
http://www.diva-portal.org

Postprint

This is the accepted version of a paper presented at 52nd IEEE Conference on Decision and Control,
CDC 2013, 10 December 2013 through 13 December 2013, Florence, Italy.

Citation for the original published paper:

Teixeira, A., Ghadimi, E., Shames, I., Sandberg, H., Johansson, M. (2013)

Optimal scaling of the ADMM algorithm for distributed quadratic programming.

In: 2013 IEEE 52nd Annual Conference on Decision and Control (CDC) (pp. 6868-6873).

IEEE Conference on Decision and Control. Proceedings

http://dx.doi.org/10.1109/CDC.2013.6760977

N.B. When citing this work, cite the original published paper.

Permanent link to this version:
http://urn.kb.se/resolve?urn=urn:nbn:se:kth:diva-150985



Optimal scaling of the ADMM algorithm for
distributed quadratic programming

André Teixeira, Euhanna Ghadimi, Iman Shames, Henrik Sandberg, and Mikael Johansson

Abstract— This paper addresses the optimal scaling of the
ADMM method for distributed quadratic programming. Scaled
ADMM iterations are first derived for generic equality-
constrained quadratic problems and then applied to a class
of distributed quadratic problems. In this setting, the scaling
corresponds to the step-size and the edge-weights of the
underlying communication graph. We optimize the convergence
factor of the algorithm with respect to the step-size and graph
edge-weights. Explicit analytical expressions for the optimal
convergence factor and the optimal step-size are derived.
Numerical simulations illustrate our results.

I. INTRODUCTION

Recently, a number of applications have triggered a strong
interest in distributed algorithms for large-scale quadratic
programming. These applications include multi-agent sys-
tems [1], [2], distributed model predictive control [3], [4],
and state estimation in networks [5], to name a few. As these
systems become larger and their complexity increases, more
efficient algorithms are required. It has been argued that the
alternating direction method of multipliers (ADMM) is a par-
ticularly powerful and efficient approach [6]. One attractive
feature of ADMM is that it is guaranteed to converge for all
(positive) values of its step-size parameter [6]. This contrasts
many alternative techniques, such as dual decomposition,
where mistuning of the step-size for the gradient updates
can render the iterations unstable.

The ADMM method has been observed to converge fast in
many applications [6]–[9] and for certain classes of problems
it has a guaranteed linear rate of convergence [10]–[12].
However, the solution times are sensitive to the choice
of the step-size parameter, and the ADMM iterations can
converge (much) slower than the standard gradient algorithm
if the parameter is poorly tuned. Recently, [11] provides
optimal tuning parameters for the general (centralized) class
of quadratic programming with linear inequality constraints.
For distributed programming, however, the ADMM algo-
rithm is tuned empirically for each specific application. In
particular, [7]–[9] report various rules of thumb for picking
the step-size. A thorough analysis and design of optimal step-
size and scaling rules for the ADMM algorithm is largely
unaddressed in the literature. The aim of this paper is to close
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this gap for a class of distributed quadratic programming
problems.

We first consider a particular class of equality-constrained
quadratic programming problems and derive the correspond-
ing iterations for the ADMM method. The iterations are
shown to be linear and the corresponding eigenvalues are
characterized as roots of quadratic polynomials. These re-
sults are then used to develop optimally scaled ADMM
iterations for a class of distributed quadratic programming
problems that appear in power network state-estimation ap-
plications [13]. In this class of problems, a number of agents
collaborate with neighbors in a graph to minimize a convex
objective function with a specific sparsity structure over a
mix of shared and private variables. We show that quadratic
programming problems with this structure can be reduced
to an equality constrained convex quadratic programming
problem in terms of private variables only. The ADMM iter-
ations for this quadratic problem are then formulated taking
into account the communication network constraints. The
network-constrained scaling of the ADMM method includes
the step-size and edge weights of the communication graph.
Methods to minimize the convergence factor by optimal
scaling of the ADMM iterations are proposed for generic
connected graphs. In particular, analytical expressions for
the optimal step-size and convergence factor are derived
in terms of the spectral properties of the communication
graph. A tight lower-bound for the convergence factor is also
obtained. Finally, given that the optimal step-size is chosen,
we propose methods to further minimize the convergence
factor by optimizing the edge weights.

The outline of this paper is as follows. Section II gives an
elementary background to the ADMM method. The ADMM
iterations for a class of equality-constrained quadratic pro-
gramming problems are formulated and analyzed in Sec-
tion III. Distributed quadratic programming and optimal
networked-constrained scaling of the ADMM algorithm are
addressed in Section IV. Numerical examples illustrating our
results and comparing them to state-of-the art techniques are
presented in Section V. Finally, a discussion and outlook on
future research concludes the paper.

A. Notation

We denote the set of real and complex numbers with R,
and C, respectively. For a given matrix A ∈ Rn×m, denote
R(A) , {y ∈ Rn| y = Ax, x ∈ Rm} as its range-space
and let N (A) , {x ∈ Rm| Ax = 0} be the null-space of
A. For A with full-column rank, define A† , (A>A)−1A>

as the pseudo-inverse of A and ΠR(A) , AA† as the



orthogonal projector onto R(A). Since R(A) and N (A>)
are orthogonal complements, we have ΠN (A>) = I−ΠR(A)

and ΠR(A)ΠN (A>) = 0. Now consider A,D ∈ Rn×n,
with D invertible. The generalized eigenvalues of (A,D)
are defined as the values λ ∈ C such that (A − λD)v = 0
holds for some nonzero vector v ∈ Cn. Additionally, A � 0
(A � 0) denotes that A is positive definite (semi-definite).

Consider the sequence {xk} converging to the fixed-point
x?. The convergence factor of the converging sequence is
defined as [14]

φ? , sup
xk 6=x?

‖xk+1 − x?‖
‖xk − x?‖

. (1)

Definitions from graph theory are now presented [15]. Let
G(V, E ,W) be a connected weighted undirected graph with
vertex set V with n vertices, edge set E with m edges,
and edge-weights W . Each vertex i ∈ V represents an
agent, and an undirected edge ek = (i, j) ∈ E means that
agents i and j can exchange information. Letting wek ≥ 0
be the weight of ek, the edge-weight matrix is defined as
W , diag([we1 . . . wem ]). The weighted graph is connected
if the unweighted subgraph obtained from G by removing
the edges with zero weights, G̃(V, Ẽ) with Ẽ , {ek ∈ E :
wek > 0}, is connected. Denote Ni , {j 6= i|(i, j) ∈ E}
as the neighbor set of node i. Define A as the span of real
symmetric matrices, Sn, with sparsity pattern induced by
G, A , {S ∈ Sn|Sij = 0 if i 6= j and (i, j) 6∈ E}. The
adjacency matrix A ∈ A is defined as Aij = Aji = wek
for ek = (i, j) ∈ E and Aii = 0. The diagonal degree
matrix D is given by Dii =

∑
j∈Ni

Aij . The incidence
matrix B ∈ Rm×n is defined as Bij = 1 if the edge ei
is incident to node j ∈ V and Bij = 0 otherwise

II. THE ADMM METHOD

The ADMM algorithm solves problems of the form

minimize
x, z

f(x) + g(z)

subject to Ex+ Fz − h = 0
(2)

where f and g are convex functions, x ∈ Rn, z ∈ Rm,
h ∈ Rp. Moreover, E ∈ Rp×n and F ∈ Rp×m have full-
column rank; see [6] for a detailed review. The method is
based on the augmented Lagrangian

Lρ(x, z, µ) = f(x) + g(z) + (ρ/2)‖Ex+ Fz − h‖22 (3)

+ µ>(Ex+ Fz − h)

and performs sequential minimization of the x and z vari-
ables, followed by a dual variable update:

xk+1 = argmin
x

Lρ(x, z
k, µk)

zk+1 = argmin
z

Lρ(x
k+1, z, µk) (4)

µk+1 = µk + ρ(Exk+1 + Fzk+1 − h).

These iterations indicate that the method is particularly useful
when the x- and z-minimizations can be carried out effi-
ciently (e.g. admit closed-form expressions). One advantage
of the method is that there is only one single algorithm

parameter, ρ, and under rather mild conditions, the method
can be shown to converge for all values of the parameter; see,
e.g., [6]. However, ρ has a direct impact on the convergence
speed of the algorithm, and inadequate tuning of this pa-
rameter may render the method very slow. In the remaining
parts of this paper, we will derive explicit expressions for
the step-size ρ that minimizes the convergence factor (1) for
some particular classes of problems.

III. ADMM FOR A CLASS OF EQUALITY-CONSTRAINED
QUADRATIC PROGRAMMING PROBLEMS

In this section, we develop scaled ADMM iterations for
a particular class of equality-constrained convex quadratic
programming problems. In terms of the standard formulation
(2), these problems have f(x) = 1

2x
>Qx+ qTx with Q � 0

and q ∈ Rn, g(z) = 0, and h = 0. While this formulation
may appear restrictive, it covers a vast area of distributed
applications from multi-agent and estimation to networked-
control systems (c.f. [2], [5], [16]).

An important difference compared to the standard ADMM
iterations described in the previous section is the introduction
of a matrix R ∈ Rr×p scaling the equality constraints

R(Ex+ Fz) = 0. (5)

The underlying assumption on the choice of R is that all
non-zero vectors v = Ex + Fz, ∀x ∈ Rn, z ∈ Rm do
not belong to the null-space of R. In other words, after the
transformation (5) the feasible set in (2) remains unchanged.
Taking into account the transformation in (5), the penalty
term in the augmented Lagrangian becomes

1

2
(Ex+ Fz)>ρR>R(Ex+ Fz). (6)

Definition 1: ρR>R is called the scaling of the aug-
mented Lagrangian (3).
Our aim is to find the optimal scaling that minimizes the
convergence factor of the corresponding ADMM iterations.
Specifically, introducing Ē = RE and F̄ = RF , the scaled
ADMM iterations read

xk+1 = (Q+ ρĒ>Ē)−1
(
−q − ρĒ>(F̄ zk + uk)

)
zk+1 = −(F̄>F̄ )−1F̄>

(
Ēxk+1 + uk

)
(7)

uk+1 = uk + Ēxk+1 + F̄ zk+1,

where uk = µk/ρ. From the z- and u-iterations we observe

uk+1 = (uk + Ēxk+1)− F̄ (F̄>F̄ )−1F̄>
(
Ēxk+1 + uk

)
= ΠN (F̄>)

(
Ēxk+1 + uk

)
.

Since N (F̄>) and R(F̄ ) are orthogonal complements, then
we have ΠR(F̄ )u

k = 0 for all k, which results in

F̄ zk = −ΠR(F̄ )Ēx
k. (8)

By induction the u-iterations can be rewritten as

uk+1 = ΠN (F̄>)

(
k+1∑
i=1

(Ēxi) + u0

)
. (9)



Supposing u0 = 0, without loss of generality, and given (8)
and (9), the x-iterations can be rewritten as

xk+1 = (Q+ ρĒ>Ē)−1
(
−q + ρĒ>ΠR(F̄ )Ēx

k
)

− (Q+ ρĒ>Ē)−1ρĒ>ΠN (F̄>)

k∑
i=1

(Ēxi).

Noting that

xk+1 − xk = (Q+ ρĒ>Ē)−1ρĒ>ΠR(F̄ )Ēx
k

− (Q+ ρĒ>Ē)−1ρĒ>ΠN (F̄>)Ēx
k

− (Q+ ρĒ>Ē)−1ρĒ>ΠR(F̄ )Ēx
k−1,

the iterations can be written in matrix form as[
xk+1

xk

]
=

[
M11 M12

I 0

]
︸ ︷︷ ︸

M

[
xk

xk−1

]
, (10)

with

M11 = ρ(Q+ ρĒ>Ē)−1Ē>
(
ΠR(F̄ ) −ΠN (F̄>)

)
Ē + I,

M12 = −ρ(Q+ ρĒ>Ē)−1Ē>ΠR(F̄ )Ē.
(11)

The convergence properties of the ADMM iterations are
characterized by the spectral properties of the matrix M .
In particular, let {φi} denote the ordered eigenvalues of M
so that |φ1| ≤ · · · ≤ |φ2n−s| < |φ2n−s+1| = · · · = |φ2n|
for s ≥ 1. The ADMM iterations converge to the optimal
solution if φ2n = · · · = φ2n−s+1 = 1 and the corresponding
convergence factor (1) equals φ? = |φ2n−s|. In the remainder
of this paper, we address the following problem:

Problem 1: Given an optimization problem on the form
(2), determine the jointly optimal scalar ρ and matrix R that
minimize the convergence factor of the ADMM iterations.

As the initial step to tackle Problem 1, we first characterize
the eigenvalues φi of M . Let [u> v>] be an eigenvector of M
associated with the eigenvalue φ, from which we conclude
φv = u. Thus the following holds for the eigenvalues and
corresponding eigenvectors of M

φ2v = φM11v +M12v. (12)

Our analysis will be simplified by picking R such that
Ē>Ē = κQ for some κ > 0. The following lemma indicates
that such an R can always be found.

Lemma 1: For E ∈ Rp×n with full-column rank and
κ > 0, there exists an R that does not change the constraint
set in (2) and ensures that Ē>Ē = κQ.

Proof: The proof may be found in [17].
Now, replacing Ē>Ē = κQ in (11) we have

M11 =
ρ

1 + ρκ
(Ē>Ē)−1Ē>

(
ΠR(F̄ ) −ΠN (F̄>)

)
Ē + I,

M12 = − ρ

1 + ρκ
(Ē>Ē)−1Ē>ΠR(F̄ )Ē,

The next result presents the explicit form of the eigenval-
ues of M in (10).

Theorem 1: Consider the ADMM iterations (10). If
Ē>Ē = κQ, the eigenvalues of M are described by

2φ =
(
f(ρ)λ̄+ 1

)
±
√(

f(ρ)λ̄+ 1
)2 − 2f(ρ)(λ̄+ 1),

(13)

with

f(ρ) =
ρκ

1 + ρκ
,

λ̄ =
v>
(
Ē>

(
ΠR(F̄ ) −ΠN (F̄>)

)
Ē
)
v

v>(Ē>Ē)v
,

κ = v>(Ē>Ē)v.

Proof: The result follows from (12) and Ē>Ē = κQ.

From (13) one directly sees how ρ and R affect the
eigenvalues of M . Specifically, f(ρ) is a function of ρ,
while λ̄ only depends on R. In the next section we address
and solve Problem 1 for a particular class of problems. The
analysis follows by applying Theorem 1 and studying the
properties of (13) with respect to ρ and λ̄.

IV. ADMM FOR DISTRIBUTED QUADRATIC
PROGRAMMING

We are now ready to develop optimal scalings for the
ADMM iterations for distributed quadratic programming.
Specifically, we will consider a scenario where n agents
collaborate to minimize an objective function on the form

minimize
η

1
2η
>Q̄η + q̄>η, (14)

where η = [η>1 . . . η>n ηs]
> and ηi ∈ Rni represents the

private decisions of the agent i, ηs ∈ R is a shared decision
among all agents, and Q̄ has the structure

Q̄ =


Q11 0 · · · 0 Qs1

0 Q22 Qs2
...

. . .
...

0 Qnn Qsn
Q1s Q2s · · · Qns Qss

 (15)

q̄> =
[
q>1 . . . q>s

]
(16)

Here, Qss ∈ R for simplicity, Qii � 0, and Qsi = Q>is ∈
Rni . Such structured cost functions are common in optimiza-
tion for interconnected systems. For instance, the problem
of state estimation in electric power networks [13] gives
rise to such sparsity structure. Given that ηs is scalar, state
estimation for an electric power network with the physical
structure depicted in Fig. 1(a) results in such structured Q̄.

The optimization problem is almost decoupled, except for
the shared variable ηs, and can be solved in a distributed
fashion by introducing copies of the shared variable x(i,s) =
ηs to each agent and solving the optimization problem

minimize
{ηi},{x(i,s)}

∑n
i=1 fi(ηi, x(i,s))

subject to x(i,s) = x(j,s), ∀ i, j, i 6= j
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(b) Communication graph.

Fig. 1. The cost coupling resulting in Q̄ as outlined in (15). In (a) each
agent i 6= s represents a large area of the power network, while node
s corresponds to the connection point between all the areas. In (b) the
agents from different areas need to jointly minimize (14) constrained by the
communication network.

with

fi(ηi, x(i,s)) ,
1

2

[
ηi

x(i,s)

]> [
Qii Qis
Qsi αiQss

] [
ηi

x(i,s)

]
+

[
qi
αiqs

]> [
ηi

x(i,s)

]
,

where αi > 0 indicates how the cost associated with ηs is
distributed among the the copies x(i,s) with

∑n
i=1 αi = 1.

Since the private variables ηi are unconstrained, one
can solve for them analytically with respect to the shared
variables, yielding

fi(x(i,s)) ,
1

2
x>(i,s)Q̂ix(i,s) + q̂>i x(i,s),

Q̂i =
(
Qssαi −QisQ−1

ii Qsi
)
,

q̂i = (qsαi −QsiQ−1
ii qi).

When Q̄ is positive definite, there exist a set {αi} such that
each fi(x(i,s)) is convex, as stated in the following result.

Lemma 2: For Q̄ � 0, there exist {αi} such that∑n
i=1 αi = 1 and Q̂i > 0 for all i = 1, . . . , n.

Proof: The proof is given in [17].
Hence the optimization problem can be rewritten as

minimize
{x(i,s)}

∑n
i=1 fi(x(i,s))

subject to x(i,s) = x(j,s), ∀ i, j, i 6= j
(17)

which reduces to an agreement, or consensus, problem on
the shared variable xs between all the nodes i 6= s depicted
in Fig. 1(b). Each agent i holds a local copy of the shared
variable xi , x(i,s) and it only coordinates with its neighbors
Ni to compute the network-wide optimal solution to the
agreement problem (17). The constraints imposed by the
graph can be formulated in different ways, for instance by
assigning auxiliary variables to each edge or node [2]. The
former is illustrated next.

A. Enforcing agreement with edge variables

Constraints must be imposed on the distributed problem
so that consensus is achieved. One such way is to enforce
all pairs of nodes connected by an edge to have the same
value, i.e. xi = xj for all (i, j) ∈ E . To include this constraint
in the ADMM formulation, the auxiliary variable z(i,j) is

created for each edge (i, j), with z(i,j) = z(j,i), and the
problem is formulated as

minimize
{xi},{z(i,j)}

1
2

∑
i∈V fi(xi)

subject to xi = z(i,j), ∀i ∈ V, ∀(i, j) ∈ E
z(i,j) = z(j,i), ∀(i, j) ∈ E .

Consider an arbitrary direction for each edge ei ∈ E . Now
decompose the incidence matrix as B = BI + BO, where
[BI ]ij = 1 ([BO]ij = 1) if, and only if, node j is the head
(tail) of the edge ei = (j, k). The optimization problem can
be rewritten as

minimize
x,z

1
2x
>Qx+ q>x

subject to
[
RBO
RBI

]
x−

[
R
R

]
z = 0,

(18)

where Q = diag([Q̂1 . . . Q̂n]), q> = [q̂1 . . . q̂n], and W =
R>R is the non-negative diagonal matrix corresponding to
the edge-weights.

Assumption 1: The graph G(V, E ,W) is connected.
As derived in the previous section, the ADMM iterations

can be written in matrix form as (10). Since ΠR(F̄ ) = 2W ,
Ē>ΠR(F̄ )Ē = 1

2 (BI + BO)>W (BI + BO) = 1
2 (D + A),

and Ē>Ē = B>OWBO +B>I WBI = D, we have

M11 = ρ(Q+ ρD)−1A+ I,
M12 = −ρ2 (Q+ ρD)−1(D +A).

(19)

The main result in this paper is stated below and, for given
W = R>R, it explicitly characterizes the optimal ρ solving
Problem 1 and the corresponding convergence factor of (10)
with M11 and M12 derived in (19).

Theorem 2: Suppose W � 0 is chosen so that G is
connected and D = κQ for κ > 0. Let {λi} be the set
of ordered generalized eigenvalues of (A, D) for which
λ1 ≤ · · · ≤ λn = 1. The optimal step-size ρ? that minimizes
the convergence factor φ? is

ρ? =

{
1

κ
√

1−λ2
n−1

, λn−1 ≥ 0

1
κ , λn−1 < 0.

Furthermore, the corresponding convergence factor is

φ? = |φ2n−1| =

 1
2

(
1 + λn−1

1+
√

1−λ2
n−1

)
, λn−1 ≥ 0

1
2 , λn−1 < 0.

Proof: The proof may be found in [17].
Note that, for a given W , the optimal ρ? and convergence

factor |φ2n−1| are parameterized by κ and λn−1. Moreover,
it is easy to see that |φ2n−1| ≥ 1

2 and minimizing λn−1 leads
to the minimum convergence factor. Hence, by finding W ?

as the edge-weights minimizing λn−1, the optimal scaling is
then given by ρ?(λ?n−1)W ?. The optimal choice of W ? is
described in the following section.

B. Optimal network-constrained scaling

Here we address the second part of Problem 1 by com-
puting the optimal scaling matrix R? that, together with
ρ?, provides the optimal scaling minimizing the ADMM
convergence factor. But first we introduce a transformation



to relax the assumption that D = κQ. The constraints in the
agreement problem (18) enforce x = 1ny for some y ∈ R,
where 1n ∈ Rn is a vector with all entries equal to 1.
Therefore the optimization problem is equivalent to

minimize
y

1
2y1

>
nQ1ny + q>1ny. (20)

The next result readily follows.
Lemma 3: Consider the optimization problem (18). For

given diagonal D � 0, the optimal solution to (18) remains
unchanged when Q is replaced by 1

κD if κ =
1>nD1n

1>nQ1n
.

Proof: The proof follows directly from converting (18)
to (20) and having 1>nQ1n = 1

κ1
>
nD1n.

Thus, the constraint D = κQ can be achieved for any
D � 0 by modifying the original problem (18), replacing
Q with 1

κD and letting κ =
1>nD1n

1>nQ1n
. Below we show how

the minimization of λn−1 with respect to the edge-weight
matrix W can be formulated as a quasi-convex optimization
problem.

Theorem 3: Consider the weighted undirected graph G =
(V, E ,W) and assume there exist non-negative edge-weights
W = {wek} such that G is connected. The non-negative
edge-weights {wek} minimizing the second largest general-
ized eigenvalue of (A,D), λn−1, while having G connected
are obtained from the optimal solution to the quasi-convex
problem

minimize
{wek

}, λ
λ

subject to wek ≥ 0, ∀ ek = (i, j) ∈ E ,
Aij = wek , ∀ ek = (i, j) ∈ E ,
Aji = wek , ∀ ek = (i, j) ∈ E ,
Aij = 0, ∀ (i, j) 6∈ E ,
D = diag(A1n),
D � εI,
A−D − 1n1>n ≺ 0,
P> (A− λD)P ≺ 0,

(21)

where the columns of P ∈ Rn×n−1 form an orthonormal
basis of N (1>n ) and ε > 0. Denoting m as the num-
ber of edges, the edge-weight matrix is given by W =
diag([we1 . . . wem ]).

Proof: The proof may be found in [17].
Given the results derived in this section, the optimal

scaling ρ?W ? solving Problem 1 can be computed as sum-
marized in Algorithm 1.

Algorithm 1 Optimal Network-Constrained Scaling
1) Compute W ? and the corresponding D? and λ?n−1

according to Theorem 3;
2) Given D? and Q, compute κ? from Lemma 3;
3) Given κ? and λ?n−1, compute the optimal step-size ρ?

as described in Theorem 2;
4) The optimal scaling for the ADMM algorithm with Q

replaced by 1
κ?D

? is ρ?W ?.

V. NUMERICAL EXAMPLES

Next we illustrate our results in numerical examples.

A. Distributed quadratic programming

Consider a distributed quadratic programming problem
with n = 3 agents and an objective function defined by

Q̄ =



4 1 1
1 6 2

5 4 3
4 8 4

8 7 5
7 9 6

1 2 3 4 5 6 8


q̄> =

[
1 1 1 1 1 1 1

]
.

As shown previously, the optimization problem can be
reformulated on the form

minimize
{x(i,s)}

∑n
i=1

1
2x
>
(i,s)Q̂ix(i,s) + q̂>i x(i,s)

subject to x(i,s) = x(j,s), ∀i 6= j

with n = 3, α = 1
n [0.5 0.9 1.6], Q̂1 = 0.5507, Q̂2 =

0.0667, Q̂3 = 0.2232, q̂1 = −0.3116, q̂2 = −0.3667,
and q̂3 = −0.1623. As for the communication graph, we
consider a line graph with node 2 connected to nodes 1
and 3. Algorithm 1 is applied, resulting in λ?n−1 = 0 with
the edge weights we1 = we2 = 0.1566 and degree matrix
D = diag([0.1566 0.3132 0.1566]). From Theorem 2 we
then have ρ? = 1

κ =
∑3

i=1 Q̂i

1>nD1n
and φ? = |φ2n−1| =

0.5, which is the best achievable convergence factor. The
performance of the ADMM algorithm with optimal network-
constrained scaling is presented in Fig. 2. The performance
of the unscaled ADMM algorithm with unitary edge weights
and manually optimized step-size ρ is also depicted for
comparison. The convergence factor of the manually tuned
ADMM algorithm is |φ2n−1| = 0.557, thus exhibiting worse
performance than the optimally scaled algorithm as depicted
in Fig. 2.
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Fig. 2. Normalized error for the scaled ADMM algorithm with W ?, and
ρ? obtained from Algorithm 1 and the unscaled ADMM algorithm with
unitary edge weights and manually selected best step-size ρ = 0.55 via
exhaustive search.
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Fig. 3. Performance comparison of the proposed optimal scaling for the
ADMM algorithm with state-of-the-art fast-consensus [2]. The network of
size n = [5, 20] is randomly generated by Erdős-Rényi graphs with low
and high densities ε = {0.2, 0.8}.

B. Distributed consensus

In this section we apply our methodology to derive opti-
mally scaled ADMM iterations for the average consensus
problems and compare our convergence factors with the
state-of-the art fast consensus algorithm presented in [2].
The average consensus problem is a particular case of (18)
where x ∈ R, Q = αI for some α ∈ R, and q = 0. As an
indicator of the performance, we compute the convergence
factors for the two methods on a large number of randomly
generated Erdős-Rényi graphs. Fig. 3 presents Monte Carlo
simulations of the convergence factors versus the number of
nodes n ∈ [5, 20]. Each component (i, j) in the adjacency
matrix A is non-zero with probability p = (1 + ε) log(n)

n ,
where ε ∈ (0, 1) and n is the number of vertices. In our
simulations, we consider two scenarios: sparse graphs with
ε = 0.2 and dense topologies ε = 0.8. For every network
size, 50 network instances are generated, the convergence
factors are computed and averaged to generate the depicted
results. The figure shows two versions of Algorithm 1 with
and without weight optimization in Theorem 3. We observe
a significant improvement compared to the state-of-the-art
fast consensus [2] in both sparse and dense topologies.

VI. CONCLUSIONS AND FUTURE WORK

Optimal scaling of the ADMM method for distributed
quadratic programming was addressed. In particular, a class

of distributed quadratic problems were cast as equality-
constrained quadratic problems, to which the scaled ADMM
method is applied. For this class of problems, the network-
constrained scaling corresponds to the usual step-size con-
stant and the edge weights of the communication graph.
Under mild assumptions on the communication graph, an-
alytical expressions for the optimal convergence factor and
the optimal step-size were derived in terms of the spectral
properties of the graph. Supposing the optimal step-size is
chosen, the convergence factor is further minimized by opti-
mally choosing the edge weights. Our results were illustrated
in numerical examples and significant performance improve-
ments over state-of-the art techniques were demonstrated.
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