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Abstract—In hierarchical cognitive radio networks, unlicensed
secondary users can increase their achievable rates by assisting
licensed primary user transmissions via cooperation. In this
paper, a novel approach to maximize the transmission rates in
the secondary network by optimizing the relay selection, the
secondary transmit powers, and the cooperative relaying power
splitting parameters is proposed. The resulting optimization
problem is mixed integer and non-convex, which makes it NP
hard to find the optimal solutions. Therefore, centralized and
distributed solution methods to find near-to-optimal solutions of
this challenging problem are proposed. The methods are based
on iteratively solving the secondary relay selection by a greedy
approach, and the optimal power allocation problem by a fixed-
point approach together with alternating direction method of
multipliers. It is established that both centralized and distributed
solution methods always converge. The numerical results illus-
trate the performance of the proposed solution methods, and
show that they give a near-to-optimal solution. Moreover, the
performance margins of the primary transmitters that permit
the accommodation of relaying secondary users, still having high
achievable transmit rates, are characterized.

Index Terms—Cognitive radio network, cooperative transmis-
sion, distributed optimization

I. Introduction

The emergence of new mobile devices such as smart
phones and tablets, supporting multimedia applications, has
led to a massive increase of data traffic in wireless and
mobile networks. The support of the incoming formidable
data quantities requires improved spectrum efficiency, achieved
by advanced physical communication technology solutions,
such as cooperative communication and massive MIMO and
by densifying the network infrastructure [2]. The resulting
dense and random wireless network infrastructure, however,
leads to lower level of traffic multiplexing, and consequently,
the spectrum efficiency of the network becomes increasingly
sensitive to the spatial and temporal burstiness of the wireless
traffic. Therefore, future wireless and mobile networks may
need to depart the traditional, licence based, fix spectrum
allocation approach and find ways to efficiently reuse and share
the available radio spectrum.

The spectrum leasing (or property rights) model provides a
promising paradigm to facilitate controlled spectrum sharing
between two networks, namely the primary and the secondary
network [3], [4]. Under spectrum leasing the licensed primary
network allows the secondary network to use part of the owned

This work was sponsored by the EU project Hydrobionets, and is a
substantial extension of [1].

radio resources, in exchange for some form of compensation.
It is based on the framework of hierarchical spectrum sharing,
where users of the licensed primary network hold performance
guarantees (or have priority to access the spectrum), while
the secondary users must be cognitive towards the primary
activities and access the spectrum conservatively to conform
the primary constraints.

In this paper we consider spectrum leasing based on vertical
cooperation, where secondary users cooperatively relay pri-
mary traffic by taking advantage of cooperative diversity. This
cooperative spectrum sharing has been proven to create a win-
win situation for both primary and secondary users, by which
both the primary and the secondary network have incentive
to cooperate [5], [6]. There are two prominent forms of
cooperative spectrum sharing, time-splitting, and superposition
coding (or power splitting). Under time-splitting [3]–[5], [7],
[8], the primary transmitter (PT) leases the owned spectrum
band for a fraction of time to a secondary transmitter (ST)
in exchange of cooperative secondary relaying. During the
leased time fraction, the ST first relays the primary packet
and then uses the remaining time to transmit its own packet.
Under superposition coding [9]–[11], each transmission time
slot is divided into two phases. The PT broadcasts its packet
in the first time phase. The ST relay linearly combines the
primary signal with the secondary signal by assigning fractions
of the transmit power to the primary and secondary signals
respectively, and then broadcasts the combined signal in the
second transmission phase.

The design of proper resource allocation algorithm is critical
to guarantee the gain of cooperative spectrum sharing. The
topic has been investigated intensively under basic scenarios,
where there is only one PT and one ST [9], [11]. The multiple
ST scenario with only one PT has been addressed in [3], [5],
[10], [12], where time (or power) allocation has been jointly
designed with the secondary relay selection scheme. The
challenging multiple PTs and multiple STs scenario has been
considered in [4], [7], [8], where time/power allocation, PT-
ST association, and channel selection are designed jointly, by
applying distributed optimization [4], [8] or game theory [7].
These works consider the scenario, where each PT transmits
on a separate channel.

In dense networks, however, spectrum reuse becomes nec-
essary. In this paper, we propose resource allocation and
relay selection algorithms for cooperative spectrum sharing
networks with multiple PTs and multiple STs, operating in
the same spectrum space. Spectrum reuse together with co-
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operative transmission is addressed for standalone networks
in [13]–[15] applying variational inequality theory. However,
optimal resource allocation for hierarchical spectrum sharing
networks is substantially more complex, not only due to the
inter-network interference, but also due to the primary network
performance guarantees that must be taken into account.

Specifically, in this paper, we consider hierarchical spec-
trum sharing with superposition coding based cooperation
[9], considering slotted, non-synchronized primary transmis-
sions, and average-based interference model that has been
validated in [14], [15], and propose centralized and distributed
secondary relay selection and resource allocation solutions.
The centralized solution, which has been introduced in [1],
fits well networking scenarios where the number of nodes is
small, the networking environment is slowly changing, and
the cost of centralized control is small. However, a distributed
solution becomes necessary once the network is large, and the
environment is dynamically changing, since in this case the
existence of a central controller with full knowledge of the
network state is unrealistic.

We investigate vertical cooperation with the use of a single
relay node. While the utilization of multiple relays can be
efficient in the single primary link scenario [16] [17], in the
multiple PT, multiple ST case the efficiency is strongly affected
by the density of the secondary nodes. As it was demonstrated
in [18] for a standalone network, the density of the potential
relay nodes need to be order of magnitude higher that the
transmitters, to reach more than one relay per transmitter
in average. Therefore, the single relay node case is highly
relevant in practical scenarios.

Our main contributions are as follows: A resource allocation
problem is formulated for the secondary relay selection, and
the allocation and splitting of the secondary transmit powers,
with the objective of achieving max-min fairness for the sec-
ondary users while guaranteeing the required primary perfor-
mance. Centralized and distributed solutions are proposed for
the resource allocation problems mentioned above. We propose
an iterative feasibility check algorithm to find the optimal
power allocation solution efficiently in the centralized case,
and optimization based on the alternating direction method
of multipliers (ADMM) for the distributed case. We propose
greedy, local search based solutions to find near-to-optimal
secondary relay associations. We present detailed numerical
evaluations to identify the cases where cooperative relaying
improves the spectrum utilization significantly, and to discuss
the convergence properties of the algorithms.

The remainder of the paper is organized as follows. Sec-
tion II describes the system model and formulates the max-
min resource allocation problem. In Section III, two useful
equivalent problem formulations and the overview of our
solution approach are given. Section IV gives the centralized
and the distributed ST power allocation algorithms, whereas
Section V addresses centralized and distributed secondary
relay selections. In Section VI, the performance of the pro-
posed algorithms is evaluated numerically. Finally, Section VII
concludes the paper.

Notation: Vectors and matrices are denoted with bold small
and capitalized letters, e.g., z and Z, respectively, where z i

TABLE I
Frequently Used Symbols

P (NP), S (NS) set (number) of PTs and STs
pP, rP, qP transmit power, achievable rate, normalized interference of PT
pS, rS, qS transmit power, achievable rate, normalized interference of ST
α ST power splitting ratio
β matrix denoting the association between PTs and ST relays
ϑ PT performance margin

rreq
i required rate for PT i ∈ S

pmax
j the maximum transmit power of ST j ∈ P

Gmn channel gain from transmitter m to receiver n

(a) (b)

Fig. 1: Coexisting primary and secondary transmissions (a) with direct
communication, (b) with cooperative communication using superposition-
coding.

and Zi j denote component i of z and component (i, j) of
Z, respectively. Furthermore, we use ≥ and ≤ to denote the
element-wise inequalities for matrices and vectors. For matrix
A, ρ(A) denotes its spectral radius, i.e., the maximum modulus
of its eigenvalues. We use D(z) to denote a diagonal matrix
whose diagonal is z.

Notation frequently used in the paper is listed in Table I.
Note that, in general, we use capitalized letter P and S in
subscript to denote PTs and STs, respectively.

II. SystemModel and Problem Formulation

In this section, we introduce the system model and for-
mulate the problem of relay selection and max-min resource
allocation.

A. System Model

Suppose NP primary transmitters (PTs) with associated
primary receivers (PRs) are located in the network, while NS
secondary transmitter-receiver pairs (ST-SR) coexist, and are
allowed to access the same spectrum directly or via vertical
cooperation if the performance of the PTs are guaranteed.
Denote by P, and S the set of PTs and STs, respectively.
The transmit powers of the PTs are denoted by vector pP,
whose i-th entry is pi the transmit power of PT i for i ∈ P.
Note that the PTs’ powers are fixed. In the standalone primary
network, the achievable rates of the PTs are denoted by
vector r̃P, whose i-th entry is the achievable rate for PT i.
The performance requirements of the PTs are defined as the
minimum acceptable rates, with vector rreq, in which rreq

i is
the minimum acceptable rate for PT i. We are interested in
the scenario when the spectrum is not fully utilized, i.e.,
there exists a certain performance margin ϑ ≤ 1, such that
rreq ≤ ϑ r̃P, which allows to accommodate transmissions in
the secondary system [19].
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We consider superposition-coding based vertical coopera-
tion, where PTs and STs transmit according to one of the
following options:

(i) Direct communication. The PT transmits directly to its
PR, similarly, the ST transmits directly to its SR, in an
entire time slot, as in Fig. 1a;

(ii) Cooperative communication. The PT chooses one ST as
its “relay”. The transmission time slot is divided into two
phases. In the first transmission phase, the PT transmits
the primary signal to its PR, which is also received and
decoded by the ST and by the SR. At the ST, the primary
signal is regenerated and linearly combined with the
secondary signal by assigning fractions α and (1− α) of
the transmit power to the primary and secondary signals,
respectively. This combined signal is then broadcasted
by the ST in the second transmission phase. Finally,
the PR reconstructs the primary signal, from the signals
received in the first and in the second phases, considering
the secondary signal as noise. The SR reconstructs the
secondary signal, received in the second phase, can-
celling the superimposed primary signal, based on the
information overheard in the first phase. The network
model and the spectrum leasing scheme are illustrated
in Fig. 1b.

The decision variables are the STs transmit powers, the
power splitting ratios and the association of the cooperative
relays. The ST transmit powers are denoted by vector pS,
whose j-th entry is p j the transmit power of ST j for j ∈ S.
The ST transmit powers are limited. Suppose there exists a
power limit pS ≤ pmax

S , where j-th entry of pmax
S is pmax

j the
power limit of ST j for j ∈ S. The power splitting ratios are
given by vector α, where α j is the power splitting ratio for
ST j. Matrix β denotes the association between PTs and the
ST relays. The entry βi j = 1 if PT i selects ST j for relaying,
otherwise it is 0. Moreover, each PT can choose at most one
ST for relaying, namely

∑
j∈S βi j ≤ 1. Similarly, each ST can

serve at most one PT as a relay, namely,
∑

i∈P βi j ≤ 1.
Furthermore, denote σ2 the average noise power in the

network, and Gmn the channel gain from transmitter m to
receiver n, while denote Imn the interference at the receiver n
for a transmission from transmitter m. We consider frequency-
flat channels, and assume the channel gains are constant during
the transmission time slot.

For the considered transmission scheme the achievable rate
of PT i is defined as

ri =

(
1 −

∑
j∈S

βi j

)
rdir

i +
∑
j∈S

βi jr
cop
i j , (1)

where rdir
i and rcop

i j are the achievable rates for PT i without
cooperation and with ST j relaying, respectively. Similarly, for
ST j, the achievable rate is:

r j =

(
1 −

∑
i∈P

βi j

)
rdir

j +
∑
i∈P

βi jr
cop
ji , (2)

where rdir
j and rcop

ji are the achievable rates for ST j without
cooperation and relaying for PT i, respectively. Without coop-

eration the PT uses direct transmission in the entire time slot,
and the resulting rate is

rdir
i = log2

(
1 +

pi Gii′

σ2 + Iii′

)
, (3)

where Imn in general denotes the interference at receiver n
from transmitter m. Similarly, for ST j, we have

rdir
j = log2

(
1 +

p j G j j′

σ2 + I j j′

)
. (4)

Below we use the results of [9] to express rcop
i j and rcop

ji ,
the achievable rates of the associated primary and secondary
transmitter-receiver pairs with superposition-coding based ST
relaying.

With cooperation, successful primary and secondary trans-
mission requires the following four conditions: 1) the ST
decodes the primary packet transmitted by the PT in the first
phase; 2) the SR decodes the primary packet transmitted in the
first phase, so as to cancel the primary signal when decoding
its own signal in the second phase; 3) the PR decodes the
primary packet by combining the primary signal transmitted
by the PT in the first phase and that transmitted by the ST in
the second phase; and 4) with successfully canceled primary
signal, the SR decodes its own packet transmitted by the ST
in the second phase [9].

Considering now that only half of the time slot is available
for the primary respectively the secondary transmission, the
achievable primary rate, due to conditions 1-3), becomes

rcop
i j =

1
2

min
{
ri2 j, ri2 j′ , ri j2i′

}
, (5)

where ri2 j and ri2 j′ are the achievable rates from PT i to ST j
and from PT i to SR j′, and ri j2i′ is the rate of the combined
signal at PR i′. These rates are defined as

ri2 j = log2

(
1 +

pi Gi j

σ2 + Ii j

)
, (6)

ri2 j′ = log2

(
1 +

pi Gi j′

σ2 + Ii j′

)
, (7)

ri j2i′ = log2

(
1+

pi Gii′

σ2+Iii′
+

α j p j G ji′

σ2+I ji′ + (1 − α j)p j G ji′

)
, (8)

For the cooperative ST j, the achievable rate at its receiver is

rcop
ji =

1
2

log2

(
1 +

(1 − α j)p j G j j′

σ2 + I j j′

)
. (9)

Note that due to condition 4), the primary signal does not
contribute to the interference for the cooperative transmission,
and, in contrast to (8), does not appear in the denominator of
(9).

Specifically, an asynchronous primary system is considered,
where the average interference model can be applied [14], [15],
that is:

Iii′ =
∑
w∈P−i

{(
1 −

∑
j∈S

βw j

)
pw Gwi′ +

1
2

∑
j∈S

βw j

(
pw Gwi′ + p j G ji′

)}
+

∑
j∈S

(
1 −

∑
w∈P

βw j

)
p j G ji′ , (10)

where set P−i is the set of PTs except PT i. Ii j, Ii j′ , I ji and I j j′

can be given with expressions similar to (10), and are omitted
here due to space limitations.
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B. Problem Formulation

Our objective is to maximize the minimum achievable rate
of the STs, i.e., to achieve max-min fairness in the secondary
network guaranteeing the required performance of the PTs. We
call the resulting achievable rate of the STs the max-min rate.
The following optimization problem formalizes the optimal
cooperation strategy we wish to establish:

max
pS,α,β

min
j ∈S

r j (11a)

s.t. ri ≥ rreq
i , ∀i ∈ P (11b)

0 ≤ p j ≤ pmax
j , ∀ j ∈ S (11c)

0 ≤ α j ≤ 1, ∀ j ∈ S (11d)
βi j ∈ {0, 1}, ∀i ∈ P, j ∈ S (11e)∑

j∈S

βi j ≤ 1, ∀i ∈ P (11f)∑
i∈P

βi j ≤ 1, ∀ j ∈ S (11g)

where (11b) imposes the required performance guarantee of
PTs recalling that rreq

i is the minimum acceptable rate for
PT i. (11c) and (11d) are the transmit power constraints for
the STs. (11e)∼(11g) are the constraints on the PT-ST relay
selection as described in Section II-A. Note that the solution
to this optimization problem will ensure that once a relaying
ST is selected, the primary rate defined in (5) is always
achievable due to constraint (11b). Clearly, the satisfaction
of this constraint immediately implies that the signal-to-noise
ratios from primary transmitter to secondary transmitter, from
primary transmitter to secondary receiver, and the combined
signal at primary receiver, must be large enough. This allows
a successful decoding of the signals, and thus we cannot
have the case in which a ST wastes resources in relaying
an unsuccessfully decoded signal from the PT. Problem (11)
is a Mixed-Integer and Non-Convex problem (MINCop), and
consequently, finding the optimal solutions p∗S, α∗ and β∗ is,
in general, NP-hard [20]. In the following, we introduce two
equivalent optimization problems, and present our solution
approach for problem (11).

III. Two Equivalent Optimization Problems and Solution
Approach

In this section, first we transform problem (11) into the
equivalent interference function form problem (12), so that
we can utilize useful properties of standard interference func-
tions [21] for the centralized solution in Section IV-A. Then
we transform (11) into equivalent matrix form (17), which
allows to perform the analysis in Sections IV-A and IV-B.
Furthermore, we give the solution to problem (11).

A. Two Equivalent Optimization Problems

We first introduce the following definition to avoid heavy
notation in the equivalent problems.

Definition 1. If
∑

j∈S βi j = 0, (
∑

i∈P βi j = 0), then PT i (ST
j) is free. Otherwise, PT i (ST j) is busy. Let Pfree and Sfree

denote the set of free PTs and STs, respectively, whereas Pbusy

and Sbusy denote the set of busy PTs and STs, respectively.

Let qmn = ηmn + Imn/Gmn denote the normalized interference
from transmitter m to receiver n, where ηmn = σ2/Gmn.
Thus, by introducing variable t as the max-min rate and its
corresponding constraints r j ≥ t for all j ∈ S, by rearranging
the constraints of problem (11), and by introducing auxiliary
variables γreq

ji′ , we have

max
pS,β,α,γreq, t

t (12a)

s.t. pi ≥ (2rreq
i −1) qii′ , ∀i ∈ Pfree (12b)

pi ≥ (4rreq
i −1) qi j′ , ∀i ∈ Pbusy and βi j = 1 (12c)

pi ≥ (4rreq
i −1) qi j, ∀i ∈ Pbusy and βi j = 1 (12d)

pi ≥ (4rreq
i − 1−γreq

ji′ ) qii′ , ∀i ∈ Pbusy and βi j = 1
(12e)

p j ≥ (2t − 1) q j j′ , ∀ j ∈ Sfree (12f)

(1 − α j)p j ≥ (4t − 1) q j j′ , ∀ j ∈ Sbusy (12g)

α j p j ≥ γ
req
ji′ q ji′ , ∀ j ∈ Sbusy and βi j = 1 (12h)

γreq ≥ 0 , (12i)
Eq. (11c) ∼ (11g) ,

where vector γreq collects the γreq
ji′ ∀ i, j where βi j = 1.

Lemma 1. Optimization problems (11) and (12) are equiva-
lent.

Proof: In Appendix A.
Moreover, simple algebra shows that the right sides of

constraint (12b)∼(12h) are standard interference in pS. Recall
the definition of standard interference function [21].

Definition 2. A function f (p): Rn → R is a standard
interference function, if for all vector p ≥ 0 the following
properties are satisfied:

• Positivity: f (p) > 0 for all p,
• Monotonicity: If p ≥ p′, then f (p) ≥ f (p′),
• Scalability: For all scalar a > 1, a f (p) > f (a p).

Let us now introduce the equivalent matrix formulation of
problem (11). Recall the average interference (10). Then the
normalized interference from PT i to PR i′ is

qii′ =
∑
w∈P−i

{(
1 −

∑
j∈S

βw j

)Gwi′

Gii′
pw +

∑
j∈S

βw j

( Gwi′

2Gii′
pw +

G ji′

2Gii′
p j

)}
+

∑
j∈S

(
1 −

∑
w∈P

βw j

)G ji′

Gii′
p j +

σ2

Gii′

=
∑
w∈P−i

Hwi′ pw +
∑
j∈S

H ji′ p j +
σ2

Gii′
, (13)

where

Hwi′ =

(
1 −

∑
j∈S

βw j

)Gwi′

Gii′
+

∑
j∈S

βw j
Gwi′

2Gii′
, (14)

H ji′ =

(
1 −

∑
w∈P−i

βw j

)G ji′

Gii′
+

∑
w∈P

βw j
G ji′

2Gii′
. (15)
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The normalized interference from transmitter m and receiver
n can be given with expressions similar to (13). Thus, we can
express the normalized interferences as

qP = HP2PpP + HS2Pp̃S + ηP , (16a)
qS = HP2SpP + HS2Sp̃S + ηS , (16b)

where vectors qP and qS represent the normalized interferences
for the cases in which the transmitters are the PTs and the
STs, respectively. qP consists of NP sub-vectors, in which
by (12b)∼(12d), the i-th sub-vector q̄i is either qii′ for free
PT i, or (qi j, qi j′ , qii′ )T otherwise with βi j = 1. Similarly,
by (12f)∼(12h), qS consists NS sub-vectors, in which the i-th
sub-vector is either q j j′ for free ST j, or (q j j′ , q ji′ )T otherwise
with βi j = 1. Moreover, denote p̃S the ST power allocations. It
consists of NS sub-vector, where the j-th sub-vector is either
p j for free ST j, or

(
α j p j, (1 − α j)p j

)T
otherwise. ηS and ηP

are normalized environment noises with respect to S and P on
the direct and on the relaying paths. Furthermore, matrix HS2P
is defined as the normalized channel gain from STs to PTs,
whereas HP2S, HP2P, and HS2S are defined in the similar way,
whose components are explicitly determined. This is shown in
the following illustrative example for the matrices HP2S, HP2P,
HS2S, and HS2P separately.

Example 2. Suppose there are 2 PTs, i1, i2, and 2 STs, j1,
j2. ST j2 cooperates with PT i1. Thus, we have


qi1 j2
qi1 j′2
qi1i′1
qi2i′2

︸︷︷︸
qP

=



0
Gi2 j2
Gi1 j2

0
Gi2 j′2
Gi1 j′2

0
Gi2 i′1
Gi1 i′1

Gi1 i′2
2Gi2 i′2

0

︸           ︷︷           ︸
HP2P

[
pi1
pi2

]
︸︷︷︸

pP

+



G j1 j2
Gi1 j2

0 0
G j1 j′2
Gi1 j′2

0 0
G j1 i′1
Gi1 i′1

0 0

0
G j2 i′2
2Gi2 i′2

G j2 i′2
2Gi2 i′2

︸                     ︷︷                     ︸
HS2P

 p j1
α j2 p j2

(1 − α j2 )p j2

︸          ︷︷          ︸
pS

+



σ2

Gi1 j2
σ2

Gi1 j′2
σ2

Gi1 i′1
σ2

Gi2 i′2

︸︷︷︸
ηP

.


q j1 j′1
q j2 j′2
q j2i′1

︸︷︷︸
qS

=


Gi1 j′1

2G j1 j′1

Gi2 j′1
G j1 j′1

0
Gi2 j′2
G j2 j′2

0
Gi2 i′1
G j2 i′1

︸           ︷︷           ︸
HP2S

[
pi1
pi2

]
︸︷︷︸

pP

+


0

G j2 j′1
2G j1 j′1

G j2 j′1
2G j1 j′1

G j1 j′2
G j2 j′2

0 0
G j1 i′1
G j2 i′1

0 1

︸                      ︷︷                      ︸
HS2S

 p j1
α j2 p j2

(1 − α j2 )p j2

︸          ︷︷          ︸
pS

+


σ2

G j1 j′1
σ2

G j2 j′2
σ2

G j2 i′1

︸︷︷︸
ηS

,

Denote γmn the signal-to-interference ratio (SIR) from trans-
mitter m to receiver n, then pm = γmnqmn. Denote γS and γP

the SIRs for STs and PTs, respectively, including the direct
and the relaying paths. Moreover, denote vectors γt

S and γreq
P

the SIRs at rate t for the STs and at rate rreq for the PTs,
respectively. γt

S consists of NS sub-vectors, where sub-vector
j is either 2t − 1 for free ST j, or sub-vector (4t − 1, γreq

ji′ )T ,
otherwise. Similarly, γreq

P consists of NP sub-vectors, where
sub-vector i is either 2rreq

i − 1 for free PT i, or sub-vector
(4rreq

i − 1, 4rreq
i − 1, 4rreq

i − 1 − γreq
ji′ )T otherwise with βi j = 1.

Thus constraints (12b)∼(12e), (12f)∼(12h) can be formu-
lated as γP ≥ γ

req
P and γS ≥ γ

t
S, respectively. Note that

FT pP = D(γP) qP and p̃S = D(γS) qS, where matrix F is defined
such that vector FT pP consists of NP sub-vectors, where sub-
vector i is either pi for free PT i, or sub-vector (pi, pi, pi)T

otherwise. Since both the transmit powers and the interferences
are non-negative, we have the matrix form of problem (11):

max
p̃S,β,γreq, t

t (17a)

s.t. qP ≤ D
−1(γreq

P )FT pP , qmax
P , (17b)

p̃S ≥ D(γt
S)qS (17c)

Cp̃S ≤ pmax
S , (17d)

constraints (11c), (11e), (11f), (11g), and (12i) ,

where p̃S, β, γreq and t are the optimization variables.
Matrix C is defined such that Cp̃S = pS. Note that
qmax

P consists of NP sub-vector, in which sub-vector i
is either scalar pi/(2rreq

i − 1) for free PT i, or vec-
tor

(
pi/(4rreq

i − 1), pi/(4rreq
i − 1), pi/(4rreq

i − 1 − γreq
ji′ )

)T
otherwise

with βi j = 1. Constraint (17b) is equivalent to (12b)∼(12e),
while constraint (17c) is equivalent to (12f)∼(12h). The matrix
form optimization problem (17) makes it easier to reveal
the relationship between the transmit powers of STs and the
interference (or the SIRs) at receivers. It allows to establish
important theoretical results, e.g. Propositions 4 and 6 by
applying Perron-Frobenius Theorem. It also helps to derive
the Karush-Kuhn-Tucker conditions, which validate the sub-
gradient method used in Algorithm 2.

B. Solution Approach

In our proposed solution approach, problem (11) is divided
into two subproblems: a Secondary User Power Allocation
(SUPA) problem and a Secondary User Relay Selection (SUS)
problem. As illustrated in Fig. 2, SUS aims at optimizing
the relay selection, β∗, while SUPA aims at optimizing the
power allocation and splitting, p∗S and α∗, given a fixed relay
association.

A centralized and a distributed SUPA algorithms are pre-
sented in Section IV. The centralized power allocation al-
gorithm consists in transforming the power allocation prob-
lem into a sequence of feasibility checking problems. The
distributed power allocation algorithm solves the problem by
ADMM based strategy [22].

Moreover, in Section V, a centralized and a distributed SUS
algorithms are presented both providing sub-optimal solutions,
based on iterative local searches and by trail and error based
greedy searches, respectively. Note on Fig. 2, that SUPA is
nested inside SUS, i.e., by solving the relay selection problem,
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feasibility
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Fig. 2: An illustration of our solution approach, where SUPA refers to the Sec-
ondary User Power Allocation algorithms introduced in Section IV, whereas
SUS refers to the Secondary User relay Selection algorithms introduced in
Section V.

we obtain not only the resulting association β∗, but also the
power allocation p∗S and splitting α∗ for problem (11).

In the following, we establish the analytical results to derive
the SUPA and SUS algorithms.

IV. Secondary User Power Allocation Problem

In this section, we propose a centralized, and a distributed
algorithm to solve the secondary power allocation and splitting
problem with respect to a fixed association β. We show that the
centralized algorithm transforms the power allocation problem
into a sequence of feasibility checking problems, and can
efficiently find the optimal solution. For the case when central
control is not feasible or efficient, we propose a scalable
distributed algorithm, applying ADMM [22]. Both algorithms
find the max-min transmission rate, and allocate the secondary
transmit powers, such that each ST achieves exactly this rate.

A. Centralized Power Allocation Algorithm

For the centralized Secondary User Power Allocation al-
gorithm (centralized SUPA algorithm), following assumption
needs to be applied.

Assumption 1. There exists a central coordinator where the
channel gains, i.e., G, are known. Moreover, the central co-
ordinator distributes the power allocation pS, power splitting
α and the association matrix β to the STs and PTs in the
network.

First, given a max-min rate t and β, consider the following
optimization problem aiming to minimize the transmit powers:

min
p̃S,γreq

p̃S (18)

s.t. constraints (12f) ∼ (12i) ,

where p̃S and γreq are variables. Note that problem (18) relaxes
the constraints p j ≤ pmax

j for all ST j, and the primary
constraints (12b)∼(12d), compared to problem (12). Let p̃′S
and γreq′ denote any feasible solution to (18). Thus if t is
feasible, that is, there exists at least one solution p̃′S and γreq′ ,
then the optimal ST power allocation given by p̃∗S and γreq∗ is
obtained at the equality, as indicated by the following lemma.

Lemma 3. Let β be fixed. If optimization problem (18)
is feasible, then there exist unique Pareto optimal power
allocations p̃∗S and γreq∗ , such that constraints (12f)∼(12h)
hold at equality, and for any feasible solution p̃′S and γreq′ ,
p̃∗S ≤ p̃′S and γreq∗ ≤ γreq′ .

Proof: In Appendix B.
Note that Lemma 3 implies that all STs have the same rates

in the optimal scenario, since constraints (12f)∼(12h) hold at
equality. The following proposition illustrates the iterations to
find the optimal solutions of problem (18).

Proposition 4. If optimization problem (18) is feasible, then
the following iterations converge to the unique Pareto optimal
solution p̃∗S and γreq∗ . For k = 1, 2, 3, . . . ,

p̃k
S = (I − D(γt

S
k)HS2S)−1D(γt

S
k)(HP2SpP + ηS) ,

γ
req
ji′

k+1
= max

(
0, 4rreq

i − 1 − pi/qk
ii′
)
,∀i ∈ P, j ∈ S, and, βi j = 1 ,

where γreq
ji′

0
= 0 ∀ i ∈ P, j ∈ S with βi j = 1.

Proof: Recall that D denotes a diagonal matrix, and
HS2S and HP2S are defined in (16b). Given γreqk

, since
constraints (12f)∼(12h) are equivalent to constraint (17c),
Lemma 3 establishes the equality p̃k

S = D(γt
S

k) qS. Together
with (16b), this equality gives the power allocation

p̃k
S = (I − D(γt

S
k)HS2S)−1D(γt

S
k)(HP2SpP + ηS) . (19)

On the other hand, let γreq∗

ji′ be the optimal solution of (18),
thus we have

γ
req∗

ji′ = max
(
0, 4rreq

i − 1 − pi/q∗ii′
)
,

in which q∗ii′ is the normalized interference corresponding to
the optimal power allocation p̃∗S . Assume γ

req
ji′

k
≤ γ

req
ji′

k+1 for
all PT i and ST j with βi j = 1. We have p̃k

S ≤ p̃k+1
S , then

qk
ii′ ≤ qk+1

ii′ , followed by γ
req
ji′

k+1
≤ γ

req
ji′

k+2. Moreover, similarly
assume that γreq

ji′
k
≤ γ

req
ji′
∗ for all PT i and ST j with βi j = 1.

We have p̃k
S ≤ p̃∗S, then qk

ii′ ≤ q∗ii′ , followed by γ
req
ji′

k+1
≤ γ

req
ji′
∗.

Since indeed γ
req
ji′

0
≤ γ

req
ji′

1 and γ
req
ji′

0
≤ γ

req
ji′
∗, we have γreq

ji′
0
≤

γ
req
ji′

1
≤ · · · ≤ γ

req
ji′
∗, which implies that the sequence converges

to the fixed point γreq
ji′
∗. It completes the proof.

Now consider the following proposition, that correlates
formulations (12) and (18).

Corollary 5. Let p̃∗S, γreq∗ be the optimal solutions for opti-
mization problem (18) with respect to any given feasible t and
a fixed β. Then t is feasible for problem (12), if and only if p̃∗S
and γreq∗ are feasible for problem (12).

Proof: Since p̃∗S, γreq∗ are optimal solutions for prob-
lem (18), the constraint (12f)∼ (12h) hold at equality according
to Lemma 3. If p̃∗S and γreq∗ are feasible for problem (12), then
t is feasible for problem (12), since there exists at least one
feasible power allocation with respect to t.

Now assume that t is feasible for problem (12), while p̃∗S and
γreq∗ are infeasible. Let p̃′S and γreq′ denote one of the feasible
solutions for problem (12) with respect to t, which are also
feasible for problem (18). Without loss of generality, assume
that (2rreq

i − 1)q∗ii′ > pi ≥ (2rreq
i − 1)q′ii′ , where q∗ii′ and q′ii′ are
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Algorithm 1 Centralized SUPA Algorithm

Input: β, ε
Output: t,pS and α
1: Initialize t−, t+, and t = (t− + t+)/2
2: Find HP2P,HS2P,HS2S and HP2S based on β
3: while t+ − t− < ε do
4: while γreq

ji′ , max
(
0, 4rreq

i − 1 − pi/qii′
)
,∃i, j do

5: Find D(γt
S) with respect to t and γreq

6: Find p̃S = (I − D(γt
S)HS2S)−1D(γt

S)(HP2SpP + ηS)
7: Find qP = HP2PpP + HS2Pp̃S + ηP

8: Find γ
req
ji′ = max

(
0, 4rreq

i − 1 − pi/qii′
)
,∀βi j = 1

9: end while
10: if qP ≤ qmax

P and pS = Cp̃S ≤ pmax
S then

11: Set t− = t
12: else
13: Set t+ = t
14: end if
15: Let t = (t− + t+)/2
16: end while

the normalized interference corresponding power allocation p̃∗S
and p̃′S, respectively. However, from Lemma 3, we have p′S ≥
p∗S, implying that q′ii′ ≥ q∗ii′ , which contradicts the assumption
made before. This completes the proof.

Consequently, Corollary 5 suggests an efficient approach
to evaluate the feasibility of a given max-min rate t for
problem (12). First, find p̃S by solving problem (18). If
p̃S is feasible for problem (12), then t is feasible as well.
The following proposition shows that the bi-search algorithm
allows to find the maximum feasible achievable rate t for STs.

Proposition 6. If t is feasible to problem (12) and t ≥ t′, then
t′ is also feasible to problem (12).

Proof: Let D(γt
S) and D(γt′

S) be the matrices cor-
responding to t and t′ respectively, thus D(γt

S) ≥

D(γt′
S). Since HS2SD(γt

S) is non-negative matrix, then
ρ(HS2SD(γt

S)) ≥ ρ(HS2SD(γt′
S)) by Perron-Frobenius Theorem.

Thus ρ(HS2SD(γt′
S)) < 1, and t′ is feasible for problem (18) by

Lemma 12.
Moreover, since D(γt

S) ≥ D(γt′
S), then the corresponding

power allocations p̃t
S ≥ p̃t′

S and the corresponding normal-
ized interference qt

S ≥ qt′
S . Thus, the PT performance con-

straints (11b) and the secondary power constraints (11c) are
fulfilled. This completes the proof.

Algorithm 1 summarizes the results obtained by Corollary 5
and Proposition 6. Given any β, t is initialized with a rea-
sonable upper and the lower bound, t− and t+ respectively.
Then, it finds t following a bi-search algorithm, updating t−
and t+. That is, in each iteration, it checks the feasibility of
t = (t−+ t+)/2 by Corollary 5. If t is feasible for problem (12),
it sets t− = t and increases t to (t + t+)/2, otherwise, it sets
t+ = t and decreases t to (t + t−)/2. The iterative process is
terminated when the gap between t− and t+ becomes less than
a desired accuracy ε.

B. Distributed Power Allocation Algorithm

In the following, we propose a distributed power allocation
algorithm based on the ADMM method. The algorithm en-
forces that all STs reach the max-min achievable rate. In this
distributed ST power allocation algorithm, STs adjust their

transmit powers and splitting parameters following local com-
putations and local information exchange between neighboring
nodes, without requiring global network information.

Suppose transmitters m and n can communicate, if Gmn ≥

Gmin and Gnm ≥ Gmin. Then the undirected communication
graph G of the cognitive network is defined as follows.

Definition 3. Denote G = (V,E) the undirected communica-
tion graph, in which vertices V is the set of both PTs and
STs. Edge mn ∈ E if transmitters m and n can communicate.
Similarly denote GS = (VS,ES) the undirected communication
graph of STs, where VS is the set of STs. Edge mn ∈ ES if
STs m and n can communicate. Moreover, let NPm (NSm ) and
NPm (NSm ) denote the set and the number of PTs (STs) that
can communicate to transmitter m respectively.

We introduce two assumptions for the distributed power
allocation and relay selection algorithms.

Assumption 2. There exists certain Gmin such that GS is
connected. Moreover, we assume that PT i ∈ ∪ j∈SNP j , ∀i ∈ P.

Assumption 3. Assume that the normalized interferences qP
and qS can be measured locally in PTs and STs, respectively.
Moreover, for m ∈ NP j ∪ NS j , assume that the channel gains
G jm and G jm′ are known by ST j.

Informally, Assumption 2 states that the STs form a con-
nected communication graph, and each PT communicates
with at least one ST. This assumption clarifies that the STs
participating to the optimization problem can always detect the
signals of all PTs. Assumption 3 means that each ST knows
the channel gains to the nodes it can communicate with. Both
these assumptions can hold in typical networking scenarios.

Consider now the following optimization problem, in which
β and γreq are given:

max
z, u

∑
j∈S

z j , (20a)

s.t. z ∈ A j , ∀ j ∈ S , (20b)
z j = u , ∀ j ∈ S , (20c)

where z j = log r j is strictly increasing and concave in log γ j j′ ,
where γ j j′ is the SIR from ST j to SR j′, and set A j is defined
as

A j =
{
z
∣∣∣ pm ≤ pmax

m , rn ≥ rreq
n ,∀m ∈ NS j ,∀n ∈ NP j

}
.

Note that constraint (20b) is equivalent to the constraints (11b)
and (11c) under Assumption 2, whereas the equality in (20c)
comes from that all STs have the same rates in the optimal
solutions indicated by Lemma 3. Moreover, sinceA j is convex
in log(γS) as discussed in [23]–[25], we have the following
result.

Lemma 7. A j is convex in z j for any ST j.

Proof: In Appendix D.
Because both (20a) and (20c) are linear, then by Lemma 7

we have problem (20) is convex in z. Therefore, we could
propose a distributed ADMM method to solve problem (20),
which offers fast convergence and scalability for such convex
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optimization problems. Consider the following partial aug-
mented Lagrangian function with respect to constraint (20c):

Lς(zS, u, yS) =
∑
j∈S

L j(z j, u, y j)

=
∑
j∈S

(
z j −

ς

2
(z j − u)2 − y j(z j − u)

)
, (21)

where y j is the dual variable with respect to constraint (20c)
for ST j, and ς > 0 is called the penalty parameter. Consider
the updates in ST j as standard ADMM updates in general
consensus method: for k = 0, 1, 2, . . .

zk+1
j = argmax

z j∈A
k
j

L j(z j, z̄k
j, y

k
j) , (22)

yk+1
j = yk

j + ς(zk+1
j − z̄k+1

j ) , (23)

where z̄k
j is the average z j in NS j at iteration k, namely z̄k

j =

1/NS j

∑
m∈NS j

zk
m. Moreover, Ak

j is the feasible region for zk+1
j

given zk
m for all m , j,m ∈ NS j .

Suppose G is a complete graph. Then (22) can be applied
by solving the following optimization problem:

max
γ j j′

L j(z j, z̄k
j, y

k
j) (24a)

s.t. Cp̃S ≤ pmax
S , (24b)

qP ≤ qmax
P , (24c)

where (24b) and (24c) are equivalent to A j. Note that if
G is not complete, ST j considers a sub-block of (24b)
and (24c) corresponding to NS j and NP j , respectively. Since
constraint (24b) and (24c) is convex in z as shown in Lemma 7,
problem (24) is convex in z. We can solve it by following
sub-gradient method. Consider the Lagrangian function of
problem (24) as

L(γs, ν,µ) = L j − ν
T (Cp̃S − pmax

S )−µT (qP−qmax
P ) , (25)

where ν and µ are the dual variables with respect to constraint
(24b) and (24c), respectively. Note that µ consists of NP sub-
vectors, in which the i-th sub-vector is either denoted by µii′

for free PT i, or by (µi j, µi j′ , µii′ ) otherwise with βi j = 1
corresponding to qP. Since problem (24) is feasible and con-
vex in logγS, the following Karush-Kuhn-Tucker conditions
guarantee the optimality:

∂L

∂γ j j′
:=

∂L j

∂γ j j′
− (νT C+µT HS2P)

∂p̃S

∂γ j j′
= 0 , (26a)

νT (Cp̃S − pmax
S ) = 0 , λ ≥ 0 , (26b)

µT (qP−qmax
P ) = 0 , µ ≥ 0 , (26c)

Cp̃S − pmax
S ≤ 0 , (26d)

qP−qmax
P ≤ 0 . (26e)

Note that ∂L/∂z j = 0 if and only if (26) holds. Moreover,
from (19) we have ∂p̃S/∂γS = (I−D(γS)HS2S)−1D(qS). By
introducing wT defined as

wT = (νT C+µT HS2P)(I−D(γS)HS2S)−1 , (27)

where w consists of NS sub-vector as qS, in which the j-th sub-
vector is denoted either by w j j′ for free ST j, or by (w j j′ , w ji′ )
otherwise with βi j = 1. Then (26a) is equivalent to

∂L

∂γ j j′
=

∂L j

∂γ j j′
− w j j′q j j′ = 0 , (28)

where w j j′q j j′ is the first entry of the j-th sub-vector of
wTD(qS). By rearranging (27), we get w = HT

S2Ss + CTν +

HT
S2Pµ, where s = D(γS)w. Based on derivative of the La-

grangian (28), the sub-gradient updates are summarized as
following: Dual variable µ updates as

µk+1 =

[
µk +

δµ

k

(
qk

P − qmax
P

)]+

, (29)

whereas dual variable ν update as

νk+1 =

[
νk +

δν
k

(
pk

S − pmax
S

)]+

, (30)

where δµ and δν are constant step sizes designed for µ and ν,
respectively. Moreover, ST j updates decision variable z j as

zk+1
j = zk

j +
δz

k

(
L′j(γ

k
j j′ ) − qk

j j′w
k+1
j j′

)
γk

j j′ log(γk
j j′ + 1) , (31)

where δz is constant step size for decision variable z j. Note
that p̃k+1

S and wk+1 are obtained by

p̃k+1
S = D(γk+1

S )qk+1
S , (32)

wk+1 = HT
S2SD(γS)wk + CTνk+1 + HT

S2Pµ
k+1 , (33)

in which the update for w is motivated by the following
lemma.

Lemma 8. If there exists w ≥ 0 fulfills (27), then the iterative
update

wl+1 = HT
S2SD(γS)wl + CTν + HT

S2Pµ ,

converges to the unique fix point described by (27) when l
approaches to ∞.

Proof: In Appendix E.
Due to Assumption 3, the updates (??) apply locally in PTs,

i.e., each PT i updates the i-th sub-vector of µ. Moreover,
similarly, the updates (30), (31), (32) and (33) apply locally in
STs, i.e., each ST j updates the j-th sub-vectors (components)
of ν, γ, p̃S and w. Note that local updates (29), (30), (31)
and (32) do not need information exchange. However, in
update (33), each PT i needs to share sub-vector i of dual
variables µ to its neighboring STs, and each ST j needs to
share sub-vectors j of D(γS)w and ν. Moreover, in update (23),
each ST j needs to share z j in its neighboring STs.

Algorithm 2 summarizes the proposed ADMM based dis-
tributed SUPA.

Proposition 9. Given the optimal relay selection β∗ and
the corresponding auxiliary variable γreq∗ . The ADMM based
distributed ST power allocation, described by Algorithm 2,
converges to the natural logarithm of global optimal solutions
of problem (12).

Proof: (Sketch of the proof.) Algorithm 2 follows the
process of alternating direction method of multipliers for
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Algorithm 2 Distributed SUPA Algorithm

Input: β, γreq

Output: zS, p̃S
1: Initialize arbitrary primal variables γS, and resulting p̃S,
2: and dual variables yS, µ, ν and w
3: Start at k = 1
4: while

∣∣∣∣pk+1
j − pk

j

∣∣∣∣ ≥ ε do
5: Measure resulting qP and qS locally

6: µk+1 =

[
µk +

δµ
k

(
qk

P − qmax
P

)]+
,

7: νk+1 =
[
νk +

δν
k

(
pk

S − pmax
S

)]+
,

8: wk+1 = HT
S2SD(γS)wk + CT νk+1 + HT

S2Pµ
k+1 ,

9: zk+1
j = zk

j +
δz
k

(
L′j(γ

k
j j′ ) − qk

j j′w
k+1
j j′

)
γk

j j′ log(γk
j j′ + 1) ,

10: p̃k+1
S = D(γk+1

S )qk+1
S ,

11: z̄ k+1
j = 1/NS j

∑
m∈NS j

zk
m

12: yk+1
j = yk

j + ς(zk+1
j − z̄ k+1

j )
13: k := k + 1
14: end while

general global variable consensus optimization [22], [26]. As-
sumption 2 ensures the convergence of the process. Moreover,
the update described by Algorithm 2 follows sub-gradient
methods. Thus it converges to the point, where each ST j
achieve the same z j = log r j, while the ST power constraints
for and the PT performance requirements are guaranteed. Since
log r j is strictly increasing in r j, thus the achieved r j is also
the optimal solution (11), that is, z∗j = log r∗j , which completes
the proof.

Furthermore, in each iteration, we consider the following
update in Algorithm 2 to estimate the auxiliary variable γreq:

γ
req
ji′

k+1
= max

(
0, 4rreq

i − 1 − pi/qk
ii′
)
,∀i ∈ P, j ∈ S, where βi j = 1 .

This update allows us to compute the power allocation.
Now we are ready to focus on the secondary user selection

problem in the following section.

V. Secondary User Selection Problem

In the previous section, we introduced the algorithms to
find the optimal solutions p∗S and α∗ and the related max-min
rate t∗ for given β. In this section, we propose methods to
find the optimal Secondary User relay Selection (SUS). As
the relay selection requires to incorporate the solution of the
optimal power allocation, the relay selection problem remains
to be a mixed integer programming problem that is NP hard
in general.

Accordingly, we introduce local search based SUS algo-
rithms that provide sub-optimal solution for the secondary
relay selection. As for the SUPA algorithms we consider the
centralized and the distributed case.

A. Centralized Secondary User Selection

Suppose Assumption 1 holds, that is, in which there is a
central coordinator in the secondary network. We propose a
centralized Secondary User relay Selection algorithm (central-
ized SUS algorithm), in which the central coordinator finds
the sub-optimal relay allocation by iteratively running local
search, based on the knowledge of the channel gains. The
solution is given by Algorithm 3. The algorithm initializes by
considering no cooperation in the network, that is, with β0 = 0,

Algorithm 3 Centralized SUS Algorithm

Input: G
Output: pS, α and β
1: Let τ = 1, and initialize β0 = 0
2: Find p0

S, α0 and t0 by Algorithm 1
3: while true do
4: Let β′ = βτ−1

5: Find set Sfree and Pfree at τ − 1
6: Find j ∈ Sfree and i ∈ Pfree, such that:
7: by letting β′i j = 1
8: the resulting t′ by Algorithm 1 is maximized
9: with corresponding p′S, α′

10: if t′ > tτ−1 then
11: update βτ = β′, pτS = p′S, ατ = α′

12: τ := τ + 1
13: else
14: Terminate
15: end if
16: end while

and calculates the related optimal p0
S, α0 and max-min rate t0,

following Algorithm 1. Then, in each iteration it attempts to
add one more cooperative relay in the network, by searching
for the best additional cooperating PT, ST pair, that is, a pair
of PT i ∈ Pfree and ST j ∈ Sfree, such that, by Algorithm 1,
the resulting t is maximized among all possible free pairs. The
algorithm continues with the next iteration, if t was increased.
Otherwise it terminates and the relay association and power
allocation parameters are distributed in the network.

Note that the optimal secondary relay selection could be
find by brute-force search. As all possible PT-ST combinations
have to be evaluated in this case, the brute-force method has
a complexity of

∑NP
i=0 NS!/(NS − NP + i)!, and can be applied

in small networks only.
On the other side, Algorithm 3 only tries and evaluates∑M

i=0(NS − i)(NP − i) ≤ NSN2
P combinations in total, where

M ≤ NP is the number of PTs that associate with STs when
Algorithm 3 terminates. This offers an evident improvement
for networks of moderate or large size.

B. Distributed Secondary User Selection

In this subsection, we propose a secondary relay selection
algorithm that is deployed in each primary and secondary
transmitter, and requires only local communication according
to the communication graph G. Even for the distributed
secondary user selection we consider that Assumptions 2 and
3 hold.

In this distributed setup there is a need for controlling the
set of transmitters that can initiate the update of the relay allo-
cation matrix β. Therefore, we introduce the term bottleneck
transmitter, characterize the optimal power allocation for given
β with this term, and let the bottleneck transmitters control
the relay selection. The following proposition illustrates the
existence of the bottleneck transmitters.

Proposition 10. Let σ2 in (6) – (9) be strictly positive, and
let p∗S and α∗ be the optimal solutions to problem (11), given
a fixed β. Then, there exists at least one ST j or PT i, such
that p∗j = pmax

j , or ri(p∗S,α
∗) = rreq

i , respectively. Such PTs or
STs are the bottleneck user with respect to β.
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Algorithm 4 Distributed SUS Algorithm

Input: G
Output: pS, α and β
1: Let τ = 1, β = 0
2: Find p0

S, α0 and t0 by Algorithm 2
3: while true do
4: Let β′ = βτ−1

5: Bottleneck user m finds N free
Sm

6: while N free
Sm
, ∅ do

7: pick ST j arbitrarily in N free
Sm

8: ST j chooses its closest free PT i j
9: let [β′]i j j = 1

10: find resulting t′ by Algorithm 2
11: with corresponding p′S, α′

12: if t′ > tτ−1 then
13: update βτ = β′, pτS = p′S, ατ = α′, and PT i j broadcast its state

(busy)
14: τ := τ + 1
15: else
16: remove j from N free

Sm
17: end if
18: end while
19: end while

Proof: Suppose that in the optimal solution, all STs have
p∗S < pmax

S and all PTs have rP(p∗S,α
∗) > rreq

P . Then, there exists
scalar a > 1, such that ap∗S ≤ pmax

S and rP(ap∗S,α
∗) ≥ rreq

P . Note
that the achievable rate of STs fulfill rs(apS) ≥ rs(pS) for all
a > 1. Thus ap∗S is not only a feasible solution but also has
better performance for the STs. It contradicts to the assumption
p∗S is optimal, which completes the proof.

Remark 1. Algorithms 1 and 2 result in power allocation
where there exists bottleneck PTs or STs.

We propose a distributed Secondary User Relay Selection
algorithm (distributed SUS algorithm), which starts by initial-
izing β0 = 0, and calculating the related optimal p0

S, α0 and
max-min rate t0 by Algorithm 2. Then, in each iteration τ of
the distributed algorithm, there is at least one bottleneck PT
or an ST with respect to βτ−1. Let us denote such a bottleneck
user by m. Note that every PT i knows that it is a bottleneck
if rτ−1

i = rreq
i , while every ST j knows that it is a bottleneck

if pτ−1
j = pmax

j . The algorithm aims at increasing the rate of
this bottleneck user, but introducing a cooperative relay for
a nearby PT, as formally given in Algorithm 4. That is, in
each iteration, the bottleneck user considers the free STs in its
neighborhood, and evaluates the gain of letting this ST become
cooperative relay to its “nearest” free PT neighbor, i.e., the
neighboring free PT with the largest normalized channel gain
from the ST. Thus, there is a complexity of O(1) for each ST to
find the nearest free PT, i.e. arg maxi∈N free

P j
G ji′ , where N free

P j
is

the set of the free PTs neighboring of j. For the evaluation and
for setting the new power allocation parameters, Algorithm 2
is applied. In Algorithm 4, every PT i shares its state (if it is
busy) to every ST j ∈ NSi .

Proposition 11. The centralized and the distributed SUS
algorithms, Algorithm 3 and 4, have finite improvements, and
terminate in finite time.

Proof: In each iteration τ, Algorithms 3 and 4 either find
a better βτ or terminate. In the former case, the number of
free STs and PTs are both decreased by one, and the resulting

max-min rate tτ > tτ−1. Since the number of STs and PTs
are finite, the algorithms must have finite improvements and
terminate in finite time.

Furthermore, Algorithm 4 tries and evaluates at most∑M′
j=0(NS − i) combinations, and terminates after M′ ≤ NS

iterations, where M′ is the number of PTs that associate with
STs when the algorithm terminates.

VI. Numerical Results

Below we evaluate the proposed centralized and distributed
algorithms, considering the achievable performance as a func-
tion of the amount of free spectrum, discuss the convergence
properties of the distributed SUPA algorithm, and finally
evaluate the performance and the reason of the performance
loss of the centralized and distributed SUS heuristics.

We consider a communication area of size L2, set to
1500 × 1500 m2. Unless otherwise noted, we place 5 PT-PR
and 10 ST-SR pairs in the area as follows. The PTs are placed
randomly uniformly in the area. For each PT, the position of
the RT is selected randomly uniformly on a circle on radius dP
around the PT. We place 5 ST-SR pairs the same way, but with
radius dS. Finally, we place the remaining 5 secondary pairs
close to the primary ones. For each PT-PR pair we place one
ST uniformly randomly in a distance of dS2M from the middle
point (MP) of the PT-PR line segment. We place the related
SR as before. Fig. 3 illustrates a possible network topology.

We consider distance dependent loss with path loss factor 4,
which gives channel gain between transmitter m and receiver n
as Gmn = d−4(m, n). We set the ST power limit to pmax

j = 0.5W
for all j ∈ S, and the PT power to pi = 1W for all i ∈ P. The
average noise power is assumed to be σ2 = 10−10W. Instead
of unit bandwidth considered in the system model, we set the
bandwidth to 64kHz in the simulation.

We would like to evaluate how the performance of the
cooperative algorithms depend on the available “free” spec-
trum. Therefore we consider a range of ϑ performance margin
values, and set rreq

P = ϑ r̃P, where r̃P is the achievable rate
vector in the standalone primary network. Clearly, if ϑ is
small, there is free spectrum available for the secondary
transmissions.

The parameter are summarized in Table II. Note that the
parameter values used in this paper are similar to those used
in [14], which simplifies the experiment setting without loss
of generality. The simulation results consider 500 randomly
generated topologies. Moreover, for Algorithm 2 the penalty
parameter ς is set to 1 in the simulation. The optimal solutions
are obtained by brute-force search together with the centralized
power allocation algorithm, Algorithm 1.

Fig. 4 evaluates the performance of the centralized and dis-
tributed SUS algorithms, Algorithm 3 and 4, compared to the
fully optimized case, and to non-cooperative spectrum sharing.
It shows the average of the achieved max-min transmission
rates and its standard deviation, as a function of the primary
performance margin ϑ.

As expected, the achievable secondary rate depends sig-
nificantly on ϑ. Surprisingly the cooperative cases, even the
optimal solution, exhibit a step-function like performance, with
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(c)

PT
PR
ST
SR

(a)

(b)

MP

Fig. 3: An example of the topologies used in the simulations. (a) PR is placed
uniformly randomly around PT, such that dP = 250 m; (b) some of the STs
are placed uniformly randomly around the middle points (MPs) between PTs
and PRs, such that dS2M = dP/4. Others are place randomly. The SR is placed
around the ST such that dS = 125 m; (c) a possible topology where 5 PTs
and 10 STs are placed in the area.

TABLE II
Simulation parameters

Parameter Description Value (unit)

L2 communication area 1500×1500 m2

pmax
S maximum ST power 0.5 W
pP PT transmit power 1 W
σ2 noise power 10−10W
B bandwidth 64 kHz

NP number of PTs 5
NS number of STs 10
dP distance between PT and PR 250 m
dS distance between ST and SR 125 m

dS2M distance between ST and MP 62.5 m
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Fig. 4: The performance of the centralized the the distributed SUS algorithms,
Algorithm 3 and 4, respectively, for varying margin ϑ. The upper figure
illustrates the mean rates achieved by STs, while the lower one illustrates
the standard deviation.

significant rate decrease around ϑ = 0.5. We also need to
conclude that the standard deviation is rather high, showing
that the achievable performance depends very much on the
network topology. The figure shows that despite the heuristic
based SUS algorithms, both the centralized and the distributed
solutions achieve secondary rates close to the optimal ones
for most of ϑ < 0.5, and achieve a 100-300% rate increase
compared to the non-cooperative case.

Fig. 5 evaluates, what are the constraints that limit the
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Fig. 5: The probability that the power constraints of STs or alternatively,
the required rates constraint of PTs limit the performance of the secondary
cooperation, for varying performance margin ϑ. Centralized SUS.

performance of the secondary cooperation, depending on the
performance margin ϑ, taking the centralized case as example.
We see that when ϑ is small, that is, there is substantial free
spectrum, the dominating constraint is the ST maximum power
constraint, while the dominating constraint is the required PT
rate when ϑ is large. This could also explain the shape of the
achievable performance curve on Fig. 4.

Let us now discuss the performance of the components of
the SUS algorithms. Fig. 7 shows examples of the convergence
of the distributed SUPA algorithm, Algorithm 2, without and
with cooperation respectively, considering a fixed topology of
5 PTs and 10 STs. The figures show the rate of the 10 STs
(some curves overlap) as a function of the iteration number
and for different ϑ values. The results demonstrate that Al-
gorithm 2 converges to the optimal solution. The convergence
speed seems to depend on the performance margin, and higher
rates require longer convergence time. The convergence times
do not really depend on whether the system is cooperative or
not, which is understandable, since the relay association β is
fixed anyway.

Finally, let us evaluate the behaviour of the centralized
and the distributed SUS algorithms, Algorithm 3 and 4, for
a fixed topology with 10 primary and 10 secondary pairs,
with the primary pairs placed around the middle point of the
primary links with the parameters given in Table II. Fig. 7a
shows how the relay association evolves in the centralized
and in the distributed iterative algorithm. We represent the
relay association matrix β with blocks of 10 × 10 grids in
which each grey cell indicates 1 in β with the same position.
The corresponding ST max-min rate is shown in Fig. 7b. The
results are consistent with the ones in Fig. 4, i.e., the central-
ized Algorithm 3 achieves near-optimal performance, while
the distributed Algorithm 4 suffers from some performance
loss. The reason of this loss is well visible on Fig. 7a. The first
couple of associations are same for the two algorithms, but the
distributed allocation is terminated after the fifth iteration. That
is, the constraint that in the distributed algorithm the bottleneck
transmitter controls the update limits the performance.
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Fig. 6: The ST rates achieved by the distributed SUPA algorithm (Algo-
rithm 2), for performance margins ϑ = 0.3, 0.5, 0.7. In (a), there is no
cooperation considered; whereas, in (b) cooperation is considered
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Fig. 7: (a) The sequence of the βs obtained by the proposed SUS algorithms,
for ϑ = 0.3. Grey blocks indicate 1 in β at the same position. In the
upper figure, the sequence is generated by the centralized SUS algorithm
(Algorithm 3); while in the lower figure, the sequence is generated by the
distributed SUS algorithm (Algorithm 4). (b) The achieved max-min rate under
centralized (Algorithm 3) and the distributed (Algorithm 4) SUS, compared
to the optimal rate and to the non-cooperative scenario.

VII. Conclusion and Discussion

A. Conclusion

In this work we considered the problem of resource al-
location for cooperating primary and secondary networks,
where the secondary network users aim at achieving max-min
fair transmission rates, while ensuring the primary network
performance constraints, given by the minimum transmission
rate requirement.

Specifically, we considered superposition-coding based co-
operation, which means that the cooperating networks need to
optimize the allocation of secondary transmitters as relays for
primary transmissions, the secondary transmit powers, and the
power-splitting ratio of superposition coding. It was shown that
this optimization problem is a mixed-integer, non convex and
NP-hard problem. Therefore, we proposed an iterative solution
to find near-optimal configuration, by iteratively improving
the secondary relay allocation, and optimizing the power
allocation and splitting in each iteration.

We proposed both centralized and distributed solutions, each
fitting to different networking cases. Our numerical results
showed good convergence performance in both cases, and
demonstrate that the centralized solution achieves secondary
rates very close to the optimum ones. The distributed solution
suffered from some performance loss, but still outperformed
the non-cooperative scenario significantly.

B. Discussion

Cooperative transmission schemes with multiple relay nodes
have been considered for example in [16] [17], showing that
using multiple relays, for a single primary and secondary node
pair the cognitive capacity can be doubled. It can be expected,
that similar gains may be achieved for large networks, if the
density of the secondary transmitters, as potential relays, is
high enough [18]. Considering our proposed solutions, the
SUS algorithms are already sub-optimal, and their complexity
would not increase if the selection of multiple relays is
allowed. However, the multiple relay power allocation problem
is NP-hard already when considering a single PU link, and
thus the complexity of the SUPA problem would increase
significantly. Therefore the investigation of the expected gains
of multiple secondary relays in large networks deserves a
further research on its own, which we hope to conduct in the
future.
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Appendix
A. Proof of Lemma 1

Proof: Consider problem (11). Introduce auxiliary vari-
able γreq. Denote with variable t the max-min rate and intro-

duce the corresponding constraint r j ≥ t for all j ∈ S. Then
rearrange r j ≥ t by placing p j on the left side of the inequality
only, we have constraints (12b) and (12e) from (4) and (9),
respectively. Rearrange constraint (11b) by placing pi or p j in
the left side of the inequality only, we have constraints (12d),
(12e), (12f), and (12g) from (8), (6), (7), and (3) respectively.
Thus, problems (11) and (12) are equivalent, which completes
the proof.

B. Proof of Lemma 3

Proof: Suppose that problem (18) is feasible, and let
p̃∗S and γreq∗ be the optimal solutions for optimization prob-
lem (18). With fixed γreq∗, consider the power allocation
p̃∗S. Recall that the right side of constraint (12f), (12g), and
(12h) are standard interference functions in p̃S. Thus, the
corresponding p̃∗S are Pareto optimal [21].

Now suppose there exist feasible γreq whose i-th component
[γreq]i < [γreq∗ ]i. Let γreq′ = γreq∗ except that [γreq′ ]i =

[γreq]i. Thus, γreq′ ≤ γreq∗ , which is feasible. Moreover, the
corresponding power allocation is smaller than p̃∗S, which
contradicts the assumption. It completes the proof.

C. Lemma 12

Lemma 12. SIR vector γS > 0 is feasible for problem (18) if
and only if ρ(HS2SD(γS)) < 1.

Proof: Note that HP2SpP +ηS > 0, and HS2SD(γS) is non-
negative. By Perron-Frobenius Theorem, there exists a non-
negative left eigenvector of HS2SD(γS), v, which corresponds
to a positive eigenvalue ρ(HS2SD(γS)). Then the following
expression completes the proof.

vT qS = vT (HP2SpP + ηS) + vT HS2SD(γS)qS = vT (HP2SpP +

ηS) + ρ(HS2SD(γS))vT qS .

D. Proof of Lemma 7

Proof: Recall that A j is convex in log γ j j′ as discussed
in [23], [24]. Let us denote z j = f (log γ j j′ ) and g(z j) the in-
verse function of f such that g(z j) = log γ j j′ . Since z j is strictly
increasing and concave in log γ j j′ , we have f ′(log γ j j′ ) > 0 and
f ′′(log γ j j′ ) < 0. Moreover, we have g′(z j) = 1/ f ′(log γ j j′ ) > 0
and g′′(z j) = − f ′′(log γ j j′ )/ f ′3(log γ j j′ ) > 0, thus g(z j) is
strictly increasing and convex in z j. Finally, denote A j equiv-
alent as h(log γ j j′ ) ≤ 0, where h(log γ j j′ ) is convex and non-
decreasing. Thus h(g(z j)) is convex in z j, which completes the
proof.

E. Proof of Lemma 8

Proof: Note that HT
S2SD(γS) is primitive, and since

there exists w by (27), we have ρ(HT
S2SD(γS)) < 1 ac-

cording to Lemma 12. Hence, we have ‖wl+1 − wl‖ ≤

ρ(HT
S2SD(γS))‖wl − wl−1‖, which implies that liml→∞ ‖wl+1 −

wl‖ = liml→∞ ρl(HT
S2SD(γS))‖w1 − w0‖ = 0. This completes

the proof. Note that intuitively by changing notation w to p,
the iterative process is equivalent to the classical distributed
power allocation method.


