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Abstract 

With an increasing demand for electric power, new transmission lines should be constructed 

with a rational plan in the long run to guarantee a reliable and economic operation. The 

transmission expansion planning (TEP) is a mixed integer non-linear programming (MINLP) 

optimization problem in nature, which requires tremendous computational efforts especially 

when it comes to a large-scale power system. Although a diversity of simplifications and 

computational techniques has been applied to TEP, it is still challenging to derive an optimal 

plan within little simulation time. Since equivalencing technique is able to reduce the size of a 

large-scale power system and help achieve remarkable computational performance, it is 

possibly effective and efficient to handle the intrinsic complexity of TEP problem. 

 

In this thesis, based on a detailed literature review, a mixed integer linear programming (MILP) 

approach in DC model is firstly formulated for a dynamic TEP problem considering N − 1 

security criterion. Then, two traditional power flow based equivalencing techniques that are 

appropriate for simplifying TEP, REI and WARD, with necessary modifications, are 

respectively implemented in the initial TEP problem. The proposed algorithms are simulated 

on IEEE 24-bus reliability test system (RTS) to compare optimal plans between the original and 

equivalent system. Further assumptions and adjustments are searched and tested to get more 

accurate optimal plans.  

 

The results show that both modified equivalencing techniques can significantly decrease the 

simulation time. Regarding IEEE 24-bus RTS, the proposed algorithm for modified REI method 

can achieve relatively precise optimal plan with few errors while modified WARD method is 

not as good as modified REI method. Therefore, the modified REI method has a potential to be 

implemented in TEP problem to reduce the complexity and computational effort for large power 

system without jeopardizing accuracy. Further studies are needed to tune the modified REI 

method and revise the obtained optimal plan.  

 

 

 

 

 

 

 

 

 

 

  



iii 

 

Table of Contents 
 

Acknowledgement ........................................................................................................................... i 

Abstract ............................................................................................................................................ ii 

List of Tables ................................................................................................................................... v 

List of Figures ................................................................................................................................ vi 

Nomenclature ................................................................................................................................ vii 

1. Introduction ................................................................................................................................. 1 

1.1 Background ...............................................................................................................................1 

1.2 Overview ..................................................................................................................................2 

1.3 Problem Definition and Objective .............................................................................................4 

1.4 Report Structure ........................................................................................................................5 

2. Literature Review on TEP .......................................................................................................... 6 

2.1 Studying Period.........................................................................................................................6 

2.2 AC/DC Model ...........................................................................................................................7 

2.3 Objective Functions and Constraints ..........................................................................................8 

2.4 Considerations ..........................................................................................................................9 

2.5 Solution Methods ....................................................................................................................11 

3. Literature Review on Equivalencing Techniques ................................................................... 13 

3.1 Load Flow Based Technique ...................................................................................................14 

3.1.1 WARD .............................................................................................................................14 

3.1.2 REI...................................................................................................................................15 

3.2 Market based Technique..........................................................................................................17 

3.2.1 LMP .................................................................................................................................17 

3.2.2 PTDF ...............................................................................................................................18 

3.3 Adequacy Based Technique ....................................................................................................19 

3.4 Graph Based Technique ..........................................................................................................20 

3.5 Artificial Intelligence Based ....................................................................................................21 

4. Models ....................................................................................................................................... 23 

4.1 TEP.........................................................................................................................................23 

4.2 Equivalencing Techniques .......................................................................................................27 



iv 

 

4.2.1 Modified REI ...................................................................................................................28 

4.2.2 Modified WARD ..............................................................................................................31 

4.3 Implementing Equivalencing Techniques in TEP .....................................................................33 

5 Simulation Results ..................................................................................................................... 36 

5.1 IEEE 24-bus RTS ....................................................................................................................36 

5.2 TEP Results for Original System .............................................................................................37 

5.3 Results for Equivalencing Techniques .....................................................................................38 

5.3.1 Modified REI ...................................................................................................................39 

5.3.2 Modified WARD ..............................................................................................................41 

5.3.3 Comparison ......................................................................................................................42 

5.4 TEP Results for Equivalent System .........................................................................................44 

5.4.1 Equivalent System obtained by Modified REI ...................................................................44 

5.4.2 Equivalent System Obtained by Modified WARD ............................................................46 

6 Conclusion .................................................................................................................................. 49 

7 Future Work ............................................................................................................................... 50 

Reference ....................................................................................................................................... 51 

Appendix A. IEEE 24-bus RTS Data .......................................................................................... 56 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



v 

 

List of Tables 

Table 5.1 Lines involved in N-1 Analysis ................................................................................... 37 

Table 5.2 TEP Results for Original System ................................................................................. 37 

Table 5.3 OPF Results for All buses of the Original System ..................................................... 38 

Table 5.4 OPF Results for tie lines in the Original System ........................................................ 39 

Table 5.5 Classifications of Buses for 138 kV Sub-system ........................................................ 39 

Table 5.6 Classifications of Buses for 230 kV Sub-system ........................................................ 39 

Table 5.7 OPF Results for All Buses of the Equivalent System Obtained by Modified REI... 40 

Table 5.8 OPF Results for tie lines in the Equivalent System Obtained by Modified REI ...... 41 

Table 5.9 OPF Results for All Buses of the Equivalent System Obtained by Modified WARD

 ................................................................................................................................................. 41 

Table 5.10 OPF Results for tie lines in the Equivalent System Obtained by Modified WARD

 ................................................................................................................................................. 42 

Table 5.11 Comparison on OPF Results between Original System and Equivalent Systems (1)

 ................................................................................................................................................. 43 

Table 5.12 Comparison on OPF Results between Original System and Equivalent Systems (2)

 ................................................................................................................................................. 44 

Table 5.13 Average Error .............................................................................................................. 44 

Table 5.14 Optimal Plan 1 (modified REI).................................................................................. 45 

Table 5.15 Optimal Plan 2 (modified REI).................................................................................. 45 

Table 5.16 Optimal Plan 3 (modified REI).................................................................................. 46 

Table 5.17 Optimal Plan 1 (modified WARD) ............................................................................ 47 

Table 5.18 Optimal Plan 2 (modified WARD) ............................................................................ 47 

 

 

 

 

 

 

 

 



vi 

 

List of Figures 

Figure 3.1 Partitioning a Power System into Internal System and External ............................. 13 

Figure 3.2 WARD Equivalent with Admittance Method ............................................................ 14 

Figure 3.3 WARD Equivalent with Injection Method ................................................................ 15 

Figure 3.4 Original External System ........................................................................................... 16 

Figure 3.5 Modified External System .......................................................................................... 16 

Figure 3.6 Equivalent Network with REI .................................................................................... 17 

Figure 4.1 General form of Modified Bus Admittance Matrix .................................................. 30 

Figure 4.2 Simplified General form of Modified Bus Admittance Matrix................................ 31 

Figure 4.3 A Simple External System to be Reduced ................................................................. 32 

Figure 4.4 General form of Rearranged Bus Admittance Matrix............................................... 33 

Figure 5.1 IEEE 24-bus reliability test system (RTS) ................................................................ 36 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



vii 

 

Nomenclature 

The symbols and notations used in the TEP model are listed here for convenience. 

 

Indices: 

𝑖, 𝑗: Index of buses 

𝑡: Index of year  

𝑚, 𝑛: Index of buses for contingency 

 

Sets: 

𝒯: All years  

ℬ: All buses 

𝒦: All lines (including candidate lines) 

𝒦𝑖: All lines connected to bus 𝑖 

𝒞: All candidate lines 

𝒞𝑖: All candidate lines connected to bus 𝑖 

ℰ: All existing lines 

ℰ𝑖: All existing lines connected to bus 𝑖 

ℱ: All selected lines for contingency 

 

Parameters: 

𝑛𝑡
𝑚𝑎𝑥: Maximum number of lines that can be added in year 𝑡 

𝐶𝐿𝑖𝑗: Investment cost of a line added between bus 𝑖 and bus 𝑗 (MSEK) 

𝐶𝑆𝑖: Penalty cost of load shedding at bus 𝑖 (MSEK/MWh) 

𝐶𝐺𝑖: Operation cost of generator connected to bus 𝑖 (SEK/MWh) 

𝑏𝑖𝑗: Susceptance of the line between bus 𝑖 and bus 𝑗  

𝐼: Annual interest rate 

𝑃𝑖𝑗
𝑚𝑎𝑥: Maximum active power flow of one line between bus 𝑖 and bus 𝑗 (MW) 

𝑃𝐺𝑖𝑡
𝑚𝑎𝑥: Capacity of generator connected to bus 𝑖 in year 𝑡 (MW) 

𝐵𝐷𝑡: Transmission expansion budget limit in year 𝑡 (MSEK) 

𝐵𝐷: Total transmission expansion budget (MSEK) 

𝑃𝐻: Planning horizon 

𝐷𝑖,𝑡: Predicted total demand connected to bus 𝑖 in year 𝑡 (MW) 

𝜃𝑟𝑒𝑓: Bus voltage phase angle reference for slack bus 

𝜃𝑟𝑒𝑓
𝑚𝑛: Bus voltage phase angle reference for slack bus when line between bus 𝑚 and bus 𝑛 

fails 
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𝜃𝑖𝑗
𝑚𝑎𝑥: Maximum bus voltage phase angle difference between bus 𝑖 and bus 𝑗 

𝑀: Disjunctive factor used to limit bus angle difference 

𝑡0: The year before the planning horizon 

𝑝𝑚𝑛
𝑓

: Probability of line between bus 𝑚 and bus 𝑛 being outaged 

𝑝𝑎: Probability of all transmission lines are available in power system 

Binary Variables: 

𝑥𝑖𝑗𝑡: Status of candidate lines between bus 𝑖 and bus 𝑗 in year 𝑡 (1 – built and 0 – not built) 

 

Positive Variables: 

𝐿𝑆𝑖𝑡: Load shedding of bus 𝑖 in year 𝑡 

𝑃𝐺𝑖𝑡: Power generation of bus 𝑖 in year 𝑡 

𝐿𝑆𝑖𝑡
𝑚𝑛: Load shedding of bus 𝑖 in year 𝑡 when line between bus 𝑚 and bus 𝑛 fails 

𝑃𝐺𝑖𝑡
𝑚𝑛: Power generation on bus 𝑖 in year 𝑡 when line between bus 𝑚 and bus 𝑛 fails 

 

Free variables: 

𝑃𝑖𝑗𝑡
0 : Active power flow in existing line between bus 𝑖 and bus 𝑗 in year 𝑡 

𝑃𝑖𝑗𝑡
1 : Active power flow in candidate line between bus 𝑖 and bus 𝑗 in year 𝑡 

𝜃𝑖𝑡: Bus voltage phase angle of bus 𝑖 in year 𝑡 

𝑧: Optimal value 

𝑃𝑖𝑗𝑡
0𝑚𝑛 : Active power flow in existing line between bus 𝑖  and bus 𝑗  in year 𝑡  when line 

between bus 𝑚 and bus 𝑛 fails 

𝑃𝑖𝑗𝑡
1𝑚𝑛 : Active power flow in candidate line between bus 𝑖  and bus 𝑗 in year 𝑡 when line 

between bus 𝑚 and bus 𝑛 fails 

𝜃𝑖𝑡
𝑚𝑛: Bus voltage phase angle of bus 𝑖 in year 𝑡 when line between bus 𝑚 and bus 𝑛 fails 
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1. Introduction 

1.1 Background 

Electrical energy is playing an increasingly indispensable role in this rapidly evolving society. 

People rely heavily on power supply almost in every aspect of daily life, from charging 

cellphones to operating public transports. Virtually, it is miserable to envision how the life 

would be if there was not enough power supply. Power outage would occur every now and then 

in our households; subways would be no longer reliable or punctual due to a shortage of 

electricity; the price of daily commodities would rise because extra generation units could be 

required for the purpose of transportation or storage. Generally, an increasing of electricity 

consumption has been observed and forecasted in some developing countries. The electric 

power system should have the ability to supply enough electricity reliably and steadily 

 

In order to meet this requirement, it seems that the problem could be tackled by merely 

increasing the capacity of the existing generation units or building a new power plant. However 

extra generation will correspondingly give a rise to the power flow on transmission lines and 

hence may lead to overload. This would put the power system at risk since overload on 

transmission lines could subsequently result in more transmission losses, overheating and even 

burning out. In order to transfer added electric power, a rational transmission expansion 

planning is highly required, which means more transmission lines would be installed in the 

existing power system to guarantee a reliable and economic operation. 

 

The definition of transmission expansion planning is to determine where, when, and how many 

transmission lines should be constructed [1], staring from an existing network, to meet the 

requirement of potential demand in the future power system considering variety constraints not 

only operationally but also economically. Nevertheless, TEP is naturally a large-scale, mixed 

integer, nonlinear and non-convex optimization problem [2] with multiple local minima in 

original. It is quite difficult to solve this problem and the computation time is extremely long. 

The reason is that usually different technical, economical, and society oriented issues should be 

taken into account in TEP according to the interests of system operators. Furthermore, there are 

high amounts of uncertainties existing in power system such as the generation capacity of wind 

power plant and the availability of a transmission line, which means that planners also have to 

deal with numerous scenarios when solving TEP problem. Nowadays, the scale of a power 

system is continuously increasing, which makes TEP problem more intractable to solve. On 

account of these challenges, it is not realistic to formulate and calculate TEP directly according 

to its own natural properties. If the TEP problem is extremely complicated, it is even not 
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possible to obtain results from simulation because of convergence problem. As a consequence, 

it is very essential and significant to simplify TEP problem so as to achieve relatively accurate 

results and acceptable computation time at the same time. 

1.2 Overview 

TEP has been receiving extensive attention in recent years and a large amount of research work 

has been conducted with the purpose of simplifying the problem and alleviating computational 

burden.  

 

In [3] and [4], TEP is formulated using non-linear or linear programming respectively to refrain 

from involving integer variables. The basic idea is that from the simulation results, an 

overloaded-route indicates where new lines could be constructed. A number of papers formulate 

TEP as a mixed integer linear problem [5-9], where nonlinear constraints are replaced by 

equivalent linear ones. Although AC model describe power system most accurately, it can 

always lead to a large and complicated nonlinear programming. As a result, on basis of certain 

assumptions, DC model ignoring reactive components is widely adopted to reduce the size of 

TEP [2,5-16]. 

 

Moreover, when it comes to computation algorithms, a variety of methods have been applied 

and developed. Branch and bound algorithm is proposed to directly deal with mixed integer 

non-linear problem in [11], where relaxation and separation strategies are utilized. Specifically, 

with the property of integer variables relaxed, the original problem is amended as a linear 

programming and solved directly. If the solution is integer, the global optimum can be obtained. 

Otherwise, the integer will separate the relaxed problem into two sub-problems based on the 

value of non-integer. Then the two sub-problems are calculated independently and the same 

procedure is repeated until a global optimum is found [11].  

 

To overcome intrinsic limitation of the optimization process, another computational technique 

called Benders Decomposition [5-6,8,10,17] is widely used. Benders Decomposition generally 

breaks the original into two sub-problems: master sub-problem (only modeling investment 

variables to obtain a transmission expansion plan) and slave sub-problem (linear problem with 

fixed integer variables obtained from master problem, where the network feasibility of the plan 

selected is checked) [8]. A benders cut is formulated and added to the master sub-problem 

aggregately when constraints in slave sub-problem cannot be satisfied. These two sub-problems 

are solved iteratively until the global optimum is derived.  

 

Recent years with more attention given to the non-linear and non-convex property of TEP, a 
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diversity of heuristic methods are introduced to directly solve TEP such as particle swarm 

optimization [18-19], genetic algorithm [20], and chaos optimal algorithm [21]. Although these 

heuristic algorithms are able to provide a rational and feasible solution without much 

computational time, it is obvious that that an optimal solution cannot be ensured absolute 

because no mathematical indicator is involved in heuristic methods when the solution is 

generated [2].  

 

Even though some simplifications and computational techniques have been applied, it is still 

challenging to solve TEP problem when it comes to a large-scale power system and when many 

aspects have to be considered. Most of research on TEP merely focuses on applying a certain 

computational technique to the problem with taking a few specific technical, economical or 

society based issues into account. However, quite little attention has been paid to simplify TEP 

problem in essence.  

 

On the other hand, it is needed in particular to study large-scale power systems because power 

systems are turning into deregulated, highly interconnected and numerous components involved 

nowadays. It would be troublesome to handle a large amount of data and a variety of analysis 

if large-scale power system was not reduced. Therefore, power system equivalencing 

techniques have been extensively studied to reduce the size of large-scale power system. It can 

also contributes to a reduction on uncertainties involved in a power system. A desired equivalent 

system should give accurate results and achieve better computational performance at the same 

time.  

 

Ward Method is introduced in [22] as a power flow based equivalencing technique while the 

author didn’t apply this method to any problem solving process. Radial equivalent independent 

(REI) is another prevalent power flow based method, the algorithm of which has been well 

studied in [23-24]. Reference [25] applies this reduction technique to online real-time operation 

and points out that REI could be useful for planning studies of power systems. However, it 

doesn’t demonstrate how REI should be employed in planning studies. Reference [26] proposes 

a solution to large power system network reduction for the sake of parallel computing, where 

the original power system are separated into several sub-systems and each sub-system is 

replaced by its Thévenin equivalents.  

 

Some innovative equivalencing techniques have been created. References [27-28] propose a 

new equivalencing technique with the characteristic that the equivalent DC power system 

model correctly approximates the transaction power transfer distribution factor (PTDF). This 

method has already shown its efficiency in congestion management in a deregulated 

environment [27]. A graph-based reduction technique is introduced in [29] for a probabilistic 

model while it is only adopted in power system reliability analysis [29-32]. A network reduction 
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algorithm for a power system with unknown transmission line statuses is presented in [33], 

which aims to represent power system with less equations and less variables when the statuses 

of some transmission lines are unavailable. Nevertheless, the author only suggests that this 

method could be employed in optimal transmission maintenance scheduling and TEP without 

clarifying in what way could this method be tuned for TEP problem. Local marginal price (LMP) 

based equivalencing technique is developed in [34] for fast nodal price calculation in electricity 

market. The concept is that nodes with similar LMP are aggregated and then REI is applied to 

derive the final equivalent power system model. Artificial intelligence has also be well 

researched for a diversity of purposes. For distributed computing, a heuristic algorithm called 

harmony search algorithm is used in [35] to partition a large-scale power system and those 

unnecessary sub-systems are represented by power injections at the boundary buses. In [36], 

artificial neural networks are created to derive a relatively smaller equivalent power system 

model for load flow studies, without being employed to solve any practical issues.  

 

It can be seen from above that TEP problem and power system equivalencing techniques have 

both been researched adequately. Equivalencing techniques could potentially simplify TEP to 

achieve better computational performance. However, implementing an equivalencing technique 

in TEP problem has been left out. Therefore, a structured algorithm of applying equivalencing 

techniques to TEP needs to be carefully researched and explored.  

1.3 Problem Definition and Objective 

In this thesis, after literature study on different methods and formulations of TEP as well as 

review on existing techniques for obtaining an equivalent system for large-scale power system, 

one of the usual methods for solving TEP is simulated using General Algebraic Modeling 

System (GAMS). Then equivalencing techniques suitable for being implemented in TEP 

problem are simulated and applied to the original large-scale power system in MATLAB to 

obtain the corresponding equivalent system. Afterwards the selected equivalencing techniques 

are tuned into TEP problem to derive the optimal transmission expansion plan for the equivalent 

system, which is compared to the results obtained from the original large-scale power system. 

Finally possible improvements of the proposed algorithms are researched to reduce the 

simulation time and complexity of the problem, as well as resulting drawbacks such as obtained 

errors in the simulation results.  

 

The main objective of this thesis is to review the available methods for obtaining an equivalent 

system for large-scale power system and then use the suitable method to test if it is efficient and 

effective for solving TEP problem. It would be desirable if the proposed algorithm is able to 

reduce the complexity and simulation time of TEP problem while not jeopardize the accuracy 
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of the simulation results. 

1.4 Report Structure 

This thesis is structured as follows. Chapter 2 and chapter 3 provide detailed reviews on TEP 

and equivalencing techniques respectively in terms of different methods used. Chapter 4 

presents a mixed integer linear DC model for dynamic TEP problem considering N-1 criterion 

and two modified equivalencing techniques based on REI and WARD methods respectively, 

followed by how these two methods are implemented in TEP problem. In chapter 5 IEEE 24-

bus reliability test system is employed to obtain simulation results and to test the feasibility of 

proposed algorithms. Finally, chapter 6 gives relevant conclusions on the research while chapter 

7 presents possible future work regarding this topic for further improvements.  
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2. Literature Review on TEP 

The objective of TEP is to decide where, when, and how many transmission lines should be 

built in the existing power system to supply enough electric power to consumers while meeting 

operational, economic and social requirements. TEP is a typical optimization problem with an 

objective function subjecting to a variety of constraints 

 

Although TEP is generalized in a quite brief manner, the concrete formulations and 

computational algorithms can be extraordinarily distinctive from each other depending on 

practical issues and interests of operators. This chapter will provide a review on TEP in detail 

via several different aspects. 

2.1 Studying Period 

In general, TEP can be categorized into static or dynamic planning in terms of studying period 

[1].  

 

Specifically, studying period is not taken into consideration in static planning [7-10,12] to 

obtain an optimal plan, which means all new lines are installed in a single year. In this case, 

planners are interested in the future static state of the power system rather than when a new 

transmission line should be added to the existing power system.  

 

However, dynamic planning [2,5-6,13], outlined along the whole planning horizon, studies each 

year separately and new lines are constructed in multiple stages. Dynamic planning involves 

time index in the formulation besides placement index, with the objective function optimized 

along the whole planning period instead of a single year. As a result, dynamic planning can 

always result in larger number of variables and constraints, which increases the size and 

complexity of TEP problem. This is quite time-consuming and requires an enormous 

computational effort [37]. On the other hand, dynamic planning seems to be more reasonable 

and economical in that all new lines usually cannot be installed in a single year for a large-scale 

power system because of enormous construction workload. In addition, the predicted 

consumption is always increasing gradually as years go on according to demand forecast instead 

of rising sharply within a single year. Therefore, it is more realistic to add new transmission 

lines when it is necessary to achieve an economical optimal plan. 
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2.2 AC/DC Model 

AC and DC model are two general models utilized when formulating TEP problem. AC model 

is a complete and practical model with the capability of involving reactive power planning and 

power system losses can be completely included in TEP [1]. In addition, some power system 

components such as FACT devices also can take part in the planning process. Further studies 

such as transient and dynamic behaviors of power system can be performed based on AC model, 

which is more convenient for subsequent analysis and evaluation after an expansion plan has 

been made. However, it is extremely challenging to apply AC model in that it usually conduces 

to a complicated non-linear large-scale optimization problem which requires choreographed 

optimization techniques to derive a solution [37]. Due to its complexity, few works on AC 

model for TEP can be found. References [17,19,38-42] implement AC model in the formulation 

of TEP while most of them are developed either based on DC model or based on some further 

assumptions. For example, [38] introduces a relaxed AC model, where the representation of 

reactive power is linearized to simplify the problem whereas in [40], AC model is established 

through a prior DC model and issues related to reactive power are merely used as 

reinforcements to fulfill power system requirements in reality. 

 

For the sake of handling the intrinsic sophisticated nature of AC model in TEP, DC model has 

been well studied and prevalently employed in [5-11] as a simplification of AC model. Reactive 

power and transmission losses are usually ignored in DC model and it is assumed that the 

voltage at each bus is maintained at its nominal value (usually “1” in per unit value system). 

Furthermore the difference in bus voltage phase angle is assumed to be so small that the  

following two approximations [12] can be made (𝜃𝑖 and 𝜃𝑗 represents the phase angles at the 

two ends of a transmission line): 

 

 sin(𝜃𝑖 − 𝜃𝑗) ≈  (𝜃𝑖 − 𝜃𝑗)  (2.1) 

 cos (𝜃𝑖 − 𝜃𝑗) ≈ 1  (2.2) 

 

On the other hand, it is known that the active power transferred on a transmission line in a 

lossless system can be described mathematically as:  

 

 𝑃𝑖𝑗 = 𝑏𝑖𝑗𝑉𝑖𝑉𝑗 sin(𝜃𝑖 − 𝜃𝑗)  (2.3) 

 

In (2.3), 𝑃𝑖𝑗  is the active power transferred on a transmission line; 𝑉𝑖  and 𝑉𝑗  are voltage 

magnitudes at the two ends of the same transmission line and 𝑏𝑖𝑗 represents the susceptance 
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of this line. Furthermore, if the value of every bus voltage magnitude is assumed be 1 in per 

unit system, (2.3) can be re-write as: 

 

 𝑃𝑖𝑗 = 𝑏𝑖𝑗(𝜃𝑖 − 𝜃𝑗)        (2.4) 

 

Equation (2.4) expresses the power flow on a transmission line, which serves as the most basic 

equation in DC model. In this case, the power flow model in TEP is linearized successfully. 

Despite the briefness of DC model, it cannot incorporate reactive power and it is difficult to 

consider transmission losses. However, the results obtained are still capable of being reinforced 

to consider AC operation once relevant parameters are available.  

2.3 Objective Functions and Constraints 

In terms of objective function of the TEP problem, it can be manifold depending on what aspects 

planners are interested in. From literature review, objective functions are always given in terms 

of different kinds of cost in tradition. The simplest objective function is to minimize the 

investment cost of constructing new lines [13,15,17]. However if other aspects are concerned, 

the objective function can be various in all kinds of possible combinations. For example, 

minimizing the summation of investment cost and operation cost [2,5], minimizing the total of 

investment cost and load shedding cost [11,14], or minimizing the summation of investment 

cost, operation cost and load shedding cost [7,12].  

 

Moreover, objective functions can appear in other kinds of forms if a certain computational 

technique is applied or some aspects are considered. Benders decomposition method are 

adopted in [6,8,10], where the optimization problem is decomposed into two sub-problems. The 

investment cost is to be minimized in master sub-problem whereas load shedding cost is to be 

minimized in the slave sub-problem. In [16], congestion cost under different load levels and the 

total cost of the expected energy not supplied due to contingencies are of interest besides 

investment cost, where the objective function is to minimize the summation of these three 

mentioned costs. However interested issues can also be maximized instead of being minimized 

in objective functions. Reference [9] introduces a bi-level optimization problem where the 

upper level objective function is to maximize the average social welfare mines the transmission 

investment cost while the lower level objective function is to maximize the social welfare for 

the corresponding scenario. Here the social welfare is defined as the summation of the demand 

energy bids times their corresponding demand price bids minus the summation of the generation 

energy offers times their corresponding generation price offers minus the cost of load-shedding. 

 

As for TEP problem constraints, they can be classified into mandatory constraints and optional 
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constraints [1]. Specifically, mandatory constraints are the constraints that need to be included 

in TEP formulation compulsorily to guarantee the normal operational principles in power 

systems, like the load balance in each bus, line flow equation, the limits of bus voltage 

magnitude and phase angle, the limits of generation output, the capacity limits of each 

transmission line, etc.  

 

On the other hand, optional constraints are flexible constraints that don’t need to be included 

necessarily in formulation. The choice of optional constraints highly rely on the property of the 

target power system, restrictions from the society and personal interests of planners. Some 

examples of optional constraints are reliability and security limits, upper limits of investments, 

limits of maximum number of lines can be constructed in a single year, environmental impact 

limits [1], etc. 

2.4 Considerations 

Although the objective functions and constraints are straightforward and can be categorized in 

a general manner, the formulation of individual TEP problem still differs from each other 

tremendously. The diversity mainly results from different properties of power systems, various 

purposes of planning, sorts of assumptions and a variety of considerations that can be taken into 

consideration. Some examples are given as follows, from which it can be concluded that it is 

not realistic to consider every single aspect at the same time when formulating TEP problem. 

 

A TEP problem with the purpose of alleviating transmission congestion level is proposed in [6]. 

The original problem is separated into a master sub-problem and two slave sub-problems by 

Benders decomposition method. The two slave sub-problems are used to assess transmission 

system security and congestion level. Transmission congestion level is a new aspect considered 

in TEP, which is calculated by the cumulative difference between local marginal prices of all 

existing buses. It is to be minimized in the objective function.  

 

Reference [43] presents a coordination between transmission expansion planning and 

generation expansion planning (GEP) under a competitive electricity market. Similar to TEP, 

GEP focuses on when, where and how many new generation units should be installed in an 

optimal way. Orthodoxly, TEP and GEP are studied independently. However, more generation 

in power system indicates that more transmission lines are needed to transfer added power, 

which means TEP and GEP have a quite close relationship with each other.  

 

A stochastic model with known normal probabilistic distribution function for system loads at 

all buses is developed in [5]. Monte Carlo method is applied to randomly sample the value of 
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system loads repeatedly. In order to reduce the number of scenarios, scenario reduction 

technique is utilized by removing the scenarios with small possibility. Furthermore, available 

transfer capability (ATC) is introduced as a criterion in the planning process. The author 

suggests that ATC can help obtain a more economical optimal plan and increase the system 

reliability, providing a nondiscriminatory transmission services to all shareholders in the power 

system.  

 

The concept of conditional value-at-risk is proposed in [7] as a coherent risk measure. It is 

defined as the expected values of losses worse than the worst expected loss within a given 

confidence interval for a loss random variable. The author presents a bi-objective model, as the 

name suggests, with two objective functions. Apart from the common objective function 

minimizing the summation of investment cost, operation cost and load shedding cost, a second 

objective function is formulated including conditional value-at-risk, which is to be minimized.  

 

In [2], active power losses on transmission lines are considered for a DC model. They are 

represented by piecewise linear functions of the line flows, taking the advantage of the causal 

relationship between the line flow and line. This is an innovative model overcoming the 

drawback that it is difficult to consider transmission losses in DC model. To achieve a more 

accurate optimal plan, generation cost model with a convex quadratic curve, which is more 

realistic, is selected and linearized by piecewise linear functions. In addition, N-1 security 

criterion is applied in the formulation. This means the obtained result should fulfill the 

requirement that system can still operate in a normal condition with the outage of a single 

transmission line or generation unit.   

 

The impact of increasing wind power integration in power system on TEP is researched in [10]. 

Given the mean value and the standard deviation of the wind speed at the location of the wind 

turbines, parameters of Weibull distribution function are calculated so that the output of wind 

turbines is modeled as a function of wind speed. In this probabilistic TEP model, Monte Carlo 

Method is adopted to sample wind speed and therefore the generation output of wind turbine is 

obtained for different scenarios.  

 

In [15] TEP is developed under a deregulated, unbundled and competitive electricity market 

environment. Based on the traditional TEP model, the author proposed a new strategy to 

consider two fundamental market-driven power-flow patterns at the same time because group 

transfer pattern and point-to-point transfer pattern may exist in the same electricity market 

simultaneously. A decision analysis scheme is incorporated in the decision making process. Due 

to the various uncertainties in power system, the results need to be evaluated to minimize the 

risk of the selected plan.  
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Reference [17] uses a three-stage procedure to adopt AC model and to incorporate reactive 

power planning. DC model is employed in the first stage with Benders decomposition to 

provide necessary information for the second stage. Then the problem is decomposed into 

investment and operation sub-problems, where an AC model is used to derive the optimal plan. 

At the last stage, optimization for reactive power is performed with the target of minimizing the 

summation of the cost of active power loss and the cost of reactive power source construction. 

2.5 Solution Methods 

According to the available papers, mathematical model and heuristic model are two prevalent 

solution methods that have been extensively employed for solving TEP. However there is also 

another category that possesses characteristics from both mathematical and heuristic models 

and it is named as meta-heuristic model. 

 

Mathematical model converts TEP into mathematical equations, specifically an optimization 

set with objective functions subjecting to a set of constraints that represent system operationally 

and economically. An optimal expansion plan can be derived mathematically via an accurate 

calculation procedure [37]. There are several methods that has been applied using mathematical 

model.  

 

References [3-4], employing non-linear and linear programming respectively, solve TEP based 

on the concept that an overloaded-route indicates where new lines could be constructed. The 

other prevalent way of formulating TEP problem is to embed integer variables as decision 

variables in the formulation. A mixed integer linear programming (MILP) approach is proposed 

in [2] by linearizing system losses and generation costs. An additional factor terms disjunctive 

factor is introduced to eliminate nonlinearities caused by the product of continuous variables 

and binary variables in line flow constraints.  

 

Due to the complexity of solving MINLP problem directly, computational techniques are also 

applied in mathematical models to speed up the calculation procedure. Techniques such as 

Benders decomposition [5-6,8,10,17], hierarchical decomposition [44] and branch and bound 

algorithm [11] have been approved to be efficient for overcoming intrinsic limitation of the 

optimization process.  

 

The greatest strength of mathematical model is that it can provide an absolute optimal solution 

because of the complete mathematical calculation procedure. However since it is not neither 

realistic nor possible to take all aspects of TEP into consideration, mathematical model is 

always developed under a lot of assumptions and simplifications when the problem is converted 
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from reality into mathematical equations. As a consequence, the feasibility and reliability of the 

obtained results still need to be checked before a final planning decision is made.  

 

Moreover, when it comes to a large-scale power system with many aspects to be considered, on 

the one hand the converting work can be extremely troublesome and complicated. On the other 

hand, computational obstacles may occur when the optimization problem in being solved in 

software. For example, the convergence of the computational procedure could be extremely 

slow when more details are included in the network model or it doesn’t converge at all; 

simulation time could increase observably if integer variables are used or stochastic model is 

applied.  

 

It is generally acknowledged that TEP is a mixed integer non-linear programming (MINLP) 

optimization problem in original with multiple local minima [12]. Because of its complexity in 

nature, TEP is quite difficult to solve especially when it is accompanied with non-convex 

nonlinear constraints [2]. To handle this difficulty, multifarious heuristic models are proposed 

to solve TEP optimization problem directly.  

 

Heuristic model, as the name suggests literally, generates, compares and selects optimal plan 

step by step until the algorithm cannot seek out any better option taking pre-defined evaluation 

criterions into account [37]. A variety of heuristic models has been invented and applied to TEP 

problem such as differential evolution [13,45], constructive heuristic algorithm [42], particle 

swarm optimization [18,19], genetic algorithm [20], chaos optimal algorithm [21], and 

simulated annealing [46]. These heuristic models have the capability to provide a feasible 

solution economically without too much computational burden. The advantages of heuristic 

models lies in that they are quite simple to utilize and theses algorithms don’t require power 

system model to be converted into optimization set, providing a straightforward way to obtain 

an optimal plan.  

 

However heuristic models are possible to fall into local minima easily instead of global minima, 

which means a mathematical optimal solution cannot be absolutely guaranteed since no 

mathematical indicator is applied when the planning solution is generated. Compared with 

mathematical models, heuristic models are easier to modify without much rearrangement if a 

new constrain is added and further power system analysis such as transient stability analysis is 

able to be conducted with heuristic models.  
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3. Literature Review on Equivalencing Techniques 

Nowadays, remarkable growths in dimension and complexity have been observed in power 

system. Subsequently, analysis of such a large-scale power system is becoming increasingly 

sophisticated. This requires the power system to be reduced in a proper way so that unnecessary 

computation can be eliminated and a better efficiency can be achieved. This chapter presents a 

literature review on power system equivalencing techniques with the purpose of researching 

appropriate algorithms for transmission expansion planning problem.  

 

Generally, power system equivalencing techniques can be classified into two categories: static 

reduction and dynamic reduction [47]. Specifically, the reduced model derived from static 

reduction represents a snapshot of the system with a constant state [47]. It is appropriate for 

power system static analysis such as power flow studies and system planning issues. On the 

other hand, models reduced from dynamic reduction method are aimed for analysis where 

dynamic behaviors of the power system are concerned. 

 

According to [48], the equivalent models obtained from dynamic reduction methods are suitable 

for offline transient stability analysis with large disturbance, off -line dynamic stability analysis 

with small disturbance and on-line security evaluation. Since the equivalent system is supposed 

to be implement in transmission expansion planning without any dynamic analysis to be 

performed, only static reduction method is reviewed in this chapter. 

 

Before reviewing various equivalencing techniques, some basic definitions are introduced. 

Traditionally, the whole power system is always partitioned into internal system (IS) and 

external system (ES) in equivalencing studies as shown in figure 3.1.  

Figure 3.1 Partitioning a Power System into Internal System and External 

 

IS and ES are two definitions used to describe the areas in question before power system is 
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reduced. IS is the area where planners are interested and detailed studies are intended to be 

performed. This system is better known compared to the remaining part of the entire network. 

Nevertheless, ES is the area that is not essential for the expected analysis. It is the remaining 

region apart from IS in the power system, which should be replaced by an equivalent model. 

However, the impact of ES on IS is also important in certain analysis [30]. Boundary buses are 

buses at the edge of IS and ES that connect these two areas via tie lines. Representing ES by an 

equivalent network contributes to reducing the dimension of the whole power system. A desired 

equivalent network should provide the same or at least similar analysis results for IS and tie 

lines compared to the results obtained from the original power system. 

 

According to the available literature, power system equivalencing techniques can be 

categorized into load flow based, market based, adequacy based, graph based and artificial 

intelligence based methods. They are introduced in detail as follows. 

3.1 Load Flow Based Technique 

3.1.1 WARD  

WARD method is the most used method developed by J.B Ward in [22]. Generally there are 

two kinds of WARD methods, the older version of which is terms as WARD admittance method. 

Started from a solved model of external system, all power injections in the external buses, 

including load and generation, are converted to shunt admittance connected between buses and 

the zero potential point. In this case ES is regarded as a linear system. Afterwards, triangular 

reduction (Gaussian elimination) is performed on the nodal admittance of matrix of the network 

[47] to omit external buses. The outcome of this equivalencing technique is that fictitious 

admittances are connected among boundary buses belonging to IS and the equivalent network  

becomes a passive network with all injections zero [49], which is shown in figure 3.2.  

Figure 3.2 WARD Equivalent with Admittance Method 
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The other version of WARD method is call WARD injection method. It is quite similar to the 

admittance method. Still from a solved model of external system, all the bus injection are 

converted into current injections [23,28,49] rather than shunt admittances. Then triangular 

reduction is applied to not only the nodal admittance of matrix of the network but also to the 

current injection vector to eliminate external buses. In this case, the outcome of reduction is 

equivalent current injections and fictitious admittances in the boundary buses belong to IS. 

Finally the current injection are converted back to equivalent power injections for the purpose 

of power flow studies. The equivalent system is shown in figure 3.3.  

 

Figure 3.3 WARD Equivalent with Injection Method 

 

Furthermore, in some occasions, buses from ES can also be retained in WARD method with the 

similar algorithm. The only difference is that in this case the retained buses are also included in 

nodal admittance of matrix of the network when Gaussian elimination is performed. In 

comparison, admittance method is unreliable and suffers from accuracy problem, especially 

when it comes to representing reactive power response at a PV bus [49]. Therefore, WARD 

injection methods receives more attention and emphasis. 

3.1.2 REI  

Radial equivalent independent (REI) method is another prevalent power flow based 

equivalencing technique. A solved model of external system also serves as the foundation of 

this technique. Figure 3.4 presents the original external system that is to be reduced. The 

boundary buses are retained whereas the other buses in external system, termed as non-essential 

buses, are aggregated.  

 

In external area, similar nodes are firstly grouped. Usually generation nodes form one group 

while load nodes form another. If a node has load and generation at the same time, it should be 

included in both groups. Secondly, injections from all external buses are removed within each 

group. Afterwards additional nodes are created: a fictitious REI node R for each group, whose 
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injection is the sum of the removed load and generation respectively [49]; a fictitious star point 

G, whose voltage is often considered as zero [30]. At this point, the external system becomes a 

passive network without any source. Next, the obtained passive external network is augmented 

by connecting all non-essential buses within each group to the corresponding node R through 

the fictitious star point G. The fictitious admittances among non-essential buses and node G, 

REI nodes and node G are calculated in such a way that power injections toward the remaining 

buses are the same as the base-condition injections. Then the obtained network is illustrated in 

figure 3.5. 

 
Figure 3.4 Original External System 

 

 
Figure 3.5 Modified External System 

 

Finally all non-essential buses and bus G can be eliminated by Gaussian elimination based on 

figure 3.5, leaving a reduced equivalent network with only REI node and boundary buses shown 

in figure 3.6. 
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Figure 3.6 Equivalent Network with REI 

 

The advantage of REI equivalencing technique is that it preserves some properties of reduced 

generators through an equivalent generator and load [47] compared to WARD method. 

However the efficiency of REI method depends on how it is applied. If a large-scale power 

system is partitioned into a small number of areas, each area will contain more buses and the 

system can be reduced to a large extent, which means more buses will disappear when 

calculating REI equivalent. On the contrary, if the original system is split into a large number 

of areas, fewer buses will be contained in each area. In this case, the total number of boundary 

buses is larger and two extra buses are created when obtaining the equivalent network for one 

area. As a consequence, quite a small number of buses will be eliminated and more 

computational efforts are required. However, since more buses are preserved, the equivalents 

will be closer to the original system. Therefore, how the large-scale power system is partitioned 

should be carefully considered.  

3.2 Market based Technique 

As the electricity market in expanding continuously through several control areas, new 

equivalencing techniques are highly needed focusing on economic criterion and generation 

participation [47]. Typically, local marginal prices (LMP) and power transfer distribution 

factors (PTDF) are widely used in market based techniques.  

3.2.1 LMP  

This is an equivalencing technique based on the properties of electricity market. The basic idea 

of the LMP based method is to create clusters according to local marginal prices and each cluster 

is then aggregated utilizing conventional equivalencing techniques. A detailed original system 

has to be known so that optimal power flow (OPF) calculation can be performed to calculate 
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the initial local marginal prices. In order to avoid creating clusters where congested lines exist, 

only similar nodes are grouped together. Reference [34] lists three main criterions for clustering 

nodes. It suggests that, within one group, all nodes should have relatively similar values of 

marginal prices; all nodes should be close to each other geographically and all nodes should 

also experience similar fluctuation subject to a change in system loading. Furthermore, a 

mathematical method has been introduced in [50] to group similar nodes. Similarity indices are 

introduced and calculated for each node, with which the decision is made through sensitivity 

analysis.  

 

After the clusters are identified, an equivalent generator is then obtained by summation of the 

power produced by all the generators participating in OPF. An equivalent quadratic costs curve 

[34] is applied to represent the relationship between the equivalent generation cost and 

equivalent output, which is given by (3.1). 𝐶𝑒𝑞 and 𝑃𝑒𝑞  represent the equivalent generation 

cost and output respectively. 

 

 𝐶𝑒𝑞 = 𝑎𝑒𝑞𝑃𝑒𝑞
2 + 𝑏𝑒𝑞𝑃𝑒𝑞 + 𝑐𝑒𝑞        (3.1) 

 

The cost coefficients of the equivalent generator 𝑎𝑒𝑞 , 𝑏𝑒𝑞 and 𝑐𝑒𝑞  are then calculated based 

on least-square approximation. At this point, an equivalent generator is derived with similar 

characteristics as generators in the original system. Finally, each group comprising generators 

participating in OPF is reduced to a single equivalent node [34] using tradition equivalencing 

techniques (usually REI technique). Reference [34] also introduces an algorithm to designate 

an equivalent node as PV or PQ type according to how many generators are participating in the 

OPF within each cluster. Therefore a reduced load flow equivalent is obtained at the base case 

condition. 

3.2.2 PTDF  

PTDF is an effective measure when the power exchange in transmission network is concerned. 

It is defined as the fraction of the amount of transaction flowing over a transmission line 

expressed in (3.2) [47], where 𝑃𝑇𝐷𝐹𝑖,𝑗,𝑛 means the power transfer distribution factor between 

node nodes 𝑖 and 𝑗 on line 𝑛; ∆𝑃𝑛 represents the power flow on line 𝑛 while ∆𝑇𝑖,𝑗 refers 

to the shift in power injections nodes 𝑖 and 𝑗. 

 

                                                                      𝑃𝑇𝐷𝐹𝑖,𝑗,𝑛 =
∆𝑃𝑛

∆𝑇𝑖,𝑗
                                                           (3.2) 

 

PTDF indicates the impact of a certain amount of power in a bilateral transfer on the remaining 

region of the transmission network in terms of percentage [47]. A detailed known original 
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power system is required to perform optimal power flow. Afterwards, calculation of local 

marginal price, identification of congestion paths and generation dispatch [47] are performed. 

After aggregated zones are clarified, fictitious or realistic paths are created to connect 

aggregated zones and the load or generation of those buses eliminated from original system can 

be assigned to the retained buses. Finally, the new parameters of transmission lines can be 

calculated according to the pre-defined PTDF from original system.  

 

The main target of PTDF method is to derive the parameters of transmission lines for the 

equivalent network in such a way that PTDF of the reduced system matches the zonal PTDF of 

the initial system as close as possible [28]. Reference [27] provides readers with a detailed 

equivalencing methodology based on PTDF. Both of [27] and [28] apply DC model and proved 

that PTDF is able to provide relatively precise results with little computational effort. In 

addition, the authors indicate that PTDF is an effective technique for congestion management 

in a deregulated electricity market [27] and it can also correctly represent bilateral power 

transactions between different players [28]. 

3.3 Adequacy Based Technique 

Adequacy based techniques have been well studied for reliability analysis according to the 

available literature. The objective is to provide an equivalent network that reduces the 

complexity of the power system while maintain the necessary reliability elements required [51].  

 

Specifically, adequacy indicates that, under static conditions, sufficient facilities are existing in 

the network so that system loads can be supplied subjected to a variety of constraints [30]. 

Considering the outages of electrical facilities such as transmission lines and generators, a 

power system can usually be classified into different operation states with their own 

possibilities. The development of adequacy based equivalencing techniques is oriented from 

the idea that if the same or similar states are merged into one state, the system can be simplified 

in terms of a reduced set of system states. Since a complete analysis of state space is necessary, 

details of the power system need to be well known in advance. 

  

Typically, adequacy equivalents appear in the form of a table. Regarding each desired 

contingency level in external system, the table could possibly contain equivalent generation at 

the boundary buses, which means the capacity available at the boundary buses assuming that 

all the system load is zero; equivalent load at the boundary buses; available capacity at the 

boundary buses, calculated by the difference between equivalent generation and equivalent load; 

the probability, the frequency and repairing rate for each contingency level. As a result, the 

external system can be modeled for each outage state. 
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As for the solution to each system state, there are two main models that have been widely 

employed [52]. Network flow method treats the power network as a transportation model to 

provide the value of maximum power that can be transferred from a source to a sink, which is 

used to derive the equivalent generations on boundary buses. It is suitable for fast network 

analysis when deriving an adequacy equivalent [51]. Basic load flow method is another 

prevalent way to solve system states. According to [51], more accurate solutions can be 

achieved with DC load flow method compared to network flow method. It can be extended to 

AC load flow method to incorporate the effects of bus voltage and reactive power if associated 

elements and parameters are included.  

 

After a complete state space analysis is performed, a diversity of methods can be used to obtain 

the adequacy equivalent. Reference [52] obtain a table which includes equivalent generation 

and load at the boundary buses. Then the external system is simply modeled by an equivalent 

generator and equivalent load connecting to boundary bus for each state. Finally states in the 

same contingence level with the same influence on power system are combined into one state. 

Subsequently the adequacy equivalent network is obtained by reducing the set of system states.   

 

However, [51] mainly use the information of available capacity at the boundary buses. States 

with negative or zero available capacities are aggregated into an equivalent state. In contrast, 

states with the same positive value of available capacities and the same contingency levels are 

combined.  

 

An innovative adequacy based equivalencing technique is proposed in [53] incorporating 

conventional reduction method. It not only provides adequacy indices of the equivalent but also 

obtains an equivalent model with its topology in detail. By short connecting all nodes with 

generation simultaneously, a single equivalent source node is created with the capability of 

integrating states of all individual sources. Then WARD injection method is used to eliminate 

all nodes with load as introduced in section 3.1.1 in chapter 3. At this point, an equivalent 

network with fictitious transmission line admittances is obtained. Similar to the method utilized 

in [51], states with the same available capacities at boundary buses are merged into an 

equivalent state regarding the obtained equivalent network. In addition, the mutual emergency 

support and the transmission capacity of tie lines between internal system and external system 

are considered to further reduce the set of system state space so that less computational effort 

is required for other analysis.  

3.4 Graph Based Technique 

Graph based technique is a straightforward method that focuses on the topological modification 
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on networks. Typically, graph based equivalencing techniques reconstruct a network by a graph 

where vertices represent the nodes whereas edges represent the links [29,32]. Then, graph 

vertices and edges are eliminated through different transformation algorithms to obtain a 

reduced graph, which can approximately represent the characteristics of the initial network. It 

can be noticed from available literature that graph based equivalencing techniques mainly target 

at system reliability analysis [29-32]. 

 

Some existing popular transformation algorithms are roughly introduced as follows according 

to [29,32,54]. Conventionally, Delta-Y transformation is the most fundamental reduction in 

circuit analysis. It transform a triangle partial graph to a Y-shape partial graph, where an extra 

vertex is created while retaining the three vertices in original. In polygon-chain transformation, 

a sequence of vertices and edges placed alternately is termed as a chain while two chains with 

common vertices forming a closed graph is defined as a polygon. As the name suggests, 

polygon-chain transformation converts a polygon sub-graph to its corresponding chain sub-

graph while maintain the behavior of polygon. Vertex merging is another transformation 

algorithm where adjacent vertices are aggregated into an equivalent vertex by omitting certain 

edges. This method is developed based on the consumption that the removed edges are 

absolutely reliable. Different from the previous three algorithms, approximate transformation 

is applied merely by ignoring some vertices and edges. This graph based equivalencing 

technique can be applied when accuracy of the analysis can be sacrificed within an acceptable 

range.  

3.5 Artificial Intelligence Based 

Artificial intelligence techniques are receiving more and more attention these years as 

information technology is developing rapidly. It enables computer to process in an intelligent 

manner similar to human minds. Artificial intelligence exists in all sorts of forms and have been 

applied to many engineering problems. Satisfactory efficiency and precision are obtained 

according to literature. Two examples are presented here to demonstrating how artificial 

intelligence can be applied in obtaining an equivalent network for power system.  

 

Reference [55] comes up with a new approach for REI equivalent method incorporating with 

artificial intelligence. The optimal portioning of the initial power system is performed by an 

artificial intelligence technique called genetic algorithms. Specifically, the number of REI buses 

and in which manner the non-essential buses in external system associate to their corresponding 

REI buses are determined through solving an optimization problem, with the help of genetic 

algorithms. The objective function of this optimization problem is to minimize mean absolute 

percentage error of the complex voltage of internal system [24] based on sensitivity analysis. 
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As a matter of fact, the new approach and the conventional REI method are exactly the same 

when it comes to reduction part. However the proposed method in [24] applies genetic 

algorithm to optimally cluster buses within external area instead of simply forming two groups 

in terms of load nodes or generation nodes, which is the mainly contribution of this approach.  

 

Artificial neutral network is another well studied artificial intelligence. It has been extensively 

employed in power system analysis such as prediction tasks, pattern recognition and 

classification tasks [36,56]. According to [36], artificial neutral network is defined as a fictitious 

information processing system, where unfixed number of single cells are distributed into 

multilayers. Continuous communication is maintained to exchange information among these 

cells and each cell is associated with another through weights. The structure of an artificial 

neutral network can be characterized by the capability of learning, memorizing and adapting, 

which is generic and abstract [36].  

 

Application of artificial intelligence to obtain external system equivalent are addressed in 

[36,56,57]. First of all, start from a detailed power system, the load flow of the network is 

calculated in order to generate data sets. Secondly data sets at the boundary buses, typically in 

form of voltages, voltage angles and transmission powers in different states of power system, 

are assigned as input or output variables of the artificial neutral network. Then an initialized 

artificial neutral network utilizes the selected input and output variables to learn the 

characteristics of the initial system. During this training procedure, the weighting factors of 

interconnections and structure of the artificial neutral network parameters are modified 

uninterruptedly with the aid of a pre-defined training algorithm. After that, the trained artificial 

neutral network is able to predict the correct output values approximately given input values, 

even if the values of input variables are completely different from the data sets used during 

training procedure [57]. Finally, an equivalent network is obtained by replacing external system 

with the amended artificial neutral network.  
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4. Models 

This chapter describes a common TEP model and two modified equivalencing techniques 

suitable for TEP in detail. The possible algorithms of implementing suggested equivalencing 

techniques for TEP are proposed at the end. 

4.1 TEP 

As is introduced in chapter 2, there is a variety of models and considerations when formulating 

TEP problem. However since the goal of this project is to test whether the suggested 

equivalencing techniques are efficient and effective for solving TEP problem instead of 

developing an innovative TEP model with advanced computational algorithms, mixed integer 

linear programming (MILP), which is developed in DC load flow based and deterministic 

model with mathematical formulation, is selected in this project. This is a straight and common 

model that has been well studied and widely applied.  

 

If the chosen TEP problem is so simple that little computational effort is required, it is not 

necessary to implement equivalencing techniques at all. For this reason, dynamic planning and 

N − 1  security criterion for existing lines are considered in order to make the problem 

sufficiently complicated. It is assumed that only one more transmission line is allowed to be 

constructed in each right of way. To derive an absolutely precise optimal plan, mathematical 

solution method is employed in this project, which converts a power system into mathematical 

equations. 

 

Conventionally, considering a dynamic TEP presented by DC model, a mixed integer non-linear 

programming (MINLP) can be formulated as follows: 

 

       𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒  {∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 𝐶𝐿𝑖𝑗 × (𝑥𝑖𝑗𝑡 − 𝑥𝑖𝑗(𝑡−1))

(𝑖,𝑗)∈𝒞

]

𝑃𝐻

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 8760 × 𝐶𝑆𝑖 × 𝐿𝑆𝑖𝑡

𝑖∈ℬ

]

𝑃ℎ

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 8760 × 𝑃𝐺𝑖𝑡 × 𝐶𝐺𝑖

𝑖∈ℬ

]

𝑃ℎ

𝑡=1

}                               (4.1) 
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Subject to: 

 

            𝑃𝐺𝑖𝑡 + 𝐿𝑆𝑖𝑡 − 𝐷𝑖𝑡 = ∑ 𝑃𝑖𝑗𝑡
0

(𝑖,𝑗)∈ℰ𝑖

+  ∑ 𝑃𝑖𝑗𝑡
1

(𝑖,𝑗)∈𝒞𝑖

 ∀𝑖 ∈ ℬ, ∀𝑡 ∈ 𝒯                (4.2) 

                                     𝑃𝑖𝑗𝑡
0 = 𝑏𝑖𝑗 × (𝜃𝑖𝑡 − 𝜃𝑗𝑡)   ∀(𝑖, 𝑗) ∈ ℰ, ∀𝑡 ∈ 𝒯                      (4.3) 

                                   −𝑃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝑃𝑖𝑗𝑡

0 ≤ 𝑃𝑖𝑗
𝑚𝑎𝑥   ∀(𝑖, 𝑗) ∈ ℰ, ∀𝑡 ∈ 𝒯                         (4.4) 

                      𝑃𝑖𝑗𝑡
1 = 𝑏𝑖𝑗 × 𝑥𝑖𝑗𝑡 × (𝜃𝑖𝑡 − 𝜃𝑗𝑡)   ∀(𝑖, 𝑗) ∈ 𝒞, ∀𝑡 ∈ 𝒯                         (4.5) 

                  −𝑥𝑖𝑗𝑡 × 𝑃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝑃𝑖𝑗𝑡

1 ≤ 𝑥𝑖𝑗𝑡 × 𝑃𝑖𝑗
𝑚𝑎𝑥    ∀(𝑖, 𝑗) ∈ 𝒞, ∀𝑡 ∈ 𝒯                  (4.6) 

                              −𝜃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝜃𝑖𝑡 − 𝜃𝑗𝑡 ≤ 𝜃𝑖𝑗

𝑚𝑎𝑥   ∀(𝑖, 𝑗) ∈ 𝒦, ∀𝑡 ∈ 𝒯                    (4.7) 

                                                                  𝜃𝑟𝑒𝑓 = 0                                                         (4.8) 

                                     0 ≤ 𝑃𝐺𝑖𝑡 ≤ 𝑃𝐺𝑖𝑡
𝑚𝑎𝑥    ∀𝑖 ∈ ℬ, ∀𝑡 ∈ 𝒯                                    (4.9) 

                                        0 ≤ 𝐿𝑆𝑖𝑡 ≤ 𝐷𝑖𝑡    ∀𝑖 ∈ ℬ, ∀𝑡 ∈ 𝒯                                       (4.10) 

                                     𝑥𝑖𝑗𝑡 ≥ 𝑥𝑖𝑗(𝑡−1)   ∀(𝑖, 𝑗) ∈ 𝒞, ∀𝑡 ∈ 𝒯                                     (4.11) 

 

Equation (4.1)-(4.11) comprise a basic MINLP model only containing mandatory constraints, 

where superscript “0” represents existing lines while superscript “1” is meant for candidate 

lines . The objective function to be minimized in (4.1) is the present value of the summation of 

investment cost on new transmission lines, load shedding cost and generation cost for the whole 

planning horizon [5], which is formulated based on social concerns regarding TEP problem. 

Constraint (4.2) states active power balance at each bus. Constraint (4.3) and (4.4) represent 

power flow and its limits on the existing transmission lines respectively. However power flow 

and its limits on candidate transmission lines are enforced by (4.5) and (4.6), where a binary 

variable is involved. If the value of the binary variable equals to 1, it means a candidate line is 

constructed. On the contrary, no line is installed when the binary variable equals to 0. Therefore 

if a suggested candidate line is not constructed, the corresponding power flow is zero. It can be 

noticed that (4.5) is a non-linear equation in that a free variable is multiplied by a binary variable. 

Constraint (4.7) imposes limits to the phase angle difference between two ends of a transmission 

line [13] while (4.8) fixes the value of phase angle on reference bus. Since DC load flow model 

is employed here, the magnitude of each bus voltage is assumed to be maintained at its nominal 

value, there is no constraint imposed on it. The upper bound and lower bound of generation and 

load shedding are established through (4.9) and (4.10). Finally, (4.11) ensures that the planning 

scheme is a one-time investment [6] 

 

Due to the complexity of solving MINLP directly, non-linear (4.5) is linearized by introducing 



25 

 

a disjunctive factor 𝑀. This scheme has been well studied in [5-9], where 𝑀 is a positive 

parameter that is large enough so that bus angle difference between any buses is enforced within 

acceptable range regardless if there exists a transmission line between these two buses. 

Constraint (4.5) is then replaced by its equivalent linear one given by (4.12) [59]. Therefore, 

the proposed TEP model is transformed into a MILP problem.  

 

      −(1 − 𝑥𝑖𝑗𝑡)𝑀 ≤
𝑃𝑖𝑗𝑡

1

𝑏𝑖𝑗
− (𝜃𝑖𝑡 − 𝜃𝑗𝑡) ≤ (1 − 𝑥𝑖𝑗𝑡)𝑀  ∀(𝑖, 𝑗) ∈ 𝒞, ∀𝑡 ∈ 𝒯   (4.12) 

 

In order to consider N − 1  security criterion, (4.1) is expanded to (4.13), which take the 

availability of transmission lines into account. Two extra terms are added, which are the 

summation of load shedding cost under all considered contingency occasions and the 

summation of generation cost under all considered contingency occasions for the whole 

planning horizon [10]. 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒         {∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 𝐶𝐿𝑖𝑗 × (𝑥𝑖𝑗𝑡 − 𝑥𝑖𝑗(𝑡−1))

(𝑖,𝑗)∈𝒞

]

𝑃𝐻

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 8760 × 𝑝𝑎 × 𝐶𝑆𝑖 × 𝐿𝑆𝑖𝑡

𝑖∈ℬ

]

𝑃ℎ

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ 8760 × 𝑝𝑎 × 𝑃𝐺𝑖𝑡 × 𝐶𝐺𝑖

𝑖∈ℬ

]

𝑃ℎ

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ ∑ 8760 × 𝑝𝑚𝑛
𝑓

× 𝐶𝑆𝑖 × 𝐿𝑆𝑖𝑡
𝑚𝑛

(𝑚.𝑛)∈ℱ𝑖∈ℬ

]

𝑃ℎ

𝑡=1

+ ∑ [(1 − 𝐼)𝑡−𝑡0 ∑ ∑ 8760 × 𝑝𝑚𝑛
𝑓

× 𝑃𝐺𝑖𝑡
𝑚𝑛 × 𝐶𝐺𝑖

(𝑚.𝑛)∈ℱ𝑖∈ℬ

]

𝑃ℎ

𝑡=1

} (4.13) 

 

Correspondingly, additional constraints (4.14)-(4.22) are required to realize the operational 

scheme under contingency occasions, all of which are modified bases on (4.2)-(4.4) and (4.6)-

(4.12). 

 

𝑃𝐺𝑖𝑡
𝑚𝑛 + 𝐿𝑆𝑖𝑡

𝑚𝑛 − 𝐷𝑖𝑡 = ∑ 𝑃𝑖𝑗𝑡
0𝑚𝑛 +

(𝑖,𝑗)∈ℰ𝑖

 ∑ 𝑃𝑖𝑗𝑡
1𝑚𝑛

(𝑖,𝑗)∈𝒞𝑖

 

                                               ∀𝑖 ∈ ℬ, ∀(𝑚, 𝑛) ∈ ℱ, ∀𝑡 ∈ 𝒯                                      (4.14) 

𝑃𝑖𝑗𝑡
0𝑚𝑛 = 0  
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              ∀(𝑖, 𝑗) ∈ ℰ, ∀(𝑚, 𝑛) ∈ ℱ, (𝑖, 𝑗) = (𝑚, 𝑛) 𝑜𝑟 (𝑛, 𝑚), ∀𝑡 ∈ 𝒯                 (4.15) 

𝑃𝑖𝑗𝑡
0𝑚𝑛 = 𝑏𝑖𝑗 × (𝜃𝑖𝑡

𝑚𝑛 − 𝜃𝑗𝑡
𝑚𝑛)  

               ∀(𝑖, 𝑗) ∈ ℰ, ∀(𝑚, 𝑛) ∈ ℱ, (𝑖, 𝑗) ≠ (𝑚, 𝑛) 𝑛𝑜𝑟 (𝑛, 𝑚), ∀𝑡 ∈ 𝒯              (4.16) 

−𝑃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝑃𝑖𝑗𝑡

0𝑚𝑛 ≤ 𝑃𝑖𝑗
𝑚𝑎𝑥   

              ∀(𝑖, 𝑗) ∈ ℰ, ∀(𝑚, 𝑛) ∈ ℱ, (𝑖, 𝑗) ≠ (𝑚, 𝑛) 𝑛𝑜𝑟 (𝑛, 𝑚), ∀𝑡 ∈ 𝒯                (4.17) 

−(1 − 𝑥𝑖𝑗𝑡)𝑀 ≤
𝑃𝑖𝑗𝑡

1𝑚𝑛

𝑏𝑖𝑗
− (𝜃𝑖𝑡

𝑚𝑛 − 𝜃𝑗𝑡
𝑚𝑛) ≤ (1 − 𝑥𝑖𝑗𝑡)𝑀  

                                        ∀(𝑖, 𝑗) ∈ 𝒞, ∀(𝑚, 𝑛) ∈ ℱ, ∀𝑡 ∈ 𝒯                                        (4.18) 

−𝑥𝑖𝑗𝑡 × 𝑃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝑃𝑖𝑗𝑡

1𝑚𝑛 ≤ 𝑥𝑖𝑗𝑡 × 𝑃𝑖𝑗
𝑚𝑎𝑥  

                                        ∀(𝑖, 𝑗) ∈ 𝒞, ∀(𝑚, 𝑛) ∈ ℱ, ∀𝑡 ∈ 𝒯                                       (4.19) 

        −𝜃𝑖𝑗
𝑚𝑎𝑥 ≤ 𝜃𝑖𝑡

𝑚𝑛 − 𝜃𝑗𝑡
𝑚𝑛 ≤ 𝜃𝑖𝑗

𝑚𝑎𝑥  ∀(𝑖, 𝑗) ∈ 𝒦, ∀(𝑚, 𝑛) ∈ ℱ, ∀𝑡 ∈ 𝒯           (4.20) 

                                                                   𝜃𝑟𝑒𝑓
𝑚𝑛 = 0                                                        (4.21) 

                      0 ≤ 𝑃𝐺𝑖𝑡
𝑚𝑛 ≤ 𝑃𝐺𝑖𝑡

𝑚𝑎𝑥    ∀𝑖 ∈ ℬ, ∀(𝑚, 𝑛) ∈ 𝒦, ∀𝑡 ∈ 𝒯                      (4.22) 

                      0 ≤ 𝐿𝑆𝑖𝑡
𝑚𝑛 ≤ 𝐷𝑖𝑡    ∀𝑖 ∈ ℬ, ∀(𝑚, 𝑛) ∈ 𝒦, ∀𝑡 ∈ 𝒯                              (4.23) 

 

The superscripts 𝑚𝑛 in (4.14)-(4.22) represents modified variables considering a line between 

bus 𝑚 and bus 𝑛 is unavailable [10]. The set of 𝑚𝑛 is a sub-collection of the existing lines 

based on the consumption that only exiting lines are possible to be at outage. Similarly, 

constraint (4.14) denotes the active power balance when transmission line 𝑚𝑛 is outaged. If 

the unavailable line is the same as the studied line, no power is transferred through this existing 

line, which is enforced by (4.15). However when the outaged line is not the same as the 

concerned existing line, power flow on this line is imposed by (4.16). Constraint (4.17) sets 

limits on transmission line capacity. Constraints (4.18) and (4.19) impose a linearized power 

flow model and transmission capacity on candidate lines when one existing line 𝑚𝑛  is 

unavailable. Constraints (4.20)-(4.23) under a contingency situation still maintain the same 

implications as (4.7)-(4.10). 

 

Above all, the final TEP model are obtained, where a real power system planning problem is 

converted into a variety of mathematical equations or inequalities. To make it clearer at a glance, 

the proposed TEP model consists of one objective function (4.13) and constraints (4.2) -(4.4), 

(4.6)-(4.12) and (4.14)-(4.23). This is a fairly sophisticated model for a large-scale power 

system. Optimal plans are given by the composition of binary variables. 
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4.2 Equivalencing Techniques 

According to the literature review in chapter 3, there are five types of equivalencing techniques, 

which have been approved to be effective and efficient regarding a certain problem. However 

not all of them are suitable for being embedded in TEP problem.  

 

TEP can be regarded as an electricity market topic to some degree since economic issues are 

taken into consideration. Nevertheless, necessary variables or its corresponding formulations 

required by market based equivalencing techniques are not in coherence with the proposed TEP 

model in section 4.1 in chapter 4. LMP based method is developed based on traditional 

equivalencing techniques with some economic aspects involved. Specifically, LMP merely 

clusters buses during partitioning phase according to nodal marginal prices and each obtained 

group is still aggregated by REI or WARD during equivalencing phase. Moreover, generation 

cost in LMP is modeled as a quadratic curve whereas a linear representation of generation cost 

is created in the suggested TEP model to avoid complexity caused by nonlinearity. On the other 

hand, even though power exchange and capacity of transmission lines plays in indispensable 

role in TEP problem, bilateral transfers and their impacts on the remaining network are not 

concerned in the proposed TEP model. As a result, PTDF based approach is not appropriate for 

solving TEP either. 

 

As for adequacy based technique, it mainly concerns with the reduction on space of system 

states, disregarding real topologies of power systems. However for the developed TEP model, 

location of constructed lines are significant and it is not realistic to simplify TEP model into 

different system states. Since adequacy based equivalencing technique is principally utilized 

for system reliability analysis, it is not selected to solve TEP in this project. 

 

In contrast, graph based technique is achieved in terms of topological modification by 

eliminating of vertices and edges. System reliability analysis, especially k-terminal reliability 

problem [11,58] is solved by graph based techniques. The exact information on the availability 

of each vertex and edge is of great importance when performing topological modification. 

However the suggested TEP model considers N − 1 security criterion, which means only one 

facility is outaged at one time. Since the power system consists of a large amount of electrical 

facilities, it is neither realistic nor efficient to obtain an equivalent for every contingency 

occasion with graph-based method. Consequently, this equivalencing technique is not suitable 

for being implemented in TEP model.  

 

Artificial intelligence base method is not selected for this project either. Few methods have been 

applied for obtaining equivalent network according to literature. Reference [16] merely adopts 
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genetic algorithms to derive an optimal solution to clustering, not concentrating on how each 

cluster should be aggregated. Artificial neutral network method proposed in [36] creates a 

fictitious network requiring learning procedure via different sets of input and output variables, 

which is difficult to be combined with TEP problem. In reality, it can be argued that artificial 

intelligence based methods have not been authentically employed in obtaining an equivalent 

network [30] 

 

Above all, load flow based equivalencing techniques are selected in this project for TEP. The 

proposed TEP model is primarily developed based on DC load flow theory. It can be concluded 

from relevant literature that load flow based methods have been well studied and can be 

adjusted to different problems in a flexible manner. Traditionally, the initial power system is 

partitioned into internal system and external system when employing load flow methods, based 

on which area is of concerned. However, the problem is more complicated in TEP problem in 

that buses corresponding to all candidate lines are usually distributed everywhere in power 

systems. These buses are essential buses should be retained during equivalencing procedure. 

For this reason, it is not possible nor realistic to partition a system in terms of studied area. 

Therefore, necessary modifications and assumptions are needed so that power flow based 

methods can be implemented in TEP. 

4.2.1 Modified REI 

The advantage of REI method is that it is capable to preserve some properties of reduced 

generators and load through extra REI nodes [47]. As a basis, it is assumed that the power 

system has already been partitioned into some interconnected sub-systems according to a 

certain pattern. Suppose one of the sub-systems is external system which is to be reduced while 

the remaining network is regarded as internal system. Within the external system, buses are 

classified into three types: boundary buses (B), essential buses (E) and non-essential buses (N), 

where essential buses are associated with candidate lines while non-essential buses are not.  

 

First of all, all power injections at non-essential buses 𝑛 are linearized by replacing them by 

their corresponding bus admittances 𝑦𝑛,0. The admittances and injected current for each non-

essential bus is calculated by (4.24) and (4.25) respectively [23]: 

 

                                                          𝑦𝑛,0 = −
𝑆𝑛

∗

|𝑉𝑛|2
                                                    (4.24) 

                                                                  𝐼𝑛 =
𝑆𝑛

∗

𝑉𝑛
∗

                                                        (4.25) 

 

It should be noted that some buses may have load and generation injections at the same time. 
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For theses buses, two admittances and currents are calculated by separating the two injections.  

All the calculated admittances are connected between non-essential buses and fictitious ground 

buses (0). Then only two ground buses are kept as common buses by gathering them, one for 

load injections and one for generation injections [24].  

 

Afterwards, two fictitious REI buses (R) are created to aggregate all injections at non-essential 

buses, for load injections and generation injections respectively. The power injections at REI 

buses are given by summing all the load or generation power injections at non-essential buses 

together, which are expressed as (4.26) and (4.27). Subscripts 𝑙  and 𝑔 represent load and 

generation respectively. They are valid based on the consumption that the system is lossless 

[24]. 

 

                                                            𝑆𝑡𝑜𝑡,𝑙 = ∑ 𝑆𝑛,𝑙                                                 (4.26) 

                                                            𝑆𝑡𝑜𝑡,𝑔 = ∑ 𝑆𝑛,𝑔                                               (4.27) 

 

Then the injection current at each REI bus is the summation of load or generation current 

injections at non-essential buses by applying the first Kirchhoff Law: 

 

                                                          𝐼𝑡𝑜𝑡,𝑙 = ∑ 𝐼𝑛,𝑙                                                    (4.28) 

                                                          𝐼𝑡𝑜𝑡,𝑔 = ∑ 𝐼𝑛,𝑔                                                  (4.29) 

 

Based on power injections and current injections at each REI bus, the voltage of each REI bus 

can be determined by: 

 

                                                         𝑉𝑡𝑜𝑡,𝑙 =
𝑆𝑡𝑜𝑡,𝑙

𝐼𝑡𝑜𝑡,𝑙
∗                                                       (4.30) 

                                                         𝑉𝑡𝑜𝑡,𝑔 =
𝑆𝑡𝑜𝑡,𝑔

𝐼𝑡𝑜𝑡,𝑔
∗                                                     (4.31) 

 

At last, the new created REI bus is connected to the two retained ground buses through fictitious 

admittances. In order to enforce the first Kirchhoff Law is satisfied, the values of these two 

admittances should be: 

 



30 

 

                                                        𝑦𝑡𝑜𝑡,𝑙 =
𝑆𝑡𝑜𝑡,𝑙

∗

|𝑉𝑡𝑜𝑡,𝑙|
2                                                  (4.32) 

                                                        𝑦𝑡𝑜𝑡,𝑔 =
𝑆𝑡𝑜𝑡,𝑔

∗

|𝑉𝑡𝑜𝑡,𝑔|
2                                                 (4.33) 

 

At this point, the initial external system is modified to a topology similar to the form shown in 

figure 3.5. Then the bus admittance matrix 𝑌𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 for the external system can be obtained. 

In order to make it convenient for further reduction, 𝑌𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑  is rearranged in the general 

form as shown in figure 4.1. 

 

If let ℰ represent all the buses to be eliminated (including non-essential buses and fictitious 

ground buses in external system) whereas ℛ for the retained buses (including essential buses, 

REI buses and boundary buses in external system), the general form of bus admittance matrix 

for external system presented in figure 4.1 can be further simplified to the form shown in figure 

4.2. 

 

 E R B 0 N 

E  0  0  

R 0  0  0 

B  0  0  

0 0  0   

N  0    

 

Figure 4.1 General form of Modified Bus Admittance Matrix 
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 ℛ  ℰ 

ℛ 𝑌ℛℛ 𝑌ℛℰ 

ℰ 𝑌ℰℛ 𝑌ℰℰ 

 

Figure 4.2 Simplified General form of Modified Bus Admittance Matrix 

 

Finally, non-essential buses and ground buses within external system can be omitted by 

Gaussian elimination expressed by (4.34) [47], giving a final REI equivalent network 𝑌𝑒𝑞  for 

external system only containing essential buses, REI buses and boundary buses. However the 

interconnections between external system and internal system as well as within internal system 

still remain the same as the initial system. 

 

                                                   𝑌𝑒𝑞 = 𝑌ℛℛ − 𝑌ℛℰYℰℰ
−1𝑌ℰℛ                                         (4.34) 

 

Compared with the traditional manner, the modified REI method retains some essential buses 

in external system instead of eliminating all the buses belonging to external system. This is able 

to incorporate some natural properties of retained buses. However, the equivalent network is 

merely expressed in the form of bus admittance matrix and the algorithm of tuning REI 

equivalent into TEP problem will be introduced in section 4.2.3 in this chapter. 

4.2.2 Modified WARD 

Traditionally, WARD admittance method converts power injections into shunt admittance 

between buses and zero potential points. According to section 3.1.1 in chapter 3, this technique 

suffers from accuracy problem and it doesn’t preserve any properties of load or generation on 

non-essential buses. It is not desirable for solving TEP problem since the amount of load and 

generation is of great importance in TEP, which has a profound influence on how much power 

is transferred on each transmission line. On the other hand, WARD injection method converts 

power injection into current injection first and after Gaussian elimination the modified current 

injections are converted back to power injections on boundary buses. Although this method 

preserves some characteristics of reduced buses, power injections on boundary buses cannot 

reflect the total amount of load and generation on reduced buses directly, which is not suitable 

for TEP either. Considering these drawbacks of WARD method, the author comes up with a 
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modified WARD method based on the idea of shifting load or generation on non-essential buses 

to adjacent retained buses and ‘merging’ non-essential buses to the remaining buses. 

 

First of all, within the scope of external system, buses associated with candidate lines and 

boundary buses are defined as essential buses (E) while the remaining buses are non-essential 

buses (N). Given detailed parameters of initial external system, the load or generation on non-

essential buses are shifted to an adjacent essential bus (interconnected directly) without 

changing the values. However if there is more than one essential bus directly connected to the 

targeted non-essential one, the load or generation is shifted to the essential bus connected by a 

line with highest value of susceptance. If there is no essential bus connected to the non-essential 

one directly, the load or generation is shifted to a nearest essential bus, which is indirectly 

connected to the non-essential bus with highest summation of susceptances of lines connecting 

these two buses. Here the value of susceptance of a transmission line is regarded as an indicator 

on how these two buses are related to each other, where a higher value of susceptance means a 

closer relationship. 

 

Figure 4.3 A Simple External System to be Reduced 

 

For example, figure 4.3 represents a simple external system to be reduced. Each bus is assigned 

a number and ‘E’ denotes essential buses whereas ‘N’ for non-essential one. Non-essential bus 

7 is only connected to one essential bus 4. Therefore the generation on bus 7 is shifted to bus 4, 

resulting in: 

 

                                                     𝑆4,𝑔
𝑛𝑒𝑤 = 𝑆7,𝑔 + 𝑆4,𝑔

𝑜𝑙𝑑                                      (4.35) 

 

However non-essential bus 3 is connected with two essential ones, which are bus 1 and bus 2. 



33 

 

Assume that the susceptance of line 1-3 is larger than that of line 2-3. Then the generation on 

bus 3 will be shifted to bus 1, which is expressed as: 

 

                                                             𝑆1,𝑔 = 𝑆3,𝑔                                                     (4.36) 

 

Furthermore, non-essential bus 6 doesn’t connect to any essential bus directly. However, it is 

connected to essential buses through route 6-3-1, 6-3-2, 6-7-4 and 6-7-5-2. Since buses are 

always distributed in a power system bus fay away with each other, only routes with least 

number of lines are considered. If the summation of susceptances in route 6-3-2 is larger than 

that of 6-3-1 and 6-7-4, then the load on bus 6 is shifted to bus 2.  

 

After shifting all the load and generation on non-essential buses, the bus admittance matrix of 

external system is rearranged according to the general form in figure 4.4, where E indicates 

essential buses while N denotes non-essential ones. 

 

 E N 

E 𝑌𝐸𝐸  𝑌𝐸𝑁 

N 𝑌𝑁𝐸  𝑌𝑁𝑁 

Figure 4.4 General form of Rearranged Bus Admittance Matrix 

 

Finally, Gaussian elimination is performed on the modified bus admittance matrix by (4.37), 

yielding the equivalent network of external system. The algorithm of implementing this 

equivalent network in TEP will be presented in next section. 

 

                                                    𝑌𝑒𝑞 = 𝑌𝐸𝐸 − 𝑌𝐸𝑁𝑌𝑁𝑁
−1𝑌𝑁𝐸                                          (4.37) 

4.3 Implementing Equivalencing Techniques in TEP 

Both of proposed equivalencing techniques in section 4.2 in this chapter generate a reduced 

external network in the form of bus admittance matrix. This means the topology as well as the 

parameters of transmission lines and buses are changed. To apply the obtained equivalent 

network it TEP model, a variety of modifications are required explained by the following steps: 
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 The equivalent network contains less buses compared to the original power system, 

therefore the number of total buses should be changed. 

 With less buses in equivalent networks, renumbering retained buses and assigning numbers 

to new buses (REI buses) are necessary. 

 Since load or generation on different buses is aggregated during equivalencing procedure, 

the amount of generation capacity and load on each bus needs updating, which is equal to 

the summation of all aggregated loads or generations. 

 When generation units with different operational costs appear on the same bus, the 

equivalent cost 𝐶𝑒𝑞 is approximated by a weighted average calculated by (4.38) to make 

programming in GAMS easier. 𝐶𝑖 and 𝑃𝑖  represents the operational cost and generation 

capacity of a single generation unit connected to the aimed bus, respectively. 

                                                       𝐶𝑒𝑞 =
∑ 𝐶𝑖𝑃𝑖

∑ 𝑃𝑖

                                                 (4.38) 

 Susceptances in external network should be updated according to the equivalent bus 

admittance matrix whereas the values will remain the same for internal system and tie lines. 

 When the reference bus (slack bus) is eliminated during the equivalencing procedure, a 

new reference bus should be selected in the equivalent network. The new one is determined 

by to which bus the generation on original reference bus is shifted. However reference bus 

will not be changed if it is not reduced. 

 After Gaussian elimination, some existing lines will have new values of susceptances and 

extra lines will appear within external system. These lines are termed as new intra-

connected lines in this report. However, their transmission capacities are not clarified. 

Traditionally it is ignored by setting the transmission limits to infinity whereas a wide range 

of values will be tested in this project.  

 

Therefore, the algorithm of implementing proposed equivalent techniques in TEP can be 

summarized as the following steps: 

 

For modified REI method: 

 Step 1: Partition the original system into several sub-systems 

 Step 2: Define essential buses, non-essential buses and boundary buses for each sub-system 

 Step 3: Create REI load bus and REI generation bus, and calculate their power injection 

for each sub-system 

 Step 4: Create fictitious grounded buses, through which connect REI buses to non-essential 

buses for each sub-system 

 Step 5: Calculate admittance of each line according for each modified sub-system  

 Step 6: Derive final bus admittance matrix for the entire system by performing Gaussian 

elimination on each sub-system 

 Step 7: Update total bus number in TEP model 



35 

 

 Step 8: Renumber all retained buses and assign numbers to REI buses 

 Step 9: Update generation capacity and load for each bus 

 Step 10: Calculate equivalent generation cost for generation bus 

 Step 11: Update susceptance values for the entire system 

 Step 12: Assign new slack bus if it is eliminated 

 Step 13: Choose capacities for new intra-connect lines 

 

For modified WARD method: 

 Step 1: Partition the original system into several sub-systems 

 Step 2: Define essential buses, non-essential buses and boundary buses for each sub-system 

 Step 3: Shift load and generation on non-essential buses to essential buses for each sub-

system 

 Step 4: Derive final bus admittance matrix for the entire system by performing Gaussian 

elimination on each sub-system 

 Step 5: Update total bus number in TEP model 

 Step 6: Renumber all retained buses 

 Step 7: Update generation capacity and load for each bus 

 Step 8: Calculate equivalent generation cost for generation bus 

 Step 9: Update susceptance values for the entire system 

 Step 10: Assign new slack bus if it is eliminated 

 Step 11: Choose capacities for new intra-connect lines 

 

At this point, a new TEP model is obtained for the equivalent network. By running the original 

and equivalent TEP model, simulation results are to be derived and compared. Since the 

objective of this project is to test if the proposed equivalencing techniques are suitable for 

solving TEP, further adjustments on equivalent networks are required to tune the suggested 

algorithms into TEP model. 
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5 Simulation Results 

In this Chapter, IEEE 24-bus reliability test system (RTS) [59] is employed to test the proposed 

model. The original and equivalent TEP models are simulated in GAMS (V24.0.1) while 

equivalencing techniques are implemented in MATLAB R2012b (V8.0.0.783) to derive 

equivalent power systems. Optimal plans generated by both TEP models are compared and 

analyzed, based on which further adjustments are made on equivalent TEP models to search for 

more accurate results. The configuration of the computer used for all simulation is Intel(R) 

Core(TM) i5 CPU M 520 @ 2.40 GHz with 3.87 GB of RAM. 

5.1 IEEE 24-bus RTS 

IEEE 24-bus RTS shown in figure 5.1 is composed of 24 buses, 38 branches, 17 loads, 33 

generators distributed at 10 buses. The total generation capacity and load are 3405.0 MW and 

2850.0 MW in original respectively. All detailed parameters regarding this system can be found 

in Appendix A [59]. IEEE 24-bus RTS is separated into two regions connected by 5 tie lines in 

nature in terms of voltage level and transmission level. Since how to partition a power system 

optimally is not within the scope of this project, it is assumed that equivalencing techniques are 

performed on 138 kV (175 MW) network and 230 kV (500 MW) network respectively 

according to the initial system, which means when 138 kV network is being reduced, 230 kV 

network is regarded as internal system and vice versa.  

Figure 5.1 IEEE 24-bus reliability test system (RTS) 
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5.2 TEP Results for Original System 

A 5-year dynamic transmission expansion planning is considered in this project. Based on the 

amount of load and genration capacity in original, it is assumed that each load and genration 

unit capacity will increase by 5-20% each year. It is also assumed that no bilateral or multilateral 

contact exists in this electriciy market [5]. Furthermore, a 5% annual interest rate [5] is selected , 

to calculated the present value of the objective function. Typically, considering every possible 

candidate line is not realistic due to pratical issues and efficiency problem. Therefore, it is 

assumed that the system has been well studied and 7 lines are indicated as candidate line set 

(parameters are given in Appendix A). According to [2], a complete N-1 security analysis is 

indeed not essential in a large-scale power system especially for planning stuides in that a new 

constructed line has little influence on transmission lines located far away. For this reason, only 

6 lines with listed in table 5.1, which either have higher outage rate or cause higher load 

sheddings, are participating in the N-1 analysis. The unavailability of the contingency lines are 

assumed to be 5%. The selection of candidate lines and contigency lines is based on 

assumptions in general, just for the purpose of testing equivalent TEP models. 

 

Lines involved in 

N-1 Analysis 
3-9 3-24 14-16 15-21 15-24 20-23 

Table 5.1 Lines involved in N-1 Analysis 

 

Considering suggested assumptions and the given data, a 5-year transmission expansion plan 

shown in table 5.2 is obtained, where a single tick means this line exists in the power system. 

Therefore, line 11-17 and 9-15 are constructed in the first year whereas line 9-24 and 16-19 are 

installed in the third year according to the results. The simulation is 11min43s, which means 

lots of computational effort is required. 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost 

(MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 11min43s 

Table 5.2 TEP Results for Original System 
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5.3 Results for Equivalencing Techniques 

Before applying equivalencing techniques, the AC optimal power flow (OPF) is performed in 

MATLAB on the initial IEEE 24-bus RTS. The results regarding each bus and operational cost 

are listed in table 5.3 (‘*’ denotes slack bus) while power flow results on tie lines are presented 

in table 5.4. These two tables will serve as a reference for the reduced networks. 

Bus 

Voltage Generation Load 
Marginal Cost 

($/MVA-hr) 

Magnitude 

(p.u.) 

Angle 

(deg) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 
P Q 

1 1.047 -6.755 184.00 6.56 108.00 22.00 49.588 - 

2 1.047 -6.831 184.00 3.77 97.00 20.00 49.612 - 

3 1.014 -6.187 - - 180.00 37.00 49.687 0.749 

4 1.016 -9.574 - - 74.00 15.00 51.123 0.363 

5 1.035 -9.737 - - 71.00 14.00 50.851 -0.065 

6 1.032 -12.310 - - 136.00 28.00 51.819 -0.254 

7 1.036 -9.877 211.03 49.32 125.00 25.00 51.072 - 

8 1.009 -12.553 - - 171.00 35.00 52.425 0.329 

9 1.024 -7.818 - - 175.00 36.00 50.398 0.263 

10 1.050 -9.678 - - 195.00 40.00 50.657 -0.444 

11 1.023 -2.613 - - - - 50.273 0.035 

12 1.017 -1.876 - - - - 50.173 0.090 

13 1.033 0.000* 235.74 97.80 265.00 54.00 49.707 - 

14 1.040 1.012 0.00 114.92 194.00 39.00 49.454 - 

15 1.041 9.324 167.00 109.99 317.00 64.00 47.643 0.140 

16 1.044 8.543 155.00 80.00 100.00 20.00 47.805 0.094 

17 1.048 12.892 - - - - 46.865 0.061 

18 1.050 14.247 400.00 72.89 333.00 68.00 46.575 - 

19 1.039 7.493 - - 181.00 37.00 48.045 0.107 

20 1.044 8.452 0 - 128.00 26.00 47.834 0.052 

21 1.050 15.023 400.00 -7.45 - - 46.411 - 

22 1.050 20.691 300.00 -38.48 - - 45.239 - 

23 1.050 9.684 660.00 45.63 - - 47.564 - 

24 1.006 3.668 - - - - 48.998 0.590 

Total 2896.77 534.96 2850.00 580.00  

Operational Cost ($/hour) 63352.21 

Table 5.3 OPF Results for All buses of the Original System 
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From 

Bus 
To Bus 

From Bus injection To Bus Injection Loss 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

3 24 -202.04 -2.38 203.01 37.74 0.969 35.36 

9 11 -110.63 -25.77 110.93 36.73 0.300 10.96 

9 12 -125.26 -17.54 125.64 31.13 0.372 13.58 

10 11 -153.72 22.06 154.25 -2.97 0.523 19.10 

10 12 -168.59 31.07 169.23 -7.80 0.638 23.27 

Table 5.4 OPF Results for tie lines in the Original System 

 

IEEE 24-bus RTS is partitioned into two areas in original in terms of voltage level. The 

proposed equivalencing techniques will be separately performed on both areas. Specifically, 

when 138 kV network is regarded as external system to be reduced, 230 kV network is then 

referred to as internal system. However when 230 kV network is to be reduced, 138 kV network 

becomes internal system, which is retained. Table 5.5 and 5.6 give classifications of buses for 

each sub-system when it is concerned. Equivalencing techniques are performed on each sub-

system to derive its equivalent reduced network, and then the obtained equivalents are 

interconnected by ties lines, forming the final equivalent for the entire system. 

 

Buses to be retained (boundary buses; buses 

associated with candidate lines and contingency 

lines) 

Non-essential Buses 

(not associate with 

candidate lines or 

contingency lines) 

3, 5, 6, 9, 10 1, 2, 4, 7, 8 

Table 5.5 Classifications of Buses for 138 kV Sub-system 

 

Buses to be retained (boundary buses; buses 

associated with candidate lines and contingency 

lines) 

Non-essential Buses 

(not associate with 

candidate lines or 

contingency lines) 

11, 12, 14, 15, 16, 17, 19, 20, 21, 23, 24 13, 18, 22 

Table 5.6 Classifications of Buses for 230 kV Sub-system 

5.3.1 Modified REI 

With the modified REI method applied to both of sub-systems respectively, equivalent bus 

admittance matrix for the whole system can be obtained. Two REI buses are created for each 

sub-system, with the outcome of an equivalent system with 20 buses. By implementing the 

equivalent network into MATLAB, OPF results of the equivalent system are listed in table 5.7 
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and 5.8. It should be noted that the bus number of the equivalent system is translated back to 

the number assigned in the initial system in order to make it convenient for comparison.  

 

Bus 

Voltage Generation Load 
Marginal Cost 

($/MVA-hr) 

Magnitude 

(p.u.) 

Angle 

(deg) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 
P Q 

3 0.988 -18.593 - - 180.00 37.00 54.203 1.663 

5 0.975 -21.991 - - 71.00 14.00 55.463 2.335 

6 0.900 -24.477 - - 136.00 28.00 56.816 4.510 

9 0.995 -20.135 - - 175.00 36.00 53.663 1.677 

10 0.961 -21.964 - - 195.00 40.00 54.303 2.501 

REI1 1.030 -22.221 - - 575.00 117.00 53.058 0.581 

REI2 1.048 -20.919 615.05 289.12 - - 52.337 - 

11 0.992 -14.648 - - - - 53.258 1.480 

12 0.979 -13.807 - - - - 52.648 1.698 

14 1.037 -11.239 0.00 200.00 194.00 39.00 53.460 0.422 

15 1.034 -2.983 167.00 110.00 317.00 64.00 52.944 0.266 

16 1.039 -3.747 155.00 80.00 100.00 20.00 52.694 0.244 

17 1.044 -0.489 - - - - 52.647 0.255 

19 1.034 -4.714 - - 181.00 37.00 52.139 0.233 

20 1.041 -3.683 - - 128.00 26.00 51.197 0.120 

21 1.050 2.569 400.00 54.56 - - 52.411 - 

23 1.050 -2.424 660.00 174.15 - - 50.526 - 

24 0.990 -8.567 - - - - 54.034 1.057 

REI3 1.038 -4.339 - - 598.00 122.00 50.112 0.293 

REI4 1.076 0.000* 907.00 190.49 - - 48.574 - 

Total 2904.05 1098.32 2850.00 580.00  

Operational Cost ($/hour) 63788.43 

Table 5.7 OPF Results for All Buses of the Equivalent System Obtained by Modified REI 
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From 

Bus 
To Bus 

From Bus injection To Bus Injection Loss 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

3 24 -197.41 -13.34 198.39 49.07 0.980 35.73 

9 11 -109.76 -21.63 110.04 32.89 0.309 11.26 

9 12 -124.34 -4.85 124.72 18.78 0.382 13.93 

10 11 -143.01 -42.50 143.58 63.53 0.577 21.03 

10 12 -156.70 -25.68 157.35 49.51 0.653 23.83 

Table 5.8 OPF Results for tie lines in the Equivalent System Obtained by Modified REI 

5.3.2 Modified WARD 

Modified WARD method is applied to the initial system, resulting in an equivalent with 16 

buses. OPF results of the new system are listed in table 5.9 and 5.10 with reordered bus number.  

Bus 

Voltage Generation Load 
Marginal Cost 

($/MVA-hr) 

Magnitude 

(p.u.) 

Angle 

(deg) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 
P Q 

3 1.011 -3.911 - - 180.00 37.00 49.375 0.939 

5 1.049 -6.370 184 46.55 179.00 36.00 50.067 - 

6 1.044 -7.866 184 28.75 233.00 48.00 50.664 - 

9 1.029 -5.232 - - 249.00 51.00 49.929 0.318 

10 1.050 -6.831 186.24 5.31 491.00 100.00 50.201 -0.001 

11 1.047 0.000* 252.27 211.38 265.00 54.00 49.786 - 

12 1.014 1.026 - - - - 49.657 0.296 

14 1.050 3.635 0.00 102.81 194.00 39.00 48.980 - 

15 1.041 12.262 167.00 110.00 317.00 64.00 47.126 0.184 

16 1.046 11.170 155.00 80.00 100.00 20.00 47.346 0.120 

17 1.046 15.010 - - - - 46.521 0.103 

19 1.040 10.214 - - 181.00 37.00 47.555 0.122 

20 1.044 11.250 - - 128.00 26.00 47.321 0.058 

21 1.050 18.499 1100.00 48.60 333.00 68.00 45.781 - 

23 1.050 12.524 660.00 69.49 - - 47.040 - 

24 1.004 6.379 - - - - 48.567 0.711 

Total 2888.51 702.89 2850.00 580.00  

Operational Cost ($/hour) 62919.58 

Table 5.9 OPF Results for All Buses of the Equivalent System Obtained by Modified WARD 
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From 

Bus 
To Bus 

From Bus injection To Bus Injection Loss 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

P 

(MW) 

Q 

(MVar) 

3 24 -209.72 -1.65 210.77 39.98 1.051 38.33 

9 11 -114.98 -49.22 115.34 62.38 0.361 13.16 

9 12 -131.79 -7.69 132.19 22.35 0.402 14.66 

10 11 -153.02 -8.25 153.53 26.85 0.510 18.59 

10 12 -169.15 35.02 169.80 -11.39 0.648 23.62 

Table 5.10 OPF Results for tie lines in the Equivalent System Obtained by Modified WARD 

5.3.3 Comparison 

Table 5.11 (a cross ‘’ means this variable doesn’t exist) presents values of voltage magnitude, 

active power generation and marginal cost of active power on each bus for the initial system 

and two equivalent systems. Table 5.12 lists active power flow on every tie line. Since DC 

model is utilized in TEP, parameters regarding reactive power are ignored. However due to the 

changing of slack bus, phase angle on each bus is not compared here.  

 

Through comparison, it can be noticed that voltage magnitudes and active marginal costs of 

retained buses (R) as well as operational cost in the equivalent systems are quite close to those 

in original system. To evaluate the accuracy, (5.1) is used to calculate the average error 𝐴𝐸: 

 

                             𝐴𝐸 =
∑ |

𝑁𝑒𝑤 𝑣𝑎𝑙𝑢𝑒 − 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒
𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒

|𝑅

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑡𝑖𝑎𝑛𝑒𝑑 𝑏𝑢𝑠𝑒𝑠
× 100%                     (5.1) 

 

The values of average error are given in table 5.13. Even though new parameters of retained 

buses in equivalent systems are not exactly the same as the initial values, errors are kept at a 

low level which is acceptable and reasonable since it is not realistic to expect completely 

identical values for equivalent system. Moreover, generations at non-essential buses are 

successfully shifted to either REI buses (for modified REI) or retained buses (for modified 

WARD) as is shown in table 5.12. Therefore, the proposed two reduction techniques are 

effective to obtain equivalent systems. 
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Bus 

Voltage Magnitude (p.u.) Generation 
Marginal Cost 

($/MW-hr) 

Initial 

System 

Modified 

REI 

Modified 

WARD 

Initial 

System 

Modified 

REI 

Modified 

WARD 

Initial 

System 

Modified 

REI 

Modified 

WARD 

1 1.047   184.00   49.588   

2 1.047   184.00   49.612   

3 1.014 0.988 1.011 - - - 49.687 54.203 49.375 

4 1.016   -   51.123   

5 1.035 0.975 1.049 - - 184.00 50.851 55.463 50.067 

6 1.032 0.900 1.044 - - 184.00 51.819 56.816 50.664 

7 1.036   211.03   51.072   

8 1.009   -   52.425   

9 1.024 0.995 1.029 - - - 50.398 53.663 49.929 

10 1.050 0.961 1.050 - - 186.24 50.657 54.303 50.201 

REI1  1.030   -   53.058  

REI2  1.048   615.05   52.337  

11 1.023 0.992 1.047 - - 252.27 50.273 53.258 49.786 

12 1.017 0.979 1.014 - - - 50.173 52.648 49.657 

13 1.033   235.74   49.707   

14 1.040 1.037 1.050 0.00 0.00 0.00 49.454 53.460 48.980 

15 1.041 1.034 1.041 167.00 167.00 167.00 47.643 52.944 47.126 

16 1.044 1.039 1.046 155.00 155.00 155.00 47.805 52.694 47.346 

17 1.048 1.044 1.046 - - - 46.865 52.647 46.521 

18 1.050   400.00   46.575   

19 1.039 1.034 1.040 - - - 48.045 52.139 47.555 

20 1.044 1.041 1.044 0 - - 47.834 51.197 47.321 

21 1.050 1.050 1.050 400.00 400.00 1100.00 46.411 52.411 45.781 

22 1.050   300.00   45.239   

23 1.050 1.050 1.050 660.00 660.00 660.00 47.564 50.526 47.040 

24 1.006 0.990 1.004 - - - 48.998 54.034 48.567 

REI3  1.038   -   50.112  

REI4  1.076   907.00   48.574  

Total 2896.77 2904.05 2888.51  

Operational Cost ($/hour) 

Initial System 63352.21 

Modified REI 63788.43 

Modified WARD 62919.58 

Table 5.11 Comparison on OPF Results between Original System and Equivalent Systems (1) 
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From 

Bus 
To Bus 

From Bus injection P (MW) To Bus Injection P (MW) 

Initial 

System 

Modified 

REI 

Modified 

WARD 

Initial 

System 

Modified 

REI 

Modified 

WARD 

3 24 -202.04 -197.41 -209.72 203.01 198.39 210.77 

9 11 -110.63 -109.76 -114.98 110.93 110.04 115.34 

9 12 -125.26 -124.34 -131.79 125.64 124.72 132.19 

10 11 -153.72 -143.01 -153.02 154.25 143.58 153.53 

10 12 -168.59 -156.70 -169.15 169.23 157.35 169.80 

Table 5.12 Comparison on OPF Results between Original System and Equivalent Systems (2) 

 

 

Voltage Magnitude Active Marginal Cost Operational cost per hour 

Modified 

REI 

Modified 

WARD 

Modified 

REI 

Modified 

WARD 

Modified 

REI 

Modified 

WARD 

Average 

Error 
2.71% 0.47% 8.70% 1.09% 0.69% 0.68% 

Table 5.13 Average Error 

5.4 TEP Results for Equivalent System 

According to the algorithm proposed in section 4.3 in chapter 4, equivalent networks obtained 

by modified REI and WARD are both implemented in TEP. The results are compared with the 

initial optimal plan. A wide range of capacity of new intra-connected lines are tested and further 

adjustments or assumptions are made to find the most accurate results. It is desirable if original 

system and equivalent systems can yields completely identical optimal plan.  

5.4.1 Equivalent System obtained by Modified REI 

First of all, the capacity of new intra-connected lines are ignored, whose values are set to infinity. 

The optimal plan in table 5.14 (the shadow part indicated the results from original system) 

shows that operational costs per year are quite close to original values and simulation time is 

reduced to a large extend. However it only suggests one line 16-19 to be constructed in the third 

year. 

 

The reason why operational costs are similar whereas constructed lines are not is that it is not 

reasonable to ignore the capacity of new intra-connected lines. In this case, more power can be 

transferred without reaching upper bounds of lines, which contribute to less transmission lines 

added. Then capacities of new intra-connected lines in 138 kV and 230 kV sub-system are set 

to 175 MW and 500 MW respectively according to the transmission level in original system. 
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The new optimal plan is shown in table 5.15. 

 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost  

(MSEK) 
313170.265 347304.722 401907.025 437172.550 493698.380 

Original Operational 

Cost  (MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 31s 

Table 5.14 Optimal Plan 1 (modified REI) 

 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost 

(MSEK) 
191929.760 220704.371 258762.384 279483.428 305574.868 

Original Operational 

Cost (MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 2min15s 

Table 5.15 Optimal Plan 2 (modified REI) 

 

The optimal plan in table 5.15 indicates three identical candidate lines compared with desired 

results. However line 16-19 is added two years ahead and a new line 5-6 is suggested instead 

of line 9-24. Furthermore, there is a huge difference in operation cost between the equivalent 

system and initial the system. It can be noticed from simulation results that the line connected 

each pair of REI buses is full-loaded from the first year. Since load and generation on non-

essential buses are aggregated in REI buses, more power should be transferred from REI 
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generation bus to REI load bus. Inspired by this issue, capacity of the line connecting each pair 

of REI buses are then set to infinity. The results are listed in Table 5.16.  

 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost 

(MSEK) 
313170.265 344786.822 408866.726 446963.443 498381.510 

Original Operational 

Cost (MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 56s 

Table 5.16 Optimal Plan 3 (modified REI) 

 

The new optimal plan is quite close to desired results with completely identical suggested lines. 

Only line 16-19 is installed in the first year instead of the third year. Since an approximation is 

made when obtaining generation cost of REI generation bus, the error in operational cost is 

acceptable. It can be noticed that the simulation time is reduced from 11min43s to 56s, which 

is quite efficient. The author tried to search for a more precise optimal plan by further changing 

capacities of intra-connected lines with a wide range, selecting different slack buses in 

equivalent systems, and applying reduction on only one sub-system. However, none of results 

are more accurate than Table 5.16. Therefore, based on the proposed algorithm, setting 

capacities of new intra-connected lines equal to transmission level in original system and 

capacities of lines connecting REI buses to infinity gives the best results regarding IEEE 24-

bus RTS. 

5.4.2 Equivalent System Obtained by Modified WARD 

At first, the capacity of new intra-connected lines are set to infinity. The optimal plan presented 

in table 5.17 suggested one extra line 3-11 constructed in the second year. Moreover, line 9-15 

and 16-19 are added one year later and two years ahead respectively. On the other hand, 

operational cost per year is quite similar to original value and less computational effort is 

required.  
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To explore a more precise result, capacity of new intra-connected lines are set to 175MW and 

500 MW in 138kV and 230 kV network respectively according to original transmission level 

in each sub-system. The new optimal plan is listed in table 5.18. However, the results are still 

not accurate, with only one line 9-24 suggested to be constructed in the same year as the original 

optimal plan. 

 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost 

(MSEK) 
313166.000 349686.600 401565.800 436925.200 493329.200 

Desired Operational 

Cost (MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 49s 

Table 5.17 Optimal Plan 1 (modified WARD) 

 

Candidate Lines Year 1 Year 2 Year 3 Year 4 Year 5 

3-11      

3-15      

5-6      

9-15      

9-24      

11-17      

16-19      

Operational Cost 

(MSEK) 
313166.000 349686.600 405205.800 436925.200 493329.200 

Desired Operational 

Cost (MSEK) 
313170.000 349875.000 402890.932 439550.216 500562.835 

Simulation Time (s) 49s 

Table 5.18 Optimal Plan 2 (modified WARD) 

 

In order to search for a better algorithm for implementing modified WARD into TEP, a variety 

of possible adjustments or assumptions have been made and tested such as choosing a different 
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slack bus or assigning multi slack buses, shifting load or generation on non-essential buses to 

adjacent buses according to the proportion of susceptances of directly connected lines, essential 

buses only receiving shifted load or generation once and so on. However, none of them gives a 

more satisfactory optimal plan regarding IEEE-24 bus RTS. 
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6 Conclusion 

In this thesis, after reviewing available literatures comprehensively, a mixed integer linear 

programming transmission expansion planning in DC model is formulated considering N − 1 

security criterion. It is a dynamic model focusing on a multi-year planning horizon, which is 

simulated in IEEE 24-bus reliability test system (RTS) to obtain an original optimal plan. By 

classifying a diversity of existing equivalencing techniques, two modified power flow based 

models, named REI and WARD method, that are suitable for being implemented in TEP are 

selected and simulated to obtain equivalent systems of the initial power system. After applying 

the proposed algorithms, the equivalent TEP model is simulated for both techniques. Finally, 

the initial optimal plan is compared with equivalent ones. Further adjustment as well as 

assumptions for equivalent TEP models are searched and tested to improve the accuracy of the 

results.  

 

Initial system is reduced successfully by modified REI and WARD methods respectively. The 

main natural properties regarding DC model are preserved through comparing optimal power 

flow results for initial system and equivalent systems.  

 

Regarding IEEE 24-bus RTS, setting capacities of new intra-connected lines equal to 

transmission level in original system and capacities of lines connecting each pair of REI buses 

to infinity provides, relatively speaking, most precise results for modified REI method. All 

candidate lines that should be added are included in the equivalent optimal plan with only few 

errors on years of construction. In addition, operational cost for every year is similar to original 

values and simulation time is dramatically reduced. On the other hand, the modified WARD 

method is not as good as modified REI method after a variety of attempts. Even though similar 

operational cost and reduced computational efforts are achieved, lots of errors are still existing 

in the set of installed lines and their years of construction. 

 

Therefore, it can be concluded that the proposed ‘Modified REI Method’ is efficient and 

relatively effective for IEEE 24-bus RTS. For real application, it has a potential to be 

implemented in TEP problem to reduce its complexity and simulation time, especially for an 

extremely complicated large-scale power system that are not possible to obtain an optimal plan 

though a traditional TEP model. The proposed algorithm can be used for pilot study of 

transmission expansion planning additional analysis could be performed to revise the optimal 

plan. 
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7 Future Work 

The research carried out in this thesis is trying to find a proper algorithm for power system 

equivalencing techniques to be implemented in solving TEP problem. It is desirable that 

equivalent network can help reduce complexity and simulation time with precise optimal plan. 

Some possible further developments are listed as follows: 

 

For TEP model: 

 Apply a real power system with more accurate and realistic data 

 Test the proposed algorithm in a larger and more complicated power system 

 Employ a stochastic model to consider uncertainties in power system 

 

For equivalencing techniques: 

 Search for a precise algorithm to define capacities of new intra-connected lines 

mathematically in equivalent systems 

 Find additional assumptions or apply further adjustment to tune the equivalent network into 

TEP solving procedure 

 Other equivalencing techniques can be tested and implemented with a new TEP model 
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Appendix A. IEEE 24-bus RTS Data 

System Data 

function mpc = case24_ieee_rts 

%CASE24_IEEE_RTS  Power flow data for the IEEE RELIABILITY TEST SYSTEM. 

%   Please see CASEFORMAT for details on the case file format. 

% 

%   This system data is from the IEEE RELIABILITY TEST SYSTEM, see 

% 

%   IEEE Reliability Test System Task Force of the Applications of 

%   Probability Methods Subcommittee, "IEEE reliability test system," 

%   IEEE Transactions on Power Apparatus and Systems, Vol. 98, No. 6, 

%   Nov./Dec. 1979, pp. 2047-2054. 

% 

%   IEEE Reliability Test System Task Force of Applications of 

%   Probability Methods Subcommittee, "IEEE reliability test system-96," 

%   IEEE Transactions on Power Systems, Vol. 14, No. 3, Aug. 1999, 

%   pp. 1010-1020. 

% 

%   Cost data is from Web site run by Georgia Tech Power Systems Control 

%   and Automation Laboratory: 

% 

%       http://pscal.ece.gatech.edu/testsys/index.html 

% 

%   MATPOWER case file data provided by Bruce Wollenberg. 

  

%   MATPOWER 

%   $Id: case24_ieee_rts.m,v 1.4 2010/03/10 18:08:13 ray Exp $ 

  

%% MATPOWER Case Format : Version 2 

mpc.version = '2'; 

  

%%-----  Power Flow Data  -----%% 

%% system MVA base 

mpc.baseMVA = 100; 

  

%% bus data 

%   bus_i   type    Pd  Qd  Gs  Bs  area    Vm  Va  baseKV  zone    Vmax    Vmin 

mpc.bus = [ 

    1   2   108 22  0   0   1   1   0   138 1   1.05    0.95; 

    2   2   97  20  0   0   1   1   0   138 1   1.05    0.95; 

    3   1   180 37  0   0   1   1   0   138 1   1.05    0.95; 
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    4   1   74  15  0   0   1   1   0   138 1   1.05    0.95; 

    5   1   71  14  0   0   1   1   0   138 1   1.05    0.95; 

    6   1   136 28  0   -100    2   1   0   138 1   1.05    0.95; 

    7   2   125 25  0   0   2   1   0   138 1   1.05    0.95; 

    8   1   171 35  0   0   2   1   0   138 1   1.05    0.95; 

    9   1   175 36  0   0   1   1   0   138 1   1.05    0.95; 

    10  1   195 40  0   0   2   1   0   138 1   1.05    0.95; 

    11  1   0   0   0   0   3   1   0   230 1   1.05    0.95; 

    12  1   0   0   0   0   3   1   0   230 1   1.05    0.95; 

     

    13  3   265 54  0   0   3   1   0   230 1   1.05    0.95; 

    14  2   194 39  0   0   3   1   0   230 1   1.05    0.95; 

    15  2   317 64  0   0   4   1   0   230 1   1.05    0.95; 

    16  2   100 20  0   0   4   1   0   230 1   1.05    0.95; 

    17  1   0   0   0   0   4   1   0   230 1   1.05    0.95; 

    18  2   333 68  0   0   4   1   0   230 1   1.05    0.95; 

    19  1   181 37  0   0   3   1   0   230 1   1.05    0.95; 

    20  1   128 26  0   0   3   1   0   230 1   1.05    0.95; 

    21  2   0   0   0   0   4   1   0   230 1   1.05    0.95; 

    22  2   0   0   0   0   4   1   0   230 1   1.05    0.95; 

    23  2   0   0   0   0   3   1   0   230 1   1.05    0.95; 

     

    24  1   0   0   0   0   4   1   0   230 1   1.05    0.95; 

]; 

  

%% generator data 

%   bus Pg  Qg  Qmax    Qmin    Vg  mBase   status  Pmax    Pmin    Pc1 Pc2 

Qc1min  Qc1max  Qc2min  Qc2max  ramp_agc    ramp_10 ramp_30 ramp_q  apf %   

Unit Code 

mpc.gen = [ 

    1   10  0   10  0   1.035   100 1   20  16  0   0   0   0   0   0   0   0   0   

0   0;  %   U20 

    1   10  0   10  0   1.035   100 1   20  16  0   0   0   0   0   0   0   0   0   

0   0;  %   U20 

    1   76  0   30  -25 1.035   100 1   76  15.2    0   0   0   0   0   0   0   0   

0   0   0;  %   U76 

    1   76  0   30  -25 1.035   100 1   76  15.2    0   0   0   0   0   0   0   0   

0   0   0;  %   U76 

    2   10  0   10  0   1.035   100 1   20  16  0   0   0   0   0   0   0   0   0   

0   0;  %   U20 

    2   10  0   10  0   1.035   100 1   20  16  0   0   0   0   0   0   0   0   0   

0   0;  %   U20 

    2   76  0   30  -25 1.035   100 1   76  15.2    0   0   0   0   0   0   0   0   

0   0   0;  %   U76 
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    2   76  0   30  -25 1.035   100 1   76  15.2    0   0   0   0   0   0   0   0   

0   0   0;  %   U76 

    7   80  0   60  0   1.025   100 1   100 25  0   0   0   0   0   0   0   0   0   

0   0;  %   U100 

    7   80  0   60  0   1.025   100 1   100 25  0   0   0   0   0   0   0   0   0   

0   0;  %   U100 

    7   80  0   60  0   1.025   100 1   100 25  0   0   0   0   0   0   0   0   0   

0   0;  %   U100 

    13  95.1    0   80  0   1.02    100 1   197 69  0   0   0   0   0   0   0   0   

0   0   0;  %   U197 

    13  95.1    0   80  0   1.02    100 1   197 69  0   0   0   0   0   0   0   0   

0   0   0;  %   U197 

    13  95.1    0   80  0   1.02    100 1   197 69  0   0   0   0   0   0   0   0   

0   0   0;  %   U197 

    14  0   35.3    200 -50 0.98    100 1   0   0   0   0   0   0   0   0   0   0   

0   0   0;  %   SynCond 

    15  12  0   6   0   1.014   100 1   12  2.4 0   0   0   0   0   0   0   0   0   

0   0;  %   U12 

    15  12  0   6   0   1.014   100 1   12  2.4 0   0   0   0   0   0   0   0   0   

0   0;  %   U12 

    15  12  0   6   0   1.014   100 1   12  2.4 0   0   0   0   0   0   0   0   0   

0   0;  %   U12 

    15  12  0   6   0   1.014   100 1   12  2.4 0   0   0   0   0   0   0   0   0   

0   0;  %   U12 

    15  12  0   6   0   1.014   100 1   12  2.4 0   0   0   0   0   0   0   0   0   

0   0;  %   U12 

    15  155 0   80  -50 1.014   100 1   155 54.3    0   0   0   0   0   0   0   0   

0   0   0;  %   U155 

    16  155 0   80  -50 1.017   100 1   155 54.3    0   0   0   0   0   0   0   0   

0   0   0;  %   U155 

    18  400 0   200 -50 1.05    100 1   400 100 0   0   0   0   0   0   0   0   0   

0   0;  %   U400 

    21  400 0   200 -50 1.05    100 1   400 100 0   0   0   0   0   0   0   0   0   

0   0;  %   U400 

    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 

    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 

    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 

    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 

    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 
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    22  50  0   16  -10 1.05    100 1   50  10  0   0   0   0   0   0   0   0   0   

0   0;  %   U50 

    23  155 0   80  -50 1.05    100 1   155 54.3    0   0   0   0   0   0   0   0   

0   0   0;  %   U155 

    23  155 0   80  -50 1.05    100 1   155 54.3    0   0   0   0   0   0   0   0   

0   0   0;  %   U155 

    23  350 0   150 -25 1.05    100 1   350 140 0   0   0   0   0   0   0   0   0   

0   0;  %   U350 

]; 

  

%% branch data 

%   fbus    tbus    r   x   b   rateA   rateB   rateC   ratio   angle   status  

angmin  angmax 

mpc.branch = [ 

    1   2   0.0026  0.0139  0.4611  175 250 200 0   0   1   -360    360; 

    1   3   0.0546  0.2112  0.0572  175 208 220 0   0   1   -360    360; 

    1   5   0.0218  0.0845  0.0229  175 208 220 0   0   1   -360    360; 

    2   4   0.0328  0.1267  0.0343  175 208 220 0   0   1   -360    360; 

    2   6   0.0497  0.192   0.052   175 208 220 0   0   1   -360    360; 

    3   9   0.0308  0.119   0.0322  175 208 220 0   0   1   -360    360; 

    3   24  0.0023  0.0839  0       400 510 600 1.03    0   1   -360    360; 

    4   9   0.0268  0.1037  0.0281  175 208 220 0   0   1   -360    360; 

    5   10  0.0228  0.0883  0.0239  175 208 220 0   0   1   -360    360; 

    6   10  0.0139  0.0605  2.459   175 193 200 0   0   1   -360    360; 

    7   8   0.0159  0.0614  0.0166  175 208 220 0   0   1   -360    360; 

    8   9   0.0427  0.1651  0.0447  175 208 220 0   0   1   -360    360; 

    8   10  0.0427  0.1651  0.0447  175 208 220 0   0   1   -360    360; 

    9   11  0.0023  0.0839  0       400 510 600 1.03    0   1   -360    360; 

    9   12  0.0023  0.0839  0       400 510 600 1.03    0   1   -360    360; 

    10  11  0.0023  0.0839  0       400 510 600 1.02    0   1   -360    360; 

    10  12  0.0023  0.0839  0       400 510 600 1.02    0   1   -360    360; 

    11  13  0.0061  0.0476  0.0999  500 600 625 0   0   1   -360    360; 

    11  14  0.0054  0.0418  0.0879  500 625 625 0   0   1   -360    360; 

    12  13  0.0061  0.0476  0.0999  500 625 625 0   0   1   -360    360; 

    12  23  0.0124  0.0966  0.203   500 625 625 0   0   1   -360    360; 

    13  23  0.0111  0.0865  0.1818  500 625 625 0   0   1   -360    360; 

    14  16  0.005   0.0389  0.0818  500 625 625 0   0   1   -360    360; 

    15  16  0.0022  0.0173  0.0364  500 600 625 0   0   1   -360    360; 

    15  21  0.0063  0.049   0.103   500 600 625 0   0   1   -360    360; 

    15  21  0.0063  0.049   0.103   500 600 625 0   0   1   -360    360; 

    15  24  0.0067  0.0519  0.1091  500 600 625 0   0   1   -360    360; 

    16  17  0.0033  0.0259  0.0545  500 600 625 0   0   1   -360    360; 

    16  19  0.003   0.0231  0.0485  500 600 625 0   0   1   -360    360; 

    17  18  0.0018  0.0144  0.0303  500 600 625 0   0   1   -360    360; 
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    17  22  0.0135  0.1053  0.2212  500 600 625 0   0   1   -360    360; 

    18  21  0.0033  0.0259  0.0545  500 600 625 0   0   1   -360    360; 

    18  21  0.0033  0.0259  0.0545  500 600 625 0   0   1   -360    360; 

    19  20  0.0051  0.0396  0.0833  500 600 625 0   0   1   -360    360; 

    19  20  0.0051  0.0396  0.0833  500 600 625 0   0   1   -360    360; 

    20  23  0.0028  0.0216  0.0455  500 600 625 0   0   1   -360    360; 

    20  23  0.0028  0.0216  0.0455  500 600 625 0   0   1   -360    360; 

    21  22  0.0087  0.0678  0.1424  500 600 625 0   0   1   -360    360; 

]; 

  

%%-----  OPF Data  -----%% 

%% area data 

%   area    refbus 

mpc.areas = [ 

    1   1; 

    2   3; 

    3   8; 

    4   6; 

]; 

  

%% generator cost data 

%   1   startup shutdown    n   x1  y1  ... xn  yn 

%   2   startup shutdown    n   c(n-1)  ... c0 

mpc.gencost = [                             %   bus Pmin    Pmax    Qmin    Qmax    

Unit Code 

    2   1500    0   3   0   130 400.6849;   %   1   16  20  0   10  U20 

    2   1500    0   3   0   130 400.6849;   %   1   16  20  0   10  U20 

    2   1500    0   3   0.014142    16.0811 212.3076;   %   1   15.2    76  -25 

30  U76 

    2   1500    0   3   0.014142    16.0811 212.3076;   %   1   15.2    76  -25 

30  U76 

    2   1500    0   3   0   130 400.6849;   %   2   16  20  0   10  U20 

    2   1500    0   3   0   130 400.6849;   %   2   16  20  0   10  U20 

    2   1500    0   3   0.014142    16.0811 212.3076;   %   2   15.2    76  -25 

30  U76 

    2   1500    0   3   0.014142    16.0811 212.3076;   %   2   15.2    76  -25 

30  U76 

    2   1500    0   3   0.052672    43.6615 781.521;    %   7   25  100 0   60  

U100 

    2   1500    0   3   0.052672    43.6615 781.521;    %   7   25  100 0   60  

U100 

    2   1500    0   3   0.052672    43.6615 781.521;    %   7   25  100 0   60  

U100 

    2   1500    0   3   0.00717 48.5804 832.7575;   %   13  69  197 0   80  U197 
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    2   1500    0   3   0.00717 48.5804 832.7575;   %   13  69  197 0   80  U197 

    2   1500    0   3   0.00717 48.5804 832.7575;   %   13  69  197 0   80  U197 

    2   1500    0   3   0   0   0;  %   14                  SynCond 

    2   1500    0   3   0.328412    56.564  86.3852;    %   15  2.4 12  0   6   

U12 

    2   1500    0   3   0.328412    56.564  86.3852;    %   15  2.4 12  0   6   

U12 

    2   1500    0   3   0.328412    56.564  86.3852;    %   15  2.4 12  0   6   

U12 

    2   1500    0   3   0.328412    56.564  86.3852;    %   15  2.4 12  0   6   

U12 

    2   1500    0   3   0.328412    56.564  86.3852;    %   15  2.4 12  0   6   

U12 

    2   1500    0   3   0.008342    12.3883 382.2391;   %   15  54.3    155 -50 

80  U155 

    2   1500    0   3   0.008342    12.3883 382.2391;   %   16  54.3    155 -50 

80  U155 

    2   1500    0   3   0.000213    4.4231  395.3749;   %   18  100 400 -50 200 

U400 

    2   1500    0   3   0.000213    4.4231  395.3749;   %   21  100 400 -50 200 

U400 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0   0.001   0.001;  %   22  10  50  -10 16  U50 

    2   1500    0   3   0.008342    12.3883 382.2391;   %   23  54.3    155 -50 

80  U155 

    2   1500    0   3   0.008342    12.3883 382.2391;   %   23  54.3    155 -50 

80  U155 

    2   1500    0   3   0.004895    11.8495 665.1094;   %   23  140 350 -25 150 

U350 

]; 

Generation Cost (for TEP) 

Bus 1 2 7 13 15 16 18 21 22 23 

Generation 

Cost 

(SEK/MWh) 

130 130 140 100 160 90 80 95 120 130 
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Candidate Line Data 

Right of way Susceptance (p.u.) Capacity (MW) Investment Cost 

(MSEK) 

3-11 14.7 500 180 

3-15 25.7 175 120 

5-6 10.4 175 90 

9-15 57.8 500 210 

9-24 89.4 400 190 

11-17 11.9 175 140 

16-19 42.6 500 210 
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