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Abstract

This thesis considers optimization techniques with applications in assign-
ment and generalized linear regression problems. The first part of the thesis
investigates the worst-case robust counterparts of combinatorial optimization
problems with least squares (LS) cost functions, where the uncertainty lies
on the linear transformation of the design variables. We consider the case
of ellipsoidal uncertainty, and prove that the worst case robust LS optimiza-
tion problem, although NP-hard, is still amenable to convex relaxation based
on semidefinite optimization. We motivate our proposed relaxation using
Lagrangian duality, and illustrate that the tightness of the Lagrange bidual
relaxation is strongly dependent on the description of the feasible region of
the worst-case robust LS problem. The results arising from this analysis are
applicable to a broad range of assignment problems.

The second part of the thesis considers combinatorial optimization prob-
lems arising specifically in the context of conference program formation. We
start by arguing that both papers and reviewers can be represented as fea-
ture vectors in a suitable keyword space. This enables rigorous mathematical
formulation of the conference formation process. The first problem, paper-to-
session assignment, is formulated as a capacitated k-means clustering prob-
lem. We formally prove that it is NP-hard and propose a variety of ap-
proximate solutions, ranging from alternating optimization to semidefinite
relaxation. Suitable convex relaxation methods are proposed for the paper-
to-reviewer assignment problem as well. Our methods are tested using real
conference data for both problems, and show very promising results.

In a related but distinct research direction, the third part of the thesis
focuses on preference measurement applications: Review profiling, i.e., deter-
mining the reviewer’s expertise (and thus identifying the associated feature
vector for the reviewer) on the basis of their past and present review prefer-
ences, or ‘bids’, is an excellent example of preference measurement. We argue
that the need for robust preference measurement is apparent in modern appli-
cations. Using conjoint analysis (CA) as a basis, we propose a new statistical
model for choice-based preference measurement, a part of preference analy-
sis where data are only expressed in the form of binary choices. The model
uses deterministic auxiliary variables to account for outliers and to detect
the salient features that influence decisions. Contributions include conditions
for statistical identifiability, derivation of the pertinent Cramér-Rao Lower
Bound (CRLB), and ML consistency conditions for the proposed nonlinear
model. The proposed ML approach lends itself naturally to ℓ1-type convex re-
laxations which are well-suited for distributed implementation, based on the
alternating direction method of multipliers (ADMM). A particular decom-
position is advocated which bypasses the apparent need for outlier variable
communication, thus maintaining scalability.

In the last part of the thesis we argue that this modeling has greater
intellectual merits than preference measurement, and explain how related
ideas can be put in the context of generalized linear regression models, drawing
links between ℓ1-methods, stochastic convex optimization, and the field of
robust statistics.
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Sammanfattning

Denna avhandling behandlar optimeringstekniker med tillämpningar inom
tilldelningsproblem samt generaliserade linjära regressionsproblem. Första
delen av avhandlingen studerar värstafallsmotsvarigheten av kombinatoriska
minstakvadratoptimeringsproblem (MK-problem) där osäkerheten ligger i den
linjära avbildningen av designvariablerna. Fallet då osäkerheten är ellipsoidal
behandlas och det visas att den robusta värstafallsmotsvarigheten av MK-
problemet kan behandlas med semidefinit relaxering trots att problemet är
NP-svårt. Lagrangedualitet används för att motivera den föreslagna relax-
eringen, och det visas att kvaliteten på Lagrangebidualrelaxeringen är starkt
beroende av beskrivningen av den tillåtna mängden lösningar på problemet.
Analysens resultat är tillämpbara på en stor mängd tilldelningsproblem.

Avhandlingens andra del behandlar kombinatoriska optimeringsproblem
(tilldelningsproblem) som dyker upp vid utformning av konferensprogram.
Avhandlingen argumenterar för att både artiklar och granskare kan repre-
senteras som karaktäristiska vektorer i ett passande nyckelordsrum och kon-
ferensutformningsprocessen kan därför formuleras matematiskt rigoröst. Det
första problemet med artikel-session-tilldelning formuleras som ett k-means-
klustringsproblem. Det visas formellt att problemet är NP-svårt och en
mängd approximativa lösningar föreslås. Dessa spänner från omväxlande opti-
mering till semidefinit relaxering. Även för artikel-granskare-tilldelningsproble-
met föreslås passande konvexa relaxeringsmetoder. För båda problemen tes-
tas metoderna med verklig konferensdata och resultaten är lovande.

Preferensmätningstillämpningar är en relaterad, men klart avgränsad,
forskningsriktning som beskrivs i den tredje delen av avhandlingen. Granskar-
profilering, det vill säga att bestämma en granskares expertis baserat på
tidigare och nuvarande granskarpreferenser, samt att identifiera förknippade
karaktäristiska vektorer för granskaren, är ett utmärkt exempel på preferens-
mätning. Avhandlingen framhåller att behovet av robust preferensmätning
är tydligt i moderna tillämpningar. Med hjälp av conjoint analys som grund
föreslås en ny statistisk modell för valbaserad preferensmätning. Detta är
en är en del av preferensanalysen där data enbart beskrivs med hjälp av
binära val. Modellen använder deterministiska hjälpvariabler för att ta hän-
syn till outliers och för att detektera de framträdande särdragen som påverkar
besluten. Avhandlingens bidrag inom detta område inkluderar villkor för
statistisk identifierbarhet, härledning av den relevanta Cramér-Raogränsen
samt ML-konsistensvillkor för den föreslagna ickelinjära modellen. För den
föreslagna ML-metoden är det naturligt att använda konvex relaxering av ℓ1-
typ, som kan implementeras distribuerat med hjälp av ADMM-metoden. Det
synbara behovet av explicit kommunikation av outliervariablerna kringgås
genom en speciell omformulering av problemen, och den föreslagna metoden
skalar därför väl.

I den sista delen av avhandlingen argumenterar för att den föreslagna
modellen har mer intellektuell förtjänstfullhet än preferensmätning. Det visas
också hur relaterade idéer kan beskrivas som generaliserade linjära regres-
sionsmodeller, samtidigt som samband mellan ℓ1-metoder, stokastisk konvex
optimering och robust statistik dras.
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Chapter 1

Introduction

In this Introduction we give an overview of some basic concepts as well as the
problems covered by the thesis, focusing mostly on the role of convex optimization
as a tool to address these problems. We also explain our main contributions for
every problem considered. The concepts introduced informally here will be covered
in later chapters, with additional explanations and care on technical details.

1.1 Main concepts and recurrent themes

One of the main concepts that recurrently appears throughout the thesis is that
of robustness, which is a concept of central importance in engineering design and
statistics. In these fields, estimation and inference is based only in part upon the
observations, an equally significant part being based on prior assumptions about the
true underlying situation. Most often these assumptions are not true exactly, but
are mathematically convenient constructions which attempt to mimic the realistic
situation. Although not exactly true, such constructions are often necessary to
study the behavior of real systems, and their use is often justified by applying
to the following stability or robustness principle: a small error in the assumed
dynamics should cause only a small error in the final results.

In engineering design, testing for robustness is usually referred to as posterior
analysis, and is carried out by testing the sensitivity of the system with respect
to variations in some of its parameters. If for example, small variations in the pa-
rameters (which are assumed exactly known) lead to insignificant changes in the
output of the system, the design is considered to be robust and generally desirable.
Naturally, any prudent engineer should take the fact that imperfections might arise
into account a priori, and design with this information in mind. Famous examples
of such designs are worst-case robust approximation in linear systems of equations
[GL97], or stochastic robust approximation [BV04], which both have found exciting
applications in system identification and control theory. Thus, the term robust de-
sign is mostly related to robust optimization, that deals with optimization problems

1



2 CHAPTER 1. INTRODUCTION

in which a certain measure is sought against uncertainty that can be represented
as variability in the value of the parameters of the problem.

Robustness can be interpreted as the ability of a procedure, or design, to cope
with the imperfect knowledge of the working environment. In the statistical signal
processing literature, robustness is mostly understood in a distributional (or sta-
tistical) sense, where the objective is to study deviations from the assumed data
probability distribution. The case of distributional robustness is important because,
especially in modern engineering applications, present in large volumes of data are
frequently samples that violate the postulated statistical model (commonly referred
to as outliers). The robustness of an estimator is then measuring how outliers may
influence the quality of the final estimate. Motivation for pursuing statistical ro-
bustness is the existence of impulsive noise [BKR97, Mid99], and a robust estimator
is typically contrasted with an estimator derived by typical Gaussianity assump-
tions on the data, whose estimation performance is largely affected by the validity
of that Gaussianity assumption.

An excellent overview of robust statistical estimation with applications can be
found in [ZKC+12]. Robust statistical estimation is a well developed field with
a long history, with early contributions dating back to 1800s. The first formal
theory of robust statistics was proposed by Huber in 1964 [HR09] and was heavily
applied in signal processing in the subsequent decades. On the other hand, robust
design (and robust approximation in particular) is a more recent topic, owing to
the advances of convex optimization [BV04]. Most of the results that exist in this
direction were developed in the 90s, see, e.g., [CGG+98] and references therein.

We expect that the number of applications where robust design or robust sta-
tistical estimation becomes essential will continue to keep growing. There are two
main reasons for this: i) emerging engineering problems involve complex structures
with a vast number of parameters which are not known exactly, and ii) the com-
plexity of new applications is such that estimation not only involves a vast number
of unknowns, but often unknown noise dynamics and disturbances. The latter is
especially important in modern machine learning and data mining applications,
where the rate of data increase is such that it goes hand to hand with the urgent
need to acquire robustness and scalability.

Another theme which recurrently appears throughout the thesis is the concept
of sparsity. Despite the fact that emerging applications exhibit datasets with high
dimensionality, it is often the case that these datasets have a useful lower dimen-
sional structure. We refer to this characteristic as sparsity, i.e., even if an object or
a signal is high dimensional, only a few degrees of freedom compared to its ambient
dimension are significant. A signal can be sparse either naturally, or after projecting
it into some suitable basis. An image, for example, might have millions of nonzero
pixels, but it usually has a very sparse wavelet transform [CW08], i.e., when ex-
pressed in the wavelet domain most coefficients are nearly zero. In a biological
experiment, as another example, one could measure changes of expression in 10000
genes and expect at most a couple hundred genes with a different expression level.
In signal processing and estimation, a high dimensional parameter vector to be
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estimated from measurements might have a very small number of non-zero entries,
or it can be expressed as a sparse signal using a suitable set of basis functions.

Generally speaking, the implication of sparsity is that it makes the estimation
of an object viable even when there are much fewer observations than its ambi-
ent dimension available. A very concrete example of this paradigm is the idea of
compressed sensing [Don06], which, loosely speaking, investigates the reconstruc-
tion of a sparse signal from an underdetermined set of observations. The topic has
attracted significant theoretical interest in the last few years, and has also found im-
portant applications ranging from the area of data compression and channel coding,
to data acquisition and inverse problems [CW08].

Sparsity concepts have found exciting applications in statistics and machine
learning as well. In machine learning, sparsity comes into play in obtaining a pa-
rameter fit that offers a parsimonious explanation for the data, thereby providing a
more interpretable model with increased generalization capability. There are several
approaches proposed in the literature for sparse parameter fitting. An important
class of methods is based on greedy algorithms, perhaps most famous example being
the so-called Matching Pusuit [TG07]. This is a type of sparse approximation which
involves finding the best matching projections of an object onto an over-complete
dictionary. There are also Bayesian approaches to sparse estimation, which use
discrete mixture prior densities for sparse learning, commonly referred to as spike-
and-slab priors [Tip01]. A very important class of sparse estimation algorithms has
its basis in convex optimization and more precisely in the famous ℓ1 norm heuristic.
The ideas of using the ℓ1 norm as a sparsity promoting functional trace back to
the 1980s in the application of seismology [CM73], however the application areas
began to broaden in the mid-1990’s, where the so called LASSO algorithm [AR94],
[Tib96] was proposed in statistics as a method for sparse model selection. This
latter class of ℓ1 methods are of particular interest in this thesis.

As a very brief outline, the thesis initially considers robust design and least
squares approximations, under additional design constraints which complicate the
construction of robust solutions. In Chapters 4 and 5 we focus on statistical mod-
els and applications which benefit from sparsity concepts, and propose modeling
strategies that combine sparsity and robust statistics, viewing general outlier de-
tection as a sparse reconstruction problem. Our analysis and proposed solutions
pass through the framework of convex optimization, whose role is essential to the
thesis.

1.2 Convex optimization and its role in the thesis

Convex optimization has emerged as an important mathematical tool finding wide-
spread use not only in machine learning and statistical signal processing, but also
in other disciplines such as finance or engineering design. Which is the maximum-
flow route in a network graph? Which is the portfolio allocation that minimizes
risk, among all possible allocations that meet the firm requirements? How can we
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estimate the parameters of a given model so as to maximize the probability of get-
ting the correct answer? A considerable number of such mathematical optimization
tasks can be formulated as convex optimization problems.

With only a bit of exaggeration, we can say that convex optimization problems
are–as opposed to general optimization problems–easy to solve. Such problems have
the following generic form:

minimize
x

f(x)

subject to: fi(x) ≤ 0, i = 1, · · · , n,
(1.1)

where x ∈ R
n is the vector with the design variables of the problem, f : Rn → R

is the objective function, and the functions fi : R
n → R i = 1, · · · , n, are the

(inequality) constraint functions. The key differentiating feature of (1.1) from a
general optimization problem is that both the objective and the constraint functions
are convex, which is the same as to say that all functions f, fi have a non-negative
curvature. A point z ∈ R

n is feasible for (1.1) if and only if it satisfies the constraints
fi(z) ≤ 0, i = 1, · · · , n. The set of all feasible points is called the feasible set of
the optimization problem (1.1). A point x⋆ ∈ R

n is optimal for (1.1) if it has the
lowest objective value among all feasible points. An optimal point is also called
a solution of the optimization problem. Naturally, a solution is not necessarily
unique.

The solution of the optimization problem in (1.1) can be obtained efficiently
by numerical algorithms. Perhaps the most famous class of convex optimization
problems is linear least squares, which has a very long history, dating back to
Legendre and his work on the motion of celestial bodies [Leg805]. Another, more
recent class of convex optimization problems is linear programs, which have also
found an immense number of applications. There are also other classes of convex
optimization problems, some of which we encounter later on in the thesis.

The role of convex optimization in this thesis is three-fold:

• Convex approximation: Apart from casting a problem as a convex optimiza-
tion problem and thus solving it exactly, convex optimization plays a very
important role in finding approximate solutions for problems which are com-
putationally difficult to be solved exactly. Such is the case with many com-
binatorial optimization problems, which are going to appear especially in the
first part of the thesis. One way to deal with an optimization problem that is
hard to solve is to efficiently obtain an approximate solution through convex
relaxation. This comprises two steps: In the first step, one replaces the fea-
sible region of the original problem with a convex superset (hence the term
relaxation); then the resulting problem is solved using convex optimization
algorithms. In the second step, one converts the solution of the relaxed prob-
lem into a good admissible solution for the original problem through suitable
post-processing. The postprocessing step typically involves some projection of
the solution of the relaxed problem (and possibly related candidates generated
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via randomization) onto the feasible set of the original problem. Obviously,
the optimal value of the relaxed problem provides a bound on the optimal
value of the original problem; one goal is to find the tightest such bound
(make the relaxation as tight as possible), as this impacts the quality of the
final solution.

• Distributed optimization: Even though the optimization problem of interest
might be posed in the framework of convex optimization, in many cases the
goal is to solve it in a distributed manner. This is especially important nowa-
days in both machine learning applications and statistics, stemming from the
fact that the datasets involved in related optimization problems are usually
extremely large-scale; hence, it is natural to look to parallel optimization al-
gorithms as a mechanism for producing a solution. Distributed optimization
techniques are used in the second part of the thesis, which deals with robust
statistics and preference measurement applications. One way to visualize a
distributed solution strategy is to consider a set of nodes each one solving its
own convex optimization (sub)problem, and after that, combining their local
solutions to a global one.

• Stochastic optimization: This aims for providing ‘streaming’ solutions which
update the design variables sequentially as data become available. The famous
least-mean-squares (LMS) algorithm is one representative example of such a
stochastic optimization algorithm. We discuss such ideas in the last part of the
thesis, essentially blending the benefits of robust statistics and M-estimation
[Hub81] with stochastic optimization [Pre95].

Throughout the thesis, the emphasis will not be on mathematical rigor, but
rather, in applications. Let us now explain the problems explored in the thesis, why
these are interesting, and our contributions. We describe where and how convex
optimization is used to provide efficient solutions. The ideas and contributions
overviewed here are explained in detail later on in the subsequent chapters.

1.3 The robust binary Least Squares (LS) design problem

In the first part of the thesis we consider robust binary LS design problems. Given
a system of linear equations Hs = y, the problem is to find the vector (or design)
s that brings Hs as close as possible (in a Euclidean sense) to y. Unlike standard
LS, however, there are two additional design constraints in our context. These are
explained below.

The LS design problems are binary, in the sense that the entries of s are con-
strained to be binary variables. This situation is typical, for example, in assignment
problems [BDM09]. Although the binary LS problem has been proven to be NP-
hard in the general case, strong approximation algorithms have been developed
based on convex optimization techniques. Approximations based on the so-called
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semidefinite relaxation (SDR), have been proven particularly appealing. The rea-
son is that they usually provide excellent performance (measured in terms of the
norm of the residual vector r = Hs − y), while at the same time their worst case
complexity is polynomial of modest degree.

The LS design problems considered are also robust, in the sense that the actual
coefficient matrix H is not assumed perfectly known. As opposed to a statisti-
cal model for the variation in H [BV04], herein we adopt a set-based worst-case
approach. In other words, we describe the uncertainty by a deterministic set of
possible values for H, which we assume non-empty and bounded. Further, the
set is assumed ellipsoidal. Ellipsoidal uncertainty sets are frequently used in the
robust approximation literature, and their merits are well-documented [GL97]; we
will justify this ellipsoidal choice later on in the subsequent analysis.

One issue related to the use of robust optimization in practice is the degree
of conservatism of the robust solution; in other words, the so-called robustness-
performance tradeoff. This trade-off precisely relies on the fact that, in order to
de-sensitize the problem from the variation in its parameters, the robust solution
‘sacrifices’ some performance (measured in terms of the objective function value)
when the true parameters are close to the nominal ones, as opposed to the nominal
solution (i.e., the solution that takes no uncertainty into account). Naturally, differ-
ent uncertainty sets yield different trade-offs between performance and robustness.

Robust discrete optimization is a field with long history and references abound;
for an overview, applications and approximations, see [KY97] and references therein.
The authors in [BS03] consider robust optimization counterparts in the context of
network flow optimization; this means that the objective is a weighted sum of de-
sign variables (the weights represent, e.g., the capacities in the network links) and
the uncertainty precisely lies on these weights. In this context, [BS03] proves that,
under a box uncertainty model for the weights (i.e., when those are unknown lying
between known lower/upper bounds) the worst-case optimization problem can still
be efficiently solved. The authors extend their results to ellipsoidal uncertainty sets
in [BS04]. In the context of [BS04], the ellipsoidal uncertainty effectively creates a
quadratic cost function, which is to be optimized over a binary alphabet.

In [SWE04], Salhov et al. propose a worst-case robust formulation for binary LS
under generic uncertainty models. Unlike the general formulation in [SWE04], in
our context we consider the worst case robust counterparts of binary LS problems,
focusing on the case of an ellipsoidal uncertainty model for the coefficient matrix
H. Specifically, the problem considered is (henceforth abbreviated as WC binary
LS)

minimize
s

sup
H ∈ E

||y − Hs||22 subject to: s ∈ {±1}K , (1.2)

where E denotes the uncertainty region for H and is given by

E ,

{

Ĥ +

P
∑

i=1

uiHi | ||u||22 ≤ 1

}

, (1.3)
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and where u = [u1, u2, · · · , uP ]
T

. The matrix Ĥ ∈ R
N×K represents the nominal

coefficient matrix, and each perturbation matrix Hi represents a different uncer-
tainty direction. Both Ĥ and the associated {Hi}P

i=1, are assumed given. This
particular ellipsoidal description is convenient for several reasons: First and fore-
most, as shown in [GL97], it is possible to evaluate the supremum in (1.2) using
Lagrangian duality. Second, structrure in H (e.g., block diagonal or Toeplitz) can
be easily incorporated, by suitably choosing Ĥ and the perturbation matrices Hi.
In the special case where for each direction i we have Hi = 0, (1.2) becomes equiv-
alent to the nominal LS problem

minimize
s

||y − Ĥs||22 subject to: s ∈ {±1}K . (1.4)

The above has been proven to be NP-hard. This means that the problem posed in
(1.2) is also NP-hard as it includes (1.4) as a special case, thus the pursuit of sensible
approximation algorithms is motivated. As we shall see later on, problem (1.2), as
its nominal counterpart in (1.4), is amenable to convex relaxation techniques which
can produce high quality approximate solutions.

Figure 1.1: Illustration of robustness-performance tradeoff in the binary LS design for
a single example (see text for the details of the particular instance): Observe that the
nominal solution [solution of (1.4), blue surface] leads to a smaller objective value as the
true matrix approaches its nominal value Ĥ (u1 = u2 = 0), but the situation reverses
in favor of the robust solution [solution of (1.2), black surface] as the true matrix moves
sufficiently far away from Ĥ.
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Before explaining the main contribution of our work in this part, we illustrate
the robustness-performance tradeoff between formulations (1.2) and (1.4) explic-
itly, through a simple example. Let us first re-arrange the objective of (1.2) for
convenience as

r(s, u) , ||P(s)u − q(s)||22, (1.5)

where P (s) = [H1s H2s · · · HP s] ∈ R
N×P and q (s) = Ĥs − y ∈ R

N . Consider
a problem instance of (1.2) with P = 2, K = 15 and N = 3, and matrices Ĥ and
{Hi}2

i=1 all comprising Gaussian i.i.d. entries, and also normalized so as to have
unit Frobenius norm. Upon finding the optimal points s⋆

R and s⋆
N for (1.2) and

(1.4) respectively, one can assess the robustness-performance tradeoff by plotting

r(s⋆
R, u) and r(s⋆

N , u) as functions of u = [u1, u2]T. Both r(s⋆
R, u) and r(s⋆

N , u)
are quadratic functions of u and for the aforementioned example can be plotted in
3D–this is illustrated in the Fig. 1.1 above.

Now, even though the benefits of producing a robust solution are clear, exact
solution of (1.2) through direct enumeration is not computationally feasible as K
increases. Therefore, the main tool we use to analyze the robust binary LS problem
in (1.2) is convex relaxation. As we shall see later in detail, this convex relaxation
step is not obvious and requires a certain problem reformulation in order to be
efficient. Our main contribution in this part is a methodology for strengthening
this relaxation. We use convex programming duality to analyze the problem and
provide useful insights, also discussing some interesting special cases. Although all
details are given in Chapter 2, we attempt here to illustrate the main (and perhaps
surprising) result of this part with the diagram given in Fig. 1.2.

The two different relaxations outlined in the figure (R-SDR and TR-SDR),
are in fact the tightest convex relaxations for the corresponding equivalent problem
forms [those seen in the figure, shown as equivalent to the WC binary LS /
problem (1.2)]. 1 Note that these problem forms are equivalent, and in some
sense, trivially related. Aesthetics, therefore, would suggest that the corresponding
convex relaxations would be equivalent as well. This is however not the case; in
fact, as will be shown in Chapter 2, R-SDR can be seen as a further, non-tight
relaxation of TR-SDR.

We note that the results of the analysis presented in Chapter 2 are immediately
applicable, for example, in a broad range of assignment problems [BDM09]. Further,
an application of the relaxation technique proposed in this work appeared recently
in [SB11], in a slightly different setup from communications.

The material in this part (Chapter 2), is largely based on the following publi-
cations:

• [TJO11a] E. Tsakonas, J. Jaldén, B. Ottersten, “Robust binary least squares:
Relaxations and algorithms”, in Proc. of Intl. Conf. on Acoust., Speech,
and Sig. Processing (ICASSP), 2011.

1Here the term ‘tightest relaxation’ should be interpreted as ‘tighest relaxation in the class of
Lagrangian relaxations’.
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Figure 1.2: Illustration of how trivial equivalent reformulations of the original problem
in (1.2) yield different ‘tightest’ convex relaxations. In fact, the relaxation abbreviated as
R-SDR can be seen as a further, non-tight relaxation of TR-SDR [this will be shown
in Chapter 2]. Symbol � in the figure denotes that the matrix is positive semidefinite.

• [TJO11b] E. Tsakonas, J. Jaldén, B. Ottersten, “Semidefinite relaxations of
robust binary least squares under ellipsoidal uncertainty sets”, IEEE Trans.
Signal Process., vol. 59, pp. 5169 - 5180, 2011.

1.4 Conference program formation design problems

In the second part of the thesis we consider combinatorial optimization problems
arising specifically in the context of conference program formation. In particular,
we consider two critical ‘mass assignment’ tasks: assigning reviewers to papers (or
proposals) to match reviewing expertise to scientific content while respecting the
reviewers’ capacity constraints; and splitting accepted papers (or submitted pro-
posals) to sessions (panels) while adhering to session (panel) capacity constraints.
We advocate viewing reviewers and papers (or proposals) as points in a higher-
dimensional vector space, whose dimensions are keywords capturing domain exper-
tise. In this space, the aforementioned assignment tasks can be rigorously formu-
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lated as constrained combinatorial optimization problems. Let us now explain why
it is important to automate review and paper-to-session assignment, and most im-
portantly, why these problems are interesting from a scientific and signal processing
point of view.

It is fair to say that the credibility of our scientific enterprise relies heavily on
the peer review system. Whereas many contributions are eventually still judged
individually (e.g., when submitted for journal publication), there are at least two
important modes of ‘mass’ peer review at the center stage of scientific innovation
coordinated by associated technical program committee’s (TPCs): proposal review
panels, and conference reviewing.

A TPC chair’s job includes i) assigning reviewers to each paper, making every
effort to match reviewing expertise to paper content while respecting the reviewer
capacity constraints; ii) reading the submitted reviews and making an accept/reject
decision for each paper, keeping in mind the target acceptance rate and number of
papers that can be presented at the conference; and iii) splitting the accepted papers
in sessions, such that each session has a coherent theme, while adhering to session
capacity constraints. The latter is the paper-to-session assignment problem. A
program manager’s job likewise includes i) splitting the list of submitted proposals
in smaller thematic batches to be assigned to review panels, while adhering to panel
capacity constraints (proposal-to-panel assignment problem); ii) selecting reviewers
to invite for each panel; and iii) assigning panelists to each proposal, trying to match
reviewing expertise to the proposal content while respecting the panelist capacity
constraints.

To the best of our knowledge, there are currently no available computerized solu-
tions for paper-to-session assignment. Generic computerized assignment algorithms
(e.g., Cyberchair) are available for review assignment, but these rely on reviewing
‘bids’ or preference ratings, or a scalar similarity score between the contents of
each paper and the expertise of each reviewer. Given the similarity (or affinity)
paper-reviewer matrix, an assignment which maximizes the total affinity can be
formulated as an integer linear programming problem. This formulation has been
shown to be an optimization problem which can be solved exactly in polynomial
complexity [HWC99], see also [Tay08]. Using reviewer preferences for assignment
certainly keeps the reviewers happy, however it has two important pitfalls:

1. Each paper or proposal usually requires multiple types of expertise for proper
review. For example, a paper on cross-layer resource allocation in wireless
networking requires expertise in physical layer wireless communication, opti-
mization, and networking. Using an aggregate preference or similarity score
per reviewer can (and does) result in assignments where no reviewer covers
a certain aspect of the paper (e.g., networking). This is of course highly
undesirable, as already noted in some earlier work on automated review as-
signment [HWC99], [HP06], [KZB08]. A typical situation is depicted in Fig.
1.3, which clearly shows the deficiency of total similarity / affinity score-based



1.4. CONFERENCE PROGRAM FORMATION DESIGN PROBLEMS 11

assignments2.

2. Reviewers tend to down-weight past experience in favor of their current inter-
ests when clicking on topical areas to summarize their expertise, and generally
bid to review papers or proposals that are close to their current interests, or
‘in fashion’, or from well-known researchers, without regard to the collective
reviewing needs of the conference or panel. The TPC or program manager
often has to tap a reviewer’s past expertise to ensure a fair and unbiased
assignment to the extent possible. These factors are very difficult to capture
by reviewing preferences or aggregate similarity scores.
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Figure 1.3: What usually happens when one tries to maximize reviewer satisfaction
(or similarity score) alone: Both green and red assignments have the same affinity
score, but only the assignment in red ensures a scientifically sound paper review.

The first step towards a more pragmatic approach is a multi-dimensional descrip-
tion of each reviewer and each paper or proposal, in a common feature space that

2While it is conceptually possible that one might be able to judiciously design a paper-reviewer
score matrix that prohibits such bad assignments when used in conjunction with the totally
unimodular programming approach in [HWC99, Tay08], this seems like a daunting task. Entry
(p, r) of such a matrix should not only depend on the feature vectors of paper p and reviewer r;
it should be a function of the feature vectors of potentially all papers and all reviewers.
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captures the essential dimensions of expertise for the specific scientific domain. In
other words, we advocate viewing reviewers and papers / proposals as points in a
higher-dimensional vector space. The canonical coordinates in this vector space are
keywords or phrases used to represent papers and reviewers (e.g., ‘optimization’,
or ‘sensor networks’), or other types of attributes (e.g., ‘timeliness’).

The list of keys for the papers (dimensions of the feature vector) can be

• Prepared by the TPC before submission, in which case authors can mark
features relevant to their paper at submission time. This would correspond
to a refined EDICS scheme.

• Compiled by taking the union of standard plus free-text keywords provided by
authors at submission time, followed by stemming to consolidate synonyms.

• Parsed from the list of submitted paper titles. This parsing can be done
manually by the TPC (for up to a few hundred papers - a seasoned chair can
process about 3 papers a minute), or it can be automated using text retrieval
(TR) [BR99] and consolidation tools [PSG10]. Natural language processing
will likely be helpful in this context, but this remains to be seen in practice.
At any rate, spending a couple of hours producing a list of keys and marking
papers is far less than what is needed for producing a well-rounded technical
program from the list of accepted papers, let alone producing a scientifically
sound review assignment.

• Most conferences and workshops are annual or periodically recurring, so a
keyword list prepared for the previous edition can serve as an excellent starting
point for the next edition, with the addition of a few keywords for emerging
topics, and possible deletion or consolidation of obsolete ones.

Based on this multidimensional description of papers and reviewers, Chapter 3
presents signal processing and optimization tools for paper-to-reviewer assignment
and paper-to-session assignment. For paper-to-reviewer assignment, our formula-
tions have two goals, i) to maximize the overall “affinity”, i.e., maximize the overall
paper-reviewer keyword matchings, and also ii) similar to [HP06, KZB08], account
for the collective covering of keywords by the available reviewing expertise. Unlike
[HP06, KZB08], we consider these two goals jointly and propose solutions to the
emerging assignment problem based on convex relaxation. As explained in Chap-
ter 3, prior art on paper-to-session assignment is very limited. Now let us briefly
describe the mathematical tools and techniques we used for these two problems,
leaving the details for Chapter 3.

Assignment problems are optimization problems of combinatorial nature; some
have a special structure that enables efficient solution, while others are provably
hard - even though they may not look all that different at first sight. The good
news is that some of these problems can be well-approximated (albeit not optimally
solved) using convex optimization tools. As mentioned earlier, one way to deal with
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an optimization problem that is hard to solve is to efficiently obtain an approximate
solution through convex relaxation. Let us now illustrate how the idea of convex
relaxation applies to both paper-to-session and review assignment.

Paper-to-Session Assignment: This is a clustering problem under strict capacity
constraints for every cluster. Unfortunately, in Section 3.2, we formally prove that
optimal paper-to-session assignment is NP-hard. Our main proposed algorithm
(given in Section 3.2) is based on alternating optimization. This is an iterative pro-
cedure for optimizing a cost function by alternating conditional updates of different
subsets of variables given the rest of the variables [DR05]. However, we also show
in Section 3.2 that Paper-to-Session assignment can be equivalently re-written as a
quadratically constrained quadratic program (QCQP). This has the form:

minimize
x

xTQx

subject to: xTCix ≤ bi, i = 1, · · · , n + 1
(1.6)

with Q and Ci ∈ R
n×n symmetric matrices and bi scalar quantities.

Casting paper-to-session assignment as a QCQP is interesting, since there are
many tools available in the literature for quadratic optimization and they are well
understood. The best convex relaxation bounds for (1.6) are based on semidefi-
nite relaxation [Wol00]: one starts by (i) re-writing the quadratic cost in (1.6) as
Tr(xTQx) = Tr(QxxT) (and similarly re-writing every quadratic constraint), and
then (ii) lifting the problem in a higher dimensional space using the change of vari-
ables X = xxT. This lifting isolates the non-convexities of the original QCQP into
a single rank-one constraint. The rank-one constraint is subsequently relaxed into
a convex, positive semidefinite cone constraint [BV04], or even simply dropped,
thereby producing a convex (relaxed) problem. This is the main idea of SDR –
the details of the transfomation along with the corresponding post-processing step
which produces the final approximate solution are described in Section 3.2.

Paper-to-Reviewer Assignment: As we explain in detail in Section 3.3, the as-
sociated optimization problem has the following form:

minimize
x

f(x)

subject to: Ax � b, x ∈ {0, 1}n,
(1.7)

where f : Rn → R is a convex piece-wise linear function in the variables x ∈ R
n, and

� indicates component-wise inequality. The set defined by the inequality Ax � b is
convex, and called a polyhedron [BV04]. Notice that, even though the cost in (1.7)
is convex, the design variables are Boolean, either zero or one. Boolean constraints
are non-convex constraints: in fact, it is often convenient to write them explicitly
as quadratic equalities, since xi ∈ {0, 1} ⇐⇒ xi(1 − xi) = 0.

In the first step, we produce the tightest convex relaxation3 of (1.7): it can
be shown that this is tantamount to replacing the Boolean constraints on the xi’s

3To be concise, the phrase “tightest convex relaxation” should be interpreted as “tightest
relaxation in the class of Langragian relaxations”, see [BV04].
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with interval ones 0 ≤ xi ≤ 1 [BV04, Ch. 5]. We refer to this relaxation as
linear programming relaxation, because the resulting problem can be cast as a linear
program (LP). Since the relaxed solution is not guaranteed to be Boolean, in the
second step (the post-processing), we make use of the structure of A and the nature
of b to efficiently compute the Euclidean projection of the relaxed solution onto the
feasible set of (1.7). This is the main idea – we defer the details to Section 3.3.

The material in this second part of the thesis (Chapter 3) is largely based on
the following publication which is joint work with Prof. N. Sidiropoulos, on a topic
that we have worked jointly (approximately equal contribution) over the last four
years (2010-2014):

• [ST14] N. Sidiropoulos, E. Tsakonas, “Signal Processing and Optimization
Tools for Conference Review and Session Assignment: How to ease the burden
on technical chairs and improve review quality at the same time”, Signal
Processing Magazine, submitted in September 2013, currently under second
review round.

So far we have assumed that the reviewer profiles are given or at least monitored by
the TPC. However, nowadays, more and more conferences ask from the reviewers
to bid for the papers they would be interested or willing to review. A potentially
rewarding idea would be, then, to be able to estimate the profiles of the reviewers
based on their already expressed preference data. In other words, the question is if
one can accurately estimate reviewers j profile (i.e., estimate the underlying vector
sj) based on the reviewers bidding strategy, taking into account the bias, which as
mentioned earlier, is typically present in reviewing preferences. 4

This estimation problem falls under the category of robust preference measure-
ment, which is the topic of the third part of the thesis (Chapter 4). In fact, the
scope of our work in Chapter 4 is more general than estimating review profiles. We
focus on preference measurement using conjoint analysis, targeting mainly big-data
applications. This is explained next.

1.5 Robust preference measurement using Conjoint
Analysis (CA)

In recent years, there has been a remarkable increase in the amount of data that is
being collected regarding people’s preferences about products, services, as well as
other information sources. This increase has been largely stimulated by the growth
of online retailing, social networking, personalized recommendation systems, and
location-aware services. Given the substantial increase of preference data (choices,
rankings, surveys, questionnaires) generated mainly through the web, there has
been a growing interest in the area of preference modeling and analysis (PMA).

4We formalize this problem mathematically in Section 3.4, however, only in Chapter 4 we
provide an explicit analysis of the estimation procedure.
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Conjoint analysis (CA), in turn, has been a workhorse of PMA for over 30 years,
having found exciting applications in marketing, industrial design, economics, and
beyond [GHH07].

The objective in PMA is to estimate, or predict an individual’s response (or
the response of a group of individuals) based on already expressed preference data.
In marketing or industrial design, for example, the goal is to predict a consumer’s
response, based on his expressed preferences among given products. A product j is
mathematically represented by a feature vector pj ∈ R

p, which is a vector capturing
all relevant information about the corresponding product’s characteristics. In CA,
the underlying assumption is that the consumer’s response is formed as a noisy
linear combination of the product’s features with weights {wi}p

i=1 given by the

consumer’s vector of partworths w , [w1, w2, · · · , wp]T (see, e.g., [LdS+96]). The
noise in the response accounts for the fact that preferences naturally change over
time, or even un-modeled dynamics: In fact, responses can be grossly inconsistent,
owing to a number of different reasons.

Given an option between two products represented by the feature vectors p(1)

and p(2) respectively, a consumer chooses the one that has larger response value.
Mathematically, his choice is produced by taking the sign of the difference of the
two responses. This is the so-called choice-based conjoint analysis scenario. Math-
ematically speaking, the generic model in choice-based CA is the following:

yi = sign(dT
i w + ui), i = 1, · · · , N, (1.8)

where w is the unknown vector of partworts, di , p
(1)
i − p

(2)
i is the (known)

difference of the two feature vectors corresponding to two different products, and
ui stands for the noise.

We are interested in estimating the partworth values w from {yi, di}N
i=1, as well

as spotting the measurements which are grossly inconsistent. Note that partworth
values can be used to predict future preferences, but are also useful per se to
the retailer, marketer, or product designer, e.g., for consumer sensitivity analysis.
Our main focus is partworth estimation in modern (mostly web-based) preference
measurement systems, which may involve products with a very large number of
features and grossly inconsistent response data. For this reason, we propose a
model which is particularly well-suited for this context, as explained next.

The first step towards facilitating the estimation of w is to observe that gross
errors, although they are present, they do not typically occur. In other words, it
is very plausible to assume that gross errors are sparse. Inspired by the univer-
sality framework of [GMF+11], we make a structural assumption about the noise,
namely that ui = ei + oi, where ei ∼ N (0, σ2) with known fixed variance σ2, and

o = [o1, o2, · · · , oN ]T is the gross error (or outlier) vector, assumed unknown deter-
ministic and sparse. The second crucial observation which facilitates the estimation
of w is that, even though the number of attributes p of the product can be very large
(a cell phone, for example, has dozens of potentially relevant attributes and techni-
cal specifications), only a few ‘hip’ features will matter to any given consumer, and
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even the ‘typical’ consumer. This observation suggests that the unknown partworth
vector w is also sparse, and one can also take this sparsity into account to enhance
the estimation.

As a result, the robust choice-based CA model that we propose in Chapter 4 is
the following:

yi = sign(dT
i w + ei + oi), i = 1, · · · , N, (1.9)

coupled with the constraints card(w) ≤ κw and card(o) ≤ κo. Here, the numbers
κw and κo are fixed and known, and the function card(·) counts the number of
non-zeros in a vector.

As will be shown in Chapter 4, the Gaussianity assumption of the standard
errors ei allows to derive the joint maximum likelihood (ML) estimator for (w, o).
This joint estimation problem is challenging, because the model is always under-
determined (always more unknowns than measurements), and is also non-linear
(stemming from the sign operation). Based on recent work in sparsity constrained
estimation, contributions presented in Chapter 4 include conditions for statistical
identifiability, derivation of the pertinent Cramér-Rao Lower Bound (CRLB), and
ML consistency conditions for the above sparse non-linear model. Due to the fact
that the ML metric is concave, the proposed ML formulation lends itself naturally
to ℓ1-norm-type convex relaxations which can produce high quality approximate
solutions. The ℓ1-relaxation consists of replacing the cardinality constraints on
(w, o) with convex ℓ1-norm constraints. 5 This estimation theoretic approach to
partworth estimation provides an interesting alternative over other state-of-the-
art approaches for choice-based preference analysis, which are primarily based on
support-vector-machine (SVM) classifiers [MG11]. Pertinent comparisons can be
found in Section 4.7.

Another pertinent research direction in this context, is to derive distributed
solution methods for the partworth estimation. As mentioned earlier (and also
shown explicitly in Chapter 4), ℓ1-constrained ML estimation of (w, o) is a convex
optimization problem that can be solved using a variety of algorithms that feature
low-order polynomial worst-case complexity. This is satisfying, of course, but can
be still far from many applications. Online retail and social networking sites, for
example, generate huge volumes of expressed preference data, which far outweigh
the ability of a single modern computer to analyze them in real-time. Also, because
datasets in such applications are usually very large, they are often stored (or even
collected) in a distributed fashion. It is therefore of interest to develop distributed
solution methods to process large-scale datasets in real-time, possibly using multiple
processors. Confidentiality issues are another motivation for developing distributed
solution methods. Let us now intuitively explain how distributed optimization can
be used to address these issues, saving the mathematical details for Section 4.6.

Distributed optimization uses mostly the idea of decomposition. Decomposition
is a general method for solving a (usually) large-scale problem, by splitting it into

5It can be shown that the ℓ1-norm is the best convex approximation of the cardinality function,
see, e.g., [BV04].
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smaller subproblems and then solving each one of the subproblems, either in parallel
or sequentially. The ‘local’ solutions are then combined so as to produce a solution
for the original large-scale problem, usually in an iterative fashion.

There are many techniques developed for distributed optimization using decom-
position, each one having its particular convergence properties. In this thesis, we
use one such technique called Alternating Direction Method of Multipliers, also
abrreviated as ADMM. Several researchers have studied the convergence properties
of ADMM [EB92]; we can say that, under mild assumptions and when the original
large-scale problem is convex, ADMM yields a global solution as the number of
iterations increases. 6 In practice, ADMM features a very satisfying convergence
behavior for most convex problems, converging to a global solution in modest ac-
curacy within a few tens of iterations [EB92], [BPC+10]. In fact, the technique
blends the nice decomposition properties of dual decomposition with the superior
convergence properties of the method of multipliers [BPC+10].

When attempting to solve the partworth estimation problem in a distributed
fashion, the core challenge is scalability. This is because, unlike classical examples to
which ADMM can readily be applied, in our case the number of variables increases
with the number of data as well [we have one gross error (outlier) variable oi per
measurement]; making a scalable distributed solution non-trivial. Luckily, however,
we show in Chapter 4 that the nodes in the distributed implementation do not
need to communicate their outlier variables oi in order to reach consensus to the
joint optimal solution of the original large-scale problem; in other words, we show
that outlier processing can be restricted locally to the individual nodes without
loss of optimality. Fig. 1.4 illustrates an abstract implementation of the ADMM
algorithm.

Observe that there are M nodes/subsystems, each one having access to its local
dataset {yi, di}. Each node i has its local copy wi ∈ R

p of the global variable
z ∈ R

p, its oultier variables oi (these are as many as the number of measurements
for node i), and also its ‘dual’ variable ui ∈ R

p (see Fig. 1.4). Further, every node
solves its own optimization problem locally, forming its own objective fi consisting
of the local dataset and additional regularization terms, as shown in Section 4.6.

This particular ADMM implementation assumes that there is a mechanism for
global aggregation, that is, a mechanism for gathering the optimal variables wi and
ui from each node i. This can be done by explicitly using a central collection unit
or using specialized techniques (see, e.g., [XB04]). After gathering the necessary
variables, the global variable z is updated and it is broadcasted back to the nodes.
This gather/broadcast operation is the core of the ADMM algorithm. Upon receiv-
ing the updated global variable z, each node updates its dual variable ui, and these
broadcast/gather iterations continue until global convergence.

The update of the local variables needs be done after the update of the global
variable z; hence, it is assumed there is a suitable mechanism (e.g., a barrier [Val90],
[BPC+10]), for the synchronization of the nodes. This completes the abstract de-

6These requirements are satisfied in our context.
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Figure 1.4: Abstract implementation of ADMM algorithm. We assume M

nodes/subsystems, each one having access to its own individual data. This particular
decomposition bypasses the apparent need for outlier variable communication, thus main-
taining scalability.

scription of the ADMM algorithm as applied for our partworth estimation problem–
all details can be found in Section 4.6 of the thesis.

The material in Chapter 4 is based on the following three publications:

• [TJS+12] E. Tsakonas, J. Jaldén, N. Sidiropoulos, B. Ottersten, “Maximum
likelihood based sparse and distributed conjoint analysis”, in Statistical Signal
Processing Workshop (SSP), 2012.

• [TJS+13a] E. Tsakonas, J. Jaldén, N. Sidiropoulos, B. Ottersten, “Connec-
tions between sparse estimation and robust statistical learning”, in Proc. of
Intl. Conf. on Acoust., Speech, and Sig. Processing (ICASSP), 2013.

• [TJS+13b] E. Tsakonas, J. Jaldén, N. Sidiropoulos, B. Ottersten, “Sparse con-
joint analysis through maximum likelihood estimation”, IEEE Trans. Signal
Process., vol. 61, pp. 5704 - 5715, 2013.
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1.6 Extensions to Generalized Linear Regression problems

Excluding the gross error variables {oi}N
i=1 and the sparsity constraints from model

(1.9), the remaining model form is known in statistics as probit regression [NM86].
Our approach, therefore, can be seen as a natural robustification of probit mod-
els against outliers (grossly corrupted data points) and/or datasets with a very
large number of features per data-example (necessitating feature selection to ob-
tain meaningful estimates). Note that probit regression is a special case of a class
known as generalized linear regression models (GLMs) [NW72]. GLMs have also the
linear regression models as a special case. GLMs have found an immense number
of applications in signal processing, statistics and machine learning.

We have already argued that in probit regression, the strategy of including ex-
plicitly gross errors in the model (i) maintains the tractability of the associated ML
metric, and also (ii) the corresponding distributed solution method using ADMM
is scalable, in the sense that these outlier variables need not be shared in the net-
work for convergence. In this last part of the thesis (Chapter 5), we explore the
potential of explicitly including outlier variables as a means for robustification in
GLMs. We explicitly show how this strategy robustifies the classical ML metrics
used in optimizing the parameters of GLMs, and point out connections with the
literature in robust statistics [Hub81]. Further, we exploit this connection in con-
junction with stochastic optimization, and propose a family of robust stochastic
gradient estimation algorithms than can be used in a broad range of applications.

By the end of Chapter 5 we place particular emphasis on the robustification of
the linear regression model under gross corruptions, and investigate the convergence
properties of the emerging M-estimator (also known as Huber estimator [Hub81])
under suitable assumptions on the modeling of gross errors. In the literature, the
usual only assumption about the gross errors (outliers) is that they are sparse,
and classical results from robust statistics, such as the so-called breakdown point,
suggest that no estimator can succeed if more than 50% of the dataset is arbitrarily
corrupted. Unlike the classical literature on the topic, see, e.g., [CR08, WM10],
we focus on the case where gross errors are not malicious in the sense that they
are independent on the particular realization of the linear transformation in the
model. In such a case the classical definition of the breakdown point no longer
applies. 7 We provide a simple proof that the Huber estimator [Hub81] converges
to the underlying true model parameter with the optimal rate under Gaussian linear
transformations; even if gross corruptions are dense. It is shown explicitly however,
that the gross error percentage has a negative impact on the constants influencing
the rate of convergence.

The material in Chapter 5 is based on the following two manuscripts, which
have not yet been published:

• [TJS+14a] E. Tsakonas, J. Jaldén, N. Sidiropoulos, B. Ottersten, “Conver-

7Note that non-malicious gross errors is a very plausible assumption in a variety of applications
(e.g., shot noise in electrical circuits).



20 CHAPTER 1. INTRODUCTION

gence of the Huber M-Estimate in the presence of dense outliers”, to appear
in Signal Processing Letters, October 2014.

• [TJS+14b] E. Tsakonas, J. Jaldén, N. Sidiropoulos, B. Ottersten, “Robust
distributed / on-line learning in Generalized Linear Models”, in preparation
for submission to Signal Processing Letters, August 2014.

1.7 Contributions outside the scope of the thesis

The following publications are additional contributions which are however outside
the scope of the thesis, and therefore not considered here:

• [TSS06] E. Tsakonas, N.D. Sidiropoulos, A. Swami, “Time-Frequency anal-
ysis using particle filtering: Closed-form optimal importance function and
sampling procedure for a single time-varying harmonic”, in Proc. Nonlinear
Statistical Signal Processing Workshop: Classical, Unscented, and Particle
Filtering Methods, Corpus Christi College, Cambridge, U.K. , 2006.

• [TSS08] E. Tsakonas, N.D. Sidiropoulos, A. Swami, “Optimal particle filters
for tracking a time-varying harmonic or chirp signal”, IEEE Trans. on Signal
Processing, vol. 56, pp. 4598 - 4610, 2008.

• [VTS+09] A. Valyrakis, E. Tsakonas, N.D. Sidiropoulos, A. Swami, “Stochas-
tic modeling and particle filtering algorithms for tracking a frequency-hopped
signal”, IEEE Trans. on Signal Processing, vol. 57, pp. 3108 - 3118, 2009.

• [FVZ+12] J. T. Flam, M. Vehkapera, D. Zachariah, E. Tsakonas, “Mean
square error reduction by precoding of mixed Gaussian input”, in Information
Theory and its Applications (ISITA), 2012.

• [MST13a] O. Mehanna, N. D. Sidiropoulos, E. Tsakonas, “Line spectrum esti-
mation from broadband power detection bits”, in Signal Processing Advances
in Wireless Communications (SPAWC), 2013.

• [MST13b] O. Mehanna, N. D. Sidiropoulos, E. Tsakonas, “Model-based spec-
trum estimation from a few bits”, in Proc. of European Signal Processing
Conference (EUSIPCO), 2013.



Chapter 2

Combinatorial LS problems with
ellipsoidal uncertainty

In this chapter we consider robust combinatorial least squares (LS) design prob-
lems and associated relaxation-based algorithms. The problem motivation is given
in Section 2.1, and the mathematical problem formulation is given in Section 2.2.
Section 2.3 gives a very brief review of the basics of semidefinite relaxation (SDR)
along with connections to Lagrangian duality. The idea of the proposed worst-case
robust SDR is formulated in Section 2.4. A key result is that this particular relax-
ation corresponds to a Lagrangian relaxation, but can still be inefficient. A different
relaxation of the problem is developed in Section 2.5, which is again motivated by
Lagrangian duality. In Section 2.6 we prove that this different relaxation is indeed
tighter than the first one, and illustrate what happens when the uncertainty goes
to zero. Results of experiments that corroborate the efficiency of our proposed
algorithms are presented in Section 2.7.

2.1 Context and prior art

The problem of finding the LS solution s to a system of linear equations Hs = y is a
problem that arises in a large variety of engineering applications. When the entries
of the sought vector s are constrained to lie in a binary alphabet, the problem
becomes NP-hard and unfeasible as the dimension of s grows. Over the years,
several approximation schemes have been proposed.

Approximation algorithms based on SDR have gained considerable attention,
and have been popularized in the signal processing literature by their use in MIMO
and CDMA detection [JMO03, JO08, MCD04, MSJ+09, MDW+02, SL06, TR01,
WES05]. Semidefinite relaxation was originally conceived in the late seventies
[Lov79], but gained significant attention after the work of Goemans et al. in
[GW95], where it was used as part of an approximation algorithm for the max-
imum cut problem. Follow-up work in [HR98] used SDR combined with cutting
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planes as a means to obtain tight bounds to the solutions of binary quadratic
programs. SDR algorithms feature a number of desirable attributes: First, their
worst-case complexity is polynomial, and in many cases of practical interest this
polynomial is of modest degree. Second, assuming that the linear transformation
H is known exactly, their performance is better than the performance of other
suboptimal methods of similar complexity.

However, the matrix H is often not known exactly, and there is usually a mis-
match between its true underlying value and the value used in the given model. If
this modeling error is not taken into account in the design of s, the performance
(measured in terms of the norm of the residual vector r = Hs − y) may degrade
significantly. From this perspective robust formulations are useful in providing a
more predictable performance. In the literature, there are two main categories
of models used to described the uncertainty in H. The first category consists of
stochastic models, which typically assume that H has a probability distribution
(see, e.g., [BV04]). The second category models H as deterministic unknown, lying
in a predefined set of possible values [GL97].

In the latter category, one usually seeks the design that minimizes the worst-case
residual over the given uncertainty region. The motivation for doing so is that the
resulting design would make the residual less sensitive to the variation in H, while
at the same time maintaining a reasonable performance. To this end, ellipsoidal
uncertainty models for H have proved particularly useful (see [BV04], [GL97] and
references therein).

Robust discrete optimization is a well developed field – a general framework
along with possible applications can be found in [KY97]. In [BS03], the (worst-case)
robust counterparts of several combinatorial optimization programs are considered.
These programs involve linear objective functions and a box uncertainty model
regarding their coefficient vector is employed. The results are applicable, in e.g.,
network flow optimization problems. Follow up work in [BS04] considers efficient
and implementable methods for robust combinatorial optimization problems when
the coefficients of the linear objective are assumed to lie in a known ellipsoid. In the
context of [BS04], the ellipsoidal model uncertainty effectively creates a quadratic
cost function, which is to be optimized over a binary alphabet. In [SWE04], Salhov
et al. propose a min-max formulation and explore the application of SDR to robust
binary LS problems. The uncertainty model considered in [SWE04] is more general
than an ellipsoidal uncertainty model.

Similar to [SWE04], herein we also adopt a min-max formulation for robust
binary LS and investigate the construction of SDR approximation algorithms that
explicitly account for the uncertainty in H. However, an important difference in our
work is that we focus explicitly on the case of ellipsoidal uncertainties, and propose
a different methodology in relaxing the robust binary LS problem. Ultimately,
by restricting attention to ellipsoidal uncertainties, our approach yields a tighter
relaxation than the generalized one proposed in [SWE04].

In particular, we examine two different relaxations: The first is based on a spe-
cific reformulation inspired by [GL97]. Next, we show that by suitably changing the
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description of the feasible region of the problem it is possible to further tighten the
relaxation step. This is interesting, since both relaxations can be justified from a
Lagrangian duality perspective, i.e., both can be derived as Lagrange bidual prob-
lems corresponding to the two equivalent reformulations of the original problem.
We show that under the special case of zero uncertainty, the tightened relaxation
becomes identical to the traditional SDR proposed in [GW95], while this is not the
case for the first relaxation. We demonstrate the strength of the proposed tightened
relaxation by comparing against the one proposed by Salhov et al. in [SWE04], and
we illustrate the tradeoffs between the proposed tightened robust and nominal SDR
in pertinent simulations. Our results are immediately applicable, for example, in a
broad range of quadratic assignment problems [BDM09], [Wol00].

2.2 Problem statement and preliminaries

Consider the following LS problem subject to finite alphabet constraints:

minimize
s

||y − Ĥs||22 subject to: s ∈ SK . (2.1)

Here, Ĥ ∈ R
N×K and y ∈ R

N are given, and S denotes the finite alphabet which
is assumed binary and symmetric, therefore S = {±1}.1 Problem (2.1) can be
interpreted as a special case of an optimal design problem: The goal is to find the
design parameters s⋆

n ∈ SK that produce an actual output Ĥs⋆
n as close as possible

to a desired output y (i.e., Ĥs⋆
n ≈ y). The desired s⋆

n is given by:

s⋆
n = arg min

s∈SK
||y − Ĥs||22. (2.2)

In what follows, we refer to problem (2.1) as the nominal LS problem under the

alphabet S. Note that in many applications of interest, Ĥ represents an estimate
of H which might be imperfect. In our context, the aim is to design s, while ex-
plicitly taking into account this uncertainty in Ĥ. The performance is measured
by the norm of the residual vector r = Hs − y. The goal is to find the design that
leaves ||r||2 less sensitive to the variation in H, while at the same time maintain-
ing a good performance. Towards this end, we assume that the true H lies in a
given uncertainty set and attempt to minimize the worst-case residual over this set
[BV04]. The uncertainty region is assumed to be an ellipsoid of matrices. It can
be expressed conveniently as

E =

{

Ĥ +

P
∑

i=1

uiHi | ||u||22 ≤ 1

}

, (2.3)

i.e., the image of the unit norm ball, under an affine mapping from R
P into the

space of matrices R
N×K . In this notation, Ĥ ∈ R

N×K represents some estimate

1For simplicity, only symmetric alphabets are considered in this chapter, note however that
the results can be extended to non-symmetric alphabets as well, by appropriate translations.
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of H, and each Hi a different uncertainty direction. Note that this uncertainty
set naturally allows for H to have a structure (e.g., block diagonal with identical
blocks or Toeplitz) by suitably choosing the perturbation matrices Hi, without the
need to take this structure into account explicitly in the optimization [GL97]. This
leads to the following problem formulation:

minimize
s

sup
H ∈ E

||y − Hs||22 subject to: s ∈ SK . (2.4)

The above problem is NP-hard, for it contains the problem (2.1) which is well
known to be NP-hard as a special case. In the following sections, we propose
approximation algorithms based on SDR. In order to make the connections with
the nominal case clearer, we first discuss the traditional SDR approach to problem
(2.1). This is the topic of Section 2.3.

We remark that when Ĥ = H, problem (2.1) is of direct relevance to MIMO
detection, and in this context (2.2) is usually referred to as the maximum-likelihood
(ML) estimate of s [Bar89], [KP98], [vTre68]. On the other hand, the minimizer of
(2.4), namely

s⋆
r = arg min

s∈SK
sup
H∈E

||y − Hs||22, (2.5)

has no obvious such interpretation. Consequently, it is not straightforward if the
proposed worst-case robustification technique has an application in the context of
MIMO detection, where arguably a stochastic approach is more reasonable, see,
e.g., [TB03].

2.3 Traditional SDR and Lagrangian duality

The fundamental idea of SDR is to relax the feasible set of (2.1) to arrive at a
computationally tractable optimization problem. Then, the solution of the latter
can be used to find an approximate solution to (2.1). To describe the idea of SDR,
one may start by observing that

sTĤTĤs = Tr
(

ĤTĤssT
)

and s ∈ {±1}K ⇔ diag
(

ssT
)

= 1K

since s2 = 1 implies s ∈ {±1}, and rewrite the problem in (2.1) as

minimize
s

Tr
(

ĤTĤssT
)

− 2yTĤs + yTy (2.6a)

subject to: diag
(

ssT
)

= 1K . (2.6b)

Here, diag : RK×K → R
K is the operator that extracts the diagonal of a matrix,

and 1K denotes the K dimensional vector of all ones. Further, defining

L =

[

ĤTĤ −ĤTy

−yTĤ yTy

]

and W =

[

ssT s
sT 1

]

, (2.7)
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one can express (2.6) equivalently as

minimize
W

Tr (LW) (2.8a)

subject to: diag (W) = 1K+1 (2.8b)

rank (W) = 1, (2.8c)

since any rank one matrix with ones on the main diagonal can be factorized ac-
cording to the definition in (3.12), and hence the solution of (2.6) can be easily
constructed from the solution of (2.8). It follows that the problem given in (2.8) is
equivalent to the problem in (2.1). The only difficult part of (2.8) is the non-convex
rank one constraint on W. The next step is to replace this hard constraint with a
looser positive semidefinite constraint W � 0 arriving at the so called semidefinite
relaxation of (2.8):

minimize
W

Tr(LW) (2.9a)

subject to: diag (W) = 1K+1 (2.9b)

W � 0. (2.9c)

This particular relaxation is motivated by the theory of Lagrangian duality (see
[BV04, Ch. 5]). Duality theory states that for any given problem, there is a
corresponding convex Lagrange dual problem. Evaluating the objective function
of the dual problem at any feasible point, yields a bound on the optimal value of
the original problem. Naturally, the tightest bound (in the Lagrangian sense) is
achieved when the dual objective function is evaluated at an optimal point. When
this value is equal to the optimal value of the original problem, strong duality
holds. Under mild conditions [BV04], strong duality holds for convex optimization
problems, although this is not the case for optimization problems in general. For
example, strong duality fails for problem (2.1) – interestingly enough though, it has
been proven in [GW95] that (2.9) is identical to the Lagrange bidual problem (the
dual of the dual problem) of (2.1).

In contrast with (2.8), problem (2.9) is convex (see, e.g., [BV04]) and it can
be solved in polynomial time using efficient interior point methods [NN94]. If the
solution W⋆ of this semidefinite program turns out to be rank one, then it is a
solution for (2.8) as well. However, due to the relaxation, W⋆ will in general not
be a rank one matrix. What is needed then, is a way to convert the solution of the
relaxed problem into a good admissible solution for (2.8). For this purpose, several
reasonable heuristics can be applied. One obvious such heuristic is to construct
s by simply rounding the first K entries of the last column of W⋆ to SK [TR01].
One of the most promising heuristics is based on randomization [MCD04]. We defer
its description for the next section, where we derive a similar SDR approximation
algorithm for the worst-case robust problem given in (2.4).
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2.4 Worst case robust SDR

Define P (s) = [H1s H2s · · · HP s] ∈ R
N×P and q (s) = Ĥs−y ∈ R

N . The residual

in (2.4) can then be written as a function of s and u, by noting that Ĥ, H1, ... , HP

are given. Hence, the supremum of ||y − Hs||22 over H ∈ E is equal to the optimal
value of the following optimization problem:

maximize
u

||P (s) u − q (s) ||22 subject to: uTu ≤ 1. (2.10)

Problem (2.10) is a non-convex quadratic program (QP) with one quadratic con-
straint. It’s Lagrange dual can be expressed as a semidefinite program (SDP)
[GL97]

minimize
ω,ℓ

ω + ℓ (2.11a)

subject to:





I P(s) q(s)

P(s)
T

ℓI 0

q (s)T 0T ω



 � 0. (2.11b)

A non obvious result from [GL97] is that strong duality holds between (2.10) and
(2.11). The proof is based on the S-procedure (see [BV04, Appendix B] for de-
tails). Using the strong duality property, and expressing the alphabet constraints
as polynomial constraints, (2.4) can be rewritten equivalently as

minimize
ω,ℓ,s

ω + ℓ (2.12a)

subject to:





I P(s) q(s)

P(s)
T

ℓI 0

q (s)T 0T ω



 � 0 (2.12b)

diag
(

ssT
)

= 1K . (2.12c)

Next, using the change of variables

W =

[

ssT s
sT 1

]

=

[

W1,1 W1,2

WT
1,2 1

]

, (2.13)

problem (2.12) is reformulated in a higher dimensional space as follows:

minimize
ω,ℓ,W

ω + ℓ (2.14a)

subject to:





I P(W1,2) q(W1,2)

P(W1,2)
T

ℓI 0

q (W1,2)
T

0T ω



 � 0 (2.14b)

diag (W1,1) = 1K , W2,2 = 1, (2.14c)

W � 0, rank (W) = 1. (2.14d)
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Here, W1,1 denotes the K × K upper-left block, W1,2 the K × 1 upper-right block,
and W2,2 the 1×1 lower-right block of the (K + 1) × (K + 1) matrix W. The
above problem is still hard, owing to the rank one constraint on W. Dropping this
constraint yields a semidefinite relaxation of (2.14):

minimize
ω,ℓ,W

ω + ℓ (2.15a)

subject to:





I P(W1,2) q(W1,2)

P(W1,2)
T

ℓI 0

q (W1,2)
T

0T ω



 � 0 (2.15b)

diag (W1,1) = 1K , W2,2 = 1, (2.15c)

W � 0. (2.15d)

Whenever convenient, we shall refer to the above relaxation as the robust SDR.
This is a convex optimization problem, and can be solved efficiently using interior
point methods. In fact, it is a proper semidefinite program in that it has a linear
criterion function and the constraints are linear matrix inequalities (LMIs). When
the solution W⋆ is rank one, it is also a solution to (2.14), and thus the solution of
(2.12) and (2.4) is found. If the solution is of rank higher than one, it can be used as
a base for finding an approximate solution sRB to (2.12). For this part, we propose
an algorithm similar to [GW95], based on Gaussian randomization: The idea is to

draw a random vector v = [v1, · · · , vK+1]
T

from N (0, W⋆), divide v with vK+1

and quantize the first K elements to {±1}, in order to construct a vector feasible for
(2.12). This procedure is repeated a number of times and the vector sRB that gives
the smallest objective value in (2.11) is chosen as an approximate solution. The
intuition behind randomization is that it will generate solution candidates which
are close to the eigenvector of W⋆ that corresponds to the largest eigenvalue, but
will also take the other eigenvalues into account when these are large enough. For
more details on randomization, see [MDW+02].

Naturally, the quality of the overall approximation algorithm depends strongly
on the quality of the relaxation step. Next, we argue that this rank relaxation is
not completely ad-hoc, and can be motivated using Lagrangian duality:

Proposition 1. (2.15) is the Lagrange bidual program of (2.12).

Proof. See Appendix A.

In order to shed some light into the properties of the robust SDR, it is illustrative
to study the case where the uncertainty region around Ĥ shrinks, so that the set E in
(2.3) collapses to {Ĥ}. First of all, when this happens, it is clear that problem (2.4)
becomes equivalent to (2.1), in the sense that the solution to (2.1) can be obtained
easily from the solution to (2.4) and vice verse. One would intuitively expect a
similar behavior from the robust SDR in (2.15), that it should become equivalent
to the traditional SDR in (2.9) as the uncertainty goes to zero. However, rather
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surprisingly, (2.15) does not have this property. This is stated more formally in the
following proposition:

Proposition 2. When H1 = · · · = HP = 0, (2.15) is equivalent to a problem (P1),
which is not equivalent to (2.9). Specifically, (P1) and (2.9) have the same feasible
set O = {W | W � 0, diag(W) = 1K+1} but for each point W0 ∈ O, the objective
value of (P1) provides a (not generally tight) lower bound on the objective value
of (2.9).

The proof of the proposition is given below, where it is shown using a simple
example, that the bound on the objective function can be quite loose. In the proof,
we make use of the following lemma [HJ85, Ch. 7]:

Lemma 1. (Schur complement) Let V be a symmetric matrix partitioned as

V =

[

A B
BT C

]

,

where A and C are square. Further, suppose that A is non-singular and let Q∆

denote the Schur complement of A in V, given by Q∆ = C − BTA−1B. Then,
V � 0 if and only if A ≻ 0 and Q∆ � 0.

Proof. (of Proposition 2): From Lemma 1, it follows that the constraint given in
(2.15b) is satisfied if and only if

[

ℓI 0
0T ω

]

�
[

P(W1,2)
T

P(W1,2) P(W1,2)
T

q(W1,2)
q(W1,2)TP(W1,2) q(W1,2)Tq(W1,2)

]

(2.16)

Let H1 = · · · = HP = 0. It follows that P (W1,2) = 0, and (2.16) holds if and only
if ℓ ≥ 0 and ω − q(W1,2)Tq(W1,2) ≥ 0. Now consider the optimization problem
(P1), defined by

minimize
W

q(W1,2)Tq(W1,2)

subject to: diag (W) = 1K+1

W � 0.

Since ℓ is only constrained to be non-negative, a point (ℓ⋆, ω⋆, W⋆) is optimal for
(2.15) if and only if ℓ⋆ = 0, W⋆ is optimal for (P1) and ω⋆ = q(W⋆

1,2)Tq(W⋆
1,2).

It follows that (P1) is equivalent to (2.15) under the assumption that H1 = · · · =
HP = 0. We now make the following two observations: First, (P1) and (2.9)
have the same feasible set O = {W | W � 0, diag(W) = 1K+1}. Second, since

q(W1,2) = ĤW1,2 − y, one may rewrite the objective in (P1) as

q(W1,2)Tq(W1,2) = Tr

{

L

[

W1,2WT
1,2 W1,2

WT
1,2 1

]}

.
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Now let p and d denote the objective values of (P1) and (2.9) respectively, corre-
sponding to a feasible point W0 ∈ O. Using a Schur complement, observe that the
condition W0 � 0 is satisfied if and only if W0

1,1 � W0
1,2W0 T

1,2 . Since L � 0, it
can be shown easily that the following inequality holds [HJ85, Ch. 7]:

d = Tr

{

L

[

W0
1,1 W0

1,2

W0 T
1,2 1

]}

≥ Tr

{

L

[

W0
1,2W0 T

1,2 W0
1,2

W0 T
1,2 1

]}

= p.

This last relation holds with equality when W0
1,1 = W0

1,2W0 T
1,2 , in which case

rank
(

W0
)

= 1.
We now show that (P1) is not equivalent to (2.9). To this end, consider a

simple problem instance where

L =

[

h2 −yh
−yh y2

]

∈ R
2×2,

and the unknown

W =

[

1 x
x 1

]

∈ R
2×2

is parametrized by x ∈ R. Here, y, h are given, and satisfy yh > 0, 0 < y
h < 1.

The constraint W � 0 is satisfied if and only if −1 ≤ x ≤ 1. After straightforward
calculations, one can observe that the objective of (2.9) is affine in x and minimized
at x′ = 1, while the objective of (P1) is convex quadratic in x and is minimized
at x′′ = y

h (the constraint −1 ≤ x ≤ 1 is inactive). There is no obvious way
of constructing the solution of (P1) from the solution of (2.9), therefore the two
problems are not equivalent. Interestingly, (2.9) will yield a rank one solution for
any two by two example (including the one above), while this is not necessarily the
case for (P1). Also, observe from the above example that the optimal value d⋆ of

(2.9) is d⋆ = (h − y)
2

while the optimal value of (P1) is p⋆ = 0, suggesting that
the bound can be quite loose.

By virtue of Proposition 2, (P1) can be interpreted as a relaxation of (2.9), a
relation which can be seen clearly by expressing the two problems in their epigraph
form. This effectively means that, at least under the zero-uncertainty scenario,
(2.15) is a rather loose relaxation of (2.4), in spite of the fact that it is the Lagrange
bidual of (2.12). Thankfully, it turns out that it is possible to further tighten the
relaxation step in (2.15) to remedy this and improve the overall approximation

algorithm, even when E 6= {Ĥ}. This is explained next.

2.5 Tightening the relaxation

So far it has been shown that simply dropping the rank one constraint from (2.14)
yields the Lagrange bidual problem of (2.12), which is the strongest convex relax-
ation of (2.12) in the Lagrangian class. Note however that the ultimate goal is to



30
CHAPTER 2. COMBINATORIAL LS PROBLEMS WITH ELLIPSOIDAL

UNCERTAINTY

find an approximation algorithm for (2.4), of which (2.12) is an equivalent reformu-
lation. Also, note that the dual of a given problem depends heavily on the specific
problem form; it is well known that even trivial reformulations may lead to very
different duals. In this section we make use of this fact to come up with a tighter
relaxation of (2.4).

The basic idea is to rewrite equivalently the LMI given in (2.12b) using Lemma
1. From this, it follows that the constraint given in (2.12b) is satisfied if and only
if

[

ℓI − P(s)
T

P(s) −P(s)Tq(s)

−q(s)TP(s) ω − q (s)T q (s)

]

� 0. (2.17)

Note that (2.17) is not an LMI, since the matrix elements depend quadratically on
s. To explicitly demonstrate this, let [D]ij denote the (i, j)th element of a matrix
D and observe that

[

P(s)TP(s)
]

ij
= sTHT

i Hjs = Tr
(

HT
i HjssT

)

,

[

P(s)Tq(s)
]

i
= sTHT

i Ĥs − sTHT
i y = Tr

(

HT
i ĤssT

)

− sTHT
i y, and (2.18)

q(s)Tq(s) = Tr
(

ĤTĤssT
)

− 2yTĤs + yTy.

Consider now problem (2.12), and assume that (2.12b) is replaced with (2.17),
yielding the equivalent problem

minimize
ω,ℓ,s

ω + ℓ (2.19a)

subject to:

[

ℓI − P(s)
T

P(s) −P(s)Tq(s)

−q(s)TP(s) ω − q (s)
T

q (s)

]

� 0 (2.19b)

diag
(

ssT
)

= 1K . (2.19c)

Upon defining

W =

[

ssT s
sT 1

]

=

[

W1,1 W1,2

WT
1,2 1

]

,

and also using the equalities in (2.18), one may write problem (2.19) equivalently
as

minimize
ω,ℓ,W

ω + ℓ (2.20a)

subject to:

[

ℓI − Q(W) −f(W)
−f(W)T ω − Tr(LW)

]

� 0 (2.20b)

diag(W1,1) = 1K , W2,2 = 1 (2.20c)

rank (W) = 1, (2.20d)
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where Q(W) ∈ R
P ×P and f(W) ∈ R

P ×1 are given by

[Q(W)]ij = Tr
(

HT
i HjW1,1

)

,

[f(W)]i = Tr
(

HT
i ĤW1,1

)

− WT
1,2HT

i y.
(2.21)

Here again, W1,1 denotes the K × K upper-left block, W1,2 the K × 1 upper-right
block, and W2,2 the 1 × 1 lower-right block of the (K + 1) × (K + 1) matrix W.
Note that (2.20b) is an LMI on the variables ℓ, ω, W – the only difficult part of
problem (2.20) is the non-convex rank one constraint on W. Replacing this with
the convex constraint W � 0, yields the following semidefinite program, which is
a relaxation of (2.20):

minimize
ω,ℓ,W

ω + ℓ (2.22a)

subject to:

[

ℓI − Q(W) −f(W)
−f(W)T ω − Tr(LW)

]

� 0 (2.22b)

diag(W1,1) = 1K , W2,2 = 1 (2.22c)

W � 0. (2.22d)

The above suggests a natural approximation algorithm for (2.19): one may solve
(2.22) first, which is an SDP and can be solved efficiently using interior point
methods. If the matrix-output of this SDP is rank one, the solution for (2.19)
is found. If not, it can be used as a heuristic to find an approximate solution
to (2.19). This latter part can be carried out using randomization techniques, as
discussed earlier. In what follows, we sometimes refer to the relaxation in (2.22) as
the tightened robust SDR, for reasons that will become apparent later.

Note that this rank relaxation is again motivated by Lagrangian duality. Specif-
ically, we claim the following relation between problem (2.22) and (2.19):

Proposition 3. (2.22) is the Lagrange bidual program of (2.19).

Proof. See Appendix B.

A natural question that arises is if this relaxation can be compared to the one
in (2.15), and in which sense. Although not evident at this point, (2.22) is in fact
quantifiably stronger than (2.15). The detailed discussion is given in the following
section, where we draw comparisons between these two approaches.

2.6 Discussion

Comparison of the two relaxations

The first point to observe, is that the tightened robust SDR in (2.22) has the prop-
erty of becoming equivalent to the traditional SDR in (2.9) when the uncertainty
goes to zero:
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Proposition 4. When H1 = · · · = HP = 0, (2.22) and (2.9) are equivalent.
Specifically, they share the same set of optimal W and have the same optimal
objective value.

Proof. Since H1 = · · · = HP = 0, it follows from (2.21) that Q(W) = 0 and
f(W) = 0. The constraint (2.22b) is satisfied if and only if ℓ ≥ 0 and ω −
Tr(LW) ≥ 0. Since ℓ is only constrained to be non-negative, a point (ℓ⋆, ω⋆, W⋆) is
optimal for (2.22) if and only if ℓ⋆ = 0, W⋆ is optimal for (2.9) and ω⋆ = Tr(LW⋆).
It follows that (2.9) is equivalent to (2.22), proving the proposition.

Further, combining Proposition 4 with Proposition 2, motivates one to look
into the more general case where E 6= {Ĥ}, and leads us to establish the following
relation between (2.15) and (2.22):

Proposition 5. The feasible set of (2.15) is a superset of the feasible set of (2.22).
In other words, (2.15) can be viewed as a non-tight relaxation of (2.22), since the
objective function is the same for the two problems.

Proof. See Appendix C.

To appreciate the difference in the two relaxations, the following experiment is
instructive: We generate 100 random instances of problem (2.4) and compare the
solutions of (2.15) and (2.22) in terms of their effective rank. For each instance, the

matrix Ĥ ∈ R
N×K was randomly picked from an i.i.d. Gaussian distribution with

N = 12, K = 6, and normalized to have Frobenius norm 10. The associated P = 5
uncertainty directions {Hi}P

i=1 were chosen randomly, also from an i.i.d. Gaussian

distribution, and normalized so as
√

∑P
i=1 ||Hi||2F = 2, thus in all examples the

uncertainty was (loosely speaking) 20%. The measurement vector y was each time
generated by picking a matrix H randomly (and uniformly) among the points in E ,
and then using the simple linear model

y = Hx + w, (2.23)

where x is a vector consisting of K independent binary random variables {±1}, and
w ∼ N (0, I). Fig. 2.1 depicts the two different distributions that we obtain from
this experiment – suggesting that the relaxation in (2.22) is considerably better.

We can obtain an intuitive explanation for this improvement based on the equiv-
alent reformulations (2.12) and (2.19). Note that these problems are in some sense,
trivially related (they share the same objective function and feasible sets), but
the important difference between the two is the actual description of their feasible
sets. In particular, the constraints (2.19b)-(2.19c) are describing the feasible set
of problem (2.12), but quadratic terms are used explicitly for this description. For
this reason, one intuitively expects that the rank one relaxation would be more
efficient when applied to (2.19) rather than directly to (2.12). A potentially inter-
esting question is whether this result is more general, i.e., if this technique improves
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Figure 2.1: Histogram of the effective ranks of the solutions after the two different
relaxations using 100 random problem instances of dimension 12 × 6 and P = 5
uncertainty directions.

the relaxation of general quadratically constrained quadratic programs which are
also subject to LMI constraints. Intuition suggests that this should be the case –
interestingly, see [SB11] for a very recent application example in communications.

Notes on robustness

Even though rank one SDR solutions do occur in practice [in particular in (2.22)],
they do not always occur. Thus, it is important to note that the solution of (2.22)
followed by post-processing does not always yield the optimal solution to (2.4) –
implying that robustness cannot always be guaranteed. This is to be expected, of
course, problem (2.4) is in general NP-hard and one has to rely on plausible ap-
proximations. The exact conditions under which SDR followed by post-processing
yields a solution optimal for the problem (2.4) are unknown; a set of sufficient and
necessary conditions for rank one SDR solutions can potentially be derived as in
[JMO03], and this could be an interesting direction for future work.

There is also an exceedingly large literature on branch and bound algorithms
(see, e.g., [LW66], [Moo91]) which combined with the tightened robust SDR in
particular, can probably do a decent job in enumerating (2.12) in a smart way –
and providing a strict optimality certificate; still, the worst-case complexity of such
methods is exponential due to the hardness of the core problem and is thus less
relevant in practice. Instead, our aim is to propose simple, satisfactory solutions.
One reasonable such solution is to rely on the tightened robust SDR followed by
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suitable post processing, that simply returns the traditional SDR solution if a more
robust one cannot be achieved.

Comparison to prior work

The work in [SWE04] explores the application of SDR to worst-case robust binary
LS. The uncertainty set studied by the authors of [SWE04] is similar to our uncer-
tainty set in (2.3), but allows more freedom to the perturbation parameters u (in
our case u is constrained to lie inside a ball). As a result, the model considered in
[SWE04] includes our simple ellipsoidal uncertainty model as a special case. For
this reason, it is important to illustrate the steps leading to the relaxation proposed
in [SWE04] and point out the key differences to our approach.

We will adopt our notation for convenience, linking to [SWE04] if necessary. In
the special case where u is constrained to lie inside a ball, the function f(s) that the
authors of [SWE04] minimize over s ∈ SK becomes identical to ours (see [SWE04,
Equation 14]), i.e.,

f(s) = sup
||u||2≤ρ

||P (s) u + q (s) ||22

= sup
||u||2≤ρ

(

||P (s) u||22 + 2q (s)T P (s) u + ||q (s) ||22
)

.

The authors proceed by using the approximation f(s) ≈ g(s), where

g(s) = sup
||u||2≤ρ

(

2q (s)
T

P (s) u + ||q (s) ||22
)

, (2.24)

i.e., the approximation obtained by dropping the quadratic terms in u. Subse-
quently, the problem is lifted in a higher dimensional space using the change of
variables illustrated in (2.13), followed by rank one relaxation to obtain an ap-
proximate solution. The rank one relaxation yields a tractable SDP, because the
supremum in (2.24) – and consequently in the lifted problem – can be easily eval-
uated, using the Cauchy-Schwarz inequality.

The critical difference between [SWE04] and our approach lies in the approxima-
tion in (2.24). This approximation is expected to become problematic in scenarios
where the model uncertainty is not small, but also has several other implications.
For example, even if the relaxation program proposed in [SWE04, Problem (25)]
yields a rank one solution, this solution is not guaranteed to be a solution to the
original robust binary LS problem. Note that although the approximation is very
useful in the context of [SWE04] considering the generality of the model, it be-
comes unnecessary in our case because f(s) can be evaluated exactly using the
S-procedure.

Using the fact that g(x) ≤ f(x) ∀x ∈ R
K , it is relatively straightforward to

show that the convex relaxation program proposed in [SWE04, Problem (25)] can
be viewed as a further relaxation of our tightened robust SDR in (2.22). Still, it
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is important to illustrate the efficiency of the two different approaches and draw
conclusions on how well they perform in practice. This is one of the topics of the
following section.

2.7 Numerical experiments

For illustration purposes, we considered MC = 2000 instances of problem (2.4) with
dimensions N = 10, K = 10 and P = 5. A different ellipsoidal set E was generated
for each instance. In all cases, the uncertainty parameters u = [u1, · · · , u5]

T
lie in a

unit ball in R
5. The matrix Ĥ and the associated matrices {Hi}5

i=1 were randomly
picked from an i.i.d. Gaussian distribution for all examples. After the random
generation, Ĥ was always normalized to have Frobenius norm 10, while the matrices

{Hi}5
i=1 were normalized to satisfy either

√

∑P
i=1 ||Hi||2F = 4 or

√

∑P
i=1 ||Hi||2F =

8, splitting the dataset into the first and the second part respectively (1000 examples
each), each part corresponding to a different uncertainty level. For each trial, we
pick a matrix H randomly (and uniformly) among the points in E , and then use
the linear model of (2.23) to generate the vector y.

The robustness-performance tradeoff

The traditional SDR in (2.9) (N-SDR) applied to the nominal instances (i.e., assum-
ing that u = 0) and the tightened robust SDR in (2.22) (TR-SDR), both followed
by 100 Gaussian randomizations, computed the optimal point in 1924 and 1913
cases respectively. This was verified via direct enumeration of (2.1) and (2.12),
which is computationally cumbersome, although still feasible for the dimensions
considered in this experiment.

Before proceeding, it is convenient to define the function e : SK × [0, 1] → R

with

e(s, ρ) , sup
||u||2

2
≤ρ

||P (s) u − q (s) ||2.

For a given design s, evaluating e(s, ρ) for all ρ ∈ [0, 1], demonstrates the sensitivity
of the design with respect to the uncertainty increase. Intuitively, the scheme based
on N-SDR is expected to yield a smaller worst-case error compared to the TR-SDR
when the underlying true coefficient matrix is close to Ĥ (when ρ → 0). The
situation is expected to change in favor of the TR-SDR as the coefficient matrix
moves away from its nominal value (especially as ρ → 1). Here, for expositional
simplicity, we are going to focus on the two extreme cases where the true coefficient
matrix is either (i) precisely Ĥ, or (ii) the worst matrix that might arise in E .

Therefore, we ask, how much performance is lost and gained respectively by
using the robust SDR approach, for the extreme cases where ρ = 0 and ρ = 1?
For our generated data this is first demonstrated in Fig. 2.2, where we plot the
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complementary distribution functions (CCDFs) of the ratios

γN =
e(ŝ, 0)

e(s⋆
n, 0)

and γR =
e(ŝ, 1)

e(s⋆
r, 1)

,

i.e., the prob (γN ≥ x) and prob (γR ≥ x), respectively. The curves are produced
using the 1000 instances of the first part of the dataset (where the uncertainty
is, roughly speaking, 40%). By s⋆

r and s⋆
n we denote the optimal points to (2.4)

and (2.1) respectively, and by ŝ the point computed using the N-SDR (dashed
line) or using the TR-SDR (solid line). It is satisfying to see that the proposed
approximation algorithm performs well, in spite of the hardness of the original
problem, and delivers robust solutions with high probability. Observe that although
the robust solutions can result in a performance loss compared to the traditional
SDR solutions when the estimate about H is accurate (ρ = 0), they can provide a
definite advantage when this estimate is coarse (ρ = 1). This gain can be significant
in an uncertainty scenario of 40%, but even larger when the uncertainty in H is
higher. This point is illustrated in Fig. 2.3, where we plot the CCDFs of the
ratios γR and γN , based on the 1000 instances of the second part of the dataset
(80% uncertainty). One can expect that the problem becomes more difficult as
the uncertainty in H increases, and such good performance in a high uncertainty
scenario is not at all obvious.
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Figure 2.2: Complementary distribution functions of γR(top) and γN (bottom) us-
ing 1000 random problem instances of dimension 10×10 and P = 5 uncertainty
directions. TR-SDR corresponds to the tightened robust SDR and N-SDR to the
traditional SDR. Both approximation algorithms use 100 Gaussian randomizations.
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Figure 2.3: Complementary distribution functions of γR (top) and γN (bottom)
using 1000 random problem instances of dimension 10×10 and P = 5 uncertainty
directions. TR-SDR corresponds to the tightened robust SDR and N-SDR to the
traditional SDR. Both approximation algorithms use 100 Gaussian randomizations.

TR-SDR versus Salhov’s algorithm

We now test the efficiency of our TR-SDR versus the relaxation proposed in [SWE04]
(S-SDR), using the 1000 random instances of (2.4) from the first part of our dataset,
where the uncertainty in H is (loosely speaking) 40%. The overall comparison is
shown in Fig. 2.4, where the metric is prob (γR ≥ x). The dashed dotted line
corresponds to the TR-SDR followed by a simple sign [·] procedure to extract the
approximate solution, similarly to [SWE04]. This keeps the mean execution times
approximately the same for both algorithms (CVX [GB11] was used to solve the as-
sociated relaxations). Note that our algorithm performs better than the one based
on S-SDR – and the performance can be further improved using randomizations.
Each randomization draw does not require solving an SDP problem, since for any
fixed binary vector the associated supremum can be evaluated efficiently, using the
singular value decomposition (see [GvL96, Ch. 12]). To see how randomization
affects performance, observe the thick solid line in Fig. 2.4, which corresponds to
the TR-SDR followed by 100 randomization draws. Note that with 100 random-
izations our algorithm becomes approximately 10 times slower than Salhov’s, but
at the same time delivers an entirely different performance.
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Figure 2.4: Complementary distribution functions of γR using 1000 random prob-
lem instances of dimension 10×10 and P = 5 uncertainty directions. TR-SDR
corresponds to the tightened robust SDR and S-SDR to the existing method pro-
posed by Salhov et al. in [SWE04].

2.8 Appendices

Appendix A: The Lagrange bidual of (2.12)

The proof is direct, starting from (2.12) and deriving (2.15) as its bidual program,
similarly to [WES05]. To begin, we introduce the Lagrange multipliers M and r
and form the Lagrangian function [BV04] associated with (2.12):

Lf = ω + ℓ − Tr







M





I P(s) q(s)

P(s)T ℓI 0

q (s)
T

0T ω











+

K
∑

j=1

rj

(

s2
j − 1

)

.

The dual function is given by g (M, r) = infω,ℓ,s Lf . Optimizing with respect to ω
and ℓ, the dual function can be expressed as

g (M, r) = inf
s

{

−2

(

P
∑

i=1

HT
i (M1,2)⋆i

)T

s+

K
∑

j=1

rj

(

s2
j − 1

)

−2q(s)TM1,3−Tr(M1,1)

}

if M3,3 = 1 and Tr (M2,2) = 1. Here, Mi,j , for i = 1, 2, 3 and j = 1, 2, 3 represents
the (i, j)th block of M sized exactly as the corresponding block in (2.12b) and
(M1,2)⋆i represents the ith column of block M1,2. Note that g (M, r) = −∞ if
those equality constraints are not satisfied.
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Now, let Diag(r) create the diagonal matrix having the elements of r on the
main diagonal. Upon defining

A (r) = Diag(r),

b (M) = ĤTM1,3 +

P
∑

i=1

HT
i (M1,2)⋆i and

c (M, r) = 2yTM1,3 − Tr(M1,1) − 1T
Kr,

the Lagrange dual program can be written as:

maximize
r,M

inf
s

{

sTA (r) s − 2b (M)
T

s + c (M, r)
}

subject to: M � 0, M3,3 = 1, Tr(M2,2) = 1.

By introducing a slack variable λ, the above can be written equivalently as

maximize
r,M,λ

λ (2.26a)

subject to: sTA (r) s − 2b (M)T s + c (M, r) ≥ λ, ∀s (2.26b)

M � 0, M3,3 = 1, Tr(M2,2) = 1. (2.26c)

But it holds that (see e.g., [BTN01])

sTA (r) s − 2b (M)
T

s + c (M, r) ≥ λ, ∀s ⇔
[

A (r) − b (M)

−b (M)
T

c (M, r) − λ

]

� 0,

allowing (2.26) to be written as an SDP:

minimize
r,M,λ

− λ (2.27a)

subject to: M � 0, M3,3 = 1, Tr(M2,2) = 1, (2.27b)
[

A (r) −b (M)

−b (M)
T

c (M, r) − λ

]

� 0. (2.27c)

The dual of this SDP corresponds to the bidual of problem (2.12). The Lagrangian
function associated with the above SDP is

LD = −λ − Tr(ZM)−Tr

{

Ω

[

A (r) −b (M)
−bT (M) c (M, r) − k

]}

+ ν (M3,3 − 1) + µ (Tr(M2,2) − 1)

and the associated dual function g (µ, ν, Ω, Z) = infλ,M,r LD. The infimum of a lin-
ear function is −∞, except in the special case when it is identically zero. Using this
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observation and after straightforward manipulations, the Lagrange dual program
of (2.27) can be expressed as

maximize
µ,ν,Ω,Z

− µ − ν (2.28a)

subject to: Ω � 0, Z � 0

diag (Ω1,1) = 1K , Ω2,2 = 1

HiΩ1,2 − (Z1,2)⋆i = 0, i = 1, ..., P

ĤΩ1,2 − Z1,3 − y = 0

Z1,1 − I = 0, Z2,2 − µI = 0

Z3,3 − ν = 0, Z2,3 = 0, (2.28b)

where Zi,j , for i = 1, 2, 3 and j = 1, 2, 3 represents the (i, j)th block of Z sized
exactly as the corresponding block in (2.12b) and (Z1,2)⋆i denotes the ith column
of block Z1,2. But (2.28) is equivalent to

minimize
µ,ν,Ω

µ + ν

subject to:





I P(Ω1,2) q(Ω1,2)

P(Ω1,2)
T

µI 0

q (Ω1,2)
T

0T ν



 � 0

diag (Ω1,1) = 1K , Ω2,2 = 1

Ω � 0.

Hence, the bidual of problem (2.12) is identical to the optimization problem de-
scribed in (2.15).

Appendix B: The Lagrange bidual of (2.19)

Let us introduce the Lagrange multipliers M and r, to form the Lagrangian asso-
ciated with (2.19):

LF = ω + ℓ − Tr

{

M

[

ℓI − P(s)
T

P(s) −P(s)Tq(s)

−q(s)TP(s) ω − q (s)T q (s)

]}

+
K
∑

j=1

rj

(

s2
j − 1

)

.

The dual function is given by g (M, r) = infω,ℓ,s LF . Optimizing with respect to ω
and ℓ, the dual function can be expressed as

g (M, r) = inf
s

{

Tr

{

M

[

P(s)
T

P(s) P(s)Tq(s)

q(s)TP(s) q (s)
T

q (s)

]

}

+

K
∑

j=1

rj

(

s2
j − 1

)

}

if M2,2 = 1 and Tr (M1,1) = 1. Here, Mi,j for i = 1, 2 and j = 1, 2 represents the
(i, j)th block of M sized exactly as the corresponding block in (2.17). Note that
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g (M, r) = −∞ if those equality constraints are not satisfied. Next, observe that
the term

Tr

{

M

[

P(s)
T

P(s) P(s)Tq(s)

q(s)TP(s) q (s)
T

q (s)

]}

can be expressed explicitly in terms of the blocks of M:

Tr
{

M1,1P(s)
T

P(s)
}

+ 2MT
1,2P(s)

T
q(s) + M2,2q (s)

T
q (s) .

Further, the following equalities hold:

Tr
{

M1,1P(s)TP(s)
}

=

P
∑

i=1

P
∑

j=1

[M1,1]ij sTHT
i Hjs

= sT





P
∑

i=1

P
∑

j=1

[M1,1]ij HT
i Hj



 s,

MT
1,2P(s)Tq(s) =

P
∑

i=1

[M1,2]i
(

sTHT
i Ĥs −

(

HT
i y
)T

s
)

= sT

(

P
∑

i=1

[M1,2]i HT
i Ĥ

)

s −
(

P
∑

i=1

[M1,2]i HT
i y

)T

s,

M2,2q (s)T q (s) = sTM2,2ĤTĤs − 2M2,2yTĤs + M2,2yT y.

Now let Diag(r) create the diagonal matrix having the elements of r on the main
diagonal. Upon defining

A (M, r) = Diag(r) +

P
∑

i=1

P
∑

j=1

[M1,1]ij HT
i Hj + M2,2ĤTĤ + 2

P
∑

i=1

[M1,2]i HT
i Ĥ,

b (M) = M2,2ĤTy +

P
∑

i=1

[M1,2]i HT
i y and

c (M, r) = M2,2yT y − 1T
Kr,

the Lagrange dual program can be written as:

maximize
r,M

inf
s

{

sTA (M, r) s − 2b (M)
T

s + c (M, r)
}

subject to: M � 0, M2,2 = 1, Tr(M1,1) = 1.
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Following steps similar to these in Appendix A, the above can be expressed as the
following semidefinite program:

minimize
r,M,λ

− λ (2.30a)

subject to: M � 0, M2,2 = 1, Tr(M1,1) = 1, (2.30b)
[

A (M, r) −b (M)

−b (M)
T

c (M, r) − λ

]

� 0. (2.30c)

The dual of (2.30) corresponds to the bidual of (2.19). The Lagrangian function
associated with the above SDP is given by

LD = −λ − Tr(ZM)−Tr

{

Ω

[

A (M, r) −b (M)

−b (M)
T

c (M, r) − λ

]}

+ µ (M2,2 − 1) + ν (Tr(M1,1) − 1) ,

and the associated dual function g (µ, ν, Ω, Z) = infλ,M,r LD. Now, partition Z and
Ω as

Z =

[

Z1,1 Z1,2

ZT
1,2 Z2,2

]

and Ω =

[

Ω1,1 Ω1,2

ΩT
1,2 Ω2,2

]

where Z1,1 ∈ R
P ×P , Z1,2 ∈ R

P ×1, Z2,2 ∈ R and also Ω1,1 ∈ R
K×K , Ω1,2 ∈ R

K×1,
Ω2,2 ∈ R. Computing the terms associated with Z and Ω under this partitioning
yields

Tr(ZM) =

P
∑

i=1

P
∑

j=1

[M1,1]ij [Z1,1]ij + 2

P
∑

i=1

[M1,2]i [Z1,2]i + Z2,2M2,2

and also

Tr

{

Ω

[

A (M, r) −b (M)

−b (M)
T

c (M, r) − λ

]}

= Tr{Ω1,1A (M, r)} − 2b (M)
T

Ω1,2 + Ω2,2 (c (M, r) − λ) .

The infimum of a linear function is −∞, except in the special case when it is
identically zero. Using this observation and after straightforward manipulations,
the Lagrange dual program of (2.30) can be expressed as
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maximize
µ,ν,Ω,Z

− µ − ν

subject to: Ω � 0, Z � 0

diag (Ω1,1) = 1K , Ω2,2 = 1

[Z1,1]ij = Tr
(

Ω1,1HT
i Hj

)

i 6= j, i, j ∈ {1, · · · , P }
[Z1,1]ii = µ − Tr

(

Ω1,1HT
i Hi

)

∀i ∈ {1, · · · , P }
[Z1,2]i = yTHiΩ1,2 − Tr

(

Ω1,1HT
i Ĥ
)

∀i ∈ {1, · · · , P }
Z2,2 = ν − Tr(LΩ).

The bidual of problem (2.19) is therefore identical to the optimization problem
described in (2.22).

Appendix C: Proof of Proposition 5

Let
(

ℓ̃, ω̃, W̃
)

be a point feasible for problem (2.22). We first need to show that this

is also feasible for (2.15). For this, since W̃ ∈ {W | W � 0, diag(W) = 1K+1}, it
suffices to prove that

(

ℓ̃, ω̃, W̃
)

satisfies (2.15b). To this end, note that (2.15b) can
be expressed as

[

ℓ̃I 0
0T ω̃

]

�
[

Q′(W̃) f ′(W̃)

f ′(W̃)T q′(W̃)

]

, (2.31)

where Q′(W̃) ∈ R
P ×P and f ′(W̃) ∈ R

P ×1 are given by

[

Q′(W̃)
]

ij
= Tr

(

HT
i HjW̃1,2W̃T

1,2

)

,

[

f ′(W̃)
]

i
= Tr

(

HT
i ĤW̃1,2W̃T

1,2

)

− W̃T
1,2HT

i y and

q′(W̃) = Tr
(

ĤTĤW̃1,2W̃T
1,2

)

− 2W̃T
1,2ĤT y + yTy.

(2.32)

Since the point
(

ℓ̃, ω̃, W̃
)

satisfies (2.22b) and the relation � is transitive, it suffices
to establish that

[

Q(W̃) f(W̃)

f(W̃)T Tr
(

LW̃
)

]

�
[

Q′(W̃) f ′(W̃)

f ′(W̃)T q′(W̃)

]

, (2.33)

with Q(W̃) and f(W̃) defined as in (2.21). Now, define the matrix Y = W̃1,1 −
W̃1,2W̃T

1,2 � 0. After straightforward manipulations, one can see that the relation
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in (2.33) is satisfied if and only if the matrix

















Tr
(

HT
1 H1Y

)

· · · Tr
(

HT
1 HP Y

)

Tr
(

HT
1 ĤY

)

...
. . .

...
...

Tr
(

HT
P H1Y

)

· · · Tr
(

HT
P HP Y

)

Tr
(

HT
P ĤY

)

Tr
(

HT
1 ĤY

)

· · · Tr
(

HT
P ĤY

)

Tr
(

ĤTĤY
)

















(2.34)

is positive semidefinite. Since Y ∈ R
P ×P is symmetric and positive semidefinite, it

can be expressed in the form

Y =

P
∑

k=1

λkhkhT
k ,

where λk ≥ 0 is the kth eigevalue of Y, and hk the associated eigenvector. Upon
defining

Π (h) =
[

H1h H2h · · · HP h Ĥh
]

and observing that

Tr
(

HT
i HjY

)

=
P
∑

k=1

λkTr
(

HT
i HjhkhT

k

)

=
P
∑

k=1

λk

(

hT
k HT

i Hjhk

)

,

the matrix in (2.34) can be expressed as

P
∑

k=1

λkΠ (hk)
T

Π (hk) ,

i..e., a non-negative combination of positive semidefinite matrices. Hence, it is
positive semidefinite, and we have shown that any point feasible for (2.22) is also

feasible for (2.15). In the special case where Ĥ is full rank and H1 = · · · = HP = 0,
the feasible set of (2.22) becomes a strict subset of the feasible set of (2.15), proving
the proposition.



Chapter 3

Assignment problems arising in
conference program formation

In the Introduction we gave a somehow intuitive explanation for paper-to-session
and review assignment, as well as the motivation for trying to (semi-)automate the
conference program formation process. We argued that by viewing papers/reviewers
as feature vectors in a suitable keyword space, we end up with formulations that
can be both practically useful and interesting from a scientific point of view.

Drawing upon this multidimensional description of papers and reviewers de-
scribed in the Introduction, we now present rigorous formulations of paper-to-
reviewer assignment and paper-to-session assignment as combinatorial optimization
problems. These formulations are given in Sections 3.2 and 3.3, respectively, along
with results on complexity and corresponding convex approximations. We also test
the performance of the proposed algorithms using real conference data.

3.1 Context and prior art

Before delving to the mathematical problems and the properties of the emerging
formulations, let us first give a closer look at the relevant literature on the topic.

Paper-to-Reviewer Assignment: In addition to the key works [HWC99], [DN92]
and related follow-up work such as [Tay08], there are several more references on
mass review assignment, e.g., [WCM08] and references therein. The ones that are
related to our viewpoint are reviewed here. Our vector space viewpoint of re-
view assignment is implicit in [HP06], which considered representing each reviewer
and each proposal with a list of keywords or terms in a common term space, and
proposed evaluating reviewing assignments and making additional reviewer recom-
mendations by measuring how the assigned reviewers collectively cover a proposal’s
keywords; see also later work in [KZB08]. Reference [HP06] is in fact a lucid and
very insightful account of lessons learned in designing and implementing an early
Review Aide system at NSF several years ago. What is missing from [HP06] (and

45



46
CHAPTER 3. ASSIGNMENT PROBLEMS ARISING IN CONFERENCE

PROGRAM FORMATION

[KZB08]) is formulating review assignment as a joint optimization problem sub-
ject to reviewing capacity constraints, addressing complexity issues, and coming
up with suitable algorithms to solve it. Instead, a simple greedy hill climbing ap-
proach to making individual recommendations one reviewer at a time is discussed
in [HP06]. Paper-to-session / proposal-to-panel assignment is not discussed at all
in [HP06, KZB08].

Nowadays, several NSF program managers use a tool developed in [JTF+06] for
review assignment. The approach in [JTF+06] is based on panelist reviewing pref-
erences, and uses a generalized assignment formulation with a branch-and-bound
solution technique that is complex for large problems; but it is tailored for NSF
panel review and complexity is not a major issue for modest panel sizes. On the
other hand, it does not account for the need to cover all bases in reviewing a par-
ticular proposal, or the bias that is typical in reviewing preferences. Additional
work related to review assignment can be found in [HGS+08]; see also [BDM09] for
a recent overview of assignment problems.
Paper-to-Session Assignment: Fitting the accepted papers into sessions is a cluster-
ing problem under equality constraints on the number of points per cluster - because
each session has a fixed capacity. Herein, we focus on clustering using a centroid
model, in which each cluster is represented by a single mean vector, and we have a
given number of data points per cluster. In our context, each cluster corresponds to
a session, and its centroid reflects the keywords that are dominant in that session;
thereby serving as a crude session title (that can be later polished by the TPC
chair). The traditional signal processing and computer science literature treats
clustering mostly using the well-known k-means algorithm [JMF99], which cannot
be directly applied in our context due to the presence of the session capacity con-
straints. Modifications of k-means to account for must-link/cannot-link constraints
are discussed in [WCR+01], distance-type constraints on the cluster centers are
discussed in [DR05], and lower bound constraints on the number of points per clus-
ter are discussed in [BBD00]. As an alternative to alternating optimization-based
k-means, approximation algorithms based on convex (semidefinite) optimization
[BV04] are also known, see, e.g, [PW07] and references therein.

Our formulation of paper-to-session assignment can be called a capacitated k-
means problem. Whereas the general literature on clustering is immense [JD88,
KR90], we didn’t find any prior work on capacitated k-means, likely because there
is no motivation to specify cluster sizes a priori in most applications of unsupervised
clustering - where we typically know little about the clusters we’re trying to find.
Imposing a lower bound on cluster size may seem reasonable to avoid degeneracy,
but an upper bound doesn’t make sense in most other applications.

In practice, paper-to-reviewer assignment naturally precedes paper-to-session
assignment. Paper-to-reviewer assignment is more challenging than paper-to-session
assignment, because there are typically many more papers submitted than accepted,
and many more reviewers than sessions in the final program. Furthermore, paper-
to-reviewer assignment quality is more important from a scientific and ethical point
of view. Yet the paper-to-session assignment problem is important and hard in its
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own right (we will show it is NP-hard, in fact). We will show how to modify k-
means to account for strict cluster capacity constraints and produce a very practical
and efficient low-complexity algorithm. We will also develop a more sophisticated,
one-shot approximation, which can be used in smaller paper-to-session assignment
problem instances. Despite the conceptual order of the two problems, it is conve-
nient to start from the paper-to-session assignment problem.

3.2 Mathematical formulation of Paper-to-Session
Assignment

Let pi be the N × 1 feature vector for paper i ∈ I , {1, · · · , I}, where N is the
number of features and I is the total number of (accepted) papers. Define the N ×I
matrix P := [p1, · · · , pI ]. The capacity of session j ∈ J , {1, · · · , J} is denoted

cj ;
∑J

j=1 cj = I, i.e., the total number of accepted papers. The design variables
are the N × J matrix of session centers S := [s1, · · · , sJ ], where sj is the center
(profile, or ‘title’) of session j; and the J × I paper-to-session assignment matrix
X. The elements Xji of X must satisfy the following constraints:

Xji ∈ {0, 1} , ∀i ∈ I, j ∈ J (3.1a)

J
∑

j=1

Xji = 1, ∀i ∈ I (3.1b)

I
∑

i=1

Xji = cj , ∀j ∈ J (3.1c)

Here, Xji = 1 means that paper i is assigned to session j. The constraint
∑J

j=1 Xji =
1 ensures that paper i will be assigned to one and only one session; whereas
∑I

i=1 Xji = cj enforces the capacity constraint for session j. For brevity, let A
denote the set of matrices X ∈ R

J×I that satisfy (3.1a)-(3.1c).
With these definitions, the paper-to-session (or, technical program optimization)

problem can be posed as follows: assign papers to sessions (pick X) and find ap-
propriate ‘session titles’ (pick S) to

minimize
S,X

||P − SX||2F (3.2a)

subject to: X ∈ A. (3.2b)

Complexity of optimal paper-to-session assignment

If we drop the session capacity constraints (3.1c) from (3.2), a classic k-means
problem emerges. k-means is NP-hard; in loose terms, this means that we can-
not expect to solve an arbitrary instance of k-means in polynomial time. In the
signal processing community, k-means is also known as vector quantization (VQ),
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usually dealt with using the celebrated (generalized) LLoyd-Max algorithm, which
is an alternating optimization procedure. The reason we usually resort to Lloyd-
Max is precisely because the problem is hard, and the Lloyd-Max iteration offers
an attractive simplicity-performance-complexity trade-off. Yet the fact that the
core problem considered is NP-hard is not widely known in the signal processing
community, albeit better appreciated in theoretical computer science and machine
learning. The reason is that NP-hardness of k-means was only recently proven
[ADH+09].

Here we are actually dealing with a restriction of the VQ / k-means problem
due to the session capacity constraints, which will always be active. We show below
that this restriction is NP-hard. Given a feasible X, let Ij(X) denote the indices
of papers falling in session j. Then

min
S,X

||P − SX||2F ⇐⇒ min
X

{

min
S

||P − SX||2F
}

⇐⇒

min
X

J
∑

j=1

min
sj

∑

i∈Ij (X)

||pi − sj ||22

The solution of the inner minimization for sj is clearly the mean of those vectors
falling in session j. Setting sj equal to this mean, and after some algebra (starting
from the right-hand-side for convenience), it can be shown that

∑

i∈Ij(X)

||pi − sj||22 =
1

2|Ij(X)|
∑

i∈Ij (X)

∑

k∈Ij(X)

||pi − pk||22,

where | · | denotes cardinality. If all session capacities are equal, we may thus use
the following criterion instead:

min
X

J
∑

j=1

∑

i∈Ij(X)

∑

k∈Ij (X)

||pi − pk||22,

which is to be optimized over X ∈ A. This is now what is known as the minimum
k-clustering sum problem (in our context J plays the role of k), which is in the list
of NP-hard problems [CK05]; see also [GH98].

We have the following proposition:

Proposition 6. Technical program optimization (paper-to-session assignment, ca-
pacitated k-means) is NP-hard.

It has been shown in [GH98] (see also [CK05]) that the minimum k-clustering
sum problem can be approximated within a factor of 2 - but the algorithm that
provides this approximation guarantee has exponential complexity in J . Since J is
not small in our context, we will instead explore familiar signal processing tools to
obtain conceptually simple, and performance-wise satisfactory solutions.
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Proposed algorithm

The generalized Lloyd-Max (LM for short) algorithm is typically used for VQ de-
sign. LM alternates between optimizing the codebook S for a given assignment X,
and optimizing the assignment X for a given codebook S. LM exploits necessary
optimality conditions, implying that sj should be the mean of those pi’s assigned to
session j, and pi should be assigned to the closest sj ; these yield simple conditional
updates. The LM iteration converges in terms of fit, but the quality of the final
solution depends heavily on the initialization.

LM cannot be directly applied in our present context, due to the presence of
the session capacity constraints. In the following, we propose one possible iteration
that explicitly takes these constraints into account.

Given a feasible assignment X, the update for S is simple - in fact identical
to the corresponding update in LM. The step which requires closer scrutiny is the
update of X given S:

minimize
X

||P − SX||2F (3.3a)

subject to: X ∈ A. (3.3b)

Fortunately, it turns out that an optimal point for (3.3) can be computed easily,
without having to search over all feasible assignments X. To explain how this
is possible, note first that the objective function in (3.3a) can be expressed as
||P − SX||2F = ||P||2F − 2Tr

(

PTSX
)

+ ||SX||2F , and observe that the quadratic
term ||SX||2F remains constant for any feasible assignment X. This is because the
columns of X select columns of S, and column j of S will always appear in SX
exactly cj times, by virtue of (3.1c). Thus, the conditional update of X given S
can be done by solving the Boolean linear program (Boolean LP)

maximize
X

Tr
(

PTSX
)

(3.4a)

subject to: X ∈ A. (3.4b)

Problem (3.4) is the so called semi-assignment problem and there are many efficient
algorithms for its solution (see e.g., [BDM09] and references therein). A solution
to (3.4) can be found efficiently using linear programming, since the coefficient
matrix of the linear system of equations (3.1b)-(3.1c) is totally unimodular , i.e.,
every square submatrix has a determinant of value 0, ±1. Due to a famous result
of Birkhoff [Bir46], the polytope

0 ≤ Xji ≤ 1, ∀i ∈ I, j ∈ J
J
∑

j=1

Xji = 1, ∀i ∈ I

I
∑

i=1

Xji = cj , ∀j ∈ J
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is the convex hull of all assignments X ∈ A. This result implies that the LP
relaxation

maximize
X

Tr
(

PTSX
)

subject to: 0 ≤ Xji ≤ 1, ∀i ∈ I, j ∈ J
J
∑

j=1

Xji = 1, ∀i ∈ I

I
∑

i=1

Xji = cj , ∀j ∈ J

always has a Boolean solution which can be computed in polynomial time, using
efficient interior point methods [BV04].

The overall algorithm is now clear: one starts from a suitable initialization,
and iterates between updating S and updating X. For initialization, one can use
regular VQ/k-means to come up with an initial S without regard to capacity con-
straints. The sessions can be ordered according to population, and excess papers
can be moved to the next session in line to produce an initial feasible assignment.
Updating can start from X or from S, and continue so long as the cost is reduced.
Finally, initialization does matter (and VQ/k-means is itself sensitive with respect
to initialization), so the overall algorithm should be executed 10-30 times to get
close to the best possible results. The solution with the smallest cost is then chosen
as the final one.

Gauging the optimality gap: semidefinite relaxation

Even though the technical program optimization problem is NP-hard, it is possible
to obtain a non-trivial lower bound on its optimal value. A tight lower bound usu-
ally serves as a nice exploratory tool, e.g., it can be used to evaluate the performance
of the LM-based approximation algorithm. In this section we describe how we can
obtain a lower bound on the optimal value of (3.2) via semidefinite programming
relaxation [GW95, LMS+10, Wol00], [Tse03], [Zha00]. A different semidefinite pro-
gramming relaxation approach to (unconstrained) k-means clustering was pursued
in [PW07].

Starting from the problem formulation in (3.2), one may first optimize with
respect to S analytically. There are no constraints on S, therefore the minimizer is
given by S⋆ = PX†, where X† denotes the Moore–Penrose pseudoinverse of X. It
follows that the conference program optimization problem in (3.2) can be written
equivalently as

minimize
X

||P − PX†X||2F (3.7a)

subject to: X ∈ A. (3.7b)
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Define the vector of session capacities c = [c1, c2, · · · , cJ ]
T

and the J × J matrix
Λ = Diag(c), with the entries of the vector c on its main diagonal and zero else-
where. For any X ∈ A, X† is given by X† = XTΛ−1, therefore (3.7) is equivalent
to the problem

minimize
X

||P − PXTΛ−1X||2F (3.8a)

subject to: X ∈ A. (3.8b)

Expanding the objective in (3.8a), we get

||P − PXTΛ−1X||2F = ||P||2F − 2Tr(PTPXTΛ−1X) + ||PXTΛ−1X||2F
= ||P||2F − 2Tr(PTPXTΛ−1X) + ||PXTΛ−1/2||2F
= ||P||2F − ||PXTΛ−1/2||2F ,

where we have used ||Y||2F = Tr(YYT ), so

||PXTΛ−1X||2F = Tr(PXTΛ−1XXT Λ−1XPT )

and, since in this particular case XTΛ−1 = X†,

||PXTΛ−1X||2F = Tr(PXTΛ−1XPT ) =

Tr(PXTΛ−1/2Λ−1/2XPT ) = ||PXTΛ−1/2||2F
Hence the problem in (3.8) can be expressed equivalently as

minimize
X

||P||2F − ||PXTΛ−1/2||2F (3.9a)

subject to: X ∈ A. (3.9b)

This is now a concave quadratic minimization problem subject to Boolean con-
straints, which is intractable [formally, NP-hardness of (3.9) follows from its equiva-
lence to (3.2)]. For this, we propose a semidefinite relaxation approach. To explain
this idea, note that problem (3.9) can be written equivalently as

minimize
X

||P||2F − ||
(

P ⊗ Λ−1/2
)

vec(X)||22 (3.10a)

subject to: X ∈ A, (3.10b)

where ⊗ denotes the Kronecker product operation, and vec the operator that stacks
the columns of a matrix into one vector. Let G, d denote the coefficient matrix
and the right-hand side vector of the linear system of equations (3.1b)-(3.1c), re-
spectively. Now, define the matrices

x , vec(X), Q , P ⊗ Λ−1/2, and L ,

[

GTG −GTd
−dTG dTd

]

.



52
CHAPTER 3. ASSIGNMENT PROBLEMS ARISING IN CONFERENCE

PROGRAM FORMATION

With these definitions, (3.10) can be written equivalently as:

minimize
x

||P||2F − Tr
(

QTQxxT
)

(3.11a)

subject to: diag(xxT) = x, (3.11b)

||Gx − d||22 = 0. (3.11c)

Using the change of variables

W =

[

xxT x
xT 1

]

=

[

W1,1 W1,2

WT
1,2 W2,2

]

, (3.12)

problem (3.11) is reformulated in a higher dimensional space as follows:

minimize
W

||P||2F − Tr
(

W1,1QTQ
)

(3.13a)

subject to: diag(W1,1) = W1,2, W2,2 = 1, (3.13b)

Tr(LW) = 0, (3.13c)

W � 0, rank(W) = 1. (3.13d)

Here, W1,1 denotes the JI × JI upper-left block, W1,2 the JI × 1 upper-right
block, and W2,2 the 1×1 lower-right block of the (JI + 1) × (JI + 1) matrix W.
Problem (3.13) is equivalent to (3.11), since any rank one matrix satisfying (3.13b)
can be factorized according to the definition in (3.12), and hence the solution of
(3.11) can be easily constructed from the solution of (3.13) and vice versa. The
only difficult part of (3.13) is the non-convex rank one constraint on W. Dropping
this constraint yields a semidefinite relaxation of (3.13):

minimize
W

||P||2F − Tr
(

W1,1QTQ
)

(3.14a)

subject to: diag(W1,1) = W1,2, W2,2 = 1, (3.14b)

Tr(LW) = 0, (3.14c)

W � 0. (3.14d)

In contrast with (3.13), problem (3.14) is convex (in fact, a semidefinite program)
and it can be readily solved in polynomial time using efficient interior point methods
[BV04]. If the solution W⋆ of this semidefinite program turns out to have rank one,
then it is a solution for (3.13) as well. However, due to the relaxation, W⋆ will not
always be a rank one matrix, hence the optimal value of (3.14) generally provides
a lower bound on the optimal value of (3.13) [note that (3.2) and (3.13) have the
same optimal value].

Given W⋆, an approximate solution for the technical program optimization
problem in (3.2) can be produced using a procedure known as Gaussian ran-
domization [LMS+10]. This procedure consists of three main steps: i) draw a

random vector v = [v1, · · · , vJI+1]
T

from N (0, W⋆), ii) form the new vector ξ
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consisting of the first JI entries of v divided by vJI+1, and iii) find the vector
which is closest to ξ and is feasible for (3.11), i.e, the vector x that minimizes
||ξ − x||22 subject to (3.11b)-(3.11c).

This three-step procedure can be repeated a number of times and the vector
that gives the smallest objective value in (3.11) can be eventually chosen as an
approximate solution. The intuition behind randomization is that it will generate
candidate solutions which are close to the eigenvector of W⋆ that corresponds to
the largest eigenvalue, but will also take the other eigenvalues into account when
these are large enough. For more details on randomization, see [MDW+02].

The rounding problem in step iii) seems hard, but it is not. To explain this,
note that for any x feasible for (3.11), we have that ||ξ − x||22 = ||ξ||22 − xTξ + I,
and therefore rounding corresponds to

maximize
x

xTξ subject to (3.11b)-(3.11c).

The above problem is equivalent to the LP that arises when one replaces the Boolean
constraints xi ∈ {0, 1}, i = 1, · · · , JI in (3.11b) with the halfspace constraints
0 ≤ xi ≤ 1, i = 1, · · · , JI. This is because the coefficient matrix of the linear
system of equations in (3.11c) is totally unimodular [Bir46].

Variations of the basic formulation

There are several variations of the basic formulation that one can readily envision.
We now briefly mention a few interesting alternatives.

Weighting

In some cases, the chair may wish to highlight emerging or important areas in the
technical program. This can be accomplished via feature weighting, i.e., optimizing
a weighted least squares cost of the form

||D (P − SX) ||2F ,

where D is a diagonal matrix holding the feature weights. Such weighting can be
absorbed in P and S, and since the latter is unconstrained, it does not change the
essence of our solutions.

Alignment with organizational structure

Organizations such as NSF often prefer to form panels that reflect their organiza-
tional structure. For example, for a large cross-disciplinary solicitation that falls
under the auspices of multiple divisions (sometimes even across directorates), from
a logistics point of view it makes a lot of sense to produce panels that are reasonably
well aligned with the constituent programs. This can be accomplished by anchoring
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panel centroids in S not to deviate too far from the constituent organizational unit
profiles, stored in So, i.e., by augmenting the cost function in (3.2) as

||P − SX||2F + ρ||So − S||2F .

Notice that this augmentation does not fundamentally change the nature of the
problem, or its solution. In particular, our alternating optimization algorithm and
semidefinite relaxation approach can be modified to account for this penalty term.
What is interesting, however, is to understand how to pick ρ > 0 to strike pertinent
trade-offs between alignment and homogeneity, and how this anchoring affects the
optimality gap. It is clear that rigid anchoring will simply force the organizational
structure onto the proposals, ignoring the need for complementary cross-disciplinary
reviews, which is clearly undesirable.

Divide-and-conquer and tree-structured VQ

For the special case where we’re interested in splitting the papers into just J = 2
sessions, the conditional update of X = [x1x2]

T ∈ R
2×I given S = [s1s2] ∈ R

N×2

takes a very simple form. This simplification can be used to construct a divide-
and-conquer algorithm for paper-to-session assignment, reminiscent of hierarchical
clustering approaches and tree-structured VQ [JD88, KR90]. Consider the con-
ditional paper-to-session assignment problem for J = 2 sessions only. Using the
equivalence shown in (3.3)-(3.4) the optimization problem is

maximize
x1,x2

Tr
(

PT[s1s2][x1x2]T
)

(3.15a)

subject to: x1(i) ∈ {0, 1} , x2(i) ∈ {0, 1} , ∀i ∈ I (3.15b)

x1(i) + x2(i) = 1, ∀i ∈ I (3.15c)

I
∑

i=1

x1(i) = c1,

I
∑

i=1

x2(i) = c2 = I − c1. (3.15d)

Using the constraints (3.15b)-(3.15d) and the fact that Tr(AB) = Tr(BA), one can
eliminate variable x2 from (3.15), yielding the simpler problem

maximize
x1

xT
1 PT(s1 − s2)

subject to: x1(i) ∈ {0, 1} , ∀i ∈ I
I
∑

i=1

x1(i) = c1,

from which it is clear that the optimal solution is to allocate the c1 units to the c1

largest elements of PT(s1 − s2). These can be found using a sorting operation, at
complexity O(IlogI), or by direct parsing at O(Ic1) for small c1 < logI.

Now, using the above result for J = 2, we can construct a potentially appealing
divide-and-conquer solution for the paper-to-session assignment problem for J > 2
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as follows: We start with regular VQ/k-means to produce an initial centroid matrix
S, the columns of which are then ordered according to paper population. In the
divide step, we first process the columns of S (e.g., using plain 2-means) to produce
two new (super) centroids, then use the sorting-based algorithm to assign papers
to these two centroids in a way that respects the session capacity constraints. We
then recursively refine and conquer the subproblems in a similar manner. Once
we produce the final assignment, we update S and repeat the procedure. This
algorithm is fast and can be quite effective, mainly depending on the quality of the
initialization point.

How well does this work? ICASSP 2009 case study:

The list of accepted papers from the Signal Processing for Communications and
Networking Technical Committee (SPCOM TC) track of ICASSP 2009 is used for
validation. There were 132 papers accepted, which were to be split among a total
of 14 sessions: 6 lecture and 8 poster sessions, containing 6 and 12 papers each,
respectively. Algorithmic results will be compared to the final technical program
that was manually produced by the first author of [ST14], who chaired SPCOM
TC at the time.

The list of key words (features) was manually produced by the authors, parsing
the list of paper titles. Each title was examined, existing key words were added to
the paper as appropriate, and new key words were created and added to list of key
words as needed. The final list contains a total of 44 key words:

‘optimization’, ‘cross-layer’, ‘networking’, ‘resource’, ‘QCSI’, ‘game’,
‘precoding’, ‘DSL’, ‘distributed’, ‘sensor’, ‘sparse’, ‘MIMO’, ‘detection’,
‘performance’, ‘blind’, ‘cognitive’, ‘cooperative’, ‘capacity’, ‘network’,
‘coding’, ‘security’, ‘multiuser’, ‘beamforming’, ‘downlink’, ‘relay’, ‘up-
link’, ‘CDMA’, ‘OFDM’, ‘synchronization’, ‘turbo’, ‘quantization’, ‘equal-
ization’, ‘interference’, ‘estimation’, ‘training’, ‘tracking’, ‘localization’,
‘consensus’, ‘diversity’, ‘PAR’, ‘STBC’, ‘FH’, ‘scheduling’, ‘communica-
tions’

The feature vector of each paper is 44×1, with 1’s in the positions corresponding to
features it possesses, and 0’s elsewhere. The median number of (non-zero) features
per paper was 3.

The computer-generated conference program (using the algorithm in Section
3.2) for ICASSP 2009 / SPCOM TC is listed in Appendix A. Session pseudo-
titles were produced by session centroid thresholding. If a key word is included in
more than 30% of the papers in a session (the corresponding centroid element is
greater than 0.3), then the key word is included in the session pseudo-title. Note
that the order of key words in the pseudo-titles is arbitrary (one could list them
in order of importance, determined by the magnitude of centroid elements). The
listed computer-generated program attains a (sum-of-squares) cost of 148.1 (after
30 initializations). The actual technical program that was manually produced by
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the first author of [ST14] attains a cost of 187.25 - primarily because, after two days
of manual optimization and with a looming deadline ahead, the author gave up and
used an ‘umbrella’ poster session for papers that didn’t fit elsewhere, but otherwise
had little in common. This is avoided in the solution listed in Appendix A, and in
several other suboptimal solutions - which typically have a few discrepancies but
avoid ‘umbrella’ sessions.

3.3 Mathematical formulation of Paper-to-Reviewer
Assignment

The review assignment stage is even more difficult than putting together the final
technical program, simply because it involves (a lot) more papers, and every paper
must be reviewed by more than one reviewers. Suppose that I papers are to be
assigned for review to (at most) J reviewers. Reviewer j has a fixed vector profile sj

representing the reviewer’s expertise and reviewing interests, and a pre-negotiated
reviewing capacity rj . Every paper should be reviewed by, say, three reviewers.
Our goal here is to minimize the paper-to-reviewer mismatches, i.e., a paper should
be assigned for review to three reviewers whose individual vector profiles cover as
much as possible the paper profile pi. At the same time, and of equal importance
is that the reviewer profiles should collectively cover the paper profile pi as much
as possible. One can thus pose the review assignment problem as follows:

minimize
X∈{0,1}J×3I

(1 − λ)

3I
∑

i=1

1T
(

P∗⌈ i
3

⌉ − SX∗i

)

+
+

λ

I
∑

i=1

1T [P∗i − S (X∗3i−2 + X∗3i−1 + X∗3i)]+ (3.17a)

subject to: Xij ∈ {0, 1} , ∀i, j (3.17b)

J
∑

j=1

Xji = 1, ∀i ∈ {1, ..., 3I} (3.17c)

3I
∑

i=1

Xji ≤ rj , ∀j ∈ {1, ..., J} (3.17d)

3k+3
∑

i=3k+1

Xji ≤ 1, ∀j ∈ {1, ..., J}, ∀k ∈ {0, · · · , I − 1} (3.17e)

Xij = 0 ∀(i, j) ∈ COI. (3.17f)

Here, P is the matrix of paper profiles, S = [s1, · · · , sJ ] ∈ R
N×J is the matrix

of the reviewer profiles, and X∗i denotes the ith column of X. The symbol (·)+
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denotes projection to the non-negative orthant, ⌈·⌉ denotes the ceiling function,
and 1 denotes the N × 1 vector of all ones.

Let us now explain the mathematical formulation of the review assignment prob-
lem in detail. Observe that the cost function in (3.17a) comprises two sums. The
first aims to minimize the paper keywords not covered by the associated reviewers
individually, while the second (the collective span term) accounts for the paper key-
words that are not covered by the sum of profiles of the associated reviewers. The
two cost factors are weighted using a suitable regularization parameter 0 < λ < 1.

The inequality constraints in (3.17e) protect each paper from being assigned to
the same reviewer twice, while the constraints (3.17c)-(3.17d) ensure that each pa-
per P∗i will be assigned for review to three reviewers, while respecting the reviewer
capacity constraints. In particular, columns 3i − 2, 3i − 1, 3i in X ∈ {0, 1}J×3I

comprise Boolean variables which select three different reviewers for paper i [see
(3.17c) and (3.17e)]. Moreover, the ceiling operation ⌈i/3⌉ repeats three times the
i-th column of P (paper i) in order to calculate its mismatch with each of the three
individual assigned reviewers [see (3.17a)].

Finally, note that reviewers should not have a conflict of interest with papers
they are reviewing (e.g., they cannot be from the same department as any the
paper’s authors). In case there is a conflict of interest (COI) between a reviewer
and specific papers, additional COI constraints must be included in the optimiza-
tion. These are taken into account by the constraint in (3.17f), which enforces the
pertinent assignment variables to be equal to zero.

The review assignment problem as posed in (3.17) is combinatorial, but it has a
convex objective function and also the constraints in (3.17c)-(3.17f) are convex con-
straints. Interestingly, replacing the Boolean constraints in (3.17b) by the convex
inequality constraints 0 ≤ Xji ≤ 1, leads to a relaxation problem whose feasible set
is a polyhedron with Boolean vertices only (we shall call this the review assignment
polyhedron). This can be seen by noting that the coefficient matrix of the set of
linear inequalities (3.17c)-(3.17f) is totally unimodular (see e.g., [Bir46]). Even so,
problem (3.17) is difficult to solve, due to the collective span term in the objective
which is a non-linear function of X. One can construct, however, an approximate
solution through convex relaxation and rounding.

Before we explain this approach in detail, let us first discuss several interesting
points that can be gauged from the problem formulation in (3.17). In order to sim-
plify exposition and better highlight these points, we temporarily confine attention
to the case of Boolean matrices P and S. We emphasize, however, that the convex
relaxation approach that we propose for (3.17) holds for general matrices P and S.

Remark 1. Paper and reviewer utility functions: One may think of the review
assignment problem in terms of utility functions. To see this, it is convenient to in-
troduce some mathematical notation first. Suppose that both P and S are Boolean.
Moreover, suppose that assignment X assigns paper pi to the reviewer set Ri(X)
(with |Ri(X)| = 3) and the same assignment X assigns to reviewer j the pa-

per set Nj (with |Nj(X)| ≤ rj). Let ui
p(X) = 1Tpi − 1T

(

pi −∑k∈Ri(X) sk

)

+
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be the utility function of paper i (in case of Boolean P and S this is paper
i’s collective keyword coverage resulting from assignment X), and let uj

r(X) =
∑

k∈Nj (X)

[

1Tpk − 1T(pk − sj)+

]

be the utility function of reviewer j (in case of
Boolean P and S, this is the total number of keyword matches between the reviewer
and all papers assigned to the reviewer). Maximizing reviewer satisfaction and pa-
per utility can be conflicting objectives, as illustrated in Fig. 4.2, and exemplified
in Fig. 4.3. The trade-off between the two is captured in the problem formulation
(3.17), because the objective function in (3.17a) can be written in terms of the
{ui

p(X)}I
i=1 and {uj

r(X)}J
j=1, by re-grouping terms accordingly.

Figure 3.1: Illustration of the ‘dual’ nature of the problem, in terms of utility
functions. Each paper has as utility its keyword coverage (collectively, from all
assigned reviewers), each reviewer has as utility the aggregate amount of keywords
matched from his/her assigned papers.

Remark 2. Observe that for Boolean matrices P and S the first sum term in
(3.17a) can be replaced by a function linear in X, since for any feasible assign-

ment X and Boolean matrices P and S it holds that
∑3I

i=1 1T
(

P∗⌈ i
3

⌉ − SX∗i

)

+
=

∑3I
i=1 1TP∗⌈ i

3
⌉ −∑3I

i=1 PT
∗⌈ i

3
⌉
SX∗i. In other words, this sum attempts to maximize

the total affinity between papers and reviewers, which is reminiscent of the approach
followed in [Tay08].

Let us now turn the discussion to general P and S, and describe explicitly
the convex relaxation approach for (3.17). Let X⋆ denote the solution to the re-
laxation program where the Boolean constraints Xji ∈ {0, 1} are replaced by the
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Figure 3.2: Green assignment: paper #1 utility = 3 + paper #2 utility = 3 ⇒ total
paper utility = 6; reviewer utilities 2+2+2 (for paper #1) + 2+2+2 (for paper #2)
⇒ total reviewer utility = 12. Red assignment: paper #1 utility = 4 + paper #2
utility = 3 ⇒ total paper utility = 7; reviewer utilities 2+2+2 (for paper #1) +
2+2+1 (for paper #2) ⇒ total reviewer utility = 11. So the green assignment is
better in terms of reviewer utility, but the red one is better in terms of paper utility.
This explains why the two objectives can in fact be conflicting.

interval ones, 0 ≤ Xji ≤ 1. This relaxation yields a convex problem, which can
be reformulated as an LP and solved efficiently. To see this, introduce for ev-
ery individual summand in (3.17a) an associated slack variable ti, and note that
max(x, 0) ≤ ti ⇐⇒ x ≤ ti for ti ≥ 0. The constraint max(x, 0) ≤ ti will always be
satisfied with equality at the optimum, which yields the LP reformulation.

Unfortunately, however, X⋆ is not guaranteed to be Boolean (the LP emerging
after introducing the slack variables is not guaranteed to be totally unimodular),
therefore we need a way of converting the solution of the relaxed program into a
good admissible solution for (3.17). This can be done by finding an assignment
X which is as close as possible (in a Euclidean sense) to X⋆, i.e., by finding an
X that minimizes ||X − X⋆||2F subject to (3.17b)-(3.17f). This rounding problem
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seems hard, but it is not. To explain this, note that for any assignment X feasible
for (3.17), we have that ||X − X⋆||2F = ||X⋆||2F − Tr

(

XTX⋆
)

+ 3I, and therefore
rounding corresponds to

maximize Tr
(

XTX⋆
)

subject to (3.17b)-(3.17f).

The above problem is equivalent to its linear programming relaxation (and is there-
fore easy to solve), since the polyhedron arising from the relaxation has only Boolean
vertices [which are precisely the feasible set (3.17b)-(3.17f)].

How well does automated review assignment work? SPAWC
2010 case study:

The submitted paper list and reviewing pool of SPAWC 2010 is used for validation.
There were 203 submitted papers, and the reviewing pool comprised 64 reviewers
(20+2+42 reviewers of capacity 8|15|16 papers, respectively). The list of key words
(features) was manually produced by the authors, by updating the previous list for
ICASSP 2009 ; the final SPAWC keyword list contained a total of 50 keywords:

‘beamforming’, ‘blind’, ‘capacity’, ‘CDMA’, ‘classification’, ‘coding’,
‘cognitive’, ‘consensus’, ‘ cooperative’, ‘cross-layer’, ‘detection’, ‘dis-
tributed’, ‘diversity’, ‘downlink’, ‘UWB’, ‘DSL’, ‘equalization’, ‘esti-
mation’, ‘feedback’, ‘FH’, ‘game’, ‘joint source-channel’, ‘localization’,
‘MIMO’, ‘multiuser’, ‘network coding’, ‘networking’, ‘OFDM’, ‘opti-
mization’, ‘par’, ‘performance’, ‘QCSI’, ‘quantization’, ‘random matrix’,
‘relay’, ‘resource’, ‘RFID’, ‘scheduling’, ‘security’, ‘sensor’, ‘sparse’, ‘speech-
image’, ‘STBC’, ‘synchronization’, ‘time-varying’, ‘tracking’, ‘training’,
‘turbo’, ‘underwater’, ‘uplink’

The feature vector of each paper and each reviewer is 50 × 1, with 1’s in the
positions corresponding to features it possesses, and 0’s elsewhere. Parameter λ in
the algorithm was set to λ = 0.5. It is worth mentioning that the ratio between
the objective value of the linear programming relaxation and that of the rounded
final solution was 98.7% [hinting that the final assignment was (at least) close to
the optimal one]. The computer-generated review assignment program is listed in
Appendix B, where one can observe that 4 out of 64 reviewers were not assigned
any paper at all in the final solution. We now discuss various performance metrics
and statistics, to appreciate the quality of the computer generated solution.

We define the quality index (QI) of a particular reviewer, as the average per-
centage of keyword matches between the reviewer’s profile and his/her assigned
papers. As an example, suppose that a certain reviewer is assigned two papers
for review, the papers having 5 and 6 keywords respectively, and let’s assume that
there are 2 keyword matches from the first paper and 3 matches from the second.
The reviewers QI is then calculated as the average (2/5 + 3/6)/2 = 45%.
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The quality indices of the reviewers from the resulting assignment can also be
found in Appendix B. One can observe that 39/60 utilized reviewers had a QI above
80%, 54/60 reviewers had a QI above 70%, and all 60 utilized reviewers had a QI
above 40%. As far as the paper collective span is concerned, note that 187/203
papers were fully covered (collectively) by their respective reviewers (the papers
that were not, are marked with an asterisk in Appendix B). As a final measure
of the quality of the overall assignment we compute the percentage of the overall
keyword matches, i.e., the total number of paper keywords covered collectively by
all assigned reviews. The percentage ratio (covered keywords/total keywords) was
98.1% for the SPAWC 2010 computerized assignment, indicating the high quality
of the solution.

Some variations of the basic formulation

Controlling the worst matching

It is possible to design the assignment while explicitly imposing an upper bound
T ⋆ on the cost of the worst paper-reviewer matching

1T [P∗i − S (X∗3i−2 + X∗3i−1 + X∗3i)]+ ≤ T ⋆, ∀i

in addition to (3.17b)-(3.17e). This imposes a stricter requirement but changes the
nature of the feasible set, as for general (even Boolean) P and S, the new polytope
is not guaranteed to have only Boolean vertices.

A more flexible approach to this issue is to consider varying λ in the cost func-
tion of (3.17) to trade-off reviewer satisfaction for paper keyword coverage. One
can easily check the quality of a particular assignment after the optimization, by
producing statistics, most notably how many keywords of each paper have been
collectively covered by its respective reviewers. If the result is not satisfactory, one
can re-solve the problem by changing λ so as to strike a more appropriate trade-off.
In fact, one can associate a different parameter λi > 0 to each paper i, if that is
desired.

3.4 Reviewer preference measurement and analysis

So far we have assumed that the reviewer profiles are given or at least monitored by
the TPC. However, nowadays, more and more conferences ask from the reviewers
to bid for the papers they would be willing to review. A potentially rewarding
idea would be, then, to be able to estimate the profiles of the reviewers based on
their already expressed preference data. In other words, the question is if one can
accurately estimate reviewers j profile (i.e., estimate the underlying vector sj) based
on the reviewers bidding strategy, taking into account the bias, which as mentioned
earlier, is typically present in reviewing preferences.

Recall that papers correspond to feature vectors in the keyword space captur-
ing domain expertise, and assume that reviewing preference can be modeled as the
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linear combination of the (unknown) reviewer’s profile and paper’s attributes in
this keyword space [actually, the assumption that preferences correspond to linear
combinations is the fundamental assumption behind conjoint analysis, that we dis-
cuss in Chapter 4]. The question is, how can one reliably estimate the reviewer’s
profile from his available choices and the (known) feature vectors corresponding to
the papers.

Preference analysis from choice measurements is a well-known problem in mar-
keting science and econometrics, see, e.g., [EPT07, TEH07, SRH04] and references
therein. When reviewer j (with unknown profile sj) selects to bid on paper i0, we
learn that this paper’s profile has a higher inner product with the reviewer’s profile
among all of his other available choices. 1 In fact, the information comes in the
form of linear inequalities

(pi0
− pi1

)Tsj ≥ 0, · · · , (pi0
− piI−1

)Tsj ≥ 0, (3.18)

where i1, · · · , iI−1 are the indices of all other available papers not picked by the re-
viewer. From the above inequalities we need to learn the reviewers proflile sj; there-
fore, review profiling can be posed as a linear classification problem and treated
with a variety of methods.

As mentioned before, reviewers tend to be biased and generally bid to review
papers or proposals that are close to their current interests, or ‘in fashion’, or
from well-known researchers, without regard to the collective reviewing needs of
the conference. This means that ‘bids’ can be contradictory; and one needs to
spot these contradictions. Classical preference measurement, instead of spotting
the contradictions, ‘smooths’ them in a LS sense. Considering again reviewer j and
dropping index j for brevity, the traditional classification mechanism widely used
in preference measurement is

minimize
s, λ≥0

||s||22 + ρ||λ||22

subject to: (pi0
− pi1

)Ts + λ1 ≥ 0, · · · , (pi0
− piI−1

)Ts + λI−1 ≥ 0,
(3.19)

where λ = [λ1, · · · , λI−1] is a non-negative vector of slack variables, and ρ > 0 a
regularization parameter. This classification task is a convex optimization problem,
which can be solved efficiently [BV04].

Instead of smoothing the inconsistencies, in Chapter 4 we examine a novel ap-
proach that is particularly well-suited for this context. The idea is to introduce
a statistical choice model that includes both standard errors and auxiliary vari-
ables that explicitly model sparse gross inconsistencies. With di denoting a generic
paper-profile-difference vector we model the choice measurements as

yi = sign
(

dT
i s + oi + ei

)

∀i,

1The argument is unabashedly heuristic, as noise should be included in the preference model
as well; see Chapter 4.
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where ei are drawn from an i.i.d. normal distribution, and o is a sparse vector
modeling gross inconsistencies. As opposed to traditional classification methods
used in preference measurement [e.g., the formulation in (3.19)], we will jointly
estimate s and o via maximum likelihood with a sparse prior on o. We expect that
this approach will be capable of spotting instead of smoothing inconsistencies in the
reviewing bids, which are important from the TPC / program manager viewpoint.

The fundamental limits and properties of the above sign model are discussed in
the next chapter, in the context of preference measurement and conjoint analysis.
Although this modeling strategy is well suited for reviewer profiling, the scope of
our work in the next chapter is more general, placing greater emphasis on modern
preference measurement and big-data applications.

3.5 Appendix A: Computer-generated program for
SPCOM TC Track of ICASSP 2009

Session 1: MIMO, capacity, multiuser

1. CAPACITY SCALING OF WIRELESS NETWORKS WITH COMPLEX FIELD NETWORK CODING
2. Multiuser MIMO-MAC Capacity in the Low SNR Regime Channel Knowledge and Double-Scattering
3. Log-likelihood ratio clipping in MIMO-BICM systems: Information geometric analysis and impact on

system capacity
4. INTERFERENCE ALIGNMENT VIA ALTERNATING MINIMIZATION
5. MULTIUSER TRANSMIT BEAMFORMING FOR MIMO UPLINK WITH INDIVIDUAL SINR TAR-

GETS
6. SINR Distribution for LTE Downlink Multiuser MIMO Systems

Session 2: performance, coding, diversity, STBC

1. JOINT OPTIMIZATION OF THE REDUNDANCY OF MULTIPLE-DESCRIPTION CODERS FOR
MULTICAST

2. ACHIEVABLE THROUGHPUT APPROXIMATION FOR RBD PRECODING AT HIGH SNRS
3. Multipath Diversity and Coding Gains of Cyclic-Prefixed Single Carrier Systems
4. A Simple Design of Space-Time Block Codes Achieving Full Diversity with Linear Receivers
5. FULL DIVERSITY UNDER MULTIPLE CARRIER FREQUENCY OFFSETS OF A FAMILY OF SPACE-

FREQUENCY CODES
6. Improved Design of Two and Four-group Decodable STBCs with Larger Diversity Product for Eight

Transmit

Session 3: distributed, sensor, sparse, estimation

1. Distributed Optimization in an Energy-constrained network using a Digital Communication Scheme
2. DISTRIBUTED KARHUNEN-LOEVE TRANSFORM WITH NESTED SUBSPACES
3. DISTRIBUTED SENSING OF SIGNALS LINKED BY SPARSE FILTERING
4. Field Inversion by Consensus and Compressed Sensing
5. STRUCTURED VARIATIONAL METHODS FOR DISTRIBUTED INFERENCE IN WIRELESS AD

HOC AND SENSOR NETWORKS
6. An adaptive quantization scheme for distributed consensus

Session 4: cognitive

1. Multi-Antenna Cognitive Radio Systems: Environmental Learning and Channel Training
2. A BAYESIAN APPROACH TO SPECTRUM SENSING, DENOISING AND ANOMALY DETECTION
3. Compressive Wide-Band Spectrum Sensing
4. Beacon-Assisted Spectrum Access with Cooperative Cognitive Transmitter and Receiver
5. A FREQUENCY HOPPING SPREAD SPECTRUM TRANSMISSION SCHEME FOR UNCOORDI-

NATED COGNITIVE RADIOS
6. ESTIMATING MULTIPLE TRANSMITTER LOCATIONS FROM POWER MEASUREMENTS AT MUL-

TIPLE RECEIVERS

Session 5: detection, blind, STBC

1. On Perfect Channel Identifiability of Semiblind ML Detection of Orthogonal Space-Time Block Coded
OFDM
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2. JAMMING MITIGATION USING SPACE-TIME CODED COLLISION-FREE FREQUENCY HOPPING
3. I/Q IMBALANCE MITIGATION FOR TIME-REVERSAL STBC SYSTEMS OVER FREQUENCY-

SELECTIVE FADING CHANNELS
4. LOW COMPLEXITY ESSENTIALLY MAXIMUM LIKELIHOOD DECODING OF PERFECT SPACE-

TIME BLOCK CODES
5. BLIND DETECTION OF HIGH RATE ORTHOGONAL SPACE-TIME BLOCK CODES
6. BER Improved Transmit Power Allocation for D-STTD Systems with QR-Based Successive Symbol De-

tection

Session 6: precoding, MIMO

1. GAME THEORY FOR PRECODING IN A MULTI-USER SYSTEM: BARGAINING FOR OVERALL
BENEFITS

2. Outage-Based Designs for Multi-user Transceivers
3. LINEAR RECEIVERS FOR FREQUENCY-SELECTIVE MIMO CHANNELS WITH REDUNDANT

LINEAR PRECODING CAN ACHIEVE FULL DIVERSITY
4. A LOW COMPLEXITY CHANNEL DECOMPOSITION AND FEEDBACK STRATEGY FOR MIMO

PRECODER DESIGN
5. Vector Perturbation Precoding for Receivers with Limited Dynamic Range
6. ON THE IMPACT OF SPATIAL CORRELATION AND PRECODER DESIGN ON THE PERFOR-

MANCE OF MIMO SYSTEMS WITH SPACE-TIME CODING

Session 7: cooperative, relay

1. WHAT HAPPENS WHEN COGNITIVE TERMINALS COMPETE FOR A RELAYING NODE?
2. AMPLIFY-AND-FORWARD BASED COOPERATION FOR SECURE WIRELESS COMMUNICATIONS
3. Outage Minimized Relay Selection with Partial Channel Information
4. A DIFFERENTIAL COOPERATIVE TRANSMISSION SCHEME WITH LOW RATE FEEDBACK
5. A MULTIPLICATIVE WEIGHT PERTURBATION SCHEME FOR DISTRIBUTED BEAMFORMING

IN WIRELESS RELAY NETWORKS WITH 1-BIT FEEDBACK
6. REDUCED-RANK MULTIUSER RELAYING RR-MUR SCHEME FOR UPLINK CDMA NETWORKS
7. HIGH-RATE DISTRIBUTED MULTI-SOURCE COOPERATION USING COMPLEX FIELD CODING
8. JOINT POWER ALLOCATION BASED ON LINK RELIABILITY FOR MIMO SYSTEMS ASSISTED

BY RELAY
9. JOINT SOURCE/RELAY PRECODERS DESIGN IN AMPLIFY-AND-FORWARD RELAY SYSTEMS:

A GEOMETRIC MEAN DECOMPOSITION APPROACH
10. Cooperative MIMO for Alien Noise Cancellation in Upstream VDSL
11. NONLINEAR DISTRIBUTED SOURCE-CHANNEL CODING OVER ORTHOGONAL ADDITIVE WHITE

GAUSSIAN NOISE CHANNELS
12. JOINT CARRIER FREQUENCY OFFSET AND CHANNEL ESTIMATION IN OFDM BASED NON-

REGENERATIVE WIRELESS RELAY NETWORKS

Session 8: blind, equalization

1. Partial Iterative Equalization and Channel Decoding
2. GTD-Based Transceivers for Decision Feedback and Bit Loading
3. REALIZABLE EQUALIZERS FOR FREQUENCY SELECTIVE MIMO CHANNELS WITH COCHAN-

NEL INTERFERENCE
4. BLIND CHANNEL ESTIMATION FOR MIMO SINGLE CARRIER WITH FREQUENCY DOMAIN

EQUALIZATION SYSTEMS
5. RECURSIVE LEAST-SQUARES DECISION-DIRECTED TRACKING OF DOUBLY-SELECTIVE CHAN-

NELS USING EXPONENTIAL BASIS MODELS
6. EFFICIENT MINIMUM-PHASE PREFILTER COMPUTATION USING FAST QL-FACTORIZATION
7. BLIND SOFT-OUTPUT EQUALIZATION OF BLOCK-ORIENTED WIRELESS COMMUNICATIONS
8. ADAPTIVE NEWTON ALGORITHMS FOR BLIND EQUALIZATION USING THE GENERALIZED

CONSTANT MODULUS CRITERION
9. NEW HYBRID ADAPTIVE BLIND EQUALIZATION ALGORITHMS FOR QAM SIGNALS

10. On the eigendistribution of the steady-state error covariance matrix for the extended RLS algorithm
11. NARROWBAND INTERFERENCE MITIGATION IN BICM OFDM SYSTEMS
12. LOW-COMPLEXITY FREQUENCY-DOMAIN TURBO EQUALIZATION FOR SINGLE-CARRIER TRANS-

MISSIONS OVER DOUBLY-SELECTIVE CHANNELS

Session 9: MIMO, OFDM, estimation, training

1. REVERSE CHANNEL TRAINING FOR RECIPROCAL MIMO SYSTEMS WITH SPATIAL MULTI-
PLEXING

2. A MIMO-OFDM CHANNEL ESTIMATION SCHEME UTILIZING COMPLEMENTARY SEQUENCES
3. OPTIMIZATION OF TRAINING SEQUENCES FOR SPATIALLY CORRELATED MIMO-OFDM
4. Robust 2-D Channel Estimation for Multi-Carrier Systems with Finite Dimensional Pilot Grid
5. PILOT-ASSISTED CHANNEL ESTIMATION FOR MIMO OFDM SYSTEMS USING THEORY OF

SPARCE SIGNAL RECOVERY
6. TRAINING-BASED BAYESIAN MIMO CHANNEL AND CHANNEL NORM ESTIMATION
7. BLIND SUBSPACE-BASED CHANNEL ESTIMATION USING THE EM ALGORITHM
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8. FACTOR GRAPH BASED DESIGN OF AN OFDM-IDMA RECEIVER PERFORMING JOINT DATA
DETECTION, CHANNEL ESTIMATION, AND CHANNEL LENGTH SELECTION

9. SUBSPACE TRACKING OF FAST TIME-VARYING CHANNELS IN PRECODED MIMO-OFDM SYS-
TEMS

10. JOINT ESTIMATION OF I/Q IMBALANCE, CFO AND CHANNEL RESPONSE FOR OFDM SYS-
TEMS

11. BLIND NOISE VARIANCE ESTIMATION FOR OFDMA SIGNALS
12. OFDM SYMBOL DETECTION WITH INTERSPERSED PILOT SYMBOLS AND CHANNEL DISTRI-

BUTION INFORMATION AT THE RECEIVER

Session 10: optimization, resource

1. CROSS-LAYER OPTIMIZATION OF WIRELESS FADING AD-HOC NETWORKS
2. Stochastic resource allocation for orthogonal access based on quantized CSI: optimality, convergence and

delay analysis
3. APPROACHING USER CAPACITY IN A DSL SYSTEM VIA HARMONIC MEAN-RATE OPTIMIZA-

TION
4. STRUCTURED SPECTRUM BALANCING IN DSL MULTIUSER COMMUNICATIONS
5. A GENERALIZED ITERATIVE WATER-FILLING ALGORITHM FOR DISTRIBUTED POWER CON-

TROL IN THE PRESENCE OF A JAMMER
6. LOW-DELAY SCHEDULING FOR GRASSMANNIAN BEAMFORMING WITH A SINR CONSTRAINT
7. WEIGHTED HARMONIC MEAN SINR MAXIMIZATION FOR THE MIMO DOWNLINK
8. Precoder Design for MIMO Broadcast Channels with Power Leakage Constraints
9. MAXIMIN ROBUST DESIGN FOR MIMO COMMUNICATION SYSTEMS AGAINST IMPERFECT

CSIT
10. SINGLE PARAMETER OPTIMIZATION APPROACH TO THE OPTIMAL POWER ALLOCATION

OF OFDM RELAYING SYSTEM
11. OPTIMIZED OPPORTUNISTIC MULTICAST SCHEDULING OMS OVER HETEROGENEOUS CEL-

LULAR NETWORKS
12. LAYERS AND LAYER INTERFACES IN WIRELESS NETWORKS

Session 11: networking, sensor

1. DATA-DRIVEN ONLINE VARIATIONAL FILTERING IN WIRELESS SENSOR NETWORKS
2. TIME-VARYING OPPORTUNISTIC PROTOCOL FOR MAXIMIZING SENSOR NETWORKS LIFE-

TIME
3. PULSE COUPLED OSCILLATORS PRIMITIVE FOR LOW COMPLEXITY SCHEDULING
4. TARGET TRACKING BASED NETWORK ACTIVE QUEUE MANAGEMENT
5. A Game Theoretical algorithm for joint power and topology control in distributed WSN
6. Joint Source Decoding in Large Scale Sensor Networks using Markov Random Field Models
7. A NEW ADAPTIVE SENSOR SELECTION IN WSN FOR TARGET TRACKING
8. EXPONENTIAL ERROR BOUNDS FOR BINARY DETECTION USING ARBITRARY BINARY SEN-

SORS AND AN ALL-PURPOSE FUSION RULE IN WIRELESS SENSOR NETWORKS
9. PREDICTIVE POWER CONTROL AND MULTIPLE-DESCRIPTION CODING FOR WIRELESS SEN-

SOR NETWORKS
10. MULTI-LEVEL DIFFUSION ADAPTIVE NETWORKS
11. ROBUST JOINT LOCALIZATION AND TIME SYNCHRONIZATION IN WIRELESS SENSOR NET-

WORKS WITH BOUNDED ANCHOR UNCERTAINTIES
12. UPPER BOUND FOR THE LOSS FACTOR OF ENERGY DETECTION OF RANDOM SIGNALS IN

MULTIPATH FADING COGNITIVE RADIOS

Session 12: OFDM, synchronization

1. TIMING AND FREQUENCY SYNCHRONIZATION FOR OFDM BASED COOPERATIVE SYSTEMS
2. ON THE EFFECT OF TRANSMITTER IQ IMBALANCE AT OFDMA RECEIVERS
3. ON THE PTS METHOD AND BER-MINIMIZING POWER ALLOCATION OF THE MULTI-CHANNEL

OFDM SYSTEM
4. OFDM TURBO DECODULATION WITH EXIT OPTIMIZED BIT LOADING AND SIGNAL CON-

STELLATIONS
5. Flicker Noise Mitigation in Direct-Conversion Receivers for OFDM Systems
6. RANGING SIGNAL DESIGN AND ITS DETECTION FOR OFDMA SYSTEMS
7. MINIMUM BER BEAMFORMING IN THE RF DOMAIN FOR OFDM TRANSMISSIONS AND LINEAR

RECEIVERS
8. REDUCED-COMPLEXITY DELAY-DOPPLER CORRELATOR FOR TIME-FREQUENCY HOPPING

SIGNALS
9. ROBUST NLOS MULIPATH MITIGATION FOR TOA ESTIMATION

10. OSCILLATOR PHASE NOISE COMPENSATION USING KALMAN TRACKING
11. Joint Estimation and Compensation of Frequency, DC-offset, I-Q Imbalance and Channel in MIMO

Receivers
12. MITIGATION OF NARROWBAND INTERFERENCE IN DIFFERENTIALLY MODULATED COM-

MUNICATION SYSTEMS

Session 13: MIMO, detection, performance
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1. ON THE PERFORMANCE OF SEMIDEFINITE RELAXATION MIMO DETECTORS FOR QAM CON-
STELLATIONS

2. Efficient Blind Decoding of MIMO Using Sequential Monte Carlo
3. MIMO decoding based on stochastic reconstruction from multiple projections
4. A SYSTOLIC ARRAY FOR LINEAR MIMO DETECTION BASED ON AN ALL-SWAP LATTICE

REDUCTION ALGORITHM
5. Linear-time block noncoherent detection of PSK
6. On Radius Control of Tree-Pruned Sphere Decoding
7. DETECTION OF SPARSE SIGNALS UNDER FINITE-ALPHABET CONSTRAINTS
8. FIXED SINR SOLUTIONS FOR THE MIMO WIRETAP CHANNEL
9. DIVERSITY ANALYSIS OF ANTENNA SELECTION OVER FREQUENCY-SELECTIVE MIMO CHAN-

NELS
10. PERFORMANCE BOUNDS OF MIMO RECEIVERS IN THE PRESENCE OF RADIO FREQUENCY

INTERFERENCE
11. A MIMO CHANNEL PERTURBATION ANALYSIS FOR ROBUST BIT LOADING
12. DIFFERENTIAL FEEDBACK OF MIMO CHANNEL CORRELATION MATRICES BASED ON GEODESIC

CURVES

Session 14: coding

1. AN ALGEBRAIC POLYPHASE APPROACH TO WIRELESS NETWORK CODING
2. Robust and fast non asymmetric distributed source coding using turbo codes on the syndrome trellis
3. NEAR-LOSSLESS COMPRESSION AND PROTECTION BY TURBO SOURCE-CHANNEL DE-CODING

USING IRREGULAR INDEX ASSIGNMENTS
4. RATE DISTRIBUTION BETWEEN MODEL AND SIGNAL FOR MULTIPLE DESCRIPTIONS
5. A CSI and Rate-Distortion Based Packet Loss Recovery Algorithm for VoIP
6. NEW CRITERIA FOR ITERATIVE DECODING
7. OPTIMAL PARAMETER ESTIMATION FOR MODEL-BASED QUANTIZATION
8. MULTITERMINAL SOURCE CODING OF BERNOULLI-GAUSSIAN CORRELATED SOURCES
9. GEOMETRICAL INTERPRETATION AND IMPROVEMENTS OF THE BLAHUT-ARIMOTOS AL-

GORITHM
10. A Practical Walsh Layering Scheme for Reliable Transmission
11. A Practical Scheme for Binary Broadcast Channels with Varying Channel Quality
12. UNIMODULAR SEQUENCE DESIGN FOR GOOD AUTOCORRELATION PROPERTIES

3.6 Appendix B: Computer-generated Review Assignment
program for SPAWC 2010

Reviewer #1: cognitive, distributed, equalization, estimation, MIMO, OFDM, relay, sensor, tracking

———————————–

1. A Simple Method for the Simulation of Autocorrelated and Arbitrarily Distributed Envelope Fading
Processes

Quality index: 100.00%
————————————————————————————-
Reviewer #2: beamforming, capacity, CDMA, cognitive, consensus, cooperative, cross-layer, detection, distributed, downlink, DSL,

estimation, FH, localization, MIMO, multiuser, networking, OFDM, relay, scheduling, security, sensor, turbo, uplink

———————————–

1. LTE ad-hoc radio network deployment for PMR
2. Cooperative Multicell ARQ in MIMO Cellular Systems
3. Physical Layer IEEE 802.11n Channel Occupancy rate Estimation
4. Optimal Downlink Beamforming and Resource allocation in MIMO-OFDMA systems
5. Secure spread spectrum communication system based on chaotic symbolic dynamics modulation
6. Spatiotemporal chaotic generation of waveforms and sequences for asynchronous DS-UWB communica-

tions

Quality index: 96.67%
————————————————————————————-
Reviewer #3: capacity, cognitive, cooperative, cross-layer, diversity, equalization, game, MIMO, multiuser, optimization, perfor-

mance, relay, resource, scheduling, training

———————————–

1. ’Impact of channel estimation error upon sum-rate in amplify-and-forward two-way relaying systems
2. Simultaneous outage performance in a spectrum-sharing fading environment
3. Ergodic System Capacity of Mobile MIMO Systems using Adaptive Modulation
4. Performance Analysis of Best Relay Selection Scheme for Amplify-and-Forward Cooperative Networks in

Identical Nakagami-m Channels
5. Analysis of Packet Combining for Single Carrier Multi-Relay Broadband System
6. Characterization of the Body-Area Communication Channel for Monitoring a Subject Sleeping
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7. Optimizing the Noisy MIMO Interference Channel
8. Frequency Reuse Scheme With Three Regions in Cooperative Relaying For Multi-cell OFDMA Systems

(⋆)

Quality index: 92.42%
————————————————————————————-
Reviewer #4: capacity, coding, cognitive, cooperative, distributed, joint source-channel,network coding, quantization, relay, sensor,

sparse, turbo

———————————–

1. Optimization of Mutual Information of AF-DSTBCs over the Random Set Relay Channel
2. High-Throughput Cooperative Transmissions using Adaptive Complex-Field Network Coding
3. Lifting Wavelet Transform (LWT) Based Image Transmission Scheme using RS Coded Cooperative Com-

munication
4. On Ultra-Short Block-Codes on the Binary Asymmetric Channel
5. Simple Source Coding Strategies for Information Sharing
6. Joint source-channel decoding schemes based on structured LDPC codes: asymptotic analysis and code

design
7. Asymptotic analysis of performance LDPC codes in impulsive non-Gaussian Channel

Quality index: 92.86%
————————————————————————————-
Reviewer #5: cognitive, consensus, cross-layer, detection, distributed, network coding, networking, resource, scheduling, sensor,

sparse, uwb

———————————–

1. Battery Recharging Techniques in Wireless Sensor Network through Free Space Optics by using Corner
Cube Retroreflectors

2. OPTIMAL ADAPTIVE BIT LOADING AND SUBCARRIER ALLOCATION TECHNIQUES FOR OFDM
BASED COGNITIVE RADIO SYSTEMS

3. Fast and Accurate Tag Anti–Collision Algorithm for RFID Systems Based on Parallel Binary Splitting
Tree Technique (⋆)

4. Time Slot Allocation for TDMA/CDMA TH-UWB Ad-Hoc Networks
5. On Spectrum Sharing with Underlaid Femtocell Networks
6. Robust Image Fusion in Wireless Sensor Networks using Fusion Frames
7. Ad-hoc cooperative mesh networks: routing and processing of signals

Quality index: 76.90%
————————————————————————————-
Reviewer #6: cooperative, cross-layer, diversity, networking, OFDM, par, relay, security, STBC

———————————–

1. Asynchronous Full-Diversity High-Rate Coding Scheme for Cooperative Relay Networks
2. Extended Orthogonal Space-Time Block Coding Scheme for Asynchronous Cooperative Relay Networks

over Frequency-Selective Channels
3. Evaluation of effects of pilots on the enevelope fluctutations reductions based on neural fuzzy systems
4. Diversity Multiplexing Tradeoff Analysis of Coded OFDM Systems with Linear Precoding and Linear

Receivers
5. Double opportunistic transmit relaying system with GSC for power saving in Rayleigh fading channel
6. Robust Image Fusion in Wireless Sensor Networks using Fusion Frames
7. Decentralized space-time block coding for two-way relay networks
8. Taxonomy Of Security Attacks In Wireless Networks

Quality index: 83.54%
————————————————————————————-
Reviewer #7: beamforming, capacity, consensus, distributed, DSL, estimation, localization, MIMO, multiuser, OFDM, RFID, sensor,

synchronization

———————————–

1. Two-dimensional Beam Forming and Interference Reduction using Planar and Circular Arrays
2. Novel Band pass Filters Using Folded Slots Etched in the Ground Plane
3. Directions of Arrival Estimation Using Conventional Arrays and ESPAR Antennas with Circular and

Concentric Circular Arrays Shapes
4. Comparative study and design of antenna array parameters
5. Study and design of antenna array feeding system
6. Computationally Efficient Method For 2-D DOA Estimation with L-shaped Sensor Array
7. A Tunable Antenna System for Real-life MIMO Communication Systems
8. Wideband RF phase shifter to reduce receiver chains and ADC power consumption in multi-antenna

systems

Quality index: 96.88%
————————————————————————————-
Reviewer #8: beamforming, capacity, cooperative, cross-layer, distributed, downlink, DSL, game, MIMO, multiuser, networking,

optimization, qcsi, resource, scheduling, STBC, uplink

———————————–
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1. LTE ad-hoc radio network deployment for PMR
2. Cooperative Multicell ARQ in MIMO Cellular Systems
3. Distributed Optimization in Heterogeneous Networks with Proportional Fairness
4. Optimization of 802.11g Based MIMO OFDM Transceiver Using Alamouti Codes (⋆)
5. Joint Admission and Power Control Using Branch & Bound and Gradual Admissions
6. MIMO BC/MAC MSE Duality with Imperfect Transmitter and Perfect Receiver CSI
7. Proposed Downlink Soft Handover Algorithm In UTRA Networks
8. Ad-hoc cooperative mesh networks: routing and processing of signals

Quality index: 93.75%
————————————————————————————-
Reviewer #9: beamforming, blind, capacity, CDMA, detection, diversity, downlink, equalization, estimation, MIMO, multiuser,

OFDM, performance, synchronization, uplink

———————————–

1. 3rd Generation Mobile Communication
2. Performance and Capacity Analysis of Compact MIMO Aided OFDM-SDMA Systems
3. A Non-Coherent Multi-Band IR-UWB HDR Transceiver based on Energy Detection
4. A Compressive Sensing-Based Feedback Scheme For OFDM
5. Comparison of an adaptive threshold and a fixed threshold acquisition system for DSSS communication
6. Partial FFT Demodulation: A Detection Method for Doppler Distorted OFDM Systems
7. Improving Uplink LTE Performance with Modulation-Aware Iterative Equalization
8. On the Effects of Carrier Frequency Offset on Cyclic Prefix Based OFDM and Filter Bank Based Multi-

carrier Systems

Quality index: 92.29%
————————————————————————————-
Reviewer #10: beamforming, capacity, diversity, downlink, DSL, MIMO, multiuser, OFDM, quantization, scheduling, training

———————————–

1. Performance and Capacity Analysis of Compact MIMO Aided OFDM-SDMA Systems
2. OPTIMAL RESOURCE ALLOCATION TECHNIQUES FOR MIMO-OFDMA BASED COGNITIVE RA-

DIO NETWORKS USING INTEGER LINEAR PROGRAMMING
3. Iterative algorithm for interference alignment in multiuser MIMO interference channels
4. Efficient interpolation of precoding matrices in MIMO-OFDM systems
5. Large System Analysis of Zero-Forcing Precoding in MISO Broadcast Channels with Limited Feedback

(⋆)
6. Block diagonalization with algebraic interference control, extension to precoding on OFDMA chunks
7. Adaptive Modulation for Multiuser Orthogonal Random Beamforming Systems
8. A practical transmission scheme for the downlink of Multiuser MIMO

Quality index: 94.79%
————————————————————————————-
Reviewer #11: beamforming, downlink, DSL, game, multiuser, optimization, uplink

———————————–

1. Design 2.4 GHz Wide Bandpass Filter Using the Closed Loop Ring Resonator with the Compound Stub

Quality index: 100.00%
————————————————————————————-
Reviewer #12: beamforming, capacity, cognitive, cooperative, diversity, downlink, MIMO, multiuser, performance, relay, security,

STBC, uplink

———————————–

1. Closed-form Bounds on the Ergodic Capacity and Symbol Error Probability of the Opportunistic Incre-
mental Relaying Protocol

2. Securing Multi-Antenna Two-Way Relay Channels with Analog Network Coding Against Eavesdroppers
3. Performance Analysis of Dual-Hop Variable Gain Relay Networks over Generalized-K Fading Channels
4. Characterization of SINR Uncertainty due to Spatial Interference Variation
5. Outage probability analysis of the Decode and Forward Relaying over the composite fading multi-

path/shadowing channels (⋆)
6. Outage Performance of Reactive Cooperation in Nakagami-m Fading Channels
7. Exact Performance Analysis of Decode-and-Forward Opportunistic Relaying
8. On the zero forcing optimality for friendly jamming in MISO wiretap channels

Quality index: 91.67%
————————————————————————————-
Reviewer #13: beamforming, blind, cooperative, distributed, equalization, MIMO, networking, relay, sparse

———————————–

1. Transmit Beamforming for MISO Frequency-Selective Channels with Per-Antenna Power Constraint and
Limited-Rate Feedback

2. Efficiency of the ALOHA protocol in multi-hop networks
3. Robustness of blind subspace based techniques using lp quasi-norms
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4. On convolutive Blind Source Separation in a noisy context and Total Variation regularization
5. An Evaluation of Mobile Ad-hoc Network Routing Protocols in Real World Scenarios
6. Virtual Sharing of Transmitter Power via Fold-and-Forward Bidirectional Relaying

Quality index: 73.61%
————————————————————————————-
Reviewer #14: beamforming, cognitive, cross-layer, downlink, DSL, networking, optimization, resource, sparse

———————————–

1. Efficiency Closed-form Expressions for any IR-HARQ scheme at the IP level
2. Distributed Resource Allocation In Cognitive Radio Systems Based On Social Foraging Swarms
3. Stochastic Learning Algorithms for Optimal Design of Wireless Networks
4. On Spectrum Sharing with Underlaid Femtocell Networks
5. Proposed Downlink Soft Handover Algorithm In UTRA Networks
6. Resource Allocation in OFDMA Underlay Cognitive Radio Systems Based on Ant Colony Optimization

Quality index: 89.17%
————————————————————————————-
Reviewer #15: capacity, coding, cooperative, multiuser, optimization, relay

———————————–

1. Design 2.4 GHz Wide Bandpass Filter Using the Closed Loop Ring Resonator with the Compound Stub
2. Optimization Techniques for Two-way Relaying Based Multiuser Multiplexing
3. On Ultra-Short Block-Codes on the Binary Asymmetric Channel

Quality index: 100.00%
————————————————————————————-
Reviewer #16: blind, consensus, detection, distributed, equalization, estimation, game, MIMO, sensor, tracking, training

———————————–

1. Non linear channel equalisation using perceptron network structure
2. Steady State Performance Analysis of the Modified Multimodulus Adaptive Blind Equalization Based on

the Pseudo Newton Algorithm
3. Distributed PARAFAC Based DS-CDMA Blind Receiver for Wireless Sensor Networks
4. On convolutive Blind Source Separation in a noisy context and Total Variation regularization
5. Breaking the Barrier of Incomplete Information in Self-Organized Cognitive Networks (Duplicate under

same paper no with "How can ignorant but patient cognitive terminals learn their strategy and utility")
6. Blind Nonzero delay equalizer for SIMO FIR systems

Quality index: 81.94%
————————————————————————————-
Reviewer #17: beamforming, capacity, consensus, cooperative, detection, distributed, equalization, estimation, MIMO, OFDM,

optimization, relay, security, sensor

———————————–

1. Two-dimensional Beam Forming and Interference Reduction using Planar and Circular Arrays
2. Novel Band pass Filters Using Folded Slots Etched in the Ground Plane
3. Securing Multi-Antenna Two-Way Relay Channels with Analog Network Coding Against Eavesdroppers
4. Comparative study and design of antenna array parameters
5. Study and design of antenna array feeding system
6. Consensus-Based Distributed Principal Component Analysis in Wireless Sensor Networks
7. A Tunable Antenna System for Real-life MIMO Communication Systems
8. On the zero forcing optimality for friendly jamming in MISO wiretap channels

Quality index: 94.79%
————————————————————————————-
Reviewer #18: cognitive, detection, distributed, estimation, FH, security, training

———————————–

1. New Modeling Approach in Automatic Speaker Verification (⋆)
2. Cooperative Sequential Binary Hypothesis Testing Using Cyclostationary Features
3. Comparison of an adaptive threshold and a fixed threshold acquisition system for DSSS communication

Quality index: 66.67%
————————————————————————————-
Reviewer #19: beamforming, capacity, cognitive, cross-layer, distributed, downlink, game, MIMO, multiuser, optimization, resource,

uplink

———————————–

1. Transmission Capacity Analysis of Cognitive Radio Networks under Coexistence Constraints
2. Efficient Uplink Subcarrier and Power Allocation Algorithm in Cognitive Radio Networks
3. Antenna Selection for Opportunistic Interference Management in MIMO Broadcast Channels
4. OPTIMAL ADAPTIVE BIT LOADING AND SUBCARRIER ALLOCATION TECHNIQUES FOR OFDM

BASED COGNITIVE RADIO SYSTEMS
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5. MIMO BC/MAC MSE Duality with Imperfect Transmitter and Perfect Receiver CSI
6. Linear Transceiver Design for Interference Alignment: Complexity and Computation
7. Game-theoretic Antenna Subset Selection for Multi-User MIMO Systems
8. A Robust SINR Balancing Technique for a Multiuser MIMO Cognitive Radio Network

Quality index: 90.56%
————————————————————————————-
Reviewer #20: coding, diversity, equalization, localization, MIMO, OFDM, sparse, synchronization, turbo, underwater

———————————–

1. Geometric MPSK Codebooks for Limited Feedback MISO and MIMO Systems
2. Arabic Letters Contour Compression Using Spatial Domain Methods (⋆)
3. Image Transmission Over OFDM Channels With Efficient Rate Allocation and Minimum Peak-To-Average

Power Ratio
4. Lowdin’s Approach for Orthogonal Pulses for UWB Impulse Radio
5. Blind frame synchronization of Reed-Solomon codes: non binary vs. binary approach
6. Performance of a SIMO Wireless Link With Turbo Coding
7. SPACE-TIME BLOCK CODE DESIGN FOR COMMUNICATION IN SPREAD SYSTEMS
8. A Sorted Parallel Detector for Coded MIMO Systems

Quality index: 70.00%
————————————————————————————-
Reviewer #21: equalization, estimation, OFDM, par, training

———————————–

1. Fast channel estimation algorithm based on FFT
2. A Practical Double Peak Detection for Coarse Timing Estimation of OFDM
3. Non linear channel equalisation using perceptron network structure
4. Evaluation of effects of pilots on the enevelope fluctutations reductions based on neural fuzzy systems
5. OFDM Receivers with Iterative Nonlinear Distortion Cancellation

Quality index: 89.33%
————————————————————————————-
Reviewer #22: blind, coding, cooperative, distributed, equalization, estimation, performance, turbo

———————————–

1. Iterative Channel Estimation for Non-Binary LDPC-Coded OFDM Signals
2. DATA-AIDED SNR ESTIMATION IN TIME-VARIANT RAYLEIGH FADING CHANNELS
3. A Simple Method for the Simulation of Autocorrelated and Arbitrarily Distributed Envelope Fading

Processes
4. Power Control for Turbo Coded Symmetrical Collaborative Networks
5. Improved Performance Analysis for Superimposed Pilot Based Short Channel Estimator
6. Steady State Performance Analysis of the Modified Multimodulus Adaptive Blind Equalization Based on

the Pseudo Newton Algorithm
7. Arabic Letters Contour Compression Using Spatial Domain Methods (⋆)
8. Channel-Matched Trellis Codes for Finite-State Intersymbol-Interference Channels
9. Performance Analysis of Kth Opportunistic Relaying over Non-Identically Distributed Cooperative Paths

10. Iterative EncoderÐController Design Based on Approximate Dynamic Programming
11. Performance of a SIMO Wireless Link With Turbo Coding
12. On convolutive Blind Source Separation in a noisy context and Total Variation regularization
13. Closed-Form Cramer-Rao Lower Bounds of the Ricean K-Factor Estimates From I/Q Data
14. Asymptotic analysis of performance LDPC codes in impulsive non-Gaussian Channel

Quality index: 77.44%
————————————————————————————-
Reviewer #23: beamforming, cognitive, cooperative, cross-layer, distributed, downlink, equalization, estimation, game, localization,

MIMO, multiuser, OFDM, optimization, qcsi, resource, scheduling, training, uplink

———————————–

1. A Power Allocation Algorithm for OFDM Gaussian Interference Channels
2. Optimal Downlink Beamforming and Resource allocation in MIMO-OFDMA systems
3. Joint Resource Optimization and Relay Selection in Cooperative Cellular Networks with Imperfect Chan-

nel Knowledge
4. Geometric MPSK Codebooks for Limited Feedback MISO and MIMO Systems
5. ’Impact of channel estimation error upon sum-rate in amplify-and-forward two-way relaying systems
6. MIMO BC/MAC MSE Duality with Imperfect Transmitter and Perfect Receiver CSI
7. Downlink With Partially Cooperating Base Stations
8. Game-theoretic Antenna Subset Selection for Multi-User MIMO Systems
9. Distributed Power Allocation for Next-Generation Cognitive Wireless Devices

10. Resource Allocation in OFDMA Underlay Cognitive Radio Systems Based on Ant Colony Optimization
11. A Robust SINR Balancing Technique for a Multiuser MIMO Cognitive Radio Network
12. Decentralized base station assignment in combination with downlink beamforming
13. Receiver Design for Single-Carrier FDMA with Optimum Transmit Power Allocation
14. Progressive Uplink Base Station Cooperation for Backhaul Constrained Cellular Systems
15. Reducing Out-of-band Radiation of OFDM-based Cognitive Radios
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16. Block diagonalization with algebraic interference control, extension to precoding on OFDMA chunks

Quality index: 94.84%
————————————————————————————-
Reviewer #24: cognitive, cooperative, game, networking, relay

———————————–

1. A Three-way Relaying System with QoS Constraints

Quality index: 75.00%
————————————————————————————-
Reviewer #25: capacity, cross-layer, distributed, game, networking, optimization, performance, resource, scheduling, sensor

———————————–

1. mac protocol characterization of dense RFID networks
2. A Novel Approach for Monitoring Wireless Sensor Network Performance by Tracking Node operational

Deviation
3. Distributed Optimization in Heterogeneous Networks with Proportional Fairness
4. Efficiency Closed-form Expressions for any IR-HARQ scheme at the IP level
5. Battery Recharging Techniques in Wireless Sensor Network through Free Space Optics by using Corner

Cube Retroreflectors
6. Joint Admission and Power Control Using Branch & Bound and Gradual Admissions
7. Fast and Accurate Tag Anti–Collision Algorithm for RFID Systems Based on Parallel Binary Splitting

Tree Technique (⋆)
8. Efficiency of the ALOHA protocol in multi-hop networks
9. Ergodic System Capacity of Mobile MIMO Systems using Adaptive Modulation

10. On Diversity Schemes in Decentralized Estimation
11. Stochastic Learning Algorithms for Optimal Design of Wireless Networks
12. A new route selection strategy for maximizing UWB-Wireless Sensor Networks lifetime
13. Optimizing the Noisy MIMO Interference Channel

Quality index: 88.85%
————————————————————————————-
Reviewer #26: beamforming, blind, CDMA, cognitive, cooperative, cross-layer, diversity, DSL, equalization, estimation, localization,

MIMO, multiuser, OFDM, performance, relay, resource, synchronization, training

———————————–

1. A Practical Double Peak Detection for Coarse Timing Estimation of OFDM
2. Parallel QR Decomposition in LTE-A Systems
3. Closed-form Bounds on the Ergodic Capacity and Symbol Error Probability of the Opportunistic Incre-

mental Relaying Protocol
4. Improved Performance Analysis for Superimposed Pilot Based Short Channel Estimator
5. An Analytical Approach for Performance Evaluation of a Class of Receivers with Joint Equalization and

Carrier Frequency Synchronization
6. Performance Analysis of Dual-Hop Variable Gain Relay Networks over Generalized-K Fading Channels
7. Lowdin’s Approach for Orthogonal Pulses for UWB Impulse Radio
8. ’Impact of channel estimation error upon sum-rate in amplify-and-forward two-way relaying systems
9. Mitigation Of Narrowband Interference On IR-UWB Communication Systems

10. Preamble Design for Carrier Frequency Offset Estimation in Two-Way Relays
11. downconversion stage for multistandard receivers
12. Outage probability analysis of the Decode and Forward Relaying over the composite fading multi-

path/shadowing channels (⋆)
13. Optimal Training Design and Placement for Channel Estimation in Cooperative Networks
14. Exact Performance Analysis of Decode-and-Forward Opportunistic Relaying
15. Statistical Resolution Limit (SRL) for moving co-located MIMO radar with general linear array geometry
16. Enhanced Time-Varying Channel Estimation Based on Two Dimensional Basis Projection and Self-

Interference Suppression

Quality index: 94.00%
————————————————————————————-
Reviewer #27: cognitive, cooperative, game, networking, optimization

———————————–
————————————————————————————-
Reviewer #28: beamforming, blind, capacity, CDMA, coding, cognitive, cooperative, cross-layer, detection, distributed, diversity,

downlink, DSL, equalization, estimation, MIMO, multiuser, OFDM, optimization, performance, qcsi, quantization, relay, resource,

STBC, synchronization, tracking, training, turbo, uplink

———————————–

1. A Power Allocation Algorithm for OFDM Gaussian Interference Channels
2. Power Control for Turbo Coded Symmetrical Collaborative Networks
3. Efficient Uplink Subcarrier and Power Allocation Algorithm in Cognitive Radio Networks
4. An Energy-Efficient Comparison of Classical Detectors for CDMA Code Synchronization
5. Cooperative Communications: Synchronization in Fast Flat-Fading Channels with Various Signal Con-

stellations (⋆)
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6. Optimum Receiver Based on Single Bit Quantization
7. Channel shortening in OFDM system using differential space-frequency block encoding
8. Iterative EncoderÐController Design Based on Approximate Dynamic Programming
9. Preamble Design for Carrier Frequency Offset Estimation in Two-Way Relays

10. The effective coherence time of common channel models
11. An OFDM Based Space-Time Transmission Scheme for Asynchronous Cooperative Systems over Frequency-

Selective Channels
12. A Nearly Optimal Resource Allocation Algorithm for the Downlink of OFDMA 2-D Networks with Mul-

ticell Interference
13. Time Slot Allocation for TDMA/CDMA TH-UWB Ad-Hoc Networks
14. A New Multi-User Receiver For PUCCH LTE Format 1
15. Closed-Loop Hybrid MIMO System With Joint Transmit Antenna and Mode Selection Based on Capacity

Maximization
16. Frequency Reuse Scheme With Three Regions in Cooperative Relaying For Multi-cell OFDMA Systems

(⋆)

Quality index: 94.80%
————————————————————————————-
Reviewer #29: blind, classification, coding, cooperative, cross-layer, diversity, downlink, equalization, estimation, joint source-

channel,MIMO, multiuser, OFDM, relay, resource, turbo, uplink

———————————–

1. Cooperative Multicell ARQ in MIMO Cellular Systems
2. ML Blind Channel Estimation in OFDM using Cyclostationarity and Spectral Factorization
3. Iterative Channel Estimation for Non-Binary LDPC-Coded OFDM Signals
4. Physical Layer IEEE 802.11n Channel Occupancy rate Estimation
5. Joint Resource Optimization and Relay Selection in Cooperative Cellular Networks with Imperfect Chan-

nel Knowledge
6. Geometric MPSK Codebooks for Limited Feedback MISO and MIMO Systems
7. Lifting Wavelet Transform (LWT) Based Image Transmission Scheme using RS Coded Cooperative Com-

munication
8. A new criterion for cyclostationary source extraction for blind MIMO mixing system
9. Channel-Matched Trellis Codes for Finite-State Intersymbol-Interference Channels

10. Image Transmission Over OFDM Channels With Efficient Rate Allocation and Minimum Peak-To-Average
Power Ratio

11. On Carrier Nulling Approaches for Channel Shortening in OFDMA Systems
12. Double opportunistic transmit relaying system with GSC for power saving in Rayleigh fading channel
13. Joint source-channel decoding schemes based on structured LDPC codes: asymptotic analysis and code

design
14. A Sorted Parallel Detector for Coded MIMO Systems
15. Receiver Design for Single-Carrier FDMA with Optimum Transmit Power Allocation
16. Cross-layer Frame Synchronization for H.264 Video over WiMax

Quality index: 90.89%
————————————————————————————-
Reviewer #30: cooperative, MIMO, multiuser, OFDM

———————————–
————————————————————————————-
Reviewer #31: beamforming, cross-layer, diversity, feedback, MIMO, multiuser, quantization, relay

———————————–

1. Multiple-antenna TR communication systems performance in presence of narrowband interference
2. Two-dimensional Beam Forming and Interference Reduction using Planar and Circular Arrays
3. Implementation of Virtual Canvas through Image Processing (⋆)
4. Transmit Beamforming for MISO Frequency-Selective Channels with Per-Antenna Power Constraint and

Limited-Rate Feedback
5. Comparative study and design of antenna array parameters
6. Study and design of antenna array feeding system
7. OPTIMAL RESOURCE ALLOCATION TECHNIQUES FOR MIMO-OFDMA BASED COGNITIVE RA-

DIO NETWORKS USING INTEGER LINEAR PROGRAMMING
8. A Novel Alamouti Transmission Technique via a Single RF Source and a Miniaturized Antenna System
9. SPACE-TIME BLOCK CODE DESIGN FOR COMMUNICATION IN SPREAD SYSTEMS

10. Cross-layer Frame Synchronization for H.264 Video over WiMax
11. Analysis of Packet Combining for Single Carrier Multi-Relay Broadband System
12. Characterization of the Body-Area Communication Channel for Monitoring a Subject Sleeping
13. Wideband RF phase shifter to reduce receiver chains and ADC power consumption in multi-antenna

systems

Quality index: 48.72%
————————————————————————————-
Reviewer #32: cognitive, detection, distributed, equalization, estimation, localization, MIMO, OFDM, sensor, sparse, tracking

———————————–

1. A Simple Method for the Simulation of Autocorrelated and Arbitrarily Distributed Envelope Fading
Processes
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2. An Improved Variant of Fixed-Complexity Sphere Decoder Using Radius Constraint
3. The Marginalized square-root Quadrature Kalman Filter
4. Probabilistic RFID Tag Detector Model
5. Selecting Reliable Sensors via Convex Optimization
6. A Sparse EM algorithm for Blind and Semi-Blind Identification of Doubly Selective OFDM Channels
7. Channel Reliability Factor Estimation for LTE Systems
8. Efficient target tracking in wireless sensor networks based on impulsive multipath channel
9. Sparse Sampling For Software Defined Radio Receivers

10. Cooperative Sequential Binary Hypothesis Testing Using Cyclostationary Features
11. Sparse Regularized Total Least Squares for Sensing Applications
12. Partial FFT Demodulation: A Detection Method for Doppler Distorted OFDM Systems
13. Energy Detectors for Sparse Signals
14. Dual-Windowed OFDM for Cognitive Radios
15. Compressed Sensing Techniques for Dynamic Resource Allocation in Wideband Cognitive Networks
16. Localization of an uncooperative target with binary observations

Quality index: 84.06%
————————————————————————————-
Reviewer #33: blind, cognitive, detection, synchronization

———————————–

1. New Modeling Approach in Automatic Speaker Verification (⋆)

Quality index: 40.00%
————————————————————————————-
Reviewer #34: beamforming, capacity, cognitive, cross-layer, distributed, diversity, downlink, game, MIMO, multiuser, optimization,

performance, resource, scheduling, security, STBC, uplink

———————————–

1. Transmission Capacity Analysis of Cognitive Radio Networks under Coexistence Constraints
2. Efficient Uplink Subcarrier and Power Allocation Algorithm in Cognitive Radio Networks
3. On the Fluctuations of the Mutual Information for Non Centered MIMO Channels: The Non Gaussian

Case (⋆)
4. Antenna Selection for Opportunistic Interference Management in MIMO Broadcast Channels
5. Characterization of SINR Uncertainty due to Spatial Interference Variation
6. Simultaneous outage performance in a spectrum-sharing fading environment
7. Linear Transceiver Design for Interference Alignment: Complexity and Computation
8. Ergodic System Capacity of Mobile MIMO Systems using Adaptive Modulation
9. Block-Orthogonal Space-Time Codes with Decoding Complexity Reduction

10. On the Usage of Antennas in MIMO and MISO Interference Channels
11. Game-theoretic Antenna Subset Selection for Multi-User MIMO Systems
12. A Nearly Optimal Resource Allocation Algorithm for the Downlink of OFDMA 2-D Networks with Mul-

ticell Interference
13. A Robust SINR Balancing Technique for a Multiuser MIMO Cognitive Radio Network
14. Closed-Loop Hybrid MIMO System With Joint Transmit Antenna and Mode Selection Based on Capacity

Maximization
15. BER Analysis of Alamouti Scheme with Receive Antenna Selection
16. Optimizing the Noisy MIMO Interference Channel

Quality index: 93.11%
————————————————————————————-
Reviewer #35: beamforming, blind, estimation, localization, MIMO, OFDM, performance

———————————–

1. Multiple-antenna TR communication systems performance in presence of narrowband interference
2. Spatio- Temporal Processing to Suppress CCI in OFDM Systems
3. Statistical Resolution Limit (SRL) for moving co-located MIMO radar with general linear array geometry
4. Group Sparsity Methods for Compressive Channel Estimation in Doubly Dispersive Multicarrier Systems

(⋆)

Quality index: 90.00%
————————————————————————————-
Reviewer #36: capacity, cognitive, cooperative, detection, diversity, estimation, game, localization, MIMO, OFDM, performance,

relay, resource, scheduling, sparse, STBC

———————————–

1. Closed-form Bounds on the Ergodic Capacity and Symbol Error Probability of the Opportunistic Incre-
mental Relaying Protocol

2. On the Fluctuations of the Mutual Information for Non Centered MIMO Channels: The Non Gaussian
Case (⋆)

3. Performance Analysis of Dual-Hop Variable Gain Relay Networks over Generalized-K Fading Channels
4. Extended Orthogonal Space-Time Block Coding Scheme for Asynchronous Cooperative Relay Networks

over Frequency-Selective Channels
5. Block-Orthogonal Space-Time Codes with Decoding Complexity Reduction
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6. Outage probability analysis of the Decode and Forward Relaying over the composite fading multi-
path/shadowing channels (⋆)

7. Outage Performance of Reactive Cooperation in Nakagami-m Fading Channels
8. A Compressive Sensing-Based Feedback Scheme For OFDM
9. Exact Performance Analysis of Decode-and-Forward Opportunistic Relaying

10. Centralized and Decentralized Cooperative Spectrum Sensing in Cognitive Radio Networks:A Novel Ap-
proach

11. Analysis of Packet Combining for Single Carrier Multi-Relay Broadband System
12. Closed-Loop Hybrid MIMO System With Joint Transmit Antenna and Mode Selection Based on Capacity

Maximization
13. Complexity Reduction in BICMÐID Systems Through Selective Log-Likelihood Ratio Updates
14. Characterization of the Body-Area Communication Channel for Monitoring a Subject Sleeping
15. Decentralized space-time block coding for two-way relay networks
16. BER Analysis of Alamouti Scheme with Receive Antenna Selection

Quality index: 92.50%
————————————————————————————-
Reviewer #37: classification, cognitive, cross-layer, DSL, equalization, game, MIMO, networking, OFDM, sensor

———————————–

1. mac protocol characterization of dense RFID networks
2. Optimization of 802.11g Based MIMO OFDM Transceiver Using Alamouti Codes (⋆)
3. Implementation of Virtual Canvas through Image Processing (⋆)
4. Multi Layer Perceptron and Radial Basis Function Neural Networks for Identifying non Linear Systems:

Application to Internet traffic
5. Spatio- Temporal Processing to Suppress CCI in OFDM Systems
6. Outage Probability Analysis of Cognitive Radio Networks Under Self-Coexistence Constraint
7. downconversion stage for multistandard receivers
8. Formant Ratio Based Analysis of Emphaticness in MSA Arabic (⋆)
9. A Tunable Antenna System for Real-life MIMO Communication Systems

10. Dual-Windowed OFDM for Cognitive Radios
11. An Evaluation of Mobile Ad-hoc Network Routing Protocols in Real World Scenarios
12. Improving Svm By Modifying Kernel Functions For Speaker Identification Task (⋆)
13. Breaking the Barrier of Incomplete Information in Self-Organized Cognitive Networks (Duplicate under

same paper no with "How can ignorant but patient cognitive terminals learn their strategy and utility")
14. Reducing Out-of-band Radiation of OFDM-based Cognitive Radios
15. Taxonomy Of Security Attacks In Wireless Networks

Quality index: 57.33%
————————————————————————————-
Reviewer #38: beamforming, blind, CDMA, cognitive, consensus, cooperative, detection, distributed, diversity, downlink, equaliza-

tion, estimation, localization, MIMO, multiuser, OFDM, scheduling, sparse, STBC, tracking, training, uplink, uwb

———————————–

1. 3rd Generation Mobile Communication
2. A Novel OFDM Channel Estimation Method Based On Kalman Filtering and Compressed Sensing
3. Iterative MMSE Receivers for Multiuser MIMO Cooperative Systems
4. Performance of STBC-UWB over standard channel
5. A Boosted Wideband Transmission Scanner for Real-Time Applications
6. Target Selection and Pointingof Object using Colour Detection Algorithm through DSP Processor TMS320C6711

(⋆)
7. Distributed Transmit Beamforming Based On A 3-Bit Feedback System
8. Lowdin’s Approach for Orthogonal Pulses for UWB Impulse Radio
9. Mitigation Of Narrowband Interference On IR-UWB Communication Systems

10. A Non-Coherent Multi-Band IR-UWB HDR Transceiver based on Energy Detection
11. Energy Combining for non-coherent UWB impulse Radio Systems
12. Robustness of blind subspace based techniques using lp quasi-norms
13. A Sparse EM algorithm for Blind and Semi-Blind Identification of Doubly Selective OFDM Channels
14. Optimal MU-MIMO precoder with MISO decomposition approach
15. Diversity Multiplexing Tradeoff Analysis of Coded OFDM Systems with Linear Precoding and Linear

Receivers
16. Distributed PARAFAC Based DS-CDMA Blind Receiver for Wireless Sensor Networks

Quality index: 91.35%
————————————————————————————-
Reviewer #39: blind, capacity, cognitive, cooperative, detection, diversity, equalization, estimation, MIMO, performance, relay,

STBC, synchronization, training

———————————–

1. Cooperative Communications: Synchronization in Fast Flat-Fading Channels with Various Signal Con-
stellations (⋆)

2. On the Fluctuations of the Mutual Information for Non Centered MIMO Channels: The Non Gaussian
Case (⋆)

3. Performance of STBC-UWB over standard channel
4. Improved Performance Analysis for Superimposed Pilot Based Short Channel Estimator
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5. An Analytical Approach for Performance Evaluation of a Class of Receivers with Joint Equalization and
Carrier Frequency Synchronization

6. Low-Complexity MIMO-BICM receivers with imperfect channel state information: Capacity-based per-
formance comparison

7. Energy Combining for non-coherent UWB impulse Radio Systems
8. Block-Orthogonal Space-Time Codes with Decoding Complexity Reduction
9. Optimal Training Design and Placement for Channel Estimation in Cooperative Networks

10. Outage Performance of Reactive Cooperation in Nakagami-m Fading Channels
11. The effective coherence time of common channel models
12. A New Cyclostationary Spectrum Sensing Approach in Cognitive Radio
13. Centralized and Decentralized Cooperative Spectrum Sensing in Cognitive Radio Networks:A Novel Ap-

proach
14. BER Analysis of Alamouti Scheme with Receive Antenna Selection
15. Enhanced Time-Varying Channel Estimation Based on Two Dimensional Basis Projection and Self-

Interference Suppression
16. Timing-based Detection of Packet Forwarding in MANETs

Quality index: 90.94%
————————————————————————————-
Reviewer #40: CDMA, game, localization, OFDM, performance, synchronization

———————————–

1. Analysis of Clock Feed-Through Non-Ideal Effect on Transmission Gates in Switched-Capacitor

Quality index: 100.00%
————————————————————————————-
Reviewer #41: beamforming, blind, cooperative, detection, diversity, equalization, estimation, MIMO, multiuser, OFDM, optimiza-

tion, STBC, training

———————————–

1. Fast channel estimation algorithm based on FFT
2. ML Blind Channel Estimation in OFDM using Cyclostationarity and Spectral Factorization
3. Iterative MMSE Receivers for Multiuser MIMO Cooperative Systems
4. Optimization of 802.11g Based MIMO OFDM Transceiver Using Alamouti Codes (⋆)
5. A Pilot Pattern Adaptation and Channel Estimation in MIMO WIMAX- Like FBMC System
6. A new criterion for cyclostationary source extraction for blind MIMO mixing system
7. Channel shortening in OFDM system using differential space-frequency block encoding
8. On Carrier Nulling Approaches for Channel Shortening in OFDMA Systems
9. A Non-Coherent Multi-Band IR-UWB HDR Transceiver based on Energy Detection

10. A Novel Alamouti Transmission Technique via a Single RF Source and a Miniaturized Antenna System
11. Optimal MU-MIMO precoder with MISO decomposition approach
12. Efficient interpolation of precoding matrices in MIMO-OFDM systems
13. A New Multi-User Receiver For PUCCH LTE Format 1
14. On the zero forcing optimality for friendly jamming in MISO wiretap channels
15. Decentralized space-time block coding for two-way relay networks
16. Blind Nonzero delay equalizer for SIMO FIR systems

Quality index: 87.60%
————————————————————————————-
Reviewer #42: detection, diversity, equalization, MIMO, networking, par, performance, synchronization

———————————–

1. Analysis of Clock Feed-Through Non-Ideal Effect on Transmission Gates in Switched-Capacitor
2. An Improved Variant of Fixed-Complexity Sphere Decoder Using Radius Constraint
3. Clock Synchronization Precision (CSP): An experimental case study of IEEE 1588 time protocol for

sensors networks
4. Performance of STBC-UWB over standard channel
5. Optimum Receiver Based on Single Bit Quantization
6. Stochastic Signaling under Second and Fourth Moment Constraints
7. Efficiency of the ALOHA protocol in multi-hop networks
8. Energy Combining for non-coherent UWB impulse Radio Systems
9. Outage Probability Analysis of Cognitive Radio Networks Under Self-Coexistence Constraint

10. Evaluation Of AMC Algorithms For Smart Radios In HF Noise
11. WH-Based Order Statistic Automatic CFCAR Detection In Weibull Background

Quality index: 72.42%
————————————————————————————-
Reviewer #43: beamforming, capacity, CDMA, diversity, localization, MIMO

———————————–
————————————————————————————-
Reviewer #44: detection, equalization, MIMO, OFDM, time-varying

———————————–
————————————————————————————-
Reviewer #45: downlink, DSL, equalization, MIMO, multiuser, OFDM, par, training, uplink

———————————–
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1. Channel shortening in OFDM system using differential space-frequency block encoding
2. Optimal MU-MIMO precoder with MISO decomposition approach
3. Evaluation of effects of pilots on the enevelope fluctutations reductions based on neural fuzzy systems
4. OFDM Receivers with Iterative Nonlinear Distortion Cancellation
5. Dual-Windowed OFDM for Cognitive Radios
6. A practical transmission scheme for the downlink of Multiuser MIMO

Quality index: 86.94%
————————————————————————————-
Reviewer #46: consensus, distributed, equalization, estimation, sensor, sparse

———————————–

1. Consensus-Based Distributed Principal Component Analysis in Wireless Sensor Networks

Quality index: 75.00%
————————————————————————————-
Reviewer #47: beamforming, cognitive, distributed, game, MIMO, optimization, sparse

———————————–

1. Selecting Reliable Sensors via Convex Optimization
2. Breaking the Barrier of Incomplete Information in Self-Organized Cognitive Networks (Duplicate under

same paper no with "How can ignorant but patient cognitive terminals learn their strategy and utility")

Quality index: 70.83%
————————————————————————————-
Reviewer #48: capacity, coding, cooperative, DSL, multiuser, network coding, networking, performance, sensor, turbo

———————————–

1. A Novel Approach for Monitoring Wireless Sensor Network Performance by Tracking Node operational
Deviation

2. Asynchronous Full-Diversity High-Rate Coding Scheme for Cooperative Relay Networks
3. Clock Synchronization Precision (CSP): An experimental case study of IEEE 1588 time protocol for

sensors networks
4. Effects of Fading and Spatial Correlation on Node Selection for Estimation in Wireless Sensor Networks
5. High-Throughput Cooperative Transmissions using Adaptive Complex-Field Network Coding
6. Lifting Wavelet Transform (LWT) Based Image Transmission Scheme using RS Coded Cooperative Com-

munication
7. Iterative EncoderÐController Design Based on Approximate Dynamic Programming
8. On Ultra-Short Block-Codes on the Binary Asymmetric Channel
9. Blind frame synchronization of Reed-Solomon codes: non binary vs. binary approach

10. Performance of a SIMO Wireless Link With Turbo Coding
11. On the Statistical Properties of the Capacity of Double Hoyt Fading Channels
12. A Compressive Sensing-Based Feedback Scheme For OFDM
13. Evaluation Of AMC Algorithms For Smart Radios In HF Noise
14. Performance Analysis of Best Relay Selection Scheme for Amplify-and-Forward Cooperative Networks in

Identical Nakagami-m Channels
15. An Evaluation of Mobile Ad-hoc Network Routing Protocols in Real World Scenarios
16. Asymptotic analysis of performance LDPC codes in impulsive non-Gaussian Channel

Quality index: 76.77%
————————————————————————————-
Reviewer #49: classification, cognitive, consensus, detection, estimation, localization, networking, performance, quantization, RFID,

sensor, sparse

———————————–

1. mac protocol characterization of dense RFID networks
2. Clock Synchronization Precision (CSP): An experimental case study of IEEE 1588 time protocol for

sensors networks
3. Effects of Fading and Spatial Correlation on Node Selection for Estimation in Wireless Sensor Networks
4. Optimum Receiver Based on Single Bit Quantization
5. Multi Layer Perceptron and Radial Basis Function Neural Networks for Identifying non Linear Systems:

Application to Internet traffic
6. New Modeling Approach in Automatic Speaker Verification (⋆)
7. Probabilistic RFID Tag Detector Model
8. Performance Comparison of Energy, Matched-Filter and Cyclostationarity-Based Spectrum Sensing
9. Outage Probability Analysis of Cognitive Radio Networks Under Self-Coexistence Constraint

10. Efficient target tracking in wireless sensor networks based on impulsive multipath channel
11. Sparse Sampling For Software Defined Radio Receivers
12. Formant Ratio Based Analysis of Emphaticness in MSA Arabic (⋆)
13. Sparse Regularized Total Least Squares for Sensing Applications
14. WH-Based Order Statistic Automatic CFCAR Detection In Weibull Background
15. Reconstruction of time-varying fields in wireless sensor networks using shift- invariant spaces: iterative

algorithms and impact of sensor localization errors (⋆)
16. Improving Svm By Modifying Kernel Functions For Speaker Identification Task (⋆)
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Quality index: 85.52%
————————————————————————————-
Reviewer #50: capacity, cognitive, MIMO, multiuser, security, sparse

———————————–

1. Iterative algorithm for interference alignment in multiuser MIMO interference channels
2. On the Usage of Antennas in MIMO and MISO Interference Channels
3. On the Statistical Properties of the Capacity of Double Hoyt Fading Channels
4. Compressed Sensing Techniques for Dynamic Resource Allocation in Wideband Cognitive Networks

Quality index: 77.50%
————————————————————————————-
Reviewer #51: CDMA, consensus, cooperative, distributed, diversity, MIMO, multiuser, networking, OFDM, relay, sensor, synchro-

nization

———————————–

1. Parallel QR Decomposition in LTE-A Systems
2. On the effect of FTDMA techniques on a distributed estimation in WSN
3. Asynchronous Full-Diversity High-Rate Coding Scheme for Cooperative Relay Networks
4. An Energy-Efficient Comparison of Classical Detectors for CDMA Code Synchronization
5. Extended Orthogonal Space-Time Block Coding Scheme for Asynchronous Cooperative Relay Networks

over Frequency-Selective Channels
6. Distributed Transmit Beamforming Based On A 3-Bit Feedback System
7. Optimization Techniques for Two-way Relaying Based Multiuser Multiplexing
8. Performance Analysis of Cooperative Communications with Opportunistic Relaying
9. Performance Analysis of Kth Opportunistic Relaying over Non-Identically Distributed Cooperative Paths

10. Consensus-Based Distributed Principal Component Analysis in Wireless Sensor Networks
11. An OFDM Based Space-Time Transmission Scheme for Asynchronous Cooperative Systems over Frequency-

Selective Channels
12. Double opportunistic transmit relaying system with GSC for power saving in Rayleigh fading channel
13. Distributed PARAFAC Based DS-CDMA Blind Receiver for Wireless Sensor Networks
14. Robust Image Fusion in Wireless Sensor Networks using Fusion Frames
15. A Three-way Relaying System with QoS Constraints
16. Timing-based Detection of Packet Forwarding in MANETs

Quality index: 79.22%
————————————————————————————-
Reviewer #52: beamforming, blind, cognitive, cross-layer, detection, downlink, equalization, estimation, MIMO, multiuser, OFDM,

resource, scheduling, sparse, tracking, training, turbo, uplink

———————————–

1. A Novel OFDM Channel Estimation Method Based On Kalman Filtering and Compressed Sensing
2. Non linear channel equalisation using perceptron network structure
3. A Boosted Wideband Transmission Scanner for Real-Time Applications
4. Antenna Selection for Opportunistic Interference Management in MIMO Broadcast Channels
5. OPTIMAL ADAPTIVE BIT LOADING AND SUBCARRIER ALLOCATION TECHNIQUES FOR OFDM

BASED COGNITIVE RADIO SYSTEMS
6. Robustness of blind subspace based techniques using lp quasi-norms
7. A Sparse EM algorithm for Blind and Semi-Blind Identification of Doubly Selective OFDM Channels
8. On the Effects of Carrier Frequency Offset on Cyclic Prefix Based OFDM and Filter Bank Based Multi-

carrier Systems
9. Receiver Design for Single-Carrier FDMA with Optimum Transmit Power Allocation

10. An H-Infinity Filtering Approach for Robust Tracking of OFDM Doubly-Selective Channels (⋆)
11. Compressed Sensing Techniques for Dynamic Resource Allocation in Wideband Cognitive Networks
12. Complexity Reduction in BICMÐID Systems Through Selective Log-Likelihood Ratio Updates
13. Block diagonalization with algebraic interference control, extension to precoding on OFDMA chunks
14. Adaptive Modulation for Multiuser Orthogonal Random Beamforming Systems
15. Blind Nonzero delay equalizer for SIMO FIR systems
16. A practical transmission scheme for the downlink of Multiuser MIMO

Quality index: 95.83%
————————————————————————————-
Reviewer #53: capacity, cognitive, consensus, detection, distributed, estimation, localization, networking, OFDM, optimization,

scheduling, sensor

———————————–

1. On the effect of FTDMA techniques on a distributed estimation in WSN
2. DATA-AIDED SNR ESTIMATION IN TIME-VARIANT RAYLEIGH FADING CHANNELS
3. Transmission Capacity Analysis of Cognitive Radio Networks under Coexistence Constraints
4. Battery Recharging Techniques in Wireless Sensor Network through Free Space Optics by using Corner

Cube Retroreflectors
5. Multi Layer Perceptron and Radial Basis Function Neural Networks for Identifying non Linear Systems:

Application to Internet traffic
6. Distributed Resource Allocation In Cognitive Radio Systems Based On Social Foraging Swarms
7. On Diversity Schemes in Decentralized Estimation
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8. Distributed Power Allocation for Next-Generation Cognitive Wireless Devices
9. Energy Detectors for Sparse Signals

10. A new route selection strategy for maximizing UWB-Wireless Sensor Networks lifetime
11. Reconstruction of time-varying fields in wireless sensor networks using shift- invariant spaces: iterative

algorithms and impact of sensor localization errors (⋆)
12. Group Sparsity Methods for Compressive Channel Estimation in Doubly Dispersive Multicarrier Systems

(⋆)
13. Reducing Out-of-band Radiation of OFDM-based Cognitive Radios

Quality index: 77.82%
————————————————————————————-
Reviewer #54: beamforming, blind, capacity, CDMA, cognitive, diversity, downlink, equalization, estimation, localization, MIMO,

multiuser, OFDM, relay, tracking, training, uplink

———————————–

1. 3rd Generation Mobile Communication
2. Fast channel estimation algorithm based on FFT
3. ML Blind Channel Estimation in OFDM using Cyclostationarity and Spectral Factorization
4. Parallel QR Decomposition in LTE-A Systems
5. Iterative MMSE Receivers for Multiuser MIMO Cooperative Systems
6. Physical Layer IEEE 802.11n Channel Occupancy rate Estimation
7. Steady State Performance Analysis of the Modified Multimodulus Adaptive Blind Equalization Based on
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Chapter 4

Robust conjoint analysis through
ML estimation

Utilizing the link described in Section 3.4 and recalling the material of Section 1.5 of
the Introduction, in this chapter we consider a new model for choice-based preference
analysis. We target mostly big-data applications, and Section 4.1 gives motivation
and the need for the new model proposed for partworth estimation and prediction.
Section 4.2 describes the associated ML estimator that accounts for outliers and
partworth sparsity. In Section 4.3 we give model identification conditions and derive
the Cramér-Rao Lower Bound (CRLB) for the estimation of partworths in the
simple case where no outliers are present. The model identification and CRLB
results are extended to the general outlier–contaminated case in Section 4.3. The
asymptotic properties of the proposed ML approach are discussed in Section 4.4.
Section 4.5 describes a tractable convex relaxation of the ML estimator that is
convenient for use in practice. Section 4.6 gives a distributed implementation of
the proposed relaxed ML estimator based on the Alternating Direction Method of
Multipliers (ADMM). Results of experiments which corroborate the effectiveness
of the new approach are presented in Section 4.7.

4.1 Context and prior-art

The remarkable growth of the world-wide web has enabled large-scale (semi-)auto-
mated collection of preference data - that is, data containing information about
people’s preferences regarding products, services, other people, events, etc. Large-
scale preference data collection is mainly driven by services such as online retailing,
social networking, and personalized recommendation systems. The rapidly grow-
ing volume and diversity of preference data (purchases, choices, rankings, surveys,
questionnaires) along with the need for accurate classification, personalization, and
prediction, have spurred an increasing interest in preference modeling and anal-
ysis (PMA), a cross-disciplinary applied research area with a long history (e.g.,
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early work in PMA includes [MP68, SS73]). The goal of PMA, as suggested by
the name, is to predict responses of individuals to products or services, based on
already expressed preference data.

Conjoint analysis (CA) is a statistical technique commonly used in PMA, to
determine how individuals value different features that make up a product or a
service. CA is used in many social and applied sciences, including marketing,
industrial design and economics. The modeling assumption behind CA is that
responses are formed as noisy linear combinations of a product’s features with
weights given by the decision-maker’s partworths [GHH07]. By analyzing available
preference data, CA techniques aim to estimate the underlying partworth values.
These estimates can be used to predict future preferences and assess the profitability
of new designs, but are also useful per se to the retailer/marketer, e.g., for consumer
sensitivity analysis.

Traditional methods for partworth estimation for choice-based CA models (where
preferences are only expressed in the form of binary choices), range from logis-
tic regression [LHS00] and hierarchical Bayes (HB) methods [dSA97, LdS+96], to
methods based on support vector machine (SVM) classifiers [EBZ05]. Following
either deterministic or Bayesian formulations, these state-of-the-art techniques rely
on suitably regularized loss functions to “optimally” trade-off model fit for better
generalization capability of the solution beyond the training data. See [CH05] for
a compact description of these approaches; more detailed comparisons can also be
found in [EBZ05].

Although the benefits of CA have been widely appreciated (see, e.g., [WGS+89]),
the tacit assumption underlying most of the existing techniques is that the data
is gathered under controlled conditions, i.e., there are no outliers, and responses
regress upon a modest number of features. However, in modern preference mod-
eling systems, especially in web-based collection, such controlled conditions are
often not feasible. Therefore, solutions that are computationally efficient and offer
robustness to gross errors are, if not necessary, at least highly desirable. In this di-
rection, it has been noted in [EBZ05] that classification approaches to choice-based
CA using SVMs are typically more robust against outliers, than HB methods, for
example. A classification approach is sensible for a number of reasons, mainly
because it avoids strong probabilistic assumptions. However, although SVMs per-
form very well in practice, the quality of the solution is difficult to quantify; for
example, it is often difficult to benchmark classification performance. An outlier-
aware SVM classifier for choice-based conjoint data is proposed in [EBZ05]. The
SVM proposed in [EBZ05] solves an unconstrained optimization problem consisting
of a convex, non-differentiable loss function combined with a suitable regularizing
function whose addition aims to improve the generalization error of the classifier.
Similar to [EBZ05], the authors in [MG11] follow an SVM approach to choice-based
CA, the main difference being that sparse outliers are modeled explicitly using aux-
iliary variables.

Contributions: Unlike an SVM approach, we consider a statistical choice-based
CA model which includes both standard errors and auxiliary variables that explic-
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itly model sparse outliers. Our particular model was first proposed in [TJS+12];
here, we revisit the formulation in [TJS+12] and further investigate its proper-
ties, in an attempt to provide a more solid and well-rounded framework for part-
worth estimation. Links between sparsity and robustness against outliers exploit-
ing connections with the ℓ1-norm were drawn in the linear regression context in
[Fuc99, WM10], and more recently in [GMF+11] it was proposed to introduce a
sparse auxiliary vector variable to account for outliers, as a universal model ro-
bustification strategy. The latter ideas are explored herein in the particular con-
text of choice-based CA, where–unlike the focus of [MG11, GMF+11]–the signal of
interest (partworths) is also sparse, and an ML formulation is proposed for part-
worth estimation. A key contribution of our work in this chapter is that we pro-
vide identifiability conditions and explore the best achievable mean-square-error
(MSE) performance by deriving the CRLB under sparsity constraints, building
on earlier work on the CRLB computation in constrained parameter estimation
[GH90, SN98, BHE09, BHE10]. Our identifiability and CRLB results allow one to
assess the performance of relevant relaxation strategies for our model. As a second
step, we revisit the ML formulation we proposed in [TJS+12] and show that consis-
tency holds for the partworths, under suitable conditions on the outliers. We show
that the proposed ML formulation lends itself naturally to an ℓ1-type relaxation
(see, e.g., [Tib96]) which is not only convex, but also naturally amenable to dis-
tributed implementation. Distributed solution strategies are interesting for two rea-
sons: First, applications of interest usually involve large-scale datasets which may
go beyond the reach of standard off-the-shelf solvers. Second, the proposed solu-
tions are not only distributed, but also decentralized, meaning that the nodes in the
distributed implementation need not share their private datasets to reach consensus
to optimality. We derive a simple decentralized algorithm based on the alternating
direction method of multipliers (ADMM), a method which, as explained in the In-
troduction, has shown great potential in the area of distributed optimization. An
ADMM solution was pursued in [MG11] in the context of a linear CA model, whose
convergence proof was deferred to another manuscript. Unlike [MG11], herein we
focus on distributing choice-based CA and show how to directly embed our ML
formulation into the consensus optimization framework of [BPC+10]. Finally, the
efficacy of the proposed sparsity–aware ML estimator is assessed by comparing its
MSE performance vis-a-vis the CRLB and the prior state-of-the-art using both
simulated and real data from a conjoint choice experiment for coffee makers.

4.2 Sparse CA modeling and ML estimation

We begin by describing the three basic CA models used in PMA. These are included
in [TJS+12], but are also discussed here for completeness. The starting point is to
represent the quantities over which preferences are expressed (and let us assume
that these quantities are products, for simplicity) using associated profiles, i.e., p-
dimensional vectors whose elements correspond to the different features. A profile
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captures all relevant information about the corresponding product’s characteristics.
Suppose there are J such profiles {pj}J

j=1, to be evaluated by a single individual.
1 In CA it is customary to assume that responses {ri}J

i=1 obey a linear regression
model (see, e.g., [GHH07])

ri = pT
i w + ei, (4.1)

where w is the vector of partworths associated with the individual and ei is a
random variable modeling (usually small) random errors.

There are three different but related categories of models that link responses
to preference measurements. In a full-profile rating model, the measurement is
assumed to be directly the response ri. Another category consists of the so-called
metric-paired rating models, where the pi in (4.1) is replaced by a difference di ,

p
(1)
i − p

(2)
i of a pair of profiles. Finally, we have also choice-based models, where

in addition to using pairwise-differences of profiles in (4.1), the measurement is
only the sign of ri. In other words, in a choice-based CA model the individual is
each time asked to indicate a preference between two profiles, but not the actual
magnitude of this preference. Mathematically speaking, if we assume N given
profile differences {di}N

i=1 the classical choice-based CA model is

yi = sign(dT
i w + ei), i = 1, · · · , N. (4.2)

Given J profiles, there are at most J(J − 1)/2 unique profile differences, equating
di and −di, but N is typically selected smaller than this, reflecting that a subset
of all possible questions are actually used in a survey.

There are several advantages of choice-based CA models as compared to models
based on rating scales. One intuitive advantage is that choices are more realistic,
resembling the real purchasing situation. Another advantage is that the problem of
individual differences in interpreting rating scales is circumvented [SRH04]. Here
we deal exclusively with (4.2), and aim to robustify this model by utilizing struc-
tural information. Towards this end, we make two observations: The first is that
responses can be grossly inconsistent due to a number of reasons, implying that it
is more realistic to acknowledge that there can be gross errors in the measurement
model in (4.2), in addition to the typically small errors {ei}N

i=1. We model the errors

{ei}N
i=1 as i.i.d. normal variables N (0, σ2) with known variance σ2. On the other

hand, the only assumption regarding the gross errors is sparsity, i.e., that there is a
known upper bound on their number. Assuming that gross errors are sparse makes
sense in this context, since intuitively, an individual will not be regularly incon-
sistent. The second observation which aims to robustify (4.2), is that the number
of features p can be very large – modern products may have a very large number
of relevant attributes and technical specifications – yet relatively few features will

1The term individual here can also be interpreted as a homogeneous population of individuals.
Similar to [MG11] we focus on this homogeneous case for simplicity: Once this case is addressed,
approaches to account for heterogeneous populations are possible along the lines of [EPT07],
[TEH07].
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matter to any given individual, and even the ‘typical’ individual. Therefore, it
makes sense to assume that the unknown partworth vector w will also be sparse,
and this structural information can be exploited to facilitate the estimation.

In light of the above, the model in (4.2) can be re-stated by (a) explicitly
modeling the gross errors using a sparse vector o ∈ R

N×1 of deterministic outliers
{oi}N

i=1 and (b) utilizing the (deterministic) prior information that w itself is a
sparse vector. Therefore, a conceptually appealing version of (4.2) is

yi = sign(dT
i w + ei + oi), i = 1, · · · , N (4.3)

coupled with the a-priori knowledge that card (w) ≤ κw and card (o) ≤ κo. Here,
the integers κw, κo are assumed fixed and given, and the function card(·) stands
for cardinality, i.e., it returns the number of non-zero elements of a vector. Unless
explicitly stated otherwise, throughout this chapter we focus on the case where one
has at least as many measurements as pathworths (p ≤ N). We are interested
in that case because it provides intuition useful when describing the asymptotic
properties of the model; however, the case where p > N is explicitly discussed in
some places as well. Finally, it is also assumed that all unknown parameters are
bounded, i.e., that there exist positive constants Rw and Ro such that w ∈ Bw ,

{w ∈ R
p | ||w||∞ ≤ Rw} and o ∈ Bo ,

{

o ∈ R
N | ||o||∞ ≤ Ro

}

. This requirement
is mostly technical, and its use will become evident later on, in our analysis.

Given N measurements from (4.3), we are interested in estimating the vector
of partworths w as well as detecting the responses that have been contaminated
with outliers. This joint estimation problem is challenging because the model in
(4.3) is underdetermined; there are always more unknowns than measurements, so
one expects that sparsity is the key to make the problem meaningful. Efficient
outlier detection is critical for accurate partworth estimation in this context (and
therefore accurate preference prediction), but can also have useful implications in
the experimental design of the profile differences {di}N

i=1.
The ML estimator for the vector (w, o) is derived as follows. Let I+ be the set

of indices {i | yi = 1}, and similarly define I− = {i | yi = −1}. Since noise samples
ei are independent, the probability of a random partition of the observations to I+

and I− can be calculated explicitly to be

py (w, o)

=
∏

i∈I+

Pr
[

dT
i w + oi ≥ −ei

]

∏

i∈I−

Pr
[

dT
i w + oi ≤ −ei

]

=
∏

i∈I+

Φ

(

dT
i w + oi

σ

)

∏

i∈I−

Φ

(

−dT
i w + oi

σ

)

,

where Φ (u) :=
1√
2π

∫ u

−∞

e−t2/2dt is the cumulative distribution function of the

standardized Gaussian density. The log-likelihood function can be written com-
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pactly as

lwo (w, o) , log py (w, o) =

N
∑

i=1

log Φ

(

yid
T
i w + yioi

σ

)

. (4.4)

Therefore, finding the ML estimate of the vector (w, o) amounts to the optimization
problem

maximize
w∈Bw,o∈Bo

lwo (w, o) (4.5a)

subject to: card (w) ≤ κw, card (o) ≤ κo. (4.5b)

Observe that each summand log Φ(u) in (4.4) is increasing in u and tends to zero as
u → ∞, therefore the bounding boxes Bw and Bo in (4.5) ensure that the maximizer
(w∗, o∗) will always exist. It is also well known that the objective lwo (w, o) in (4.5a)
is concave (see e.g., [BV04, Ch. 3]), but the cardinality constraints on w and o are
generally intractable [Nat95]. Later in Section 4.5, we propose a convex relaxation
approach for dealing with the cardinality constraints in (4.5b).

It is worth noting that the above formulation is reminiscent of the form of the
ML estimator for the probit model [NM86]. Therefore, our work in this chapter
can be seen as a natural robustification of such models against outliers (grossly
corrupted data points) and/or datasets with a very large number of features per
product (necessitating feature selection to obtain meaningful estimates). Further,
our approach is based on explicit structural assumptions on the unknown parame-
ters: We aim to quantify how sparsity affects the best achievable performance, as
well as the performance of the proposed ML estimator.

The ML estimator is a plausible choice for many reasons, primarily because of
its appealing asymptotic properties. Before analyzing these properties however,
we discuss two issues related to the estimation problem posed in (4.3). First, we
discuss conditions under which the model is identifiable, i.e., necessary and sufficient
conditions for the estimation problem to be well-defined. Second, we explore the
best achievable MSE performance for the estimation of the model parameters, by
deriving the CRLB.

4.3 Identifiability and CRLB

Outlier-free model

To illustrate the main ideas, it is convenient to start with the simplest case where
one assumes that outliers are not present. Such a simplification arises from the
model in (4.3) by assuming that all auxiliary variables {oi}N

i=1 are equal to zero.
In such a case the choice-based CA model in matrix form becomes

y = sign(DTw + e) with w ∈ W , {u ∈ R
p | card (u) ≤ κw} (4.6)

where we have defined the vector y of measurements {yi}N
i=1 and the vector e of

the i.i.d Gaussian noise variables {ei}N
i=1. The matrix D , [d1, · · · , dN ] ∈ R

p×N
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is a matrix whose columns comprise the profile differences. Note that there are no
outliers in the model in (4.6), but only the cardinality constraint on the partworth
vector.

The model is said to be statistically identifiable if and only if for w 6= w0 the
two corresponding random vectors y and y0 are not observationally equivalent, i.e.,
the distribution of the data at the true parameter is different than that at any other
possible parameter value. The function log Φ(u) is one-to-one, therefore it follows
from the expression in (4.4) that it is necessary and sufficient to have w 6= w0 =⇒
DTw 6= DTw0 to claim identifiability. We emphasize that, in contrast with the
theory in linear compressed sensing [DE03], exact recovery of w is impossible in
our case for finite N , because of the model non-linearity. The notion of statistical
identifiability is instead employed, which requires that as N → ∞ the log-likelihood
function associated with (4.6) has a unique global maximum [NM86].

Therefore, if no sparsity constraints were assumed on w, one would need to
impose the condition that D should be full row rank (which necessitates p ≤ N)
for the estimation problem to be well-defined. Interestingly, when one utilizes the
fact that w has restricted cardinality, one can replace the full row rank condition
by a milder condition. To express such a necessary and sufficient condition in a
convenient way, we follow ideas and definitions similar to the ones in [DE03]. Similar
to [DE03], for the matrix DT we define the Spark

(

DT
)

as the smallest integer s,
such that there exist s linearly dependent columns in DT. Then, following the
derivation in [DE03], a necessary and sufficient condition can be expressed in terms
of the Spark

(

DT
)

and the cardinality bound κw as

Spark(DT) > 2κw. (4.7)

In other words, if (4.7) is true then any given vector w0 obeying the cardinality
constraint in (4.6) will lead to a product DTw0 which is unique. Interestingly, the
identifiability condition is the same as if one was observing linear measurements
directly, without taking the sign.

We now compute the CRLB for the model in (4.6). The CRLB is a lower bound
on the variance of all unbiased estimators [Kay93, Chap. 3], and therefore serves in
practice as a useful exploratory tool. First of all, there is the Fischer Information
Matrix (FIM) [Kay93, Chap. 3] for the unconstrained problem, i.e., the FIM for
the problem of estimating w in (4.6) without making use of the deterministic prior
cardinality constraint on w. This matrix is the expected value of the Hessian of
the log-likelihood, where the expectation is taken with respect to the measurement
vector y. We denote the log-likelihood function for the model in (4.6) as lw(w).
Naturally, lw(w) can be obtained from the expression in (4.4) by setting oi = 0 ∀i.
The FIM for the unconstrained problem is defined as J , Ey

{

∇2lw(w)
}

.

Given {di, yi}N
i=1, the FIM for the unconstrained problem is

J = D∆DT, (4.8)
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where ∆ ∈ R
N×N is a positive diagonal matrix with elements

∆ii =
1

2πσ2
exp

[

− (dT
i w)2

σ2

]

·
[

Φ−1

(

dT
i w

σ

)

+ Φ−1

(

−dT
i w

σ

)]

. (4.9)

The derivation is straightforward but is included in the Appendix for completeness.
Inverting J yields the unconstrained CRLB for point w, a bound on MSE which
holds for all unbiased estimators [Kay93]. 2 Note that J will be singular if D is not
full-row-rank, but we are interested in the constrained CRLB, i.e., the CRLB for
points for which we know that they obey the cardinality constraint in (4.6). The
claim is that for such points the bound will be typically lower.

The CRLB for constrained parameter sets is a well-studied topic, see, e.g.,
[GH90] and references therein. In essence, the constraint sets considered in [GH90]
are sets of the form U , {u ∈ R

n|f(u) = 0, g(u) ≤ 0} where f and g are smooth
functions. It has been shown in [GH90] that smooth inequality constraints do not
affect the CRLB; only active equality constraints yield a CRLB which is lower
than the unconstrained one. The intuition behind this result is that active equality
constraints restrict the unknown parameters into a lower dimensional manifold of
the parameter space, leading to much looser requirements about the bias gradient
of the estimators applicable. For example, when searching for unbiased estimators
applicable to a specific point u0 ∈ U , it suffices to consider estimators unbiased
along the feasible directions only [GH90]. The feasible directions can be found at
any point u0 ∈ U by approximating locally the manifold U by a tangent linear space,
which in turn can be described by finding a basis for the nullspace of the gradient
matrix associated with function f . Using these definitions, one can associate at
each point u0 ∈ U a matrix U whose range space is the feasible subspace for u0.
Once such description is found the value of the constrained CRLB depends only
on the unconstrained FIM and the matrix of feasible directions U evaluated at the
point u0.

The results of [GH90] were extended to the case of a singular unconstrained FIM
in [SN98]–[BHE09], and later in [BHE10], extensions were made towards the case
of non-smooth constraint sets (non-differentiable functions f and g) encompassing
also cardinality constraints. In particular, using the terminology of [BHE10], the
set W in (4.6) is locally balanced, meaning that it can be described locally at every
point w0 ∈ W by the span of a set of feasible directions. In other words, one can
again associate at every point a matrix of feasible directions U, albeit this cannot
be found by differentiation.

To introduce some notation, let X � 0 denote that matrix X is symmetric
positive semidefinite, and let symbol (·)†

denote the Moore-Penrose pseudoinverse.
To state the CRLB for our model in (4.6), we use the following lemma from [BHE09,
BHE10]:

2It is of course possible to make the discussion more general by allowing estimators with
a specified bias gradient (not necessarily equal to zero), but here we concentrate on unbiased
estimators for simplicity.
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Lemma 2. Let range (U) denote the range space of the matrix of feasible directions
U. If the condition

range
(

UUT
)

⊆ range
(

UUTJUUT
)

(4.10)

holds, the covariance of any unbiased estimator for the point w0 ∈ W satisfies

Cov (ŵ0) � U
(

UTJU
)†

UT. Conversely, if the above condition does not hold,
there is no unbiased finite-variance estimator for w0.

All that is required now is to be able to specify at any point w0 ∈ W the matrix
U of feasible directions. Let supp(w0) = {i1, · · · , ik} denote the support set of
w0, i.e., the set of indices where the point w0 is non-zero. Following the same
arguments as in [BHE10] one may easily show the following:

• For points of maximal support, i.e., for points where card (w0) = κw, a matrix
Us of feasible directions consists of the subset of columns of the identity
matrix corresponding to the set supp(w0).

• For points of non-maximal support, i.e., for points where card (w0) < κw,
every direction of the identity matrix is a feasible direction, therefore U =
Ip×p.

The CRLB results concerning the model in (4.6) are summarized in the next theo-
rem:

Proposition 7. Consider the estimation problem in (4.6) with w0 ∈ W and assume
that (4.7) holds. For a finite-variance unbiased estimator to exist, the FIM for the
uncostrained problem must satisfy (4.10) whenever card (w0) < κw. Furthermore,
the covariance of any unbiased estimator for w0 ∈ W satisfies

Cov(ŵo) � Us

(

UT
s D∆DTUs

)−1
UT

s

when card (w0) = κw, and

Cov(ŵo) �
(

D∆DT
)−1

when card (w0) < κw.

(4.11)

Here, Us comprises the columns of Ip×p corresponding to supp(w0).

The condition in (4.10) ensures the existence of the inverses in (4.11), and note
that it is automatically satisfied when card (w0) = κw and (4.7) holds. We observe
here that the bounds in (4.11) are either identical to (i) the bounds that would
have been obtained had there been no constraints in the problem (this is the case
whenever w0 has non-maximal support), or (ii) the bounds for estimators with
oracle performance, i.e., the best achievable MSE obtained by estimators that have
perfect knowledge of the support set of the point to be estimated (whenever w0

has maximal support). This has also been observed to be the case for the simpler
linear model considered in [BHE10], but it is nice to see that it carries over for the
nonlinear model in (4.6).
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Remark 3. The above identifiability and CRLB results are also applicable when
one has fewer measurements than partworths (p > N), which could be the case when
p is very large, and/or choice-data collected from an individual are limited. In this
case, however, the condition in (4.10) cannot be satisfied when card (w0) < κw, as
matrix J becomes rank-deficient, and therefore maximal support in w0 becomes
critical to guarantee meaningful estimation.

Outlier-Contaminated model

It is convenient to work with the model in matrix form, which in this general case
becomes

y = sign(DTw + e + o) with card(w) ≤ κw, card(o) ≤ κo. (4.12)

This case is interesting because there are always more model unknowns than mea-
surements, so one expects sparsity to be the key which makes the problem meaning-
ful. Defining the concatenated matrix Q ,

[

DT IN×N

]

and following the reasoning
in the previous section, one may easily determine a sufficient condition for identi-
fiability of w and o expressed in terms of Spark(Q) and the cardinality bounds κw

and κo as

Spark(Q) > 2(κw + κo). (4.13)

The condition is not likely to be also necessary, in the sense that the bound in
(5.18) might actually be tighter than necessary. To get a feel on how restrictive
the condition in (5.18) is, note that generating D from a continuous distribution
yields a Spark(Q) = N + 1, almost surely. Thus, roughly speaking, assuming
that κw << κo (note that in the regime that we are focusing on, κw << p and
p < N), one may have–when matrix D is designed analogously–almost half the
measurements contaminated with outliers while still retaining identifiability.

Regarding the CRLB, the main difference for the model in (4.12) is that one al-
ways has more unknowns than measurement equations, therefore the unconstrained
FIM is expected to be singular in this case. Indeed, it follows readily from Section
4.3 that the unconstrained FIM is given by

J , QTΛQ, (4.14)

where Λ ∈ R
N×N is a positive diagonal matrix with elements

Λii =
1

2πσ2
exp

[

− (dT
i w + oi)

2

σ2

]

·
[

Φ−1

(

dT
i w + oi

σ

)

+ Φ−1

(

−dT
i w + oi

σ

)]

,

(4.15)

which is singular because Q is a fat matrix by construction.
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The results for the unbiased constrained CRLB are of similar flavor to the
previous ones given in Proposition 7. With a reasoning similar to that of Section
4.3 we associate to each point (w, o) a feasible subspace spanned by

U =

[

Us 0
0 Uo

]

(4.16)

where Us and Uo are produced by sampling the columns of the identity matrices
Ip×p and IN×N corresponding to supp(w) and supp(o), respectively. We are pri-
marily interested in the CRLB for the estimation of the partworth vector, which
can be expressed conveniently as shown in the next proposition.

Proposition 8. Consider the estimation problem in (4.12) and assume that (5.18)
holds. For a finite variance unbiased estimator to exist, the FIM for the uncon-
strained problem in (4.12) must satisfy the condition in (4.10) with matrix U de-
fined as in (4.16). The CRLB on the MSE of any unbiased estimator ŵ for point
w is given as follows

E||ŵ − w||22 ≥ Tr
(

UT
s DLDTUs

)−1
,

when card(w) = κw, card(o) = κo

E||ŵ − w||22 ≥ Tr
(

DLDT
)−1

,

when card(w) < κw, card(o) = κo

(4.17)

where L ∈ R
N×N is diagonal with Lii = Λii if oi = 0 and Lii = 0 if oi 6= 0. No

finite-variance unbiased estimator exists whenever card(o) < κo.

Proof. Suppose first that card(o) = κo and card(w) = κw. With J and U defined
in (4.14) and (4.16) respectively, observe that

UTJU =

[

UT
s DΛDTUs UT

s DΛUo

UT
o ΛDTUs UT

o ΛUo

]

, (4.18)

and note that the product in (4.18) is non-singular because of the identifiability
condition in (5.18) and because Λ ≻ 0. From Lemma 2, the CRLB for the point
(w, o) is given by the inverse of (4.18) multiplied by left and right with U and UT

respectively. Note that we are interested in obtaining the upper left p × p block of

U
(

UTJU
)−1

UT, which can be expressed explicitly using block-wise inversion on
(4.18), yielding (after straightforward manipulations) the bound

E||ŵ − w||22 ≥ Tr

(

UT
s D

√
Λ·

·
[

I −
√

ΛUo

(

UT
o ΛUo

)−1
UT

o

√
Λ
]√

ΛDTUs

)−1

.

(4.19)
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Defining L ,
√

Λ
[

I −
√

ΛUo

(

UT
o ΛUo

)−1
UT

o

√
Λ
]√

Λ essentially completes the

proof. The cases where card(w) < κw and/or card(o) < κo are proved by setting
Us = Ip×p and/or Uo = IN×N respectively, and noting that in case where Uo =
IN×N the product in (4.18) becomes singular.

4.4 ML consistency

Consider the estimation problem in (4.12) with unknown parameters (w0, o0). We
now show that the ML estimator proposed in (4.5) will be consistent for the vector
of partworths, assuming that the number of outlier-contaminated measurements
increases sublinearly with N . For the consistency proof, we assume that {di}N

i=1 are
samples from an underlying probability distribution and satisfy the identifiability
condition in (5.18).

Define the set T0 , supp (o0) and consider the normalized log-likelihood function

lN
wo(w, o) =

1

N

∑

i/∈T0

log Φ

(

yid
T
i w + yioi

σ

)

+
1

N

∑

i∈T0

log Φ

(

yid
T
i w + yioi

σ

)

.

(4.20)

In (4.5) we enforce that card (o) ≤ κo. Assuming that κo = |T0|, and that |T0| ∈
O
(

N1−ǫ
)

for any positive ǫ, as N → ∞ the law of large numbers implies

lim
N→∞

lN
wo(w, o)

p→ L0(w) = E
[

log Φ
(

ydTw/σ
)]

, (4.21)

where the expectation in (4.21) is taken with respect to y and d and the symbol
p→ denotes convergence in probabilty. By the well-known information inequality

[Kay93, pp. 211], L0(w) has a unique maximum at the true parameter w0, when
this is identifiable. Now, to claim consistency, i.e., to claim that ŵML converges
in probability to w0 as N → ∞, one also needs additional technical conditions to
hold. These are typically required to ensure that the limiting and maximization
operations in (4.21) and (4.5) can be interchanged. Sufficient conditions for the
maximum of the limit to be the limit of the maximum are that (i) the parame-
ter space is compact and (ii) the normalized log-likelihood converges uniformly in
probability to L0(w) as N → ∞ [NM86].

The condition (i) follows immediately, since the parameter space is closed and
bounded. To prove (ii), note that lN

wo(w, o) is continuous, therefore it suffices to
prove the existence of a bounding function for lN

wo(w, o) [NM86], i.e., a function
α(D, y) such that

|lN
wo(w, o)| ≤ α(D, y) for all points (w, o) . (4.22)

The existence of such a function α(D, y) along with the continuity of lN
wo(w, o)

implies that the normalized log-likelihood converges uniformly in probability to
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L0(w) as N → ∞, by the uniform law of large numbers [NM86]. To this end, note
that the derivative d log Φ(u)/du = ℓ(u) = dΦ(u)/Φ(u) is convex and tends to −u
as u → −∞ and to zero as u → ∞. Also, observe that the set W is a union of
subspaces, therefore it contains all points in the line segment between a given point
and the point (w, oi) = 0. Hence, a mean value expansion of log Φ(yid

T
i w + yioi)

around the point (w, oi) = 0 yields

| log Φ(yid
T
i w + yioi)| =

| log Φ(0) + ℓ(yid
T
i w′ + yio

′
i)
(

yid
T
i w + yioi

)

| ≤
| log Φ(0)| + ℓ(yid

T
i w′ + yio

′
i)|yid

T
i w + yioi| ≤

| log Φ(0)| + C(1 + |dT
i w′ + yio

′
i|)|yid

T
i w + yioi| ≤

| log Φ(0)| + C(1 + ||di||2||w′||2 + |o′
i|) (||di||2||w||2 + |oi|) ,

where (w′, o′
i) is some point in the line segment between (w, oi) and the zero-point

and C > 0 is a suitable constant. Since any point (w, oi) satisfies ||w||∞ ≤ Rw and
oi ≤ Ro we have that

|lN
wo(w, o)| ≤ | log Φ(0)|+

C

N

N
∑

i=1

[

1 +
Rw

√
κw

σ
||di||2 +

Ro

σ

] [

Rw
√

κw

σ
||di||2 +

Ro

σ

]

.
(4.23)

Defining the right hand side of (4.23) as α(D, y) proves the desired bounding con-
dition in (4.22).

Note that there are isolated cases where the ML estimator may still fail to be
consistent due to, for example, insufficient randomness in the data. An interesting
such case is when σ → 0 and o0 = 0. The ML estimator cannot be consistent in
this case and this is evident already from the CRLB: In fact, one can observe that
there is no finite variance unbiased estimator for the vector of partworths when
o0 = 0 and σ → 0. This is since lim

σ→0
∆ii is zero for all i ∈ {1, · · · , N}, and hence

in this noiseless case the FIM becomes singular. Indeed, one can make use of the
following well known bounds on Φ(u)

Φ(u) ≥ 1 − 1

2
exp

(

−u2/2
)

and

Φ(−u) ≥ 1√
2π

u

1 + u2
exp

(

−u2/2
)

, u > 0
(4.24)

to derive that (assuming that dT
i w > 0 without loss of generality)

lim
σ→0

∆ii ≤ lim
σ→0

1√
2πσ2

(

σ

dT
i w

+
dT

i w

σ

)

· exp

[

− (dT
i w)2

σ2
+

(dT
i w)2

2σ2

]

= 0.

(4.25)



96
CHAPTER 4. ROBUST CONJOINT ANALYSIS THROUGH ML

ESTIMATION

The intuition behind this noiseless case is interrelated to identifiability: if there
is a vector w consistent with all observations, any vector cw with c > 0 will be
consistent with the observations as well. Therefore, in the noiseless case there will
be ambiguities regarding the magnitude of the true partworth vector, not resolvable
by any algorithm not utilizing additional magnitude information. This is consistent
with the results of [JLB+12], in which the authors provide additional theory and
bounds regarding the reconstruction error of the vector w in this noiseless case.

4.5 Relaxed ML estimator

In principle, the ML estimation problem in (4.5) can be solved exactly by enumerat-
ing all possible sparsity patterns for (w, o), and for each sparsity pattern solving a
convex optimization problem. Unfortunately however, this direct enumeration ap-
proach is often computationally intractable. Instead, one may formulate a tractable
approximation to (4.5) by replacing the cardinality constraints in (4.5b) with con-
vex ℓ1-norm constraints. This is motivated since the ℓ1-norm is the tightest convex
relaxation of the cardinality function [BV04]. Such a replacement yields the convex
optimization problem

maximize
w,o

lwo (w, o) (4.26a)

subject to: ||w||1 ≤ κw, ||o||1 ≤ κo (4.26b)

which can be solved efficiently, using, e.g., modern interior point methods [BV04].
The box-constraints can also be dropped when moving from (4.5) to (4.26), since
the relaxed ML program (4.26) always has a maximizer. Further, a more compact
way of expressing the relaxed ML estimator is

minimize
w,o

φ(w, o) = −lwo (w, o) + λw||w||1 + λo||o||1 (4.27)

since (4.26) and (4.27) can be shown to be equivalent for a suitable choice of the
regularization parameters λw and λo. These control the trade-off between the value
of lwo (w, o) and the number of non-zero elements of w and o respectively.

Proposition 9. The minimizer of φ(w, o) may be viewed as a maximum a-posteriori
probability (MAP) estimate of w and o, under the assumption that both w and o
are random with a Laplacian prior and w, o and e are jointly independent. MAP
estimation is very commonly used in statistics [Kay93].

The rest of the section is devoted to briefly discussing the choice of the regular-
ization parameters λw and λo in practice. These parameters are most often tuned
in a heuristic fashion: One starts from a suitable initial point

(

λi
w, λi

o

)

and iterates
until the desired sparsity / fit trade-off is achieved. Some assistance may be drawn
from the following proposition.



4.6. DISTRIBUTED CHOICE-BASED CA 97

Proposition 10. The point (w⋆, o⋆) = 0 is optimal for problem (4.27) if and only
if λw ≥ ||∇wlwo (0) ||∞ and λo ≥ ||∇olwo (0) ||∞, where ∇wlwo (0) and ∇olwo (0)
denote the gradients of lwo (w, o) with respect to w and o respectively, evaluated at
(w, o) = 0.

The proof follows directly from subdifferential calculus and is omitted for brevity.
Therefore, for λw ≥ λmax

w = ||∇wlwo (0) ||∞ and λo ≥ λmax
o = ||∇olwo (0) ||∞, the

minimization in (4.27) yields the sparsest possible pair (w, o), the zero vector. A
reasonable heuristic approach to tune the parameters is to initialize by choosing
λw = λmax

w /2 and λo = λmax
o /2, and adjust to achieve the desired sparsity / fit

trade-off. Devising systematic methods on how to choose the penalty parameters
is an important topic on its own which deserves further investigation.

4.6 Distributed choice-based CA

Although the relaxed ML formulation in (4.27) is a convex optimization problem in
standard form (and therefore solvable by polynomial time algorithms), it is often
of interest to solve it in a distributed fashion. This is because in applications
of interest, data are often stored (or collected) in a distributed manner, simply
because individuals are not collocated, or due to limited storage, complexity, or
even confidentiality constraints. Even if data {yi, di}N

i=1 are centrally available,
often the number N of observed samples is extremely large, and standard interior
point methods cannot handle efficiently the optimization in (4.27).

Interestingly, the structure of (4.27) lends itself naturally to distributed imple-
mentation via the ADMM algorithm, which is especially well-suited for parallel
processing [BPC+10]. The algorithm alternates between optimizing different vari-
ables in the augmented Lagrangian function.

If we assume that the observed data are partitioned into M blocks {Ni}M
i=1,

then the goal is to split the objective function of (4.27) into M terms, and let each
term to be handled by its individual processing unit (such as a thread or processor).
To ensure the scalability properties of the algorithm, it is convenient to define the
(convex) function gi : Rp → R as

gi(w) ,
∑

j∈Ni

inf
oj

[

− log Φ

(

yjdT
j w + yjoj

σ

)

+ λo|oj |
]

. (4.28)

Introducing M local auxiliary variable vectors wi ∈ R
p and the global variable

z ∈ R
p, one can equivalently write problem (4.27) in its consensus form [BPC+10]

minimize
{wi}M

i=1
,z

M
∑

i=1

gi(wi) + λw||z||1 (4.29a)

subject to: wi − z = 0, i = 1, · · · , M. (4.29b)
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Problem (4.29) is called the global consensus problem, owing to the consensus
constraint [in (5.13b)] which enforces all the local variables to be equal. The op-
timization problem in (4.29) can be solved by applying the generic global variable
consensus ADMM algorithm described in [BPC+10, Ch. 7]. The derivation of the
distributed algorithm follows easily from the theory in [BPC+10, Ch. 7]; therefore,
here we only present and explain the basic steps of the distributed algorithm. Upon
defining the dual variables ui ∈ R

p and a fixed parameter ρ > 0 (often called the
penalty parameter), each iteration of the algorithm comprises the following three
main updates (k below denotes the iteration index):

wi
k+1 := arg min

wi

gi(wi) + (ρ/2)||wi − zk + uk
i ||22 (4.30a)

zk+1 := arg min
z

λw ||z||1 + (Mρ/2)||z − wk+1 − uk||22 (4.30b)

uk+1
i := uk

i + wk+1
i − zk+1. (4.30c)

The step in (4.30a) can be carried out in parallel for each data block. The second
step requires gathering the vectors {wi

k+1}M
i=1 and {ui

k}M
i=1 to form their averages,

which are denoted as wk+1 and uk, respectively. Note that the objective in (4.30b)
is fully separable in the global variable z, therefore the minimization can be carried
out component-wise. In this case, a scalar zi-update is

zk+1
i := arg min

zi

(

λw|zi| +
Mρ

2
(zi − wk+1

i − uk
i )2

)

, (4.31)

which admits a simple closed form solution. Explicitly, the solution of (4.31) is
zi = S λw

Mρ

(

wk+1
i + uk

i

)

, where S is the so-called soft thresholding operator defined

as Sκ (α) , α max {1 − κ/|α|, 0} [BPC+10]. Thus, each iteration of the ADMM
algorithm requires a gather and a broadcast operation: after the optimization in
(4.30a), each node needs to communicate wk+1

i ∈ R
p along with uk

i ∈ R
p to the cen-

tralizer. The centralizer then gathers these variables, forms the necessary averages,
updates the global variable zk+1 ∈ R

p, and broadcasts this updated global variable
to the nodes. Note that the algorithm is scalable with respect to N , because outlier
processing is strictly restricted to the individual nodes – outlier variables need not
be shared for convergence. Overall, observe that the iterations produce an algo-
rithm which is not only distributed, but also decentralized: A node does not need
access to the individual data of another–only the consensus variable zk+1 is needed
to be shared for convergence. Such decentralized solutions might be preferable from
centralized ones for many reasons, even for modestly sized datasets (for example,
due to the confidentiality requirements).

Following a random initialization, the iterations in (4.30) are guaranteed to
converge to an optimal point for (4.29) as k → ∞. In practice, although ADMM
can be very slow to converge to high accuracy, it usually converges to modest
accuracy within a few tens of iterations [BPC+10]. Thankfully, our simulation
examples indicate that modest accuracy is sufficient in this context, motivating the
practical use of this algorithm.
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4.7 Numerical results

Estimation performance compared to the CRLB

Outlier-free measurements

In this part, we explore the MSE performance of two different ML estimator (MLE)
variants, in the case where outliers are not present in the data. Profile differences
di were generated as i.i.d Gaussian vectors drawn from N (0, I), each comprising
p = 20 elements. The unknown vector w0 was generated (sparse) i.i.d. Gaussian
with NZ = 3 non-zero elements drawn from N (0, 1). The MSE of both variants
was evaluated using MC = 300 Monte Carlo trials. For each trial, binary data were
generated according to the model in (4.6). The additive noise ei in the responses
was assumed i.i.d. drawn from N (0, 1). The particular MLE variants chosen here
are (α) a sparsity-agnostic ML estimator (MLE-SAG), which assumes that o = 0
and ignores sparsity on w0, and (β) a sparsity-aware MLE (MLE-SAW) which
assumes that o = 0 and also knows that w0 is NZ-sparse. To implement the
MLE-SAW, instead of solving (4.5) directly by setting o = 0 and enumerating all
possible sparsity patterns for w, we obtain the estimate for the partworth vector
through relaxation. In particular, we first (i) solve the problem in (4.27) with
o = 0 to obtain a plausible sparsity pattern for w, and then (ii) we re-solve the
problem having the sparsity pattern in w fixed. For carrying out (i) we choose
λw = 0.1λmax, where λmax , ||∇wlw(0)||∞, and retain the NZ largest elements as
a plausible non-zero pattern.

The (Root)-MSE results are depicted in Fig. 4.1, where two additional CRLB
curves are plotted as functions of the number of samples N . CRLB-PS is the
CRLB of any unbiased estimator utilizing the knowledge that w0 is NZ-sparse,
while CRLB-NPS is the CRLB of any unbiased estimator not utilizing the infor-
mation that w0 is NZ-sparse. Observe the difference in the best achievable error
performance, to get a feel on how sparsity in w0 can affect the expected estimation
accuracy. One expects that the effect of the prior information regarding partworth
sparsity on the best achievable MSE performance will diminish as N grows, and
that the two CRLB curves will meet at some point, but we see that the rate of
which this happens can actually be rather slow. Both estimators (and MLE-SAW
in particular) operate close to their respective CRLBs, which is intuitively satis-
fying. The price paid by the estimator which does not account for sparsity in the
pathworth vector is evident from the figure.

Outlier-contaminated measurements

Next, the case where outliers are also present in the responses is examined. In this
experiment we consider an outlier percentage of 1% [outliers correspond to (uniform
at random) sign changes]. Other than the outlier addition in the responses, we use
the exact same setup as in the outlier-free case, to evaluate the MSE performance of
our sparsity-aware ML formulation (MLE-OD) in (4.27) against the CRLB, and also
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Figure 4.1: RMSE comparison of the different MLE variants against their respec-
tive CRLBs for different sample sizes N . The MLE which accounts for partworth
sparsity was implemented using the two-step procedure described in the text.

the performance of the SVM partworth estimator proposed in [MG11] (CA SVM),
as this is another related method which deals explicitly with outliers. While both
estimators know exactly the degree of outlier and partworth sparsity, for the SVM
estimator of [MG11] we assume in addition exact knowledge of the outlier support,
i.e., we provide the SVM with perfect knowledge of the outlying data points in
every trial (thus eliminating the need to tune the regularization parameter for the
SVM as far as outliers are concerned). To account for the sparsity in w0, the ℓ1-
norm regularized counterpart of the SVM of [MG11] was used [see in particular
[MG11, Eq. (6)] and ensuing discussion]. The ℓ1 regularization parameter for w
was tuned in every trial using a five point equispaced grid (λw ∈ [1, 5]) so as to
yield the closest to NZ-sparsity level in the estimate ŵ. Upon obtaining a plausible
sparsity pattern for w, we re-solve the SVM problem having the sparsity pattern
fixed. On the other hand, MLE-OD was implemented by first (i) solving (4.27)
using λw = 0.1||∇wlwo(0, 0)||∞ and λo = 0.1||∇olwo(0, 0)||∞ to obtain a plausible
sparsity pattern for (w, o) (by retaining the NZ and 0.01N largest elements in
w and o as non-zeros, respectively), and (ii) re-solving the problem having the
sparsity pattern in (w, o) fixed.

The Root-MSE results are plotted in Fig. 4.2, as a function of the number of
measurements. Observe that MLE-OD, which makes full use of the model where
data are generated from, operates closer to the CRLB than CA SVM. The outlier-
detection performance of the method is also reported in the figure text, measuring
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Figure 4.2: RMSE comparison of the MLE versus the SVM estimator from [MG11]
and the CRLB for different number of samples N , when outliers are present in the
data [outlier percentage 1%]. Both the MLE and the SVM were implemented using
the two-step procedure described in the text. Mean outlier efficiency of MLE-OD
was found 99.2%, 95.7%, 96.3%, 93.7%, 94.2% for N = 500, 1000, 1500, 2000, 3000
samples, respectively.

the average percentage of detected outliers (total number of outliers detected di-
vided by the total number of outliers present) for different N . As it turns out,
for this set of trials the method seems to exhibit consistently an outlier-detection
performance of at least 93%. The method has outlier-misses, but these missed
outliers seem to be relatively harmless to the estimation acuracy, as implied by
the RMSE performance in Fig. 4.2. Note that CA SVM (provided with perfect
outlier knowledge) identified the correct support of the partworth vector with an
accuracy of 100% – still however, we see from Fig. 4.2 that its performance is lim-
ited by the model mismatch. The performance of an outlier-agnostic MLE variant
(MLE-NOD)–an MLE variant which ignores the presence of outlying data points
but still accounts for sparsity in w–is also included. Observe how important the log-
likelihood robustification can be in practice; the outlier-agnostic MLE essentially
breaks down even from few badly corrupted data points.

Additional comparisons with other SVM variants

In this section we compare our distributed implementation in (4.30) against a par-
ticular SVM variant inspired by [EBZ05]. The loss function associated with this
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variant is the so-called hinge loss, which yields the tightest convex relaxation of the
classifier that attempts to minimize the number of misclassifications. The hinge
loss is inherently robust against sparse outliers [EBZ05], and this is the reason why
the comparison with this variant is also important. We use both synthetic and real
data coming from a conjoint choice experiment for coffee makers. In the compar-
isons we always include the SVM variant proposed in [MG11], whose performance
has been shown to be very competitive (and even superior) to that of [EBZ05].

Synthetic data

The metric chosen for the comparison here is the Normalized Mean Squared Error
(NMSE) between the estimated and “true” partworths, i.e., the MSE after part-
worths have been normalized in (ℓ2-norm) magnitude. Normalized metrics are use-
ful in some CA studies, especially when data are limited; similar metrics were also
adopted in [EBZ05, MG11]. The performance of the three methods was estimated
using MC = 50 Monte Carlo trials. For each trial, product profiles were generated
as i.i.d Gaussian vectors, each comprising p = 20 attributes/features. For each
trial we constructed N = 500 choice questions, by constructing vector differences
randomly among the generated profiles. We considered two different settings: (i)
one where all N = 500 choice questions were used for the purpose of estimation,
and (ii) a reduced-size (questionnaire) setting, where 50 choice questions were ran-
domly drawn from this complete set of 500. Choice data were generated according
to model (4.3). We experimented using two different outlier percentages in the
responses, 4% and 10% (outliers correspond to sign change in yi). The unknown
partworth vector was assumed sparse (NZ = 3 non-zero entries) i.i.d. Gaussian.

To account for sparsity in the partworths, the ℓ1-norm regularized counterparts
of the SVMs proposed in [EBZ05] (abbreviated here as L1-SVM) and [MG11] (abre-
viated here as CA SVM) were used. For our distributed ML estimator we assumed
M = 5 clusters of data of equal size, and a penalty parameter ρ = 1. For the
ADMM, variables z and {ui}M

i=1 were always initialized from zero. For the purpose
of illustration, we demonstrate in Fig. 4.3 the objective suboptimality [the distance
from the optimal value of (4.27)] of the distributed algorithm versus iterations for
different values of penalty parameter ρ. This is for a typical problem instance with
50 choice questions, M = 5 and 4% outliers, where one can see that the algorithm
converges in sufficient accuracy (on the order of 10−3) in at most 60-70 iterations,
depending on the value of the penalty parameter ρ. In this particular example
one observes better convergence behavior for ρ = 1, but this in general depends
on the particular data instance generated. We assume that the degree of sparsity
in both w and o is known by all estimators, allowing to tune the parameters in
every trial, using a grid and picking the values that yield sparsity levels closer to
those known by the estimators. Proposition 1 was used to construct a grid for the
MLE, with points equally spaced within the box [0, 5λmax

w ] × [0, 5λmax
o ] (10 values

in each dimension). For the CA SVM 10 equispaced points for each one of the two
parameters were used (from 1 to 10 for each parameter). For L1-SVM, 10 equis-
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Figure 4.3: Objective suboptimality of distributed MLE in (4.30) versus iteration
for a typical sample run with M = 5, 50 choice questions and 4% outliers, for
different values of penalty parameter ρ.

paced points (from 1 to 10) were used for its single partworth sparsity parameter.
For every method, upon obtaining the best sparsity pattern for (w, o), the problem
was re-solved using an interior point method, having the sparsity pattern fixed.

The results of the comparison are reported in Table 1. Note that these are just
reference illustrations: the performance of every method considered can perhaps
be further improved by allowing more careful tuning, using denser grids and/or
perhaps manual work. It is however evident from the trials that the methods which
explicitly account for outliers in the responses perform better than those who do
not, and that they exhibit highly competitive performance for all practical purposes,
as far as NMSE is concerned. The ML estimator is slightly superior, stemming from
better use of the statistical model used for data generation. The L1-SVM appears
to be consistently inferior than the other two methods, although its performance in
the reduced-sized questionnaire with a small percentage of outliers is competitive
as well.

Real data

In a similar comparison, we now use a real dataset where consumer responses might
violate our modeling assumptions. We briefly describe the general setup; all details
can be found in [SRH04, Ch. 13.6].

Hypothetical coffee makers were defined using the following five attributes:

- [Brand] brand-name (Phillips, Braun, Moulinex)
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Outliers Questions L1-SVM SVM[MG11] Proposed (4.30)

4% 50 0.0934 0.0450 0.0115
4% 500 0.0059 0.0007 0.0006
10% 50 0.1584 0.1447 0.0620
10% 500 0.0328 0.0021 0.0015

Table 4.1: NMSE comparison of the three methods: L1-SVM, CA SVM from
[MG11], and the proposed method (4.30). The method that yields lower NMSE is
marked with bold.

- [Capacity] number of cups (6, 10, 15)

- [Price] price in Dutch Guilders f: (39, 69, 99)

- [Thermos] presence of a thermos flask (yes, no)

- [Filter] presence of a special filter (yes, no)

A total of sixteen profiles were constructed from combinations of the levels of these
attributes using an incomplete design [SRH04]. These sixteen profiles are repre-
sented mathematically as vectors in R

7 (with three binary entries describing the
brand of the product). In the choice experiment, respondents were asked to make
choices out of sets of three profiles, each set containing the same base alternative
[SRH04]. Therefore, each choice expresses two strict preferences between different
coffee makers. In total, 185 respondents were recruited in the experiment and each
one provided data for 16 choices. Links for the actual dataset used in this part can
be found in [SRH04].

For all three estimators, our metric in this case was the predictive performance,
or the “hit-rate” of each method, which we assessed by reserving the last out of the
16 choices for each individual and testing how often the estimated utility functions
predict the correct winning product. A different partworth vector was assumed
for each individual, which was estimated based on his/her choices alone. The
parameters (σ, λw , λo) for the MLE were tuned using a grid in each dimension
(four equispaced points for σ ∈ [0.1, 1], five points for λw ∈ [1, 5], and five points
for λo ∈ [1, 5]), and picking the values for which the predictive performance was
maximized. This performance was assessed from the (first fifteen) choices using
the leave-one-out error approach of [EBZ05]. The choice of the parameters for the
SVMs was carried out in a similar fashion, using the same grids as above for each
associated parameter.

The observed classification performance was found very competitive for the
MLE and CA SVM, ≈ 95% for the MLE (176/185) and ≈ 94% for the CA SVM
(174/185). The L1-SVM resulted in lower classification accuracy ≈ 92% (171/185),
suggesting that careful outlier modeling can have considerable implications in pre-
dictions as well.
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Appendix: Derivation of the unconstrained CRLB for (4.6)

The gradient and hessian of lw(w) are respectively (assuming that σ = 1 for sim-
plicity)

• ∇lw(w) =

N
∑

i=1

yi/
√

2π

Φ
(

yidT
i w
) exp

[

− (dT
i w)2

2

]

di and

• ∇2lw(w) =

N
∑

i=1

yi/
√

2π

Φ
(

yidT
i w
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− (dT
i w)2

2

]

(dT
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+
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∑
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T
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Upon defining the matrix D = [d1 · · · dN ] ∈ R
p×N , observe that the hessian of

lw(w) can be written as ∇2lw = DMDT, where M ∈ R
N×N is a diagonal matrix

with elements

Mii =
yi/

√
2π

Φ
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yidT
i w
) exp
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− (dT
i w)2
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]

(dT
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)2 exp

[
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i w)2

]

. (4.32)

The probability density function for the yi is

yi ∼
{

− 1, with probability Φ
(

−dT
i w
)

+ 1, with probability Φ
(

dT
i w
) (4.33)

Note that the so-called regularity condition [Kay93] on the log-likelihood is satisfied
because

E {∇lw(w)} = −
N
∑

i=1

E

{
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(

yidT
i w
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}

exp
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i w)2

2

]

di = 0, (4.34)

therefore the CRLB for the unconstrained problem holds. The (unconstrained)
FIM is the expected value of the ∇2lw with respect to {yi}N

i=1, hence, it suffices to
compute the expected value of each entry of the diagonal matrix M. We get

∆ii = E {Mii} = E

{

1/2π

Φ
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i w
)2 exp
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(
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)

+ Φ−1
(

−dT
i w
)]

,

(4.35)

and thereby proving the expression given in (4.8).





Chapter 5

Extensions to generalized linear
models (GLMs)

In this chapter we argue that the modeling of explicitly including outlier vari-
ables (one per measurement) has greater intellectual merits and potential impact
than preference measurement. We first explain in Section 5.1 how related ideas
from Chapter 4 can be put in the context of generalized linear regression and
discuss connections with robust estimation. We then exploit this connection to
propose distributed approaches using ADMM and online streaming solutions based
on stochastic optimization. In Section 5.2, we focus on the linear regression model
with deterministic gross errors and provide a classical signal processing treatment,
presenting identifiability and oracle CRLB results. In Section 5.3, we present a
convergence analysis of the Huber estimator for the linear regression model in the
presence of possibly dense, deterministic or random gross errors. The result we
establish in Section 5.3 is that as long are these gross errors are not malicious, the
simple Huber regression estimate converges to the true model parameter with the
same rate as the one dictated by the oracle CRLB.

5.1 Robust distributed/online learning in GLMs

Generalized linear models [NW72] have been widely used in statistics for over 30
years. As implied by the name, the term “generalized” stands for a generalization
of linear regression to cases where the observed data are non-normally distributed.
Typical examples of GLMs are, along with linear regression, probit, logistic and
Poisson regression.

In the simplest case of linear regression the associated analytic technique for ML
estimation of the model parameters is least squares, while ML estimation in probit,
logistic and Poisson models amounts to optimizing the so-called probit, logistic and
Poisson loss functions, respectively. In any case, ML estimation boils down to a
convex optimization problem [BV04].

107
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Although the estimation of the GLM parameters is computationally tractable,
there are still major challenges associated with modern data collection. First and
foremost, observations are often contaminated with data points that violate the
postulated model (outliers). Outliers are often sparse, still though, they can severely
compromise the ML estimator’s accuracy. Consider for example the simple linear
regression model in which measurements are collected as yi = dT

i ω0 + ei, i =
1, · · · , N for which the sequence {di}N

i=1 ∈ R
p is known, ω0 ∈ R

p is the parameter of
interest, and {ei}N

i=1 are i.i.d Gaussian noise variables with ei ∼ N (0, σ2). In order
to find a suitable estimate for ω0, the standard least squares approach minimizes

the sum of squares of the residuals, i.e., ω̂LS , argmin
ω

N
∑

i=1

(

yi − dT
i ω
)2

. This

coincides with the ML estimator, when the noise is indeed i.i.d Gaussian, however,
even if a very limited number of observations does not follow the assumed Gaussian
density, the least squares estimate can be very far away from the true value. The
issue of robustness against outliers has been widely studied in the context of linear
regression, and it has a long history in robust statistics [Hub81].

Fuchs [Fuc99] proposed to explicitly model outliers {oi}N
i=1 as sparse auxiliary

variables in the linear regression model, and then regularize the ML estimator with
their ℓ1-norm as a viable method to detect them. The resulting ℓ1-regularized ML
variant

minimize
ω,o

N
∑

i=1

(yi − dT
i ω − oi)

2 + λ

N
∑

i=1

|oi|, (5.1)

has been proven to be equivalent to the Huber M-estimator [Fuc99]. Parameter
λ > 0 is a regularization parameter which controls the number of outliers rejected
by the method.

The authors in [GMF+11], advocated the idea of including a sparse auxiliary
vector to account for outliers (one outlier variable per measurement), as a universal
model robustification strategy. Herein we investigate this strategy in particular for
GLMs. By optimizing analytically with respect to the outlier variables in the ML
objective function, we demonstrate explicitly the equivalent ‘Huberized’ ML metrics
for the cases of probit, logistic and Poisson regression. The equivalences we establish
have also a number of interesting ramifications, as explained next.

The second major issue with modern data collection is that it is large-scale:
datasets in applications are often very large, consisting of hundreds of millions of
observations, which may in addition be stored or even collected in a distributed
manner. Besides the large-scale datasets of many applications, it is often the case
that inference has to be done on-line, i.e., by the time each new piece of data
is made avalable. Thus, one requires low-complexity solutions, i.e., algorithms
which can run in simple on-line and/or distributed fashion. In this direction we
leave two contributions. First, we discuss distributed solutions based on ADMM,
where the equivalence with the ‘Huberized’ ML metrics is used to show that the
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resulting algorithms are scalable with the number of datapoints. 1 Second, we
discuss simple on-line algorithms based on the concept of stochastic subgradient
[Pre95]. These operate in time linear with respect to the number of samples, and
most importantly, update the model parameters sequentially each time a new piece
of data is made available.

Outlier-aware GLMs and associated robust (‘Huberized’) ML
metrics

The proposed general outlier-aware ML optimization problem arising in GL regres-
sion can be described as follows:

minimize
ω,o

−
N
∑

i=1

f (ω, oi) + λ

N
∑

i=1

|oi|, (5.2)

where f is the ML metric (different in linear, probit, logistic, Poisson regression),
oi is the outlier variable associated with sample i, and λ > 0 is the regularization
parameter that controls the number of outliers rejected. Note that the joint estima-
tion problem of ω and o is always ill-posed; and statistical identifiability is achieved
by imposing sparsity requirements on the outlier parameter vector. Therefore, reg-
ularizing the robust ML objective with ||o||1 is essentially what makes estimation
possible and avoids over-fitting.

Next, we present the robustification strategy explicitly for probit, logistic and
Poisson regression, and derive explicitly the associated robust ML metrics.

Robust probit regression

Consider the probit model yi = sign(dT
i ω +oi +ei) where {ei}N

i=1 are i.i.d Gaussian
with ei ∼ N (0, 1). The associated ML metric for (ω, o) arises by replacing function
f in (5.2) with

f(ω, oi) , log Φ(yid
T
i ω + oi), (5.3)

where yi ∈ {±1} and Φ(·) is the cumulative distribution function of the standard
Gaussian density. Observe that (5.2) is a separable optimization problem with re-
spect to the variables oi, and consider the following inner (per-sample) optimization
problem

minimize
oi

li(ω, oi) := − log Φ(yid
T
i ω + oi) + λ|oi|. (5.4)

Function Φ(u) is strictly increasing in u and | · | absorbs the sign, therefore the
optimal o⋆

i in (5.4) has to be non-negative. The optimal o⋆
i will be zero if and only

if the subdifferential [Pre95] at o⋆
i = 0 contains zero. Therefore, o⋆

i = 0 ⇔ yid
T
i ω ≥

1The idea is similar to that of Chapter 4, but here we work explicitly with the emerging robust
ML metrics. Further, as we shall see next, no sparsity assumptions are made on ω, which avoids
the need for a proximal step in the ADMM algorithm [BPC+10].
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γ⋆(1/λ), where γ⋆(1/λ) is the solution to the equation
exp (−u2)√

2πΦ(u)
=

1

λ
. The solution

is unique, since the function on the left hand side of the above equation is one-to-one.
On the other hand, o⋆

i > 0 if and only if the gradient of (5.4) at o⋆
i > 0 vanishes i.e.,

o⋆
i = −yid

T
i ω +γ⋆(1/λ). Plugging the optimal o⋆

i back to (5.4), yields the following
robust (non-smooth) convex metric for probit regression, lR

i (ω) = inf
oi

li(ω, oi) =

=

{

− log Φ(yid
T
i ω), if yid

T
i ω ≥ γ⋆(1/λ)

− log Φ(γ⋆(1/λ)) + λ(γ⋆(1/λ) − yid
T
i ω), otherwise

(5.5)

The intuition is that values yid
T
i ω below a certain threshold (those who are deemed

as outliers) are going to be penalized linearly by the estimator, rather than quadrat-
ically (one can easily show that function − log Φ(u) increases quadratically as
u → −∞). The robust metric versus the usual probit regression metric is plot-
ted in Fig. 5.1.
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Figure 5.1: Robust vs plain ML metric in probit regression. Observe the transition
to a linear penalty after the point demonstrated by the ellipse.

Robust logistic regression

The logistic model is closely related to the probit model, in that the error variables
follow the logistic distribution, instead of the normal distribution. One way to
represent the logistic model is to assume that one observes yi = 1 if y⋆

i = dT
i ω+vi >

0, or otherwise observes yi = 0. The difference here is that the error variable vi in
the regression is distributed according to the standard logistic distribution L(0, 1)
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[Kay93], which has heavier tails than the normal. For this reason, one expects the
logistic model to be less sensitive to outlying data than the probit model. What
will be the effect of outlier modeling for the logistic model?

Incorporating outliers explicitly in the ML metric leads to the following cost
function

f(ω, oi) , yi log g(dT
i ω + oi)+

(1 − yi) log
[

1 − g(dT
i ω + oi)

]

,
(5.6)

where yi ∈ {0, 1} and g is the so-called logistic function g(u) , 1/1 + e−u. Con-
sidering first the case where yi = 1, and noting that the problem is again separable
with respect to the oi’s, we have

minimize
oi

li(ω, oi) := − log g(dT
i ω + oi) + λ|oi|. (5.7)

The optimal o⋆
i = 0 if and only if the subdifferential of (5.7) at o⋆

i = 0 contains
zero. Therefore, after straightforward manipulations, we compute that o⋆

i = 0 ⇔
g(dT

i ω) ≤ λ. This implies that if λ ≥ 1 the optimal o⋆
i = 0, or, when λ < 1,

o⋆
i = 0 ⇔ dT

i ω ≥ log( 1
λ − 1). For o⋆

i < 0 to be optimal (obviously the optimal o⋆
i

cannot be positive), we need the gradient of (5.7) to vanish: this happens when

λ < 1 and exp (dT
i ω + o⋆

i ) =
1

λ
− 1 ⇔ o⋆

i = dT
i ω − log(

1

λ
− 1). Putting these

together and plugging the optimal o⋆
i back to (5.7), we obtain the following (non-

smooth) convex robust metric for logistic regression [this is when yi = 1–the
case where yi = 0 is similar (actually, symmetrical) and is omitted for brevity]:
lR
i (ω) = inf

oi

li(ω, oi) =

=

{

log g(dT
i ω), if

{

dT
i ω ≥ log(1/λ − 1), λ < 1

}

∪ {λ ≥ 1}
log [1/(1 − λ)] + λ(dT

i ω − log(1/λ − 1)), otherwise
(5.8)

Robust poisson regression

Despite its similarity with logistic regression, we briefly illustrate now the robust
metric in the Poisson regression case for completeness. Incorporating outliers ex-
plicitly in the plain ML metric leads to the following cost function

f(ω, oi) , yi log(dT
i ω + oi) − (dT

i ω + oi), (5.9)

where yi ∈ N
⋆ and we have the implicit constraints that dT

i ω > 0 and dT
i ω +oi > 0

(being this the mean of the Poisson distribution). The corresponding per outlier
optimization problem is

minimize
oi

li(ω, oi) := −yi log(dT
i ω + oi) + (dT

i ω + oi) + λ|oi|. (5.10)

Supposing first that λ < 1, then, point o⋆
i = 0 is the minimizer of (5.10) if and

only if the subdifferential of (5.10) contains zero, i.e., if and only if (1 − λ)/yi ≤
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1/dT
i ω ≤ (1 + λ)/yi. Point o⋆

i > 0 is optimal if and only if the gradient at o⋆
i > 0

vanishes ⇔ o⋆
i = yi/(1 + λ) − dT

i ω. Respectively, o⋆
i < 0 is optimal if and only if

o⋆
i = yi/(1 − λ) − dT

i ω. On the other hand, when λ ≥ 1, o⋆
i cannot be negative (it

is impossible to satisfy the associated gradient condition). Putting these together
and plugging the optimal o⋆

i back to (5.10), we get the (non-smooth) convex robust
metric for Poisson regression (supposing λ < 1) as lR

i (ω) = inf
oi

li(ω, oi)

=























− yi log(dT
i ω) + dT

i ω,

if (1 − λ)/yi ≤ 1/dT
i ω ≤ (1 + λ)/yi

yi/(1 + λ) − dT
i ω, if 1/dT

i ω > (1 + λ)/yi

yi/(1 − λ) − dT
i ω, otherwise

(5.11)

Remark: It should be obvious that robustification is highly important in the probit
regression case due to the Gaussianity of the model, it is however evident that all
models gain in robustness.

Distributed solutions based on ADMM

When attempting to solve (5.2) in a distributed fashion, the core requirement is
scalability: the nodes have to avoid outlier-variable communication. This can be
accomplished exploiting the equivalences with the robust ML metrics described in
the previous section. This equivalence yields solutions that are not only distributed,
but also decentralized– in the sense that the nodes need not share neither their
outliers, nor their private datasets to reach consensus to optimality. Recall from
Chapter 4 that such solution strategies are of interest for two reasons: First, large-
scale datasets are often gathered in a distributed fashion, and second, a node’s
dataset can be confidential. For the actual proposed distributed solution to (5.2)
we use again the ADMM algorithm [BPC+10].

Starting with the actual optimization problem in (5.2), and solving with respect
to the outliers analytically, we obtain the following equivalent problem

minimize
ω

N
∑

i=1

lR
i (ω). (5.12)

Observe that the objective is additive with respect to the observations, and there is
a single global variable ω ∈ R

p. In this case, we assume that p is modest, while N
can be extremely large. Therefore, if there are M subsystems, the goal is to split
the objective into M parts, and give each part to be handled by its own subsystem.
The first step is to write equivalently (5.12) in its consensus form [BPC+10],



5.1. ROBUST DISTRIBUTED/ONLINE LEARNING IN GLMS 113

introducing local copies {ωi}M
i=1 and the auxiliary global variable z ∈ R

p,

minimize
{ωi}M

i=1
,z

M
∑

i=1

∑

j∈Ni

lR
j (ωi) (5.13a)

subject to: ωi − z = 0, i = 1, · · · , M. (5.13b)

The optimization problem in (5.13) can be solved by applying the generic global
variable consensus ADMM algorithm described in [BPC+10, Ch. 7]. The basic
steps of the distributed algorithm are described next. The main difference of (5.13)
from the consensus form presented in Chapter 4 [Eq. (4.29)], is that here there is no
regularization penalty on the global variable z (no sparsity constraints on ω), which
will result in no proximal step in the ADMM algorithm (read: the gather operation
is expected to be very simple, and can be implemented in a fully decentralized
fashion, see, e.g., [Tsi84] 2). Upon defining the dual variables ui ∈ R

p and the
penalty parameter ρ > 0, each iteration of the algorithm comprises the following
three main updates (k below denotes the iteration index):

ωi
k+1 := arg min

ωi

∑

j∈Ni

lR
j (ωi) + ukT

i (ωi − zk) +
ρ

2
||ωi − zk||22 (5.14a)

zk+1 :=
1

M

M
∑

i=1

(

ω
k+1
i + (1/ρ)uk

i

)

(5.14b)

uk+1
i := uk

i + ρ
(

ω
k+1
i − zk+1

)

.

Thus, each node i has to solve (5.14a) to update its local primal variable. In the
second step the vectors {ωi

k+1}M
i=1 and {ui

k}M
i=1 are gathered (either using an

explicit central collector or via distributed avergaging [XB04]), to form the sum in
(5.14b). Right after, the global variable zk+1 ∈ R

p is updated and broadcasted
back to the nodes, which they subsequently update their dual variables ui, and so
on. This simple algorithm is expected to converge to modest accuracy within a
few tens of iterations [BPC+10]. Modest accuracy is sufficient in a broad range of
applications in this context.

Note that in analogy to Section 4.6, the above algorithm is also scalable with
respect to N , because outlier processing is strictly restricted to the individual nodes
– outlier variables need not be shared for convergence.

Online solutions based on stochastic optimization

In this section we focus on online algorithms that process the observed samples
sequentially as they become available. The appealing characteristic of this type

2It is possible to write out a completely decentralized solution in this case, that does not
require variable z to be centrally stored. In such a case, each set of subsystems that share a
variable can communicate among themselves directly. This can also be of interest, depending on
the application.
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of solutions is their simplicity: no storage of data/observations is required, and
further, the computation involved in the sequential updates of ω is very small.

Suppose that the given observed data {di, yi}N
i=1 are samples generated from

some unknown underlying distribution. Invoking the law of large numbers, we see
that as N becomes very large, the problem as posed in (5.13) becomes (after nor-
malization with N), a good approximation of the following stochastic optimization
problem:

minimize
ω

J(ω) , Ey,d

{

lR (ω)
}

(5.15)

where Ey,d {·} denotes expectation with respect to y and d, and lR (ω) is either
given by (5.5), (5.8) or (5.11), depending on the particular (probit/logistic/Poisson)
case. Finding an optimal point for (5.15) is not possible, because the objective
function in (5.15), although convex, cannot be computed in closed form. However,
one can find an approximate solution for (5.15), using the stochastic subgradient
method [Pre95]. A stochastic subgradient method only requires the computation
of a noisy unbiased subgradient [Pre95] of J(ω), at each time a new piece of data
is made available. This leads to a whole new class of very simple algorithms. In
particular, suppose that we are given a new sample (yk, dk) and that the current
variable value is ω

k. We discuss a simple example for brevity of exposition, the
online probit regression case – the procedure is very similar in all other GL models.

Online robust probit regression: In the case of robust probit regression, it is
relatively straightforward to see that a noisy subgradient 3 of J(ω) at ω

k is

gk =











− yk
Φ′(ykdkω

k)

Φ(ykdkωk)
dk, if ykdT

k ω
k ≥ γ⋆(1/λ)

− λykdk, otherwise

(5.16)

where Φ′(u) =
1√
2π

exp

(

−u2

2

)

.

Finding the subgradient at ω
k is therefore easy, and essentially the only compu-

tational requirement in this algorithm – the update of ω
k can then be done simply

via ω
k+1 = ω

k − αkgk, where {αk} is any sequence chosen to be square summable
but not summable. Under very mild conditions, the resulting sequence of vectors
{ω

k} converges almost surely to an optimal point for J(ω) as k → ∞ [Pre95].
Convergence however, is generally slow; and usually large sample sets are required
in order to obtain the desirable accuracy level.

5.2 Sparse linear regression with outliers: CRLB and
identification

We now focus into the sparse linear regression setup which incorporates explicitly
additive outliers and additive Gaussian noise, and derive explicitly the identification

3In fact, one can show that the robust probit metric is once, but not twice, differentiable. This
means that the subgradient coincides with the gradient of the function.
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conditions and the pertinent CRLB. Most of the results in this Section are similar
to those in Section 4.3, but are explained here as well for completeness. In matrix
form, the model is the following

r = DT
ω + e + o with card(ω) ≤ κw, card(o) ≤ κo, (5.17)

where r is the vector that contains the measurements {ri}N
i=1 and e contains the

i.i.d. Gaussian noise variables {ei}N
i=1 i.i.d. with ei ∼ N (0, σ2). The matrix

D , [d1, · · · , dN ] ∈ R
p×N is the matrix whose columns comprise the di’s.

Due to the presence of the auxiliary variables {oi}N
i=1, the estimation problem

of (ω, o) is underdetermined; hence the fact that both ω and o are sparse is im-
portant for identifiability. In apparent analogy with the definition in Chapter 4,
the parameters (ω, o) are said to be identifiable if and only if for two different
parameter vectors (ω0, o0) 6= (ω, o) the two corresponding random vectors r0 and
r are not observationally equivalent, i.e., the distribution of the data conditioned
on (ω0, o0) is different than the distribution conditioned on (ω, o). Under this
definition, a condition for identification follows from [DE03]. As in [DE03], for
the matrix Q ,

[

DT IN×N

]

define Spark (Q) as the minimum number of linearly
dependent columns in Q. Then, a sufficient condition for identification can be
expressed in terms of Spark (Q) and the sum of the cardinality bounds κw and κo

as (see [DE03])
Spark(Q) > 2(κw + κo). (5.18)

In particular, if (5.18) is satisfied as N → ∞, the limiting log-likelihood function
associated with (5.17) will have a unique global maximum [NM86]. Note that (5.18)
is only sufficient for identification in our context, and also observe the following:
Generating the entries of D from a continuous distribution yields Spark(Q) = N+1,
almost surely. This essentially means that in the regime where κw << κo, one
can have almost half of the measurements contaminated with outliers, while still
retaining parameter identifiability.

Assuming that the errors {ei}N
i=1 in (5.17) are small and bounded, Candes et

al. in [CR08] proposed convex optimization based estimators which, under suitable
conditions on DT, attain an estimation error upper-bounded by a constant times
the error obtained had there been no outliers in the data {ri}N

i=1. On the other
hand, under the Gaussianity assumption on e, the corresponding CRLB on the MSE
in the estimation of ω can be derived using the approach in [BHE10]. Specifically,
the analysis in [BHE10] shows that the CRLB in sparse linear regression equals the
covariance of an oracle estimator (i.e., an estimator which assumes to know exactly
the non-zero pattern in the unknown sparse vector), provided that the degree of
sparsity (the number of non-zeros) is known a-priori. The model in (5.17) has a
specifically structured dictionary matrix Q, as well as structure on the non-zero
pattern of (ω, o). For this model it turns out that the CRLB at ω depends only
on ω and the di’s corresponding to the outlier-free measurements. We present
this formally in the next proposition, the proof of which follows from [BHE10] and
straightforward algebra:



116
CHAPTER 5. EXTENSIONS TO GENERALIZED LINEAR MODELS (GLMS)

Proposition 11. Consider the estimation problem in (5.17) and assume that (5.18)
holds. The CRLB on the MSE E (ω) , E||ω̂ − ω||22 of any unbiased estimator ω̂

for point ω is given as follows

E (ω) ≥ Tr
(

UT
s DLDTUs

)−1
when card(ω) = κw, card(o) = κo

E (ω) ≥ Tr
(

DLDT
)−1

when card(ω) < κw, card(o) = κo,

where L ∈ R
N×N is diagonal with Lii = 1/σ2 if oi = 0 and Lii = 0 if oi 6= 0. Matrix

Us is produced by sampling the columns of the identity matrix Ip×p according to
the non-zero pattern in the unknown parameter ω. No finite-variance unbiased
estimator exists whenever card(o) < κo.

Remark 4. Comparison with probit regression: One complication arising from the
sign operation in (4.12) as compared to the linear regression model in (5.17) above
is the following: When σ2 → 0 in (5.17), it is well-known that one can recover ω

exactly with a finite number of measurements – under suitable conditions on the
matrix DT – provided that the fraction of corrupted entries of DT

ω is not too
large. In particular, [CT05] proved that if σ2 → 0 and the corruption o contains
at most a fixed fraction of nonzero entries, then vector ω is the unique solution of
the minimum ℓ1 approximation problem

minimize
ω

||r − DT
ω||1. (5.19)

While such recovery is possible in the linear regression case, in the case of the
binary response model given in (4.12) the true parameter ω cannot be recovered in
the absence of noise, even with infinite number of measurements. 4 The scenario
completely changes in the presence of noise, however.

5.3 Convergence of the Huber regression estimate in the
presence of dense outliers

In this section we revisit the problem of estimating a deterministic unknown vector
which depends linearly on N noisy measurements, additionally contaminated with
(possibly unbounded) additive outliers. It is assumed that the measurement matrix
of the model (i.e., the matrix involved in the linear transformation of the sought
vector) is known and comprised of standard Gaussian i.i.d. entries. The outlier
variables are assumed independent of the measurement matrix, deterministic or
random with possibly unknown distribution. Under these assumptions we provide
a simple proof that the minimizer of the Huber penalty function of the residuals
converges to the true parameter vector with a

√
N -rate, even when outliers are

4If the magnitude ||ω||2 is provided, σ2 → 0, and o = 0 in (4.12), lower/upper bounds on
the possible reconstruction error of ω were proven in [JLB+12], and these bounds go to zero as
N → ∞.
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dense, in the sense that there is a constant linear fraction of contaminated mea-
surements which can be arbitrarily close to one. The constants influencing the rate
of convergence are shown to explicitly depend on the outlier contamination level.

Prior-art

Consider the linear regression model in which measurements are collected as yi =
dT

i ω0 + ei, i = 1, · · · , N , for which the sequence {di}N
i=1 with di ∈ R

p is known,
ω0 ∈ R

p is the parameter of interest, and {ei}N
i=1 are i.i.d Gaussian noise variables

with ei ∼ N (0, σ2). In order to find a suitable estimate for ω0, the standard least
squares approach minimizes the sum of squares of the residuals,

ω̂LS , argmin
ω

N
∑

i=1

(

yi − dT
i ω
)2

.

As mentioned earlier, following ideas similar to [Tib96], the author in [Fuc99]
proposed to explicitly model outliers {oi}N

i=1 as sparse additive auxiliary variables
in the linear regression model, and then regularize the ML estimator with their ℓ1-
norm as a viable method to detect them. The resulting ℓ1-regularized ML variant
(the terminology LASSO from [Tib96] also applies)

minimize
ω,{oi}N

i=1

N
∑

i=1

(yi − dT
i ω − oi)

2 + λ
N
∑

i=1

|oi|, (5.20)

was proven in [Fuc99] to be equivalent to the famous Huber M–estimator ω̂ ,

argmin
ω

fH(ω), where

fH(ω) ,

N
∑

i=1

g(yi − dT
i ω), (5.21)

and g : R → R is the (convex) Huber penalty function defined as

g(u) ,

{

u2, if |u| ≤ λ/2

λ|u| − λ2/4, otherwise.
(5.22)

The parameter λ > 0 in (5.20) and (5.22) is a fixed regularization parameter which
controls the outlier rejection in the method.

Several works have considered small errors in addition to outliers in the mea-
surements [GMF+11, CR08, JB10]. However, much of the existing literature has
focused on assuming nothing else about the outliers {oi}N

i=1 other than that they
are sparse [GMF+11, CR08, CT05, JB10]. Assuming sparsity of gross errors, Can-
des et al. in [CR08] proposed convex optimization algorithms which bound the
reconstruction error by a constant times the ideal reconstruction error (under cer-
tain restricted isometry conditions), i.e., the error had there been no outliers in
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the measurements. It is worth noting that [CR08] requires outlier sparsity, but in
turn accommodates outliers which can possibly be malicious, i.e., possibly taking
values dependent on the particular realization of the sequence {di}N

i=1.
The focus of this part of the thesis is on exploring the performance of the simple

Huber estimator when outliers are not malicious, i.e., when they can be assumed
deterministic or random with possibly unknown distribution, however independent
from the sequence {di}N

i=1 and the Gaussian noise variables {ei}N
i=1 affecting all the

measurements. For the case where {di}N
i=1 is a sequence of standard Gaussian i.i.d.

vectors, we provide a simple proof that the minimizer of the Huber penalty function
of the residuals converges to the true parameter vector with a

√
N -rate, equal to

the decay rate of the oracle Cramér-Rao Lower Bound (CRLB) [TJS+13b, BHE10],
even when outliers are dense (and possibly unbounded). The constants influencing
the rate of convergence are shown to explicitly depend on the outlier contamination
level.

When the standard Gaussian noise variables {ei}N
i=1 are absent, recovery in

the presence of dense (and possibly malicious) outliers is possible under certain
conditions, using the methods proposed in [WM10], assuming however that the
parameter vector of interest is sufficiently sparse. Do note that the result in [WM10]
relies on a specific construction model for the sequence {di}N

i=1, termed as the cross-
and-bouquet model.

Notation: See Chapter Notation and Acronyms.

Main contribution and context

Let us explicitly point out our assumptions and our main result in this part. We
consider the linear regression model

yi = dT
i ω0 + oi + ei, i = 1, · · · , N (5.23)

where {di}N
i=1 ∈ R

p are assumed zero-mean i.i.d. standard Gaussian vectors whose
realizations are known, and {ei}N

i=1 are i.i.d. standard Gaussian noise variables.
The outlier variables o , {oi}N

i=1 are assumed independent of {di, ei}N
i=1, either

deterministic or random with possibly unknown distribution. A (possibly dense)
linear growth outlier model is assumed, in which card(o) ≤ ⌊κon⌋, where 0 ≤ κo < 1
is a fixed constant.

The objective is to derive an upper bound on the reconstruction performance
(measured in terms of the Euclidean distance from the true parameter ω0) of the
Huber estimate

ω̂ = argmin
ω

SN (ω) ,
1

N

N
∑

i=1

g(yi − dT
i ω). (5.24)

Note that neither the fraction of outliers, nor their positions are assumed known to
the estimator in (5.24). The main result of our work here, is summarized in the next
proposition, which we state now and prove in the next section. The proposition
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precisely asserts that ||ω̂−ω0||2 = Op(1/
√

N), where Op is the big-O in probability
notation, see [Dod03].

Proposition 12. Consider the data model in (5.23) and let ω̂ be defined as in
(5.24). For any fixed λ > 0 and 0 < v < 1, there exist a constant N0 ∈ N such that

Pr

(

||ω̂ − ω0||2 ≤ K0

(1 − κo)
√

N

)

≥ 1 − v, ∀N ≥ N0

with K0 ,
Γ [(p + 1)/2]

Γ(p/2)

4λ
√

2

v [1 − 2Q(λ/4)]
.

(5.25)

An immediate implication of the above proposition is that the Huber estimator
is a consistent estimator of ω0 in (5.23), even when outliers are dense (and possibly
unbounded). Observe that ω̂ approaches ω0 at a

√
N -rate, which is the same

rate that would have been achieved by simple LS had there been no outliers in
the observations. The outlier effect becomes obvious once examining the constant
factor before 1/

√
N , where one sees that the bound is inversely proportional to the

fraction of outlier-free measurements.

It is important to emphasize that the above result does not contradict the no-
tion of the breakdown point (BP) which is central in robust estimation [ZKC+12].
The BP is defined as the maximal fraction of outliers in the observations which
can be handled by the estimator (i.e., the maximal fraction of errors above which
the estimation error cannot be bounded) [Hub81, ZKC+12]. It is well-known that
no estimator can succeed if more than 50% of the observations are arbitrarily cor-
rupted (hence the BP has maximum value 1

2 ), but this implicitly assumes that
the corruptions may possibly be malicious. Such malicious outliers are excluded in
our context by virtue of the independence assumption on the variables {oi}N

i=1. It
should be noted that the existence of a breakdown point for a given estimator does
not imply that this estimator is consistent below its breakdown point, only that
the error magnitude can be bounded.

Relation with the oracle CRLB: It is worth pointing out that the rate of conver-
gence coincides with the rate dictated by the CRLB, derived explicitly in [TJS+13b],
in the case where the variables {oi}N

i=1 are unknown deterministic. In particular,
when o has maximal support, we know from [TJS+13b] that the CRLB for a fixed
known set of {di}N

i=1 depends only on the outlier-free measurements (hence the
term oracle CRLB) and is simply given by

E
{

||ω̂ − ω0||22
}

≥ Tr

(

N
∑

i=1

Liidid
T
i

)−1

, (5.26)

where Lii = 0 if oi 6= 0 and Lii = 1 otherwise. As long as there is an outlier-free
linear fraction of measurements this lower bound on the root mean square error
decays at a rate

√
N as well. In the next section we prove Proposition 12.
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Proof of Proposition 12

Consider an r-ball centered around ω0 as W(ω0) , {ω ∈ R
p | ||ω − ω0||2 ≤ r}

with r > 0 and define the index sets

A , {i | ||di||2 ≤ β
√

N, |ei| ≤ α, oi = 0}
B , {i | |ei| ≤ α, oi = 0},

(5.27)

with β and α some positive constants. Define the probability q , Pr(|ei| ≤ α) =
1 − 2Q(α). Further, let K ′

0 > 0 be a positive constant that we will suitably choose
later on in the proof, and set

r ,
4K ′

0

q(1 − κo)
√

N
, β ,

λq(1 − κo)

16K ′
0

, α ,
λ

4
,

where λ is the regularization parameter in the Huber penalty. Note that by picking
r, β and α in this manner we have that i ∈ A =⇒ |yi − dT

i ω| = |dT
i (ω − ω0) + ei| ≤

||di||2r + α ≤ λ/2 for all ω ∈ W(ω0). Consider the matrix Φ , 1
n

∑

i∈A did
T
i . The

proof consists of two parts: In the first part we show that, assuming that events

(i) Ea : |A| > (1 − κo)qN/2

(ii) Eb : λmin (Φ) > (1 − κo)q/2

(iii) Ec : ||∇SN (ω0)||2 ≤ K ′
0/

√
N, ∀N ≥ N0

happen jointly, the following bound [cf. Theorem 12]

||ω̂ − ω0||2 ≤ K0

(1 − κo)
√

N
, ∀N ≥ N0 (5.28)

holds, with K0 , 2K ′
0/q. In the second part we complete the proof of the proposi-

tion by bounding the probability of the event Ea ∩ Eb ∩ Ec [i.e., the probability that
(i)-(iii) happen jointly].

For the first part, we begin by proving that [assuming (i)-(iii)]

SN (ω) ≥ SN (ω0) + ∇SN (ω0)T (ω − ω0) +
m

2
||ω − ω0||22 (5.29)

is satisfied for all ω ∈ W(ω0), if one chooses m = 2λmin (Φ). Let us partition the
sum of SN (ω) into

SN(ω) =
1

N

∑

i∈A

g(yi − dT
i ω) +

1

N

∑

i/∈A

g(yi − dT
i ω), (5.30)

and define SA
N (ω) , 1

N

∑

i∈A g(yi − dT
i ω) and SAc

N (ω) , 1
N

∑

i/∈A g(yi − dT
i ω).

Since SAc

N (ω) is a convex function, the inequality

SAc

N (ω) ≥ SAc

N (ω0) + ∇SAc

N (ω0)T (ω − ω0)
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holds for all ω ∈ W(ω0). Thus, it suffices to prove that

SA
N (ω) ≥ SA

N (ω0) + ∇SA
N (ω0)T (ω − ω0) +

m

2
||ω − ω0||22.

Since λ in the definition of A is such that samples with index i ∈ A fall in the
quadratic region of the Huber function, we have that

SA
N (ω) = ω

TΦω − 2

N

∑

i∈A

yid
T
i ω +

1

N

∑

i∈A

y2
i . (5.31)

Recalling assumption (ii), observe from (5.31) that SA
N (ω) is a positive definite

quadratic function and hence, strongly convex [BV04]. Therefore, (5.29) holds if
one chooses m = mo , 2λmin (Φ).

Now, let ω̂ be the minimizer of SN (ω) in the neighborhood W(ω0). By defini-
tion, SN (ω̂) ≤ SN (ω0) and therefore (5.29) implies that

∇SN (ω0)T (ω̂ − ω0) +
mo

2
||ω̂ − ω0||22 ≤ 0

which in turn implies that ||ω̂ − ω0||2 ≤ 2||∇SN(ω0)||2/mo. From (ii) and (iii) we
therefore have that

||ω̂ − ω0||2 ≤ K0

(1 − κo)
√

N
< r, ∀N ≥ N0, (5.32)

with K0 = 2K ′
0/q. Since ω̂ lies in the interior of W(ω0) and SN(ω) is convex, it

follows that ω̂ is also the global minimizer of SN (ω), and the first step of the proof
is complete. We next turn into the second part, where we bound the probability of
the event Ea ∩ Eb ∩ Ec.

Observe that (i) happens with high probability as N increases. In fact, a simple
counting argument can show that lim

N→∞
|A|/N = (1 − κo)q with probability 1, from

which it follows that Pr(Ea) → 1 as N → ∞.

To show that (ii) also happens with high probability as N increases, recall the
definition of set B in (5.27) and notice that

λmin(Φ) =
|B|
N

λmin

[

1

|B|
∑

i∈B

did
T
i I

(

||di||2 ≤ β
√

N
)

]

,

where I(·) is the Boolean indicator function. We have the following equalities:
lim

N→∞
λmin(Φ) =

(a)
= lim

N→∞

|B|
N

λmin

(

1

|B|
∑

i∈B

did
T
i

)

(b)
= (1 − κo)q. (5.33)
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The equality (a) is due to the tail probability of the Gaussian density, since

Pr
(

||di||2 ≤ β
√

N, i = 1, · · · , N
)

→ 1

as N → ∞. To prove the equality (b), note that the vectors {di}N
i=1 are standard

Gaussian i.i.d independent of {ei}N
i=1, therefore

lim
N→∞

λmin

(

1

|B|
∑

i∈B

did
T
i

)

= 1

with probability 1. Moreover, note that lim
N→∞

|B|/N = (1 − κo)q with probability

1. Hence, the equality in (b) holds, which implies that Pr(Eb) → 1 as N → ∞.
Finally, we prove that (iii) happens with constant probability as N increases,

which can however be made arbitrarily close to one by selecting K ′
0. From Markov’s

inequality we get that

Pr

(

||∇SN (ω0)||2 >
K ′

0√
N

)

≤ E{||∇SN (ω0)||2}
K ′

0/
√

N
, (5.34)

and we may further upper bound the expected value of the norm of the gradient in
(5.34) as follows. First, observe that

E{||∇SN (ω0)||2} = E

{

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

N

N
∑

i=1

g′(oi + ei)di

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

}

(5.35a)

= E{oi,ei}
1

N

√

√

√

√

N
∑

i=1

a2
i Ed {||d||2} , (5.35b)

where we have defined ai , g′(oi + ei) and d ∼ N (0, I). The last equality
in (5.35b) is due to the fact that, conditioned on the variables {oi, ei}N

i=1, the
sum in (5.35a) is a Gaussian zero-mean random vector with covariance matrix
(

∑N
i=1 a2

i

)

I. The variable ||d||2 is Chi-distributed [GS01], therefore Ed {||d||2} =
√

2Γ [(p + 1)/2] /Γ(p/2) [GS01]. Moreover, the function g(·) is Lipschitz continuous
with |g′(oi + ei)| ≤ λ ∀i, therefore (5.34)-(5.35) yields the bound

Pr
(

||∇SN (ω0)||2 > K ′
0/

√
N
)

≤ Γ [(p + 1)/2]

Γ(p/2)

λ
√

2

K ′
0

. (5.36)

For any fixed v > 0, selecting K ′
0 such that the right hand side in (5.36) becomes

equal to v/2, yields constant K0 in (5.25).
Now, to conclude the proof, let Ec

a, Ec
b and Ec

c denote the complementary events
to (i), (ii) and (iii), respectively. From the union bound we obtain that

Pr(Ea ∩ Eb ∩ Ec) ≥ 1 − Pr(Ec
a) − Pr(Ec

b ) − Pr(Ec
c ). (5.37)
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The right hand side of (5.37) can be made greater than or equal to 1 − v, since
Pr(Ec

a) → 0 and Pr(Ec
b ) → 0 as N → ∞ and Pr(Ec

c ) < v/2. The proof of Proposition
12 is now complete.

Numerical experiments

We construct a simple simulation setup to illustrate how malicious and non-malicious
outliers affect the RMSE performance of the Huber estimate. Consider the model
(5.23) with N = 200, p = 5 and the Huber estimator in (5.24) with λ = 1. We assess
the RMSE performance using Monte Carlo simulations. In every trial, the {di}’s
are generated from the standard Gaussian distribution and {ei}’s are independent
N (0, 0.1). Non-malicious outliers are assumed independent Cauchy random vari-
ables, and they are added to the last ⌊κoN⌋ measurements. On the other hand,
malicious outliers are generated by adding to the last ⌊κoN⌋ samples the values
oi = adT

i ω0 for i = ⌊κoN⌋ , · · · , N , with a chosen either 10, 20 or 30. Notice
how outliers in the second case are specifically designed to adversarially affect the
estimation of ω0.

Fig. 5.2 depicts the RMSE of (5.24) in every case (malicious/non-malicious),
as well as the root-CRLB, as a function of the outlier percentage κo. All curves
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Figure 5.2: RMSE performance of Huber estimator in the presence of malicious, non-
malicious (Cauchy) outliers, as well as the oracle CRLB as a function of κo. Observe the
RMSE behavior before and after the breakdown point of the estimator (see the eclipse).

are produced by averaging over 400 independent MC runs, and the interior-point
method developed in [Joa02] was used to solve the optimization problem in (5.24).
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Observe that the RMSE performance of (5.24) in the non-malicious outlier-case is
comparable to that in the malicious case(s) when outliers are below 50%, but the
latter RMSE degrades significantly after 50% (which is precisely the breakdown
point of the estimator [Hub81, ZKC+12]). On the other hand, notice that the
Huber estimate is similar to the theoretical CRLB in (5.26) when outliers are not
malicious, even for large outlier percentages.



Chapter 6

Conclusions and future work

This thesis considers optimization techniques for assignment and generalized lin-
ear regression problems. In the first part we consider LS problems under binary
alphabet constraints when the coefficient matrix (i.e., the matrix involved in the
linear transfomation of the sought vector) is unknown deterministic and bounded,
assumed to lie in a given uncertainty ellipsoid. We propose a technique that extends
the traditional SDR methods so as to take into account the ellipsoidal uncertainty in
the coefficient matrix, and motivate our results through Lagrangian duality. In par-
ticular, we start with a worst-case robust optimization problem which is NP-hard,
and first propose an SDR-based approximation algorithm based on a reformulation
of the original problem inspired by [GL97]. An interesting result arising from our
analysis is that one can produce a far tighter relaxation by suitably rewriting the
problem and consequently formulate an approximation algorithm that performs
considerably better. The strength of the second reformulation lies in explicilty
using quadratic terms to describe the feasible region, effectively making the asso-
ciated rank one relaxation more efficient. Additionally, it was shown that both
relaxations can be derived as Lagrange biduals corresponding to these two prob-
lem reformulations which in some sense, are trivially related. Simulations suggest
that the proposed algorithms can perform well; still, further progress is needed to
precisely quantify the performance tradeoffs of the robust solutions, and measure
their actual impact on real world applications, e.g., in assignment problems.

In the second part we consider assignment problems arising specifically in the
context of conference program formation. By viewing papers as vectors in a suitable
feature space, the loosely defined tasks of paper-to-session and paper-to-reviewer
assignment are formulated as optimization problems that are strikingly familiar in
many ways. The core problem underlying paper-to-session assignment is capac-
itated k-means, i.e., clustering under capacity constraints, and is NP-hard. For
paper-to-reviewer assignment, it was shown that ensuring scientifically sound re-
views (each aspect of each paper covered by at least one assigned reviewer) and
maximizing reviewer satisfaction can be (and often are) conflicting objectives that
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must be traded against each other. The resulting paper-to-reviewer assignment
problem is generally hard (albeit reducing it to a known NP-hard problem is not
straightforward). Still, it was shown that it is possible to generate good suboptimal
solutions using familiar signal processing tools. While there is certainly a lot more
work to be done (e.g., automatic keyword retrieval and paper mark-up, exploration
of alternative problem formulations), the results indicate that computer-generated
technical programs outperform expert manual work at a fraction of the time and
with very limited input by the chair.

One can also envision many other interesting applications of clustering under
capacity constraints:

• Assigning students to classrooms or study groups according to educational
background, level of accomplishment in math / science / language, interests,
etc.

• Production-line packaging according to product quality features (e.g., toler-
ances).

• Design of stock performance indices based on market sector, segment, capi-
talization, exposure to commodity price fluctuations, etc.

In a related but distinct direction, in the third part of the thesis we start with
review profiling as an application, and develop a new method for choice-based pref-
erence analysis. The main contribution is a statistical choice-based CA model,
which explicitly accounts for partworth sparsity and sparse outliers through the
use of suitable auxiliary variables. The proposed model framework allows for ex-
ploring choice-based CA through the scope of sparse estimation, giving insight into
identifiability conditions and Cramér-Rao bounds which may serve as useful design
tools. For the estimation of the model parameters, the proposed ML estimator
leads to a formulation which can efficiently handle large scale datasets through a
simple distributed implementation, which seems to perform very well in practice.
Our CRLB results indicate that stable recovery of partworths (with a recovery er-
ror in the order of the standard errors) is indeed possible for finite N , despite the
model non-linearity.

In the last part of the thesis, we argue that the strategy of including out-
lier variables explicitly in the ML formulation has greater intellectual merits than
preference analysis, and extend it in the case of generalized linear regression. In
apparent analogy to the linear regression case, we obtain equivalences between the
formulations which account explicitly for outliers and estimators from robust statis-
tics. Drawing upon this link we propose a family of stochastic gradient algorithms,
which are expected to be more robust against outliers and can be used in a broad
range of important applications.

Finally, a convergence analysis on the behavior of the Huber estimate is pre-
sented for the linear regression case, when outliers are present in addition to stan-
dard noise. When the measurement matrix of the model comprises i.i.d. Gaussian
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entries and gross errors are not malicious (i.e., when gross errors are independent of
the measurement model matrix), it was shown that the Huber estimate converges
to the sought parameter vector with the same rate as if there had been no gross
corruptions. The result holds even if these corruptions are dense. One can observe
from the proof that the core properties that make this convergence behavior pos-
sible are the convexity and the Lipschitz continuity of the Huber penalty function.
On the flip side, we believe that the Gaussianity assumption on the measurement
matrix of the model is not critical to the analysis, and can possibly be replaced by
a milder assumption. This latter conjecture is an excellent topic for future work.





Notation and Acronyms

Plain letters, e.g., x and X , are used for scalars. Bold lower (upper) case letters
stand for vectors (matrices), e.g., x is a vector and X is a matrix. Calligraphic upper
case letters, e.g., A, are used to denote sets and probabilistic events. Further,

Vectors, matrices:

xT, XT The transpose of a vector, x, or matrix, X.
X−1 The inverse of the matrix X.

X† The Moore-Penrose pseudoinverse of the matrix X, see [HJ85].
rank(X) The rank of the matrix X, see [HJ85].
Tr (X) The trace of the matrix x, see [HJ85].
diag(X) A vector whose entries are the diagonal elements of matrix X.
Diag(x) A diagonal matrix with the elements of x on the diagonal.
range(X) The range space of the matrix X, see [HJ85].
λmin(X) The minimum eigenvalue of matrix X.
Norms:
||x||p The ℓp norm of vector x, see [HJ85].
||X||F The Frobenius norm of matrix X, see [HJ85].
Set notation:
|C| The cardinality (number of elements) of a set C.
R,N The sets of real and natural numbers, respectively.
Probability notation:
Gc The complement of an event G, see [GS01].
Pr(G) The probability of the event G.
E{x} The mathematical expectation of a scalar random variable x.
N (c, Σ) The Gaussian distribution with mean c and covariance (matrix) Σ
Generalized ineq.:
x � y Component-wise inequality between vectors x and y.
X � Y The matrix difference Y − X is positive semidefinite, see [HJ85].
Other:
∇f(·) The gradient of function f .
∇2f(·) The hessian of function f .
Γ(·) The Gamma function, see [GS01].
Q(·) The complementary cumulative of N (0, 1), see [GS01].
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The following acronyms are used throughout the thesis. They are re-defined in
the text wherever its needed, but they are also given here for quick reference:

ML Maximum Likelihood
CDMA Code Division Multiple Access
MIMO Multiple Input Multiple Output
LS Least squares
LP Linear program(ming)
SDP Semidefinite program(ming)
SDR Semidefinite relaxation
CA Conjoint Analysis
PMA Preference modeling and analysis
MAP Maximum A-posteriori Probability
BP Breakdown point
GLMs Generalized Linear Model(s)
LASSO Least Absolute Shrinkage and Selection Operator
CRLB Cramér-Rao Lower Bound
RMSE Root Mean Square Error
MSE Mean Square Error
ADMM Alternating Direction Method of Multipliers
MC Monte Carlo
TPC Technical Program Committee
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