of the data. Demodulation after gridding may be favorable due to the simplicity of the 

implementation and the gain in performance by not requiring another L number of gridding 

operations. However, moving the demodulation step to after the gridding will impact the fidelity of 

the estimated time at each point as it is gridded and most actual points are not reached physically. 

Both before and after were implemented and compared. 

 

Figure 3. The modified 

Shepp-Logan phantom used in 

simulations. 
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Demodulating the images after gridding was performed using a phase map. To generate this phase 

map, a plot of the time it took to reach each point on the grid as a function of the distance to the 

origin was created. Then the frequency span, acquired from the field map, was separated into L 

equally spaced segments. The difference in frequency together with read time was used to model 

the phase accrual at each point in the image, giving a phase map that was continually multiplied by 

the k-space data to achieve demodulation at all of the L different frequencies. 

Demodulation before gridding was performed simply by multiplying the k-space vector with the 

conjugate of the L different frequencies and t being the actual time each element was sampled at. 

Least squares approximation was used to find the interpolation frequencies; specifically the built-in 

function for Matrix Left Division was used to calculate the coefficients for combining the pixels 

from all images. The least squares approximation found the linear combination coefficients 

between a matrix containing the demodulation frequencies and a matrix containing the 

interpolation frequencies. Another option would have been to take the first L+1 coefficients from 

the discrete Fourier transform of each interpolated frequency, this option was discarded due to the 

theoretical lower performance in comparison to the Least Squares approximation. 

The final image, using MFI, was created with each pixel being the linear combination of pixels 

from all of the demodulated images using the coefficients generated using least squares. In 

frequency segmented CPR the coefficients were excluded, thus the final image was constructed by 

selecting each pixel from the reconstructed image that was demodulated at the frequency closest to 

the one on the field map for this pixel.  

3.3. Evaluation 

To test the impact of off-resonance effects a point spread function was plotted and the Full-Width 

Half Maximum (FWHM) was measured. This test was performed on a range of different off-

resonance frequencies and read-out times. The offset frequencies were set to be ranging between 0 

and 300 Hz with read-out times between 10 and 50 ms, to test a wide range of frequencies. These 

measurements were then used to choose read-out times and offset frequencies to create a 

substantial blurring of the image. 

A simple PSF was generated and corrected using the implementation. The resulting image was 

compared to the original image by FWHM measurements. 

The final images were compared to the original images and phantoms from which they had been 

simulated. Distortions and blur were pointed out in the images as artifacts.  

Computation time was evaluated by running the correction code several times for different L and 

comparing the time between the implementation of MFI and frequency-segmented reconstruction. 

A comparison was performed between demodulation before and after the gridding step. The 

comparison consisted of comparing computation time and image quality between the two methods. 
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4. Results 
The results from this study consists of the implementation in Appendix B, images reconstructed 

using this code, and graphs displaying the performance of the code.  

Figure 4 displays the impact of off-resonance on 

the PSF. The off-resonance blur took the shape 

of an exponential increase of FWHM for both 

increased frequency and read time, and cycles of 

angular frequency will be used to describe the 

results. The increase in FWHM started out slow 

and increases beyond 0.8 cycles to grow more 

rapidly.  Due to the particular implementation of 

FWHM measurement the FWHM became 

erratic beyond 1.3 cycles of off-resonance, 

where the PSF became a ring as seen in a plot of 

the PSF with 1.8 cycles in Figure 5, therefore 

values beyond 1.3 cycles are excluded from the 

graph. 

The phase angle change over k-space due to off-

resonance is illustrated in Figure 6, which shows 

that an off-resonance frequency of 100 Hz and 

10 ms read-out corresponds to one cycle of 

phase accrual. This also shows that 

off-resonance frequency and read-out time 

together determines off-resonance phase accrual.  

 

Figure 5. The PSF for off-resonance of 180 Hz and 10 ms read-out plotted as (a) a mesh and (b) an image. 

 

 

Figure 6 Plots of phase angle for off-resonance sequences between 0 and 300 Hz with read-out (a) 10 ms, (b) 20 

ms and (c) 30 ms. 

 

Figure 4. The measured FWHM of a PSF plotted 

against off-resonance frequency for five different 

read-out times between 10 and 50 ms. 

 

A    B          C 

A           B 
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Following the simulated tests for off-resonance effects the simplest form of the implementation 

was tested on a PSF with uniform 1 and 3 cycles of off-resonance, both displayed a smaller 

FWHM, the results presented in Figure 7 and Figure 8 respectively. 

  

Figure 7. Plots of PSF one cycle off-resonance. (a) 

Original PSF (b) Demodulated at center frequency. (c) 

Corrected using implementation. (d) Reference point. 

 

Figure 8. Plots of PSF one cycle off-resonance. (a) 

Original PSF (b) Demodulated at center frequency. (c) 

Corrected using implementation. (d) Reference point. 

 

 

The performance of the implementation was tested with two cycles of off-resonance first for a 

uniform field map resulting in Figure 9, the correction made no further improvements to the 

demodulation at the field map frequency.  

 

A run of the implementation for a simulated phantom with a linear field map with off-resonance 

between one cycle at the top and two cycles at the bottom, yielded the images in Figure 10. The 

further correction provided by the implementation is apparent in comparison between 10C and 

10B. 

 
 

Figure 9. Simulated acquisition of a phantom with 

uniform off-resonance. (a) Uncorrected acquired image. 

(b) Image demodulated at central frequency. (c) Image 

corrected using implementation and (d) Phantom. 

Figure 10. Simulated acquisition of a phantom with 

two cycles off-resonance. (a) Uncorrected acquired 

image. (b) Demodulated at central frequency. (c) 

Corrected using implementation. (d) Phantom. 

C 

B 

A  B          A          B 

 

 

 

 

 

C  D          C          D  

A  B         A         B 

 

 

 

 

C  D         C          D  
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For the next test a field map was created by smoothing a random matrix creating a smooth gradient, 

with eight cycles of off-resonance, resulting in Figure 11. Six cycles of off-resonance with a 

lowpass filtered and random field map yielded images with more artifacts as seen in Figure 12. 

 

A comparison was made between the MFI implementation and the frequency-segmented CPR 

implementation for different values on L. MFI creates a smoother but more blurry correction for 

L=4 as seen in Figure 13. For L >= 16 the MFI implementations reconstructed the image 

indistinguishably from the frequency-segmented version when employing the linear field map as 

seen in Figure 14 and Figure 16.  

  
 

Figure 13. Comparison of the implemented methods 

for MFI and frequency-segmented CPR for a 

simulated acquisition. (a) MFI reconstruction. (b) 

Frequency-segmented CPR. (c) Uncorrected image. 

(d) Original image. 

Figure 14.  Comparison of the implemented methods for 

MFI and frequency-segmented CPR for a simulated 

acquisition. (a) MFI reconstruction. (b) Frequency-

segmented CPR. (c) Uncorrected image. (d) Original 

image. 

  
 

Figure 11. Simulated acquisition of phantom with a 

smoothed field map. (a) Uncorrected image. (b) Image 

demodulated at central frequency. (c) Image corrected 

using implementation. (d) Generated field map. 

 

Figure 12.  Simulated acquisition of phantom with a 

lowpass filtered field map. (a) Uncorrected image. (b) 

Image demodulated at central frequency. (c) Image 

corrected using implementation. (d) Generated field 

map. 
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For values between 4 and 16 MFI reconstructs images with less resemblance to the original image 

than the frequency-segmented does for any value of L as seen in Figure 15.  

  

Figure 15. Comparison of the implemented methods for 

MFI and frequency-segmented CPR for a simulated 

acquisition. (a) MFI reconstruction. (b) Frequency-

segmented CPR. (c) Uncorrected image. (d) Original 

image. 

Figure 16. Comparison of the implemented methods 

for MFI and frequency-segmented CPR for a 

simulated acquisition. (a) MFI reconstruction. (b) 

Frequency-segmented CPR. (c) Uncorrected image. (d) 

Original image. 

 

The calculation times of these two approaches were compared for different values of L, the results 

presented in a plot in Figure 17. The frequency-segmented CPR being the fastest for all L.  

 

 
 

Figure 17. A plot of the computation time for MFI and 

frequency-segmented CPR.  

Figure 18. A comparison between demodulation before 

and after the gridding operation. (a) Demodulated 

before gridding. (b) Demodulated after gridding. (c) 

Uncorrected image. (d) Field map. 

A                  B           A          B 

 

 

 

 

 

C                  D           C          D  

A                  B 

 

 

 

 

C                  D

           C 

 



 

15 

  

A comparison between demodulation at the L different frequencies before gridding and after 

yielded the images presented in Figure 18. It was seen that demodulation before gridding resulted 

in a final reconstruction with less blur, however, the computation time was just under a minute 

while demodulation after gridding was performed in 7.01 seconds. 
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5. Discussion 

The main goal was to implement an algorithm for reconstruction of images acquired by spiral 

trajectories into Matlab-script. The resulting implementation of MFI and frequency-segmented 

CPR into Matlab-script reconstructs images blurred by off-resonance effects creating sharply 

focused images for field maps with smooth gradients with computation times under one second.  

As the data used in these test is simulated, it is difficult to say much about the actual performance 

of the implementation on real scan sequences. However, the magnetic field gradient is known to be 

slowly varying for most scanners and since the implementation reconstructs the simulated 

phantoms well in these circumstances, as seen in Figure 10, it could be assumed that the 

implementation works on real scan sequences. Tissue susceptibility effects are less smooth and 

might present an issue with real scan sequences since the reconstructed images with steeper 

off-resonance gradients perform worse. 

It was found that off-resonance frequencies change the shape of the PSF by blurring it. It is noticed 

that the shape of the PSF is affected by both increased off-resonance frequency as well as increased 

read-out times as would be expected from Eq. IV and is in accordance with the results of 

Yudilevich and Stark (1987). The PSF becomes circles for phase accrual of more than 1.3 cycles. 

Demodulation of the PSF with the conjugate of the off-resonance frequency yields a good, but not 

perfect, reconstruction of the original PSF. This imperfection could be accredited to the gridding 

operation which distorts the image by approximating it onto a rectangular grid. 

It was apparent from the testing of the implemented correction algorithm on a simple PSF that no 

improvement was to be gained from correcting an image acquired under a uniform field map after 

it was demodulated at a central frequency, since there is only one frequency to demodulate the 

simple demodulation and inverse Fourier transform should reconstruct the original image. This is in 

accordance with the theory presented in (Man, Pauly and Macovski 1997, p. 786). 

In the implementation of MFI and frequency-segmented CPR the computation times were observed 

to be constantly about 0.3 seconds longer for MFI, which only makes it a faster correction method 

for L larger than 10 if the theoretical lower limit for MFI is one-fourth of the frequency-segmented 

CPR. This is not in accordance to the results found by Man, Pauly and Macovski (1997) which 

found MFI to be about three times faster having the number of inverse Fourier transforms 

decreased by one fourth. This discrepancy might be due to differences in implementation, as the 

code used in this project is using the slightly heavier computational Least Squares method to find 

the interpolation coefficients, while Man, Pauly and Macovski’s implementation utilises the 

discrete Fourier transform to acquire coefficients. 

Another reason to question the usefulness of the MFI implementation is the behavior for L between 

4 and 16 as seen in Figure 15. This erratic behavior shows that the interpolation is not working as 

intended, since it is perfectly normal for values of L over 16 which is the lower limit for frequency 

segmented. One reason for this behavior might be that the implementation of least squares 

approximation for interpolation coefficients suffers from multicollinearity, since a rank test of the 

interpolation matrix yields a lower rank than the number of rows. Another reason could be that the 

Least Squares approximation is simply implemented wrong. Whatever the reason, solving this issue 

would provide an implementation that could be three to four times faster than the frequency-

segmented CPR implementation. 
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In both of the implemented methods the read-out time has been approximated to be increasing 

radially in k-space; however, this assumption in creation of the phase map would that every point is 

acquired at a time with linear correlation to its distance to the origin which might not be the case. 

The comparison to performing demodulation before gridding shows that there is indeed a loss in 

image quality brought on by linear approximation. The vast difference in observed computation 

time between demodulating before and after the gridding operation suggests that after is preferable, 

in spite of the loss in image quality. This assumption is based upon the gridding function used 

being representative of optimal gridding operations. 

This paper has treated and implemented correction methods employing CPR, which are 

characterized by the use of a field map to find the frequency conjugate in order to reconstruct the 

image. The acquisition of a field map requires two more slice shots, which requirement increases 

the total read time of a volume. This increase in time might not be desirable if the goal is to reduce 

the required length of breath-hold. Therefore other methods, which do not employ field maps, 

should be compared to give a more preferable solution. Among the multiple other solutions to 

off-resonance blurring it might be advantageous to compare conjugate phase reconstruction to 

Piecewise Linear Autofocus described by Smith and Nayak (2012) in which the field map is 

estimated from the blurring eliminating the need to acquire a field map. Another approach 

presented by Fielden and Meyer (2014) suggests a modification in the acquisition scheme 

combining a spiral-in trajectory with a spiral-out trajectory and averaging each point between the 

two trajectories creating a sharp image without the need for further correction. The latter might 

reduce the complexity of post-processing deblurring. 

In conclusion it can be said that out of the implemented methods the frequency-segmented CPR 

using demodulation after gridding performs better in regards to computation time, while the 

demodulation before gives better image quality. The MFI implementation suffers from errors 

rendering it useless, however, there might be room for improvement as it is theoretically faster than 

the frequency-segmented CPR. 
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6. Conclusion 

It has been shown that the implementation could provide a good reconstruction for images affected 

by off-resonance blur.  The simulations performed have shown that uniform offset frequencies 

easily are removed by a single demodulation on the spiral data and that as long as the offset 

frequency does not vary in too sharp gradients the implementation performs well without artifacts. 

Out of the two methods implemented, frequency-segmented CPR performed better in all aspects. 

Further testing with real scan sequences, from phantoms and in vivo, would be required to 

determine the validity of this implementation and clinical use. Implementation of this code on a 

scanner would be another step to test the real performance in a clinical setting. It is also concluded 

that a comparison with other methods that do not employ a field map for correction could present 

other valid approaches for reconstruction. 
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Appendix A. Pseudo Code 
offResonanceCorrection( data, field_map ) = correctedImage 

medianFrequency = median(data); 

dataModMedianFreq = data * exp( 1i * readTime * medianFrequency ) 

gridded_data = regridOntoCartesian(dataModMedianFreq) 

uncorrected_image = F^(-1)[gridded_data] 

 
Generate a phase mask (two methods) 
ONE: Model time explicitly 

    for each point in gridded_data 

 delta = totalFrequencies / L 
 t = timeToGetToPoint(point) 
          phase_mask(point) = exp( 1i * delta * t ); 

    end 

TWO: demodulate raw data at next to center frequency deltaw = delta and 
divide by it. 

    dataModNextToCenterFreq = data * exp( 1i * deltaw * t) 
 
    griddedDNTCF = regrid(dataModNextToCenterFreq) 

    uncorrected_image2 = F^(-1)[griddedDNTCF] 

    phase_mask = uncorrected_image2 / uncorrected_image         

    

The gridded data is now repeatedly multiplied by the phase mask(and its 
complex conjugate, ten ifft to create a set of images 

for every frequency band 

    images = gridded_data * phase_mask 
    images = F^(-1)[image] 

end 

Calculate linear combination coefficients. 
 (two methods) 

ONE: 
Using least squares by QR algorithm. 

Coeff = e^(i*frequency_i*t_k) \ e^(i*frequency*t_k); 

TWO: 
(Coefficients taken to be the L+1 lowest DFT coefficients) 

    coeff = DFT(e^(i*frequency*t)); 

for each pixel in the image 

weighted_pixels = coeff(ii)* pixels from images 
finalImage =  sum( weighted_pixels ) 

    end 



 

 

  

  



 

 

  

Appendix B. Source Code 

B.1. Shepp-Logan Phantom 

The following parameters were chosen for creating the Shepp-Logan phantom used in the 

simulations of this paper. 

Table 1. Parameters to generate the modified Shepp-Logan phantom used in this report. 

A a b 38 98 φ 

1.0000 0.6900 0.9200 0 0 0 

-0.8000 0.6624 0.8740 0 -0.0184 0 

-0.6000 0.1100 0.3100 0.2200 0 -18.0000 

-0.6000 0.1600 0.4100 -0.2200 0 18.0000 

0.3000 0.2100 0.2500 0 0.3500 0 

0.3000 0.0460 0.0460 0 0.1000 0 

0.3000 0.0460 0.0460 0 -0.1000 0 

0.3000 0.0460 0.0230 -0.0800 -0.6050 0 

0.3000 0.0230 0.0230 0 -0.6060 0 

0.3000 0.0230 0.0460 0.0600 -0.6050 0 

 

B.2. Matlab-script functions 

B.2.1. Off-resonance correction with demodulation after gridding 

function [ C ] = offresonance_correction( vector, field_map, params, L, 
recon_method ) 
%OFFRESONANCECORRECTION Corrects an image retrieved by spiral imaging 
from 
%off-resonance effects. 
% Reconstructs an image acquired through spiral imaging     
% 
% 
% Input: 
% vector            A struct containing scan sequence real and imaginary 
data. 
% field_map         A matrix with the frequncy plotted against spatial 
%                   position. 
% L                 Number of demodulation frequencies. 
% 
% params            Struct containing parameters 
%   readTime        Read-out time of scan in milliseconds. 
%   FOV             Field of view in millimeters. 
%   res             Resolution of FOV mm/pixel. 
%   imSize          Image size in millimeters.    
%   imRes           Image resolution in mm/pixel. 
% 
% recon_method      String for selecting reconstruction method 
%                   'fsc' for frequency segmented conjugate phase recon 
%                   'mfi' for multi-frequency interpolation 
% 
% 
% Output: 



 

 

  

% C                 A struct containing the corrected image and 
phasemask. 
% C.im              The normalized reconstructed image. 
% C.L               Number of demodulation frequencies used in the 
%                   reconstruction. 
%========================================================================
= 
  
%Milliseconds -> Seconds 
read_time = params.readTime*1e-3; 
  
%k-space data 
data     = 1i*vector.real + vector.imag;          
  
  
% DEFINE FREQUENCY SEGMENTS 
%====================================================================== 
delta = (max(field_map(:)) - min(field_map(:)))/L*2*pi; 
deltaw = linspace(max(field_map(:)), min(field_map(:)),L+1)*2*pi; 
  
  
% DEMODULATE DATA AT CENTRAL FREQUENCY PRIOR TO GRIDDING 
%====================================================================== 
dw_o_freq = deltaw(L/2+1);%max(field_map(:)) - (max(field_map(:)) - 
min(field_map(:)))/2 
time = linspace(0,read_time,length(data)); 
data = data .* exp(-1i * dw_o_freq * time); 
  
  
% GRID DATA ONTO A CARTESIAN GRID 
%====================================================================== 
gridded_data = gridData(data,vector,params); 
  
  
% CREATE A PHASE MASK FOR DEMODULATING DATA 
%====================================================================== 
[h,w] = size(gridded_data); 
  
phase_mask = zeros(w); 
for x = 1:1:w 
    for y = 1:1:w 
         
        tot_t = read_time; 
        max_d = w/2; 
        p = [x-(w/2),y-(w/2)]; 
        d = sqrt( p(1)^2 + p(2)^2 ); 
         
        t = tot_t * (d/max_d); 
        phase_mask(x, y) = exp( 1i * delta * t); 
    end 
end 
  
  
% DEMODULATE DATA AT L DIFFERENT FREQUENCIES 
%====================================================================== 
  
images = zeros(w); 
transf = gridded_data; 



 

 

  

images(:,:,L/2+1) = transf; 
  
%The gridded data is now repeatedly multiplied by the phase mask... 
for ii = 1:L/2 
    transf = transf .* phase_mask; 
    images(:,:,L/2 + 1 + ii) = transf; 
end 
  
%...and its complex conjugate and ifft to create a set of images 
transf = gridded_data; 
for ii = 1:L/2 
    transf = transf .* conj(phase_mask); 
    images(:,:,L/2 + 1 - ii) = transf; 
end 
  
% Transform images 
images = ifft2(images); 
  
  
% FINAL IMAGE RECONSTRUCTION 
%====================================================================== 
%This part is different for Multi-frequency interpolation and 
%frequency-segmented conjugate phase reconstruction. 
  
switch (recon_method) 
    case 'fsc'          %Frequency-segmented conjugate phase 
reconstruction 
         
        %Choose the pixel from the image demodulated at the closest 
frequency to  
        %that of the field map value at the pixel. 
  
        [fh, fw] = size(field_map); 
        final_image = gridded_data; 
        for x = 1:fw 
                for y = 1:fh 
                    px_freq = field_map(x,y)*2*pi; 
                    [~,idx] = min(abs(deltaw-px_freq)); 
                    final_image(x,y) = images(x,y,idx); 
                end 
        end 
     
    case 'mfi'          %Multi-frequency interpolation conjugate phase 
reconstruction 
         
        % Generate interpolation coefficients 
        %======================================== 
         num_of_interp = 1000;%round(1000/L); 
         tk = 64; 
         timesamples = linspace(0,read_time,tk); 
         interpolation_omegas = 
linspace(min(field_map(:)),max(field_map(:)),num_of_interp)*2*pi; 
  
        % Approximate the linear combination coefficients using least 
squares 
         deltawi_tk = exp(1i * timesamples.' * deltaw ); 
         y = exp(1i*timesamples.'*interpolation_omegas); 
         coeff_table = (deltawi_tk \ y).'; 
  



 

 

  

          
        %Create final image 
        %======================================== 
        %Add the pixels together over the images using the interpolation 
        %coefficients 
  
        [fh, fw] = size(field_map); 
        %permute images for faster calcualation 
        images = permute(images,[2 3 1]); 
        final_image = zeros(fh,fw); 
        for x = 1:fw 
            for y = 1:fh 
                px_omega = field_map(x,y)*2*pi; 
                [~, idx] = min(abs(interpolation_omegas - px_omega)); 
                final_image(x,y) = coeff_table(idx,:) * images(y,:,x).'; 
            end 
        end 
end 
  
  
%Normalisation of the image 
mi = min(final_image(:)); 
final_image = final_image - mi; 
ma = max(final_image(:)); 
final_image = final_image/ma; 
  
  
%Insert into struct 
C.im = final_image; 
C.L = L; 
return 
  
  



 

 

  

B.2.2. Off-resonance correction with demodulation before gridding 

function [ C ] = offresonance_correction_demodulation_before_gridding( 
vector, field_map, params, L, recon_method ) 
%OFFRESONANCECORRECTION Corrects an image retrieved by spiral imaging 
from 
%off-resonance effects. 
% Reconstructs an image acquired through spiral imaging     
% 
% 
% Input: 
% vector            A struct containing scan sequence real and imaginary 
data. 
% field_map         A matrix with the frequncy plotted against spatial 
%                   position. 
% L                 Number of demodulation frequencies. 
% 
% params            Struct containing parameters 
%   readTime        Read-out time of scan in milliseconds. 
%   FOV             Field of view in millimeters. 
%   res             Resolution of FOV mm/pixel. 
%   imSize          Image size in millimeters.    
%   imRes           Image resolution in mm/pixel. 
% 
% recon_method      String for selecting reconstruction method 
%                   'fsc' for frequency segmented conjugate phase recon 
%                   'mfi' for multi-frequency interpolation 
% 
% 
% Output: 
% C                 A struct containing the corrected image and 
phasemask. 
% C.im              The normalized reconstructed image. 
% C.L               Number of demodulation frequencies used in the 
%                   reconstruction. 
%========================================================================
= 
  
%Milliseconds -> Seconds 
read_time = params.readTime*1e-3; 
  
%k-space data 
data     = 1i*vector.real + vector.imag;          
  
  
% DEFINE FREQUENCY SEGMENTS 
%====================================================================== 
delta = (max(field_map(:)) - min(field_map(:)))/L*2*pi; 
deltaw = linspace(max(field_map(:)), min(field_map(:)),L+1)*2*pi; 
[h,w] = size(field_map); 
  
% DEMODULATE DATA AT FREQUENCIES PRIOR TO GRIDDING 
%====================================================================== 
demod_data = zeros(1,length(vector.real),L+1); 
time = linspace(0,read_time,length(data)); 
for ii = 1:L+1 
    demod_data(:,:,ii) = data .* exp(-1i * deltaw(ii) * time); 
end 
  
% GRID DATA ONTO A CARTESIAN GRID 



 

 

  

%====================================================================== 
gridded_data = zeros(h,w,L+1); 
for ii = 1:L+1 
    gridded_data(:,:,ii) = gridData(demod_data(:,:,ii),vector,params); 
end 
  
images = ifft2(gridded_data); 
  
% FINAL IMAGE RECONSTRUCTION 
%====================================================================== 
%This part is different for Multi-frequency interpolation and 
%frequency-segmented conjugate phase reconstruction. 
  
switch (recon_method) 
    case 'fsc'          %Frequency-segmented conjugate phase 
reconstruction 
         
        %Choose the pixel from the image demodulated at the closest 
frequency to  
        %that of the field map value at the pixel. 
  
        [fh, fw] = size(field_map); 
        final_image = zeros(fw,fh); 
        for x = 1:fw 
                for y = 1:fh 
                    px_freq = field_map(x,y)*2*pi; 
                    [~,idx] = min(abs(deltaw-px_freq)); 
                    final_image(x,y) = images(x,y,idx); 
                end 
        end 
     
    case 'mfi'          %Multi-frequency interpolation conjugate phase 
reconstruction 
         
        % Generate interpolation coefficients 
        %======================================== 
         num_of_interp = 1000;%round(1000/L); 
         tk = 64; 
         timesamples = linspace(0,readTime,tk); 
         interpolation_omegas = 
linspace(min(field_map(:)),max(field_map(:)),num_of_interp)*2*pi; 
  
        % Approximate the linear combination coefficients using least 
squares 
         deltawi_tk = exp(1i * timesamples.' * deltaw ); 
         y = exp(1i*timesamples.'*interpolation_omegas); 
         coeff_table = (deltawi_tk \ y).'; 
  
          
        %Create final image 
        %======================================== 
        %Add the pixels together over the images using the interpolation 
        %coefficients 
  
        [fh, fw] = size(field_map); 
        %permute images for faster calcualation 
        images = permute(images,[2 3 1]); 
        final_image = zeros(fh,fw); 
        for x = 1:fw 



 

 

  

            for y = 1:fh 
                px_omega = field_map(x,y)*2*pi; 
                [~, idx] = min(abs(interpolation_omegas - px_omega)); 
                final_image(x,y) = coeff_table(idx,:) * images(y,:,x).'; 
            end 
        end 
end 
  
  
%Normalisation of the image 
mi = min(final_image(:)); 
final_image = final_image - mi; 
ma = max(final_image(:)); 
final_image = final_image/ma; 
  
  
%Insert into struct 
C.im = final_image; 
C.L = L; 
return 
  
 

 

 
 


