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Abstract

MULTIPLE antennas at each side of the communication channel seem to be
vital for future wireless communication systems. Multi-antenna commu-
nication provides throughput gains roughly proportional to the smallest

number of antennas at the communicating terminals. On the other hand, multiple
antennas at a terminal inevitably increase the hardware complexity of the latter.
For efficient design of such systems relevant mathematical tools, capable of cap-
turing the most significant features of the wireless multi-antenna channel–such as
fading, spatial correlation, interference–are essential.

This thesis, based on the asymptotic methods from statistical physics and ran-
dom matrix theory, develops a series of asymptotic approximations for various met-
rics characterizing the performance of multi-antenna systems in different settings.
The approximations become increasingly precise as the number of antennas at each
terminal grows large and are shown to significantly simplify the performance analy-
sis. This, in turn, enables efficient performance optimization, which would otherwise
be intractable.

After a general introduction, provided in Chapter 2, this thesis provides four dif-
ferent applications of large-system analysis. Thus, Chapter 3 analyzes multi-antenna
multiple-access channel in the presence of non-Gaussian interference. The obtained
large-system approximation of the sum rate is further used to carry out the precoder
optimization routine for both Gaussian and finite-alphabet types of inputs. Mean-
while, Chapter 4 carries out the large-system analysis for a multi-hop relay channel
with an arbitrary number of hops. Suboptimality of some conventional detectors
has been captured through the concept of generalized posterior mean estimate.
The obtained decoupling principle allows performance evaluation for a number of
conventional detection schemes in terms of achievable rates and bit error rate. Chap-
ter 5, in turn, studies achievable secrecy rates of multi-antenna wiretap channels in
three different scenarios. In the quasi-static scenario, an alternating-optimization
algorithm for the non-convex precoder optimization problem is proposed. The algo-
rithm is shown to outperform the existing solutions, and it is conjectured to provide
a secrecy capacity-achieving precoder. In the uncorrelated ergodic scenario, a large-
system analysis is carried out for the ergodic secrecy capacity yielding a closed-form
expression. In the correlated ergodic scenario, the obtained large-system approx-
imation is used to address the corresponding problem of precoder optimization.
Finally, Chapter 6 addresses a practical case of random network topology for two
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vi Abstract

scenarios: i) cellular mobile networks with randomly placed mobile users and ii)
wiretap channel with randomly located eavesdroppers. Large-system approxima-
tions for the achievable sum rates are derived for each scenario, yielding simplified
precoder optimization procedures for various system parameters.



Sammanfattning

ANVÄNDNINGEN av flera antenner på varje sida av kommunikationskanalen
tycks vara avgörande för framtida trådlösa kommunikationssystem. Fleran-
tennkommunikation ger vinster i datatakt som ungefär är proportionerliga

mot det minsta antal antenner vid terminalerna. Å andra sidan ökar hårdvarukom-
plexiteten om terminalerna utrustas med flera antenner. För effektiv utformning
av sådana system är det väsentligt att ha relevanta matematiska verktyg, som kan
hantera de viktigaste aspekterna för den trådlösa flerantennkanalen - såsom fäd-
ning, spatiell korrelation och störningar.

Avhandlingen, som bygger på asymptotiska metoder från statistisk fysik och
teorin för stokastiska matriser, utvecklar en rad asymptotiska approximationer av
olika prestandamått för flerantennsystem i olika miljöer. Dessa approximationer blir
mer och mer exakta när antalet antenner hos varje terminal växer, vilket avsevärt
förenklar prestandaanalysen. Detta, i sin tur, möjliggör effektiv prestandaoptimer-
ing, vilket annars skulle vara svårt.

Efter en generell inledning i kapitel 2, ger denna avhandling fyra olika tillämp-
ningar av sådan storsystemanalys. Kapitel 3 analyserar upplänken för ett fler-
användarsystem, under icke-Gaussisk störning. Den erhållna approximationen av
summadatatakten används vidare för att optimera förkodningen, både för Gaus-
siska insignaler och för ändliga symbolkonstellationer. Kapitel 4 presenterar sys-
temanalys för en flerhopps reläkanal med ett godtyckligt antal hopp. Subop-
timaliteten hos vissa konventionella detektorer hanteras mha generaliserad a
posteriori-medelvärdesuppskattning. Den erhållna isärkopplingsprincipen möjlig-
gör utvärdering av prestanda för ett antal konventionella detektionssystem, i ter-
mer av uppnåelig datatakt och bitfelshalt. Kapitel 5, i sin tur, studerar upp-
nåeliga sekretessdatatakter för avlyssningskanaler med multipla antenner, i tre
olika scenarier. För kvasistatiska scenarior föreslås en algoritm baserad på al-
ternerande optimering, för de icke-konvexa förkodningsproblemen. Algoritmen visar
sig överträffa de befintliga lösningarna och antas ge en förkodare som uppnår
sekretesskapaciteten. För okorrelerade ergodiska scenarier, analyseras ergodiska
sekretesskapaciteten, vilket resulterar i ett slutet uttryck. För korrelerade ergodiska
scenarier, används den erhållna approximation för optimering av förkodaren. Slut-
ligen, i kapitel 6, behandlas det praktiska fallet med slumpmässig nätverkstopologi
i två scenarier: i) cellulära mobilnät med slumpmässigt placerade mobila användare
och ii) avlyssningskanaler med slumpmässigt placerade obehöriga. Storsystemap-
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viii Sammanfattning

proximationer av den uppnåeliga summadatatakten härleds för varje scenario, vilket
resulterar i förenklade rutiner för att optimera förkodningen, för olika parametrar.



Preface

THE present thesis is submitted in partial fulfillment of the requirements
for the degree of doctor philosophiae (Ph.D.) in Telecommunications. The
research contained in the thesis was conducted at the Communication The-

ory Laboratory, School of Electrical Engineering, KTH Royal Institute of Technol-
ogy, Stockholm, Sweden during the period from December 2008 to August 2014.
The work received funding from the QUASAR 7th Framework EU project and the
Swedish Research Council (VR). The thesis advisor is Prof. Lars K. Rasmussen,
while the co-advisor is Dr. Mikko Vehkaperä who is now with the Department of
Signal Processing and Acoustics, Aalto University, Espoo, Finland.

The thesis is devoted to the application of some mathematical tools, developed
in the field of theoretical physics, to the analysis of wireless communication systems.
The advanced multi-antenna communication systems are of interest since it is clear
by now that they will be playing the key role in the upcoming fifth-generation (5G)
communications. A concept of the so-called large-system analysis is widely used
throughout the thesis, referring to the performance analysis of a system whose size
(e.g., the number of antennas or users) grows infinitely large. Such a seemingly
impractical approach proves useful for the cases where other existing methods fail.
The thesis reviews several important communication scenarios under the umbrella of
large-system analysis and provides useful insights into the corresponding problems.
For numerical simulations the numerical computing environment MATLAB [The13]
and, occasionally, the CVX optimization package [GB14] have been used. The main
mathematical tool used herein is the so-called replica method, which emerged from
the theory of spin glasses and has recently been successfully applied to various fields
of engineering. I strongly believe that the method has a great potential of becoming
a standard technique in an engineer’s backpack, just like the Fourier transform did.

ix





Acknowledgement

THE long journey that started on a rainy day in September 2008 when I re-
ceived an offer to join the Communication Theory Lab until this point where
I have to summarize my research efforts into a doctoral thesis has finally

come to an end. On my way, I experienced a spectrum of different feelings from
fascination and joy of accomplishment to frustration and disappointment. Never-
theless, I will remember these times as a very happy period and one of the main
achievements in my life. I will have memories about lots of high-quality courses,
amazing summer, autumn and winter schools, fantastic planning trips and social ac-
tivities, our Thursday lunch seminars with great discussions, useful conference trips
and research visits. I will never forget all the wonderful people who surrounded me
during these years, and hence I would like to take this opportunity to thank them.

I owe my deepest gratitude to my two supervisors, Prof. Lars K. Rasmussen and
Dr. Mikko Vehkaperä. I am grateful to Lars for his support and guidance during
the course of my Ph.D. study. His encouragement and positive attitude helped me
to overcome difficulties during the research process. He provided me with freedom
to explore different directions and always supported my decisions. To my view, Lars
is simply a perfect boss to work under. Meanwhile, Mikko was my biggest source
of inspiration during these years. I am greatly indebted to him for his support and
invaluable advice on numerous occasions. Mikko has set for me an example of an
efficient modern researcher, which will definitely influence my future career. An
additional thanks goes also to the head of our lab, Prof. Mikael Skoglund for giving
me the opportunity to join the lab and providing me with great working conditions
in all the aspects.

I would like to extend my gratitude to Prof. Mérouane Debbah, who was with
the Alcatel-Lucent Chair on Flexible Radio, Supélec, Paris, France, Prof. Jinhong
Yuan, who is with the University of New South Wales, Sydney, Australia and,
once again, Mikko, who is now with Aalto University, Espoo, Finland, for the
opportunities to visit their corresponding research groups. Each such visit led to
fruitful collaboration, which significantly enriched the scope of the present thesis.
I would also like to thank Eliza Dias, Emil Björnson and Jing Dai for their help
during my stay at the Alcatel-Lucent Chair. Furthermore, I gratefully acknowledge
the financial support of the aforementioned visits provided by Ericsson Research
Foundation and Letterstedtska föreningen.

xi



xii Acknowledgement

I am thankful to all my collaborators with whom I had a chance to work.
These are, in addition to the aforementioned, Prof. Sergiy Vorobyov, Assoc. Prof.
Ming Xiao, Asst. Prof. Emil Björnson, Dr. Arash Khabbazibasmenj, Dr. Taneli
Riihonen, Dr. Nicolas Schrammar, Axel Müller, Frédéric Gabry and Nan Li. In
particular, I would like to mention the QUASAR-SAPHYRE-ACROPOLIS project
cooperation, which gave me an opportunity to work closely with Nic, Nan and
Fred, leading to a great success in terms of the obtained results and teaching me
efficient scientific collaboration. I am also grateful to Assoc. Prof. Chao Wang,
Dr. Vishwambhar Rathi, Dr. Adriano Barra, Dr. Ali Zaidi, Hamed Farhadi and
Nayeema Sadeque for valuable research-related discussions. In addition, I would
like to acknowledge the cooperation with Dr. Kittipong Kittichokechai, Dr. Sammer
Medawar, Farshad Naghibi, Iqbal Hussain, Sheng Huang and Ahmed Zaki during
the process of teaching of various courses at KTH. I also thank all my current and
former colleagues at the extended ‘plan 4’ for a stimulative and friendly working
environment, as well as for great occasional outside-of-the-lab activities.

I would like to express my gratitude to my teachers which taught and inspired
me during different periods of my education path. I enjoyed Ph.D.-level courses at
KTH given by Lars, Mikael, Prof. Magnus Jansson, Prof. Timo Koski, Prof. Stephen
Boyd (Stanford University), Prof. Ulf Jönsson, Prof. Ana Pérez-Neira (Universitat
Politècnica de Catalunya), Prof. Anthony Ephremides (University of Maryland),
Prof. Fioravante Patrone (Universita Genova), Assoc. Prof. Tobias Öchtering, As-
soc. Prof. Mats Bengtsson, Dr. Adriano Barra (Università di Roma ‘La Sapienza’),
Assoc. Prof. Rebecca Hincks and Assoc. Prof. Carlo Fischione. I appreciate the
Master-level teaching of Assoc. Prof. Mohamad Assad, Prof. Marc Lesturgie, Prof.
Pierre Duhamel, Prof. Jacques Antoine and David Arditti at Supélec. Finally, I
would like to thank Prof. Fedir Dubrovka, Prof. Borys Kotserzhynskiy, Prof. Yuriy
Mazor, Prof. Yuriy Bogdanskiy, Prof. Vasyl Glushenko, Assoc. Prof. Segiy Mogylniy,
Assoc. Prof. Igor Kashyrskiy, Assoc. Prof. Volodymyr Golovin, Assoc. Prof. Vik-
tor Dmytruk, Assoc. Prof. Volodymyr Vuntesmeri, Assoc. Prof. Oleksandr Kupriy,
Assoc. Prof. Oleksandr Makarenko, Assoc. Prof. Mykhaylo Starkov, Assoc. Prof.
Vitaliy Stremskkiy, Assoc. Prof. Yuriy Novoborskiy, Assoc. Prof. Igor Repalov, As-
soc. Prof. Yuriy Sydoruk, Assoc. Prof. Sergiy Sedov, Assoc. Prof. Galyna Gnitetska,
Asst. Prof. Mykhaylo Omelyanenko, Asst. Prof. Oleksandr Antonets, Viktor Cheh
and other professors from the Radio Engineering Department at the KPI National
Technical University of Ukraine, my alma mater where I obtained my first academic
degrees.

I would like to thank Prof. Giuseppe Caire from Technische Universität Berlin
for taking time to act as a faculty opponent for this thesis. I also thank to Prof.
Ove Edfors from Lund University and Assoc. Prof. Olav Tirkkonen from Aalto
University and Assoc. Prof. Mats Bengtsson from the Signal Processing Lab for
acting on the grading committee. My special appreciation goes to Dr. Mattias
Andersson, Peter Larsson, Kittipong, Hieu, Fred, Ali, as well as to Lars and Mikko
for proofreading parts of this thesis, while Mats is acknowledged for the quality
review.



Acknowledgement xiii

It was a privilege to share the office with Dr. Amirpasha Shirazinia all these
years. Special thanks goes to Raine Tiivel, Dora Söderberg, Iréne Kindblom, Tove
Schwartz, Tetiana Viekhova, Annika Augustsson and Katherine Hammar for taking
care of the administrative issues throughout these years. ‘The Computer guys’,
Niclas Horney, Pontus Friberg and Magnus Vinblad, are acknowledged for taking
care of the IT issues. I also thank Emma Göransson and the US-AB printing house
for their patience with the test-prints.

In the end, I would like to thank Sweden for the hospitality and friendliness I felt
here all these years. Sweden has literally become my second home. Furthermore,
I thank Långholmen Football Club and all my team mates for the possibility to
maintain my physical shape, as well as for the great matches and after-season trips.
Additional ‘thanks’ goes to Vira, Ola, Sashko, Oksana and other members of our
NGO Ukrainian Youth in Sweden. I hope our numerous activities and events will
contribute to the on-going efforts towards the stabilization of the situation in our
motherland Ukraine which, at the moment, is fighting for its independence and
sovereignty against a foreign aggressor. During these hard times, my thoughts are
with all the Ukrainians.

Last but not least, I am greatly indebted to my family for their love and care. I
would feel amiss if I were to omit acknowledging their role in my life. My mother,
Galyna, was simply always there for me whenever I needed. My father, Anatoliy,
introduced me to mathematics and engineering, which played the major role in my
life path. My brother, Denys, was my best friend and a team mate on the football
pitch. I would like to thank to all my friends worldwide for the great moments we
had together throughout the years. Finally, above all, I would like to thank my
beloved partner, Karina, for her love and patience. Thank you for sharing your life
with me, you make me the happiest man alive.

Maksym Girnyk
Stockholm, August 2014





Contents

Abstract v

Sammanfattning vii

Preface ix

Acknowledgement xi

Contents xv

Acronyms xvii

Notation xix

List of Figures xxv

1 Introduction 1
1.1 Future Challenges for Mobile Communications . . . . . . . . . . 2
1.2 Key Technologies for Future Communication Systems . . . . . . 3
1.3 Cellular Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Multi-Antenna Transmission . . . . . . . . . . . . . . . . . . . . . 7
1.5 Cooperative Communication . . . . . . . . . . . . . . . . . . . . . 9
1.6 Physical-Layer Security . . . . . . . . . . . . . . . . . . . . . . . 11
1.7 Large-System Analysis . . . . . . . . . . . . . . . . . . . . . . . . 12
1.8 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Background 25
2.1 Wireless Channels . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Quasi-Static Scenario . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 Ergodic Scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.4 Random Matrix Theory . . . . . . . . . . . . . . . . . . . . . . . 48
2.5 Statistical Physics . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.6 Large-System Approach to Ergodic MIMO Channels . . . . . . . 66

xv



xvi Contents

2.A Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3 Multiple-Access Channel in the Presence of Interference 93
3.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.3 Asymptotic Achievable Sum Rate . . . . . . . . . . . . . . . . . . 96
3.4 Precoder Optimization . . . . . . . . . . . . . . . . . . . . . . . . 101
3.5 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.A Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4 Multi-Hop Amplify-and-Forward Relay Channel 123
4.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
4.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.3 Decoupling Result . . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.4 Achievable Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
4.5 Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.6 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
4.A Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5 Wiretap Channel 147
5.1 Quasi-Static Scenario . . . . . . . . . . . . . . . . . . . . . . . . . 147
5.2 Uncorrelated Ergodic Scenario . . . . . . . . . . . . . . . . . . . 154
5.3 Correlated Ergodic Scenario . . . . . . . . . . . . . . . . . . . . . 162
5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6 Random Network Topology 169
6.1 Uplink Cellular Systems . . . . . . . . . . . . . . . . . . . . . . . 169
6.2 Downlink Cellular Systems . . . . . . . . . . . . . . . . . . . . . 174
6.3 Network MIMO . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6.4 Wiretap Channel . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
6.A Appendix. Proof of Theorem 6.3 . . . . . . . . . . . . . . . . . . 196

7 Conclusions and Future Work 201
7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
7.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

Bibliography 205



Acronyms

3G Third generation (cellular mobile communication systems)

3GPP Third generation partnership project

4G Fourth generation (cellular mobile communication systems)

5G Fifth generation (cellular mobile communication systems)

AF Amplify-and-forward (relaying)

AT de Almeida-Thouless (line)

BER Bit error rate

bit/s/Hz Bits per second per Hertz

BS Base station

CoMP Coordinated multi-point (transmission)

CSI Channel state information

CDMA Code division multiple access

CSCG Circularly symmetric complex Gaussian (distribution)

DC Difference of convex (functions)

e.s.d. Empirical spectral density

FDD Frequency-division duplex

FDMA Frequency division multiple access

GPME Generalized posterior mean estimate

GSVD Generalized singular value decomposition

H-ARQ Hybrid automatic retransmission request

i.i.d. Independent and identically distributed

IoT Internet of Things

JDD Joint detection and decoding

KKT Karush-Kuhn-Tucker (conditions)

LMMSE Linear minimum mean-square error (detection)

LSL Large-system limit

LTE Long-Term Evolution (standard)

LTE-A Long-Term Evolution Advanced (standard)

xvii



xviii Acronyms

MAC Multiple-access channel

MAP Maximum a posteriori (detection)

MF Matched filtering

MGF Moment-generating function

MI Mutual information

MIMO Multiple-input multiple-output

MIMOME Multiple-input multiple-output with multiple eavesdroppers

MISO Multiple-input single-output

MISOME Multiple-input single-output with multiple eavesdroppers

MMSE Minimum mean-square error

MSE Mean-square error

nat/s/Hz Nats per second per Hertz

OFDM Orthogonal frequency-division multiplexing

PME Posterior mean estimate

POT-DC Polynomial-time difference of convex (functions, method)

PSK Phase-shift keying

QAM Quadrature amplitude modulation

QPSK Quadrature phase-shift keying

RS Replica symmetry

RSB Replica symmetry breaking

RZF Regularized zero forcing

SD Separate decoding

SIMO Single-input multiple-output

SISO Single-input single-output

SLNR Signal-to-leakage-plus-noise ratio

SINR Signal-to-interference-plus-noise ratio

SK Sherrington-Kirkpatrick (model)

SNR Signal-to-noise ratio

s.t. Subject to

TDD Time-division duplex

TDMA Time division multiple access

UHF Ultra-high frequency

UT User terminal

WF Water-filling

w.r.t. With respect to

ZF Zero forcing



Notation

Functions and operators:

[·]+ max{0, ·}
j The imaginary unit,

√
−1

Re{x} Real part of a complex scalar x

Im{x} Imaginary part of a complex scalar x

|x| absolute value of a scalar x

E{·} Expectation operator

x⋆ Optimal solution to an optimization problem

Q (·) Gaussian Q-function

1(·) Indicator function

M (u)(·) Moment-generating function

µ(·) Probability measure

p(·), f(·) Probability density function
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xi ith entry of a vector x

x∗ Complex conjugate of a scalar a

[X ]i,j (i, j)th entry of a matrix X

‖x‖ L2 norm of a vector x

XT Transpose of a matrix X

XH Hermitian transpose of a matrix X

X−1 Inverse of a square matrix X

tr{X} Trace of a square matrix X

det (X) Trace of a square matrix X

IN The N ×N identity matrix

0N , 0N×M Vector of zeros of length N , matrix of zeros of size N ×M
1N Vector of ones of length N

Diag(X) Vector containing the diagonal entries of X

diag(x1, . . . , xN ) Diagonal matrix with x1, . . . , xN on the main diagonal

Communication systems:

ρ Signal-to-noise ratio

γ Signal-to-interference-plus-noise ratio

α Pathloss exponent

l Distance

D Cell radius

H MIMO channel matrix

y Received signal vector

x Transmitted signal vector

s Transmitted symbol vector

S Set of all possible symbol vectors for a finite-alphabet con-
stellation

n Additive noise vector at the receiver

H Instantaneous channel side information

T Transmit side correlation matrix

R Receive side correlation matrix

G Precoder matrix

U Filter matrix

P Transmit covariance matrix

M Number of antennas at the transmitter

N Number of antennas at the receiver
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K Number of users/eavesdroppers/hops

L Number of interferers/iterations

κ Power normalization factor at a relay

Information and estimation theory:

h(x) Differential entropy of a continuous random variable x

h(x, y) Joint differential entropy of continuous random variables
x and y

h(y|x) Conditional differential entropy of a continuous random
variable y given the knowledge about the continuous ran-
dom variable x

I(y;x) Mutual information between random variables y and x

I(y;x|z) Mutual information between random variables y and x,
given the knowledge about the random variable z

p(x) Probability distribution of variable x

q(x) Postulated probability distribution for variable c

〈x〉 Posterior mean estimate of x

〈x〉′q Generalized posterior mean estimate of x

N (m,R) Gaussian distribution with mean vector m and covariance
matrix R ∈ RN×N

CN (0N ,C) Circularly symmetric complex Gaussian distribution co-
variance matrix C ∈ CN×N

Statistical physics and random matrix theory:

β Ratio between the sizes of a matrix

F Helmholtz free energy

Z(·) Partition function

H(·) Hamiltonian, or energy function

ω Hamiltonian perturbation

H Entropy

E Average energy

η, ξ, ε, ν Fixed-point parameters

λ Eigenvalue of a matrix

mX(·) Trace of the resolvent matrix of X

mF (·) Stieltjes transform of a distribution F (·)
VF (·) Shannon transform of a distribution F (·)



xxii Notation

Quasi-static channel of type y = Hx+n with channel matrix H known
at the transmitter:

IH (ρ): Mutual information, 1
M I(y; x|H), between the input and

output of the channel; see (2.23)

CH (ρ): Capacity 1
M maxp(x) {I(y; x|H)} of the channel; see (2.32)

hs,H(ρ) Differential entropy, 1
M h(y|H), of the channel output;

see (2.24)

hn,H(ρ) Conditional differential entropy, 1
M h(y|x,H), of the chan-

nel output given the channel input; see (2.25)

EH(ρ) Minimum mean-square error matrix,
Ey,x

{

(x− 〈x〉)(x− 〈x〉)H|H
}

, of the optimal estimator
of the channel input; see (2.22)

Pe|H(ρ) Bit error rate of uncoded transmission over the channel;
see (2.139)

Rs,H(ρ) Secrecy rate, 1
M [I(yM; x|HM)− I(yE; x|HE)], of the

wiretap channel; see (2.52)

Cs,H(ρ) Secrecy capacity, 1
M maxp(x) {I(yM; x|HM)− I(yE; x|HE)},

of the wiretap channel; see (2.53)

Ergodic channel of type y = Hx + n with statistics of channel matrix
H known at the transmitter:

I(ρ): Ergodic mutual information, 1
M I(y; x), between the input

and output of the channel; see (2.59)

C(ρ): Ergodic capacity 1
M maxp(x) {I(y; x)} of the channel;

see (2.61)

hs(ρ) Differential entropy, 1
M h(y), of the channel output;

see (2.60a)

hn(ρ) Conditional differential entropy, 1
M h(y|x), of the channel

output given the channel input; see (2.60b)

hi(ρ) Conditional differential entropy, 1
M h(y|xs), of the channel

output given the channel input in the presence of interfer-
ence; see (3.6b)

Pe(ρ) Average bit error rate of uncoded transmission over the
channel; see (2.139)

Rs(ρ) Secrecy rate, 1
M [I(yM; x)− I(yE; x)], of a wiretap chan-

nel; see (2.63)

Cs(ρ) Secrecy capacity, 1
M maxp(x) {I(yM; x)− I(yE; x)}, of a

wiretap channel; see (2.64)



Notation xxiii

IC(ρ) Ergodic sum mutual information, for the cooperative sce-
nario; see (6.39)

INC(ρ) Ergodic sum mutual information, for the cooperative sce-
nario; see (6.41)

Equivalent fixed channel of type z = Ax + w with channel matrix A

known at the transmitter:

ǏA(ρ) Mutual information, 1
M I(z; x|A), between the input and

output of the channel; see (2.129)

ĚA(ρ) Minimum mean-square error matrix,
Ez,x

{

(x− 〈x〉)(x− 〈x〉)H|A
}

, of the optimal estimator
of the channel output; see (2.128b)

Asymptotic approximations for performance measures related to the
ergodic channel of type y = Hx + n with statistics of channel matrix H

known at the transmitter:

Ī(ρ): Large-system approximation for the ergodicmutual infor-
mation between the input and output of the channel;
see (2.127)

ĪSD(ρ): Large-system approximation for the ergodicmutual infor-
mation between the input and output of the channel under
separate decoding; see (4.4)

P̄e(ρ) Large-system approximation of the average bit error rate
of the communication over the channel; see (2.140)

R̄s(ρ) Large-system approximation for the ergodic secrecy rate
of an ergodic wiretap channel; see (5.16)

C̄s(ρ) Large-system approximation for the ergodic secrecy capac-
ity of an ergodic wiretap channel; see (5.20)

R̄SD
s (ρ): Large-system approximation for the ergodic secrecy rate

between achievable for an ergodic wiretap channel under
separate decoding; see (6.78)

ĪC(ρ) Large-system approximation for the ergodic sum mutual
information, for the cooperative scenario; see (6.44)

ĪNC(ρ) Large-system approximation for the ergodic sum mutual
information, for the cooperative scenario; see (6.51)
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Chapter 1

Introduction

MODERN telecommunication networks allow the fast mobile connection
for people all over the globe. In fact, apart from human-to-human inter-
actions, recent concepts include communication between machines, which

will play a tremendous role in various future automation systems, power grids,
banking services and health care. A whole new era of the Internet of Things
(IoT) [AIM10] is emerging, where lots of smart devices are connected, serving mul-
tiple applications and thereby creating new opportunities for the whole society1.
Many large industrial market players have already stepped in into the IoT sector
with new investments, marketing campaigns and product lines (see [Pos14] for an
overview). For instance, the vision of Ericsson is connected with the idea of the
Networked Society, an ecosystem where “everything that can benefit from being
connected will be connected” [Eri14b]. Thus, in the nearest future, the number of
connections is expected to grow rapidly and, as a result, large complex networks
will have to be analyzed and managed in an efficient way. Advanced communication
technology, being one of the main enablers of the IoT principle, deserves particular
attention.

In this chapter, I give a general introduction to the topic discussed in this
thesis and motivate its importance. The remainder of the chapter is organized as
follows. A bird’s eye view on the challenges future mobile communication systems
face is followed by a list of possible technologies that are aimed to tackle the above
issues. These are given in Section 1.1 and Section 1.2. Later, I discuss the particular
subjects of interest for the thesis, namely wireless cellular networks (Section 1.3),
multi-antenna transmission (Section 1.4), cooperative communication (Section 1.5)
and physical-layer security (Section 1.6). This is followed by a review of the large-
system techniques adopted herein in Section 1.7. The detailed outline of the whole
thesis, provided in Section 1.8 concludes the chapter.

1At a large extent, this idea is a practical view on the older concept of noösphere, or the
"sphere of human thought", coined by Vernadskiy in [Ver45]. The concept states that in the same
way as the emergence of life fundamentally transformed the geosphere, the emergence of human
cognition will fundamentally transform the biosphere.

1



2 Introduction

1.1 Future Challenges for Mobile Communications

Recent shift in wireless communication systems from voice transmission to data-
based services and applications (such as mobile video and multimedia applications)
has led to a significant increase in data rate demands. The increase is driven by the
massive amounts of new smart devices, such as smartphones, laptops and tablets.
In fact, a boost in mobile data traffic has been witnessed over the past years and
the extrapolation based on different forecasts [Cis14], [Eri14a] suggests that by 2020
the amount of consumer traffic will increase up to 20 times compared to the current
traffic provision (a more catchy number of 1000-fold increase in traffic demands as
compared to the currently deployed cellular systems is often reported to the pub-
lic [DMP+14]). Moreover, spectral resources are very limited and expensive, and at
the moment most of the spectrum available for communications has already been
occupied, raising the problem of spectrum scarcity. To meet this traffic demand the
spectral efficiency of communication networks is being gradually improved within
the current fourth-generation (4G) cellular communication networks, based on the
Long Term Evolution Advanced (LTE-A) standard [DPS13], [PDF+08] developed
by the Third Generation Partnership Program (3GPP). As a result, current net-
works are approaching their theoretical performance limits, especially in the areas
of dense population.

In addition to the above issue, there is a growing concern about energy effi-
ciency of mobile communication networks. Based on the trends of processor power
consumption and battery technology, [LDPR02] forecasts exponentially widening
gap between the demand of energy and offered battery capacity. This is especially
relevant for the shrinking-sized mobile terminals putting restrictions on the battery
size. Moreover, the ever-increasing traffic demand comes at the price of sizeable car-
bon footprint of the mobile communication industry of 0.2% of the CO2-equivalent
emissions worldwide. An alarming twofold increase is expected by 2020 as compared
to 2007 [FFMB11] if no radical change in mobile networks operation happens. Since
energy consumption is the major cause of the CO2 emission, additional research on
energy efficiency has to be carried out.

Apart from the above two objectives, other issues need to be addressed for future
mobile communication systems. For instance, some important applications (such
as online banking or corporate communication) may involve exchange of sensitive
information across the network. This raises the issue of information security, which
if not taken into account properly may lead to severe outcomes. Adversaries may
gain unauthorized access and modify the confidential information, which may lead
to significant economical, ecological, health or military losses. Therefore, certain
measures have to be undertaken in order to prevent such unauthorized access.
A system designer thus arrives at multiple and often contradictory objectives to
guarantee sustainable development of the networks [BJDO14]. For example, one
has to meet the high data-rate demands, while reducing the energy consumption
and keeping the information secret from adversaries.

The upcoming fifth-generation (5G) communication systems, are planned to
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become commercially available around 2020 [DMP+14]. In addition to the afore-
mentioned trends, requirements on device and infrastructure cost, battery life, area
coverage, latency and support of massive numbers of devices will add on. The lat-
ter factors concern machine-type communications for delay sensitive systems (e.g.,
traffic safety, emergency networks). To address the above targets several measures
need to be taken, some of which will be discussed below.

1.2 Key Technologies for Future Communication Systems

There are two ways for increasing the capacity of wireless communication networks:
i) employing more spectrum and ii) increasing spectral efficiency of the system.
Current mobile communication networks are operating in the ultra-high frequency
(UHF) band, viz., 300 MHz–3 GHz, where the propagation conditions are favor-
able. Therefore, the wireless spectrum has been heavily used and already allocated
to the existing services leaving no space for new potential users. One of the solutions
to this problem is the so-called cognitive radio technology [MMJ99], [TS08], which
relies on the fact that quite often the spectrum is not being used by the legacy own-
ers at particular geographical locations, time instants and frequency bands. These
instants, referred to as spectrum holes, may be efficiently exploited by an adaptive
secondary network, provided that the latter is capable of sensing the spectrum and
accessing it opportunistically. For a long time cognitive radio has been regarded as
one of the promising research areas, attracting a lot of attention from the scientific
community. However, no significant gains have been demonstrated in practice yet
and it is therefore unlikely that cognitive radio will play a significant role in the
future mobile standard.

An alternative approach to address the above issue is the use of mm-wave com-
munication systems [CHSY07], [RSM+13], operating in the band of 3–300 GHz.
This approach solves the spectrum-scarcity problem via the vast amounts of new
available spectrum. The corresponding band has already been used for local-area
networks and backhaul links for cellular networks. Due to higher oxygen absorbtion
in that frequency region, communication is limited in range and is restricted to
line-of-sight conditions. This makes it particularly sensitive to link blockages and
problematic for indoor-outdoor coverage. Nevertheless, the on-going densification of
current networks, leading to smaller cells, downgrades the pathloss effects, e.g., due
to rainy environments [QL06]. Being an enabler for new large-scale multi-antenna
technologies, mm-wave communications is a subject of on-going research effort and
experimental implementations [GQMT07], [MMS+09].

To increase the spectral efficiency of communication systems, one can employ
multiple antennas at each communication terminal. In the case of point-to-point
communication a multiple-input multiple-output (MIMO) communication channel is
formed. MIMO techniques have several important advantages over the conventional
single-antenna transmission. For instance, multiple antennas provide improved re-
liability and/or increased data rates. In addition, MIMO technology allows the
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steering of the resulting multi-antenna beam towards the intended users (known as
spatial precoding or beamforming), which increases the received power (array gain)
and decreases interference to other users. Spatial precoding resolution improves
with the antenna array size, which, however, increases the complexity of the sys-
tem. Initial works on MIMO include [Tsy65], [MF70], [FG98], [Tel99]. To provide
the above gains MIMO schemes require rich scattering environment to assure dif-
ferent multi-path propagation patterns for each transmit-receive antenna pairs, as
well as knowledge of channel state information (CSI) to realize precoding. MIMO
schemes with up to 8 antennas per terminal have already been incorporated into the
LTE-A standard, and the technology is highly likely to be present in the upcoming
wireless communication systems.

Traditionally, a cellular system operated over some geographical region con-
sists of several cells, serving users over the territory and being split according to
some frequency reuse pattern. The cells are usually able to coordinate with each
other in order to provide handover services for the mobile terminals that cross
common borders. In a multi-cell system, however, the cells may operate at the
same frequencies, while controlling the interference between terminals via spatial
multiplexing. The technology is called network MIMO or coordinated multi-point
(CoMP) [GHH+10], [IDM+11]. Network MIMO relies on good backhaul connections
and turns several connected base stations (BSs) into a large distributed antenna
array. This virtually pushes the cell boundary further out, creating a super-cell with
no intra-cell interference and thereby increasing the system throughput. However,
such cooperation relies on idealistic assumptions about the acquisition of global
CSI from all user terminals, perfect synchronization and control overhead. More-
over, inter-cell interference from the cells that are not included in the cluster sig-
nificantly degrades the achievable gains. Nonetheless, network MIMO has already
been included in the 4G networks and is likely to be a part of the upcoming 5G
standard.

An interesting idea has recently been proposed by Marzetta in [Mar10], where
it is assumed that a BS is equipped with a large number (hundreds) of antennas
serving a moderate number (dozens) of users. This allows a significant increase in
throughput with simultaneous reduction of per-antenna transmit power. The tech-
nology has been named massive MIMO and is now considered as a candidate for
5G [BHJL+13]. Additional benefits of massive MIMO include reduced-complexity
signal processing, high resolution of spatial precoding and vanishing effects of ther-
mal noise, fading, interference, as well as hardware imperfections [RPL+13]. At the
same time, channel estimation of the downlink channel is problematic and typically
relies on the time-division duplex transmission and channel reciprocity. Moreover,
massive MIMO suffers from pilot contamination [JAMV11], [LETM13]. Namely, the
number of orthogonal pilot signals needed for the channel training is proportional
to the number of all users in the neighboring cells (designed to cause no interfer-
ence). This number grows quickly with the number of such neighboring cells, and
hence the adjacent cells are highly likely to use the same set of pilots. Thus, user
terminals therein tend to produce interference to the neighboring BSs during the



1.2. Key Technologies for Future Communication Systems 5

channel estimation phase. This creates errors in the channel estimates and leads
to increasing interference limiting the performance. Nevertheless, several new tech-
niques, recently proposed in [YGFL13], [MVC13], are able to overcome this issue.
Thus, massive MIMO, being compatible with mm-wave communications, is likely to
appear in the upcoming standard in combination with some of the aforementioned
technologies.

The concept of small-cell networks assumes dense unplanned deployment of
reduced-power, low-cost, self-organizing BSs (cells) with the aim to increase the
throughput, while reducing the power consumption. Bringing the transmitter and
receiver closer to each other reduces necessary transmit power to maintain the
data rates. Small cells are categorized depending on their coverage from microcells
to femtocells ranging from hundreds to tens meters in diameter. Small cells can
be used to dynamically allocate capacity, depending on the regions where it is
lacking. This prevents energy losses due to overprovisioning of bandwidth [HKD11].
The technology is particularly suitable for mm-wave communication, where severe
pathloss limits the coverage area of a BS and the cells have to go smaller.

Relaying has been demonstrated as an efficient means to combat the effect of
wireless fading. By creating additional paths for the signal to arrive at the receiver,
a relay that forwards its received signal towards the destination terminal provides
diversity, allowing the selection of the best path. In addition, relaying naturally
increases the coverage through signal retransmission. Relaying is regarded as useful
for mm-wave communication in overcoming link blockages via relays. The drawback
of the current relaying solutions is that a wireless device has difficulties with simul-
taneous transmission and reception due to large levels of self-interference. This is
known in the literature as the half-duplex constraint. New promising technologies
of two-way relaying [LJS06] and full-duplex [RWW11] transmission provide ways
to circumvent this constraint.

Additional techniques allowing further improvement of the system perfor-
mance include exploitation of electromagnetic polarization for antenna isola-
tion [AMdC01], interference alignment [CJ08], hybrid automatic retransmis-
sion request (H-ARQ) [CT01], coded orthogonal frequency-division multiplexing
(OFDM) [LFAB95] and new coding schemes, such as Polar codes [Ari09] and rate-
less codes [Lub02], [Sho06].

As mentioned in the previous section, the issue of secrecy of the transmitted
information adds on to the traditional focus on reliability of communication. A
conventional approach to this issue is based on higher-layer secret- and public-key
cryptography [MVOV10]. However, those methods rely on the assumption of limited
computational capabilities of illegitimate parties and has not been proved perfectly
secure [LPS08]. Meanwhile, an alternative approach of physical-layer security may
efficiently tackle the aforementioned problem at a lower computational overhead.
Such approach typically relies on the advantage of the legitimate receiver over the
unintended parties. This advantage can then be exploited as a means to confuse the
eavesdroppers, so that the information is protected directly at the physical layer of
the OSI reference model [Zim80]. Nevertheless, from the wireless-communications
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viewpoint, the concept remains rather theoretical with few successful real-world
implementations available so far [AHO+05], [BBRM06]. In any case, the direction
seems to be of increasing importance and continues to receive considerable attention
from the scientific community.

1.3 Cellular Networks

A mobile user terminal (UT), such as a cell phone or a tablet, has a limited power
budget, and hence there is a maximum distance at which it could potentially com-
municate with other terminals. To provide distant users with connection it is com-
mon to organize communication into a network geographically divided into cells,
where connections in each cell are managed by a fixed base station (BS). The BS
is an important part of the infrastructure of the underlying wired core network,
and hence it has substantial computational and power resources at its disposal. It
is connected to the core network though a backhaul link, which is typically wired
or optical-fiber to allow the high-speed connection and coordination.

UTs are typically small-sized and battery-powered with roaming features. Once
appearing at a cell, UTs are served by a single BS; the connection between UTs
located in different cells is done through the backbone. Both the BS and the MS
can transmit and receive signals, and the transmission directions within a cell are
divided into i) uplink, i.e., transmission from a UT towards the BS, and ii) downlink,
i.e., transmission from the BS to an U. Thus, when two UTs want to communicate
within a cell, the transmitter first sends the message via the uplink towards the BS,
and then the BS communicates the message to the receiver through the downlink. If
the terminals are situated in different cells, the message after the uplink communi-
cation traverses the backbone network to the BS of the dedicated cell, and then via
the downlink reaches the intended UT. In the communication-theory literature, the
uplink scenario is known as the multiple-access channel (MAC) [Ahl71], whereas
the downlink is referred to as the broadcast channel [CS03], [VT03]. Both scenarios
are discussed in Chapter 6 of this thesis.

User mobility affects the communication over the wireless medium; one of its
effects is the fluctuation of the channel parameters, which influences the signal
reception. Therefore, to account for the effects of the channel one has to estimate the
channel state and keep this estimate updated. The standard way of doing channel
estimation is to use training sequences, which represent signals known at both the
transmitter and receiver. These are compared with the actual received signals to
estimate the channel properties, i.e., CSI. The CSI is essential for efficient wireless
communication. Based on it the BS performs user selection, resource allocation,
coordination and transmission, or processing of the received data–depending on
the direction of communication.

To make sure that uplink and downlink transmissions do not interfere with each
other, they are made orthogonal. Namely, the resources are divided between these
transmissions so that there is no overlap. For instance, in frequency-division duplex
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(d) MIMO.

Figure 1.1: Antenna configurations of the transmitter (Tx) and receiver (Rx).

(FDD) systems, different non-overlapping frequency bands are used for uplink and
downlink. An alternative solution is the time-division duplex (TDD) mode, where
the transmissions are separated in time. The latter approach seems more advan-
tageous due to reciprocity between uplink and downlink in terms of the channel.
Namely, since in both directions the system is working in the same frequency band,
one does not have to do the channel training twice. Typically, a UT will send a
training sequence in the uplink, from which the BS can acquire CSI of both di-
rections. However, despite the fact that the physical channel is always reciprocal,
the effective channel between a UT and the BS also includes the RF hardware at
both sides. If those are not properly calibrated [GSK05], the channel reciprocity
can be destroyed. The drawback of TDD operation is the stricter requirement on
time synchronization between the neighboring cells.

1.4 Multi-Antenna Transmission

Performance of a communication system can be dramatically improved, both in
terms of data rate and link reliability, by using multiple antennas at the transmitter
and receiver. Depending on how the multiple antennas are used, there can be various
antenna configurations, as depicted in Figure 1.1. The conventional single-antenna
transmission is described as a single-input single-output configuration (SISO) shown
in Figure 1.1a. When the transmitter is equipped with multiple antennas, while the
receiver is a conventional single-antenna terminal, the scenario is referred to as
multiple-input single-output (MISO), shown in Figure 1.1b. And vice versa, when
a single-antenna transmitter communicates with a multiple-antenna receiver, the
scenario is called single-input multiple-output (SIMO, shown in Figure 1.1c). Fi-
nally, when both terminals have multiple antennas, the configuration is labeled as
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multiple-input multiple-output (MIMO). In the sequel, unless otherwise stated M
and N will denote the number of antennas at the transmitter and receiver, re-
spectively, while the corresponding MIMO system will be denoted as M ×N . For
example, a 4× 2 MIMO system assumes that there are 4 transmit antennas and 2
receive antennas.

This thesis is mostly devoted to the analysis and improvement of the spectral
efficiency of MIMO systems. Conceptually, there are two important gains MIMO
offers:

• Diversity gain: When properly spaced in a rich-scattering environment, the
transmitter-receiver antenna pairs experience different fading. Therefore, by
transmitting correlated data through all antennas, the reliability of commu-
nication will be determined by the strongest path between antennas. Clearly,
this enhances the communication reliability as compared to SISO systems.

• Multiplexing gain: By having several paths connecting the transmitter
and receiver, one can transmit independent information streams via differ-
ent transmit antennas. In this way, there are several data streams carrying
different information content that are transmitted and received in parallel.
This leads to increased data rate of the communication.

The two advantages of MIMO transmission form the so-called diversity-multiplexing
tradeoff [ZT03], which characterizes the fundamental limits of communication.

Note also that multiple antennas at the transmitter allow the spatial precoding.
With precoding, the power can be concentrated in desired directions to increase the
the received signal power of certain users, meanwhile decreasing the interference
towards others. This may be particularly relevant for the multiuser scenario, where
the problem of inter-user interference is crucial. The conventional way of dealing
with this issue is to allow simultaneous transmission only for well-separated users (in
space, time or frequency). This approach is however known to be suboptimal and an
optimized precoding, allowing some amenable interference, can be shown to achieve
better performance. The corresponding precoder design, however, requires accurate
CSI, which may sometimes be problematic, shall be discussed in the upcoming
chapters.

For MIMO systems to be advantageous, properties of the channels between each
transmitter-receiver pair have to differ. This ensures that there are multiple paths
for the signal to travel between the transmitter and receiver and provides multi-
ple degrees of freedom (or effective streams) for the aforementioned diversity and
multiplexing. To achieve this effect, antennas at both sides should be sufficiently
separated in space and placed in a rich-scattering environment, which creates statis-
tically independent signal distortions for different signal paths. In reality, however,
the antennas can be correlated, which leads to statistical dependencies among the
signal paths and reduces the degrees of freedom.
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Figure 1.2: Illustration of a Relay channel.

1.5 Cooperative Communication

The advantages described above can be complemented with cooperative commu-
nication techniques [NHH04]. Terminals (either UTs or BSs) may decide to share
their antennas in a synchronized way and assist each other by transmitting the
partner’s signal. This would lead to a number of possible benefits, as we shall see
below. The following two types of cooperation are considered in this thesis.

1.5.1 Relaying

Terminals may act as relays, retransmitting each other’s overheard signals. In this
way, the signals arriving at the receiver traverse more independent paths allowing
higher diversity and multiplexing gains. Another important benefit of relaying is
coverage extension. If the direct communication between the transmitter and the
receiver is not possible (e.g., due to geographical location or some obstacles in the
way), the partner terminal may still deliver the signal to the destination through a
multi-hop rout.

The fundamental block of the cooperative communication, the relay channel
was firstly introduced by van der Meulen in [vdM71]. The corresponding channel
is depicted in Figure 1.2, consisting of three terminals: a source, a destination and
a relay. The relay terminal is used for aiding the transmission from the source
to the destination. Practically, the relay terminal cannot transmit and receive at
the same time due to cross-interference between the transmitted and the received
signals. This limitation is known as half-duplex constraint, and it requires that the
transmission session is split into two time-slots (or, alternatively, two orthogonal
frequency carriers)2.

2Full-duplex regime assumes that the half-duplex constraint is resolved, i.e., the node can
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The transmission process is described as follows. In the first time-slot, the source
terminal transmits towards the relay3. The relay performs some kind of processing
on the received signal, and forwards it to the destination during the second time-
slot. Then, the destination attempts to decode the signal.

There are various relaying strategies proposed in the literature, that may be
roughly divided into two classes: i) non-regenerative and regenerative. A typical
representative of non-regenerative strategies is the so-called amplify-and-forward
(AF) strategy [RSF51], [LTW04]. The basic underlying principle of non-regenerative
strategies is the amplification of the noisy received signal at the relay terminal and
its retransmission towards the destination. The most frequently considered regener-
ative relaying strategy is decode-and-forward, originally suggested in [CEG79]. The
key idea of the DF strategy is that the received signal is first decoded at the relay,
then re-encoded and retransmitted to the destination. Another representative of
the class of regenerative strategies is compress-and-forward, also initially suggested
in [CEG79]. The idea here is that the relay quantizes the received signal and en-
codes the samples into a new message which is forwarded to the destination serving
as additional redundancy for the signal received directly from the source. Note that
in this thesis, the latter two strategies are not considered, and asymptotic analysis
of AF relaying is presented in Chapter 4.

1.5.2 Multi-Cell Coordination

In a cellular scenario, cooperation can also be carried out between BSs. For instance,
in addition to the intra-cell interference, neighboring cells are also interfering each
other. This inter-cell interference to a larger extent affects the users located near
the cell edge. In the information-theoretic terms, this scenario is described by the
interference channel [HK81]. Cooperation between BSs provides an efficient way to
deal with this interference. There are two main approaches:

• Coordinated precoding: BSs coordinate their precoders in such a way that
there is no simultaneous transmission towards closely located users near the
cell edge [RL06].

• Network MIMO: BSs cooperate by sharing the data among all of their
antennas. This virtually turns the BSs into a larger antenna array and pushes
the cell boundaries further away [SZS07], [GHH+10].

Both strategies fall under the joint umbrella of CoMP transmission [IDM+11], and
both offer improvements in the performance of the entire cellular network. How-
ever, both also require very accurate CSI for all the involved channels, as well as

transmit and receive at the same time, which may be used as an idealistic benchmark to realistic
transmission schemes. Moreover, as mentioned earlier, full-duplex transmission is a subject of
ongoing research efforts.

3In the literature, it is often assumed that there is also a direct source-destination link. In this
thesis, however, such scenarios are not considered.
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Figure 1.3: Illustration of the Network MIMO principle.

tight synchronization. From the above scenarios, this thesis considers only network
MIMO which is depicted in Figure 1.3 and discussed in Chapter 6.

1.6 Physical-Layer Security

The security aspect of wireless networks has recently become a subject of grow-
ing interest within the communication engineering community. Due to the broad-
cast nature of wireless channels, unauthorized entities may eavesdrop on the com-
munication between legitimate users. Traditional security techniques, based on
public-key cryptography algorithms [MVOV10], rely on computational complex-
ity of some mathematical problems, e.g., the discrete logarithm problem on elliptic
curves [Sma99]. Given a solution for a problem, one can verify it in polynomial
time; on the other hand, the problem of finding the solution is, in general, a very
hard task of super-polynomial complexity [Sho94]. Nevertheless, the ‘P 6= NP ’
problem [For09] has not been solved till now, and thus cryptographic methods have
not been proven perfectly secure. For instance, a recently adopted private-key stan-
dard AES has already revealed its weaknesses to attacks [BDK+10]. Moreover, the
advent of quantum computers may break security of all current cryptosystems.

To circumvent the above problems, an alternative approach of physical-layer
security has been proposed by Wyner [Wyn75]. The main distinguishable differ-
ence between this approach and mathematical cryptography is the fact that it
is provably secure, in the sense that an eavesdropper cannot extract information
about the secret message based on the observed signal. This approach does not re-
quire mathematical assumptions on the computational capabilities of the potential
eavesdropper; it rather relies on the channel randomness as means to confuse the
eavesdropper and guarantee secure communication.
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In his seminal paper [Wyn75], Wyner also proposed a toy model capturing the
essence of physical-layer security, which is known as the wiretap channel, consisting
of the three terminals: a legitimate transmitter, a legitimate receiver and a passive
eavesdropper. That is, a communication channel between the legitimate parties is
accompanied by a leakage channel to the eavesdropper. To analyze the performance
of such channels, Wyner also introduced an appropriate metric called the secrecy
rate, which, in information-theoretic terms, reflects the maximum achievable rate
of reliable and secure communication. To achieve strictly positive secrecy rates,
legitimate parties must have some advantage over the eavesdroppers in terms of
channel quality [LYCH78]. For example, the legitimate receiver has lower noise level
in the channel as compared to that of the eavesdropper’s. This thesis considers the
wireless MIMO version of the wiretap channel, which will be discussed in Chapter 5.

1.7 Large-System Analysis

To evaluate the theoretical performance of wireless communication systems, one
must formulate a reasonable system model and choose the right mathematical tools
to be able to derive meaningful expressions. This thesis is mostly aimed at the
performance analysis of MIMO systems in various settings. A typical scenario con-
sidered herein is an ergodic-fading MIMO channel, given by a linear vector model
with a random channel matrix. The achievable rate of such a channel is given by the
ergodic mutual information (MI), which due to the randomness of the channel does
not exhibit a compact closed-form expression. This makes it hard and inconvenient
to work with this metric.

In the context of linear vector models, asymptotic approaches developed within
the field of random matrix theory greatly facilitate the analysis. Such meth-
ods were used already in the early works [FG98], [Tel99] on MIMO to as-
sess the capacity of multi-antenna transmission. At the same time, several ap-
proaches used random matrix theory for the analysis of the asymptotic spectral
efficiency of large randomly-spread code division multiple access (CDMA) sys-
tems [GA98], [VS99], [TH99] were reported. The main results show that spectral
efficiency of CDMA concentrates with respect to (w.r.t.) the randomness of the
spreading sequences in the large-system limit (LSL), where the number of both
users and spreading sequences grow large without bounds at a constant ratio. The
parallel multi-antenna results [RP00], [LT02] were extended to the case of spatial
correlation in [CTKV02], [MFPZ03], [HLN07], [VLS05] and, later, to the MAC
in [CDS11], [ABEH06], [ZWJ+13]. The obtained results were used for precoder op-
timization in [CDS11], [DL12]. In [KH05], it was shown that the ergodic capacity
of an uncorrelated MIMO channel converges to a Gaussian random variable, whose
moments were derived therein. Almost all early results based on random-matrix
methods are restricted to Gaussian signaling schemes at the transmitter, with no-
table exception of [TV00] where the asymptotic multiuser efficiency is derived for
communication with binary inputs and linear detectors at the receiver.
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Meanwhile, when Tanaka firstly applied the replica method to the CDMA prob-
lem in [Tan01], [Tan02], he was able to extend the previous CDMA results to bi-
nary channel inputs. This triggered lots of subsequent work, starting from [GV05],
which extended Tanaka’s result to arbitrary inputs and fading, as well as intro-
duced the decoupling principle, which later on was applied to MIMO-CDMA chan-
nels [TTY08], and then generalized to a mean-field description of Gaussian MIMO
channels in [TN08]. Next, in [Mül03], the capacity and bit error rate (BER) of
a MIMO system with the correlated channel was derived based on the replica
method. The performance loss due to separation of detection and decoding is
quantified in [MG04]. At the same time, in [MSS03], the moments of the MI of
a MIMO system with co-channel interference were determined. The correspond-
ing results were obtained, however, under the assumption of Gaussian signaling
at all terminals. Later, in [WW07], [WLCT05], the correlated MAC was analyzed
for arbitrary inputs. Recent advances include multi-path fading [DL11], the Rician
channel model [VSV03], [TR11], [WJW11], [RVA05] and alternative (to standard
Kronecker) channel models [WWX+14]. Also, [MGM08] and [ZMMdM12] discuss
the deficiencies of the replica method and the impact of replica-symmetry breaking
on the example of vector precoding for the broadcast channel. In [MT06], [KM10],
in turn, it was proved that Tanaka’s formula gives, in fact, an upper-bound for the
true spectral efficiency for a conventional uncorrelated CDMA/MIMO.

1.8 Thesis Outline

This thesis is devoted to the performance analysis of communication systems featur-
ing some of the aforementioned techniques intended for the future mobile standard.
Here, I briefly describe the contributions and review the previous/parallel work.

1.8.1 Background

Chapter 2 provides the necessary background for studying the problems of the
later chapters. In particular, I discuss in detail the wireless channel models rep-
resenting the point-to-point and wiretap MIMO scenarios with quasi-static and
ergodic fading, thereby motivating the necessity of the large-system analysis. Then,
I provide a short review of random matrix theory and statistical physics. For more
information on these topics the reader is referred to the textbooks [TV04], [CD11]
and [Mer09], [Dot01]. This is followed by an illustration of some of the existing re-
sults applied to the point-to-point MIMO scenario. Based on these building blocks
the material of the upcoming chapters will follow.

1.8.2 Multiple-Access Channels

In this chapter, I consider a wireless MIMO MAC, which models the uplink of
a cellular communication system. In addition, I consider a set of interferers us-
ing arbitrary (not necessarily Gaussian) signaling, which represents the users from
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neighboring cells. The system is analyzed in terms of the achievable ergodic sum
rate.

Background

The main price to pay for the benefits offered by MIMO transmission is the hard-
ware and signal processing complexity at both the transmitter and receiver. It is
therefore of great importance to analyze the potential performance gains of MIMO
processing in realistic scenarios before employing the techniques in practice. For
example, in the uplink of a cellular system, the effects of co-channel interference
emerging from other cells need to be taken into account. As observed in [Blu03],
such interference has also a surprising influence on the optimal power allocation
strategy at the transmitter. In addition to co-channel interference, spatial corre-
lation [TLV05] and the type of channel inputs [Mül03] have a great impact on
the achievable rate of the channel. However, analysis of realistic scenarios tend to
be mathematically challenging, while numerical simulations are time consuming,
especially if discrete signaling is employed at the transmitter.

To deal with such problem, the authors of [MSS03] derived the asymptotic
approximation for the ergodic MI and then determined a corresponding routine.
A similar approach is taken in [CDS11], [DL11] for the case without interference.
This leads to simple iterative water-filling (WF) algorithm [CT06] over the transmit
correlation matrix. This allows the characterization of the capacity region of the
MIMO MAC [CDS11]. Note that a similar result was obtained in [SP02] through
different arguments.

Nevertheless, existing studies regarding MIMO systems with co-channel interfer-
ence have all concentrated on the special case, where Gaussian signals are transmit-
ted both by the desired user and the interfering terminals. This is in contrast to real-
world systems, where discrete constellations such as quadrature phase-shift keying
(QPSK) and quadrature amplitude modulation (QAM) are typically used. These
realistic cases are, however, out-of-bounds for random matrix theory, except for
setups where sub-optimal linear detection and per-stream decoding is considered.
Note that in [WW07] a MIMO MAC with arbitrary channel inputs was analyzed
via the replica method. The authors, however, did not consider the optimization of
the precoder.

Contributions

To summarize, the following contributions are being reported in this chapter:

• An expression for the asymptotic sum rate of the MIMO MAC with spa-
tial correlation and in the presence of spatially correlated multi-antenna in-
terferers is derived. The analysis is valid for arbitrary channel inputs at all
terminals and is carried out in the LSL, where the numbers of antennas at
both ends of each MIMO channel grow without bound at a constant rate. As
expected, several prior results are obtained as special cases of the analysis.
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For instance, in the absence of interferers, the presented results degenerate
to those reported in [CDS11], [ABEH06] when Gaussian signals are employed
and to those given in [WW07] when arbitrary signal constellations are used.
Finally, in the presence of interference and under the assumption of Gaus-
sian signaling, the results partly reduce to the expression of the mean mutual
information derived in [MSS03].

• Precoder optimization is addressed for both Gaussian and finite-alphabet sig-
naling schemes under the assumptions of full CSI at the receiver and statistical
CSI at the transmitter. By using the asymptotic sum rate as an objective func-
tion for the corresponding optimization problem, optimal precoding matrices
are obtained for each user. The results obtained in this chapter reveal the
effect of interference in both correlated and uncorrelated scenario. Namely,
the impact of the number of interfering terminals, their constellations and
precoders. In addition, the effect of spatial correlation on the performance of
discrete constellations is illustrated along the lines of [MSS03].

Publications

The content of the chapter is based on the following publications:

[GVR12b] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “On the
asymptotic sum-rate of uplink MIMO cellular systems in the pres-
ence of non-Gaussian inter-cell interference,” in Proceedings of
IEEE Global Communications Conference (GLOBECOM), Ana-
heim, U.S.A., December 2012, pp. 2475–2480.

[GVR14c] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “Large-system
analysis of correlated MIMO multiple access channels with arbi-
trary signaling in the presence of interference,” IEEE Transactions
on Wireless Communications, vol. 13, no. 4, pp. 2060–2073, 2014.

Here [GVR14c] is an extended journal version of [GVR12b]. Parts of [GVR12b]
appear also in the author’s licentiate thesis [Gir12], as well as in [GVR12a].

1.8.3 Multi-Hop Amplify-and-Forward Relay Channels

This chapter studies the performance of multi-hop AF MIMO relaying. Wireless sen-
sor networks serve as a practically relevant example, where multi-hop (and cluster-
based) relaying helps to overcome the low-power-budget constraints [DCSI07].
Thus, understanding of the fundamental limits of multi-hop MIMO relay channels
has become one of the recent research challenges.
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Background

Chapter 4 is devoted to a general MIMO K-hop AF relay channel with fast fading,
the achievable rates of which are characterized by the end-to-end ergodic MI. To
overcome the difficulties with computation of the expectation of MI over the channel
realizations, several asymptotic approaches, based on the large-system assumption,
have been recently proposed. For instance, in [LKCL10], various asymptotic limits
are considered; namely, when numbers of antennas at the one side of the channel
(source, destination or relay terminals) grows large, while at the other side the num-
ber of antennas stays fixed. Other authors apply techniques from random matrix
theory. For instance, in [JMZW10], an explicit expression for the achievable rate
of a two-hop MIMO AF relay channel with Gaussian inputs is obtained. Further,
assuming that the number of antennas at each terminal within the relay channel
grows very large, the authors of [FZDG11] analyze a multi-hop relay channel with
noise only at the destination terminal. Meanwhile, in [YL07] the capacity of a gen-
eral K-hop AF MIMO channel with Gaussian inputs and noise at every hop is
expressed in terms of the limiting eigenvalue distribution of a product of MIMO
channel matrices, obtained via a set of recursive equations. In [Hoy12, Section 3.5],
a recursive expression for ergodic MI between the input and output of a K-hop AF
MIMO channel is derived by means of deterministic equivalents [HLN07]. Another
recent paper, [WCT12], evaluates the average throughput od a related setup under
the assumption of full CSI and SVD-based linear precoding.

Meanwhile, reliability of communication is evaluated in terms of (uncoded) av-
erage bit error rate (BER), which, too, yields no closed-form expression for the
AF MIMO scenario with fading. Most of the existing work on closed-form average
BER is, however, limited either to one-antenna terminals [HA03], [TAS11], or to
bounds on the BER performance [KT12]. The authors of [HA03] derive a closed-
form expression for average BER of dual-hop relaying system via harmonic mean.
Reference [TAS11] provides an exact closed-form expression for the average BER
of a single antenna AF relay system in terms of Lauricella multivariate hypergeo-
metric functions. In [HA03], an upper bound on the average BER of a MIMO AF
relay channel is derived using the arithmetic-geometric mean inequality. Further-
more, the large-system BER performance of the MMSE detector in the dual-hop
AF relay scenario has been analyzed in [WW10]. However, the problem in its gen-
eral formulation, accounting for other conventional detectors and arbitrary number
of hops K, remains open.

Contributions

The above being said, the chapter provides a framework for efficient performance
analysis of a K-hop AF relay MIMO communication channel under general condi-
tions. In particular,

• The framework provides an explicit expression for the ergodic MI for an
arbitrary signaling scheme at the source terminal in the regime, where the
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numbers of antennas at each terminal grow without bounds at constant ra-
tios. This allows the evaluation of the spectral efficiency of the system under
optimal joint detection and decoding (JDD). For Gaussian signals, the re-
sults herein degenerate to those reported in [Hoy12] and partially to the ones
in [WRW08]. For non-Gaussian signals the results of the chapter partially
reduce to those in [WW10].

• In addition, it is shown that the decoupling principle, reported by Guo and
Verdú [GV05] in the context of DS-CDMA systems, holds also for multi-hop
AF relay MIMO channels. Namely, in the large-system regime, an AF relay
MIMO channel decouples into a bank of scalar Gaussian per-stream channels.
This allows the characterization of the system performance in practically mo-
tivated scenarios, where joint detection is followed by separate decoding. The
obtained results degenerate to those in [WW07], [WW10].

• Furthermore, the above result allows us to acquire the average uncoded BER
of the system for various types of detection schemes, employed at the receiver.
The corresponding results degenerate to those in [Mül03], [WW07], [WW10].
The results also align with those presented in [Tan02], [GSV05], [TTY08] for
CDMA and MIMO-CDMA systems.

Publications

The chapter is based on the following papers:

[GR11] M. A. Girnyk and L. K. Rasmussen, “Myopic multi-hop trans-
mission strategies in layered wireless networks,” in Proceedings of
IEEE International Symposium on Personal Indoor and Mobile
Radio Communications (PIMRC), Toronto, Canada, September
2011, pp. 1763–1767.

[GVR13a] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “Large-system
analysis of the K-hop AF MIMO relay channel with arbitrary in-
puts,” in Proceedings of IEEE International Symposium on Infor-
mation Theory (ISIT), Istanbul, Turkey, July 2013, pp. 439–443.

[GVR14b] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “Asymptotic
properties of dual-hop AF relay MIMO communication systems,”
in Proceedings of IEEE International Symposium on Information
Theory (ISIT), Honolulu, U.S.A., July 2014, pp. 476–480, short-
listed for the Best Paper Award.
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[GVR14a] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “Asymptotic
performance analysis of the K-hop amplify-and-forward MIMO re-
lay channel,” IEEE Transactions on Information Theory, 2014,
submitted.

Paper [GVR14a] is an extended journal version of [GVR13a] and [GVR14b].

1.8.4 Wiretap Channel

In this chapter, a MIMO wiretap channel is considered in both the quasi-static and
ergodic settings. The secrecy capacity of the channel in the both settings is studied
throughout the chapter.

Background

In the context of quasi-static MIMO wiretap channels, the attempts of find-
ing the secrecy-capacity achieving precoding matrices have been made already
in [LS09], [KW10a], [OH11]. Later, in [LP10], the secrecy capacity has been char-
acterized for the case of channel matrices with certain rank properties. The special
case with two-antenna legitimate parties and a single-antenna eavesdropper has
been addressed in [SLU09].

Recently, several computationally efficient approaches have been proposed for
tackling the problem. For instance, in [FS12], a precoding method based on the
generalized singular value decomposition (GSVD) was proposed. Later, in [WWZ13],
two other sub-optimal approaches have been studied: i) a zero-forcing (ZF) precoder
and ii) an signal-to-leakage-plus-noise ratio (SLNR) maximizing precoder. The ZF
precoder nulls out the leakage to the eavesdropper, whereas the SLNR approach
maximizes the ratio between the signal power and the effective power of leakage and
noise. The three approaches outperform each other in various particular settings.
In addition, it has been proposed in [GN08] that transmission of the artificial noise
can increase the achievable secrecy rates. Nevertheless, there is no unified approach
allowing the computation of the secrecy capacity achieving transmit covariance
matrix for the general MIMO setting. Chapter 5 thus attempts to address this
problem by providing an efficient algorithm for the precoder design. Note that an
independent recent contribution [LHW+13] developed a similar algorithm for the
precoder optimization, based on the alternating optimization.

Most of the previous work on MIMO wiretap channels considered quasi-static
channels with full CSI at the transmitter. Notwithstanding, as shown in [LL14],
multiple antennas at the transmitter may benefit to provide secrecy in the practical
fast-fading scenario where only statistical CSI is available to the transmitter. In
this setting, the secrecy performance metric is referred to as the ergodic secrecy
capacity, which was rigorously derived therein for a MIMO wiretap channel with
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only statistical CSI at the transmitter. The authors showed that in this scenario
it scales with signal-to-noise ratio (SNR), given that the legitimate receiver has an
advantage over the eavesdropper in terms of statistical properties of the channel.

In general, evaluation of the aforementioned ergodic secrecy capacity is prob-
lematic since it requires averaging over the channel realizations. Moreover, it relies
on the assumption that the signals transmitted through the channel are Gaussian
distributed, which is impractical for real-world systems. Thus, based on the replica
result for the point-to-point systems, an explicit expression for the ergodic secrecy
rate is obtained in the chapter. The expression particularizes to the ergodic secrecy
capacity and in that case is given in closed-form. Further generalization to corre-
lated fast-fading MIMO wiretap channels, provided that full CSI is available at the
transmitter, gives the ergodic secrecy rate, which can be then maximized using the
algorithm proposed in the beginning of the chapter.

Contributions

The following contributions have been made:

• For the quasi-static MIMO wiretap channel, based on a widely used assump-
tion of full CSI at the transmitter [KW10b], [FS12], the corresponding prob-
lem is formulated as a difference of convex functions (DC) programming prob-
lem. An efficient algorithm for addressing the problem is then developed,
based on the eigenvalue decomposition of the transmit covariance matrix and
a subsequent alternate optimization of the eigenvectors and eigenvalues of the
matrix. The proposed method is shown to outperform other existing methods.

• For the ergodic scenario, an asymptotic approximation for the ergodic secrecy
rate is derived based on the replica result from Chapter 2 under the assump-
tion of arbitrary channel inputs. The approximation tightens as numbers of
antennas at each terminal grow infinitely large. The result, particularized to
Gaussian signals, provides a closed-form expression for the asymptotic secrecy
capacity of [LL14]. These results allow us to capture some interesting behavior
of the wiretap channel, especially under finite-alphabet inputs.

• The problem of precoder optimization in the ergodic scenario is addressed
later using the algorithm developed in the beginning of the chapter. The al-
gorithm outperforms the WF approach over the main channel and the GSVD-
based precoder.

Publications

The chapter is based on the following papers
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[KGV+13] A. Khabbazibasmenj, M. A. Girnyk, S. A. Vorobyov,
M. Vehkaperä, and L. K. Rasmussen, “On the optimal pre-
coding for MIMO Gaussian wire-tap channels,” in Proceedings of
International Symposium on Wireless Communication Systems
(ISWCS), Ilmenau, Germany, July 2013, pp. 356–359.

[GVYR14] M. A. Girnyk, M. Vehkaperä, J. Yuan, and L. K. Rasmussen, “On
the ergodic secrecy capacity of MIMO wiretap channels with sta-
tistical CSI,” in Proceedings of IEICE International Symposium
on Information Theory and its Applications (ISITA), Melbourne,
Australia, October 2014, to appear.

[GGV+14] M. A. Girnyk, F. Gabry, M. Vehkaperä, L. K. Rasmussen, and
M. Skoglund, “On the transmit beamforming for MIMO wiretap
channels: Large-system analysis,” in Information Theoretic Secu-
rity. Lecture Notes in Computer Science, 2014, pp. 90–102, pre-
sented at International Conference on Information Theoretic Secu-
rity (ICITS), Singapore, November 2013.

1.8.5 Random Network Topology

Performance of network MIMO accounting for realistic scenarios, such as im-
perfect CSI, pathloss or limited backhaul capacity, have been recently ana-
lyzed [HMK+11], [HTC12], [ZH12] using random-matrix methods. However, most of
the existing work focuses on deterministic placement of the user terminals (UTs) and
BSs. To account for random user locations, recent papers [HMCD12] and [ABS+12]
proposed an approach, partly based stochastic geometry [HAB+09]. Within this
framework, the system performance is averaged over the positions of the MTs,
drawn from some spatial distribution with known properties. Both references con-
sidered the uplink of a simple network with two fixed multi-antenna BSs commu-
nicating with K single-antenna MTs that are randomly distributed on a line. The
authors analyzed the average throughput of the system in the LSL, where both the
number of users and the number of BS antennas are allowed to grow large without
bound. Most notably, the obtained results quantified the gain from BS cooperation
and showed how the position of the BSs affects the system performance. While the
analysis answered some interesting questions, the presented results were restricted
to Gaussian channel inputs, limiting their applicability to practical systems.

Gaussian signaling being impractical for real-world systems, limits the appli-
cation of random matrix theory. The capacity analysis of practical discrete con-
stellations cannot be assessed by such methods. To fill this gap, Chapter 6 aims
at characterizing the asymptotic performance of the uplink of the aforementioned
two-cell system under arbitrary signaling. The results thus extend the ones re-
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ported in [HMCD12] providing characterization of the average performance of a
large system with arbitrary inputs by an explicit expression. In addition, conven-
tional cellular uplink and downlink systems are analyzed in a similar fashion.

Furthermore, to obtain more general results on wireless security problems, a
similar framework is applied to the MIMO wiretap channel with randomly lo-
cated eavesdroppers. In the context of physical-layer security, stochastic geometry
was utilized from various perspectives, e.g., connectivity [GAYC11], [PBW12] and
throughput [LPY11], [KKG12]. The former perspective is concerned with the con-
nectivity properties of legitimate nodes in the network, adapting tools of percolation
theory to secrecy graphs, while the latter considers the average per-link (secure)
throughput described with a metric named secrecy transmission capacity.

In Chapter 6, the characterization of the average system performance w.r.t.
both fading and locations of the eavesdroppers is carried out in a similar way
to [HMCD12]. The analysis accounts for both Gaussian and finite-alphabet inputs,
as first considered in [BDX12]. A large-system approximation is derived for the
ergodic secrecy rate, and is furthermore analyze under both joint decoding and
separate decoding schemes at the receiver.

Contribution

The following contribution has been made:

• An uplink cellular system with multi-antenna BS and randomly located MTs
is analyzed in terms of the approximation to average sum rate. The analysis
accounts for randomness due to channel fading, as well as to random MT
locations. Receive-end correlation at the BS is also incorporated into the
model.

• In a similar fashion, the large-system analysis is applied to cellular downlink
transmission. The analysis is carried out using random matrix theory and is
therefore restricted to Gaussian inputs, regularized ZF precoder and linear
MMSE detection. The obtained approximation is tight and can be used for
optimization of the precoder.

• The same type of analysis as in the two previous cases is applied to the
uplink network MIMO setup. An approximation for the ergodic sum rate
under arbitrary channel inputs is derived, taking into account random user
locations. The result reproduces that of [HMCD12] for Gaussian inputs and
show some different behavior in the case of discrete signals.

• Following the suggested route, the analysis is performed also to the MIMO
wiretap channel with randomly located eavesdroppers. The framework pro-
vides a pretty tight approximation for the ergodic secrecy rate. It includes
also separate decoding and arbitrary inpurs.
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Publications

The chapter is based on these publications:

[GMV+14] M. A. Girnyk, A. Müller, M. Vehkaperä, M. Debbah, and L. K.
Rasmussen, “Asymptotic sum rate of downlink cellular systems
with random user locations,” IEEE Wireless Communication Let-
ters, 2014, to be submitted.

[GVR13b] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “Multi-cell co-
operation with random user locations under arbitrary signaling,” in
Proceedings of IEEE Information Theory Workshop (ITW), Seville,
Spain, September 2013, pp. 1–5.

[GGV+13] M. A. Girnyk, F. Gabry, M. Vehkaperä, L. K. Rasmussen, and
M. Skoglund, “Large-system analysis of MIMO wire-tap channels
with randomly located eavesdroppers,” in Proceedings of Interna-
tional Symposium on Wireless Communication Systems (ISWCS),
Ilmenau, Germany, July 2013, pp. 380–384.

[GGV+15] M. A. Girnyk, F. Gabry, M. Vehkaperä, L. K. Rasmussen, and
M. Skoglund, “MIMO wiretap channels with randomly located
eavesdroppers: Large-system analysis,” in Proceedings of IEEE In-
ternational Conference on Communications (ICC), London, U.K.,
June 2015, submitted.

Conclusions and Future Work

This chapter concludes the work done throughout the thesis and provides some
future research directions.

1.8.6 Contribution outside the Scope of the Thesis

In addition to the results presented in this thesis, I have also contributed to

[GXR11] M. A. Girnyk, M. Xiao, and L. K. Rasmussen, “Optimal power
allocation in multi-hop cognitive radio networks,” in Proceedings
of IEEE International Symposium on Personal Indoor and Mo-
bile Radio Communications (PIMRC), Toronto, Canada, Septem-
ber 2011, pp. 472–476.
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[GXR12a] M. A. Girnyk, M. Xiao, and L. K. Rasmussen, “Cooperative com-
munication in multi-source line networks,” in Proceedings of IEEE
Wireless Communications and Networking Conference (WCNC),
Paris, France, April 2012, pp. 2379–2383.

[GXR12b] M. A. Girnyk, M. Xiao, and L. K. Rasmussen, “Power allocation for
multi-hop decode-and-forward cognitive radio networks with line
topology,” in Proceedings of Swedish Communication Technologies
Workshop (Swe-CTW), Lund, Sweden, October 2012, pp. 7–12.

[GLS+12] F. Gabry, N. Li, N. Schrammar, M. Girnyk, E. Karipidis, R. Thob-
aben, L. K. Rasmussen, E. G. Larsson, and M. Skoglund, “Secure
broadcasting in cooperative cognitive radio networks,” in Proceed-
ings of Future Networks Mobile Summit (FNMS), Berlin, Germany,
July 2012.

[GSG+12] F. Gabry, N. Schrammar, M. Girnyk, N. Li, R. Thobaben, and
L. K. Rasmussen, “Cooperation for secure broadcasting in cogni-
tive radio networks,” in Proceedings of IEEE International Confer-
ence on Communications (ICC), Ottawa, Canada, 2012, pp. 5613–
5618.

[GVR12a] M. A. Girnyk, M. Vehkaperä, and L. K. Rasmussen, “On the
asymptotic sum-rate of the relay-assisted amplify-and-forward cog-
nitive MIMO channel,” in Proceedings of IEEE International Sym-
posium on Personal Indoor and Mobile Radio Communications
(PIMRC), Sydney, Australia, September 2012, pp. 709–714.

[VGR+13] M. Vehkaperä, M. A. Girnyk, T. Riihonen, R. Wichman, and L. K.
Rasmussen, “On achievable rate regions at large-system limit in
full-duplex wireless local access,” in Proceedings of International
Black Sea Conference on Communications and Networking (Black-
SeaCom), Batumi, Georgia, June 2013, pp. 7–11.

[GLS+14] F. Gabry, N. Li, N. Schrammar, M. Girnyk, L. Rasmussen, and
M. Skoglund, “On the optimization of the secondary transmitter’s
strategy in cognitive radio channels with secrecy,” IEEE Journal
on Selected Areas in Communications, vol. 32, no. 3, pp. 451–463,
2014.



24 Introduction

[VRG+14] M. Vehkaperä, T. Riihonen, M. A. Girnyk, E. Björnson, M. Deb-
bah, L. K. Rasmussen, and R. Wichman, “Asymptotic analysis
of MIMO channels with transmitter noise and mismatched de-
coding,” IEEE Transactions on Communications, 2014, accepted;
arXiv preprint arXiv:1406.4980.

In [GXR11]and [GXR12b], optimal power allocation is studied in a multi-hop
line cognitive radio network with overhearing. In addition to the optimal solution,
several lower-complexity solutions are proposed including the high- and low-SNR
approximations. Within the multi-hop setting, [GXR12a] also considered the multi-
hop line topology with overhearing. A network-coded transmission was studied and
optimized in terms of time-slot allocation for transmission via a heuristic algorithm.

The collaboration with fellow doctoral students resulted in the following series
of papers. In [BDX12], we considered the cognitive radio scenario, where the sec-
ondary network is a potential eavesdropper of the message of primary transmitter.
Hence, there is a trade-off between cooperation and secrecy in the cognitive sys-
tem. We have derived the achievable rate regions from an information-theoretic
prospective. The scenario was further generalized to multiple secondary receivers.
In [GSG+12], the previous study was twisted to the cases, where the secondary net-
work is either aware or unaware of the primary message. The achievable rate regions
for both cases are investigated and compared. Finally, cooperation was shown to be
beneficial in spite of the secrecy constraint of the primary system. The two papers
combined, together with some performance optimization in terms of the Stackel-
berg equilibrium, resulted in the journal paper [GLS+14]. These works, together
with [GXR11]and [GXR12b], were performed within the QUASAR project.

In [GVR12a], ergodic performance of a cognitive relay-assisted MIMO chan-
nel in the presence of interference has been analyzed with the replica method. An
asymptotic approximation is derived with the replica method. However, the ob-
tained result turned out to be quite cumbersome (mainly due to the complexity of
the model) and is therefore omitted from the thesis. For the case where relays are
switched of, the result reduces to uncorrelated Gaussian version of that in Chap-
ter 3. Collaboration with colleagues from Aalto University and Alcatel-Lucent Chair
at Supélec resulted in [VGR+13] and [VRG+14], where the replica analysis is ap-
plied to full-duplex communication and communication in the presence of transmit
hardware impairments, respectively. In both papers, corresponding large-system
approximations have been derived and corroborated with simulations. Moreover,
an episode of the replica symmetry breaking in [VGR+13] is noteworthy.



Chapter 2

Background

THIS chapter provides some necessary background for the material covered
in this thesis. I start with a discussion on the wireless channel and the
two particular models adopted in this thesis; namely, quasi-static fading

(Section 2.2) and ergodic fading (Section 2.3). In the discussion, apart from the
conventional point-to-point MIMO channel, I touch upon the problem of physical-
layer security with its main building block–the wiretap channel. I proceed with
a high-level introduction to the topics of random matrix theory (Section 2.4) and
statistical physics (Section 2.5), whose tools are borrowed herein for the performance
analysis. This is followed by a practical application of the aforementioned tools.
Namely, in Section 2.6, I present the large-system approach to the performance
analysis of a MIMO communication system in the presence of ergodic fading. The
proofs of the claims are relegated to the appendices at the end of the chapter.

2.1 Wireless Channels

The purpose of wireless communication is to transmit information (say a mes-
sage) from one terminal (a transmitter) to another (a receiver) over a medium (a
channel). The channel may represent different physical media, e.g., aqueous molec-
ular medium, underwater acoustic medium, optical fiber, wires, or ether which
is commonly referred to as the wireless channel. In the latter case, the signal is
sent through the air by means of electromagnetic waves. The advantage of wire-
less communication is its flexibility, which allows terminals to move around freely.
The downside is that when moving, the channel properties quickly change, which
requires adaptation of the reception (and sometimes transmission).

The simplest mathematical model of this process is the point-to-point SISO
channel, depicted in Figure 2.1. Under the assumption of narrowband transmission1,

1Which means that the frequency response of the channel is flat and the current output signal
depends only on the current input signal. In practical systems this is achieved by dividing a
wideband channel into many narrowband subchannels by means of orthogonal frequency-division

multiplexing (OFDM) [NP00]. This thesis considers only narrowband channels, and hence the

25
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Figure 2.1: Illustration of a SISO communication channel.

the channel is described by the following discrete-time complex baseband relation

y = hx+ n. (2.1)

Here y denotes the received signal at the receiver, whereas x denotes the signal
transmitted by a transmitter, being subject to (s.t.) a power constraint E{|x|2} ≤ 1.
Moreover, n represents the additive randomness due to the internal components
of the receiver, alluded to as thermal noise. The noise is modeled as a circularly
symmetric complex Gaussian (CSCG) random variable2, which is denoted as n ∼
CN (0, 1). Coefficient h is a channel gain which represents the fading process, which
is also widely modeled as a CSCG random variable, h ∼ CN (0, ρ), with ρ being the
transmit signal-to-noise ratio (SNR)3. The magnitude of the channel gain in this
case obeys Rayleigh distribution and hence the model is called Rayleigh fading.

Fading is the main distinguishing property of the wireless channel, which repre-
sents the fluctuations of the received signal in time and frequency due to multiplica-
tive noise. It significantly degrades the performance of a communication system by
drastically increasing the bit error rate (BER) at the receiver, and in contrast to
the additive thermal noise it is much harder to combat.

Fading is characterized by the coherence time, which represents the time inter-
val during which the channel gain remains roughly unchanged. In the wireless com-
munication literature, fading is broadly divided into the following two categories,
depending on the interrelation between the symbol duration and the coherence
interval of the channel.

• Large-scale fading: The variations of the channel gain occurring due to
pathloss and shadowing from large objects. The variations are random, but
slow in comparison to the symbol rate, i.e., coherence interval of the channel
accommodates many symbol durations. This situation is often modeled by the
quasi-static scenario where the channel gains are random, but are assumed
to be constant during the transmission of the entire codeword.

• Small-scale fading: The channel variations stemming from constructive and
destructive interference from multiple signal propagation paths. The changes

analysis herein is applied to a single OFDM subchannel.
2That is, n exp (jφ) has the same distribution as n for any φ [TV05, Appendix B].
3An equivalent representation of channel (2.1) often encountered in the literature assumes

E{|x|2} ≤ P , n ∼ CN (0, σ2) and h ∼ CN (0, 1). The SNR is then defined as ρ , P/σ2.
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are small-scale and fast, so that the codeword length spans a large number
of coherence intervals, which is comparable to the symbol duration. As this
number increases, the fading process becomes ergodic, and averaging over
time becomes equivalent to averaging over ensemble of fading realizations.
Hence, the randomness of the channel may be averaged out over time allowing
constant long-term transmission rates, referred to as ergodic rates hereafter.

Throughout the thesis, it will be assumed that the channel coefficients can al-
ways be tracked at the receiver. This knowledge of the channel gain is referred to as
channel side information (CSI), and it is important for the system operation. Nev-
ertheless, based on the assumption on the CSI at the transmitter, I will differentiate
two settings:

• Full CSI: Both the transmitter and receiver has the instantaneous knowledge
of the current channel gain. This assumption is quite strong since one has to
assume a good-quality feedback link from the receiver to the transmitter.
However, it is relevant to the quasi-static scenario, where the channel changes
slowly.

• Statistical CSI: The transmitter has only knowledge about the channel
statistics, but not about the realization per se. This is a much more realistic
assumption since, in general, channel statistics change much slower. There-
fore, this scenario will be more relevant to the upcoming ergodic setting.
Recall also here that the receiver is assumed to have full CSI anyway.

In both cases, however, it is assumed that the CSI is perfect in the sense that there
are no errors in the knowledge about the channel state.

In the next two sections, I will review two important scenarios based on the CSI
assumption and motivate the use of the large-system methods that are presented
in the end of the chapter.

2.2 Quasi-Static Scenario

To begin with, let us consider the scenario, where the channel gain h in (2.1) does
not change over the transmission duration. Namely, the fading process is slow in
the sense that the length of a codeword is comparable to the coherence time of the
channel, which is thus labeled as quasi-static. In this case, the performance of the
communication system is characterized by the SNR scaled with the known channel
gain, called the receiver-side SNR and defined as γ , |h|2.

In general, transmission over a communication channel is characterized by two
fundamental performance measures: mutual information (MI) between the input
and the output of the channel and minimum mean-square error (MMSE) in esti-
mation of the input given the observed output. Both will be crucial for the upcoming
analysis, and hence require some of our attention in the beginning.
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The optimal (in the mean-square error (MSE) sense) estimate of x for chan-
nel (2.1) is given by

〈x〉 = E {x|y, h} , (2.2)

with the expectation being taken over p(x|y, h), which, assuming that x and h are
independent, is obtained through the Bayes rule as follows

p (x|y, h) =
p (y|x, h) p(x)

p(y|h)
, (2.3)

where p(y|h) is the marginal density of the joint distribution p (y, x|h) =
p (y|x, h) p(x). The MMSE is thus given as4

eh(ρ) , Ey,x
{

|x− 〈x〉|2|h
}

. (2.4)

The aforementioned MMSE associated with (2.1) is given by the minimum value
of the above MSE.

Next, consider the normalized MI, between the input x and the output y of
channel (2.1) given full CSI h. Denote this MI as5

Ih(ρ) ,
1
M
I(y;x|h) = hs,h(ρ)− hn,h(ρ). (2.5a)

Note that the above quantity represents the achievable rate of error-free commu-
nication, i.e., the number of bits per channel use that can be transmitted through
the channel with probability of bit error vanishing as the codeword length tends
to infinity. In the remainder of the thesis, I will use both terms interchangeably.
Note also that apart from the SNR ρ both MI and MMSE may depend on other
parameters (e.g., on the current channel realization, antenna numbers). However,
I capitalize on the dependence on SNR ρ hereafter to make the notation compact
and due to the fact that most of the results will be plotted as functions of ρ.

The capacity of the SISO channel was established by Shannon in [Sha48] as

Ch(ρ) , max
p(x)
{Ih(ρ)} , (2.6)

namely the maximum rate of communication with asymptotically (with the block
length) vanishing probability of bit error. Conversely, when the rate is larger than
the capacity, the error probability is bounded away from zero.

Both above measures, MI and MMSE, are coupled for arbitrary input distribu-
tions through the so-called I-MMSE relation discovered by Guo et al. in [GSV05]
and given as

∂

∂γ
Ih(γ) = eh(γ), (2.7)

4The subscript h here indicates that the quantity is conditioned on the known channel realiza-
tion h. The same notation principle for conditional mutual information and minimum mean-square
error applies throughout the entire thesis.

5For notational convenience, I do not distinguish hereafter between random variables and their
realizations.



2.2. Quasi-Static Scenario 29

where γ is the received SNR. To gain more understanding, the following examples
summarize three particular analytically tractable special cases, which will be useful
throughout the thesis.

In the case of Gaussian inputs, the MMSE estimate of x for (2.1) becomes

〈x〉 =
h∗y

1 + |h|2 , (2.8)

leading to the expression of the MMSE

eh(ρ) =
1

1 + |h|2 . (2.9)

The MI between the input and output of (2.1), on the other hand, is quan-
tified as

Ih (ρ) = ln
(

1 + |h|2
)

. (2.10)

Example 2.1 (SISO channel with Gaussian inputs)

When x ∼ 1/4 1(x± 1/
√

2± j/
√

2), the MMSE estimate of x in (2.1) is

〈x〉 =
1√
2

tanh
(√

2|h| Re{y}
)

+
j√
2

tanh
(√

2|h| Im{y}
)

. (2.11)

Furthermore, the MMSE is given by [LTV06]

eh (ρ) = 1− 1√
2π

∫

R

tanh
(

|h|2 − |h| y
)

e− y2

2 dy, (2.12)

and the MI is evaluated as

Ih (ρ) = 2|h|2 −
√

2
π

∫

R

ln cosh
(

|h|2 − |h| y
)

e− y2

2 dy. (2.13)

Example 2.2 (SISO channel with QPSK inputs)
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When x is uniformly drawn from the standard 16-QAM constellation, the
MMSE associated with (2.1) is evaluated as [LTV06]

eh (ρ) = 1− 1
10
√
π

∫

R

e− 10y2+|h|2

10

×

(

3e− 4|h|2

5 sinh
(

6|h|√
10
y
)

+ sinh
(

2|h|√
10
y
))2

e− 4|h|
5 cosh

(

6|h|√
10
y
)

+ cosh
(

2|h|√
10
y
) dy, (2.14)

where a minor typo has been corrected. The MI is then obtained numeri-
cally through the I-MMSE relation (2.7).

Example 2.3 (SISO channel with 16-QAM inputs)

From the above results we may conclude that capacity (2.6) of a quasi-static
SISO channel is given by Example 2.1, and its expression reads6

Ch(ρ) = ln
(

1 + |h|2
)

. (2.15)

2.2.1 MIMO Channel

Consider a narrow-band wireless MIMO channel with M transmit and N receive
antennas. The corresponding communication system is depicted in Figure 2.2. The
transmitter performs encoding in combination with spatial precoding and transmits
a signal vector x ∈ CM through the wireless channel, described by a channel matrix
H ∈ CN×M containing path gains of the links between the transmit-receive antenna
pairs. Upon reception of a vector y ∈ CN , the receiver performs spatial detection, as
well as decoding of the original transmitted signal vector. The input-output relation
of such a channel is given by
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where the elements of vectors represent the values of signal/noise at different an-
tennas, while the elements of the channel matrix denote the channel gains between

6The units are consistent with the base of the logarithm. For example, with the natural
logarithm here, the capacity is measured in nat/s/Hz. To obtain the result in bit/s/Hz, one has
to simply divide it by ln 2.



2.2. Quasi-Static Scenario 31

Encoding,

Spatial

precoding

Spatial

detection,

Decoding

Input Output

x

H

y

Figure 2.2: Illustration of a MIMO communication channel.

the pairs of transmitter-receiver antennas. This can be compactly represented by a
linear vector model

y = Hx + n, (2.17)

where n ∈ CN has independent and identically distributed (i.i.d.) CSCG elements
of unit variance, being an additive noise vector. The channel input vector x =
Gs ∈ CM is a combination of a precoder matrix G ∈ CM×M and a symbol vector
s ∈ CM which is assumed to have i.i.d. zero-mean unit variance entries. Denote the
transmit covariance matrix7 as P , E{xxH} = GGH, so that the power constraint
at the transmitter is given by

tr {P } = tr
{

GGH

}

≤M. (2.18)

The conditional distribution of the channel is given by

p (y|x,H) =
1
πN

e−‖y−Hx‖2

. (2.19)

Joint detection and decoding

For the channel (2.17), joint detection and decoding (JDD) (depicted in Figure 2.2)
is the optimal way to treat the signal at the receiver. The posterior mean estimate
(PME) is known to attain the minimum MSE [GV05] and is therefore referred to
as the optimal (nonlinear) MMSE detector. The estimate is given by

〈x〉 , E {x|y,H} , (2.20)

where the expectation is taken over the posterior density p (x|y,H), q.e. obtained
from the prior distribution, p(x), and (2.19) via the Bayes rule,

p (x|y,H) =
p (y|x,H) p(x)

p(y|H)
, (2.21)

7For convenience, transmit covariance matrix P will be mostly used when working with Gaus-
sian inputs, while precoder matrix G will be used for discrete constellations.



32 Background

where p(y|H) is the marginal density of the joint distribution p (y,x|H) =
p (y|x,H) p(x). The PME can be understood as an optimal estimator, which is
supplied with the posterior distribution p (x|y,H), computing its mean.

For future convenience, the conditional MMSE matrix is defined here as

EH(ρ) , Ey,x

{

(x− 〈x〉)(x− 〈x〉)H
}

∈ C
M×M , (2.22)

where the expectation is w.r.t. p (y,x|H). Similarly, the (normalized) MI reads8

IH (ρ) ,
1
M
I(y; x|H)

= hs,H(ρ)− hn,H(ρ), (2.23)

where the differential entropy of the received signal is

hs,H(ρ) ,
1
M
h(y|H)

= − 1
M

Ey,x ln p (y|x,H) , (2.24)

and the conditional differential entropy given the transmitted signal reads

hn,H(ρ) ,
1
M
h(y|x,H)

= − 1
M

Ey ln Ex {p (y|x,H)} , (2.25)

where the expectations are again w.r.t. p (y,x|H) and its marginals.
In the quasi-static scenario, where matrix H is known, it is not hard to evaluate

the MI (2.23) and the MMSE matrix (2.22) above. As an illustration, two important
special cases, alongside with the corresponding expressions for the MI and the
MMSE matrix, are presented below.

8The asymptotic analysis of the upcoming sections assumes that the size of the channel matrix
grows large without bounds. This requires proper normalization of the MI since otherwise, as the
size of the channel grows large without bounds, the actual MI tends to infinity.
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The MMSE detector becomes linear if the channel input x is a CSCG vector
with the transmit covariance matrix P , i.e., x ∼ CN (0M ,P ). In this case,
the output of the MMSE detector (2.20) reads [Kay98]

〈x〉 =
(

P −1 + HHH
)−1

HHy, (2.26)

and the MMSE matrix is given by

EH(ρ) =
(

P −1 + HHH
)−1

. (2.27)

The expression for the MI also reduces to [Pin60], [Tsy65]

IH (ρ) =
1
M

ln det
(

IN + HP HH

)

. (2.28)

Example 2.4 (MIMO channel with Gaussian inputs)

Let the entries of s be independently drawn from a discrete constellation
(e.g., QPSK, QAM), so that s is uniformly distributed over the set S ,

{s1, . . . , s|S|M}. For fixed G we may then also treat x as being uniformly
drawn from a set {x1, . . . ,x|S|M } of possible input vectors. Given that

p(y|H) =
1
|S|M

|S|M

∑

i=1

1
πM

e−‖y−Hxi‖2

, (2.29)

the MMSE estimate of x is by definition given as

〈x〉 =
1
|S|M

|S|M

∑

i=1

xi p(y|xi,H)
p(y|H)

. (2.30)

The MMSE matrix EH(ρ) can be obtained numerically by (2.22), while
the MI between y and x reads [XZD11]

IH(ρ) = −N
M

+ ln |S| − 1
M |S|M

|S|M

∑

i=1

En







ln
|S|M

∑

j=1

e−‖H(xi−xj)+n‖2







.

(2.31)

Example 2.5 (MIMO channel with finite-alphabet inputs)
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Based on the fact that Gaussian inputs maximize the differential entropy of the
received signal subject to a power constraint on the transmitted signal, as well as on
the definition of the capacity (2.1), an expression for the capacity of a quasi-static
MIMO channel can be formulated

CH(ρ) =
1
M

max
P :tr{P }≤M
P �0M×M

{

ln det
(

IN + HP HH

)}

. (2.32)

The reader may have noted that in the MIMO setting, although the number
of antennas is increased at both sides of the channel, the per-antenna power
is normalized with the number of transmit antennas (i.e., the variance of
channel entries become ρ/M in contrast to the SISO scenario, where it
was just ρ), so that the total power remains the same in both settings. A
natural question thus arises: which of these two contradictory effects is more
significant? The question is, will MIMO improve the capacity as compared
to the SISO system? It was shown in [Tel99] that the capacity of a MIMO
channel scales as min{N,M} lnρ at high SNR, provided that the coherence
interval is sufficiently large. Meanwhile, increasing the power by the same
amount in the SISO setting will lead to a logarithmic increase in capacity.
This increase is clearly smaller than the pre-log scaling factor of MIMO, and
thus the answer to the question is affirmative. For the purpose of illustration
I plot the capacity of both the SISO and the 2×2 MIMO (i.e., M = N = 2)
channels as functions of SNR ρ in Figure 2.3. The channel matrices are
generated with i.i.d. CSCG entries with corresponding variance values (i.e.,
ρ and ρ/M for SISO and MIMO, respectively). In the figure, the dashed
line represents the capacity (2.15) of a SISO channel, whereas the solid line
denotes the capacity (2.32) of a MIMO channel summed over M transmit
antennas. The capacity is then averaged over 1000 channel realizations in
order to display the general trend. The figure shows that multiple antennas
at both sides indeed increase the capacity of a link, in spite of the inherent
power normalization.

Remark 2.6 (MIMO vs. SISO)

Separate Decoding

An optimal JDD receiver that achieves the rate of (2.23) may be prohibitively com-
plex in practice. A more plausible alternative involves joint multistream detection,
followed by a bank of per-stream decoders, which is called separate decoding (SD)
here. This receiver structure is clearly suboptimal and to capture this suboptimal-
ity, a concept of the generalized posterior mean estimator (GPME) was used by
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Figure 2.3: Capacity vs. SNR for uncorrelated SISO (dashed line) and MIMO (solid
line) channels. For the MIMO setup both the transmitter and receiver are equipped
with M = N = 2 antennas.

Guo et al. in [GV05]. In this case, the detector estimates the symbol vector based
on the GPME given by

〈x′〉q =
∫

x′ q(x′)q(y|x′,H)
∫

q(x′)q(y|x′,H) dx′ dx′, (2.33)

where subscript q reflects the fact that the receiver uses some postulated channel
law q(y|x,H) and distribution q(x′) for the postulated inputs x′ in lieu of the
true conditional density p(y|x,H) and the prior distribution p(x) of the actual
channel, respectively. The GPME may be suboptimal if the former two do not
match the latter pair. However, as was shown in [GV05], most practically relevant
detectors can be regarded as a GPME, q.e. optimal for the postulated channel law
q(y|x,H). It was further shown that in order to capture the suboptimality of the
conventional detectors it suffices to postulate a channel with a mismatch only in
the noise variance σ2 and prior distribution q(x′), i.e.,

y = Hx′ + n′, (2.34)
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where x′ is a postulated channel input vector, and n′ ∼ CN (0N , σ2IN ) is the
postulated noise vector with variance σ2. That is, the channel conditional density
of the postulated channel (2.34) is given by

q(y|x′,H) =
1

(πσ2)N
e− 1

σ2 ‖y−Hx′‖2

. (2.35)

The (per-stream) individually optimal maximum a posteriori probability
(MAP) detector, minimizing the BER, maximizes the marginal a posteriori
probabilities for all transmit symbols [Ver98]:

x̂m = arg max
χ

∑

x: xm=χ

p(y|x,H). (2.36)

Unfortunately, implementation of such a detector increases complexity of
the receiver and hence from a practical view-point linear detection schemes
are preferable. The three conventional linear detection alternatives, consid-
ered in this thesis, are [JUN05]:

• Matched filter (MF), which maximizes the SNR at the detector out-
put, disregarding the interference between streams and being asymp-
totically optimal at low SNR (assuming that the interference power
does not change), and it is given by the filter matrix

UMF = HH. (2.37)

• Zero forcing (ZF) detector, which nulls out the interference, at the
same time enhancing the noise as a side effect. It is given by the filter
matrix

UZF =
(

HHH
)−1

HH. (2.38)

• Linear MMSE (LMMSE) detector, which minimizes the MSE without
constraints on interference, being an optimal linear detector. It is
given by

ULMMSE =
(

HHH + IM

)−1

HH. (2.39)

Remark 2.7 (Specific detection schemes)

Average performance of the above detectors over fading channels has no closed-
form expression in general.
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Achieving the Capacity

To achieve the capacity of (2.17), the transmitter has to operate with Gaussian
signals, i.e., x ∼ CN (0M ,P ). When full CSI is available, the transmitter can adapt
its covariance matrix P to maximize the achievable rate (2.23)9. The corresponding
optimization problem reads

maximize
P

IH (ρ)

subject to tr{P } ≤M,

P � 0M×M ,

(2.40)

where the objective function is given in (2.28) in Example 2.4. The first constraint
above is the power constraint (2.18) at the transmitter, while the second constraint
reflects the positive semidefiniteness of the transmit covariance matrix.

To approach the above problem let the singular-value decomposition (SVD) of
the equivalent fixed channel be given by H = UHΣHV H

H , where UH and V H are
orthonormal matrices and ΣH = Diag([σ1(H), . . . , σmin{M,N}(H)]T) is the matrix
with the singular values on the diagonal. The optimal input covariance matrix is
then given by water-filling (WF) over parallel eigenchannels [Tsy65], [CT06]

P ⋆ = V HΣHV H

H , (2.41)

where ΣP is a diagonal matrix whose non-zero entries are

[ΣP ]m,m =
[

1
ν
− 1
σ2
m(H)

]+

, (2.42)

where [·]+ = max{0, ·} and ν is chosen so that the power constraint tr{P} = M is
satisfied.

Optimal Precoder for Discrete Inputs

Assume now that instead of capacity-achieving Gaussian inputs the transmitter
employs discrete signal constellation. Provided that the instantaneous channel re-
alization is known, it may be still possible–by carefully choosing a precoder matrix
G–to maximize the MI between the input and output of the channel and hence
improve the performance. The corresponding optimization problem is described as

maximize
G

IH(ρ)

subject to tr{GGH} ≤M,

GGH � 0M×M ,

(2.43)

where the objective function is given in (2.31) and the precoder is subject to the
same constraints as in (2.40).

9This is sometimes called the closed-loop capacity in the literature [MSS03].
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Unlike the previous case, finding the optimal precoder for discrete constellations
is a difficult task. For such cases (2.43) is no longer a convex optimization problem. It
has been shown in [Lam09], [XZD11] that MI is a concave function in the quadratic
form F , GHHHHG; yet, due to the power constraint, tr{GGH} ≤M , one cannot
directly apply convex optimization tools for solving the problem. For instance,
when using the gradient ascent method [BV04] for solving (2.43), one updates F

iteratively as
F (t+1) = F (t) + µF∇F IH (ρ) , (2.44)

with µF being the step size. It is shown in [PV06] that, as a generalization of the
I-MMSE relation (2.7), the gradient of the MI in the single-user setup is given by
the MMSE matrix

∇F IH (ρ) = EH (ρ) . (2.45)

However, in practice, the precoder matrix, G, needs to be updated subject to a
power constraint, which, in turn, limits the feasible region of the former and com-
plicates the problem.

To address this problem one can apply an iterative algorithm, proposed
in [Lam09], [XZD11], which is based on the alternating optimization between the
two following subproblems.

• Per-Eigenmode Power Allocation: Let the SVD of the precoder matrix
be given by G = UGΣGV H

G. For fixed V G the first subproblem is

maximize
Σ2

G

IH (ρ)

subject to tr{Σ2
G} ≤M,

Σ2
G � 0M×M .

(2.46)

According to [PP09], this problem is convex, provided that the precoder has
an optimal structure. Since the matrix of interest, Σ2

G, is a diagonal matrix, let
us introduce for notational convenience a vector g, such that Σ2

G = Diag(g).
Then we can choose an initial value for g (e.g., g(1) = 1/M 1M ), and perform
the gradient update10

g(t+1) = g(t) + µg

(

diag(Σ2
GV H

GEH(ρ)V G)− τ1M

)

, (2.47)

with τ , 1/M1T

Mdiag(Σ2
GV H

GEH(ρ)V G) and µg being an appropriately cho-
sen step size, e.g., obtained by the backtracking line search algorithm [BV04].
If g(t+1) has negative entries, one sets those to zero and renormalizes g(t+1)

so that the power constraint is satisfied and then sets Σ2
G = Diag(g(t+1)).

10The reader is reminded that diag(A) denotes a column vector containing the diagonal entries
of matrix A, whereas Diag(a) denotes a diagonal matrix containing the entries of vector a.
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• Eigenvector Optimization: In this subproblem, the eigenvectors of the
quadratic form F = GHAHAG are optimized for fixed Σ2

G. Let ΛF be the
diagonal matrix, whose entries are eigenvalues of F . The second subproblem
is then formulated as

maximize
F

IH (ρ)

subject to ΛF = Σ2
GΣ2

H .
(2.48)

The gradient of the MI is given by (2.45), and hence the gradient update for
F becomes

F (t+1) = F (t) + µF EH (ρ) . (2.49)

The obtained update has to be further projected onto a matrix with the pre-
scribed eigenvalues, which is as close to F (t+1) as possible [Lam09], [XZD11].

2.2.2 MIMO Wiretap Channel

To analyze the performance of communication systems with physical-layer secrecy
constraints, one needs to have a meaningful model capable of capturing the corre-
sponding effects. Such a model was proposed already by Wyner in [Wyn75], where he
introduced the so-called wiretap channel, depicted in Figure 2.4. In the correspond-
ing scenario, a transmitter communicates a confidential message to a legitimate
receiver, while keeping it secret from an eavesdropper. Thus, the wiretap channel
formally consists of the following two channels:

• Main channel, representing the communication link between the transmitter
and the legitimate receiver,

• Eavesdropper channel, serving as a link through which the information leaks
from the transmitter to the eavesdropper.

Assuming that each terminal in this setting is equipped with multiple antennas11,
the corresponding input-output relations are given by

yM = HMx + nM, (2.50a)

yE = HEx + nE, (2.50b)

where x is the channel input vector, such that E{xxH} = P , nM ∼ CN (0NM
, INM

)
and nE ∼ CN (0NE

, INE
) are additive noise vectors at the legitimate receiver and

the eavesdropper, respectively. The entries of the channel matrices HM ∈ CNM×M

and HE ∈ CNE×M are assumed to be i.i.d. CN (0, ρM/M) and CN (0, ρE/M), re-
spectively, where ρM and ρE represent the corresponding SNRs. The transmitter

11In [KW10a], this channel was named the multiple-input multiple-output multiple-eavesdropper

(MIMOME) channel, which is commonly used in the literature.
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Figure 2.4: Illustration of a MIMO wiretap channel.

and both receivers are assumed cognizant of the CSI, consisting of the two above
matrices. Furthermore, the total power constraint

tr {P } ≤M (2.51)

is employed at the transmitter (cf. (2.18)).
The notion of perfect secrecy (in the weak sense12) reflects the idea that the

eavesdropper must not be able to get a single bit of information irrespective of
the available computational resources. Therefore, in addition to the reliability con-
straint (error-free transmission), inherent to a point-to-point communication sit-
uation, one has to incorporate the constraint on secrecy. This is guaranteed by
ensuring that for the eavesdropper the amount of randomness in the message does
not reduce after observing yE. In other words, the MI between the input and the
output of the eavesdropper channel tends to zero as the block length tends to in-
finity. This can be done via assigning multiple codewords to each message, from
which the transmitter could randomly select one for transmission to confuse the
eavesdropper. The corresponding coding scheme is known as wiretap coding.

An achievable communication rate, such that the secrecy constraint is satisfied,
is thus called a secrecy rate. The secrecy capacity is henceforth defined, akin to the
point-to-point scenario, as the maximum achievable secrecy rate.

12In addition to weak secrecy, there exists also a much stricter notion of strong secrecy. For
more details on this, as well as for a much deeper overview of the physical-layer security field the
reader is refer to [BB11].
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Let us define for further convenience ρ , [ρM, ρE]T and H , {HM,HE}. In the
quasi-static wiretap scenario the CSI of both channels, H, must be estimated and
communicated back to the transmitter so that it can design the wiretap code and
pick the correct communication rate. Given CSI H and transmit covariance matrix
P , a secrecy rate given by

Rs,H(ρ) = [IHM
(ρM)− IHE

(ρE)]+ (2.52)

is achievable [CK78], thereby being nothing but the difference of the two MI terms
corresponding to the main and eavesdropper channel, given by (2.23). The operator
[·]+ = max{0, ·} here reflects the fact that if the MI associated with the main
channel is smaller than the MI of the leakage link, secure communication is not
possible.

Although, the MIMO wiretap channel is not degraded and the same techniques
as in [Wyn75], [CK78] cannot be applied to (2.50), it was proved simultaneously and
independently in [KW10a], [OH11] and [LS09] that the secrecy capacity is attained
by the Gaussian inputs (i.e., x ∼ CN (0M ,P )), leading to

Cs,H(ρ) =
1
M

max
P :tr{P }≤M
P �0M×M

{

ln det
(

INM
+ HMP HH

M

)

− ln det
(

INE
+ HEP HH

E

)}

. (2.53)

Precoder Optimization

Similarly to the point-to-point MIMO case, the transmit covariance matrix can be
adjusted to maximize the achievable secrecy rate (2.52) and, hopefully, achieve the
capacity. Unfortunately, since the objective function is not concave, the problem
cannot be solved directly with convex optimization tools. An existing approach
based on the generalized singular-value decomposition (GSVD) is known to be effi-
cient for addressing problems like (2.53) [FS12], although being suboptimal in the
general case. It sets, however, a benchmark for emerging algorithms designed to
tackle this problem.

When applied to (2.53), the GSVD-based precoding method is realized as fol-
lows. Based on the available CSI H, the transmitter performs GSVD on matrices
HM and HE.

HM = UMΣMV H, (2.54)

HE = UEΣEV H, (2.55)

where ΣT

MΣM + ΣT

EΣE = IM . The above GSVD simultaneously diagonalizes HM

and HE, converting those into a set of parallel subchannels. Then, the transmitted
vector is constructed as x = V −Hs, where s ∼ CN (0M ,P ) and P is a positive
semi-definite diagonal matrix representing the power allotment across the subchan-
nels. For the above precoding strategy, the optimal power allocation was derived
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in [FS12]13

[P ⋆
GSVD]i,i =



































−1+

√

1+4σM,iσE,i

(σM,i−σE,i

νvi ln 2 −1
)

4σM,iσE,i





+

, if σM,i > σE,i, σE,i 6= 0,

[

σM,i

νvi ln 2 − 1
]+

, if σE,i = 0,

0, otherwise.
(2.56)

Here σM,i, σE,i and vi denote the ith diagonal entries of ΣT

MΣM, ΣT

EΣE and
V −1V −H, respectively, and ν is chosen to satisfy the power constraint at the trans-
mitter.

Nevertheless, the optimal precoder structure remains unknown in general.
Hence, a novel algorithm addressing (2.53) is among the contributions of the present
thesis and will be presented in Chapter 5.

2.3 Ergodic Scenario

In the previous section, I discussed the quasi-static scenario, corresponding to the
slow-fading situation where a codeword sees a single coherence time interval, and for
the transmitter the channel remains virtually unchanged during the whole codeword
transmission. In this chapter, however, I consider the situation where the channel is
changing fast, so that the codeword spans many coherence intervals. If the latter is
comparable to the duration of a symbol, the fading is modeled as a stationary and
ergodic random process, and hence the setting is referred to as the ergodic scenario.

2.3.1 MIMO Channel

In the ergodic MIMO setting, the corresponding input-output relation of the chan-
nel is analogous to that of (2.17), i.e.,

y = Hx + n, (2.57)

where n is an i.i.d. additive noise vector, n ∼ CN (0N , IN ). The transmit covariance
matrix is given by P , E{xxH}, and the transmitted signal vector is again subject
to the power constraint (2.18). The conditional distribution of the channel is thus
given by

p (y|x,H) =
1
πN

e−‖y−Hx‖2

. (2.58)

Since channel matrix H is now random, the MI associated with (2.57) de-
pends on the channel realization and hence becomes random, too. It is, however,

13A minor mistake due to the absence of ln 2 has been corrected here.
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known [TV05] that by coding over many coherence time intervals, it is possible to
achieve a long-term rate of

I(ρ) , EH {IH(ρ)}
= hs(ρ)− hn(ρ), (2.59)

where the (normalized) differential entropy terms are given by

hs(ρ) =− 1
M

Ey,H ln Exp (y|x,H) , (2.60a)

hn(ρ) =− 1
M

Ey,x,H ln p (y|x,H) . (2.60b)

Here the first term denotes the differential entropy of the received signal, whereas
the second term is subtracted due to noise removal at the receiver. Hereafter, I will
refer to the MI (2.59) as the achievable ergodic rate of error-free communication
over the MIMO channel (2.57).

Similarly to the quasi-static scenario, here the ergodic capacity is defined as the
maximum achievable ergodic rate w.r.t. the input distribution p(x). The maximum
of (2.59) is achieved by Gaussian input x, so that

C(ρ) =
1
M

max
P :tr{P }≤M
P �0M×M

{

EH ln det
(

IN + HP HH

)}

. (2.61)

Here, however, the transmitter has only statistical CSI {ρ,T ,R} at its disposal,
and hence the precoder has to be designed based on this information.

2.3.2 MIMO Wiretap Channel

To generalize the results of the previous section, let us consider an ergodic MIMO
wiretap setting. Again, the main and the eavesdropper channels are given by

yM = HMx + nM, (2.62a)

yE = HEx + nE, (2.62b)

where x is the channel input vector, such that E{xxH} = P , nM ∼ CN (0NM
, INM

)
and nE ∼ CN (0NE

, INE
) are additive noise vectors at the legitimate receiver and the

eavesdropper, respectively. The total power constraint, given in (2.18), acts at the
transmitter. The entries of the channel matrices HM ∈ CNM×M and HE ∈ CNE×M

represent the ergodic fading.
Assuming the transmitter has full CSI about both channels (i.e., it knows both

channel matrices, HM and HE), the achievable ergodic secrecy rate, similarly to
the ergodic point-to-point MIMO scenario, is given by [LPS08], [GLEG08]

Rs(ρ) , EH {IHM
(ρM)− IHE

(ρE)} , (2.63)



44 Background

so that reliable and secure communication can be achieved at any ergodic rate
below the above value. Furthermore, the ergodic secrecy capacity is defined as the
maximum achievable ergodic secrecy rate, which is obtained by using Gaussian
inputs (cf. (2.53)) with a proper covariance matrix, maximizing Rs(ρ), i.e.,

Cs(ρ) ,
1
M

max
P :tr{P }≤M
P �0M×M

EH

{

ln det
(

INM
+ HMP HH

M

)

− ln det
(

INE
+ HEP HH

E

)}

. (2.64)

In addition to the non-convex nature of the above optimization problem (as we
encountered in the quasi-static scenario), its objective does not, in general, exhibit
an explicit expression to feed into an optimization algorithm. Thus, apart from the
unknown optimal structure, one has to find a way of dealing with the expectation
in (2.63). The corresponding problem will be addressed in Chapter 5.

2.3.3 Antenna Correlation

In multiple-antenna systems, a new feature which is not inherent to the SISO sce-
nario, namely spatial correlation. This phenomenon is caused by some angular di-
rections having much fewer propagation paths than the others. This means that
the transmitter may be more likely to transmit in certain angular directions; mean-
while, at the receiver, reception from certain directions is more probable. As a
consequence, entries of H may become correlated. Below, I present two models
that will be used throughout the thesis to study the impact of antenna correlation.

Uncorrelated Rayleigh fading

It is common to model the channel matrix H ∈ C
N×M as having i.i.d. zero-mean

CSCG random entries, i.e., [H]i,j ∼ CN (0, ρ/M), where ρ > 0 is the SNR. This
model is referred to as uncorrelated Rayleigh fading, and it describes a scenario with
a large number of propagation paths and equal energy spread across the receive an-
tenna locations. Albeit being simple, this model is quite accurate for rich scattering
environments and has been verified experimentally [CLW+03], [KSP+02]. In this
model, knowledge of SNR ρ represents the statistical CSI, and it is assumed to be
known at the transmitter. Meanwhile, full CSI is assumed to be available at the
receiver.

Correlated scenario

One way to model the aforementioned spatial correlation between antennas is to
impose the following structure on the channel matrix

H = R1/2W T 1/2. (2.65)
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This is known in the literature as the Kronecker model14 [CRFLL00], [KSP+02]
(or the separable correlation model). Here matrix W describes the aforementioned
uncorrelated Rayleigh fading, whereas the correlation matrices at the receive and
transmit end are denoted by R ∈ CN×N and T ∈ CM×M , respectively. To ensure
that the correlation matrices do not influence the average path gains, the former
must be normalized, so that

tr{R} = N, tr{T } = M. (2.66)

From (2.65), we see that the Kronecker model assumes that the correlations at
both ends of the channel are separable, so that spatial properties of the antenna
array on one side do not depend on which antenna on the other side observes
them. The model has been verified by field measurements [CLW+03], [YBO+04],
and it is known to be a good description of the behavior of MIMO channels with
small antenna arrays and low correlation levels. In some highly correlated scenarios,
however, it is shown to underestimate the channel capacity [MBF02], [ÖHW+03].
This is because the Kronecker model artificially increases the number of available
degrees of freedom in the channel by forcing it to be separable [RKS10]. There exist
alternative models, such as the virtual channel representation model [Say02] and
the Weichselberger model [WHOB06], that demonstrate better fit to the measured
data [WMA+08]. However, due to the simplicity of the Kronecker model and its
convenience for the analysis it is adopted throughout this thesis. For this model, the
statistical CSI is represented by the set {T ,R, ρ}, where the correlation matrices
are assumed to be varying slowly, so that they can be tracked by the receiver and
communicated back to the transmitter. Meanwhile, the receiver is assumed to have
full CSI.

To study the impact of spatial correlation, one needs a model for the correlation
matrices in (2.65). There are many ways of how to generate matrices T and R,
based on different assumptions on the environment and the geometry of the antenna
arrays. It is worth to mention the exponential correlation model [Loy01] and the
generalized Jakes model [CDS11], [MBB+00]. Nevertheless, throughout this thesis
it will be assumed that T and R are created by a uniform linear antenna array with
Gaussian power azimuth spectrum [PMF97]. Hence, correlation matrix T consists
of entries given by [MSS03], [WWC07]

[T ]i,j =
1

2πδ2

∫ π

−π
e2πjdλ(i−j) sin(φ)− (φ−θ)2

2δ2 dφ, ∀i, j ∈ {1, . . . ,M}, (2.67)

where dλ is the nearest-neighbor antenna spacing (in wavelengths λ), θ is the mean
angle and δ2 is the mean-square angle spread. Correlation matrix R can be gener-
ated likewise.

14The name is due to the fact that the covariance matrix K of the vectorized version of the
channel matrix, denoted as vec (H), can be factorized as

K = T ⊗ R,

where A ⊗ B denotes the Kronecker product of matrices A and B.
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2.3.4 A Note on the Performance Analysis

Consider the problem of evaluating the ergodic capacity of a point-to-point MIMO
channel (2.57). The objective of the corresponding optimization problem (2.61) is
given by the achievable ergodic rate (2.59), which is obtained as an average of
the instantaneous rate (2.28) w.r.t. channel matrix H. Unfortunately, no explicit
expression for (2.59) is available in general, even for Gaussian inputs. One way of
evaluating it is to perform the numerical averaging of the instantaneous rate (2.28),
e.g., through Monte Carlo simulations [MU49], [TSRK03]. The following example
illustrates the corresponding computational procedure.

Let us generate L realizations of the channel matrix H and denote them as
H l ∀l ∈ {1, . . . , L}. For every realization H l, one can compute the instan-
taneous MI by (2.31) in Example 2.5. Then, the ergodic capacity (2.61)
can be approximated by

I(ρ) ≈ 1
ML

L
∑

l=1

ln det
(

IN + H lP HH

l

)

. (2.68)

As L increases, the above expression tends to the true value of the objective
of (2.61) by the law of large numbers.

Example 2.8 (Monte Carlo method)

The problem is, however, that even if the above MI has been computed, it
represents only a particular value of the objective corresponding to the current
precoder matrix. This is good for performance analysis in terms of the achievable
ergodic rates. But, from a capacity viewpoint there is still an optimization process
ahead, which should rely on some properties of the objective. Numerical evaluation,
though, does not provide much insight on such properties, and hence it cannot be
directly used, e.g., for precoder optimization.

Another problem with the above numerical evaluation is that such simulation is
time-consuming and computationally demanding since one has to generate quite a
large number of channel matrices at each point of interest to guarantee convergence
to the true mean. For illustration, let us consider a simplified scenario of an un-
correlated MIMO channel, described by (2.57) with M = N = 4 antennas on both
sides, where the channel matrix is composed of i.i.d. CSCG entries and the trans-
mit correlation matrix is identity, i.e., P = IM . Assume that the transmitter uses a
Gaussian codebook so that the ergodic capacity (2.61) is achieved. Figure 2.5 plots
the dependence of the capacity on the SNR ρ in the channel. Grey solid lines de-
note the instantaneous values of the MI for particular channel realizations. It is seen
from the figure that there is a spread in MI values, which grows with SNR. Mean-
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Figure 2.5: Per-dimension ergodic capacity vs. SNR for an uncorrelated MIMO
channel. Gaussian signaling is employed by the terminals, each equipped with M =
N = 4 antennas. Grey solid lines denote the instantaneous MI for a particular
channel realization, while the black dashed line stands for the ergodic capacity
obtained via Monte Carlo simulations.

while, the black dashed line represents the ergodic capacity of the MIMO channel,
obtained as an empirical average of the instantaneous MI (according to (2.68)) over
1000 channel realizations run at each SNR value.

The substantial computational resources required for computation of the ergodic
capacity might be not available, e.g., for real-time applications. In fact, even more
serious difficulty arises when the data symbols are non-Gaussian and the achievable
ergodic rate is given by (2.59). In this case, one needs to compute two sums over an
exponential number of terms–w.r.t. the numbers of transmit antennas and symbols
in the constellation–for every realization of the channel. Finally, the expressions
of ergodic capacity and the MI per se, involving an expectation operator, provide
only limited insight into the real system behavior and may not be directly used for
performance optimization (e.g., finding the structure of an optimal precoder). This
all motivates the need for an alternative approach for evaluation of (2.59), which
does not require heavy simulations.
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An alternative approach to the performance analysis of MIMO system relies
on finding upper and lower bounds for (2.61). For instance, the following lower
bound for the capacity of uncorrelated Rayleigh fading MIMO channels was derived
in [ONBP03], which is given by

C(ρ) ≥ 1
M

t
∑

i=1

ln



1 +
ρ

M
exp





s−i
∑

j=1

1
j
− γ







 , (2.69)

where t , min{M,N}, s , max{M,N} and γ is the Euler-Mascheroni constant
γ = 0.57721566. Meanwhile, in [Gra00] it has been shown that the MIMO ergodic
capacity is upper-bounded as follows

C(ρ) ≥ 1
M

[

t ln
ρ

M
+ ln t! + lnLs−tt

(

−M
ρ

)]

, (2.70)

where Lmn (λ) is the generalized Laguerre polynomial [Sze59] of order n, given by

Lmn (λ) ,
1
n!

eλλm
dn

dλn
(

e−λλm+n
)

. (2.71)

The bounds are, however, tight only in their respective SNR regions (high- or
low-SNR), while in the other regions they might have gaps. For efficient performance
optimization, though, it is preferable to have an expression that accounts for the
whole SNR range. Moreover, the above expressions are derived for the simple i.i.d.
Rayleigh fading case and do not account for such effects as, e.g., spatial correlation,
which substantially influence the system behavior. Finally, these bounds, in general,
fail to predict the behavior of a system that employs discrete signal constellations.
Hence, an efficient method for evaluating the ergodic MI in the general setting
is required. Thus, the following two sections present an overview of two powerful
mathematical tools capable of dealing with this kind of problems.

2.4 Random Matrix Theory

Although the first work related to fixed-sized random matrices was performed by
Wishart already in [Wis28], the origin of the asymptotic random matrix theory
lies in nuclear physics. For the first time the limiting eigenvalue distribution of
large random matrices was derived by Wigner in [Wig55]. In this paper, it was
shown that symmetric matrices with normalized equiprobable {±1} entries obey
the deterministic spectral density described by the so-called semi-circle law as their
size grows infinitely large. This finding allowed the description of the behavior of
atomic nuclei in terms of their energy levels. The discovery motivated lots of subse-
quent work in different areas, e.g., physics [Dys62], evolutionary biology [AGD94],
finance [LCPB00] and electric grids [MA10].

In wireless communications, similar results proved very useful since some per-
formance measures, depending on the eigenvalues of the channel matrix, become
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increasingly predictable as the system size grows large. For example, the instanta-
neous capacity of the channel in (2.17) depends on the eigenvalues of the quadratic
form of the random channel matrix. In the ergodic setting, the ergodic capacity of
the channel is given by the average of the former over its eigenvalue distribution.
Under certain conditions, as the size of the channel matrix grows large, the ergodic
capacity is shown to converge to a deterministic value15. In the sequel, I will provide
a summary of the random-matrix results used in this thesis. For a more detailed
overview of random matrix theory with application to wireless communications, the
reader is referred to recent textbooks [TV04] and [CD11].

The above mentioned effect is named the self-averaging property, and it is exhib-
ited by many functions of large random matrices. For the illustration of this prop-
erty let us consider the following example [MAZdM13]. Letwn(m) be a discrete-time
zero-mean stochastic process, where index m ∈ {1, . . . ,M} denotes the time instant
and index n ∈ {1, . . . , N} denotes the realization of w. By observing N realizations
over M time instances, we can stack those into a matrix, given by

W ,













w1(1) w1(2) · · · w1(M)

w2(1) w2(2) · · · w2(M)
...

...
. . .

...

wN (1) wN (2) · · · wN (M)













. (2.72)

For further exposition, I define the following asymptotic limit. This limit is of
particular importance as it will be heavily used throughout the entire thesis.

Given a matrix W ∈ CN×M , the large-system limit (LSL) is defined as a
regime, where the numbers of rows and columns grow large without bounds
at some ratio β, with β being a finite positive constant, i.e.,

N = βM →∞, β = const. (2.73)

Definition 2.9 (Large-system limit)

In the above LSL (as N,M → ∞), matrix W contains all the necessary infor-
mation needed to describe the entire random process wn(m). At the same time,
W is a single realization of a matrix-valued random variable. Thus, a single real-
ization of W suffices to characterize (macroscopic) parameters that reflect average
behavior of the matrix without the need of averaging over W (e.g., its eigenvalue
distribution).

15In principle, for certain classes of matrices direct integration over the probability distribution
admit closed-form expressions, which are often applied to wireless communications (see [Mck07]
and references therein for a survey). However, such results are often cumbersome and provide
very limited insight into the system behavior. This branch of random matrix theory, called non-

asymptotic random matrix theory, will not be considered in the present thesis.



50 Background

2.4.1 Marchenko-Pastur Law

For the analysis of wireless communication systems it is often necessary to find the
eigenvalues of a matrix of type

F , W W H, (2.74)

which is called the Gram matrix of matrix W . In the case where the entries of
W are i.i.d. Gaussian CN (0, 1/M), matrix F is called a Wishart matrix with M
degrees of freedom. The empirical spectral distribution (e.s.d.) of F is defined as

FF (λ) ,
1
N

N
∑

n=1

1 (λn(F ) ≤ λ) , (2.75)

where λn(F ), ∀n ∈ {1, . . . , N} are the eigenvalues of F .
A central result in random matrix theory states that in the LSL the e.s.d. of F

converges to a deterministic limiting eigenvalue distribution given by

fβ(λ) =
(

1− 1
β

)+

1(λ = 0) +

√

[λ− a]2[b − λ]2

2πβλ
, (2.76)

where a , (1 −
√
β)2 and b , (1 +

√
β)2 represent the asymptotically smallest

and largest eigenvalues. This distribution was discovered by Marchenko and Pastur
in [MP67], and is hence referred to as the Marchenko-Pastur law. In the special
case, where W is square, the above density reduces to the so-called quarter-circle
law, given by

fβ(λ) =
1
π

√

4− λ2, 0 ≤ λ ≤ 2. (2.77)

To illustrate the convergence of the e.s.d. to the Marchenko-Pastur law Fig-
ure 2.6 plots the spectral density of F = W W H, where W has i.i.d. zero-mean
Gaussian entries with variance 1/M . The dimensions are selected as N ∈ {15, 150}
and M = N/β, with β = 0.25. In the figure, bars denote the e.s.d. of F (2.75),
whereas the solid line illustrates the density of the Marchenko-Pastur law (2.76). In
the sub-figures from up to down, the size of the matrix, N increases from N = 15
to N = 150. The subfigures on the left depict the results obtained for a single
realization of the matrix, whereas those on the right plot the results averaged over
100 realizations. Comparing the upper sub-figures vs. the lower ones, the reader
notes that as the matrix size increases, the e.s.d. of the matrix becomes closer to
the limiting distribution. At the same time, when comparing the left sub-figures to
the right ones, it can also be seen that for large N the e.s.d. obtained from a single
matrix realization converges to the average e.s.d. This ergodic behavior illustrates
the aforementioned self-averaging principle in action.
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Figure 2.6: Spectral density for a Wishart matrix of size N with 4N degrees of
freedom (i.e., β = 0.25). Bars denote the empirical distribution, whereas solid line
denotes the density of the Marchenko-Pastur law. Two left subfigures present the
result obtained for a single realization of the matrix, while two subfigures on the
right correspond to the spectral density averaged over 100 realizations of the matrix.

2.4.2 Stieltjes Transform

Using the asymptotic distribution (2.4.1), it is possible to evaluate the MI (2.59)
directly [VS99]. Unfortunately, in more complicated cases, it is seldom that one
obtains such closed-form expressions for the asymptotic eigenvalue distribution.
Nevertheless, it is often possible to evaluate its moments. Instead of finding a dis-
tribution that fits these moments (the task known as the problem of moments), one
can characterize the distribution in terms of its Stieltjes transform [Sti94], which
is usually easier to find. For distribution F (λ) the Stieltjes transform is defined for
z ∈ C \R+ as

mF (z) ,
∫

dF (λ)
λ− z (2.78a)

=
1
N

tr
{

(F − zIN )−1
}

. (2.78b)
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The second line above represents the trace of the resolvent matrix of F , which gives
the Stieltjes transform of the e.s.d. of matrix F 16, and the equality holds when the
size of F grows large. The nth moment of the eigenvalue distribution F (λ) is then
obtained directly as

∫

λn dF (λ) = − lim
z→0

dn

dzn
mF (z−1)
n! z

. (2.79)

Stieltjes transform uniquely defines a distribution, and therefore knowing the former
is generally speaking as good as knowing the distribution per se. Letting z = x+jy,
the probability density can be obtained from mβ(z) through the Stieltjes inversion
formula [SC95]

f(λ) = lim
y→0+

1
π

Im {mF (x+ jy)} . (2.80)

The Stieltjes transform of the Marchenko-Pastur distribution (2.76) is given
by

mF (z) =
∫ b

a

fβ(λ) dλ
λ− z (2.81a)

=
−1− β − z ±

√

z2 − 2(β + 1)z + (β − 1)2

2βz
, (2.81b)

where β is chosen so that mF (z) ∈ R and mF (z) > 0 for real z < 0.

Example 2.10 (Stieltjes transform of the limiting distribution.)

2.4.3 Shannon Transform

Motivated by the capacity expression in (2.59), Verdú in [Ver02] introduced the
Shannon transform of a distribution, defined as by

VF (y) ,
∫

ln(1 + λy) dF (λ), (2.82)

where y > 0 is a real number. This transform is related to the Stieltjes transform
through

VF (y) =
∫ ∞

1/y

(

1
λ
−mF (z)

)

dλ. (2.83)

16To avoid confusion, the Stieltjes transform of the e.s.d. of a matrix F will be denoted as
mF (z), whereas the Stieltjes transform of a distribution F (λ) will be denoted as mF (z).
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The Shannon transform of the Marchenko-Pastur distribution (2.4.1) can
be derived via the above relation (2.83) as follows

VF (y) =
∫ ∞

1/y

(

1
z

+
−1− β + z ±

√

z2 + 2(β + 1)z + (β − 1)2

2βz

)

dz

(2.84a)

= ln (1 + y − ϕ(y, β)) +
1
β

ln (1 + yβ − ϕ(y, β))− 1
yβ
ϕ(y, β).

(2.84b)

where

ϕ(x, z) ,
1
4

(

√

x(1 +
√
z)2 + 1−

√

x(1 −
√
z)2 + 1

)2

. (2.85)

Example 2.11 (Shannon transform of the limiting distribution.)

Direct application of the above result yields an asymptotic approximation of the
capacity expression in (2.61) for uncorrelated fading scenario. Moreover, one does
not need to perform the tough integration over the limiting density. Instead, the
derivation can be done through relation (2.83), as illustrated below.

2.4.4 Asymptotic Approximation for the Capacity

To prove the above result useful, consider an uncorrelated MIMO channel. For
the channel matrix with entries [H]i,j ∼ CN (0, ρ/M), let the Wishart matrix be
F , HHH. The ergodic capacity hence can be written as

I(ρ) =
1
M

EH ln det
(

IN + HHH

)

(2.86a)

= β Eλ ln (1 + λ(F )) (2.86b)

= β

∫ ∞

0

ln (1 + λ(F )) dFF (λ), (2.86c)

where λ is a randomly selected eigenvalue. The expectation is taken w.r.t. the
e.s.d. of matrix F , which in the LSL converges to the Marchenko-Pastur density.
Therefore, the capacity (2.61) for uncorrelated fading is obtained by the Shannon
transform of the corresponding limiting distribution. However, instead of taking
the above integral directly, we use the relation between the Stieltjes and Shannon
transforms (2.83). Given the Stieltjes transform of the Marchenko-Pastur density
in the above Example 2.11, we can write

I(ρ)− Ī(ρ)→ 0 (2.87)
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Figure 2.7: Per-dimension ergodic capacity vs. SNR for a MIMO channel with M =
N = 4 antennas at the terminals. Solid line denotes the large-system approximation
result, while dashed lines denote the upper (blue line) and lower (green line) bounds
for the capacity. Markers denote the simulated values of the ergodic capacity.

in the LSL, where Ī(ρ) denotes the asymptotic approximation for the capacity given
by

Ī(ρ) = β VF (ρ) (2.88a)

= β ln (1 + ρ− ϕ(ρ, β)) + ln (1 + ρβ − ϕ(ρ, β)) − 1
ρ
ϕ(ρ, β), (2.88b)

where ϕ(x, z) is defined in (2.85).

Numerical Example

In Figure 2.7, the asymptotic approximation (2.88) is plotted together with the
simulated ergodic capacity (see Figure 2.5) obtained through numerical averaging
in (2.68) over 1000 channel matrix realizations. The reader may observe that the
match between the two is surprisingly good despite of the finite matrix size in the
simulation setup. Being quite a good approximation already for M,N = 4, the
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asymptotic expression is given in closed form and does not contain expectation
operators, which makes it particularly convenient to work with. Furthermore, for
the sake of comparison, Figure 2.7 also plots the upper17 and lower bounds for the
ergodic capacity, given in (2.70) and (2.69), respectively. The reader also sees that
the large-system approximation beats both bounds in all depicted SNR regions.

2.5 Statistical Physics

In the previous section, we studied the effect of self-averaging, which is a main
consequence of the results developed in random matrix theory. In the context of
physics, this observation makes sense as well since it describes the fundamental law
that fluctuations of macroscopic parameters of a system, consisting of microscopic
particles, disappear in the thermodynamic limit, i.e., when the number of particles
grows infinitely large. Such systems are studied within the field of statistical physics
(or statistical mechanics) through probabilistic models of the particle interactions.
In the remainder of the section, I will review the main principles of statistical
physics relevant to the subject of the thesis. For a deeper discussion, the reader is
pointed to textbooks [PB06], [Nis01], [MM09] and [Mer09] for a discussion on the
interconnections between the statistical physics and information theory.

Consider a many-body system A, consisting of a large number K of sites (or
degrees of freedom)

σ , [σ1, . . . , σK ]T , (2.89)

where each site is occupied by a microscopic particle (e.g., a gas molecule, a mag-
netic spin). Each particle is characterized by a microscopic variable taking some
value from the set Σ of allowed per-site values18. Therefore, each realization of σ

represents a particular configuration (or a microscopic state) of A, sampled from
the configuration space ΣK . Moreover, each such system configuration is associated
with its own amount of energy, described by the Hamiltonian (or the energy func-
tion) denoted as H(σ). The Hamiltonian is at its minimum for the most probable
configuration σ, known as the ground state.

The system is assumed to be closed (i.e., thermally isolated) and not subject
to external forces, so that after sufficiently large period of time it reaches a steady
state and can be described by macroscopic parameters (or observables) reflecting
its large-scale properties for all practical purposes (e.g., pressure of a gas in a

17For computational convenience, an expanded form of the Laguerre polynomial [MJPEW11]

Lm
n (λ) =

n
∑

i=0

(−1)i
(m + n

n − i

)λi

i!
.

has been used here.
18Here, the set of allowed states Σ is assumed to be finite. However, in what follows, the cases

of continuous state space will be considered. For those cases the same definitions apply, turning
summations to integrals.
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container or magnetization of a spin glass). The system is said to be in the thermal
equilibrium, when that there is no energy flow inwards or outwards of the system.

It is generally possible to describe the behavior of the system at the microscopic
level, for example, by specifying the interaction between particles at each time
instant. This approach is, however, impractical, and henceforth statistical physics
usually takes a different route. By means of the averaging techniques and statistical
methods it predicts the macroscopic parameters that describe the behavior of the
system in the equilibrium.

Let p(σ) denote the probability distribution of the system configurations. In
statistical physics, the fundamental quantity characterizing p(σ) is the entropy,
defined as

H , −
∑

σ∈ΣK

p(σ) ln p(σ). (2.90)

Generally speaking, the broader the distribution, the larger the entropy, and vice
versa narrow distributions have smaller entropy. Meanwhile, the average energy of
the system is defined as

E ,
∑

σ∈ΣK

p(σ)H(σ). (2.91)

In the thermodynamic limit the average energy is preserved, while the entropy
is maximized, according to the first and the second law of thermodynamics. To
illustrate this, I will discuss the general form of the above probability distribution
in the equilibrium in the following subsection.

2.5.1 Boltzmann Distribution

One way of representing a closed isolated system is to assume that it is surrounded
by a large heat bath, with which the system under consideration can exchange
energy. Thus, the energy of A fluctuates randomly until it equilibrates with the
heat bath, meaning that its average energy E stays constant.

A particularly convenient choice for the heat bath is to assume that it consists
of the large number of connected systems identical to A (see Figure 2.8), that is,
A1,A2, . . . ,AN−1. The set of all the systems

Ω , {A,A1,A2, . . . ,AN−1} (2.92)

is called the canonical ensemble. For example, one can imagine that the system
under investigation, A, represents one of the identical subsystems of a larger system
Ω. At this point, though, an important assumption is invoked, viz., the so-called
ergodic hypothesis19 . It states that as time evolves, system A eventually samples all
the points of its configuration space ΣK and hence rather than of averaging over
time, one is allowed the averaging over the possible system configurations.

19This assumption has been proved only for some special cases [Sim04], [Szá00], and there are
examples of systems where it does not hold [Lut04]. This problem is a subject of on-going research
efforts.
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Figure 2.8: Illustration of an isolated system with a heat bath represented by the
canonical ensemble.

From (2.89) there are |Σ|K distinguishable configurations for σ available for the
subsystems of Ω. For each such configuration, one can calculate the corresponding
occupational number n(σ), that is, determine by how many subsystems from Ω is
this particular configuration taken. Then, the two following conditions hold

∑

σ∈ΣK

n(σ) = N, (2.93a)

∑

σ∈ΣK

n(σ)H(σ) = NE, (2.93b)

where the former equation states that all the subsystems are distributed among
the possible configurations, whilst the latter suggests that the amount of energy of
each subsystem sum up to the total energy of the larger system Ω.

For future convenience let us define the vector of occupational numbers of all
configurations as n(σ), which represents some kind of an occupational number
profile. Define further the disorder number

W (n(σ)) ,
N !

∏

σ∈ΣK n(σ)!
, (2.94)

which designates the number of ways of partitioning of ensemble Ω into n(σ). Here
the ways of partitioning for each particular occupational number n(σ) are assumed
to be a priori equiprobable, and hence the probability of observing a particular
occupational number profile n(σ) is roughly proportional to W (n(σ)). Thus, the
most probable profile must maximize (2.94) subject to the constraints in (2.93).
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Since it has been assumed that N is very large, by means of the Stirling ap-
proximation20, (2.93) can be rewritten as

W (n(σ)) =
NN

∏

σ∈ΣK n(σ)n(σ)
. (2.95)

Let us now define the probabilities for the system of having configurations σ as

p(σ) ,
n(σ)
N

, (2.96)

and a vector combining the probabilities for all configuration p(σ), representing
the probability distribution of system configurations. Moreover, instead of (2.95),
one can maximize its logarithm (normalized b N for convenience). In terms of the
above probabilities it reads as

1
N

lnW (n(σ)) = lnN − 1
N

∑

σ∈ΣK

n(σ) lnn(σ) (2.97a)

= −
∑

σ∈ΣK

p(σ) ln p(σ), (2.97b)

which is nothing but the entropy of the system, defined in (2.90).
The above derivation suggests that in the thermal equilibrium, the most proba-

ble distribution of the configurations maximizes the entropy of the system. The cor-
responding optimization problem can be formulated by rewriting constraints (2.93)
in terms of the probability distribution, so that

maximize
p(σ)

H

subject to
∑

σ∈ΣK

p(σ) = 1,

∑

σ∈ΣK

p(σ)H(σ) = E.

(2.98)

The problem can be addressed by solving the corresponding Karush-Kuhn-Tucker
(KKT) optimality conditions [BV04, Section 5.5.3], which yields the entropy-
maximizing distribution

p(σ) =
1
Z

e− 1
kBT

H(σ)
. (2.99)

20Stirling’s formula [Nam86] approximates the factorial N ! for large N according to

N ! ≈ NN e−N .
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Here Z is the normalization factor so that the probabilities sum up to 1, T ≥ 0 is
the temperature (measured in degrees Kelvin) and kB is the Boltzmann constant
kB = 1.3806488 × 10−23 [J K−1 mol−1]. The above distribution is known in the
literature as the Boltzmann distribution (or the Gibbs measure) and it represents
the probability of observing a particular configuration σ in the thermal equilibrium
given temperature T and a fixed macroscopic parameter (e.g., volume). Note also
that when σ is continuous and a Euclidean energy measure is utilized, the above
Boltzmann distribution reduces to the well-known Gaussian distribution, which will
be of great use later on in the thesis.

The normalization factor Z in (2.99) is given by

Z =
∑

σ∈ΣK

e− 1
kBT

H(σ)
, (2.100)

and is also known as the partition function of the system. The partition function
roughly tells us how many configurations are thermally accessible for the system at
a given temperature T . For instance at zero temperature, there is only one accessible
state, viz., the ground state (with the minimal possible energy). In addition, the
partition function also contains all the important macroscopic quantities at the
thermal equilibrium.

In principle, given the Hamiltonian H(σ) and the configuration space ΣK , it
is possible to acquire all macroscopic parameters from Z. Nevertheless, it is often
more convenient to work with another useful quantity in statistical physics, namely
the Helmholtz free energy, defined as

F , E − kBTH (2.101a)

= − kBT lnZ. (2.101b)

Since in the thermal equilibrium the entropy of the system, H , is maximized,
while the average energy, E, remains constant, it is clear from (2.101) that the free
energy, F , must be minimized.

For the analysis of communication systems the free energy, being a one-to-one
mapping to the differential entropy, is very useful for computation of achievable
rates and capacities. Unfortunately, explicit computation of the free energy is very
complicated except for some special cases21, as we shall see later on. Hence, efficient
asymptotic approaches have been developed in statistical physics to deal with such
problems, such as, the replica method [Kac68], the TAP approach [TAP77], the
cavity method [MPV86], Guerra interpolation [Gue01], gauge theory [Wu78] and
renormalization group [SP03]. This thesis predominantly focuses on the replica
method, which will be discussed in the following sections on the example of a
disordered spin glass system.

21One- and two-dimensional Ising models [Ons44] are solved exactly, while high-resolution
numerical evaluation is available for three-dimensional Ising model [FL91].
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Figure 2.9: An example illustration of a disordered spin glass. The arrows repre-
sent the magnetic spins situated on a two-dimensional lattice drawn with dashed
lines. The spins are pointing either up or down, and the dotted lines represent the
interactions between them.

2.5.2 A Note on Spin Glasses

A spin glass is a magnetic material consisting of a large number of randomly directed
magnetic spins which are able to interact with each other (see Figure 2.9). Due to
this randomness, as well as irregularities of the spin positions, inter-spin correlations
and other impurities (see, e.g., properties of AuFe alloys [CM72]), the spin-spin
interactions are also random, and the spin system exhibits some kind of disorder22.
This disorder is quenched in the sense that macroscopic properties of the system
depend on the particular configuration of the spin-spin interactions and tends to
stay unchanged over time.

In a simplified picture, a spin glass consists of many domains of roughly equal
numbers of aligned and misaligned spins. These patterns of spins create the so-
called frustrated interactions, that is, the interaction between the spins is such
that some spins on the one hand attempt to align with their neighbors, while on
the other hand they attempt to anti-align with the other neighbors. Due to these
conflicting interactions, in the low-temperature region the spin system gets stuck in
one of the metastable configurations, different from the aforementioned ground state
(where the energy is minimized), which may lead different values of macroscopic
parameters.

Spin glasses are of special interest for physicists since they differ from other mag-
netic materials in the following way. They exhibit typical paramagnetic magnetic
behavior at higher temperatures. However, at lower temperatures, after removal of
the external magnetic field, the magnetization of the spin glass falls rapidly to a so-

22In fact, the term ‘glass’ is due to the analogy between this type of disorder and the positional
disorder in a conventional window glass. In contrast to a crystal solid that has a uniform pattern
of atomic bonds, the window glass, being an amorphous solid, has a highly irregular atomic bond
structure.
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called remanent level. It then decays very slowly (and non-exponentially) towards
zero [JKD98], in contrast to a ferromagnetic material, for which after removal of the
external field, the magnetization tends to remain indefinitely at the remanent level.
Meanwhile, for a paramagnetic material after removal of the external magnetic field,
the magnetization rapidly falls directly to zero.

In addition to unusual experimental behavior, spin glasses are also the subject
of extensive theoretical and numerical investigations. To explain the behavior of
spin glasses, a number of models have been proposed, roughly falling into two
categories: i) realistic models (the strength of interactions between spins decays with
the distance between them) and ii) mean-field models (interactions are assumed to
be independent of the distance). Strictly speaking, the latter models do not describe
realistic physical systems. However, they are convenient to deal with, whereas the
former often appears to be mathematically intractable. This thesis will be dealing
with particular mean-field models, which are discussed in detail in [Dot01], [Nis01]
and [Tal03].

For a spin glass system the microscopic variables (2.89) are referred to as Ising
spins and are typically modeled as σk ∈ {±1}, ∀k ∈ K, where K , {1, . . . ,K} is
the set of all spins in the system. The values in {±1} reflect the possible direction
of the spins, i.e., pointing up or down. Assuming only two-spin interactions, the
Hamiltonian for the system is given by23

H(σ) = −
∑

k<ℓ

[J ]ℓ,kσℓσk, (2.102)

where [J ]ℓ,k represents the interaction between spins σℓ and σk, combined into the
spin-spin interaction matrix J ∈ RK×K . Depending on the assumptions on the
interactions between σℓ and σk in the above expression, the popular models classify
as follows:

• Ising model: The spins are assumed to sit on a p-dimensional lattice and
the interaction matrix J is deterministic, accounting for the interactions only
between the adjacent spins. The model was introduced by Ising [Isi25], who
had also solved it for the one-dimensional case. The model is sometimes sim-
plified, so that [J ]ℓ,k = J and the interactions of the nearest neighbors are
the same.

• Edwards-Anderson model: The model was proposed in [EA75]. Similarly
to the Ising model, spins are assumed to be fixed on a lattice where the
interactions are allowed only between the nearest-neighbor spins. Interaction
matrix J is, however, assumed to have random entries, e.g., [J ]ℓ,k ∼ N (0, 1).

• Curie-Weiss model: This is an Ising model with long-range (potentially
infinite) interactions between spins, corresponding to a mean field approxi-

23It is assumed hereafter for simplicity that the external magnetic field is absent. Also note
that the negative sign in the Hamiltonian is uncommon in statistical physics, and it is included
here for the sake of convenience.



62 Background

mation of spin glasses. The model presumes that the interactions are the same
for each pair of spins, i.e., [J ]ℓ,k = J/K [KPW13].

• Sherrington-Kirkpatrick (SK) model: This model is a direct extension of
the Edwards-Anderson model to the infinite-range interaction scenario (sim-
ilar to the Curie-Weiss model). The strength of interactions between spins is
thus assumed to be random, e.g., [J ]ℓ,k ∼ N (0, 1/K). The model was intro-
duced in [SK75].

For spin systems with random interactions one cannot directly compute the free
energy (2.101) due to the quenched disorder. Namely, the observable quantities de-
pend on a particular realization of J , and hence the free energy has to be averaged
over the quenched randomness. Unfortunately, direct assessment of the expectation
of the logarithm of the partition function is known to be a very difficult problem.
Nonetheless, in statistical physics, it is often postulated that the (normalized) free
energy is self-averaging; namely, it converges to its quenched average (or, concen-
trates w.r.t. the quenched randomness) in the thermodynamic limit (K → ∞),
i.e.,

F , − kBT

K
lnZ → −kBT

K
EJ lnZ, (2.103)

where the expectation is taken w.r.t. the quenched randomness of the spin glass.
Strictly speaking, one has to prove both self-averaging and the existence of the
thermodynamic limit. Both are rigorously proved to hold for the aforementioned
SK model in [GT02] with help of the Guerra interpolation method24 proposed
in [Gue01]. For more complicated models, however, it is often postulated in advance
that those hold and the present thesis follows the same approach, considering such
proofs as out of its scope.

2.5.3 The Replica Method

The task of the remainder of this section is to compute the free energy above. As
previously mentioned, direct computation of the expectation in (2.103) is hard,
and hence alternative remedies are needed to overcome this burden. One of such
methods was invented by Kac in [Kac68] and is known in the literature as the
replica method.

The method is widely known due to its early applications to the analysis of
spin glasses (starting from the analysis of the Edwards-Anderson model [EA75])
and neural networks (e.g., analysis of the Hopfield model of associative mem-
ory [AGS85]). It has been introduced to the field of communication theory by

24In contrast to the replica method, considered in this thesis, Guerra’s interpolation method
is rigorously justified. The basic idea behind the tool is to study a measure interpolating between
the posterior measure and the one obtained via the replica method. The method is often regarded
as an alternative to the replica method, and several important results, previously obtained with
the latter, have been rigorously rederived using this approach [GT02], [Tal06], [BDFT13].
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Tanaka [Tan01], [Tan02] as a means to analyze the BER and spectral efficiency
of CDMA communication systems25. This work has inspired lots of subsequent re-
search, among which [Mül03], [GV05], [MSS03] and [WW10] are of special interest
for us. The method has also gained popularity in other fields of engineering, e.g.,
compressed sensing [KWT09], watermarking [SK10] and machine learning [SK13].

The replica framework provides a powerful set of mathematical tools for com-
puting average quantities within large many-body systems. The method undertakes
a sequence of steps, sometimes alluded to as the replica trick, which is summarized
in the definition below.

The replica trick consists of the following steps:

1. Using the fact that for u→ 0

∂

∂u
ln EJ {Zu} =

EJ {Zu lnZ}
EJ {Zu}

→ EJ {lnZ} , (2.104)

rewrite the expectation in (2.103) as follows

F = − kBT

K
EJ lnZ = −kBT

K
lim
u→0+

∂

∂u
ln EJ {Zu} . (2.105)

2. Replicate the partition function

EJ {Zu} = EJ







u
∏

a=1

∑

σ(a)∈ΣK

e− 1
kBT

H(σ(a))







(2.106)

by introducing u i.i.d. replicas of the system, and evaluate as its uth
moment for u ∈ N in the limit K → ∞ via the large deviations
formalism.

3. Invoke the replica continuity assumption, by generalizing (2.106) to
u ∈ R+ in the vicinity of u = 0.

Definition 2.12 (Replica trick)

Note that the two last steps constitute the weak point of the replica method,

25Strictly speaking, Tanaka was not the first to apply the replica method to a communica-
tion problem. For instance, a series of papers on low-density parity check (LDPC) [Gal62] and
turbo [BG96] codes error-correcting codes [KS99], [VSK00], [MKSV00], [MS00], [Mon00] were
published prior to his work. However, those were intended to physicist who are already familiar
with the method.
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making it not rigorously justified [VZ85]. Moreover, a number of counterexamples
to these steps were found in the literature [Tan07]. However, the method has been
successfully applied in statistical physics and other relevant fields of science, which,
in the absence of an alternative for many types of problems, makes it a reasonable
approach.

2.5.4 Free Energy of the Sherrington-Kirkpatrick Spin Glass

For illustrative purposes, a sketch of the derivation of the free energy for the SK
model is presented in this section. The following derivation is carried out using the
replica method, and it follows the lines of Appendix 2.A.1, where the analysis is
applied to a slightly modified (and more difficult) model with complex variables.
For the detailed derivation of the free energy the reader is referred to [Dot01]
and [Nis01].

Consider an SK spin glass in the absence of the external field, consisting of K
Ising spins σ = [σ1, . . . , σK ]T. Taking into account the above description of the
model, the Hamiltonian of the spin system is given by

H(σ) = −
∑

k<ℓ

[J ]ℓ,kσℓσk, (2.107)

where the spin-spin interaction matrix J (i.e., quenched disorder) has i.i.d. entries
[J ]ℓ,k ∼ N (0, 1/K), ∀ℓ, k ∈ K.

Invoking the replica trick, we can rewrite

F = − kBT

K
EJ lnZ (2.108a)

= − kBT

K
EJ







u
∏

a=1

∑

σ(a)∈{±1}K

e− 1
kBT

H(σ(a))







. (2.108b)

By means of the Gaussian integral26, we can assess the expectation w.r.t. J . Then,
we can proceed with defining the matrix of correlations between the replicas, whose
entries read as

[Q]a,b =
1
K

K
∑

k=1

Eσ

{

σ
(a)
k σ

(b)
k

}

, ∀a, b ∈ {1, . . . , u}. (2.109)

The summation over the sites σ(a), ∀a ∈ {1, . . . , u}, is then tackled using the large
deviation theory, which reduces the task to finding a saddle point. Unfortunately,

26The Gaussian integral for a vector x ∈ RK and a positive definite matrix A is given as

∫

e
−

∑

ℓ<k
[A]ℓ,kxℓxk dx1 . . . dxK =

√

(2π)K

det A
.
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for arbitrary matrices Q solution to the above problem is still prohibitive, and hence
one has to further impose some simplifying conditions. For instance, one usually
assumes a special structure for these matrices.

Replica-Symmetric Solution

Since the replicas have been introduced artificially, as a mathematical trick to al-
leviate the computation of the expectation, one may postulate that all the replicas
are equivalent. This assumption reads as

[Q]a,b = q, ∀a 6= b, (2.110)

and it is known as the replica-symmetric (RS) ansatz. In the literature, q is known
as the order parameter (or the Edwards-Anderson parameter).

This step simplifies the solution for the free energy to computing a single integral
and solving a fixed-point equation to obtain the parameter q, i.e.,

F = − 1
4T

(1− q)2 − T
∫

R

ln
[

2 cosh
(

z
√
q

T

)]

e− z2

2

√
2π

dz, (2.111)

q =
∫

R

tanh2

(

z
√
q

T

)

e− z2

2

√
2π

dz. (2.112)

Both aforementioned operations can be easily assessed numerically.
Unfortunately, the RS assumption is another weak point of the replica method

as it, too, lacks rigorous justification. Besides, it is known that the above free energy
is not the correct solution for the SK model since at zero temperature (i.e., T → 0)
it gives negative entropy (to be precise, H = −1/2π). One can also check that the
obtained solution is unstable at low temperatures by verifying that the Hessian of
F w.r.t. macroscopic parameter [Q]a,b and its auxiliary counterpart [Q̃]a,b for the
RS solution is not positive definite [Dot01]. This means that the true solution lies
somewhere outside the RS subspace and is known as the replica symmetry breaking
(RSB) phenomenon [TAP77]. The critical two-dimensional region of temperature
and external magnetic field, within which the RSB happens is given by the epigraph
of the so-called de Almeida-Thouless (AT) line derived in [dAT78]. Notwithstanding,
the exact solution for the SK model is known to be the so-called Parisi formula
derived in [Par80] via the replica method and proved rigorous in [Tal06] by means
of the Guerra interpolation method [Gue01].

Numerical Example

For the purpose of illustration of the accuracy of the RS solution Figure 2.10 plots
the free energy of a spin glass with K = 10 spins as a function of temperature. The
figure plots both the analytic RS solution (2.111), denoted by the solid line, and
the Monte Carlo simulation of the free energy in (2.108), denoted by the markers.
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Figure 2.10: Free energy vs. temperature for a spin glass with K = 10 spins. Solid
line denotes the analytic result, while the markers denote the results of the Monte
Carlo simulations.

The numerical results are averaged over 500 realizations of the interaction matrix
J . The reader can observe from the figure that at higher temperatures, the match
between the simulations and the theoretical prediction is quite good. At the same
time, in the low-temperature region there is a growing mismatch. This is mainly
due to the finite nature of the spin system that has been simulated. In addition, one
sees that in the low-temperature region, the RS free energy curve exhibits a slight
decrease as the temperature approaches zero. This behavior illustrates the fact that
the RS solution is wrong in that temperature region due to RSB (cf. Figure 1(b)
in [MMN12] for an illustration of the improvement of the one-step RSB solution).

2.6 Large-System Approach to Ergodic MIMO Channels

In this section, I present some existing results on the performance analysis of ergodic
MIMO channels. Namely, an approximation is derived for the achievable rates under
joint detection and decoding (JDD) based on random matrix theory and the replica
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method. In addition, performance of the separate decoding (SD) scheme is analyzed
in terms of data rates, as well as BER, with help of the replica method through the
decoupling result.

2.6.1 Joint detection and decoding

Recall the ergodic MIMO channel model (cf. (2.57))

y = Hx + n, (2.113)

where n is an i.i.d. additive noise vector, n ∼ CN (0N , IN ). The transmit covariance
matrix is given by P , E{xxH}, and the transmitted signal vector is again subject
to the power constraint (2.18).

The channel is modeled as an ergodic random process with slowly changing
statistics. The latter is assumed to be communicated back to the transmitter, so
that the statistical-CSI assumption is applied. As we saw in (2.59), by coding over
many coherence time intervals the ergodic rate

I(ρ) = hs(ρ)− hn(ρ), (2.114)

is achievable, where the differential entropy terms are given by

hs(ρ) =− 1
M

Ey,H ln Exp (y|x,H) , (2.115a)

hn(ρ) =− 1
M

Ey,x,H ln p (y|x,H) . (2.115b)

Recall that the MI in (2.114) represents an achievable rate of the MIMO chan-
nel (2.113) with JDD. When statistical knowledge of the channel is available at
the transmitter, the above achievable rate could, in principle, be maximized by de-
signing the optimal precoder matrix G. Unfortunately, since an explicit expression
for (2.114) is not available in general, it is not clear how to optimize G. Moreover,
as we have seen from Subsection 2.3.1, numerical evaluation of (2.114) is compu-
tationally demanding due to the averaging in (2.115) over the channel realizations.
Thus, an alternative approach for evaluation of (2.114) is needed.

In addition to the description of the channel (2.113), let us assume that the
channel matrix is described by the Kronecker model, so that

H = R1/2W T 1/2, (2.116)

where matrix W has i.i.d. CSCG entries of variance ρ/M , with ρ > 0 being the
average SNR of the channel. The correlation matrices at the receive and transmit
end are normalized, so that tr{R} = N and tr{T} = M .

In the current section, I present an approach, leveraging the methods from the
previous sections, which leads to a computationally feasible approximation for the
ergodic MI (2.59) for arbitrary channel inputs. For that, I start with defining the
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LSL which will be, in one form or another, used throughout the thesis. In the con-
text of point-to-point MIMO, the definition is exactly the same as Definition 2.12.
Namely, for the channel (2.113), the LSL is defined as a regime, where the numbers
of antennas at the transmitter and receiver grow infinitely large at the ratio β, with
β being a finite positive constant, i.e.,

N = βM →∞, β = const. (2.117)

In addition, the self-averaging property is assumed to hold, i.e., the randomness
of the channel state vanishes in the LSL. As mentioned earlier, this property is a
challenging problem per se. It has been proven in the point-to-point MIMO/CDMA
context by Korada and Macris in [KM10]. However, for more general cases in the
later chapters this assumption will be adopted, following the existing replica calcu-
lus literature [GV05], [Mül03], [TTY08]. With the above assumptions the following
results can be found.

Gaussian channel inputs

The capacity of the channel (2.113) is achieved with Gaussian channel inputs. In this
case, the MI under the assumption of full CSI at the transmitter is given by (2.28).
Nevertheless, for the ergodic scenario, discussed in Subsection 2.3.1, where CSI is
only available to the receiver, the following result is available [HLN07], [CDS11].

Given the spatial correlation matrices T and R, in the LSL the following
holds

I(ρ)− Ī(ρ)→ 0, (2.118)

where

Ī(ρ) =
1
M

ln det
(

IM + AP AH

)

+
1
M

ln det (IN + εR)− ηε, (2.119)

and the parameters {ε, η} ⊂ R2
+ satisfy the following set of fixed-point

equations

η =
1
M

tr
{

R [IN + εR]−1
}

, (2.120a)

ε =
ρ

M
tr
{

T 1/2P T 1/2 (IM + AP A)−1
}

. (2.120b)

with A ,
√
ρηT 1/2.

Theorem 2.13
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Proof. The proof is based on the procedure of [CDS11]. Consider a matrix of the
following type

B = R1/2W T W HR1/2, (2.121)

where W is a random matrix consisting of i.i.d. entries with zero mean and variance
ρ/M , while T and R are Hermitian non-negative definite of bounded normalized
trace. The latter are assumed to be generated by tight sequences [Bil08]. As shown
in Corollary 1 in [CDS11], when N and M grow large without bound at fixed ratio
β, the following holds

m(x)− m̄(x)→ 0 (2.122)

almost surely, where m(x) is the Stieltjes transform of B for x > 0 and

m̄(x) =
1
N

tr
{

(IN + εR)−1
}

, (2.123)

where ε and ψ form a unique solution of the following system of fixed-point equa-
tions

ψ =
1
N

tr
{

1
x

R (IN + εR)−1

}

, (2.124a)

ε =
1
M

tr
{

1
x

T (IM + βψT )−1

}

. (2.124b)

Meanwhile, from Theorem 2 in [CDS11] it follows that under the aforementioned
assumptions and some additional constraints on spectral radius of matrices T and
R, the Shannon transform [TV04] of B satisfies

V(x)− V̄(x)→ 0 (2.125)

almost surely, where

V̄(x) =
1
M

ln det (IM + βψT ) +
1
M

ln det (IN + δR)− xβεψ. (2.126)

Thus, evaluating (2.126) at x = 1/ρ, with parameters satisfying (2.124), we can
evaluate the ergodic MI. To address the influence of the transmit covariance matrix,
it suffices to consider T P 1/2 rather than T for both channels. This leads us exactly
to (2.119) and (2.120), by substituting ψ = ρη/β, thereby completing the proof.

The above result states that the difference between the actual per-dimension
ergodic MI, I(ρ), and the quantity Ī(ρ) tends to zero in the LSL. To be more
specific, this difference is shown to be of order O

(

N−1
)

and hence when N → ∞
the two quantities become indistinguishable. In the random-matrix literature, this
quantity is oftentimes named a deterministic equivalent [HLN07], [CDS11] and is
used to evaluate the system performance in various scenarios [CHD12], [WPW+13].
For fixed N (and M) the quantity Ī(ρ) can serve as an approximation of the actual
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ergodic MI, with precision improving with N . Thus, we refer to this quantity as a
large-system approximation hereafter.

From the above result, we see that the large-system approximation for the MI,
given in (2.119), is deterministic, depending only on slowly changing correlation
matrices at both sides of the channel, R and T , and not incurring expectation
operators. The fixed-point parameters are easily obtained by an iterative algorithm
(summarized in the upcoming Algorithm 2.1)27

The result of Theorem 2.13 provides a simple and precise approximation for
the achievable ergodic rate of a MIMO channel in terms of a few determin-
istic parameters. Unfortunately, being base on random matrix theory, the
result is constrained to Gaussian channel inputs, which–being a convenient
mathematical tool–are hardly seen in practice. Real-world systems tend to
employ discrete (e.g., QPSK, PAM, QAM) signal constellations instead.
Withal, the result is derived rigorously based on a Shannon transform of a
certain random matrix model. It furthermore takes into account the effects
of correlation and allows further performance optimization. Interestingly,
for the uncorrelated fading the result can be rederived in exactly the same
form using the Guerra interpolation method [KM10].

Remark 2.14 (Random matrix theory: Pros and cons)

Arbitrary channel inputs

The rigorous random-matrix methods, which proved efficient in the above section,
cannot, in general, be applied for the case of practical finite-alphabet inputs (apart
from the case of linear detectors, which was discussed in [TV00]). Therefore, al-
ternative methods are needed to tackle the problem in this setting. For instance,
an asymptotic expression for the MI (2.59) valid for arbitrary inputs has been de-
rived in [GV05], [WW07] using the aforementioned replica method. The result is
summarized in the following claim28.

27It has been shown in [CHD12] by means of interference function theory [Yat95] that, in the
case of Gaussian channel inputs, Algorithm 2.1 is guaranteed to converge to a unique solution.
Numerical simulations further suggest that convergence is extremely fast, that is, it usually takes
only around 5-30 iterations to reach the solution.

28Since rigorous justification of some of the steps of the replica method is pending, the key
results of the present thesis, derived using the method, are presented as claims.
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Given the input distribution p(x), as well as the spatial correlation matrices
T and R, in the LSL the achievable ergodic rate can be asymptotically
approximated by

Ī(ρ) = ǏA (ρ) +
1
M

ln det (IN + εR)− ηε. (2.127)

The parameters {ε, η} ∈ R2
+ satisfy the following set of fixed-point equa-

tions

η =
1
M

tr
{

R [IN + εRs]
−1
}

, (2.128a)

ε =
ρ

M
tr
{

ĚA (ρ) T
}

, (2.128b)

where the MI ǏA (ρ) , M−1I (z; x|A) and MMSE matrix ĚA (ρ) ,

Ez,x

{

(x− 〈x〉)(x− 〈x〉)H
}

in the expressions above are associated with
the following fixed Gaussian channel

z = Ax + w, (2.129)

with w ∼ CN (0M , IM ) and the equivalent channel matrix being given as
A ,

√
ρηT 1/2.

Claim 2.15

Proof. The proof is given in Appendix 2.A.1 at the end of the chapter.

At this point, to avoid confusion, I would like to summarize the notation used
for the MI and MMSE in various contexts in the following remark.

IH(ρ) and EH(ρ): quasi-static scenario (2.17),

I(ρ) and E(ρ): ergodic channel (2.57),

ǏA(ρ) and ĚA(ρ): equivalent fixed channel (2.129),

Ī(ρ): large-system approximation (2.127).

Remark 2.16 (Notation for MI and MMSE)

The original expression for the ergodic MI (2.59) is computationally demanding
and can be evaluated (e.g., using Monte Carlo simulation) only for small numbers
of antennas and simple signal constellations. On the contrary, in Claim 2.15 the MI
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Algorithm 2.1 Fixed-Point Algorithm for Solving (2.128)

Require: Set the convergence threshold to some ζ > 0 and the iteration step to t = 1.
Set some initial values ε(0) and η(0) (either large or small positive numbers), as well
as ε(−1), η(−1) →∞.
while max{|ε(t) − ε(t−1)|, |η(t) − η(t−1)|} > ζ do

Compute the fixed-point parameters at the current iteration step according
to (2.128):

η
(t+1) =

1

M
tr
{

R
[

IN + ε
(t)

R
]−1
}

,

ε
(t+1) =

ρ

M
tr
{

Ě
(t)
A (ρ)T

}

,

where Ě
(t)
A (ρ) is the MMSE matrix of the channel (2.129) with A =

√

ρη(t)T 1/2.
t← t + 1.

end while

and MMSE matrix in the above claim are computed according to (2.23) and (2.22),
respectively, with the equivalent channel being given by a fixed matrix A. Thus,
the above claim provides a result for general input distribution p(x) that has much
lower computational complexity as compared to the direct computation of (2.59).
Additionally, it can be verified that the result of Claim 2.15 reduces to the rigorous
result of Theorem 2.13, thereby generalizing it to arbitrary inputs.

The fixed-point equations in (2.128) are solved with help of Algorithm 2.1. In
contrast to Theorem 2.13, the above fixed-point equations may have more than one
set of solutions. In this case, the solution that minimizes (2.127) is the true one. In
physics, this phenomenon is described as phase coexistence [Nis01]. Note, however,
that one should expect the number of coexisting solutions to be finite since the phase
space of a related problem in CDMA is known to be ‘simple’ [Nis02]. Namely, the
underlying channel symmetry yields the corresponding gauge symmetry, justifying
the absence of the RSB phenomenon [Nis01, Chapter 4].

In contrast to Theorem 2.13, justification of Claim 2.15 is not only based
on the yet non-rigorous replica method, but it furthermore assumes the RS
ansatz, which may provide inaccurate results for some system parameters.
However, the obtained result characterizes the performance of arbitrary
channel inputs, and its accuracy can be examined using Monte Carlo sim-
ulations. Besides, at the moment, there are no other methods that are able
to handle non-Gaussian inputs, in the general formulation. The result is
thus relevant for the performance analysis of practical MIMO systems.

Remark 2.17 (Replica method: Pros and cons)
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Uncorrelated Channel

Let us specify the result to the particular case where there is no correlation between
antennas. The following result provides the achievable ergodic rate for the special
case where T and R are all identity matrices.

In the LSL, for the achievable ergodic rate of an uncorrelated MIMO chan-
nel (2.113) can be approximated by

Ī(ρ) = Ǐa (ρ) + β ln (1 + ε)− ηε, (2.130)

where parameters ε and η satisfy the following set of fixed-point equations

η = β (1 + ε)−1
, (2.131a)

ε = ρ ěa (ρ) . (2.131b)

The MI, Īa(ρ) , I (z;x|a), and the MMSE, ěa(ρ) , Ez,x
{

|x− x̂|2
}

, are
associated with a fixed scalar Gaussian channel

z = ax+ w, (2.132)

where w ∼ CN (0, 1).

Corollary 2.18

Note that here (2.130) involves numerical integration over the real line. This
integration is, however, easy to implement29 and has very low computational com-
plexity. Therefore, having such an explicit expression for the asymptotic approxi-
mation is considered hereafter to be roughly as good as having it in a closed form.

Numerical Example

This section illustrates the results of the present section with aid of a numerical
example, alongside with some discussion. The obtained MI expression (2.127) for
an uncorrelated MIMO channel is compared with the results of Monte Carlo simu-
lations, according to Example 2.8. The impact of correlation will be investigated in
the upcoming Chapter 3. Let us consider a point-to-point MIMO setup, where an
M -antenna transmitter communicates with an N -antenna receiver. For simplicity,
assume a practical scenario, where the terminals have equal numbers of antennas,
N = M ∈ {2, 4}. Figure 2.11 plots the average MI per transmit antenna in bit/s/Hz

29Practically, the integration can be done, e.g., through the trapezoidal rule [AH] with finite
integration limits.
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Figure 2.11: Per-dimension achievable ergodic rate vs. SNR for the uncorrelated
M ×M MIMO scenario with various signaling schemes under JDD. The terminals
are equipped with M ∈ {2, 4} antennas. Solid curves denote analytic results, while
markers denote the results of Monte Carlo simulations.

as a function of the transmit SNR. In the figure, the analytic results for Gaussian,
QPSK and 8-PSK channel inputs, obtained via the replica method and depicted by
solid lines in the figure, are compared with the results of Monte Carlo simulations30

which are displayed using markers. The latter are obtained through numerical av-
eraging of the MI in (2.59) over at least 1000 channel realizations31. The MI and
MMSE required to compute the large-system approximation for the 8-PSK con-
stellation have been computed numerically along the lines of [LTV06]. Here, the
reader is reminded that the depicted result for Gaussian inputs holds rigorous and

30The following practical trick was used here to speed up the simulation of the discrete con-
stellations. The MI was first evaluated for a real-valued channel and then doubled to obtain the
desired value for a complex-valued channel.

31The actual number of realizations necessary to get a smooth behavior varies with the type
of constellations. Gaussian signals being naturally smooth, only 1000 realizations suffice. For the
discrete constellations, on the other hand , around 108 realizations are needed to obtain stable
results.
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is confirmed by random-matrix methods (refer to Theorem 2.13).
From the figure the reader can see that the asymptotic results describe quite well

the behavior of realistic finite-sized MIMO systems. In fact, for Gaussian inputs the
asymptotic results are quite accurate already for M = N = 4. The approximation,
however, gets worse in the high-SNR regime. This is a common observation in
random matrix theory, and it stems from the fact that higher-order terms are
ignored in the large-system approximation, whereas the corresponding corrections
are required [KMMC11], [CM12]. Meanwhile, for QPSK inputs there is a significant
gap between the simulations and asymptotic results in the mid-SNR region. This is
because for discrete inputs the asymptotic analysis becomes more sensitive to the
LSL assumption itself. To explore this phenomenon, in addition to the curves which
stand for M = N = 4, I plot three extra sets of markers–corresponding to QPSK, 8-
PSK and Gaussian constellations–that represent the case ofM = N = 2. The reader
can immediately observe that for all types of signal constellations the precision of
the large-system approximation worsens as SNR increases, while improving with
increasing the number of antennas at the terminals. Therefore, to have a good match
between the large-system approximation and simulation of a finite-sized system, one
needs more antennas. Nevertheless, since the entropy of a discrete constellation is
limited, the performance of a system with QPSK and 8-PSK signals at high SNR
saturates at 2 bit/s/Hz and 3 bit/s/Hz, respectively. Consequently, the accuracy of
the corresponding large-system approximation becomes better in that SNR region.

2.6.2 Separate Decoding

The previous subsection was devoted to the analysis of communication systems
with JDD receiver architecture, whose performance is characterized in terms of
ergodic MI. In contrast, this subsection analyzes the system performance of SD
receiver architectures in more detail. For this purpose consider an M × N MIMO
channel modeled by (2.113) with uncorrelated Rayleigh fading. That is, the channel
matrix H has i.i.d. CSCG entries of variance ρ/M , with ρ > 0 being the transmit
SNR of the channel. The suboptimality of the SD is captured by the GPME, which
is supplied with postulated channel and input distributions. This can be used to
mimic the imperfect knowledge of the channel and the inputs at the received, as
well as allows the performance characterization of several conventional SD schemes.

An approximation for the achievable rate under JDD has already been derived
in Claim 2.15. This approach, though, has to be modified when GPME is employed
at the receiver, and hence the replica analysis has to be carried out in a slightly
different way. Before proceeding to the performance analysis of MIMO, below I
present the basic result, which will be the building block for further developments.
The following claim summarizes the main result.
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Let xm, x′
m and 〈x′

m〉q denote the mth entries of x, x′ and 〈x′〉q. In the LSL,
the joint distribution of (xm, x′

m, 〈x′
m〉q) associated with the channel (2.113)

converges to the joint distribution of (x, x′, 〈x′〉q), associated with the two
scalar Gaussian channels below

z =
√
ρx+ w, (2.133a)

z =
√
ρx′ + w′, (2.133b)

where w ∼ CN (0, 1/η), w′ ∼ CN (0, 1/ξ) and parameters {ξ, η, ν, ε} form a
fixed point for the following equation system

η = β(1 + ε)−1, (2.134a)

ξ = β(σ2 + ν)−1, (2.134b)

ε = ρ ěη(ρ), (2.134c)

ν = ρ ěξ(ρ), (2.134d)

where, with a slight abuse of notation, ěη(ρ) , Ez,x
{

|x− 〈x′〉|2
}

and
ěξ(ρ) , Ez,x′

{

|x′ − 〈x′〉|2
}

denote the MSE and the posterior variance
of a GPME, associated with chennels (2.133a) and (2.133b), respectively.
In case of multiple solutions to (2.134), the tuple {ξ, η, ν, ε} that minimizes
the free energy of the system, given by (2.135) below, is the valid solution.

F = −
∫

p(z; η) ln q(z; ξ) dz + ξ − β − β ln ξ + ln
ξ

π

− ξ

η
+ σ2ξ

η − ξ
η

+ β lnπ + β
ξ

η
+ β ln β. (2.135)

Claim 2.19

Proof. The proof is given in Appendix 2.A.2 at the end of the chapter.

Claim 2.19 restates the decoupling principle, reported in [GV05], in the context
of MIMO systems. Namely, in the LSL for each data stream m the joint distribution
of the input xm, postulated input x′

m, and output of the GPME 〈x′
m〉q, associated

with the channel (2.113), converges to the joint distribution of the same set of
quantities related to single-user Gaussian scalar channels (2.133a) and (2.133b). In
other words, a MIMO channel with the GPME receiver in the LSL decouples into
a bank of scalar Gaussian channels, which fully characterize its performance. With
this understanding the following two results can be formulated.
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Achievable Rates

To get a large-system approximation for ergodic MI (2.59), which characterizes the
system performance under optimal JDD. This means that the receiver has to know
the true input distribution, as well as the true conditional channel density. That
is, to obtain the approximation for the ergodic MI, one must set p(x) = q(x) and
σ = 0 and solve the fixed-point equations (2.134). The asymptotic approximation
of the achievable ergodic rate under JDD (2.59) is then obtained from the free
energy (2.135) as

Ī (ρ) = F − ln π − 1. (2.136)

It can then be easily verified that (2.136) reduces exactly to (2.130) from Corol-
lary 2.18.

Meanwhile, from Claim 2.19, it follows that the normalized MI between the input
and output of the GPME is equal to the sum MI between the input and output of
the equivalent per-stream Gaussian channels (2.133). Thus, the performance of the
SD scheme is characterized by the following corollary.

The asymptotic MI under SD in the LSL is given by

ĪSD (ρ) ,
1
M
I
(

〈x′〉; x
)

= −
∫

p(z; η) ln p(z; η) dz − ln
π

η
− 1. (2.137)

Corollary 2.20

Bit Error Rate

The uncoded BER performance of the MIMO communication system can be, for
instance, evaluated in the following way. Without loss of generality focus on stream
m and assume that symbol +1 is transmitted over this stream. Given the CSI H,
the corresponding instantaneous BER of the communication system was shown to
be

Pe|H(ρ) = 21−M
∑

x:xm=1

Q









[UHx]m
√

[

UUH

]

m,m









, (2.138)

where U is the detector of interest, e.g., (2.37), (2.38) or (2.39), and Q(·) is the
Gaussian Q-function32. To obtain the average BER performance further averaging

32The Gaussian Q-function is given by [GR05, (8.2.50)]

Q(x) =
1

2π

∫

∞

x

e−
u2

2 du.
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can be performed by means of the Monte Carlo method as

Pe(ρ) = EH{Pe|H(ρ)}. (2.139)

Unfortunately, as already mentioned above, Monte Carlo averaging is inefficient,
time-consuming and does not lead to analytically tractable expressions. The former
is particularly true, when the size of antenna arrays grows large. Therefore, an
alternative approach is presented in the following section, providing a large-system
approximation for average BER, which becomes more and more accurate as the
system size grows large.

By Claim 2.19 the statistical properties of the MIMO channel (2.113) under SD
are fully described by the equivalent scalar channels (2.133). Hence, the following
result holds.

In the LSL, the average uncoded BER of the MIMO system, given
in (2.113), is approximated by

P̄e(ρ) = Q (
√
ρη) , (2.140)

where η is a solution to the fixed-point equation system (2.134).

Corollary 2.21

Here η is a part of the solution to the fixed-point equations (2.134) together with
the rest of the parameters. As shown in [GV03], the BER above is closely related to
the magnetization of an equivalent spin glass, which is shown to concentrate in the
LSL [KM10]. The following two examples discuss how to infer the BER performance
of different types of detectors.

To realize the individually optimal (MAP) detection, the receiver needs to
postulate the true channel and input distributions, i.e., q(x) = p(x) and
σ = 1. This leads to ξ = η and ν = ε. Notwithstanding, ε in (2.134) depends
on the input constellation and has to be further evaluated numerically. In
case of multiple solutions, the one minimizing the free energy (2.135) should
be chosen.

Example 2.22 (MAP detector)
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For a linear detector, the postulated input distribution p(x) is set to be
standard Gaussian, which yields the MSE of channel (2.133a) and the pos-
terior variance of (2.133b) in form

ε =
ρ(η + ρξ2)
η(1 + ρξ)2

, (2.141a)

ν = ρ(1 + ρξ)−1. (2.141b)

Then, by tuning the parameter σ, one can obtain the three aforementioned
linear detection schemes:

• When σ →∞, the output of the GPME converges to that of the MF
and the BER is given by

P̄MF
e (ρ) = Q

(
√

ρβ

1 + ρ

)

. (2.142)

• When σ → 0, the output of the GPME tends to that of the ZF
detector. The fixed-point parameter is then obtained as follows

P̄ZF
e (ρ) = Q

(

√

ρ(β − 1)
)

, β > 1, (2.143a)

P̄ZF
e (ρ) = Q

(
√

βρ(β − 1)
ρ(1− β)2 + 1

)

, β < 1. (2.143b)

• When σ → 1, the output of the GPME provides the output of the
LMMSE detector, yielding

P̄LMMSE
e (ρ) = Q





√

βρ− ρ− 1
2

+

√

(βρ− ρ− 1)2

4
+ βρ



 .

(2.144)

Example 2.23 (Linear detectors)

Numerical Examples

In the present subsection, I provide a few numerical illustrations of the above re-
sults. The MI expression for the JDD scheme has been tested with Monte Carlo
simulations in the Subsection 2.6.1. In the sequel, I complement this result with
the curves related to SD scheme and verify the results related to average BER.
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Figure 2.12: Per-dimension achievable ergodic rate vs. SNR for the uncorrelated
M × N scenario with various signaling types. The numbers of antennas at the
terminals are set M = 4 and N = 2. Solid curves denote performance of the JDD
scheme, while dashed lines denote that of SD.

Figure 2.12 plots the asymptotic achievable rate as a function of the SNR for
both the JDD and SD schemes operating with Gaussian, QPSK, 8-PSK or 16-QAM
signals. The reader can see that the performance curves related to discrete constel-
lations tend to saturate at high SNR. This is not surprising as it is known that
discrete constellations have limited entropy. Moreover, we have already encoun-
tered this behavior in Subsection 2.6.1. Meanwhile, at low SNR the performance of
discrete constellations tends to follow that of Gaussian signaling schemes. Nonethe-
less, at certain SNR values, the performance curves of discrete constellations sud-
denly switch to the entropy-limited regime. Such a sudden change in performance
indicates the occurrence of a phase transition (cf. Figure 2.12) at a certain SNR
threshold33, where the system instantly switches between the coexisting metastates.
A physical analogy to such a behavior is freezing water or the hysteresis of a fer-
romagnetic material [Ber98]. From the practical point of view, this phenomenon

33See [GV05] for the discussion on how to determine this threshold.
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Figure 2.13: Average uncoded BER vs. SNR for the point-to-point MIMO scenario
with QPSK signaling and various linear detectors. The numbers of antennas at
terminals are set to M = 48 and N = 72. Solid curves denote analytic results,
while markers denote results of Monte Carlo simulations

can be explained by the sparsity of a discrete constellation, which helps to iden-
tify symbols perfectly once the SNR is sufficiently high. Note here that for the SD
scheme with β > 1, Gaussian signaling is no longer optimal and is outperformed
by discrete constellations, which was previously observed in [MG04], [GV05].

To verify the obtained BER expression (2.140), let us simulate BER of an un-
coded MIMO communication system with QPSK signaling. The numbers of an-
tennas at the terminals are fixed to M = 48 and N = 72. Figure 2.13 plots the
asymptotic predictions from Example (2.23), as well as the results of numerical
simulations of the average BER for the three conventional linear detection schemes
(i.e., MF, ZF and LMMSE), averaged over 1000 channel realizations. From the
figure, we note that the asymptotic result predicts well the behavior of a system
at low SNR even for system with finite size. However, a good prediction of the
BER requires much larger number of antennas than it did in the case of the MI
(cf. Subsection 2.6.1). Moreover, as the SNR increases the prediction becomes less
accurate, and therefore the diversity order effects, usually visible in that region,
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Figure 2.14: Average uncoded BER vs. SNR for the uncorrelated M × N MIMO
scenario with QPSK signaling. The numbers of antennas at terminals are set to
M = 48 and N = 72. The solid line denotes the performance of the MAP detector,
while dashed lines denote the upper and lower bounds.

are not captured. The reason for this is that at high SNR the analysis becomes
much more sensitive to the large-system assumption (2.117). The approximation
becomes tight as the system size grows infinitely large, where the average BER of
such system tends to the Gaussian Q-function.

Figure 2.14 depicts the average BER performance of the MAP detector from Ex-
ample 2.22. The curve shows a waterfall-like behavior, instantly switching between
the performance of the LMMSE detector and a lower bound34, given by

PLB
e (ρ) = Q

(

√

βρη
)

. (2.145)

This behavior is somewhat similar to that of Figure 2.13, also indicating the occur-
rence of a phase transition.

34The lower bound corresponds to the interference-free transmission of M streams over the
MIMO channel with N > M . In this case, the channel matrix H is a tall matrix with orthogonal
columns, so that HHH = βρIM , and the receive antenna array gain is β.
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2.A Appendices

To improve the reader’s understanding of the upcoming complicated results, here I
present the detailed proofs related to the simplified point-to-point MIMO scenario.
The proofs presented below will serve as a useful starting point for the corresponding
proofs in the upcoming Chapters 3 and 4.

2.A.1 Proof of Claim 2.15

In general, the direct computation of (2.163) is very difficult if we allow arbitrary
channel input distributions. To overcome this obstacle we use the replica method
to compute the entropy in the LSL. To stay coherent with the existing works,
we partially keep the statistical physics terminology, avoiding unnecessary jargon
whenever possible.

Let us define the partition function related to (2.163) as

Z(y,H) , Ex

{

1
πN

e−‖y−Hx‖2

}

. (2.146)

In statistical physics, virtually all interesting macroscopic quantities can be derived
from the partition function of the system. Often, however, it is more convenient
to work with the logarithm of the partition function, or the free energy, instead. If
we further average the (normalized) free energy w.r.t. the remaining randomness
in the MIMO setup (2.113), we get

F , − 1
M

Ey,H lnZ (y,H) , (2.147)

that is, just the normalized differential entropy term, hy(ρ). Then, the first step
towards making the evaluation of F solvable is rewriting the free energy as

F = − 1
M

lim
u→0+

∂

∂u
ln Ey,H {Zu (y,H)} , (2.148)

and implicitly assuming that the system size also grows large without bounds (cf.
Definition 2.12). This above identity is exact when u is a real number, but on its
own it does not solve the problem. Thus, we invoke the replica trick and write the
under-log term as

Ey,H {Zu (y,H)} = EX,H

{

∫

1
πN

u
∏

a=0

e−‖y−Hx(a)‖2

dy

}

, (2.149)

where x(a) is the ath replica of the transmitted signal vector. Its distribution,
p(x(a)), is identical to p(x) and conditionally independent for a ∈ {0, 1, . . . , u}
given y and For ease of exposition, define also the vector X , [x(0)T, . . . ,x(u)T]T ∈
CM(u+1), containing the replicated signals35.

35Hereafter, the indices of the vectors and matrices, related to the replicas, start from 0 for
convenience of exposition.
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After applying the replica trick, the problem of finding the free energy reduces to
the evaluation of Ey,H{Zu(y,H)} for integer-valued u using techniques from large
deviations theory and then assuming that the result generalizes to real positive
values, at least in the vicinity of zero36.

Let us now define the following set of random vectors

v(a) , Hx(a) ∈ C
N , (2.150)

and group them into a concatenated vector

V , [v(0)T, . . . ,v(u)T]T ∈ C
N(u+1). (2.151)

By the central limit theorem, as the dimensions of the channel matrix H grow
large, V converges to a CSCG random vector with a covariance matrix Q having
entries

[Q]a,b =
ρ

M
x(b)HT x(a), (2.152)

for a, b ∈ {0, 1, . . . , u}. Note that here (2.116) is used together with the assumption
that W has i.i.d. CSCG entries with variance ρ/M to derive the result.

The expectation over the replicated vectors X may now be rewritten as an
integral over a probability measure of Q. Treating V as a Gaussian random vector,
it can be shown via the Edgeworth expansion [BM98] that in the LSL

1
M

ln Ey,H{Zu(y,H)} =
1
M

ln
∫

eNG
(u)(Q) dµ(u)(Q), (2.153)

where the vanishing constant terms are omitted and µ(u)(Q) reads

µ(u)(Q) = EX,H







u
∏

a,b=0

1

(

ρx(b)HT x(a) −M [Q]a,b
)







. (2.154)

Inserting V into (2.149) and assessing the expectations w.r.t. V and y through
Gaussian integral37, one gets

G(u)(Q) = −u lnπ − ln(u + 1)− 1
N

ln det
(

IN(u+1) + QΦ⊗R
)

, (2.155)

36Note that mathematical rigor of this step is still an open problem. However, some results ob-
tained by the replica method are confirmed to match the ones derived via systematic approaches
(e.g., [HKL+08], [Nis01]). Moreover, the results can be further verified via Monte Carlo simula-
tions, as we saw in the previous section, as well as it will be presented in Section 3.5. Therefore,
the replica analysis is regarded here as a valid mathematical tool.

37Let x ∈ CM be a random vector and C be positive definite matrix, the Gaussian integral
reads

∫

e−xHCx dx =
πM

det C
.
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where

Φ , Iu+1 −
1

u+ 1
1u+11T

u+1 ∈ R
(u+1)×(u+1). (2.156)

To compute the integral in (2.153), note that since Q is formed by the summa-
tion of independent random variables, the measure (2.154) satisfies the large devi-
ations property [Ell05, Definition II.3.1]. Therefore, by the Cramér theorem [Ell05,
Theorem II.4.1] in the LSL µ(u)(Q) is dominated by the exponent of the rate func-
tion, given by the Legendre-Fenchel transform38 of the logarithm of the logarithm
of moment-generating function (MGF) induced by µ(u)(Qs). The latter is given by

M (u)(Q̃) = EX

{

eρXH(Q̃⊗T )X
}

, (2.157)

and hence the rate function reads

I(u)(Q) = max
Q̃

{

tr{Q̃Q} − 1
M

lnM (u)(Q̃)
}

. (2.158)

Then, by the Varadhan theorem [Ell05, Theorem II.7.1], in the LSL

1
M

ln Ey,H{Zu(y,H)} −max
Q

{

βG(u)(Q)− I(u)(Q)
}

→ 0. (2.159)

To make the optimization problem in (2.159) and (2.158) tractable, assume that
the saddle-point solutions are invariant under the permutation of the replica indices.
This is known as the replica symmetric (RS) ansatz39 and here it implies that Q

and Q̃ have the following structure

Q =













p q · · · q

q p · · · q
...

...
. . .

...

q q · · · p













, Q̃ =













p̃ q̃ · · · q̃

q̃ p̃ · · · q̃
...

...
. . .

...

q̃ q̃ · · · p̃













. (2.160)

38Suppose µ is the probability measure such that a function defined as

c(y) , ln

∫

exHy dµ(x)

is finite for all y. The Legendre-Fenchel transform [RRR74, (3.10)] of c(y) is given by

I(z) = max
y

{

zHy − c(y)
}

.

39This assumption has been widely accepted in the field of statistical physics [Nis01] and
information theory [Mül03], [GV05], [WW07]. However, cases of replica-symmetry breaking are
known in the literature [ZMMdM12], [MGM08].
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Under the RS assumption, the free energy (2.148) in the LSL reduces to

F = β (1 + lnπ) + lim
u→0+

∂

∂u
min

Q
max

Q̃
T (u)(Q, Q̃) (2.161)

where

T (u)(Q, Q̃) =
u

M
ln det

[

IN(u+1) + (p− q)R
]

+ (u+ 1)(p̃p+ uq̃q)

− 1
M

ln EX

{

exp
[

∥

∥

∥
Ax(a)

∥

∥

∥

2

− x(a)H(A2 −B)x(a)

]}

, (2.162)

where A ,
√
ρq̃T 1/2. Next, performing the Hubbard-Stratonovich transform40

on (2.162), the quadratic terms in the above expression can be decoupled so that

T (u)(Q, Q̃) =
u

M
ln det

[

IN(u+1) + (p− q)R
]

+ (u+ 1)(p̃p+ uq̃q)

− 1
M

ln
1
πM

∫

Ex

{

e−‖z−Ax‖2

exHBx
}

×
[

Ex

{

e2Re{zHAx}−xH(A2−B)x
}]u

dz, (2.163)

where z ∈ C
M is an auxiliary variable.

To solve (2.161), one has to find the conditions under which the derivatives of
the argument w.r.t. all the RS parameters vanish. Then, after taking u → 0, one
gets

p̃ = q̃ = 0, (2.164a)

q̃ =
ρ

M
tr
{

[IN + (p− q)R]−1
R
}

, (2.164b)

p− q =
1
M

tr
{

ĚA (ρ) T
}

, (2.164c)

and the MMSE matrix is defined in (2.22). Finally, taking the derivative w.r.t. u
and letting u→ 0 we get

F = ǏA (ρ) +
1
M

ln det [IN + (p− q)R] + q̃(q − p) + β (1 + lnπ) , (2.165)

where the fact that p = ρ has been used. Denoting η , q̃ and ε , p− q, one obtains
hy(ρ) from (2.127), as well as a system of fixed-point equations given by (2.128).

40For a complex random vector x ∈ CM , the Hubbard-Stratonovich transform [Str57], [Hub59]
is given by

exHx =
1

πM

∫

e−aHa+aHx+xHa da,

where a is an auxiliary vector of the same size as x.
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2.A.2 Proof of Claim 2.19

Claim 2.19 consists of two statements: convergence of the distributions and the
expression for the free energy. Both parts will be proved separately, and for the
ease of disposition I firstly present the derivation of the free energy.

Free Energy

Let us define the the partition function of the equivalent many-body system

Z(y,H) , Ex

{

1
πN

e−‖y−Hx‖2

}

. (2.166)

The corresponding free energy can thus be written as

F =− 1
M

lim
u→0+

∂

∂u
ln Ey,H {Zu(y,H)} . (2.167)

Since for real-valued u computing Ey,H{Zu(y,H)} is very difficult, the replica
trick is assumed to be valid. Therefore, the postulated channel is next replicated as
follows

Ey,H {Zu(y,H)} = Ey,H {[q(y|x,H)]u}

= EX,H

{

∫

1
πN

e−‖y−Hx(0)‖2
u
∏

a=1

1
(πσ2)N

e−‖y−Hx′(a)‖2

dy

}

, (2.168)

where x′(a) denote the ath replica vector that is assumed to be i.i.d. for all a ∈
{1, . . . , u}, while x(0) represents the original signal vector. For ease of exposition, the
corresponding vectors are grouped into X = [x(0)T,x′(1)T

, . . . ,x′(u)T]T ∈ CM(u+1).
Define next the following set of vectors

v(0) , Hx(0) ∈ C
N , (2.169a)

v(a) , Hx′(a) ∈ C
N , (2.169b)

for all a ∈ {1, . . . , u}. Stack these vectors as V , [v(0)T, . . . ,v(u)T]T ∈ CN . By
the central limit theorem vector V in the LSL converges to a complex Gaussian
random vector with covariance matrix with entries

[Qk]a,b ,
ρ

M
x(b)Hx(a) ∈ C

(u+1)×(u+1). (2.170)

After the replication in (2.168), the expectation over X may be now rewritten
as an integral over a probability measure of Q, i.e.,

1
M

ln Ey,H {Zu(y,H)} =
1
M

ln
∫

eMG(u)(Q) dµ(u)(Q), (2.171)
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where the vanishing terms have been omitted and

G(u)(Q) = − ln(u+ 1)− ln det (Iu+1 + QΨ) , (2.172)

where

Ψ ,
1

σ2(σ2 + u)





uσ2 −σ21T

u

−σ21u (σ2 + u)Iu − 1u1T

u



 , (2.173)

and the probability measure of Q is given by

µ(u)(Q) = E







u
∏

a,b=0

1
(

ρv(b)Hv(a) −M [Q]a,b
)







. (2.174)

The MGF induced by the measure is given by

M (u)(Q̃) = EV

{

eρV H(Q̃⊗IM )V
}

, (2.175)

which yields the large-deviation rate function

I(u)(Q) = max
Q̃

{

tr{Q̃Q} − 1
M

lnM (u)(Q̃)
}

. (2.176)

Hence, by the Varadhan theorem, in the LSL

1
M

ln Ey,H {Zu(y,H)} −max
Q

{

βG(u)(Q)− I(u)(Q)
}

→ 0. (2.177)

Combining all together, one gets

1
M

ln Ey,H {Zu(y,H)} = min
Q

max
Q̃

{

T (u)(Q, Q̃)
}

, (2.178)

where

T (u)(Q, Q̃) = β ln π(u+ 1) + β ln det(Iu+1 + QΨ) + tr{QQ̃} − 1
M

lnM (u)(Q̃).

(2.179)

Finding the fixed point of (2.179) is a complicated task and may not be realizable
directly. Hence, the RS ansatz is assumed in order to proceed. Namely,

Q =





r m1T

u

m∗1u (p− q)Iu + q1u1T

u



, (2.180a)

Q̃ =





r̃ m̃1T

u

m̃∗1u (p̃− q̃)Iu + q̃1u1T

u



. (2.180b)
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With the RS assumption, (2.179) simplifies via the Gaussian linearization (similar
to the aforementioned Hubbard-Stratonovich transform, but carried out along the
lines of [GV05]) to

T (u)(Q, Q̃) = βu ln πσ2 + (u− 1)β ln
(

1 +
p− q
σ2

)

+ β ln
[

1 +
p− q
σ2

+
u

σ2
(1 + r −m−m∗ + q)

]

+ (r̃r + um̃m+ um̃∗m∗ + up̃p+ u(u− 1)q̃q)

− ln
η

π
− 1
M

ln
∫

Ex0

{

e−η‖z−√
ρx0‖2

eρφxH

0x0

}

×
[

Ex

{

e−ξ‖z−√
ρx‖2

eξzHz+ρψxHx
}]u

dz, (2.181)

where η ,
|m̃|2

q̃ , φ , r̃, ξ , m̃∗ and ψ , m̃∗ + p̃ − q̃. The last part of (2.181) is
associated with the two fixed Gaussian scalar channels below

z =
√
ρx0 + w0, (2.182a)

z =
√
ρx+ w, (2.182b)

where w0 ∼ CN (0, 1/η) and w ∼ CN (0, 1/ξ).
Now, to find the saddle point in (2.178), we have to take the derivatives of

T (u)(Q, Q̃) w.r.t. to all the 8 parameters of (2.180). One finds that r̃ = 0 and
m̃∗ = m̃, as well as p̃− q̃ = −m̃. Moreover, one obtains

r −m−m∗ + q = ρEz,x0

{

|x0 − 〈x〉|2
}

, (2.183a)

p− q = ρEz,x
{

|x− 〈x〉|2
}

, (2.183b)

which are the MSE and the posterior variance of the channels in (2.182). This
yields the set of fixed-point equations (2.134). To further evaluate the free energy,
one takes the derivative of T (u)(Q, Q̃) w.r.t. u at u→ 0+ and–keeping in mind that
r = ρ–obtains (2.135), where ε , r −m−m∗ + q and ν , p− q.

Decoupling

In this part of the proof, we have to show that the joint distribution of xm, x′
m

and 〈x′
m〉q, associated with the channel (2.57) and GPME (2.33), converges to

the joint distribution of x, x′ and 〈x′〉q), associated with two deterministic scalar
Gaussian channels (2.133). This can be done through evaluation of the respective
joint moments related to (xm, x′, 〈x′

m〉q). For non-negative integers ir, ii, jr, ji, with
br, bi ∈ {1, . . . , u}, br 6= bi, let Ar and Ai be disjoined subsets of {1, . . . , u} \ {br, bi}
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with cardinalities lr and li, respectively. Define a function

g(X) ,
M
∑

m=1

(Re{x(0)
m })ir(Im{x(0)

m })ii

× (Re{x(br)
m })jr(Im{x(bi)

m })ji

∏

ar∈Ar

Re{x(ar)
m }

∏

ai∈Ai

Im{x(ai)
m }. (2.184)

Let furthermore introduce an infinitesimal perturbation of the Hamiltonian [KM10],
yielding

Z(y,H,x;ω) , EX,H

{

eωg(X)

πN (πσ2)uN

∫

e−‖y−Hx(0)‖2
u
∏

a=1

e−‖y−Hx′(a)‖2

dy

}

,

(2.185)

the perturbed partition function of a related large system, which at ω = 0, reduces
to Z(y,H) from (2.166). Define then the generalized free energy41, following [GV05],
as

F =
1
M

lim
u→0+

∂

∂ω
ln Ey,H,x

{

Z(y,H ,x;ω)
}∣

∣

∣

ω=0
, (2.186)

which gives the joint moments.
Then, one proceeds with exactly the same steps as in the previous part, i.e.,

1
M

ln E {Z(y,H ,x;ω)} =
1
M

ln
∫

eMG(u)(Q) dµ(u)(Q;ω), (2.187)

where G(u)(Q) is given by(2.172) and

µ(u)(Q;ω) =E







eωg(X)
u
∏

a,b=0

1
(

ρv(b)Hv(a) −M [Q]a,b
)







. (2.188)

The corresponding MGF for µ(u)(Q;ω) is given by

M (u)(Q̃;ω) = EV

{

eωg(X)eρV H(Q̃⊗IM )V
}

, (2.189)

which yields the rate function of form

I(u)(Q;ω) = max
Q̃

{

tr{Q̃Q} − 1
M

lnM (u)(Q̃;ω)
}

. (2.190)

41Strictly speaking, this is not a free energy due to the absence of a minus sign. However,
defined as it is, this quantity directly provides the joint moments of interest.
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Again, by the Varadhan theorem, in the LSL

1
M

ln Ey,H {Zu(y,H ;ω)} −max
Q

{

βG(u)(Q)− I(u)
K (Q;ω)

}

→ 0. (2.191)

Combining all together, as before, we get at hop K

1
M

ln Ey,H {Z(y,H;ω)} = min
Q

max
Q̃

{

T (u)(Q, Q̃;ω)
}

, (2.192)

where

T (u)(Q, Q̃;ω) = β ln π(u+ 1) + β ln det(Iu+1 + QΨ) + tr{QQ̃} − 1
M

lnM (u)(Q̃;ω),

(2.193)

where Ψ is given in (2.173).
After adopting the RS ansatz, the term T (u)(Q, Q̃;ω) becomes the same as

in (2.179) with exception of the last term, which now reads

1
M

ln
∫

EX

{

eωg(X)e−η‖z−√
ρx0‖2

eρφxH

0 x0

[

Ex

{

e−ξ‖z−√
ρx‖2

eξzHz+ρψxHx
}]u

}

dz.

(2.194)

Consequently, the generalized free energy in (2.186) is obtained by

F =
∫

pir,ii(z; η)
qjr,ji(z; ξ)
q0,0(z; ξ)

[

q1,0(z; ξ)
q0,0(z; ξ)

]lr [q0,1(z; ξ)
q0,0(z; ξ)

]li

dz, (2.195)

where pir,ii(z; η) , Ex

{

(Re{x})ir(Im{x})iip(z|x; η)
}

and qjr,ji (z; ξ) ,

Ex′

{

(Re{x′})jr(Im{x′})jiq(z|x′; ξ)
}

.
The above expression reduces to the joint moments of (x, x′, 〈x′〉q), which, by

the Carleman theorem [Car23], implies the desired convergence in distribution.





Chapter 3

Multiple-Access Channel in the Presence of

Interference

THIS chapter studies the performance of MIMO multiple-access channels
(MACs) in the presence of a set of multi-antenna interferers. The scenario
models the uplink of a cellular communication system with inter-cell inter-

ference, which is described in Section 3.1. In this setting, the performance is char-
acterized by a set (or a region) of ergodic rates achievable by the users, such that
simultaneous reliable communication is possible at arbitrary low error probability,
as discussed in Section 3.2. For this setting, I present a deterministic approximation
for such an achievable rate region for arbitrary channel inputs (Section 3.3). The
analysis is carried out using the replica method, presented in the previous Chapter
on a point-to-point MIMO setup. The obtained approximation is further used in
Section 3.4 to optimize the precoding matrix at the transmitter to achieve the best
performance in terms of achievable data rate. The results are further supported by
a number of Monte Carlo simulations in Section 3.5. The proofs of the main results
are relegated to the appendices at the end of the chapter.

3.1 System Model

In this section, I present the asymptotic analysis of a MIMO MAC in the presence
of interference coming from the terminals of a neighboring site. The uplink cellular
communication system in the presence of inter-cell interference, depicted in Fig-
ure 3.1, serves as an illustrative example of such a scenario. Hereafter, it is assumed
that the signaling scheme of each interfering terminal is known to the receiver. In
the cellular setting, such information can be exchanged between neighboring base
stations via an existent backhaul link with a very small overhead. Alternatively,
the upcoming results provide an upper bound for the setting where the signaling
schemes are not known or the base station is misinformed about them.

Consider the scenario where K multi-antenna terminals communicate to a single
multi-antenna receiver in the presence of L multi-antenna interferers. The numbers
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xs,1

xs,2 xs,K

xi,1

xi,L

y

Hs,1

Hs,2

Hs,K

H i,1 H i,L

User 1

User 2
User K

Interferer 1

Interferer L

Base Station

Figure 3.1: Illustration of the uplink of a multi-antenna cellular network in the
presence of inter-cell interference.

of antennas at transmitter k, interferer ℓ and the receiver, are denoted by Ms,k,
Mi,ℓ, and N , respectively. The discrete-time received vector is given by

y =
K
∑

k=1

Hs,kxs,k +
L
∑

ℓ=1

H i,ℓxi,ℓ + n, (3.1)

where xs,k ∈ C
Ms,k is the zero-mean transmitted signal vector of the kth user

with covariance matrix E{xs,kxH

s,k} = P s,k and xi,ℓ ∈ CMi,ℓ is the transmitted
signal vector of the ℓth interferer having zero-mean and covariance E{xi,ℓx

H

i,ℓ} =
P i,ℓ. To satisfy long-term power constraints at the transmitters, it is assumed that
tr{P s,k} ≤ Ms,k and tr{P i,ℓ} ≤ Mi,ℓ. The noise vector n ∈ CN has independent
CSCG entries with unit variance. Matrices Hs,k ∈ CN×Ms,k and H i,ℓ ∈ CN×Mi,ℓ

denote the MIMO channels between user k and the receiver and between interferer
ℓ and the receiver, respectively. Again, the channels are assumed to be flat-fading
and are modeled via the Kronecker model so that

Hs,k =R
1/2
s,k W s,kT

1/2
s,k , (3.2a)

H i,ℓ =R
1/2
i,ℓ W i,ℓT

1/2
i,ℓ , (3.2b)

where ρs,k > 0 and ρi,ℓ > 0 represent average SNRs of the corresponding links
and matrices W s,k and W i,ℓ have i.i.d. CSCG entries with variance ρs,k/Ms,k and
ρi,ℓ/Mi,ℓ, respectively. The correlation matrices at the receive end are denoted by
Rs,k and Ri,ℓ, while T s,k and T i,ℓ represent the correlation matrices at the transmit
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end of the corresponding channels. To ensure that the correlation matrices do not
influence the average path gains, they are normalized as

tr{Rs,k} = N, tr{T s,k} = Ms,k, (3.3a)

tr{Ri,ℓ} = N, tr{T i,ℓ} = Mi,ℓ. (3.3b)

As discussed in Subsection 2.2.1, it is convenient to write the input covari-
ance matrices in terms of the precoder matrices, so that P s,k = Gs,kGH

s,k and
P i,ℓ = Gi,ℓG

H

i,ℓ, and let them depend on the statistical CSI, i.e., the knowledge
of {ρs,Ts,Rs} and {ρi,Ti,Ri}, respectively. Here, the vectors of SNR values for
the channels are denoted by ρs , [ρs,1, . . . , ρs,K ]T, ρi , [ρi,1, . . . , ρi,L]T and ρ ,

[ρT

s ,ρ
T

i ]T. In addition, define the sets of correlation matrices as Ts , {T s,k, ∀k ∈ K}
and Ti = {T i,ℓ, ∀ℓ ∈ L}, Rs , {Rs,k, ∀k ∈ K} and Ri = {Ri,ℓ, ∀ℓ ∈ L} for the
sets K = {1, . . . ,K} and L = {1, . . . , L} of users and interferers, respectively. Thus,
one may write xs,k = Gs,kss,k and xi,ℓ = Gi,ℓsi,ℓ without loss of generality, where
ss,k and si,ℓ are independent vectors with i.i.d. zero-mean unit variance entries.

In practice, the CSI at the receiver is estimated by using known training
sequences sent by the users. In the cellular setting, the same procedure can
also be used to estimate the channels of the interferers if there is sufficient
synchronization and the base station (BS) is informed about the set of
training sequences that are in use in the neighboring cell. The latter can be
achieved with a small overhead in the backhaul link. Furthermore, in order
to implement soft handover between the cells, the BSs tend to establish
tight synchronization with the users from other cells close to the cell border.
Hence, estimating the interfering users’ channels is possible also in practical
systems. The mathematical model considered in the thesis provides thus
an upper bound for the performance of a practical systems that estimates
the CSI or has only partial knowledge of the latter.

Remark 3.1

For notational simplicity, denote also Ms ,
∑K
k=1 Ms,k and Mi ,

∑L
ℓ=1Mi,ℓ,

and rewrite the input-output relation of the resulting MIMO channel as

y = Hsxs + H ixi + n, (3.4)

where Hs , [Hs,1, . . . ,Hs,K ] ∈ CN×Ms , H i , [H i,1, . . . ,H i,L] ∈ CN×Mi , xs ,

[xT

s,1, . . . ,x
T

s,K ]T ∈ CMs , xi , [xT

i,1, . . . ,x
T

i,L]T ∈ CMi .

3.2 Problem Statement

Let H , {Hs,H i} denote the instantaneous CSI at the receiver. Given that all
channels are ergodic and the receiver knows H, the distribution of xs, as well as
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the distribution of xi, the average MI reads

I(ρ) = hs(ρ)− hi(ρ), (3.5)

where the differential entropy terms are given by1

hs(ρ) =− 1
N

Ey,H ln Exs,xip (y|xs,xi,H) , (3.6a)

hi(ρ) =− 1
N

Ey,xs,H ln Exi
p (y|xs,xi,H) , (3.6b)

and the conditional distribution of the channel (3.4) reads

p (y|xs,xi,H) =
1
πN

e−‖y−Hsxs−Hixi‖2

. (3.7)

The MI (3.5) represents an achievable sum rate of the MIMO MAC (3.4) when the
receiver does not decode the interference signals xi. Given statistical knowledge of
the channels {ρs,Ts,Rs} and {ρi,Ti,Ri}, the sum rate could then, in principle, be
maximized by designing the precoder matrices Gs,k, ∀k ∈ K. Unfortunately, this
requires an explicit expression for (3.5), which is not available in general. Moreover,
its numerical evaluation is computationally demanding owing to the expectation
over the channel realizations and the (non-Gaussian) input symbols.

Thus, the aim of the present section is to find a computationally feasible expres-
sion for the ergodic MI (3.5) of the MIMO MAC, given arbitrary channel inputs.
The large-system analysis is applied to compute the individual entropy terms in
the MI expression above. The obtained expression is then used to optimize the co-
variance matrices so that the sum rate is maximized (vide Section 3.4). Finally, the
large-system result is used to give an approximation for the original quantity (3.5)
when the system size is finite.

3.3 Asymptotic Achievable Sum Rate

This section presents a large-system approximation for the sum rate of reliable
communication over a MIMO MAC in the presence of interferers. The expression is
derived in the LSL, which for the given multi-access scenario is defined as follows.

For the MIMO MAC (3.4), the LSL is defined as the regime, were the numbers
of antennas at each terminal grow without bounds at constant ratios2, i.e.,

βs,kMs,k = N →∞, βs,k = const, ∀k ∈ K, (3.8a)

βi,ℓMi,ℓ = N →∞, βi,ℓ = const, ∀ℓ ∈ L, (3.8b)

1Note that here, unlike the other chapters, for the sake of convenience, differential entropy
terms above are normalized with N , viz., the number of antennas at the transmitter.

2The existence of the above limit in the point-to-point context has been proven in [KM10], us-
ing the Fekete lemma [PS98] and the Hamiltonian-perturbation technique. Hereafter, it is assumed
that this result is generalizable to all the scenarios considered in this thesis.
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In the remainder of the section, I first present the asymptotic large-system result
for a general (correlated) MIMO MAC, and then specialize it to the uncorrelated
case, where the expressions are much simpler.

3.3.1 General Case

Given the input distributions p(xs,k) and p(xi,ℓ), as well as the spatial
correlation matrices T s,k, Rs,k, T i,ℓ and Ri,ℓ, in the LSL the differential
entropy of the received signal, (3.6a), can be approximated by

h̄s(ρ) =
K
∑

k=1

1
βs,k

ǏAs,k
(ρs,k) +

L
∑

ℓ=1

1
βi,ℓ

ǏAi,ℓ
(ρi,ℓ)

+
1
N

ln det

(

IN+
K
∑

k=1

εs,kRs,k+
L
∑

ℓ=1

εi,ℓRi,ℓ

)

−
K
∑

k=1

1
βs,k

ηs,kεs,k −
L
∑

ℓ=1

1
βi,ℓ

ηi,ℓεi,ℓ + 1 + lnπ, (3.9)

The parameters {εs,k, ηs,k}Kk=1 ∈ R2K
+ , {εi,ℓ, ηi,ℓ}Lℓ=1 ⊂ R2L

+ satisfy the
following set of fixed-point equations

ηs,k =
1

Ms,k
tr







Rs,k

[

IN +
K
∑

k=1

εs,kRs,k +
L
∑

ℓ=1

εi,ℓRi,ℓ

]−1






, (3.10a)

ηi,ℓ =
1

Mi,ℓ
tr







Ri,ℓ

[

IN +
K
∑

k=1

εs,kRs,k +
L
∑

ℓ=1

εi,ℓRi,ℓ

]−1






, (3.10b)

εs,k =
ρs,k

Ms,k
tr
{

ĚAs,k
(ρs,k)T s,k

}

, (3.10c)

εi,ℓ =
ρi,ℓ

Mi,ℓ
tr
{

ĚAi,ℓ
(ρi,ℓ)T i,ℓ

}

, (3.10d)

where ǏAs,k
(ρs,k), ǏAi,ℓ

(ρi,ℓ) represent the MI and ĚAs,k
(ρs,k), ĚAi,ℓ

(ρi,ℓ)
represent the MMSE matrices of the corresponding equivalent fixed
MIMO channels of type (2.129) with channel matrices given by As,k ,
√
ρs,kηs,kT

1/2
s,k and Ai,ℓ ,

√
ρi,ℓηi,ℓT

1/2
i,ℓ , respectively. If there are more than

one solutions, only that tuple should be selected, which minimizes (3.9).

Claim 3.2
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Proof. The proof is given in Appendix 3.A.1 at the end of the chapter.

Here the MI term in (3.9), as well as the terms (3.10c) and (3.10d), are associated
with two sets of fixed Gaussian MIMO channels given by

zs,k = As,kxs,k + ws,k, ∀k ∈ K, (3.11a)

zi,ℓ = Ai,ℓxi,ℓ + wi,ℓ, ∀ℓ ∈ L, (3.11b)

with corresponding channel matrices, As,k and Ai,ℓ given in Claim 3.2. Hence, the
terms εs,k and εi,ℓ contain traces of the MMSE matrices of a corresponding equiva-
lent single-user channel discussed in Subsection 2.3.1, and the transmit covariances
of the original multiuser-MIMO channel (3.4). Despite looking formidable, (3.9) has
a simple interpretation: it represents the contributions of both users and interfer-
ers to the sum rate of the MIMO MAC presented in (3.4). For future convenience
define also εs , [εs,1, . . . , εs,K ]T, ηs , [ηs,1, . . . , ηs,K ]T, εi , [εi,1, . . . , εi,L]T and
ηi , [ηi,1, . . . , ηi,L]T.

Given the input distribution of the interfering signals, p(xi,ℓ), as well as
their spatial correlation matrices, T i,ℓ and Ri,ℓ, in the LSL the differential
entropy of the received signal conditioned on the transmitted signal, (3.6b),
can be approximated by

h̄i(ρ) =
L
∑

ℓ=1

1
βi,ℓ

ǏA′
i,ℓ

(ρi,ℓ) +
1
N

ln det

(

IN +
L
∑

ℓ=1

ε′
i,ℓRi,ℓ

)

−
L
∑

ℓ=1

1
βi,ℓ

η′
i,ℓε

′
i,ℓ + 1 + lnπ. (3.12)

Here {ε′
i,ℓ, η

′
i,ℓ}Lℓ=1 ⊂ R2L

+ satisfy the following set of fixed-point equations

η′
i,ℓ =

1
Mi,ℓ

tr







Ri,ℓ

[

IN +
L
∑

ℓ=1

ε′
i,ℓRi,ℓ

]−1






, (3.13a)

ε′
i,ℓ =

ρi,ℓ

Mi,ℓ
tr
{

ĚA′
i,ℓ

(ρi,ℓ)T i,ℓ

}

, (3.13b)

where ǏA′
i,ℓ

(ρi,ℓ) represents the MI and ĚA′
i,ℓ

(ρi,ℓ) represents MMSE ma-
trix of the corresponding equivalent fixed MIMO channel of type (2.129)

with a channel matrix given by A′
i,ℓ ,

√

ρi,ℓη′
i,ℓT

1/2
i,ℓ . If there are more than

one solutions, only that tuple should be selected, which minimizes (3.12).

Claim 3.3
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Proof. The proof is given in Appendix 3.A.2 at the end of the chapter.

The MI term in (3.12), as well as the MMSE term (3.13b), are again associated
with a set of single-user MIMO channels

zi,ℓ = A′
i,ℓxi,ℓ + wi,ℓ, ∀ℓ ∈ L, (3.14)

whose channel matrix is fixed and given as A′
i,ℓ. The above entropy describes

the amount of information discarded at the receiver due to noise and interference
removal.

Note that the MI and MMSE terms in the claims above are relatively easy
to compute (e.g., using Examples 2.4 and 2.5 in the general case) since matrices
{As,k}, ∀k ∈ K and {Ai,ℓ,A

′
i,ℓ}, ℓ ∈ L of the equivalent channels are fixed and

known at the transmitter by the statistical CSI assumption. Besides, the compu-
tational complexity of the evaluation of (3.9) and (3.12) is significantly lower than
that of the original expectations in (3.6a) and (3.6a).

Here it is also worth to emphasize the difference from the MIMO MAC system
studied in [CDS11], and generalized to arbitrary channel inputs in [WW07], where
interferers were absent and white noise was the only source of disturbance. In
fact, since in the sum rate expression (3.5), the entropy term (3.6a) represents the
entropy of the received signal in an uplink system with all interferers considered as
being desired users, asymptotic expression (3.9), corresponding to this term, can
alternatively be derived following the lines of [WW07] (or [CDS11] for Gaussian
channel inputs). In contrast, Claims 3.2 and 3.3, describe the sum rate of the MIMO
MAC in the presence of interference. Therefore, the results of [WW07], [CDS11] do
not directly apply, which motivates the analysis carried out in Appendix 3.A.2
leading to Claim 3.3.

In the case of a single user and a single interferer, both using Gaussian signals,
the above result immediately reduces to the mean MI reported in [MSS03], where it
was obtained via the replica method, but in a slightly different way. Note, though,
that in contrast to [MSS03], the result of this section is not restricted to Gaussian
channel inputs. It is noteworthy, however, that the authors of [MSS03] have also
computed the higher moments of the MI.

3.3.2 Uncorrelated Channels

The following result provides the sum rate for the illustrative special case where
T s,k, T i,ℓ, Rs,k and Ri,ℓ are all identities. That is, no correlation between the
antennas is assumed and hence the channel matrices consist of i.i.d. CSCG entries.
The corresponding result will be of use later in Chapter 6.
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In the LSL the achievable ergodic rate (3.5) in the uncorrelated setting can
be approximated by

Ī(ρ) = h̄s(ρ)− h̄i(ρ), (3.15)

where the differential entropy terms are given by

h̄s(ρ) =
K
∑

k=1

β−1
s,k Ǐas,k

(ρs,k) +
L
∑

ℓ=1

β−1
i,ℓ Ǐai,ℓ

(ρi,ℓ) + 1 + ln π

+ ln

(

1 +
K
∑

k=1

εs,k +
L
∑

ℓ=1

εi,ℓ

)

−
K
∑

k=1

β−1
s,kηs,kεs,k −

L
∑

ℓ=1

β−1
i,ℓ ηi,ℓεi,ℓ,

(3.16)

h̄i(ρ) =
L
∑

ℓ=1

β−1
i,ℓ Ǐāi,ℓ

(ρi,ℓ) + ln

(

1 +
L
∑

ℓ=1

ε′
i,ℓ

)

−
L
∑

ℓ=1

β−1
i,ℓ η

′
i,ℓε

′
i,ℓ + 1 + lnπ

(3.17)

with parameters {εs,k, ηs,k}Kk=1 ⊂ R
2K
+ , {εi,ℓ, ηi,ℓ, ε

′
i,ℓ, η

′
i,ℓ}Lℓ=1 ⊂ R

4L
+ satis-

fying the following set of fixed-point equations

ηs,k = βs,k

(

1 +
K
∑

k=1

εs,k +
L
∑

ℓ=1

εi,ℓ

)−1

, (3.18a)

ηi,ℓ = βi,ℓ

(

1 +
K
∑

k=1

εs,k +
L
∑

ℓ=1

εi,ℓ

)−1

, (3.18b)

εs,k = ρs,kěas,k
(ρs,k) , (3.18c)

εi,ℓ = ρi,ℓěai,ℓ
(ρi,ℓ) , (3.18d)

η′
i,ℓ = βi,ℓ

(

1 +
L
∑

ℓ=1

ε′
i,ℓ

)−1

, (3.18e)

ε′
i,ℓ = ρi,ℓěāi,ℓ

(ρi,ℓ) . (3.18f)

Here Ǐas,k
(ρs,k), Ǐai,ℓ

(ρi,ℓ) and Ǐāi,ℓ
(ρi,ℓ) represent the MI, and ěas,k

(ρs,k),
ěai,ℓ

(ρi,ℓ) and ěāi,ℓ
(ρi,ℓ) represent the MMSE (see Remark 2.16) of a set

of equivalent fixed scalar channels of type (2.132) with channel gains given

by as,k ,
√
ρs,kηs,k, ai,ℓ ,

√
ρi,ℓηi,ℓ and āi,ℓ ,

√

ρi,ℓη′
i,ℓ.

Corollary 3.4
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Proof. The proof follows directly from Claims 3.2 and 3.3.

3.4 Precoder Optimization

In the case where correlation between antennas is present, it may be possible,
by carefully choosing the precoder matrices Gs,k ∀k ∈ K, to maximize the sum
rate between the input and the output of the MIMO MAC. The corresponding
optimization problem is described as

maximize
Gs

I(ρ)

subject to tr{Gs,kGH

s,k} ≤Ms,k, k ∈ K

Gs,kGH

s,k � 0Ms,k×Ms,k
, k ∈ K,

(3.19)

where Gs , {Gs,k, ∀k ∈ K} and the objective function is given in (3.5). The first
constraint above is the power constraint of kind (2.18) at the transmitter, while the
second constraint reflects the positive semidefiniteness of the transmit covariance
matrix.

As mentioned earlier, working directly with the ergodic MI in (3.5) is infeasible.
Instead, the asymptotic results obtained in the previous section are next used to
simplify the above optimization problem. From Claims 3.2 and 3.3 it follows that
the randomness of the channels, W s,k and W i,ℓ, vanishes in the LSL. Therefore,
instead of the original objective function (3.5), one may maximize its asymptotic
counterpart, given by

Ī (ρ) = h̄s(ρ)− h̄i(ρ). (3.20)

Problem (3.19) then decouples into a set of individual per-transmitter optimization
problems

maximize
Gs,k

ǏAs,k
(ρs,k)

subject to tr{Gs,kG
H

s,k} ≤Ms,k,

Gs,kG
H

s,k � 0Ms,k×Ms,k
,

(3.21)

where As,k =
√
ρs,kηs,kT

1/2
s,k . Namely, each transmitter k adjusts its own precoder

matrix Gs,k roughly according to its own transmit correlation matrix T s,k, which
is available by the statistical-CSI assumption.
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To obtain a feasible point satisfying the KKT optimality conditions, one has
to set to zero the derivatives of the objective w.r.t. the precoder matrices
Gs,k, ∀k ∈ K, given by

∇Gs,k
Ī(Gs, εs,ηs, εi,ηi) = ∇Gs,k

hs(Gs,k)

+
K
∑

j=1

∂hs(εs,j)
∂εs,j

∇Gs,k
εs,j(Gs,k) +

K
∑

j=1

∂hs(ηs,j)
∂ηs,j

∇Gs,k
ηs,j(Gs,k)

+
K
∑

j=1

∂hs(εi,ℓ)
∂εi,ℓ

∇Gs,k
εi,ℓ(Gs,k) +

K
∑

j=1

∂hs(ηi,ℓ)
∂ηi,ℓ

∇Gs,k
ηi,ℓ(Gs,k).

(3.22)

However, as will be shown in (2.164) in Appendix 3.A.1, the corresponding
derivatives are

∂hs(εs,k)
∂εs,k

=
∂hs(ηs,k)
∂ηs,k

=
∂hs(εi,ℓ)
∂εi,ℓ

=
∂hs(ηi,ℓ)
∂ηi,ℓ

= 0, ∀k, ℓ. (3.23)

This is because the entropy hs(ρ) represents the free energy (up to a
constant gap) of an equivalent many-body system and parameters {εs,k},
{ηs,k}, {εi,ℓ} and ηi,ℓ constitute its saddle point (see [WWN11] for further
discussion), and it follows that

∇Gs,k
hs(Gs, εs,ηs, εi,ηi) = ∇Gs,k

ǏAs,k
(Gs,k) , (3.24)

where the latter is associated with the equivalent fixed channel (2.129) in
Claim 2.15. Hence, for the purpose of rate maximization εs, ηs, εi and ηi

may be treated as being independent of Gs,k, ∀k ∈ K.

Remark 3.5

Thus, problem (3.19) simplifies further to maximization of MI of an equivalent
fixed channel (2.129)

maximize
Gs,k

ǏAs,k
(ρs,k)

subject to tr{Gs,kG
H

s,k} ≤Ms,k,

Gs,kG
H

s,k � 0Ms,k×Ms,k
,

(3.25)

where As,k =
√
ρs,kηs,kT

1/2
s,k .

Albeit optimization problem (3.25) is, in general, non-convex, it can still be
efficiently solved for the following most practically relevant special cases. Moreover,
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Algorithm 3.1 Iterative Statistical Water-Filling Algorithm

Require: Set the convergence threshold to some ζ > 0, the iteration step to t = 1 and
transmit covariance matrices P s,k = IMs,k

, ∀k ∈ K.

while maxk,m{|[ΣP s,k
]
(t)
m,m − [ΣP s,k

]
(t−1)
m,m |} > ζ do

i) Compute the fixed-point parameters β
(t+1)
s , ε

(t+1)
s , β

(t+1)
i and ε

(t+1)
i at the

current iteration step according to (3.13) using Algorithm 2.1.

ii) Compute the transmit covariance matrix P
⋆(t+1)
s,k according to (2.41), applied

to the equivalent fixed channel As,k.
t← t + 1.

end while

since the optimization problems w.r.t. each Gs,k are independent, each transmitter
can optimize its precoder individually, as will be shown below.

3.4.1 Gaussian Inputs

In the case of Gaussian channel inputs, it is convenient to work with covariance
matrices instead of precoders since the objective function of the optimization prob-
lem (3.25) reduces to

ǏAs,k
(ρs,k) =

1
M

ln det
(

IMs,k
+ As,kP s,kAH

s,k

)

. (3.26)

By using the results for quasi-static channels (cf. (2.129)), one can directly note
that the optimal input covariance matrix is given by the WF solution (2.41), so that
the optimal transmit covariance matrix P ⋆

s,k diagonalizes the equivalent channel
matrix As,k. Note also that the obtained covariance matrix will not rely on the
instantaneous channel realization. Instead, each transmitter adjusts its strategy
according to its typical channel, given by (2.129) and dependent on the second-
order channel statistics. Therefore, the solution hereafter is referred to as statistical
WF.

It is also worth to remark here here that, as pointed out in [CDS11], to obtain
the optimal transmit covariance matrix one has to iterate the solution to the fixed-
point equations with the above statistical WF until a stopping criterion is satisfied.
The optimization procedure is thus summarized in Algorithm 3.1. Interestingly, it
has been verified in [SM03] that precoding based on Algorithm 3.1 produces results
that are quite close to the performance of the optimal precoding, applied to every
realization of the channel matrix.

3.4.2 Discrete Inputs

Even though the problem of finding the optimal precoder simplifies after applying
the large-system analysis, for discrete constellations it is still a challenging task.
However, knowing that only the equivalent fixed channel As,k matters for each
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Algorithm 3.2 Precoder Design for a MIMO Channel with Finite-Alphabet Inputs

Require: Set the convergence threshold to some ζ > 0, the iteration step to t = 1 and
precoder matrices Gs,k = IMs,k

, ∀k ∈ K.

while maxk,m{|[ΣP s,k
]
(t)
m,m − [ΣP s,k

]
(t−1)
m,m |} > ζ do

i) Compute the fixed-point parameters β
(t+1)
s , ε

(t+1)
s , β

(t+1)
i and ε

(t+1)
i at the

current iteration step according to (3.13) using Algorithm 2.1.
ii) Solve subproblem (3.27) for fixed V Gs,k

.

[Σ2
Gs,k

](t+1) ← [Σ2
Gs,k

]⋆(t+1).

iii) Solve subproblem (3.28) for fixed Σ2
Gs,k

.

F
(t+1)
s,k ← F

⋆(t+1)
s,k .

t← t + 1.

end while

transmitter, one can address the problem at each transmitter using the algorithm,
described in Subsection 2.2.1. Namely, the problem for each user decouples into the
following two sub-problems.

• Per-Eigenmode Power Allocation: Let the SVD of the precoder matrix
be given by Gs,k = UGs,k

ΣGs,k
V H

Gs,k
. For fixed V Gs,k

the first subproblem
is

maximize
Σ2

Gs,k

ǏAs,k
(ρs,k)

subject to tr{Σ2
Gs,k
} ≤Ms,k,

Σ2
Gs,k
� 0Ms,k×Ms,k

.

(3.27)

• Eigenvector Optimization: In this subproblem, the eigenvectors of the
quadratic form F s,k = GH

s,kAH

s,kAs,kGs,k are optimized for fixed Σ2
Gs,k

. Let
ΛF s,k

be the diagonal matrix, whose entries are eigenvalues of F . The second
subproblem is then formulated as

maximize
F s,k

ǏAs,k
(ρs,k)

subject to ΛF s,k
= Σ2

Gs,k
Σ2

As,k
.

(3.28)

The corresponding solution is summarized in Algorithm 3.2.

3.5 Numerical Examples

This section illustrates the results presented in the previous sections through some
numerical examples, alongside with some discussion. For the simulations, the spa-
tial correlation at the transmitter side is assumed to be generated by a uniform
linear antenna array with Gaussian power azimuth spectrum (see Subsection 2.3.3).
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Figure 3.2: Per-dimension achievable ergodic rate vs. SNR for the single-user single-
interferer MIMO scenario. Both the user and the interferer have the same type of
signaling (Gaussian or QPSK). The terminals are equipped with M = N = 4
antennas. Solid curves denote the analytic results, markers denote the results of
Monte Carlo simulations.

Hence, correlation matrix T consists of entries given by (2.67) therein. For the sake
of simplicity, it is assumed that there is no correlation at the receiver side, i.e.,
R = IN .

3.5.1 Uncorrelated Channels

Let us firstly test the obtained expression (3.16) for the uncorrelated case with
Monte Carlo simulations. Consider a setup, where a single user transmits its signal
towards a receiver in the presence of a single interferer. All terminals have equal
numbers of antennas, that is, N = Ms = Mi = M . Both the user and interferer
utilize the same type of signals (either Gaussian or QPSK), and have the same
SNRs in the corresponding channels, that is, ρs = ρi = ρ. Figure 3.2 plots the av-
erage MI per transmit antenna as a function of SNR. Both the asymptotic results,
obtained via the replica method (cf. Corollary 3.4), and the numerical averaging
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User, Int.: Gauss, simulation
User, Int.: Gauss, quadratic fit
User, Int.: Gauss, analytic
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User, Int.: QPSK, quadratic fit
User, Int.: QPSK, analytic

Figure 3.3: Per-dimension achievable ergodic rate vs. the inverse of the number of
antennas M = N ∈ {4, . . . , 11} at the terminals for the single-user single-interferer
MIMO scenario at SNR ρ = 10 dB. Both the user and the interferer have the same
type of signaling (Gaussian or QPSK). Solid curves denote the analytic results,
markers denote the results of Monte Carlo simulations. The asterisk markers at
1/M → 0 denote the predictions obtained by the replica analysis in the LSL.

over 1000 channel realizations in (3.5) for M = 4 antennas are shown in the figure.
For QPSK signals, the match is noticeably worse. The simulations and asymptotic
results are the farthest apart at SNRs around ρ = 10 dB due to the aforemen-
tioned phase transition phenomenon. Namely, in this region the system instantly
switches from one metastate to another. Similar behavior was also observed in the
context of MIMO [Mül03] and CDMA systems [Tan02], as well as iterative turbo
coding [BG96]. For Gaussian inputs, the plotted curve does not experience a phase
transition and the asymptotic results are accurate already for small numbers of
antennas.

To illustrate how the small-scale simulations converge to the asymptotic result
obtained using the replica method, Figure 3.3 plots the simulated values of the
ergodic MI (2.59) vs. 1/M for M ∈ {4, . . . , 11} at ρ = 10 dB. The asterisk markers
at 1/M → 0 represent the results obtained using Corollary 3.4 and quadratic curves
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Figure 3.4: Per-dimension achievable ergodic rate vs. SNR for the uncorrelated
single-user single-interferer MIMO scenario with different combinations of user’s
and interferer’s signaling schemes. The terminals are equipped with M = N = 4
antennas.

are fitted to the simulated data using non-linear least-squares regression. From the
extrapolation the reader may observe that even in the region nearby the phase
transition the simulated per-antenna MI approaches closely the value predicted by
the replica analysis as M grows large.

Next, consider the effect of the signal constellations on the achievable sum rate.
Figure 3.4 depicts the MI of the desired user when Gaussian and/or QPSK sig-
naling are used by the terminals. The interference-free case is also shown for com-
parison. The reader can see directly that for the desired user it is always best to
employ Gaussian signaling. On the other hand, Gaussian signaling, when used by
the interferer, creates more disturbance. Hence, in a cellular system where inter-cell
interference is present, the network might be able to handle more users if some of
them are assigned discrete constellations. This is due to the fact that the most
severe (non-optimized) interference is in fact Gaussian3 [Cah71].

3Note that here I do not consider the optimization of the interferer’s signal constellation aiming



108 Multiple-Access Channel in the Presence of Interference

−10 −5 0 5 10 15 20 25
0

1

2

3

4

5

6

7

Signal-to-noise ratio, ρ [dB]

A
ch

ie
va

bl
e

er
go

di
c

ra
te

,
I
(ρ

)
[b

it
/s

/H
z]

1 Int. : QPSK
1 Int. : 16-QAM
1 Int. : Gauss
2 Ints. : QPSK
2 Ints. : 16-QAM
2 Ints. : Gauss
3 Ints. : QPSK

Figure 3.5: Per-dimension achievable ergodic rate vs. SNR for a single-user single-
interferer MIMO scenario. Thee user employs Gaussian signaling and L ∈ {1, 2, 3}
interferers use different signaling schemes. The terminals have M = N = 4 anten-
nas.

Figure 3.5 presents the average MI per transmit antenna of a single user in the
presence of L ∈ {1, 2, 3} interferers using different signaling schemes (Gaussian,
QPSK and 16-QAM). It can be seen that L = 2 interferers using QPSK constella-
tions create roughly the same performance degradation as a single interferer with
16-QAM signaling at high SNR. On the other hand, at SNR higher than 20 dB,
L = 3 interferers with QPSK cause smaller performance degradation than L = 2 in-
terferers with 16-QAM. Again, the reader might see that Gaussian signaling causes
the worst degradation in the desired user’s performance. It is noteworthy that the
performance curves start rising after reaching certain SNR threshold. This is due
to the saturation of the interference produced by a discrete constellation. At the
same time, Gaussian signaling of the user pushes its achievable rate to grow at high
SNR.

to jam a user operating with a discrete constellation. In the latter case, Gaussian signaling would
not cause the worst-case interference, whereas an optimized discrete constellation would degrade
user’s performance the most [SV92].
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T = IM , P ⋆ = IM , Gauss
T 6= IM , P = IM , Gauss
T 6= IM , P ⋆ 6= IM ,Gauss
T = IM , P ⋆ = IM , QPSK
T 6= IM , P = IM , QPSK
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Figure 3.6: Per-dimension achievable ergodic rate vs. SNR for a point-to-point
MIMO scenario. Both correlated (T 6= IM ) and i.i.d. (T = IM ) MIMO channels
with (P ⋆ 6= IM ) and without (P = IM ) precoding are considered. Either Gaus-
sian or QPSK signaling is employed by the terminals, and each is equipped with
M = N = 3 antennas. Lines denote the analytic results, while markers denote the
results of Monte Carlo simulations.

3.5.2 Correlated Channels

This section studies the behavior of the system under spatial correlation and quan-
tify the gains of precoding. Figure 3.6 depicts the normalized ergodic MI given Gaus-
sian and QPSK inputs as a function of SNR of a MIMO channel with N = M = 3
antennas under various conditions. Namely, let us consider the cases of correlated
and uncorrelated channels with and without precoding at the transmitter. The
transmit-side correlation parameters are set to the terminals as follows. The an-
tenna spacing is set to one wavelength (i.e., dλ = 1), the mean angle is set to
θ = 0◦ and the mean-square angle spread is chosen to be δ2 = 25◦. The receive
side correlation matrix is set to identity, i.e., R = IN . In the figure, lines denote
the analytic results of Claim 3.2, while markers denote the results of numerical
averaging in (2.59) over at least 1000 independent channel realizations.
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As expected, at low SNR the curves representing the two constellations follow
each other closely. Moreover, for the case of Gaussian inputs, the transmit cor-
relation decreases the achievable rate at high SNR regardless of precoding. Quite
remarkably, though, at low SNR transmit correlation together with precoding based
on the statistical WF (2.41) is beneficial in terms of the achievable rate. The reason
for this behavior is that the multiplexing gain offered by the i.i.d. channels gets
notable only at high SNR. Somewhat similar behavior is observed for the case of
QPSK signals. At low SNR, a precoder in combination with transmitter-side corre-
lation improves the system performance as compared to the case of an uncorrelated
channel. However, since in this case per-stream MI saturates at high SNR, transmit
correlation does not affect the rates too much in this region. Here Algorithm 3.2
from Subsection 3.4.2 has been used for the precoder optimization with QPSK
signals4.

Figure 3.7 depicts per-dimension ergodic MI as a function of the nearest-
neighbor spacing of the antenna array at the transmitted. The scenario has the
same parameters as before, while the SNR is set to ρ = 0 dB. Again, the reader
sees that, at low SNR and low antenna spacing, correlation in combination with
optimal precoding is beneficial for both Gaussian and QPSK signaling schemes in
terms achievable rate. In fact, in this region QPSK curves follow closely their Gaus-
sian counterparts. Interestingly, the curves corresponding to optimal precoding in
the presence of correlation exhibit non-convex/non-concave behavior. The reason
for this is that at some points additional transmission modes appear in the optimal
precoders. This behavior was previously observed in [MSS05] for Gaussian signals.
Quite remarkably, the result of Claim 2.15 together with Algorithm 3.2 allow the
visualization of a similar behavior for the QPSK signals as well.

Next, the performance of a correlated MIMO MAC is investigated. The rate re-
gion of a genericK-user MIMO MAC using Gaussian signaling is given by [GJJV03]

CMAC =
⋃

tr{P s,k}≤Ms,k

P s,k�0Ms,k

∀k∈K

{

Rk, ∀k ∈ K :

4The original algorithm in [XZD11] requires an exhaustive search over the angles of the pos-
sible Givens rotations for computation of the update of the right eigenvectors of As,k. Herein,
however, this problem has been circumvented by relying on the fact the the effective chan-
nel matrices As,k consist of real-valued entries (due to the way correlation matrices in (2.67)
are generated), and following the argument of [Lam09] (which applies to a real-valued MIMO
channels). Hence, consider the eigenvalue decomposition of F s,k = Ls,kLT

s,k and the SVD of

ΣAs,k
ΣGs,k

LT

s,k = Ũs,kΣ̃s,kṼ s,k. The desired projection of F s,k onto the closest matrix to itself,
having the prescribed eigenvalues, reads

F s,k = Ṽ s,kŨT

s,kΣGs,k
ΣAs,k

Ṽ T

s,kŨ s,k,

which yields the singular vectors for the precoder V Gs,k
= Ũ s,kṼ H

s,k.
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Figure 3.7: Per-dimension achievable ergodic rate vs. nearest-neighbor antenna
spacing for a point-to-point MIMO scenario. Both correlated (T 6= IM ) and i.i.d.
(T = IM ) MIMO channels with (P ⋆ 6= IM ) and without (P = IM ) precoding
are considered. Gaussian or QPSK signaling is employed by the terminals, each
equipped with M = N = 3 antennas. Lines denote the analytic results, while
markers denote the results of Monte Carlo simulations.

∑

i∈D

Ri ≤ EH ln det

(

IN +
∑

i∈D

Hs,iP s,iH
H

s,i

)

, ∀D ⊂ K

}

. (3.29)

Note that the corresponding large-system ergodic MI terms can be directly obtained
from Claim 3.2. To illustrate this region, consider a symmetric setup with two users,
both having M = Ms,1 = Ms,2 = 3 antennas, and a receiver with N = 3 antennas.
The transmit side correlation parameters are set as follows. The antenna spacing is
set to dλ = 1, the mean angle is set to θ = 0◦ and the root-mean-square angle spread
is chosen to be δ = 5◦. Fix further the available transmit powers ρ = ρs,1 = ρs,2

to ρ ∈ {0, 20} dB and evaluate the achievable rate regions for the given 2-user
MIMO MAC. The results are depicted in Figure 3.8 where both uncorrelated and
correlated channels with and without precoding are plotted. It is clear that using
precoding at both terminals is beneficial in the case when transmit correlation is



112 Multiple-Access Channel in the Presence of Interference

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

8

10

12

14

16

18

20

Achievable ergodic rate, R1 [bit/s/Hz]

A
ch

ie
va

bl
e

er
go

di
c

ra
te

,
R

2
[b

it
/s

/H
z]

T 6= IM , P = IM
T 6= IM , P ⋆ 6= IM
T = IM , P = IM

ρ = 20 dB

ρ = 0 dB

Figure 3.8: Achievable rate region for the 2-user MIMO MAC under power con-
straints of ρ ∈ {0, 20} dB. Both correlated (T 6= IM ) and i.i.d. (T = IM ) channels
with (P 6= IM ) and without (P = IM ) precoding are considered. The terminals
have M = N = 3 antennas.

present. As expected, though, at high SNR the rate region is the largest for the
uncorrelated MIMO MAC. On the contrary, at low SNR the largest rate region is
achieved in the presence of correlation and optimal precoding.

To complete this section, I study the performance of a desired user in the pres-
ence of an interferer, having the same transmit power, so that ρi = ρs = ρ, and same
correlation parameters. Figure 3.9 depicts the average MI per transmit antenna as
a function of SNR for this scenario under Gaussian signaling scheme. Both the user
and the interferer either do or do not perform precoding. Note that the scenario is
symmetric and hence the precoders used by the terminals are the same. Moreover,
the terminals adapt to their own correlation matrices aiming to increase their own
rates. From Figure 3.9 the reader can see that, quite expectedly, for the case of
Gaussian signals, precoding at the user increases its own ergodic rate. At the same
time, it is seen that utilizing the optimal precoder at the interferer results in higher
rate at the user’s terminal at high SNR, degrading the performance of the latter in
the low-SNR region only slightly. This observation falls along the lines of [LTV03],
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Figure 3.9: Per-dimension achievable ergodic rate vs. SNR for the single-user single-
interferer correlated MIMO scenario with Gaussian channel inputs. The setup con-
sists of a single user with (P s 6= IM ) or without (P s = IM ) precoding and a single
interferer using precoded (P i 6= IM ) or isotropic (P i = IM ) channel inputs. The
terminals are equipped with M = N = 3 antennas.

where spatially colored noise was shown to be less harmful than white Gaussian
noise. Interestingly, similar behavior is observed for the case of QPSK inputs (vide
Figure 3.10), apart from the expected saturation at 2 bit/s/Hz at high SNR.

3.6 Conclusions

In this chapter, an explicit expression for the asymptotic achievable sum rate of
the MIMO multiple-access channel in the presence of interference has been derived.
The result accounts for the spatial correlation at the terminals and, in contrast
to the previous results, is not restricted to Gaussian signals. Although derived in
the LSL, it approximates relatively well the achievable sum rate of small systems.
The impact of the number of interferers, their signaling scheme and spatial corre-
lation structure on the system performance is also studied in detail. For instance,
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Figure 3.10: Per-dimension achievable ergodic rate vs. SNR for the single-user
single-interferer correlated MIMO scenario with QPSK channel inputs. The setup
consists of a single user with (P s 6= IM ) or without (P s = IM ) precoding and a
single interferer using precoded (P i 6= IM ) or isotropic (P i = IM ) channel inputs.
The terminals are equipped with M = N = 3 antennas.

Gaussian signaling is seen to create the worst-case (non-optimized) interference.
Thus, the system may handle more interferers if they use discrete signal constel-
lation, as compared to the case of Gaussian interferers. The obtained large-system
approximation has been further used to find optimal precoder matrices maximizing
the sum rate under both Gaussian and finite-alphabet signaling schemes. It has
been demonstrated that a properly optimized precoder significantly increases the
achievable rates. More interestingly, in the low-SNR region the presence of spatial
correlation, in combination with an optimal precoder, is beneficial and can in fact
improve the system performance as compared to the case of uncorrelated chan-
nels. The proposed approach is general and degenerates to a number of well-known
results as special cases.
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3.A Appendices

3.A.1 Proof of Claim 3.2

Define the corresponding partition function for the entropy term hs(ρ) as

Z(y,H) , Exs,xi

{

1
πN

e−‖y−Hsxs−Hixi‖2

}

. (3.30)

In the LSL, the differential entropy (3.2) is given by the free energy

F = − 1
N

lim
u→0+

∂

∂u
ln Ey,H {Zu (y,H)} . (3.31)

Next, the replica trick is invoked so that the under-log term can be written as

Ey,H {Zu (y,H)} = EXs,Xi,H

{

∫

1
πN

u
∏

a=0

e−‖y−Hsx(a)
s −Hix

(a)
i ‖2

dy

}

, (3.32)

where x
(a)
s and x

(a)
i are the ath replica vectors of the signals transmitted by the

users and interferers. The distributions p(x(a)
s ) and p(x(a)

i ) are identical to p(xs) and
p(xi), respectively, and conditionally independent for a ∈ {0, 1, . . . , u} given y and
H. For ease of exposition, define also the following vectors containing the replicated
vectors of desired users Xs , [x(0)T

s , . . . ,x
(u)T

s ]T ∈ CKMs(u+1) and interferers X i ,

[x(0)T

i , . . . ,x
(u)T

i ]T ∈ CLMi(u+1).
Define the following set of random vectors

v
(a)
s,k , Hs,kx

(a)
s,k ∈ C

N , (3.33a)

v
(a)
i,ℓ , H i,ℓx

(a)
i,ℓ ∈ C

N . (3.33b)

Denote also v
(a)
s ,

∑K
k=1 v

(a)
s,k and v

(a)
i ,

∑L
ℓ=1 v

(a)
i,ℓ , ∀a ∈ {0, 1, . . . , u}, and group

them into a big vector

V , [v(0)T

s + v
(0)T

i , . . . ,v(u)T

s + v
(u)T

i ]T ∈ C
N(u+1). (3.34)

Conditioned on the channel inputs Xs and X i, by the central limit theorem, as
the dimensions of the channel matrices Hs,k and H i,ℓ grow large, V converges to
a zero-mean Gaussian random vector with conditional covariance

Q =
K
∑

k=1

(Qs,k ⊗Rs,k) +
L
∑

ℓ=1

(Qi,ℓ ⊗Ri,ℓ), (3.35)

whose corresponding entries are given by

[Qs,k]a,b =
ρs,k

Ms
x

(b)H

s,k T s,kx
(a)
s,k , (3.36a)

[Qi,ℓ]a,b =
ρi,ℓ

Mi
x

(b)H

i,ℓ T i,ℓx
(a)
i,ℓ , (3.36b)
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for a, b ∈ {0, 1, . . . , u}.
Let us define Q , {(Qs,k,Qi,ℓ), ∀k, ℓ}, so that the expectation over the repli-

cated vectors Xs and X i may be rewritten as an integral over a probability measure
of Q. V being a Gaussian random vector, in the LSL one may write

1
N

ln Ey,H{Zu(y,H)} =
1
N

ln
∫

eNG
(u)(Q)dµ(u)(Q), (3.37)

where measure µ(u)(Q) reads

µ(u)(Q) = E

{

u
∏

a,b=0

K
∏

k=1

1

(

ρs,kx
(b)H

s,k T s,kx
(a)
s,k −Ms[Qs,k]a,b

)

×
L
∏

ℓ=1

1

(

ρi,ℓx
(b)H

i,k T i,ℓx
(a)
i,ℓ −Mi[Qi,ℓ]a,b

)

}

, (3.38)

where the expectation is w.r.t. {Xs,X i,H}. Using the Gaussian integral, it can be
shown that

G(u)(Q) =− u lnπ − ln(u+ 1)

− 1
N

ln det

[

IN(u+1) +
K
∑

k=1

Qs,kX i ⊗Rs,k +
L
∑

ℓ=1

Qi,ℓΦ⊗Ri,ℓ

]

, (3.39)

where (cf. (2.156)).

Φ , Iu+1 −
1

u+ 1
1u+11T

u+1 ∈ R
(u+1)×(u+1). (3.40)

Since Qs,k and Qi,ℓ are formed by summing independent random variables, the
large deviations property applies and by the Varadhan theorem

1
N

ln Ey,H{Zu(y,H)} → max
Q

{

G(u)(Q)− I(u)(Q)
}

, (3.41)

in the LSL, where by the Cramér theorem the rate function reads

I(u)(Q) = max
Q̃

{

K
∑

k=1

1
βs,k

tr{Q̃s,kQs,k}+
L
∑

ℓ=1

1
βi,ℓ

tr{Q̃i,ℓQi,ℓ} −
1
N

lnM (u)(Q̃)

}

,

(3.42)

with MGF of µ(u)(Qs,Qi) being given by

M (u)(Q̃) = EXs,Xi

{

K
∏

k=1

eρs,kXH

s,k(Q̃s,k⊗T s,k)Xs,k

L
∏

ℓ=1

eρi,ℓXH

i,ℓ(Q̃i,ℓ⊗T i,ℓ)Xi,ℓ

}

, (3.43)
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with Xs,k , [x(0)T

s,k , . . . ,x
(u)T

s,k ]T ∈ C
Ms(u+1) and X i,ℓ , [x(0)T

i,ℓ , . . . ,x
(u)T

i,ℓ ]T ∈
CMi(u+1). As before, the auxiliary ‘Q-matrices’ are grouped into Q̃ ,

{(Q̃s,k, Q̃i,ℓ), ∀k, ℓ}.
Next, to simplify the optimization problems above assume the RS ansatz, which

here it implies that the members of Q and Q̃ can be written as

Qs,k =qs,k1u+11T

u+1 + (ps,k − qs,k)Iu+1, (3.44a)

Q̃s,k =q̃s,k1u+11T

u+1 + (p̃s,k − q̃s,k)Iu+1, (3.44b)

Qi,ℓ =qi,ℓ1u+11T

u+1 + (pi,ℓ − qi,ℓ)Iu+1, (3.44c)

Q̃i,ℓ =q̃i,ℓ1u+11T

u+1 + (p̃i,ℓ − q̃i,ℓ)Iu+1. (3.44d)

The free energy then simplifies in the LSL to

F = 1 + ln π + lim
u→0+

∂

∂u
min
Q

max
Q̃

3
∑

i=1

T
(u)
i (Q, Q̃), (3.45)

where the terms T (u)
i (Q, Q̃) are given by

T
(u)
1 (Q, Q̃) =

u

N
ln det

[

IN(u+1) +
K
∑

k=1

(ps,k − qs,k)Rs,k +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]

,

(3.46)

T
(u)
2 (Q, Q̃) =

K
∑

k=1

(u + 1)
βs,k

(p̃s,kps,k + uq̃s,kqs,k) +
L
∑

ℓ=1

(u+ 1)
βi,ℓ

(p̃i,ℓpi,ℓ + uq̃i,ℓqi,ℓ),

(3.47)

T
(u)
3 (Q, Q̃) = − 1

N

K
∑

k=1

ln EXs

{

exp

[

∥

∥

∥

∥

u
∑

a=0

As,kx
(a)
s,k

∥

∥

∥

∥

2

−
u
∑

a=0

x
(a)H

s,k (A2
s,k−Bs,k)x(a)

s,k

]}

− 1
N

L
∑

ℓ=1

ln EXi

{

exp

[

∥

∥

∥

∥

u
∑

a=0

Ai,ℓx
(a)
i,ℓ

∥

∥

∥

∥

2

−
u
∑

a=0

x
(a)H

i,ℓ (A2
i,ℓ−Bi,ℓ)x

(a)
i,ℓ

]}

,

(3.48)

where As,k ,
√

ρs,kq̃s,kT
1/2
s,k , Ai,ℓ ,

√

ρi,ℓq̃i,ℓT
1/2
i,ℓ , Bs,k , ρs,kp̃s,kT s,k and Bi,ℓ ,

ρi,ℓp̃i,ℓT i,ℓ.
Through the Hubbard-Stratonovich transform the quadratic terms of (3.48) can

be decoupled as follows

T
(u)
3 (Q, Q̃) = − 1

N

K
∑

k=1

ln
1

πMs,k

∫

Exs,k

{

e−‖zs,k−As,kxs,k‖2

exH

s,kBs,kxs,k

}

×
[

Exs,k

{

e2Re{zH

s,kAs,kxs,k}−xH

s,k(A2
s,k−Bs,k)xs,k

}]u

dzs,k
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− 1
N

L
∑

ℓ=1

ln
1

πMi,ℓ

∫

Exi,ℓ

{

e−‖zi,ℓ−Ai,ℓxi,ℓ‖2

exH

i,ℓBi,ℓxi,ℓ

}

×
[

Exi,ℓ

{

e2Re{zH

i,ℓAi,ℓxi,ℓ}−xH

i,ℓ(A2
i,ℓ−Bi,ℓ)xi,ℓ

}]u

dzi,ℓ, (3.49)

where zs,k ∈ CMs,k and zi,ℓ ∈ CMi,ℓ are auxiliary variables.
Next, to find the saddle point, one has to set the derivatives of the argument

w.r.t. all 4(K + L) RS parameters to zero. After taking u→ 0, one gets

p̃s,k = 0, ∀k ∈ {1, . . . ,K} , (3.50a)

p̃i,ℓ = 0, ∀ℓ ∈ {1, . . . , L} , (3.50b)

q̃s,k =
ρs,k

Ms,k
tr







[

IN +
K
∑

k=1

(ps,k − qs,k)Rs,k +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]−1

Rs,k







,

(3.50c)

q̃i,ℓ =
ρi,ℓ

Mi,ℓ
tr







[

IN +
K
∑

k=1

(ps,k − qs,k)Rs,k +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]−1

Ri,ℓ







,

(3.50d)

ps,k− qs,k =
1

Ms,k
tr
{

ĚAs,k
(ρs,k) T s,k

}

, (3.50e)

pi,ℓ− qi,ℓ =
1

Mi,ℓ
tr
{

ĚAi,ℓ
(ρi,ℓ) T i,ℓ

}

, (3.50f)

where the MMSE matrices are defined in (2.22). Finally, taking the derivative w.r.t.
u and letting u→ 0 one gets

F =
K
∑

k=1

1
βs,k

ǏAs,k
(ρs,k) +

L
∑

ℓ=1

1
βi,ℓ

ǏAi,ℓ
(ρi,ℓ) + 1 + ln π

+
1
N

ln det

[

IN +
K
∑

k=1

(ps,k − qs,k)Rs,k +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]

+
K
∑

k=1

1
βs,k

q̃s,k(qs,k − ps,k) +
L
∑

ℓ=1

1
βi,ℓ

q̃i,ℓ(qi,ℓ − pi,ℓ), (3.51)

where the fact that ps,k = ρs,k and pi,ℓ = ρi,ℓ has been used. Denoting ηs,k , q̃s,k,
ηi,ℓ , q̃i,ℓ, εs,k , ps,k − qs,k and εi,ℓ , pi,ℓ − qi,ℓ gives then (3.9) and (3.10).

3.A.2 Proof of Claim 3.3

Let us define the partition function related to (3.6b) as

Z(y,xs,H) , Exi

{

1
πN

e−‖y−Hsxs−Hixi‖2

}

. (3.52)
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The normalized equivocation term, hi(ρ) is written as the free energy

F = − 1
N

lim
u→0+

∂

∂u
ln Ey,xs,H {Zu (y,xs,H)} , (3.53)

Invoking the replica trick, rewrite write the under-log term as

Ey,xs,H {Zu (y,xs,H)} = Exs,Xi,H

{

∫

1
πN

u
∏

a=0

e−‖y−Hsxs−Hix
(a)
i ‖2

dy

}

, (3.54)

where x
(a)
i is the ath replica of the signal vector transmitted by the interferers and

X i , [x(0)T

i , . . . ,x
(u)T

i ]T ∈ CLMi(u+1). Note that since the partition function (3.52)
has an expectation only over xi and not over xs, only the replicas related to the
former are introduced in (3.54).

Define further the following set of random vectors

vs,k , Hs,kxs,k ∈ C
N , (3.55a)

v
(a)
i,ℓ , H i,ℓx

(a)
i,ℓ ∈ C

N , (3.55b)

as well as vs ,
∑K

k=1 vs,k and v
(a)
i ,

∑L
ℓ=1 v

(a)
i,ℓ . Group them into a concatenated

vector
V , [vT

s + v
(0)T

i , . . . ,vT

s + v
(u)T

i ]T ∈ C
N(u+1). (3.56)

Conditioned on the interferers’ signals X i, in the LSL V converges to a zero-mean
Gaussian random vector with conditional covariance

Q =
K
∑

k=1

(Qs,k ⊗Rs,k) +
L
∑

ℓ=1

(Qi,ℓ ⊗Ri,ℓ), (3.57)

where matrices Qi,ℓ have entries given by

[Qi,ℓ]a,b =
ρi,ℓ

Mi
x

(b)H

i,ℓ T i,ℓx
(a)
i,ℓ , (3.58)

for a, b ∈ {0, 1, . . . , u}, while Qs,k = qs,k1u+11T

u+1 with

qs,k =
ρs,k

Ms
xH

s,kT s,kxs,k. (3.59)

Define the set Q , {(Qs,k,Qi,ℓ), ∀k, ℓ}, so that the expectation over the repli-
cated vectors X i may be rewritten as an integral over the probability measure of
Q

1
N

ln Ey,xs,H{Zu(y,xs,H)} =
1
N

ln
∫

eNG
(u)(Q)dµ(u)(Q), (3.60)
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where constant terms have been omitted and µ(u)(Q) reads as

µ(u)(Q) = E

{

K
∏

k=1

1
(

ρs,kxH

s,kT s,kxs,k −Msqs,k

)

×
u
∏

a,b=0

L
∏

ℓ=1

1

(

ρi,ℓx
(b)H

i,k T i,ℓx
(a)
i,ℓ −Mi[Qi,ℓ]a,b

)

}

. (3.61)

with the above expectation being w.r.t. {Xi,H}. Using the Gaussian integration,
one gets

G(u)(Q) =− u lnπ − ln(u+ 1)

− 1
N

ln det

[

IN(u+1)+
K
∑

k=1

Qs,kΦ⊗Rs,k+
L
∑

ℓ=1

Qi,ℓΦ⊗Ri,ℓ

]

, (3.62)

where Φ is given in (2.156).
Then by the Varadhan theorem, in the LSL

1
N

ln Ey,xs,H{Zu(y,xs,H)} −max
Q

{

G(u)(Q)− I(u)(Q)
}

→ 0, (3.63)

where the rate function is obtained as

I(u)(Q) = max
Q̃

{

K
∑

k=1

1
βs,k

tr{Q̃s,kQs,k}+
L
∑

ℓ=1

1
βi,ℓ

tr{Q̃i,ℓQi,ℓ}

− 1
N

ln EXi

{

K
∏

k=1

eρs,kXH

s,k(Q̃s,k⊗T s,k)Xs,k

L
∏

ℓ=1

eρi,ℓXH

i,ℓ(Q̃i,ℓ⊗T i,ℓ)Xi,ℓ

}}

,

(3.64)

where Xs,k , [xT

s,k, . . . ,x
T

s,k]T ∈ CMs,k(u+1), X i,ℓ , [x(0)T

i,ℓ , . . . ,x
(u)T

i,ℓ ]T ∈
CMi,ℓ(u+1). Group the auxiliary “Q-matrices” as Q̃ , {(Q̃s,k, Q̃i,ℓ), ∀k, ℓ}.

To make the optimization problems in (3.63) and (3.64) tractable, the RS ansatz
is assumed, so that that the members of Q and Q̃ are given by

Q̃s,k =q̃s,k1u+11T

u+1 + (p̃s,k − q̃s,k)Iu+1, (3.65a)

Qi,ℓ =qi,ℓ1u+11T

u+1 + (pi,ℓ − qi,ℓ)Iu+1, (3.65b)

Q̃i,ℓ =q̃i,ℓ1u+11T

u+1 + (p̃i,ℓ − q̃i,ℓ)Iu+1. (3.65c)

Under this assumption, the free energy in the LSL becomes

F = 1 + ln π + lim
u→0+

∂

∂u
min
Q

max
Q̃

3
∑

i=1

T
(u)
i (Q, Q̃), (3.66)
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where the terms of T (u)
i (Q, Q̃) are given by

T
(u)
1 (Q, Q̃) =

u

N
ln det

[

IN(u+1) +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]

, (3.67a)

T
(u)
2 (Q, Q̃) =

K
∑

k=1

u+ 1
βs,k

(p̃s,k + uq̃s,k)qs,k +
L
∑

ℓ=1

u+ 1
βi,ℓ

(p̃i,ℓpi,ℓ + uq̃i,ℓqi,ℓ), (3.67b)

T
(u)
3 (Q, Q̃) =

1
N

K
∑

k=1

ln det
[

IMs,k
− u(u+ 1)A′2

s,k

]

− 1
N

L
∑

ℓ=1

ln EXi

{

exp

[

∥

∥

∥

∥

u
∑

a=0

A′
i,ℓx

(a)
i,ℓ

∥

∥

∥

∥

2

−
u
∑

a=0

x
(a)H

i,ℓ (A′2
i,ℓ−B′

i,ℓ)x
(a)
i,ℓ

]}

,

(3.67c)

where A′
s,k ,

√

ρs,kq̃s,kT
1/2
s,k , A′

i,ℓ ,
√

ρi,ℓq̃i,ℓT
1/2
i,ℓ and B′

i,ℓ , ρi,ℓp̃i,ℓT i,ℓ. By
performing the Hubbard-Stratonovich transform, the quadratic terms are decoupled
as

T
(u)
3 (Q, Q̃) =

1
N

K
∑

k=1

ln det
(

IMs,k
− u(u+ 1)A′2

s,k

)

− 1
N

L
∑

ℓ=1

ln
1

πMi,ℓ

∫

Exi,ℓ

{

e−‖zi,ℓ−A′
i,ℓxi,ℓ‖2

exH

i,ℓB′
i,ℓxi,ℓ

}

×
[

Exi,ℓ

{

e2Re{zH

i,ℓA′
i,ℓxi,ℓ}−xH

i,ℓ(A′2
i,ℓ−B′

i,ℓ)xi,ℓ

}]u

dzi,ℓ, (3.68)

where zi,ℓ ∈ CMi,ℓ is an auxiliary variable.
The saddle point is found by setting to zero the derivatives of the argument

w.r.t. all the RS parameters. After taking u→ 0, one gets

p̃s,k = q̃s,k = p̃i,ℓ = 0, ∀k, ℓ, (3.69a)

q̃i,ℓ =
ρi,ℓ

Mi,ℓ
tr







[

IN +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]−1

Ri,ℓ







, (3.69b)

pi,ℓ − qi,ℓ =
1

Mi,ℓ
tr
{

ĚA′
i,ℓ

(ρi,ℓ) T i,ℓ

}

, (3.69c)

where the MMSE matrix is defined in (2.22). Finally, taking the derivative w.r.t. u
and letting u→ 0 one gets

F =
L
∑

ℓ=1

1
βi,ℓ

ǏA′
i,ℓ

(ρi,ℓ) +
L
∑

ℓ=1

1
βi,ℓ

q̃i,ℓ(qi,ℓ − pi,ℓ)
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+
1
N

ln det

[

IN +
L
∑

ℓ=1

(pi,ℓ − qi,ℓ)Ri,ℓ

]

+ 1 + lnπ, (3.70)

where the fact that pi,ℓ = ρi,ℓ has been used. Denoting η′
i,ℓ , q̃i,ℓ and ε′

i,ℓ ,

pi,ℓ − qi,ℓ, one obtain hi from (3.12), as well as a system of fixed-point equations
given by (3.13).



Chapter 4

Multi-Hop Amplify-and-Forward Relay

Channel

IN the previous two chapters, we got familiar with the replica approach to the
performance analysis of MIMO communication systems. The point-to-point and
multiple-access scenarios were considered and analyzed the achievable rates of

reliable communication in the presence of channel fading. The present chapter ex-
tends the previous analysis to the scenario of non-regenerative multi-hop relaying
with arbitrary number of hops and separate decoding. In Section 4.1, I briefly
describe the corresponding system model, which is followed by the problem formu-
lation in Section 4.2. Then, in Section 4.3, I present the decoupling result for the
given relay channel, which suggests that as the number of antennas at all termi-
nals grows large, the channel becomes statistically indistinguishable from a bank of
scalar Gaussian channels. This allows the characterization of the achievable ergodic
rates (in Section 4.4) and average bit error rate (in Section 4.5) for various detection
schemes. The obtained results are then illustrated with help of several numerical
examples in Section 4.6. As before, the proofs are provided in the appendices after
the chapter.

4.1 System Model

Consider a K-hop channel, consisting of K − 1 multi-antenna relay terminals that
help a multi-antenna source to communicate with a multi-antenna destination.
The corresponding setup is depicted in Figure 4.1. There is no direct link between
the source and the destination and the terminals operate under the time-division
multiple-access (TDMA) protocol, so that a single node transmits at a given time.
Furthermore, assume that each relay receives only the signals from the preceding
hop. Namely, a symbol sent by the source has to traverse K hops before it reaches
the destination, where K is a fixed finite number. The source, the destination and
the kth relay terminal are equipped with M0, MK and Mk antennas, respectively.
The amplify-and-forward (AF) relaying strategy [LTW04] is employed at each re-
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x yH1 H2 HK

n1 n2 nK−1 nK

Figure 4.1: Illustration of a K-hop AF MIMO relay channel. (© 2013 IEEE. Reused
with permission)

lay. Namely, each relay amplifies and retransmits the noisy received signal upstream
without decoding it.

In the flat-fading model, the received signal at the kth terminal is given by

yk = Hkyk−1 + nk, (4.1)

where yk−1 and yk are the input and output of the kth channel (with y0 , x),
respectively. Matrix Hk is the channel matrix between terminals k − 1 and k, as-
sumed to be a complex Gaussian random matrix with zero-mean entries of variance
ρkκk−1/Mk, whereas nk ∼ CN (0Mk

, IMk
) is the additive Gaussian noise vector at

receiver k. Moreover, ρk > 0 is the SNR at terminal k. For later convenience, let us
group the SNR values at all the hops into a vector ρ , [ρ1, . . . , ρK ]T. In addition,
κk−1 is the normalization constant chosen so that the long-term transmit power
constraint at terminal k − 1 is satisfied, that is,

κk−1E
{

tr{yk−1yH

k−1}
}

≤Mk−1. (4.2)

The end-to-end input-output relation of the K-hop channel can be written as
follows:

y = HK−1
0 x +

K−1
∑

k=1

HK−1
k nk + nK , (4.3)

where x , y0 is the input to the relay channel, assumed for the sake of simplicity
to have i.i.d. zero-mean unit-variance components distributed according to some
density p(x), while y , yK , and the corresponding matrices are defined as1

H
j
i ,

j
∏

k=i

Hk+1. (4.4)

1The matrix product notation is defined as
j
∏

k=i

Hk , HjHj−1 · · · Hi, j ≥ i.
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4.2 Problem Statement

Define the set of channel matrices H , {H1, . . . ,HK} and the set of noise realiza-
tions N , {n1, . . . ,nK−1}. Under the assumption that CSI is available only at the
receiver, the long-term end-to-end achievable rate of the system, given the input
distribution p(x), is determined by the (normalized) ergodic MI between y and x

I(ρ) ,
1
M0

I(y; x)

= hs(ρ)− hn(ρ), (4.5)

where 1/M0 is the necessary normalization for large-system analysis2. The differ-
ential entropy terms above are given by

hs(ρ) =− 1
M0

Ey,H ln Ex,N {p(y|x,H,N )} , (4.6a)

hn(ρ) =− 1
M0

Ey,x,H ln EN {p(y|x,H,N )} , (4.6b)

with the conditional distribution of the channel being

p(y|x,H,N ) =
1

πMK
e−
∥

∥y−H
K−1
0 x−

∑

K−1

k=1
H

K−1
k

nk

∥

∥

2

. (4.7)

The ergodic MI (4.5) represents the maximum achievable rate of a relay MIMO
system under optimal joint detection and decoding (JDD). In the case of a separate
decoding (SD) receiver, the generalized posterior mean estimator (GPME) is given
by

〈x′〉q =
∫

x′ q(x′)q(y|x′,H)
∫

q(x′)q(y|x′,H) dx′ dx′, (4.8)

and it captures the sub-optimality of conventional detection schemes by postulating
a channel with a mismatch in the noise variance σ2 and prior distribution q(x′),
i.e.,

y = HK−1
0 x′ +

K−1
∑

k=1

HK−1
k n′

k + n′
K , (4.9)

where x′ is a postulated channel input vector, and n′
k ∼ CN (0Mk

, σ2IMk
), k ∈

{1, . . . ,K} are postulated noise vectors with variance σ2. That is, the channel con-
ditional density of (4.9) is given by

q(y|x′,H,N ) =
1

(πσ2)MK
e− 1

σ2

∥

∥y−H
K−1
0 x′−

∑

K−1

k=1
H

K−1
k

n′
k

∥

∥

2

. (4.10)

2In addition, a factor of 1/K has to be applied in front of (4.5) to account for the TDMA
transmission protocol.
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As mentioned before, the average performance of conventional detectors over
fading channels has no closed-form expression. The analysis is further complicated
by the fact that in the AF relay setting the resulting channel matrix in (4.3) becomes
a product of the channel matrices of the K hops, yielding non-i.i.d. entries.

To evaluate the uncoded BER performance of a multi-hop communication sys-
tem with QPSK modulation, the BER performance can be analyzed conditioned
on the channel realizations. The corresponding instantaneous BER of the commu-
nication system was shown to be

Pe|H(ρ) = 21−M
∑

x:xm=1

Q













[

UHK−1
0 x

]

m
√

[

∑K−1
j=1 UHK−1

j

(

HK−1
j

)H

UH + UUH

]

m,m













,

(4.11)
where U is the detector of interest, e.g., (2.37), (2.38) or (2.39), and stream m
transmitting symbol +1 being chosen without loss of generality. To obtain the
average performance, further averaging was performed by means of Monte Carlo
estimation as

Pe(ρ) = EH{Pe|H(ρ)}. (4.12)

Unfortunately, as already mentioned above, Monte Carlo averaging is inefficient,
time-consuming and does not lead to analytically tractable expressions. The former
is particularly true, when the size of antenna arrays grows large. Therefore, an
alternative approach is presented in the following section, providing a large-system
approximation for average BER, which becomes more and more accurate as the
system size grows large.

4.3 Decoupling Result

Given the multi-hop channel (4.3), the LSL is defined a regime where the numbers
of antennas at each terminal grow infinitely large at constant ratios, i.e.,

Mj = βi,jMi →∞, βi,j = const, ∀i, j. (4.13)

Similarly to Subsection 2.6.2, the following claim states that decoupling also
holds for the K-hop AF relay MIMO channel.



4.3. Decoupling Result 127

In the LSL, the joint distribution of (xm, x′
m, 〈x′

m〉q) of the channel in (4.3)
converges to the joint distribution of (x, x′, 〈x′〉q), associated with two
scalar Gaussian channels

z =
√
κ0ρ1x+ w, (4.14a)

z =
√
κ0ρ1x

′ + w′, (4.14b)

where w ∼ CN (0, 1/η1), w′ ∼ CN (0, 1/ξ1) and fixed-point parameters
{ξk, ηk, νk, εk}Kk=1 ⊂ R

4K
+ are solutions to the following system of equations

ξK = βK−1,K(σ2 + νK)−1, (4.15a)

ηK = βK−1,K(1 + εK)−1, (4.15b)

ξk =
βk−1,kκkρk+1ξk+1

1 + κkρk+1ξk+1(σ2 + νk)
, (4.15c)

ηk =
βk−1,kκkρk+1ηk+1

1 + κkρk+1ηk+1(1 + εk)
, (4.15d)

νk =
κk−1ρk(σ2 + νk−1)

1 + κk−1ρkξk(σ2 + νk−1)
, (4.15e)

εk =
κk−1ρk(1 + εk−1)

1 + κk−1ρkηk(1 + εk−1)
, (4.15f)

ν1 = κ0ρ1ěξ1(ρ1), (4.15g)

ε1 = κ0ρ1ěη1(ρ1). (4.15h)

where ěη1(ρ1) and ěξ1 (ρ1) are the MSE and posterior variance of a GPME
associated with channels (4.14a) and (4.14b). In case of multiple solutions
to (4.15), only those {ξk, ηk, νk, εk} which minimize the free energy of the
system, given by (4.16), are valid.

F = β0,K

[

lnπ +
1 + εK
σ2 + νK

+ ln
(

σ2 + νK
)

]

− ξ1

η1
− ln

π

ξ1

−
∫

p(z; η1) ln q(z; ξ1) dz −
K
∑

k=1

β0,k−1

[

ξkεk + νk
ξk
ηk

(ξk − ηk)
]

+
K−1
∑

k=1

β0,k

[

ln
(

1 + κkρk+1ξk+1

(

σ2 + νk
))

+ κkρk+1
ξk+1

ηk+1

ηk+1 (1 + εk)− ξk+1

(

σ2 + νk
)

1 + κkρk+1ξk+1 (σ2 + νk)

]

(4.16)

Claim 4.1
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Proof. The proof is given in Appendix 4.A.1 at the end of the chapter.

The above claim extends the decoupling principle of [GV05] to the K-hop MIMO
AF relay scenario. Namely, for each data stream m input xm, postulated input x′

m,
and output of the GPME 〈x′

m〉q, associated with (4.3), in the LSL become statis-
tically indistinguishable from the same quantities related to (4.14a) and (4.14b).

4.4 Achievable Rates

In this section, the results of the asymptotic analysis are applied to the performance
analysis of a K-hop MIMO AF relay channel (4.3).

4.4.1 Joint Detection and Decoding

In the case of JDD, the receiver postulates the actual input distribution, i.e., q(x) =
p(x), as well as σ = 0. Consequently, the following result is obtained.

In the LSL the differential entropy (4.6a) can be approximated by

h̄s(ρ) = Ǐη1 (ρ1) + β0,K ln (1 + εK)−
K
∑

k=1

β0,k−1ηkεk

+
K−1
∑

k=1

β0,k ln [1 + ρk+1κkηk+1(εk + 1)] + β0,K(1 + ln π). (4.17)

where Ǐη1 (ρ1) is the MI between the input and output of the fixed Gaussian
channel (4.14a). The fixed-point parameters {ηk, εk}Kk=1 ⊂ R2K

+ satisfy

ηK = βK−1,K(1 + εK)−1, (4.18a)

ηk =
βk−1,kρk+1κkηk+1

1 + ρk+1κkηk+1(1 + εk)
, (4.18b)

εk =
ρkκk−1(1 + εk−1)

1 + ρkκk−1ηk(1 + εk−1)
, (4.18c)

ε1 = ρ1κ0ěη1 (ρ1). (4.18d)

where ěη1(ρ1) is MMSE associated with (4.14a), given in Claim 4.1. At the
same time, a similar result in the LSL holds for the equivocation (4.6b).
The corresponding approximation may be computed directly by (4.17)
and (4.15) provided that η1 = ε1 = 0 beforehand.

Corollary 4.2
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Proof. The derivation of the claim is in Appendix 4.A.2.

The expectation in (4.18d) is taken over p(z,x|η1), and hence ε1 can be seen as
a (weighted) MMSE associated with the scalar fixed channel (4.14a). The entropy
term (4.6a) represents the amount of information contributed by the transmitted
signal x and by the noise components nk added at each hop. Meanwhile, the equiv-
ocation hn(ρ) represents the amount of information discarded at the destination
terminal due to noise removal, and naturally does not contain terms related to the
signal vector x. Note here that the MI and MMSE are relatively easy to compute
since they correspond to a fixed scalar channel (4.14a).

4.4.2 Separate Decoding

Based on the decoupling result of Claim 4.1, along with the fact that for the SD
scheme statistical properties of the MIMO channel (4.3) are completely character-
ized by the conditional joint distribution p(xm, x′

m, 〈x′
m〉q|H), the following holds.

The single-user MI under SD in the LSL can be approximated as

ĪSD (ρ) = −
∫

p(z; η1) ln p(z; η1) dz − ln
π

η1
− 1. (4.19)

Corollary 4.3

Knowing both differential entropy terms from Corollary 4.2 and the MI (4.19),
one can directly compute (e.g., using Examples 2.1, 2.2 and 2.3) the asymptotic
achievable ergodic rates for both the JDD and SD schemes. By comparing these
results, one can quantify the loss due to separation of decoding.

The information loss due to separation of detection and decoding reads

Ī(ρ)− ĪSD(ρ) = β0,K ln
[

1 + εK
1 + ε′

K

]

−
K
∑

k=1

β0,k−1 (ηkεk − η′
kε

′
k)

+
K−1
∑

k=1

β0,k ln
[

1 + ρk+1κkηk+1(εk + 1)
1 + ρk+1κkη′

k+1(ε′
k + 1)

]

, (4.20)

where ηk and εk correspond to the entropy term (4.6a), while η′
k and ε′

k

correspond to the equivocation (4.6b), obtained by means of Corollary 4.2.

Corollary 4.4
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4.5 Bit Error Rate

Since, by Claim 4.1, the performance of the given system under SD is fully described
by the equivalent scalar channels (4.14), the following corollary characterizes the
average BER of the uncoded system.

The average BER of the AF relay MIMO system can be approximated by

P̄e(ρ) = Q (
√
κ0ρ1η1) (4.21)

in the LSL, where η1 is a solution to the fixed-point equation system (4.15).

Corollary 4.5

To obtain the performance of the maximum a posteriori probability (MAP)
detector, one sets q(x) = p(x) and σ = 1. This leads to ξk = ηk and νk = εk
for k ∈ {1, . . . ,K} and the corresponding system of fixed-point equations
reduces to that of Corollary (4.2). In case of multiple solutions, the one
minimizing the differential entropy (4.17) should be chosen. To obtain the
performance of linear detection, one sets p(x) to be the standard Gaussian
distribution, so that the MSE and posterior variance of a GPME–given
by (4.15h) and (4.15g), respectively–read as

ε1 =
κ0ρ1(η1 + κ0ρ1ξ

2
1)

η1(1 + κ0ρ1ξ1)2
, (4.22a)

ν1 = κ0ρ1(1 + κ0ρ1ξ1)−1. (4.22b)

By tuning the parameter σ, one obtains the conventional linear detectors:

• When σ →∞, the output of GPME converges to that of the MF,

• When σ → 0, the output of GPME tends to that of the ZF detector,

• When σ → 1, the output of GPME provides the output of the
LMMSE detector.

Finally, to obtain the average BER, one plugs the corresponding value of
σ into (4.15) and finds the solution for the system of fixed-point equations.
Then, the resulting η1 is plugged into (4.21), which yields the BER.

Example 4.6 (Specific detection schemes)
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Figure 4.2: Per-dimension achievable rate vs. SNR for multi-hop AF relay channel
with k ∈ {1, . . . ,K} hops, where K = 4. A factor of 1/K in front of the rate is due
to the TDMA protocol. Transmit SNRs are set as follows: ρ1 = ρ, ρ2 = ρ4 = 0.7ρ
and ρ3 = 0.5ρ. The numbers of antennas are set according to M0 = M4 = 4,
M1 = M3 = 8 and M2 = 12. Solid curves denote the analytic results, markers
denote the rigorous results of [Hoy12, Corollary 7].

4.6 Numerical Examples

This section presents several numerical examples to support the above results. Both
achievable rates and BER of a K-hop AF relay network have been simulated. To
satisfy the power constraint (4.2), the normalization coefficients κk, ∀k ∈ {1, . . . ,K}
have been set according to

κk = (1 + ρk)−1
, ∀k ∈ {1, . . . ,K}. (4.23)

4.6.1 Achievable Rates

Figure 4.2, plots the achievable rate with JDD employed at the receiver and Gaus-
sian signals for the case of k ∈ {1, 2, 3, 4} hops. For the sake of exposition the
results are normalized with the maximum number of hops K = 4 (to account for
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Figure 4.3: Per-dimension achievable rate vs. SNR for an AF relay channel with
K = 3 hops. A factor of 1/K in front of the rate is due to the TDMA protocol.
Transmit SNR for the first hop is given by ρ1 = ρ, while the rest of the SNRs are
set as ρk = 20 dB for k ∈ {2, 3}. Terminals are equipped with Mk = 8 antennas,
for k ∈ {0, . . . , 3}. Solid curves denote the analytic results, while markers denote
the results of Monte Carlo simulation.

the the TDMA protocol). Solid lines reflect the asymptotic results, while markers
represent the rigorous rigorous approximation of [Hoy12, Section 3.5] derived using
random matrix theory. The two approximations match perfectly, which confirms
the validity of the present result at least for the case of Gaussian inputs.

Next, consider a network with K = 3 hops and fix M0 = . . . = M3 = 8, so that
each terminal has eight antennas. Let SNRs be ρ2 = ρ3 = 20 dB while varying the
SNR of the first hop ρ1. Figure 4.3, plots the achievable rate with JDD employed at
the receiver for two types of channel inputs: Gaussian and QPSK signals. The rate
loss of 1/K here is due to the TDMA protocol. Solid lines reflect the asymptotic
results based on Corollary 4.2, while markers represent the numerical averaging
over at least 1000 channel realizations via Monte Carlo simulations. Note that for
the case of Gaussian inputs the approximation matches the simulations perfectly.
Moreover, quite expectedly, it reproduces exactly the same result as in [Hoy12].
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Figure 4.4: Per-dimension achievable rate vs. SNR for an AF relay channel with
K = 3 hops. A factor of 1/K in front of the rate is due to the TDMA protocol.
Transmit SNR for the first hop is given by ρ1 = ρ, while the rest of the SNRs are
set as ρk = 20 dB for k ∈ {2, 3}. Terminals are equipped with Mk = 8 antennas,
for all k ∈ {0, . . . , 3}. Solid curves denote performance of the JDD scheme, while
dashed lines denote that of SD.

Meanwhile, for the case of QPSK inputs there is a slight gap in the middle- and high-
SNR region, which would decrease with increasing the actual number of antennas
at each terminal in the simulation setup.

In Figure 4.4, achievable rates of both JDD and SD schemes are plotted as func-
tions of SNR for different signaling schemes (Gaussian, QPSK and 8-PSK). Observe
that, as before, at low SNR the performance curves of the discrete constellations
tend to follow the respective curves (JDD and SD), related to Gaussian signal-
ing schemes. Notwithstanding, at certain SNR values, the performance curve of a
discrete constellation under SD, suddenly jumps towards the corresponding JDD
curve, which suggests that a phase transition occurs at a certain SNR threshold.
Again, note that for the SD scheme in this setup (i.e., with β1, β2 > 1), Gaussian
signaling is outperformed by discrete constellations (cf. Subsection 2.6.2).

To illustrate the essence of the multi-hop result, consider a network, where the
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Figure 4.5: Per-dimension achievable rate under QPSK signaling vs. the distance
between the source and destination terminals for a K-hop AF relay MIMO channel
with K ∈ {1, 2, 3}. A factor of 1/K in front of the rate is due to the TDMA protocol.
Pathloss γk = l−αk is incorporated into SNRs ρk = 10 dB, for k ∈ {1, . . . ,K}. Solid
curves denote analytic results, while the dashed curve denotes the best strategy.

pathloss γk = l−αk is incorporated into the SNRs ρk = 10 dB, ∀k, where lk is
the distance between terminals k − 1 and k, and α = 4 is the pathloss exponent.
Figure 4.5 plots the achievable rate of JDD as a function of the distance l between
the source and destination terminals. The three curves correspond to K ∈ {1, 2, 3}.
The relaying terminals are added in such way that all the terminals of the network
are equidistant. The dashed line represents the maximum value of the MI at each
point. Remarkably, for different values of l, different number of hops provides higher
data rate. Thus, one could use this analysis to optimize the number of relays or
their positions. This is, however, outside the scope of the present chapter.

To quantify the performance of the linear detectors, Figure 4.6 plots the per-
dimension achievable rate as a function of SNR for the two-hop scenario under
Gaussian inputs and various detection schemes. To enable illustration of the per-
formance of the ZF detector, I set the numbers of antennas unequal. For instance,
we set M0 = 4, M1 = 6, M2 = 9. Meanwhile, for the varying parameter ρ the
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Figure 4.6: Per-dimension achievable rate vs. SNR for an AF relay MIMO channel
with K = 2 hops under Gaussian signaling with various detection schemes. A factor
of 1/K in front of the rate is due to the TDMA protocol. Transmit SNRs for the
two hops are given by ρ1 = ρ2 = ρ. The numbers of antennas at terminals are set
to M0 = 4, M1 = 6, M2 = 9.

SNRs of the hops are set as ρ1 = ρ2 = ρ. From the figure the reader can see that,
quite expectedly, the JDD scheme outperforms the rest of the detectors. This is
because optimal JDD is the essentially best one can do. In addition, one notes
that for Gaussian signaling performance of the MAP detector matches to that of
the LMMSE, which highlights the optimality of the latter. Another observation is
that the MF detector demonstrates nearly-optimal performance at low SNR and
becomes increasingly inefficient as SNR increases. In turn, the ZF detector demon-
strates significant degradation in performance at low SNR, whilst becoming pro-
gressively efficient withe increasing SNR. The same holds for the case of QPSK
inputs, as depicted in Figure 4.7. However, in contrast to the Gaussian signaling,
where the loss due to separation of decoding (when comparing optimal JDD and
MAP detection schemes) grows with SNR, for QPSK constellation this loss vanishes
in the high-SNR region. Moreover, while for the JDD scheme Gaussian signaling
always outperforms QPSK, for the MAP detector scheme this is not always the
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Figure 4.7: Per-dimension achievable rate vs. SNR for an AF relay MIMO channel
with K = 2 hops under QPSK signaling with various detection schemes. A factor
of 1/K in front of the rate is due to the TDMA protocol. Transmit SNRs for the
two hops are given by ρ1 = ρ2 = ρ. The numbers of antennas at terminals are set to
M0 = 4, M1 = 6, M2 = 9. Solid curves denote performance under QPSK signaling,
while dashed lines denote that of Gaussian signals.

case. Accurate comparison of the two figures reveals that for the small mid-SNR
region (roughly between 5 and 10 dB) QPSK constellation actually performs better
than Gaussian signaling under SD. Meanwhile, linear detection schemes (MF, ZF
and LMMSE) usually perform worse.

4.6.2 Bit Error Rate

The obtained BER expression (4.21) is verified through simulations of the average
BER of an AF relay MIMO communication system with QPSK signaling. For the
simulation setup the numbers of antennas at terminals have been fixed sa M0 = 16,
M1 = 28 and M2 = 36, and the relation between SNRs at each hop is set as
ρ2 = 0.5ρ1. Figure 4.8 plots the results of Monte Carlo simulations of (4.12) along
with the asymptotic approximation (4.21). From the figure, it is seen that the
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Figure 4.8: Average uncoded BER vs. SNR for an AF relay MIMO system with
K = 2 hops under QPSK signaling and various detection schemes. Transmit SNRs
for two hops are given by ρ1 = ρ and ρ2 = 0.5ρ. The numbers of antennas are set to
M0 = 16, M1 = 28 and M2 = 36. Solid curves denote the analytic results, dashed
lines denote the result in (4.11), while markers denote the results of Monte Carlo
simulations. The black dashed line denotes the lower bound (4.24).

asymptotic result predicts well the behavior of a finite-sized system at low SNR.
However, it becomes less accurate at high SNR due to the fact that large-system
analysis in that SNR region is more susceptible to the actual number of antennas.

Meanwhile, Figure 4.8 also depicts average BER of the optimal MAP detector.
At low SNR the corresponding performance curve follows the that of an LMMSE
detector, whereas at high SNR it tends to the lower bound given by

PLB
e (ρ) = Q

(

√

M−1
0 tr

{

EH

{

CCH

}}

)

, (4.24)
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where3

C ,

(

IMK
+
K−1
∑

k=1

HK−1
k

)−1/2

HK−1
0 . (4.25)

4.7 Conclusions

In this section, the asymptotic performance of a K-hop AF relay MIMO system
with arbitrary K has been analyzed based on the RS ansatz of the replica method.
The corresponding framework captures the effects of separation between detection
and decoding, as well as the suboptimality of linear receiver front ends. More pre-
cisely, I have presented the evaluation of the system performance under separate
decoding scheme in terms of achievable ergodic data rate and the bit error rate,
in the limit where the antenna arrays grow large without bounds. Comparing to
Monte Carlo simulations, it has been confirmed that the results provide an accu-
rate approximation for a finite-sized system at low and moderate SNR. Moreover,
the individually optimal detection scheme is shown to experience a phase transi-
tion at certain SNR values. The obtained compact expressions are useful for the
design of coding schemes improving the system performance. The presented results
are potentially extendable to more sophisticated channel models of interest (e.g.,
Kronecker model or Rician fading) allowing further performance optimization.

3In (4.3), the equivalent noise term ñ ,
∑K−1

k=1
HK−1

k
nk +nK is colored. To get interference-

free transmission one applies the whitening filter of form

U =

K−1
∑

k=1

HK−1
k

(

HK−1
k

)H

+ IMK
,

which yields a signal with covariance EH

{

CCH
}

and white noise, with C given in (4.25).
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4.A Appendices

4.A.1 Proof of Claim 4.1

Similarly to the proof of Claim 2.19, I split the proof into two parts and workout
them separately. In the first part of the proof, the derivation of the free energy (4.16)
is presented.

Free Energy

Let us define the partition function as follows

Z(y,H) , Ex,N

{

1
πMK

e−
∥

∥y−H
K−1
0 x−

∑

K−1

k=1
H

K−1
k

nk

∥

∥

2
}

. (4.26)

The corresponding free energy can thus be obtained as

F =− 1
M0

lim
u→0

∂

∂u
ln Ey,H {Zu(y,H)} . (4.27a)

Next, the replica trick is involved, and the replication is performed over the postu-
lated channel, so that

Ey,H{Zu(y,H)} = E











∫

1
πMK

e
−

∥

∥

∥

∥

y−H
K−1
0 x(0)−

K−1
∑

k=1

H
K−1
k

n
(0)

k

∥

∥

∥

∥

2

× 1
(πσ2)MK

u
∏

a=1

e
−

∥

∥

∥

∥

y−H
K−1
0 x′(a)−

K−1
∑

k=1

H
K−1
k

n′(a)

k

∥

∥

∥

∥

2

dy











, (4.28)

where x′(a) and n′(a)
k denote the ath replica vectors that are assumed to be

i.i.d., while x(0) and n
(0)
k represent the original signal vector and noise vec-

tor at the kth. For ease of exposition, group the corresponding vectors into
X = [x(0)T,x′(1)T

, . . . ,x′(u)T]T ∈ CM0(u+1) and Nk = [n(0)T

k ,n′(1)T

k , . . . ,n′(u)T

k ]T ∈
CMk(u+1).

In (4.28), the averaging should be performed over all possible channel inputs X,
channel gains H and noise realizations N . According to the Fubini theorem [Bil08,
Theorem 18.3], given that the expectation in (4.28) exists, the multiple integral
can be computed via repeated integrals. In other words, averaging over the channel
matrices and noise vectors of all hops can be done iteratively hop-by-hop. That is,
at each hop, the randomness of the corresponding channel matrix and the noise
vector is averaged out, while keeping the variables related to other hops fixed. To
do this, define the following set of vectors

v
(0)
1 , H1x(0) + n

(0)
1 ∈ C

M1 , (4.29a)

v
(a)
1 , H1x′(a) + n′(a)

1 ∈ C
M1 , (4.29b)
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for all a ∈ {1, . . . , u} containing the randomness of the first hop in the network. For
each subsequent hop k4 vector v

(a)
k is recursively defined in terms of vector v

(a)
k−1,

containing the randomness of first k − 1 hops, as follows

v
(0)
k = Hkv

(0)
k−1 + n

(0)
k ∈ C

Mk , (4.30a)

v
(a)
k = Hkv

(a)
k−1 + n′(a)

k ∈ C
Mk . (4.30b)

For each k, stack these vectors as V k , [v(0)T

k , . . . ,v
(u)T

k ]T ∈ CMk(u+1). It can
be shown that for k ∈ {2, . . . ,K − 1}, conditioned on {H1, . . . ,Hk−1} and
{n(a)

1 , . . . ,n
(a)
k−1}, a ∈ {1, . . . , u}, vector V k in the LSL converges to a CSCG

random vector (vide [Tan02]) with the covariance matrix given by Kk = (Qk +
D)⊗ IMk

∈ C
Mk(u+1)×Mk(u+1), where

[Qk]a,b ,
ρkκk−1

Mk−1
v

(b)H

k−1v
(a)
k−1 ∈ C

(u+1)×(u+1). (4.31)

and D ,

[

1 0
T

u

0u σ2
Iu

]

.

Starting from hop K, follow the lines of [WW10] and write (4.28) as

ln Ey,H {Zu(y,H)} = ln
∫

eMKG
(u)

K
(QK) dµ(u)

K (QK), (4.32)

with the vanishing terms omitted,

G
(u)
K (QK) ,− ln(u+ 1)− ln det (Iu+1 + QKΨ) , (4.33)

where matrix Ψ is defined as ( cf. (2.173))

Ψ ,
1

σ2(σ2 + u)





uσ2 −σ21T

u

−σ21u (σ2 + u)Iu − 1u1T

u



 , (4.34)

and the probability measure of QK is given by

µ
(u)
K (QK) = E







u
∏

a,b=0

1
(

ρKκK−1v
(b)H

K−1v
(a)
K−1 −MK−1[QK ]a,b

)







. (4.35)

The MGF of µ(u)
K (QK) is given by

M
(u)
K (Q̃K) = EV K−1

{

eρKκK−1V H

K−1(Q̃K ⊗IMK−1
)V K−1

}

, (4.36)

4Except for hop K, where the relationship is of form

v
(a)
K

= HKv
(a)
K−1

∈ C
MK .
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which yields the rate function

I
(u)
K (QK) = max

Q̃K

{

tr{Q̃KQK} −
1

MK−1
lnM (u)

K (Q̃K)
}

. (4.37)

Hence, by the Varadhan theorem, in the LSL

1
M0

ln Ey,H {Zu(y,H)} → max
QK

{

β0,KG
(u)
K (QK)− β0,K−1I

(u)
K (QK)

}

. (4.38)

Combining all together, one gets at hop K

1
M0

ln Ey,H {Zu(y,H)} = min
QK

max
Q̃K

{

T
(u)
K (QK

K , Q̃
K
K)
}

, (4.39)

where Q
j
i , {Qi, . . . ,Qj}, Q̃j

i , {Q̃K , . . . , Q̃j}, and

T
(u)
K (QK

K , Q̃
K
K) = β0,K−1tr{QKQ̃K}+ β0,K ln π(u+ 1)

+ β0,K ln det(Iu+1 + QKΨ)− 1
M0

lnM (u)
K (Q̃K), (4.40)

where Ψ is defined in (4.34).
To evaluate the last term in (4.40) the same procedure as above is performed,

yielding for k ∈ {2, . . . ,K}

− 1
M0

lnM (u)
k (Q̃k) = − 1

M0
lnM (u)

k−1(Q̃k−1) + β0,k−2tr{Qk−1Q̃k−1}

+ β0,k−1 ln det
(

Iu+1 − ρk−1κk−2Q̃k

(

Qk−1 + D
))

(4.41)

Thus, one can iteratively evaluate lnM (u)
k (Q̃k), ∀k and arrive at

F = − 1
M0

lim
u→0

∂

∂u
min
Q1

max
Q̃1

{

T
(u)
1 (Q1, Q̃1)

}

, (4.42)

where T (u)
1 (Q1, Q̃1) is given by

T
(u)
1 (Q1, Q̃1) = β0,K ln

(

1 +
u

σ2

)

+ β0,K ln det (Iu+1 + QKΨ)

+
K
∑

k=1

β0,k−1tr{QkQ̃k}+ uβ0,K lnπσ2

+
K−1
∑

k=1

β0,k ln det
(

Iu+1 − ρk+1κkQ̃k+1 (Qk + D)
)

− 1
M0

ln EX

{

eρ1κ0XH(Q̃1⊗IM0 )X
}

. (4.43)
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To simplify the problem of finding the saddle point of (4.42) RS ansatz is in-
voked, i.e., for all k ∈ {1, . . . ,K} matrices Qk and Q̃k are assumed to have the
following structure

Qk =





rk mk1T

u

m∗
k1u (pk − qk)Iu + qk1u1T

u



, (4.44a)

Q̃k =





r̃k m̃k1T

u

m̃∗
k1u (p̃k − q̃k)Iu + q̃k1u1T

u



. (4.44b)

With the above assumption, (4.43) is simplified via Gaussian linearization to

T
(u)
1 (Q1, Q̃1) = (u − 1)β0,K ln

(

1 +
pK − qK

σ2

)

+ β0,K ln
[

1 +
pK − qK

σ2
+

u

σ2
(1 + rK −mK −m∗

K + qK)
]

+ β0,Ku lnπσ2 +
K
∑

k=1

β0,k−1 (r̃krk + um̃kmk + um̃∗
km

∗
k + up̃kpk + u(u− 1)q̃kqk)

+ (u − 1)
K−1
∑

k=1

β0,k ln
[

1− κkρk+1(p̃k+1 − q̃k+1)
(

σ2 + pk − qk
)]

+
K−1
∑

k=1

β0,k ln
(

1− κkρk+1

[

um̃∗
k+1mk + um̃k+1m

∗
k

+ (p̃k+1 + (u− 1)q̃k+1)
(

σ2 + pk + (u − 1)qk
)

+ r̃k+1(1 + rk)
]

+ κ2
kρ

2
k+1

[

u|m̃k+1|2 − (1 + rk)
(

σ2 + pk + (u− 1)qk
)]

×
[

u|mk|2 − r̃k+1(p̃k+1 + (u − 1)q̃k+1)
]

)

− ln
η1

π
− 1
M0

ln
∫

Ex

{

e−η1‖z−√
ρ1κ0x‖2

eρ1κ0φ1xHx
}

×
[

Ex′

{

e−ξ1‖z−√
ρ1κ0x′‖2

eξ1zHz+ρ1κ0ψ1x′Hx′
}]u

dz, (4.45)

where η1 ,
|m̃1|2

q̃1
, φ1 , r̃1, ξ1 , m̃∗

1 and ψ1 , m̃∗
1 + p̃1 − q̃1.

The last part of (4.45) is related to the two fixed Gaussian scalar channels below

z =
√
κ0ρ1x+ w, (4.46a)

z =
√
κ0ρ1x

′ + w′, (4.46b)

where w ∼ CN (0, 1/η1) and w′ ∼ CN (0, 1/ξ1).
Now, to find the saddle point in (4.42), the derivatives of T (u)

1 (Q, Q̃) w.r.t. to
all the 8K parameters should be equated to zero. This yields r̃k = 0 and m̃∗

k =
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m̃k, ∀k ∈ {1, . . . ,K}, and p̃1 − q̃1 = −m̃1. Furthermore, one gets

r1 −m1 −m∗
1 + q1 = κ0ρEz,x

{

|x− 〈x′〉|2
}

, (4.47a)

p1 − q1 = κ0ρEz,x′

{

|x′ − 〈x′〉|2
}

, (4.47b)

thus obtaining the set of fixed-point equations (4.15). To further evaluate the free
energy, the derivative of T (u)

1 (Q, Q̃) w.r.t. u is taken at u→ 0+ and–using the fact

that r1 = κ0ρ1 and rk = κk−1ρk(1 + κk−2ρk−1)–(4.16) is obtained, with ηk ,
m̃2

k

q̃k
,

ξk , m̃k, for all k ∈ {2, . . . ,K}, as well as εk , rk−mk−m∗
k+qk and νk , pk−qk,

for all k ∈ {1, . . . ,K}.

Decoupling

The second part of the proof follows exactly the same steps as before. Therefore,
I will skip most of them and leave only the steps that deviate from the previous
derivation. The aim of this part is to compute the joint moments of the joint
distribution of (xm, x′, 〈x′

m〉q) via the function g(X) defined in (2.184), and show
that those converge in the LSL to the moments of (x, x′, 〈x′〉q), associated with the
fixed channels (4.14a) and (4.14b).

Analogously to Appendix (2.A.2), define the partition function of a related large
system with a perturbed Hamiltonian as follows

Z(y,H,x;ω) , EX,H

{

eωg(X)

πMK (πσ2)uMK

∫

e−
∥

∥y−H
K−1
0 x(0)−

∑

K−1

k=1
H

K−1
k

n
(0)

k

∥

∥

2

×
u
∏

a=1

e−
∥

∥y−H
K−1
0 x′(a)−

∑

K−1

k=1
H

K−1
k

n′(a)

k

∥

∥

2

dy

}

. (4.48)

Define then the corresponding generalized free energy as

F =
1
M0

lim
u→0+

∂

∂ω
ln Ey,H,x

{

Z̃(u)(y,H,x;ω)
}∣

∣

∣

ω=0
, (4.49)

providing exactly the joint moments of interest.
Exactly the same steps as in the previous proof are performed, i.e.,

1
M0

ln E
{

Z̃(u)(y,H,x;ω)
}

=
1
M0

ln
∫

eMKG
(u)

K
(QK) dµ(u)

K (QK ;ω), (4.50)

where G(u)
K (QK) is given by (4.33) and

µ
(u)
K (QK ;ω) = E







eωg(X)
u
∏

a,b=0

1
(

ρKκK−1v
(b)H

K−1v
(a)
K−1 −MK−1[QK ]a,b

)







. (4.51)
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The corresponding MGF related to µ(u)
K (QK ;ω) is given by

M
(u)
K (Q̃K ;ω) = EV K−1

{

eωg(X)eρKκK−1V H

K−1(Q̃K⊗IMK−1
)V K−1

}

, (4.52)

which yields the rate function

I
(u)
K (QK ;ω) = max

Q̃K

{

tr{Q̃KQK} −
1

MK−1
lnM (u)

K (Q̃K ;ω)
}

. (4.53)

Again, by the Varadhan theorem, in the LSL

1
M0

ln Ey,H {Zu(y,H;ω)} → max
QK

{

β0,KG
(u)
K (QK)− β0,K−1I

(u)
K (QK ;ω)

}

. (4.54)

Combining all together, as before, at hop K one gets

1
M0

ln Ey,H {Z(y,H;ω)} = min
QK

max
Q̃K

{

T
(u)
K (QK

K , Q̃
K
K ;ω)

}

, (4.55)

where

T
(u)
K (QK

K , Q̃
K
K ;ω) = β0,K−1tr{QKQ̃K}+ β0,K ln π(u+ 1)

+ β0,K ln det(Iu+1 + QKΨ)− 1
M0

lnM (u)
K (Q̃K ;ω). (4.56)

Note here that the term eωg(X) is present only inside the term lnM (u)
k (Q̃k;ω)

above for all k. Thus, same as before, one can conclude that

− 1
M0

lnM (u)
k (Q̃k;ω) = − 1

M0
lnM (u)

k−1(Q̃k−1;ω) + β0,k−2tr{Qk−1Q̃k−1}

+ β0,k−1 ln det
(

Iu+1 − ρk−1κk−2Q̃k

(

Qk−1 + D
))

, (4.57)

and hence the generalized free energy is given by

F =
1
M0

lim
u→0

∂

∂u
min
Q1

max
Q̃1

{

T
(u)
1 (Q1, Q̃1;ω)

}

∣

∣

∣

∣

ω=0

, (4.58)

where T (u)
1 (Q1, Q̃1;ω) is given by

T
(u)
1 (Q1, Q̃1;ω) = uβ0,K lnπσ2 + β0,K ln

(

1 +
u

σ2

)

+ β0,K ln det (Iu+1 + QKΨ) +
K
∑

k=1

β0,k−1tr{QkQ̃k}

+
K−1
∑

k=1

β0,k ln det
(

Iu+1 − ρk+1κkQ̃k+1 (Qk + D)
)

− 1
M0

ln EX

{

eωg(X)eρ1κ0XH(Q̃1⊗IM0 )X
}

. (4.59)
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After adopting the RS assumption, T (u)
1 (Q1, Q̃1;ω) becomes exactly the same as

in (4.45) with exception of the last term, which now reads

1
M0

ln
∫

EX

{

eωg(X)e−η1‖z−√
ρ1κ0x‖2

eρ1κ0φ1xHx

×
[

Ex′

{

e−ξ1‖z−√
ρ1κ0x′‖2

eξ1zHz+ρ1κ0ψ1x′Hx′
}]u

}

dz.

(4.60)

After some algebraic manipulations, the generalized free energy in (4.49) is obtained
as

F =
∫

pir,ii(z; η1)
qjr,ji(z; ξ1)
q0,0(z; ξ1)

[

q1,0(z; ξ1)
q0,0(z; ξ1)

]lr [q0,1(z; ξ1)
q0,0(z; ξ1)

]li

dz, (4.61)

where pir,ii (z; η1) , Ex

{

(Re{x})ir(Im{x})iip(z|x; η1)
}

and qjr,ji(z; ξ1) ,

Ex′

{

(Re{x′})jr(Im{x′})jiq(z|x′; ξ1)
}

. This reduces to the joint moments of
(x, x′, 〈x′〉q), and by the Carleman theorem the convergence in distribution is es-
tablished.

4.A.2 Proof of Corollary 4.2

Since (4.17) characterizes the differential entropy of the received signal under JDD,
the receiver must postulate the true distribution (viz., q(x) = p(x) and σ = 1),
which implies ηk = ξk, εk = νk, ∀k ∈ {1, . . . ,K}. Henceforth, with these conditions,
(4.17) is obtained directly from the free energy (4.16).

Nevertheless, an asymptotic approximation for the equivocation term (4.6b) is
yet to be derived. For that matter define the following partition function

Z(y,x,H) = EN

{

1
πMK

e−
∥

∥y−H
K−1
0 x−

∑

K−1

k=1
H

K−1
k

nk

∥

∥

2
}

, (4.62)

together with the corresponding free energy

F = − 1
M0

Ey,x,H lnZ(y,x,H). (4.63)

In contrast to (4.26) in the proof of Claim 4.1, here the inner expectation is taken
only over N and not over x. Hence, one forgoes the replication of x, i.e.,

ln Ey,x,H {Zu(y,x,H)}

= ln EH,x,N

{

∫

1
πMK

u
∏

a=0

e−
∥

∥y−H
K−1
0 x−

∑

K−1

k=1
H

K−1
k

n
(a)

k

∥

∥

2

dy

}

. (4.64)
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From here, exactly the same as in the previous proof are performed5, so that the
randomness at each hop is averaged out one-by-one until the last step. Then the
free energy becomes

F = − lim
u→0+

∂

∂u
min
Q1

max
Q̃1

{

T
(u)
1 (Q1, Q̃1)

}

, (4.65)

where

T
(u)
1 (Q1, Q̃1) = β0,K ln π(u + 1) + β0,K ln det (Iu+1 + QKΦ)

+
K−1
∑

k=1

β0,k ln det
(

Iu+1 + ρk+1κkQ̃k+1[Qk + Iu+1]
)

+
K
∑

k=1

β0,k−1tr{QkQ̃k} −
1
M0

ln EX

{

eρ1κ0XH(Q̃1⊗IM0 )X
}

, (4.66)

where now X , [x, . . . ,x] ∈ CM0(u+1).
The next step is to invoke the RS ansatz, which in the case of q(x) = p(x) and

σ = 1 simplifies to rk = pk, r̃k = p̃k, mk = qk and m̃k = q̃k. Thus, the structure of
the Q-matrices reduces to the one utilized in Chapter 3 (cf. (3.65))

Q1 =q11u+11T

u+1, (4.67a)

Qk =qk1u+11T

u+1 + (pk − qk)Iu+1, ∀k ∈ {2, . . . ,K}, (4.67b)

Q̃k =q̃k1u+11T

u+1 + (p̃k − q̃k)Iu+1, ∀k ∈ {1, . . . ,K}. (4.67c)

Note that the first term has the current form due to the absence of replication of
x. With this assumption, the last term of (4.66) simplifies to

− 1
M0

ln EX

{

eρ1κ0XH(Q̃1⊗IM0 )X
}

= ln (1− u(u+ 1)ρ1κ0q̃1) , (4.68)

which, after some algebra, yields the free energy in the form

F = β0,K ln (1 + pK − qK) + 1 + ln π −
K
∑

k=2

Mk−1q̃kqk

+
K−1
∑

k=2

β0,k ln (1 + ρkκk−1q̃k+1[pk − qk + 1]) . (4.69)

and the corresponding saddle-point conditions result in (4.18) with η1 = ε1 = 0,
which completes the proof.

5The only difference here is that q(x) = p(x) and σ = 1, which leads to simplification of the
problem. For instance, similarly to Chapter 3, one has D = Iu and Ψ = Φ given in (3.40).



Chapter 5

Wiretap Channel

THIS chapter directs the readers attention towards the problem of secure
communication. In particular, the performance of the multi-antenna wiretap
channel is analyzed using the previously developed large-system techniques.

In the wiretap scenario, the performance is analyzed in terms of the achievable se-
crecy rate, which reflects the amount of information per channel use that a source
can reliably transmit to a destination, provided that an eavesdropper does not get
any information. To achieve strictly positive secrecy rates, the legitimate parties
must have a statistically better channel than what the eavesdropper has. An effi-
cient algorithm for maximizing the secrecy rate is developed in Section 5.1, based
on the assumption that the transmitter has access to full CSI. Then, in Section 5.2,
I discuss the uncorrelated ergodic scenario. The performance of the MIMO wiretap
channel is characterized in the ergodic setting with statistical CSI at the transmit-
ter. The secrecy rates under discrete channel inputs are discussed as well. Finally,
for the case of correlated channels, I present an asymptotic approximation for the
achievable ergodic secrecy rate in Section 5.3, which is then maximized using the
algorithm developed in Section 5.1. The results of each section are illustrated using
the corresponding numerical examples.

5.1 Quasi-Static Scenario

The scenario of interest, depicted in Figure 5.1, consists of the following two chan-
nels: the main channel between the transmitter (Alice1) and the legitimate receiver
(Bob), and the eavesdropper channel between Alice and the eavesdropper (Eve).
The corresponding input-output relations are given by

1Security protocols are often described in terms of the imaginary characters Alice and Bob,
together with a foe Eve that aims to eavesdrop their conversation. The characters were intro-
duced in [RSA78]. By convention, the reader should feel sympathy for Alice and Bob, while being
suspicious towards Eve.
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Alice Bob

Eve

HM

HE

yM

yE

x

Figure 5.1: Illustration of a MIMO wiretap channel.

yM = HMx + nM, (5.1a)

yE = HEx + nE, (5.1b)

where x is the channel input vector, such that E{xxH} = P , nM ∼ CN (0NM
, INM

)
and nE ∼ CN (0NE

, INE
) are additive noise vectors at the receivers of Alice and Bob,

respectively. Here I denotes the identity matrix of the size given by its subscript. The
entries of the channel matrices HM ∈ CNM×M and HE ∈ CNE×M are assumed to
be i.i.d. according to CN (0, ρM/M) and CN (0, ρE/M), respectively, where ρM and
ρE represent the corresponding signal-to-noise ratios (SNRs). The CSI, consisting
of the two above matrices, is assumed to be perfectly known by Alice. Furthermore,
the total power constraint tr{P } ≤M (cf. (2.18)) is employed at the transmitter.

Define for convenience ρ , [ρM, ρE]T and H , {HM,HE}. Assume further that
the wireless channel is quasi-static and hence the CSI can be efficiently communi-
cated to the transmitter. Given the CSI {HM,HE} and transmit covariance matrix
P , the achievable secrecy rate is given by [LS09]

Rs,H(ρ) = [IHM
(ρM)− IHE

(ρE)]+ , (5.2)

where [·]+ = max{0, ·}, thereby being a difference of two MI terms, corresponding
to the main and eavesdropper channel and given by (2.18) each.

The first MI term in the above expression relates to the achievable rate of
communication over the main channel, while the second term represents the rate of
information leakage through the eavesdropper channel. Clearly, if the latter channel
has better statistical properties (in terms of SNR), the achievable secrecy rate is
zero and secure communication is not possible. Therefore, efficient techniques are
needed to provide strictly positive secrecy rates. For instance, one could optimize
the transmit covariance matrix P with the aim to maximize the secrecy rate. In
fact, it has been shown in [OH11], [KW10a] that the optimal signaling for MIMO
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wiretap channels is Gaussian (i.e., x ∼ CN (0M ,P )), yielding

Rs,H(ρ) =
1
M

[

ln det
(

INM
+ HMP HH

M

)

− ln det
(

INE
+ HEP HH

E

)]+

. (5.3)

The corresponding secrecy capacity Cs,H(ρ), defined as a maximum achievable se-
crecy rate, is then obtained by solving the following optimization problem

maximize
P

Rs,H(ρ)

subject to tr{P } ≤M
P � 0M .

(5.4)

5.1.1 Precoder Optimization

Since the objective function of the above problem is not concave, the problem
cannot be solved directly using convex optimization tools. The class of optimization
problems (5.4) belongs to is often referred to as difference of convex (DC) functions
programming problems [Tuy95]. In what follows, an efficient algorithm for dealing
with this type of optimization will be developed.

To begin with, it is worth to remind the reader about the two existing solu-
tions discussed in Subsections 2.2.1 and 2.2.2. One possible solution is the precod-
ing scheme (2.56) based on the generalized singular value decomposition (GSVD).
Although it is, in general, suboptimal, usually it performs quite well, and it is ad-
vantageous compared to isotropic precoding. Moreover, it takes into account the
presence of the eavesdropper and can potentially increase the ergodic secrecy rate as
compared to the water-filling (WF) strategy (2.41) realized over the main channel.

In [KRVH12], however, a more general approach has been proposed, allowing the
derivation of the analytic results for global optimality. The corresponding algorithm
is able to solve a class of DC programming problems in polynomial time and is
therefore named the Polynomial Time DC (POT-DC) method. In what follows, I
present a novel approach for addressing problems of type (5.4).

To find the optimal transmit covariance matrix P , let us first perform the eigen-
value decomposition P = UHΛU , where U ∈ CM×M is a unitary matrix and
Λ ∈ CM×M , Diag(λ1, · · · , λM ) is a diagonal matrix whose elements are non-
negative and correspond to the eigenvalues of matrix P . Thus, problem (5.4) is
reformulated as

maximize
U ,Λ

ln

[

det(INM
+ HMUHΛUHH

M)

det(INE
+ HEUHΛUHH

E)

]

subject to UHU = IM ,

tr{Λ} ≤M,

Λ � 0M×M ,

(5.5)

where factor of 1/M in front of the logarithms have been skipped for convenience.
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Next, using the Sylvester determinant identity2, the problem is rewritten as

maximize
U ,Λ

ln

[

det(INM
+ HMUHΛUHH

M)
det(IM + D(U)Λ)

]

subject to UHU = IM ,

tr{Λ} ≤M,

Λ � 0M×M ,

(5.6)

where D(U) , UHH

EHEUH is defined here for notational simplicity. By a careful
inspection of problem (5.6), one can readily observe that it is a DC programming
problem over the matrix Λ for a fixed value of U . It can be addressed using the
aforementioned POT-DC algorithm [KRVH12]. Moreover, for a fixed Λ, (5.6) is an
optimization problem over unitary matrices that has been comprehensively studied
in the literature (vide [AEK08]). Based on the latter fact, (5.6) can be thus ad-
dressed via alternating optimization, by first optimizing with respect to Λ for fixed
U , and then further optimizing with respect to U with Λ being set to the optimal
value from the previous iteration. These alternations continue until convergence as
explained later in the chapter.

When U is fixed to U0, the optimization problem (5.6) can be expressed as

maximize
Λ

ln

[

det(INM
+ HMUH

0 ΛU0HH

M)
det(IM + D(U)Λ)

]

subject to tr{Λ} ≤M,

Λ � 0M×M .

(5.7)

As developed in [KRVH12], the resulting problem of type (5.7) is addressed via
the POT-DC algorithm, whose non-concave part is a function of a single variable.
Since the non-concave part of problem (5.7) is not a function of a single variable,
one can instead maximize a lower bound on the objective function of (5.7), whose
non-concave parts depend on a single variable each. With this aim, let us utilize
the Hadamard inequality3. Thus, the optimization problem of maximizing the lower

2Sylvester’s determinant theorem [Syl51] states that for two matrices A ∈ CN×M and B ∈
CM×K the following holds

det (IN + AB) = det (IM + BA) .

3Hadamard’s inequality [Had93] provides an upper bound for the determinant of a Hermitian
positive semidefinite matrix A ∈ CN×N :

det A ≤
N
∏

n=1

[A]n,n.



5.1. Quasi-Static Scenario 151

Algorithm 5.1 Iterative POT-DC algorithm

Require: Choose the initialization point λ′
i ∈ [0,M ], i = 1, . . . ,M such that

∑M
i=1 λ

′
i = M . Select the termination threshold ζ, and set i equal to 1.

repeat
Solve the following convex optimization problem for λ′

i to obtain λ⋆i , i ∈
{1, . . . ,M}

maximize
Λ

ln det(INM
+ HMUH

0 ΛU0HH

M)−
M
∑

i=1

[D(U0)]i,i(λi − λ′
i)

1 + [D(U0)]i,iλ′
i

subject to tr{Λ} ≤M,

λi ≥ 0, i ∈ {1, . . . ,M}.

and set
Λ⋆ ← Diag(λ⋆1, . . . , λ

⋆
M )

λ′
i ← λ⋆i
i← i+ 1

until the difference between two objective values in consecutive iterations is
less than or equal to the termination threshold ζ.

bound of the objective function of (5.7) can be recast as

maximize
Λ

ln

[

det(INM
+ HMUH

0 ΛU0HH

M)
∑M

i=1 ln(1 + [D(U0)]i,iλi)

]

subject to tr{Λ} ≤M,

λi ≥ 0, i ∈ {1, . . . ,M}.

(5.8)

All the terms of the objective function and the constraint functions of (5.8) are con-
cave with respect to Λ except for the terms − ln(1 + [D(U0)](i,i)λi), i = 1, . . . ,M ,
which are convex, where each of them depends only on a single variable. These con-
vex constraints can be handled iteratively in terms of their linear approximation
around suitably selected points. Algorithm 5.1 shows how the POT-DC approach
is used for addressing (5.8). As applied to (5.8), the algorithm is guaranteed to
converge to a point which satisfies the KKT conditions. Moreover, the value of
the objective function is guaranteed to be non-decreasing over the iterations of the
algorithm [KRVH12].

In the next step, problem (5.6) is addressed w.r.t. matrix U , when Λ is fixed to
Λ0 = Λ⋆ obtained from Algorithm 5.1. The corresponding optimization problem
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Algorithm 5.2 Precoder Design for MIMO Gaussian Wiretap Channels

Require: Choose arbitrary P (t+1) = U (t+1)Λ(t+1)U (t+1)H � 0M×M such that
tr{P (t+1)} = M . Choose the termination threshold ζ, and set t equal to 1.
repeat

i) Optimize (5.8) using Algorithm 5.1 for U0 = U (t+1) and Λ(t+1) as the
initialization point. Obtain the solution Λ(t+1).
Λ(t+1) ← Λ⋆(t+1)

ii) Optimize (5.9) for Λ0 = Λ(t+1) to obtain U⋆(t+1).
U (t+1) ← U (t+1),
t← t+ 1.

until the difference between two objective values in consecutive iterations is
less than or equal to the termination threshold ζ.

can be written as

maximize
U

ln

[

det(INM
+ HMUHΛ0UHH

M)

det(INE
+ HEUHΛ0UHH

E)

]

subject to UHU = IM .

(5.9)

In order to address this problem, one adopts the steepest descent algorithm on the
Lie group of M ×M unitary matrices developed in [AEK08], which is shown to
approach the optimal point over the iterations. To apply this method, the gradient
of the objective function of (5.9) with respect to U is required. The gradient can
be derived as follows

∇U ln

[

det(INM
+ HMUHΛ0UHH

M)

det(INE
+ HEUHΛ0UHH

E)

]

=Λ0UHH

M(INM
+ HMUHΛ0UHH

M)−1HM

−Λ0UHH

E(INE
+ HEUHΛ0UHH

E)−1HE.
(5.10)

The overall algorithm for addressing the precoder design problem for MIMO Gaus-
sian wiretap channels can be then described in terms of Algorithm 5.2. It is worth
to mention that both steps in Algorithm 5.2, corresponding to optimization prob-
lems (5.8) and (5.9), result in a non-decreasing value of the objective function.

5.1.2 Numerical Examples

In this section, I present numerical results illustrating the performance of the algo-
rithm developed in the previous section. The channels HM and HE are assumed to
be quasi-static flat Rayleigh fading. The displayed results are averaged over 500 in-
dependent channel realizations. The initialization point for the proposed algorithm,
P (1), is chosen randomly (see Algorithm 5.2).
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Figure 5.2: Achievable secrecy rates and secrecy capacity vs. SNR for the MISOME
scenario. Transmit SNRs are set ρM = ρE = ρ, while the numbers of antennas are
chosen to be M = NE = 2 and NM = 1.

For the first scenario, set ρM = ρE = ρ with M = NE = 2 and NM = 1. The
corresponding wiretap channel is known in the literature as multiple-input single-
output multi-eavesdropper (MISOME) channel and its secrecy capacity has been
characterized analytically in [KW10b]. Namely, it is shown to be

Cs,H(ρ) =
1
M

[

ln λmax

(

IM +MHH

MHM, IM +MHH

EHE

)]+

, (5.11)

where λmax(·) is maximum generalized eigenvalue of its argument pair. The result
sets a benchmark for the approach proposed in this section. Figure 5.2 compares the
secrecy capacity of the MISOME channel with the achievable secrecy rates obtained
by the GSVD-based precoding [FS12] and the proposed POT-DC method. It can
be seen from the figure that the proposed precoder outperforms the GSVD-based
method and approaches the secrecy capacity derived in [KW10b] for the given setup.

For the second scenario, the numbers of antennas are set to M = NM = 6 and
NE = 2. Since the capacity is not known for this setting, I compare the proposed
method to the existing alternatives. Thus, Figure 5.3 compares the secrecy rates
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Figure 5.3: Achievable secrecy rates vs. SNR for the MIMO wiretap channel. Trans-
mit SNRs are set ρM = ρE = ρ, while the numbers of antennas are chosen to be
M = NM = 6 and NE = 2.

achievable by the proposed precoder with those, obtained by the zero-forcing (ZF)
and signal-to-leakage-plus-noise (SLNR) maximizing precoders (see [WWZ13]). For
illustration, the conventional WF over the main channel (similar to (2.41), but
realized over IHM

(ρM)), as well as an isotropic precoder are added. It can be seen
from the figure that the latter two are poor strategies in a wiretap setting. Then,
most importantly, the reader can observe that the proposed approach outperforms
all shown alternatives.

5.2 Uncorrelated Ergodic Scenario

Let us now consider the scenario where the channels are changing fast, so that the
duration of the coherence interval is comparable to the time required to send a
single symbol. At the same time, the transmitter is assumed to have knowledge of
the statistical CSI (e.g., SNR of both links). In this case, I define an achievable
ergodic secrecy rate as a counterpart to (5.2) to characterize the performance of the
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wiretap channel. Similarly, ergodic secrecy capacity is then defined as the supremum
of all achievable ergodic secrecy rates4.

For the uncorrelated scenario, where HM and HE are modeled as having i.i.d.
CSCG entries with variance ρM/M and ρE/M , respectively, the following result is
established in [LL14]. Provided that NM ≥ NE and ρM ≥ ρE, the secrecy capacity
of the MIMO wiretap channel (5.1) is then given by

Cs(ρ) = max
p(x)

Rs(ρ), (5.12)

where

Rs(ρ) = I (ρM)− I (ρE) (5.13)

characterizes the achievable secrecy rate (2.63). The latter is maximized by x ∼
CN (0M , IM ), which yields the ergodic secrecy capacity

Cs(ρ) =
1
M

EHM

{

ln det
(

INM
+ HMHH

M

)}

− 1
M

EHE

{

ln det
(

INE
+ HEHH

E

)}

. (5.14)

The above result reveals that in the fast-fading setting Alice can communicate a
message to Bob securely even without knowledge of the actual channel realization,
but knowing the channel distributions instead. What is then needed to achieve per-
fect secrecy is an advantage in terms of both SNR and number of receive antennas
in the main channel over the eavesdropper channel.

Unfortunately, the above ergodic secrecy capacity admits no closed-form expres-
sion in general. Hence, in order to characterize it, the authors of [LL14] proposed
some high-SNR approximations. Herein, another path has been chosen, finding
instead a closed-form asymptotic approximation for (5.14), which becomes progres-
sively accurate as the numbers of antennas at Alice, Bob and Eve (i.e., M , NM and
NE) grow large. The corresponding result is presented in the next section.

5.2.1 Large-System Approximation

In this section, I present an asymptotic approximation for the achievable ergodic
secrecy rate (5.14). The approximation characterizes the performance of the sys-
tem in the limit where the antenna array sizes at each terminal grow large without
bounds. As a corollary, an explicit asymptotic expression for the ergodic secrecy ca-
pacity (5.14) is derived. The case where finite-alphabet constellations are employed
is addressed in this section as well.

4In the literature, these two quantities are often referred to as an achievable secrecy rate and
the secrecy capacity of an ergodic fading wiretap channel. Nonetheless, I mark them as ‘ergodic’
hereafter to distinguish from the quasi-static wiretap scenario.



156 Wiretap Channel

Given the wiretap channel (5.1), the LSL is defined as a regime, where

NM = βMM →∞, βM = const, (5.15a)

NE = βEM →∞, βE = const. (5.15b)

Based on the above definition, the following claim presents a closed-form asymp-
totic approximation for the achievable ergodic secrecy rate (2.63).

Given the input distribution, p(x), in the LSL the achievable ergodic se-
crecy rate, (5.13), in the uncorrelated setting can be approximated by

R̄s(ρ) =
[

Ī(ρM, βM)− Ī(ρE, βE)
]+
, (5.16)

where βM ≥ βE and ρM ≥ ρE and

Ī(ρ, β) , Ǐa(ρ) + β ln (1 + ε)− εη, (5.17)

where the pair of {ε, η} ⊂ R2 is a fixed point of the following equations

ε = ρ ěa(ρ), (5.18a)

η = β (1 + ε)−1
. (5.18b)

Here Īa(ρ) and ěa(ρ) are MI and MMSE (see Remark 2.16) associated with
an equivalent fixed Gaussian channel below

z = ax+ w, (5.19)

where a ,
√
ρη and w ∼ CN (0, 1).

Claim 5.1

Proof. The proof follows directly from the result of Claim 2.15, applied to each MI
term in (5.14) separately.

Note that the expression of the achievable rate in Claim 5.1 does not contain
averaging operators, as opposed to (5.14). It provides an approximation for the
achievable ergodic secrecy rate of an uncorrelated MIMO wiretap channel with
statistical CSI for arbitrary channel inputs x. The approximation becomes tight
as the numbers of antennas at each terminal grow infinitely large. The fixed-point
equations (5.18) can be solved with help of Algorithm 2.1, which usually quickly
converges in some dozens of iterations.
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Asymptotic Ergodic Secrecy Capacity

In the case where the inputs x are distributed according to CN (0M , IM ), the result
of Claim 5.1 approximates the ergodic secrecy capacity (5.14). Moreover, it becomes
highly accurate and also exhibits a closed-form expression presented in the following
corollary.

In the LSL the achievable ergodic secrecy rate, (5.13), in the uncorrelated
setting can be approximated by

C̄s(ρ) =
[

Ī(ρM, βM)− Ī(ρE, βE)
]+
, (5.20)

where βM ≥ βE and ρM ≥ ρE and

Ī(ρ, β) ,− ρ−1ϕ(ρ, β) + β ln (1 + ρ− ϕ(ρ, β)) + ln (1 + ρβ − ϕ(ρ, β)) ,
(5.21)

with ϕ(ρ, β) , 1
4

(

√

ρ(1 +
√
β)2 + 1−

√

ρ(1−
√
β)2 + 1

)2

.

Corollary 5.2

Proof. In the uncorrelated scenario, applying Theorem 2.13 to each MI term
in (5.14), it follows that

Ī(ρ, β) = ln (1 + ρη) + β ln (1 + ε)− εη, (5.22)

while the fixed-point parameters are given as

ε = ρ (1 + ρη)−1
, (5.23a)

η = β (1 + ε)−1 . (5.23b)

Solving the above equations, one gets the parameters

ε = ρ− ϕ(ρ, β), (5.24a)

η = β − 1
ρ
ϕ(ρ, β). (5.24b)

Plugging these into (5.22) yields the closed-form expression of (5.21).

Hence, the ergodic secrecy capacity of (5.14) is approximated by a closed-form
expression, which becomes increasingly precise in the LSL.
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Figure 5.4: Per-dimension ergodic secrecy capacity vs. SNR for various MIMO wire-
tap channel configurations. Solid curves denote the analytic results, while markers
denote the simulated values.

Finite-Alphabet Inputs

For the case where the input vector x is uniformly selected from a discrete constel-
lation, one has to evaluate both the MI and MSE (i.e., Ǐa(ρ) and ěa(ρ)) numerically.
Typically, this can be done via Monte Carlo simulation whose complexity depends
on the type of the discrete constellation. Fortunately, for some practically relevant
constellations there exist results in the form of a single integral, which are easily
computable with help of numerical integration. For instance, the results concerning
QPSK inputs can be obtained from Examples 2.2 and 2.3.

5.2.2 Numerical Examples

In this section, I provide some numerical results supporting the theoretical findings
along with some further discussion. For the simulations I vary the SNR ρM = ρ of
the main channel, while the SNR of the eavesdropper channel is 5 dB lower (i.e.,
ρM − ρE = 5 dB). All solid or dashed lines in the figures reflect the asymptotic
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Figure 5.5: Per-dimension ergodic secrecy capacity vs. SNR for various MIMO wire-
tap channel configurations. Dashed lines denote the performance of Gaussian inputs,
while solid lines denote that of QPSK constellations.

approximations developed in Subsection 5.2.1.
In Figure 5.4, the evaluated analytic expression (5.21) is compared to the results

of Monte Carlo simulations of (2.64) averaged over 10000 channel realizations.
Firstly, note that the results of the simulations match quite well with the theoretical
predictions even though the former are carried out for finite-sized systems (observe
here the good precision even for the case of NE = 1). Furthermore, Figure 5.4 also
illustrates the findings of [LL14]. Namely, when NM = NE, the ergodic secrecy
capacity saturates at high SNR making power increase useless in this scenario. The
same type of behavior is observed for the scenario where M ≤ NE even if condition
NM > NE is satisfied. Meanwhile, for fixed M > NE, the difference of NM − NE

helps to substantially increase the ergodic secrecy capacity.
To investigate the role of finite-alphabet signaling I plot the achievable ergodic

secrecy rates with QPSK channel inputs for different channel configurations in
Figure 5.5. The secrecy rates are obtained from Claim 5.1 using the MI and MMSE
expressions (2.13) and (2.12). I accompany the finite-alphabet results with Gaussian
curves to highlight the difference in behavior at high SNR. The reader can notice
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Figure 5.6: Per-dimension achievable ergodic secrecy rate vs. SNR for various MIMO
wiretap channel configurations with fixed M .

that at high SNR the order of the curves changes; namely, at high SNR the ergodic
secrecy rate achievable with QPSK signals in the setup (M = 3, NM = 4, NE = 4)
becomes larger than that of the setup (M = 6, NM = 6, NE = 4) albeit the Gaussian
curves remain in the same order. Thus, the expression of the ergodic secrecy capacity
per se may be misleading in terms of the achievable ergodic secrecy rates under
practical discrete signaling.

To study the aforementioned behavior further let us plot in Figures 5.6–5.8
the achievable ergodic secrecy rate under QPSK signaling for different channel
configurations. Firstly, fix M , while varying NM and NE. From Figure 5.6 the reader
can see that while having impact on the achievable rate at low and mid SNR, NM

has no influence at high SNR. Instead, the performance in that region is determined
by NE. Then, in Figure 5.7 NE is fixed, while M and NM vary. Again the reader can
clearly observe that NM does not influence the performance at high SNR, which is
rather determined by M . Finally, Figure 5.8 plots the achievable ergodic secrecy
rates for various values of M and NE, while NM being fixed. Starting from the setup
(M = 6, NM = 6, NE = 4), one can increase M , obtaining (M = 8, NM = 6, NE =
4), or, alternatively, decreaseNE, obtaining (M = 6, NM = 6, NE = 2). As expected,
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Figure 5.7: Per-dimension achievable ergodic secrecy rate vs. SNR for various wire-
tap channel configurations with fixed NE.

achievable ergodic secrecy rate increases both with increasingM and decreasingNE.
However, which strategy has more impact on the performance actually depends on
SNR. From the figure it can be seen that at high and low SNR, decreasing NE

helps more, whereas at mid SNR, increasing M makes more sense. To emphasize
the contribution of the present section it is worth to mention the following. Not
only would it have been tedious to work directly with the ergodic secrecy capacity
of [LL14], but, more importantly, neither of the above observations could have been
made from the behavior of the curves obtained under Gaussian channel inputs.

Note also that when a discrete constellation is used, the achievable ergodic
secrecy rate tends to zero at high SNR, which was previously observed in [BDX12].
This is explained by the nature of a discrete constellation, whose entropy is known
to be limited (cf. Section 2.6). This forces the MI terms in (5.2) to be equal at high
SNR, disabling secret communication at any positive rates. The above being said,
there exists an optimal operating SNR point for a discrete constellation, where the
achievable ergodic secrecy rate is at its maximum. Thus, the large-system analysis,
presented in this chapter, becomes quite a useful tool for finding such an optimal
point by means of some low complexity computations.
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Figure 5.8: Per-dimension achievable ergodic secrecy rate vs. SNR for various wire-
tap channel configurations with fixed NM.

5.3 Correlated Ergodic Scenario

In this section, I consider a setup where the channels are correlated, which is incor-
porated through the Kronecker model (2.65) for the matrices HM and HE. Namely,
it is assumed that

HM = R
1/2
M W MT

1/2
M , HE = R

1/2
E W ET

1/2
E . (5.25)

To guarantee that the correlation matrices do not influence the average path gains,
they are normalized as

tr{RM} = NM, tr{T M} = M, (5.26a)

tr{RE} = NE, tr{T E} = M. (5.26b)

This part aims at maximizing the achievable ergodic secrecy rate, which, as dis-
cussed before, is achieved by Gaussian inputs [KW10a], [OH11], [LS09]. Let thus the
signal vector x be a CSCG vector with covariance matrix given by P , E{xxH}.
For the given P , under the assumption that Alice uses Gaussian signals, the per-
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antenna achievable ergodic secrecy rate is expressed as [LL14]

Rs(ρ) =
1
M

[

EW M

{

ln det(INM
+ HMP HH

M)
}

−EW E

{

ln det(INE
+ HEP HH

E)
}

]+

.

(5.27)

Note here the difference to [FS12], where quasi-static fading scenario was con-
sidered. The following theorem presents the large-system approximation for the
achievable ergodic secrecy rate above.

In the LSL, the following holds

Rs(ρ)−
[

Ī(ρM, NM)− Ī(ρE, NE)
]+ → 0, (5.28)

where

Ī(ρ,N) =
1
M

ln det
(

IM + AP AH

)

+
1
M

ln det (IN + εR)− εη, (5.29)

with A ,
√
ρξT 1/2 and parameters {η, ε} ⊂ R2

+ forming the unique solu-
tions to the following two systems of equations

η =
1
M

tr
{

R (IN + εR)−1
}

, (5.30a)

ε =
ρ

M
tr
{

T 1/2P T 1/2
(

IM + AP AH

)−1
}

. (5.30b)

Theorem 5.3

Proof. The proof follows directly from the result of Theorem 2.13, applied sepa-
rately to both MI terms in (5.27).

It is for practical reasons that the covariance matrix P is as-
sumed to be designed based on the long-term statistical CSI, namely,
{ρM, ρE,T M,T E,RM,RE}. Note, however, that in contrast to Section 5.2,
Alice must have access to the instantaneous CSI, {HM,HE} in order to
construct proper wiretap codes for secure communication. Thus, the result
of Theorem 5.3 is regarded as a computationally efficient lower bound on
the achievable ergodic secrecy rates.

Remark 5.4
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5.3.1 Precoder Optimization

Based upon the asymptotic analysis carried out in the previous section, optimization
of the transmit covariance matrix, P , is considered here. As mentioned before,
working directly with (5.27) is prohibitive due to the expectation operators therein.
Moreover, as we have seen from the previous section, the influence of the random
parts of the channels W M and W E vanishes in the LSL. Thus, the objective function
of the corresponding optimization problem simplifies to

Vs(P ) =
1
M

[

ln det
(

IM + AMP AH

M

)

− ln det
(

IM + AEP AH

E

)

]+

, (5.31)

so that the problem reads

maximize
P

Vs(P )

subject to tr{P } ≤M,

P � 0M×M ,

(5.32)

Note that here both ηM and ηE are considered to be independent of the optimization
variable P due to the following reasons. The optimal solution of the optimization
problem has to satisfy the KKT conditions, which require that ∇PVs(P ) = 0.
When taking into account the dependence of ηM and ηE on P , one has to take
the derivatives of Vs(P ) w.r.t. {ηM, ηE}. However, it can be verified that those are
equal to zero [DL12], and hence interdependence between ηM, ηE and P does not
play any role in the optimization (see Remark 3.5).

Likewise to Section 5.1.1, the problem of finding the optimal precoder is non-
convex, and finding the optimal covariance of x is troublesome. Hence, several
suboptimal solutions discussed in Section 5.1 will be discussed. The results provide
a lower bound on the ergodic secrecy capacity of the ergodic MIMO wiretap channel.

5.3.2 Numerical Examples

In this section, the results of numerical simulations are provided for the correlated
MIMO wiretap channel (n.b. the difference with the Section 5.2 where channel
matrices had i.i.d. entries) alongside with some discussion. Since the receiver-side
correlation matrix is absent in the expression of 5.31, it suggests that this correlation
has no effect on the precoder design. Hence, for the sake of simplicity, it is assumed
here that RM = INM

and RE = INE
. Meanwhile, correlation at the transmitter side

is assumed to be generated by a uniform linear antenna array with Gaussian power
azimuth spectrum (2.67)5.

5The reader is reminded that within this model the transmit side correlation matrices are
generated according to

[T ]i,j =
1

2πδ2

∫ π

−π

e
2πjdλ(i−j) sin(φ)−

(φ−θ)2

2δ2 dφ, ∀i, j ∈ {1, . . . , M}.
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Figure 5.9: Per-dimension achievable ergodic secrecy rate vs. SNR for a MIMO
wiretap channel with M = 6, NM = 6 and NE = 2 antennas. SNRs are set ρM =
ρE = ρ. Solid curves denote the analytic results, while markers denote the simulated
values.

Firstly, Figure 5.9 plots the dependency of the achievable ergodic secrecy rate on
the SNR. The transmit side correlation parameters are set as follows. The antenna
numbers are set to M = 6, NM = 6 and NE = 2. The antenna spacing is set to one
wavelength, the mean angles are set to θM = 40◦, θE = −10◦, and the root-mean-
square angle spread is chosen for both channels to be δM = δE = 5◦. In the figure,
solid lines the analytic results derived in the LSL , while markers denote the results
of the numerical averaging over 10000 channel realizations. From the figure, the
reader can see that the analytic results match the simulations quite well even for
relatively small numbers of antennas. Moreover, one can also see that statistical WF
(see (2.41)) over the main channel performs well, approaching the performance of
the GSVD-based precoding scheme (see (2.56)). The isotropic precoder also achieves
quite high ergodic secrecy rates, which can be explained by the small number of
antennas at Eve’s disposal. Note also that the POT-DC algorithm proposed in
Section 5.1.1, applied to the equivalent channel pair AM and AE, performs as well
as the GSVD solution.



166 Wiretap Channel

−10 −5 0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Signal-to-noise ratio, ρ [dB]

A
ch

ie
va

bl
e

er
go

di
c

se
cr

ec
y

ra
te

,
R

s
(ρ

)
[b

it
/s

/H
z]

GSVD-based precoder
WF-based precoder
Isotropic precoder
POT-DC-based precoder

Figure 5.10: Per-dimension achievable ergodic secrecy rate vs. SNR for a MIMO
wiretap channel with M = 2, NM = 3 and NE = 4 antennas. (ρM = ρE = ρ). Solid
curves denote the analytic results, while markers denote the simulated values.

Figure 5.10 depicts similar dependency of the achievable ergodic secrecy
rate (5.27) on the SNR with different network parameters. The transmit-side cor-
relation parameters are chosen similarly to the previous case, while the antenna
numbers are set to M = 2, NM = 3 and NE = 4. From the figure it can be seen
that in this case WF over the main channel is far from being optimal. This can be
explained by the fact that Eve has many antennas and is therefore quite powerful
in terms of her eavesdropping capabilities. Hence, maximizing the data rate of the
main channel, while ignoring the eavesdropper, is a poor strategy in this case. The
same observation applies to isotropic precoding, which performs even worse. On the
other hand, the statistical GSVD-based precoder proves quite efficient. Finally, the
performance of the POT-DC solution matches that of the GSVD precoder being
the best solution. Note here the interesting behavior of the WF solution, which
follows GSVD and POT-DC at low SNR, deviates at mid SNR and tends to the
performance of an isotropic precoder at high SNR.

To emphasize the advantage of the POT-DC approach I plot the achievable
ergodic secrecy rate as a function of the number of antennas at Eve’s receiver, NE,
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Figure 5.11: Per-dimension achievable ergodic secrecy rate vs. number of Eve’s an-
tennas NE for a MIMO wiretap channel with M = NM = 4 antennas in the main
channel. SNRs are set to ρM = ρE = 0 dB. Solid curves denote the analytic results,
while markers denote the simulated values.

in Figure 5.11. The antenna spacing dλ = 1 is fixed and the parameters are kept
the same as in the previous simulation setup. From Figure 5.11 the reader can see
that both the isotropic precoding and WF cannot provide strictly positive ergodic
secrecy rates when NE grows large. At the same time one can observe that both
the GSVD and POT-DC approaches allow the efficient allocation of the power to
achieve strictly positive ergodic secrecy rates even when NE becomes much larger
than M and NM.

5.4 Conclusions

In the present chapter, secrecy rates of a multi-antenna wiretap channel have
been studied in both quasi-static and fast-fading scenarios. Firstly, an efficient
polynomial-time algorithm, named POT-DC, for addressing the class of DC pro-
gramming problems has been developed and shown to outperform other existing
alternatives. Secondly, using the results of Chapter 3, a large-system approxima-
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tion of the achievable ergodic secrecy rate has been obtained for the limit where the
numbers of antennas at each terminal within the wiretap channel grow very large
at constant ratios. The approximation proved accurate even for small numbers of
antennas, thereby leading to tractable expressions for the achievable ergodic se-
crecy rates. This in turn allows the characterization of the ergodic secrecy capacity
in the uncorrelated scenario and simplification of the computationally demand-
ing transmit-covariance optimization problem in the correlated scenario. In the
former case, some interesting observations have been made based on the derived
approximation for the case of discrete channel inputs. In the latter case, once the
approximation was obtained, the POT-DC algorithm, together with some existing
alternatives, has been applied to the covariance optimization. In particular, it has
been shown that POT-DC performs similarly to the GSVD-based precoder and
outperforms simple water-filling over the main channel.



Chapter 6

Random Network Topology

THE previous chapters studied the performance of MIMO communication
systems under the assumption of fixed terminal locations. Such assumption
is, however, rarely seen in practice. For instance, in the cellular setting,

albeit the base station (BS) has usually a fixed location, the mobile user terminals
(UTs) are moving around, creating a random topology for the network. In this
chapter, I present the asymptotic results that incorporate such effects into the
analysis. Firstly, in Section 6.1, I discuss the correlated uplink system and present
an asymptotic approximation for the ergodic sum rate, accounting for the random
pathlosses of the UTs. Then, in Section 6.2, I study the correlated downlink scenario
with single-user detection at the UTs. Later, Section 6.3 discusses the cooperative
network MIMO scenario, where the BSs of adjacent cells coordinate the reception
and combat the inter-cell interference. Finally, in Section 6.4, I consider the problem
of secrecy in a wiretap channel with randomly positioned eavesdroppers. All the
obtained results are examined with numerical simulations, while long proofs are
relegated to the Appendix at the end of the chapter.

6.1 Uplink Cellular Systems

Consider the uplink of a cellular communication system depicted in Figure 6.1.
The system consists of an N -antenna BS and K single-antenna users UTk, k ∈
{1, . . . ,K}, which are assumed to be independently randomly placed within a disc
of radius D, according to some distribution with cumulative density function F (l).
The distance from UTk to the BS, situated at the centre of the cell, is denoted as
lk. It is assumed that the UTs do not cooperate, and hence the uplink transmission
is equivalent to a virtual K ×N MIMO channel where the transmit antennas send
independent streams. The received signal at the BS reads as

y =
K
∑

k=1

hkxk + n, (6.1)

169



170 Random Network Topology

N antennas

K UTs

UT kD
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hk
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Figure 6.1: Illustration of the uplink of a cellular communication system with K
single-antenna UTs communicating with a BS having N antennas.

n ∼ CN (0N , IN ). By regrouping the channel vectors into a matrix H and the
transmitted signals into a vector x, the above relation can be recast as

y = Hx + n, (6.2)

where x , [x1, . . . , xK ]T ∈ CN is the transmit signal vector of the UTs with i.i.d.
entries and covariance matrix given by E{xxH} = IK , and H , [h1, . . . ,hK ] ∈
CN×K denotes the channel matrix between all UTs and the BS. The channel matrix
H is assumed to be given by

H = R
1/2
BS W T 1/2, (6.3)

where RBS is the fixed receive-side correlation matrix at the BS, W has
i.i.d. CN (0, ρ/K)1 entries with ρ > 0 being the transmit SNR, and T =
Diag(t(l1), . . . , t(lK)) is a diagonal pathloss matrix consisting of the random
pathloss values from all users to the BS. The pathloss function between UTk and
the BS is assumed to be bounded and given by

t(l) = (1 + l)−α, (6.4)

where α ≥ 1 is the pathloss exponent. Note that (6.3) is equivalent to the Kronecker
model (2.65) with transmit-side correlation matrix T having random diagonal en-
tries.

Assume that the channel given in (6.2) is ergodic and known to the BS. Hence,
the achievable ergodic sum rate is given by

I(ρ) = − 1
N

Ey,H ln Ex {p (y|x,H)} − ln π − 1, (6.5)

1Typically, in the uplink setting, each UT has its own power constraint, which does not,
in general, imply such normalization of 1/K. However, such normalization can be motivated,
e.g., by a scenario with a constraint on the total amount of interference a cell may create to its
neighborhood.
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where the conditional density of the received signal reads

p (y|x,H) =
1
πN

e−‖y−Hx‖2

. (6.6)

6.1.1 Asymptotic Analysis

To derive a large-system approximation for the sum rate (6.5) I first define the
asymptotic limit of interest for the particular uplink scenario above. Given the
channel (6.2), the LSL is defined as a regime, where the number of antennas at the
BS and the number of UTs in the cell grow infinitely large at a (finite positive)
constant ratio β, i.e.,

N = βK →∞, β = const. (6.7)

Given the above definition the main result of the section claims the following.

In the LSL, the achievable ergodic sum rate of the uplink communica-
tion, (6.5), can be approximated as

Ī(ρ) = β−1

∫

Ǐa(l)(ρ) dF (l) +N−1 ln det (IN + εRBS)− β−1ηε, (6.8)

where F (l) is the distribution of the distances between the users and the
BS and parameters {η, ε} ⊂ R2

+ satisfy the following set of equations

η = K−1tr
{

RBS (IN + εRBS)−1
}

, (6.9a)

ε = ρ

∫

t(l) ěa(l)(ρ) dF (l). (6.9b)

Here Ǐa(l)(ρ) and ěa(l)(ρ) denote the MI and MMSE associated a fixed
Gaussian channel

z = a(l) x+ w, (6.10)

where w ∼ CN (0, 1), and a(l) ,
√

ρηt(l). In the case where the above fixed-
point equations have more than one solution tuples, one has to consider only
the one minimizing (6.8).

Claim 6.1

Proof. The proof relies on the result of Claim 2.15, which for fixed T (as well as
RBS) yields an approximation

Ī(ρ) =
1
N

K
∑

k=1

Ǐak
(ρ) +

1
N

ln det (IN + εRBS)− 1
β
ηε. (6.11)
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The parameters {η, ε} ⊂ R2
+ satisfy the following set of fixed-point equations

η =
1
K

tr
{

RBS (IN + εRBS)−1
}

, (6.12a)

ε =
ρ

K

K
∑

k=1

ěak
(ρ) , (6.12b)

where Ǐak
(ρ) , I (zk;xk|ak) and ěak

(ρ) , E
{

|xk − x̂k|2
}

denote the MI and MMSE
(see Remark 2.16) of a Gaussian channel

zk = akxk + wk, (6.13)

with ak =
√
ρηtk and wk ∼ CN (0, 1).

Since the distances lk, ∀k ∈ K are i.i.d. according to the distribution F (l),
applying the strong law of large numbers, in the LSL one gets

1
K

K
∑

k=1

Ǐak
(ρ)−

∫

Ǐa(l)(ρ) dF (l)→ 0, (6.14a)

1
K

K
∑

k=1

ěak
(ρ)−

∫

t(l) ěa(l)(ρ) dF (l)→ 0, (6.14b)

which, plugged in (6.11) and (6.12) yields the result in (6.8) and (6.9).

From the above claim one can see that the result is deterministic and depends
neither on the channel realizations nor on the user placement. It furthermore reflects
the typical performance of uplink communication system with randomly placed
users. To compute the resulting sum rate, one has to perform numerical integra-
tion of MI and MSE over the distribution F (l). The latter two quantities can be
evaluated for different signaling schemes using Examples 2.1, 2.2 and 2.3.

6.1.2 Numerical Example

In this section, I examine the above result through Monte Carlo simulations. Fig-
ure 6.2 depicts the performance of an uplink cellular system of radius D = 1 with
K = 4 users uniformly distant from the BS2, so that lk ∼ f(l), where

f(l) =
2l
D2

, (6.15)

2The random distances from the center of a disc of radius D are generated according to

l = D
√

d, d ∼ 1 (0 ≤ l < 1) ,
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Figure 6.2: Per-dimension achievable ergodic sum rate vs. SNR for the uplink sce-
nario with randomly located users. The number of antennas at the BS is chosen to
be M = 8, while the number of the users in the cell is set to K = 4. The radius
of the cell is set to D = 1. Solid curves denote the analytic results, while markers
denote the results of Monte Carlo simulations.

and a BS equipped with M = 8 antennas. Here I consider Gaussian and QPSK
signaling schemes in combination with two scenarios: the uncorrelated case, where
the correlation matrix at the BS RBS = IN , and the correlated case, where correla-
tion matrix RBS is generated according to the Gaussian azimuth model (see (2.67))
with parameters dλ = 0.5, θ = 0 and δ2 = 1. Solid curves in the figure denote the
analytic results of Claim 6.1, while markers denote the results of Monte Carlo sim-
ulations averaged over 1000 channel realizations. From the figure the reader can see
that the match is predictably good for the case of Gaussian signaling, whereas for
QPSK signals the match is significantly worse (especially for the correlated case).
Note also that the performance of the QPSK constellation saturates at high SNR
as we have already seen from the previous chapters. Another observation suggests
that the receive-side correlation at the BS significantly degrades the performance
as compared to the uncorrelated scenario, especially for Gaussian inputs.
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M antennas

K UTs

UT kD

lk

hk

BS

Figure 6.3: Illustration of the downlink of a cellular communication system with a
BS having equipped with M antennas communicating to K single-antenna UTs.

6.2 Downlink Cellular Systems

The scenario of interest is shown in Figure 6.6. To improve the performance in the
downlink, a precoder G is applied at the BS, which yields

yk = hH

kgksk +
K
∑

j=1
j 6=k

hH

kgjsj + nk, (6.16)

the received signal at UT k, where sk is the symbol dedicated to user k, gk is its
corresponding precoding vector at BS, nk ∼ CN (0K , IK) is the additive noise and
the channel vector between itself and the BS is given by

hH

k =
√
rkwH

kT
1/2
BS , (6.17)

where rk is the pathloss given by

r(l) = (1 + l)−α, (6.18)

wk being a CN (0M , ρ/MIM ) vector and ρ > 0 is the SNR. The matrix T BS above is
a positive semidefinite matrix accounting for the correlation between the antennas
at the BS.

For compactness define H , [h1, . . . ,hK ]H ∈ CK×M and G , [g1, . . . , gK ] ∈
CM×K , so that the input-output relation is rewritten as3

y = Hx + n, (6.19)

where y , [y1, . . . , yK ]T ∈ C
K is the received signal vector, x , Gs with

s , [s1, . . . , sK ] ∈ CK being i.i.d. Gaussian transmitted symbols, and n ,

3Assuming reciprocity between the uplink and downlink, this relation comes directly from (6.2)
by applying the Hermitian transpose to the corresponding channel matrix.
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[n1, . . . , nK ]T ∈ CK . Assume the individual decoding is used, treating the inter-
ference as noise. Hence, the key parameter characterizing the performance of the
downlink transmission is the signal-to-interference-plus-noise ratio (SINR). For user
k in the downlink the SINR is given by

γk =
|hH

kgk|2
∑K

j=1
j 6=k
|hH

kgj |2 + 1
, (6.20)

where the precoder is normalized so that the power constraint is satisfied

tr{GGH ≤M}. (6.21)

In the following remark, I will discuss the precoding methods considered later.

The three conventional precoding schemes, considered here, are [BBO14]:

• Matched filter (MF), which maximizes the received SNR, disregarding
the interference between streams, and it is given by the precoder

GMF =
1√
Ψ

HH. (6.22)

• Zero forcing (ZF) precoder, which causes no inter-user interference
by projecting the channel vector to a specific UT onto the subspace
orthogonal to the co-user channels. It is given by the precoder matrix

GZF =
1√
Ψ

(

HHH
)−1

HH, (6.23)

• Regularized zero-forcing (RZF) precoder is a heuristic technique
which interpolates between the above two precoding schemes. Its cor-
responding precoder matrix is given by

GRZF =
1√
Ψ

(

HHH + ξIM

)−1

HH, (6.24)

where ξ > 0 is the so-called regularization parameter.

Remark 6.2 (Specific precoding schemes)

In the above, Ψ is a normalization factor chosen to satisfy the power con-
straint (6.21) with equality. From the three alternatives, the RZF precoder always
has the best performance. In fact, RZF naturally reduces to MF, by setting ξ →∞,
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and to ZF, by setting ξ → 0. Since RZF precoder proved nearly-optimal in the
downlink scenario [PHS05], [BBO14], it is of particular interest in this section. For
RZF, a proper choice of the parameter Ψ is

Ψ =
1
M

tr
{

(

HHH + ξIM

)−2

HHH

}

. (6.25)

Assuming Gaussian inputs and single-user MMSE detection at the receivers, the
ergodic sum rate of the downlink transmission is obtained through

IRZF(ρ) =
1
M

K
∑

k=1

Ehk
ln (1 + γk) , (6.26)

where γk is the SINR of user k, given in (6.20).
Unfortunately, the above expression requires averaging over the channel coeffi-

cients by means of, e.g., Monte Carlo simulations, which does not lead to analytic
tractability. In addition to that, one has to perform averaging over the random
positions of the UTs (random pathloss values) in the cell. Therefore, the main task
of the following section is to find a deterministic equivalent for the above sum rate,
taking care of both aforementioned types of randomness.

6.2.1 Asymptotic Analysis

In this section, I present an analytically tractable approximation for the sum
rate (6.26), which neither depends on the randomness of the channel, nor on the
random pathloss values of the terminals within the cell. For the downlink scenario
the LSL is formally defined below.

Given the downlink channel (6.16), the large-system limit (LSL) is defined as a
regime, where the number of UTs in the cell and the number of antennas at the BS
grow infinitely large at a ratio β, with β being a finite positive constant, i.e.,

K = βM →∞, (6.27)

The approximation becomes increasingly accurate with increasing numbers of
antennas at the BS and the number of users in the cell. The main result of the
section is then summarized in the theorem below.
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In the LSL, the following holds

IRZF(ρ)− ĪRZF(ρ)→ 0, (6.28)

where

ĪRZF(ρ) = β

∫

ln

(

1 +
ρ2r2(l)χ2

Ῡρr(l) + Ψ̄ (1 + ρr(l)χ)2

)

dF (l), (6.29)

where the corresponding set of parameters in (6.29) is given by

Ψ̄ =
ψ1χ1

1− ψ2χ2
, (6.30a)

Ῡ =
ψ1χ2

1− ψ2χ2
, (6.30b)

where further

ψ1 = β

∫

ρr(l) dl

(1 + χρr(l))2 , (6.31a)

ψ2 = β

∫

ρ2r2(l) dl

(1 + χρr(l))2 , (6.31b)

χ1 =
1
M

tr
{

T BS (ψT BS + ρξIM )−2
}

, (6.31c)

χ2 =
1
M

tr
{

T 2
BS (ψT BS + ρξIM )−2

}

, (6.31d)

and the tuple {ψ, χ} ⊂ R2
+ is the unique fixed point of the following equa-

tion system

ψ = β

∫

r(l) dl
1 + χρr(l)

, (6.32a)

χ =
1
M

tr
{

T BS (ψT BS + ρξIM )−1
}

. (6.32b)

Theorem 6.3

Proof. The proof is given in Appendix 6.A at the end of the chapter.

Note that the above expressions have no averaging over the channel gains in-
volved, thereby providing a deterministic approximation for sum rate (6.26).
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6.2.2 Precoder Optimization

The sum rate of the downlink transmission given in (6.26), can be optimized by a
proper choice of the precoder matrix. The sum rate being an implicit function of
the regularization parameter ξ and thus, the RZF precoder optimization problem

maximize
ξ

IRZF(ξ)

subject to ξ > 0.
(6.33)

The difficulty of solving the above problem, apart from the non-convexity of the
problem, lies in the presence of the expectation operators in the objective function
IRZF(ξ) given by (6.26), which require numerical evaluation with subsequent opti-
mization of ξ. This approach may, however, require Monte Carlo averaging and is
hence inefficient. Instead, one can optimize the asymptotic approximation derived
in Theorem 6.3. The problem thus simplifies to

maximize
ξ

ĪRZF(ξ)

subject to ξ > 0,
(6.34)

which can now be solved using a one-dimensional line search, which is clearly more
computationally efficient than the direct simulation-based solution of (6.33). In
addition, it was shown in [PHS05] that in the case of fixed UT locations the optimal
regularizer is given by ξ⋆ = β.

6.2.3 Numerical Example

To examine the accuracy of the approximation derived in Theorem 6.3 I plot the sum
rate of the downlink transmission with RZF precoding of a cellular communication
system of radiusD = 1 withK = 12 users and a BS equipped withM = 36 antennas
as a function of the SNR, together with the results of numerical averaging of (6.26)
over 500 channel realizations. The regularization parameter is set to ξ = 1. In
this figure, I explore both the uncorrelated and correlated scenarios with Gaussian
inputs. For the former case the channel vector entries are generated as i.i.d. CSCG
random variables, whereas for the latter the correlation matrix T BS is generated via
the Gaussian azimuth model (2.67) with parameters dλ = 0.5, θ = 0 and δ2 = 1.

As it is seen from the figure, in line with the previous observations, the asymp-
totic approximation is quite accurate at low SNR and is slightly less accurate in the
high-SNR region. Apart from good match between the system performance and its
theoretical prediction, the reader can observe severe performance degradation due
to correlation. In addition to the precoder under investigation, I plot also the MF
and ZF alternatives (see Remark 6.2). As expected, it is seen that the RZF precoder
always perform better than the other two. At the same time, as articulated earlier,
at low SNR, the performance of RZF tends to that of the MF, whilst at high SNR
it approaches the performance of the ZF precoder.
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Figure 6.4: Per-dimension achievable ergodic sum rate vs. SNR for a downlink cel-
lular system employing the RZF precoding with M = 36 antennas at the BS and
K = 12 single-antenna users. Solid lines denote the analytic results, while markers
denote the results of Monte Carlo simulations. Dashed lines denote the conventional
MF (green line) and ZF (red line) precoders. The regularization parameter is set
to ξ = 1 and the cell radius is chosen to be D = 1.

In Figure 6.5, I compare the performance of the optimized and non-optimized
RZF precoders. An optimal regularization parameter ξ⋆ has been obtained using
a one-dimensional line search. Note here that the solution is obtained at a much
lower computational complexity than if a search was performed over the original
sum-rate expression (6.26). In addition, I plot a well-known solution ξ = β optimal
for the case of fixed UT positions [PHS05]. From the figure it is seen that the
solution colludes with the numerically obtained counterpart. For this particular
setup regularization ξ = 1 performs quite well, and to highlight the loss due to a
suboptimal precoder, I also plot a curve corresponding to the choice of ξ = 5. From
the comparison it is seen that the optimized regularization significantly enhances
the system performance, especially in the high-SNR region.
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Figure 6.5: Achievable sum rate vs. SNR for an uncorrelated downlink cellular sys-
tem of radius D = 1 with M = 36 antennas at the BS and K = 12 single-antenna
users. Solid lines denote non-optimized sum rates (i.e., ξ = 1, ξ = 5), while dashed
lines denote the optimized sum rates (i.e., ξ = ξ⋆ and ξ = β)

.

6.3 Network MIMO

In this section, I study the performance of coordinated multi-cell transmission.
Consider the uplink of a one-dimensional cellular system with two neighboring cells,
as illustrated in Figure 6.6. Each cell consists of K/2 single-antenna users UTj,k,
where j ∈ {1, 2} and k ∈ {1, . . . ,K/2}, and an access point BSi, where i ∈ {1, 2},
equipped with N/2 antennas. The terminals {UT1,k} and {UT2,k} are assumed
to be independently placed on a line according to a random uniform distribution
over the intervals [0, D/2] and [D/2, D], respectively, and each of the intervals has
exactly one BS. The location of UTj,k is denoted lj,k, while the position of BSi is
Ri. Since the uplink of each cell forms a virtual MIMO channel, the received signal
at BSi can be written as

yi =
2
∑

j=1

H i,jxj + ni, (6.35)
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UT1,1 UT1,2 UT1,K/2 UT2,1 UT2,2 UT2,K/2

BS1 BS2

l1,1 l1,2 l1,K/2 l2,1 l2,2 l2,K/2

l

0 R1 R2D/2 D

Cell 1 Cell 2

Figure 6.6: Illustration of the uplink of a one-dimensional system where K single-
antenna UTs from two neighboring cells communicate with two corresponding BSs
with N/2 antennas each. (© 2013 IEEE. Reused with permission)

where ni ∼ CN (0N/2, IN/2) is the additive noise vector and xj is the transmit
signal vector of UTs from cell j with covariance E{xjxH

j } = IK/2. Here, ni, ∀i and
xj , ∀j are assumed to be independent. Moreover, Hi,j denotes the channel matrix
between all UTs in cell j and BSi. All channels Hi,j are assumed to be uncorrelated
and given by (cf. (6.3))

Hi,j = W i,jT
1/2
i,j , (6.36)

where W i,j has independent zero-mean complex Gaussian entries with variance
ρ/K and T i,j = Diag(ti(lj,1), . . . , ti(lj,K/2)) is a diagonal pathloss matrix. The
pathloss function between UTj,k and BSi is assumed to be bounded and given by

ti(lj,k) = (1 + |Ri − lj,k|)−α, (6.37)

where α is the pathloss exponent.
For ease of notation, the input-output relation of the entire network can be

rewritten as
y = Hx + n, (6.38)

where y , [yT
1 ,y

T
2 ]T, H ,

[

H1,1 H1,2

H2,1 H2,2

]

, x , [xT
1 ,x

T
2 ]T and n = [nT

1 ,n
T
2 ]T. Finally,

it is assumed that the channel given in (6.38) is ergodic and known to both BSs.

6.3.1 Achievable Sum Rate

The present section examines two scenarios: cooperative and non-cooperative BSs,
respectively. In the first case, the BSs can cooperate, e.g., through a high-speed
backhaul, and hence can jointly decode the messages of users from both cells.
Therefore, the two BSs can be regarded as a distributed receiver array with N
antennas. In the second scenario, each BS decodes only the messages of its own
UTs and treats the signals from the neighboring cell as interference. The task is to
analyze the performance of the system in terms of the normalized achievable sum
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rate (given by the ergodic MI between the inputs and outputs of (6.38)) under both
scenarios, as discussed in more detail below.

Cooperative Base Stations

If the BSs can cooperate, the ergodic MI per receive antenna for the channel given
in (6.38) is of the standard form

IC(ρ) = − 1
N
Ey,H ln Ex {p (y|x,H)} − ln π − 1, (6.39)

where the conditional distribution of the received signal reads

p (y|x,H) =
1
πN

e−‖y−Hx‖2

. (6.40)

For the special case of Gaussian signaling, the expectations w.r.t. noise and channel
inputs in (6.39) are easy to assess and the remaining expectation over H can be
handled using random matrix theory (see [HMCD12]). Here, however, the aim is to
obtain a useful expression for (6.39) for discrete channel inputs.

Non-Cooperative Base Stations

If the BSs do not cooperate, the UTs of the neighboring cell are simply treated as
interference. The total normalized achievable rate of both cells is then given by

INC(ρ) =
1
N

2
∑

i=1

Eyi,H ln Ex {p (yi|x,H)}+
1
N

2
∑

i=1

Eyi,xi,H ln Exī
{p (yi|x,H)} ,

(6.41)

where ī = mod (i, 2) + 1 is a ‘complement index’ and

p (yi|x,H) =
1

πN/2
e−‖yi−Hi,ixi−Hi,̄ixī‖2

. (6.42)

For the case of Gaussian inputs, the above ergodic MI was again obtained
in [HMCD12]. The next section provides the results for the case of arbitrary inputs
(also including Gaussian as a special case), obtained via the replica method.

6.3.2 Asymptotic Analysis

In this section, I present a large-system approximation for the achievable rates for
both aforementioned scenarios. Before proceeding to the results per se, the reader
is first reminded the definition of the LSL, viz., the number of antennas at each BS
and the number of users in the network grow without bound at a constant rate.
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It is formally given in (6.7). Moreover, as the UTs are uniformly distributed over
their cells i = 1, 2, the corresponding location densities are given by

f1(l) = 2/D 1 (0 ≤ l < D/2) , (6.43a)

f2(l) = 2/D 1 (D/2 ≤ l < D) . (6.43b)

In the remainder of the section, I give the two main results of this part, which allow
the characterization of the performance of the above system in the LSL.

Cooperative Scenario

I start with the analysis of the cooperative scenario, where the two BSs act as a
distributed antenna array. The first main result is summarized in the claim below.

In the LSL, the achievable ergodic sum rate of the cooperative uplink multi-
cell communication, (6.39), can be approximated by

ĪC(ρ) =
1
βD

∫ D

0

Ǐa(l)(ρ) dl +
1
2

2
∑

i=1

ln(1 + εi)−
1
β

2
∑

i=1

ηiεi, (6.44)

where parameters {ηi, εi}2
i=1 ⊂ R4

+ satisfy the following set of fixed-point
equations

ηi =
β

2
(1 + εi)

−1
, (6.45a)

εi =
ρ

D

∫ D

0

ti(l) ěa(l)(ρ) dl. (6.45b)

Here Ǐa(l)(ρ) and ěa(l)(ρ) denote the the MI and MMSE of the following
equivalent fixed Gaussian channel

z = a(l) x+ w, (6.46)

where w ∼ CN (0, 1), and a(l) ,

√

ρ
∑2

i=1 ηiti(l). In the case where the
fixed-point equations have more than one solutions, one has to consider
only the one minimizing ĪC(ρ).

Claim 6.4

Proof. The proof relies on the result of Claim 2.15. Namely, from (2.127)
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and (2.128), after some manipulations, one obtains

ĪC(ρ) =
1
N

2
∑

j=1

Kj
∑

k=1

Ǐaj,k
(ρ) +

2
∑

i=1

Ni
N

2
∑

j=1

ln(1 + εi)−
K

N

2
∑

i=1

ηiεi, (6.47)

with {ηi, εi}2
i=1 ⊂ R4

+ satisfying the set of fixed-point equations

ηi =
Ni
K

(1 + εi)
−1
, (6.48a)

εi =
ρ

K

2
∑

j=1

Kj
∑

k=1

ti(lj,k)ěaj,k
(ρ), (6.48b)

where Ǐaj,k
(ρ) , I (zj,k;xj,k|aj,k) and ěaj,k

(ρ) , E
{

|xj,k − x̂j,k|2
}

denote the MI
and MMSE, respectively, of the Gaussian channel below

zj,k = aj,kxj,k + wj,k, (6.49)

where aj,k ,

√

ρ
∑2
i=1 ηiti(lj,k). Note that the above result is derived based on the

replica method and holds only in the LSL. Then, by the strong law of large numbers
in the LSL it holds that

2
∑

j=1

1
Kj

Kj
∑

k=1

Ǐaj,k
(ρ)−

2
∑

j=1

∫

Ǐa(l)(ρ) dFj(l)→ 0, (6.50a)

2
∑

j=1

1
Kj

Kj
∑

k=1

ěaj,k
(ρ)−

2
∑

j=1

∫

ti(l) ěa(l)(ρ) dFj(l)→ 0, (6.50b)

where Ǐa(l)(ρ), ěa(l)(ρ) and a(l) are given in Claim 6.4. Finally, by incorporating
the densities given in (6.43), one arrives at (6.44) and (6.45).

Note that, in contrast to the result reported in [HMCD12], the above claim holds
for arbitrary channel inputs. Notwithstanding, for complicated signal constellations
one has to evaluate Ǐa(l)(ρ) and ěa(l)(ρ), which for the uncorrelated scenario can be
done, e.g., using the approaches of Examples 2.1, 2.2 and 2.3.

6.3.3 Non-Cooperative Scenario

For the non-cooperative scenario, the approximation of the achievable sum rate is
given by the following claim.
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In the LSL, the achievable ergodic sum rate of the non-cooperative uplink
multi-cell communication, (6.41), can be approximated by

ĪNC(ρ) =
2
∑

i=1

Īi,i(ρ)−
2
∑

i=1

Īi,̄i(ρ), (6.51)

where index ī stands for the ‘other BS’ and

Īi,i(ρ) =
1
βD

∫ D

0

Ǐai(l)(ρ) dr +
1
2

ln(1 + εi)−
1
β
ηiεi, (6.52a)

Īi,̄i(ρ) =
1

2β

∫

Ǐa′
i
(l)(ρ) dFī(l) +

1
2

ln(1 + ε′
i)−

1
β
η′
iε

′
i, (6.52b)

where parameters {ηi, εi, η′
i, ε

′
i}2
i=1 ⊂ R8

+ satisfy the following set of fixed-
point equations

ηi =
β

2
(1 + εi)

−1
, (6.53a)

εi =
ρ

D

∫ D

0

ti(l) ěai(l)(ρ) dl, (6.53b)

η′
i =

β

2
(1 + ε′

i)
−1
, (6.53c)

ε′
i =

ρ

2

∫

ti(l) ěa′
i
(l)(ρ) dFī(l). (6.53d)

Further, Ǐai(l)(ρ) and Ǐa′
i
(l)(ρ) denote the MI and MMSE terms associated

with the corresponding two equivalent fixed Gaussian channels

zi = ai(ρ, l) x+ wi, (6.54a)

z′
i = a′

i(ρ, l) x+ w′
i, (6.54b)

where wi, w′
i ∼ CN (0, 1), ai(ρ, l) ,

√

ρηiti(l) and a′
i(ρ, l) ,

√

ρη′
iti(l). In

case of multiple solutions, only those minimizing Īi,i(ρ) and Īi,̄i(ρ) have to
be chosen.

Claim 6.5

Proof. The proof is similar to that of Claim 6.4. Note that in the non-cooperative
setting the channel decomposes into two multiple-access channels (MACs) interfer-
ing with each other. To analyze each such MAC we can use the results of Claims 3.2
and 3.3. From (3.9) and (3.12) therein, after some manipulations, the asymptotic
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approximation of the sum rate becomes

Īi,i(ρ) =
1
N

2
∑

j=1

Kj
∑

k=1

Ǐaj,k
(ρ) +

Ni
N

ln

(

1 +
2
∑

i=1

εi

)

− K

N

2
∑

i=1

ηiεi, (6.55a)

Īi,̄i(ρ) =
1
N

Kī
∑

k=1

Ǐa′
j,k

(ρ) +
Ni
N

ln

(

1 +
2
∑

i=1

ε′
i

)

− K

N

2
∑

i=1

η′
iε

′
i, (6.55b)

with {ηi, η′
i, εi, ε

′
i}2
i=1 ⊂ R

8
+ satisfying the set of fixed-point equations

ηi =
Ni
K

(1 + εi)
−1
, (6.56a)

εi =
ρ

K

2
∑

j=1

Kj
∑

k=1

ti(l̄i,k)ěaj,k
(ρ), (6.56b)

η′
i =

Ni
K

(1 + ε′
i)

−1
, (6.56c)

ε′
i =

ρ

K

2
∑

j=1

Kī
∑

k=1

ti(l̄i,k)ěa′
j,k

(ρ), (6.56d)

where Ǐaj,k
(ρ) , I (zj,k;xj,k|aj,k(ρ)), Ǐa′

j,k
(ρ) , I

(

z′
ī,k

;xī,k|a′
ī,k

(ρ)
)

, ěaj,k
(ρ) ,

E
{

|xj,k − x̂j,k|2
}

and ěa′
j,k

(ρ) , E
{

|xī,k − x̂′
ī,k
|2
}

denote the MI and MMSE, re-

spectively, of the Gaussian channel

zj,k =aj,kxj,k + wj,k, (6.57a)

z′
j,k =a′

j,kxj,k + w′
j,k, (6.57b)

where aj,k(ρ) ,
√

ρ
∑2
i=1 ηiti(lj,k) and a′

j,k(ρ) ,
√

ρηī t̄i(lj,k). From this point on,
one can use exactly the same steps as in the previous proof and, via the strong law
of large numbers, arrive at (6.52) and (6.53).

6.3.4 Numerical Example

In this section, I examine the accuracy of the asymptotic approximation. Consider
a system with two BSs with four antennas each (i.e., N = 8) and four users in each
cell (i.e., K = 8). Each one-dimensional cell has a length of 2 (i.e., D = 4) and
the pathloss exponent is set to α = 3.7. The BSs are centered in the corresponding
cells, so that R1 = 1 and R2 = 3. Figure 6.7 depicts the results from Claims 6.4
and 6.5 for both Gaussian and QPSK signaling schemes, as well as the results
of their numerical evaluation via Monte Carlo simulation. From the figure one
can observe that the match between theoretical results and simulations is quite
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Figure 6.7: Per-dimension achievable ergodic sum rate vs. SNR for both cooperative
and non-cooperative scenarios with N = K = 8, R1 = 1 and R2 = 3. Solid lines
denote theoretical results for both Gaussian and QPSK signaling schemes, while
markers denote the Monte Carlo simulation results.

good even for finite numbers of antennas and users. Nevertheless, a gap between
the theory and simulation in the region around 10 dB for discrete signaling is
due to the sensitivity of the LSL assumption to the actual number of antennas
used. It decreases with increasing N and K. Furthermore, the reader can see that
cooperation is always beneficial leading to higher sum rate. For the discrete channel
inputs the (normalized) gain from cooperation is, however, not as impressive as for
the case of Gaussian signals, especially in the high- and low-SNR regions.

To examine the effect of the BS placement R1 ∈ [0, D/2] varies such that R2 =
D − R1 and the BSs are located symmetrically to the inner cell edge. Figure 6.8
plots the corresponding sum rate as a function of R1. The SNR is purposely set to
ρ = 25 dB; in this way, it can be highlighted that at high SNR, the two curves,
corresponding to QPSK inputs, flatten out and the sum rate becomes insensitive to
the BS position. The curves reflecting Gaussian signaling behave in the same way
as those reported in [HMCD12]. Namely, to maximize the sum rate cooperative
BSs have to be located close to the inner cell edge, whereas non-cooperative BSs
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Figure 6.8: Per-dimension achievable ergodic sum rate vs. the BSs placement for
both cooperative and non-cooperative scenarios with N = K = 8 and ρ = 25 dB.

should be located closer to the outer cell edges. Another interesting observation is
that for the case of non-cooperative BSs, Gaussian signaling performs worse than
QPSK as the BSs approach the inner cell. This is due to the fact that in the
corresponding region non-cooperating BSs experience severe mutual interference,
which is the worst indeed under the Gaussian signaling.

6.4 Wiretap Channel

Let us now apply the above idea of random topology to the problem of physical-layer
security discussed in Chapter 5. Figure 6.9 depicts a scenario, where a legitimate
transmitter Alice wants to communicate to a legitimate receiver Bob in the presence
of K eavesdroppers Eves. Alice and Bob are equipped with M and N antennas,
respectively, at their terminals, while each Eve is equipped with only one antenna.
Communication is assumed to take place in an empty space of radius R, where Alice
is situated in the center of the space. Bob is located at a distance lM from Alice,
while the distance between Alice and Eve k is lEk

, ∀k ∈ {1, . . . ,K}. The distances
between Eves and Alice are assumed to be randomly distributed with density f(l),
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Figure 6.9: Illustration of a MIMO wiretap channel between Alice (A) and Bob (B)
in the presence of K randomly located Eves (Ek, k ∈ {1, . . . ,K}).

where l denotes the distance from Alice. Moreover, no limiting assumption is made
about Eves’ ability to cooperate with each other, and hence the worst-case scenario
of full cooperation between Eves is assumed, i.e., the K Eves act as a single array of
randomly located antennas. Therefore, two channels are formed: the main channel
and the eavesdropper channel, which are described below.

The main channel represents the direct communication link between Alice and
Bob and is described by the following input-output relation

yM = HMx + nM, (6.58)

where yE is the received vector at Bob’s receiver, x is the vector transmitted by
Alice with E{xxH} = IM , nM ∼ CN (0N , IN ) is the additive noise vector and HM

is the channel matrix of the MIMO channel between Alice and Bob, given by

HM =
√

r(lM)W M, (6.59)

with ρ being the transmit SNR, W M having CN (0, 1) entries and r(l) being the
pathloss function, given as (cf. (6.18))

r(l) = (1 + l)−α, (6.60)

where α > 0 is the pathloss exponent.
The eavesdropper channel represents the information leakage link from Alice to

Eves with the received signal vector of form

yE = HEx + nE, (6.61)

where nE ∼ CN (0K , IK) is the noise vector and

HE =

√

ρ

M
R

1/2
E W E (6.62)

is the MIMO channel matrix between Alice and Eves, with W E being a standard
complex Gaussian random matrix and RE , Diag(r(lE1

), . . . , r(lEK
)) being the

pathloss matrix, where the pathloss values are given by (6.60).
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6.4.1 Ergodic Secrecy Rates

Provided that the full channel state information about both channels is available
to Alice4, the (normalized) ergodic secrecy rate is given by

Rs(ρ) = [IM(ρ)− IE(ρ)]+ , (6.63)

where the MI terms of Bob’s and Eves’ channels read as

IM(ρ) =
1
M

EyM,HM
ln Ex {p (yM|x,HM)} − βM(1 + ln π), (6.64a)

IE(ρ) =
1
M

EyE,HE
ln Ex {p (yE|x,HE)} − βE(1 + ln π), (6.64b)

where βM , N/M , βE , K/M , [·]+ , max{·, 0}, and the channel densities are
given by

p (yM|x,HM) =
1
πN

e−‖yM−HMx‖2

, (6.65a)

p (yE|x,HE) =
1
πK

e−‖yE−HEx‖2

. (6.65b)

The above secrecy rate expression relies on the assumption of optimal non-linear
receiver structures, performing joint joint detection and decoding (JDD). From
a practical point of view, however, a linear scheme with joint MMSE detection
followed by separate decoding (SD) is more appealing, albeit being sub-optimal.
In this scenario, Bob estimates the symbol vector x based on the corresponding
posterior mean estimates (PMEs), given by (vide Subsection 2.6.2)

〈x〉M = E{x|yM,HM}, (6.66)

where the expectation is taken w.r.t. the posterior distribution p(x|yM,HM). Mean-
while, in the worst-case scenario, Eves can freely cooperate and realize JDD for the
second MI term.

Assume further that Eves’ locations are uniform i.i.d. across the room, i.e.,
having the distribution of form (cf. (6.15))

f(l) =
2l
D2

, (6.67)

Unfortunately, since the above MI terms require averaging over the channel re-
alizations, as well as over the random positions of Eves, no explicit expressions
of such rates are available. Moreover, evaluation via Monte Carlo simulations is
computationally demanding, especially for non-Gaussian channel inputs.

4It should be noted that channel knowledge could be, in principle, used by Alice for designing
a precoder matrix to enhance secrecy. However, such design is out of the scope of the present
chapter and the results herein can be regarded as a lower bound for the achievable ergodic secrecy
rates.



6.4. Wiretap Channel 191

6.4.2 Asymptotic Analysis

In this section, a deterministic approximation for the ergodic secrecy rate (6.63)
under both JDD and SD with arbitrary channel inputs is derived in the LSL. Given
the wiretap channel (6.58), (6.61), the LSL is defined as a regime, where the number
of antennas used by Alice and Bob, as well as the number of Eves in the room grow
large without bounds at constant ratios, i.e.,

N = βMM →∞, βM = const, (6.68)

K = βEM →∞, βE = const. (6.69)

The first main result of the section provides the asymptotic large-system ap-
proximation for the ergodic secrecy rate (6.63), achieved with JDD.

In the LSL the achievable ergodic secrecy rate, (6.63), is approximated by

R̄s(ρ) =
[

ĪM(ρ)− ĪE(ρ)
]+
, (6.70)

where

ĪM(ρ) = ǏaM
(ρ) + βM ln (1 + εMr(lM))− ηMεM, (6.71a)

ĪE(ρ) = ǏaE
(ρ) +

2βE

D2

∫

l ln (1 + εEr(l)) dl − ηEεE, (6.71b)

with {ηM, εM, ηE, εE} ⊂ R
4
+ being solutions to the two sets of equations

ηM =
βMr(lM)

1 + εMr(lM)
, εM =

ρ

M
ěaM

(ρ) , (6.72a)

ηE =
2βE

D2

∫

lr(l) dl
1 + εEr(l)

, εE =
ρ

M
ěaE

(ρ) . (6.72b)

Here ǏaM
(ρ), ǏaE

(ρ) and ěaM
(ρ), ěaE

(ρ) are the MI and MMSE terms, re-
spectively, associated with the two fixed scalar Gaussian channels below

zM = aM x+ wM, (6.73a)

zE = aE x+ wE , (6.73b)

where wM, wE ∼ CN (0, 1), aM ,
√
ρηM and aE =

√
ρηE. In the case where

the fixed-point equations have several solutions, only those pairs {ηM, εM}
and {ηE, εE} that minimize (6.71a) and (6.71b) are selected.

Claim 6.6
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Proof. The proof is based on the result of Claim 2.15, applied separately to
both MI terms (6.64). The pathloss is incorporated into the receiver-side corre-
lation matrices of the two channels as RM = Diag(r(lM), . . . , r(lM)) and RE =
Diag(r(lE1

), . . . , r(lEK
)), respectively. The application of Claim 2.15 to (6.64a) with

some minor modifications yields (6.71a) and (6.72a), which covers the first part of
the claim.

For the second part, again application of Claim 2.15 yields an approximation

ĪE(ρ) = ǏaE
(ρ) +

1
M

K
∑

k=1

ln (1 + εEr(lEk
))− ηEεE (6.74)

in the LSL, with aE =
√
ρηE and {ηE, εE} ⊂ R2

+ being given by

ηE =
1
M

K
∑

k=1

r(lEk
)

1 + εEr(lEk
)
, (6.75a)

εE =
ρ

M
ěaE

(ρ). (6.75b)

Then, by the strong law of large numbers, as K →∞ the following holds

1
M

K
∑

k=1

ln (1 + εEr(lEk
))− βE

∫

ln (1 + εEr(l)) dF (l)→ 0, (6.76)

1
M

K
∑

k=1

r(lEk
)

1 + εEr(lEk
)
− βE

∫

r(l) dF (l)
1 + εEr(l)

→ 0. (6.77)

For the case of uniform distribution of Eves’ positions this yields (6.71b)
and (6.72b).

The above approximation characterizes the typical performance of the wiretap
channel with randomly located eavesdroppers. The approximation has been derived
for the case of JDD at Bob’s receiver. The next result provides an asymptotic ap-
proximation for the secrecy rate under more realistic SD scheme at Bob’s terminal.

In the LSL, the achievable ergodic secrecy rate under SD is approximated
by

R̄SD
s (ρ)−

[

ĪSD
M (ρ)− ĪE(ρ)

]+ → 0, (6.78)

where ĪSD
M (ρ) = ǏaM

(ρ), while ǏaM
(ρ) and ĪE(ρ) are the same as in

Claim 6.6.

Claim 6.7
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Figure 6.10: Per-dimension achievable ergodic secrecy rate vs. SNR for for an un-
correlated MIMO wiretap channel with randomly positioned eavesdroppers. The
distance between Alice and Bob is set to lM = 1 and N = M = K = 8. Solid lines
indicate the analytic results for JDD, markers denote the results of Monte Carlo
simulations of JDD, whereas dashed lines denote the theoretical results for SD.

Proof. The proof follows from Corollary 2.20, which states that in the LSL the
performance of SD with a linear MMSE frontend at Bob’s receiver can be char-
acterized solely by the equivalent scalar channel (6.73a), which provides Bob with
a maximum rate of ǏaM

(ρ) out of (6.71a). Meanwhile, as Eves can cooperate and
achieve JDD, ĪE(ρ) does not differ here from Claim 6.6.

6.4.3 Numerical Examples

In this section, I present two illustrative numerical examples. To verify the accu-
racy of the main result, Figure 6.10 plots the achievable ergodic secrecy rate Rs

obtained through the Monte Carlo simulation of (6.63), together with its asymp-
totic counterpart (6.71). Here markers denote the results of numerical simulations,
while solid and dashed lines denote the large-system approximations (JDD and SD,
respectively). I have set N = M = K = 8 antennas, and the pathloss exponent is
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Figure 6.11: Per-dimension achievable ergodic secrecy rate vs. the distance between
Alice and Bob. The SNR is set to ρ = 10 dB and N = M = K = 8. Solid lines
indicate theoretical results under JDD, while dashed lines denote those related to
SD.

chosen to be the standard α = 3.7. The distance between Alice and Bob is set to
lM = 1 and the radius of the space is chosen to be R = 5. As the reader observes,
the LSL-approximation matches the simulation results reasonably well despite the
fact that the numbers of antennas and eavesdroppers are far finite, especially in the
case of Gaussian signals. For the QPSK case, the analysis is more sensitive to the
large-system assumption and hence it requires quite extensive Monte Carlo sim-
ulations, with many actual antennas and eavesdroppers, for the numerical results
to match with theoretical predictions. Note also that when a discrete constellation
is used, the secrecy rate tends to zero at high SNR, which is consistent with the
results of Subsection 5.2.2. In addition, one can also see that in a certain SNR
region a QPSK constellation outperforms Gaussian signaling under SD (viz., linear
MMSE receiver). This is due to sub-optimality of Gaussian signals in this setting,
as previously observed in [MG04].

In Figure 6.11, I plot the dependency of Rs on the distance between Alice and
Bob, lM, at SNR ρ = 10 dB. The numbers of antennas and eavesdroppers are kept
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N = M = K = 8. From the figure on observes that, quite intuitively, in order to
achieve a positive secrecy rate Bob has to stay sufficiently close to Alice to have a
statistically better channel than that of Eves’. Hence there is a maximal distance
for Bob at which secure communication is possible. The framework developed in
this paper, thus, allows the efficient characterization of such a maximal distance.

6.5 Conclusions

In this chapter, an asymptotic approximation for the sum rate of a cellular system,
accounting for the random network topology, has been obtained using the large-
system techniques. In the uplink, the impact of correlation and signal constellations
used at the transmitters has been investigated. In the downlink, the asymptotic
performance of the single-user detection has been derived under the assumption
of Gaussian inputs. In the uplink multi-cell setting, the obtained large-system ap-
proximation is used to optimize the positions of the base stations and to illustrate
the effect of cooperation between the base stations. In addition, the achievable er-
godic secrecy rates of a wiretap channel with randomly positioned eavesdroppers
have been evaluated in the large-system regime. The obtained approximation have
revealed some interesting behavior of the system under both jointly-optimal and
separate detection and decoding schemes.
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6.A Appendix. Proof of Theorem 6.3

Firstly, incorporate the RZF precoder into (6.20) and rewrite the SINR of UT k as
follows

γk =
|hH

kZhk|2
hH

kZHH

k̄H k̄Zhk + Ψ
, (6.79)

where H k̄ , [h1, . . . ,hk−1,hk+1, . . . ,hK ]H ∈ C
M×(K−1). In the sequel, the deter-

ministic equivalents are found for the three terms in the above expression, namely

• Power normalization Ψ,

• Received signal power Sk , |hH

kZhk|2,

• Received interference power Ik , hH

kZHH

k̄H k̄Zhk.

After that, the result is averaged over the random MT distances.

6.A.1 Averaging over the Channel

For later convenience define the following two quantities

mB(z) ,
1
M

tr{(B − zIM )−1}, (6.80)

mB,A(z) ,
1
M

tr{A(B − zIM )−1} (6.81)

for z ∈ C\R+. Where (6.80) is a Stieltjes transform of a probability measure.

Power Normalization

Let B , HHH ∈ CK×K , then the power normalization term can be rewritten as

Ψ =
1
M

tr
{

(

HHH + ρξIM

)−2

HHH

}

(6.82a)

=
1
M

tr
{

(

HHH + ξIM

)−1
}

− ρξtr
{

(

HHH + ξIM

)−2
}

= mB(−ξ)− ξm′
B(−ξ), (6.82b)

where the latter term represents the derivative of the aforementioned Stieltjes trans-
form, i.e., m′

B(z) , ∂
∂zmB(z).

Theorem 1 of [WCDS12] applied to mB(−ξ) results in a deterministic equivalent

m̄B(−ξ) =
1
M

tr
{

(ψT + ξIM )−1
}

, (6.83)

that is,

mB(−ξ)− m̄B(−ξ)→ 0 (6.84)
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in the LSL. Here ψ must satisfy the following fixed-point equation (together with
a parameter χ)

ψ =
ρ

M
tr
{

R (ρχR + IK)−1
}

, (6.85a)

χ =
1
M

tr
{

T (ψT + ρξIM )−1
}

. (6.85b)

Then, by the dominated convergence theorem [HLN07, Theorem 4.1], m̄′
B(−ξ)

is a deterministic equivalent of m′
B(−ξ), i.e., in the LSL it holds that

m′
B(−ξ)− m̄′

B(−ξ)→ 0, (6.86)

where the latter is given by

m̄′
B(−ξ) =

1
M

tr
{

(ψT + ξIM )−2
}

, (6.87)

which after some algebraic manipulations yields

Ψ̄ =

ρ
M tr

{

R (ρχR + IK)−2
}

1
M tr

{

T (ψT + ξIM )−2
}

1− ρ2

M tr
{

R2 (ρχR + IK)−2
}

1
M tr

{

T 2 (ψT + ξIM )−2
} . (6.88)

Signal Power

Applying matrix inversion lemma [CD11, Lemma 6.2] to hH

kZhk, one gets

hH

kZhk =
hH

k

(

HH

k̄H k̄ + ξIM

)−1

hk

1 + hH

k

(

HH

k̄H k̄ + ξIM

)−1

hk

. (6.89)

Then, by the trace lemma [BS98, Lemma 2.7],

hH

kZhk =

ρrk

M tr
{

T k

(

HH

k̄H k̄ + ξIM

)−1
}

1 + ρrk

M tr
{

T k

(

HH

k̄H k̄ + ξIM

)−1
} , (6.90)

whose deterministic equivalent is given by

hH

kZhk −
ρrkχ

1 + ρrkχ
→ 0, (6.91)

where the latter term represents the desired asymptotic approximation.



198 Random Network Topology

Interference Power

Let D , W HRW + ξT −1. The interference term can be rewritten as

Ik = hH

kZH k̄HH

k̄Zhk = rkwH

kD−1W H

k̄Rk̄W k̄D−1wk. (6.92)

The dependence between wk and D is eliminated by rewriting

rkwH

kD−1W H

k̄Rk̄W k̄D−1wk = rkwH

kD−1
k̄

W H

k̄Rk̄W k̄D−1wk

+ rkwH

k

(

D−1 −D−1
k̄

)

W H

k̄Rk̄W k̄D
−1wk,

(6.93)

which by the resolvent identity [CD11, Lemma 6.1], noticing that D−1
k̄

W H

k̄Rk̄W k̄ =
IM − ξD−1

k̄
T −1, results into

Ik = rkwH

kD−1wk − ξrkwH

kD−1
k̄

T −1D−1wk

− r2
kwH

kD−1wk

(

wH

kD−1wk − ξwH

kD−1
k̄

T −1D−1wk

)

. (6.94)

Then, by Lemma 14.1 in [CD11],

Ik −

(

ρrk

M tr
{

D−1
k̄

}

− ξ ρrk

M tr
{

T −1D−2
k̄

})

(

1 + ρrk

M tr
{

D−1
k̄

})2 → 0. (6.95)

By the rank-1 perturbation lemma [BS+07, Lemma 2.1], one gets for M →∞

1
M

tr
{

D−1
k̄

}

−mD(0)→ 0, (6.96a)

1
M

tr
{

T −1D−1
k̄

}

−mD2,T −1(0)→ 0. (6.96b)

Next, define the following quantity

Υ ,
ρrk
M

tr
{

D−1
k̄

}

− ξ ρrk
M

tr
{

T −1D−2
k̄

}

(6.97a)

=mD(0)− ξmD2,T −1 (0) (6.97b)

and observe that mD2,T −1(0) − m̄′
D,T −1 (0) → 0, where the latter is obtained

from [WCDS12, Theorem 1]. Similarly to the observations from the previous subsec-
tions (in particular, the proof pertaining to power normalization), one can conclude
that

Υ− Ῡ→ 0 (6.98)
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in the LSL, where

Ῡ = m̄D(0)− ξm̄D2,T −1 (0) (6.99)

=

ρ
M tr

{

R (ρχR + IK)−2
}

1
M tr

{

T 2 (ψT + ξIM )−2
}

1− ρ2

M tr
{

R2 (ρχR + IK)−2
}

1
M tr

{

T 2 (ψT + ξIM )−2
} , (6.100)

where {ψ, χ} ∈ R2
+ is given as the solution to (6.85). Thus, for the interference

power the following holds

Ik −
ρrkῩ

(1 + ρrkχ)
→ 0, (6.101)

where the second term is the approximation of interest.

6.A.2 Averaging over the User Positions

Assume for the moment that the UTs’s positions are fixed and define for convenience
the following quantities

ψ1 ,
ρ

M
tr
{

R (ρχR + IK)−2
}

, (6.102)

ψ2 ,
ρ2

M
tr
{

R2 (ρχR + IK)−2
}

, (6.103)

χ1 ,
1
M

tr
{

T (ψT + ξIM )−2
}

, (6.104)

χ2 ,
1
M

tr
{

T 2 (ψT + ξIM )−2
}

. (6.105)

In this new notation, Ψ̄ and Ῡ read as

Ψ̄ =
ψ1χ1

1− ψ2χ2
, (6.106a)

Ῡ =
ψ1χ2

1− ψ2χ2
, (6.106b)

and for the ergodic sum rate of the downlink transmission in the LSL it holds that

IRZF(ρ)− 1
M

K
∑

k=1

ln

[

1 +
ρ2r2

kχ
2

Ῡρrk + Ψ̄ (1 + ρrkχ)2

]

→ 0. (6.107)

Let now the UTs’ distances to the BS be i.i.d. uniformly random over the circular
cell. From the strong law of large numbers it follows that for diagonal receive-end
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correlation matrices,

1
M

K
∑

k

ρrk

(1 + ρχrk)2 − β
∫

ρr(l) dl

(1 + ρχr(l))2 → 0, (6.108a)

1
M

K
∑

k

ρ2r2
k

(1 + ρχrk)2 − β
∫

ρ2r2(l) dl

(1 + ρχr(l))2 → 0, (6.108b)

and, additionally, for the ergodic the sum rate it holds that

IRZF(ρ)− β
∫

ln

[

1 +
ρ2r2(l)χ2

Ῡρr(l) + Ψ̄ (1 + ρr(l)χ)2

]

dF (l)→ 0. (6.109)



Chapter 7

Conclusions and Future Work

RECENTLY increased traffic demands require the upcoming 5G mobile com-
munication systems to deliver unprecedentedly high data rates. Current
technologies are not able to support such throughput, and hence radical

changes in the way communication networks operate are foreseen in the near future.
For example, several paradigm-shifting technologies are regarded as candidates for
the future standard. Among those are MIMO communications (including multi-user
MIMO and massive MIMO), cooperative techniques (such as relaying and network
MIMO), user-centric cluster division (based on the principle of heterogeneous small
cells) and mm-wave communications. In addition to this, the issue of security be-
comes progressively important in wireless networks; in particular, security at the
physical layer has gained attention in the research community in recent years.

7.1 Conclusions

For an efficient design of future communication systems meaningful models along-
side with relevant mathematical tools are essential. This thesis is focused on the
performance analysis of MIMO wireless communications. To solve otherwise unfath-
omable problems the analysis invokes a large-system approach, based on the sup-
position that the size of the antenna arrays at each terminal grows infinitely large.
Then, typically, based on random matrix theory or the replica method, a mathemat-
ical tool borrowed from the field of statistical physics, asymptotic approximations
for the parameters characterizing the long-term performance of a communication
system are derived, e.g., in terms of achievable ergodic rates, average uncoded BER.
The obtained approximations significantly simplify the performance characteriza-
tion by providing either closed-form expressions or expressions dependent on a set
of easily solvable fixed-point equations. The simple nature of the obtained expres-
sions allows the efficient optimization of the system performance (e.g., by designing
an optimal precoder or by choosing an optimal position for the base station).

The obtained results proved useful for a number of application scenarios.
Namely, the MIMO multiple-access channel in the presence of non-Gaussian in-
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terference has been studied in Chapter 3. A large-system approximation has been
derived for the ergodic sum rate, which has made it possible to obtain optimal pre-
coders at each terminal for both Gaussian and finite-alphabet signal constellations
through the corresponding algorithms. The effects of non-Gaussian interference on
the sum rate have been demonstrated as well. For instance, the system may handle
more interferers if they use discrete signal constellation, as compared to the case
of Gaussian interferers. This leads to an interesting problem of the constellations
optimization in interference scenario, which may be seen as one of the future work
directions.

In Chapter 4, a multi-hop relay channel has been analyzed in the presence of
mismatched decoding. In this way, suboptimality of some conventional detectors has
been captured. The obtained decoupling principle states that for separate single-
stream decoding at the receiver the large-system performance becomes statistically
indistinguishable from that of a bank of parallel scalar Gaussian channels with
certain noise variance obtained by solving a set of fixed-point equations. This allows
the performance evaluation for a number of conventional detection schemes (e.g.,
MAP, LMMSE, ZF, MF) in terms of both achievable ergodic rate and average
BER. Some interesting features of separate decoding have been observed (e.g.,
phase transition) and an exemplary optimization of the number of hops has been
presented.

The MIMO wiretap channel has been analyzed in terms of the achievable se-
crecy rates in Chapter 5. For quasi-static channels a POT-DC iterative algorithm
has been proposed for the precoder optimization problem at the transmitter, hope-
fully, achieving the secrecy capacity. Although the algorithm is shown to outperform
existing solutions, it has not been proved secrecy capacity-achieving and the corre-
sponding proof is left as a future work. In the uncorrelated ergodic fading scenario,
by means of large-system analysis, the asymptotic ergodic secrecy capacity has been
characterized in closed form. In addition, it has been illustrated that the for finite-
alphabet inputs the achievable ergodic secrecy rates tend to zero at high SNR and
the number of antennas at the legitimate receiver plays only a little role. Finally,
in the case of correlated ergodic fading, the problem of precoder optimization has
been addressed by a combination of the large-system analysis and the aforemen-
tioned POT-DC algorithm. The obtained result does not, however, directly lead
to the ergodic secrecy capacity due to the artificial decoupling of the expectation
operation performed during the analysis.

Finally, Chapter 6 has added the practical feature of random user placement
in wireless networks. By methods of statistical physics (as well as random matrix
theory), in combination with some results from the field of stochastic geometry,
an approximations for the achievable sum rates have been derived for both single-
cell and cooperative multi-cell scenarios. The results, based on the large-system
assumption, have been generalized to random user locations by considering the
users’ positions to be a random spatial process with a certain density. Then, through
the strong law of large numbers, an approximation for the average sum rate has
been derived. In the single-cell, case the obtained expression has lead to a simplified
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precoder optimization procedure, whereas in the multi-cell scenario, optimal base-
station positions have been determined. In addition to the cellular system model,
a wiretap channel with randomly located eavesdroppers has been studied in terms
of the achievable ergodic secrecy rate for both joint and separate detection and
decoding schemes at the legitimate receiver.

To sum up, the present thesis has presented a statistical physics framework for
the performance analysis of wireless communication systems. The framework has
been developed as a continuation of the on-going efforts within the field. Just like in
a physical many-body system, where the randomness due to the microscopic inter-
body interactions effectively vanishes with the number of bodies, the randomness of
the wireless channel quickly vanishes with the number of antennas, leaving only the
important parameters to work with. Thus, the framework may be quite useful for a
system designer who could take these parameters into account to optimize the per-
formance of the entire network, e.g., by resource allocation and access management
in the higher layers of the OSI model.

Nevertheless, the reader is cautioned that although the analysis presented herein
provides a good approximation for the behavior of realistic communication systems
(which is highlighted throughout the thesis with help of numerous Monte Carlo
simulations), there is no guarantee that such approximation will be accurate for all
possible parameter choices. In addition to non-rigorousness of the replica method
per se, the present analysis is also based on its simplest, replica-symmetric, ansatz
which might provide misleading results for certain subsets of system parameters
in certain scenarios. Finally, it is noteworthy that the observed convergence rate
varies for different quantities under consideration (e.g., ergodic rates, BER, SINR).

7.2 Future Work

Many directions for possible future work arise from the analysis presented in
this thesis. Some of them have already been addressed by recent publications
(e.g., [WWX+14], [SVH14]), some still have to be taken into consideration. Be-
low, I present the most interesting directions:

• Imperfect CSI and transmit-side impairments: The multiple-access sce-
nario in Chapter 3 has been studied under assumptions of ideal hardware, as
well as ideal knowledge of the channel state at the receiver (and, sometimes,
transmitter). There has already been works on incorporating both effects in
similar settings; see, e.g., [BZBO13], [VRG+14], [BHKD13].

• In-depth study of multi-hop relay channels: The decoupling in Chap-
ter 4 is established for the uncorrelated channels without overhearing links.
Thus, the next step would be to incorporate spatial correlation and links con-
necting more distant terminals. For example, some progress in this direction
has been reported in [WW07], [WTC06] in the context of MIMO multiple-
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access channels. In addition, such analysis will also open the door to new
precoder optimization problems.

• Proof of optimality of the POT-DC solution: At the moment, the solu-
tion obtained in Section 5.1 has only been conjectured to provide an optimal
solution. The obtained solution is only guaranteed to satisfy the Karush-
Kuhn-Tucker conditions of the corresponding optimization problem, similarly
to the algorithm proposed in the parallel work [LHW+13]. Rigorous justifi-
cation of such claim would close the gap in finding the capacity-achieving
precoder for the MIMO Gaussian wiretap channel.

• Correlated MIMO wiretap channels with statistical CSI: Be-
fore [LL14], all of the results regarding the MIMO wiretap channels had to
assume that full channel state information is available at the transmitter. This
channel knowledge should be available not only of the channel to the legiti-
mate receiver, but also of the channel to the eavesdropper. Needless to say,
such assumption is far from being realistic and is blocking the developments
in the field of physical-layer security. In [LL14], the authors have shown that
for the uncorrelated MIMO channel, subject to some mild conditions, ergodic
secrecy capacity can be achieved with statistical channel state information.
Generalization to correlated channels would allow the asymptotic methods to
step in and address the precoder optimization problem in that setting.

• More realistic channel models: As mentioned earlier, the Kronecker model
for MIMO channels has its own limitations and other models exist that exhibit
better fit to measurements. Thus, recent contribution [WWX+14], based on
the idea of Chapter 3 herein, has already provided the large-system analysis
and precoder optimization of MIMO multiple-access channel based on the
Weichselberger channel model.
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