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Abstract

This thesis addresses the subject of di�ractive axicons in partially coherent or oblique

illumination. Design and characterization of the axicons are performed using asymp-

totic wave optics, employing the stationary-phase method to obtain approximations

of the di�raction integrals.

A design method for axicons in partially coherent illumination is derived. The

method can be applied to any incident illumination on radially symmetric Schell-

model form. It provides analytical solutions for some speci�c cases, but for most

incident intensity and coherence distributions it can be solved numerically to yield

the desired on-axis intensity. In addition, a method for estimating the width of the

focal line is provided. For coherent light, the design method is identical to the old

one based on energy conservation in ray bundles. Since the new method is derived

entirely from wave optics, it both clari�es the old method and extends it to partially

coherent light.

Oblique illumination of axicons, frequently encountered in applications, causes

degradation of the focal line. This change is characterized, and from the asymptotic

theory it is found that the focal line is described by an asteroid curve. The width

of the focal segment in oblique illumination is accurately predicted, as con�rmed

by simulations and experiments. It is also found that at a �xed angle, an elliptical

axicon may be used to compensate for the adverse e�ects of oblique illumination.
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Introduction 1

1 Introduction

1.1 Background

An axicon, as explained in section 4, is a focusing device that creates a focal line

along the optical axis. Compared to a lens, which creates a focal spot, an axicon can

provide unparalleled depth of focus. This useful property, together with the narrow

focal line, has caused increasing interest. Some applications, such as tight focusing

of light, interferometry, alignment and atom guiding are explained and exempli�ed

in more detail in section 4.5.

A laser of good quality gives coherent or `ordered' light. A light bulb or the sun

produces the opposite: `disordered' or incoherent light. But many light sources, such

as diode lasers or excimer lasers, produce `half-ordered' light, known as partially

coherent. Despite the fact that diode lasers are frequently used these days, the

design of optical elements for partially coherent light has hardly been considered

at all. For coherent light a lot of work has been done in this area, and generally

the same elements are used in coherent as in partially coherent illumination. It is

assumed, without proof, that an element optimal for coherent light is also optimal for

partially coherent light. This lack of knowledge, in an area that becomes more and

more important, calls for the analysis and design of elements in partially coherent

illumination.

Unlike most other optical elements, for axicons it is easily shown that di�erent

degrees of coherence call for di�erent shapes of the axicon. In this thesis, the major

part [papers I-III] is spent on the subject of design of di�ractive axicons for partially

coherent light.

A drawback of the axicon is the angular sensitivity: the axicon must be illumi-

nated strictly perpendicularly or the narrow focal line is destroyed. This poses a

di�culty in some applications, such as scanning, and calls for the design of compen-

sated axicons that can tolerate oblique illumination. However, before this question

can even be addressed, proper characterization of the focal line in oblique illumina-

tion is necessary. This characterization is performed in paper IV, where it is shown

that the focal line becomes asteroid shaped.

For all calculations in this thesis, the method of stationary phase is used to

obtain the results. This is a method to approximate integrals, providing compact

expressions that are much easier to analyze than the original integrals. The accuracy

and range of validity are lowered, but in return it becomes possible to use the

expressions for analysis and design.
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1.2 Outline

In the introductory part of the thesis, I provide the background needed to understand

the appended papers. I start, in Sec. 2.1, by explaining the basics of scalar di�raction

theory and the di�raction integrals. In Sec. 2.1.2 I also derive an approximation

of the di�raction integral in oblique illumination, despite the fact that a similar

derivation is done in paper IV. The reason for this is that the approximation is

of major importance for the result of paper IV, but I have not been able to �nd

anything similar in the literature. I also give, in Sec 2.2, a short description of

coherence theory. Those already familiar with the concepts should skip those parts,

or use them to refresh their memory when reading other parts of the thesis.

Since the method of stationary phase is extensively used, it deserves to be prop-

erly explained. This is done in Sec. 3, to the lowest order approximation. Those

interested in the method should read it, while those interested in results only should

probably skip it and go straight to Sec. 4, where the method is used to better

understand the axicons.

Section 4 is devoted to axicons; their de�nition, properties, design and appli-

cations. It is shown how the theory of Secs. 2 and 3 has been used to design and

characterize axicons in di�erent situations. This section is probably the most applied

part of the thesis.

1.3 Notation

Some notations used in the thesis belong only to speci�c sections, and are explained

there. But some notations are used throughout the thesis, and I'll give a brief listing

of those. For example, (x; y; z) denote the Cartesian coordinates, and (�; �; z) the

cylindrical coordinates (sometimes also described as (�; z)). Since many of the

situations discussed have one aperture plane and one image plane (see e.g. Fig. 2), I

have a special notation for this. Where applicable, primed variables such as x0 or �0

belong to the aperture plane and plain variables such as x or � belong to the image

plane. Other variables are listed below.

i = imaginary unit
� = angle of inclined illumination t = time
T = amplitude transmittance ' = phase transmittance
! = angular frequency of light � = frequency of light
� = wavelength of light k = wave number
U = electric �eld I = intensity
� = mutual coherence function  = complex degree of coherence
W = cross-spectral density � = spectral degree of coherence
� = convergence angle in axicon � = sin�



Di�raction theory 3

2 Di�raction theory

What is light? This question, which at a �rst glance seems to be the most funda-

mental question in optics, has not yet been answered. And still, despite this lack of

seemingly basic knowledge, optics is a prospering branch of science, producing new

discoveries that sometimes change our daily life. How can this be?

The answer is models. When scientists don't know the answer to a question,

they tend to say that 'Well, it's reasonable to assume that...', and then go on from

there. They introduce a model, that in some important aspect accurately describes

the quantity they are dealing with. The model is not reality, but it describes some

aspects of reality. In this context, optics is an intriguing subject since is uses not

only one, but several di�erent models. A designer of optical systems will happily

� � � � � � �

� � � 	 
 �
�  � 
 � � � � � � � � � 	 


� � � 	 
 �

� � � � � � � 	 
 � 

� � � 	 
 �
� � � �

� � � 	 
 �

Figure 1: Illustration of the di�erent models of optics.

tell you that light consists of rays, the designer of di�ractive optics will explain how

light is really an electromagnetic �eld and the researcher in quantum optics will

convince you that it consists of small particles, photons. And no-one will protest if

several models are used at the same time: a laser scientist, for example, will regard

light as photons in the laser medium, measure the output as the electric �eld and

use ray optics to choose the right lens for focusing it. Sometimes one model explains

the behaviour, sometimes another, and when the results are contradictory you must

know which model to use. In general, there are four di�erent models: geometrical

optics, wave optics, electromagnetic optics and quantum optics, as illustrated in

Fig. 1. Geometrical optics, where light is considered as rays, may be called the

easiest of the theories (although it often leads to problems of striking complexity).
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It explains reection, refraction and to some degree propagation of light. The next

step is to consider the wave nature of light, in wave optics, which covers the same area

as geometrical optics plus di�raction and interference.Wave theory, though, is scalar,

so in order to incorporate e.g. polarization e�ects or structures on the wavelength

scale, electromagnetic theory is needed. And in order to properly explain microscopic

interaction with media, quantum optics is the necessary tool. However, as you go

from one theory to another, that explains more of the properties of light, you also

get a more complicated theory. So the rule is to use the easiest theory that will still

explain the phenomenon you're interested in. Di�ractive optics, in general, falls in

the domain of wave optics. Sometimes electromagnetic theory is needed, for example

when polarization is considered. Lately, some interesting work on sub-wavelength

structures for anti-reection coatings has been presented [1], where electromagnetic

theory must be used. In this dissertation, however, only the wave optics part will

be considered.

2.1 Scalar theory

Scalar theory was �rst developed in the early nineteenth century, mainly in the form

of integrals [2, Chap. 1.3]. However, after Maxwell a few decades later presented

his equations and concluded that light is an electromagnetic wave [2, Chap. 1.4],

it has been shown that scalar optics might just as well be derived from Maxwell's

equations under certain approximations [3,4, Chaps. 8 and 3]. The main criteria for

scalar theory are that the di�racting structure is large compared to the wavelength

of the light, and that the observation point is far enough from the aperture. These

conditions will both be ful�lled in the rest of this dissertation; in fact, later, much

stricter assumptions will be made. The scalar wave equation may be derived from

Maxwell's equations, and the Fresnel-Kirchho� di�raction integral may then in turn

be derived from the wave equation [3, 4, Chaps. 8 and 3]. The incident electric

�eld U(r; t) is assumed to be monochromatic of angular frequency !, and has time

dependence U(r; t) = U(r) exp(�i!t) where ! is the angular frequency. Then the

full Fresnel-Kirchho� integral for fully coherent light is [3, 4]

U(x; y; z) =
1

i�

ZZ
A

U(x0; y0; 0)
exp[ikR(x; x0; y; y0; z)]

R(x; x0; y; y0; z)
dx0dy0; (1)

where the integral is taken over the area A of the aperture in Fig. 2, � is the

wavelength and k = 2�=� = !=c is the wave number. An inclination factor, also

known as the obliquity factor, has been dropped since large angles of inclination will

not be considered. The distance R is given by (see Fig. 2)

R(x; x0; y; y0; z) =
p
(x� x0)2 + (y � y0)2 + z2: (2)
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� �

� �

�

�

� �

�

� � �

	 � � � � � �  � � �

� � � � � � � � � �  � � �

�

�

Figure 2: Aperture and image planes for di�raction integrals.

There is an intuitive way to understand this integral. If each point (x0; y0) on

the aperture in Fig. 2 is regarded as a point source, it produces a spherical wave

exp(ikR)=R weighted by the incident �eld U(x0; y0; 0) at this particular point. In

order to �nd the total intensity in the point (x; y), all the contributing spherical

waves must be added. This is precisely what is done in Eq. (1).

In Eq. (1), we have the means to calculate the �eld and thereby the intensity

I(x; y; z) / jU(x; y; z)j2 in any point following the aperture. If the aperture is

not just a hole, but contains a di�ractive element of variable phase transmittance

'(x0; y0), the integral must be amended to take this into account. If the element is

considered thin and transparent, we only need to take its e�ect on the phase of the

light into account, and the integral becomes

U(x; y; z) =

=
1

i�

ZZ
A

U(x0; y0; 0)
exp[ikR(x; x0; y; y0; z)]

R(x; x0; y; y0; z)
exp[ik'(x0; y0)]dx0dy0: (3)

Now both the �eld and the intensity, after passing through any di�ractive element

with structures larger than the wavelength, may be predicted for coherent light.

2.1.1 Fresnel approximation

Since the Fresnel-Kirchho� integral is rather complicated, it's seldom used in its full

form. Instead, some well-known approximations are used: the Fraunhofer di�raction

for the far-�eld distribution, and the Fresnel approximation for the near-�eld. For

di�ractive optics, the Fresnel di�raction integral is normally used. In both approx-

imations, the �rst step is to see that if the distance z is large enough compared to

the aperture, the value of R will remain almost constant throughout the integral.

When R occurs in the denominator, this change will barely be noticeable, and the
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approximation R � z provides satisfactory accuracy. Since z doesn't depend on x0

and y0, it can be moved outside the integral. But R also occurs in the exponent,

and since kR = 2�R=� is large at optical frequencies, very small changes in R will

cause considerable changes to the integrand. Therefore, the �rst terms of a Taylor

expansion are a better suited approximation:

R(x; x0; y; y0; z) =
p
z2 + x2 + y2 + x02 + y02 � 2(xx0 + yy0)

= z

r
1 +

x2 + y2

z2
+
x02 + y02

z2
� 2(xx0 + yy0)

z2

� z +
x2 + y2

2z
+
x02 + y02

2z
� xx0 + yy0

z
: (4)

Inserted into Eq. (3) this yields the Fresnel di�raction integral [4, Eq. 4-17]

U(x; y; z) =
exp(ikz)

i�z
exp

�
ik
x2 + y2

2z

�ZZ
A

U(x0; y0; 0) exp[ik'(x0; y0)]

� exp

�
ik

�
x02 + y02

2z
� xx0 + yy0

z

��
dx0dy0: (5)

In cylindrical coordinates (�; �; z) the integral becomes

U(�; �; z) =
exp(ikz)

i�z
exp

�
ik
�2

2z

�ZZ
A

U(�0; �0; 0) exp[ik'(�0; �0)]

� exp

�
ik

�
�02

2z
� ��0 cos(� � �0)

z

��
�0d�0d�0: (6)

This equation is extremely useful; less complex than the full Fresnel-Kirchho�

di�raction integral of Eq. (1), but still accurate in most situations, it provides a

way to evaluate the �eld in the image plane. But note that there are exceptions.

Most importantly, the Fresnel approximation is paraxial, and consequently it is only

valid for on-axis or close to on-axis points.

2.1.2 Approximation for oblique illumination

As mentioned before, the Fresnel approximation is not valid for far o�-axis points. In

paper IV, where axicons in oblique illumination are considered, we therefore derive a

more accurate approximation which also includes the aberration astigmatism. The

situation is illustrated in Fig. 3. A di�ractive optical element of phase function

'(x0; y0) has been inclined an angle � to the normal of the optical axis. The x0y0-

plane has been inclined along with the optical element. Because of the inclination,

the incident �eld also contains a phase factor exp(iky0 sin �) which accounts for the

extra pathway covered by waves that reach the upper part of the element, compared

to those that reach its lower part. The integral becomes
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�
� � � � �

� �

� � �

� �

�

�
� � � � �

� � � � � � �
�

�

Figure 3: Geometry for oblique illumination of a di�ractive optical element.

U(x; y; z) =
1

i�

ZZ
A

U(x0; y0; 0) exp(iky0 sin�)

� exp[ikR(x; x0; y; y0; �; z)]

R(x; x0; y; y0; �; z)
exp[ik'(x0; y0)]dx0dy0; (7)

where

R(x; x0; y; y0; �; z) =
p
(z � y0 sin �)2 + (x� x0)2 + (y � y0 cos �)2: (8)

Using the same order of approximation as in Eq. (4), and de�ning R0 = (x2 + y2 +

z2)1=2, it turns out that

R(x; x0; y; y0; �; z) � R0 +
x02 + y02

2R0
� xx0 + y0(y cos � + z sin�)

R0
: (9)

But this approximation, which was used in Ref. [5] to examine the intensity in

the image plane, does not contain any e�ects of oblique illumination, except some

distortion. This is natural, since the result follows from the paraxial Fresnel ap-

proximation. So in order to include the e�ects of oblique illumination, in the

form of aberrations, the next degree of approximation must be included, i.e.,p
1 +  � 1 + =2� 2=8. The di�erent terms to be added to Eq. (9), are shown in

Table 1 which includes all of =2 and �2=8, plus the most signi�cant contributions

from 3=16. If all of �2=8 is added to Eq. (9), a rather complicated expression is

obtained. But it may be simpli�ed, since some parts of it are more important than

others. For a start, x and y are large enough to include the most important features

of the focal segment, which means they are on the order of tens or perhaps hundreds

of micrometers. If the size of the optical element, i.e., the maximum values of x0 and



8 A. Thaning: Asymptotic techniques in design and ...

Table 1: Table of the di�erent contributions to the approximation of R.

=2

�y0z sin �=R0 �y0 sin� 1
(x02 + y02)=2R0 (x02 + y02)=2z 1=z

�(xx0 + yy0 cos �)=R0 �(xx0 + yy0 cos �)=z 1=z

�2=8
�y02z2 sin2 �=2R3

0 �y02 sin2 �=2z 1=z
y0z sin�(x02 + y02)=2R3

0 y0 sin�(x02 + y02)=2z2 1=z2

�y0z sin�(xx0 + yy0 cos �)=R3
0 �y0 sin�(xx0 + yy0 cos �)=z2 1=z2

�(x02 + y02)2=8R3
0 �(x02 + y02)2=8z3 1=z3

(x02 + y02)(xx0 + yy0 cos �)=2R3
0 (x02 + y02)(xx0 + yy0 cos �)=2z3 1=z3

�(xx0 + yy0 cos �)2=2R3
0 �(xx0 + yy0 cos �)2=2z3 1=z3

3=16

�z3y03 sin3 �=2R5
0 �y03 sin3 �=z2 1=z2

z2y02 sin2 �(x02 + y02)=4R5
0 y02 sin2 �(x02 + y02)=4z3 1=z3

z2y02 sin2 �(xx0 + yy0 cos �)=2R5
0 y02 sin2 �(xx0 + yy0 cos �)=2z3 1=z3

...
...

...

y0, is on the order of a few centimetres, and if the focal length, i.e. z, is one or a few

decimetres (typical dimensions for di�ractive axicons), it is clear that x; x0; y; y0 � z

and the component that contains the highest order of z must give the largest con-

tribution. In the second column of Table 1, the approximations when R0 � z are

given, and the third column contains their order in z. From the table it is obvious

that the �rst term from �2=8, namely y02z2 sin2 �=2R3
0 � y02 sin2 �=2z, depends on

1=z and consequently is the main correction to the Fresnel approximation. Only this

term has the same order in z as =2. If it is added to Eq. (9), and the approximation

for R then inserted into Eq. (7), the full di�raction integral becomes

U(x; y; z) =
exp(ikz)

i�z
exp

�
ik
x2 + y2

2z

�ZZ
A

U 0(x0; y0; 0)

� exp

�
ik

�
x02 + y02 cos2 �

2z
� xx0 + yy0 cos �

z
+ '(x0; y0)

��
dx0dy0 (10)

This approximation includes the e�ects of astigmatism. It is worth noticing, that

with a change of variables x0 = X 0 and y0 = Y 0= cos �, the exponent of Eq. (10)

becomes

U(x; y; z) =
exp(ikz)

i�z cos �
exp

�
ik
x2 + y2

2z

�ZZ
A

U 0(x0; y0; 0)

� exp

�
ik

�
X 02 + Y 02

2z
� xX 0 + yY 0

z
� '(X 0; Y 0= cos �)

��
dX 0dY 0; (11)



Di�raction theory 9

i.e., the di�raction pattern is the same as for a perpendicularly illuminated element,

which has been squeezed in the y0 direction. This can be interpreted as the two

objects casting the same shadow and thereby having the same di�raction pattern [6,

Chap. 24.11].

2.2 Coherence theory

So far, only coherent light has been considered. But apart from the coherent light

(produced by a laser of small bandwidth) and the incoherent light (emanates from

a light bulb or from the sun), there is something in between: partially coherent

light. This kind of light is produced by for example EDFAs and some lasers, such as

excimer or diode lasers. Since many of the small, cheap light sources such as diode

lasers produce partially coherent light, it is of great interest to investigate their

properties. For this task coherence theory is the most useful tool. In this section, I

will give the basics of coherence theory and state the most useful equations. This

will lead to di�raction integrals, very similar to those discussed for coherent light.

The interested reader is referred to the textbook Optical Coherence and Quantum

Optics by Leonard Mandel and Emil Wolf [7], where the theory is explained in detail

in Chaps. 4-8.

2.2.1 Describing the coherence

There is a uctuating electromagnetic �eld U(r; t), and we wish to compare the �eld

in one point r1 at a particular time t1, to that in another point r2 at another time

t2, as illustrated in Fig. 4. Are they connected? Is there a �xed phase relationship

between them? If there is, they are coherent and if there is not, they are incoherent.

� �
� �

�

�

� �
�

�  � � �  

� � �

� � � � � � � � � �  � � �

�  
�

� ! � � � !

� �
�

�

� !

Figure 4: Di�raction of partially coherent light.

For partially coherent light, the theory is based on probability. If there is a high
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probability that the �elds depend on each other, the degree of coherence is high,

and if there is a low probability the degree of coherence is low. Mathematically, this

is expressed through the cross-correlation function

�(r1; r2; t1; t2) = hU�(r1; t1)U(r2; t2)i ; (12)

where the brackets denote the ensemble average. (Ensemble average means that we

have averaged over all the �elds that can be produced from a certain probability

function. All �elds in nature are ergodic [7, Sec. 2.2.2], which implies that ensemble

average is the same as time average.) If the �eld is assumed stationary, i.e., that

its statistical properties don't change with time, the cross-correlation function will

depend on � = t2 � t1 rather than on t1 and t2 separately. Then the function

�(r1; r2; �), known as the mutual coherence function, may be introduced. There

is a distinction between to kinds of coherence: spatial and temporal. Spatial (or

transverse) coherence means the investigated points are separated but in the same

transverse plane, and that they are observed at the same time. The mutual coherence

function is �(r1; r2; 0). Temporal (or longitudinal) coherence means the same point

is observed on two occasions, i.e., the mutual coherence function becomes �(r; r; �).

Papers I-III all deal with axicons in spatially partially coherent light - the temporal

coherence is not considered.

If the mutual coherence function is normalized by the intensity hI(r; t)i =

hU�(r; t)U(r; t)i, one obtains the complex degree of coherence

(r1; r2; �) =
�(r1; r2; �)phI(r1; t)ihI(r2; �)i ; (13)

which is 0 if the light is incoherent and 1 if it is coherent. If two beams of equal

intensity are allowed to interfere, the absolute value of  equals the visibility of the

interference pattern. If jj = 1 the pattern is clearly visible, if jj = 0 there is

no interference pattern and if 0 < jj < 1 there is an interference pattern of low

contrast [7, pp 166].

The quantities in Eqs. (12) and (13) form the basis of the physical understanding

of coherence, since they are de�ned directly from the electromagnetic �eld and show

very clearly in interference patterns. However, it was discovered that the �eld can

be propagated in a very elegant way, if the cross-spectral density W (r1; r2; �) is

introduced so as to form a Fourier transform pair with the mutual coherence function

�(r1; r2; �) =

Z
1

0

W (r1; r2; �) exp(�2�i��)d� (14)

W (r1; r2; �) =

Z
1

�1

�(r1; r2; �) exp(2�i��)d�; (15)
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where � is the frequency. The integration of the cross-spectral density goes form

zero to in�nity since U(r; t) and �(r1; r2; �) are complex analytic signals [7, Sec. 3.1].

To �nd a physical interpretation of the cross-spectral density is not entirely straight-

forward. If the spectral properties of the �eld U(r; t) are expressed in its inverse

Fourier transform ~U(r; �) as

U(r; t) =

Z
1

0

~U(r; �) exp(�2�i��)d�; (16)

then the cross-spectral density may be expressed as

W (r1; r2; �)�(� � � 0) = h ~U�(r1; �) ~U(r2; �
0)i; (17)

where � denotes the Dirac delta function. Then the cross-spectral density represents

the correlation between the �eld components of frequency �, taken at two di�erent

points r1 and r2. If r1 = r2 = r, the spectrum may be de�ned as S(r; �) = W (r; r; �),

the power or intensity of a speci�c spectral component.

Just as for the mutual coherence function it is convenient to de�ne a normalized

version, in this case the spectral degree of coherence �(r1; r2; �):

�(r1; r2; �) =
W (r1; r2; �)p

S(r1; �)
p
S(r2; �)

: (18)

From these four quantities: the mutual coherence function �(r1; r2; �), the complex

degree of coherence (r1; r2; �), the cross-spectral density W (r1; r2; �), and the spec-

tral degree of coherence �(r1; r2; �), the entire coherence theory is developed. In this

short description, though, we will focus on propagation of the correlations.

2.2.2 Propagation of partially coherent light

It was shown by E. Wolf in 1955 [8], that just as the �eld follows the wave equation,

so does the mutual coherence function �(r1; r2; �) follow wave equations. As for the

�eld, each spectral component may be propagated separately. Consequently we must

go to the spectral rather than the time domain, and use the cross-spectral density

W (r1; r2; �) rather than the mutual coherence function. Then the propagation will

be described by a di�raction integral, very similar to that of Eq. (1). Rather than

just adding the contribution from each point source, the relation between them must

be taken into account, and the contributions from each pair of point sources must

be added. The integral will read [7, pp 187]

W (r1; r2; �) =

�
k

2�

�2 Z
A

Z
A

W (r01; r
0

2; �)
exp[ik(R2 �R1)]

R1R2
d2r01d

2r02 (19)

where the area A and the coordinates are illustrated in Fig. 4, and again the obliq-

uity factors have been dropped. Since the integration is over all point pairs, it
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must be taken twice over the area of the aperture. Thus the integral becomes four

dimensional rather than two dimensional.

Just as for the coherent case, the integral may be approximated. However,

it turns out that for the problems we will address, the best choice is cylindrical

coordinates: r1 = (�1; z1) and r2 = (�2; z2). Then the values of R1 and R2 become

R1 =
q
(�01 � �1)

2 + z21 � z1 +
(�01 � �1)

2

2z1
(20)

for large values of z1. A similar result for R2 means the entire integral may be

rewritten as

W (�1; z1;�2; z2) =

�
k

2�

�2
exp[�ik(z1 � z2)]

z1z2

�
Z
A

Z
A

Win(�
0

1;�
0

2)T (�
0

1)T (�
0

2) expf�ik['(�01)� '(�02)]g
� expf�ik[(�01 � �1)

2=2z1 � (�02 � �2)
2=2z2]gd2�01d2�02; (21)

where T (�) exp[�ik'(�)] describes the transmittance of the thin di�ractive optical

element placed in the aperture A.

It is also worth noting that the intensity is

I(r) =

Z
1

0

S(r; �)d�: (22)

So if the spectrum S(r; �) is known, the intensity can be found. The spectrum is

found through independent treatment of each frequency � = ck=2�. If r1 = r2 =

r, the quantity described by the integral in Eq. (19) will be the spectrum in the

region following the aperture. From Eq. (18) it also follows that W (r1; r2; �) =p
S(r1; �)S(r2; �)�(r1; r2; �), where �(r1; r2; �) is the spectral degree of coherence.

So if only the intensity and not the degree of coherence is of interest, the integral

may be written

S(�; z; �) =

�
k

2�z

�2 Z
A

Z
A

p
S(�01; 0; �)S(�

0

2; 0; �)�(�
0

1;�
0

2; �)

�T (�1)T (�2) expf�ik['(�1)� '(�2)]g
� expf�ik[(�01 � �)2 � (�02 � �)2]=2zgd2�01d2�02: (23)

In short, the intensity distribution after passage through a di�ractive element is

now known also for partially coherent light. As will later be shown, it is possible to

further simplify and in some speci�c cases evaluate the integral, to obtain analytic

expressions for the intensity distribution.
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3 Method of stationary phase

In electromagnetic optics and wave optics, a strange situation arises. At least for

coherent light, the electric and the magnetic �elds, and thereby the intensity, are

known. Since Maxwell's equations are known, it is always possible to �nd some

kind of expression for the intensity in a speci�c point, if the incident �elds are

known. In wave optics, these expressions often take the form of integrals, following

from the Fresnel-Kirchho� integral of Sec. 3. But this often means nothing; the

integrals are very complicated, so no analytical solution may be found, and quite

often it becomes di�cult to evaluate them numerically since the integrands are

rapidly oscillating due to the small value of �, compared to the size of the aperture,

at optical frequencies. Too much computational power is required. Sometimes the

�eld can be calculated numerically, but the solutions are normally complicated and

provides no understanding, and no possibilities for design of the optical element

(other than through iterative methods). However, in order to better understand

and design di�ractive optical elements, the integrals can be approximated. The

solution provided is not exact, but is often easier to comprehend and therefore more

useful.

�

� � � � � � � � � " 	 # $ � � � % &� � � � 	 � � � � � � � � 	 � �

Figure 5: Illustration of the method of stationary phase: only the neighborhood of
a stationary point will contribute to the integral.

In papers I-IV an asymptotic method was used, called the method of stationary

phase. The idea is illustrated in Fig. 5. All di�raction integrals take on the form

J =

Z
A

g(r) exp[ikf(r)]dr (24)
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where r is the coordinate in the di�ractive optical element and k the wave vector. For

visible wavelengths of light, k = 2�=� takes on values on the order of 107 m�1. The

function f depends on the size of the aperture, which is normally large compared to

�. Since kf(r) is large, the exponential term makes the integrand rapidly oscillating.

The part g(r), which contains for example the incident intensity, may in comparison

be regarded as slowly varying. Consequently, as illustrated in Fig. 5, the oscillations

will provide almost the same negative and positive values and these will cancel each

other. The integral will be zero. The only exception is when the entire integral

becomes slowly varying, something that can only happen if f(r) is almost constant.

The contributing parts of the integral can consequently be found near points where

the derivative @f(r)=@r = 0. To �nd and evaluate these contributions is the idea of

the stationary-phase method.

In the following two sections, the method is described. First the result is derived

for single integrals, and then, since di�raction integrals are often multi-dimensional,

generalized to double integrals. The method is based on Taylor expansions, and

here only the lowest-order contributions are included. Those who wish to �nd the

higher-order contributions, which include the inuences of the edges or corners of

the di�ractive elements, should consult the book Waves in focal regions by Jakob

J. Stamnes, where the theory is explained in detail [9, Chaps. 8-9].

3.1 One-dimensional stationary-phase method

Assume that the integral is on the form

J =

Z
g(x) exp[ikf(x)]dx; (25)

taken over the interval x1 � x � x2. Assume that there is at least one stationary

point xc, well inside the interval, such that @f(x)@x = 0 at x = xc. (If xc is at

or close to the edge of the interval, or if there are several such points close to each

other, their contributions can be found in Ref. [9, Chap. 8].) Both g(x) and f(x)

may be expanded in Taylor series around xc, and since the point is isolated the

integration may be extended to in�nity. Keeping in mind that the �rst derivative

vanishes at the stationary point, and letting x� xc = t, we �nd that

exp[ikf(x)] = exp(ikf0) exp(ikf2t
2)

� �1 + ik(f3t
3 + f4t

4 + : : :) + (ik)2=2!(f3t
3 + f4t

4 + : : :)2 + : : :
�

(26)

where fn = [@nf(x)=@xn]=n! at x = xc. This gives the integral

J = exp(ikf0)

Z
1

�1

exp(ikf2t
2)(g0 + g1t + g2t

2 + : : :)

� �1 + ik(f3t
3 + f4t

4 + : : :) + (ik)2=2!(f3t
3 + f4t

4 + : : :)2 + : : :
�
dt: (27)
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In order to obtain the lowest-order contribution, the lowest-order terms of both g(x)

and f(x) should be used. That gives the contribution

J0 = g0 exp(ikf0)

Z
1

�1

exp(ikf2t
2)dt: (28)

We know that f(x), and consequently also f2, is real. From the relation [10]Z
1

0

sin x2dx =

Z
1

0

cos x2dx =

p
2�

4
; (29)

using the fact that the integrand is even, we �nd the two cases of interest:

J0 = exp(i
�

4
)

r
�

kjf 00(xc)jg(xc) exp[ikf(xc)]; f 00(xc) > 0 ; (30)

J0 = exp(�i�
4
)

r
�

kjf 00(xc)jg(xc) exp[ikf(xc)]; f 00(xc) < 0 : (31)

Since J0 is the approximate value of the integral J , the task has been solved. It is ob-

vious that the approximation consists of the integrand value at the stationary point,

weighted by the inverse square-root of the second derivative of f(x) taken at the

stationary point. This provides all the information needed in order to approximate

the di�raction integrals.

3.2 Two-dimensional stationary-phase method

A two-dimensional integral on the form

J =

ZZ
A

g(x; y) exp[ikf(x; y)]dxdy (32)

may be approximated by the stationary phase method for two-dimensional integrals.

As before, only stationary points (xc; yc) well inside the domain of integration will

be considered; for those on the boundary we refer to Ref. [9, Chap. 9]. As in the

one-dimensional case, the integrand can be expanded in a Taylor series around the

stationary point according to

f(x; y) = f00 + f20(x� xc)
2 + f11(x� xc)(y � yc) + f02(y � yc)

2 + : : : ; (33)

since f01 = f10 = 0 by the de�nition of the stationary point. Here fnm is de�ned as

fnm =
1

n!m!

@n+m

@xn@ym
f(x; y); (34)

evaluated at (xc; yc). However, it is not possible to go straight to the integration

from here, since the cross term containing both x and y will cause problems. A

change of variables

x� xc = X y � yc = Y � f11
2f02

(35)
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is necessary to remove the cross term. Since the Jacobian of the transformation

is unity, dxdy may be directly replaced by dXdY . Introducing the functions

F (X; Y ) = f(x; y) and G(X; Y ) = g(x; y), and expanding them into Taylor series

according to

F (X; Y ) = F00 + F20X
2 + F11XY + F02Y

2 + : : : ; (36)

G(X; Y ) = G00 +G10X +G01Y +G20X
2 + : : : ; (37)

we �nd that F00 = f00, F11 = 0, F20 = f20�f11=4f02, F02 = f02 and G00 = g00. Thus

the cross term vanishes, and the Taylor expansions may be integrated:

J = exp(ikF00)

ZZ
1

�1

exp[ik(F20X
2 + F02Y

2)]

�(G00 +G10X +G01Y +G20X
2 + : : :)

� �1 + ik(F30X
3 + F21X

2Y + F12XY 2 + F03Y
3 + : : :)+

+ (ik)2=2!(F30X
3 + F21X

2Y + F12XY 2 + F03Y
3 + : : :

�
dXdY: (38)

From this rather lengthy expression, we pick only the lowest-order contribution

J00 = G00 exp ikF00

ZZ
1

�1

exp[ik(F20X
2 + F02Y

2)]dXdY: (39)

This integral may be evaluated in the same way as the integral in Eq. (28), and it

yields

J00 =
2��

k
p
jHjG00 exp ikF00 (40)

where H = 4F02F20 = 4f02f20 � f 2
11, and

� =

8<
:

1 : H < 0 ;
i : H > 0 ; f20 > 0 ;

�i : H > 0 ; f20 < 0 :
(41)

Thus an approximation for the double integral has been derived. Another alternative

is, of course, to use the stationary-phase method for single integrals �rst on the

integral in x and then on the integral in y. Note, however, that in general this

result will not be equal to that of Eq. (40), since f11 will not be included in H.

The expression will be simpler but not as accurate. Sometimes, for example in

paper IV, the inclusion of the f11 term is necessary to solve a problem, and the true

two-dimensional stationary-phase method must be used. Only if f11 = 0 are the two

methods identical.
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4 Di�ractive axicons

When light is focused by a lens, all the rays end up in almost the same spot (the

focus). This is illustrated in Fig. 6a. An axicon [11{14] is another kind of focusing

device, which focuses the light along a focal line rather than a focal spot. As can

be seen in Fig. 6b, rays that hit the axicon at di�erent heights will be focused at

di�erent distances from the axicon. This provides a depth of focus that an ordinary

lens cannot equal. In addition, the focus becomes very narrow due to interference

e�ects. It is de�nitely not as broad as one might guess from the �gure! Due to these

properties (the narrow focus and the long focal depth) the axicon has been used in

a number of applications (see section 4.5).

 � � �

$ � 
 � 

� � 	 � �

(a)

� � 	 
 � �
$ � 
 � 

 	 � �

(b)

Figure 6: An ordinary lens creates a focal point (a), while an axicon creates an axial
focal line (b).

Another property is that some types of axicons create so called non-di�racting

beams [15, 16], i.e., beams whose transverse distribution doesn't change on propa-

gation. (Non-di�racting might be a slightly misleading term, since all beams are

subject to di�raction. In this case, though, di�raction occurs in such a way that the

beam pro�le remains the same.) Those beams are Bessel beams, i.e., their trans-

verse pro�le follows one of the Bessel functions. A linear axicon, as discussed in Sec.

4.1.2, will create a zero-order Bessel beam. Higher-order beams may be created by

modi�ed axicons [17] or by special illumination of the axicon [18].

4.1 Generalized axicons

The simplest kind of axicon is a cone made of glass. As illustrated in Fig. 7, all

rays are refracted at the same angle, and so they create the characteristic line focus.

However, the accuracy required to see the Bessel interference pattern it is often

easier to achieve in a di�ractive version. For this reason, most axicons today have

their phase functions split into small pieces, as shown in Fig. 8. As long as the

pieces removed correspond to full wavelengths, the fact that they are missing will
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not a�ect the result in the zero di�raction order. These elements are much easier to

manufacture with the accuracy required. It is also easier to block parts of the axicon

to make it annular, a way of improving the focal characteristics. In the following

sections, the thickness of the axicons will be displayed as continuous functions, but

the reader should keep in mind that in the actual axicon, it is split into small pieces.

�

Figure 7: A glass cone is a linear axicon, since it refracts all rays at the same angle.

Figure 8: The phase function of the axicon is normally split into small parts.

It is necessary, though, to expand the de�nition of the axicon to encompass more

than the glass cone. A di�ractive axicon is de�ned as a di�ractive optical element,

which produces an on-axis intensity I(z) within the limits d1 < z < d2, but gives an

on-axis intensity close to or equal to zero outside this interval, as shown in Fig. 9.

In the following sections, a method for design of the di�ractive axicon to yield a

desired distribution I(z) will be demonstrated, and the two most common types of

axicons (linear and logarithmic) will be presented. Note, however, that it is possible

to design many other kinds of axicons, like axicons designed to produce uniform

on-axis intensity when illuminated by a Gaussian beam [19], or axicons designed for

partially coherent illumination (see Sec. 4.2 and papers I-III).

4.1.1 Design of axicons for coherent light

The design method for axicons in coherent light, based on geometrical optics and

energy conservation in ray bundles, was �rst presented by Sochacki et al. [14] in
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Figure 9: An annular, di�ractive axicon. All primed variables (x0; y0; �0; �0) belong
to the axicon plane, while the plain variables (x; y; �; �) are in the observation plane.
The insert shows a possible on-axis intensity distribution.

1992. The generalized axicon, as shown in Fig. 9, is assumed to be annular with

inner radius R1 and outer radius R2. If the radially symmetric incident intensity is

Iin(�
0) and the desired on-axis intensity is Iout(z), energy conservation in ray bundles

(incident energy equals outgoing energy) says that

2�Iin(�
0)�0d�0 = Iout(z)dz: (42)

However, there are some problems in the de�nition of the quantity Iout(z). It rep-

resents on-axis intensity in e�ect per length unit - this is not the proper de�nition

of intensity, which is e�ect per area. In Sec. 4.2, another design method where this

problem is avoided is presented. Integration of Eq. (42) yields

2�

Z �0

R1

Iin(�
0

0)�
0

0d�
0

0 =

Z z

d1

Iout(z0)dz0: (43)

Furthermore, from geometrical optics it follows that the angle � is determined by the

wedge of the axicon, i.e., by the derivative of the phase function, according to [14]

d'(�0)

d�0
= � sin� = � �0p

�02 + z2(�0)
: (44)

For large values of z, this expression may be approximated by

d'(�0)

d�0
� � �0

z(�0)
: (45)
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So if the incident intensity Iin(�
0) and the desired on-axis intensity Iout(z) are known,

Eq. (43) can be solved to yield z = z(�0). Then Eq. (44) or (45) (depending on the

accuracy required) may be used to retrieve the phase function, i.e., the shape of the

axicon.

4.1.2 Linear axicons - design and properties

There are two de�nitions for a linear axicon. The �rst to be used [11], and probably

the easiest to imagine, is one that has a linear phase function

'(�0) = ��0 + const; (46)

which means it is identical to the 'glass cone' discussed above. The second de�nition

of a linear axicon is one that produces linearly increasing on-axis intensity, i.e.,

Iout(z) = c1z, in uniform illumination Iin = c2. Then Eq. (43) yields

z(�0) =
q
d21 + a(�02 � R2

1); (47)

where a = 2�c2=c1. The conditions z(R1) = d1 and z(R2) = d2 also give a =

(d22 � d21)=(R
2
2 � R2

1). From integration of Eq. (44) it then follows that [20]

'(�0) = �
p
(1 + a)�02 + d21 � aR2

1

1 + a
+ const; (48)

the standard solution for an annular, linear axicon. Note, however, that if d1 =

R1 = 0, the phase function becomes

'(�0) =
�0p

1 + d22=R
2
2

+ const; (49)

which is precisely the cone shape of Eq. (46). So the two de�nitions coincide if

R1 = 0, but for annular axicons they are slightly di�erent.

So far, the linear axicon has only been considered geometrically, and in this

approximation designed to yield linearly increasing on-axis intensity. But will the

axicon really do so? And what properties will the focal line have? In order to

�nd out, wave theory must be used. In Eq. (6), the Fresnel di�raction integral is

given in cylindrical coordinates. If the angle � in the image plane is assumed to be

zero (an assumption that imposes no restrictions since the entire set-up is radially

symmetric), the angular part of the integration may be evaluated and the integral

is

U(�; 0; z) / 1

z

Z
J0(2�k��

0=z)�0 expfik[�02=2z � '(�0)]gd�0 ; (50)

where the incident intensity is assumed to be uniform, and J0 is the zero order

Bessel function. Here �0 is in the axicon plane, and � in the observation plane. In
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this situation, the stationary phase method as explained in Sec. 3 is an excellent

tool for approximating the integral. Performing the stationary phase analysis for

one dimension (see Sec. 3.1), yields

U(�; 0; z) / k

2�

�c
z
expfik[�2c=2z � '(�c)]gJ0(2�k��c=z) 1pj1=z + '00(�c)j

; (51)

where �c is the stationary point de�ned by �c=z = '0(�c). Since '(�) = �� for

the linear axicon, the derivatives are '0(�) = � and '00(�) = 0. Inserting this into

Eq. (51), and taking the absolute value squared, yields the intensity

I(�; z) / �2J2
0 (2�k��)z: (52)

So for on-axis points, the intensity will be proportional to z, just as predicted. This

is reasonable, since the circumference of an annular slice of the axicon is greater at

the outer parts of the axicon, and thus more light will be gathered. The transverse

intensity is given by the zero-order Bessel function, which is shown in Fig. 10a. Note

that the transverse distribution is independent of z - this is a non-di�racting Bessel

beam, which doesn't change its width on propagation. This makes sense, since the

converging angle � is the same for all values of z. In Fig. 10b, a photograph of the

intensity pattern is shown.

(a) (b)

Figure 10: In �gure (a), the lowest-order Bessel functions are shown. In �gure (b),
a photograph of the intensity distribution is displayed.

However, Eq. (52) is an approximation and does not include all the e�ects of

di�raction. If the on-axis intensity is calculated numerically from the full integral in

Eq. (51), it will oscillate violently. This e�ect can be countered through apodization,
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Figure 11: The on-axis intensity for an annular, linear axicon of parameters R1 =
2:5 mm, R2 = 5:0 mm, d1 = 100 mm, and d2 = 200 mm, in uniform illumination.
The apodization is super-Gaussian [see Eq. (62)] of parameters n = 10 and w =
1:04 mm.

a technique explained in Sec. 4.4. In Fig. 11, the on-axis intensity for an apodized

axicon has been calculated from Eq. (51).

In short, the linear axicon has one desirable property: the width of the beam

remains constant along the focal line. But the on-axis intensity will increase linearly

with z, a property that might cause problems. That is why the logarithmic axicon

was introduced.

4.1.3 Logarithmic axicons - design and properties

The point of the logarithmic axicon is to produce uniform on-axis intensity. If

both the incident intensity and the desired on-axis intensity are assumed constant,

Iin(�) = c1 and Iout(z) = c2, Eqs. (43) and (44) give the solution [21]

'(�0) = � 1

2a
ln 2a[a2�04 + (1 + 2ad1 � 2a2R2

1)�
02 + d21 � 2ad1R

2
1 + a2R4

1]
1=2

+2a�02 + 1 + 2ad1 � ra2R2
1g ; (53)

where a = �c1=c2 = (d2 � d1)=(R
2
2 � R2

1) and ln is the natural logarithm. The

calculations to obtain this expression are lengthy, and the expression itself is fairly

complicated to use. It is easier to �nd the approximate phase function, obtained

from Eq. (45) [13, 21{23]:

'(�0) = � 1

2a
ln[1 + a(�02 �R2

1)=d1] : (54)

Although the logarithmic axicon produces uniform on-axis intensity, it has another

drawback: the width of the focal line is no longer constant. Since the phase function
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(a) (b)

Figure 12: In (a), the on-axis intensity for an apodized annular logarithmic axicon is
shown. In (b) the width of the focal line is found. The parameters and apodization
are the same as in Fig. 11.

is much more complicated than for the linear axicon it is di�cult to evaluate the

expression in Eq. (51), but it is obvious that the argument of the Bessel function

is no longer independent of z. The width may be found numerically, as in Fig. 12

where also the on-axis intensity is shown.

4.2 Design of axicons for partially coherent light

For many years, coherent and incoherent light has dominated optical analysis and

design: incoherent in ray tracing and geometrical optics, and coherent in di�raction

analysis. The subject of design for spatially partially coherent light has barely been

considered at all. For example, no-one yet knows whether an ordinary di�ractive

optical element designed for coherent light is also optimal for partially coherent light.

But axicons are special: it is known that axicons of di�erent shapes are required for

di�erent degrees of coherence [24, papers I, II].

First, it was noticed that the on-axis intensity would not follow the speci�ed

distribution if the axicon was illuminated by spatially partially coherent light. For

linear axicons, the slope of the on-axis intensity will decrease with the degree of

coherence, until the on-axis intensity becomes almost uniform [20]. For logarithmic

axicons, designed to give uniform on-axis intensity for partially coherent light, par-

tially coherent illumination will cause the on-axis intensity to decrease with z [25].
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The slope will increase when the degree of coherence is lowered.

Physically, this behaviour makes sense. One of the reasons for the high on-axis

intensity is constructive interference. When the degree of coherence is reduced, the

interference becomes less e�ective, and the intensity is lowered. It is reasonable

that this behaviour is more obvious for large values of z, since this light comes from

points on the axicon that are far apart, and thus is more a�ected by the reduced

spatial coherence.

So in order to design a di�ractive axicon for partially coherent illumination,

these e�ects need to be taken into account. This was done in Ref. [24] and pa-

pers I and II. The �nal procedure, given in paper II, is based on the method of

stationary phase. Some assumptions were made, in order to obtain the results.

First, it was assumed that both the incident illumination and the axicon itself

are radially symmetric, i.e., that they depend only on the radial coordinate �0

and not on the angular coordinate �0. Second, it was assumed that the source

is stationary, polychromatic and of the Schell-model type [7, pp 242], i.e., that its

cross-spectral density at one particular frequency � (Eq. [17]) may be expressed as

W (�1;�2; �) = [Iin(�1; �)Iin(�2; �)]
1=2�(j�1 � �2j), where �(�1;�2) is the incident

spectral degree of coherence [Eq. (18)]. For on-axis points, the full Fresnel di�rac-

tion integral for partially coherent light given in Eq. (23) may be simpli�ed. First,

the angular integrations are performed [26, paper I], so the remaining integral is

two-dimensional. Then the stationary-phase method is used to simplify the expres-

sion for the intensity [21,24], and setting this expression equal to the desired on-axis

intensity a di�erential equation is found [papers I, II]. This may be rewritten as

[papers II, III]

Z �0

R1

�G(�)d� =

Z z(�0)

d1

F (z0)dz0 (55)

where F (z) is the desired on-axis intensity, and G(�0) is de�ned as

G(�0) =
k

2�
Iin(�

0)T 2(�0)~gin(�
0): (56)

Since Iin(�
0) is the incident intensity, and T (�0) the amplitude transmission function

of the axicon, the equation is very similar to the general design relation in Eq. (43).

In the new version, however, the de�nition of F (z) causes no problems. It is the

on-axis intensity, in e�ect per area. This di�erence in units also accounts for the

di�erence in constants. Apart from that, the only major di�erence is the quantity

~gin(�
0), which contains the coherence properties and is de�ned according to

~gin(�
0) = 2�

Z 2�

0

�f�0[2(1� cos �0)]1=2gd�0: (57)
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From Eq. (55) z may be determined as a function of �0. Then the phase function

'(�0) can be found from the condition for the stationary point,

d'

d�0
= � �0

z(�0)
: (58)

For coherent light, ~gin(�
0) is constant and the design equations (55) and (58) be-

come exactly those of Eqs. (43) and (45), except for a constant. Consequently the

two methods give identical results for coherent light. For partially coherent light,

Eqs. (55) and (58) provide design possibilities for almost any incident intensity and

coherence distribution, as well as for most desired on-axis intensity distributions. In

some cases the equations can be solved analytically, to yield algebraic expressions for

the axicon phase function, but in most cases they must be solved numerically. For-

tunately, this is a fairly easy task which requires no di�cult numerical techniques.

In Fig. 13a, the functions '0(�) are shown for di�erent degrees of coherence, and the

resulting on-axis intensity distributions are displayed in Fig. 13b. Here, the incident

beam has uniform intensity and Gaussian coherence distributions, and the desired

on-axis intensity is uniform. For more examples, see papers I and II.

(a) (b)

Figure 13: In (a), the derivative of the phase function for di�erent degrees of coher-
ence is shown. In (b) the corresponding intensity distributions are displayed. The
axicon parameters are the same as in Fig. 11, and the axicon is designed to give
uniform on-axis intensity. The coherence width [paper I] is (A) 1, (B) 10 mm, (C)
5:0 mm, (D) 3:0 mm, and (E) 1:5 mm.

So far, only the on-axis intensity has been considered. The problem is that for

partially coherent light, both the axicon shape and the degree of coherence will

a�ect the width of the focal line, in ways that are di�cult to predict. This question

is addressed in Ref. [26] and paper III. In paper III, an approximate equation for
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the width of the focal line is derived, valid for relatively high degrees of coherence

(the coherence area must be on the order of or smaller than area of the axicon).

For a Gaussian-Schell model beam of coherence parameter ��, the full width at half

maximum �� is found through�
J0

�
k
���c
2z

��2
+

�2c
�2
�

�
J1

�
k
���c
2z

��2
=

1

2
(59)

where �c is the stationary point at z. However, for smaller values of �� we have

found no alternative but to evaluate the di�raction integral numerically.

4.3 Axicons in oblique illumination

The most useful property of the axicon is the long depth of focus, combined with

the narrow focal line. Unfortunately, there is a draw-back: in order to produce a

nice focal line, the axicon must be illuminated strictly perpendicularly. In oblique

illumination, the focal line is broadened and its radial symmetry destroyed [27{32,

Paper IV]. In Fig. 14, a photograph of the focal segment in inclined illumination is

shown.

Figure 14: A photograph of the transverse intensity distribution for an axicon in
oblique illumination.

The shape of the focal segment may be predicted, using stationary-phase analysis
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on the di�raction integral in Eq. (10). The result is that the focal segment may be

described by the equation [paper IV]

x2=3 + y2=3 =
��
1� 1= cos2 �

�
�z
�
; (60)

where � is the angle of inclination, and � = sin� is the angle of convergence (see

Fig. 9) of a linear axicon. This asteroid curve is a caustic surface [33, 34] that

describes the shape of the focus, since the major part of the energy falls within the

region it de�nes. From this equation it is possible to predict the width of the focal

segment, and consequently to set tolerances on the alignment of the axicon.

It is possible to compensate for this error, by constructing an axicon for a speci�c

angle of illumination [32, 35, paper IV]. For small angles, the solution is to use an

elliptical rather than a circular axicon, which is symmetric with respect to x2+A2y2

rather than to the radial coordinate x2 + y2. The elliptic axicon should be adjusted

so that A = cos � to give a focus of the Bessel type. But of course this kind of axicon

only works ideally for one speci�c angle; if illuminated perpendicularly, it produces

a squeezed asteroid shape [36, paper IV].

4.4 Apodization

Another problem of the axicon is that the on-axis intensity is, in reality, nowhere

near as smooth as it has been depicted in the previous chapters. The sharp cut-

o� at the edge of the axicon causes di�raction and interference e�ects: the on-axis

intensity will oscillate violently, as illustrated in Fig. 15.

Figure 15: Simulation of the on-axis intensity for an annular, logarithmic axicon
in uniform illumination, with no apodization. The parameters are R1 = 2:5 mm,
R2 = 5:0 mm, d1 = 100 mm, and d2 = 200 mm.

The solution to this problem is known as apodization [37]: the amplitude trans-

mission function is smoothened at the edges, as illustrated in Fig. 16a where two
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di�erent apodization functions are shown. Depending on the kind of apodization

function used, and on the steepness of this function, di�erent kinds of oscillations

of di�erent amplitude will remain. This is the reason the axicon is often described

by the function T (�0) exp[ik'(�0)], despite the fact that most axicons are phase-only

elements. The amplitude transmission function T (�0) is the apodization function,

which only a�ects the edges of the axicon and thus often can be omitted in the

calculations.

(a) (b)

Figure 16: In (a), two di�erent apodizations are shown. The solid line is an arctan-
gent curve (� = 20 mm�1, ~R1 = 2:7 mm, and ~R2 = 4:8 mm) and the dashed line
is a super-Gaussian (n = 10, w = 1:04 mm�1). In (b), the corresponding simulated
intensities are shown. The third line (dash-dot) is the intensity for super-Gaussian
apodization of n = 16 and w = 1:09 mm�1. The axicon parameters are the same as
in Fig. 15.

One alternative is to use the arctangent function

T (�0) =

(
1

2
+
arctan[�(�0 � ~R1)]

�

)
�
(
1

2
+
arctan[�( ~R2 � �0)]

�

)
(61)

where ~R1 is a bit larger than R1, and ~R2 a bit smaller than R2. The steepness is

determined by the parameter �. The problem is that the function never really goes

to zero, which means there will be a sharp, although small, cut-o� at the edge of

the axicon. This will cause small oscillations along all of the axicon focal line, as

illustrated in Fig. 16b. Another alternative is to use a super-Gaussian,

T (�0) = exp

"
�
 
�0 � ~R

w

!n#
; (62)

where ~R = (R1 + R2)=2, w determines the width of the apodization function and

n its steepness. Since the function is close to zero at the edges of the axicon, no
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such oscillations as for the arctangent function will be seen. Instead, the oscillations

will occur only at the endpoints of the focal segment. A small value of n gives

no oscillations, but a large value causes oscillations, as seen in Fig. 16b where the

intensity distribution for two super-Gaussian apodizations are plotted along with

the result of the arctangent apodization.

The di�erences between various kinds of apodization is, so far, a theoretical

question. The means of realizing the apodization, for example varied di�raction

e�ciency [38], are not so accurate that the di�erences matter in practice. But

apodization does have a considerable e�ect on the output. In Fig. 17 the on-axis

intensity has been experimentally determined, both for an apodized an unapodized

axicon. The di�erence is obvious.

Figure 17: Experimental results for the on-axis intensity of one apodized and one
unapodized axicon. Picture from Ref. [37].

4.5 Applications

As pointed out before, the axicon is useful because of its long, narrow focus. There

have been a number of applications over the years. One consequence is, for example,

high energy density in the focal line. This has led to experiments where the axicon

is used for optical pumping of plasma [39, 40] and for harmonic generation [41{43].

However, axicons are not good for laser machining (as, e.g., in cutting or drilling).

The focal line is long and narrow enough, but the energy is not transported along

the optical axis. In order to get to the focal line, the light must �rst cross space that

is blocked by the material being cut. There are ways to overcome this problem [44],

for example by combining the axicon with a lens to create an annular focus, but in

this case the advantage of the long and narrow focal line is lost.
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Another area of interest is the radial shearing interferometry, where axicons (of-

ten referred to as circular gratings) are used to introduce a radial shear [45{49].

The method is to take an object wave (for example a plane wave that has passed

through a transparent object) and split it in two parts using a beam splitter. Then

one of the beams is translated radially, for example as shown in Fig. 18 where an

adjustable shear is introduced using two axicons. The two beams are rejoined and

the interference pattern studied. If the radial displacement is kept small compared

to the structures of the object, most waves will interfere with identical counterparts

from the other beam, and normal interference patterns (depending on the tilt) will

be seen. However, at the edges of the structures the radial shear will cause obvious

phase jumps, and the interference fringes will suddenly be broken. Thus the struc-

ture of the object will be clearly visible. Axicons are also applied in axicon-type test

interferometers for cylindrical objects [50, 51].

Figure 18: Two axicons used to introduce an adjustable, negative shear. The shear
is varied by changing the distance between the axicons.

The long and narrow focal line also provides an excellent tool for alignment, tri-

angulation, and light sectioning [52{55]. Alignment is even more accurate if higher-

order Bessel beams are used, since the 'hole' in the middle is sharper than the 'bump'

of the zero-order Bessel function (see Fig. 10a), especially if the trigging level of a

detector is set low.

A rather new application is third-harmonic generation in gases [56, 57]. Since

an axicon creates conical beams, non-collinear phase-matching is obtained. The

situation is very complex, since both the cone angle and the angle of incidence can

be varied. Di�erences compared to the collinear results obtained from Gaussian

beams have been observed: for example, the maximum of the generated light is

shifted towards a longer wavelength.

Recently, this 'hollow' kind of beam, generated by axicons [18], has turned out to
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be excellent for atom trapping and guiding [58{61]. The atom is con�ned to the dark

inner part of the beam. A higher-order Bessel beam is particularly advantageous,

since all the available energy is used in the optical 'walls'. Higher-order Laguerre-

Gaussian beams (also hollow) are advantageous for atom focusing, but the Bessel

beams are better suited for atom guiding because of their non-di�racting properties

and because of their very narrow dark region.
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5 Summary and conclusions

This thesis has been concerned with axicons, mainly with their design and charac-

terization in partially coherent or oblique illumination. The methods of design and

characterization have all been based on asymptotic approximations of wave optics,

namely the method of stationary phase employed on the di�raction integrals. Below,

the major results of the thesis are listed.

A: Design method for axicons in partially coherent light

A new method for design of di�ractive axicons has been derived [papers I

and II]. It is based entirely on wave optics, and for coherent light it coin-

cides with the old design method which was based on geometrical optics

and energy conservation in ray bundles. It also applies to partially co-

herent light, and since the design equation is readily solved numerically,

axicons can now be designed for almost any incident intensity and coher-

ence distributions, as well as for most desired on-axis output intensity

distributions.

B: Transverse pro�le for partially coherent axicon lines

In paper III, a method to �nd the width of the focal line is presented.

Since the width depends both on the phase function and the degree of

coherence, the relation is fairly complicated. For relatively high degrees

of coherence it is simpli�ed into one equation.

C: The focal segments of obliquely illuminated axicons are asteroid

curves

When an axicon is illuminated obliquely, its focal line is broadened and

its shape changed. In paper IV it is proved that the shape will be a

caustic surface whose main features are described by an asteroid curve.

The width of the focal line is decided by the oblique angle of illumination.

The conclusion is based on asymptotic analytical derivations, numerical

calculations and experiments.

D: Elliptical axicons used to compensate for the e�ects of oblique

illumination

If an axicon is illuminated at a constant oblique angle, its performance

will be improved and the Bessel beam retrieved if the axicon is elliptical.

Its degree of ellipticity should correspond to the oblique angle.
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5.1 Suggestions for future work

A possibility to design the on-axis intensity distribution for partially coherent light

has been presented, as well as a way to estimate the transverse intensity distribu-

tion. However, one part is missing: the possibility to design the transverse intensity

distribution for partially coherent light. Such a method would be of great practical

importance, since it provides the means of making cheap di�ractive optics for cheap

laser diodes. However, it has been attempted before [62] and is not an easy task.

The method used for the on-axis intensity doesn't work, so another way must be

found.

The elliptical axicon may be used to compensate for oblique illumination if the

oblique angle remains constant, but not for varying angles. In this case, there are two

options. One is to compromise: try to �nd the axicon that will produce the best focal

line over a speci�ed range of angles. Another method, possible for scanning systems,

is real-time compensation. A suggestion is to use a circular axicon combined with an

SLM device [63]. This scheme could be tested experimentally. Another possibility

is to extend the analysis for axicons in oblique illumination to more general kinds

of axicons: so far it has only been done for linear axicons.

All the results of this thesis are based on scalar theory. In order to incorporate

e.g. the e�ects of polarization, it would be necessary to go into electromagnetic

optics and do vectorial analysis, a possible extension of the existing results.
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