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1. Abstract

This report is written as a project to conclude the three year bachelor part of a
five year degree in engineering and will as such target students finishing their three
year bachelor degrees. The main topic of this project is traffic simulation through
numerical analysis, with the accompanying subtopics time integration, eigenvalue
analysis and computation complexity. The tool used through the project isMatlab
computational software. This project features two general traffic models where the
first is based on a system of ordinary differential equations (ODE’s) and the second
one is based on a system of delay differential equations (DDE’s). The project will
highlight the implications of driver considerations in terms of stability, stability
related to system size, stability related to reaction times and the relation between
the large system stability and increasing the (h, k) values of the model.

2. Summary

The ODE- and DDE models are based on the same model with the only exception
that the DDE model features reaction times. They are defined by consideration
forces and sub-consideration forces. The values (h, k) determines the number of
cars that each driver considers and therefore adds to the system as additional
terms that are of the same form as the consideration forces, hence the sub prefix.
The basic case where there are no sub-considerations involved is called the base
case of the system and equals to (h, k) = (1, 1). The (h, k) of the system is deter-
mining the matrix B in equation (11) by the number of sub diagonals h and super
diagonals k that are filled by weights of the forces.



The time integrations can result in three base cases, unstable, stable oscillating
and exponentially stable. These cases refer to the behavior of all system velocities.
The unstable case can for limited time frames predict collisions between cars but
otherwise diverge and cannot generally be used. Oscillating stable systems reach
a constant velocity after a settling time and fits well into a realistic scenario. The
exponential case reaches a constant velocity the fastest and is therefore the sought
after solution. Both models are similar in this regard apart from the fact that the
DDE model generally have a lot more system energy. Figures 1 and 4 are empirical
proof that the models works as defined and can predict some traffic behavior.

An interesting observation during testing was that the ODE exponential case would
always remain exponential no matter the multiplication (α, β, γ) = C(α, β, γ), the
only difference would be the system energy since larger acting forces are coupled
with larger energies. The DDE model however is dependent on the system energy
for stability since the delay sets a system energy limit for stability since too large
forces coupled with delay will not achieve the optimum distance d.

The system stability analysis can be reduced in both models to analyzing the ho-
mogeneous and particular parts separate. The expansions confirms in both cases
what the time integrations shows and can give an idea of how the stability changes
with one parameter changing. However, this is where the DDE model behaves
completely different from the ODE model. For the ODE case it is possible to
plot a complete eigenvalue chart whereas the DDE case has an infinite number of
eigenvalues and is therefore impossible to completely chart. A conclusion that is
in common between the models is that Fd(t) inherently is dominant and should
as such be at lower priority compared to the other consideration forces in order
to help system stability. Comparisons to the spring equation revealed that sys-
tems that prioritize Fd(t) too high converges to a system of particles in a chain
connected by springs with no friction giving the observed behavior. Prioritizing
Ffr(t) help stability in both cases with the exception that DDE case will be stable
for a sub interval (since the top limit comes from the system total energy) within
the expansion whereas the ODE case remains stable through the whole intervall.

The problems that come with larger systems are stability- and computation com-
plexity related. All through the project has the models focused on the base case
with no sub-considerations. The thesis is that adding sub-considerations will again
stabilize an unstable system with the addition that each consecutive weight should
deflate its value exponentially. The results proves that an unstable system can be
stabilized by simply increasing the (h, k) of the system. This can have applications
when the optimal weights are not enough to stabilize a large system.



When computing the eigenvalues for large systems it puts strain on the algorithm
’eig’. According to [1] is the computation time complexity proportional to n3.
What the resulting fit shows is that the relation is more quadratic than cubic and
the reason is described to be the appearance of the system matrix for the base
case. The matrix structure is similar to the one of the upper Hessenbergs which
as a result saves time when transforming the input matrix which is the reason why
the complexity is weakly cubic.

3. Model 1: A General System of ODE’s

To generally describe a system of cars on a road, differential equations may be
used to great effect. This model is constructed through the force concept and each
position function is described by x1(t) · · ·xj(t) · · ·xn(t) with a common point of
reference. When driving a car the driver takes three base terms into consideration:
the distance to the car infront and how fast the distances changes to the car infront
and to the car behind. To ensure once the system is stable that the cars have the
optimum distance d between all cars a term is needed that only reach zero when
the distance is achieved (1). But this term alone is not enough information for
stability since a car will accelerate until d is achieved but will have to great of a
velocity. To counteract this terms (2) and (3) introduce information to the driver
about how fast the distances between neighboring cars shrinks or inflates. Imagine
that driver x1(t) is the last-, xj(t) is within- and xn(t) the first driver in a chain
of cars that corrects the acceleration according to three base considerations, for
drivers j = 2, 3, 4, · · · , n− 1

Fj,d(t) = α[xj+1(t)− xj(t)− d] (1)
Fj,fr(t) = β[ẋj+1(t)− ẋj(t)] (2)
Fj,br(t) = γ[ẋj−1(t)− ẋj(t)], (3)

where Fd(t) is the distance correcting force, Ffr(t) is the forward rate force and
Fbr(t) is the backward rate force. The constants α, β and γ are weights that decide
how dominant the corresponding consideration is. The greater the constant the
greater the priority, this can be thought of how hard the driver will break or
accelerate. The terms have been defined to have the following properties

• if xj+1(t)− xj(t) > d then Fd(t) > 0
• if xj+1(t)− xj(t) = d then Fd(t) = 0
• if xj+1(t)− xj(t) < d then Fd(t) < 0

• if ẋj+1(t) > ẋj(t) then Ffr(t) > 0
• if ẋj+1(t) = ẋj(t) then Ffr(t) = 0
• if ẋj+1(t) < ẋj(t) then Ffr(t) < 0

• if ẋj−1(t) > ẋj(t) then Fbr(t) > 0
• if ẋj−1(t) = ẋj(t) then Fbr(t) = 0
• if ẋj−1(t) > ẋj(t) then Fbr(t) < 0.



The terms clearly mimic parts of drivers behavior. Now the question is whether the
drivers consider relative velocities by cars that are 1, 2, · · · , k places infront and
1, 2, · · · , h places back and the weight the drivers puts on each sub-consideration.
It is very common to look several cars forward and consider the relative velocity,
the same may be applied backwards. This produces the more generalized consid-
erations for drivers j = 2, 3, 4, · · · , n− 1

Fj,d(t) = αj[xj+1(t)− xj(t)− d] (4)

Fj,fr(t) =

kj∑
i=1

βj,i[ẋj+i(t)− ẋj(t)] (5)

Fj,br(t) =

hj∑
i=1

γj,i[ẋj−i(t)− ẋj(t)]. (6)

They have identical properties to the (h, k) = (1, 1) case. The general resultant of
the terms is

ẍj(t) = Fj,d(t) + Fj,fr(t) + Fj,br(t). (7)

Since x1(t) is the last car in the chain and have no other car behind it and xn(t)
have no cars in front it results in

ẍ1(t) = F1,d(t) + F1,fr(t)

ẍn(t) = Fn,br(t) + g(t),
(8)

where g(t) is a given function handle that can simulate a traffic event.
This together with (7) gives the system


ẍ1(t)
ẍ2(t)
...

ẍn(t)

 = A


x1(t)
x2(t)
...

xn(t)

+B


ẋ1(t)
ẋ2(t)
...

ẋn(t)

+


−d
...
−d
g(t)

 (9)

with

A =


−α1 α1 0 0 0

0 −α2 α2 0 0

0 0
. . . . . . ...

0 0 · · · −αn−1 αn−1

0 0 · · · 0 0

 (10)



B =



−
k∑
i=1

βi β1,1 · · · β1,k 0 · · · 0

γ2,1 Σ1 β2,1
. . . . . . . . . ...

... γ3,1 Σ2
. . . . . . . . . 0

γn−h,h
. . . . . . . . . . . . . . . βn−k,k

0
. . . . . . . . . Σj

. . . ...
... . . . . . . . . . γn−1,1 Σn−1 βn−1,1

0 · · · 0 γn,h · · · γn,1 −
k∑
i=1

γi


(11)

where Σj = −
( kj∑
i=1

βj,i +
hj∑
i=1

γj,i

)
. Performing reduction of order on the system

yields
ż(t) = Kz(t) + d. (12)

Coupled with the following constructions

ż(t) =



ẋ1(t)
...

ẋn(t)
ẍ1(t)
...

ẍn(t)


, z(t) =



x1(t)
...

xn(t)
ẋ1(t)
...

ẋn(t)


,d =



0
...
0
−d
...
−d
g(t)


, (13)

yield the system matrix

K =

(
0 I
A B

)
. (14)

Despite this is a general system will the values (h, k) inherently with the model
have upper limits depending on the car’s position in the chain. There are n−j cars
in front and j−1 cars behind car j, therefore: (hmax, kmax) = (j−1, n−j). Through
this report stability will be mentioned. What is considered a stable system in this
report is a system that for any finite settling time have all velocities converged to
a constant and all cars in the system keep the distance d between.

3.1. ODE Model Assumptions. To learn how the general model works, numer-
ical experiments needs to be done. Stability is interesting in this type of model
because divergent behavior of cars is not desirable, to achieve a model that can
be used the system must be stabilized. To analyze this the following assumptions
has been made: All cars in the system have the same α, β, γ and consider one



car in front and one car behind, i.e., (h, k) = (1, 1), the system is also consid-
ered eventless which imply that g(t) = 0. It consists of five cars to make both
eigenvalue- and integration plots foreseeable. Since this model contain only the
base considerations it is here forth referred to as a base case of the general model.

3.2. Time Integration. With these assumptions the system (9) with K as in
(14) is given by

A =


−α α 0 0 0
0 −α α 0 0
0 0 −α α 0
0 0 0 −α α
0 0 0 0 0

 (15)

and

B =


−β β 0 0 0
γ −(β + γ) β 0 0
0 γ −(β + γ) β 0
0 0 γ −(β + γ) β
0 0 0 γ −γ

 (16)

where (13) takes the form

ż(t) =



ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)
ẋ5(t)
ẍ1(t)
ẍ2(t)
ẍ3(t)
ẍ4(t)
ẍ5(t)


, z(t) =



x1(t)
x2(t)
x3(t)
x4(t)
x5(t)
ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)
ẋ5(t)


,d =



0
0
0
0
0
−d
−d
−d
−d
0


. (17)

In this project the pre-defined function ’ode23’ is used for the time integration.
It is an numerical time-stepping method that takes a function-file containing the
system in order reduced form and returns the solutions. It is based on the RK(2,3)
method that usually works well when the problem is moderately stiff and moderate
error is accepted. RK is a time-stepping method that takes several virtual linear
interpolate steps forward and remembers the virtual steps. Before adding to the
solution variable it takes a weighted average of the virtual steps and then add the
result to the solution variable and this is iterated until done. The strength is that
it considers multiple virtual steps and compresses the information into one step
which is why it converges fast.



The time integration results are represented by Figure 1. There are three base
solutions to this system depending how the weights of the base considerations
are selected. The unstable system weights the Fd(t) term greater than the other
forces and this makes the system unstable. Because Fd(t) essentially is the spring
equation and is the prioritized term the cars are in effect five moving particles
in a chain connected by rubber bands which causes the oscillating behavior. The
amplitude grows larger since the terms that would bring friction into the system
have less weight. This is why it is not a good representation of a realistic system
of cars for longer time spans since larger t yield solutions that represent infinite
energy cars since they reach velocities beyond c. But within an intervall from
zero to moderately small t0 it predicts collisions which is undesirable. Because
(α, β, γ) = (2, 1, 1) is unstable it shows that Fd(t) inherently is a dominant term
and that α should weight less.

The oscillating system is mathematically stable but still have oscillations in it and
will probably be most consistent with the reality but is not optimal. A good rea-
son is that the fuel efficiency suffers from repetitive acceleration and deceleration.
In this case (α, β, γ) = (1, 2, 1) so Ffr(t) is prioritized. This term slows the car
down when the distance to the car infront shrinks too fast which helps the car
to eventually achieve the optimum distance d and the same velocity as the car
infront. Because Fd(t) is inherently dominant β must be even larger to achieve a
system that is purely exponential with no oscillations. The non-oscillating stable
system (α, β, γ) = (1, 5, 1) shows a purely exponential solution which is optimal
behavior and is regarded as an ideal practical solution. Oscillating solutions are
also acceptable in situations where it is not possible to get a purely exponential
solution and in such cases the prime goal is to minimize the oscillations and con-
verge to a constant velocity in a minimum settling time. Additionally it is asserted
that the results in Figure 1 are empirical proof that the model works as intended
and is capable of producing systems that model driver behavior for certain combi-
nations of weights. During testing it was observed that the system energy which
is relying on the absolute value of the weights generally is linear in a way that
the exponential solution (α, β, γ) = C(α, β, γ) for C = 1, 2, 3, · · · yield the same
exponential solution but with larger energy. Which is logical because the weights
will enhance the consideration forces behavior and larger forces at play will of
course be associated with larger system energies. The other two cases however
will change form. The unstable case (2, 1, 1) will for example be exponentially
stable at (2000, 1000, 1000).

3.3. Eigenvalue Analysis. The concept of eigenvalues is a powerful tool when
trying to analyze the convergence and oscillations of a system, i.e., the system
stability.



Since d is constant it is said that the system stability is independent and this
is proven by the fact that the solution to the associated homogeneous system to
(12)

żh(t) = Kzh(t) (18)

and the particular solution ansatz of (12)

zp(t) =

(
a+ bt
b

)
(19)

coupled with the superposition principle yield the general solution

z(t) = zh(t) +

(
a+ bt
b

)
. (20)

By giving proof that (19) is a particular solution to (12) will show that the system
stability can be calculated separately. The choices of a and b can be determined
by the fact that

A

1
...
1

 = 0, B

1
...
1

 = 0 (21)

which implies that any of the vectors a and b can be chosen as suggested in (21)
and from there calculate the other. Chosing

b = v0

1
...
1

 (22)

yields after some calculations

a =




−α1 α1 0 0 0

0 −α2 α2 0 0

0 0
. . . . . . ...

0 0 0
. . . αn−1

0 0 0 · · · −αn


−1
−d
...
...
−d


0


(23)

and the proof is done. The problem of finding the eigenvalues of the system have
been reduced to finding the eigenvalues of the system matrix K. This project uses
the function ’eig(K)’ which is a function that takes the matrix K as input and
computes the eigenvalues and returns them as an output vector.

Modern algorithms uses the implicit QR-algorithm [5, pages 265-271] which has
two phases. Phase one uses an orthogonal transformation to transform the input
matrix into its Hessenberg form which will make the second phase faster. The



lower Hessenberg matrix is defined to have zero entries below its first subdiagonal
and the upper Hessenberg matrix has zero entries over its first superdiagonal. The
second phase uses through iterations another orthogonal transform to bring the
Hessenberg matrix to an upper triangular matrix which have the eigenvalues on
its main diagonal. The reason why the second phase is faster with the Hessenberg
matrix is simply the fact that the algorithm deals with an under full matrix which
requires less operations per iteration. See [2, chapter 16] for more.

To overview the physical implications the three weights have on the system the
stable point (α, β, γ) = (1, 1, 1) was selected. The plots in Figure 2 are expansions
around that point for each weight as a variable with the other two frozen. They
show the real and imaginary parts of the eigenvalues. To interpret the plots the
ansatz z(t) = veλt with a general complex eigenvalue inserted gives

z(t) = ve(a+bj)t = veat(cos bt+ j sin bt) (24)

That shows no matter if there are complex elements in v that the real part of the
eigenvalue determines the amplitude of the solution since its exponentially dom-
inant. Also that the imaginary part determines the oscillatory properties since
b will always determine the frequency of the oscillation. As mentioned in time
integration section stable systems that oscillate as little as possible are the sought
after solutions to the base case. Such systems characterizes by negative real parts-
and low absolute values of the imaginary parts. With this in mind it is now possi-
ble to analyze how the system properties changes when expanding around a stable
point. Figure 2 is representing the three stability cases. With (24) in mind some
conclusions may be taken. Starting with the α expansion. As α grows so does
the imaginary part and referring back to §3.2 where it was stated that Fd(t) was
essentially the spring equation and that brought the oscillations it is now a well
supported statement. As α grows so will the oscillations and the stable point will
become unstable at around α = 1.2.

The β expansion shows that higher values of β lowers the oscillations and that
the system is stable for 1 < β < 10. The eigenvalues perfectly represent what was
observed in Figure 4 for the oscillating β = 2 and exponential β = 5 cases since
their respective imaginary parts reflect that result. From a physical standpoint
this clearly shows that Ffr(t) is slowing the car down when going too fast to the
car infront and helps with reaching the optimum distance d.

Stability results for the γ expansion is similar to the β expansion by form. That
result is not unexpected since both β and γ are weights for the rate forces with the
only distinguishing trait that β is the forward rate weight and γ the backward rate
weight. The real parts actually have positive values after γ = 2 and is therefore
destabilizing the system and differs in that regard from the β result. Higher values



of γ will reduce the oscillations but not as effective as β do. The conclusion is that
the base case will benefit greatly in terms of stability and minimized oscillations
by greatly prioritizing the forward rate force, i.e., the force that models the driver
induced acceleration as a result of the forward distance shrinking or inflating. The
force Fd(t) which has the weight α can be seen as the instinct of recklessly chasing
the car infront and therefore inherently lacks the finesse to stabilize a system when
in a dominant position.
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Figure 1. ODE Integrations for: Unstable:(α,β,γ)=(2,1,1),
Oscillating:(α,β,γ)=(1,2,1) and Exponential:(α,β,γ)=(1,5,1). The
cases are named after the velocity behavior.
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Figure 2. Eigenvalues as functions of weights around the stable
point: (α,β,γ)=(1,1,1).



4. Model 2: A General System of DDE’s

This model is based on the same model but with a major conceptual difference,
it considers reaction times. A driver reacts with a delay τ which means that
everything that is action related will have that same delay, i.e., the driver controlled
consideration forces

Fj,d(t) = αj[xj+1(t− τj)− xj(t− τj)− d] (25)

Fj,fr(t) =

kj∑
i=1

βj,i[ẋj+i(t− τj)− ẋj(t− τj)] (26)

Fj,br(t) =

hj∑
i=1

γj,i[ẋj−i(t− τj)− ẋj(t− τj)] (27)

gives the total expression

ẍj(t) = Fj,d(t) + Fj,fr(t) + Fj,br(t). (28)

Analogous to the ODE case the terms of ẍ1(t) and ẍn(t) are

ẍ1(t) = F1,d(t) + F1,fr(t) (29)
ẍn(t) = Fn,br(t) + g(t) (30)

This together with (28) gives the system
ẍ1(t)
ẍ2(t)
...

ẍn(t)

 = A


x1(t− τ1)
x2(t− τ2)

...
xn(t− τn)

+B


ẋ1(t− τ1)
ẋ2(t− τ2)

...
ẋn(t− τn)

+


−d
...
−d
g(t)

 (31)

with A given by (10) and B by (11). There are velocities in the system that
originate from a mathematical substitution to reduce the order of the system
with the cost of n additional equations. Their function to the system is the pure
functionality of help variables for the sake of the numerical methods solving such
a system. And are as such not driver controlled and will therefore have no delay
at all. This implies that the order reduced form of the system need vectors of the
forms: z(t) and z(t− τ), where τ = (τ1, τ2, · · · , τn, τ1, τ2, · · · , τn)T . This suggests
that the general DDE model in order reduced form is

ż(t) = K0z(t) +
n∑
i=1

[Kiz(t− τi)] + d (32)



where

ż(t) =



ẋ1(t)
...

ẋn(t)
ẍ1(t)
...

ẍn(t)


, z(t) =



x1(t)
...

xn(t)
ẋ1(t)
...

ẋn(t)


,d =



0
...
0
−d
...
−d
g(t)


. (33)

For simplicity it is now assumed that all reaction times are the same, i.e., τ1 =
τ2 = · · · = τn which reduces (32) to

ż(t) = K0z(t) +K1z(t− τ) + d (34)

which yields the system matrices

K0 =

(
0 I
0 0

)
, K1 =

(
0 0
A B

)
. (35)

The distinguishing trait that separates DDE- from the ODE model is the account
of reaction times which introduces a more complicated behavior in the system. As
a result it will be more difficult to stabilize and when the n get larger the system
will be complicated in a way that even optimal weights will be insufficient. This
is the main reason it is interesting to up the (h, k) values, to add information and
see if it helps. As τ → 0 do DDE approach ODE and so will their solutions.

4.1. DDE Model Assumptions. To keep the ability to compare the two models
there will be the same assumptions (see §3.1) with the only addition of reaction
times and that every driver have the same reaction time.

4.2. Time Integration. With the assumptions given and equations (32),(35) and

ż(t) =



ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)
ẋ5(t)
ẍ1(t)
ẍ2(t)
ẍ3(t)
ẍ4(t)
ẍ5(t)


, z(t) =



x1(t)
x2(t)
x3(t)
x4(t)
x5(t)
ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)
ẋ5(t)


, z(t− τ) =



x1(t− τ)
x2(t− τ)
x3(t− τ)
x4(t− τ)
x5(t− τ)
ẋ1(t− τ)
ẋ2(t− τ)
ẋ3(t− τ)
ẋ4(t− τ)
ẋ5(t− τ)


,d =



0
0
0
0
0
−d
−d
−d
−d
0


(36)



constructs the base case of the DDE model. To solve this system the function
’dde23’ was used that have the same function as ’ode23’ with a few differences.
First it has to consider the history of z(t) since the term z(t − τ) looks τ time
units back. If the interval of integration is a < t < b then the term z(t − τ) de-
mands initial information for a− τ < t < a which is what history takes care of. If
there are multiple distinct reaction times then history has to cover the maximum
reaction time. Second it has code to deal with eventual singularities which is a
greater problem for DDE’s than ODE’s. The reason is that eventual singularities
propagate through the delays.

Figure 4 represents the DDE integrations. The same α, β and γ was on pur-
pose selected to make comparisons to the ODE case possible. Comparing Figure-4
to 1 it is possible to analyze how a reaction time of 0.15 time units affects the
different cases. The unstable case might not have changed form in any way but
the overall amplitude have been greatly increased by the addition of reaction time.
Referring back to the discussion in §3.2 where the spring effect is mentioned it has
to do with the dominance of Fd(t). Now with reaction times Fd(t) is depending on
values of position 0.15 time units back so the explanation is that the rubber band
probably have more time to stretch and therefore generates more energy to the
system. The oscillatory case have greater amplitude as well compared to its ODE
relative but the difference is not great. The exponential case is the most inter-
esting result of the introduction of reaction times simply because the same point
(α, β, γ) = (1, 5, 1) was next to purely exponential and therefore the ideal solution
but with reaction time it oscillates fiercely. This implies that the DDE model is
more accurate to make real world conclusions like fuel efficiency as mentioned in
§3.2. To avoid the oscillations, if possible is a problem that require more detailed
analysis which will be handled in the next section. Also an interesting observation
about system energy in the ODE case (see §3.2) is that the same things do not
apply in the DDE case. Trying the same concept immediately fails and generally
result in instability. The reason has to be the fact that the DDE model has time
delays and the ODE one does not. The forces are delayed and too big of a weight
coupled with a delay means that it will be too slow and jump too far and therefore
can not reach stability. The ODE case has no delay and can act instantly which
means that there should be no absolute value limit for the ODE model. This shows
that the DDE system stability in fact is dependent on the system energy.

4.3. Eigenvalue Analysis. To calculate the eigenvalues of a DDE system the con-
stant d is said to be independent of the system eigenvalues. With the assumption
that z(t) and all its derivatives are continuous provides the possibility to study the
stability of (34) by considering the derivative of (34). It can therefore be shown



that the system eigenvalues are independent on d. Applying this reasoning gives
∂

∂t
ż(t) =

∂

∂t
(K0z(t) +K1z(t− τ) + d)⇒ (37)

z̈(t) = K0ż(t) +K1ż(t− τ) = 0. (38)

In order to show that the DDE-system stability is independent a function that
restores (38) to the same form as the associated homogeneous equation of (34) is
needed. Such a function is

q(t) =
∂

∂t
z(t) (39)

which gives
q̇(t) = K0q(t) +K1q(t− τ) (40)

which is the sought after form. With the ansatz

q(t) = veλt (41)

gives the characteristic equation(
λI −K0 −K1e

−λτ)v = 0. (42)

Which shows that the system stability is independent on d by the restriction of
said assumptions. In order to calculate the system eigenvalues the function ’delay-
eig1’ was used which returns the eigenvalues and vectors of a homogeneous DDE
equation. It uses an Infinite Arnoldi method and the source code ”delay-eig1’ was
provided by [3]. Since DDE equations always have an infinite number of eigenval-
ues the function takes a real point parameter σ where it strictly computes the k
closest eigenvalues. With the identical concepts of stability from the ODE model
in mind its use is to determine if there are positive eigenvalues in the current con-
figuration of the system. Since the function computes the k closest eigenvalues to
σ it makes the most theoretical sense to let σ →∞ which will guarantee to find a
positive eigenvalue if it exist under the condition k ≥ 1. But the problem is that
the algorithm will get increasingly unstable as the distances to eigenvalues from
σ increases so chance is that no values will be found if σ is to large. So σ clearly
needs to be on the positive axis some distance from zero but not too far.

Even though the algorithm essentially guarantees it will find the k closest eigen-
values will the placement of σ in practice introduce uncertainty. Depending on
k the algorithm may find the k closest negative eigenvalues and miss a positive
eigenvalue that were k + 1 closest to σ. To minimize the uncertainty k has to be
tested if it is adequate or not. To determine if k is adequate for the point σ it is a
good strategy to run the function with an increased k for each repetition. In that
way it is possible to spot if there is a pattern how the eigenvalues are positioned
and if eigenvalues appear in significant places to the right of zero it is proven that
k was too small the steps before but note that the converse is not necessarily true.
It will be clear if the values tend to expand their region to the right or to the left.



In this way it is determined wether the system is stable or not with an uncertainty
and the plots with eigenvalues as functions of weights will as a result give a very
good idea of how the stability of the system changes with the parameterization of
a weight.

With this in mind the plots in Figure 5 was constructed. First the parameters
σ = 30 and k = 15 to get an initial plot. To determine if k is large enough a
k = 50 was used to see if the plot still concludes the same conclusion, if it does
then k = 15 is assessed to be large enough. The plots should therefore with said
uncertainty reflect the truth of the system stability. A good question to ask to
illustrate the uncertainty is what eigenvalues are beyond the closest k eigenvalues.
In Figure 3 σ is placed to the right with k ≥ 1 and the eigenvalue that is at current
maximum distance from σ is

λk = ak + bkj (43)

with the distance

dmax =
√

(ak − σ)2 + b2k. (44)

For a system that has k negative charted eigenvalues is said to be stable but Fig-
ure 3 shows that in worst case there can exist eigenvalues that have real parts of
σ + dmax or more and the fact that σ can be anywhere on the real axis this shows
that the uncertainty of stability can never be circumvented. For real positive values
outside the circle that are less than σ + dmax are characterized in high frequency.
This shows that all positive eigenvalues that may be uncharted will either cause
large divergent behavior or extreme oscillations in a time integration. The system
can be stable or not, its impossible to know for sure until a time integration reveals
the system behavior unless there are other means to prove that the eigenvalues
strictly expand their region to the left as k →∞.

With this in mind the analysis of Figure 5 was done. For the sake of compara-
bility between the DDE case and the ODE case the same point α, β and γ was
used. Comparing Figure 5 to Figure 2 the following conclusions can be made,
starting with the α expansion. The stability clearly suffers from the addition of
reaction times since the system now demands a lower value of α in order to be
stable. This may be explained by the fact that the associated force Fd(t) is as men-
tioned in §3.2 inherently dominant since it will accelerate until optimum distance
d is achieved which is too late and result in stability issues. Now with the reaction
times added the term has a delay which means that it will accelerate past the point
where it normally starts to decelerate to be even more late and this implies that α
needs to be weighted less as shown in Figure 5. This confirms the statement that
the rubber band has a longer time to stretch and will therefore add more energy
to the system as described in §4.2. The oscillatory properties of the system as a
result of the introduction of reaction times clearly makes the system more twitchy.



The β expansion is indicating an interesting phenomena. Weighing β more will as
in the ODE case help stabilizing the system but contrary to the ODE case where
the system will be stable until β = 10 the DDE case have a limit where the system
reach instability once again. Remembering that β is the associated weight of the
force Ffr(t) which is a force that will start decelerating when the relative speed
is zero. This will with no delay help the system stabilize but will for some reason
diverge the system at β = 5.8 when a delay is added. This implies that the con-
sideration forces require balance even more when there is a delay and will possibly
have no stable case when τ gets too big. The reason is that the delay bring about
the unwanted properties all terms have by delaying their actions and thats why
the system stability rely on the balance between the three consideration forces.
This relates and supports the analysis in §4.2 about the system energy limit for
stability and should explain why there is an upper limit of β in Figure 5.

The gamma expansion yields the same stability conclusion as in the ODE case
since at about γ = 0.25 the system will be unstable with the difference that the
system stability will diverge even harsher at γ = 5.8. The common trait of all
expansions with delay is that the system oscillates more than a non-delay system.
This is easy to understand since corrections of velocity will be more frequent the
more delay the drivers have and conversely if a system have zero delay the actions
will be instant and therefore will the oscillations be at a minimum.

So with all this in mind, how to avoid the oscillations mentioned in §4.2 related
to Figure 4 (e). There are possibly multiple ways of handling this from the plots
in Figure 5 but plots (c) and (d) seems decent to work with. (c) indicates that β
can be within the interval 1.9 ≤ β ≤ 5.8 and still be stable which means that in
that interval there might be a point where the imaginary parts are smaller than
the ones at (1, 5, 1). It is important to remember that large imaginary parts only
matters when coupled with moderate amplitudes, i.e., real parts. Observing that
the largest real parts are the blue,light green and turquoise dots. But the turquoise
dots are coupled with the smallest imaginary parts between them which rules it
out. But the real problem is that the only point where there is a smaller imaginary
part is out of the stability interval for β which indicates that it is either impossible
to remove the oscillations since they are inherent with reaction times or that the
problem requires a different approach outside the scope of this project.
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Figure 3. The k charted eigenvalues can be at any point within the
greyed area. All white space can be potential uncharted eigenvalue
locations.
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Figure 4. DDE Integrations for: Unstable:(α,β,γ)=(2,1,1),
Oscillating:(α,β,γ)=(1,2,1),Exponential:(α,β,γ)=(1,5,1) and all
cases τ = 0.15. The cases are named after the velocity behavior.
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Figure 5. DDE Eigenvalues as functions of weights around the
unstable point: (α,β,γ)=(1,1,1).



5. Large Scale Problems

Until now the focus has been on small system behavior. When experimenting with
the models it will soon be obvious that a point (α, β, γ) that is stable for n0 cars
will not necessarily be stable for n1. Optimum weights will be referred to and is
defined as the combination of (α, β, γ) that gives the project defined stability in
the shortest settling time with oscillations at a minimum. This section will explore
an alternative to optimized weights and the implications of that approach.

5.1. Stability. For solving the stability problems the thesis is that a system that
utilizes the maximum number of terms for each car in the chain should have the
potential to reach stability faster than the same system of lower (h, k) granted
both systems have the same base case, i.e., (α,β,γ). This is based upon the infor-
mation principle, the more information the better if the system knows how to use
the information correctly. In this case it means that constants α1 · · ·αn, β1 · · · βn
and γ1 · · · γn should follow a pattern. The fact that if a driver prioritizes cars that
are further away more than the neighbors collisions should be more probable and
the system should therefore be less likely to be stable. This suggests that each
term should have progressively lower weight.

To test the thesis to see if a large unstable system can be stabilized by only
increasing (h, k) a large ODE system that is stable for (α,β,γ)= (1, 5, 1) was used.
The DDE model is not used for this experiment since it would require deeper
knowledge about the implementation of the infinite Arnoldi method which is out
of the scope for this project.

The experiment is set up with the matrix (11) of the base case and of the maximum
(h, k) = (hmax, kmax) where all drivers have the same consideration weights. The
weights deflates their value exponentially for each car between the relative cars
with the base r for which the experiment is set at 0.5. The computation uses the
built in function ’eig’ to calculate the eigenvalues. Figure 6 shows the experiment
result and can be considered as empirical proof that the thesis holds. The figure
shows that a system that is stable can be unstable for larger n and can be stabi-
lized by just increasing the system values (h, k). This shows that stability can be
achieved by increasing those values as an alternative for optimizing the base case
or as a complement. If the optimized base case is not enough for stability it can
still be stabilized by a model of higher (h, k) values.

What is interesting about Figure 6 (b) and (c) is that the higher (h, k) not only
stabilized the large system it also made it better. As shown in (b) the rim of the
ellipse has a high density of eigenvalues that have large frequencies indicating a
highly oscillatory system. Compared to (c) it shows that higher (h, k) values thins
out the rim and gives a lot more eigenvalues that have small frequencies indicating



a far less twitchy system. It also reaches a constant velocity faster since the high
density of eigenvalues to the right in (b) has been thinned out in (c) which means
that there are far less small negative- and more large negative eigenvalues in such
a system. Since this project is focusing around local analysis it is not possible
to make any global conclusions but this shows that a model of higher (h, k) has
the potential to be a superior model over the base case. What has been observed
during testing is that generally 0.5 ≤ r ≤ 1 for large systems and 0 ≤ r ≤ 0.5
for smaller systems to help stability. Often may a system of higher (h, k) actually
destabilize a small system if r is too big.
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(a) Complete eigenvalue chart for the base case
with n = 100. Represents a stable system.
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(b) Complete eigenvalue chart for the base case
n = 5000. Represents an unstable system.
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(c) Complete eigenvalue chart for the base case
with r = 0.5 and n = 5000. Represents a stable
system.

Figure 6. (a) to (c) shows the same system with: (α,β,γ)=(1,5,1)
but with different n. Blue dots and red stars represent eigenval-
ues with negative real parts respective positive real parts. r is the
exponential base for which the weights deflate their value.



5.2. Computation Time Complexity. Large systems are characterized by large
n which in this case is a large number of cars with the system matrix 2n × 2n,
i.e., 4n2 elements. The ’eig’ function is once again used and has a complexity
proportional to n3 according to [1].

To test if this is true an experiment timing the ’eig’ was performed with the
base case for n = 50, 100, · · · , 5000. The resulting plot is shown in Figure 7. The
fit is interesting since the complexity is supposed to be cubic but the resulting
dependence is more quadratic which is observed when comparing their constants.
An explanation for this may be the structure of the matrix in (14). Referring back
to §3.3 and the QR-algorithm with its two phases it is understod that if the input
matrix already is similar in structue to the Hessenberg form it would take less time
to transform it. Relating (14) to this and the observation that the same system
of larger (h, k) take longer implies that larger (h, k) creates a matrix that has a
structure that differs more to the upper Hessenberg matrix and therefore takes
longer time to compute. The converse case gives the conclusion that the nearly
quadratic behavior is a result of the similar structure of the system matrix to the
upper Hessenberg matrix.

To compute eigenvalues for the n = 5000 system takes about 550 seconds to per-
form but large is a relative term. n = 5000 is of course considered large compared
to n = 5 but systems of magnitude n = 106 may be more interesting to analyze
since larger scale infrastructure comprises cars in the millions and in even grander
scale in the tens of millions. A computation for a million cars takes about 82
years according to the fit which already is an impossibility. Computations for ten
millions and a hundred million cars will take 81000- respective 8.1 · 107 years. A
huge weakness with the setup is the fact that the matrix ’eig’ has to compute has
a size that is two times the number of cars in the system. To compute the stability
of 5 · 105 cars the function computes a matrix that is 106 × 106.

The fact that there are a hundred data points may the resulting fit not give an
exact representation for n > 5000 but the goal to begin with was to get an un-
derstanding how the time complexity changes with n and give a proper fit. What
the fit shows is that the current algorithm is inadequate to perform eigenvalue
analysis on large systems. The conclusion is that other methods is needed in order
to handle large systems. See [1] for further methods.
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Figure 7. Shows estimated complexity to compute the eigenvalues.
Note that the matrix dimension is 2n× 2n.

6. Matlab Code

%---------------------------------------------------------------------
%ODE Time Integrations. DDE Time Integration is identical apart
%from reaction time variable, history variable and dde23 integration
%function.
%---------------------------------------------------------------------
clear all
clc
global D;
global A;
n=5;
simDur=60;
v0=0.5;
d0=4*pi/n;
d=0.7*d0;



y0=[d0.*(1:n) v0.*ones(1,n)]';
da=0.1;
alpha=1;
beta=5;
gamma=1;
Beta=beta:da:simDur-da;

h=1;
k=1;
r=0;
tic

alpha_vec=ones(1,n-1).*(alpha);

LL=diag([-alpha_vec 0])+diag(alpha_vec,1);
LR=B_fast(n,r,h,gamma,k,beta);

A=[zeros(n,n) eye(n,n);
LL LR];

D=[zeros(1,n) -d.*ones(1,n-1) 0]';
toc

[t,y]=ode23('odefun',[0 simDur],y0);

yy=220;
x=1.2*yy;
hFig = figure(1);
set(hFig, 'Position', [600 600 x yy])
plot(t,y(:,1:n))
title('Position functions');
xlabel('t');
ylabel('x(t)');

hFig2 = figure(2);
set(hFig2, 'Position', [600 600 x yy])
plot(t,y(:,n+1:2*n));
title('Velocity functions');
xlabel('t');
ylabel('x(t)');

%---------------------------------------------------------------------
%DDE Expansions. ODE Expansion is identical apart
%from reaction time variable and eig_delay1
%---------------------------------------------------------------------
clear
clear all



clc
n=5;
k=15;
sigma=30;
simDur=10;
da=0.08;
alpha=0;
gamma=1;
beta=1;
Beta=beta:da:simDur-da;
Gamma=gamma:da:simDur-da;
Alpha=alpha:da:simDur-da;
Eig=zeros(k,simDur/da);
Tau=0.15;

r=0;
h=1;
kk=1;
tic

A0=[zeros(n,n) eye(n,n);
zeros(n,n) zeros(n,n)];

for i=1:simDur/da

alpha_vec=ones(1,n-1).*(alpha);

LL=diag([-alpha_vec 0])+diag(alpha_vec,1);
LR=B_fast(n,r,h,gamma,kk,beta);

A1=[zeros(n,n) eye(n,n);
LL LR];

[~,d]=delay_eig1(A0,A1,Tau,sigma,k);

[~,I]=sort(imag(d));
d=d(I);
Eig(:,i)=d(:);
alpha=da*(i-1);

end
toc

y=220;
x=1.2*y;
hFig = figure(1);
set(hFig, 'Position', [600 600 x y])
plot(Alpha,Eig(1:k,:),'.','MarkerSize',5);
ylim([-5,1]);
title('Real parts');



xlabel('\alpha');
ylabel('Re');

hFig2 = figure(2);
set(hFig2, 'Position', [620 620 x y])
plot(Alpha,imag(Eig(1:k,:)),'.','MarkerSize',5);
ylim([-16 15]);
title('Imaginary parts');
xlabel('\alpha');
ylabel('Im');

%---------------------------------------------------------------------
%The function B_fast(number,ratio,orderGamma,gamma,orderBeta,beta)
%returns the matrix B which describes to what extent the drivers
%considers changes in relative distances. r is the ratio that
%determines the exponential base at which the consideration loose
%its weight as the number of cars between increases.
%---------------------------------------------------------------------
function [LR] =B_fast(n,r,h,gamma,k,beta) %%h and k could max be n-1.

LR=zeros(n,n);

for u=1:k
for i=1:n-u

LR(i,i+u)=beta*r^(u-1);
end

end

for p=1:h
for q=1:n-p

LR(q+p,q)=gamma*r^(p-1);
end

end

for u=1:n
LR(u,u)=-sum(LR(u,:)); %This can be improved by utilizing

%geometric sum.
end
end

%---------------------------------------------------------------------
%Function defining the ODE system.
%---------------------------------------------------------------------



function [v] = odefun(t,y)
global A;
global D;
v=A*y+D;
end

%---------------------------------------------------------------------
%Function defining the DDE system.
%---------------------------------------------------------------------
function [v] = ddefun(t,y,z)
global A0;
global A1;
global D;

v=A0*y+A1*z+D;
end

References

[1] Lloyd N. Trefethen, David Bau, III, Numerical Linear Algebra, SIAM, 1997

[2] Wim Michiels and Silviu-Iulian Niculescu, Stability and stabilization of
time-delay systems. An eigenvalue based approach, SIAM, 2007

[3] E. Jarlebring, K. Meerbergen and W. Michiels, A Krylov method for the delay
eigenvalue problem SIAM J. Sci. Comput., 32(6):3278-3300, 2010

[4] Gabor Orosz, Bernd Krauskopf and R.Eddie Wilson, Bifurcations and multiple
traffic jams in a car-following model with reaction-time delay, Physica D:
Nonlinear Phenomena, 211(3-4):277-293, 2005

[5] J.G.F. Francis,"The QR Transformation, I", The Computer Journal, 4(3):265-
271, 1961


