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Abstract

To keep up with the ever increasing demand on performance and efficiency of
control systems, accurate models are needed. System identification is concerned
with the estimation and validation of mathematical models of dynamical systems
from experimental data. e main problem considered in this thesis is how to take
advantage of structural information in system identification. Including this additional
information can significantly improve the quality of the identified model.

First, the problem of input design for networked systems is considered. Results
from closed-loop input design are generalized to the networked case. e main
difference between the networked setting and the classical open- or closed-loop setting
is the possibility of using measurable, or known, disturbances to improve the excitation.
Such disturbances cannot be affected during the experiment and are common in
industrial applications. A framework to include the additional information about the
measurable disturbances in the input design is presented. e framework is evaluated
in two simulation examples and several interesting observations are made.

Second, the result from an input design is often the correlation properties of the
input signal. e question is then how to generate the input signal that can be applied
to the system with the given properties. is thesis presents a novel signal generation
method that is able to handle input and output constraints. In industrial applications,
it is often vital to satisfy constraints on both the input and the output signals during
the system identification experiment. e method is formulated as a reference tracking
Model Predictive Controller (MPC), with the desired correlation properties of the signal
as reference, while satisfying the input and output constraints on the considered system.
e core of the algorithm is the formulation of the signal generation as an MPC which
allows the use existing tools to make the algorithm robust and adaptive. e proposed
method is evaluated in several simulation studies and successfully applied to a physical
lab process.

ird, nonparametric estimates of the frequency response function of a system are
used in almost all engineering fields. e final contribution of this thesis is to present
a novel nonparametric method, called the Transient and Impulse Response Modeling
Method (TRIMM). e method is inspired by the local polynomial method, but uses
more information about the known structure of the leakage error in the estimation
of the frequency response. e bias and variance errors of TRIMM are analyzed and the
results are used to connect system properties and the choice of user parameters with the
performance of the method. e analysis can also be used to compare the performance
of different methods and to give guidelines to the user on how to choose method.





Sammanfattning

För att kunna konstruera bättre och effektivare reglersystem behövs noggranna
modeller av systemet som ska styras. Systemidentifiering handlar om hur man tar
fram matematiska modeller av dynamiska system baserat på uppmätt data. Det är
därför viktigt att ta fram bättre metoder och algoritmer för att identifiera modeller
som uppfyller dessa krav. I den här avhandlingen studerar vi hur man kan ta hänsyn
till strukturell information i systemidentifiering. Detta kan förbättra kvalitén på den
identifierade modellen betydligt.

Det första bidraget är att studera hur man ska excitera ett system sammankopplat
i ett nätverk för att få ut så mycket information som möjligt från experimentet. Ett
delsystem i ett nätverk är sammankopplat med, och påverkas av, övriga delsystem.
Om denna påverkan kan mätas, eller på annat sätt är känd, kan vi använda denna
kunskap i designen av insignalen för att förbättra resultaten. I den här avhandlingen
presenterar vi hur man kan inkludera information från andra delsystem för att
förbättra den identifierade modellen. Den föreslagna metoden utvärderas sedan i två
simuleringsexempel och några intressanta observationer görs.

Insignaler designas ofta utifrån dess korrelationsegenskaper. Frågan är då hur man
tar fram en insignal med de önskade egenskaperna. Vi presenterar vi en ny metod
som genererar en insignal med givna egenskaper och som samtidigt uppfyller de extra
kraven på att insignalen och utsignalen ska hålla sig inom givna gränser. Metoden
är formulerad som ett optimalt styrproblem med målet att referensfölja den önskade
korrelationen med bivillkor på in- och utsignalen. Vi visar att metoden är praktiskt
användbar genom att tillämpa den för att excitera en vattentanksprocess.

Icke-parametriska modeller används inom nästan alla ingenjörsområden. Vi pre-
senterar en ny metod, kallad TRIMM, för att skatta en icke-parametrisk modell över
frekvenssvaret av ett system. Jämfört med andra icke-parametriska metoder tar den
hänsyn till mer information om strukturen hos problemet. Metoden analyseras och
olika felkällor i skattningen undersöks. Från analysen drar vi sedan slutsatser om hur
metoden ska användas och hur systemets egenskaper påverkar felen.
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Chapter 1

Introduction

T use of mathematical models is one of the foundations of modern science
and engineering. Models are used to describe, understand and simulate physical

processes in the world around us. e meteorologist uses measurements and models
to predict the weather the coming days, central banks use models to forecast how an
increased interest rate will affect the economy and so on. Models are used everywhere
in our day to day lives.

In automatic control applications, accurate models of systems are needed to design
high performance controllers and to analyze and simulate control systems. One way
to find these models is to use first principle modeling, that is, to use known relations,
such as basic laws of physics, to derive the model. Another way is to use observed data
from the system. e data is then used to extract a model describing the observed
phenomena as good as possible. Within automatic control the latter approach is called
system identification and it is the approach that we consider in this thesis.

e recent advances in communication and computational power have enabled
the construction and use of larger and more complex models which takes more of the
available information into account. Increasing demand on performance and efficiency
has led to that engineering systems nowadays are viewed as parts of a larger networked
system instead of as individual entities. Deriving useful models of large scale systems are
essential from a control performance perspective. Hence identification methods that
can handle the additional information available to improve the quality of the estimated
model are needed.

Models are always, to some extent, a simplification of the real life process we would
like to study. It is neither feasible nor desirable to describe every factor that influences
the process. erefore, for a model to be useful, it should at least capture the properties
that are important for the intended use of the model. is means that a model which
is good in one application might be bad in another. For example in the development
of a cruise control system for a car, Newton’s laws are enough to describe the dynamics
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2 | Introduction

while in the development of a satellite navigation system the theory of relativity has
to be used. Hence, the intended use of the model should be considered already in the
planning of a system identification experiment.

is thesis discusses how to take available additional information, such as structure
and additional measurements, into account when performing system identification
with the intended use of the model in mind.

In the remainder of this chapter, we first give some examples that motivate the
work. e problems and questions considered are formulated and, finally, we list an
outline of the thesis and the scientific publications that the chapters are based on.

1.1 Motivating Examples

In this section, we present some examples to motivate the work in this thesis. e first
example motivates the developed methods from an industrial perspective while the
subsequent examples illustrate some of the specific problems addressed in this thesis.

Depropanizer in a Synthetic Fuel Refinery

Figure 1.1 shows the Sasol synthetic fuels refinery in Secunda, South Africa. e plant

Figure 1.1 e Sasol synthetic fuel refinery. (Photo courtesy of Sasol.)
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produces gasoline, alkene gases and other related products from coal. As a part of
this process a distillation column, a depropanizer, is used to separate C3 and lighter
components, such as propane and propene, from C4 and heavier components, such as
butane and butene.

A schematic overview of the depropanizer is shown in Figure 1.2. A model of the
depropanizer is required for control and monitoring of the operation of the plant. To
this end, system identification can be used to find a model of the system from input-
output data. e inputs that can be manipulated during the experiment are denoted
MV 1–MV 4 in Figure 1.2.

..
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U223
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U80
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U285
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Water cooler
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.
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Figure 1.2 Schematic overview of the depropanizer. e circles represents low level
controllers and the dashed lines are the feedback measurements. e inputs that can be
manipulated during the system identification experiments are indicated as MV 1–MV 4.
e inputs U come from four different upstream units. (Image courtesy of Christian
Larsson.)

However, the system structure differs from classical identification problems in
that it consists of multiple subsystems interconnected with both feedback and feed-
forward connections. e depropanizer is in itself part of a larger plant and is affected
by external inputs from other units, U in Figure 1.2. ese external inputs are often
known or measured, but we cannot change or affect them during the experiment.



4 | Introduction

In this thesis we study how to take additional information of the structure of the
system and of the external inputs into account when setting up the system identification
experiment.

System identification of the depropanizer has been studied in the Autoprofit
project (European Union’s seventh framework programme) where the identified model
is used to design a model predictive controller (MPC) for the plant. e results and more
information about the process can be found in Guidi et al. (2014).

Input Design

One of the fundamental results in system identification is that the quality of the
identified model is highly dependent on the input signal used during the experiment. A
correctly chosen excitation signal can significantly improve the quality of the resulting
model while, on the other hand, a badly chosen signal can result in a useless model.
is observation has led to the development of input design or experiment design. is
is illustrated in Example 1.1.

Example 1.1 (Input design)
Consider the system in Figure 1.3. Here, u(t) is the input, v(t) is a known disturbance

bq−1 +

cq−1

1
1+aq−1 +

u y

v

e

Figure 1.3 e system considered in Example 1.1.

and y(t) is the measured output with white Gaussian measurement noise, e(t). e
objective is to identify the unknown parameters θ = [a, b, c]T such that the sum of
their variances is minimized. However, due to production requirements, we are only
allowed to excite the system such that variance of the output satisfies

Var y(t) = E
{
y(t)2

}
≤ 1,

during the experiment of length N = 1000 samples. ree different inputs are
compared:

1. A white Gaussian input signal with variance chosen such that Var y(t) = 1.
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2. An optimal input signal that minimizes the sum of the parameter variances and
satisfies Var y(t) = 1.

3. An optimal input signal that minimizes the sum of the parameter variances,
satisfiesVar y(t) = 1 and is allowed to be correlated with the known disturbance
v(t).

e deviation of the estimated parameters around the true parameters of the system,
θ0, over 300 Monte Carlo simulations for the three different input signals is shown
in Figure 1.4. e sum of the parameter variances are 4.6, 4.0 and 1.8, for the three
different input signals, respectively.

θ0

ĉ

b̂

â

Figure 1.4 e estimates, â, b̂, ĉ, of the three parameters a, b, c for the 300 Monte Carlo
simulations in Example1.1 using input 1 ( ), input 2 ( ) and input 3( ).

Example 1.1 shows that the quality of the estimated model is affected by the input
signal used during the system identification. e sum of the parameter variances was
reduced by 13% by using the optimal input (uncorrelated with v(t)) instead of white
noise. However, since the disturbance v(t) is known it is possible to also correlate the
input signal with the disturbance in the input design. All the available information is
used in the input design and the variance can be reduced further by 55%. Measurable
or known disturbances are common in industrial applications where the process under
consideration often is affected by neighboring processes. ese interactions could for
example be a reference signal, an inflow controlled by another process or the outside
temperature which is often measured.
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It is often estimated that 75% of the cost in the implementation of an advanced
control system in industry is associated to the modeling of the process (Gevers, 2005).
As the example shows, a carefully designed experiment could reduce this cost.

If the goal in Example 1.1 is to identify parameter a or c then all three inputs give
approximately the same performance while if the goal is to identify b then input 3 gives
the lowest variance of the estimate. In certain applications, only a few parameters in the
model are important and need to be identified with high accuracy. Hence the required
quality of a model should be quantified in terms of its intended use and the input used
during the identification should take this into consideration.

To summarize, the main observations from this examples are:

• e quality of the identified model can drastically be affected by a suitable choice
of input signal.

• e quality of the identified model can further be improved by utilizing
information about known or measurable disturbances in the input design.

• e quality of the model should be measured in terms of its intended use.

Signal Generation

e result from the input design is often not directly the input signal that should
be applied to the system but a spectrum or an autocorrelation describing the signal
properties. e problem is then to find a time realization of the signal. Furthermore,
in practical applications it is important to consider constraints on both the input and
output signals during the identification experiment. e input constraints could stem
from actuator saturation or be imposed to minimize wear and tear on the actuator. In
some application it could be safety critical to keep the outputs within certain limits. In
other it is desirable to satisfy output constraints to maintain production quality during
the experiment. An example of a system with input and output constraints is given in
Example 1.2.

Example 1.2 (Signal generation with constraints)
e system

G(q) =
0.1z

z2 − 1.89z + 0.98
, (1.1)

should be excited with an input signal with the following auto-correlation

E {u(t)u(t− τ)} = (−0.8)τ ,
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During the experiment it is important to satisfy the input and output constraints
|u(t)| ≤ 1.5 and |y(t)| ≤ 0.5. A common way to generate a signal with a certain
autocorrelation is to filter white noise through a filter found, for example, by solving
the Yule-Walker equations (Söderström, 2002). We use this technique to generate an
input signal and apply it to the system. e generated input and the corresponding
output is shown in Figure 1.5. Out of the 1000 generated samples and observed
outputs, the input constraints are violated 121 times and the output constraints 470
times. Next, we generate an input signal using the algorithm that will be presented
in Chapter 5. is signal generation algorithm can handle both input and output
constraints. Figure 1.6 shows the generated input and the corresponding output. With
this input signal the constraints are never violated. We calculate the difference between

0 100 200 300 400 500 600 700 800 900 1,000

−2

0

2

(a) Input, u(t).

0 100 200 300 400 500 600 700 800 900 1,000
−2
−1
0

1

2

Sample

(b) Output, y(t).

Figure 1.5 e input and output of the system (1.1) when excited with the filtered signal
in Example 1.2. e constraints are shown as ( ).

the sample autocorrelation and the desired autocorrelation,

30∑
τ=0

∣∣∣∣∣ 1N
N∑

i=τ+1

u(i)u(i− τ)− (−0.8)τ
∣∣∣∣∣
2

,
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0 100 200 300 400 500 600 700 800 900 1,000

−1.5

0

1.5

(a) Input, u(t).

0 100 200 300 400 500 600 700 800 900 1,000

−0.5

0

0.5

Sample

(b) Output, y(t).

Figure 1.6 e input and output of the system (1.1) in Example 1.2 when excited with an
input signal generated by the signal generation algorithm in Chapter 5. e constraints are
shown as ( ).

for the two generated input signals. e difference is 96 ·10−3 for the signal generated
by filtering white noise and 0.57·10−3 for the input signal generated with the algorithm
that will be developed later in this thesis. Hence, it is possible to satisfy the input and
output constraints at no cost in the desired properties of the input signal.

e main observations from this example are:

• It is often important to consider input and output constraints during the
identification experiment.

• Signal generation algorithms that handles input and output constraints are
useful in practice.
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Nonparametric Identification

Nonparametric methods, as opposed to parametric methods, do not employ a finite-
dimensional parameter vector when trying to describe the true system. e number
of parameters to estimate grows instead with the number of data points. is makes
them more flexible and less sensitive to the choice of model structure. A nonparametric
estimate is for these reasons a good start in the identification process to gain some
insight into the complexity of the identification problem at hand. is is illustrated in
Example 1.3.

Example 1.3 (Example 1.2 continued)
e input and output data collected from Example 1.2 (with added measurement noise
on y(t)) is used to identify the system (1.1). However, the model structure needed
for a parametric identification is unknown. In a first step a nonparametric frequency
response estimation method is applied. e nonparametric method does not use any
information about the system other than the fact that is linear to estimateG(ejω). e
resulting nonparametric estimate is shown in Figure 1.7. e system appears to have
one resonance peak at ω ≈ 0.3 and hence a second order model structure is a good
start for the parametric identification. e resulting second order parametric estimate is
also shown in Figure 1.7. e parametric model is indeed very close to the true system
(1.1). Figure 1.7 also shows an estimated model using a first order model structure.
e resulting identified model is far from the true system.

Example 1.3 shows the usefulness of nonparametric methods. Parametric identification
methods are dependent on the ability to choose a good model structure. e example
is exaggerated to prove this point and in reality the user would note that a first order
model is insufficient. However, it is not hard to imagine that it might be difficult to
find a good model structure for a system with multiple inputs, multiple outputs and
different noise characteristics (see for example the depropanizer example earlier in this
section). In this case, due to their flexibility and few restrictive assumptions on the true
system, a nonparametric method could be used in a first step to get insight into the
identification problem at hand. However, the strength of the nonparametric methods
is also their weakness. Since they are so flexible, the estimation error is often larger
compared to a well-tuned parametric estimate.

A multitude of different nonparametric identification methods have been proposed
in the literature. It is therefore vital to understand the advantages and disadvantages of
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10−2 10−1 100
−40

−20

0

20

Frequency (rad/s)

Am
pl

itu
de

(d
B)

Figure 1.7 e estimated frequency response in Example 1.3 with a nonparametric
method ( ), with a second order parametric model ( ) and with a first order
parametric model ( ). e true system (1.1) is shown as ( ).

the different methods to be able to guide the user in the choice of estimator suitable
for the problem at hand.

Nonparametric methods are of course useful on their own. In for example
vibration analysis and audio applications a nonparametric estimate is often sufficient.
In Example 1.3 a nonparametric estimate might be sufficient if the objective is to find
the frequency of the resonance peak.

e conclusions from this example are:

• Nonparametric estimates are useful to gain insight into the identification
problem even if the final goal is a parametric model. ey are also widely used
in industry on their own.

• It is important to understand what causes the estimation error when using
different nonparametric methods to be able to select the appropriate estimator
for the problem at hand.

1.2 Problem Formulation

e main problem considered in this thesis is how to include additional structural
information in system identification. is has the potential to significantly improve
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the quality of the identified model. e additional information takes different form in
different parts of the thesis.

e first problem considered is input design for networked systems. In this
thesis a networked system consists of multiple interconnected subsystems interacting
with each other. Furthermore, the subsystems are affected by unknown disturbances
and measurable or known disturbances. From a system identification perspective, a
networked system is just a special case of a multiple input-multiple output system
and can as such be identified with any standard method. However, from an input
design perspective, this does not fit into the standard formulation due to the known
disturbances. As shown in Example 1.1, including the additional information about
the measured disturbance in the input design can significantly improve the results.
e question is then how to formulate the input design problem in this case so that
the identified model is as good as possible. As discussed earlier the quality of the
identified model should be considered in terms of its intended use. When formulating
the corresponding optimization problem it should also be computational tractable.
ese questions are addressed in Chapter 4.

e second problem considered in this thesis is how to find a time realization of
a signal from a given autocorrelation. e autocorrelation could for example come
from input design. In real world processes there are often constraints on the input and
output signals during the experiment. ese could for example be rate-of-change or
amplitude constraints. us, it is important that these constraints are satisfied when the
generated input signal is applied to the system. To be able to satisfy output constraints it
is necessary to be able to predict how a certain input affects the output, that is, a model
of the system is needed. e model, however, is often unknown or else no identification
experiment would be needed. e signal generation algorithm should be able to handle
this contradiction. A method that satisfies these requirements is proposed in Chapter 5.

Nonparametric frequency response function estimators are widely used in industry
and can be used as a first step in the identification process. A nonparametric method
should limit the number of assumptions made about the system under consideration
and limit the required user interactions. In Chapter 6, a novel method is proposed
and analyzed. e method takes more structural information about the problem into
account compared to other comparable methods. To guide the user, the analysis
is focused on how the design parameters affect the performance. Furthermore, the
analysis also makes it possible to compare the method with related nonparametric
methods.
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1.3 Outline and Contributions

is section gives a brief outline of the chapters and their main contributions. It also
gives the publications related to each chapter.

Chapter 2 - Background

is Chapter provides a background to the work presented in this thesis and puts the
work into its context. An overview of related work is also given.

Chapter 3 - Technical Preliminaries

In Chapter 3 some concepts from the background chapter are discussed in more detail.
In particular, the material needed for the development and understanding of the rest
of the thesis are studied.

Chapter 4 - Input Design for Networked Systems

is chapter shows how to apply the application oriented input design framework to
networked systems. e objective is to find a model of the system so that it satisfies
some application requirements while the experimental effort is minimized. e main
observation is that the considered networked system can be seen as a special case
of a closed-loop system and it is possible to use existing input design results for
closed-loop identification. It is shown how these results can be used to formulate a
convex optimization problem. e framework is then applied to the problem when
the model is to be used for feed-forward control design. Simple finite impulse response
(FIR) subsystems are used to demonstrate properties and show some fundamental
limitations of the optimal input when designing a minimum output variance feed-
forward controller. Finally, the framework is evaluated in two simulation examples
and some interesting observations are made.

Chapter4 is based on the following publications:

• P. Hägg and B. Wahlberg. On optimal input design for feed-forward control.
In IEEE 52nd Annual Conference on Decision and Control (CDC), 7174–7180
(2013)

• P. Hägg and B. Wahlberg. On optimal input design for networked systems.
Automatica (2014). Provisionally accepted
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Chapter 5 - Signal Generation with Input and Output Constraints

Chapter 5 presents a novel signal generation algorithm that handles both input and
output constraints. e method is made robust to uncertainties in the prior knowledge
of the system. e size of the corresponding optimization problem is computationally
prohibitive and a receding horizon formulation is proposed to overcome this difficulty.
Furthermore, it is shown how scenario based optimization can be used to find a
convex approximation of the non-convex robustness constraints. e optimization
problem solved at each time instant then corresponds to minimization of a fourth order
polynomial with convex constraints. Two numerical methods to solve this problem are
reviewed and evaluated. e receding horizon formulation of the signal generation
allows for online implementation. is is used to make the method adaptive where the
model of the system and the uncertainties are updated as more data are collected. e
complete algorithm is successfully applied to a laboratory quadruple tank process.

Chapter 5 is based on the following publications:

• C. A. Larsson, P. Hägg, and H. Hjalmarsson. Generation of signals with
specified second order properties for constrained systems. International Journal
of Adaptive Control and Signal Processing (2014). Submitted

• P. Hägg, C. A. Larsson, A. Ebadat, B. Wahlberg, and H. Hjalmarsson. Input
signal generation for constrained multiple-input multple-output systems. In
Proceedings of 19th World Congress of the International Federation of Automatic
Control 2014. IFAC (2014)

Preliminary results were presented in:

• P. Hägg, C. A. Larsson, and H. Hjalmarsson. Robust and adaptive excitation
signal generation for input and output constrained systems. In European Control
Conference, 1416–1421 (2013)

• C. A. Larsson, P. Hägg, and H. Hjalmarsson. Generation of excitation signals
with prescribed autocorrelation for input and output constrained systems. In
American Control Conference (ACC), 2013, 3918–3923 (2013)

Chapter 6 - Nonparametric Frequency Response Estimation

In this chapter we present a novel nonparametric frequency response estimation
method. e method takes the known structure of the leakage or transient error into
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account to improve the estimation. is error together with the truncated impulse
response and the frequency response of the system is then estimated in a least squares
sense. It is shown how to exploit the structure of the least squares problem to solve the
problem in a more computationally efficient way. An initial analysis of the method for
some special cases is performed to gain insight on the inner workings of the method. A
more thorough analysis is then performed where the bias and variance of the estimate
is studied. e analysis allows us to connect system properties and the choice of user
parameters with the performance of the method. Finally, the results are verified in
multiple simulations.

Chapter 6 is based on the following publications:

• P. Hägg, J. Schoukens, M. Gevers, and H. Hjalmarsson. e transient and
impulse response modeling method for non-parametric system identification
(2014). To be submitted

• P. Hägg and H. Hjalmarsson. Non-parametric frequency function estimation
using transient impulse response modelling. In 16th IFAC Symposium on System
Identification, volume 16, 43–48 (2012)

Preliminary results were presented in:

• P. Hägg, H. Hjalmarsson, and B. Wahlberg. A least squares approach to direct
frequency response estimation. In 50th IEEE Conference on Decision and Control
and European Control Conference, 2160–2165 (2011a)

• P. Hägg. Using Structural Information in System Identification. Licentiate thesis,
KTH, Automatic Control (2012)

• M. Gevers, P. Hägg, H. Hjalmarsson, R. Pintelon, and J. Schoukens. e
transient impulse response modeling method and the local polynomial method
for nonparametric system identification. In 16th IFAC Symposium on System
Identification, 16, 55–60 (2012)

Chapter 7 - Conclusions

e final chapter of this thesis gives a brief summary and discussion of the main results.
We also point out some interesting directions for future research.
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Contributions by the Author

e scientific contributions in Chapter 4 and Chapter 6 are mainly the author’s
own work in collaboration with the co-authors and the order of the names in the
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structured systems. In 49th IEEE Conference on Decision and Control (CDC),
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of cascade systems. Systems & Control Letters, 69(0): 90 – 97 (2014)

• A. Ebadat, B. Wahlberg, H. Hjalmarsson, C. R. Rojas, P. Hägg, and C. A.
Larsson. Applications oriented input design in time-domain through cyclic
methods. In Proceedings of 19th World Congress of the International Federation of
Automatic Control 2014 (2014)





Chapter 2

Background

T chapter gives a background of existing results and relevant references to topics
related to the material in this thesis. First we discuss system identification and some

interesting problems related to identification of networked systems. We give overview
of existing work in experiment and input design and discuss different ways to realize
an input signal with desired properties. Finally, we give an overview of some of the
developments in nonparametric identification.

2.1 System Identification

Constructing models from observed data is a fundamental problem in all fields of
engineering and science. e models could for example be used to predict the future
behavior of a system, to gain understanding of how the system works or to try out
different control design approaches by simulating the model.

In the control field, the methods of construction and validation of mathematical
models of dynamical systems from experimental data is called system identification.
In control, a good model of the system is often needed to be able to design high
performance controllers but it is also useful for analysis, fault detection or monitoring
of the control system. e literature in system identification is vast and numerous
methods have been proposed, some more general, some more focused on solving a
specific problem. Some references in system identification are Goodwin and Payne
(1977), Söderström and Stoica (1989), Ljung (1999) and Pintelon and Schoukens
(2001). e history and developments of system identification can be found in, for
example, Deistler (2002) or Gevers (2006).

e identification methods can be either parametric or nonparametric. Parametric
methods use a model parameterized by a finite and fixed number of parameters (often
significantly fewer than the available data points) and it is important to choose a
suitable model structure and parametrization to get a good representation of the true
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system. In the nonparametric case, on the other hand, the number of parameters grows
with the number of data available. is gives a more flexible model compared to a
parametric model. However, the added flexibility comes at the cost of lower quality of
the estimated model compared to a well-designed parametric model. In this thesis we
consider both parametric and nonparametric methods.

Another classification of the system identification methods is in time domain or
frequency domain methods. Data is often measured in the time domain but can easily
be transformed to the frequency domain or can, in some cases, be directly measured
in the frequency domain. Often the final result of the identification is independent
of the considered domain. e difference is the calculations needed to arrive to the
solution. Preferably the choice of domain should consider where the problem is easier
to solve. However, the choice of domain, and also the used method, is often influenced
by tradition within the field of the application.

2.2 Structures in System Identification

System identification has mainly been considered in a classical open-loop or closed-
loop setting (see for example, Forssell and Ljung (1999) or Van den Hof (1998))
with inputs, outputs and unmeasurable disturbances. However, recent developments
in communication and computational power have led to an increased interest in
networks of dynamical systems in many fields of engineering. e developments in
communications allow for interconnected large scale systems over wide areas while the
increased computational power makes control and monitoring of large scale systems
feasible. In this thesis, we consider networked systems in a wider sense. e considered
networked systems represent subsystems that interact with each other in some way. For
example, an industrial process often consists of many different subsystems that interact
with each other through temperatures, currents and flows.

Hence, a networked system consists of (possibly many) interconnected subsystems
that could contain both feedback loops and open-loop connections. An example of a
networked system is shown in Figure 2.1. e networked system consists of a set of
subsystems, S1-S6 in Figure 2.1, a set of inputs that can be used to excite the system
during an experiment and outputs, that is, signals that can be measured in the network.
Furthermore, the subsystems in the network are affected by external excitation in the
form of known or measurable disturbances and unknown disturbances. e known
disturbances could for example be a reference signal or a flow from a neighboring
process. e unknown disturbances, on the other hand, could be measurement noises,
process noise or again a flow from a neighboring process but that in this case is not
measured.
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S1

S2

S3

+ S4 + S5 +

S6

+
input 1

input 2

measurment 2

known disturbance 1

disturbance 1

measurment 1

Figure 2.1 Example of a network of interconnected subsystems.

e ultimate goal of the system identification experiment is to construct a model
of one or more subsystem in the network using the available data collected from
the network. System identification of networked systems raises a lot of interesting
questions.

Finding the Structure of the Network

A first problem could be to try to find the structure of the system, that is, which are the
subsystems and how are they connected to each other? e problem is to determine
the structure or topology of the underlying network from input and output data. A
related problem to this is that of finding the causal relation between two given signals,
that is, to see which of two signals that affects the other, or in other words, which signal
is the input and which is the output. Early work addressing this problem can be found
in for example Granger (1969) and Caines (1976) where they also consider whether
there is feedback present between the two signals or not. Some recent work on topology
identification of networked systems can be found in Materassi and Innocenti (2010),
Sanandaji et al. (2011), Yuan et al. (2011) and Dankers et al. (2012). is problem
also raises the question of which measurements and a priori structural information are
necessary to be able to reconstruct the structure of the network from input–output
data. Some work on this can be found in Adebayo et al. (2012) and Gonçalves and
Warnick (2008) and the references therein.
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Finding the Dynamics of the Subsystems

In many applications the structure of the network is known a priori but the dynamics
of the subsystem building up the network are not. For example, in an electric power
system the interconnections between different generators, transformers and loads are
often known while their individual dynamics are not. e question is then how to
identify the subsystem dynamics given the structure of the network and measured data.

A networked system is just a special case of a multiple-input multiple-output
(MIMO) system and any standard system identification algorithm suitable for MIMO
identification can be used. e difference from the standard open or closed-loop setup
is the additional measurable disturbances, but they can easily be included by regarding
them as additional inputs. However, in many standard methods, such as a subspace
identification method (Van Overschee and De Moor, 1996), it is hard to incorporate
the known structure of the network in the method and the obtained identified model
is often unstructured. An unstructured model is enough in many applications but in
others it is important to retain the structure and the physical insight it allows.

To ensure that the identified model retains a known structure, the classical
prediction error method (PEM) (Ljung, 1999) with a constrained model structure is
often applicable. However, to estimate the parameters it is in general required to solve
a non-convex optimization problem and it is possible that the solution ends up in a
local minimum. One way to get around this problem is to find a good initial guess
of the solution. In Wahlberg and Sandberg (2008) and Sturk et al. (2011) the idea
is to, in a first step, identify an unstructured MIMO model of the system, then find
a high-order but structured model approximation of the subsystems using standard
H∞-model matching techniques. e final step is to use model reduction to find
low order approximations of the subsystems taking the known structure of the system
into account. In Sandberg et al. (2014) bounds on the approximation error using this
method are given. ese estimated models could then be used as an initial guess for
the non-convex optimization required to find the prediction error estimate.

Identifiability of Networked Systems

When identifying a system, the concept of identifiability plays an important role.
e question is if the identification procedure gives unique values of the identified
parameters and if they correspond to the parameters of the true system. Or, put in
other words, is there another set of parameters that explains the observed experimental
data? If this is the case or not depends on whether the data is informative enough and on
the considered model structure. Identifiability is a condition for consistent estimation
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of the parameters using PEM and has been studied both for open- and closed-loop
identification, see for example Ljung (1999).

Of course identifiability plays an important role also in identification of networked
systems. In Example 2.1 we discuss a simple networked system that gives a flavor of
the identifiability issues that can arise.

Example 2.1 (Identifiability of cascade system)
Consider the simple static networked system in Figure 2.2 with input u and where
k1 = 2 and k2 = 3 are constant gains. If only the second output, y2, can be measured
then, without any prior information, it is not possible to identify the parameters k1
and k2 individually since y2 = k1k2u = 6u. In this case, the parameters k1 and k2
are not identifiable since any pair satisfying k1k2 = 6 gives the same result.

However, if also y1 is measured then y1 = k1u = 2u and y2 = k1k2u = 6u and
it is possible to find the coefficients k1 and k2.

k1 k2
u

y1 y2

Figure 2.2 e simple static networked system considered in Example 2.1.

is simple example carries over to the case with dynamical subsystems. It is
not possible without any prior information to distinguish the dynamics of the first
subsystem from the dynamics of the second subsystem if only y2 is measured.

Van den Hof et al. (2013) extends the closed-loop results to the network setting
and derives additional conditions on the interconnection structure, the presence of
noise sources and excitation signals for consistent identification with PEM. e follow-
up paper, Dankers et al. (2013), studies which signals are necessary to include in the
predictor model to guarantee consistency. Often it is not feasible or it is very expensive
to measure every signal in the network and the analysis can be used to determine which
signals are necessary to measure in the network.

Quality of the Estimated Model

Even if the estimate of a model is consistent, the quality of the identified model can be
inadequate. A natural question is thus what affects the quality of the identified model.
Some initial work on this can be found in Wahlberg et al. (2009) and Hägg et al.
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(2011b) where the cascade and the parallel blocks are studied. ese two basic blocks
can be used to build up most networked system without feedback connections. e
effects of sensor placement, input signals and common dynamics of the subsystems on
the asymptotic properties of the identified models are discussed. Along the same line,
the work in Gevers (2006) studies how adding more inputs to a single output system
affects the quality of the estimated system.

Another related issue is how much information that is available about a subsystem
from a measurement further downstream in the network. If one wants to identify
one subsystem is it worth including signals from other subsystems “far away” in the
network in the estimation? For example, Wahlberg et al. (2009) studied this problem
for cascaded systems. e main result is that if the subsystems in the cascade are equal
then no information about the first subsystem is available in the measurements of the
subsystems further downstream. Everitt et al. (2013) showed that, if the first subsystem
in a cascade contains a zero on the unit circle, the asymptotic variance of the estimate
of the first subsystem, at the corresponding frequency of the unit-circle zero, is the
same as if the other subsystems were completely known.

Excitation Signal

In system identification the quality of the identified model is highly dependent on
the input signal used during the experiment. One question is then how the network
should be excited to reveal the most important information about the system. One of
the contributions of this thesis is to study optimal input design for networked systems
and the topic of input design is discussed in more detail in the next section. However,
before we do this, just let us point out the main differences between designing the
input for a networked system compared to the standard open- or closed-loop case. In
the networked setting considered in this thesis, as opposed to the classical setting, it
is not possible to design all input signals. Some of the input signals to the systems are
known disturbances given by the application. It is possible to include this additional
information in the input design by correlating the input with the known disturbances.
We show in Chapter 4 that this can potentially improve the input design.

2.3 Optimal Experiment Design

In optimal experiment design the problem is to setup the experimental conditions such
that the identified model or the conditions are in some way optimal. e experimental
conditions could for example be the input spectrum, the feedback controller used
during the experiment or the number of samples to collect. Early contributions in
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optimal experiment design include Fisher (1935), Cox (1958), Fedorov (1972), Mehra
(1974), Goodwin and Payne (1977) and Zarrop (1979).

Input Design

One of the problems that we consider in this thesis is how to design the input signal
used during the experiment. One main result is that the quality of the estimated
parameters is influenced by the covariance of the input signal. us, by shaping
the spectral properties of the input signal we can affect the quality of the estimated
parameters. In the early work cited earlier, commonly a scalar function of the parameter
covariance is minimized, for example the trace or the largest eigenvalue of the parameter
covariance matrix.

Even if these criteria are still common in research and in practice, the focus has
since shifted toward considering the intended use of the model. Since control design
often is the main motivation for system identification it is natural to consider quality
of the model in terms of control performance when the model is used in the control
design (Gevers, 2005). is is known as identification for control, see for example
Gevers and Ljung (1986), Gevers (1991), Hjalmarsson et al. (1996) and Hjalmarsson
(2005).

Another related approach to this is least costly identification where instead the
experimental effort is minimized under the constraint that the identified model is
“good enough” for the intended control application (Bombois et al., 2006). From
this, the step is not far to application oriented input design (Hjalmarsson, 2009). In
application oriented input design the intended use of the model is considered in a wider
sense. is framework defines a cost corresponding to the degradation in performance
if the identified model is used in the application instead of the true system. e goal of
the input design is to find a minimum effort experiment such that the cost is kept below
a certain level. e application oriented input design framework has been applied to
different applications, see for example Wahlberg et al. (2010) and Larsson et al. (2011).
is framework is used in this thesis to study optimal input design for networked
systems. A more thorough explanation of the framework is given in the next chapter.

e methods discussed so far in this section rely on the design of the spectrum of
the input signal. is makes it possible to add frequency dependent constraints in the
optimization in a computational tractable way (Jansson, 2004). However, it is hard to
include time domain constraints, such as input and output amplitude constraints, in
these formulations. An alternative is to instead consider the input design directly in
time domain, see for example Manchester (2010), another approach is to enforce the
constraints during the generation of the signal.
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The Unknown True System

e problem with optimal input design is that it often depends on the true system.
However, the true system is unknown or otherwise no identification would be needed.
To overcome this catch-22, two different approaches are commonly used. e first
is to make the input design robust to uncertainties in the knowledge of the true
system, see for example Pronzato and Walter (1985), Pronzato and Walter (1988),
Bombois et al. (2006), Rojas et al. (2007b), Rojas (2008) and Larsson et al. (2012).
e second approach is to use adaptive input design. e idea is to change the input
design online as more data and information about the system become available. An
initial model, from for example first principle modeling, previous experience or a short
initial experiment, is used to design an optimal input signal. e signal is applied to
the system and new data are collected. A new model is identified from the data and
the input design is updated again. is can be repeated until the required accuracy
is achieved. A few different approaches to this problem can be found in Lindqvist
and Hjalmarsson (2001), Gerencsér and Hjalmarsson (2005), Gerencsér et al. (2009),
Huang et al. (2013) and Forgione et al. (2013).

2.4 Signal Generation

e result of an optimal input design is often the spectrum or the autocorrelation of
the optimal input signal to be used during the system identification experiment. e
problem is then to find a time realization of the input signal that can be applied to the
system. e problem of generating signals with specific second order properties also
arises in many other fields of engineering. Examples can be found in radar applications
and in electronics for validation and testing.

Two approaches are common when generating signals with desired second order
properties. e first is to filter white noise through a stable and causal spectral factor
of the desired spectrum. e output from the filter has, asymptotically, the correct
properties, see for example Söderström (2002). e second approach is to use a sum
of sinusoids, a so-called multisine signal. Since each sinusoid corresponds to one
frequency pair in the spectrum of the signal, the amplitude of each sinusoid can be
altered to give the desired spectral properties of the signal (Pintelon and Schoukens,
2001).

However, these two methods can not directly handle time domain constraints on
the input and output signal. In industrial applications it is often vital to limit signal
amplitudes or rates of change. is is due to actuator saturation, equipment strain and
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the desire to keep the system within an operating region due to safety or production
concerns.

Many methods have been proposed for generating input signals with time domain
constraints. A first approach is to filter white noise to have the correct spectral properties
and then to clip the signal to the desired amplitude. is approach is simple but changes
the spectrum of the signal which can lead to suboptimal results, see Hannan (1970).
Both the linear filter and the saturation can be changed to get better results (Gujar and
Kavanagh, 1968; Liu and Munson, 1982).

If the input is limited to binary signals it is easy to control the input amplitude.
Generating binary signals with desired second order properties has been studied in for
example Hannan (1970), Tan and Godfrey (2002), Rojas et al. (2007a), Brighenti et al.
(2009) and He et al. (2012).

For the multisine excitation, the phase of the individual sinusoids can be used to
affect the amplitude of the generated signal (Schoukens et al., 1991; Guillaume et al.,
2001). Related to this are the plant-friendly identification techniques (Rivera et al.,
2003, 2009) where multisines are design to satisfy both input and output constraints.
However, this often includes solving a non-convex optimization problem (Rivera et al.,
2009) but a heuristic to solve this problem has been proposed (Schroeder, 1970).

2.5 Nonparametric Frequency Response Estimation

Nonparametric models of the frequency response function (FRF) are commonly used
in almost all fields of engineering. Applications range from audio systems to large scale
power systems.

Nonparametric models can be used as a first step in the identification procedure to
get insight into the identification problem at hand, even if the final goal is a parametric
model. Hence it is desirable that the nonparametric model is flexible enough to capture
the important properties of the system. It is also important that the nonparametric
method limit the required user-interactions and user choices otherwise we could
equally well use a parametric method.

Two problems need special attention in nonparametric estimation of the frequency
response function. All nonparametric methods suffer from transient (or leakage) errors
and noise errors. Transient errors occur when a finite number of data and a non-
periodic input signal is used to estimate the FRF. ese errors have for a long time
been a major deterrent against the use of nonparametric estimates of the FRF in the
presence of non-periodic input signals. Furthermore, since the number of parameters
to estimate is as many as the data-points there is, contrary to parametric methods, no
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inherent smoothing of the noise. us, a successful nonparametric method needs to
deal with both of these problems.

Identification Methods

e classical way to overcome the problem with noise is to average the signals and in
that way introduce smoothing. To reduce the effect of the leakage error, windowing
methods are commonly used. A time window is introduced which reduces the initial
and end effects caused by the finite data length. e classical spectral analysis methods
are described in most textbooks in the subject, see, for example, Brillinger (1981),
Marple (1987) and Stoica and Moses (2005). We come back to this in Chapter 3.

e leakage error has been analysed in detail in, for example, Pintelon et al. (1997),
Pintelon and Schoukens (2001) and McKelvey (2002). e conclusion is that the error
is highly structured with the same poles as the FRF and that it has a smooth frequency
characteristic. ese properties have are used for parametric system identification in
the frequency domain in Pintelon et al. (1997), Schoukens et al. (1999), McKelvey
(2000) and McKelvey (2002) but also in the development of the nonparametric local
polynomial method (LPM) first presented in Schoukens et al. (2006).

e idea of LPM is to approximate the smooth leakage term by a Taylor series expan-
sion and to simultaneously estimate the coefficients of this expansion together with the
frequency response at one frequency at a time. e method has been demonstrated to
provide superior accuracy compared to traditional smoothing algorithms on a number
of problems, see for example the two-paper series Pintelon et al. (2010a) and Pintelon
et al. (2010b). e method has been further refined in Gevers et al. (2011) and in
McKelvey and Guérin (2012) where the latter proposes to use a local rational model at
each frequency instead of the local polynomial approximation. Inspired by LPM, we will
develop the transient and impulse response modeling method (TRIMM) in Chapter 6.

Impulse Response Estimation

Since the FRF is the Fourier transform of the impulse response, nonparametric methods
for estimating the impulse response are closely related to the frequency response
estimation problem discussed earlier. Direct estimation of the full impulse response
suffers from the same problem as direct estimation of the frequency response. Since
there is no smoothing of the data, the estimated impulse response suffers from high
variance. Also, the finite data length introduces transient errors.

In the area of impulse response estimation, some new, rather intriguing, approaches
have been proposed in Pillonetto and Nicolao (2010) and in the follow-up paper
Pillonetto et al. (2011). e impulse response is modeled as a realization of a Gaussian
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process where the priors are chosen to reflect information on smoothness and stability.
e priors are parameterized by a few hyper-parameters and these parameters are then
estimated from data. is introduces bias in the estimates but the variance is reduced
(Chen et al., 2012). e new methods require very little user-interaction and give good
results in many cases compared to standard parametric and nonparametric techniques,
see Chen et al. (2012) and Pillonetto et al. (2014).





Chapter 3

Technical Preliminaries

I  this chapter, some of the concepts presented in Chapter 2 are discussed in more
technical details. Mainly, we consider results and methods needed for the under-

standing and development of the following chapters of the thesis. First, we present
the prediction error identification framework and the properties of the identified
parameters. We then discuss the input design and finally, the existing nonparametric
frequency response identification methods are reviewed.

3.1 Prediction Error Identification

e idea behind PEM is to find an estimate of the parameters of a model by minimizing
the difference between the measured data and what is predicted by the model.

System and Model Assumptions

In this thesis we consider discrete time, linear time invariant and stable MIMO systems
of the form shown in Figure 3.1.

e system can be written as

y(t) = G0(q)u(t) + v(t), (3.1)

where q is the forward shift operator, that is, q−1u(t) = u(t− 1). e true system is
represented by G0(q) with nu inputs u(t) ∈ Rnu and ny outputs y(t) ∈ Rny . e
additive disturbance acting on the system is captured in v(t) and can be written as

v(t) = H0(q)e(t),

where H0(q) is a stable and inversely stable, monic linear filter and e(t) ∈ Rny is a
multivariate zero mean noise process. e power spectrum of the disturbance, v(t),
can be written as

Φv(ω) = H0(e
jω)Λ0H

∗
0 (e

jω),

29
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G0 +

H0

u
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y

Figure 3.1 e considered system structure.

where Λ0 is the covariance matrix of the noise e(t), that is, Λ0 = E
{
e(t)e(t)T

}
and

X∗ denotes the Hermitian transpose of X. In the single output case the noise variance
is denoted λ0.

e considered model structure is

y(t) = G(q, θ)u(t) +H(q, θ)e(t), (3.2)

parameterized by the vector θ ∈ Rnθ . We assume that the true system (3.1) can be
captured by the model (3.2), that is, there exists a vector θ0 such that G(q, θ0) =
G0(q) andH(q, θ0) = H0(q). e objective of the system identification is to find an
estimate θ̂ of the true parameters of the system θ0.

Often the transfer functions G(q, θ) and H(q, θ) are represented by rational
functions and the parameters θ are then the numerator and denominator coefficients.
Different model structures are achieved depending on the relations between the nu-
merators and the denominators of the two rational functionsG(q, θ) andH(q, θ). For
example, FIR and Box-Jenkins are common model structures. A detailed explanation
can be found in Ljung (1999) of the most common model structures.

e optimal one-step-ahead predictor for the model (3.2) is given by

ŷ(t, θ) = H−1(q, θ)G(q, θ)u(t) +
[
Iny −H−1(q, θ)

]
y(t),

where Iny is the ny × ny identity matrix. More details can be found in Ljung (1999).
e idea of PEM is to find an estimate of θ such that the error between the prediction
and the measured data is as small as possible.

The Prediction Error Method

e prediction error can be written as

ϵ(t, θ) = y(t)− ŷ(t, θ) = H−1(q, θ)
(
y(t)−G(q, θ)u(t)

)
.



Prediction Error Identification | 31

Given N data points of the inputs and outputs, {u(t), y(t)}Nt=1,

VN (θ) =
1

N

N∑
t=1

ϵ(t, θ)TΛ−1
0 ϵ(t, θ),

is a common measure of the size of the prediction error. Often the noise covariance,
Λ0, is not known and the following measure could be used

VN (θ) = det

(
1

N

N∑
t=1

ϵ(t, θ)ϵ(t, θ)T

)
,

where det(·) is the determinant. e motivation for this choice is that, if the noise is
Gaussian, the prediction error estimate corresponds to the Maximum Likelihood (ML)
estimate.

e PEM estimate of the parameter vector θ from the N data points is given by

θ̂N = argmin
θ
VN (θ). (3.3)

Asymptotic Properties of Parameter Estimates

Under some mild assumptions, the estimate (3.3) is consistent and has the following
asymptotic (in the number of data points, N ) distribution

√
N
(
θ̂N − θ0

)
∈ N (0,P) as N →∞,

where the parameter covariance matrix, P is given by

P =
[
E
{
ψ(t, θ0)Λ

−1
0 ψT (t, θ0)

}]−1
,

ψ(t, θ0) = −
d

d θ
ŷ(t, θ)

∣∣∣∣
θ=θ0

,
(3.4)

see Ljung (1999).
Sometimes it is useful to use the frequency domain expression for the inverse

covariance matrix, P−1. In Lemma 3.4 such an expression is given.
Lemma 3.1 (Frequency domain expression for P−1) e inverse covariance matrix
P−1 defined in (3.4) can be expressed as a function of the spectrum of the signal χ0 =



32 | Technical Preliminaries

[uT (t) eT (t)]T as

P−1 =
1

2π

∫ π

−π
Γ(ejω)

(
Λ−1
0 ⊗ Φχ0(ω)

)
Γ∗(ejω) dω,

Γ(ejω) =

(vecF
T
1 )

T

...
(vecFT

n )
T

 ,
Fi =

[
H−1(q, θ) ∂G∂θi H−1(q, θ)∂H∂θi

]∣∣∣
θ=θ0

,

Φχ0(ω) =

[
Φu(ω) Φue(ω)
Φeu(ω) Λ0,

]
(3.5)

where vecX is the vectorization operator that stacks the columns of X on top of one another
and ⊗ is the Kronecker product.

Proof. See Appendix 3.A.

Confidence Ellipsoid

Since the estimated parameters are asymptotically normally distributed, an α-level
confidence ellipsoid is given by

ESI(α) =

{
θ : (θ − θ0)T P−1 (θ − θ0) ≤

χ2
α(nθ)

N

}
, (3.6)

where χ2
α(nθ) is the α-percentile of the χ2-distribution with nθ degrees of freedom.

e set is called the system identification set. e identified parameters with PEM lie
within the system identification set ESI with α percents probability.

3.2 Application Oriented Input Design

From Lemma 3.1 we see that the quality of the identified parameters can be influenced
by the input spectrum. e idea behind input design is to shape the input spectrum
such that the parameter estimate is as good as possible. e criterion to optimize
has traditionally been expressed directly in terms of the covariance matrix, that is, in
the quality of the identified parameters. However, lately the focus has shifted toward
considering the quality of the identified parameters in terms of the intended use of
the model. In this thesis we use the application oriented input design framework
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(Hjalmarsson, 2009) which is an extension of the least costly identification (Bombois
et al., 2006). e idea of this framework is to design the input signal such that when
the identified parameters are used in the application, the application satisfies some
performance constraint.

Application Requirements

First we define the application cost function that measures the degradation in perfor-
mance when the parameter vector, θ, is used instead of the true parameters, θ0, in the
application.
Definition 3.1 (Application Cost Function) e function

Vapp(θ) : Rnθ → R,

is an application cost if

Vapp(θ0) = 0, Vapp(θ) ≥ 0 for all θ.

For application costs that are twice differentiable in a neighborhood of θ0, it holds
that

Vapp(θ0) = 0, V ′
app(θ0) = 0, V′′

app(θ0) ≽ 0.

Assume that there is an upper limit on the performance degradation allowed in the
application, that is, all acceptable parameters satisfy Vapp(θ) ≤ 1

γ for some positive
constant γ. We denote the set of all parameters satisfying the application requirements
as the application set.
Definition 3.2 (Application Set) Given an application cost Vapp(θ) and a positive
constant γ, the application set is defined as

Θapp =

{
θ : Vapp(θ) ≤

1

γ

}
. (3.7)

Since every parameter vector in the application set gives an acceptable performance
when used in the application, the goal of the system identification experiment is to find
an estimate of the parameter vector that lies within the application set, that is,

θ̂N ∈ Θapp.

e application set is often non-convex. A remedy to this is to approximate it by
an ellipsoidal set. e Taylor series expansion of the application cost around the true
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parameter vector θ0 is

Vapp(θ) ≈ Vapp(θ0) + (θ − θ0)T V ′
app(θ0) +

1

2
(θ − θ0)T V′′

app(θ0) (θ − θ0)

=
1

2
(θ − θ0)T V′′

app(θ0) (θ − θ0) ,

and an ellipsoidal approximation of the application set is

Θapp ≈ Eapp =

{
θ : (θ − θ0)T V′′

app(θ0) (θ − θ0) ≤
2

γ

}
.

e approximation error depends on the set Θapp and the constant γ. e approxima-
tion is better for larger values of γ than for smaller ones.

Input Design

We now formulate the application oriented input design problem as follows. Find
the input signal that minimizes the cost of the experiment while guaranteeing that
the identified parameters end up in the application set and hence give an acceptable
performance when used in the application. We limit the experimental cost to be a linear
function of the spectrum. However, this stills covers most common cost functions
in input design. e application optimal input design problem is hence to minimize
the experimental cost, denoted fcost(Φχ0(ω)), while guaranteeing that the identified
parameters satisfy the application constraints. is can be formulated as the following
optimization problem

minimize
Φχ0 (ω)

fcost(Φχ0(ω))

subject to θ̂N ∈ Θapp,

Φχ0(ω) ≽ 0, for all ω.

(3.8)

e second constraint, Φχ0(ω) ≽ 0, ensures that the spectrum corresponds to a
realizable signal while the first constraint guarantees that the identified parameters (3.3)
lie within the application set (3.7). However, the estimated parameters are random
variables with unbounded support and it is often not possible to guarantee that this
constraint is satisfied. Instead we require that the constraint is satisfied with a certain
probability, say α. Furthermore, the application set Θapp is in general non-convex
and instead the ellipsoidal approximation of this set, Eapp, is used. e application
constraint can then be written as

θ̂N ∈ Eapp, with probability α. (3.9)
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Since the identified parameters lie within the system identification set (3.6) with
probability α, the application constraints (3.9) is satisfied if the system identification
set lies within the ellipsoidal application set. Mathematically this can be expressed as

ESI ∈ Eapp.

In Hjalmarsson (2009) it was showed that this, in turn, can be formulated as
N

κ
P−1 ≽ γV′′

app(θ0),

which is an linear matrix inequality (LMI) in the spectrum Φχ0(ω) since P−1 is affine
in Φχ0(ω).

With the approximation of the application constraint as an LMI, the optimization
problem (3.8) is convex in the spectrum Φχ0(ω). However, the optimization problem
is still computationally intractable since the optimization is over the infinite dimen-
sional spectrum. e solution is to work with a finite parametrization of the spectrum.

3.3 Parametrization of the Spectrum Φu

In this section we consider two different parameterizations of the spectrum, the finite
dimensional parametrization and the partial correlation parametrization. To keep
things simple we limit ourselves to the open-loop case where u(t) is uncorrelated with
the noise e(t), that is, when Φue = 0. In this case, the condition

Φχ0(ω) =

[
Φu(ω) 0

0 Λ0

]
≽ 0, for all ω,

is satisfied if
Φu(ω) ≽ 0, for all ω, (3.10)

since Λ0 ≽ 0 by construction. is allows us to limit the parametrization to the input
spectrum Φu(ω). Later in this section, we return to the question of how to find a
suitable parametrization when u(t) and e(t) are correlated.

Finite Dimensional Parametrization

e finite dimensional parametrization uses the positive real part of a truncated series
expansion of the spectrum,

Φu(ω) = Φ+(ω) + Φ∗
+(ω),

Φ+(ω) =

m−1∑
k=0

ckBk(ejω),
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where Bk(q) are scalar and proper, stable rational basis functions in q. A common
choice of the basis function is Bk = ejω for which the coefficients ck corresponds to
the autocorrelation of the input signal, that is,

ck = E
{
u(t)uT (t)

}
.

By application of the Kalman-Yakubovich-Popov lemma the condition (3.10) can be
written as an LMI in the coefficients ck, see Jansson (2004).

Since P−1 is affine in Φu(ω), P−1 is affine in the coefficients ck. Hence the
application constraint can also be written as an LMI in the coefficients ck. e complete
optimization problem (3.8) hence becomes a semidefinite program (SDP) in the m
variables ck.

e finite dimensional parametrization can only describe a subset of all possible
spectra since we implicitly set ck = 0 for k ≥ m. On the other hand, by increasing the
orderm, the finite dimensional parametrization can approximate any spectra arbitrary
well. However, increasing the order also increase the number of optimization variables
and computational complexity of the optimization problem.

Partial Correlation Parametrization

e partial correlation approach, on the other hand, uses an infinite dimensional
parametrization but the parametrization is chosen such that the optimization problem
only depends on a finite number of the parameters. Hence no truncation of the
spectrum is needed.

One possibility is to work with the so called generalized moments mk ∈ Rnu×nu ,
k = −m, . . . ,m defined as

mk =
1

2π

∫ π

−π

1

|D(ejω)|2
Φu(ω)e

jkω dω, (3.11)

whereD(z) =
∑n

l=0 dlz
l is a polynomial where the coefficients are real, obey dn ̸= 0

and has all its roots outside the closed unit disc.
For example, if we choose the polynomial D(z) to be the least common denom-

inator of Γ(z) in (3.5) the inverse of the covariance matrix P−1 is affine in a finite
number of generalized moments mk. is is illustrated in the following example.
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Example 3.1 (Generalized moments)
Consider the model

G(q, θ) =
bq−1

1 + aq−1
, H(q, θ) = 1,

where θ = [b, a]T and where the true system is given by the model with parameter
vector θ0 = [b0, a0]

T . en Γ in (3.5) is given by

Γ(q) =

[
q−1

1+a0q−1 0
b0q−2

(1+a0q−1)2
0

]
.

We choose the polynomial D(q) as the least common denominator of Γ(q), that is,
D(q) = (1 + a0q

−1)2. e inverse of the covariance matrix in (3.5) can then be
written as

P−1 =
1

2πλ0

∫ π

−π

[
|1 + a0e

jω|2 −b0ejω(1 + a0e
−jω)

−b0e−jω(1 + a0e
jω) b20

]
Φu(ω)

|D(ejω)|2
dω

=
1

λ0

[
(1 + a20)m0 + a0(m1 +m−1) −b0m1 − b0a0m0

−b0m−1 − b0a0m0 b20m0

]
,

which is linear in the generalized moments.

With the partial correlation approach, the generalized moments m0, . . . ,mn

are the optimization variables. However, to guarantee that the generalized moments
corresponds to a spectrum, they cannot be chosen arbitrarily. ere should exist an
infinite extension mn+1,mn+2, . . . of the sequence of generalized moments such that
the positivity constraint on the spectrum (3.10) is satisfied. Such an extension exists if
the generalized moments satisfy the LMI

Tn =


m0 m1 · · · mn−1

m1 m0 mn−1
...

...
. . .

mT
n−1 mT

n−1 · · · m0

 ≽ 0,

see Jansson (2004) or Hildebrand and Solari (2007). e optimization can now be
written as an SDP in the generalized moments m0, . . . ,mn.

e partial correlation parametrization can, contrary to the finite dimensional
parametrization, describe all possible rational spectra.
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Parameterizations in Closed-Loop

Both the finite dimensional and the partial correlation parameterizations have been
extended to the closed-loop case. e difference compared to the open-loop case
is the possibility to also design the cross-spectrum between the input u(t) and the
disturbance e(t), Φue(ω), by adding a feedback controller, K(q). One could either
choose to work with the spectra Φu(ω) and Φue(ω) or the controller K(q) and the
reference spectrum Φr(ω) in u(t) = r(t) − K(q)y(t) since there is a one-to-one
relation between the two representations.

e question is how to find a parametrization of the spectraΦu,Φue (orK(q) and
Φr) such that the optimal input design only depends on a finite number of parameters.
Some special attention is needed compared to the open-loop case. It is tempting to use
the open-loop conditions on the parametrization on the spectrum

Φχ0(ω) =

[
Φu(ω) Φue(ω)
Φeu(ω) Λ0

]
.

However, for example, by using the partial correlation approach this only guarantees
the existence of an extension of the generalized moments, not that they correspond to
the given properties of the noise and that the correlation between u(t) and e(t) is due
to a feedback controller. In Hjalmarsson and Jansson (2008), the finite dimensional
parametrization is extended to the closed-loop case while the partial correlation
approach is extended in Hildebrand et al. (2010) and Hildebrand and Gevers (2013).
In the partial correlation approach the difference compared to the open-loop case is
that a few additional conditions need to be satisfied. In Chapter 4 these conditions are
reviewed in more detail and the results are used to find a parametrization suitable for
networked systems.

Realization of Signal Spectra

Solving the optimal input design problem (3.8) gives (in the open-loop case) the
optimal spectrum Φu(ω) (or in fact its parameters in the parametrization). e
problem is then to find a time realization of the signal which can be applied to
the system. In Chapter 2, some common approaches were discussed. For the finite
dimensional parametrization the signal can be realized by filtering white noise through
an FIR-filter based on the positive real part of the spectrum. For the partial correlation
parametrization, an autoregressive (AR) filter can be constructed from the Yule-Walker
equations (Söderström, 2002). For more details on generating the input signals from
the spectra given by the two parametrization, we refer to Jansson and Hjalmarsson
(2005).
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3.4 Nonparametric Frequency Response Estimation

e success of the parametric identification methods, such as PEM, is contingent on a
good model structure that can describe the true system. However, it is not always trivial
to find a good model structure. As a first step in the modeling process, a nonparametric
method can be used to gain some insight into the complexity of the modeling problem
at hand. is section reviews a few different methods for nonparametric frequency
response estimation in the frequency domain.

Input-Output Relation

Consider the asymptotically stable, linear, time-invariant system on state space form

x(t+ 1) =Ax(t) +Bu(t),

y(t) =Cx(t) + v(t),
(3.12)

where u(t) is the input signal, y(t) is the output signal of the system, x(t) the states
and v(t) is white measurement noise. e frequency response function of system (3.12)
is given by

G0(e
jω) ,

∞∑
t=0

g(t)e−jωt =

∞∑
t=1

CAtBe−jωt, (3.13)

where g(t) = CAtB, t ≥ 1 is the impulse response of the system.
e objective is to find a nonparametric estimate of the FRF, G(ejωk) from

input–output data {u(t), y(t)}Nt=1, for all frequencies on the frequency grid given
by

ωk =
2π

N
k, k = 0, . . . , N − 1.

By applying the N -point discrete Fourier transform (DFT)

ZN (ωk) =
1√
N

N−1∑
t=0

z(t)e−jωkt, (3.14)

to N samples of the input and output from system (3.12), the following relationship
holds

Y (ωk) =G0(e
jωk)U(ωk) +

1√
N

N−1∑
t=0

τ(t)ejωkt + V (ωk)

,G0(e
jωk)U(ωk) + T (ejωk) + V (ωk),

(3.15)
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where τ(t) = CAt(I−AN )−1(x0−xN ), x0 is the initial condition of system (3.12)
and xN is the state of the system at time t = N . e term T (ejωk) is the transient or
leakage and is due to initial and end effects induced by the finite measurement time.
See McKelvey (2000) or Pintelon and Schoukens (2001) for details.

In Chapter 6 we use the relation (3.15) to develop the transient and impulse
response modeling method, but the relation can also be used to understand the classical
estimation methods.

Classical Methods

Over the years, many different approaches and methods have been proposed in the
literature to estimate the FRF. In this section, we review some of the classical methods
that are still widely used.

Empirical Transfer Function Estimate

e simplest method to estimate the frequency response function is to divide the DFT
of the output sequence with the DFT of the input sequence. is is called the empirical
transfer function estimate (ETFE). Using relation (3.15), the estimate is given by

Ĝ
ETFE

(ejωk) =
Y (ωk)

U(ωk)
= G0(e

jωk) +
T (ejωk)

U(ωk)
+
V (ωk)

U(ωk)
. (3.16)

Equation (3.16) reveals the problem with this method. Even if there is no noise
(V (ωk) = 0), an error is introduced by the leakage or transient term T (ωk).
Furthermore, since the estimate is not smoothed or averaged, it is sensitive to noise.
e quality of the estimate is well-studied, see for example Ljung (1999) or Pintelon
and Schoukens (2001). e properties of the ETFE can be separated into two cases; the
first when the input signal is periodic and the second case when the input signal is a
realization of a stochastic process.

e main results when the input signal u(t) is periodic andN is a multiple of the
period are:

• e estimate Ĝ
ETFE

(ejωk) is only defined for a fixed number of frequencies.

• e ETFE is unbiased and its variance decays as 1/N .

e main results when the input signal u(t) is a realization of a stochastic process are:

• e ETFE is an asymptotically, in N , unbiased estimate of G0(e
jωk).
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• e variance of the ETFE is given by the noise-to-signal ratio at the frequency.
e variance does not decrease as N increases since there is no smoothing.

• e estimation error can be arbitrary large since, for random excitation, the
amplitude |U(ωk)| can be arbitrary small, see (3.16).

• e estimates at different frequencies are asymptotically uncorrelated.

Spectral Analysis

A common approach to counteract the problem with the possible unbounded variance
of ETFE is to average the signals before the division. is method was proposed in
Bartlett (1948). e collected data are divided into p bins, and for each bin the discrete
Fourier transform is calculated. e Bartlett estimate is then

Ĝ
B
(ejωk) =

Φ̂uy(ωk)

Φ̂u(ωk)
,

where

Φ̂u(ωk) =
1

p

p∑
i=1

U (i)(ωk)U
(i)(ωk)

∗,

Φ̂uy(ωk) =
1

p

p∑
i=1

Y (i)(ωk)U
(i)(ωk)

∗,

are estimates of the spectrum and cross spectrum, respectively. e properties of
this estimate are well-documented, see for example Broersen (1995) or Pintelon and
Schoukens (2001). Ljung (1999) observed that this estimate is the same as taking the
weighted average of the ETFE calculated over the p bins, that is,

Ĝ
B
(ejωk) =

∑p
i=1 Ĝ

ETFE
(i) (ejωk)|U (i)(ωk)|2∑p
i=1 |U (i)(ωk)|2

.

It is possible to use other choices of weights in the sum, instead of |U (i)(ωk)|2. A study
of how different weights affects the estimates can be found in Heath (2007).

With Bartlett’s method, the variance of the estimate is reduced by a factor of 1/p
but this comes at a cost of lower resolution. e resolution is reduced by a factor p
since the data are split into p bins. e choice of the number of bins is hence a trade-
off between resolution and variance of the estimate.
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An extension of the Barlett method is the Welch method (Welch, 1967). e
difference is that the data bins in Welch method are allowed to overlap. is gives
slightly different properties of the estimate.

e averaging methods are designed to reduce the variance of the estimates. Still
there is a potential problem with the leakage. To reduce the effect of the leakage,
windowing methods, such as the Blackman-Tukey method was introduced (Blackman
and Tukey, 1958). e idea is to use a time window to reduce the initial and end effects
caused by the finite data length which gives rise to the leakage error. e Blackman-
Tukey estimate of the frequency response function is

Ĝ
BT

(ejωk) =
Φ̂uy(ωk)

Φ̂u(ωk)
,

where now

Φ̂u(ωk) =
M∑

τ=−M

R̂u(τ)wM (τ)e−jωkt,

Φ̂uy(ωk) =

M∑
τ=−M

R̂yu(τ)wM (τ)e−jωkt.

e terms R̂u(τ) and R̂yu(τ) are the covariance of u(t) and the cross-covariance
between u(t) and y(t), respectively. e windows function of width M is denoted
wM (τ). e properties of the estimate are directly related to the choice of the window
function:

• e length, M , of the window is a tradeoff between resolution and variance of
the estimate.

• e shape of the window is a trade-off between smearing the estimate and the
effect of the leakage error.

Numerous windows have been proposed in the literature, each with different trade-offs
between the previously mentioned errors. An overview of the different windows and
their effects can be found in most standard books on spectral analysis, see for example
Bendat and Piersol (1980) or Stoica and Moses (2005).

Local Polynomial Method

e local polynomial method was presented as an alternative to the classical frequency
smoothing methods in Schoukens et al. (2006). It uses the assumption that the
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frequency response and the leakage term, in (3.15), both are smooth functions of the
frequency. e idea is to approximate these functions by Taylor series expansions and to
simultaneously estimate the coefficients of the expansion together with the frequency
response at each frequency.

e FRF and the leakage term can be approximated at the frequency ωk+r with the
Taylor series of order R as

G0(e
jωk+r) = G0(e

jωk) +
R∑

s=1

gs(k)r
s +O

(( r
N

)R+1
)
,

T (ejωk+r) = T (ejωk) +

R∑
s=1

ts(k)r
s +

1√
N
O
(( r

N

)R+1
)
.

If we apply the Taylor expansion to (3.15), neglecting the higher order terms, we obtain
the approximation

Y (ωk+r) =G0(e
jωk)U(ωk+r) +

(
R∑

s=1

gs(k)r
s

)
U(ωk+r)

+T (ejωk) +

R∑
s=1

ts(k)r
s + V (ωk+r).

(3.17)

To estimate the FRF, G0(e
jωk), from (3.17) the 2L neighboring frequencies of ωk are

used, that is r = −L, . . . , L.
Collecting the parameters G0(e

jωk), T (ejωk), the Taylor series coefficients gs(k)
and ts(k) in a vector

θ =
[
G0(e

jωk) T (ejωk) g1(k) · · · gR(k) t1(k) · · · tR(k)
]T
,

and their respective coefficients in a matrix KL for r = −L, . . . , L, (3.17) can be
written on vector form as

YL = KLθ + VL, (3.18)

where YL and VL are vectors with Y (k + r) and V (k + r), respectively, stacked for
r = −L, . . . , L.

e estimate ofG0(e
jωk) and the extra parameters are calculated by solving (3.18)

in a least squares sense. is is then repeated for all frequencies k = 0, . . . , N−1which
gives N local least squares problem to solve.
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e design parameters for the LPM are the number of neighboring frequencies, L,
and the order of the Taylor series expansionsR. To get more equations than unknowns
in the least squares problem, the number of neighboring frequencies has to satisfy
L ≥ R + 1. e optimal choice of these parameters depends on the true system.
However, in Schoukens et al. (2009) it is argued that in many cases a reasonable choice
is R = 2 and L = 3.

e local polynomial method has been analyzed in a series of papers (Pintelon
et al., 2010a,b; Schoukens et al., 2013). e method has been demonstrated to
provide superior accuracy on a number of problems compared to traditional smoothing
algorithms.

3.A Proof of Lemma 3.1

e proof is similar to the one found in Barenthin Syberg (2008) where the inverse
parameter covariance matrix is expressed in terms of the spectrum of the reference
signals and a feedback controller.

e columns of ψ(t, θ0), denoted ψT
i (t, θ0), can be written as

ψT
i (t, θ) = Fi(q)

[
u(t)
e(t)

]
,
[
H−1(q, θ) ∂G∂θi H−1(q, θ)∂H∂θi

]∣∣∣
θ=θ0

χ0(t). (3.19)

e transpose of (3.19) is

ψi(t, θ0) = (vecFT
i (q))

T (I⊗ χ0(t)) ,

and ψ(t, θ0) can be written as

ψ(t, θ0) =

ψ1(t, θ0)
...

ψn(t, θ0)

 = Γ(q) (I⊗ χ0(t)) . (3.20)

Inserting (3.20) into (3.4) and using Parseval’s theorem gives (3.5) which concludes
the proof.



Chapter 4

Input Design for Networked Systems

N  or structured systems consist of multiple subsystems interconnected
with feedback and open-loop connections. Contrary to the classical system

identification framework this class of system often contains measurable or known
disturbances. e known disturbances could for example be a reference signal or a flow
that is known from a neighboring process. As argued in Section 2.2, networked systems
are just a special case of a multiple-input multiple-output system and can as such
be identified with a standard prediction error method. From a system identification
perspective there is no difference compared to the classical setting, just append the
input vector, u(t), with the known disturbances and the results in Section 3.1 still
hold.

However, from an input design perspective things are different. e objective of
the input design is to shape the input signal so that as much information about the
system as possible is revealed in the outputs. e difference compared to the classical
setting is that not all input signals to the system can be shaped by the user since the
measurable disturbances are given by the current application.

Of course, the measurable disturbances could be seen as ordinary disturbances to
the system but with this approach not all information is used in the input design. In
this chapter we show how to use the information of the measurable disturbances in the
input design by allowing the input to be correlated with the measurable disturbances.
We show that the correlation can be implemented by using a feed-forward controller
from the measurable disturbance to the input during the experiment. e main
contribution of this chapter is to formulate the optimal input design problem to recover
the optimal feed-forward controller and the input to be used during the identification.

e outline of the rest of this chapter is as follows. In Section 4.1 we present
the networked systems considered in this thesis. A framework for input design of
networked systems is presented in Section 4.2. e framework is then applied to a
feed-forward control design problem in Section 4.3. In Section 4.4 the framework

45
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is applied to two simulation examples with practical applicability while Section 4.5
summarizes the chapter.

4.1 Networked Systems

e class of networked systems we consider in this thesis is shown in Figure 4.1. At
first glance, this structure seems quite restrictive. However, as we show in Example 4.1
and 4.2 this structure can represent a quite broad class of networked systems. e
input–output relation can be written as

y(t) = Gu(q)u(t) +Gv(q)v(t) +H0(q)e(t), (4.1)

where u(t) = [u1(t) · · · unu(t)]
T is the input vector, that is, the signals that the

user have control over to excite and control the system, v(t) = [v1(t) · · · vnv(t)]
represents the vector of measurable or known disturbances. ese could for example
be signals from other neighboring systems or reference signals that are known but the
user cannot alter during the experiment. e unmeasurable disturbances are denoted
e(t) = [e1(t) · · · eny(t)]

T and could for example be measurement noise or process
noise. Finally, y(t) = [y1(t) · · · yny(t)]

T are the measured outputs. A system on the
form (4.1) is called a system on networked form. In this chapter we use the following

Gu + +

Gv H0

u y

v e

Figure 4.1 Considered class of networked system.

assumptions: e unmeasurable disturbances, e(t), are assumed to be zero mean white
noises with covariance Λ0 = Diag(λ1, . . . , λny) while the measurable disturbances
are modeled as stationary stochastic processes with known spectral properties, that is,
v(t) can be written as

v(t) =M(q)s(t),

where s(t) is a zero mean Gaussian process with known covariance Σs. e spectrum
of v(t) can hence be written as Φv(ω) = M(ejω)ΣsM

T (e−jω). Furthermore we
assume that the disturbances v(t) are independent of the measurement noise e(t).
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In Example 4.1 and Example 4.2 two systems are given that can be fitted into
the networked form (4.1). e first example considers an interconnected system with
multiple subsystems.

Example 4.1 (Interconnected system)
e networked system in Figure 4.2 can be written on the form (4.1) as

y(t) =

 G1
1+G1

G3G1
1+G1

u(t) +
 G1

1+G1

G2
1+G1

G3G1
1+G1

G3G2
1+G1

 v(t) +
 W

1+G1
0

G3W
1+G1

1

 e(t).
e networked system has one input that the user can control, namely u(t), while

+ G1 + + G3 +

G2

u

v1 e2
y2

v2

W

−

y1

e1

Figure 4.2 Example of a network of interconnected subsystems.

v1(t) and v2(t) are the measurable disturbances given from for example other systems
operating in the plant. is is a common setup in many industrial problems. e
goal could be to identify the subsystems G1(q) and G3(q) and use the models for
a subsequent control design. e question is then how to excite the system so that
this identification is as good as possible, where we also take into account the known
properties of the measurable disturbance v(t).

e second example considers a feedback system where the reference signal is known
but cannot be affected during the experiment.

Example 4.2 (Reference feed-forward)
Consider the feedback system in Figure 4.3. e closed-loop system can be written on
networked form (4.1) as

y(t) =
G

1 +GF
ue(t) +

GF

1 +GF
r(t) +

1

1 +GF
e(t). (4.2)
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+ F + G +
r ec

ue e
y

−

Figure 4.3 Feedback with excitation

e system operates in closed loop with a given controller F (q) and a given and
known reference signal r(t). e reference signal can in this case be seen as a
measurable disturbance. A possible scenario could be that the operator has noted that
the production quality has degraded and suspects that something has happen with the
plant G(q). erefore the operator wants to estimate the system G(q) to re-tune the
controller F (q). During the system identification experiment it is possible to excite
the system by using the control signal ue(t). However, to keep production intact the
experiment should be carried out while the plant is still running in closed loop with the
given reference r(t). e objective of the input design could then be to find an input
signal that minimizes the variance of the control error during the experiment, that is,
disturbs the process as little as possible, while at the same time guaranteeing that the
identified model satisfies some quality constraints. Since the reference r(t) is known
it is possible to correlate the input ue(t) with r(t) during the experiment, using, for
example, a feed-forward controller.

System Identification

e objective is to identify the dynamics of the subsystems in the network with PEM as
described in Section 3.1.

e model set is given by Gu(q, θ), Gv(q, θ), H0(q, θ), where θ ∈ Rnθ is the
model parameter vector that we want to estimate and we assume that the true system
can be described by the model with a parameter vector denoted θ0. Further, it is
assumed that the identifiability conditions presented in Van den Hof et al. (2013)
are satisfied for this model structure and experimental conditions. Consequently, the
system is identifiable and can be consistently identified.

e model parameter vector estimated with PEM fromN data points of the inputs,
measurable disturbances and outputs is denoted by θ̂N . By using Lemma 3.1 and
appending the input vector with the white noise s(t) that generates the measured
disturbance, v(t), we can write the asymptotic (in N ) inverse covariance matrix of
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the estimated parameters

P−1 =

[
lim

N→∞
NE

{
(θ̂N − θ0)(θ̂N − θ0)T

}]−1

,

as

P−1 =
1

2π

∫ π

−π
Γ1(e

jω)(Λ−1
0 ⊗ Φχ0(ω))Γ

∗
1(e

jω) dω

+
1

2π

∫ π

−π
Γ2(e

jω)(Λ−1
0 ⊗ Λ0)Γ

∗
2(e

jω) dω,

(4.3)

where Φχ0(ω) is the spectrum of χ0(t) = [u(t)T , s(t)T ]T and

Γ1(q) =

(vecF
T
1 )T

...
(vecF T

nθ
)T

 , Γ2(q) =

 (vecL
T
1 )

T

...
(vecLT

nθ
)T

 ,
Fi =

[
H−1

0 (q, θ)∂Gu
∂θi

H−1
0 (q, θ)∂Gv

∂θi

]∣∣∣
θ=θ0

,

Li =
[
H−1

0 (q, θ)∂H0
∂θi

]∣∣∣
θ=θ0

,

(4.4)

Furthermore, from Section 3.1 we know that, asymptotically, the identified
parameter vector θ̂N lies within the set

ESI(α) =

{
θ : [θ − θ0]T P−1 [θ − θ0] ≤

χ2
α(nθ)

N

}
,

with probability α and where χ2
α(nθ) is the α-percentile of the χ2-distribution with

nθ degrees of freedom. is set is denoted the system identification set.

4.2 Input Design for Interconnected Systems

From (4.3) it is seen that the quality of the estimated parameters is affected by the signal
spectrum. us, by exciting the system with a suitable spectrum we can influence the
quality of the identified models. In the setting considered here we can control the input
u(t) and consequently design the spectrumΦu(ω). But since we can measure v(t) (and
consequently s(t)), we can correlate the input signal with the measurable disturbances
and thus influence Φus(ω).
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Optimal Input Design

e goal of the optimal input design is hence to find the spectra, Φu(ω) and Φus(ω),
such that the identified parameters satisfy some quality constraint while minimizing an
experimental cost function. e experimental cost function is denoted fcost(Φχ0(ω)).
e cost function to minimize could for example be input or output variance. For
simplicity, we require the objective function to be an affine function of the decision
variables. However, this covers many common cost functions in input design.

e optimal input design problem can be formulated as the following optimization
problem

minimize
Φχ0 (ω)

fcost(Φχ0(ω))

subject to ESI ∈ Eapp,

Φχ0(ω) ≽ 0, for all ω,

(4.5)

where the optimization variable is the parts of the spectrum that can be affected, that
is, Φu(ω) and Φus(ω). e last constraint ensures that the spectrum is realizable. e
constraint ESI ∈ Eapp guarantees that the identified parameters satisfy the application
requirements with high probability and can be approximated by an LMI, see Section 3.2.
With this approximation the optimization problem (4.5) is convex. However, it is still
hard to solve due to the optimization over the infinite dimensional spectrum, Φχ0(ω).
In this section we present a finite dimensional parametrization of the spectrum so
that the optimization problem (4.5) is convex in the new parametrization and that
is suitable for use in networked systems. is parametrization is one of the main
contributions of this chapter.

Parametrization of the Spectrum

In Section 3.3 we showed that two common ways to parameterize the spectrum in
the open-loop case is to use a finite dimensional parametrization or to use a partial
correlation parametrization. In this section we only consider the partial correlation
parametrization.

As argued in section 3.3, this parametrization is not directly applicable to the
networked input design problem. e difficulty is that in this problem formulation, the
spectrum of the disturbance v(t) cannot be designed since it is given by the application.
e partial correlation approach only guarantees that an extension of the generalized
moments exists, not that the extension exactly corresponds to the given properties of
the external signal v(t). e approach would be applicable if we were able to design the
spectrum of the disturbance v(t). However, the partial correlation approach has been
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(a) Feedback
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(b) Feed-forward

Figure 4.4 e relation between the inputu(t) in the closed-loop case and the feed-forward
case.

extended to closed-loop optimal input design (Hildebrand et al., 2010) and recently to
the MIMO case in Hildebrand and Gevers (2013) and Hildebrand et al. (2014). Here,
we show that the networked input design problem can be seen as a non-trivial special
case of the closed-loop optimal input design problem.

Closed-loop Input Design

Consider the closed-loop setup in Figure 4.4(a). In closed-loop input design the
objective is to design the input u(t) to be used during the experiment. However, since
y(t) can be measured and used in feedback it is possible to correlate the input, u(t),
to the noise v(t). To this end, the controller K(q) and the spectrum of the reference
signal r(t) is designed such that u(t) = −K(q)y(t) + r(t). It is possible to work
interchangeably with the pair (Φu(ω),Φuv(ω)) or the pair (K(q), Φr(ω)) since there
is a one-to-one relation between them,

Φu(ω) = (I +KG0)
−1 (Φr(ω) +KΦv(ω)K

∗) (I +KG0)
−∗,

Φuv(ω) = −(I +KG0)
−1KΦv(ω).

Input Design for Feed-forward Control

In the input design problem for networked system on the form (4.1) it is necessary to
find conditions such that Φu(ω) and Φuv(ω) corresponds to a realizable experiment.
is is equivalent to design the controller K(q) and the spectral properties of r(t) if

u(t) = −Kv(t) + r(t),
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since this gives
Φu(ω) = KΦv(ω)K

∗ +Φr(ω),

Φuv(ω) = −KΦv(ω).

is is the setting shown in Figure 4.4(b). From a signal perspective, it is seen
that the considered problem in Figure 4.4(b) corresponds to the closed-loop case in
Figure 4.4(a) whenG0 = 0,H0 = −M and where the disturbance v(t) plays the role
of the measurement noise in the closed-loop case. is main observation is summarized
in the following proposition.
Proposition 4.1 If G0 = 0 and H0 = −M in the closed-loop setup in Figure 4.4(a),

u(t) = (I +KG0)
−1r(t)− (I +KG0)

−1KH0s(t),

then the signal properties of the input signal correspond to the feed-forward case

u(t) = r(t) +KMs(t) = r(t) +Kv(t).

Consequently, given a controller K(q) and a spectrum Φr(ω), the corresponding Φu(ω)
and Φus(ω) define a realizable experiment.

Hence, we can use existing results from closed-loop optimal input design to
guarantee that the spectra in the optimization can be realized by a reference signal
with spectrum Φr(ω) and a, in this case, feed-forward controller K(q) with u(t) =
−K(q)y(t) + r(t) = K(q)v(t) + r(t).

The Partial Correlation Approach for Feed-forward Input Design

In this section, we show how the partial correlation approach from the closed-loop
optimal input design (Hildebrand and Gevers, 2013) can be used for input design for
networked systems. Again the generalized moments defined in (3.11) are used

mk =
1

2π

∫ π

−π

1

|D(ejω)|2
Φχ0(ω)e

jkω dω, (4.6)

where D(z) =
∑m

l=0 dlz
l is such that the coefficients are real, obey dm ̸= 0 and

has all its roots outside the closed unit disc. Note that all mk are real and satisfies
m−k = mT

k .
We assume that the model structures of Gu(q, θ), Gv(q, θ) and H0(q, θ) are

rational, and by choosingD(z) as the least common denominator of Γ1(z) and Γ2(z)
defined in (4.4), P−1 is affine in the generalized moments m0,m1, . . . ,mn, see
Section 3.3. Many common cost functions in input design can be written as linear
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functions of the generalized moments. In Example 4.3 it is shown how the minimum
input variance can be expressed in the general moments. Hildebrand and Gevers (2013)
gives more examples of cost functions that can be used in this framework.

Example 4.3 (Input signal variance)
e input signal variance in the single-input single-output case can be expressed in the
generalized moments mk defined in (3.11) as

Varu(t) =
1

2π

∫ π

−π
Φu(ω) dω =

1

2π

∫ π

−π

[
1
0

]
Φχ0(ω)

[
1 0

]
dω

=
1

2π

∫ π

−π
|D(ejω)|2

[
1
0

]
Φχ0(ω)

|D(ejω)|2
[
1 0

]
dω

=

n∑
k=−n

δk

[
1
0

]
mk

[
1 0

]
,

where δk are the coefficients of the polynomial |D(z)|2, that is, |D(z)|2 =
∑n

−n δkz
k.

Both the cost function fcost(Φχ0) and the application cost function in the input
design optimization problem (4.5) can hence be written as affine functions of the
generalized moments. e final step to be able to write the complete optimization
problem as an SDP in the finite number of generalized moments, is to find an convex
classification of the set of all sequences of moments m0, . . . ,mn that corresponds to a
realizable experiment design. at is, the generalized moments corresponds to a feed-
forward controllerK(q) and a spectrumΦr(ω) that are realizable, or equivalently, that
implies that Φχ0(ω) ≽ 0 for all ω. In Hildebrand and Gevers (2013), a semidefinite
description of this set is given. Here we give a brief summary of the results.

A Semidefinite Set of Realizable Experiments

Partition the sequence (m0,m1, . . . ,mn) of (nu + nv) × (nu + nv) matrices
m−k = mT

k into 4 blocks mk,11, mk,12, mk,21,mk,22 corresponding to the partition
of Φχ0(ω) into Φu(ω), Φus(ω), Φsu(ω) and Σs. e sequence (m0,m1, . . . ,mn)
is then extendable with (mn+1,mn+2, . . .), so that the complete sequence defines a
valid experiment, if the following three conditions hold

1. mk,22 =
1
2π

∫ π
−π

Σs

|D(ejω)|2 e
jkω dω for k = −n, . . . , n.
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2.
∑m

l=0 dlmk−l,21 = 0 for k = 1, . . . , n, where dl are the coefficients in the
polynomial D(z) =

∑m
l=0 dlz

l.

3. e symmetric Toeplitz matrix

Tn =

 m0 · · · mT
n−1

...
. . .

...
mn−1 · · · m0

 , (4.7)

is positive semi definite.

A proof can be found in Hildebrand and Gevers (2013).

The Complete Optimization Problem

e complete optimal input design optimization can now be written as

minimize
m−n,...,m0,...mn

n∑
k=−n

tr(Ckmk)

subject to
N

κ
P−1 ≽ γV′′

app(θ0),

mk,22 =
1

2π

∫ π

−π

Σs

|D(ejω)|2
ejkω dω, k = −n, . . . , n,

m∑
l=0

dlmk−l,21 = 0, k = 1, . . . , n,

Tn ≽ 0,

(4.8)

where Ck are constant matrices and P−1 is an affine function of the generalized
moments mk. Problem (4.8) is an SDP that can be solved efficiently using numerical
software, see Boyd and Vandenberghe (2004).

e constraint N
κ P

−1 ≽ γV′′
app(θ0) guarantees that the application requirements

are satisfied as discussed in Section 3.2. A few different application cost functions are
considered in the remainder of this chapter.

Generating the Input Signal

Solving the optimization problem (4.8) gives us the optimal moments m0, . . . ,mn.
e problem is then to find the corresponding feed-forward controller K(q) and the
spectrum Φr(ω) from these matrices necessary to be able to realize the signal u(t).
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In the case when the optimal designed Tn (4.7) is positive definite the spectrum
can be recovered by

Φχ0(ω) = |D(ejω)|2A(ejω)−∗A(0)A(ejω)−1,

where A(z) = U(z)T−1
n UT (0) and U(z) = [znI · · · z0I]. e input spectrum

Φu(ω) and the cross spectrum Φus(ω) can be recovered from the corresponding
blocks of Φχ0(ω). Finally the feed-forward controller K(ejω) and the spectrum of
the exogenous input Φr can be found from

K(ejω) = Φus(ω)M(ejω)−1Σ−1
s ,

Φr(ω) = Φu(ω)−K(ejω)M(ejω)ΣsM
∗(ejω)K∗(ejω).

e experiment should then be performed with

u(t) = r(t) +K(q)v(t),

where r(t) is a realization of the spectrum Φr(ω) and can be found by for example
filtering white noise through the stable spectral factor of Φr(ω), see for example
Söderström (2002).

If Tn is singular, the calculations become more involved and are omitted here. See
Hildebrand et al. (2014) for complete details on how to recover the controller and the
spectrum in this case.

The Unknown True System

To find the optimal input signal the true parameters of the system, θ0, are needed. is
dilemma appears in most optimal input design problems. A common solution to this
is to use adaptive or iterative input design. is topic was discussed in more details in
Section 2.3.

4.3 Application to Feed-forward Control Design

Much work has been focused on input design when the identified model is to be used
in a feedback control application. However, many industrial control systems do not
only use feedback but also feed-forward control. e idea is to measure a disturbance,
predict its impact on the plant and then try to compensate for it with the input signal.
Compensating for measurable disturbances can potentially improve the performance
considerably.
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In this section the framework for input design for networked systems is applied
to the feed-forward controller design problem. We show that this is just a special case
of a networked system and the framework presented in Section 4.2 can be applied.
Mainly, we will consider the case when the subsystems are low order FIR-systems since
this makes it possible to solve the corresponding optimization problem analytically.

Consider the system in Figure 4.5. e objective is to design a feed-forward

+ Gu +

Gv

+

Ff

u

v

y
e

Figure 4.5 e considered system. e identification setup without feed-forward filter (Ff )
and application setup with feed-forward filter.

controller Ff in Figure 4.5 to suppress the effect of the measurable disturbance in y(t).
However, the dynamics of the subsystems Gv(q) and Gu(q) are assumed unknown
and need to be identified. e identified model is then used to design a feed-forward
controller to counteract the influence of the measured disturbance v(t) on the output
y(t). e input signal used during the identification experiment is such that with high
probability it can be guaranteed that the feed-forward controller, designed from the
identified models, satisfies some disturbance rejection requirements. is problem is
related to the work Hildebrand and Solari (2007) where input design for minimum
variance control is considered.

e dynamics of the system can be written as

y(t) = Gu(q)u(t) +Gv(q)v(t) + e(t),

and is on networked form (4.1). e framework presented in Section 4.2 is thus
directly applicable. It is assumed in this section that the measurement noise e(t) and
the measurable disturbance v(t) are both zero mean white noise signals with variances
λ0 and λv, respectively.

Although the framework in Section 4.2 can be applied to general model structures
of the subsystems Gu(q) and Gv(q) and noises, low order FIR subsystems are studied
here. is allows us to gain some insight into the problem since the optimization
problem can be solved analytically.
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First order FIR subsystems

e two subsystems are assumed to be first order FIR-systems, that is,

Gu(q, θ0) = 1 + b0q
−1, Gv(q, θ0) = 1 + h0q

−1,

e parameters θ =
[
b h

]T are identified and then used to design a minimum output
variance feed-forward controller, Ff (q).

e output due to the disturbance v(t) when the feed-forward controller is used
is given by

y(t) = Gv(q)v(t) +Gu(q)Ff (q)v(t) = (Gv(q) +Gu(q)Ff (q)) v(t).

e minimum output variance feed-forward controller is then given by

Ff (q) = argmin
Ff

E
{
((Gv(q) +Gu(q)Ff (q)) v(t))

2
}

= argmin
Ff

E
{((

1 + h0q
−1 + (1 + b0)q

−1Ff (q)
)
v(t)

)2}
,

and is on the form

Ff (q, θ) =
c0 + c1q

−1

1 + a0q−1
, (4.9)

where the constants c0, c1 and a0 are functions of the parameters of the true system h0
and b0. If G(q) is minimum phase then obviously Gu should be inverted in the feed-
forward filter and then multiplied with Gv, as this gives zero output variance. In the
non-minimum phase case, sinceGu is not stably invertible, the output variance cannot
be made zero by the feed-forward controller. In this case it is known from minimum
variance control that the non-minimum phase zero should be mirrored with respect to
the unit circle before the system is inverted, see for example Åström and Wittenmark
(1984). e optimal parametrization of the feed-forward controller (4.9) is thus

[
c0 c1 a0

]
=


[
1 h0 b0

]
if |b0| < 1[

h0b20+b0−h0

b30

h0

b20

1
b0

]
if |b0| > 1.

However, the parameters b0 and h0 needed to design the controller are unknown and
need to be identified. e objective of the system identification is to find an estimate θ̂N
such that when they are used to design a feed-forward controller Ff (q, θ̂N ) the output
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variance due to the disturbance is less than 1/γ. us all acceptable parameters, θ,
satisfies

E
{
((Gv(q, θ0) +Gu(q, θ0)Ff (θ))v(t))

2
}
≤ 1

γ
,

and the application cost is

Vapp(θ) = E
{
((Gv(q, θ0) +Gu(q, θ0)Ff (q, θ))v(t))

2
}

=
1

2π

∫ π

−π

∣∣Gv(e
jω, θ0) +Gu(e

jω, θ0)Ff (e
jω, θ)

∣∣2 λv dω. (4.10)

e set of acceptable parameters can consequently be written as

Θapp =

{
θ : Vapp(θ) ≤

1

γ

}
.

e objective of the identification is hence to find an estimate of the parameters
that lies within the set Θapp with high probability. During the experiment we would
like to use as little input energy as possible. Using the application oriented input design
framework shown in Section 3.2 the optimization problem (4.8) is now

minimize
Φχ0 (ω)

∫ π

−π
Φu(ω) dω

subject to
N

κ
P−1 ≽ γV′′

app(θ0),

Φχ0(ω) ≽ 0, for all ω,

(4.11)

where the spectrum Φχ0(ω) is given by

Φχ0(ω) =

[
Φu(ω) Φuv(ω)
Φ∗
uv(ω) λv(ω)

]
.

To get a computationally tractable optimization problem we introduce the gen-
eralized moments as proposed in Section 4.2. It is now possible to write the inverse
covariance matrix of the estimates, P−1, from (4.11) as

P−1 =
1

2π

∫ π

−π
Γ1(e

jω)(λ−1
0 I⊗ Φχ0(ω))Γ

∗
1(e

jω) dω =
1

2πλ0

∫ π

−π
Φχ0(ω) dω.

e polynomial D(z) is selected as the least common denominator of Γ1 and
hence D(z) = 1. e generalized moments (3.11) are now given by

mk =
1

2π

∫ π

−π
Φχ0(ω)e

jωkdω,
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and the inverse covariance matrix can be expressed in the generalized moments as

P−1 =
1

2πλ0

∫ π

−π
Φχ0(ω) dω =

1

λ0
m0.

Furthermore, we can write the input variance as

1

2π

∫ π

−π
Φu(ω) dω =

[
1 0

]
m0

[
1
0

]
= m0,11.

If we use the framework in Section 4.2, the spectrum constraint Φχ0(ω) ≽ 0 holds if
the generalized moments satisfy the following conditions:

• m0,22 =
1
2π

∫ π
−π

λv

|D(ejω)|2 dω = λv.

• T1 = m0 ≽ 0.

e optimization problem (4.11) becomes

minimize
m0

m0,11

subject to
N

κλ0
m0 ≽ γV′′

app(θ0),

m0,22 = λv,

m0 ≽ 0.

(4.12)

Remark 4.1 Since V′′
app is positive semi definite N

κλ0
m0 ≽ γV′′

app(θ0) implies that
m0 ≽ 0.

Remark 4.2 In the FIR-case the generalized moments corresponds to the autocorrela-
tion function at different lags of the signals, that is,

mk =

[
ru(k) ruv(k)
rvu(k) rv(k)

]
,

where ru(k) = E {u(t)u(t− k)}, rv(k) = E {v(t)v(t− k)} and ruv(k) =
E {u(t)v(t− k)}.
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Minimum Phase System

First we consider the case when the true system, G(q, θ0), is a first order FIR filter
with a minimum phase zero, that is |b0| < 1. e application cost (4.10) can now be
calculated, for example with residue calculus, as

Vapp(θ) =
c2 + d2 − 2cdb

1− b
λv,

where c = h0 − h+ b− b0 and d = h0b− hb0. e Hessian is readily given by

V′′
app(θ0) = 2λv

[
p −1
−1 1

]
,

where

p =
h20 − 2h0b0 + 1

1− b20
.

e optimization problem (4.12) can be written as

minimize
ru(0),ruv(0)

ru(0)

subject to
N

λ0κ

[
ru(0) ruv(0)
ruv(0) λv

]
≽ γλv

[
p −1
−1 1

]
.

(4.13)

e optimization problem (4.13) can be solved analytically, see Wahlberg and
Rojas (2012) for details. e optimization problem (4.13) is feasible if

N

λ0κ
− γ ≥ 0, (4.14)

and the optimal solution is given by

ru(0) =
γλ0λvκp

N
, ruv(0) = −

γλ0λvκ

N
. (4.15)

From expressions (4.14) and (4.15) we make the following observations:

• To guarantee that the identified parameters satisfy the application requirement
with high probability α, we require N

λ0κ
− γ ≥ 0. Hence the highest

possible achievable accuracy for a given noise variance, experimental length and
probability is

γ ≤ N

λ0κ
.
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Or conversely, to achieve a certain accuracy the experimental length need to
satisfy

N ≥ γλ0κ.

ese requirements stems from the fact that we require a certain accuracy on
the estimated parameter h0. Since the only subsystem containing h0 is Gv and
Gv is only excited by the disturbance, that cannot be directly affected, a certain
noise variance and experimental length is needed to achieve a certain accuracy.
is observation holds in general when certain subsystems only are excited by
the measurable disturbance and not the input u(t).

• As expected the required input power during the identification increases with
higher probability (larger κ), higher noise variance (larger λ0) and tighter
application requirements (larger γ), while increasing the experimental length,
N , reduces the required power.

• It is not obvious that the required input power is proportional to the disturbance
variance. One might think that a higher variance of v(t) could help identifying
the parameters corresponding to the disturbance filter, Gv and hence yields a
smaller required accuracy in the identification of Gu, consequently requiring
less power in u(t). While it is true that a higher power of the disturbance makes
the identification of Gv more accurate, the application cost is also proportional
to λv. Hence higher accuracy is needed to be able to satisfy the application
requirements.

• e required input power is proportional to p. e constant p captures the effect
of the underlying system,

p =
h20 − 2h0b0 + 1

1− b20
=

(h0 − b0)2

1− b20
+ 1 ≥ 1.

Hence a lower bound on the required input power is given by

ru(0) ≥
γλ0λvκ

N
.

• If the two systems are equal, that is, b0 = h0, then p = 1. us the lower
bound on the input power is achieved if the two systems are equal. In system
identification of structured systems it is recognized that it could be hard to
identify subsystems which are equal, see for example Wahlberg et al. (2009) or
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Hägg et al. (2011b). However, in this particular scenario this is not the case. If
h0 and b0 are very far from each other p is large and the required power is large.
Furthermore it can be seen that if b0 is close to±1 then high power is required.
is is expected since we invertGu in the feed-forward filter and in this case the
pole of the inverted system is close to the stability margin and a high accuracy
is needed to guarantee a stable inverse model.

• If it is known beforehand that the two subsystems are equal this should of course
be taken into account. In this case the feed-forward filter becomesFf = −1 and
is independent of the identified parameters. Hence it is not necessary to perform
any system identification.

• e optimal input signal should always be negatively correlated with the
disturbance and be

ruv(0) = −
γλ0λvκ

N
,

independent of the underlying system.

Non-Minimum Phase System

Next, we consider the case whenGu is first order FIR filter with a non-minimum phase
zero, that is, |b0| > 1. e optimal feed-forward controller on the form (4.9) is now

Ff (q, θ) =
(hb2 + b− h)q + hb

b2(bq + 1)
.

Even if we know the parameters of the true system when designing the optimal feed-
forward controller, the output variance is not in general zero. e smallest possible
variance, when the true subsystems are known, is given by

Vmin =
(b20 − 1)(b0 − h0)2

b40
.

e application cost is shifted accordingly to satisfy Vapp(θ0) = 0, that is,

Vapp(θ) = E
{
((Gv(θ0) +Gu(θ0)Ff (θ))v(t))

2
}
− Vmin ≤

1

γ
.

Note that 1/γ does no longer correspond to the highest acceptable variance but is now
a bound on how much higher the variance can be when using the identified parameters
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instead of the true parameters to design the feed-forward controller. We redo the same
calculations as in the minimum phase case. If

N

λ0κ
− γ b

4
0 − b20 + 1

b40
≥ 0,

is satisfied then the optimal input signal is

ru(0) =
γλ0λvκ

N
p2,

ruv(0) = −
γλ0λvκ

N

h0(b
4
0 − 3b20 + 4) + 2b30 − 3b0

b50
,

where

p2 =
h20(b

6
0 + 16b20 − 6b40 − 10)

b60(b
2
0 − 1)

+
h0(4b

5
0 − 18b30 + 12b0) + 4b40 − 3b20

b60(b
2
0 − 1)

.

(4.16)

Many of the observations for the minimum phase setting also hold in this case.
e differences are:

• To achieve a certain accuracy the experimental length must satisfy

N ≥ γλ0κ
b40 − b20 + 1

b40
.

• e required input power is proportional to p2 defined in (4.16). If |b0| → ∞,
for a fixed h0, then

p2 → 0 ⇒ ru(0)→ 0.

us, the larger the value of b0 the less input power is required to achieve a
certain accuracy.

• If b0 = h0 then

ru(0) =
γλ0λvκ

N

b40 − b20 + 1

b40
,

ruv(0) = −
γλ0λvκ

N

b40 − b20 + 1

b40
.

• If |b0| → 1 then ru(0)→∞. e pole of the feed-forward filter is then close to
the stability margin and it is required thatGu is correctly classified as minimum
phase or as non-minimum phase. us high accuracy and consequently high
input power is needed.
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Signal generation

When the optimal correlations have been found from the optimization problem, the
next step is to realize the input signal. e algorithm in Section 4.2 can be used but
in this simple case the solution can be found by direct calculations. We only show
the minimum-phase case as the calculations for the non-minimum phase case are
analogous. From the optimal correlations (4.15) the input signal can be generate with
a feed-forward controller K and an excitation signal r(t) as

u(t) = Kv(t) + r(t).

If r(t) is white Gaussian noise and K is a constant then

ru(0) = K2λv + λr, ruv(0) = Kλv.

Solving for K and λr gives

K =
ruv(0)

λv
= −γλ0κ

N
,

λr = ru(0)−K2λv = λv

(
γλ0κp

N
− γ2λ20κ

2

N2

)
≥ 0,

where the last inequality is due to N ≥ γλ0κ which is required to have a feasible
optimization problem.

White Noise Input

It is interesting to compare the results to the case when only a white input signal,
uncorrelated with the measurable disturbance v(t), is used during the experiment.
is corresponds to ruv(0) = 0. Now the optimization problem becomes

minimize
ru(0)

ru(0)

subject to
N

λ0κ

[
ru(0) 0
0 λv

]
≽ γλv

[
p −1
−1 1

]
,

(4.17)

with optimal input

ru(0) =
γλ0λvκp

N
+

γ2λ20κ
2λvp

N(N − γλ0κ)
.
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Figure 4.6 A building with 6 rooms illustrating two of the heat transfer coefficients k12
and k5.

If we compare this to the case with correlated input (4.15), the required power is

γ2λ20κ
2λvp

N(N − γλ0κ)
,

larger. e difference decays as 1/N2 so for large N one could instead use an input
signal uncorrelated with v(t).

4.4 Simulation Examples

In this section we apply the framework for input design for interconnected systems to
two simulation examples with practical application. e first example is a feed-forward
control design problem for a temperature control system in a house while the second
example is a closed-loop control example with a given reference.

Building Temperature Control

e first example considers the problem of controlling the temperature in a building
using radiators. e building consists of multiple rooms with heaters (or air condition-
ers) to control the temperature. To model the system we use a simplified version of the
model given in Glad and Ljung (2000), but extended to the MIMO case.

e control signals, ui(t), are the temperature of the radiator in each room, and the
state xi(t) is the temperature in room i around some operating point. e temperature
in room i is influenced by the outside temperature, v(t), due to heat transfer in the
walls with heat transfer coefficient ki. Furthermore, the change in temperature in one
room also depends on the temperature in neighboring rooms due to heat transfer.
We denote the heat transfer coefficient between room i and j by kij = kji and the
coefficient is zero if the two rooms are not adjacent to each other. An example building
is illustrated in Figure 4.6. It is assumed that the outside temperature is the same outside
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every room. Furthermore, a thermometer is fitted outdoors and it is assumed that this
outside temperature can be measured perfectly.

By using heat balance around an operating point, we can describe the system as

xi(t+ 1) = xi(t) +

r∑
j=1

kij (xj(t)− xi(t))

+ ki (v(t)− xi(t)) + ciui(t),

yi(t) = xi(t) + ei(t), i = 1, . . . , r,

where ei(t) is white independent measurement noise and r is the number of rooms.
To illustrate how to apply the proposed input design framework and to simplify

the notation, we consider the case when the house only consists of two rooms, that is,
r = 2. However, the framework can be applied to more general cases. Furthermore,
it is assumed that the outside temperature v(t) can be modeled as white noise with
variance λv. is assumption is unrealistic in practice since the temperature often is
highly correlated but it allows us to gain some insight into the problem.

e system can be written on standard networked form (4.1) as[
y1(t)
y2(t)

]
=

1

S1(q)S2(q)− k212

([
k1S2(q) + k12k2
k2S1(q) + k12k1

]
v(t)

+

[
c1S2(q) +c2k12
c1k12 c2S1(q)

] [
u1(t)
u2(t)

])
+

[
e1(t)
e2(t)

]
,

where Si(q) = q − 1 + k12 + ki.
e control application objective is to design a feed-forward filter, Ff (q), to

compensate for the variations in the outdoor temperature, that is, u(t) = Ff (q)v(t).
e optimal minimum variance feed-forward controller, that minimizes the sum of
the variance of the outputs due to changing outdoor temperature

Ff (q) = arg min
Ff (q)

E
{
∥(Gv(q) +Gu(q)Ff (q)) v(t)∥22

}
,

is given by Ff (q) = −G−1
u (q)Gv(q) if the resulting feed-forward controller is causal

and stable. is gives

Ff (q) = −G−1
u (q)Gv(q) = −

k1
c1

k2
c2

 . (4.18)
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However, the true parameters, θ = [k1, k2, k12, c1, c2]
T of the system are

unknown and they need to be identified to be able to design the controller. e goal of
the system identification experiment is to identify the parameters with such accuracy
that the feed-forward filter based on the identified parameters keeps the variance in the
indoor temperature due to changing outdoor temperature less than 1/γ, that is, the
application cost is

Vapp(θ) = E
{
∥(Gv(q, θ0) +Gu(q, θ0)Ff (q, θ)) v(t)∥22

}
≤ 1

γ
.

Note that the feed-forward controller does not depend on the parameter k12.
Hence the experiment could be such that this parameter is not identified. is shows
that depending on the application requirements, different accuracy of the parameters
in the identified model is needed.

We use the framework outlined in Section 4.2 to design an optimal experiment
that satisfies the application requirements. After some calculations, it can be shown
that the least common denominator of the gradient Γ defined in Section 4.1 is

D(z) =
(
(1− z(1− k1 − k12)) (1− z(1− k2 − k12))− k212z2

)2
.

If we define the generalized moments mk as in (3.11) the inverse parameter matrix,
P−1 can be written as a linear combination of mk, k = −4, . . . , 4.

e total input energy of u(t) can be written in terms of mk as

1

2π

∫ π

−π
tr (Φu(ω)) dω = tr

(
1

2π

∫ π

−π

|D(ejω)|2

|D(ejω)|2
Φu(ω) dω

)
=

4∑
k=−4

δk tr (mk,11) ,

(4.19)

where δk are the coefficients of |D(ejω)|2, that is, |D(ejω)|2 =
∑4

k=−4 δke
jωk. In a

similar, but more involved, way it is possible to write the output variance as a linear
combination of the generalized moments.

We can now formulate the optimal input design problem that either finds the
minimum input variance (save power) or the input signal that gives the lowest output
variance (best comfort inside) while satisfying the application constraints with high
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probability. e optimization problem (4.8) becomes

minimize
mk,k=−4,...,4

input or output energy

subject to
N

κ
P−1 ≽ γV′′

app(θ0),

mk,22 =
1

2π

∫ π

−π

λv
|D(ejω)|2

ejkω dω, k = 0, . . . , 4,

4∑
l=0

dlmk−l,21 = 0, k = 1, . . . , 4,

T5 ≽ 0.

ese two problems are s and can be solved efficiently using numerical
methods. We use the following system parameters: k1 = 0.5, k2 = 0.7, k12 = 0.3,
c1 = c2 = 1, λv = 1 and λ0 = 1. e experimental conditions are N = 1500,
γ = 100 and κ = 11.07 corresponding to at least 95% probability that the identified
model satisfies the application requirement. e two problems are solved with CVX,
a package for specifying and solving convex programs, see Grant and Boyd (2014).
is gives the optimal mk, k = −4, . . . , 4. In both cases the optimal T5 is singular
and it is necessary to use the results presented in Hildebrand et al. (2014) to recover
the feed-forward controller and the reference spectrum, Φr to be used during the
experiment. Carrying out the calculations gives Φr(ω) = 0 and it is therefore enough
to use u(t) = K(q)v(t) during the identification. e magnitudes of the optimal
feed-forward controllers K(q) for the two problems are shown in Figure 4.7.

We see that when we minimize the input variance, the optimalK(q) is a bandpass
filter, while for the output variance case the optimal feed-forward controller is a
constant

K(q) = −
[
0.5
0.7

]
.

is corresponds to the optimal feed-forward controller defined in (4.18) that gives
zero output variance in y(t) due to the measurable disturbance v(t). Using this feed-
forward filter during the identification gives

yi(t) = ei(t).

erefore, we cannot infer anything about the individual parameters k1, k2, k12, c1, c2
from the measurements. However, since we know that the subsystems,Gu andGv have
the same denominator, this information is enough to identify the ratio ki/ci, which is
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Figure 4.7 e magnitude of the optimal feed-forward filters, K(q), to be used during
the identification for the minimum input variance case from v to u1 ( ), from v to u2
( ) and the minimum variance output case from v to u1 ( ) and v to u2 ( ).

all the information we need to design our feed-forward controller. e reason to why
it is possible to identify this ratio is that if the true ki/ci differs from the one used in
the feed-forward filter used during the identification then the output is correlated with
the disturbance v(t) and this can be detected in the identification. Hence, as long as
we measure white noise uncorrelated with v(t) we know the ratio ki/ci.

For the minimum output variance case the output variance is zero when we use
the optimal feed-forward controller during the experiment. If we do not correlate the
input with the disturbance, that is, if we use K(q) = 0, the optimal cost is 1.56, that
is, the variance of the output is 1.56 during the experiment. Hence, in this case it is
beneficial to also include the knowledge of the disturbance in the input design.

e total variance of the optimal minimum variance input signals is 0.23. If we
solve the same problem but without correlating the input with the disturbance we
basically get the same cost. In this case, not much is gained by correlating the input
with the measurable disturbance during the experiment. But note that the results can
never be worse when we correlate the input u(t) with the measurable disturbance v(t).
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Reference Feed-forward

In this example we consider the feedback system with excitation shown in Example 4.2.
e system is

G(z) =
1 + bz−1

1 + az−1
,

and we use a P-controller, that is,

F (z) = C,

for a constant C.
e measurement noise e(t) is assumed to be zero mean white noise with unit

variance and the reference signal is given by the application and is modeled as

r(t) =
1 + c

1 + cq−1
s(t) ,M(q)s(t),

where s(t) is zero mean white noise with unit variance. We assume that the reference
signal and its spectral properties are known.

e objective in this example is to identify the parameters θ = [b, a]T of the plant
so that they satisfy Vapp(θ) = (b − b0)2 + (a − a0)2 ≤ 1

γ , where a0 and b0 are the
parameters of the true system. is corresponds to that the identified parameters lies
within a circle around the true parameters a0, b0 with radius

√
1/γ.

To this end, we design a system identification experiment running in closed loop so
that the variance of the control error ec(t) is minimized while the identified parameters
satisfy the application constraint. e closed-loop system is excited by the input ue(t)
and the given reference r(t) in Figure 4.3. Since the reference r(t) is known the input
can be correlated with the reference. Hence, in this example we see the reference signal
as a measurable disturbance. e system can be written in the form (4.1) by using (4.2).

e control error ec(t) can be written as

ec(t) =
1

1 + F (q)G(q)
r(t)− G(q)

1 + F (q)G(q)
ue(t)−

1

1 + F (q)G(q)
e(t),

and the variance that we want to minimize during the experiment is given by

fcost(Φχ0) =
1

2π

∫ π

−π

1

|1 + FG|2
[
−G(ejω) 1

]
Φχ0(ω)

[
−G∗(ejω)

1

]
dω,

where terms that depend on e(t) are neglected since both r(t) and ue(t) are
independent of e(t) and consequently the variance in ec(t) due to measurement noise
cannot be affected.
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Figure 4.8 e optimal cost as a function of the accuracy γ when u is correlated ( )
and uncorrelated ( ) with r(t).

e optimal input design problem can be expressed as an SDP using the framework
in Section 4.2. Again the resulting optimization problem is solved with CVX with the
following settings: a0 = −0.8, b0 = 1.4, c = −0.5,C = 3,N = 1000 and κ = 5.99
which corresponds to 95% probability that the application constraint is satisfied. e
accuracy γ is varied between 100 and 2000 and the optimal cost fcost(Φχ0) is shown
in Figure 4.8. For comparison Figure 4.8 also shows the optimal solution when the
input ue(t) in uncorrelated with the reference r(t).

e variance of the control error is about 10% lower for almost all γ when the
input is correlated with the reference signal. For γ . 700 the cost is independent of γ.
For low accuracy the application cost is satisfied when the closed-loop system is only
excited by the measurement noise and consequently it is not necessary to excite the
system with the reference r(t) and the input ue(t). us, if it was possible to cancel
the effect of the reference r(t) on the control error ec(t) using ue(t), the cost would
be zero. e feed-forward filter (ue(t) = Ff (q)r(t)) that minimizes the variance of
the control error ec(t) from the reference r(t) thus corresponds to the optimal H2
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controller that minimizes

min
Ff

∥∥∥∥ M

1 + FG
−

GFf

1 + FG

∥∥∥∥2
2

.

IfG(z) is minimum phase and proper then the optimal feed-forward filter is Ff (q) =
M(q)/G(q) and we can cancel the effect of the reference on the control error perfectly.
However, in the considered case, G(q) has a non-minimum phase zero and the cost is
non-zero. In the case when u(t) is uncorrelated with r(t) it is not possible to cancel
the effect of the reference on the control error and consequently the optimal input that
minimizes the control error is u(t) = 0.

For higher accuracy (higher γ) the excitation using the optimal H2 feed-forward
controller is no longer enough and the variance of the control error has to be increased
to have sufficient excitation of the system.

Finally, to verify that the design satisfies the application requirements, we perform
300 Monte Carlo simulations. In each Monte Carlo simulation the optimal input
signal is used to identify the parameters a and b. e settings are the same as before,
except that γ = 1000 is used. Recall that the application requirements are that the
identified parameters should lie within a circle of radius 1/√γ with 95% probability.
Figure 4.9 shows the resulting parameter estimates together with a circle with radius
1/
√
γ around the true parameters [a0, b0] = [−0.8, 1.4]. We see that out of the 300

parameter estimates 287 are within the circle and satisfy the application requirements.
is corresponds to that 96% of the estimates satisfies the requirements, close to the
desired 95%.

4.5 Summary

In this chapter we considered the problem of optimal input design for networked
systems. e main contribution was to present a framework for input design suitable
for networked systems were some of the inputs are known or measurable but cannot be
designed. e results were based on the observation that this case is a non-trivial special
case of closed-loop system identification and we use existing results. We showed how
to formulate a semidefinite optimization problem to find the optimal input signal.

e proposed framework was applied to feed-forward control design which is a
special case of a networked system. Simple FIR systems were studied to be able to solve
the resulting optimization problem analytically and some fundamental properties were
observed.
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Figure 4.9 Estimated parameters from 300 Monte Carlo simulation using the optimal
input signal ( ) and a circle showing the application requirements ( ).

Finally, it was shown how to use the framework in practice in two simulation
examples. e two simulations revealed some interesting observations about the
properties of the optimal input signal when used in networked identification.





Chapter 5

Signal Generation with Input and
Output Constraints

O  in input design, as seen in the previous chapter, the optimized quantity is not
a time realization of the input signal but instead the spectrum or autocorrelation.

To be able to apply the optimal input signal to the system we need to find a time
realization from the spectrum or autocorrelation. One common approach is to filter
white noise through a linear filter to get the correct correlation properties of the input
signal. However, with this approach it is often not possible to enforce input or output
constraints on the generated signal.

In many industrial applications it is vital to satisfy constraints on the input and
output during the experiment. Input amplitude constraints often come from actuator
saturations and input rate of change constraints are often introduced to prevent
excessive wear on the actuator. To keep the output within the constraint could be
safety critical or important to maintain high quality of the production.

In this chapter, we present a signal generation algorithm that handles both input
and output constraints. e method is an extension of the receding horizon idea to
signal generation presented in Rojas et al. (2007a). is work only considers binary
signals with no output constraints. Here we will extend the method to also handle
non-binary signals and output constraints.

e outline of this chapter is as follows. e constrained signal generation
problem is presented in Section 5.1 and the receding horizon solution is given in
Section 5.2. Section 5.3 shows how the corresponding optimization problem can be
solved numerically. e algorithm is summarized in Section 5.4 and the algorithm is
made adaptive in Section 5.5. e signal generation method is then applied to the
quadruple tank process in Section 5.6 while Section 5.7 summarizes this chapter.

75
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5.1 Problem Formulation

Consider a discrete time dynamic system

x(t+ 1) = A(θ)x(t) +B(θ)u(t) + v(t),

z(t) = C(θ)x(t),

y(t) = z(t) + e(t),

(5.1)

wherex(t) ∈ Rnx is the state vector,u(t) ∈ Rnu is the input, z(t) ∈ Rny is the output
of the system while y(t) ∈ Rny is the measured output with noise. Here we assume that
the noises v(t) and e(t) are zero mean, independent, identically distributed Gaussian
sequences. However, the framework presented in this chapter could be applied to more
general distributions of the noises. e only actual requirement is that it should be
possible to draw samples from the noise distributions. e vector θ ∈ Rnθ represents
parameters in the parametrization of the system and we assume that the true system
can be described by the model (5.1) with a parameter vector θ = θ0.

Furthermore, it is assumed that the parameters θ have a known probability density
function. is probability density function represents our prior knowledge of the
uncertainties in the system. One example on how to choose this probability density
function is illustrated in Example 5.1.

Example 5.1 (System with uncertainty)
Consider the single-input single-output (SISO) system on the form (5.1)

x(t+ 1) = θx(t) + 2u(t) + v(t),

z(t) = 3x(t),

y(t) = z(t) + e(t),

where the true system is described by θ0 = 1. Assume that the prior knowledge of the
system is that θ is between 0.9 and 1.3. en a natural probability density function,
describing this uncertainty is

θ ∼ U [0.9, 1.3] ,

where U [a, b] is the uniform distribution between a and b.
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Signal Constraint

e inputs and outputs of the system (5.1) are subject to constraints

u(t) ∈ U ,
z(t) ∈ Z,

(5.2)

where U ,Z are convex sets that represents the input and output constraints. e
constraints could for example be on the signal amplitude or rate-of-change which are
often encountered in practice.

In many cases, guaranteed satisfaction of the output constraints is very conserva-
tive. In fact, in the case of noise with unbounded support it is impossible to guarantee
any hard constraints on the output signal. erefore, a probabilistic constraint on the
output on the system z(t) is used, that is,

Pr {z(t) /∈ Z} ≤ ϵ.

is implies that the probability to violate the hard constraint (5.2) is less than ϵ.

Signal Generation

e objective is to generate a sequence of N samples of the nu input signals

u(t) =
[
u1(t) u2(t) · · · unu(t)

]T
,

with a prescribed autocorrelation

Rd(τ) = E
{
u(t)uT (t− τ)

}
, τ = 0, 1, . . . , nτ .

e desired autocorrelation could for example come from an optimal input design.
e generated input signals’ autocorrelation should match the desired autocorrelation
for nτ lags. e motivation for matching a fixed number of correlation lags is that in
many input designs problem only a finite number of correlation lags affect the result,
see for example Bombois et al. (2006) or Lindqvist and Hjalmarsson (2001).

By defining the (biased) sample autocorrelation at time t as

Rt(τ) =
1

t

t∑
i=τ+1

u(i)uT (i− τ), (5.3)
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we can formulate the input and output constrained signal generation optimization
problem

minimize
{u(t)}N−1

t=0

nτ∑
τ=0

∥RN (τ)−Rd(τ)∥2F ,

subject to x(t+ 1) = A(θ)x(t) +B(θ)u(t) + v(t),

z(t) = C(θ)x(t),

u(t) ∈ U ,
Pr {z(t) ̸∈ Z} ≤ ε,
t = 0, . . . , N − 1,

(5.4)

where ∥ · ∥F denotes the Frobenius norm. e signal generation hence corresponds
to solving a constrained, stochastic optimal control problem inN variables u(t). Two
complicating factors for solving the optimization problem (5.4) are:

1. e cost function is a quartic polynomial in the decision variables u(t), t =
0, . . . , N − 1. Furthermore, the number of decision variables N is potentially
large.

2. e chance constraint is in general non-convex even if the set Z itself is convex.

e two complications above make the optimization problem computationally in-
tractable. We therefore develop a more practical formulation of the problem in the
following sections.

5.2 Receding Horizon Signal Generation

In this section we relax the problem (5.4) into a computationally tractable optimization
problem. e first step is to reduce the number of decision variables by reformulate it
as a receding horizon problem.

Receding Horizon Formulation

Inspired by the MPC idea, a receding horizon formulation is used to form a more
tractable alternative to the signal generation problem (5.4). Instead of solving (5.4)
for the whole input sequence at once, we consider a smaller horizon to form a series of
optimization problems of smaller size.
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e sample autocorrelation (5.3) of the sequence u(t) can be written recursively
as

Rt(τ) =
t− 1

t
Rt−1(τ) +

1

t
u(t)uT (t− τ),

R0(τ) = 0.
(5.5)

We can formulate the receding horizon optimization problem to be solved at
sample time t as

minimize
{u(k)}Nu−1

k=0

n∑
τ=0

∥Rt+Nu−1(τ)−Rd(τ)∥2F ,

subject to x(k + 1) = A(θ)x(k) +B(θ)u(k) + v(k),

z(k) = C(θ)x(k),

x(0) = x̂(t),

u(k) ∈ U ,
Pr {z(k) ̸∈ Z} ≤ ε, k = 1, . . . , Ny.

(5.6)

Here, Nu is the input horizon and Ny is the output horizon, that is, how far into
the future we consider that the output should satisfy the constraints. e optimization
is performed over the whole input horizon, but only the first sample of the optimal
solution, u(0)⋆, is implemented, that is u(t) = u(0)⋆, and the optimization is
performed iteratively in receding horizon fashion. If the output horizon is longer than
the input horizon (Ny > Nu) then the input signal is considered zero over the rest
of the horizon, that is, u(k + Nu) = · · · = u(k + Ny) = 0. is approach can be
seen as an MPC with reference tracking of the desired autocorrelation while at the same
time satisfying input and output constraints of the considered system. Since the state
is typically not directly measurable, an estimate x̂(t) is used. e estimate of the state
usually comes with a probability density function and this can also be included in the
chance constraint.

e receding horizon formulation of the signal generation problem has reduced the
number of variables. However, it is still not straightforward to solve the optimization
problem (5.6) due to the non-convex chance constraints. We will shortly return to this
problem but first we look at the convergence of the algorithm for a few special cases.

Convergence of the Algorithm

For now we disregard the chance constraint by assuming that the system is perfectly
known, that is, no output noise acts on the system and the initial state and the
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parameters θ0 are exactly known. is allows us to look at the convergence of the
algorithm for some special cases. We will come back to the full problem shortly.

First consider the SISO case with the input horizon set to Nu = 1. e objective
function of (5.6) can then be written as

nτ∑
τ=0

∥Rt+Nu−1(τ)−Rd(τ)∥2F =

nτ∑
τ=0

(
t− 1

t
Rt−1(τ) +

1

t
u(t)uT (t− τ)−Rd(τ)

)2

,

which is a fourth order polynomial in the single variable u(t). e output constraints
in (5.6) can now be rewritten as time dependent amplitude constraints on u(t). Hence
the optimum to the receding horizon optimization problem (5.6) can in this special
case be found analytically by differentiating (5.2) with respect to u(t). e optimum
is attained either at the zeros of the derivative or at one of the boundaries of the
constraints on u(t). Since the derivative is a third order polynomial, there exists closed
form expressions for the zeros (Guilbeau, 1930).

It is possible to prove convergence of the algorithm with the above settings but
without the output constraints. We summarize the result in eorem 5.1.
Theorem 5.1 For a sequence u(t) generated with algorithm (5.6) with,Nu = 1, nu =
1,

Rd(0) = σ2,

Rd(τ) = 0, τ = 1, . . . , nτ ,

that is, generation of pseudo white noise with variance σ2, and

U = {u(t)| − umax ≤ u(t) ≤ umax, umax ≥ σ} ,
Z = Rny ,

it holds that

lim
t→∞

1

t

t∑
i=τ

u(i)u(i− τ) = Rd(τ), τ = 0, . . . , nτ .

Proof. See Appendix 5.A.
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While the above theorem only guarantees convergence of the algorithm for
generation of white noise with input constraints, simulations seem to suggest that the
algorithm converges for most autocorrelation sequences. Example 5.2 demonstrates
the convergence of the algorithm for a non-white sequence with and without output
constraints. In Larsson et al. (2013) Hägg et al. (2013) and Hägg et al. (2014) more
examples are given.

Example 5.2 (Convergence with constraints)
Consider the system

G(z) = 0.3z−1 + 0.425z−2 + 0.2125z−3 + 0.1875z−4.

e system is to be excited with an input with the prescribed autocorrelation

Rd(τ) = a|τ |, τ = 0, . . . , 50,

with a = −0.8. During the experiment it is necessary to keep the input within ±1.5
and the output within ±0.5. e experimental settings are N = 1000, Nu = 1
and Ny = 4. For reference we also consider the case without output constraints
(Ny = 0). e resulting outputs are shown in Figure 5.1. We see that the output
constraints are never violated for the first case while they are violated 60 times when the
output constraint is not considered in the algorithm. Furthermore, the input constraint
is never violated in either case. Figure 5.2 shows the error between the generated
correlation and the desired correlation at time t,

nτ∑
τ=0

|Rt(τ)−Rd(τ)|2. (5.7)

It is seen that the convergence to zero is similar in both cases. Hence, the algorithm
seems to converge when generating an AR(1)-process and the cost of imposing the
output constraints is low.

Randomized Algorithm

Let us now return to the full problem (5.6) with the non-convex chance constraints. In
this section we use the scenario approach (Calafiore and Campi, 2006) to approximate
the constraints. e central idea is to draw samples (scenarios) of the noise sequence,
system parameters, θ, and the initial state, x̂(0), and solve the optimization problem
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Figure 5.1 e output from the system in Example 5.2 for Ny = 4 (above) and Ny = 0
(below).
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Figure 5.2 e error (5.7) for the generated input signal in Example 5.2 without output
constraints, Ny = 0, ( ) and with output constraints, Ny = 4, ( ).

under these sampled constraints. Each scenario corresponds to a convex constraint
set on the input u(t). If a sufficiently large number of samples are used, the original
problem is satisfied with high probability. e accuracy of scenario based optimization
has been studied in for example Calafiore and Campi (2004) and Campi and Calafiore
(2009).

Assume that Ni independent and identically distributed samples of the process
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noise, v(k)(i), the initial state, x̂(0)(i) and the system parameters, θi, for i =
1, . . . , Ni, are drawn from their joint distribution. Each scenario is used to predict the
system trajectory for k = 1, . . . , Ny. e scenario based signal generation formulation
then becomes

minimize
{u(k)}Nu−1

k=0

n∑
τ=0

∥Rt+Nu−1(τ)−Rd(τ)∥2F

subject to x(i)(k + 1) = A(θ(i))x(i)(k) +B(θ
(i)
t )u(k) + v(i)(k),

z(i)(k) = C(θ(i))x(i)(k),

x(i)(0) = x̂(i)(t),

u(k) ∈ U ,
z(i)(k) ∈ Z. k = 1, . . . , Ny, i = 1, . . . , Ni,

(5.8)

e optimization problem (5.8) has nowNi+1 convex constraints on the input u(k).
However, many of the convex constraints are often redundant and we only need to
consider the most limiting constraints on u(t).

Sampling and Discarding

In the proposed randomized algorithm (5.8), the chance constraint is replaced by a
number of convex, deterministic constraints. is greatly simplifies the optimization.
However, it is possible that due to unlikely scenarios being drawn, the solution
might sometimes show unwanted behavior. Calafiore and Fagiano (2013) proposed
a sampling and discarding scheme for the scenarios to remedy this problem. e idea
is to remove a small number of the drawn scenarios according to some deterministic
removal rule. Unfortunately this typically increases the computational burden of the
algorithm and therefore becomes prohibitive for the problem considered here.

Another possibility is to instead of drawing samples from the complete distribu-
tions only draw samples from within, for example, a bounded 95% probability of the
distribution. For example if one parameter, θ, is Gaussian distributed with zero mean
and variance σ2, then drawing samples within the interval [−2σ, 2σ] gives about 95%
probability that the true θ is within this interval.

State Estimator

To be able to predict the state trajectory, we need an estimate of the current state.
Furthermore, to be able to draw scenarios, an estimate of the distribution of the state
estimate is also required. To this end, we use a state estimator to estimate the current
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state of the system and its distribution given data up to time t. For linear models with
Gaussian noise the standard Kalman filter (Kalman, 1960) is the mean square optimal
estimator. For non-Gaussian noises and non-linear systems other estimators, such as a
particle filter (Andrieu et al., 2010), could be used.

e estimated state from the Kalman filter is given by

x̂(s|s− 1) = Ax̂(s− 1|s− 1) +Bu(s),

P(s|s− 1) = AP(s− 1|s− 1)AT +Q,

K(s) = P(s|s− 1)CT (CP(s|s− 1)CT +R)−1,

x̂(s|s) = x̂(s|s− 1) +K(s)(y(s)−Cx̂(s|s− 1)),

P(s|s) = P(s|s− 1)−K(s)CP(s|s− 1),

for s = 0, . . . , t and where Q is the process noise covariance matrix,

Q = E
{
v(t)vT (t)

}
,

and R is the measurement noise covariance matrix

R = E
{
e(t)eT (t)

}
.

Running the Kalman filter generates an estimate of the current state x̂(t|t) and an
estimate of the error covariance of the estimated state P(t|t). ese can be used to
generate the samples of x̂(0)(i) needed for (5.8).

5.3 Numerical Solution to the Scenario Based Problem

e scenario based signal generation optimization problem (5.8) corresponds to
minimizing a multivariate fourth order polynomial with convex constraints. As shown
earlier, in the SISO case with input horizon Nu = 1, we can solve the optimization
problem (5.8) analytically. However, this is in general not the case. Here we show two
different approaches to numerically solve (5.8).

Convex Optimization

To solve the optimization problem (5.8) we need to find the global minimizer of a
real-valued, multivariate polynomial of degree four over an admissible set. In general,
this problem is non-convex and difficult to solve. However, recent developments on
optimization of polynomials over a set defined by polynomial inequalities offer a route
to a numerical solution to this problem (Lasserre, 2000). e theory is based on the
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theory of moments and representation of polynomials that are strictly positive on a
compact, semi-algebraic set. It is shown that a lower bound on the global optimal
value can be described by an convex LMI and by increasing the order of the LMI the
bound gets tighter and tighter. By letting the number of relaxation go to infinity the
bound converge to the global optimal value. However, it has been noted that in practice
the convergence is often very fast and therefore the theory has proven to be useful also
for numerical implementation. For a complete treatment of the theory and related
references the reader is referred to Lasserre (2000)

e price to be paid is that the size of the LMI relaxations quickly grows very large.
In fact, for a fixed number of polynomial variables n, the number of primal and dual
variables grow polynomially in O(δn) and O(δn), respectively, where δ is half the
polynomial degree.

Optimization softwares, such as GloptiPoly (Henrion et al., 2009) and SparsePOP
(Waki et al., 2008), are readily available to setup and solve the corresponding convex
optimization problem.

Cyclic Algorithm

Cyclic algorithms have been successfully applied to many signal generation problem.
For example in He et al. (2012) a cyclic algorithm is used to generate radar beam
patterns while in Jansson and Medvedev (2013) the algorithm is employed for stimulus
design for eye-tracking identification. Common to these applications is that the
complete sequence of the input signals is generated and they only consider input
constraints. Here, we use the cyclic algorithm in a new slightly different setting to
solve the receding horizon signal generation problem with both input and output
constraints.

To be able to fit our problem into the cyclic algorithm suggested in Stoica et al.
(2008), the optimization problem (5.8) is not directly solved but we instead consider
a related problem. Consider the cost function

min
{u(k)}Nu−1

k=0

∥R̃t+Nu−1 − R̃d∥2F , (5.9)

where R̃t+Nu−1 is a block Toeplitz matrix with first (block) row equal to[
Rt+Nu−1(0) Rt+Nu−1(1) · · · Rt+Nu−1(nτ )

]
,

and where R̃d is defined analogously. is cost functions satisfies
nτ∑
τ=0

∥Rt+Nu−1(τ)−Rd(τ)∥2F ≤ ∥R̃t+Nu−1 − R̃d∥2F .
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Note that the optimum of this cost function need not be the optimum of the original
problem. However, if the cyclic algorithm makes the cost of the right hand side small
then the cost of the original problem (on the left hand side) is also small. is can
be seen as a re-weighting of the original optimization problem such that it is more
important to match the correlation for small lags (small τ ) than for large lags.

Using the recursive form of the correlation matrices (5.5), the Toeplitz matrix can
also be written on recursive form as

R̃t+Nu−1 =
1

t+Nu − 1

(
(t− 1)R̃t−1 +ΦT

UΦU −Υ
)
,

where

ΦU =


u(t+Nu − 1)T 0

...
. . .

u(t− nτ )T u(t+Nu − 1)T

. . .
...

0 u(t− nτ )T

 ,

and Υ is a block Toeplitz matrix with first (block) row[∑−1
p=−nτ

u(t+ p)u(t+ p)T , . . . ,
∑−1

p=−1 u(t+ p)u(t+ p− nτ + 1)T , 0
]
.

e complete optimization problem (5.9) can be written on recursive form as

min
{u(k)}t+Nu−1

k=t

∥∥∥∥ 1

t+Nu − 1

(
(t− 1)R̃t−1 +ΦT

UΦU −Υ
)
− R̃d

∥∥∥∥2
F

.

By rescaling this problem, the optimization at each time, t, is

minimize
{u(k)}t+Nu

k=t

∥ΦT
UΦU − Z(t)∥2F

subject to u(k) ∈ Ut+k, k = 0, . . . , Nu − 1,

(5.10)

where we have rewritten the input and output constraints as time variable input
constraints to shorten the notation. Note that

−Z(t) = (t− 1)R̃t−1 −Υ− (t+Nu − 1)R̃d,

only depends on the previous inputs up to the current time t.
e idea of the cyclic algorithm for solving optimization problems on the form

(5.10) is the following. If Z(t) is a positive semidefinite matrix then the class of signals
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{u(k)}t+Nu
k=t that satisfy ΦT

UΦU = Z(t) is given by ΦT
U = Z1/2(t)UT , where U is an

arbitrary unitary matrix (UTU = I) and Z1/2(t) is a Hermitian square root of Z(t).
e optimization problem (5.10) can then be reformulated as

minimize
{u(k)}t+Nu

k=t ,U
∥ΦU −UZ1/2(t)∥2F

subject to u(k) ∈ Uk, k = 0, . . . , Nu − 1,

UTU = I.

(5.11)

is problem is still non-convex. However, for a fixedU it is straightforward to find the
optimal {u(k)}t+Nu

k=t and vice versa for a fixed {u(k)}t+Nu
k=t it is straightforward to find

the optimal U. e idea is to alternate between solving for {u(k)}t+Nu
k=t and U while

we keep the other variable fixed. is is repeated until convergence. One can show that
if the cost function for this optimization problem is small then the cost function for
the original problem is small. For more details and properties of this cyclic algorithm
we refer to Tropp et al. (2005). e steps in the cyclic algorithm are:

Step 0: Initialize U to an arbitrary matrix.

Step 1: Find the vector {u(k)}t+Nu
k=t that minimizes (5.11) forU fixed. SinceΦU is an

affine function of {u(k)}t+Nu
k=t the problem becomes a quadratic optimization

problem with convex constraints. is can be solved efficiently and accurately
for large problem sizes using numerical optimization.

Step 2: For {u(k)}t+Nu
k=t fixed, find a unitary U that minimizes (5.11) disregard-

ing the constraints. By defining the singular value decomposition (SVD) of
Z1/2(t)ΦT

U = ŪΣŨT , the optimal solution is given by Uopt = ŨŪT .

Step 3: Check if the solution satisfies the stopping criterion, if not, goto Step 1.

e algorithm alternates between solving the two simpler problems in step 1 and 2.
Since this only involves solving a quadratic optimization problem and an SVD it is
possible to solve relatively large problems on a standard computer.

Non Positive Semidefinite Z(t)

e matrix Z(t) is required to be positive semidefinite but this cannot be guaranteed
when using the proposed cyclic algorithm. erefore, Z(t) is first projected onto the
space of positive semidefinite matrices, that is, we find

Z+(t) = argmin
X∈S+

n

∥X− Z(t)∥,
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where S+
n is the set of square positive semidefinite matrices. is projection is easily

done with spectral decomposition (Henrion and Malick, 2012). Consider Z(t) =
VDiag(λ1, . . . , λn)V

T , where λ1, . . . , λn are the eigenvalues of Z(t) and V is the
corresponding matrix of eigenvectors. e projection can then be written

Z+(t) = VDiag(max(0, λ1), . . . ,max(0, λn))V
T ,

and Z+(t) replaces Z(t) in the relevant expressions.

Termination

Here we choose the stopping criterion to when the relative error of the cost between
two iterations is smaller than a certain threshold ϵ.

Comparison

e two methods outlined in this section have different advantages and disadvantages.
For the SDP relaxation method it is possible to find the global optimum to the
constrained polynomial optimization problem. However, the number of variables in
the relaxed problem grows exponentially with the length of the input horizonNu and
the number of inputs, nu. Due to memory limitations it is therefore only feasible to
solve problems where nuNu is in the order of 10 on a standard desktop computer.

With the cyclic algorithm on the other hand it is possible to solve larger problems.
In each iteration we need to calculate one SVD of a real matrix of size (nτ +1)nuNu+
2nτ and solve a constrained quadratic optimization problem with nuNu variables.
us the number of variables nuNu can be in the order of 1000. However, this method
does not solve the original problem but instead a related problem. Not much can be
guaranteed in terms of the optimality of the solution to the original problem. e only
thing we can say is that if the cost function in the cyclic method is small then the
cost function of the original problem is also small. Nevertheless, this method has been
shown to give good performance in many applications, see for example He et al. (2012)
and the references therein.

In Example 5.3 we compare the two methods in a simulation. We study the effect
of the length of the input horizon on the performance of the two different numerical
approaches when no output constraints are considered.
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Example 5.3 (Comparison of the two numerical solution methods)
First we look at how the length of the input horizon affects the performance of the
signal generation algorithm for the two numerical solution methods. Our goal is to
generate a white noise input with unit variance, matching nτ = 50 correlation lags.
e input constraint is set to ±1.5 and no output constraints are considered. ree
different input horizons are considered, Nu = 1, 2, 5 and a total of N = 50000
samples are generated to be able to study the convergence of the two methods.

roughout this example, the relative error stopping criterion for the cyclic
method is set to ϵ = 10−5 and the constrained quadratic optimization problem
is solved with the Matlab command quadprog. e SDP relaxation solution to the
multivariate polynomial of degree four is solved using GlotiPoly (Henrion et al.,
2009), a polynomial global optimization tool for Matlab.

Figure 5.3 shows the error

nτ∑
τ=0

∥Rt(τ)−Rd(τ)∥2F , (5.12)

as a function of the number of generated samples for the two different methods. As
argued in Section 5.2 the optimization problem can be solved analytically forNu = 1.
For reference, this analytic solution is also shown in Figure 5.3.

e SDP relaxation method is able to find the global optimum for all cases and
for all time instants except at the first sample. Hence, we expect that the analytically
optimal solution forNu = 1 should be close to the SDP relaxation solution. Figure 5.3
shows that this is indeed the case.

e cyclic method loses about a factor two in performance compared to the
analytically optimal solution due to the suboptimality of the solutions. However, the
convergence rate of the cost function seems to be the same.

We also note that the quality of the generated input signals for the two methods
seems unaffected by the length of the input horizon, Nu. is was also noted for the
binary case in Rojas et al. (2007a).
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(a) SDP-relaxation method.

101 102 103 104

10−6

10−4

10−2

100

Sample

Er
ro

r

(b) Cyclic algorithm.

Figure 5.3 Error 5.12 for the input signals generated by the two numerical methods for
input horizons,Nu = 1 ( ),Nu = 2 ( ) andNu = 5 ( ). e analytic solution
with Nu = 1 is shown as ( ).
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In Example 5.4 we now look at the effect of the input horizon length on the quality
of generated signal when output constraints are considered.

Example 5.4 (Effect of input horizon length)
e SISO system

G(z) =
z + 1.25

z2 + 0.4z + 0.6
,

is to be excited with a input signal with autocorrelation Rd(τ) = a|τ |, where a =
−0.8 and nτ = 50 lags are to be matched. e generated signal should also satisfy
|u(t)| ≤ 1.5 and |y(t)| ≤ 1.2. e output horizon is chosen as Ny = 5 and for each
of the two methods we study the two cases, Nu = 1 and Nu = 5.

First we note that the output constraints are never violated for either case. However,
if we look at the error (5.12) in Figure 5.4, we see that by using a longer input horizon
Nu = 5 instead of Nu = 1, the performance is improved. is is due to the added
flexibility from the longer input horizon. Instead of having ut+1 = · · · = ut+4 =
0, these variables can be used to control the future predicted output of the system.
is makes it possible to generate a sequence with properties closer to the desired one.
Hence, in applications where output constraints are necessary it could be beneficial to
consider longer input horizons.

Again we note that the convergence for the SDP-relaxation method is better than
for the cyclic algorithm.

5.4 The Complete Algorithm

e complete scenario based algorithm for generation of the input signal is summarized
in Algorithm 1.

5.5 Adaptive Signal Generation

e proposed signal generation scheme can be quite conservative if the uncertainties
of the prior knowledge of the system are large. In other words, the input, u(t), must
be small to be able to satisfy the output constraint for all possible systems in the
uncertainty region. Consequently, the generated signal can have properties far from
the desired ones. An adaptive scheme, where the model is improved as more and more
data are available, can be used to reduce this conservativeness. Hence, we develop an
adaptive version of the proposed method in this section. Figure 5.5 shows a block
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Figure 5.4 e error (5.12) of the generated input signal using the SDP relaxation method
with Nu = 1 ( ), Nu = 5 ( ) and using the cyclic method with Nu = 1 ( ),
Nu = 5 ( ).
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Figure 5.5 Sketch of the adaptive signal generation idea.

diagram outlining the concept of the method. e main idea is to generate samples
on-line and use collected data to re-estimate the system parameters and the state. e
sample by samples generation of the input signal in the receding horizon algorithm
proposed in this chapter makes it suitable for use in an adaptive scheme. e adaptation
can be performed at every sample such that the model is updated every time instant or
on batches of samples, updating the model only after one batch is processed. e choice
is up to the user and often dictated by the process time constants and the computational
power available. e individual blocks of the method are described in further details
below.
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Algorithm 1 Scenario signal generation
Require: desired Rd

1: t← 1
2: Rt(τ)← 0, τ = 0, 1, . . . , nτ
3: while t ≤ N do
4: measure y(t)
5: use state estimator to calculate x̂(t) and P(t|t)
6: draw Ni scenarios of v(0), . . . , v(Ny), x̂(t) and θ.
7: solve the optimization problem (5.8). If the solution is non unique, arbitrarily

choose u⋆
8: u(t)← u(0)⋆

9: update Rt(τ) using (5.5)
10: t← t+ 1
11: end while

System Identification

Given data {x(s), u(s)}ts=1 up to the current time t the system identification block
identifies a new model of the system. Given a model parameterized by the vector θ

M(θ) :
x(t+ 1) = A(θ)x(t) +B(θ)u(t) + v(t),

y(t) = C(θ)x(t) + e(t),
(5.13)

the objective of the block is to find an estimate, θ̂(t), of the unknown parameters
θ0. Furthermore, we would like to find an estimate, P̂(t), of the covariance matrix
Cov(θ̂(t)). To this end, the prediction error method, which delivers both required
entities, can be employed. In Section 3.1 it was shown that

√
t(θ̂−θ0) is asymptotically,

in the number of data, normally distributed according to
√
t(θ̂(t)− θ0) ∼ N (0,P),

e covariance matrixP of the estimate can be estimated from data (e.g., Ljung, 1999,
Chap. 9). e mean vector θ̂(t) and the estimated covariance matrix, P̂(t), can then
be used to generate the scenarios of θ needed for (5.8).

State Estimator

We employ a standard Kalman filter to estimate the current state of the system x(t).
e question is then how to use the knowledge of the uncertainties of the identified
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model in the Kalman filter. One way is to use the process noise variance as a measure of
the certainty in the model. However, to the best of the author’s knowledge there is no
good method to transform uncertainties in the parameters to a corresponding process
noise covariance Q. Another way to use the uncertainty in the model is to use a robust
Kalman filter, see for example Ruckdeschel (2010) and the references therein.

To keep things simple, we estimate the state at time t using the latest estimate θ̂(t)
and disregard the knowledge of uncertainties in the system. Since the system is assumed
constant, the complete state trajectory is re-estimated using the new parameter values.

Signal Generation

e signal generation block in Figure 5.5 generates an input sample to be applied to
the system using Algorithm 1. It uses the identified model of the system, the states and
their respective uncertainties from the state estimator and the system identification.
e desired autocorrelation of the generated signal Rd

t (τ) come either from a user
choice, input design or adaptive input design.

Input Design

e objective of the optimal input design block is to find the desired input autocorre-
lation sequence, Rd

t (τ). e input signal should excite the system in such a way that
its important properties are revealed. What these important properties are depends
on the intended use of the model. e outcome of the optimization is the desired
autocorrelation of the input signal.

One inherent problem with input design is that the solution depends on the
unknown true system. Here, we solve this by using the latest identified model as
a substitute for the true system in the design. Hence, from the identified model,
M(θ̂(t)), of the system at time t we calculate the desired autocorrelation of the input
signal, Rd

t (τ). is is the idea of adaptive input design (Lindqvist and Hjalmarsson,
2001; Huang et al., 2013). e adaptive input design capabilities of the method are
demonstrated in Example 5.5.

Example 5.5 (Adaptive input design)
Gerencsér et al. (2009) presented the following example of estimation of the L2-gain
of a dynamic system. We study the performance degradation resulting from using the
proposed adaptive signal generation scheme compared to what would be obtained if
the optimal autocorrelation had been know at the beginning of the experiment.
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Consider the fourth order FIR-system

y(t) = θ1u(t− 1) + θ2u(t− 2) + θ3u(t− 3) + θ4u(t− 4) + e(t) (5.14)
= G(q, θ)u(t) + e(t), (5.15)

where e(t) is zero mean white Gaussian noise with variance λe. e goal is to estimate
the squared L2 gain

∥G∥22 =
1

2π

∫ π

−π
|G(ejω, θ)|2 dω = θT θ.

At the end of the experiment of length N = 200 we would like to have a certain
accuracy of the identified L2-gain while at the same time use as little input power as
possible to achieve this.

In Gerencsér et al. (2009) it is shown that the autocorrelation sequence of the
input signal Rd that minimizes the input power while keeping the variance of the
estimated L2-gain of the system lower than γ is given by the solution to the following
optimization problem

minimize
Rd

Rd
0

subject to
[
T(Rd) 2θ

2θT γN
λe

]
≽ 0,

Rd defines a positive spectrum,

(5.16)

where T(Rd) is a Toeplitz matrix with first row
[
Rd(0) · · · Rd(nτ )

]
.

e constraint that Rd defines a positive spectrum can be transformed into an LMI
in several ways, see for instance Gerencsér et al. (2009) or Hjalmarsson (2009). Hence,
the optimization problem can be formulated as an SDP and can be solved efficiently
using numerical methods.

We apply the proposed adaptive identification scheme to theL2-gain identification
problem. It is assumed that the correct model structure is known.

Since the true values of the parameter vector θ and the noise variance are unknown
we cannot directly find the optimal input signal according to (5.16). Instead the current
estimate of the parameters, θ̂t, and an estimate of the noise variance λ̂e(t) are used in
the optimization problem to get the desired autocorrelation at time t, Rd

t .
To evaluate the performance of the adaptive identification scheme, 200 Monte

Carlo simulations are carried out. We set the required accuracy to γ = 0.001 the
number of autocorrelation lags to match to nτ = 3 and the parameter vector of the
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Figure 5.6 Variance of the estimated L2-gain of the FIR system (5.14), averaged over 200
Monte Carlo simulations ( ) and the theoretical, asymptotic variance if the true system
and hence also the optimal input was known ( ).

true system to θ0 =
[
0.9, 0.6, 0.2, 0.3

]T . In this case there are no input or
output constraints. is means that the state estimator is not needed in this example.

In each time step a new model is recursively identified using the Matlab command
rarx (Ljung, 2012) and the noise variance is recursively estimated as

λ̂e(t) =
t− 1

t
λ̂e(t− 1) +

1

t
(y(t)− φT (t)θ̂(t))2, (5.17)

where φT (t) is the regressor vector used in the recursive identification. Based on the
identified model, a new desired autocorrelation is found and subsequently the proposed
algorithm is used to generate a new input sample. is is repeated until all 200 samples
are generated.

Figure 5.6 shows the sample variance of the estimate of the squared L2-gain. e
aim in the input design is to keep the variance at the end of the experiment below
γ = 0.001. e sample variance at N = 200 is indeed very close to the desired
variance. Figure 5.6 also shows the theoretical asymptotic variance if the optimal input
signal was known at the beginning of the experiment. After about 100 samples the
variance using the adaptive signal generation is close to the variance if the optimal
input signal is assumed known at the beginning.
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Initialization

Before the adaptive method is started, some initialization of the parameters in the
algorithm is necessary. First we need a model structureM(θ), parameterized by the
unknown parameters θ. Furthermore the algorithm requires an initial guess of θ and
its uncertainty region. ese entities could, for example, come from first principles
modeling, previous experience of the considered process or a short initial experiment.

Second, the Kalman filter needs to be initialized. e user needs to choose an initial
state estimate x̂(0|0) and its uncertainty P(0|0). e measurement noise covariance
matrix, R, and the process noise covariance matrix, Q, also has to be chosen or tuned
by the user.

Termination

e algorithm runs until some user specified criterion is fulfilled. is could be that a
certain number of samples have been generated or that the estimated parameters are
accurate enough.

5.6 Application to Identification of Quadruple Water Tank

In this section the adaptive algorithm is experimentally evaluated on a quadruple tank
lab process with input and output amplitude constraints.

The Quadruple Tank Process

e quadruple tank process from Quanser (2010) is an educational process mostly
used for teaching the basics of automatic control. e process is explained in detail in
Johansson et al. (1999).

e process consists of four tanks and two pumps situated as shown in Figure 5.7.
Pump 1 delivers water into tank 1 and 4 while pump 2 pumps water to tank 2 and 3.
e fraction of water flow to the upper and lower tank respectively is decided by the
parameter γi. Water flows through holes in the bottom of each tank, from the upper
tanks into the lower tanks and from the lower tanks into the water basin. e inputs
to the system are the applied voltage to each pump and the outputs are the water level
in the two lower tanks. e scenario is as follows. e objective of the experiment is
to identify a linear model of the tank system. Due to safety and quality considerations
there are input and output amplitude constraints that need to be satisfied during the
system identification experiment. Since the process is nonlinear we will identify the
linear model around an equilibrium point.
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Figure 5.7 e four tank process. Water is pumped from the basin into the four tanks. e
flow from pump 1 fills tanks 1 and 3 while the flow from pump 2 fills tanks 2 and 4. e
flow is divided between the tanks according to the settings of the two valves, γ1 and γ2.
e water level of tank i is xi. e inputs to the process are u1 and u2.

Model

e process can be modeled in continuous time by a linear model around an
equilibrium point h0 =

[
h01 h02 h03 h04

]
as

˙̄x(t) =


−τ1 0 τ3 0
0 −τ2 0 τ4
0 0 −τ3 0
0 0 0 −τ4

 x̄(t) +


k1γ1
A 0

0 k2γ2
A

0 k2(1−γ2)
A

k1(1−γ1)
A 0

 ū(t) +Ke(t),

y(t) =

[
1 0 0 0
0 1 0 0

]
x̄(t) + e(t),

(5.18)
where x̄(t) = h(t)− h0, ū(t) = u(t)− u0, K is a matrix of suitable size, e(t) noise
and

τi =
ai
A

√
g

2h0i
.
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e system is sampled at 1 Hz with zero order hold and the following discrete time
state space model is used in the identification

Ad = eAcTs , Bd =

(∫ Ts

τ=0
eAcτ d τ

)
Bc, Cd = Cc.

e resulting discrete time noise is assumed to be Gaussian distributed, white noise
with covariance Λ0.

e parameters of the model are explained in Table 5.1. In this setup the parameter
vector θ =

[
a1 a2 a3 a4 k1 k2

]T , the matrix K and the noise covariance
Λ0 are unknown and need to be identified. To this end, the algorithm outlined in
Sections 5.2-5.5 is applied.

Table 5.1 Parameters of the quadruple tank process and the values of the known
parameters. e parameters without values are estimated in the identification experiment.

Parameter Value Description

a1 — outlet area tank 1
a2 — outlet area tank 2
a3 — outlet area tank 3
a4 — outlet area tank 4
k1 — flow constant pump 1
k2 — flow constant pump 2
A 15.15 cm2 cross-section area of tanks
g 103 cm/s2 gravitational constant
γ1 0.6 flow ratio of tank 1 and 4
γ2 0.6 flow ratio of tank 2 and 3

Input Design

During the identification we want to keep the water level in the two lower tanks within
±0.5 cm from the equilibrium point. In a real industrial application this could for
example correspond to some safety constraint. Furthermore, the input is constrained
to be within ±3 V around the equilibrium voltage.

e system is to be excited with a white input signal with variance 0.16 and the
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number of lags to match is chosen to nτ = 11, that is,

Rd(0) =

[
0.16 0
0 0.16

]
,

Rd(i) = 0, i = 1, . . . , 10.

(5.19)

Experiment

e proposed algorithm requires that we have an initial guess of the parameters and
their uncertainty. In practice, one could use a short initial experiment to obtain an
initial model to initialize the algorithm. For the example experiments, we use a known
model of the water tank process but increase the parameter uncertainties to mimic
the case with a short initial experiment. e estimated model and noise covariance Λ0

are used in a stationary Kalman filter for state estimation and to calculate the needed
process covariance matrix Q and the stationary estimation error covariance P.

e equilibrium point during the experiment is

h0 =
[
10.2 15.4 15.0 10.0

]T cm,

u0 =
[
3.75 3.75

]T V.

e settings for the algorithm are Nu = 1, Ny = 6 and 200 scenarios are used to
generate each input sample. e sampling time is chosen as Ts = 1 s and a total of
N = 300 samples are generated.

e identification of a new model takes about 2-3 samples to perform and it is
therefore not feasible to re-identify the model in every sample. Instead we chose to
split the experiment into 3 batches of 100 samples each. After each batch the model
is re-identified and the Kalman filter is updated accordingly. e full state trajectory
is also re-estimated using the new model. In this setup it is not possible to change the
input or measure the output during the 3 samples that are used for the identification.
During this outage, we choose to set the input to zero (around the equilibrium voltage)
and we use a multi-step prediction of the output in lieu of the measured output.

Results

e measured output during the experiment is shown in Figure 5.8 and the generated
input is shown in Figure 5.9. We see that the output constraints, as well as the input
constraints, are all satisfied during the experiment. In the first 100 samples of the
experiment, when the initial model is used, the algorithm is conservative and operates
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Figure 5.8 e measured outputs around the equilibrium point when the proposed
algorithm is used. e outputs are shown as ( ) and the 3 standard deviations confidence
interval for the one-step-ahead prediction of the state from the Kalman filter as ( ). e
constraints are shown as ( ) and the re-identification instants are shown as ( ).

far away from the constraints. is is expected since the uncertainties are large in
the first batch and to be able to satisfy the constraint for all possible models in the
uncertainty region a more conservative input has to be used.

After the first re-identification of the model at t = 100 the model is improved
with lower uncertainties and it is possible to operate closer to the constraints. e
model is further improved after the second re-identification, although it is hard to see
in the outputs. In Figure 5.8 the 3 standard deviations confidence interval of the one-
step-ahead prediction of the states from the Kalman filter is also shown. is region
is the uncertainty in our state that is used to predict future outputs. Note that the
uncertainties in the model are not reflected by this confidence interval. However, the
initial conservativeness of the algorithm shows that model uncertainties are indeed
taken into account.

If Figure 5.10 the periodogram of the generated input signal is shown. e signals
are close to white and uncorrelated with final covariance

RN (0) =

[
0.158 0.000
0.000 0.156

]
.

Furthermore, the error between the desired autocorrelation and the autocorrelation of
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Figure 5.9 e inputs applied to the quadruple tank process, generated by the proposed
algorithm.
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Figure 5.10 Periodograms of the two generated input signals u1(t) (above) and u2(t)
(below).
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Figure 5.11 e measured outputs around the equilibrium point with pseudo random
Gaussian input. e outputs are shown as ( ) and the constraints as ( )

the generated signal is

n∑
τ=0

∥RN (τ)−Rd(τ)∥2F = 8.25 · 10−5.

For reference, we generate a pseudo-random Gaussian, white noise signal with
the desired variance with the randn command in Matlab and apply it to the system.
e measured output with this input signal is shown in Figure 5.11. If we instead
use the data generated by this input signal to identify a model we get a model close
to the one identified earlier using the data generated by the proposed method. is
is expected since the properties of the input signals are almost equal. However, with
the pseudo-random input signal the output constraints are violated several times. is
signal achieves

n∑
τ=0

∥RN (τ)−Rd(τ)∥2F = 3.3 · 10−3.

In conclusion, the proposed algorithm results in no performance loss compared to
using a random input while it offers the possibility to satisfy both input and output
constraints during the excitation phase.
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5.7 Summary

In this chapter, we presented a novel signal generation algorithm. e algorithm is able
to handle convex constraints on the input and output. e core of the algorithm is the
formulation of the signal generation as an MPC which allowed us to use existing tools
for making the algorithm robust and adaptive. Here we used tools from scenario based
stochastic optimization and robust MPC. e framework is quite general and flexible
in that it allows the application of other state estimators, identification methods and
techniques from the vast literature on MPC.

e performance of the algorithm was evaluated in a few simulation examples.
Furthermore, it was successfully applied for the identification of the quadruple tank
process and the method was shown to have practical applications.

5.A Proof of Theorem 5.1

e proof is based on the convergence proof provided in Rojas et al. (2007a) for the
binary case.

Introduce

r̃(t) =
[
r̃0(t) · · · r̃nτ (t)

]T
,

and

r̃d(t) =
[
Rd(0) · · · Rd(nτ )

]T
,

where

r̃τ (t) =

t∑
i=τ+1

(u(i)u(i− τ)−Rd(τ)), 0 ≤ τ ≤ min(t− 1, nτ ).

en

r̃τ (t+ 1) = r̃τ (t) + u(t)u(t− τ)−Rd(τ),

allowing the dynamics of r̃t to be written as

r̃(t+ 1) = r̃(t) + u(t)


u(t)

u(t− 1)
...

u(t− nτ )

− r̃d,
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with initial condition

r̃0 = 0nτ+1.

e goal is hence to show that

lim
t→∞

r̃t
t
= 0nτ+1.

We note that

u(t) = argmin
u(t)
||r̃(t+ 1)||22.

Hence

||r̃t+1||22 = min
u(t)
||r̃(t+ 1)||22

= min
u(t)

(r̃0(t) + u(t)2 − σ2)2 +
nτ∑
τ=1

(r̃τ (t) + u(t)u(t− τ))2

≤ min
u(t)∈{−σ,σ}

(r̃0(t) + u(t)2 − σ2)2 +
nτ∑
τ=1

(r̃τ (t) + u(t)u(t− τ))2

= r̃0(t)
2 + min

u(t)∈{−σ,σ}

nτ∑
τ=1

(r̃τ (t) + u(t)u(t− τ))2

≤ ||r̃(t)||22 +
nτ∑
τ=1

σ2u2max

≤ ||r̃(t)||22 + nτσ
2u2max, t > nτ .

(5.20)

Iterating (5.20) over t ∈ N using that r0 = 0n+1 gives

||r̃(t)||22 ≤ nτu4maxt+ c, t > nτ , (5.21)

where c is an upper bound on
∑nτ

t=1 ||r̃(t)||22. We note that

||r̃(t)||22 =

(
t∑

i=1

(u(i)2 − σ2)

)2

+

nτ∑
τ=1

(
t∑

i=τ+1

(u(i)u(i− τ))

)2

≤

(
t∑

i=τ+1

u(i)2

)2

+

(
t∑

i=τ+1

σ2

)2

+

nτ∑
τ=1

(
tu2max

)2
≤ t2u4max + nτ t

2u4max = (nτ + 1)t2u4max.
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and the bound, c, can be defined from

nτ∑
t=1

||r̃(t)||22 ≤ (nτ + 1)u4max

nτ∑
t=1

t2 =
nτ (nτ + 1)2(2nτ + 1)

6
u4max.

Dividing (5.21) with t2 gives for t = nτ + 1, . . .

nτ∑
τ=0

[
1

t

t∑
i=τ+1

(u(i)u(i− τ)−Rd(τ))

]2
≤ nτu

4
max
t

+
c

t2
,

and consequently∣∣∣∣∣1t
t∑

i=τ+1

(u(i)u(i− τ)−Rd(τ))

∣∣∣∣∣ ≤
√
nτu4max
t

+
c

t2
.

Since

lim
t→∞

√
nτu4max
t

+
c

t2
= 0,

we conclude that

lim
t→∞

1

t

t∑
i=τ+1

u(i)u(i− τ) = Rd(τ).



Chapter 6

Nonparametric Frequency Response
Estimation

T previous chapters used parametric identification algorithms, such as the
prediction error method, to estimate the frequency response function. One

inherent challenge with these methods is that the choice of model structure and
model order has a great impact on the quality of the estimate. One way to get some
insight into the problem is to, in a first step, estimate a nonparametric model of the
frequency response function. With this approach, no assumptions which could reduce
the flexibility to accurately reproduce the true FRF are imposed. e estimate can be
used to obtain insight into various system properties, such as system order and noise
characteristics, in order to proceed in a second step, with more accurate parametric
methods.

Frequency response functions have in their own, of course, many applications
and are used intensively in many engineering fields. Examples can be found in audio
applications, power systems and vibration analysis.

In this chapter we present a novel method, TRIMM, for estimating the FRF. e
method was first introduced in Hägg et al. (2011a).

e outline of this chapter is as follows. e transient and impulse response
modeling method is presented in Section 6.1 and we show how to compute the
estimate in an efficient way in Section 6.2. Section 6.3 gives an initial analysis of the
method while Section 6.4 analyzes the bias and variance error of the estimates under
more general conditions. e bias and variance results are verified in simulations in
Section 6.5. Finally, Section 6.6 summarizes this chapter.

107
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6.1 The Transient and Impulse Response Modeling Method

e Transient and Impulse Response Modeling Method is a nonparametric method
to estimate the FRF. Inspired by the developments started with the introduction of the
Local Polynomial method, it utilizes the structure of the system and the leakage term
to estimate the frequency response function.

Input-Output Relation

e method make use of the input-output relation (3.15). To facilitate readability we
repeat the result here. For an asymptotically stable systemG0(e

jω) on state-space form
(3.12) the relation between the DFT of the input, u(t), and the DFT of the output, y(t),
is given by

Y (ωk) = G0(e
jωk)U(ωk) + T (ejωk) + V (ωk), (6.1)

where the transient, or leakage error, is defined as

T (ejωk) , 1√
N

N−1∑
t=0

τ(t)e−jωkt,

where

τ(t) , CAt(I−AN )−1(x0 − xN ). (6.2)

For details, see for example McKelvey (2002). e objective is to estimate the frequency
response function, G0(e

jωk), for the DFT frequencies,

ωk =
2π

N
k, k = 0, . . . , N − 1,

from the DFT of the input sequence, U(ωk), and the DFT of the measured output
sequence, Y (ωk).

The Basic Idea

If we somehow would know the leakage or transient term, T (ejωk) in (6.1), we could
remove it from (6.1) and hence improve the quality of the estimate. e basic idea
of TRIMM is to, in addition to the FRF, also estimate the transient terms τ(t), t =
0, . . . , N − 1.

However, onlyN/2 complex equations are available but there are 3N/2 unknowns
in total: N/2 complex parameters G0(e

jωk) and N real parameters τ(t). Hence, the
frequency response and the transient terms cannot be identified simultaneously.



The Transient and Impulse Response Modeling Method | 109

Even if the transient term was known and could be removed from the DFT of
the output there is still no smoothing and the estimate is sensitive to measurement
noise. Hence, the next steps are hence to increase the number of equations to be able
to estimate the transient and to add smoothing in the algorithm to reduce the noise
sensitivity.

Adding Equations

Using the definition of the frequency response function (3.13), we derive the following
relation between the frequency response at two different frequencies ωk and ωk+r

G0(e
jωk+r)−G0(e

jωk) =
∞∑
t=0

g(t)e−jωk+rt −
∞∑
t=0

g(t)e−jωkt

=
∞∑
t=0

g(t)
(
e−jωk+rt − e−jωkt

)
=

∞∑
t=1

g(t)φt (ωk+r, ωk) ,

(6.3)

where φt (ωk+r, ωk) , e−jωk+rt − e−jωkt.
Since φt(ωk+r, ωk) is N -periodic in t we can rewrite (6.3) as

G0(e
jωk+r)−G0(e

jωk) =

∞∑
t=1

g(t)(e−jωk+rt − e−jωkt)

=
N−1∑
t=1

∞∑
p=0

g(t+ pN)φt (ωk+r, ωk)

=

N−1∑
t=1

g̃(t)φt (ωk+r, ωk) ,

(6.4)

where g̃(t) ,
∑∞

p=0 g(t + pN). e sequence g̃(t) is denoted the shifted impulse
response. A graphical interpretation of the relation between the impulse response g(t)
and the shifted impulse response g̃(t) is shown in Figure 6.1.
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Inserting (6.4) into (6.1) gives

Y (ωk+r) = G0(e
jωk)U(ωk+r) +

N−1∑
t=1

g̃(t)φt(ωk+r, ωk)U(ωk+r)

+
1√
N

N−1∑
t=0

τ(t)e−jωk+rt + V (ωk+r).

(6.5)

is gives a relation between the frequency response in one frequency to the input and
output DFT:s for other frequencies. Around each frequency ωk, the 2L neighboring
frequencies are used to increase the number of equations. By letting r = −L, . . . , L,
for each k, we get 2L+ 1 complex equations. Hence the total number of equations is
increased to (2L+1)N

2 .
Remark 6.1 Here the neighboring frequencies are used to increase the equations.
However other choices are possible. Any frequency pair could potentially be used to
increase the number of equations.

e increase in the number of equations comes at a cost. A new term

N−1∑
t=1

g̃(t)φt(ωk+r, ωk)U(ωk+r), (6.6)

has been added to the input-output relation. If the term (6.6) is not accounted for,
additional errors are introduced. To counteract this we also estimate the shifted impulse
response coefficients of the system, {g̃(t)}N−1

t=1 in the sum of (6.6).
To summarize, given the (2L+1)N

2 complex equations given by (6.5), for r =
−L, . . . , L andω0, . . . , ωN−1, the objective is to estimate theN/2 complex frequency
response terms G0(e

jωk), the N real transient terms τ(t) and the N − 1 real shifted
frequency response coefficients g̃(t).

To increase the flexibility in the bias–variance trade-off in the method, in the next
step, we add the possibility to reduce the number of extra variables, τ(t) and g̃(t), to
be estimated.
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0 n2 N 2N
0

a

(a) An example of an impulse response g(t) of a system G(q).

p = 0

p = 1

p = 2

0 n2 N
0

a

(b) e shifted impulse response g(t+ pN) for t = 0, . . . , N − 1 and p = 0, 1, 2.

0 n2 N
0

a

(c) e sum of the shifted impulse response g̃(t) =
∑∞

p=0 g(t+pN) for t = 0, . . . , N−1. e
terms of g̃(t) to the left of n2 are the actual parameters estimated in TRIMM while the parameters
to the right of n2 ( ) contributes to the approximation error.

Figure 6.1 Illustration of the shifted impulse response coefficients, g̃(t), estimated in
TRIMM and the part that contributes to the approximation error.
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Reducing the Number of Unknowns

We have assumed that the true system is asymptotically stable. It is well known that the
impulse response coefficients, for asymptotically stable systems, decay to zero as time
tends to infinity, that is,

g(t) = CAtB→ 0, as t→∞,

since the eigenvalues of A have a magnitude less than one. Since the transient have the
same poles as the impulse response, the same property holds also for the transient,

τ(t) = CAt(I−AN )−1(x0 − xN )→ 0, as t→∞.

Hence it is natural to reduce the number of estimated parameters by truncating the
sums corresponding to these coefficients, that is,

N−1∑
t=0

τ(t)e−jωk+rt ≈
n1−1∑
t=0

τ(t)e−jωk+rt,

N−1∑
t=1

g̃(t)φt(ωk+r, ωk) ≈
n2∑
t=1

g̃(t)φt(ωk+r, ωk),

and we only estimate the first n1 parameters of the transient and the first n2 parameters
of the shifted impulse response.

With these approximations, the regressor model can be written as

Ŷ (ωk+r) = G0(e
jωk)U(ωk+r) +

1√
N

n1−1∑
t=0

τ(t)e−jωk+rt

+

n2∑
t=1

g̃(t)φt(ωk+r, ωk)U(ωk+r) + V (ωk+r),

r = −L, . . . , L.

(6.7)

Least Squares Problem

By collecting the extra parameters in a vector

θ =
[
τ(0) · · · τ(n1 − 1) g̃(1) · · · g̃(n2)

]T
, (6.8)
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the estimate of the FRF and the additional variables can be calculated from the global
linear least squares problem over all frequencies

{
Ĝ, θ

}
= arg min

{G(ejωk )}N−1
k=0 ,θ

N−1∑
k=0

L∑
r=−L

|Y (ωk+r)− Ŷ (ωk+r)|2, (6.9)

where Ŷ (ωk+r) is the regressor model (6.7) and Y (ωk+r) is the DFT of the measured
output y(t).

e extended input–output relation (6.5) can be written on vector form as

Y = Φ1G+Φ2θ + E + V,

where the vector E, with elements

E(ωk+r) =
1√
N

N−1∑
t=n1

CAt(I−AN )−1(x0 − xN )e−jωk+rt

+

N−1∑
t=n2+1

g̃(t)
(
e−jωk+rt − e−jωkt

)
U(ωk+r),

(6.10)

accounts for the approximation errors due to the truncated sums in (6.7). e regressor
matrices Φ1 and Φ2 are defined in Appendix 6.D and finally

Y =

 Y0
...

YN−1

 , Yk =

Y (ωk−L)
...

Y (ωk+L)

 , G =


G0(e

jω0)
G0(e

jω1)
...

G0(e
jωN−1)

 .
e estimate of the stacked vector of frequency responses, G, together with the

surplus variables θ can now be written as

{Ĝ, θ̂} = argmin
G,θ
∥Y − Φ1G− Φ2θ∥22. (6.11)

is is a least squares problem in the N complex variables G(ejωk) and the n1 + n2
real variables in the vector θ using (2L + 1)N complex equations. is method of
estimating the frequency response function is called the transient and impulse response
modeling method.
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Solving the above problem gives the following estimates[
Ĝ

θ̂

]
=

[
G0

θ0

]
+

[
Φ∗
1Φ1 Φ∗

1Φ2

Φ∗
2Φ1 Φ∗

2Φ2

]−1 [
Φ∗
1

Φ∗
2

]
(E + V ) , (6.12)

where G0 and θ0 are the frequency response and the parameters of the true system.
Hence, we can note that, without noise and with zero approximation error, we estimate
the true system exactly.

Comparison with the Local Polynomial Method

e TRIMM method was inspired by the local polynomial method described in
Section 3.4. Hence the methods have some similarities, but also some differences. Here,
we highlight some of these similarities and differences.

• e local polynomial method uses the fact that the transient term is smooth
and approximates it with a Taylor series expansion while TRIMM explores the
structure (6.1) of the transient term when making the approximation.

• In TRIMM, the same “surplus” variables {τ(t)}n1−1
t=0 and {g̃(t)}n2

t=1 are used for
all frequencies and these parameters are estimated globally. e local polynomial
method uses different parameters for all local frequency windows and can hence
be solved locally. is leads to a smaller least squares problem at each frequency.
However, we could make TRIMM local by estimating a unique set of surplus
parameters θ for each set of (2L + 1) complex equations in each frequency
window. is would make TRIMM more similar to LPM.

• e Local Polynomial Method makes use of the smoothness of the frequency
response when introducing more equations. Furthermore, the relation between
the FRF for two frequencies is also approximated with a Taylor series. In TRIMM
this relation is modeled in terms of the shifted impulse response of the system,
derived from the definition of the frequency response.

• Due to global parameters used in TRIMM, a large least squares problem needs
to be solved. Hence the computational cost is much higher than in LPM where
many small least squares problem need to be computed. However, as we will
show in the next section, we can reduce the computational cost in TRIMM by
exploiting the structure of the least squares problem.
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6.2 Efficient Computation of FRF Estimate

e least squares problem (6.11) (and (6.9)) has (2L + 1)N complex equations and
2N + n1 + n2 real unknowns. Even for modest N , n1 and n2 the direct solution
becomes computational prohibitive. e problem has, however, a special structure that
we can exploit.

e regressor model for the least squares problem (6.11) is

Y = Φ1G+Φ2θ.

Since Φ1, defined in Appendix 6.A, is block diagonal, the corresponding least squares
problem (6.11) is a block angular least squares problem, see for example Cox (1990).
A block angular least squares problem can be decomposed into a series of smaller least
squares problem. Here orthogonal transformations are used to decompose the problem
into two sub problems, the first to estimate the extra parameters, θ, and then in a second
step estimate the FRF, G.

e orthogonal decomposition of the regressor matrix Φ2, onto the space spanned
by Φ1, can be written as

Φ2 = Φ
∥
2 +Φ⊥

2 ,

where Φ⊥
2 is orthogonal to both Φ1 and Φ

∥
2, that is,

Φ⊥
2 = (I− Φ1(Φ

∗
1Φ1)

−1Φ∗
1)Φ2

= Diag{(I− Uk(U
∗
kUk)

−1U∗
k )}Φ2

=

 (I− U0(U
∗
0U0)

−1U∗
0 )Φ

0
2

...
(I− UN−1(U

∗
N−1UN−1)

−1U∗
N−1)Φ

N−1
2


,

 Φ⊥
2,0
...

Φ⊥
2,N−1

 .
(6.13)

where Uk is a vector of inputs in the window around the frequency ωk, see Ap-
pendix 6.A. SinceUk is a vector, the projection can be computed fromN scalar inverses
and matrix multiplications. is gives

Y = Φ1G+Φ
∥
2θ +Φ⊥

2 θ.
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Multiplying both sides with (Φ⊥
2 )

∗ yields

(Φ⊥
2 )

∗Y = (Φ⊥
2 )

∗Φ1︸ ︷︷ ︸
=0

G+ (Φ⊥
2 )

∗Φ
∥
2︸ ︷︷ ︸

=0

θ + (Φ⊥
2 )

∗Φ⊥
2 θ

= (Φ⊥
2 )

∗Φ⊥
2 θ.

(6.14)

We can now find a least squares estimate θ̂ of θ from (6.14) as

θ̂ =
(
(Φ⊥

2 )
∗Φ⊥

2

)−1
(Φ⊥

2 )
∗Y. (6.15)

is step includes inverting a matrix of size (n1 + n2)× (n1 + n2).
Finally the least squares estimate Ĝ of G can be computed as

Ĝ = (Φ∗
1Φ1)

−1Φ∗
1∆Y

= Diag{(U∗
kUk)

−1U∗
k}∆Y

=

 (U∗
kUk)

−1U∗
k∆Y0

...
(U∗

N−1UN−1)
−1U∗

N−1∆YN−1

 , (6.16)

where
∆Y = Y − Φ2θ̂. (6.17)

Again, since Uk is a vector, this step only requires the computation ofN scalar inverses
and matrix multiplications.

To summarize, the estimate Ĝ can be calculated in the following steps:

i) Compute the projections Φ⊥
2 from (6.13).

ii) Calculate an estimate of θ using (6.15). is means solving a system of n1+n2
equations in n1 + n2 unknowns.

iii) Compute ∆Y defined in (6.17).

iv) Compute Ĝ from (6.16).
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6.3 An Initial Analysis of TRIMM

In this section, we perform an initial analysis of TRIMM; a more thorough analysis is
carried out in the next section. In particular, we consider the asymptotic statistical
properties of the estimate of the frequency response function in two extreme cases.
e first case is when no neighboring frequencies are used in the estimation, that is,
L = 0. e second case is when, all neighboring frequencies are used in the estimation,
that is, setting L = N/2. ese two special cases allow us to gain some insight into
the inner workings of the method.

The Case L = 0

e design parameter L governs how many neighboring frequencies that are included
in the estimation of the FRF at one frequency. If L = 0 there are N complex variables
and 2N + n1 + n2 real variables to estimate from N complex equations. Hence we
can only estimate 2N unknowns. In this case, if we set n1 = n2 = 0, TRIMM boils
down to the ETFE

Ĝ(ejωk) = Ĝ
ETFE

(ejωk) =
Y (ωk)

U(ωk)
.

us, the observations from Section 3.4 regarding the properties of the ETFE hold. e
results were:

• e ETFE is an, asymptotically in N , unbiased estimate of G0(e
jωk).

• e variance of the ETFE is given by the noise-to-signal ratio at the considered
frequency. e variance does not decrease asN increases as there is no smoothing
unless the input is periodic in which case the number of frequencies remains
fixed as the sample size grows.

• e estimates at different frequencies are asymptotically uncorrelated.

The Case L = N/2

Now let us look at the other extreme case, when L = N/2. is means that, in the
estimation of the frequency response at one frequency, we use all other frequencies as
neighbors. e method is modified slightly to simplify the analysis. is is done to
obtain N equations instead of N + 1 equations as this simplifies the expressions. e
neighboring frequencies used is now

ωk+r =
2π

N
(k + r), r = −N

2
+ 1, . . . ,

N

2
. (6.18)
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With this small modification, the following theorem can be used to simplify the
analysis.

Theorem 6.1 (Equivalence of global and local problem) Let θ be decomposed into
θ = [θT1 θ

T
2 ]

T such that θ1 corresponds to the transient terms and θ2 corresponds to the
shifted impulse response coefficients. If the frequencies given by (6.18) are used, the solution
to the linear least squares problem (6.9) is equivalent to the solutions from the N local
linear least squares problems

arg min
G(ejωk ),θk1 ,θ

k
∥Y k − Ŷ k∥22, k = 0, . . . , N − 1,

where
Ŷ k = Φk

1G(e
jωk) + Φk

2θ
k
1 +Φk

3θ
k
2 .

e expressions for Ŷ k, Φk
1 , Φ

k
2 , Φ

k
3 , θ

k
1 and θk2 are given in Appendix 6.B. Furthermore

the estimate
[
θ̂k1 θ̂k2

]T are equal for all k = 0, . . . , N − 1 and hence θ =
[
θ̂k1 θ̂k2

]T .
Proof. See Appendix 6.B.

e theorem states that, when L = N/2, estimating the surplus variable vector, θ,
is equivalent to estimating it globally as is done in (6.9). e intuition is that, with the
frequencies (6.18), the same data are used in all local least squares problem and this is
also the same data which are used in the global problem (6.9). From (6.16) it is seen
that, since the vector θ is the same for all local problems, the global estimate of the FRF
corresponds to the local estimates.

Equivalent Time Domain Problem

Taking the inverse discrete Fourier transform (IDFT) of the local regressor model from
eorem 6.1,

Ŷ k = Φk
1G(e

jωk) + Φk
2θ

k
1 +Φk

3θ
k
2 ,

gives the time domain predictor model

ŷ = ϕ1G(e
jωk) + ϕ2θ1 + ϕk3θ2,

where
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ŷ =


ŷ(0)
ŷ(1)

...
ŷ(N − 1)

 , ϕ1 =


u(0)
u(1)

...
u(N − 1)

 , ϕ2 =

[
In1

0

]
,

ϕk3 =
u(N − 1)− u(0)e−j 2π

N
k · · · u(N − n2)− u(0)e−j 2π

N
n2k

u(0)− u(1)e−j 2π
N

k · · · u(N − n2 + 1)− u(1)e−j 2π
N

n2k

...
...

u(N − 2)− u(N − 1)e−j 2π
N

k · · · u(N − n2 − 1)− u(N − 1)e−j 2π
N

n2k

 .
From this we can derive the equivalent time domain version of TRIMM whenL = N/2.
For time t, the model equation can be written as

ŷ(t) =G(ejωk)u(t) + τ(t) +

n2∑
p=1

g̃(p)
(
u(t− p)− u(t)e−j 2π

N
kp
)
+ v(t).

e equivalent local least squares problem in the time domain can be written as

arg min
G(ejωk ),θ

N−1∑
t=0

|y(t)− ŷ(t)|2, (6.19)

where y(t) is the measured output from the system.
For the time equivalent method it is now possible to analyze the asymptotic

properties of the estimates using the results for the prediction error method derived
in Section 3.1.

Variance

First, we consider the variance of the estimated parameters when the true system can
be described by the model used by TRIMM. e following theorem of the variance of
the estimates can be formulated.
Theorem 6.2 (Variance of the parameter estimates) Let the observed output y(t) be
given by

y(t) = G0(q)u(t) + τ(t) + e(t).
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Assume that u(t) and e(t) are both independent zero mean white noise processes with
variances λu and λ0, respectively. e transient is denoted τ(t). Furthermore assume that
the true system, G0(q) can be described by an FIR-filter with impulse response coefficients
g(t) and g(t) = 0 for t > n2. e asymptotic distribution of the estimates (6.19) of
the frequency response function, G(ejω), and the impulse response coefficients, g(t), t =
1, . . . , n2 at a fixed frequency, ω, not changing with N , is then given by

√
N




Re Ĝ(ejω)

Im Ĝ(ejω)
ĝ(1)
...

ĝ(n2)

−

ReG0(e

jω)
ImG0(e

jω)
g(1)
...

g(n2)



 ∈ AsN (0,Pθ),

with

Pθ =
λ0
λu

∆T
ℜ∆ℜ + 1 −∆T

ℑ∆
T
ℜ ∆ℜ

−∆T
ℑ∆ℜ ∆T

ℑ∆ℑ −∆T
ℑ

∆ℜ −∆ℑ I

 , (6.20)

where∆ℜ = Re∆ and ∆ℑ = Im∆,

∆ =
[
e−jω e−j2ω · · · e−jn2ω

]T
.

Furthermore

Var Ĝ(ejω) = E
{
|Ĝ(ejω)−G0(e

jω)|2
}

=
1

N

λ0
λu

(n2 + 1).

Proof. See Appendix 6.B.

From eorem 6.2 the following observations can be made:

• e impulse response coefficients have the same variance, λ0/λu, regardless of
how many extra parameters that are estimated.

• e variance of G(ejωk) is proportional to the number of estimated impulse
response parameters. Furthermore the variance is equal for all frequencies.

• If an FIR-model with n2 parameters were directly estimated, the asymptotical
variance of the FRF would be n2λ0/λu. e extra “1” for TRIMM is the price
for simultaneously estimating the FIR-parameters and the frequency response
function.
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e results in eorem 6.2 are verified in a simulation study in Example 6.1.

Example 6.1 (Variance of estimates)
Consider the FIR system:

y(t) = 0.7u(t− 1) + 0.9u(t− 2)− 0.5u(t− 3) + e(t), (6.21)

where e(t) is white zero mean Gaussian noise with variance λ0 = 1. Our objective is to
estimate the frequency response using TRIMM. e design parameters for the method
are set to n2 = 3 and L = N/2 and hence the true system can be captured by the
model structure used in TRIMM.

e system (6.21) is simulated with a white Gaussian noise input with zero mean
and unit variance. e number of samples is N = 1000 and 1000 Monte Carlo
simulations are performed. From eorem 6.2, we expect that the asymptotic variance
of the estimate is

Var Ĝ(ejω) =
λ0
λu

1

N
(n2 + 1) =

4

N
.

e variance of the estimates from the simulated data is calculated at each frequency
and shown in Figure 6.2. It is seen that the theoretical value and the simulated values
are close. Furthermore, the simulated asymptotic covariance, not shown, is close to the
theoretical matrix (6.20).

Bias

Next we study the bias introduced by the truncation of the impulse response. e
results are summarized in the following theorem.

Theorem 6.3 (Bias of the estimates) Let the observed output, y(t), be given by

y(t) =

n2∑
k=1

g̃(t)u(t− k) +
N−1∑

k=n2+1

g̃(t)u(t− k) + e(t),

where u(t) and e(t) are both independent zero mean white noise processes with variances
λu and λ0, respectively. Estimating the frequency response function at frequency ω,G(ejω)
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Figure 6.2 e theoretical variance ( ) and the simulated variance ( ) for
Example 6.1.

and the extra parameters θ using (6.19) gives the following asymptotic, in N , bias
Ĝ(ejω)
ĝ(1)
...

ĝ(n2)

−

G(ejω)
g̃(1)
...

g̃(n2)

 =


−1
0
...
0


∞∑

t=n2+1

g(t)e−jωt. (6.22)

Proof. See Appendix 6.B.

From eorem 6.3 the following observations can be made:

• e estimates of the impulse response coefficients are unbiased, just as if an FIR
model would be directly estimated.

• e estimate ofG(ejωk) is biased, and the bias is equal to the Fourier transform
of the unmodeled impulse response coefficients. e bias is in this case frequency
dependent.

In Example 6.2, the theoretical bias from eorem 6.3 is verified in simulations.
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Figure 6.3 e absolute value of the error between the theoretical bias and the simulated
bias for Example 6.2.

Example 6.2 (Bias of estimates)
Consider the true system

y(t) = 0.7u(t− 1) + 0.9u(t− 2)− 0.5u(t− 3) + 0.1u(t− 4).

e input to the system is white Gaussian noise with unit variance. e design
parameters for TRIMM is chosen as n2 = 2, that is, there is undermodeling. e
theoretical bias is given by (6.22), and can be calculated to beĜ(ejω)ĝ(1)

ĝ(2)

−
G(ejω)g̃(1)
g̃(2)

 =

−10
0

 ∞∑
t=n2+1

g(t)e−jωt =

0.5e−j3ω − 0.1e−j4ω

0
0

 .
Monte Carlo simulations with N = 1000 are performed and the bias is calculated.
e absolute value of the error between the theoretical bias and the mean of the
simulated bias is shown in Figure 6.3. e bias of the estimates of the impulse response
coefficients, are as expected, close to zero.
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Discussion

As shown in eorem 6.2, the asymptotic variance is λ0
λu

(n2 + 1), when L = N/2
is used in TRIMM. However, if we instead would directly estimate an FIR-model with
n2 parameters, the asymptotical variance would be λ0

λu
n2. e extra “1” for TRIMM is

the price for simultaneously estimating the FIR-parameters and the frequency response
function. From this it might be tempting to draw the conclusion that it is always better
to estimate an FIR-model and calculate the frequency response function as the DFT of
the estimated FIR-parameters. While this is true for this extreme case, this observation
is not true for general values of L. For L = 0 it was shown that the method boils down
to the well-known Empirical Transfer Function Estimate. e ETFE is asymptotically
unbiased but the variance does not decrease as the number of dataN tends to infinity
as there is no smoothing. For L = N/2 on the other hand, it was shown that the
variance decreases asN increases, while the asymptotic bias is constant, not decreasing
with increasing N . In conclusion, the design parameter L seems to be a smoothing
factor and the choice of L is a tradeoff between bias and variance. For small values of
L the smoothing is low. is gives a reduced bias but at a cost of higher variance and
vice versa for large L.

Another interpretation of the results is that the parameterL can not only be seen as
a smoothing factor but it also changes the method from a fully nonparametric method
forL = 0 to a fully parametric FIR-estimation method forL = N/2. TRIMM can hence
be seen as something in between a parametric and a nonparametric method.

6.4 Error Analysis

In this section the bias errors due to undermodeling and the variance errors due to
noisy measurements are studied under more general conditions than in the previous
section.

Bias of the Frequency Response Function Estimate

First we consider the bias. By assumption, the measurement noise V (ejωk) is zero
mean. Since Φ1 and Φ2 are independent of the vector of measurement noise, V , and
E {V } = 0, the bias of the estimates (6.12) can be written as

E
{[
Ĝ−G0

θ̂ − θ0

]}
= E

{[
Φ∗
1Φ1 Φ∗

1Φ2

Φ∗
2Φ1 Φ∗

2Φ2

]−1 [
Φ∗
1

Φ∗
2

]
(E + V )

}

=

[
Φ∗
1Φ1 Φ∗

1Φ2

Φ∗
2Φ1 Φ∗

2Φ2

]−1 [
Φ∗
1

Φ∗
2

]
E,

(6.23)
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where the expected value is taken over the noise realization and E is the stacked vector
of approximation errors (6.10). e bias is thus proportional to the approximation
error E.

Since θ is a global parameter vector, which depends on the complete data record,
the calculations of the bias (6.23 become quite involved and it is hard to gain any
insight into what contributes to the bias. To simplify the calculations, only the bias of
the frequency response function, Ĝ, is studied. Furthermore, we assume in the analysis
of the bias that the true value of the surplus parameter vector, θ0, is known. Hence, we
only consider the bias error due to the undermodeling of the transient and the shifted
impulse response. With this assumption, the bias can be studied individually in the
different frequency windows, ωk+r, r = −L, . . . , L. Although this assumption seems
restrictive, it gives us a good approximation of the order of magnitude of the bias error.
Furthermore, simulations show that the expressions we derive using this assumption
approximate the true bias very well. Under this assumption, we can write the bias in
the FRF estimate as

E
{
Ĝ−G0

}
≈ (Φ∗

1Φ1)
−1Φ∗

1E. (6.24)

To obtain more intuition about the bias error, two different cases are considered
separately. First when the dominating dynamics has low damping (poles close to the
unit circle), and then the case of a highly damped system.

Bias for Lightly Damped Systems

Any linear transfer function can be written as a sum of first-order systems with complex
or real poles. If the poles are complex conjugate, their contribution can be written
as a second-order transfer function. e total estimation error is a sum of the error
contributions from the different first order systems in the sum. However the general
case is hard to analyze and we instead look at the dominating term of the transfer
function in the analysis of the bias, that is, the part of the system containing the pole
closest to the unit circle as this dominates the error. We hence assume, without great
loss of generality, that the system can be approximated by a second order system with
two complex conjugate poles similarly to what is done in Schoukens et al. (2013),
where the bias error is analyzed for the local polynomial method.

us, we consider the discrete time second-order system

G(z) =
z

z2 − 2λ cos(ωn)z + λ2
=

bp

z − p
+

b̄p̄

z − p̄
, (6.25)
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where
b =

1

2jλ sin(ωn)
,

p = λejωn .

Here λ = 1 − ϵ is the magnitude of the complex conjugate poles of the systems and
hence ϵ can be seen as the damping of the system or the distance to the unit circle.
e lower the value of ϵ, the more lightly damped the system is and the higher the
resonance peak is at the resonance frequency ωn. Here, lightly damped systems are
studied, that is, systems with ϵ close to zero and consequently with poles close to the
unit circle. e maximum of the transfer function amplitude is then obtained at the
frequencies ω = ± arccos(λ

2+1
2 cos(ωn)) ≈ ±ωn. Close to the resonance frequency,

ωn, the first term of (6.25) dominates and the system can be approximated as

G(z) ≈ bp

z − p
, for z ≈ ejωn , (6.26)

Figure 6.4 shows the amplitude plot of the system (6.26). We will see in what follows
that the 3 dB bandwidth of the resonance peak will play a vital role in the analysis.
e 3 dB bandwidth, denotedB3dB, of the system is defined as the frequency band for
which |G(ejω)| > Gmax−3 dB, see Figure 6.4. One can show that, for low damping,
this bandwidth is B3dB ≈ 2ϵ.

ωn

0

Gmax− 3 dB

Gmax

B3dB

Figure 6.4 e definition of the 3 dB bandwidth, B3dB, of a second order lightly damped
system around the resonance peak at frequency ωn. e 3 dB bandwidth of the system is
marked in bold.

One possible state-space realization of the system (6.26) around the resonance
frequency is [A,B,C,D] = [p, 1, pb, 0]. e (complex) impulse response of (6.26)
can thus be written as

g(t) = bpt = bλtejωnt for t ≥ 1.
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e maximum of the approximation error (6.10) is obtained at the resonance
frequency, that is, at the frequencyωk = ωn. Around this frequency the approximation
error (6.10) can be written as

E(ωk+r) =
bp√
N

1

1− λN
λn1e−jωrn1 − λN

1− λe−jωr
(x0 − xN )

+
b

1− λN

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
U(ωn+r),

(6.27)
see Appendix 6.C for a complete derivation. e first term in (6.27) stems from the
unmodeled dynamics of the transient term while the second term stems from the
omitted shifted impulse response coefficients. Since the maximum element of E is
given in (6.27), we can already get some insight regarding the bias. For example, if
n1 = N and n2 + 1 = N , the approximation error is zero and consequently the bias
is zero.

Inserting the approximation error (6.27) in (6.24) and using the structure of Φ1,
the bias at frequency ωn can be written as

E
{
Ĝ(ejωn)−G0(e

jωn)
}

=
L∑

r=−L

bp√
N

1

1− λN
λn1e−jωr − λN

1− λe−jωr
E

{
U∗(ωn+r)(x0 − xN )∑L

q=−L |U(ωn+q)|2

}

+

L∑
r=−L

b

1− λN

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)

× E

{
|U(ωn+r)|2∑L

q=−L |U(ωn+q)|2

}
,

(6.28)

where again the first term corresponds to the unmodeled transient elements, while
the second term corresponds to the unmodeled shifted impulse response elements. See
Appendix 6.D for details.

To further simplify the calculations of the bias we make two assumptions.
Assumption 6.1 e local frequency window width L in (6.7) is small compared to the
number of samples, that is, L≪ N .

is assumption is not really restrictive since this is a common choice for the design
parameter in practice.
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e bias (6.28) depends on the input signal u(t) (throughU(ωn+r) and xN ) used
during the experiment. It is hard to say more about the bias for a general input signal
and we therefore only look at the case when the input is a stationary stochastic process.
is is still a fairly large class of signals and is common in practice. us we make the
following assumption about the input signal.
Assumption 6.2 e input signal spectrum, U(ωk), is independent over the frequencies,
circular complex normally distributed with variance E

{
|U(ωk)|2

}
= λu(ωk). Further-

more, the spectrum is sufficiently smooth so that λu(ωn) ≈ λu(ωn+r) for r = −L, . . . , L
for L not too large.

is assumption is fulfilled if the input u(t) is white Gaussian noise, or asymp-
totically fulfilled (for N → ∞) if the input is filtered white noise, see Pintelon and
Schoukens (2001). Under Assumptions 6.1 and 6.2 and taking the expected value over
the input realizations, the bias (6.28) can be simplified. e results are summarized in
eorem 6.4. e notation O (x) should be interpreted as a function that tends to
zero at least as fast as x.
Theorem 6.4 (Bias for lightly damped systems) Under Assumptions 6.1 and 6.2, the
maximum bias (6.28) introduced by the approximation error (6.10) is of the order

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈

1
2L+1O

(
N−n1
NB3dB

)
+ O

(
N−(n2+1)

NB3dB

)
if B3dB <

2π
N

λn1O
(

1
NB2

3dB

)
+ λN−λn2+1

1−λN O
((

BTRIMM
B3dB

)2)
if B3dB > BTRIMM,

where BTRIMM , 2L2π
N is the frequency width of the local window used in TRIMM

and B3dB , 2ϵ is the 3 dB bandwidth of the system with resonance frequency ωn, see
Figure 6.4. e expectation is taken over both the noise and the input realizations. In both
cases, the leftmost terms stem from the undermodeling of the transient while the terms to the
right are due to the undermodeling of the shifted impulse response.

Proof. See Appendix 6.D.

e first case when B3dB < 2π/N corresponds to the situation where only one
frequency point of the local window used in TRIMM is within the 3 dB bandwidth of
the resonance peak. e intuition behind the results in this case is as follows.

Assume for simplicity that |U(ωk)|2 = 1 for all k. We can then write the bias of
the estimate of the frequency response Ĝ(ejωn) due to the truncation of the shifted
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impulse response as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
=

L∑
r=−L

E(ωn+r)
|U(ωn+r)|2∑L

q=−L |U(ωn+q)|2

=
1

2L+ 1

L∑
r=−L

(
G̃(ejωn+r)− G̃(ejωn)

)
,

where G̃(ejωk) =
∑N−1

t=n2+1 g̃(t)e
−jωk is the truncated frequency response. Note that

the principal shape of the true system G0 and the truncated system G̃ are the same,
for example they both have their maximum at the same frequency, ωn. Since there is
only one frequency point in the 3 dB bandwidth and G̃(ejωn) is at the resonance peak,
G̃(ejωn+r)≪ G̃(ejωn) for r ̸= 0. e bias due to truncation of the impulse response
then becomes

E
{
Ĝ(ejωn)−G0(e

jωn)
}
=

1

2L+ 1

L∑
r=−L

(
G̃(ejωn+r)− G̃(ejωn)

)
≈ 2L

2L+ 1
G̃(ejωn) ≈ G̃(ejωn).

(6.29)

In the proof of eorem 6.4 we show that G(ejωn) ∼ O
(
N−(n2+1)

NB3dB

)
and this gives

the resulting bias.
e bias is in this case (almost) independent of L and is given by the frequency

response of the unmodeled dynamics at the resonance frequency. e intuition is that
the extra terms we add when L is increased are much smaller than the center point at
the resonance frequency. e same reasoning holds for the bias due to the truncated
transient terms but with the difference that the sum is of the form

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ 1

2L+ 1

L∑
r=−L

T̃ (ωn+r).

where T̃ (ωn+r) is the truncated transient term,

T̃ (ωn+r) =
1√
N

N−1∑
t=n1

τ(t)e−jωn+rt.

Again the transient has a maximum at the resonance frequency ωn and

T̃ (ωn+r)≪ T̃ (ωn), for r ̸= 0.
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e bias of Ĝ(ejωn) due to the truncation of the transient term can then be written as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ 1

(2L+ 1)

L∑
r=−L

T̃ (ωn+r) ≈
1

(2L+ 1)
T̃ (ωn).

Again, in the proof of eorem 6.4 it is shown that T (ωn+r) ∼ O
(

N−n1
NB3dB

)
. e

difference in the results between the bias introduced by the truncation of the impulse
response and the transient is due to the different ways they are estimated.

e second case is whenB3dB > BTRIMM, that is, all the 2L+1 frequency points
in the local window of TRIMM are within the 3 dB bandwidth of the resonance peak.
Here the bias due to the undermodeling of the transient term depends on 1

B2
3dB

and

the bias from the impulse response is proportional to
(
BTRIMM
B3dB

)2
. e bias is hence

decreasing for decreasing local window width L, for increasing number of samples
N , and for higher 3 dB bandwidth (lower resonance peak). e proof shows that for
B3dB > BTRIMM, the contribution of the neglected impulse response coefficients to
the error G̃(ejωn+r)− G̃(ejωn) can be approximated as

G̃(ejωn+r)− G̃(ejωn) ∼ 1

ε2

∞∑
m=1

ωm
r

m!
.

e bias error due to the approximation of the impulse response can then be written
as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
=

L∑
r=−L

(
G̃(ejωn+r)− G̃(ejωn)

) |U(ωn+r)|2∑L
q=−L |U(ωn+q)|2

=
1

2L+ 1

L∑
r=−L

1

ε2

∞∑
m=1

ωm
r

m!

=
1

(2L+ 1)ε2

L∑
r=−L

∞∑
m=1

ω2m
r

2m!

≈ 1

(2L+ 1)ε2

L∑
r=−L

O
(
ω2
r

)
= O

((
BTRIMM

B3dB

)2
)
.

(6.30)
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e terms for oddm disappears since the sum is symmetric around zero. e proof for
the transient error is based on a similar observation.

Note that the result above only holds when |U(ωn+r)|2, or λu(ωn+r), are
symmetric around the frequency ωn. If the input spectrum is not symmetric, the
even terms do not disappear and the term that dominates the bias error is instead
O
(
BTRIMM
B2

3dB

)
for the contribution from the neglected impulse response terms and

O
(

2L+1
NB2

3dB

)
= O

(
BTRIMM
B3dB

)
from the transient error. us, the bias error due to the

neglected impulse response elements is O
(
L
N

)
; the larger the window, the larger the

bias error. Similar results for the bias were obtained in Gevers et al. (2012) for general
(higher order) systems.

If the parameters and the system are such that 2π
N < B3dB < BTRIMM, then a

few but not all points in the local bandwidth of TRIMM are in the 3 dB bandwidth of
the system. e bias is then an interpolation between the results when all points in the
local window of TRIMM are within the 3 dB bandwidth and when only one point is
within the bandwidth. is can be seen as follows. Introduce the constant Leff < L,
which represents the number of points within the 3 dB bandwidth. en the bias from
the undermodeling of the impulse response can be written as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
=

1

2L+ 1

L∑
r=−L

(
G̃(ejωn+r)− G̃(ejωn)

)

=
1

2L+ 1

 ∑
r=−L,...,L,
|r|>Leff

(
G̃(ejωn+r)− G̃(ejωn)

)

+

Leff∑
r=−Leff

(
G̃(ejωn+r)− G̃(ejωn)

)
≈ 1

2L+ 1

Leff∑
r=−Leff

(
G̃(ejωn+r)− G̃(ejωn)

)
.

Hence this bias error is mainly dominated by the points within the 3 dB bandwidth of
the system and is the same as (6.30), save that L is replaced by Leff. e main result
from this section is hence that the number of points used in the local window in TRIMM
that are within the 3 dB bandwidth of the system affects the bias to a large extent. We
will discuss these results and consequences in more detail in the end of this section.
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Bias for Highly Damped Systems

We now study the bias error for the situation where the system is highly damped.
Instead of the second order system (6.25) we now consider a first order, discrete time,
stable system with impulse response g(t) = αλt, t ≥ 1, where α is a real constant and
λ is the real positive pole of the system. Further we consider the highly damped case,
that is, when λ ≪ 1. Much of the analysis can be carried over, save for the difference
in damping. We summarize the results in the following theorem.
Theorem 6.5 (Bias for highly damped systems) For a system G(z) with impulse
response g(t) = αλt, with 0 < λ≪ 1 and where α is a constant, the bias introduced by
the approximation error (6.10) is given by

E
{
Ĝ(ejωk)−G0(e

jωk)
}
≈ λn1O

(
1

N

)
+ λn2+1O

(
B2

TRIMM
)
.

Proof. See Appendix 6.D.

e results for the highly damped case are consistent with the results from the
lightly damped case, except that the damping ϵ does not appear in the highly damped
case. is is due to the assumption that λ = 1 − ϵ ≪ 1. Hence, the derived results
seems to hold for more general values of damping than proved in this section.

Variance of the FRF Estimate

In this section we study the variance of the estimates, Ĝ, of the frequency response
function caused by the measurement noise V . To get some insight into the problem
and to make it computationally tractable, we look at a few special cases. At the end of
this section we will discuss the implications for the general case. e main purpose of
this subsection is to study how the variance of the frequency response is affected by the
choice of the design parameters L, n1 and n2 and hence we no longer assume that the
surplus variables θ are known.

First we assume that v(t) is zero mean white noise with variance λv. en the
covariance matrix of the estimated frequency response and surplus variables (6.12)
around the bias is given by

E

{[
Ĝ+Gb −G0

θ̂ + θb − θ0

] [
Ĝ+Gb −G0

θ̂ + θb − θ0

]∗}
=

[
Φ∗
1Φ1 Φ∗

1Φ2

Φ∗
2Φ1 Φ∗

2Φ2

]−1

λv.
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where Gb and θb are the bias in the frequency response function and the surplus
variables, respectively. e variance of the FRF estimate can then be written as

E
{
(Ĝ+Gb −G0)(Ĝ+Gb −G0)

∗
}

=
(
Φ∗
1Φ1 − Φ∗

1Φ2 (Φ
∗
2Φ2)

−1Φ∗
2Φ1

)−1
λv.

(6.31)

We now argue that if the design variables n1 and n2 are chosen small,

Φ∗
1Φ1 ≫ Φ∗

1Φ2 (Φ
∗
2Φ2)

−1Φ∗
2Φ1,

and that, as a result,

E
{
(Ĝ+Gb −G0)(Ĝ+Gb −G0)

∗
}
≈ (Φ∗

1Φ1)
−1 λv.

We split the regressor matrix Φ2, into two parts Φ2 = [ΦaΦb] where Φa is the
part that corresponds to the transient terms, and is hence independent of the input
signals, and where Φb is the part related to the impulse response coefficients. First we
look at the case when n2 = 0, that is, Φ2 = Φa, and we only estimate the transient
terms. en all elements of Φa (Φ

∗
aΦa)

−1Φ∗
a satisfy∣∣∣[Φ2 (Φ

∗
2Φ2)

−1Φ∗
2

]
k,l

∣∣∣ ≤ n1
(2L+ 1)N

.

e details are shown in Appendix 6.D. Since the rows of Φ1 only have (2L + 1)
non-zero elements, see (6.36), and these elements are independent of N , it is always
possible to choose N large enough so that Φ∗

1Φ1 ≫ Φ∗
1Φ2 (Φ

∗
2Φ2)

−1Φ∗
2Φ1.

Now consider instead the case when n1 = 0 and only the impulse response
coefficients are estimated. Here it is assumed that the input, u(t), is white Gaussian
noise with variance λu. In Appendix 6.D it is shown that the elements of Φ∗

bΦb are, in
this special case, given by

[Φ∗
bΦb]m,l = Nru(m− l)

L∑
r=−L

(
1− e−jωrm

) (
1− ejωrl

)
, (6.32)

where ru(τ) = 1
N

∑N−1
t=0 u(t)u(t− τ) is the sample auto-correlation of the input.

Since we have assumed that u(t) is white, for large N we have ru(m − l) ≈ 0 if
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m ̸= l and Φ∗
bΦb becomes diagonal. It is then possible to bound the elements of

Φ∗
1Φ2 (Φ

∗
2Φ2)

−1Φ∗
2Φ1 as∣∣∣∣[Φ∗

1Φ2 (Φ
∗
2Φ2)

−1Φ∗
2Φ1

]
m,l

∣∣∣∣
≤

∣∣∣∣∣ 3n2
2Nλu(2L+ 1)

L∑
r=−L

|U(ωl+r)|2
∣∣∣∣∣

L∑
q=−L

|U(ωm+q)|2

=

∣∣∣∣∣ 3n2
2(2L+ 1)

L∑
r=−L

|U(ωl+r)|2∑N−1
k=0 |U(ωk)|2

∣∣∣∣∣
L∑

q=−L

|U(ωm+q)|2,

see Appendix 6.D for a complete derivation.
Since the input u(t) is white and L ≪ N , the ratio |U(ωl+r)|2∑N−1

k=0 |U(ωk)|2
is small with

high probability and goes to zero as N goes to infinity. Furthermore, since Φ∗
1Φ1 is

diagonal with elements

[Φ∗
1Φ1]m,m =

L∑
q=−L

|U(ωm+q)|2,

we have, for large enough N , that Φ∗
1Φ1 ≫ Φ∗

1Φ2 (Φ
∗
2Φ2)

−1Φ∗
2Φ1.

Hence, we have shown in the two cases that, if N is large enough and n1 and n2
are small, we can approximate the variance of the frequency response function estimate
Ĝ as

E
{
(Ĝ+Gb −G0)(Ĝ+Gb −G0)

∗
}
≈ (Φ∗

1Φ1)
−1 λv

= Diag

{
λv∑L

r=−L |U(ω0+r)|2
, . . . ,

λv∑L
r=−L |U(ωN−1+r)|2

}
.

(6.33)

If the input is smooth over the 2L neighbors, expression (6.33) shows that the variance
of the FRF is proportional to 1

2L+1
λv
λu

. e variance of Ĝ is thus proportional to the
noise variance and inversely proportional to the input power in the local bandwidth
used in TRIMM. A wider bandwidth hence gives lower variance, which is a very intuitive
result. Note that the variance of Ĝ does not decrease when N increase since adding
more data points also adds more Gks to estimate.

Now, consider the variance of the n1 and n2 global parameters τ(t) and g̃(t)
(defined in (6.2) and (6.4)). Unlike the estimate of the frequency response function,
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G(ejωk),N data points are used to estimate these parameters. As a result their variance
can be approximated as (Gevers et al., 2012)

E
{
(θ̂ + θb − θ0)(θ̂ + θb − θ0)∗

}
= O

(
n1 + n2
N

)
λv
λu
.

If n1 and n1 are much smaller than the number of samples N , the variances of the
estimates of the global parameters are small and the parameters can be considered
known in the estimation of the frequency response. is explains the derived result.

However, the above reasoning only holds if the variance of the surplus variables is
small. We see that Φ∗

2Φ2 in (6.32) depends on the correlation properties of the input
signal. For example, if the signal is highly correlated, then Φ∗

2Φ2 could be close to
singular. e inverse is consequently large and the estimate of the frequency response
function will be affected, see (6.32). If n1 and n2 are of the same order as the number
of samplesN , the variance of the global parameters also affects the variance of the FRF
estimate.

However, in practice we have observed that these results seem to be good approx-
imations of the variance even for quite small N and for other types of input spectra
than considered here.

Finally, if the input is a stochastic process and it satisfies Assumption 6.2, then
using Lemma 6.1 in Appendix 6.C the variance can be written as

E
{
|Ĝ(ejωk) +Gb(e

jωk)−G0(e
jωk)|2

}
=

1

2L

λv
λu
, (6.34)

where the expectation is now also taken over the input realization.

Discussion

In this section the bias and variance results are summarized and the implications of the
choices of the design parameters are discussed.

• e motivation for studying second order systems with low damping was that
many systems can be written as a sum of first and second order contributions by
partial fraction decomposition and that the part with lowest damping dominates
the bias error. Of course, if the term with lowest damping has small amplitude
compared to the other terms, this is not dominating the error. Instead the bias
should be considered as a function of the frequency where the bias in each
frequency is decided by the local dominating system. e derived results are
hence not only valid for the resonance frequency of the system but can be used



136 | Nonparametric Frequency Response Estimation

to gain insight into the bias for the whole frequency response. We also saw that
similar results were obtained for the high and low damping case indicating that
the results are more general than shown here. e main observation is that the
bias is to a large extent decided by the relation between the local bandwidth used
in TRIMM and the perceived 3 dB bandwidth in the local frequency window.

• Looking at the approximation error term (6.10), which represents the unmod-
eled dynamics, we observe that the choice n1 = N and n2 = N − 1
gives zero approximation error and consequently an unbiased estimate of the
frequency response function. However, this increases the variance of the estimate
considerably.

• If the number of samples, N , is increased, the bias is reduced since the local
bandwidth used in TRIMM,BTRIMM, is inversely proportional toN . If we are in
the situation that B3dB < 2π/N , the bias is not affected much by the number
of samples N . However, if we increase N , eventually B3dB < 2π/N does not
hold and the bias decreases as the number of samples is increased. e variance
of the FRF estimate is not directly influenced by the number of samples as long
as n1, n2 ≪ N . However, by increasing the number of samples we can increase
n1, n2 making the bias smaller without changing the variance.

• e variance error of Ĝ is inversely proportional to the local window width
L since 2L + 1 data are used in each local window to estimate the frequency
response function. us, if the noise dominates, one should choose a larger
window width.

• e bias expressions derived in this section are based on the assumption that
the input spectrum is symmetric around the resonance peak. ese results
should hold also for non-stochastic input signals as long as they are symmetric
around the resonance frequency. For non-symmetric signals the results are no
longer valid. e convergence rate is in this case reduced with one order, for
example O

(
(BTRIMM/B3dB)

2
)

will now be O
(
BTRIMM/B

2
3dB
)
. ese results

are similar to the bias expressions for more general model structures derived in
Gevers et al. (2012).

• It is seen in eorem 6.4 that the bias is lower if L is chosen such that the local
bandwidth,BTRIMM = 2L2π

N is within theB3dB bandwidth of the system. e
case when only one point in TRIMM is within the 3 dB bandwidth should be
avoided in practice. From equation (6.29) we have that the bias of the estimate
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of the frequency response function due to the undermodeling of the impulse
response was

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ G̃(ejωn).

Hence, the bias is in the same order as the true system, G0, and there is
basically no information about the true system in the estimate. erefore it is
recommended that L should be chosen such that BTRIMM < B3dB.

Often the exact location of the resonance frequency ωn of the continuous time
system under consideration is a priori unknown. In the bias expressions we have
derived we have considered the case when the frequency grid is such that we have
one data point exactly at the resonance frequency. If this is not the case, the bias
error at the resonance frequency is of course be larger. is further strengthen
the recommendation that one should choose the frequency resolution in the
experiment such that at least a few frequency points are available in the 3 dB
bandwidth of the system in order to have one frequency point sufficiently close
to the resonance frequency.

From the above recommendations it is possible to give a lower bound on the
required measurement time. If we want BTRIMM < B3dB then

BTRIMM < B3dB ⇔

2L
2π

N
< B3dB ⇔

N >
4πL

B3dB
=

2πL

ϵ
=

2πL

1− λ
.

Since L ≥ 1 the lower bound is N ≥ 2π
1−λ .

• Without any windowing there would be fewer equations than unknowns.
Assuming thatN > (n1+n2)/4, we observe that choosingL = 1 already gives
more equations than unknowns. If L is increased above this value the variance
is decreased as shown in Section 6.4, but the bias is instead increased as shown
in eorem 6.4.

• e parameters g̃(1), . . . , g̃(n2) are only needed to produce approximations
of G(ejωk+r) − G(ejωk) in the window around the frequency k. If this
window is chosen narrow (L small) then G(ejωk+r) is close to G(ejωk) and
the approximation need not be as precise as when L is large, so that n2 can also
be chosen small.
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6.5 Simulations

In this section the expressions for the bias and the variance of the TRIMM method are
verified in simulations.

Bias Errors

e first simulations verifies the bias expressions of eorems 6.4 and 6.5. ree
different experiments are be carried out where, respectively, the damping ϵ, the
ratio BTRIMM/B3dB and the user parameters n1, n2 are varied. 500 Monte Carlo
simulations are performed for each of the three experiments and the settings used are
N = 1000 and ωn = 125 · 2π/N .

Varying the Damping

First the damping factor, and consequently the 3 dB bandwidth, of the second order
system is varied between 10−4.5 and 10−0.5. e settings for TRIMM during the
experiment are L = 2 and n1 = n2 = 20. Since we know the true underlying system,
we can separate the bias contribution from the unmodeled dynamics of the transient
from the bias contribution from the unmodeled shifted impulse response coefficients
in the total bias error. Figure 6.5(a) shows the bias contribution from the unmodeled
dynamics in the transient from the simulation and the corresponding theoretical values
from eorem 6.4,

E
{
G(ejωn)−G0(e

jωn)
}
=


1

2L+1O
(

n1−N
NB3dB

)
if B3dB <

2π
N

λn1O
(

1
NB2

3dB

)
if B3dB > BTRIMM.

Correspondingly, Figure 6.5(b) shows the bias contribution from the unmodeled
impulse response coefficients

E
{
G(ejωn)−G0(e

jωn)
}
=


O
(
N−n2+1
NB3dB

)
if B3dB <

2π
N

λn2+1−λN

1−λN O
((

BTRIMM
B3dB

)2)
if B3dB > BTRIMM.

From the figures, it is seen that the theoretical decay of the bias error when the
damping is increased, closely matches the simulated bias.
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Figure 6.5 Bias error for second order lightly damped system. Simulated bias error ( )
and the theoretical values from eorem 6.4 are shown as ( ) and ( ). e bounds
for which the different terms are valid (B3dB < 2π

N and B3dB > BTRIMM) are shown as
( ).

Keeping BTRIMM/B3dB Constant

Next the ratioL/ϵ, and consequentlyBTRIMM/B3dB, is kept constant. e parameters
are selected such that B3dB > BTRIMM, as this is the interesting case in practice. e
local bandwidthL of the TRIMM method is varied between 2 and 20 and the damping is
changed as ϵ = 10−2·L. Again we setn1 = n2 = 20. e simulated bias contributions
from the transient and the impulse response are shown in Figure 6.6 and are again
compared to the theoretical values from eorem 6.4. As expected from the theory,
the contribution from the transient response is relatively unchanged from when only
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the damping ϵ was varied, cf., Figure 6.5(a), as

λn1O

(
1

NB2
3dB

)
,

is independent of L. For the bias contribution from the impulse response,

λn2+1 − λN

1− λN
O

((
BTRIMM

B3dB

)2
)
,

we expect that when the damping and L are increased the decay in the bias should be
much smaller since BTRIMM/B3dB is constant. e bias is however not expected to be
constant since the bias still decays as λn2+1, which is a function of the damping ϵ. is
is seen in the simulated results in Figure 6.6.

User Design Parameters n1 and n2

According to eorem 6.4, the bias error should decay exponentially as the user design
parameters n1 and n2 are increased as λn1 and λn2+1. To verify this we set ϵ = 5·10−2

(such that BTRIMM < B3dB), L = 2 and gradually increase n1 and n2 from 5 to 200.
e resulting bias errors are shown in Figure 6.7 together with the theoretical values
from eorem 6.4. Again, the theoretical and the simulated results are consistent.

Variance Errors

To verify the variance expression from Section 6.4 the following simple FIR system is
studied

G(z) = 0.8z−1 + 0.6z−2 − 0.3z−3.

Since we are only interested in the variance error we start by setting n1 = n2 = 3
in which case we get no bias errors. A zero mean white Gaussian noise input with
variance λu = 1 is used as input andN = 1000 data points are collected. e output
is disturbed with Gaussian white noise with variance λv = 0.25. e local window
used by TRIMM, L, is varied as L = [1, 2, 4, 8, 16] and the variance of the estimation
error of the FRF is calculated over 500 Monte Carlo simulations with a new realization
of the input and the noise in each iteration. Since n1, n2 ≪ N we expect that the
variance should be

E
{
|Ĝk −G0(e

jωk)|2
}
≈ λv
λu

1

2L
. (6.35)
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Figure 6.6 Bias error for second order, lightly damped system whenBTRIMM/B3dB is kept
constant. Simulated bias error ( ) and the theoretical values from eorem 6.4 are shown
as ( ).

In Figure 6.8 the simulation results and the theoretical values are shown. We note that
the simulated variance error is closely matched by the theory.

In Section 6.4 we concluded that for small n1 and n2 the variance of the FRF is
unaffected by n1 and n2. Next we look at how large the parameters n1 and n2 can be
chosen before the variance of the FRF is affected. We use the same settings as before,
but now for a fixed L = 3. Instead we vary n1 = n2 from 3 to 500. Figure 6.9
shows the mean over all frequencies of the variance errors together with the theoretical
variance (6.35). It is seen that for low n1 and n2 the theoretical variance is a good
approximation. For example, up to about n1 = n2 ≈ 70 the error from the theoretical
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Figure 6.7 Bias error for second order, lightly damped system when the user parameters
n1 and n2 are increased. Simulated bias error ( ) and the theoretical values from
eorem 6.4 are shown as ( ).

value is less than 10%. However, for higher n1, n2 the approximation is insufficient
and the variance is heavily influenced also by the choice of n1 and n2.

General System

In this section we study the estimation error for a more general system. e amplitude
plot of the system is shown in Figure 6.11. e input signal is white Gaussian noise
with unit variance, the disturbance noise is also white noise with unit variance, and
N = 2000 data samples are used. We use n1 = n2 = 10 and we vary L from 1 to 40
and study the bias and the mean square error. For each value of L, 500 Monte Carlo
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Figure 6.8 Variance of FRF estimates for different local windows L. Simulated variance
( ) and theoretical variance ( ).
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Figure 6.9 Mean over all frequencies of the variance of FRF estimates as a function of n1 =
n2. Simulated variance ( ) and theoretical variance ( ).

simulations are performed with a new input and noise realization in each simulation.
Hence, we calculate the error over both noise and input realizations. In Figure 6.10 the
bias at three specific frequencies are shown together with the theoretical values from
eorem 6.4. e first two frequencies are at the two resonance peaks (ω = 0.49
and ω = 1.50) and the third one is at frequency ω = 1.13 in between the two
resonance peaks. In this setup, the local window width used in TRIMM is contained
in the 3 dB bandwidth of the first resonance peak for L . 17. us we expect from
eorem 6.4 that the bias error should grow asO

(
L2
)
forL . 17 and be independent

of L for L & 17. In Figure 6.10 we see exactly this, for small L the bias in the first
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resonance peak grows like L2 while for large L the bias error is almost constant. For
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Figure 6.10 e bias error in three different frequencies as a function of the local
bandwidth of TRIMM. Simulated bias ( ) and theoretical bias O

(
(2L)2

)
( )

the other two frequency points, the 3 dB bandwidth is much larger than 40 and hence
BTRIMM < B3dB for all values ofL shown in Figure 6.10. e correspondence between
simulated and theoretical values of the bias error is reasonably good, except for low
values of L. One possible explanation is that in the proofs of the bias expressions, we
have used approximations like L(L+ 1) ≈ L2 that are not valid for small L.

In Figure 6.11 the mean over the Monte Carlo simulations of the squared
estimation error at each frequency is shown for five different values of L. It is seen
that around the resonance peak the error increases as L is increased, indicating
that, around this frequency, the bias error dominates. For other frequencies the
error decreases as L increases. Here, the variance error dominates over the bias error
since the 3 dB bandwidth is large in these frequencies which gives a small bias.
Furthermore, around the resonance peak where the bias error is dominating, the errors
increase proportionately to (2L)2, while the errors in the other frequencies drop like
1/2L, where the variance error dominates. is agrees with what is expected from
eorem 6.4 and the discussions on the variance in Section 6.4.

6.6 Summary

In this chapter the transient and impulse response modeling method for nonparametric
FRF estimation was introduced. e main idea of the method is to use the known
structure of the problem to estimate the transient of the system. However, it is not
directly possible to simultaneously estimate the frequency response and the transient



Summary | 145

0 0.5 1 1.5 2 2.5 3
10−2

10−1

100

101

L

Frequency (rad/s)

Sq
ua

re
d

es
tim

at
io

n
er

ro
r

Figure 6.11 e mean of the squared estimation error forL = 1, 5, 10, 15, 20. True system
is shown as ( ) and the arrow indicates increasing L.

terms due to number of equations compared to the number of unknowns to estimate.
To overcome this, the relation between the frequency response in two different
frequencies is expressed in terms of the impulse response of the system. is is used to
increase the number of data-points but now also the impulse response of the system
has to be estimated.

An initial analysis of the method was performed for two special cases: when
no neighboring frequencies are used in the estimation of the FRF in one frequency
and when all neighboring frequencies are used. It was shown that the number
of neighboring frequencies, L, included in the estimation affects the bias–variance
tradeoff. Furthermore, it was also concluded that, increasing L, changes the method
from a fully nonparametric method to a parametric method.

We then derived more general bias and variance expressions for the estimation of
the frequency response function when using TRIMM. e bias was studied first for a
second order system with low damping since many systems can be written as sums of
first and second order systems and the part with lowest damping dominates the error.
is allowed us to connect system properties and the choice of user parameters with the
performance of the method. e same results were then shown to hold also for highly
damped systems. e main observation is that the ratio between the local bandwidth
used in TRIMM and the 3 dB bandwidth of the system to a large extent decides the bias.

e variance of the estimated FRF was also studied. e main result here is that, if
the user design parameters n1 and n2 are small compared to the number of samples,
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the variance is proportional to the ratio between the noise variance in the frequency
and the input power over the local frequency window.

e analysis in this chapter is similar to the analysis of the Local Polynomial
Method in Pintelon et al. (2010a), Pintelon et al. (2010b) and Schoukens et al. (2013).
is makes it easy to compare the performance of the different methods and give
guidelines to the user when which method should be used and how. is is a topic
for future research.

6.A Regressor Matrices for TRIMM

e regressor matrices for the least squares problem (6.11), are given by

Φ1 =


U0 0

U1

. . .
0 UN−1

 , Φ2 =
[
Φa Φb

]
, (6.36)

where Uk = [U(ωk−L), . . . , U(ωk+L)]
T is a vector of the inputs in the frequency

window around ωk and

Φa =


1√
N

1√
N
e−jω0−L · · · 1√

N
e−jω0−Ln1

...
...

...
1√
N

1√
N
e−jωN−1+L · · · 1√

N
e−jωN−1+Ln1

 ,
Φb

=

 φ1(ω0−L, ω0)U(ω0−L) · · · φn2(ω0−L, ω0)U(ω0−L)
...

...
φ1(ωN−1+L, ωN−1)U(ωN−1+L) · · · φn2(ωN−1+L, ωN−1)U(ωN−1+L)


6.B Proofs for Initial Analysis

Proof of Theorem 6.1

We now show that for the special case when L = N/2 and when the frequencies given
by (6.18) are used, solving the resulting least squares problem (6.9) is equivalent to
solving N local problems.
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First it is noted that Φ⊥
2,k+1, defined in (6.13) is just Φ⊥

2,k circular shifted one row.
e same applies for Yk, Yk+1 is Yk circular shifted one row. e terms in (6.14) can
then be rewritten as

Φ⊥
2 Y =

N

2
Φ⊥
2,kYk,

(Φ⊥
2 )

∗(Φ⊥
2 ) =

N

2
(Φ⊥

2,k)
∗Φ⊥

2,k.

Equation (6.14) then becomes

N

2
Φ⊥
2,kYk =

N

2
(Φ⊥

2,k)
∗Φ⊥

2,k θ ⇐⇒ Φ⊥
2,kYk = (Φ⊥

2,k)
∗Φ⊥

2,k θ. (6.37)

Calculating θ̂ from (6.14) is thus equivalent to solving the local problem (6.37).
Furthermore the obtained θ̂k from the local problem are equal for all frequencies.

Since the vector Uk also has the shift property, the estimate of the FRF, Ĝ, from
(6.16) can be calculated locally. Reordering the equations, the following least squares
problem can be solved for each frequency, ωk, separately.

arg min
G(ejωk ),θ1,θ2

∥Y k − Ŷ k∥22, k = 0, . . . , N − 1,

where

Ŷ k = Φk
1G(e

jωk) + Φk
2 θ

k
1 +Φk

3 θ
k
2 ,

with

Y k =
[
Y (ωk) Y (ωk+1) · · · Y (ωk+N−1)

]T
,

Φk
1 =

[
U(ωk) U(ωk+1) · · · U(ωk+N−1)

]T
,

Φk
2 =

1√
N

1 e−jωk · · · e−j(n1−1)ωk

...
...

...
1 e−jωk+N−1 · · · e−j(n1−1)ωk+N−1

 ,
Φk
3 =

 φ1(ωk, ωk)U(ωk) · · · φn2(ωk, ωk)U(ωk)
...

φ1(ωk+N−1, ωk)U(ωk+N−1) · · · φn2(ωk+N−1, ωk)U(ωk+N−1)

 ,
θ1 =

[
τ(0) τ(1) · · · τ(n1 − 1)

]T
,

θ2 =
[
g̃(1) · · · g̃(n2)

]T
.
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Proof of Theorem 6.2

In this case ϕ2 is not persistently exciting and the effects of the transient can be
neglected. First note that the least squares problem (6.19) can be divided into

arg min
G(ejω ),θ2

N−1∑
t=0

(y(t)− Re ŷ(t))2 + (Im ŷ(t))2 .

Since

Im ŷ(t) =

ImG(ejω)−
n2∑
p=1

g̃(p) sin (ωp)

u(t),

the estimate of the imaginary part of G0(e
jω) depends directly on the estimate of the

impulse response, that is,

Im Ĝ(ejω) = ∆T
ℑθ̂2,

where ∆ℑ = Im∆ and

∆ =
[
e−jω e−j2ω · · · e−jn2ω

]T
.

e real part of the frequency response and the impulse response θ2 can be estimated
from

arg min
ReG(ejω ),θ2

N−1∑
t=0

(y(t)− Re ŷ(t))2 .

If the noise and the input both are zero mean independent Gaussian processes the
asymptotic distribution of the estimate can be calculated as([

Re Ĝ(ejω)

θ̂2

]
−
[
ReG0(e

jω)
θ2,0

])
∈ AsN (0,Pℜ

θ ),

where

Pℜ
θ =

[
E
{[
ϕ1 Reϕk3

]∗ [
ϕ1 Reϕk3

]}]−1
= . . .

=
1

N

λ0
λu

[
∆T

ℜ∆ℜ + 1 ∆ℜ
∆T

ℜ I

]
.
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and ∆ℜ = Re∆. Since Im Ĝ(ejω) = ∆T
ℑθ̂ the asymptotic distribution for the

complete problem can be calculated to

√
N

Re Ĝ(ejω)Im Ĝ(ejω)

θ̂2

−
ReG0(e

jω)
ImG0(e

jω)
θ2,0

 ∈ AsN (0,Pθ),

with

Pθ =
λ0
λu

∆T
ℜ∆ℜ + 1 −∆T

ℑ∆
T
ℜ ∆ℜ

−∆T
ℑ∆ℜ ∆T

ℑ∆ℑ −∆T
ℑ

∆ℜ −∆ℑ I

 .
Furthermore

Var Ĝ(ejω) = E
{
|Ĝ(ejω)−G0(e

jω)|2
}

=
1

N

λ0
λu

(∆T
ℜ∆ℜ + 1 +∆T

ℑ∆ℑ)

=
1

N

λ0
λu

(n2 + 1).

Proof of Theorem 6.3

Under the assumptions in eorem 6.3, the direct solution to the least squares problem
(6.19) is given by
Ĝ(ejω)
ĝ(1)

...
ĝ(n2)

 =

[
1

N

N−1∑
t=0

φk(t)φk(t)
T

]−1
1

N

N−1∑
t=0

φk(t)y(t)

−−−−−→
N−→∞

[
E
{
φk(t)φk(t)

T
}]−1 E {φk(t)y(t)}

= θ0 +
[
E
{
φk(t)φk(t)

T
}]−1

× E

φk(t)

 ∞∑
p=n2+1

g(p)
(
u(t− p)− u(t)e−jωkp

)
+ e(t)

 ,
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where

φk(t) =


u(t)

u(t− 1)
u(t− 2)

...
u(t− n2)

−


0

e−j 2π
N

k

e−j 4π
N

k

...
e−j

2n2π
N

k

u(t),

e expected value can be calculated as

E

φk(t)

 ∞∑
p=n2+1

g(p)
(
u(t− p)− u(t)e−jωkp

)
+ e(t)


= λu

[
−1
∆

] ∞∑
t=n2+1

g(t)e−jωt,

since u(t) is white and e(t) and u(t) are independent.

Hence the asymptotic bias is


Ĝ(ejω)
ĝ(1)

...
ĝ(n2)

−

G0(e

jω)
g(1)

...
g(n2)

 =
[
E
{
φk(t)φk(t)

T
}]−1

λu

[
−1
∆

] ∞∑
t=n2+1

g(t)e−jωt

=

[
(n2 + 1) ∆∗

∆ I

] [
−1
∆

] ∞∑
t=n2+1

g(t)e−jωt

=


−1
0
...
0


∞∑

t=n2+1

g(t)e−jωt.
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6.C Technical Lemmas

Approximation error

e approximation error (6.10) for the system (6.26) can be written as

E(ωn+r) =
1√
N

N−1∑
t=n1

CAt(I−AN )−1e−jωn+rt(x0 − xN )

+
N−1∑

t=n2+1

g̃(t)
(
e−jωn+rt − e−jωnt

)
U(ωn+r)

=
bp√
N

1

1− λN
N−1∑
t=n1

λtejωnte−jωn+rt(x0 − xN )

+ b

N−1∑
t=n2+1

∞∑
p=0

λt+pNejωnt
(
e−jωn+rt − e−jωnt

)
U(ωn+r)

=
bp√
N

1

1− λN
N−1∑
t=n1

λtejωnte−jωn+rt(x0 − xN )

+ b
∞∑
p=0

λpN
N−1∑

t=n2+1

λt
(
e−jωrt − 1

)
U(ωn+r)

=
bp√
N

1

1− λN
λn1e−jωrn1 − λN

1− λe−jωr
(x0 − xN )

+
b

1− λN

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
U(ωn+r).

Technical Lemmas

Lemma 6.1 Let
√
2√
λu
Uk = Xk+jYk for k = 0, . . . , N−1 be zero mean, independent

complex normally distributed, random variables with covariance

E
{[
Xk

Yk

] [
Xk Yk

]}
=

[
1 0
0 1

]
,

then
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(1)

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
=

{
1

2L+1 if q =0
0 otherwise

(2)

E

{
U∗
k+q∑L

r=−L |Uk+r|2

}
= 0

(3)

E

{
1∑L

r=−L |Uk+r|2

}
=

1

λu

1

2L

Proof. For (1) we have three different cases:
If |q| > L we have that Uk+q and Uk+r, r = −L, . . . , L are independent and the

expected value can be written as

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
= E

{
Uk∑L

r=−L |Uk+r|2

}
E
{
U∗
k+q

}︸ ︷︷ ︸
=0

= 0,

since Uk+q is zero mean by construction.
If |q| ≤ L and q ̸= 0 then

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
= E


2
λu
U∗
k+qUk

2
λu

(|Uk+q|2 + |Uk|2) +
∑L

r=−L
r ̸=0,q

|
√
2√
λu
Uk+r|2

 .

(6.38)
To analyze (6.38), we first define

Z ,
L∑

r=−L
r ̸=0,q

|
√
2√
λu
Uk+r|2 ∼ χ2 (2 (2L− 1)) ,

whereχ2(m) is theχ2-distribution withm degrees of freedom with probability density
function

fχ2(z,m) =

{
zm/2−1e−z/2

2m/2Γ(m/2)
, z ≥ 0

0, otherwise
, (6.39)
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and where Γ(k) is the Gamma function, i.e.,

Γ(k) =

∫ ∞

0
xk−1e−x dx. (6.40)

Note that Γ(k) = (k − 1)! if k is a positive integer.
is allows us to write (6.38) as

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
= E


2
λu
U∗
k+qUk

2
λu

(|Uk+q|2 + |Uk|2) +
∑L

r=−L
r ̸=0,q

|
√
2√
λu
Uk+r|2


= E

{
2
λu
U∗
k+qUk

2
λu

(|Uk+q|2 + |Uk|2) + Z

}
.

Since Z, Uk+q and Uk are all independent (6.38) can be expressed as

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
=

∞∫
0

∞∫∫∫∫
−∞

(a− jb)(c+ jd)

a2 + b2 + c2 + d2 + z

× 1

4π2
e−

(a2+b2+c2+d2)
2 f2χ(z, 4L− 2) d a d bd c d d d z

=

∞∫
0

∞∫∫∫∫
−∞

 a(c+ jd)

a2 + b2 + c2 + d2 + z︸ ︷︷ ︸
odd in a

− jb(c+ jd)

a2 + b2 + c2 + d2 + z︸ ︷︷ ︸
odd in b


× 1

4π2
e−

(a2+b2+c2+d2)
2︸ ︷︷ ︸

even in a and b

f2χ(z, 4L− 2) d ad bd c d d d z = 0,

where the last equality is obtained since we integrate two odd functions over an interval
symmetric around the origin.

If q = 0 then

E

{
U∗
k+qUk∑L

r=−L |Uk+r|2

}
= E

{
|Uk|2∑L

r=−L |Uk+r|2

}

= E


2
λu
|Uk|2

2
λu
|Uk|2 +

∑L
r=−L
r ̸=0
|
√
2√
λu
Uk+r|2

 .

(6.41)
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By defining

X , 2

λu
|Uk|2 ∼ χ2(2),

Y ,
L∑

r=−L
r ̸=q

|
√
2√
λu
Uk+r|2 ∼ χ2(4L),

equation (6.41) can be written as

E

{
|Uk|2∑L

r=−L |Uk+r|2

}
= E


2
λu
|Uk|2

2
λu
|Uk|2 +

∑L
r=−L
r ̸=0
|
√
2√
λu
Uk+r|2


= E

{
X

X + Y

}
.

(6.42)

Since X and Y are independent, (6.42) can be calculated as

E
{

X

X + Y

}
=

∫ ∞

0

∫ ∞

0

x

x+ y
fχ2(x, 2)fχ2(y, 4L) dx d y

=

∫ ∞

0

∫ ∞

0

x

x+ y

e−x/2

2Γ(1)

y2L−1e−y/2

22LΓ(2L)
dxd y

=
1

22L+1Γ(2L)

∫ ∞

0
y2L−1e−y/2

∫ ∞

0

x

x+ y
e−x/2 dx d y

=
1

22L+1Γ(2L)

∫ ∞

0
y2L−1e−y/2

(
yey/2 Ei

(
−y
2

)
+ 2
)
d y

(6.43)
where the last equality is given in Gradshteyn and Ryzhik (2007) and Ei is the error
integral,

Ei(x) = −
∫ ∞

−x

e−t

t
d t.

By again using Gradshteyn and Ryzhik (2007) and the definition of the Γ-function
(6.40), the last term in (6.43) can be written as

1

22L+1Γ(2L)

(
−Γ(2L+ 1)22L+1

2L+ 1
+ 22L+1Γ(2L)

)
=

1

Γ(2L)

(
−2LΓ(2L)

2L+ 1
+ Γ(2L)

)
=
−2L
2L+ 1

+ 1 =
1

2L+ 1
.
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Hence,

E

{
|Uk+q|2∑L

r=−L |Uk+r|2

}
=

1

2L+ 1
.

For (2) we have that
∑L

r=−L |
√
2√
λu
Uk+r|2 is χ2(2(2L+ 1)) distributed and

E

{
1∑L

r=−L |Uk+r|2

}
=

2

λu

∫ ∞

0

1

x

x2Le−x/2

22L+1Γ(2L+ 1)
dx

=
2

22L+1Γ(2L+ 1)λu

∫ ∞

0
x2L−1e−x/2 dx

=
{
y =

x

2
, dx = 2d y

}
=

1

22LΓ(2L+ 1)λu

∫ ∞

0
22L−1y2L−1e−y2 d y

=
1

Γ(2L+ 1)λu

∫ ∞

0
y2L−1e−y d y︸ ︷︷ ︸

=Γ(2L), cf., (6.40)

=
Γ(2L)

Γ(2L+ 1)λu
=

(2L− 1)!

(2L)!λu
=

1

λu

1

2L
,

where the last row of equalities follows from the definition of the Γ-function (6.40).
For (3) we have two cases:
If |q| ≤ L then

E

{
U∗
k+q∑L

r=−L |Uk+r|2

}
=

√
2√
λu

E


√
2√
λu
U∗
k+q∑L

r=−L |
√
2√
λu
Uk+r|2


=

√
2√
λu

E


√
2√
λu
U∗
k+q

|
√
2√
λu
Uk+q|2 +

∑L
r=−L
r ̸=q

.|
√
2√
λu
Uk+r|2

 .

(6.44)
To analyze (6.44), we define

Z =

L∑
r=−L
r ̸=q

|
√
2√
λu
Uk+r|2 ∼ χ2(4L)

X =

√
2√
λu
Uk+q.
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Using thatX and Z are independent and thatX is complex normally distributed with
diagonal unit covariance matrix we can express (6.44) as

E
{

X

|X|2 + Z

}
=

√
2√
λu

∞∫
0

∞∫∫
−∞

x− jy
|x+ jy|2 + z

1

2π
e−

x2+y2

2 fχ2(z, 4L) dx d y d z

=

√
2√
λu

∞∫
0

∞∫∫
−∞

 x

x2 + y2 + z︸ ︷︷ ︸
odd in x

− jy

x2 + y2 + z︸ ︷︷ ︸
odd in y

 1

2π
e−

x2+y2

2 fχ2(z, 4L) dxd y d z

=0,

since we integrate an odd function in x and y over a symmetric interval around the
origin.

For |q| > L, Uk+q and Uk+r, r = −L, . . . , L are independent and we have

E

{
U∗
k+q∑L

r=−L |Uk+r|2

}
= E

{
U∗
k+q

}︸ ︷︷ ︸
=0

E

{
1∑L

r=−L |Uk+r|2

}
︸ ︷︷ ︸

= 1
λu

1
2L

= 0,

where the last expected value is given from Lemma 6.1 case (2).

Lemma 6.2 Let
√
2√
λu
U(ωk) be a sequence of independent complex random variables with

distribution
√
2√
λu
U(ωk) ∼ CN

([
0
0

]
,

[
1 0
0 1

])
for k = 0, . . . , N − 1. Furthermore

let x0 be an given initial state of the system (3.12) and let xN be the final state when the
corresponding time realization u(t) = 1√

N

∑N−1
k=0 U(ωk)e

jωkt, t = 0, . . . , N − 1 is
applied to the system (3.12). It then holds that

E

{
U∗(ωk+q)(x0 − xN )∑L

r=−L |U(ωk+r)|2

}
= − 1

(2L+ 1)
√
N

N−1∑
τ=0

AN−τ−1Bejωk+rτ .

Proof. e final state at time N of the system (3.12) can be written as

xN = ANx0 +

N−1∑
τ=0

AN−τ−1Bu(τ).
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Hence

E

{
U∗(ωk+q)(x0 − xN )∑L

r=−L |U(ωk+r)|2

}

= E

{
U∗(ωk+q)((I−AN )x0 −

∑N−1
τ=0 AN−τ−1Bu(τ))∑L

r=−L |U(ωk+r)|2

}
.

(6.45)

Since x0 is deterministic, the right hand side of (6.45) can be written as

(I−AN )x0 E

{
U∗(ωk+q)∑L

r=−L |U(ωk+r)|2

}
︸ ︷︷ ︸

=0

−E

{
U∗(ωk+q)

∑N−1
τ=0 AN−τ−1Bu(τ)∑L

r=−L |U(ωk+r)|2

}
,

(6.46)
where the first expected value is zero from Lemma 6.1. Taking the inverse DFT we can
express u(τ) as

u(τ) =
1√
N

N−1∑
m=0

U(ωm)ejωmτ ,

and inserting this in (6.46) gives

−E

{
U∗(ωk+q)

∑N−1
τ=0 AN−τ−1Bu(τ)∑L

r=−L |U(ωk+r)|2

}

= −E

U
∗(ωk+q)

∑N−1
τ=0 AN−τ−1B 1√

N

∑N−1
m=0 U(ωm)ejωmτ∑L

r=−L |U(ωk+r)|2


= − 1√

N

N−1∑
τ=0

AN−τ−1B

N−1∑
m=0

E

{
U∗(ωk+q)U(ωm)∑L
r=−L |U(ωk+r)|2

}
ejωmτ

= − 1

(2L+ 1)
√
N

N−1∑
τ=0

AN−τ−1Bejωk+qτ ,

where the last equality is due to Lemma 6.1. us,

E

{
U∗(ωk+q)(x0 − xN )∑L

r=−L |U(ωk+r)|2

}
= − 1

(2L+ 1)
√
N

N−1∑
τ=0

AN−τ−1Bejωk+rτ ,

and the lemma follows.
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6.D Proofs for Bias and Variance Analysis

Proof of Theorem 6.4

Under the assumption that the extra parameters, θ, defined in (6.8), are known, the
bias in the estimate of the frequency response, Ĝ, is given by (6.24)

E
{
Ĝ−G0

}
≈ (Φ∗

1Φ1)
−1Φ∗

1E,

where E is the vector of approximation errors due to the truncation of the impulse
response and the transient. e elements of E, E(ωk+r), are given by (6.10).

Using the structure of Φ1, see (6.36), it can be shown that the bias at a frequency
ωk is given by

E
{
Ĝ(ejωk)−G0(e

jωk)
}
= E

{∑L
r=−L U

∗(ωk+r)E(ωk+r)∑L
q=−L |U(ωk+q)|2

}
. (6.47)

We will now look at the specific frequencyωn where the approximation errorE(ωn+r)
is given by (6.27). Inserting the approximation error (6.27) into (6.47) gives

E
{
Ĝ(ejωn)−G0(e

jωn)
}

=

L∑
r=−L

bp√
N

1

1− λN
λn1e−jωrn1 − λN

1− λe−jωr
E

{
U∗
n+r(x0 − xN )∑L

q=−L |U(ωn+q)|2

}

+

L∑
r=−L

b

1− λN

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)

× E

{
|U(ωn+r)|2∑L

q=−L |U(ωn+q)|2

}
.

(6.48)

Note that the first term in (6.48) stems from the undermodeling of the transient while
the second term stems from the undemodeling of the impulse response.

e two expected values in (6.48) are given by Lemma 6.2 and Lemma 6.1,
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respectively. For the system with low damping (6.26), the bias (6.48) can be written as

E
{
Ĝ(ejωn)−G0(e

jωn)
}

= −
L∑

r=−L

bp√
N

1

1− λN
λn1e−jωrn1 − λN

1− λe−jωr

× 1

(2L+ 1)
√
N

N−1∑
τ=0

λN−τ−1ejωn(N−τ−1)ejωn+rτ

+

L∑
r=−L

b

1− λN

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
1

2L+ 1

= − bpe−jωn

(2L+ 1)N

1

1− λN
L∑

r=−L

λn1e−jωrn1 − λN

1− λe−jωr

1− λN

1− λe−jωr
e−jωr

+
b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)

=
bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(1− λe−jωr)2
e−jωr

+
b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
.

(6.49)
By Assumption 6.1 we have that L≪ N . Furthermore, we have assumed that the

damping ϵ is small. is implies that

1−λe−jωr ≈ 1−(1−ϵ)(1−jωr) = ϵ+jωr−jωrϵ ≈ ϵ+jωr, for r = −L, . . . , L.
(6.50)

Hence the bias expression (6.49) can be written as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(ϵ+ jωr)2
e−jωr

+
b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

ϵ
− λN − λn2+1e−jωr(n2+1)

ϵ+ jωr

)
.

(6.51)

We will now study the bias expression (6.51) for two different cases.
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The case when ϵ < 2π
N

In this first case, we assume that ϵ < 2π
N and it follows that |ϵ| < |ωr| = 2π

N |r| for
r ̸= 0. Hence the dominating term in the first sum in (6.51) is obtained for r = 0
since ∣∣∣∣ 1ϵ2

∣∣∣∣ > ∣∣∣∣ 1

(ϵ+ jωr)2

∣∣∣∣ for r ̸= 0.

e terms of the second sum in (6.51) is zero for r = 0. Since |ϵ| < |ωr| for
r ̸= 0, these terms can be approximated as

(
λN − λn2+1

ϵ
− λN − λn2+1e−jωr(n2+1)

ϵ+ jωr

)
≈ λN − λn2+1

ϵ
.

Hence the bias (6.51) can be approximated as

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ bpe−jωn

(2L+ 1)N

λN − λn1

ϵ2

+
b

1− λN
2L

2L+ 1

λN − λn2+1

ϵ
.

Furthermore, since ϵ≪ 1 we also have

λN = (1− ϵ)N ≈ 1−Nϵ, λn1 ≈ 1− n1ϵ, λn2 ≈ 1− n2ϵ,

and

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ bpe−jωn

(2L+ 1)N

(1−Nϵ)− (1− n1ϵ)
ϵ2

+
b

1− (1−Nϵ)
(1−Nϵ)− (1− (n2 + 1)ϵ)

ϵ

=
bpe−jωn

2L+ 1

n1 −N
Nϵ

+ b
(n2 + 1)−N

Nϵ

=
1

2L+ 1
O
(
n1 −N
Nϵ

)
+O

(
(n2 + 1)−N

Nϵ

)
.
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The case when ϵ > 2π
N
L

e second case is when ϵ > 2π
N L, or equivalently, when B3dB > BTRIMM. Again we

start from the expression of the bias (6.51), that is,

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈ bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(ϵ+ jωr)2
e−jωr

+
b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

ϵ
− λN − λn2+1e−jωr(n2+1)

ϵ+ jωr

)
.

where the two terms stems from the undermodeling of the transient and the impulse
response, respectively. We will in the following study the two bias contributions
individually.

First consider the bias contribution from the undermodeling of the transient:

bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(ϵ+ jωr)2
e−jωr . (6.52)

In the considered case ϵ > 2π
N L = ωL and we make the approximation ϵ+ jωr ≈ ϵ

for r = −L, . . . , L. e contribution to the bias (6.52) can thus be written as

bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(1− λe−jωr)2
e−jωr

≈ bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

ϵ2
e−jωr

=
bpe−jωn

(2L+ 1)Nϵ2

(
λN (e−jωL − ejωL+1)

ejω1 − 1
− λn1(e−jωL(n1+1) − ejωL+1(n1+1))

ejω1(n1+1)−1

)
(6.53)

where ω1 =
2π
N . SinceL≪ N , the first term of (6.53) can be approximated accurately

by

λN (e−jωL − ejωL+1)

ejω1 − 1
= λN

1− jωL − (1 + jωL+1) +O
(
ω2
L

)
1 + jω1 +O

(
ω2
1

)
− 1

= λNO (2L+ 1) .

(6.54)
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e second term of (6.53) can, after some calculations, be written as

λn1
(e−jωL(n1+1) − ejωL+1(n1+1))

ejω1(n1+1) − 1
,= −λn1

sin
ω2L+1(n1+1)

2

sin ω1(n1+1)
2

. (6.55)

Straightforward calculations gives that the maximum of the term

sin
ω2L+1(n1+1)

2

sin ω1(n1+1)
2

, (6.56)

is obtained at n1 = −1 with the maximum value being 2L+1. Furthermore, the term
(6.56) is oscillating and decaying as n1 is increased. However, the decay is slower than
for λn1 and hence the decay of the term (6.55) is dominated by λn1 . e second term
in (6.53) can thus be approximated as

λn1(e−jωL(n+1) − ejωL+1(n1+1))

ejω1(n1+1)
≈ λn1O (2L+ 1) . (6.57)

Using (6.53), (6.54) and (6.57), the complete contribution to the bias due to the
undermodeling of the transient, (6.52), is given by

bpe−jωn

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(1− λe−jωr)2
e−jωr

≈ bpe−jωn

(2L+ 1)Nϵ2
(
λNO (2L+ 1)− λn1O (2L+ 1)

)
≈ λn1O

(
1

Nϵ2

)
= λn1O

(
1

NB2
3dB

)
,

(6.58)

where the last approximation is due to that λn1 ≤ λN and thus λn1 is the dominating
term.

Next we consider the bias contribution from the undermodeling of the impulse
response. In this case the approximation (6.50) is insufficient as higher order terms in
the Taylor approximation will be needed. Let us take a step back and instead work with
the contribution to the bias due to the undermodeling of the impulse response given
in (6.49),

b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
.
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Some straightforward calculations, using λ = 1− ϵ, gives

b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)

=
b

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

ϵ
− λN − λn2+1e−jωr(n2+1)

1− (1− ϵ)e−jωr

)

=
b

1− λN
1

2L+ 1

L∑
r=−L

(
(λN − λn2+1)(1− (1− ϵ)e−jωr)

ϵ(1− (1− ϵ)e−jωr)

−ϵ(λ
N − λn2+1e−jωr(n2+1))

ϵ(1− (1− ϵ)e−jωr)

)

=
b

1− λN
1

2L+ 1

L∑
r=−L

(
(λN − λn2+1)(1− e−jωr)

ϵ(1− (1− ϵ)e−jωr)

−ϵ(λ
N (1− e−jωr)− λn2+1e−jωr(1− e−jωrn2))

ϵ(1− (1− ϵ)e−jωr)

)
.

(6.59)
Since ϵ is small by assumption, we can approximate the contribution (6.59) as

b

1− λN
1

2L+ 1

L∑
r=−L

(
(λN − λn2+1)(1− e−jωr)

ϵ(1− (1− ϵ)e−jωr)

)
, (6.60)

By Assumption 6.1, L≪ N and we approximate e−jωr with the second order Taylor
series around r = 0:

e−jωr = e−j 2π
N

r ≈ 1− j 2π
N
r +

(
j
2π

N
r

)2

.

Hence, (6.60) can be approximated as

b

1− λN
1

2L+ 1

L∑
r=−L

(λN − λn2+1)
(
1−

(
1− j 2πN r +

(
j 2πN r

)2))
ϵ2

=
b

1− λN
λN − λn2+1

(2L+ 1)ϵ2

L∑
r=−L

(
j
2π

N
r +

(
2π

N
r

)2
)
.

(6.61)
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Since the sum in (6.61) is symmetric around r = 0, the even terms sum to zero and
the contribution (6.61) can be written as

b

1− λN
λN − λn2+1

(2L+ 1)ϵ2

(
2π

N

)2 L(L+ 1)(2L+ 1)

3

=
b

1− λN
λN − λn2+1

ϵ2

(
2π

N

)2 L(L+ 1)

3

=
λN − λn2+1

1− λN
O

((
BTRIMM

B3dB

)2
)
.

(6.62)

To summarize, the complete bias expression is approximated by

E
{
Ĝ(ejωn)−G0(e

jωn)
}
≈

λn1O

(
1

NB2
3dB

)
+
λN − λn2+1

1− λN
O

((
BTRIMM

B3dB

)2
)
,

where the two terms stems from the undermodeling of the transient (6.58) and the
impulse response (6.62), respectively.

Proof of Theorem 6.5

e impulse response of the system is given by g(t) = αλt. Note that this is a special
case of the impulse response considered in the low damping case in Section 6.4, g(t) =
bλtejωnt, when b = α and ωn = 0. e bias expression, (6.49),

E
{
Ĝ(ejω0)−G0(e

jω0)
}

=
α

(2L+ 1)N

L∑
r=−L

λN − λn1e−jωrn1

(1− λe−jωr)2
e−jωr

+
α

1− λN
1

2L+ 1

L∑
r=−L

(
λN − λn2+1

1− λ
− λN − λn2+1e−jωr(n2+1)

1− λe−jωr

)
,

(6.63)

is thus valid.
By the assumption 0 < λ≪ 1 we have λN ≪ λn1 and λN ≪ λn2+1 and we can

approximate (6.63) as

− α

(2L+ 1)N

L∑
r=−L

λn1e−jωr(n1+1) + α
1

2L+ 1

L∑
r=−L

λn2+1
(
e−jωr(n2+1) − 1

)
.

(6.64)
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e terms e−jωr(n1+1) and e−jωr(n2+1) are approximated by Taylor series expan-
sions around r = 0 and the bias (6.64) can be simplified to

− α

(2L+ 1)N

L∑
r=−L

λn1O (1)

+ α
1

2L+ 1

L∑
r=−L

λn2+1
(
1−jωr(n2 + 1) +O

(
ω2
r (n2 + 1)2

)
− 1
)

= − α

(2L+ 1)N
λn1O (2L+ 1) + α

1

2L+ 1

L∑
r=−L

λn2+1O
(
ω2
r (n2 + 1)2

)
= λn1O

(
1

N

)
+ α

1

2L+ 1
λn2+1O

(
2π

N

)2

L3(n2 + 1)2

= λn1O
(

1

N

)
+ αλn2+1O

((
2π

N

)2

L2

)

= λn1O
(

1

N

)
+ λn2+1O

(
B2

TRIMM
)
,

(6.65)
where BTRIMM , 22π

N L.
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Expressions Related to the Variance

In this section we will derive bounds on the elements of two matrices needed in the
discussion of the variance in Section 6.4. e study in Section 6.4 considers two
different special cases.

Bound when n2 = 0

We will show that all elements of the matrix Φ2 (Φ
∗
2Φ2)

−1Φ∗
2, in (6.31), can be

bounded by n1
(2L+1)N when n2 = 0. e regressor matrix Φ2 is for n2 = 0 given

by Φ2 = Φa, see Appendix 6.A.
Using the definition of the matrix Φa in Appendix 6.A, the element k, l of the

matrix Φ∗
aΦa can be written as

[Φ∗
aΦa]k,l =

N−1∑
k=0

L∑
r=−L

1√
N
ejωk+rm

1√
N
e−jωk+rl

=
1

N

N−1∑
k=0

L∑
r=−L

ejωk+r(m−l) =
1

N

N−1∑
k=0

ejωk(m−l)
L∑

r=−L

ejωr(m−l)

=

{∑L
r=−L e

kωr(m−1) = 2L+ 1 if m = l
0 if m ̸= l

.

Hence, Φ∗
aΦa is diagonal with diagonal elements 2L+ 1 and

Φa (Φ
∗
aΦa)

−1Φ∗
a =

1

2L+ 1
ΦaΦ

∗
a

=
1

(2L+ 1)N

n1−1∑
p=0

×


e−jω0−Lpejω0−Lp e−jω0−Lpejω0−L+1p · · · e−jω0−LpejωN−1+Lp

e−jω0−L+1pejω0−Lp e−jω0−L+1pejω0−L+1p · · · e−jω0−L+1pejωN−1+Lp

...
...

...
e−jωN−1+Lpejω0−Lp e−jωN−1+Lpejω0−L+1p · · · e−jωN−1+LpejωN−1+Lp

 .
(6.66)

Since |ejx| ≤ 1 for all real x, all elements of (6.66) satisfy∣∣∣[Φa (Φ
∗
aΦa)

−1Φ∗
a

]
k,l

∣∣∣ ≤ n1
(2L+ 1)N

.
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Bounds when n1 = 0

In this section we will show that, for n1 = 0, all elements in the matrix

Φ∗
1Φb (Φ

∗
bΦb)

−1Φ∗
bΦ1,

can be bounded by

[
Φ∗
1Φb (Φ

∗
bΦb)

−1Φ∗
bΦ1

]
m,l

≤

∣∣∣∣∣∣ n2
Nλu(2L+ 1)

L∑
r=−L

|U(ωl+r)|2
L∑

q=−L

|U(ωm+q)|2
∣∣∣∣∣∣ ,

where [X]m,l denotes the m, l element of the matrix X .

For n1 = 0, the regressor matrix Φ2 = Φb, where Φb is defined in Appendix 6.A.
e element m, l of the matrix Φ∗

2Φ2 can be written as

[Φ∗
bΦb]m,l

=

N−1∑
k=0

L∑
r=−L

(
ejωk+rm − ejωkm

)
U(ωk+r)

∗
(
e−jωk+rl − e−jωkl

)
U(ωk+r)

=

N−1∑
k=0

L∑
r=−L

ejωkm
(
ejωrm − 1

)
e−jωkl

(
e−jωrl − 1

)
|U(ωk+r)|2

=
N−1∑
k=0

ejωk(m−l)
L∑

r=−L

(
ejωrm − 1

) (
e−jωrl − 1

)
|U(ωk+r)|2.

(6.67)
By using the definition of the DFT (3.14),

U(ωk+r) =
1√
N

N−1∑
t=0

u(t)e−jωk+rt,
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we can express (6.67) as

N−1∑
k=0

ejωk(m−l)
L∑

r=−L

(
ejωrm − 1

) (
e−jωrl − 1

)

× 1

N

N−1∑
t=0

u(t)e−jωk+rt
N−1∑
τ=0

u(t)ejωk+rτ

=
1

N

N−1∑
t=0

N−1∑
τ=0

u(t)u(τ)

N−1∑
k=0

ejωk(m−l+τ−t)

×
L∑

r=−L

(
ejωrm − 1

) (
e−jωrl − 1

)
ejωr(τ−t).

(6.68)

Since m− l + τ − t is an integer we have

N−1∑
k=0

ejωk(m−l+τ−t) =

{
N if m− l + τ − t = 0
0 otherwise. (6.69)

Inserting (6.69) into (6.68) gives

[Φ∗
bΦb]m,l

=
N−1∑
t=0

u(t)u(t− (m− l))
L∑

r=−L

(
ejωrm − 1

) (
e−jωrl − 1

)
e−jωr(m−l)

=

N−1∑
t=0

u(t)u(t− (m− l))
L∑

r=−L

(
1− e−jωrm

) (
1− ejωrl

)
,

(6.70)

If N is sufficiently large we can make the approximation

1

N

N−1∑
t=0

u(t)u(t− (m− l)) ≈ ru(m− l),

where ru(τ) = E {u(t)u(t− τ)} is the autocorrelation function of u(t). From (6.70)
we can thus write

1

N
[Φ∗

bΦb]m,l ≈ ru(m− l)
L∑

r=−L

(
1− e−jωrm

) (
1− ejωrl

)
. (6.71)
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By the assumption in Section 6.4, the input u(t) is white and we have ru(0) = λu,
ru(τ) = 0 for |τ | > 0. Consequently, Φ∗

bΦb is diagonal with diagonal elements

1

N
[Φ∗

bΦb]m,m ≈ λu
L∑

r=−L

(
1− e−jωrm

) (
1− ejωrm

)
= λu

L∑
r=−L

2− 2 cos(ωrm).

(6.72)

By using the structure of Φ1 and Φb, defined in Appendix 6.A, we can write the
m, l element of Φ∗

bΦ1 as

[Φ∗
bΦ1]m,l ≈

L∑
r=−L

(
ejωl+rm − ejωlm

)
|U(ωl+r)|2

=

L∑
r=−L

ejωlm
(
ejωrm − 1

)
|U(ωl+r)|2.

(6.73)

After some calculations using (6.72) and (6.73), the element m, l of the matrix
Φ∗
1Φb (Φ

∗
bΦb)

−1Φ∗
bΦ1 is given by[

Φ∗
1Φb (Φ

∗
bΦb)

−1Φ∗
bΦ1

]
m,l

≈
n2∑
n=1

1

Nλu
∑L

r=−L 2− 2 cos(ωrn)

L∑
r=−L

ejωln
(
ejωrn − 1

)
|U(ωl+r)|2

×
L∑

q=−L

e−jωmn
(
e−jωqn − 1

)
|U(ωm+q)|2.

(6.74)

We approximate 2 − 2 cos(ωrn) ≈ (ωrn)
2 and ejωrn − 1 ≈ jωrn using Taylor

approximations around r = 0. en (6.74) can be approximated as

n2∑
n=1

1

Nλu
∑L

r=−L(ωrn)2

L∑
r=−L

ejωln (jωrn) |U(ωl+r)|2

×
L∑

q=−L

e−jωmn (−jωqn) |U(ωm+q)|2,

(6.75)
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e elements (6.75) can now be bounded by∣∣∣∣∣
n2∑
n=1

1

Nλu2
∑L

r=−L(ωrn)2

L∑
r=−L

ejωln (jωrn) |U(ωl+r)|2

×
L∑

q=−L

e−jωmn (−jωqn) |U(ωm+q)|2
∣∣∣∣∣∣

=

∣∣∣∣∣
n2∑
n=1

ejωl−mnn2

Nλun2
∑L

r=−L

(
2π
N

)2
r2

L∑
r=−L

(
2π

N
r

)
|U(ωl+r)|2

×
L∑

q=−L

(
2π

N
q

)
|U(ωm+q)|2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n2∑
n=1

ejωl−mn

Nλu
∑L

r=−L r
2

L∑
r=−L

r|U(ωl+r)|2
L∑

q=−L

q|U(ωm+q)|2
∣∣∣∣∣∣

=

∣∣∣∣∣∣
n2∑
n=1

3ejωl−mn

NλuL(L+ 1)(2L+ 1)

L∑
r=−L

r|U(ωl+r)|2
L∑

q=−L

q|U(ωm+q)|2
∣∣∣∣∣∣

≤

∣∣∣∣∣∣
n2∑
n=1

3ejωl−mn

NλuL(L+ 1)(2L+ 1)
L

L∑
r=−L

|U(ωl+r)|2L
L∑

q=−L

|U(ωm+q)|2
∣∣∣∣∣∣

≤

∣∣∣∣∣∣ 3n2
Nλu(2L+ 1)

L∑
r=−L

|U(ωl+r)|2
L∑

q=−L

|U(ωm+q)|2
∣∣∣∣∣∣ .

(6.76)

us, it follows from (6.74-6.76) that[
Φ∗
1Φb (Φ

∗
bΦb)

−1Φ∗
bΦ1

]
m,l

≤

∣∣∣∣∣∣ 3n2
Nλu(2L+ 1)

L∑
r=−L

|U(ωl+r)|2
L∑

q=−L

|U(ωm+q)|2
∣∣∣∣∣∣ ,

where [X]m,l denotes the m, l element of the matrix X .



Chapter 7

Conclusions

T chapter summarizes the work presented in this thesis. We give some of the
main results and discuss some directions for future research.

7.1 Networked System Identification

In Chapter 4 we developed a framework for application oriented input design of
networked or interconnected systems. e main difference with input design for
networked systems compared to the classical setting is the possibility of known or
measured disturbances. is makes it possible to correlate the input signal with the
disturbance. For example, a feed-forward controller can be used during the experiment.

e main observation of this chapter was that the case with measurable distur-
bances is a non-trivial special case of closed-loop input design. We then showed how
existing tools from closed-loop input design can be applied to this problem.

e input design was considered in the application oriented input design frame-
work where the objective is to find a model that is good enough when used in the
intended application while minimizing some cost related to the experiment to archive
this. Much work has been focused on input design when the model is to be used in
a control application. However, many industrial control systems do not only utilize
feedback but also feed-forward control. e framework was therefore applied to the
input design problem when the intended use of the identified model is feed-forward
control design. Simple FIR-subsystems were used to demonstrate properties of the
optimal input when designing a minimum output variance feed-forward controller.

e framework was finally applied to two simulation example with practical
applicability. e examples demonstrated that much can be gained in terms of
experimental cost in certain applications by using the presented framework. e
simulation examples also showed some interesting properties of input design of
networked systems.

171
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Often it is not feasible or it is very expensive to measure every signal in the network
or to excite everywhere within a network. is framework could be used to a priori
find where to excite or measure by applying this framework and comparing the cost
function related to the experiment, fcost(Φχ0), for the different configurations of the
network.

Future Work

Future work could include to extend the framework to the case when there is also
correlation between the measurement noise e and the measured disturbance v, that is,
feedback is present from the output to the disturbance. In addition to the feed-forward
controller, we could also design a feedback controller and hence also correlate the input
with the noise, further improving the results.

In this thesis we only considered causal feed-forward controllers from the mea-
surable disturbance. In many applications, for example in the reference feed-forward
example, a preview of the future disturbance might be available. In this case it is possible
to use non-causal controllers. It would be interesting to see if this framework could be
extended to also cover this case.

e measured disturbance was also assumed to be perfectly known. In some
practical applications this does not hold. For example if the disturbance is measured
with a sensor, the measurement is inherently affected by noise. It would be interesting
if it is possible to extend this framework to also handle this case. However, this
corresponds to error-in-variables identification (Söderström, 2007) and the problem
becomes much more involved.

7.2 Signal Generation with Constraints

e problem considered in Chapter 5 was how to generate an input signal with
specified sample autocorrelation and that satisfies input and output constraints of
the system the signal is to be applied to. e core of the proposed algorithm is the
formulation of the signal generation as a model predictive controller which allows the
use of existing tools for making the algorithm robust and adaptive.

In this thesis, we used tools from scenario based stochastic optimization and robust
MPC. However, the framework is quite general and flexible and allows the application
of other state estimators, identification methods and techniques from the vast literature
on MPC.

e receding horizon problem corresponds to an optimization problem of a
fourth order multivariable polynomial with convex constraints. We showed two
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different numerical methods to solve this problem and their respective advantages and
disadvantages were discussed.

e properties of the algorithm were demonstrated in several simulation examples.
e method was also successfully applied on the quadruple tank lab process, which
showed the practical applicability of the method.

Future Work

e algorithm has been proven to converge for generation of white noise under input
signal amplitude constraints. In simulations the convergence of the algorithm has
been shown under much more general conditions. However, it would be interesting
to investigate and to prove for which correlation sequences and when the proposed
algorithm converges. A related research problem is which correlations sequences that
are possible to achieve with a amplitude constrained signal.

In the adaptive signal generation method there is a contradiction between the
need to excite the system and the need to keep it within the constraints during the
identification. Furthermore, the adaptively identified model is used to control the
system. However, the desired autocorrelation might stem from other demands on the
model. Consequently, the properties in the model needed for good control might not
be possible to identify with this input signal. If the final identified model is to be used
for control then these two demands might coincide. However, in other applications
of the identified model they might contradict each other. One question for future
research is then if it is possible to incorporate both the demand for good control and a
high quality model, with respect to the intended use of the model, in the input design
and find a desired autocorrelation that reflects this.

7.3 Nonparametric Frequency Response Estimation

Good knowledge of the frequency response function of a system is vital in many
applications. In Chapter 6 we proposed the transient and impulse response modeling
method for nonparametric frequency response estimation. e development of TRIMM
was inspired by the recent developments in nonparametric identification sparked by the
introduction of the Local Polynomial Method. TRIMM utilizes the known structure of
the leakage error and the error is parameterized with global parameters. A basic relation
between the frequency response at neighboring frequencies was used to increase the
number of equations.

We then studied the bias and variance error of the estimated FRF using TRIMM. First
two special cases where considered to gain some intuition and insight into the method.
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e bias was then studied for a second order system with low damping since many
systems can be written as sums of first and second order systems and the part with
lowest damping dominates the error. e results are not only valid in the resonance
peak of the system but can be used to understand the bias error for more general
systems. at is, the bias error in each frequency is a function of the damping of
the local dominating system in each particular frequency window. is allowed us
to connect system properties and the choice of user parameters with the performance
of the method. e same results were shown to hold also for highly damped systems.
e main observation is that the ratio between the local bandwidth used in TRIMM and
the bandwidth of the system to a large extent decides the bias.

e variance of the estimated FRF was also studied. e main result here is that the
variance is proportional to the ratio between the noise variance in the frequency and
the input power over the local frequency window.

Future Work

e TRIMM method is still in a quite early stage of the development and much work
remains to be done. is analysis of the method in this thesis makes it easier to compare
different nonparametric methods. is comparison could be used to give guidelines to
the user when and which method should be used and how.

e leakage error and the system are approximated by their truncated impulse
responses. Since the leakage and the system have the same poles it might be possible
to improve the performance of the method by instead approximate them by rational
models. is allows for fewer parameters to be estimated and more of the structure of
the problem is utilized. However, the resulting least squares problem does not have an
explicit solution and one have to resort to numerical methods to find a solution.

Another way to take more structure into account in TRIMM is to use that the
method, in addition to the frequency response, also estimates two impulse responses.
In TRIMM the information that it is two impulse responses that are estimate is not
used. Maybe this could be incorporated into the method, using for example the
regularization ideas from nonparametric impulse response estimation, see for example
Pillonetto et al. (2014). e regularized estimation of impulse responses have attracted
much attention recently. ese new methods are nonparametric, require little user
interaction and give good estimate of the impulse response compared to the classical
approach. Since the frequency response function is just the Fourier transform of the
impulse response it would also be interesting to also include these methods in the
comparison of the nonparametric methods.
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One important topic that should be further investigated is how to obtain a
nonparametric estimate of the noise model using TRIMM. A good nonparametric noise
model can for example be used to simplify a subsequent parametric identification. is
removes the demand to select a suitable parametric noise model structure and its order,
see Schoukens et al. (2011) for a more thorough discussion on this topic.





Acronyms

AR Autoregressive
ARMAX Autoregressive–Moving-Average model with eXogenous inputs

DFT Discrete Fourier Transform
EIV Errors In Variables

ETFE Empirical Transfer Function Estimate
FIR Finite Impulse Response
FRF Frequency Response Function

IDFT Inverse Discrete Fourier Transform
LMI Linear Matrix Inequality
LPM Local Polynomial Method

MIMO Multiple–Input Multiple–Outputs
ML Maximum Likelihood

MPC Model Predictive Control
MSE Mean Square Error
PER e Author of this esis
PEM Prediction Error Method
SDP Semi-Definite Program
SISO Single–Input Single–Output
SIMO Single–Input Multiple–Outputs
SVD Singular Value Decomposition

TRIMM Transient and Impulse Response Modelling Method
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