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Abstract

Abstract

This thesis primarily reports on an action research project that has been
conducted on a course in theoretical computer science (TCS). The course is
called Algorithms, data structures, and complexity (ADC) and is given at
KTH Royal Institute of Technology in Stockholm, Sweden.
The ADC course is an introduction to TCS, but resembles and succeeds
courses introducing programming, system development best practices, problem solving, proving, and logic. Requiring the completion of four programming projects, the course can easily be perceived as a programming course by
the students. Most previous research in computer science education has been
on programming and introductory courses.
The focus of the thesis work has been to understand what subject matter
is particularly diﬃcult to students. In three action research cycles, the course
has been studied and improved to alleviate the discovered diﬃculties. We
also discuss how the course design may color students’ perceptions of what
TCS is. Most of the results are descriptive.
Additionally, automated assessment has been introduced in the ADC
course as well as in introductory courses for non-CS majors. Automated
assessment is appreciated by the students and is directing their attention to
the importance of program correctness. A drawback is that the exercises in
their current form are not likely to encourage students to take responsibility
for program correctness.
The most diﬃcult tasks of the course are related to proving correctness,
solving complex dynamic programming problems, and to reductions. A certain confusion regarding the epistemology, tools and discourse of the ADC
course and of TCS in general can be glimpsed in the way diﬃculties manifest themselves. Possible consequences of viewing the highly mathematical
problems and tools of ADC in more practical, programming, perspective, are
discussed. It is likely that teachers could explicitly address more of the nature
and discourse of TCS in order to reduce confusion among the students, for
instance regarding the use of such words and constructs as “problem”, “verify
a solution”, and “proof sketch”.
One of the tools used to study diﬃculties was self-eﬃcacy surveys. No
correlation was found between the self-eﬃcacy beliefs and the graded performance on the course. Further investigation of this is beyond the scope of this
thesis, but may be done with tasks corresponding more closely and exclusively
to each self-eﬃcacy item.
Didactics is an additional way for a professional to understand his or her
subject. Didactics is concerned with the teaching and learning of something,
and hence sheds light on that “something” from an angle that sometimes is
not reﬂected on by its professionals. Reﬂecting on didactical aspects of TCS
can enrichen the understanding of the subject itself, which is one goal with
this work.
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Sammanfattning

Sammanfattning

I den här avhandlingen diskuteras ett aktionsforskningsprojekt som har
utförts på kursen ADK (Algoritmer, datastrukturer och komplexitet) vid
KTH i Stockholm. Kursen är en introduktion till teoretisk datalogi (TCS)
och ges för civilingenjörsstudenterna i datateknik.
ADK-kursen är en fortsättningskurs till tidigare kurser i programmering,
systemutveckling och logik. Då den bland annat omfattar fyra stora programmeringsuppgifter, kan studenterna lätt uppfatta den som ytterligare en programmeringskurs. Tidigare forskning om undervisning och lärande i datateknik/datavetenskap handlar vanligtvis om introduktionskurser i programmering.
Fokus för den här avhandlingen har varit att förstå vilka begrepp och idéer
som studenterna uppfattar som extra svåra. Under tre aktionsforskningscykler har kursen studerats och förändrats för att förbättra den och avhjälpa
svårigheterna. En diskussion förs också kring hur kursens diskurs och dess
aktiviteter kan påverka studenternas uppfattning om vad TCS är. Resultaten
är till övervägande del beskrivande.
Utöver detta har automaträttning införts, både i ADK-kursen och på andra kurser för studenter som inte läser datateknik. Automaträttning är uppskattat bland studenterna, och får dem att inse att korrekthet är en viktig
aspekt av ett program eller en algoritm. En nackdel är att det inte är troligt
att uppgifterna i sin nuvarande utformning signalerar att det är studenternas
ansvar att säkerställa att deras program gör rätt.
De svåraste momenten i kursen är kopplade till korrekthetsbevis, till att
konstruera komplicerade dynamisk programmeringsalgoritmer och till reduktioner. Man kan också i det sätt svårigheterna manifesteras ana en viss förvirring hos studenterna gällande kursens, och den teoretiska datalogins, epistemologi, medel, mål och språk. En diskussion förs kring vilka konsekvenserna blir om man betraktar det matematiska innehållet i ADK-kursen ur ett
rent praktiskt programmeringsperspektiv. Lärare skulle kunna göra mycket
mera för att avhjälpa den förvirringen, till exempel genom att göra ﬂer metautläggningar om språkanvändningen och hur den skiljer sig ifrån vardagsspråket gällande ord som “problem”, “veriﬁera en lösning” och “bevisskiss”.
Ett av verktygen som använts för att analysera svårigheter har varit selfeﬃcacy-enkäter, ungefär “självvärderingsenkäter”. Ingen korrelation kunde
uppmätas mellan studenternas svar på dessa och deras betygsatta kursprestationer. För att avgöra om deras självvärderingar korrelerar med prestationer
behöver andra uppgifter än kursuppgifterna användas, som har samma avgränsningar och innehåll som var och en av frågorna på enkäterna. Detta
ingår inte i denna avhandling.
Didaktik utgör ett ytterligare perspektiv för forskare och lärare att förstå
sitt ämne på. Eftersom didaktiken handlar om hur lärande och undervisning
bör gå till, kan reﬂektioner kring detta göra att ﬂer av grundantagandena inom
TCS lyfts fram och används för att beskriva fältet. Denna rikare förståelse
för TCS är ett av målen med avhandlingsarbetet.
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Chapter 1

Introduction

Introduction

This thesis is about computer science education (CSE) and didactics. It has the,
for this genre, unusual target of theoretical computer science, taught to computer
science majors and eﬀectively distinguishing them from programmers. Theoretical
computer science (TCS) deals with the foundations of computation, which can
impose requirements on IT solutions on a more fundamental level than current state
of the art of frameworks and implementations. It is a mathematical knowledge area,
which may come as a surprise to some more practically oriented students, maybe
especially as it comes in disguise as “something related to programming”. This
positions the thesis somewhere in the borderlands of mathematics didactics, and
more “mainstream” computer science didactics.
When it comes to teaching, I believe that theoretical computer science is not
suﬃciently understood. I strive to grasp what the topics themselves contain in terms
of potential diﬃculties – language conﬂicting with everyday language, perspectives
that are taken for granted but need explaining, structures which can be compared
and combined but are instead presented, and learned, independently.
The work presented here is, if you like, a case study. It is the result of several
consecutive years of study of a course on algorithms, data structure and computational complexity, ADC, for Master of Science in Engineering program students at
their undergraduate level. The ﬁrst attempts at improving this course which I was
involved in, happened in 2007. Most of the work, however, is from 2011-2013. It is
a spiraling, ongoing course improvement project with an action research structure
but involving attempts to evaluate some aspects of the course quantitatively. Some
of the dependencies during these years are illustrated in Figure 1.1.
I have experienced most educational research in computer science based on
constructivism. In my earlier teaching studies, the social perspective on teaching
and learning was, mildly speaking, most enunciated. Here I am going to make use
of tools from both constructivism and socio-cultural learning theory. When starting
from myself as a teacher, looking at the subject of theoretical computer science,
I will adopt a constructivist perspective and look at what it is I am presenting,
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what characterizes the concepts and topics I teach, what mental models I believe
all computer scientists share a skeleton of, and think of such things as cognitive load
and schemata in order to present a clear view of the topics. When interpreting what
my students are struggling with, and why, while keeping the constructivist’s tools, I
believe that it is crucial to reﬂect on which questions belong in my course/discipline,
what types of answers reside there, how do we connote the language to adapt it to a
collective perspective, and – how much are the students aware of this perspective?
Will they share it with me?
My main interest is: What can be particularly diﬃcult in TCS, and
particularly, in the ADC course? What does our teaching experiences tell us
about this question? In particular, I have investigated:
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This is partly analyzed quantitatively, using survey responses and grades, but
also discussed qualitatively based on gathered experiences of mine, and of other
teachers and TAs.
A second focus is: What do our teaching approaches and activities
(among other things, automated assessment of programming exercises)
convey about the nature of TCS, to the students? This thesis treats the
following aspects:
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The ﬁrst of these latter questions is evaluated quantitatively, and the two other
questions are philosophical topics rather than research questions, and are discussed
qualitatively in relation to the nature of the diﬃculties found and described.
Both of these foci are founded in the more general questions “What is theoretical
computer science?” and “Which perspectives are assumed and utilized in theoretical computer science?”. These are didactical questions if placed in the context of
teaching, and they represent the view on didactics that I have adopted here. I am
interested in the subject, in itself, and what characterizes it, compared with other
experiences students are likely to have.
The results presented in this thesis will be based on previous publications, and
on additional data described in the thesis. Most of the research aims to describe,
as causality is troublesome to establish in a study of teaching and learning.
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1.1

Preface

When I started working on my Master’s thesis for Viggo Kann in 2007, it dawned on
me that I had learned things from my teaching education. The diﬀerences between
the strictly regulated, and nation wide streamlined, school system of “Gymnasiet”
(which we loosely translate to “High School”, but is a non-compulsory education
for pupils aged 16-19 in Sweden) on one hand, and the Swedish university education regulations, were striking and, because of a successful indoctrination in earlier
studies, puzzling to me. As a teacher in gymnasiet, my work would be to teach a
couple of subjects – hopefully those I had studied – and assess students’ work by
means of national, regional and local speciﬁcations. From a historical perspective
in Sweden, the speciﬁcations I had to adhere to were highly unspeciﬁc, but they
existed and I had to relate to them. A natural, advisable and useful principle when
tackling questions about didactics hence was to “go back” to these regulations and
speciﬁcations, and make sure that what I wanted to do was in line with them.
I was not at the time aware that I had adopted this habit, but it became clear
when Viggo explained to me that what little was actually regulated by higher
authorities was not in any way relevant to choosing topics for a course, or on what
level students would need to understand or deal with the chosen topics. Not even
at the central level at the university was there anything that posed requirements
and restrictions for most courses. It was entirely the individual teacher, or the
teachers together, who decided about these matters. There were no documents, no
regulations, no guiding principles that I needed to conform with when designing a
new task for a course! Instead, the teacher deﬁned the scope, depth and structure
of the course.
This might seem bad. It still works, because teachers are professionals in the
topics they are teaching – nothing else would be acceptable at this level. They were
educated in the subjects and have both the concepts, methods, models and history
of their subject to relate to. When they teach, they are acting less as oﬃcials
of the society, performing tasks by stipulation from a higher authority, and more
as representatives the authority of their ﬁeld, than high school teacher have the
freedom to. Teachers also cooperate. They discuss concepts, discuss practices, and
they read information online from other universities world wide – information or
experiences that they may incorporate in their teaching, or at least relate to. The
most underestimated factor here is “canon”. In the professions, practitioners to a
large extent agree on what the core concepts and principles of their respective ﬁelds
are. Courses have similar goals. Text books are sold world wide, but it is common
that teachers provide supplementary information from several books to be able to
present the topics they want to include, in the way they prefer.
The organization ACM (Association for Computing Machinery) also produces
very detailed curricula for various engineering disciplines involving computing –
curricula that compared to those for gymnasiet, at least in 2007, were extremely
detailed. Swedish universities, at least KTH, try to make the computer science
engineering program ACM compliant by including everything from the curriculum
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in their courses, but not by letting the ACM curricula deﬁne the courses. “We are
ACM compliant” does not mean that the students took a course named CS1 in their
ﬁrst year, that was entirely governed by the ACM curriculum for the discipline,
but that students were taught all topics from all courses speciﬁed by the ACM
curriculum. Besides bragging about ACM compliance, universities claim that they
are the best, that their students get the best job opportunities the soonest after (or,
in some cases, before) graduation, and that the researchers at the university are
good (partially implying that they are qualiﬁed to decide most accurately on what
students need to learn). Their freedom to design courses based on what their staﬀ
believes is most relevant and useful, is related to this competition. This can be seen
in comparison with “earlier” schools than universities. They are also competing,
but their students are younger and still live at home. The inherent ambition is that
all schools should be in some sense equally good – they are to assign grades, and the
same grade for the same course should mean the same nation wide, so that it can
later be used for selection. In practice, they compete for students with statements
about average grades among their students. The room for them to compete with
special, locally designed courses, was severely diminished lately. For universities,
curriculum design is possible to use in branding and marketing.
At that time, I was surprised that such a prestigious and important part of the
educational system had so few binding rules. In hindsight, I can see that I was
successfully socialized into a high school teacher’s professional practices. Now I am
also socialized into some of the university researcher’s and teacher’s professional
practices. During the time this second socialization process happened regulations
of higher education in Sweden have also changed. The way of specifying intended
learning outcomes with each course at KTH is slowly getting standardized. More
discussions of how to guarantee that all goals with the education are addressed
somewhere in the educational program are taking place, and explicit criteria for
assessment are gaining land. The dominant paradigm for assessing in Sweden, in the
mandatory school system and in gymnasiet, is goal-based assessment. This means
that grades should be understood as absolute, and not relative, “measurements”.
Canon and collegial decision making are powerful tools (and the very fundaments
of organized science), and they should not be underestimated in favor of more
mechanically accessible quality assurance metrics. They are not incompatible with
goal-based assessment.
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Changing perspectives

Changing perspectives

Here I will describe some instances of changing perspectives caused by teaching. I
remember two very troublesome experiences during my own school time in particular, when I think about the sociocultural aspect of teaching and learning. The
descriptions below are extremely subjective, and I cannot verify them in any way.
I was always a pupil very sensitive about what was expected of me. The mere
condition that a teacher had given me a task, I interpreted as “I, your teacher, ﬁnd
this important” and “I, your teacher, believe that this is a suitable task for you”,

Here I will describe some instances of changing perspectives caused by teaching. I
remember two very troublesome experiences during my own school time in particular, when I think about the sociocultural aspect of teaching and learning. The
descriptions below are extremely subjective, and I cannot verify them in any way.
I was always a pupil very sensitive about what was expected of me. The mere
condition that a teacher had given me a task, I interpreted as “I, your teacher, ﬁnd
this important” and “I, your teacher, believe that this is a suitable task for you”,

8

CHAPTER 1. INTRODUCTION

meaning that I should learn it because the teacher wanted me to, and could learn
it because the teacher expected me to. It wouldn’t make sense for a teacher to
assign a task that he or she did not believe that the pupils were qualiﬁed for. It
would also not make sense to require meaningless tasks. This type of student is
not very useful for opening the teachers eyes to new methods and interpretations
of the teaching situation, but the approach tended to be rewarding for the pupil
in terms of grades. There was also some moral aspect to this – I believe that I
considered it rather immoral to not do something that I was expected to do. The
teacher expected me to perform something, and I did not want to let the teacher
down.
In this context, in a small school where most teachers knew most pupils by name,
there was due to a lack of trained physics teachers, a line of ﬁve diﬀerent people
teaching physics during my three years of studying it in this school, age 13-15. I
believe it was when I was 14, the teacher of one of the semesters of that year was
actually trained in physics – he was an engineering student – but not in teaching.
(We also tried the opposite type of arrangement, so it is actually impressive that I
learned any physics at all. . . ).
The teacher assigned the class a home exam, to be done in any amount of
time, and handed in by some deadline. I found this task extremely challenging!
Today, I would pay quite a lot to get to see this exam, and my answers to it. All
I do remember, apart from this being a very unusual experience during the ﬁrst,
mandatory, 9 years of school in my life, was that it was so hard. I really had to
work a lot, for many hours. I remember expressing it as “ﬁrst you have to ﬁnd
out what problem you have to solve, which is really hard, and then you have to
solve it, too”. I suspect that this was about forces and motion, because I remember
also my struggle to come to terms with the concept of “velocity” as something
completely diﬀerent from what I was used to, and I think this occurred during the
same semester. No one had yet described the diﬀerence between scalars and vectors
to me, and also the huge generalizability of that distinction – dimensional analysis
– was left for me to ﬁgure out on my own. I had really never met with the idea that
words, everyday words that I thought I knew, suddenly had a very precise meaning
and that that meaning diﬀered from the everyday meaning. Maybe my struggle
with this task was related to that?
When receiving the graded exams back from the teacher (and probably already
before that), I was disappointed with my work. I was supposed to solve all of the
problems, weren’t I? I had 13.5 points out of 20, which was my worst result yet
experienced. As it turned out, the average score on this exam was around 3. Clearly
this teacher had underestimated the diﬃculties novices meet with in physics, clearly
he had overestimated the prerequisites for 14 year old pupils to persist in solving
the type of tasks he had assigned, and clearly he had no idea of what level we were
on. Probably, if I had not blindly trusted teachers to know what I was able to do
and what was best for me, I would never have spent so much time on this exam,
and would have performed even worse. I also would have learned much less, since I
really believe that this experience was beneﬁcial for my learning. I had to work out
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so many new connections, realize so many things at the same time, and apply logic
and probably dimensional analysis through logic reasoning, to make sense of the
tasks. But imagine being a pupil with lower academic self esteem, expecting tasks
to be too diﬃcult, trying to solve some problems, giving up and and receiving a
score of 1–5 out of 20! In that framing, the task was probably not beneﬁcial at all!
It probably undermined the trust to teachers, the self esteem and the ambitions in
school for such a student. It is also a provoking fact that my consolation here was
that I at least performed much better than the rest of the class. This parasitical
way of consolidating academic self esteem is bothering to me, but for some people,
it is an undeniable part of their experience.
If I could acquire my old exam, and read it with my grown up experience as
a background, maybe there was nothing special with it at all. Maybe I cannot,
any more, discern that dimension of utter and complete chaos among all concepts,
and the hard work that was needed to make sense of it. Maybe at that very day, I
acquired part of the physicist’s perspective on his discipline: which questions should
be posed, which methods should be used, what type of answers are valid?
The other really challenging perspective acquisition happened to me during my
ﬁrst year of physics courses at the university. Students at KTH are introduced
to their new environment by a course in thermodynamics. This course is not an
ordinary one, but some of the teaching and learning experts (those who are most
focused on methods and the distinction between “old” teaching methods and “new”)
might fail to see this. It was a course with lectures in a great lecture hall, some
worked example sessions, one or two smaller tests, and a written exam at the end. It
was, however, not really teaching thermodynamics at all. It was teaching reasoning,
reality check, dimension analysis; to verify answers arrived at by some calculation
by some other, independent method, and to approximate whatever you did not
know. That is probably an excellent way of making students realize that there has
been a shift in perspective from earlier classes where physics maybe was a book
that you read chapter by chapter, and where you could look up the correct answers
to all examples at the end.
The teacher wanted us to become independent thinkers, and he wanted us to
view physics in relation to reality, not just in relation to courses and course books. It
is his way of treating the term “black” that I remember the most as a struggle with
perspectives. It clearly is an everyday word, but then, in thermodynamics, it is all
of a sudden not related to visible colors anymore, but to generalized characteristics
of the visible “black” – and he made a point of saying it often and mixing the
meanings. I was occupied trying to form the concept “thermodynamically black”
for myself, and it was frustrating that he made those puns all of the time, because I
had to put quite a lot of jigsaw pieces together to appreciate them. At some level, I
realized that he was not lecturing about the everyday concept of “black”, but it was
hard to understand why he said what he did – what it was that he wanted by saying
it and which characteristics of ordinary black that were transferable to this concept.
Thermodynamically black is a quality some object can possess to varying degree,
and “real” blackness is a somewhat idealized trait: it is not necessarily possible
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for an object to be completely black, in all frequencies. He forced acceptance of
thermodynamically black by osmosis, by using the term in a way that a physicist
would. So he did change my perspective, but I believe that I would have beneﬁted
from being taught about this, on a meta-level. My perception is that I was not.
(I am probably not a very talented physics student, which is why this caused a
struggle in the ﬁrst place. There were domain speciﬁc “codes”, that I was not
seeing or understanding, but someone who had grasped more about what physics
is really about probably had less trouble than I did.)
I believe strongly that more experiences of this type reside in any teaching and
learning context, and that my own students would beneﬁt from me anticipating
and explicitly tackling such perspective changes. This has lead me to also reﬂect
on indications of needs for such perspective changes during my PhD years. It is
not something I have formally investigated, but still worth discussing when talking
of canon and socialization processes, and worth mentioning here because we might
have taken the language and the perspective for granted. Sometimes misunderstandings are totally unexpected to the teachers, like when some ADC students
were angry that their proof sketches (in the shape of pictures of the theorem, at
best) did not give them any points on the exam. A proof sketch should indicate
why the theorem is true, and constitute a “skeleton” of the proof, but need not be
very detailed. We had been sketching proofs the entire semester by then, and did
not know that some students had failed to pick up this term.
There are more words and expressions that can mislead, if their domain speciﬁc use is not acknowledged. Another mathematics teacher mentioned the word
“speciellt”, which has the basic meaning “especially”, but in proofs often means
“in particular” with ﬂavor of “for example”. When the teacher says that the theorem is valid for real numbers, especially for 5, this will not make sense. If you
understand that the teacher means that 5 is a speciﬁc example of where the theorem is valid, you don’t need to waste energy on understanding why 5 is special.
Yet another teacher mentioned how the class were amused as the teacher went on
about “uppskatta”, which in everyday language roughly means “appreciate” but
also “estimate”.
These are tiny details in language that cause inclusion and exclusion in a group,
and while the ultimate goal is for all students to be able to use the language and
be included in the group, it is the responsibility of the teacher, who knows but
is perhaps not aware of both the everyday and the discipline speciﬁc meaning of
words, to contrast these meanings and help students to realize that the words are
terms in the particular discipline.

for an object to be completely black, in all frequencies. He forced acceptance of
thermodynamically black by osmosis, by using the term in a way that a physicist
would. So he did change my perspective, but I believe that I would have beneﬁted
from being taught about this, on a meta-level. My perception is that I was not.
(I am probably not a very talented physics student, which is why this caused a
struggle in the ﬁrst place. There were domain speciﬁc “codes”, that I was not
seeing or understanding, but someone who had grasped more about what physics
is really about probably had less trouble than I did.)
I believe strongly that more experiences of this type reside in any teaching and
learning context, and that my own students would beneﬁt from me anticipating
and explicitly tackling such perspective changes. This has lead me to also reﬂect
on indications of needs for such perspective changes during my PhD years. It is
not something I have formally investigated, but still worth discussing when talking
of canon and socialization processes, and worth mentioning here because we might
have taken the language and the perspective for granted. Sometimes misunderstandings are totally unexpected to the teachers, like when some ADC students
were angry that their proof sketches (in the shape of pictures of the theorem, at
best) did not give them any points on the exam. A proof sketch should indicate
why the theorem is true, and constitute a “skeleton” of the proof, but need not be
very detailed. We had been sketching proofs the entire semester by then, and did
not know that some students had failed to pick up this term.
There are more words and expressions that can mislead, if their domain speciﬁc use is not acknowledged. Another mathematics teacher mentioned the word
“speciellt”, which has the basic meaning “especially”, but in proofs often means
“in particular” with ﬂavor of “for example”. When the teacher says that the theorem is valid for real numbers, especially for 5, this will not make sense. If you
understand that the teacher means that 5 is a speciﬁc example of where the theorem is valid, you don’t need to waste energy on understanding why 5 is special.
Yet another teacher mentioned how the class were amused as the teacher went on
about “uppskatta”, which in everyday language roughly means “appreciate” but
also “estimate”.
These are tiny details in language that cause inclusion and exclusion in a group,
and while the ultimate goal is for all students to be able to use the language and
be included in the group, it is the responsibility of the teacher, who knows but
is perhaps not aware of both the everyday and the discipline speciﬁc meaning of
words, to contrast these meanings and help students to realize that the words are
terms in the particular discipline.

1.2

1.2

Contributions in shared papers

I Computer Lab Work on Theory This was my very ﬁrst article, based on
my master thesis, which means that I made 90 % of the design, planning and
work but 75 % of the writing.

Contributions in shared papers

I Computer Lab Work on Theory This was my very ﬁrst article, based on
my master thesis, which means that I made 90 % of the design, planning and
work but 75 % of the writing.

1.3. ETHICS

11

1.3. ETHICS

11

II The eﬀect of short formative web quizzes with minimal feedback In
this project I was involved in planning, design, execution and evaluation of the
experiments together with my advisor Olle Bälter, and performed about 60 %
of the writing of the paper.
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III Five years with Kattis – Using an Automated Assessment System
in Teaching The work described in this paper was largely conducted before
I started my PhD, but would not have been published without my eﬀorts. I
contributed to some extent to the pedagogical development of the tool Kattis,
by designing the new type of task that was described in my ﬁrst paper. I did 70
% of the writing of this paper, and provided most of the literature references.
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1.3

Ethics

Although primarily interested in characteristics of the subject of theoretical computer science, I am dealing with achievements and attitudes of my students. This
requires some ethical considerations. Common developments of students’ presentations of their individual homework are referenced to as part of my own teacher
experience. For the data, nothing identifying about the participating students will
be released, and the results are presented in aggregated form. For the many surveys,
where we asked students to write their name on the page, we promised that this material was not to be dealt with during the course, and that it in no way would count
towards grades. Most students accepted this and, helpfully, completed the surveys. Six students (four in 2012 and two in 2013) participated under pseudonyms.
For questions that only deal with changes in self-eﬃcacy, these surveys can still
be included since these students used the same pseudonym throughout. However,
for evaluating surveys by comparing self-eﬃcacy responses with grading and assessment, of course they cannot be included. In addition to the pseudonymous answers,
some students did not put any name on the paper at all, out of which some still
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responded to the survey. These can naturally neither be used for viewing changes
between occasions, or comparisons with course achievements.
There are other ethical considerations involved in this type of work, closely related to research methodology. For some researchers, a controlled study would seem
most appealing. This approach was decided against on the basis of equal treatment
of students. Since we believe that our methods could alter the preconditions for
learning, it would be unfair to not give the same opportunities to all students. A
remaining option, provided a fully quantitative study was called for, would have
been to invent several, diﬀerent, teaching and learning activities and compare them.
We would then have a record of how two new teaching methods performed, compared with one another, but still no information on how these compared with the
old methods. To teach in diﬀerent ways than before, because we believe that something was badly taught before, is not unethical. To omit something we believe is
useful just to see whether we were right, is not fair to the students. We have used
an action research perspective, and changed things during the way. This is both
because we wanted to work rather applied, and because the students should be the
primary concern when designing courses, not research on students.
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Theoretical framework

Theoretical framework

The theoretical background to this work is threefold – there is the theoretical computer science background (here treated mostly as scenography), there is the learning theory background at which every educational program begins, and there are
more speciﬁc types of results that are relevant to this thesis. Also some qualitative
research perspectives are brieﬂy explained. This chapter also describes the “practical” background of the work – the course and the educational setting where it took
place.
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There is a large number of qualitative research methodologies out there. This
work is largely performed within the action research perspective, and this choice
was made because of the work’s dual purpose: both as course development and
research project. Phenomenography is not used directly, but some of the concepts
are.
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Phenomenography

Phenomenography

A phenomenographic take on learning theories stems from [13] and [36]. Phenomenography is a descriptive, qualitative research method that investigates how
people construct reality. Typically, a result could be “three qualitatively diﬀerent
ways to experience the equality symbol”. A sidetrack of the research method is
the variation theory described later in this chapter, which consists of identifying a
number of necessary conditions for something to be experienced and distinguished
from other experiences – a precondition for learning.
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between research and practice is minimized. It is common for teachers to do action
research on their own practice, but also common that an external researcher gets
involved. There are several ways of describing the action research processes, and
several versions of action research methodology. They usually involve the same
ingredients: Plan, act, observe and reﬂect, then revise your questions and methods
and repeat. Some authors start the cycle with observations (O’Leary), others with
planning (Kemmis & McTaggart). For instance Koshy et. al. [34] points out that
the methodology usually does not contain separate phases in sequence – they often
overlap with each other, and too strict methodological focus can inhibit success in
the work.
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2.2
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Learning theories

For readers with a background in didactics, this section is only common background
about learning theories, but for readers specialized in TCS, it might be helpful to
have the historical context described a bit more. When dealing with matters of
teaching and learning, it is necessary to relate to learning theories. These all oﬀer
some answers to the question “What is learning?”, and are usually based on psychology, sociology and pedagogy. They may have various interpretations of ontology
and epistemology, and are often grouped in three major categories: behaviorism,
cognitive constructivism and social constructivism. The descriptions below are not
describing recent ﬁndings, but instead the basic features of the learning theories.
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Behaviorism

Behaviorism

The behavioristic perspective on learning was created around the beginning of the
20th century. It was introduced by John B Watson as an attempt to make psychology into an accepted part of the natural sciences, honoring objectivity, experiments, reproducibility as do the natural sciences. The perspective dominated the
early 1900s. Some names associated with this discipline are Pavlov and Skinner.
Ivan Pavlov was conducting research in physiology and neurology. While investigating digestion he obsered some behaviors called “involuntary reﬂex actions”, and
further “conditioned reﬂexes”. Maybe the most famous example is dogs salivating
when something they had associated with food was present (conditioned reﬂex) as
they would have when food was present (unconditioned, involuntary, reﬂex). The
text book example of this is that when hearing a bell ring, that used to ring before
food was administered, dogs started salivating. These experiments are described for
instance in [42, lecture II]. The stimulus used in this description was a metronome,
not a bell. Pavlov’s results inspired the idea to think of learning as conditioned
behavior. Psychologists like Skinner later experimented on animals, and sometimes
on people, focusing on what could be objectively observed. Instead of speculating
and utilizing inexact methods focusing on what was inside the heads of the observed people, behaviorism looks at learned behavior described in terms of stimuli,
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on positive or negative reinforcement and punishment, and response. Learned, conditioned, behavior soon gave rise to learning theories. Skinner was himself active
in discussing teaching and learning [49]. Learning according to the behaviorist is
acquiring new associations between various stimuli from the outside world, and actions, behaviour, on the part of the learner: adjusting behavior according to signals
from the environment.
All subsequent learning theories oppose the behavioristic perspective in some
way or another. The criticism is mainly that the generalizations from dogs learning
where to eat and to not eat to humans learning in schools is not valid, and that
humans are active while learning, not passively responding to stimuli from the
environment (including other people). The behaviorists are further criticized for
treating children as empty books, ready to be ﬁlled with content from outside, and
teaching as transmitting knowledge from a sender to a recipient.
This was not the beginning of history – in an historical account of the cognitive revolution, Miller [39], describes behaviorism as a revolution, too. It was the
reaction to non-scientiﬁc theories and methods dominating psychology at the time,
with focus on “mind” and “consciousness”, and the research methods of clinical
case studies as in the case of Freud, or introspection.
It is obvious that behaviorism teaches us something about human behavior,
but it is less obvious that “learning”, with everything we put into that concept,
is best summarized and deﬁned in terms of behavior. Skinner himself refers to
Socrates’ way of “teaching” a slave boy mathematical proof by only asking questions
as “It is one of the great frauds in the history of education.” [49]. While true
that Socrates did never lecture on the topic, the boy’s responses were carefully
anticipated and the questions chosen so that there were no other possible responses
available for the boy. Skinner also mentions that Socrates was aware that the boy
had learned nothing, and could not possibly repeat the proof later on his own.
Later in the same paper, Skinner describes successful “programming” of behavior
in a pigeon, where an extremely complex response that would not normally occur
by itself can be learned by a step by step procedure of reinforcement. This type of
knowledge is useful in marketing research where the aim is to manipulate customers
into certain behaviors, in game design and to some extent in advice about child
upbringing. Maybe it is most useful when it is actually behavior that we want to
teach? While true that assessment is, unavoidably, based on what a pupil shows to
have learned, teaching complex skills by means of reinforcing desired behavior and
ignoring undesired behavior is too blunt a tool for eﬃcient learning. It can result
in the same situation as with Socrates and the slave boy: our pupils behave in the
right way, may not have any idea of why they behave in that particular way. In the
case of much school knowledge, did you really learn it if you are not aware of it?
Another angle of criticism against the radical behaviorism of Skinner, is that the
very foundations of behaviorism might be philosophically challenging to many of us:
that there is no such thing as a choice, that there is no free will, that everything
happens as a consequence of earlier experiences and anticipated consequences of
actions, in a deterministic (but only probabilistically so) way. Omitting free will,
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the concept of choice, does to me seem like omitting the concept of intentions in
individuals.

the concept of choice, does to me seem like omitting the concept of intentions in
individuals.

Cognitive constructivism

Cognitive constructivism

One of the revolting schools of psychology started to direct interest to the inside
limitations of the learner. The cognitive psychologists were interested in how memory worked and what type of individual cognitive activity a learner undertook.
Jean Piaget is the most famous pedagogy founder from this school [43]. He studied
children and their cognitive capacity developing with age. The system he came up
with had very speciﬁc claims on various cognitive maturity levels and corresponding
ages. Learning in general, according to Piaget and most cognitive constructivists,
consists of creating schemata – mental connections between concepts in order to
structure chaos and not needing to focus on unnecessary details. A schema allows
related information to be considered simultaneously, as a chunk, which is simpler
for people to deal with. Piaget utilized the concepts assimilation: when a learner
binds a new concept, fact or experience to the already present representations of the
world, and accommodation: the activity when a learner, due to a cognitive conﬂict,
ﬁnds himself unable to assimilate some concept in present mental structures – it
does not make sense – and is required to “refurnish” his mental representations of
the world in new structures, new schemata, allowing this concept to ﬁt in. This
occurrence is sometimes compared to paradigm shifts in research: the old ways of
interpreting mechanics could not explain and conﬂicted with observations: enter
Newtonian mechanics. Learning according to the cognitive constructivism consists
of building cognitive structures and representations of the world. It is the active and
deliberate work with assimilating new concepts and accomodating the internalized
view of the world when necessary.
Other types of results close to cognitive constructivism is for instance Miller’s
famous result from 1956, about “the magic number seven” [38], popularly known
to claim that people seem to be able to keep no more than seven diﬀerent things
in working memory at the same time. More speciﬁcally, Miller tries to determine
the amount of information a person can handle, and for “absolute judgements of
one-dimensional stimuli” this seems to amount to 2.5 bits of information which
would correspond to discriminating between 6 various categories that the stimuli
might belong in. One of the examples of a one-dimensional stimuli is the pitch of
a note. Miller also cites other results showing that if more dimensions of stimuli
are added, for instance both pitch and volume of a tone, more categories can be
discerned, but the increase is not simply the union of the independent results for
pitch and volume.
Another result everyone “knows” that originates from cognitive psychology studies, is that the human attention span is limited to about ten minutes, and that
lectures going on for longer loses the students’ attention. The results behind this
belief have been questioned lately by Wilson and Korn [56], who ﬁnd that what has
been found to “decline” is note taking, but not after 10-15 minutes; heart rate, but
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occurrence is sometimes compared to paradigm shifts in research: the old ways of
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Newtonian mechanics. Learning according to the cognitive constructivism consists
of building cognitive structures and representations of the world. It is the active and
deliberate work with assimilating new concepts and accomodating the internalized
view of the world when necessary.
Other types of results close to cognitive constructivism is for instance Miller’s
famous result from 1956, about “the magic number seven” [38], popularly known
to claim that people seem to be able to keep no more than seven diﬀerent things
in working memory at the same time. More speciﬁcally, Miller tries to determine
the amount of information a person can handle, and for “absolute judgements of
one-dimensional stimuli” this seems to amount to 2.5 bits of information which
would correspond to discriminating between 6 various categories that the stimuli
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a note. Miller also cites other results showing that if more dimensions of stimuli
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Another result everyone “knows” that originates from cognitive psychology studies, is that the human attention span is limited to about ten minutes, and that
lectures going on for longer loses the students’ attention. The results behind this
belief have been questioned lately by Wilson and Korn [56], who ﬁnd that what has
been found to “decline” is note taking, but not after 10-15 minutes; heart rate, but
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there were only four students in the experiment and they seemed to remember the
last part of a 40-minutes lecture well; and the self-reported concentration levels every ﬁve minutes, but that concentration level varied considerably between diﬀerent
teachers. Also observations have shown that people start to lose attention during
lectures, but some of the most cited studies are only based on personal hypotheses.
Wilson and Korn are requesting controlled, experimental studies on attention span
in order to be able to support the 10 minutes rule. Self-reporting ways of establishing the limit of the attention span by clickers have been tried by Bunce et al. [14].
While the ten minutes rule is not supported by research, it is true that pedagogy
requiring involvement decreases the frequency and elongation of attention decline.
Cognitive constructivism is emphasizing the activity of the learner, and that
learning builds on previous experience. No two people have the exact same knowledge, because knowledge is constructed actively by people with inevitably diﬀerent
previous experiences. Teaching need to be designed to take into account the students’ experience, and start from there. When furthered to the extreme, teaching
methods devised based on the ideologically “clean” (cognitive) constructivism erase
the teacher’s activity and the existence of active teaching, to the beneﬁt of “learning by discovery”. This is not a necessary consequence of cognitive constructivism,
but a rich source of criticism of this learning theory. When taken to the extreme,
students are expected to discover everything “by themselves”, and the mere existence of some types of activities, like problem solving or “research” – when pupils
are required to search for information about something and present it – are viewed
as per deﬁnition good and enhancing learning.
A concept often mentioned in constructivist theories is transfer. It is known
that students might only learn how to use certain concepts in very limited situations
(resembling a lecture or test), and one important aim for educators is to enhance
transfer of knowledge between ﬁelds and situations.

there were only four students in the experiment and they seemed to remember the
last part of a 40-minutes lecture well; and the self-reported concentration levels every ﬁve minutes, but that concentration level varied considerably between diﬀerent
teachers. Also observations have shown that people start to lose attention during
lectures, but some of the most cited studies are only based on personal hypotheses.
Wilson and Korn are requesting controlled, experimental studies on attention span
in order to be able to support the 10 minutes rule. Self-reporting ways of establishing the limit of the attention span by clickers have been tried by Bunce et al. [14].
While the ten minutes rule is not supported by research, it is true that pedagogy
requiring involvement decreases the frequency and elongation of attention decline.
Cognitive constructivism is emphasizing the activity of the learner, and that
learning builds on previous experience. No two people have the exact same knowledge, because knowledge is constructed actively by people with inevitably diﬀerent
previous experiences. Teaching need to be designed to take into account the students’ experience, and start from there. When furthered to the extreme, teaching
methods devised based on the ideologically “clean” (cognitive) constructivism erase
the teacher’s activity and the existence of active teaching, to the beneﬁt of “learning by discovery”. This is not a necessary consequence of cognitive constructivism,
but a rich source of criticism of this learning theory. When taken to the extreme,
students are expected to discover everything “by themselves”, and the mere existence of some types of activities, like problem solving or “research” – when pupils
are required to search for information about something and present it – are viewed
as per deﬁnition good and enhancing learning.
A concept often mentioned in constructivist theories is transfer. It is known
that students might only learn how to use certain concepts in very limited situations
(resembling a lecture or test), and one important aim for educators is to enhance
transfer of knowledge between ﬁelds and situations.

Social constructivism

Social constructivism

Social constructivism is a learning theory emphasizing social and situated aspects
of learning: it is impossible to separate the learning from the context, and learning
does not take place within an individual, but in the interaction between individuals. Cognitive apprenticeship and socialization processes are part of the terminology. The part of the foremost thinker founding this school of thought is generally
assigned to the Russian psychologist Lev Vygotsky. He emphasized that language
and learning were closely interrelated, and that everything ﬁrst happened on the
language level, in interaction, and later could be mimicked within an individual.
The maybe most famous concept of Vygotsky’s theory is the ZPD: zone of proximal development. Every individual has some level to which he or she can perform
tasks independently, but outside of that safe zone are some close tasks, things that
the individual is not yet capable of performing on his or her own, but can manage
in interaction with someone more skilled at that particular thing than themselves,
which is the ZPD. In Sweden, Roger Säljö has become very inﬂuential with his
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texts about socio-cultural learning [47]. People learn by gradually becoming part
of some social practice, and some community. Learning is not just about attaching
new knowledge to your mind – it also changes you and the knowledge itself.
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Another common term in social constructivism and sociocultural perspectives
on learning, is mediated action. The concept goes back to Vygotsky – one of the
media we have available for us is language. In the introduction to his book “Voices
of the mind”, Wertsch [55] acknowledges that there are “universal as well as socioculturally speciﬁc aspects of human mental functioning”, and that there have
been too many misunderstandings because the choice between these aspects and
their respective research agendas have not been communicated explicitly. When
choosing the sociocultural research agenda, focus is on the social aspects of both
situations and the available media, for instance language. This means that learning
is social even when it is happening due to mental action of one single individual.
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Since emphasis is on learning as a social activity, teaching activities based on
social constructivism may favor group assignments.
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Situated learning

Instead of discussing these three directions, [24] view learning theories as prebehavioristic, behavioristic, processual, and contemporary. The prebehavioristic learning
theory is the philosophy of learning before behaviorism, when experiments and
measurements were not common, with for instance the view of a child as a “tabula
rasa” that sometimes is attributed to behaviorism. Similarly, processual learning
theories are seen as responsible for ideas that cognitive constructivism is sometimes
blamed for, like viewing the mind as a machine. The purpose of the paper is bridging a gap between why situated learning occurs and the product view on learning,
by describing how situated learning occurs. The authors deﬁne situated learning
as “a change in mental models that happens through social interaction in a given
context” [24, p. 218]. In a text critical to educational research in general, Langer
[35] uses situated learning as an example on how educational psychology ought to
be more involved in education research. Langer argues that there is a lack of agreement as to how to deﬁne situated learning. While agreeing that both physical and
social settings can be alluded to, he observes deﬁnitions from “located in a particular community of practice” to “taking place in real life”, where the latter makes
situated learning irrelevant to school learning. He also ﬁnds discourse transforming
the situatedness to a dogma rather than something that can be investigated, and
that concepts from educational psychology are ignored by educators. One of his
examples of such an ignored concept is transfer, which is not contradictory to some
of the deﬁnitions of situated learning, while other deﬁnitions make it a non-issue.
Both Goel and Langer appear to wish for more research on how situated learning
occurs; its processes and characteristics, instead of merely arguing the situatedness
of all learning.
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Personal perspective on learning theories

Personal perspective on learning theories

When studying at an undergraduate level on a combined teaching and engineering
program, I perceived the education about learning theories to encompass three
diﬀerent views on learning and a very prominent tendency of favoring the last one
described, since it was more “complete” and hence “of a higher quality”. The idea
that there is neither right nor wrong, just various understandings which can be
organized in sets of higher quality understandings, where each larger set contained
the previous ones and was larger and more complete is somehow expected to be
more respectful to the learner’s experience and views. This learner disagreed! What
you choose to describe something as depends on what your goal is, what type of lens
you believe could help you see what you want to examine; what you are currently
interested in. We were taught that silly people like Skinner and Pavlov believed that
teaching and learning was all about stimuli and behavior, that carrots and whips
were the teachers tool’s, and that you knew that someone had learned something
once they behaved in an appropriate way. We were then taught about Piaget
and constructivism, which imposed the constraint that you should use problembased learning and never lecture, that learners were curious and should invent
all knowledge by themselves – this was an improvement compared to behaviorism
– and ﬁnally about the social practice perspective on learning, about Vygotsky
but foremost about Säljö and about all learning as interaction in a context, in a
situation, and hence all learning situated. The emphasis of this last perspective is
on interaction between individuals, on learning as a social process rather than an
individual, cognitive process, and of the knowledge itself as changing and residing
within people rather than as a separate entity.
While agreeing that these are three diﬀerent perspectives, and while agreeing
that you probably can not build a very good school (in the sense of preparing
children for being responsible, mature decision-makers in the future) on behaviorism, I internally and sometimes intellectually rebelled against these descriptions.
My criticism was that the teaching was similar to religious teaching: these are the
wrong beliefs, these are the right ones – now describe your “Eureka moment” you
just had when realizing this to the rest of the group, please! Others have criticized how pedagogy often is irresistant to various fads, for example Anderson et al.
[1] who analyze the relationship between cognitive psychology and constructivism,
and points out some misunderstandings. The religious similarities seem not to have
been only my perception of the teaching in Stockholm – a couple of teacher students
in Gothenburg who studied at approximately the same time were so annoyed by
the evangelization that they wrote a very indignant ﬁnal thesis on it [2].
It is however true that the three perspectives behaviorism, constructivism and
social practice perspective on learning have dominated the 20th century’s education
paradigms, and that they appeared in this order. I have in recent years found it
increasingly diﬃcult to discriminate between them in some cases, which I actually
label as “reassuring”, since a more nuanced description of learning suits me better,
as well as it better describes actual views held by diﬀerent people. If it is something
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I feel was left out of my teaching education, it is to have deeper and more intellectual
discussions about the learning theories and what they were for, to compare them
in various settings and with various purposes, to see what they revealed and what
they hid from sight. Since this is what I was missing, and what I felt all descriptions
lacked, I will write about it here.
The three theories are not examples of smaller or wider deﬁnitions of learning, with behaviorism as the most primitive understanding and the social constructivism/social practices perspective as the most complete, most advanced one.
Instead, they represent various ways of directing ones interest. I would rather
associate them with the Heisenberg principle of uncertainty than with hierarchical Venn diagrams. They contain their advocate’s whole spectrum of interests,
epistemology, ontology and enemies, and it reminds me of political debates when
someone in favor of one perspective describes the others. This makes it a hard life
for someone interested both in socialization processes and, for instance, cognitive
load. Each perspective allows and favors some questions and some types of answers,
but is either completely blind for, or disinclined to admit any advantages of seeing,
the questions and answers emphasized in the other theories. Advocates for sociocultural perspectives might be easier to ﬁnd in “pure” pedagogy than in didactics,
since didactics to some extent presupposes a ﬁeld of knowledge as a separate entity
to either harvest, take on to cultivate, become part of or in any other way relate
to.
A feature of human relations, that can be utilized in the design of learning
environments, is the power of expectations and the urge to not let someone who
trusts in you down. This is something that could be seen using the socio-cultural
perspective, but might also have been interesting for the behaviorists to study.
They would, however, strive towards diﬀerent goals. The behaviourist would want
to establish a causal relationship, answering the question “what is the response
if we tell people that we have certain expectations on them”. The socio-cultural
perspective would strive to describe the context and the experiences that could lead
to this eﬀct, mostly answering what happens in the relation between the student
and the teacher, but also why it happens, although not with the claim to have
established a rule. The cognitive constructivist perspective does not primarily deal
with these social aspects on learning and motivation.
On the other hand, I do, for instance, believe that such a thing as cognitive
load exists. It matches my own experience as well as all narrative around me,
but if I want to discuss it I am at loss with Säljö’s theory, since it is not aiming
at describing such phenomena and is also, to some extent, denying the existence
of such phenomena since they are intrinsic processes and such are not really part
of the theory. The behaviorists would deﬁnately ignore internal processes, as we
cannot study them directly, but also all social aspects on situations that cannot be
expressed in terms of stimuli and responses. In many situations, the behaviorist
perspective really is less sophisticated, but there are legitimate questions to be
asked about behavior as well as about interaction or internal representation of the
world.
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The above statement of my position is my defense for using concepts from any of
these theories, when it makes it easier to describe or understand something. I would
like this to be no more controversial than performing a calculation in whatever space
it is easiest to perform it, and transform between the spaces whenever needed.
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Teaching is an art. The researchers of those disciplines which are sometimes used
as motivation for teaching methods do not always agree that their theories imply
any particular teaching method. Important when designing a course or curriculum
is, apart from a conscious view on learning and knowledge, some insight into assessment, feedback, cognitive requirements of certain tasks, and best practices as
reported by other teachers and researchers. What are the goals? How can I reach
the goals? Constructive alignment is a principle for designing course activities and
assessment methods relevant for the intended learning outcomes. The method was
devised by John Biggs and is described for instance in [11]. It is based on constructivism. The responsibility of the teacher, or curriculum designer, is to make
sure that goals are communicated and appropriate tasks are set for the students
for them to be able to reach the goals. The assessment is criteria based and like
the course activities, aligned with the course goals in order to provide good learning and feedback opportunities. When setting out the criteria for various grades,
teachers often rely on taxonomies like the SOLO taxonomy, also described in [11],
or Bloom’s taxonomy [12], to discriminate between qualitatively diﬀerent levels of
understanding of the subject. The idea is that this is important, to avoid arbitrariness in grades, which may otherwise be the case if the ﬁnal grade is based solely
on the quantity of correct answers to posed questions which are selected in a less
systematic way.
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Cognition

Pattern oriented instruction (POI) and variation theory (further described in section 2.7) both deal with the actual concepts of the topic of a course, and the
way these are presented. POI [40] is based on cognitive load theory, a cognitive
psychology-related theory about human memory, learning, and limitations. Cognitive load is when our working memory needs to keep many separate concepts,
facts, ideas and impressions available at the same time, and with too high cognitive
load, learning is supposedly impeded. If we have organized the things we need to
direct attention to in a certain situation in a schema, we can reduce cognitive load
since the connections between various parts of a schema are not separate issues to
remember. See Sweller, Merrienboer and Paas [52] for a fuller description. POI is
an attempt to decrease cognitive load by helping students construct schemata that
correspond close enough to the agreed-upon structure of the discipline concepts. If
we can help students relieve themselves of some cognitive load by acting on whole
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schemata instead of separate concepts and connections, this should enhance learning. Hence one way of reducing the cognitive complexity of learning a task, is to
structure the ingredients well and explicitly discuss and compare structures.
Instead of just showing the various concepts, as I know them, I need to make
explicit what I believe are important aspects of these concepts, and how these connect to each other. Instead of just trying to teach NP-reductions “as I know them”,
I need to know exactly what structure I see in NP-reductions, and how I connect
them to other topics. Sometimes this will only be my personal representation, but
there are also aspects that most practitioners of a discipline agree on – and take
for granted.
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2.5

Formative assessment and feedback

In a recent study, Jessop, El Hakim and Gibbs [28] found that there was a signiﬁcant
correlation between both quality and quantity of feedback on one side, and students
awareness of course goals and standards on the other side, conﬁrming earlier ﬁndings
on assessment. Assessment can, according to them, be seen as having at least three
main purposes: measuring achievement, improve learning during the course, and
develop the learners’ skills in assessing quality of the learned ﬁeld in the future. The
ﬁrst purpose can be served by a once-and-for-all assessment of the “outcome” of a
learner participating in a course which is called summative assessment – a typical
example is a ﬁnal exam. That type of assessment can also contribute, together
with similar experiences and in the long run, to establishing a mental model of the
standards and quality criteria to be used in the future, but it is not particularly
useful for improving learning during the course. The focus of formative assessment
is on improving achievement by describing how the assessed work conformed and
failed to conform with course goals, that is, making clear what the gap is between
desired outcomes and de facto outcomes so far. Feedback is central for this type of
assessment to work, and there may be concerns about both the production of good
feedback, and the reception of feedback in general.
In [23], an overview on what was known about assessment practice ten years
ago is given. On courses with only ﬁnal exams, students perform statistically worse
than on courses with coursework assignments as well. Students have to prioritize
among tasks, and are often very strategic in their learning eﬀorts – only what is
likely to be assessed is studied. Coursework, as opposed to only a ﬁnal exam, is
preferred by students, results in higher average marks, are perceived as more fair
and predicts long term learning better. Also the quality of the learning has been
shown to be higher with coursework. Feedback has, according to this overview,
been shown to be the most inﬂuential factor when evaluating quality of Australian
courses, but feedback is often not read by students if provided in written form, at
least not if it is accompanied by a grade. Several criteria for useful feedback in
higher education are given:
1. Suﬃciency, both in quantity and in detail level.
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2. Focus on performance and actions rather than individual characteristics. Grades can negatively aﬀect students self-eﬃcacy, if perceived as placing the student in a speciﬁc category. The opposite is feedback “which tells students
exactly where they have gone wrong and what they can do about it”.
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4. Appropriate in relation to purpose of assignment and its assessment criteria.
The feedback must help clarify the standards; what counts as good and less
satisfactory achievements in for that particular task. This will help students
determine what is required from them in the future.
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5. Appropriate in relation to students’ understanding of what the task is set for.
The artiﬁcial contexts of essays, lab reports and other academic tasks make
little sense to students, and if the feedback and what the students expects
of the task are too far apart, the feedback will only confuse. The same goes
for the students’ conception of learning, knowledge and the discourse of the
particular discipline.
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6. Feedback is received. There is no guarantee that students will read written
feedback, no matter its quality. To address this, teachers are suggested to
provide feedback without marks, use two-stage assignments with feedback in
the middle, require self-assessment or at least requiring the students to specify
what they feel that they want feedback on – and abide by those requests.
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7. Feedback is acted upon. It is not if it is too late, context-speciﬁc, backward
looking, discouraging or unspeciﬁc, and maybe there needs to be some followup on what the students did with the feedback.
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Lab exercises, criticism and radical constructivism

Lab exercises, criticism and radical constructivism

One common type of formatively assessed coursework is lab exercises. They are often utilized to provide hands-on experience, combine theory and practice, enhance
learning, and so on. In a Swedish text, Hult [27] criticizes that naïve belief in lab
assignments, and argues that in order to have any of the anticipated positive effects, exercises need to be framed by preparing discussions, feedback, and follow-up
discussions. Otherwise students get a fragmented image of the subject area, and
do not connect the activity of the lab with the theoretical parts of the course. In
an article on the relationship between cognitive psychology and education, Anderson et. al. [1] propose similar remedies to what they believe is a severe lack of
scientiﬁc basis for trends in education, which the authors describe as struggling
between two prescientiﬁc philosophies – either the associationist perspective to just
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show students what they need to see to form the correct associations, or the rationalist perspective of allowing them to discover what they need to learn. The
article goes on to mainly criticize radical constructivism with both its social and
cognitive branches. They describe successful teaching interventions based on both
behaviorism (“the standard whipping boy for new reform movements in education”)
[1, p. 228], and radical constructivism, and interpret this as an example of how
diﬃcult it is to establish a causal correlation between the learning theory of the
educational approach, and the resulting learning outcomes. They still stress that
their cited experiments were actually evaluated. This, they mean, is not as common
as it should be with teaching interventions. Also these authors are worried about
the future of education, should science in related ﬁelds not become more integrated
in educators’ mindset. They strongly object to the conclusion that since learning
is not passive information recording, all students must discover their knowledge
without instruction.
Returning to lab assignments, they can therefore be used correctly to great
beneﬁt for the learners, or out of a religious belief about their superiority, with or
without beneﬁt for the learners, depending on whether feedback and other course
activities are related to them or not.
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Self-eﬃcacy

Self-eﬃcacy

Self-eﬃcacy, from a constructivist perspective, is the image you create yourself,
about your own ability to do something. From a social learning perspective, selfeﬃcacy is what you come to think about yourself and your abilities to do something,
after seeing your interactions with others and with the subject. The term was introduced and has been further described by Bandura [10]. The self-eﬃcacy beliefs
an individual holds about some task are speciﬁc to that ﬁeld, and not necessary to
self-eﬃcacy beliefs about some other type of task. They can be measured either
because increased self-eﬃcacy is an intended learning outcome [41], or as an indicator that some teaching intervention was “working”, i.e. increased learning. In that
case, the self-eﬃcacy instrument needs to be compared with actual performance
and the self-eﬃcacy beliefs must be correlated with performance. In many settings,
self-eﬃcacy beliefs have been shown to correlate with performance and motivation,
among other things.
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Proof’s educational functions

In a theoretical paper on the role of the concept of proof in education, Hanna [25]
reasons about the many functions proofs can have within mathematics (veriﬁcation, explanation, systematization, discovery, communication, construction of an
empirical theory, exploration of for instance deﬁnitions, and incorporation of wellknown facts into new frameworks). Hanna also views the explanatory function of
a proof the most valuable in classroom settings, and describes to have found this
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aspect of proofs surprisingly important to professional mathematicians. A proof is
“better”, more convincing, if it also explains why a statement is true. Proofs by
contradiction, and proofs by induction, are not examples of explaining proofs [25,
p. 9]. For my classroom setting, if Hanna’s evaluation of the various functions of
proof is common, it means that students are used to proofs for explaining, which is
a somewhat pedagogical purpose.
Hanna also mentions epistemological confusion as a possible reason for apparently unmotivated beliefs and actions by mathematics students. One example of
this is that in experimental sciences, veriﬁcation follows proof with more ease than
in mathematics. When dealing with facts about the world, you can prove theorems but they are only valid in the mathematical model you have chosen, and
you might also want to verify that they conform with reality before accepting the
proven statement as a fact about the world. This epistemology might inﬂuence how
students perceive proof also in mathematics education. In conclusion, both “proof
as in educational settings” and “proof as in the real world” might cause students
to display behavior that is perceived as problematic by mathematics teachers and
mathematicians.
There is also some discussion about the visualization and experimentation software that begun to appear when computers got suﬃciently sophisticated and commonplace. Such software have, even by educators, been seen as something that
could replace proofs. Since Hanna’s article is the introduction to four other papers,
about successful use of visualization software for understanding mathematics and
deductive techniques, there is also the conclusion that with carefully designed tasks,
providing the necessary opportunities for students to meet with the many cognitive activities involved in constructing a correct proof, and with teachers providing
relevant input, students’ understanding of the concept of proof could improve after
using this type of software – and that without these factors, the software will be
less eﬀective.
A more recent contribution to that ﬁeld is the work of Prusak, Herschkowitz and
Schwarz [44], where students on their way to becoming mathematics teachers are
provided with software for geometry and a task containing the following elements: a
cognitive conﬂict, a collaborative situation, and the software as a device for checking
conjectures with.
An understanding of the social aspects of proof can be built on the three ingredients described by [50], where classroom “proving” activities for younger children
are investigated. Stylianides deﬁnes a proof as a mathematical argument involving
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3. modes of argumentation representation – ways of presenting the arguments,
that are accessible to the community.
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that are accessible to the community.
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The article describes research on younger children, and the reference community
in the analysis is the classroom community. However, there is a need of aligning
the sets of accepted statements, modes of argumentation, and of argumentation
representation, with the mathematical community if we want to educate people to
make them part of that community, or at least not entirely lost within that community. Otherwise, the set of accepted statements might involve non-mathematical
“truths”, and false theorems, and the mode of argumentation could include empirical evaluation or testing.
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Proof and proving skills

Proof and proving skills

Balacheﬀ [8] devised a taxonomy for various approaches students can have to proof.
The approaches are all main types of either pragmatic or conceptual proofs, where
pragmatic proofs depend on showing something, and to various extent requiring
the audience to reconstruct the reasons for the actions, whereas conceptual proofs
requires a decontextualization, a depersonalization and a detemporalization of the
actions and the objects on which the actions were made. Later Varghese [53] made
complementary notes and constructed examples of the taxonomy, suggesting that
teachers would easier ﬁnd out what approach each student chose, and address the
concept of proof accordingly.
The approaches of the taxonomy are naïve empiricism, crucial experiment,
generic example, and thought experiment. The approaches are considered hierarchal, but students can move back and forth between them. All the three ﬁrst
levels are various proofs by example, but the generic example approach uses the
example in a way that would make it relatively easy to make the proof valid for all
cases. It diﬀers from thought experiment in that it begins with, and refers to, an
example, but it is the characteristics of the example that are interesting, not the
example itself. The taxonomy is concerned with approaches and not outcomes, so
it is not required that the thought experiment approach results in a valid proof. In
the examples by Varghese, it seems like the generic example approach will always be
missing something to make it general enough, but Balacheﬀ states that the two ﬁrst
approaches do not generate valid proofs, while the two second can do it. They diﬀer
in how much they depend on explicit actions; in how much of the actions required
are internalized. The two ﬁrst levels diﬀer in that the naïve empiricist approach
uses randomly selected examples, whereas the crucial experiment approach selects
some examples for their possible status as more diﬃcult, although the examples
provided in the literature suggest that the size of the problem instance is the most
common characteristic to vary.
The taxonomy can be useful as is. Balacheﬀ also argues in a Piagetian way that
there are cognitive developmental stages corresponding to each level, although he
describes the approaches rather as states in which an individual can be, than as
characteristics of the individual.
In a study on Taiwanese undergraduates, Ko and Knuth [33] use classiﬁcations
of student proofs according to categories by Harel and Sowder: inductive proof
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scheme, non-referential symbolic proof scheme, and syntactic proof scheme. The
ﬁrst category corresponds to Balacheﬀ’s pragmatic approaches, the second is when
students use symbols and formulas without demonstrating any understanding of
what they mean, and the third category is when students use relevant theorems and
deﬁnitions in their proofs. The authors, however, classify their subjects’ answers as
no response, restatement, (invalid) counterexample, empirical, non-referential symbolic, structural and completeness, and ﬁnd too many answers ending up in the two
ﬁrst categories. No answer fell into the completeness category. For counterexamples, up to a quarter of the respondents managed to produce valid counterexamples,
so that task seemed marginally easier. The authors are not certain why some students believed that restating the proposition to be proved, maybe in more technical
terms, could prove it to be true. It may be the case, that the students merely wanted
to show that they had understood the question, and did not at all believe that their
rephrasing it would prove it, but that is impossible to say without further information. The course in this study was Advanced Calculus. The authors also stress
that students do not only need proper knowledge on involved concepts, deﬁnitions,
axioms and theorems to produce proofs – in addition they need some cultural understanding of what is expected of proofs and counterexamples. They also raise the
question whether the teaching assistants understand proofs well enough. Jones [29]
also lists several previous papers where students are found to perform unsatisfactorily when producing proofs, and investigate how prospective UK teachers, who
have ﬁnished undergraduate mathematics degrees, perceive proofs. Jones ﬁnds that
there are many students who have good grades in mathematics, but little explicit,
reﬂected knowledge about proofs. Technical excellence is not always followed by a
rich conceptual understanding.
Stylianides and Al-Murani [51] found that the method of inquiry could aﬀect the
result, when looking for a particular misconception about proofs: that a proof and
a counterexample can coexist, for the same assertion, among secondary students
in the UK. When surveying, it seemed like students could have this misconception, while when interviewing, there was no evidence of anyone having it. The
hypothesized misconception stemmed from two earlier ﬁndings, in diﬀerent studies:
in 1988, Balacheﬀ (as cited by [51]) had found that some students believed that
counterexamples were exceptions and did not aﬀect the truth of a statement, and
in 1982 Fischbein [22] had found that students were not convinced that proofs were
the “ﬁnal word” about the truth of statement, so that the statement no longer
needed any further checks. If these two misconceptions about proofs and counterexamples would appear at the same time, it would be possible to believe in the
coexistence of a proof and a refutation of some given statement. Similar results
were in 1993 obtained by Chazan [16]: when asked about empirical “proofs” and
deductive proofs in geometry, many of the interviewed subjects either believed that
“evidence is proof”, that “proof is evidence” or some combination of these attitudes.
For instance, many people responded that “there could always be a counterexample”. Despite this, there was still a preference for deductive proofs also among the
people who believed that they were not universal and among those who believed
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that measuring a lot of triangles constituted a proof.
That students can consider all ways of getting convinced equal, and not bother
with what makes for a valid mathematical proof, suggests to me that students/pupils
might view the proving activities in the classroom in another context than intended,
and that this can happen with students at all levels. Instead of seeing that proof is
a central method of mathematics, it becomes a usual method of getting convinced
about something, on par with all other methods of convincing oneself about facts
in real life, or learning. If students perceive the intended goal of the lecture to
teach them about a particular problem, then the proof is only one of the things
the teacher might use in order to explain the problem and its solution, and the
proof approach is less important. This is however contrary to ﬁndings in a study
among secondary school teachers, who viewed proofs as content of the mathematics course, but not as tools for communicating and learning mathematics [31, 32],
so it would be very interesting to interview those who hand in proof-by-example
solutions about their view on the classroom activities, and the likely goals of the
teacher with these activities. My hypothesis is, however, supported by the reasoning of Fischbein [22] and Balacheﬀ [8]. Fischbein claims that intuition comes more
naturally than deduction in many situations, and that the urge to further test an
assertion veriﬁed deductively stems from a need to understand intuitively, not only
to prove formally. Balacheﬀ remarks that the crucial experiment approach (except
for when used to construct a counterexample) has another meaning in everyday
social interaction than in mathematics – it is used as a defense against opposition.
If the mathematical context is not noted by the participants in the interaction,
crucial experiment comes naturally to many. If my students have not realized that
it is mathematical proofs we are doing, and that this is a necessary ingredient in
the discipline of theoretical computer science, they might not care whether they
reason formally or intuitively, as long as the reasoning gives some support for the
statement involved.
In a paper from 2011, Zerr and Zerr [57] describe how the students of their
study are far better at correctly classifying correct proofs as correct, than incorrect
ones as incorrect (96 % success rate vs. 62 % when only some errors had to be
spotted, and 35 % if we require students to ﬁnd all errors). They argue that this
is likely if all practice students have regarding proofs is to understand those in the
text book and those shown by the teacher. In the study, peer-assessment of proofs
and grading of both initial proof, assessment, and revised proof are performed.
It is clear that proofs have been acknowledged as troublesome for students in
mathematics education world wide for decades.
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Variation theory emphasizes the available and experienced dimensions of variation in relation to anything learned, for instance that the number of legs should
always be four and an appropriate size range for the concept of “cat”, whereas
some variations are not allowed and changes the category of the observed object,
or the variation presented in a mathematics textbook for young children, where the
equal sign gets to represent an operation, a conclusion; it is always there, while
the numbers before it change, the mathematical operation between the numbers
change, the non-varying phenomenon is that there is an equal sign and a space to
put the answer. The impact of this presentation when it comes to understanding
equations is discussed for instance in [30].
The authors also warn that actual and perceived variation is not the same –
we can beneﬁt from directing students attention to the variation, and to give them
multiple opportunities to experience variation.
Variation theory as both a theory of learning, and an educational research framework is well described by [15], where the aims of traditional phenomenography –
to describe – are seen as insuﬃcient, whereas the aims of variation theory are
seen as explaining why the described phenomena occur. They explain the essence
of variation theory as discernment – to actually discern critical aspects of some
phenomenon, awareness – to be able to direct attention to critical aspects, and
simultaneity – to be able to keep several critical aspects in focus at the same time,
and understand that these are connected. Critical aspects of a concept might be
things like size, shape, color etc., but are more abstract for more abstract concepts.
There are also aspects that are not critical, and the learner needs to realize this
as well. Bussey et al. write “Variation theory suggests that students’ awareness
can be focused on these critical features when they are allowed to experience variation in those features” [15, p. 14]. Signiﬁcant patterns of variation are contrast,
generalization, separation and fusion. Contrast is to compare a critical aspect of
a concept with something that is not a critical aspect, generalization is to deduce
critical aspects by comparing similar instances of the concept and see the common
characteristics, separation is to be able to separate various critical aspects from each
other, and fusion is to be able to discern several varying features of the concept at
the same time.
According to variation theory, in a learning situation, the concept or phenomenon of interest is an object of learning. It has three sides to it, or there
can be three diﬀerent objects of learning at work at the same time: the intended,
enacted, and lived objects of learning. The intentions reside in the universe of the
teacher, educational software designer, or text book author. The enacted object of
learning is deﬁned by the context, for instance a classroom situation, and the lived
object of learning is the way the students perceive and understand the concept of
interest. Educators are attempting to inﬂuence the lived objects of learning, but
these are only accessible through student’s descriptions.
Bussey et al. also claim to extend variation theory by including prior experience
and instructional material design in the picture, but according to my interpretation
of the concept of “the teacher”, it already includes all people trying to inﬂuence
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the learner in any way, not just the classroom teacher, and “the student” already
includes the prior knowledge of the student. It is, however, worth mentioning that
“the teacher” might be a split personality if the text book was written with one
intention and is used with another intention. Both aﬀect the enacted object of
learning.
I ﬁnd this theory useful for me when dealing with my topics and structuring
material for lectures. One of the necessary steps in a variation theory approach is
to understand a concept and its dimensions of variation in my own experience, and
then to try make all these dimensions both visible, and simultaneously in focus.
The other necessary ingredient in a variation theory learning study is to gather
authentic descriptions of the concept from students, map them to hierarchically
richer understandings, and ponder on the diﬀerences between the not-so-complete
understandings and the canon of the discipline, to direct my attention in the future.
In a real, institutional teaching/learning situation, there is likely not a session of
deep interviews with all students, but in some way or other, information of this
same type is delivered to the teacher to use as feedback and inspiration for next
iteration. Provided, of course, that the teacher actually asks questions that require
students to practice discerning important features of a situation and to focus on
them simultaneously and not just get all the data as well as directions on what
method to use, and then prove to be able to follow these directions. Jones [29] has
shown that the ability to achieve good results when solving mathematical tasks,
including proving, is not necessarily linked to a complete and rich understanding
of the topic of proof, the methods and their limitations.
Possibly related to variation theory, at least to previous experienced variation,
is Lack of closure, a mathematics didactics term for the diﬃculty of accepting
expressions as “answers”, for instance this example by [26] where 11–14 year old
students are facing the question: “If you know that e+f = 8, what can you then say
about e + f + g = ...?” The children are often deeply unhappy about the expression
8 + g. Some prefer 8g because it doesn’t look like something you have to calculate,
but others believe that they are required to come up with a numerical answer,
and suggest 12 “because it is the simplest answer”. The shift from arithmetics to
algebra requires that students start seeing expressions as objects, but their previous
mathematical experience interprets anything with a mathematical operator as a
process. This lack of closure-eﬀect resembles how some ADC students seemingly
feel about reductions in proofs – shouldn’t they result in a solution to the new
problem? What is the purpose of answering with some “intermediate step”?
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happens, emphasizing irreversible changes in the learner’s epistemological and ontological notions [37]. There is also a notion of threshold concepts as the actual
concepts, learning of which have eight characteristics:
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Transformation There is a shift in epistemology which gives the learner access
to new ways of thinking about the concept and about the world.
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to new ways of thinking about the concept and about the world.

Integration Previously separate concepts, known to the learner, are connected by
the understanding of the threshold concept.
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the understanding of the threshold concept.

Irreversibility A learned threshold concept changed the learner, and the learner
cannot go back to the previous state of understanding it.
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Troublesomeness The concept is troublesome in some sense – counter-intuitive
or diﬃcult.
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Discourse Once learned, the learner gains access to perspectives, tools and language of a discipline.
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Liminality Learning a threshold concept is similar to a “rite of passage” within
and beyond some liminal space consisting of partial understanding, possibly
involving cognitive conﬂicts and the requirement to participate in a game
not yet learned (for instance chemistry, mathematics, or theoretical computer
science).

Liminality Learning a threshold concept is similar to a “rite of passage” within
and beyond some liminal space consisting of partial understanding, possibly
involving cognitive conﬂicts and the requirement to participate in a game
not yet learned (for instance chemistry, mathematics, or theoretical computer
science).

Reconstruction The learner needs to experience his or her identity diﬀerently, as
well as the world.

Reconstruction The learner needs to experience his or her identity diﬀerently, as
well as the world.

The idea of connecting threshold concepts with variation theory has been explored by [7], and in [54] they are discussed in relation to schema theory and
cognitive psychology. Both of these papers focus on how to design instructional
experiences in order to enhance learning.
In [45], Rountree and Rountree critically analyze threshold concepts of computer
science education, and their likely implications and usability for teachers.
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This chapter does not present new ﬁndings, and consists of basic information about
TCS for those already familiar with it, but the presentation will be needed for
readers who are from outside the TCS community. Some of the theory taught in
the course that has been of particular interest for this study will be described in
this chapter.
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readers who are from outside the TCS community. Some of the theory taught in
the course that has been of particular interest for this study will be described in
this chapter.
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Algorithms for problems

Algorithms for problems

One of the fundamental concepts dealt with in the Algorithms, data structures and
complexity (ADC) course is a problem. This word is connotated with numerous
associations from other ﬁelds, and from everyday language. Even in the following,
sometimes we will have to refer to a problem as an issue, a complication, that has to
be dealt with. In earlier stages of school, in science and math classes, a problem has
a meaning close to a task, an assignment, an example question. When discussing
algorithmic problems, the problem is a generalized version of that – while a page
in a math text book can be full of various “problems” on multiplication, for TCS
purposes, these are all problem instances of one single problem called multiplication.
The characteristics of a problem is hence that there is some question to be asked,
and in each instance, some parameters (input) can vary. Since problem then can
have two meanings: problem (instance) on an exam, homework or text book, and a
(generalized) problem, there are also diﬀerent things that can be referenced by the
name solution; either the answer to a speciﬁc problem instance, or an algorithm
that solves the generalized problem for any valid input instance.
Hence, “solving” a problem in the context of the ADC course typically involves
presenting such an algorithm, together with convincing arguments on why the algorithm will solve the proposed problem (instances) and how time and/or memory
consuming it will be depending on the input size.
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When the course mentions a solution, it generally means the constructive solution to some particular problem instance. Problems can usually be phrased either
as decision problems, optimization problems or construction problems. They have
roughly the same input data, but are asking diﬀerent questions. Take for instance
the three questions: Is the edit distance between the two words A and B as large
as X? with a yes/no answer, How large is the edit distance between the two words
A and B?, with a numeric answer, and How can I change word B into word A
with as few operations as possible?, with a sequence of operations on word A that
turns it into word B, as many as the edit distance, as an answer. Out of these,
the third way of posing the question may seem most natural for any application
(what is the use of knowing that something is possible if we don’t know how it
is possible?), but the ﬁrst way of posing the problem is the simplest and decision
problems are used for classiﬁcation of problems. However, the solutions discussed
are usually constructive solutions, since we often want to verify characteristics of
these solutions, and that is not possible for a “solution” containing only the answer
“yes” or “no”.
Algorithms are usually presented in pseudo code – step by step descriptions of
how to solve a problem described using normal programming constructs as conditions (if–else), loops (for, while, etc.) and some elements from mathematics that
make for compact but easily read descriptions of procedures, for instance set descriptors. At the same time, there is no ﬁxed syntax for pseudo code (as there is for
programming languages), which means that there is no formal deﬁnition of right
or wrong. The genre is deﬁned by its purpose – conveying meaning in a compact,
structured and suﬃciently but not too detailed way for someone on a suﬃciently sophisticated skill level to easily grasp the important steps involved in the algorithm,
and the principles for the solution.
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Computational complexity

In theoretical computer science, the computational complexity is a central concept.
It captures “how diﬃcult” it is to perform an algorithm, or for a problem: “how
diﬃcult” it has to be as a theoretical minimum. For problems, a typical concern is
whether any algorithm currently known matches the theoretical lower limit, which
if so means that there is no gap between what is theoretically and “practically”
possible. (In quites, because the model is of a certain nature, and a good algorithm
might still be too bad for actual use in computer programs.)
It is not evident what “diﬃculty” means here, or how it should be measured,
and in fact, we use several models. The most common “types” of diﬃculty is that
something takes long time or requires a lot of memory space. When dealing with
time complexity, we want to compare how much time is needed for performing
certain tasks. A common unit for measuring time in everyday life is seconds, but
for tasks that will be performed on a computer this will depend on the computer,
and how fast the fastest computer in the world is will change over time. We want
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comparable results over time, so we have to use something else. Also, obviously,
multiplying 3 by 5 and multiplying 30121105622310001 by 100000134298131 might
consume very diﬀerent amounts of time. This means that the time complexity
depends on the size of the input, and that it depends on how many “unit operations”
that need to be performed in the algorithm. If you have to perform one operation
per digit in the involved numbers, for instance, then the time complexity for the
algorithm is linear in the number of digits in the input numbers. However, if we have
to perform 100 operations for each digit in the input numbers, the time complexity
is still linear. We do not care how many operations you have to do for each digit, as
long as it is a constant number of times. In this model, all we care about is how the
function of the input size behaves as the input size increases without bound. We say
that we measure complexity asymptotically. If an algorithm has time complexity
O(n log n), Big O of n log n, it means that if the input size is n, the algorithm will
need at most some constant c times n log n. What constant is not really relevant,
since for all constants the function of cn log n will have the same asymptote, and
approach it when n grows suﬃciently large. Also note that we do not bother to
specify what base we have used for this logarithm. The reason is that we can
convert any number from one base to another, and that the diﬀerence is always
a constant factor since any base is ﬁxed, and hence considered a constant. We
consider constants as tame animals, with a ﬁxed value, while any variable involved
is looked upon as potentially inﬁnite in value/size.
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When we have to take into account the bit size of the input, we call the model
bit cost. There is also a simpliﬁed model, where we know that we can ignore the
number of bits of the input values because of limitations in their size (then they are
considered constant) or because there is something else that will provably dominate
the running time. This model is called unit cost. If an algorithm is analyzed with
both unit cost and bit cost (a somewhat artiﬁcial situation, since you should always
use the appropriate model), the diﬀerence in time complexity is often only a factor
log n, log n being the number of bits required to write n, but the diﬀerence can be
signiﬁcant – solving a problem by means of algorithm A can go from intractable
to tractable by failing to take into account the number of bit operations that will
be needed. Of course, if this is the case, the unit cost model is not appropriate for
analyzing the algorithm.

When we have to take into account the bit size of the input, we call the model
bit cost. There is also a simpliﬁed model, where we know that we can ignore the
number of bits of the input values because of limitations in their size (then they are
considered constant) or because there is something else that will provably dominate
the running time. This model is called unit cost. If an algorithm is analyzed with
both unit cost and bit cost (a somewhat artiﬁcial situation, since you should always
use the appropriate model), the diﬀerence in time complexity is often only a factor
log n, log n being the number of bits required to write n, but the diﬀerence can be
signiﬁcant – solving a problem by means of algorithm A can go from intractable
to tractable by failing to take into account the number of bit operations that will
be needed. Of course, if this is the case, the unit cost model is not appropriate for
analyzing the algorithm.

To be able to compare running time of algorithms, or lower bounds on problems,
a student needs to have a sense of the relative growth rate of various functions. n
grows faster than log n but slower than n2 , and so on. Really bad algorithms are
exponential, for instance 2n . There are also problems which cannot be solved at all
by any computer, no matter how fast it is, for logical reasons. To understand the
arguments for this, a student needs to be able to deal with and draw conclusions
based on proofs by contradiction.
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When constructing algorithms, there are some common principles to choose from.
Greedy algorithms always make the best available choice at any time, and the
greedy condition is local at each time. For some problems, this approach yields
a globally optimal algorithm. For other problems, it might not even result in a
correct solution.
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greedy condition is local at each time. For some problems, this approach yields
a globally optimal algorithm. For other problems, it might not even result in a
correct solution.

Another principle is divide-and-conquer, which is based on iteratively (recursively) constructing smaller problem instances until you get a size where some condition is easy to verify, and then putting together the solutions of the subproblems
to a solution to the original problem. These are common methods and the ADC
students are used to seeing them, but assignments can of course vary in diﬃculty.
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students are used to seeing them, but assignments can of course vary in diﬃculty.

A third method that the ADC students need to deal with is called dynamic
programming (DP). There are two ways of using it. The ﬁrst is called top-down
and is equivalent to using the recursion and storing all computed values in a table,
also known as memoization, and the second is called bottom-up and can seem is
a bit backwards and more diﬃcult to grasp. It is the bottom-up version that is
considered in the included papers.
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There is a similarity between divide-and-conquer and DP: both problem types
can be solved recursively. However, for divide-and-conquer, the subproblems do
not overlap and each subproblem only needs to be solved once. In DP, there can be
considerable overlap between subproblems. The textbook example is the Fibonacci
numbers, where a recursive solution will have diﬃculties with calculating the 15th
number in the sequence. Dynamic programming is concerned with only calculating
each subproblem (instance) once. By starting at the base cases, and calculating the
sequence until we reach the sought index, we can make sure that we perform no
unnecessary calculations. This order of evaluating the subproblems is the bottomup approach. For other problems than numeric sequences, it can be tricky to come
up with an evaluation order that deals with each subproblem needed exactly once,
and always has calculated all “direct” subproblems once it evaluates any larger
subproblem. To solve a problem with a DP algorithm, a student needs to present
the algorithm, and to argue that it is quick enough and that it performs its task
correctly, that is, that it always ﬁnds a solution and that there is never a better
solution than the solution the algorithm returns. There might be other solutions
just as good, but the algorithm needs to return only one. Typically, when arguing
that the algorithm is correct, the student argues that the evaluation order reaches
the same result as the recursive algorithm would reach, and that the recurrence
relation correctly models a solution. Possibly because both actually constructing
the algorithm and proving that it works can be diﬃcult tasks for the students, the
correctness arguments are, in my experience, often omitted by them in their written
solutions to hand-in-assignments.
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Once we have established how to measure complexity, we can start classifying problems according to their complexities. The main dividing lines used for this is polynomial, exponential, ﬁnite and undecidable. Problems solvable in polynomial time
are problems that computers are well suited for solving. We can deﬁne algorithms
and write programs that step by step calculate the results without trouble. For exponential problems, only very small instances can be solved in reasonable time. It
is easy to make a computer hang on calculating larger instances, and if it would be
left undisturbed, it could go on for as long as the age of the universe. And even that
it is not as bad as it gets. The worst thing is problems that can never be solved by
any computer. Impossibility results are possible to prove mathematically, without
testing or enumerating all possibilities, for instance by proof by contradiction.
The problem classes we deal with here are mainly the ones called P and NP.
They are classes of decision problems, which means that they pose a question that
has answer “yes” or “no”, and nothing else. The “same” problem can be posed
in slightly diﬀerent ways, as described earlier, and one of them is often a decision
problem.
For some problems, we know that they are solvable in exponential time but we
do not know if there is some clever algorithm that could solve them eﬃciently. By
“eﬃciently”, we mean in polynomial time. This does not imply that there is, at any
time, any practically feasible way of solving large instances of the problem, since
the powers of n and the constants of a polynomial are allowed to be as large as we
want, as long as they are ﬁxed numbers.
However, decision problems solvable in polynomial time are members of the
complexity class P, and problems solvable in “non-deterministic polynomial time”
would be solvable in polynomial time if we at any time when a choice had to be
made, could be certain that we made the correct choice. Hence, there cannot be
more than polynomially many choices involved in the process, and given a (constructive) solution to the problem instance we could in polynomial time verify the
solution. The class of such problems is called NP. All problems in P are also in NP,
but whether the reverse is true has not been established despite intensive research
activity all over the world for decades. It is widely believed, but not known, that
the classes are diﬀerent. This means, that it is widely believed that there exists no
eﬃcient algorithm for solving some problems in NP. Actually proving that this is
the case is one of the open problems in TCS. The most diﬃcult problems in NP
are called NP-complete which means that if we could solve them eﬃciently, then
we could also solve all problems in NP eﬃciently.
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There are two common ways, that the course material uses, to prove membership
of NP for a problem. One simple way of determining whether a problem belongs in
NP is to show that given any positive (i.e. where the answer to its yes/no question
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is yes) problem instance and a solution to it, we can devise an algorithm that runs
in polynomial time and veriﬁes all conditions required to establish that the solution
really is a solution to that problem instance.
Another way which, while more similar in style to many other ideas conveyed in
computational complexity, seems to cause more trouble is to show that the problem
can be solved in nondeterministic polynomial time. This means that while solving
the problem, at every point we need to make a choice, we ask an oracle which will
direct us to the right choice. If an algorithm to solve the problem, using such an
oracle, runs in polynomial time (not counting whatever activity the oracle would
have to perform), then the problem is solvable in non-deterministic polynomial time.
One common way to express this in sample solutions is “guessing” a solution and
verify that it matches the criteria of the problem. This non-deterministic guessing is
often only referred to as “guessing” only, and I have heard many confused students
try to explain the connection between being able to guess the solution, and still not
being able to solve the problem eﬃciently.
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Finally, after discussing the complexity class NP and its members, we might be
interested in how hard a problem in NP can be. The hardest problems in NP
are called NP-complete. They all share the property NP-hardness: if an NP-hard
problem can be solved by an algorithm in a certain complexity class, then so can
all problems in NP. Not all NP-hard problems are members of NP.
For one problem, the satisﬁability problem (SAT), there exists a proof based
on deﬁnitions of computation, that any problem in NP can be expressed as a SAT
formula in polynomial time. Such a formula consists of clauses of literals, which
are either boolean variables or negated boolean variables, and conjunctions and
disjunctions. An example of a SAT formula with two clauses and four variables
could be (x1 ∧ x3 ) ∨ (¬x2 ∨ x4 ). This formula is satisﬁable since we only need one of
the variables x1 , x3 , x4 to be true, or the variable x2 to be false, to have the entire
expression evaluate to true. If all possible truth value assignments fail to give the
entire formula the value true, the formula is unsatisﬁable.
That all other problems in NP can be expressed as SAT formulae means that
SAT is NP-hard. This way of showing that all problems in NP can be expressed as
SAT formulae, in polynomial time, and in general showing that a problem can be
solved using an algorithm for another problem is called reduction. The idea behind
the term reduction is to make an unknown or diﬃcult task simpler, making it into
something we know how to do, but the meaning is mathematically not used in such
an everyday sense. A reduction is a transformation of the input of a problem to
another problem, never mind the respective diﬃculties of the problems. It is in
a way equally possible to reduce something simple to something hard, as it is to
reduce something hard to something simple. Sometimes, like in this type of proof,
we reduce something known and diﬃcult into something unknown, in order to show
that the unknown must be diﬃcult too.
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For all problems other than SAT, say for instance problem A, we do not need to
ﬁnd this explicit proof that any other problem can be expressed in the parameters
of A. We only need to know that any problem in NP can be reduced to SAT, and
then show that SAT can be reduced to A in polynomial time. Now all actions we
have taken takes polynomial time into account. This procedure is said to show that
A is at least as hard as SAT, which means that A also is NP-hard. As soon as
some problem has been shown to be NP-hard, it can be used in reductions to prove
that some other problem is NP-hard, in the same way as SAT in the example with
problem A. We assume transitivity for our at least as hard as-judgements.
If a problem is a member of NP, and is NP-hard, then it is said to be NPcomplete. This classiﬁcation is an important part of the ADC course, and students
need to know how to prove NP-completeness. They need to know what they have to
prove: that a problem is in NP and NP-hard, and they need to be able to perform
the proof and know what every part of it actually proves.
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Most of the results in this thesis are based on studies of the course ADC (Algorithms, data structures and complexity). For readers who are not familiar with the
Swedish education system, or who are interested in how the ADC course works, this
chapter provides an explanation of what the course is about, how it is arranged and
assessed, and where it belongs in the education system.
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The Swedish education system

The Swedish education system

Swedish children are by law required to go to school for nine years, between ages 7
and 15 (inclusive). Most children go to a school-like pre-school at age 6 and to other
types of pre-school between ages 1–3 and 5. No diﬀerences or specializations which
have any formal bearing occur during the mandatory school years, but there might
be space in the schedule for choosing one subject freely out of a set of available
choices, among them foreign languages (English excluded, since it is mandatory).
The next step is gymnasiet, a non-compulsory school form for students aged
16-19, three years. In practice, almost all youth have to study there, since most
employers require a gymnasieexamen, the degree. There are several programs or
specializations, but the same programs should be available throughout the country.
Some are designed to lead directly into a profession, and some are only preparing
pupils for further studies. The more technical specializations meet with the entry
requirements for engineering programs at university level. There are also bridging
programs for students who did not choose science or technical specializations in
gymnasiet, but decide later on that they want to pursue a university degree in that
area.
Tutoring is free on all levels, and students receive government subsidies. Additionally, university students can borrow money from the government to ﬁnance
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living during studies.
Programming is not mandatory in any of the specializations in gymnasiet, and
is not part of the entry requirements for the engineering and master program in
computer science at KTH. Discrete mathematics is not a base requirement either,
but is more common to have studied and there have been diﬀerences between universities in whether the course containing discrete mathematics is counted as an
entry requirement.
If Swedish university students fail a course, they are generally entitled to retake the entire course next time it is given, rather than losing their right to study.
Additionally, students at KTH and some other technical universities are allowed to
re-take exams to improve their grades, within certain limitations. Bonus points are
not valid for ever, since they are for distributing the work load over the semester,
and old activities will be forgotten after a few years.

living during studies.
Programming is not mandatory in any of the specializations in gymnasiet, and
is not part of the entry requirements for the engineering and master program in
computer science at KTH. Discrete mathematics is not a base requirement either,
but is more common to have studied and there have been diﬀerences between universities in whether the course containing discrete mathematics is counted as an
entry requirement.
If Swedish university students fail a course, they are generally entitled to retake the entire course next time it is given, rather than losing their right to study.
Additionally, students at KTH and some other technical universities are allowed to
re-take exams to improve their grades, within certain limitations. Bonus points are
not valid for ever, since they are for distributing the work load over the semester,
and old activities will be forgotten after a few years.

ADC – Algorithms, data structures and complexity

ADC – Algorithms, data structures and complexity

The course ADC is taught to third year students on the Master of Computer Science
and Engineering program at KTH Royal Institute of Technology in Stockholm,
Sweden. In this course, there are large hall lectures, held by a professor, smaller
tuition sessions in classrooms with worked problems, held by teaching assistants
(TAs): PhD students or master students who have already taken the course, and
computer lab sessions with TAs available to help and to assess ﬁnished assignments.
Grading is performed in relation to ﬁxed criteria on an A–F scale. The Swedish
university grading systems were changed to conform with ECTS (European Credit
Transfer and Accumulation System, an attempt to make grades in all of the EU
comparable) in 2007, but the grades do not, at least not everywhere, mean that
the lowest 10 % of the passing students received an E. Since the ADC course
encompasses many topics, and the expected proﬁciency level for students at each
grade has to be described for each topic, there is a matrix describing what is
required for each grade. Examination is performed continuously and in various
ways. E is the lowest passing grade. This means that students with an E on this
course actually have managed to demonstrate knowledge of the basics of all of the
topics involved, and it is not to be considered a bad grade. The same goes for every
grade: to earn it, the student needs to demonstrate that he or she knows enough
on all areas of the course – not that he or she on average meets with, for instance,
C criteria. Hence, “percent of the grade” is not a meaningful descriptor of any
examination task.
This system of grading is transparent and fair, but complicated in comparison to
“old” systems of weighing all activities together and calculating the grade. Because
of this, and since KTH courses are undergoing changes with respect to examination,
each year some students comment on the diﬀerence and argue that this system is
too strict. Recently (in 2011), the grading and assessment in gymnasiet has been
redesigned to something more similar to the ADC course than before.
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There are three major pieces involved in the grading: two individual homework
assignments and a written exam. The homework is to be handed in in writing, but
no grade is assigned until the student has presented the solution to a teacher/TA. If
the written solution is too poorly written, or lack important parts, a failing grade is
given. Otherwise, the student presents the solutions and answers questions about
it, so that the teacher can get a grasp of whether this student knew enough for
the grade he or she aspired on. There are usually three tasks, and solving one
satisfactorily is required for an E. Solving two gives a C, and solving all three
of them gives an A. The tasks are designed to meet with diﬀerent criteria which
means that the problem statements convey diﬀerent amounts of information, and
the assessment of the ﬁrst task requires less perfection than the assessment of the
third task. What criteria each task is testing, is written on the problem statement.
One smaller error is accepted, but lowers the grade one step.
The written exam only tests E-C level tasks. It is rather short, and followed by
a peer assessment session. To prove knowledge of more diﬃcult tasks, if their grade
on the exam is at least E, students can solve a programming task and present it to
a teacher (no written report in this case).
If a student has a passing grade on all three examination assignments and at
least C on two, he or she is allowed to try to improve grades at an oral exam. Then
the student chooses what examination assignment the oral exam should substitute
(provided that the grade will be suﬃciently high), and is assigned a task that
corresponds to the examination part and the grade that the student chose. The
student gets one hour to think about it. Afterwards, the student can present the
general ideas of his or her solution to a teacher during 30 minutes. Students are
allowed to try improving their grade on more than one examination part, but no
more time is allotted.
Mandatory computer lab assignments (only graded pass/fail) are also part of
the course examination. Students solve these in groups of two, and then present
and describe their solution to a TA. The role of the TA is to try verifying that
the students understand their solution (that is, that they probably have written
the code by themselves), and to look at the coding style and algorithmic approach,
choice of data structures, etc., and discuss these with the students. Three of the lab
assignments are automatically assessed for correctness, but on one of the assignments the TA also needs to verify that the program works and solves the correct
task.
To help students get started with the lab assignments, there are optional, peerassessed theory questions for each lab. These are handed in in written form, and
discussed in class. If solved, in time and to a satisfactory degree, they render bonus
points for the written exam; the same goes for the lab assignments themselves.
The format of instruction in the course is one hour lectures with the course
responsible three times a week, two hour worked example sessions with a TA once
a week, and computer lab help available and scheduled in a booked computer lab
two hours a week.
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Long-term goals for the ADC students

What does it mean to be a theoretical computer scientist, and should the students
become theoretical computer scientists? The students of the ADC course are generally not continuing an academic career within theoretical computer science. They
are going to become familiar with the type of questions and the type of answers
that characterizes theoretical computer science. The course contains programming
exercises as well as theoretical assignments and homework assignments. The programming tasks take a lot of time to ﬁnish for many students, and some actually
think that these are the main content of the course. When working on a written
assignment about proofs and algorithms, entirely diﬀerent perspectives need to be
taken, and it is not clear that the students do this. This leads them to seeing
important ingredients in a written proof as “petty details”.
The things I, as a teacher computer scientist, want students to know and remember from this course is not necessarily that Strassen’s algorithm is based on
decomposition and which steps are included in Ford-Fulkerson’s method or what
complexity it has. I want them to know that computational complexity is a foundational concept, and I want them to be aware that we want to compare algorithms
by their inherent complexity, regardless of current level of technology, and express
for instance “speed” in something that does not inﬂate as computers get faster. I
would like them to know that there are diﬀerent models for calculating “speed”
of an algorithm, for instance unit cost or cost per bit. These are generalizations,
very blunt instruments, and the analysis may at times lack application in real life,
where in contrast you want to know something more speciﬁc, including constants
and sometimes actual seconds. . . Time is only one eﬃciency measure. There are
always resources limiting performance of computations, whether these are time,
memory, bandwidth or something else. There are several models for measuring
complexity, with respect to various resources. The main one we focus on here is
time.
I want them to know that theoreticians are worried about super-polynomial
complexity, whereas practitioners may be worried about anything above linear, depending on area of application. I want them to know that problems are generalized
descriptions of a situation with a certain speciﬁcation of input and of output, and
that everything matching these speciﬁcations are problem instances of that problem. I want them to know that algorithms are for speciﬁc problems, and need to be
able to deal with any instance. Also, I want them to be aware that the algorithms
need to be proven to be both correct and eﬃcient, and that “mostly correct” is a
concept that has very little space in theoretical computer science. To the extent
that it exists, it deals with one-sided errors and probabilistic algorithms with either
correctness or eﬃciency only with high probability.
I want them to remember that there were such things as problem classes, with
problems sharing some complexity characteristic. I also want them to remember
that to prove that a problem is as hard as possible within the NP class, you need
to be able to reduce something at least that hard to your problem. Therefore
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the reductions in proof by contradiction is a standard tool in theoretical computer
science. I want everyone to remember that there are problems with intrinsic complexity so high that they cannot be solved by any computer at all, ever, and not
just because no one has been clever enough yet. (But that of course some of the
instances can be solved.)
In conclusion, if they remember that the course was about computational complexity, that you were typically worried about how eﬃcient your algorithm was, that
the most common type of complexity dealt with in the course was time complexity,
measured in numbers of operations or in numbers of bit operations, and that there
was an important border between problems eﬃciently solvable and harder problems, and another between at all solvable problems and intractable ones that would
be great. If they also remember that you need to prove correctness, termination and
eﬃciency for any algorithm you design, and that some common techniques for designing algorithms are divide-and-conquer (decomposition), dynamic programming
or greedy choices and that also data structures need to be analyzed with respect
to complexity in the same way as algorithms; that the choice of data structure is
as vital as the design technique for an algorithm, then they have grasped the main
themes of the course.
However, during the course I want them to be aware of more things. They need
to remember some of the sample algorithms we have been discussing, in order to be
able to compare new problems with old problems and algorithms for old problems,
and then decide whether the old algorithm will work as is, could be modiﬁed to
work, or will not work at all for the new problem, due to some characteristics of the
problems. I want them to be able to express what they generally intuitively know
is true – that an algorithm works – using arguments that are solid and speciﬁc.
Sometimes their intuition is wrong, and I would like them to notice this when
working on a proof, seeing that proofs are not for teaching situations, but for
researchers and programmers to know for themselves that their thoughts about
some problem are sound.
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Kattis background

There is a hint of discrepancy in the way students and teachers view algorithmic
tasks regarding correctness. Teachers want it to be an integral part of the problem
solving process to check that the algorithm is (provably) correct and that the implementation, in the case of programming tasks, does not fail on certain test cases.
Students see that algorithms can be incorrect, and that implementations can be,
but they may try arguing that their solution works for most cases. Implicitly, they
then want a reward for trying and possibly an honorary mention for actually succeeding, while the teacher is likely to not assign a passing grade to someone who
has not tested an implementation or who cannot argue correctness of an algorithm.
To a teacher, a solution is always correct (or has a probabilistic guarantee of some
kind). To a student, there are solutions, which should be rewarded, and also a
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dimension of correctness that can be applied on solutions, so that we can have incorrect, correct or maybe also mostly correct solutions. While it is possible to argue
that someone who can design an almost correct algorithm might have understood
the problem at hand better than someone who can only design an algorithm that
is completely misbehaving, small and rare errors in implementations are harder to
catch and might be disastrous, given a test procedure that cannot test all possible
input.
Ultimately, our goal is that students develop the ability to critically analyze their
algorithms and implementations, identifying corner cases and identifying arguments
for correctness that are at least proof sketches. For programming tasks in the ADC
course, students work in pairs and are passed or failed by a human teacher/TA.
However, their tasks are often to write suﬃciently complicated programs that the
teacher might not be able to spot potentially interesting corner cases during a ten
minutes discussion with the students. If the teacher’s task is to judge whether the
implementation actually works, this will easily steal focus from everything else, and
still many students might pass while their programs have errors.
To support students and teachers in this respect, and to enforce eﬃciency by
running all programs on the same machine with the same resource limits, we use
automated assessment for the lab assignments. Before presenting their program
(orally) to a teacher, the students submit their code to the system Kattis and get a
response directly when Kattis has run their code on all the pre-designed test cases.
Students then have to show that Kattis accepted their code, and the teacher can
discuss other things with them.
Every year since 2006, when Kattis was ﬁrst used in this course, some questions
on the course evaluation have been about Kattis. There is no direct indication that
students distrust the verdicts from Kattis.
There are, however, signs that some students do not consider program correctness as a criterium for satisﬁable performance on a programming assignment.
There are also indications that the use of Kattis, while relieving the teacher of
the error-prone and tedious task of testing all programs very thoroughly and while
enforcing the teachers’ view on the relationship between correctness and solutions,
discourage some students from testing or writing “proper”, easily human-readable,
well-structured and commented code, simply because this is not tested by Kattis.
Among the answers to the course evaluation, there are always some students claiming that they got an entirely new perspective on correctness after a course that was
as “picky” about it as this one, and other students who say that they test their
programs less than they otherwise would have had, since Kattis takes care of that
for them. There are also always some complaints about not getting to see the exact
inputs on which the program failed – crashed or returned an incorrect output.
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The main work presented in this thesis concerns one particular course at KTH
Royal Institute of Technology. It is a mandatory, intermediate course on algorithms,
data structures and computational complexity, abbreviated ADC. The ADC course
is renowned among the students as diﬃcult, somewhat diﬀerent and (among a
considerable fraction of them) really interesting and fun. On the other hand, there
are students graduating from KTH hoping that they will never, ever again encounter
the topics of the course. This course is the arena for most investigations and
improvements in my thesis because I belong in the category who enjoyed the course,
but also because the teacher of this course is determined to make it accessible and
interesting to as many students as possible.
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The papers included in this thesis are loosely held together by an action research
approach. This has several reasons: we want the course to improve as much as
possible, and as soon as possible; we do not want to experiment with applying
likely improvements to beneﬁt only half of the students (experiment group and
control group); and we want input from the previous initiatives to inﬂuence every
next step we take.
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The included articles address which topics are diﬃcult, and how students respond to attempts at making the topics less diﬃcult. Together with the previously
published results, some additional, qualitative data has been gathered from surveys
and group interviews with teachers and from the actual student work presented during the courses.
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While continuously trying to improve the course, the action research cycles eventually united with the academic year, so that there was one cycle per year.
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First cycle – computational complexity and reductions

The ﬁrst cycle lasted the longest, encompassing several years and some sub-cycles.
It started with the observation that many students complained that computational
complexity, complexity classes and reductions were much more diﬃcult than algorithms and data structures. Those parts of the course are diﬀerent from one another
not only in content, but also in context. While the ﬁrst part of the course seems
like a natural continuation of earlier data structure and algorithms courses (like
CS1), the complexity part is mathematical to its nature, and even though computers and coding still come into the picture, the “culture”, by which I mean the type
of tasks, the type of (model) answers sought for and possibly also the language,
changes. Hence, the ﬁrst attempt was to try connecting the type of course work
required in both parts of the course. There was already one written homework to
be presented orally, and questions on the theory exam, for both parts of ADC, but
there were lectures, worked example sessions and computer lab hours scheduled for
the algorithms and data structures part, and only lectures and worked example
sessions for complexity. Less teaching occasions could imply “less important”, and
the diﬀerence in culture was possibly more strongly perceived when one kind of
activity was omitted.
The ﬁrst change to the course was to add a task – a computer lab exercise on
complexity. This task is special in comparison with the other computer lab exercises
of ADC. It requires only half a page of code, whereas the other lab assignments
are much larger. The task was automatically checked for correctness in the system
Kattis, so that students could work when- and wherever they liked. This seems to
have remedied one of the problems – that complexity was not connected to other
coursework and hence not practiced enough.
Another characteristic of this task is that it is in eﬀect mostly on theory, and
not about eﬃciency of the program. By design, it was under-speciﬁed when it came
to input and output – there were descriptions of three problems, their respective
in- and output formats, and the task to code a reduction for the sake of proving one
of them being NP hard (the two others were already known to be NP hard.) We
have of course absolutely no interest in teaching students on this level to transform
input of one format to input of another format. Instead, we want students to
create a mental model on when you can do this, and for what purposes. To pass
the examination of this task, you need to know what your program does and why
it does what it does. You need to be able to argue why you can know this, i.e.,
produce some correctness arguments of the method. A teacher assistant will, after
you have shown the Kattis feedback, assess your shown ability to do this.
The lab exercise was initially voluntary but later became mandatory. It seemed
to aﬀect the average grade on the home assignment on complexity, adjusted for the
average grade on the earlier assignment on algorithms. Several years passed with
this setup.
The “real” ﬁrst cycle began when we attacked the weaker performance on the
complexity part of ADC on several fronts, simultaneously. We introduced visualiza-
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tions developed by another teacher teaching similar material in an exchange where
his school tried out our lab exercise. The lectures were changed to a shorter format,
but more interactive, and “clicker questions” were prepared. These are short questions with several answer options available, and among the reasons to use them is
to promote reﬂection and student activity, and to help the teacher plan the remainder of the lecture based on how the class answers. Also, previous students were
contacted and asked about their work experience with computational complexity,
and this resulted in a motivational lecture being introduced, explaining that such
content actually does show up in work situations, how it can look there, and how
you tackle intractable problems. Students’ results were still monitored as usual,
but we also added a cover page to the homework, where students could ﬁll in where
they had learned a list of core competencies for solving the homework, and a ﬁnal
survey aside the usual course survey, asking speciﬁcally about the new activities.
The course survey and the ﬁnal survey were anonymous, while the homework cover
page required students to write their name on it.
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Second cycle – dynamic programming

Second cycle – dynamic programming

After the appreciated changes of the complexity teaching, some students of the
previous year realized that although they were familiar with algorithms in general, dynamic programming was an algorithm construction method that they were
not used to. To them, the previous setting scaﬀolded and helped them more with
complexity than with algorithms. Since the extra lab on complexity was on the
same topic as the homework, you could practice on the lab, but for algorithms
there were no preparation exercises on dynamic programming that were assessed
and mandatory. As dynamic programming was perceived diﬃcult, the next cycle
was dedicated to teaching it better, and evaluating knowledge and, to some extent,
attitude, better. We used the same methods that were earlier utilized for complexity, but here we also tried structuring the material according to the principles of
Pattern Oriented Instruction, since one of our concerns was that there might be
too much details and involved steps for the students to cope with.
In addition to the evaluations similar to the ﬁrst cycle, students’ attitudes in
form of self-eﬃcacy beliefs were also investigated, before and after the teaching
of dynamic programming. As the self-eﬃcacy surveys were to be compared between the two occasions, students were asked to give out their names on both.
We promised not to use them for any course-related purpose other than this research, but wanted to be able to see self-eﬃcacy beliefs among student who varied
in achievement level.
A group discussion with all teacher assistants who graded the homework was
also conducted and recorded. This was done with the purpose of providing the TAs
yet another opportunity to reﬂect on the teaching and to develop as teachers, and
they were paid meeting wages for attending. Other purposes were to improve the
course, and to get more information both for teaching purposes and for the research.
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We wanted them to discuss the questions we asked, not just have individual answers
from each one of them.
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Third cycle – pseudocode and proofs

A task that students often claimed incompetence in is writing pseudo code. This
might be connected to the lack of formal syntax for pseudo code, but also to it
being taken for granted in teaching. Something that teachers (and some students)
wanted to improve was the ability to write proofs for algorithms and reductions.
Students appeared to be too focused on inventing the algorithm, that is, ﬁnding
out what strategy would solve a given problem. While productive and successful
for the mere construction of an algorithm, this is not suﬃcient to fulﬁll the course
requirements. When asked why an algorithm worked, few students had prepared
logically consistent arguments for their homework presentations. The proofs were
maybe perceived as “add-ons” but not essential when judging whether a solution
was valid or not. This discrepancy between what students and teachers believed
about the role of proof in the ADC course, made us want to try improving the
teaching about proofs. The content we wanted to address this cycle was never the
main topics of lectures, and while introducing some lecturing about it, most work
went into constantly reminding students that they were seeing pseudo code and
proofs during lectures and example sessions on other topics. Both pseudo code and
proofs are culturally important tools in theoretical computer science, and they are
integrated into everything else in the course.
To get more detailed information on how teachers appreciated the students’
knowledge at the oral presentation of the homework, a rubrics-based protocol was
constructed and used this year. The protocol by necessity had to be constructed
primarily to support grading, but for some items on the self-eﬃcacy surveys, there
are corresponding protocol entries that can be used to compare students’ self-stated
conﬁdence in their proﬁciency level with teachers’ assessments of the same students’
skills.
All three cycles partly involved making silent knowledge visible and explicitly
teaching about things that were previously learned implicitly, via constant exposure
and “osmosis”, and not learned by all students. Identifying which concepts and
tasks have aspects of silent knowledge, what language needs to be explicitly deﬁned
and repeatedly used in a deliberate way to help forming an identity as “someone
who knows some theoretical computer science” is in my opinion an important, but
maybe forgotten, part of teaching this subject. The same goes, of course, for other
advanced subjects as well, which students are supposed to gain some familiarity
and skill with during their education.
With the data on what students felt conﬁdent doing, and what they did not
know how to do, we tried to understand what parts of the involved topics are the
most diﬃcult, and discussed such aspects of the subject of theoretical computer
science. We also set up a web survey for teachers teaching diﬀerent courses that had
something in common with ADC, to collect information on what other teachers had
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found to be problematic or to require extra planning and attention. Unfortunately,
we did not receive so many responses.
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we did not receive so many responses.
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Data

Data

The data in these studies come from our course assessment records, students’ admission grades and previous study results, the annual anonymous online course
evaluation, anonymous surveys about the research projects, identiﬁable responses
to self-eﬃcacy surveys, self-stated proﬁciency levels at homework due dates, and
every other communication channel between teachers and students of the course
has of course been watched carefully to spot potential problems and issues needing
to be addressed. This includes oral feedback at homework presentations and lab
presentations, emails from students asking about some particular concept they ﬁnd
diﬃcult.
I have used the package knitr by Yihui Xie and the R package xtable to transform my data to LATEXtables. Data has been stored in spreadsheets, in a SQLite
database, and in .csv ﬁles. Spreadsheets have been used to input data, which has
later been exported to .csv ﬁles and, after some processing, into a SQLite database
together with export from the grade administration systems for querying preference purposes. Python 2.7 scripts are transforming the data before it enters the
database. After introducing R, this workﬂow may not be optimal, since R integrates with both databases and .csv ﬁles, but keeping the processing scripts intact
appeared as the least error-prone solution.
The group interview data with TAs was used for input to the next iteration.
There is no complete transcripti of the interview, but some quotes from that interview also appear in the discussion of diﬃculties students can have.
The survey for teachers was collected digitally, and has also been used as a source
for new ideas and to compare our experiences with those of other teachers. The
written comments of that survey are the sources of information, since the purpose
and setup of this survey would not make statistical data treatment legitimate.
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5.3

5.3

Validity and reliability – Using grades as evaluation

There are obvious problems with assessing the outcome of our experiments by
looking at grades we have assigned our own students. On the other hand, if there
had been no grades, we would have tried to establish how well people were doing
by assessing it somehow. This is a characteristics of action research, but of varying
degree depending on which people are involved. However, all involved parties are
part of the project and none is an objective, outside observer. Since the criteria
for each grade in this course are well described and discussed among teachers,
grades are not arbitrarily assigned and personal bias is less inﬂuencing than without
detailed criteria. Also, it is our own teaching, and our own hopes for outcomes,
that we are investigating. It might, however, be worth mentioning that teachers
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assigning homework grades normally did not know which, or how many, teaching
and learning activities each student had participated in. They could probably ﬁnd
out, but investigating this is not encouraged, and the work would not be paid.
The self-eﬃcacy beliefs questionnaire and the grades were never compared during
assessment, as the self-eﬃcacy questionnaire was kept in sealed envelopes until after
the course. This means that the un-blind method could aﬀect the teacher’s total
experience of the course, but that would have to include seeing the whole student
cohort better than last year’s. Other things aﬀecting teacher’s grading include
rumors about how well this year’s students did compared to last year’s on previous
courses.
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Self-stated proﬁciency levels

Self-stated proﬁciency levels

The calibration of data of the type “How well can you do X?” between diﬀerent
people will vary, but hopefully people’s individual perceptions of the available levels will not vary between occasions, so comparing the same individual’s responses
at diﬀerent times could still reveal something about changes of some underlying
knowledge. On the other hand, when something is regarded harder after the course
than before, it is possible that the students who lowered their self-eﬃcacy scores
changed either their quality criteria, or their perception of the entire topic, and
hence are answering “another” question afterwards than before the course. We
wanted to see if there was any correlation between how certain students were that
they could perform some course-related tasks, and how well teachers found them
performing similar tasks. In order to achieve this, we listed all self-eﬃcacy items
and all assessed tasks of the course, and marked for which items it could be possible to correlate answers with some assessed task. We then did the same thing for
the errors that could appear on the homework grading protocol, supposedly more
ﬁne-grained than the grade: marked which errors should correlate with lower scores
if the self-eﬃcacy correlated with these performances.
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This chapter summarizes the included papers and their results. Paper II and Paper
III are not part of the overall action research project. Paper II instead sheds
light on how simple feedback aﬀects students’ attitudes, and Paper III is about a
separate action research inspired project, explaining the automated programming
assessment system Kattis and its underlying philosophy. Kattis is highly relevant
for the teaching and learning environment of the ADC course, and the Kattis results
that follow the summary of the included publications are from ADC course surveys.
Paper VI is a journal version of the previous ADC results, together with the proof
and pseudo code results of 2013.
The chapter also presents some data that is not discussed in the included publications. These consist of the group interview with TAs, descriptions of common
errors, diﬃculties, misconceptions or communication issues on homework assignments, the web survey for TCS teachers, and student responses to questions about
Kattis on the annual, anonymous, course evaluation survey of ADC. All these
sources of information are only used qualitatively: the group interview and the
descriptions of homework errors to provide some information on how the students’
performance was perceived by TAs, the Kattis survey question to exemplify how
Kattis deﬁnes the context of the course, and the questions to other TCS educators
in order to see which topics they mentioned as problematic for a broader perspective
on the topics than provided by the ADC course itself.
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List of included publications

I Computer Lab Work on Theory
Appeared in the Proceedings of ITiCSE 2010, Ankara (June 2010)[19].
II The eﬀect of short formative diagnostic web quizzes with minimal
feedback
Appeared in Computers & Education No. 60 (2013), p. 234–242 [9].
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Here follows a summary of the results of each of the included papers.

Here follows a summary of the results of each of the included papers.

Computer lab work on theory

Computer lab work on theory

Some issues with the theory part of the course were probably overcome. The
complexity homework was not anymore perceived as remarkably more diﬃcult than
the algorithms homework, and students started appreciating to get to practice NPreductions before the homework assignment. On the other hand, taking tools from
one paradigm and applying them within another paradigm, can cause confusion as
to what the activities mean, what their purposes are. The programming exercise
did get people to work more with the complexity part of the course, but at the same
time did not make them aware that they were now doing something conceptually
diﬀerent from when designing algorithms to solve problems.
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The eﬀect of short formative diagnostic web quizzes with
minimal feedback

The eﬀect of short formative diagnostic web quizzes with
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This article is not about the same course as the other ones, but it is concerned with
automated assessment and feedback. Already at the level of providing really basic,
multiple choice questions with minimal feedback, a fraction of the students report
starting working harder because they found the questions more diﬃcult than the
lectures, while others did not feel the same urge to get the teacher’s blessing on
everything they did as the teacher was used to. They got conﬁrmation that they
were not falling behind, and they needed that. Students were reaching out for all
types of prepared questions and activities providing feedback. These were mostly
beginner students, not used to the topics in a basic programming course, some of
which may have been under the impression that programming probably was for
someone else. It does show that many students, at least in beginner courses, are
not good at judging their own capabilities, but also that many of them know that.
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Five years with Kattis

Five years with Kattis

This work is a description of how our school works with automated assessment.
Kattis is the system used, and it is an ACM ICPC style programming “judge”, to
which source code is sent and which sends back responses after testing the submitted
source code using secret test cases.
Students are happy to use Kattis, but sometimes reproaches Kattis for being
so strict. The acceptance may have risen during the years. Students sometimes
want to argue over the quality criteria for a lab assignment, but it is of course
impossible to argue with a server. Kattis serves as scapegoat for unpopular CPU
time requirements and errors on tasks with diﬃcult corner cases, and teachers
appreciate that they do not have to play that part. Also, grading has probably
become more fair after introducing Kattis, since human teachers cannot run test
cases and spot errors as eﬃciently.
Indicating something like this is the fact that the ﬁrst year ADC used Kattis, fewer students were accepted on time. We do not believe this to be due to
particular diﬃculties with the interface of Kattis, but rather a consequence of thorough testing. Another course signiﬁcantly increased students’ passing rate after
introducing Kattis, since students had more opportunity to spot errors in time,
supporting the interpretation that Kattis in itself does not make courses harder.
Students appreciate not having to be worried about forgotten corner cases at the
lab deadline.

This work is a description of how our school works with automated assessment.
Kattis is the system used, and it is an ACM ICPC style programming “judge”, to
which source code is sent and which sends back responses after testing the submitted
source code using secret test cases.
Students are happy to use Kattis, but sometimes reproaches Kattis for being
so strict. The acceptance may have risen during the years. Students sometimes
want to argue over the quality criteria for a lab assignment, but it is of course
impossible to argue with a server. Kattis serves as scapegoat for unpopular CPU
time requirements and errors on tasks with diﬃcult corner cases, and teachers
appreciate that they do not have to play that part. Also, grading has probably
become more fair after introducing Kattis, since human teachers cannot run test
cases and spot errors as eﬃciently.
Indicating something like this is the fact that the ﬁrst year ADC used Kattis, fewer students were accepted on time. We do not believe this to be due to
particular diﬃculties with the interface of Kattis, but rather a consequence of thorough testing. Another course signiﬁcantly increased students’ passing rate after
introducing Kattis, since students had more opportunity to spot errors in time,
supporting the interpretation that Kattis in itself does not make courses harder.
Students appreciate not having to be worried about forgotten corner cases at the
lab deadline.

From theory to practice: NP-completeness for every CS student

From theory to practice: NP-completeness for every CS student

This paper is a follow up on Paper I. Students having diﬃculties with complexity
still existed, not surprisingly, after introducing the lab assignment on complexity.
Here we describe a more thorough attack on the topic and how to present it to
students. The work is done in cooperation with Pierluigi Crescenzi in Florence,
whose students were demonstrating similar diﬃculties with NP-completeness.
The approach is to treat the tasks more like algorithmic tasks, both in presentation and in homework assignments, but also to focus on motivating the usefulness
of complexity and on what is meant by a reduction in a proof by contradiction. We
introduced visualizations, the programming assignment, a motivational section on
a lecture with old students’ statements on how complexity mattered in their work,
we managed to isolate some of the important things about NP-completeness reductions in a separate task, and we made the lectures more interactive. We also handed
out self-eﬃcacy surveys before and after the teaching on complexity. Students on
the ADC course improved their grades on the complexity homework, on average,
if they had been participating in many of the activities we provided, compared to
how the same students performed on the algorithms homework earlier in the course.
Students were also given a questionnaire about the activities, and we could see that
all activities were perceived as beneﬁcial for some group of students.
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Dynamic programming

Dynamic programming

Out of the algorithm construction methods of the ADC course, dynamic programming is seen by the students as the most challenging one to grasp. The method
involves many possibly troublesome concepts and procedures, and we could not be
certain exactly what the problems were. We made the same changes to the teaching
as we had previously done to the complexity teaching, and also tried to structure
the material with respect to variations, themes and common patterns, in line with
the cognitive psychology related teaching method Pattern Oriented Instruction.
The teaching on dynamic programming only lasts for two weeks, with four large
lectures and two tutoring sessions with problem solving, but still we tried to bring
more structure into the many tasks involved in constructing a dynamic programming algorithm. We also handed out self-eﬃcacy surveys on this topic, and used
the results partly to see whether students experienced themselves improving their
knowledge, and partly to see which tasks had the lowest average scores and hence
may have been the most diﬃcult.
Together with other surveys on where students believed they had learned things,
we could see that correctness proofs, choosing a suitable problem to reduce, and
the direction of the reduction were the most diﬃcult tasks, and that students had
learned most on lectures and on working with the theory questions to the programming assignment, and the assignment itself. Some tasks many people marked that
they had still not mastered. They correspond vaguely to the self-eﬃcacy survey
items with the lowest scores.
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algorithms and complexity course
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This paper is an extension of the work in papers 1, 3, 4 and 5. It presents complementary data from the most recent years of ADC for the results in previous papers,
and adds survey items on pseudo code and proof construction, which have seemed
to be diﬃcult parts of both dynamic programming and complexity. The increased
eﬀorts to explicitly point out pseudocode examples and proofs during ADC 2013
did not seem to have an overwhelming eﬀect on the ﬁnal self-eﬃcacy beliefs of the
students that year, compared to 2012.
We also try to evaluate some of the self-eﬃcacy items in relation to how well
students are performing when trying to take on tasks resembling or including the
tasks of the self-eﬃcacy items. When plotting the self-eﬃcacy scores for the items
we saw any possibility of verifying, against the results of the selected assessed tasks
related to each item, there was for most items no trace of any correlation. For
supposedly negatively correlating indications – errors reported on the homework
grading protocols – there was too little data. TAs were not required to put everything that was wrong in the protocol – it could at times be very diﬃcult to
decide what the assessments should be. Instead, if fatal errors were found, the TAs
could mark these in the protocol and leave out any other errors. This experimental
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method to validate the self-eﬃcacy items failed, in one case because of missing data
and in the other case either because the items do not correlate with achievements,
or because the self-eﬃcacy items and the examination tasks are diﬀerent in scope
and separated in time.
When comparing the admission grades of the ADC students with their ADC
course and homework grades, no correlations were found. However, there was a
correlation between grades on four prerequisite courses and the ADC grades. When
performing future course changes, it will then be possible to use the prerequisite
grades as reference when diﬀerent years are compared.
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There are some themes that repeatedly occur on the ﬁnal, anonymous course survey
for the questions concerning Kattis. These are:
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“Working programs” not accepted by Kattis Some students complain that
lab assignments are harder when automatically corrected, but rarely specify
what unnecessary requirements Kattis is imposing. “In lab 1 you just needed
the program to work. In lab 2 you had to make it work and also needed to
make kattis accept the result (which sometimes felt like 50 % of the job.)”
(Student 2006). Others are complaining about Kattis not accepting the output in reverse order, or when you forget to separate all numbers with spaces.
Maybe these errors, which can be seen as residing more in the programming
logic than in the algorithm construction logic, could cause people to claim
that Kattis does not accept all correct programs.
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A great asset to have Kattis helping you In various ways, students express
that Kattis helps them to spot errors and to feel less nervous for the lab presentation. “Great that you can focus on understanding the problem and the
algorithm construction at the presentation, rather than whether the algorithm
is correct or not.”(Student 2011).
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Debugging and Kattis It is probably too tempting to use Kattis instead of testing your program. This means that a lot of code is submitted to Kattis, and,
in worst case, that even compile errors are caught by Kattis and not locally.
Some students express this as a weakness in themselves, others as a feature of
Kattis. “Contributes to more active debugging instead of just asking a TA for
help. I have learned a lot from the lab assignments in the course!” (Student
2011), “Less focus on learning to write your own test cases.” (Student 2013)
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We would hope for everyone to realize that this is not an optimal workﬂow,
and it would be desirable to be able to construct tasks that do not encourage
this behavior – either by forbidding it, rewarding other behavior higher, or
requiring sub tasks that need independent testing. As mentioned in [21],
this can be enforced within Kattis, but as discussed in [19], design of tasks
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where testing is an explicit step is probably a good way to go. On the other
hand, many students report testing much more carefully when having access
to Kattis: “Lab assignments in other courses where Kattis is not used, then
I have not tested my code much at all. At least not with so many test cases
that are common in Kattis. This has made me think much more about what
could be wrong with an algorithm, since Kattis does not tell you much about
that.” (Student 2013)
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that are common in Kattis. This has made me think much more about what
could be wrong with an algorithm, since Kattis does not tell you much about
that.” (Student 2013)

Feedback The easiest way for a teacher to set up a programming problem in
Kattis gives minimal feedback to the student: immediately Kattis responds
with “Accepted” or some type of error. It is, especially after a few years
of continuous improvements of Kattis, possible to set up problems so that
feedback is given in other ways, including showing the secret test cases to
students (although this is not a feature of the problem, but of Kattis course
management). The level of understanding of why no test cases are supplied
when the program fails may have risen during the years, as Kattis has become
a natural part of the study environment for CS students at KTH. “But there
is little feedback on what exactly is wrong. . . When it looks like it works,
many hours of fumbling in the dark remains before you come up with what
tests must have been used.” (Student 2007).
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Risk of uglier code As with testing, some people view code quality as something
that they should take responsibility for. Others are just noting the decline
in this aspect. Since for some tasks the only thing that is rewarded is speed,
and the test suite is ﬁxed, students start including assembler code, or avoid
object orientation since it takes more time than writing code that has other
qualities than time eﬃciency. “Don’t know if it is due to Kattis, but I have
noticed that my code has quit being so neatly commented as it were, once
upon a time. . . ” (Student 2011) This can to some extent be mitigated in
the design of tasks, where there should be something objectively positive to
compete for, but in a course the best remedy is to let the human teachers
balance the feedback from Kattis with opinions on coding style, structure and
maintainability.
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Students are also, reasonably, complaining about discrepancies in time measurement in 2013 and in 2011 – there were at those occasions when things did not work
properly when Kattis had heavy load. They are also rightfully complaining when a
test ﬁle is incorrectly formatted, which could easily happen with old problems, not
packeted according to a standard. There are diﬀerent ﬂavors of “give me the test
data” – from the idea that since someone is reading the code anyway, we cannot
hardcode the correct answers, to the suggestion that the type of test should be
hinted, or two rounds (Google code jam style), one with test data that you will
receive and one with secret test data, will be applied. Over the years, the number
of angry “GIVE ME the test data” comments seems to have decreased, while more
reﬂecting comments on the same topic still remain. This may reﬂect some cultural
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heritage within the group of students, whose beginners each year are guided into
their new life as KTH students by their older peers. It might also be the consequence of more teachers being accustomed to Kattis, and meeting the more “naïve”
complaints during labs. Many wish for diﬀerentiated time limits between various
programming languages. During the ﬁrst years, Java programs had 1 s more to go
than C and C++ programs, and these were the only language options. Later, the
JVM was judged to start suﬃciently quickly for this exception not to be needed
anymore. Interpreted languages, like Python, take even more time than Java and
hence require better optimizations. Some complaints are along the lines of “the
asymptotical time complexity of my algorithm is OK, so I should be accepted”.
This suggests that these students successfully have spotted one important course
goal, but try to make it the only quality criterium. To have to make optimizations
to not over-engage the Java garbage collector, or to learn that the implementation
of LinkedList in Java is not an eﬃcient one, seem to not belong in this course according to some students. It is true that this is another perspective, not so much
elaborated on during lectures, on eﬃcient algorithms and programming.
The varying eﬀect on testing and code quality needs monitoring. The TAs are
supposed to give feedback on this, and make sure that the code solves the problem
and that the students can explain their code. The feedback from TAs works best
when there is continuity and existing relationships between the people. I have,
for instance, witnessed a TA saying “Hey, this is ugly! Isn’t this code far below
your quality?”, with the tone and eﬀect of this TA expecting much better from this
particular student, and the eﬀect of the student not wanting to let the TA down.
So, despite being eager to leave the task behind and move on to other things,
without the TA really threatening to not pass the him on the assignment – that
would be outrageously capricious grading with respect to the transparent grading
system – the student went back to his keyboard to produce a result that was a
well performed task by him, not barely enough for a less skilled programmer at the
same course. Without interference like this, Kattis will contribute to bad habits
for some students.
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Verify a. . . what?

When a student is presenting solutions to the complexity homework, there are a
number of points where confusion may arise. It may be possible to write something
that is not incorrect, and still have no clue of what that written sentence means, and
this usually shows up at the presentation. Sometimes, coming up with a reduction
is seen as the main task, and other requirements of an assignment might be missed
or skipped. In other cases, students are either naively interpreting words and
sentences according to common sense, without reference to the TCS context, or
really struggling hard with making sense out of (seemingly) conﬂicting statements.
The latter group often have aha-moments during the presentation, when asked the
right questions, and feel relieved and happy to have their cognitive conﬂict resolved.
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The ﬁrst group might also come all the way through spotting conﬂicting statements
and resolving the conﬂicts, but sometimes instead end up annoyed that the task
was “under-speciﬁed” and all requirements were not mentioned.
The concept we have worked most on is the reduction, and what it tells us about
the involved problems. However, there are other things that bother students. What
follows is a qualitative description of areas where diﬃculties are encountered during
oral presentation of homework.
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the involved problems. However, there are other things that bother students. What
follows is a qualitative description of areas where diﬃculties are encountered during
oral presentation of homework.

Verify a yes-instance Some students have missed the word “solution” when reading and listening to descriptions of how to prove that a problem is in N P .
This means that they have to wrap their mind around the paradox of a problem being to hard to solve eﬃciently, yet we can take any yes instance and
“verify” that it has a solution (i.e., solve it). This does not make sense, and
students deal with it by either stating that they think it is weird, omitting it
until being asked about what is missing, or making some interpretation of any
of the words in the Swedish sentence “Veriﬁera en ja-instans” that in some
way resolves the issue. One way is to verify that the instance is a valid problem instance. Another is to focus on the word “en”, which here means “a”
but when stressed instead takes the meaning of “one”. So if there exists one
yes-instance that we can verify (solve) eﬃciently, that should be suﬃcient,
right?
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Verify a yes-solution Well, what is a positive solution? The word “yes”? This,
rather logical, approach makes the students who take it prone to attack the
task in the same way as students who had missed the word “solution” entirely, and just remembered to verify something. How would we verify the
answer “yes”? Well, probably by showing that yes was a possible answer
to the question in the problem. Unfortunately, in theoretical computer science terms, this is equivalent to solving the problem, which is of course hard.
The same ways out as for the previous item present themselves to those who
have made this interpretation. The didactical problem here, is how the canon
deﬁnes the tasks. The language is highly dependent on this context, and
the context is diﬃcult to derive from the language. Everyone doing theoretical computer science knows that N P is a class of decision problems, but
nevertheless, while showing that a problem belongs in NP, the witness is a
solution to the constructive version of the same problem. Maybe introducing
the technical meaning of the word “witness” here could allow us to avoid some
misleading associations or presumptions regarding the word “solution”.
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How much do we need to verify? Given that we have sorted out all uncertainties regarding solution and what type of solution we mean, it remains to understand what input and output the veriﬁcation needs. For the problem Set
partitioning, for instance, the problem instance is a set of numbers and the
question “Can we partition this set into two sets with equal sum?”. Students
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may verify a solution by checking the sum in both partitions, and entirely forget about checking that they really are partitions. They understand that the
input of the veriﬁcation contains the solution, but forget to check it against
the problem instance it is said to solve. For instance, {2, 5} and {7} certainly are two sets having equal sum, but they are not a valid partitioning
of {2, 5, 6, 7}. Sometimes the sample solution of a lecture problem consists
of a function mapping elements to subsets, cleverly taking care of both “all
elements need to exist”, “no new elements may be added”, “no element can be
used multiple times”, and the more loose concept of “which element goes into
which partition”. It implicitly forces us to let the veriﬁcation algorithm take
the problem instance into account. These multiple purposes are not discerned
by all students, but when applying a pattern-matching approach they may
still be able to solve another problem with this sample solution as template.
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I don’t verify, I guess (non-deterministically) Maybe because this method
of showing NP-membership seems more formal and appears in other texts, or
maybe because of the diﬃculties with making sense of the language around
“verifying”, some students prefer to guess a solution non-deterministically
and show that it solves the problem instead. These students are more often
confused than those who verify solutions. Here diﬃculties arise because nondeterministic guessing is a thought experiment rather than a valid algorithm
construction method in practice. “Guessing”, on the other hand, is used in
everyday language and so you can be lead to assume that the problem can
(sometimes) be solved by guessing, and that this is what is meant here – yet
another way of trying to devise an algorithm for solving the problem instead
of showing NP-membership for it.
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Rephrasing as a decision problem Another issue when verifying solutions to
other versions of a problem, is that it is not easy for all students to determine
which decision problem corresponds to a given optimization problem, or what
construction problem they need to verify a solution to. A famous NP-complete
problem is Traveling Salesperson, with input as a number of cities and the
pairwise distances between them, and the question “What is the shortest route
that visits each city exactly once and then returns to the original city?”. Since
the answer to this question is a number – the length of this shortest route –
the problem is an optimization problem. When trying to phrase a problem
like this as a decision problem, students sometimes try with “Can I ﬁnd a
route that visits each city only once and then returns to the original city?”.
The issue with this is that, while certainly a decision problem, this problem
has a trivial solution. Yes – we have pairwise distances between all cities, so
we can construct a route that visits them all in n! ways. There was something
about the length of the route that was important in the optimization version,
so in the decision version the length also has to play some part. Typically, we
introduce a limit, assign it a variable name B, and ask for a route with length
at most B. A possible distractor in this context is the satisﬁability problem
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SAT, which usually in its basic form asks “Is this formula satisﬁable?” with
no limit involved. If SAT is used as template, it will be diﬃcult to invent a
goal.
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The “solution” cannot be veriﬁed eﬃciently If the data said to represent a
solution contains too little information, verifying the solution against its problem instance might still be an NP-complete task. A decontextualized example
of a problem is where we have a graph G and for all pairs of vertices (X, Y )
a goal T (X, Y ) for how many node-disjunct paths we want between these
vertices, and a limit B. Can we pick at most B of G’s edges so that all the
goals are fulﬁlled? Note that, if we let the solution to the constructive version
of this problem consist of the B edges we should pick, ﬁnding all the disjoint
paths is still not easy. (Actually, it is basically the same task as before.) The
solution will instead need to specify all paths, and then we can check that
the ones between the same endpoints are disjoint and suﬃciently many, that
all edges and vertices existed in the original graph, and that the number of
edges in total is at most B. I remember that to me, personally, the fact that
this was a valid way of deﬁning a solution was not obvious.
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Maximal vs maximum The use of the terms maximal and maximum can probably confuse also native English speakers when they turn to study mathematics or mathematics like subjects. In Swedish, there are not two similar words
used interchangeably in everyday language. (Both words exist in Swedish,
but maximal is an adjective and maximum is usually a noun.) In TCS, we
take maximal to mean a local maximum, and maximum to mean the global
maximum value. In other branches of mathematics, the distinction is deﬁned
in terms of partial orderings: if we have an element E of a set S, and there
is no element of S larger than E, then E is maximal. If E is larger than all
other elements, E is the maximum element. A sentence can make no sense
whatsoever if the wrong interpretation is chosen.
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Expecting speciﬁed cost model Sometimes, students underestimate the role
that common sense is allowed to play when solving problems in ADC. They
may expect that the teacher writes in the assignment instructions whether
bit cost or unit cost is supposed to be used. This happens for easier tasks,
testing for criteria for E, but never for tasks involving A criteria. The choice
between models is not arbitrary – you use as lazy a method as you can get
away with, and if the bit size of the input data matters, this needs to be taken
into account in the analysis.
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the homework. They were asked about what students did well and not so well, if
some of the results surprised the TAs in any way, whether the students understood
their motivation for the assigned grades, and if there were diﬀerences from previous
years.
This discussion made it clear that many students often have thought about their
homework, and can come in and start pointing at several places where there are
missing commas, missing constraints or details in error. However, it has not happened to any assistant that a student shows up and apologizes for having handed
in something that really doesn’t work. Students often ﬁnd errors in their solutions,
but as one of the TAs put it “They generally have great understanding for their
solution idea, but they never appear to question by themselves whether the idea
really works.” He meant that students could determine that what they had written
did not match what they wanted to write, and spot the diﬀerences, but not determine whether what they wanted to write really would solve the problem. The tasks
of this homework assignment were by several TAs considered harder than usual.
The ﬁrst task was not possible to pattern-match with previous years’ ﬁrst tasks,
the second tasks needed dynprog in four dimensions and the last one about solving
something “as eﬃciently as possible” had the diﬃculty of not specifying in advance
exactly how eﬃciently that would be. The course responsible teacher meant that
this latter was not realistic, and that it would exclude several reasonable techniques,
leaving open for pattern-matching instead of showing the highest ability criteria.
TAs also found that the students seemed unusually unskilled in writing algorithms in pseudo code and also in basic mathematics. As another TA put it, “Previous years, students have shown that they do not understand logarithms. This year,
they grabbed the opportunity to show that they also do not know exponentiation
well.” Other assistants remarked that the usual problems with which logarithm
“laws” really exists were often resolved by resorting to exponentiation and examples, and that this usually worked well. The argumentation from some students
this year suggested that it would not have worked well this year, if tried. The issue
was whether O(22n ) ∈ O(2n ), and the students meant that they could safely ignore the “constant” in the exponent. This can give some valuable insight into how
students may misunderstand the asymptotical worst case complexity and which
things to neglect versus to focus on in this setting. One of the TAs estimated that
30 % should have been failed based on how poorly they understood basic algorithm
analysis relevant for the course.
Regarding whether students understood when their solutions were not satisfying, assistants had various experiences, involving having lengthy discussions with
some students about not lowering the requirements, being impressed by the reasoning regarding dynamic programming by many students, observing that hints were
helping signiﬁcantly to make students see what was wrong, and ﬁnding students
seemingly more focused on actually understanding the errors, than on achieving a
good grade.
The most common errors for the three diﬀerent tasks were, for the grade E
task: inability to explain what was written, lack of understanding of the handed
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in solution, too vague descriptions to be assessed, or too detailed pseudo code –
without touching the important steps of solving the problem. Some misunderstandings occurred of the Master’s theorem, one method included in the course, about
analyzing recursive algorithms.
For the grade C task: exhaustive search instead of dynprog (too slow), leaving
some dimension of sub problems untouched, errors in determining an evaluation
order, or only checking the sub problems with maximum value on one of the parameters, while searching for the best solution. (This is not guaranteed to work –
some paths will not exhaust this parameter, yet reach a higher optimal value in the
calculations.)
For the grade A task: too slow algorithms, or greedy algorithms that did not
succeed on some simple inputs. Also here many students were unhappy when they
did not receive an A because their – working – algorithms were too slow. The grade
criterium for this task was to be able to solve diﬃcult problems with the method
that is best suited, that is, to compare the various algorithm construction methods
and pick the one with best time eﬃciency.
These results were input for the last cycle, where emphasis was on more often explaining characteristics of pseudo code and what proofs were good for, and
on assessing more accurately what students could and could not do, introducing
assessment sheets for the homework assignments.
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Web survey for teachers

In order to ﬁnd out about “universally” diﬃcult concepts, and not only things seen
at our university, we constructed an open web survey and invited all teachers world
wide who, according to the publisher, used the same text book, and all teachers in
Sweden who gave similar courses. We also wrote to them to pass on the invitation
to anyone who could have something useful to say on the topic. The results are
not to be treated quantitatively, as we have no idea on how many people have seen
the survey. Only eight people responded. Their answers are supposed to be used
for asking quantitatively about the occurrence of several types of issues at diﬀerent
places in a later survey, possibly indicating threshold concepts of TCS. Those who
did respond to the survey often mentioned the same things that we have studied
further, reductions and dynamic programming, as diﬃcult, along with “anything
considering the p-word” (proofs). For instance, one of the respondents said that
“Students often don’t get the skill to write or even identify correct proofs.”, and
“Some students are able to prove that 1 is equal to 0, without seeing any problem
with that.” Also algorithm analysis, Big-O notation and invariants were mentioned.
These diﬃculties were spotted at homework assignments, questions around
midterms, exams and by slow progress in class, e.g. by questions and by errors
made by students.
We also asked about ways to tackle these issues. In Sweden, some teachers
claimed that students were ill prepared for formal mathematics, but maybe worse –
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that it was not widely believed that mathematics was really relevant to CS studies
and professional identities. Surely, there are programming tasks that you can work
with professionally without knowing much about correctness proofs, but those are
not the only tasks that engineering studies are aiming for. They should also become
specialists and be able to design systems that are eﬃcient with resources and are not
based on vague guesses that a method might work. So the teacher who wrote most
on this, believed in informing potential students about the role of mathematics in
CS to make expectations match reality better. Others mentioned many examples,
programming exercise, and attempts at giving all theorems a face, a name and
a history, and structuring the teaching. One said that it was also valuable to
students to understand that some parts of TCS are inherently diﬃcult, and there
is no pedagogical key to this – students will have to deal with the diﬃculties.
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The qualitative descriptions of diﬃculties related to homework presentations, nearly
all concern the use of language in the course. Some students have diﬃculties discerning the borders between course speciﬁc language and everyday language. When
viewed through the lens of variation theory, they have not experienced what the
teacher speciﬁed task could be contrasted with, or they include too many options
among possible interpretations.
Interpreting these diﬃculties in a social context seems more rewarding. The
narrative of TAs, that some students appeared to not be able to explain the written
solutions they handed in, indicates that they have tried to use the language of
the course, but are uncertain of its meaning. There are several social ways of
interpreting this phenomenon.
The inability to explain solutions sometimes stem from the solutions being
copied from someone else.
Sometimes students can misinterpret the pedagogical situation, where they are
to explain the solutions, for a critique towards what they have written. “If I have
mentioned this, and the teacher still asks about it, I’m at loss with what else to
add”. For these occasion, the apparent inability to explain a solution resolves when
the student expresses something like this aloud, as the TA can then rephrase the
question or motivate why it is posed.
Further on, students are asked why their solutions work. Proving, and expressing solutions on a general level, seem to be diﬃcult to students, either because of
the task of proving being hard in itself, or because the context of the proving activity is not interpreted as it is by the teacher. The language used when formulating
a task for students, show traces of more functions of proof: verify, show, derive,
argue, explain and so on, as well as prove. If the main purpose of most proofs is,
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or is experienced as, explaining, these terms will all be synonymous, transferring
some of their associations to the concept of proof. Additionally, if I verify something in my everyday life, I might not start with a theorem and a set of axioms
and deﬁnitions. When my students present a non-proof to me, it often is a “proof
by example”, which does in some situations have explanatory properties but not
qualiﬁes as proving the proposition. I rarely get the impression that my students
are unaware of why something is true, especially when this something is that the
algorithm they just presented to me solves the proposed problem. Do they only
lack language, words or symbols to express this, or is it the culture of proving that
holds them back? Our purpose with proving activities in the ADC course, however,
only strives to make the students express the whys in some way. Why is this true?
Why can it not be in another way? We do not require strictly formal proofs, but
convincing arguments that would be at the core of any proof. So the students have
some knowledge of the why, and we want them to express that knowledge explicitly,
refer to some causes or reasons for things being a certain way. It would seem like
we are not very far apart. On an aggregated level, students were not considerably
more comfortable with proofs and proving activities after the teaching was altered
to more often mention these aspects of the course. If they do know the why:s,
and have experienced that proving is part of the course, then it would be easier to
conclude that proving in itself is the diﬃculty.
Explaining correctness for the solutions is not always perceived as a separate task
by all students, and the idea “Wasn’t what I did correct?” blocks many attempts
from the TA to get the student to motivate the solution. It is, as suggested by the
self-eﬃcacy results described in [20], not necessarily in knowing why the algorithm
is correct that the diﬃculties reside. It may well be hardest for a student to decide
whether a description will be correct by the standards of the course. Here students
almost acknowledge that they do not feel that they understand the social practice of
TCS, and hence are unable to respond to the questions of the TA. Compare this with
Stylianides [50], where the validity of a proof depends on it utilizing a set of accepted
statements, modes of argumentation and modes of argumentation representation for
a particular community. Maybe these three ingredients could be useful in lecture
planning, when the teacher considers what should be explained or expressed in
various activities. The teacher want the students to attain familiarity with these
characteristics of the mathematical community, so instead of just using the modes
of argumentation from mathematics, it could be worth explaining that these are
accepted mathematical reasoning practices, and to point out what distinguishes
them from other modes of argumentation.
Yet another interpretation of this is that the students are applying standards
of other situations to establish correctness, for example stating that they have
implemented and tested the algorithm and “it was fast”, or that it works for a particular example. This is very similar to the “epistemological confusion” described
by Hanna [25]: if the proving activity of mathematics can be applied with inﬂuences of physics, requiring the model to be veriﬁed against the real world after it
has provided mathematical results, then it seems likely that the proving activity
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of TCS can be inﬂuenced by standards from system development, where testing is
important, causing students to test their algorithm instead of proving correctness.
For both of these interpretations, it remains a fact that teachers have exempliﬁed good solution practice, at least sometimes, and hopefully meta-discussed the
occasions when they did not present complete solutions. However, the students
may not have experienced these examples, nor what the alternative to an complete
presentation would have been. The culture of proving is still a viable option for
explaining these occasions of non-proving or apparent, and the idea behind the
presentation session with the TA may look diﬀerent from a student’s perspective,
where the written and handed in text for most purposes plays a greater part in
their view than in the TA’s.
Testing is another important concept in computer science education, and testing
is usually not the same thing as proving. Still, it may seem so. Especially since we
attribute so much dignity to the automated tests of programming assignments done
by the Kattis system. This results in homework presentations where the student
argues: “I have tested 2000 various random test cases, and my program works on
all of them.” Well, then please explain how likely it is that any of the corner cases
for your method (which are they?) would be generated randomly! Sometimes,
shouldn’t the probability for this be almost 0?

of TCS can be inﬂuenced by standards from system development, where testing is
important, causing students to test their algorithm instead of proving correctness.
For both of these interpretations, it remains a fact that teachers have exempliﬁed good solution practice, at least sometimes, and hopefully meta-discussed the
occasions when they did not present complete solutions. However, the students
may not have experienced these examples, nor what the alternative to an complete
presentation would have been. The culture of proving is still a viable option for
explaining these occasions of non-proving or apparent, and the idea behind the
presentation session with the TA may look diﬀerent from a student’s perspective,
where the written and handed in text for most purposes plays a greater part in
their view than in the TA’s.
Testing is another important concept in computer science education, and testing
is usually not the same thing as proving. Still, it may seem so. Especially since we
attribute so much dignity to the automated tests of programming assignments done
by the Kattis system. This results in homework presentations where the student
argues: “I have tested 2000 various random test cases, and my program works on
all of them.” Well, then please explain how likely it is that any of the corner cases
for your method (which are they?) would be generated randomly! Sometimes,
shouldn’t the probability for this be almost 0?

7.2

7.2

Reductions

Reductions in the context of NP-completeness proofs are likely to meet with most
criteria for a threshold concept. Since reductions can be utilized in so many ways,
some structured way of arranging possible experiences of them should, according
variation theory, be helpful. In “negative” reductions, that is, when the reduction
is supposed to be used for an infeasibility result, it is somehow uses backwards.
Solving problems by reduction is a fundamental idea of computer science according to Schwill [48], and one that has been shown to appear counter-intuitive or
mysterious to students. Armoni and others [3, 5, 4] have found reductions to be
problematic because there are so many details of a problem that could be explicitly
addressed, leading to explicit solutions instead of reductions. Some of them have
also connected recursion with reductions through the concept of reversing, in which
proof by contradiction is included [6]. In the case of using reductions backwards,
maybe the most important variational aspect is what does not vary: the very central concept of proof by contradiction motivating the activity. This was addressed
by a type of problem where only the implications of the existence of reductions
was possible to focus on, and this task was appreciated. When, in previous years,
only dealing with the actual reduction algorithms, ADC students may have been
“blinded” by the many details of the particular algorithms, and therefore unable
to experience any variation or lack thereof in the way the arguments about the
reductions went.
Another context of reductions in ADC is related to grouping corresponding
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problems of other problem types (decision, optimization and construction versions,
respectively). This may be something students do not get proper instructions about.
It may seem arbitrary how the decision version is deﬁned, given an optimization
formulation. While true that there could possibly be options available, the main
criteria should be that it must be possible to solve the optimization version of the
problem by repeatedly calling the decision version. Here, students may expect other
rules to apply in the background, making the task into a guessing game instead.
(Compare with the additional requirements of the (Karp) NP-reductions that we
only call the other problem once, and never post-process its answer, not even by
negating it.) What we actually require from two problems to consider them versions
of the same problem, could be explained more often. This may be the cause of the
uncertainty regarding reductions between problem types, found in the self-eﬃcacy
survey statistics described in [20], but it is also possible that the reductions in
themselves were the main problem. Elaborating more on the distinction between
problems, and problem versions, might be advisable in future teaching of ADC.
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7.3

7.3

Programming versus proving

As mentioned in the introduction, it is possible that many students saw the ADC
course as yet another programming course. Anecdotally, I have met older students,
especially those who aspire on being TAs, who have been enthusiastic about how
useful they found the course, perhaps because it changed their perspective on the
computer science universe. I have also met others who get a hurt look and ascertain that they will never, ever again deal with something like that. It would be
interesting to know if this feeling is more common among the students who were
most unprepared for the mathematical content of the course.
Programming and proving are two very diﬀerent types of tasks, and to expect
the ﬁrst and ﬁnd that you have to deal with the second could be a disappointment
– or an entirely new experience, opening up a wonderful, new world. Also towards
the end of the course, some students justify their homework solution by attaching
source code for a program they have written, to convince themselves that their
algorithm solved the problem. The “restatement” kind of answer to a proving
task, similar to what was described by [33], appears in homework solutions too.
Sometimes it appears as the answer to the entire homework problem and not just
to the correctness proof part. In my experience, most students who have responded
like that are not surprised that their homework is not accepted, so it is most likely
that they know this is not a solution.
It seems to me that proofs are partly hard because students are not used to
proving things, and partly hard because students are not anticipating the quality
criteria to be formal. They have not wholly embraced the nature of theoretical
computer science, or they only see part of it. The problems and their solutions are
natural ingredients, but the proofs may be seen as pedagogical tools rather than
course content. In a mathematics course, the things to prove are often theorems
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or statements, backed up by an implicit promise that this idea is worth proving,
as it may be useful for building the next layer of mathematical knowledge on. The
correctness proofs for algorithms do contribute to an intricate system of known and
unknown problems and problem classes. However, the proving tasks may appear
as problem solving tasks, as these activities go hand in hand in TCS. It may then
be easy to miss the point that the proof actually is included in the task, and
not accompanying it for pedagogical purposes. Typically, they have been assigned
problems to solve in previous programming courses, and although these courses also
prove correctness, the requirements may have been lower. Sometimes, the learning
objective is to design good test cases, in which case these procedures might steal
focus from proving correctness, or seem as a substitute for it.
When there are several parts to address in a proof, some students are happy with
just showing one of these. This happens also with veriﬁcation of a solution to an NPhard problem: some students verify that a solution meets with the requirements
of solutions to the problem in general, but fail to see that they need to verify
that the suggested solution is a solution to the particular problem instance we are
considering for the moment. Probably the students are capable of spotting more
possible ways for a suggested solution to be false, but they are not in a skeptical
mindset. It can sometimes take a lot of hints before they realize that they will have
to check all criteria of the problem, not just the “most diﬃcult” criterium.
By taking a tool from algorithms – write a program – to practice something
inherently theoretical, we might help students to link their previous experiences to
a new concept. There is however a risk that we will confuse them. It is obvious
that many students view the computer lab assignment in [19] through the lens of
the algorithmic context, to much a higher degree than the analogy holds. The
special context of mathematics and proofs (which they are unwilling to accept in
the algorithms area), is then entirely lost. The meaningfulness of the task can
in that case be questioned, as there is no obvious application for coding negative
reductions anywhere in professional life as a developer. When trying to make novel
use of an old tool, in this case construct a lab exercise on “un-labbable” content, it
is important to explain and to point out the strangeness. It is good if both students
and instructors share a view on what is the goal and what are the allowed methods
and reasonable strategies to use.
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7.4

7.4

Automated assessment, feedback and socialization

Two types of automated assessment have been tried in the included articles. In
[9], students got access to simple, parameterized quiz questions and the article [21]
explains how we work with automated assessment of the programming exercises
on somewhat more advanced courses. In the ﬁrst example, students were not CS
majors. Their response to having access to more formative assessment tasks was
positive, and they wanted to keep that access after the experiments ended. The
feedback was sparse, far from meeting all the criteria of good feedback posed by
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[23], but immediate. The extra check point for formative assessment made some
students study harder, and some students study less. These eﬀects suggest that the
simple quizzes really provided formative assessment to students.
The second example concerned more advanced CS students, who already knew
that testing is considered important in system development. The level of feedback
was similar, but the tasks typically assessed in more respects than correctness
by human teachers. Here, automated assessment was used for what computers
are better at than humans: systematically performing routine tasks and measure
utilized memory and time resources. The feedback on these issues was relevant,
but not pointing the students in any particular direction. This version of feedback
is not “suﬃcient” according to the criteria by [23], but serves its purpose well if
the tasks are designed carefully and the educational setting does not rely solely on
automated assessment. It is a necessary criterion for a lab assignment in ADC to
be solved correctly, so the errors found by Kattis matter to students.
Students mentioned in their course evaluation answers that Kattis aﬀects how
they think about program correctness. Some students said that they probably had
never written a correct program before, in all their life. Others confess that they
do not adhere to the highest standards for programming style and maintainability
when programming for Kattis. Some happily declare that it is great that Kattis
takes care of the testing for them (pity that they don’t get to see exactly what
test data the program failed on), while others note that they are lazier with their
testing – or that they are thinking it over much more carefully than before. In some
programming courses, students can be happy with a program that needs to be force
quitted, or that always outputs error messages together with some, presumably
expected, data. With Kattis, a program that does not terminate gets Time Limit
Exceeded instead of Accepted, regardless of whether it calculated the correct answer
or not. A program that outputs error messages will get the response Wrong Answer,
because error messages are not in the output speciﬁcation. This means that the
teacher gets some help in having the students internalize the intended correctness
criteria.
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The disguised proving task

The disguised proving task

Returning to the automated assessment of the theory exercise: the complexity computer lab, feedback on it could be summarized as: You get feedback on data format
if you reduce in the wrong direction, and you get corner-case-feedback in case your
algorithm does not always perform well. The main function of the feedback might
well be that you can relax before the presentation of the task. This model for feedback might be responsible for the phenomenon that students focus on formatting of
output (or sometimes input). Many have chosen a very practical or format-oriented
approach to the lab assignment.
Another eﬀect of immediate feedback is that students can easier utilize a trialand-error approach. They might submit new versions without very much consideration of the changes undertaken and their consequences. On the other hand, the
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iterative approach also shows that they are eager to improve their programs and
that they are competitive.

iterative approach also shows that they are eager to improve their programs and
that they are competitive.

Of some concern is the idea that it is diﬃcult to “ﬁnd the right reduction”. The
generality of the method, and the freedom of the prover, have not been internalized.
Some students believe in a 1-1 relationships between instances of problems, when
we perform negative reductions. This is generally not the case. That perspective
is interesting, because it is rooted in the type of glasses you wear, the expectations
you have on the activity, and the community and context you associate it with.
It is also interesting that the endeavor for perfection can amount to unnecessary
steps in the reduction, for instance attempts at solving clique, another NP-complete
problem, in order to be able to present the problem instance for the new problem
in the “aesthetically best possible way”. This is likely to be associated with how the
problem is phrased, and to mitigate the use of such unfruitful approaches, there is
a theory question that students solve before the lab, leading the students into not
assuming that the clique representation of the data is necessary.
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The very detailed speciﬁcations, including sample input and output data, is a
very deﬁnite way of communicating expectations. Students are comfortable with
this, although some will always claim that their program was correct but Kattis
complained about something extra, not included in the task. They usually do not
specify what they mean by this. Maybe they mean for instance that a path from A
to B is not considered the same thing as a path from B to A, or that if you forget to
ﬂush the buﬀer Kattis might not receive your output in time, or that if you forget
space between the numbers, Kattis will not ﬁnd many enough, but maybe one too
large number.
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At the same time, Kattis sets expectations for the rest of the course. When a
task is not speciﬁed in the same way as usual, this being explained in the instructions, students still want detailed speciﬁcations for that task. It is also remarkable
that students who are working hard with many tasks in a diﬃcult course, actually
ask to get more practice tasks for various techniques in Kattis. One motivation for
using Kattis exercises in a course can be the same one as discussed for the quizzes in
[9]: that the exercises might aﬀect grade expectations and the students’ perception
of their own understanding towards an objectively true level, and that these are
performance indicators of a course. It is probably more rewarding to work with
tasks where you get feedback immediately, than preparing for tutorial sessions by
working on the problems in advance.

At the same time, Kattis sets expectations for the rest of the course. When a
task is not speciﬁed in the same way as usual, this being explained in the instructions, students still want detailed speciﬁcations for that task. It is also remarkable
that students who are working hard with many tasks in a diﬃcult course, actually
ask to get more practice tasks for various techniques in Kattis. One motivation for
using Kattis exercises in a course can be the same one as discussed for the quizzes in
[9]: that the exercises might aﬀect grade expectations and the students’ perception
of their own understanding towards an objectively true level, and that these are
performance indicators of a course. It is probably more rewarding to work with
tasks where you get feedback immediately, than preparing for tutorial sessions by
working on the problems in advance.

In order to make Kattis foster a better attitude towards testing programs, the
tasks mentioned in Paper I [19] probably need to get implemented – if students
actually are required to submit test cases, and the quality of these test cases is
assessed, the competition could be steered towards ﬁnding the best test case instead
of only writing the fastest program.
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Interventions in teaching and demonstrating quality
criteria and perspectives

This section mainly addresses the issue of what the teaching and learning activities
tell students about the nature of TCS.
When we were working on the second cycle of this project, introducing the selfeﬃcacy surveys, a couple of students spontaneously mentioned to the lecturer that
these surveys were useful learning tools. It was not a common view among the
students, according to the ﬁnal survey on the course activities of that year, but it
might still be true. If the problem with some type of task is that there are too
many steps involved, then a check list is useful. If there is some task that you did
not understand was part of the actual course content, but that task appears on
the survey, then you might spot it and reﬂect on that. To let the homework be
accompanied by a list of tasks relevant to the homework, and a matrix to mark
where you had learned them, might allow it to be useful as template for proofreading your solutions and see that they are complete. These are all things that
would be interesting to investigate further.
The ADC course already has grading criteria written and explained on the course
web pages. On exams and homework assignments, there is a note on what criteria
each task is relevant to. A grading protocol for a homework assignment is yet
another way of showing students what teachers mean by quality. The oral feedback
at homework presentations often help students to gain insights, but the feedback
on lab assignments might vary more in quality. To explain what a “good” solution
is, and show something that is not good, is necessary. The tutorial sessions after
the homework, when students have tried hard to solve the problems, are useful for
discussing requirements. However, nothing can be described if teachers and students
are not using the same language. I believe that there is great room for improvement
in exposing words and sayings which may seem to be easily understandable, but
which in a mathematical context means other things than they do in everyday
language.

7.6

What the ADC students learn to be

Here we elaborate a bit on what a computer science student needs to learn to get
a grasp on TCS, and what the teaching and learning activities convey about this.
All of the discussed topics help building the practice that is theoretical computer
science. Proofs take a central role, correctness becomes more salient, possibly at
the expense of designing the algorithms, eﬃcient means something far from what
you actually measure if you have a program and some test data, and the language
uses many new or unexpected terms. These are parts of the practice that the ADC
students learn exists, and hopefully they become a part of. They learn to “sketch”
proofs, to analyze the operations in an algorithm with regard to the number of
elementary operations necessary. Many of the diﬃculties encountered in the course

80

7.5

CHAPTER 7. DISCUSSION

Interventions in teaching and demonstrating quality
criteria and perspectives

This section mainly addresses the issue of what the teaching and learning activities
tell students about the nature of TCS.
When we were working on the second cycle of this project, introducing the selfeﬃcacy surveys, a couple of students spontaneously mentioned to the lecturer that
these surveys were useful learning tools. It was not a common view among the
students, according to the ﬁnal survey on the course activities of that year, but it
might still be true. If the problem with some type of task is that there are too
many steps involved, then a check list is useful. If there is some task that you did
not understand was part of the actual course content, but that task appears on
the survey, then you might spot it and reﬂect on that. To let the homework be
accompanied by a list of tasks relevant to the homework, and a matrix to mark
where you had learned them, might allow it to be useful as template for proofreading your solutions and see that they are complete. These are all things that
would be interesting to investigate further.
The ADC course already has grading criteria written and explained on the course
web pages. On exams and homework assignments, there is a note on what criteria
each task is relevant to. A grading protocol for a homework assignment is yet
another way of showing students what teachers mean by quality. The oral feedback
at homework presentations often help students to gain insights, but the feedback
on lab assignments might vary more in quality. To explain what a “good” solution
is, and show something that is not good, is necessary. The tutorial sessions after
the homework, when students have tried hard to solve the problems, are useful for
discussing requirements. However, nothing can be described if teachers and students
are not using the same language. I believe that there is great room for improvement
in exposing words and sayings which may seem to be easily understandable, but
which in a mathematical context means other things than they do in everyday
language.

7.6

What the ADC students learn to be

Here we elaborate a bit on what a computer science student needs to learn to get
a grasp on TCS, and what the teaching and learning activities convey about this.
All of the discussed topics help building the practice that is theoretical computer
science. Proofs take a central role, correctness becomes more salient, possibly at
the expense of designing the algorithms, eﬃcient means something far from what
you actually measure if you have a program and some test data, and the language
uses many new or unexpected terms. These are parts of the practice that the ADC
students learn exists, and hopefully they become a part of. They learn to “sketch”
proofs, to analyze the operations in an algorithm with regard to the number of
elementary operations necessary. Many of the diﬃculties encountered in the course

7.6. WHAT THE ADC STUDENTS LEARN TO BE

81

may stem from a mismatch between teachers’ and students’ expectations on the
tasks, the classroom situations and the topics of TCS. The things students believe
that the tasks are for, are probably logical with respect to how the students perceive
the course and the topics, even if they are completely wrong from the teacher’s
perspective. If teachers manage to drag all these mismatches into the light, students
will be more easily included in the TCS community.
The important thing is probably that it becomes clear early on to students that
if they have apprehended the “contract” between teacher and student’ according to
this description, they will miss out on some important content of the course: “The
teacher should tell me what to do. My job is to be good at doing it. If not told what
to do, I am not required to take any action, and could not be reproached for that.
The focus of every task in this course is to solve a problem. The algorithm is my
job; its correctness is something entirely separate that, if not otherwise speciﬁed,
is someone else’s. If my algorithm is not correct, it might have other qualities that
should attain to a high grade, or at least I should get something for trying! ”
Since the teacher wants students to aspire on higher quality goals than “only”
solving problems, they mean that the simplest type of questions in the course might
follow the contract expected by the students to some extent “If you only want a passing grade, focus on performing routine tasks well and reading instructions. If you
are aspiring to higher grades, you need to be able to evaluate various approaches,
compare various interpretations, and choose something that is appropriate for the
task at hand. These abilities are in the grading criteria and will be assessed. You
will not get hints for all tasks. There are certain ingredients in solving the problems
of this course that you will always be expected to utilize, most typically algorithm
analysis and correctness arguments. A task is not solved if there is no reference to
why and how an algorithm works, or how eﬃcient it is. You are going to become
specialists, so it is your responsibility to show that your proposed solutions works,
as in all mathematical contexts, not your audience’s.”
The teachers believe that students need to learn not only to use the tools presented in the course, but also to learn when each tool is useful, and how to choose a
tool that will help them. The problems presented in the course, and their solutions,
are more background and props for the concepts and tools that are important. It is
a delicate task to explain this, when most of the time the teacher will still discuss
problems and their solutions and correctness arguments. This is a part of the ADC
course where maybe more can be done regarding the alignment of learning goals
and activities.
To be able to feel included in the TCS community, and to behave in such a way
that you seem to be in the right place, requires you to know that the topics studied
may seem like everyday tasks, and that there occurs both problem solving and
programming, but that the ﬁeld in itself is a mathematical world, where you pose
hypotheses, prove theorems and sketch proofs. It may be perceived as more applied
than pure mathematics, but the way in which it is applied is not straightforward.
One major ingredient is a problem. This is a question (or maybe three diﬀerent
questions, linked in some mysterious way?) about some category of data you might
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have, and something you might want to accomplish. Unlike problem solving for
the sake of the solution, many problems only have the answer “yes” or “no”, where
the natural follow-up question in real life would be “So? How do you achieve yes
or no?”. If you receive a constructive solution, you can see that it works, and you
might not want to solve other problem instances with the same method. The followup question in TCS is instead “Why is yes/no the true answer?”, “Why will this
method always work?” One large set of activities only aim for classifying problems
according to how long it would take to solve them, but the way of deﬁning how long
it takes diﬀers signiﬁcantly both from engineering practice and from everyday use
of the words. In fact, many “eﬃcient” algorithms would never be feasible to use
on an actual computer. There are impossibility results to be acquainted with, and
habits of mind like “try backwards!”, “can we solve this if we could solve this other
problem?”, “Exactly how bad is this algorithm?” and “What if we add/remove
just one constraint?”. There are common ways of phrasing questions, in terms of
languages as sets of data with some characteristic, graphs, formulae, verify, refute,
oracles, witnesses, “a solution”, and so on. Many of the terms also appear in
everyday language, often with a less speciﬁed meaning and other connotations.
Sometimes distinctions appear in one natural language but not in another, like
maximal and maximum or the Swedish “en” as one/a. The discipline likes analogies,
puns and historical references, too, and assign problems names in order to remember
them. To not immediately associate any of these ingredients of TCS with its TCS
interpretations, will make you confused or mislead you in any context of TCS. The
very “essence” of TCS might qualify as a threshold concept, being transformative,
non-reversible, and opening up new opportunities, short of the requirement of being
limited and not a whole discipline [37].
This practice is not necessarily explained to students, but shown to them by the
example of the teacher. The teacher, however, is also representing another practice
– teaching. The students will need to interpret the actions of the teacher either
as ramiﬁcations of the teacher teaching, or as examples of how TCS professionals
work. When proofs are demonstrated, it could be as either of these – and if the
things proven do not seem likely to be useful for building mathematics on, the
logical conclusion might be that they are proven to explain and make the student
understand.
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To summarize the conclusions, we return to the two main themes described in the
introduction. The ﬁrst theme studied was:
What can be particularly diﬃcult in TCS, and particularly, in the
ADC course?
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Based upon the previous discussion, possible conceptual diﬃculties in NPcompleteness proofs are what set of “rules” about what constitutes a good proof
to apply in a given context, but also knowing what needs proving. According to
some of the teachers responding to my survey, anything involving proofs will be
considered diﬃcult. The NP-completeness proofs also involve a threshold concept
candidate: reductions.
Some of the more speciﬁc diﬃculties with reductions can be overcome by targeting them explicitly, like what the direction of a reduction tells us. This was
shown when the rate of reductions in the wrong direction decreased after explicit
instruction on reductions in isolation, with no problems speciﬁed. It is likely that
this could be done for more concepts than reductions.
Maybe most inherently diﬃcult is both the concept and the action of proving
correctness of algorithms – students often display signs of uncertainty regarding this
type of task, and of what counts as a good proof. Besides being a known diﬃcult
ingredient in mathematics courses, this can be related to their understanding of the
purpose of proving correctness, in the ADC course and elsewhere, and this would
be interesting to study further.
The general diﬃculties with dynprog is the entirety of the task: solve this
problem with dynprog. It includes many steps, and students are more comfortable
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performing just a couple of them, than remembering all of them without cues or
hints. Just one of the included sub tasks involved received as low self-eﬃcacy scores
as solving a problem from scratch, without hints: ﬁnding an appropriate evaluation
order of the subproblems of a larger problem. Finding recurrence relations is not
perceived as diﬃcult in itself, but we believe it to be diﬃcult when combined with
all other tasks necessary for a dynprog solution. The POI approach may or may
not have helped – it is possible that the short interval of time assigned for dynprog
is not suﬃcient to utilize POI very well, but it would require much more detailed
study to draw conclusions. The task of reducing between problem types – solving
the construction version of a problem where access is provided to an algorithm
solving the decision version, also in the context of dynprog displayed less certainty
among students. This is not a task involved in solving a problem with dynprog per
se.
Other examples of diﬃcult course content is likely the very aim of many of the
tasks – “only” classiﬁcation of problems. The context switch from problem solving
to problem classiﬁcation may be veiled behind the many similarities between tasks
in computational complexity and algorithm construction, respectively. Still one of
the included papers, Paper IV, in this dissertation attempted to increase the similarities between these two topics. Emphasizing the similarities was tried in order to
help students feel at ease with the more mathematical parts. It worked relatively
well in our setting, where students seem to beneﬁt more from participating in the
activities introduced in order to enhance the learning of complexity, than in activities targeting dynprog – the algorithmic topic where diﬃculties have been observed.
Of course, there is not proof of casual relationships between these observations.
The second theme was: What do our teaching approaches and activities
(among other things, automated assessment of programming exercises)
convey about the nature of TCS, to the students? The aspects of this that
this thesis deal with are:
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Conclusions from the included articles include that automated assessment is
working well, and is appreciated by the students for its availability and immediate
feedback, but is sometimes causing associations to other contexts with other quality
criteria than the ADC course. It certainly makes students aware that teachers care
about program correctness, but is unlikely to signal to all students that ascertaining
correctness is their responsibility and not the teachers’ or the assessment system’s,
at least without tasks designed with this awareness as an intended learning outcome.
Using automated assessment for theory assignments, like the complexity lab, makes
the students spend time on that assignment, but does not foster the attitude that
this is time well spent although there are some indications that this might be the

Conclusions from the included articles include that automated assessment is
working well, and is appreciated by the students for its availability and immediate
feedback, but is sometimes causing associations to other contexts with other quality
criteria than the ADC course. It certainly makes students aware that teachers care
about program correctness, but is unlikely to signal to all students that ascertaining
correctness is their responsibility and not the teachers’ or the assessment system’s,
at least without tasks designed with this awareness as an intended learning outcome.
Using automated assessment for theory assignments, like the complexity lab, makes
the students spend time on that assignment, but does not foster the attitude that
this is time well spent although there are some indications that this might be the

87

87

case. The likely reason for this is that the automated assessment system comes
with other ideas on standards, quality and purpose than the theory exercise, and
students may focus on similarities to other programming assignments and never
notice the diﬀerences.
Using self-eﬃcacy surveys to collect information on what many students were
more or less comfortable with, as done in [20, 18, 17], can be used to generate
hypotheses about what material to investigate or analyze further. The attempts to
ﬁnd correlations between the used self-eﬃcacy items and students’ performance on
the ADC course were not successful, either due to the items themselves not being
well phrased, or due to the assessed tasks in the course not targeting speciﬁc selfeﬃcacy item capabilities exclusively. Time passing by between tests and surveys
might also play a part here. More systematic evaluation of the self-eﬃcacy items is
required if the increased self-eﬃcacy for these items should be taken as an indication
of learning. If a correlation can be established, increased self-eﬃcacy is a positive
indication in itself and may be used for evaluating teaching experiments.
The approaches of this thesis were motivated by an interest in the subject of
theoretical computer science and its possible inherent diﬃculties. Diﬃculties are,
according to the previous discussion, often to be understood as a mismatch of expectations and context of the teaching and learning situation in the eyes of teachers
versus in the eyes of students. Diﬃcult concepts appear to be reductions in general
and reductions in NP-completeness proofs in particular. There are also indications
that it is diﬃcult to solve entire tasks with no help, meeting the requirements of
the TCS practice, and particularly in what the concept of a proof is in TCS, why
it is there, and what constitutes a good proof. Some qualitative analysis suggests
that also the language of TCS presents a diﬃculty in itself, that is never explicitly
addressed.
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