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Abstract 
r-process, short for rapid neutron capture process, is a nucleosynthesis process taking place on short 
time scales. Rapid neutron captures produce less and less stable neutron-rich nuclei which in turn 
beta minus decays when the probability for beta decay is higher than the probability for neutron 
captures, upon which more neutrons are captured and the process repeats itself, creating r-process 
paths. Very neutron-rich heavy elements are the product of this process taking place at explosive 
astrophysical sites with high neutron flux. Simulations of r-processes are important for finding out 
the exact sites, something that is yet not known. To get more accurate simulation results leading to a 
better understanding of r-processes, the initial parameter dependence of the simulations is important 
to understand. This report discusses the dependence on three important initial parameters; 
temperature, density and electron fraction. Furthermore, the dependence on nuclear masses is 
covered, which is important since no exact model for nuclear masses exists for the neutron-rich 
nuclei involved. Finally, different stopping criteria are simulated, representing different physical 
environments in which r-processes may occur. Results from the simulations, carried out using r-Java 
2.0, show that r-process simulations are sensitive to all parameters discussed; further research can 
tell to which extent. A better understanding of the dependence on the parameters will hopefully 
extend our knowledge of r-processes and where in the universe they occur.    
 
 

Abstract (Swedish) 
r-process, rapid neutron capture process, är en snabb nukleosyntesprocess. Snabba 
neutroninfångningar producerar allt mer instabila neutronrika atomkärnor som slutligen 
betaminussönderfaller när sannolikheten för betasönderfall blir högre än sannolikheten för en ny 
neutroninfångning. Därefeter fångas fler neutroner och processen upprepar sig själv i r-
processkedjor. Väldigt neutronrika tunga ämnen bildas under denna process som kräver explosiva 
astrofysikaliska platser med höga neutronflux. Då det ännu är okänt exakt var dessa platser är så 
hjälper r-processsimulationer att förstå detta. För att förbättra simuleringsresultaten och därmed 
förståelsen av r-processer så är det viktigt att förstå hur initiala parametrar påverkar simuleringarna. 
Temperatur, densitet och förhållandet mellan fria elektroner och nukleoner är tre parametrar som 
denna rapport behandlar. Påverkan av kärrnmassor diskuteras också, vilket är viktigt då ingen exakt 
modell för kärnmassor existerar. Slutligen behandlas även olika stoppkriterium vilket representerar 
olika fysikaliska miljöer där r-processer eventuellt förekommer. Resultat från simuleringar, gjorda i r-
Java 2.0, visar på att r-processimuleringar är känsliga för alla parametrar som har behandlats men där 
vidare forskning får visa till vilken grad. En bättre förståelse för hur simuleringarna påverkas av 
parametrar kommer förhoppningsvis öka förståelsen för r-processer och var i universum de 
förekommer.   
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1 Introduction 

1.1 Background theory 

1.1.1 r-process 

r-process is the abbreviation of rapid neutron capture process and is one of the two neutron capture 
processes taking place in nucleosynthesis, with the other one being the s-process explained in the 
next section. r-processes take place on a time scale that is much faster than the beta decay of the 
nuclei, hence believed to be one of the most favorable types of mechanism for nucleosynthesis of 
the very neutron-rich heavy elements [1] [2]; where heavy-elements are basically elements with a 
nuclei heavier than iron. It is still not known to 100% certainty where these processes take place in 
the universe, but historically they have been associated with core collapse supernovae explosions [3]. 
With new understanding of the physics behind different processes in the universe more places are 
suggested to be sites for the r-process, including core collapse supernovae as explained above, and 
places like neutron star mergers [2] [4]. 

Core collapse supernovae, and especially certain neutrino-driven winds from proto-neutron 
stars forming after a delayed type II or type Ib supernovae explosion [3], are nowadays the most 
predominantly believed candidate site for r-processes. High temperatures and neutron densities are 
two of the most important conditions for r-processes to take place and supernovae explosions fulfill 
these requirements [4] [5]. The abundance of r-process nuclei in the interstellar medium, however, 
suggests that we do not yet know the whole truth. From what is known about core collapse 
supernovae today and comparing it to the abundance of heavy-elements in the universe, it is 
suggested that either a very small amount of r-process nuclei is ejected from supernovae, or only a 
small portion of supernovae are ejecting r-process material [6]. 

So what happens during an r-process? In a short period of time, a large flux of neutrons 
becomes available for addition to heavy nuclei. The origin of this flux of neutrons is however still 
partly unknown as discussed above. A nucleus then captures multiple neutrons much faster than 
beta minus decay can happen, creating very unstable neutron rich isotopes close to the neutron drip 
line. It is still unknown exactly where this drip line is drawn in the nuclear chart for the heavy 
elements, however the nuclei created are however more unstable the closer to the neutron drip line 
they are. Eventually the probability of beta decay will excess the probability of another neutron 
capture, hence the nucleus will instead beta decay. Beta minus decay leads to the production of a 
new nucleus with an additional proton that can once again capture neutrons. The beta decay 
probability is now lower than probability of neutron capture and the process will repeat itself as long 
as the physical environment stays favorable.  

1.1.2 s-process 

The s-process, or slow neutron capture process, as introduced above is a process that differs from 
the r-process in one very crucial way; while the r-process takes place at high temperature conditions 
where the neutron density is also very high, the s-process in turn takes place at intermediate 
temperature conditions with relatively low neutron density [6]. This leads to the fact that the s-
process is so slow that none to one neutron is captured before the seed nucleus beta decays into a 
new nucleus. The s-process is called a secondary process, meaning that it requires heavy seed nuclei 
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produced by some other process, whereas r-process is a primary process that can produce heavy 
isotopes from seed nuclei [6]. 

1.1.3 Nuclear statistical equilibrium 

Nuclear statistical equilibrium, NSE, is used throughout the simulations in this project as a means to 
calculate initial nuclei abundances for all the different nuclei. Nuclear abundances are determined 

using only three parameters, namely;   , electron fraction or electron-to-neutron ratio,  , mass 

density and  , temperature. When a system is in NSE it is said that the nuclei follow Maxwell-

Boltzmann statistics and the particle number density,    
  

  
, of a certain nucleus is given by the 

following formula [7] [8]; 
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where T is the temperature, k is Boltzmann’s constant,   is the reduced Planck’s constant,    is the 

atomic mass constant,      is the binding energy,    is the proton number density,    is the neutron 

number density,   is the mass number,   is the atomic number and    is statistical weight of the 
nucleus in question. The mass density and electron fraction do not appear in equation 1 explicitly; 
however they are used when calculating the proton and the neutron density through charge and 
baryon conservation laws respectively.  

The r-process requires, as previously stated, a rather explosive astrophysical site. If this is true, 
it is very likely that the system is in NSE [9], and thus NSE calculated nuclei abundances are a good 
starting point for r-process simulations. 

1.1.4 Liquid drop model and HFB21 mass model 

In nuclear physics there exist a range of different mass models. None of them give exactly the 
experimental values for all known nuclei and different models work well for different applications. 
The fact that the nuclear mass of certain nuclei are very hard to experimentally measure to any good 
significance, especially for very neutron heavy isotopes, makes it important to have a mass model 
that closely resembles the reality for accurate simulations. However, it is also important that the 
calculations of the masses are not too complicated, i.e. the model should describe the reality with a 
balance between simplicity and accuracy. Two mass models that will be used throughout this paper 
are the liquid drop model, for its simplicity, and the HFB21 mass model.  
 The liquid drop model is a relatively simple and intuitive model where the nucleus is thought 
of as a drop of incompressible fluid, where the fluid is simply nucleons held together by the strong 
nuclear force. The model culminates in a mathematical formula from which the binding energy, in 
MeV, can be estimated;  

            [  
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where    
|   |

 
 is the z-component of the isospin, the coefficients    (MeV),    (MeV),   ,   ,    

(fm) and    (MeV) are free parameters, N is the neutron number, Z is the atomic number and A is 
the mass number [10]. The equation considers six different contributions to the binding energy, 
being the six different terms. They represent volume energy, volume symmetry energy, surface 
energy, surface symmetry energy, Coulomb energy and correction to Coulomb energy due to surface 
diffuseness of charge distribution respectively [10]. It should be mentioned that this formula can 
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look different depending on what energy contributions are taken into account. This is a rather crude 
model that cannot explain all properties of a nucleus; it can however predict the binding energy with 
moderate accuracy and it does explain how most nuclei are bound. The parameters can be 
determined by minimizing a function involving the calculated binding energies for multiple nuclei 
using this model together with the experimental values for the corresponding nuclei. This has been 
done in [10] and the resulting parameters are: 

Parameter Value Parameter Value 

   -15.841 (MeV)    19.173 (MeV) 

   -1.951    -2.577 

   1.187 (fm)    -1.247 

Table 1. Values of the parameters in the liquid drop model formula obtained through minimization.  

The HFB21 mass model is the mass model included in the r-Java 2.0 code. It is based on 
Skyrme-Hartree-Fock-Bogoliubov (HFB) model calculations, which is an energy density functional 
theory [11]. The model itself is rather complicated and there is no explicit formula for the nuclear 
mass. If the reader is interested in understanding more about how this mass model is constructed, 
reference is given to multiple articles by Goriely et al. in which it is explained thoroughly [11] [12] 
[13]. 

Included in the r-Java 2.0 code are the atomic masses from this model, not the binding 
energies. In order to compare this mass model to the liquid drop model the masses must be 
converted into binding energies using the following formula; 

                                                                                                       

where   is the atomic mass, Z is the atomic number, N is the neutron number,                 

is the energy equivalent of one atomic mass unit,               is the mass of a proton, 

              is the mass of a neutron and                is the mass of an electron.  

1.2 r-Java 2.0 

The r-Java 2.0 code is the second version of a code that had its original release in 2011 and is a 
nucleosynthesis code that mainly does calculations of r-processes. In addition to this it is also 
capable of doing nuclear statistical equilibrium calculations and contains a wide range of input 
parameters as well as pre-defined astrophysical environments. Analysis tools to interpret the 
resulting nuclei abundances in the best way possible with a user-friendly graphical interface are also 
included. The code is openly published by a group of researchers from the University of Calgary 
[14], and helps users to test effects of different parameters and environments to the resulting nuclei 
abundances from the r-process. 

Incorporated in the code are also nuclear masses from the HFB21 mass model as mentioned 
above [15]. From this mass model, default rates and cross-sections have been calculated and is used 
in the simulations performed by the r-Java code. HFB21 is far from the only mass model that is used 
in applications today, but is the one that works well with these kinds of simulations; hence it is used 
in this code. 

The new 2.0 version is capable of handling simulations using full networks in addition to the 
previous waiting point approximation, WPA. WPA is an approximation that builds upon an 
assumption that equilibrium between neutron captures and photodissociations exist [7], where 
photodissociations basically are chemical reactions where bonds in molecules are broken down by 
absorption of incoming photons. This assumption reduces the number of coupled differential 
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equations by a factor of ten or more, from an order of a thousand down to an order of a hundred. 
This is possible since the effect of using the WPA is that relative abundances along isotopic chains 
only depend on neutron density, temperature and neutron separation energy [7] [16]. Computation is 
made easier with WPA, with the cost that it is only valid in environments with high temperatures as 
well as high neutron densities. Simulations using the full network disregard this approximation and 
solve all the thousands of coupled differential equations. Naturally, the full network is valid in all 
temperature and neutron density regions with the disadvantage of a higher computational cost. 
Throughout this entire project WPA will be used if not otherwise stated in order to bring down 
computational costs. The differences this makes are not crucial to the comparative simulations done 
in this project, and what differences it makes is discussed a bit further in the finishing paragraphs.  

1.3 Scope and objective 

The main objective of this project is to find out how differences in initial parameters affect the 

abundance yields from r-processes. The parameters examined are temperature,  , density,  , 

electron fraction,   , and to some extent nuclear masses. The electron fraction is the ratio of 
electrons to nucleons in the matter which is interesting in an r-process environment since it involves 
the capture of many neutrons; neutrons which are formed when protons capture electrons, hence 
leading to a change in the electron fraction. In addition to this the difference between two different 
mass models will also be studied, where r-processes will be carried out using both and differences in 
abundance yields will be discussed. Thirdly, differences in abundances for different stopping criteria, 
that are temperature limits and neutron freeze-out conditions, will be treated. All these inputs 
together create an environment under which r-processes take place and they all affect what will 
happen during the r-processes. Therefore, understanding how variations in these parameters affect 
the abundance yields of the process is crucial for understanding where r-processes take place in the 
universe and why they are important in formation of heavy elements. Different possible sites for the 
r-process in the universe will be covered, where the simulation results can explain partly why we 
nowadays believe the r-process takes place in core collapse supernovae as well as neutron star 
mergers. In conclusion this report tries to give a general understanding about heavy-element 
nucleosynthesis and a more thorough understanding about the r-process and its parameter and 
nuclear mass dependence.  

2 Methods 

The simulations will be carried out using the r-Java 2.0 code explained above. Initially various 
simulations were carried out in order to gain a basic knowledge about the code and further on more 
simulations were performed with a range of varying initial parameters as well as different nuclear 
mass models. For the project the number of initial parameters examined was narrowed down to the 
three introduced above; in the selection of these consideration was taken as to which parameters are 
important for r-processes. The fact that these parameters are inputs for the NSE calculations is 
crucial considering the importance of the initial abundances for r-process simulations. The results 
from the simulations, i.e. the abundance yields for the different nuclei, were plotted logarithmically 
against the mass number using the built in plotting tool in r-Java 2.0, where they could be compared 
to other simulations. Plots done in MATLAB from exported data are included in the section about 
results below complete with explanation about what that certain figure is showing. The paragraph on 
discussion will then be based on these graphs.  
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 The first simulations were made in order to observe the effect of the Coulomb interaction 
on the abundance yield for NSE. In the rest of the simulations, Coulomb interaction was used in the 
simulations, since it is a very important part of the interaction between protons and therefore the 
results will be a lot closer to the reality.  
 For simplicity the WPA was used in the simulations instead of the full network type of 
simulation. The results with WPA may not be as exact, or true to reality, as results yielded from full 
network simulations. However, this project is supposed to illustrate relative differences between 
varying initial parameters, stopping criteria and nuclear masses. If absolute differences and absolute 
abundance yields are sought simulations with the full network are favorable. For the same reason the 
exact values of the parameters in the simulations are not crucial. More simulations with different 
values of the parameters than presented in this report were carried out. All simulations with one 
varying parameter indicated similar results and the simulations presented are a selection of the ones 
performed in order to make these results clear.   
 In addition to r-Java simulations, an analysis of the differences in binding energies between 
the liquid drop model and the HFB21 mass model was also done. This was done using equation 2, 
the binding energy for the liquid drop model, presented in section 1.1.4 above together with 
calculated binding energies from given masses from the HFB21 model in r-Java 2.0, using equation 
3. Calculations were carried out using MATLAB. 

3 Results 

Below, results of various simulations will be presented together with an explanation of what can be 
observed from each simulation. A further analysis of these observations is then presented in section 
4. 

3.1 NSE and Coulomb interaction 

Starting with figure 1, the effect of the Coulomb interaction on abundance yield was analyzed. NSE 
simulations were carried out and the resulting abundances of that are plotted logarithmically against 

the mass number  , showing apparent effect of the Coulomb interaction. The second abundance 

peak, at      , is raised from barely visible to close to the first peak, as well as the abundance of 
the surrounding nuclei. It can be summarized with the fact that if Coulomb interaction is taken into 
account, the abundance from NSE will be pushed to heavier elements. This is something that can be 
seen in the coming figures as well; without the Coulomb interaction in those simulations the peaks 
for heavier elements would be consistently lowered by a substantial amount, if they exist at all. The 

parameters used for these simulations were the following: a temperature of        , a mass 

density of             and an electron fraction of    . These were kept constant for both 
simulations.  
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Figure 1. NSE abundance yield for NSE simulations with and without Coulomb interaction, with the following parameters: 

                                    . The red line shows the abundances without any consideration of the 
Coulomb interaction whereas for the black line the Coulomb interaction was included in the simulation.  

3.2 Liquid drop model and HFB21 mass model 

In figure 2 and figure 3 the difference in binding energy between the liquid drop model and the 
HFB21 mass model is plotted against the neutron number and the atomic number using a colored 

3D plot. The figures clearly show that the difference increase when   or   gets closer to a drip line. 
Noticeable are also the walls of higher binding energy difference when moving along certain proton 
or neutron numbers, especially visible in the 3D plot shown in figure 3. The numbers in question, as 
seen from the graphs, are 20, 28, 50, 82 and 126. Why exactly these numbers leads to a bigger 
difference, for both protons and neutrons, is discussed further in section 4.1. 
 These variations in nuclear binding energies and nuclear masses leads to large differences 
when doing NSE simulations with the two mass models and comparing them, which can be seen in 
figure 4. Switching to masses calculated from the liquid drop model leads to a much smoother curve 

without any real abundance peaks; in comparison with the two profound peaks at      and 

      seen when simulating with the HFB21 mass model. The abundance of the isotopes with 
masses between these two peaks are raised with the liquid drop model, and that is also where the 

maximum abundance value can be observed around      . Why this smoothening occurs is 
explained in section 4.1.  
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Figure 2. Difference in binding energy between the liquid drop model and the HFB21 mass model,                , for 

all isotopes included in the r-Java 2.0 code. Redder, as well as bluer, indicates a bigger difference.  

 
Figure 3. Difference in binding energy between the liquid drop model and the HFB21 mass model,                , for 

all isotopes included in the r-Java 2.0 code. A bigger difference in binding energy means higher and is also shown with the 
colors. 
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Figure 4. NSE simulations with nuclear masses from the liquid drop model, red line, and the HFB21 mass model, black 

line. Parameter values used were the following:                            and       . 

3.3 NSE and varying initial conditions 

In figure 5 one can see how the abundance changes with increasing mass number A, for three 
different NSE simulations of varying temperatures. The blue line shows the result of the same 

simulation as the black line in figure 4 above, where           . The red line shows the result 
of a simulation with a higher temperature while the black line shows the result of a simulation with 
lower temperature than the blue line, with the specific temperatures shown in the legend. More 
simulations were carried out with varying temperatures; however they all show the same trends and 
are not presented here. Observing the black line in comparison with the blue line shows what can be 
observed when the temperature is lowered. The height of the first abundance peak is decreased, 
while the height of the second peak is increased. For a higher temperature the opposite effect can be 
observed concerning the second peak. However, the first peak is not increased; what happens 
instead is that the peak broadens out to the left. The higher the temperature, the more of the 
abundance is moved to the left in the graph.    
 The effect of changing the density can be observed in figure 6. Here, the red line represents 
a higher density than the blue line which represents the same density as in the previous simulations. 
The black and the green line both represent higher initial densities. The effect of a higher density is 
obvious; the higher the density the more abundance is shifted to the heavier nuclei. In addition to 

the two peaks observed previously, a third peak around       is produced for the densest 
scenario and already slightly for the simulation with an intermediate density represented by the black 
line.  

 Changing the electron fraction,   , affect the abundance yield in a way as shown in figure 7. 
The blue line once again represents the same parameter values as in figure 4, while the red line 
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indicates a higher electron fraction and the black line indicates a lower electron fraction. The 
electron fraction and the temperature show similar effects on the abundance. A higher electron 
fraction eliminates the second peak as well as moves the first peak to the left. A lower electron 
fraction however broadens the second peak while decreasing the first peak.  

 
Figure 5. NSE abundance yields simulations with varying temperatures. The other parameter values used are:     

            and       . The blue, red and black lines represent three different temperatures as shown in the legend.  
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Figure 6. NSE abundance yields simulations with varying initial densities. The other parameter values used are:     

       and       . The blue, red and black lines represent three different initial densities as shown in the legend. 

 
Figure 7. NSE abundance yields simulations with varying electron fractions. The other parameter values used are: 

                and           . The blue, red and black lines represent three different electron fractions as 
shown in the legend. 
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3.4 The different stopping criteria  

Figure 8 shows abundance yields from r-process simulations using the waiting point approximation, 
WPA, initial abundances from a NSE simulation done with the same parameter values as in the r-
process simulation and the nuclear masses from the HFB21 mass model. The parameter values used 

were the following:                           and        . Furthermore the time-
dependent evolution of the density is following the formula: 

     
  

(  
 

     )
    

where                 . The two lines show the resulting abundance yields using two different 
stopping criteria. For the red line the stopping criteria was a certain temperature; when the 

temperature reached below           the simulation stopped. However, for the black line the 

cut-off temperature was set to          , which means that the calculations will instead halt at 
neutron freeze-out. That means that the simulation stopped when the neutron to r-process product 

ratio dropped below one  
  

  
    [7]. The stopping criteria used have a rather large impact on the 

final nuclear abundances as understood when observing figure 8. The neutron freeze-out condition 

gives noticeable abundances to isotopes up to a mass number of around      , with the 

exception of the trough around      . This include almost all isotopes used in these simulations, 

starting from     . Note especially the profound peak at      . The notable abundances of 
the simulation results with a temperature stopping criteria instead stops at isotopes with a mass 

number of about      , all while having the initial sudden increase in abundance at a mass 
number lower than for the neutron freeze-out condition. The mass numbers giving rise to peaks in 

the abundance distribution from the NSE simulation,      and       as seen in figure 4, can 
here be observed in the abundance distribution from the r-process simulation as mass numbers of 
local abundance maxima or mass numbers that correspond to a sudden increase in the abundance. A 

third peak around       can also be observed here, like for high densities in figure 6. Why this 
happens has an explanation presented in the discussion section further down.  
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Figure 8. Abundance yields from r-process simulations using a WPA with initial abundances from an NSE simulation with 

the same physical conditions and different stopping criteria. The parameter values used were:               

            and        . The red line shows abundance yield with a stopping criteria of a cut-off temperature of 

         , while the black line shows a neutron freeze-out condition.  

3.5 Neutron freeze-out and varying initial conditions 

Following the simulations with different stopping criteria in the last section, further simulations with 
the neutron freeze-out condition were also carried out with varying initial parameters for the NSE 
simulation as well as the r-process simulation. The results of these simulations are found in figures 9, 
10 and 11. The standard values used, which are represented as the blue line in each of the figures, 

are the same as in the section above:                           and        . For 
each parameter simulations were run with values higher and lower than the standard values.  

Figure 9 shows the result of varying temperature, where the blue line represent the same 
temperature used in the different stopping criteria test above. The red and black lines represent a 
higher and lower temperature respectively. The results are following the same pattern as the NSE 
simulation with varying temperature seen in figure 5; a lower temperature means the abundance 
distribution is more concentrated at the higher mass numbers whereas a higher temperature leads to 

the fact that the abundance gets higher for isotopes with lower mass numbers. The peak at   
   , as seen in the previous neutron freeze-out simulation, is however interestingly enough almost 
intact regardless of the temperature. This seems to be a turning point for the abundance distribution; 
the simulation with the lower temperature has lower abundances in comparison with the blue line 

for mass numbers lower than       while the abundances increases for mass numbers above 

     . The opposite is observed for the simulation with the higher temperature, the red line, 
although the differences are not obvious for the lower mass numbers.  
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 Figure 10 instead shows the results of varying initial densities. In similarity with the 
simulations with different temperature, changes in the results from the r-process simulations with 
different densities also follow, to a large extent, the changes in the abundance distributions from the 
NSE simulations presented earlier. This means, as can be observed in figure 10, a higher initial 
density mostly pushes the abundance distribution to the right. Two interesting effects can here be 
observed though. Firstly, a rounded peak, not seen in the simulation presented by the blue line, has 

originated at a mass number of around      . Secondly, the abundances of the highest mass 

numbers,          , after the trough are here notably lower in comparison with the blue line. 
The result from the simulation with a lower initial density follows the distribution from the NSE 
simulation better; slightly higher abundances for lower mass numbers and lower abundances for 

higher mass numbers. A noteworthy observation is that a new trough around       has 
originated for the simulation with the lowest density; section 4.2 will try to explain why.  
 Lastly, the effect of a varying electron fraction was investigated; the results can be observed 
in figure 11. A lower electron fraction here means that the abundances are decreased for isotopes 

with a mass number lower than      . The opposite happens for heavier isotopes. Interestingly 

enough the trough at       is still distinct. Abundances for isotopes to the right of the trough 

have increased noteworthy to almost the same levels as for mass numbers between       and 

     . Also in the figure are two lines with higher electron fraction than the here standard of 

       , two abundance distributions that are completely different from each other. The one for 

      , red, follows the same approximate shape as the two already discussed whereas the 

distribution from the simulation with       , green, is different. For the green line the abundance 

is essentially zero for any isotopes with a mass number above      , i.e. just after the peak of the 
abundance distributions of all the other simulations with the neutron freeze-out condition. The 
black, blue and red lines all follow the same patterns as the NSE distributions seen earlier in figure 7, 
just like for varying temperature and initial density.  
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Figure 9. Abundance distributions from three r-process simulations of varying temperature with a neutron freeze-out 
stopping criteria and with initial abundances from NSE simulations with the same initial parameter values. The values for 

the initial density and the electron fraction used in all three simulations are:                 and        .  

 
Figure 10. Abundance distributions from three r-process simulations of varying initial density with a neutron freeze-out 
stopping criteria and with initial abundances from NSE simulations with the same initial parameter values. The values for 

the temperature and the electron fraction used in all three simulations are:           and        . 
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Figure 11. Abundance distributions from four r-process simulations of varying electron fraction with a neutron freeze-out 
stopping criteria and with initial abundances from NSE simulations with the same initial parameter values. The values for 

the temperature and the initial density used in all four simulations are:           and                . 

4 Discussion 

To begin with, a general explanation about the abundance distributions seen in the results above is 
needed. Firstly, almost none of the abundance distributions are smooth curves, with the only 
exceptions being the abundance yields when using the liquid drop model presented earlier. The 
physical reasoning behind this is a type of asymmetry effect taking place in the nucleus, an effect not 
taken into consideration in the liquid drop model. This effect is called the pairing effect and is 
caused by an odd or even atomic number as well as neutron number. Consequently also an odd or 
even mass number affect the properties of the nuclei, which is what can be observed in the figures 
presented in this project. Generally, if the neutron and atomic number both are even the nucleus has 
a higher binding energy and is more stable than if one of the numbers were to be odd. If both are 
odd it leads to an even less stable nucleus. In the abundance distribution figures from the NSE as 
well as the r-process simulations it can be observed as small peaks over the whole mass number 
interval. The peaks are generally at even mass numbers, with the odd mass numbers in between the 
peaks. The reason the nuclei with even mass numbers are more abundant is the simple fact that 
those nuclei are generally more stable than nuclei with odd mass numbers. An odd mass number 
implies that either the atomic number or the neutron number is odd for the nuclei, which leads to an 
asymmetry in the nucleus. Due to the Pauli exclusion principle, which says that two fermions cannot 
occupy the exact same quantum numbers, the nucleus would be in a state with higher binding energy 
if the number of spin up protons is equal to the number of spin down protons. The same goes for 
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neutrons and their spin states. Therefore, a nucleus with an odd number of neutrons is more likely 
to emit or absorb, as in an r-process, a neutron than a nucleus with an even number of neutrons; 
likewise for protons. Consequently the nuclei with an even mass number are more abundant, as can 
be observed. The special case of nuclei where both the atomic number and the neutron number is 
odd, leading to an even mass number, are the least stable nuclei. Those nuclei will emit or absorb 
both type of nucleons and will find a more stable state when both the neutron and atomic numbers 
are even, further confirming what can be observed in the figures.  
 Secondly, peaks can be observed at certain mass number values in most of the figures, where 

three specific numbers are reoccurring in many figures; namely     ,       and      . 
The physical explanation of these peaks is that they are a product of the shell model, which is why 
they will not appear in figures where the liquid drop model has been used. For the mass numbers 
producing the peaks there exist certain nuclei called waiting point nuclei, for the first two the nuclei 

responsible are      and       [17] [18]. These nuclei are the source of so called waiting points in 

the r-process path since they both have full neutron shells, i.e. a number of neutrons equal to a 

magic number. For      the magic number of neutrons are 50 while       has 82 neutrons. This 

makes them exceptionally stable and neither easily willing to absorb a neutron through an r-process 
nor beta minus decay into other nuclei in turn willing to absorb more neutrons [5] [19]. Instead the 
more favorable process for these nuclei is the photo-disintegration, which is a physical process 
where a gamma ray is absorbed by a molecule, causing it to enter an excited state and consequently 
emitting a proton, a neutron or an alpha particle [19]. This is causing the nuclei to exit the r-process 
path they are on and instead starting over on either a new or further back on the same r-process 
path. The extraordinary long beta decay half-lives are hence the cause of the abundance building up, 
creating the peaks visible in abundance distributions from r-processes. The nature of the third peak 

at       remains relatively unexplored due to the extremely neutron-rich isotopes responsible, 
making it very hard with the technology of today to draw any conclusions about the peak. However, 
scientists are starting to explore the physical explanation behind the peak more and more [19].  

4.1 Liquid drop model and HFB21 mass model 

As seen in figures 2 and 3, and as expected, the differences in binding energy between the liquid 
drop model and the HFB21 mass model grows larger when one goes closer to the drip lines. The 
nuclei there are either very neutron-rich heavy nuclei or nuclei where the number of protons is close 
to the threshold. These nuclei do not follow the liquid drop model particularly well since this is 
where the isovector part of the nuclear force, which is not fully understood, comes into play. 
Neutron-rich heavy nuclei, that are especially interesting when looking at r-processes, are very 
asymmetrical when looking at the balance between protons and neutrons in the nucleus. Unequal 
numbers of protons and neutrons means that higher energy levels are filled for either protons or 
neutrons, while there are empty, lower energy levels for the other type of nucleon. This asymmetry 
affects the binding energy of the nucleus and limits which nuclei can exist. 

Considering the special numbers for the neutron number and the atomic number where the 
binding energy grows larger, these are called magic numbers. 20, 28, 50, 82 and 126 are the numbers 
seen in the plots; in addition to these one understand from theory that 2 and 8 are magic numbers. 
The reason the liquid drop model becomes inexact at these numbers is that for these proton and 
neutron numbers certain shells fill up, where each shell represent a value of the quantum number n. 
Nuclei with filled shells are more stable and have a notably larger binding energy. As seen in figure 3, 
the difference has local maxima when both the atomic number and the neutron number are equal to 
magic numbers. These special nuclei have an extra-large binding energy and are called double magic 



20 
 

nuclei, which is what leads to these even larger differences between the liquid drop model and the 
HFB21 mass model. This is since the liquid drop model does not take the shell model into account; 
instead it only handles certain forces between nucleons as explained in section 1.1.4. This exclusion 
of the shell model also affects the NSE simulations as well as the r-process simulations since nuclear 
masses are an important input for both of those. The effect of this was observed in figure 4 where 
the abundance distribution was smoothened out and the peaks disappeared for the liquid drop 
model when comparing the two models.  
 These two effects have two different explanations. Firstly, the smoothening of the curve 
depends on the pairing effect explained above. In figure 3 this can be observed by all the small peaks 
over the whole surface. Secondly, the peaks are disappearing since they are a product of the shell 
effect. The shell effect is neglected in the liquid drop model used in this project and hence the peaks 
will not appear in an NSE or r-process simulation with nuclear masses calculated from the liquid 
drop model.  

4.2 Varying initial conditions 

In section 3.3 the impact of varying initial conditions on NSE simulations was covered. Starting with 
figure 5 showing the abundance with various initial temperatures what could be observed was that a 
higher temperature shifted the abundance to the left while a lower temperature had the opposite 
effect. In the beginning of this paragraph the reason for the peaks was explained and expectedly they 
stay at approximately the same mass numbers even when the temperature varies. However, 
concerning the shifting of the abundance in the graphs, with more abundance by the lower mass 
numbers for increasing temperature, it may seem a bit counterintuitive. The reason behind it is that 
with increasing temperature the nuclei generally become less stable. The nuclei will beta decay 
quicker and consequently the neutron captures cannot keep up. The effect of this is that the most 
neutron-rich isotopes cannot form and more abundance then stays at the lower mass numbers, with 
the waiting point nuclei as the turning points. Therefore the abundance grows larger before the first 
peak, while decreasing between the peaks and after the second peak. Similarly, for lower 
temperatures the nuclei become more and more stable, leading to them being able to absorb more 
neutrons before beta decaying. However, for the temperature used in the simulation nuclei did not 
manage to shift more to the right of the second peak. It was only the second peak itself that 
increased in height. The first peak decreased in height since more nuclei managed to get past that 
waiting point.  
 Figure 7 shows the effect of a varying electron fraction. We see that the effect is similar to 
that of a varying temperature in the sense that a higher electron fraction shifts the abundance to the 
left while a lower electron fraction shifts the abundance to the right, beyond the first peak. In this 
case the shift to the lower mass numbers is more obvious; the abundance of the nuclei with a mass 
number to the right of the first waiting point is essentially zero. This tends to be counterintuitive as 
well; more electrons should generally mean that more neutrons are created from fusion of protons 
and electrons. More neutrons should in turn mean more neutron absorptions and neutron-heavy 
nuclei and instead a shift to the heavier nuclei. This will occur; more neutron-heavy isotopes of the 
same element will be produced, however there is one effect of a high electron fraction that is 
preventing the abundance yield to be shifted to the right. More electrons surrounding the nuclei 
means that they are less likely to beta decay, which means that more nuclei will seize to continue the 
r-process path where beta decay is important. This effect becomes especially apparent by the waiting 
point nuclei, since those nuclei already are exceptionally stable in this context; an electron fraction of 

    leads to almost no abundance whatsoever beyond the first peak. Lower electron fraction on the 
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other hand leads to higher abundance for nuclei past the first waiting point nucleus for the opposite 
reason; the nuclei are more likely to beta decay and hence continuing the r-process paths.  
 The same effects from varying temperature and electron fraction for the NSE simulations 
are seen in figures 9 and 11 where instead the abundance distributions from r-process simulations 

are presented. The three waiting point nuclei at     ,       and       are apparent in the 
distribution; the two first ones are points where the abundance increases but then is kept relatively 
constant beyond the waiting point, while the third one give rise to a distinct peak. The differences 
between the different simulation results for varying temperature and varying electron fraction 
respectively are not very substantial for the most part. One simulation that differs a lot from the rest 

is the simulation where electron fraction was       , i.e. the green line in figure 11. Here, most r-
process paths are having problems continuing after the second waiting point. After the third waiting 
point the abundance is essentially zero for nuclei of all mass numbers; the electron fraction is so 
high that nuclei are having problems beta decaying and allowing the r-process path to continue.  
 Varying density, as shown in figures 6 and 10, is having a more intuitive effect on the 
abundance yield. Starting with the NSE abundance distribution a higher density is increasing the 
abundance of the heavier nuclei while lower density instead has higher abundances for lighter nuclei. 
As in the previously discussed figures the three waiting point nuclei are here very obvious and as the 
density increases the height of the next peak caused by the waiting point nuclei increases. This is 
simply explained by the fact that a higher density creates more opportunities for nuclei to absorb 
neutrons, thus allowing more nuclei to reach neutron-rich states from where they beta decay and 
heavier nuclei are allowed to be produced. This is basically the same effect as a lower temperature 
has on the NSE simulation as discussed above, although there the physical reasoning behind was 
that the nuclei became more stable, here it is that they are able to absorb neutrons quicker. Figure 10 
shows the effect of varying initial density on r-process simulations, and the same trends as above can 
be observed; higher initial densities lead to the heavier nuclei being more abundant while lower 
initial densities have the opposite effect. This is especially apparent after the third waiting point at 

      but can also be observed for the lighter nuclei. 

Something that may seem strange in figure 10 is the trough around       for the lowest 
density simulation, just after the second waiting point peak. In a real abundance distribution this 
trough would not be this deep; neither would it if a full network were to be used in this simulation. 
Instead it is just a result of the approximations in the WPA used in these simulations [7]. The jagged 
abundance distributions are also due to the WPA, since in general it is not as accurate in its 
calculations. In particular, what is excluded from the WPA is the beta-delayed neutron emission, a 
type of decay that will smoothen out abundance distributions from r-processes [7]. 

4.3 The different stopping criteria 

Section 3.4 showed the results from simulations with various stopping criteria, namely temperature 
cut-off and neutron freeze-out. The results was, as observed in figure 8, that a cut-off temperature 

of        , represented by the red line, gives the highest abundances for nuclei with mass 

numbers around 80 while the abundance for nuclei heavier than       is essentially zero. The 
black line, with the neutron freeze-out condition, shows a completely different behavior; the 

abundance peaks for mass numbers around     and shows notable abundances for nuclei all the 
way up to the absolute heaviest. Something the two abundance yields share is the importance of the 
waiting point nuclei. While the effect of them varies a bit, all three waiting point nuclei are 

apparently important for both of the simulations.      and       both give local maxima for 
the red line, while they give rise to sudden increases in abundance for the black line. The waiting 
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point at       is however showing the most interesting effect on the abundance yields; the red 
line stops right before that point and the black line show a maximum for the same.  
 The above mentioned behavior can most likely be explained by the fact that the nuclei in the 

r-process paths leading up to the peak around       is so unstable that when the temperature is 

not allowed to cool down lower than        , no notable amount of heavier nuclei will be able to 
form. As mentioned in previous sections this is due to the fact that nuclei become more and more 

unstable the higher the temperature. However, when the cut-off temperature is lowered to   
      and the simulation instead stops at neutron freeze-out, this effect is not present. What 
happens is that the unstable nuclei previously mentioned is allowed to become more stable with the 
lower temperature, allowing the r-process paths to continue further and heavier nuclei to form. The 
simulation then stops at neutron freeze-out, i.e. when the number of neutrons is equal to the 
number of r-process products. At neutron freeze-out the nuclei will have problems absorbing 
enough neutrons so that the r-process paths can continue; the neutron flux is not high enough 
anymore. This is often the case in real situations at explosive astrophysical sites; a high neutron flux 
is made available for a short period of time and r-processes occur in that time frame until the 
neutron flux is not high enough anymore.  
 It is obvious that different stopping criteria are important for the final abundance yield. 
Hence, in order to get realistic simulations it is important knowing when and why the r-process 
stops in certain astrophysical sites. For example, in certain situations the neutron flux may only be 
available for a short period of time though, hence the r-processes will stop at neutron freeze-out 
even though the temperature is still high enough for the r-process paths to continue. In other cases 
the neutron flux may still be high enough for the paths to continue forth, even though the 
temperature is relatively low. Eventually the temperature will be low enough and that will instead be 
the limiting factor that the r-process paths cannot continue. 

4.4 Suitability of r-Java 2.0 

For the purposes of this project r-Java 2.0 was a good code to work with since it both is an elaborate 
simulator for r-processes at the same time as it is relatively easy to use. No knowledge about Java as 
a programming language is required since the program uses an easy-to-understand graphical 
interface for showing results as well as choosing initial parameters and nuclear data. The results have 
not been affected by the choice of simulation code to any degree that has made it harder to draw 
conclusions. Even if the code and the models it is based on will be further developed to mimic real 
physical processes better, the qualitative results produced in this project are still reasonable. It is 
mostly the quantitative results researchers today are trying to improve in order to better understand 
r-processes.  

5 Summary and Conclusions 

The goal of the project was to see how variations in initial parameters as well as nuclear masses 
affect the abundance yields of NSE and r-process simulations. In general the results show interesting 
dependences on temperature, density and electron fraction. It is shown that the abundance 
distribution is shifted to the right or to the left of the three waiting points at mass numbers of 

    ,       and       depending on the values of the initial parameters, for both the 
NSE and r-process simulations. The mass numbers of the peaks are constant since they are due to 
the waiting point nuclei around closed neutron shells and are not affected by the environment of the 
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simulated system. These points act just as waiting points, where the abundance distribution either 
increase or decrease before and after the point for a certain parameter value in comparison with 
another. This report shows that small changes in physical parameters important for the r-process 
environment can change the abundance yields showing that a more accurate model is needed in 
order to get results comparable to the experimentally measured abundances in the universe. The 
parameters used in this project are a sample of parameters that are important for the r-process. The 
r-Java 2.0 code contains many more parameters, constant as well as time dependent, that all affect 
the abundance yields. Improvements in models involving temperature, density and electron fraction 
is not nearly enough; development is needed for all models describing processes that are important 
for the astrophysical heavy-element nucleosynthesis sites in the universe.  
 Even though r-Java 2.0 is an elaborate simulator for r-process, much is still left to be done in 
order to gain a better knowledge about r-processes and their possible sites in the universe. The fact 

that the exact physical reasoning behind the       waiting point is not known indicate that a 
further development of the physical models that the code is based on is important. Improvement of 
the code itself is also crucial for better simulations. In addition to this, the nuclear masses and other 
important nuclear properties for the r-process like beta decay half-lives are not known precisely for 
very neutron-rich nuclei since this is very hard to measure experimentally due to the short life times 
of the nuclei. Better models for nuclear masses are crucial in order to simulate r-processes more 
accurate than today; the HFB21 mass model used in r-Java 2.0 is already very complex but further 
development is needed. Large uncertainties still occur close to the drip lines with the HFB model 
and since the area close to the neutron drip line is so important for the r-process paths this affect 
the outcome of the simulations.  
 Furthermore, the stopping criteria used is shown to be crucial for the outcome of the 
simulations. Depending on the physical environment r-processes may stop at different times; it may 
be a neutron freeze-out where the flux of neutrons is not high enough anymore for r-process paths 
to continue, or a cut-off temperature where the processes cannot continue in the same way when the 
temperature is lower than the cut-off temperature. Other stopping criteria also exist depending on 
the astrophysical site of the r-process. Knowing this, it is important to understand the exact time 
dependent development of the physical parameters in astrophysical sites like supernovae and 
merging neutron stars, in order to choose the right stopping criteria that give the most accurate 
abundance yields.  
 In conclusion, this report indicates that r-process simulations are sensitive to changes in 
input parameters, nuclear masses and stopping criteria. Hopefully a further development of the 
simulation code as well as a better understanding of the physical processes involved in astrophysical 
sites such as supernovae explosions and merging proton stars will lead to improved simulation 
results. Simulations that are made today show great resemblance with solar abundance distributions; 
however, more work is needed in order to perfect the simulations. Further development of the code 
will lead to better understanding of r-processes in the universe and vice versa; developments made in 
the two areas will help each other and hopefully ultimately lead to a complete understanding of how 
and where r-processes take place in the universe. 
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