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Abstract

The AdS/CFT correspondence is a conjectured relationship between type IIB su-
persymmetric String Theory and super Yang-Mills theory that sets them dual to
each other in certain limits. We study the Lunin-Maldacena metric which is a
geometry imposed by the duality and analyze its behavior with respect to a defor-
mation parameter. Both analytic, numerical and visual means are used to search
for singular points in the metric. The results indicate that a conical singularity
appears in the limit of very large deformations.

Key words: spacetime, extra dimensions, super Yang-Mills theory.

Sammanfattning

AdS/CFT korrespondensen är en föreslagen dualitet mellan typ IIB supersymmet-
risk Strängteori och super Yang-Mills Teori som introducerades av Juan Maldacena
1997. Dualiteten manifesterar sig genom att i vissa gränser av strängteorin är de
olika modellerna duala och beskriver samma fysik. I denna uppsats studeras Lunin-
Maldacena metriken, vilket är en geometri där dualiteten visar sig. B̊ade analytiska,
numeriska samt visuella metoder används för att analysera metriken med avseende
till en deformations parameter. Resultaten visar att koniska singulariteter uppkom-
mer i gränsen för väldigt stora deformationer.

Nyckelord: rumtid, extra dimensioner, super Yang-Mills teori.
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Preface

This thesis was written for my Master of Science degree at the Department of
Theoretical Physics at the Royal Institute of Technology in Stockholm. My project
spanned from February 2014 until September 2014 and was performed under the
supervision of Teresia Månsson. The work concerns a geometry imposed by the
AdS/CFT correspondence and, in particular, the conical singularity that appears
in a limit of the metric.

Structure of the thesis

A brief outline of the thesis and its respective chapters will follow. An introduction
is given in Ch. 1 that aims to motivate the reason for pursuing String Theory, from
the shortcomings of the Standard Model and how String Theory provide a possible
solution. Ch. 2 introduces the reader to certain concepts within the mathematical
field of differential geometry. We develop the basic representation of the geometry
through the metric tensor and look at quantities such as the Gaussian curvature
that will be used to analyze the structure of the geometry. The concept of conical
singularities are introduced in Ch. 3. We look at the metric of a cone and how
the curvature and geodesics are affected by the singularity at the tip. This will
provide a basis of comparison for the analysis performed on the geometry that is
studied. In Ch. 4, the Lunin-Maldacena metric is finally introduced. We reduce the
number of effective variables from ten to two by looking at a certain subset of the
metric though a suitable parameterization. This reduced metric is then analyzed
through both analytic, numeric and visual means. In particular, the effects as the
deformation parameter is increased is studied and compared to what we expect
when a conical singularity appears in the geometry.
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Chapter 1

Introduction

Physics is the study of nature in which phenomenon are observed and explained
through various models. There are a vast majority of subfields within physics but
in general, one can divide it into experimental and theoretical physics. The ex-
perimental physicist observe nature and make predictions based on empirical data,
while the theoretical physicist relies on mathematical models to predict the outcome
of experiments. These distinct ways of achieving knowledge are not independent
but rather complementary to each other with a common goal of formulating a the-
ory around the studied subject. A successful theory can thus predict the outcome
of experiments with high accuracy and be applicable in more than one scenario, i.e.
the theory of gravitation should be able to describe more than falling apples.

During the last century, great discoveries has been made in the field of particle
physics. With a range of particle accelerators and detectors together with physi-
cists like Sheldon Glashow, Peter Higgs, Richard Feynman the experimental and
theoretical physicist has worked together which resulted in a particle theory that
we today call the Standard Model.

The Standard Model (SM) is a particle theory that incorporates three of the
fundamental forces found in nature, namely strong, weak and electromagnetic in-
teractions. It models the fundamental object as point-like particles where the in-
teractions are mediated by gauge bosons. All elementary particles proposed by the
Standard Model have been experimentally confirmed to exist and the theory is able
to predict the outcome of experiments with great accuracy. As of July 2012, the
Higgs boson has been discovered in the LHC at the CERN colaboration in Geneve
[1] and the Standard Model is complete. From a theoretical point of view, it is
a Quantum Field Theory meaning that the particles are describes as excitations
of a more fundamental structure which we call fields. Although the SM is a very
successful theory, it is not a complete description of our observed universe.

In 1915, Albert Einstein published his paper regarding General Relativity [2].
Although it was first criticized, it has now grown to be the modern description
of gravitation. In essence, the theory of General Relativity reduces to a set of
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2 Chapter 1. Introduction

equations called Einstein Field Equations. The solutions to these equations are
mathematical objects called metric tensors which describe how space-time is curved
around matter and energy. Karl Schwarzschild provided the first and most famous
of the exact solutions to the Einstein equations. It is called the Schwarzschild metric
and is a spherically symmetric vacuum solution to the equations. The solution of
often used as an approximation for slowly rotating object such as stars, planets and
black holes. Two points in the Schwarzschild metric are of particular interest since
there appears to be singularities there. This happens at the origin and at a radial
distance r = rs that is known as the event horizon. The singularity at the event
horizon is due to a poor choice of coordinates and can be removed by a suitable
transformation to a new set of coordinates. At the origin, however, the singularity
is a true physical singularity and no transformation can remove it. There is also a
third kind of singularity that may appear in spacetime metrics, namely a conical
singularity that will be explored later in this thesis.

The Standard Model does not incorporate gravitation as proposed by the theory
of General Relativity. Nor the dark energy and dark matter proposed by astronomic
observations. Furthermore, the SM incorporates mass-less neutrinos but observa-
tions indicate oscillations between neutrino flavors which can only be explained by
small, but non-zero masses. Hence, physicists are searching for theories that com-
bines and explains all phenomenon within one framework to solve these deficiencies,
so called physics beyond the Standard Model. A beautiful thought which many pur-
sue is that all phenomenon are consequences of a single fundamental theory, such
a theory is often referred to as the ”Theory of Everything”(ToE).

String Theory naturally incorporates gravity and is hence a candidate for the
Theory of Everything. Unlike the Standard Model which describe point-like par-
ticles, the fundamental objects in String Theory are one dimensional strings. Vi-
brations, or excitations, of the strings give rise to the elementary particles we are
used to from the SM. String Theory also predicts additional spacetime dimensions,
which is required in order for the mathematical structure to be consistent. Apart
from incorporating gravitation, String Theory also relates to other physical theories
through various dualities.

String Theory is a framework with a common conceptual idea, replacing point
particles with one dimensional strings, rather than one theory. Thus, a variety of
such theories exist and their respective dualities can be shown by deriving quan-
tum field theories in certain limits. Originally it was believed that five distinct
supersymmetric string theories existed: type I, type IIA, type IIB and two types of
heterotic string theories. Although, in 1995 it was conjectured by Edward Witten
[3] that these are special cases of a more fundamental theory called M-theory. This
theory predicts eleven spacetime dimensions and the fundamental object are know
as ”branes” where, in turn, it is possible to derive the different String Theories in
different limits of this theory. The abbreviation ”M” may, according to Witten,
stand for ”membrane”, ”magic” or ”mystic” and is open to interpretation until a
more formal formulation of the theory is made.
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Figure 1.1: A sphere and a hyperbolic space, visualization of the AdS5 × S5 space.

Our study will be performed on the AdS/CFT duality which was first intro-
duced by Maldacena in 1997 [4]. The AdS/CFT correspondence, or Anti-de Sit-
ter/Conformal Field Theory correspondence is a conjecture relationship between
two types of physical theories. On one side we have string theory or M-theory
which are defined on an anti-de Sitter background, and on the other side we have
the Conformal Field Theories that make up much of modern physics. A Quan-
tum Field Theory that is invariant under conformal transformation 1 is called a
Conformal Field Theory.

The AdS/CFT correspondence is defined on an anti-de Sitter background which
is obtained from a certain vacuum solution to the Einstein field equations. This
solution is known as the anti-de Sitter space, AdSn , and is the Lorentzian analogue
of n-dimensional hyperbolic space. Fig. 1.1 show a sphere and a hyperbolic space
which may serve as a visual representation of the AdS5 × S5 space, the ”multipli-
cation” of the spaces can be though of as a sphere residing in every point of the
hyperbolic space, and in particular on the boundary. The boundary is of special
interest since it looks like Minkowski space locally around any point. Thus, the
boundary of anti-de Sitter space can be interpreted as the spacetime for a CFT.

In particular, the AdS5/CFT4 duality expresses that type IIB string theory on
a 5-dimensional anti-de Sitter times a 5-sphere, AdS5 × S5, background is dual to
N = 4, D = 4 super Yang-Mills (SYM) theory under certain circumstances, namely
on the asymptotic boundary. It is conjectured that the AdS/CFT correspondence
realizes a more general holographic duality. Specifically, the theories are holograph-
ically dual to each other on the asymptotic boundary of the anti-de Sitter space
and loosely speaking one might say that our world lives on the boundary of this
space [5].

1A conformal transformation is a map between two spaces that preserves the angles of any two
curves.
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The duality is realized since each field propagating on an AdS space is in one
to one correspondence with an operator in the field theory. A Conformal Field
Theories has a correlation function for an operator O according to

< O(x1),O(x2) >∝ 1

(x1 − x2)∆
(1.1)

where ∆ is the scaling dimension, and the energy of a certain string configuration in
AdS5×S5 corresponds to the scaling dimension of some operator configuration [6].
However, the SYM theory is a rather unrealistic theory of the strong interactions
and quite far from Quantum Chromodynamics [7] which is the current theory for
the strong interactions.

Apart from being an interesting field of study in high energy theoretical physics,
the AdS/CFT correspondence has other applications as well. It can be used in par-
ticle physics to describe hard scattering and heavy ion collisions [8] by considering
scattering strings[9]. Furhermore, the experience of an observer falling into a black
hole [10] can be studied through the AdS/CFT correspondence. In condensed mat-
ter physics, it can be used to analytically compute the shear viscosity of the strongly
coupled finite-temperature N = 4 SYM theory [11]. The AdS/CFT correspondence
is also mentioned in several reviews, an interesting idea is that superconductiv-
ity and superfluidity can be studied through the holographic principle where the
AdS/CFT correspondence is the best understood version of the duality. High tem-
perature and other unconventional superconductors can thus be examined from a
different point of view where weakly coupled theories does not provide a complete
picture [12]. Further reviews concerning the role of the AdS/CFT correspondence
in condensed matter physics include [13] and [14].

In this thesis, I will explore a geometry imposed by the AdS5 × S5 background
used in the AdS/CFT correspondence. The metric keeps the AdS5 part intact while
the S5 part is deformed. Previous investigations of the metric has focus primarily
on small deformations [15] whereas this thesis will explore the metric for very
large deformations. In particular, the singularities of the metric will be explored
and compared to the conical singularity. Furthermore, the metric is reduced to a
deformed two sphere, S2, and is visualized through embedding the geometry in R3

and studied with respect to a deformation parameter σ.



Chapter 2

The metric tensor and
curavture of space

In this Chapter, we introduce the metric tensor and various quantities that can be
obtained from it, such as the curvature of a geometry and the geodesics defined
on it. These are concepts explored within the mathematical field of differential
geometry and will be used to analyze the structure of the Lunin-Maldacena metric
later on. These quantities also functions as tools for characterizing the singularities
in the geometry when compared to that of the cone.

2.1 The metric tensor

In general relativity and differential geometry, a metric is a mathematical object
that contains information about the structure of spacetime. It is often stated as
a symmetric tensor g = gµν which can be used to define curvature of spacetime.
The metric tensor is defined as the object that relates the differential distance, ds,
between two points and their coordinates. Let xµ be a set of local coordinates
defined on the space, then

ds2 = gµνdx
µdxν (2.1)

where the Einstein summation convention is used, i.e. the repeated indices µ, ν are
summed over. In Cartesian coordinates the metric of the Euclidean space R3 is

ds2 = dx2 + dy2 + dz2 (2.2)

where the distance between two points is given by Pythagoras theorem. In this case,
the metric tensor is the identity g = diag(1, 1, 1). Given a metric tensor, various
quantities can be calculated for the geometry such as the Riemann curvature.

5



6 Chapter 2. The metric tensor and curavture of space

2.2 Curvature of spacetime

The curvature of a geometry is a quantity defined through the metric tensor. It
is a measurement of how curved a space is and how much it deviates from a flat
space. The nature of the curvature depends on the number of dimensions of the
geometry. In one dimension the concept of curvature is redundant and hence there
is no curvature for a line. Any line can be transformed onto a straight line where all
distances are conserved. For two dimensions however, a single number is sufficient
to describe the curvature whereas for higher dimensions the degrees of freedom
for the curvature increase as well. Our studies will be limited to two dimensional
metric tensors.

Gauss stated in his paper Theorema Egrigium [16] that the curvature, K, of a
diagonalized, two-dimensional metric g can be written as

K =
1

2g11g22

{
−∂

2g11

∂x2
2

−∂
2g22

∂x2
1

+
1

2g11

[
∂g11

∂x1

∂g22

∂x1
+

(
∂g11

∂x2

)2]
+

1

2g22

[
∂g11

∂x2

∂g22

∂x2
+

(
∂g22

∂x1

)2]}
(2.3)

where K = 0 indicates a flat space and K 6= 0 a curved space. Furthermore, the
Bertrand-Diquet-Puiseux [17] theorem states that the Gaussian curvature satisfies
the relation

lim
r→0

2πr − S(r)

r3
=
π

3
K (2.4)

where S(r) is the circumference of a circle centered around a point ρ with geodesic
radius r on the given geometry. We can also express the curvature as a series
expansion

S

2πε
= 1− ε2

6
K +O(ε3) (2.5)

where ε is the radius of a differential circle with circumference S(ε).



Chapter 3

Conical singularity

This Chapter introduces the concept of conical singularities in geometries. The
cone is studied in particular and the consequences for the Gaussian curvature and
the geodesics at the singularity are examined.

3.1 Metric of the cone

A conical geometry can be embedded in R3, consider the spherical coordinates for
the 3-sphere

x = r sinφ cos θ

y = r sinφ sin θ (3.1)

z = r cosφ

The equations for the special case when φ = constant describe a cone if φ 6= π/2,
since that corresponds to the xy-plane. The surface is then rotationally symmetric
around the z-axis, consider

x2 + y2 = r2 sin2 φ(cos2 θ + sin2 θ) = r2 sin2 φ (3.2)

Since 0 ≤ φ ≤ π we know that sinφ ≥ 0 and we can write√
x2 + y2 = r sinφ (3.3)

Dividing by the z-component, z = r cos θ, we get√
x2 + y2

z
= tanφ (3.4)

from which we find
z = C

√
x2 + y2 (3.5)

7



8 Chapter 3. Conical singularity

where C = 1/ tanφ, which is the equation for a cone. Differentiating the coordinates
and squaring them yields

dx2 = dr2 sin2 φ cos2 θ + dθ2r2 sin2 φ sin2 θ − 2r sin2 φ cos θ cosφdrdθ (3.6)

dy2 = dr2 sin2 φ sin2 θ + dθ2r2 sin2 φ cos2 θ + 2r sin2 φ cos θ cosφdrdθ (3.7)

dz2 = dr2 cos2 φ (3.8)

Thus, the metric become

ds2 = dx2 + dy2 + dz2 = dr2

[
sin2 φ cos2 θ + sin2 θ sin2 φ+ cos2 φ

]

+dθ2r2

[
sin2 φ sin2 θ + sin2 φ cos2 θ

]
+ 2drdθ

[
sin2 φ sin θ cos θ − sin2 φ sin θ cos θ

]
(3.9)

which simplifies to

ds2 = dr2 + α2r2dθ2 (3.10)

where α = sinφ. This is the metric of the cone and the metric tensor follows as

g = diag(1, α2r2) (3.11)

3.2 Curvature of the Cone

The metric of the cone

ds2 = dr2 + α2r2dθ2 (3.12)

is diagonal since g = diag(1, α2r2) and hence we can use the expression (2.3) by
Gauss in order to calculate the curvature. In fact, we find that K = 0 everywhere

except for when r = 0, where the expression is ill defined and on the form
0

0
. This

indicates that the cone is a flat surface in every point except for the tip.
We may also calculate the curvature through a different approach as outlined

in Ch.2. More specifically, we define a circle around the top of the cone and use eq.
(2.4) to obtain the curvature. The circumference of a circle around the tip of the
cone with radius r is obtained by integrating the differential distance ds around the
edge of the circle. At a fixed radius, r, we have dr = 0 and the metric simplifies to

ds2 = α2r2dθ2

Thus, we find the circumference as

S =

∫ 2π

0

ds =

∫ 2π

0

αrdθ = 2παr (3.13)
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Using this expression we can calculate the curvature according to

π

3
K = lim

r→0

2πr − S
r3

= lim
r→0

2π(1− α)

r2
(3.14)

which diverges as the limit is taken. Thus, we conclude that at the tip of the
cone the curvature diverges which is a consequence of the conical singularity that
appears there.

Furthermore, the circumference S and the area A of a region centered around
a point p with radius r satisfies the following relation

S2 = 4πA (3.15)

if and only if the space is flat. For the cone, where S = 2παr and A = απr2 we
instead get the relation

S2 = 4παA (3.16)

which only matches the flat case for α = 1 when the space if flat, despite the cone
having zero curvature everywhere but in the tip.

3.3 Geodesics on the cone

Geodesics are curves on a geometry that minimizes the length between two points,
i.e. the most optimal or shortest route. Since the curvature diverged at the tip of
the cone due to a conical singularity we want to analyze the effects this has on the
geodesics that run through the tip of the cone. Assuming that the angular variable
is a function of the radial component, i.e. θ = θ(r), the metric of the cone can be
written as

ds2 = dr2 + α2r2dθ2 = dr2 + α2r2

(
dθ

dr

)2

dr2 (3.17)

The Lagrangian of the system is defined as the arc length which is the quantity we
want to minimize.

L =

∫
ds =

∫ √
1 + α2r2θ′2dr (3.18)

From analytical mechanics we know that a functional of the form

J =

∫
F (r, θ, θ′)dr (3.19)

is stationary for solutions that satisfy the Euler-Lagrange equation

d

dr

∂F

∂θ′
− ∂F

∂θ
= 0 (3.20)
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For the cone we have no explicit dependence on θ so the Euler-Lagrange equation
reduces to

d

dr

∂F

∂θ′
= 0 (3.21)

Since this derivative vanishes, we can integrate the expression with respect to r so
that the partial derivative of F is a constant, c.

∂F

∂θ′
= c (3.22)

With F =
√

1 + α2r2θ′2 we find

α2r2θ′√
1 + α2r2θ′2

= c (3.23)

this expression can be rewritten

θ′2 =
c2

α2r2(α2r2 − c2)
(3.24)

Since θ′ =
dθ

dr
this expression is a separable differential equation which can be used

through integration and, for r > 0, we get

θ =
1

α
arccos(

c

αr
) (3.25)

Thus, since the domain for the trigonometric function arccos(x) lies in the interval
−1 ≤ x ≤ 1, the geodesic is not defined when r = 0, i.e. when the geodesic goes
through the tip of the cone. The radial variable r can be made arbitrarily small
with a suitable choice for the constant c, but never reach r = 0, so geodesics exist
everywhere on the cone except for the tip. It seems natural to assume that this too
is a consequence of the conical singularity that appears there.

Eq. (3.25) for the flat case when α = 1 does have the same behavior in the limit
r → 0. We expect the geodesics on a flat space to be straight lines that are able to
define at every point of the space. This is due to the assumption that the variables
depend on each other, i.e. θ = θ(r). For geodesic lines that run through r = 0
we expect θ to be constant. If we instead use a different approach to obtain the
geodesics by a parameterization θ = θ(s), r = r(s) and then use the Euler Lagrange
equation for both variables respectively we find, for α = 1

r4θ̇2 =
c2

a2 + b2
(3.26)

where a, b and c are the constants that satisfy the equation for straight lines in
polar coordinates

ar cos(θ) + br sin(θ) = c (3.27)
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This equation is fine even for r = 0, if we consider geodesics running through the
origin we have r = θ̇ = 0 which also yields c = 0 through Eq. (3.26). Using this
relation in Eq. (3.27) and transforming it to rectangular coordinates we find

ax+ by = 0→ y = −ax
b

(3.28)

which clearly is a straight line.



12



Chapter 4

The Lunin-Maldacena metric

In this Chapter, the geometry introduced by Lunin-Maldacena will be studied with
respect to a deformation parameter, σ. In order to be able to analyze the metric, a
special choice of coordinates is chosen so that the ten dimensions is reduced to two.
This two dimensional metric is a deformation of S2, where the deformation depends
on the parameter σ. Both analytical and numerical methods are used to analyze the
metric for increasing values of the deformation parameter. The geometry is then
embedded in flat Euclidean 3-dimensional space and visualized in various figures.
The Gaussian curvature of the embedded metric will be compared to the analytic
results.

4.1 Representations of the metric

4.1.1 AdS5 × S5 background

The general metric introduced by Lunin-Maldacena is given by a SL(3, R) trans-
formation on AdS5 × S5 [4], which in the Einsten metric yields

ds2
E = R2

EG
−1/4

[
ds2
AdS5

+
∑
i

(dµ2
i +Gµ2

i dφ
2
i ) +

|γ − τsσ|2

τ2s
R4
Eµ

2
1µ

2
2µ

2
3(
∑
i

dφi)
2

]
(4.1)

e−φ = τ2sG
−1/2H−1, χ = τ2sσ(γ − τ1sσ)G−1gE + τ1s (4.2)

G−1 = 1 +
|γ − τsσ|2

τ2s
gE , H = 1 + τ2sσ

2gE , τs = τ1s + iτ2s (4.3)

gE = R4
E(µ2

1µ
2
2 + µ2

2µ
2
3 + µ2

1µ
2
3), R4

E = 4πN (4.4)

BNS =
γ − τ1sσ
τ2s

R4
EGω2 − σ12R4

Eω1dψ (4.5)

13



14 Chapter 4. The Lunin-Maldacena metric

where φ is a dilation field, τ and BNS is a two form that functions as a magnetic
field. Furthermore, it is implied that

µ2
1 + µ2

2 + µ2
3 = 1 (4.6)

4.1.2 Einstein and string metric relation

The Einstein metric and the string metric are related by by conformal transforma-
tion according to

gE → e−2φgstr (4.7)

where φ is a dilation field. Thus, the metric can be written in the string frame

ds2
str = R2H1/2

[
ds2
AdS5

+
∑
i

(dµ2
i +Gµ2

i dφ
2
i )+(γ̃2 + σ̃2)Gµ2

1µ
2
2µ

2
3(
∑
i

dφi)
2

]
(4.8)

eφ = eφ0G1/2H, χ = χ0 + e−φ0 (4.9)

G−1 = 1 + (γ̃2 + σ̃2)Q, H = 1 + σ̃2Q (4.10)

We conclude the equality of these two metrics by considering

(γ̃2 +σ̃2)G = ((γ−τ1sσ)2R4 +τ2
2sσ

2R4)G = ((γ−τ1sσ)2 +τ2
2s)GR

4 = |γ−τsσ|2GR4

(4.11)
since τ = τ1s + iτ2s We consider the case where γ̃ = 0. Following the footsteps of
[18] and [19] we choose a parameterization such that

φ1 = ξ + ϕ1, φ2 = −ξ + ϕ1, φ3 = ξ + ϕ2

µ1 = sin θ cosψ, µ2 = sin θ sinψ, µ3 = cos θ (4.12)

In order to reduce the metric we consider a small part of the deformed S5 which is
given by the special case where cos θ = 0, sin θ = 1 and ϕ1 = ϕ2, which yields

φ1 = ξ + ϕ1, φ2 = −ξ + ϕ1, φ3 = ξ + ϕ1 = φ1 (4.13)

µ1 = cosψ, µ2 = sinψ, µ3 = 0 (4.14)

which, in turn, implies

Q = cos2 ψ sin2 ψ G−1 = 1 + σ̃2 cos2 ψ sin2 ψ (4.15)

and we get the metric, when ignoring the AdS5 part, as

ds2 = R2G−1/2

[
(cos2 ψ + sin2 ψ)dψ2 +G cos2 ψdφ2

1 +G sin2 ψdφ2
2

]
=

= R2G−1/2

[
dψ2 +G(dξ2 + dϕ2

1) +G(cos2 ψ − sin2 ψ)2dξdϕ1

]
(4.16)

Restricting this further by setting φ2 = 0 we find

ds2 = R2G−1/2dψ2 +R2G1/2 cos2 ψdφ2
1 (4.17)

where G−1 = 1 + σ̃2 cos2 ψ sin2 ψ, which for G = 1 become the metric for the 2-
sphere. By doing so, the number of variables in the LM-metric has been reduced
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to two from ten and will from now on be referred to as the reduced metric. Fur-
thermore, the subscript of the variable φ1 will be dropped from now on and only
be referred to as φ.

4.2 Curvature of the Lunin-Maldacena metric

With the components of the diagonal metric tensor of the reduced Lunin-Maldacena
metric

g11 = R2G−1/2, g22 = R2G1/2 sin2 ψ (4.18)

where

G−1 = 1 + σ̃2 cos2 ψ sin2 ψ = 1 + σ̃2 sin2 2ψ

4
(4.19)

The curvature, K, can be calculated through the expression (2.3) derived by Gauss.
Since the metric components only depends on ψ this reduces to

K =
1

2g11g22

{
− ∂2g22

∂ψ2
+

1

2g11

∂g11

∂ψ

∂g22

∂ψ
+

1

2g22

(
∂g22

∂ψ

)2}
(4.20)

Derivations of the partial derivatives of the function G and the metric components
can be found in Appendix A. Using the obtained results the curvature comes out
as

K =
1

2R2 sin2 ψ

(
− 2G1/2 cos 2ψ − 2 sin 2ψ

dG1/2

dψ
− sin2 ψ

d2G1/2

dψ2
+

+
G1/2

2

dG−1/2

dψ

{
G1/2 sin 2ψ + sin2 ψ

dG1/2

dψ

}
+

+
1

2G1/2 sin2 ψ

{
G sin2 2ψ + sin4 ψ

(
dG1/2

dψ

)2

+ 2 sin 2ψ sin2 ψG1/2 ∂G
1/2

∂ψ

}
(4.21)

As expected the curvature for the sphere is reproduced exactly for G = 1, since all
its derivatives vanish.

Using some trigonometric identities and expanding some of the partial deriva-
tives we find

K =
1

2

[
2G1/2 +

∂G1/2

∂ψ

∂G−1/2

∂ψ
− ∂2G1/2

∂ψ2
+

1

2G1/2

(
∂G1/2

∂ψ

)2

+

+2Gσ2 cos(2ψ) cos2(ψ)(G1/2 + 1)

]
(4.22)

for R = 1 and there are no longer any problems when approaching ψ = 0. This
expression is plotted for small and large values of the deformation parameter in
Fig. 4.1 and Fig. 4.2 respectively.
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Figure 4.1: The Gaussian curvature, K, for small values of the deformation param-
eter σ. For σ = 0 we note that K = 1 as for the sphere.



4.2. Curvature of the Lunin-Maldacena metric 17

Figure 4.2: The Gaussian curvature, K, for large values of the deformation param-
eter σ. The curvature goes as σ2/2 at the end points ψ = ±π/2.
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4.3 Geodesics on an infinitely deformed sphere

Just as in the case for the cone, we can evaluate the geodesic equation on the
reduced LM-metric and study the behavior of the solution as σ varies.

ds2 =

(
1 +

σ2 sin2(2ψ)

4

)1/2

dψ2 +

(
1 +

σ2 sin2(2ψ)

4

)−1/2

cos2(ψ)dφ2 (4.23)

Assuming ψ = ψ(φ) and following the outlined procedure as we did for the cone,
we find the function, F , to be minimized as

F =

[(
1 +

σ2 sin2(2ψ)

4

)1/2

ψ̇2 +

(
1 +

σ2 sin2(2ψ)

4

)−1/2

cos2(ψ)

]1/2

(4.24)

Since there is no explicit dependence on the variable φ, i.e. F = F (ψ, ψ̇) the Euler
Lagrange equation reduces to

F − ψ̇ dF
dψ̇

= C (4.25)

for some constant C that depend on the initial conditions of the geodesic. Evalu-
ating this expression we find[(

1 + σ2 sin2(2ψ)
4

)1/2

ψ̇2 +

(
1 + σ2 sin2(2ψ)

4

)−1/2

cos2(ψ)

]
− ψ̇2

[(
1 + σ2 sin2(2ψ)

4

)1/2

ψ̇2 +

(
1 + σ2 sin2(2ψ)

4

)−1/2

cos2(ψ)

]1/2
= C (4.26)

The solutions ψ(φ) to this equation are the geodesics defined on the metric. Finding
an analytic solution to this equation might seem like quite a feat but it is for our
purposes not necessary. As implied by the diverging curvature at the end points
of the interval in the ψ-variable this in the interesting point to study, elsewhere
the metric behaves nicely. To evaluate the equation in the appropriate limit we
evaluate the reoccurring expression

1 +
σ2 sin2(2ψ)

4
(4.27)

In particular, we are interested in the limit

lim
σ.ψ→∞,±π/2

σ2 sin2(2ψ)

4
(4.28)

which does not exist since it depends on the path on which the limit is approached,
i.e. the limit takes on different values when evaluating it from different directions.
Thus, in the limit of large σ at the endpoints ψ = ±π/2, the differential equations is
not defined. Some of its components do not attain finite, or even definable, values.
Hence, we conclude that the concept of geodesics does not make sense when the
deformation gets sufficiently large and are unable to define.
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4.4 Embedding the metric in flat space

In order to visualize the metric it needs to be embedded in a flat metric, like 3-
dimensional Euclidean space. This is done by a coordinate transformation that
relates the variables in the metric to a Cartesian coordinate system that can easily
be plotted. Since the reduced version of the LM-metric is a deformation of a sphere,
the aim is to reproduce the sphere in the limit for small deformation parameters
and see what happens when the deformation is increased.

Embedding the metric can be done in a number of different ways. A few different
attempts at embedding the metric will follow that each emphasize different key
aspect in the behavior of the metric. Some are better suited for small values of the
deformation parameter and some provide better insight regarding the curvature.

That it is in fact possible to embed the metric is proved by Nash’s embedding
theorem [20]

Definition 1 Every smooth n-dimensional Riemannian manifold admits a global
smooth isometric embedding in the Eucledian space RN where

N = max{sn + 2n, sn + n+ 5}, sn = n(n+ 1)/2

Thus, by choosing a high enough dimension the metric can be embedded in a
flat space. We will primarily focus on embedding the metric in three dimensional
Eucledian space. But higher dimensions is also a possibility and visualizing it from
that point can be done by projecting the metric onto 3-dimensional spaces.

4.4.1 Embedding a simplified, reduced metric

The metric can be visualized if it is embedded in a flat, 3-dimensional Euclidean
space. To do so, we use an ansatz that resembles the sphere

x = sinφ cosψ(1 + σ2f(ψ)) (4.29a)

y = cosφ cosψ(1 + σ2f(ψ)) (4.29b)

z = sinψ(1 + σ2g(ψ)) (4.29c)

for two arbitrary functions f(ψ) and g(ψ) that will be determined later. Differen-
tiating the coordinate transformation and assuming σ << 1 we neglect any term
containing powers of σ4 or higher. We find the

ds2 = cos2(ψ)(1 + 2σ2f(ψ))dφ2+

+

{
1+2σ2(sin2(ψ)f(ψ)+cos2(ψ)g(ψ))+2 cos(ψ) sin(ψ)σ2(

∂g

∂ψ
+
∂f

∂ψ
)

}
dψ2 (4.30)

Comparing this to a simplified version of the reduced Lunin-Maldacena metric

ds2 =

(
1 +

σ2 sin2(2ψ)

4

)
dψ2 +

(
1 +

σ2 sin2(2ψ)

4

)
cos2(ψ)dφ2 (4.31)
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we eventually end up with a set of equations

f(ψ) =
sin2(2ψ)

8
, f ′(ψ) =

sin(2ψ) cos(2ψ)

2
(4.32)

sin2(ψ) sin2(2ψ)+8 cos2(ψ)g(ψ)+8 cos(ψ) sin(ψ)g′(ψ)−cos(ψ) sin(ψ) sin2(2ψ) = sin2(2ψ)
(4.33)

So if we can find a solution to the differential equation the metric can be embedded
in three dimensional flat space. Using some trigonometric identities the equation
is simplified to

sin2(2ψ)(2− 5 cos2 ψ) + 8 cos2(ψ)g(ψ) + 8 cos(ψ) sin(ψ)g′(ψ) = 0 (4.34)

which has the solution

g(ψ) = A csc(ψ) + csc(ψ)

(
− 5 sin(ψ)

32
+

7 sin3(ψ)

24
+

5 sin(3ψ)

48
− sin(5ψ)

32

)
(4.35)

for an arbitrary constant A, where csc(ψ) =
1

sin(ψ)
is the cosecant. The solution

was produced using an analytical differential equation solver in the computational
software Mathematica. We prove that this is a solution by calculating the derivative

and substituting the expressions in the differential equation. Using
D

dx
cscx =

− csc2 x cosx we find

g′(ψ) = −A csc2(ψ) cos(ψ)−csc2(ψ) cos(ψ)

(
−5 sin(ψ)

32
+

7 sin3(ψ)

24
+

5 sin(3ψ)

48
− sin(5ψ)

32

)
+

csc(ψ)

(
− 5 cos(ψ)

32
+

21 sin2(ψ) cos(ψ)

24
+

15 cos(3ψ)

48
− 5 cos(5ψ)

32

)
(4.36)

The first term in the solution solves the homogeneous part of the differential equa-
tion since

8A cos2(ψ) csc(ψ)− 8A cos(ψ) sin(ψ) csc2(ψ) cos(ψ) = 0 (4.37)

The second term also vanishes for the same reason since the expression in the
parenthesis is equal for the function g and its derivative, so we only need to consider
the last term in the full equation which satisfies the required relation.

Using the obtained function in the ansatz the metric can be plotted which is
shown if Fig. 4.3 for different values of the deformation parameter. As can be
seen, for very small values the metric is just the sphere as expected. But as σ
increases so does the deformation eventually ending up in what seems to be two
distinct pieces only connected at a very small region. Fig 4.4 show the curvature
calculated numerically for the same values of σ. At very small values the curvature
remained very close to the exact solution for the sphere which is K = 1. When the
deformation gets larger the curvature seem to diverge at the end points ψ = ±π/2.
However, this is for the simplified metric and to get a full view of what is happening
in the Lunin-Maldacena metric we need to apply the same reasoning but to the real
metric.
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Figure 4.3: Progression of the simplified metric for increasing values of σ.
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Figure 4.4: Gaussian curvature computed numerically for the metric for different
values of σ.
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4.4.2 Embedding the reduced metric

In order to embed the full reduced version of the Lunin-Maldacena metric we con-
sider the ansatz

x = sinφ cosψ(1 + σ2f(ψ))−1/4 (4.38a)

y = cosφ cosψ(1 + σ2f(ψ))−1/4 (4.38b)

z = sinψ(1 + σ2g(ψ)) (4.38c)

and equate the following metric with

ds2 =

(
1 +

ψ2 sin2(2ψ)

4

)1/2

dψ2 +

(
1 +

ψ2 sin2(2ψ)

4

)−1/2

cos2(ψ)dφ2 (4.39)

The Eucledian metric obtained from the ansatz matches the second term in (4.42)
closely. We end up with the set of equations

f(ψ) =
sin2(2ψ)

4
, ⇒ f ′(ψ) = sin(2ψ) cos(2ψ) (4.40)

[
sin(ψ)σ2g′(ψ)+cos(ψ)(1+σ2g(ψ))

]2

=

(
1+

σ2 sin2(2ψ)

4

)1/2

−
(

1+
σ2 sin2(2ψ)

4

)−1/2

×

×
[

sin2(ψ) +
σ4 cos2(ψ)

16

(
1 +

σ2 sin2(2ψ)

4

)−2

sin2(2ψ) cos2(2ψ)+

σ2 sin(ψ) cos(ψ) sin(2ψ) cos(2ψ)

2

(
1 +

ψ2 sin2(2ψ)

4

)−1]
(4.41)

We define the function F (σ, ψ) such that the differential equation can be written
as [

sin(ψ)σ2g′(ψ) + cos(ψ)(1 + σ2g(ψ))

]2

= F (σ, ψ) (4.42)

Thus, in order to take the square root of the equation we require that F (σ, ψ) ≥ 0
for −π/2 ≤ ψ ≤ π/2. Fig 4.5 show F (σ, ψ) as a function of ψ for some values of
σ. Analyzing the sign of values that this function obtains we conclude that the
expression is positive for this range of θ-values if σ < 4.83. Thus, real solutions can
only be obtained from the ODE up to a critical value of the deformation parameter
for this ansatz.

For these values of σ, below the critical value, taking the square root of the
equation and the ODE can be written as

g′(ψ) + cot(ψ)g(ψ) =

√
F (σ, ψ)

σ2 sin(ψ)
(4.43)

This equation can be solved numerically for a given σ and an initial condition for
the function g, i.e. g(−π/2) has to be specified. The behavior of the metric for a
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Figure 4.5: Function F (σ, ψ) for different values of the deformation parameter. The
expression takes on negative values above the critical value σc = 4.48.

Figure 4.6: A figure with four subfigures
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Figure 4.7: A cross section of the metric, showing tips similar to that of the cone.

few different sets of values is shown in Fig. 4.6. When varying the initial condition
g(−π/2) we find an interesting cyclic behavior of the metric. Plots can only be
generated for certain values of the I.C. It is possible, however, to generate figures
for deformation parameters above the critical value. This is due to the fact that
the negative values that the function F (σ, ψ) takes are very close to 0 and are
also located in a small range of ψ-values. The resulting imaginary values of the
ODE can thus be ignored and only the real part of the equation is considered when
generating the figures. A cross section of the metric for σ = 10 is shown in Fig 4.7,
it is clear that the surface is not smooth at the end points ψ = ±π/2. These points
resemble the tip of the cone and it is thus expected to have a conical singularity.
This, of course, does not provide a full picture of what is happening and needs to
be improved further.

4.4.3 Adapting the scaling for large sigma

The previous ansatz fell somewhat short due to the scaling of the embedded metric
in the z-direction as σ increased. This caused the numerical values of the curvature
to not match the analytic case. In order to solve this scaling issue we isolate the
problem which is caused by the ansatz itself, since it contained a term proportional
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to σ2. The idea behind these terms in the metric was to obtain the sphere in
the limit as σ → 0. However, our study is more focused on high values of the
deformation parameter. By removing the problematic term we instead use an anstaz

x = sinφ cosψ(1 + σ2f(ψ))−1/4 (4.44a)

y = cosφ cosψ(1 + σ2f(ψ))−1/4 (4.44b)

z = sinψg(ψ) (4.44c)

where the z-component no longer directly scales with σ. Embedding this in 3-
dimensional Euclidean space we end up with a set of equations that is solved in
a similar manner as before and the resulting metric is displayed in Fig. 4.8. The
appearance greatly resembles what we saw in the previous case and its cross section
is plotted in Fig. 4.9. This metric does not scale in the z-direction as σ increases
which was the goal we set out to accomplish. Consequently, the numerical values of
the resulting curvature matches the analytic case much more closely. In fact,at the
end point ψ = −π/2 it is almost exactly the same for σ = 100 and it scales similar
to the asymptotic σ2/2 curve that is expected. Otherwise the curvature also seem
to diverge at the positive end point but not as fast for this ansatz.

4.4.4 An anstaz for large sigma

The previous attempts to embed the metric in a flat Euclidean space has fallen
short mainly due their limitations in the range of σ-values that can be studied.
We saw that real solutions only existed up to a critical value for the deformation
parameter. This was a consequence of the the function F (σ, ψ) taking on negative
values when σ ≥ σc. To account for this and obtain real solutions for any value of
σ we consider the ansatz

x =
1

100
cos(100φ)f(ψ) (4.45a)

y =
1

100
sin(100φ)f(ψ) (4.45b)

z = g(ψ) (4.45c)

Note that this transformation is not one to one since more than one value of φ yields
the same x-value. Differentiating the coordinate transformations and embedding
them in 3-dimensional Euclidean space we get the metric

ds2 = f(ψ)2dφ2 +

(
1

1002
f ′(ψ)2 + g′(ψ)2

)
dψ2 (4.46)

ds2 =

(
1 +

σ2 sin2(2ψ)

4

)−1/2

cos(ψ)2dφ2 +

(
1 +

σ2 sin2(2ψ)

4

)1/2

(4.47)
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Figure 4.8: Embedded metric that does not scale with increased deformation pa-
rameter.
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Figure 4.9: A cross section of the metric, showing tips similar to that of the cone.
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Figure 4.10: Gaussian curvature for this ansatz, the numerical value for large σ
matches the analytic case very closely in the end point ψ = −π/2.
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Identifying the terms we end up with

g′(ψ) =

{(
1 +

σ2 sin2(2ψ)

4

)1/2

− 1

1002

(
1 +

σ2 sin2(2ψ)

4

)−1/2

× (4.48)

×
[

sin2(ψ) +
σ4 cos2(ψ)

16

(
1 +

σ2 sin2(2ψ)

4

)−2

sin2(2ψ) cos2(2ψ)+

σ2 sin(ψ) cos(ψ) sin(2ψ) cos(2ψ)

2

(
1 +

σ2 sin2(2ψ)

4

)−1]}1/2

(4.49)

The expression under the square root is always positive and we can integrate g′ to
find real solutions for all values of the deformation parameter. In order to integrate
this equation we consider the Newton-Leibniz axiom

Definition 2 Let f and F be real-valued functions defined on a closed interval [a, b]
such that

F ′(x) = f(x)

If f is Riemann integrable on [a, b] then∫ x

a

f(t)dt = F (x)− F (a)

In our case, this results in

g(ψ) =

∫ ψ

ψ0

g′(t)dt (4.50)

where ψ0 is an arbitrary constant. Since z = g(ψ), varying ψ0 only corresponds to
a translation of the figure in the z-direction and is thus chosen to be zero. This
causes the bottom part of the figure to be placed at z = 0 since

z(0) = g(0) =

∫ 0

ψ0

g′(t)dt =

∫ 0

0

g′(t)dt = 0 (4.51)

This also relives us from the issues with choosing initial conditions for the differen-
tial equations encountered earlier.

The expression is integrated numerically and the resulting surface is plotted in
Fig. 4.11 for σ = 10. It is quite similar to what we have seen with the previous
attempts of embedding the surface. Due to the factors 1

100 in the anstaz the ex-
tension in the x and y-directions is limited accordingly. Furthermore, the overall
shape remains the same when increasing the value of the deformation parameter
except for a scaling in the z-direction. This is a result of the expression for g′(ψ)
where the leading terms, for large values of σ, is(

1 +
σ2 sin2(2ψ)

4

)1/2

(4.52)

which increases with the deformation parameter.
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Figure 4.11: The metric obtained from the ansatz suited for large values of the
deformation parameter. The general shape is conserved even for larger values of σ.
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Figure 4.12: Gaussian curvature for different values of the deformation parameter.
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Figure 4.13: A cross section of the metric, showing tips at the end points similar
to that of the cone.

Furthermore, the Gaussian curvature is numerically calculated for different val-
ues of σ and the results are shown in Fig. 4.12. Although it appears as if the
curvature for small σ is far from the analytic result, the numerical values are close
to the exact case of K = 1. In fact, for σ = 0.1 we have an agreement within 2%.
When increasing the deformation parameter the numerical values deviate further
and further from the exact result, but schematically they are quite similar. The key
features being the seemingly diverging curvature at the end points of the interval
and the characteristic ”bump” at ψ = 0. Dig 4.13 show a cross section of the metric
which show the cause of the diverging curvature. The surface is not smooth and
greatly resembles the tip of a cone. Regardless of not being at a very steep angle,
it is the discontinuous derivative that cause the large values of the curvature. The
cone is singular at the tip regardless of the steepness of its angle. There is also some
evidence for a singularity at ψ = 0, i.e. at the edge of the hat shape. Both the
curvature seems to be diverging and looking at the cross section there seem to be
a tip of sorts there. Although, the divergence seems to be going much slower than
at the end points and it is thus somewhat ambiguous whether or not this actually
is a conical singularity.
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These solutions are fully real valued, for all σ, due to the differential equation
not taking any negative values under the square root. The reason for the numerical
values of the curvature not matching the analytic solution is due to the scaling in
the z-direction with increasing σ. This causes the figure to dilate in one direction
while remaining constant in the other two dimensions. Consequently, the curvature
will diminish while the deformation parameter increases. Despite this, several con-
clusions can be made from the overall shape of the curvature plot in comparison
with the analytic solution.
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Summary and conclusions

In this thesis, a geometry imposed by the AdS/CFT correspondence has been stud-
ied. More specifically, this geometry is the ten dimensional Lunin-Maldacena metric
which is a background defined by an Anti-de Sitter space times a deformed sphere.
The deformation of this sphere with respect to a deformation parameter, σ , was
investigated using both analytic, numerical and visual means. Previous analysis
of the metric has focused primarily on small deformations so the effects for large
values of this parameter was of particular interest. In particular, we calculated
the curvature and geodesic equations defined on the geometry and studied their
behavior as the deformation parameter increased. The metric was also embedded
in a 3-dimensional Euclidean space in order to visualize the geometry and point of
certain interest where compared to the tip of a cone.

Looking at the results obtained when analyzing the cone we found that there was
a conical singularity at the tip, where r = 0. The space was otherwise completely
flat everywhere but in that point. This was seen from the Gaussian curvature which
obtained a non-zero value only at the tip, where it diverged. So the conical singu-
larity in the metric of the cone caused the curvature to diverge in this very point.
A similar behavior was seen for the LM-metric where the curvature approached an
asymptotic curve σ2/4 at the end points ψ = ±π/2 for large values of σ. In the
limit σ → ∞ the curvature diverges in these points just as for the cone. We also
saw similarities in how the geodesics behave on the different metrics. For both the
cone and the LM-metric we found that the geodesic equation cannot be defined in
the singular points.

The numerical investigations started with an ansatz in order to embed the metric
in a 3-dimensional Eucledian space. This enabled plotting of the surface of the
geometry and the deformation of the sphere could be shown as σ increased. Several
different embeddings were performed that all highlighted different aspects of the
geometry. Common for all the attempts of embedding the metric is the asymptotic
behavior as the deformation parameter increases. Except for the case with the
simplified version of the metric, all figures showed similar shapes that look like

35
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”sun hats” mirrored in the xy-plane. The extension of the figure in its respective
dimensions varied according to the ansatz used, as would be expected. This also had
implications for the numerically calculated curvature of the metric. Since curvature
is a measure that depends on distances between points, it is expected to vary as
the figure is stretched or compressed in different directions regardless of the overall
structure being intact. Some of attempts used an ansatz that made the figure scale
in the z-direction with increasing deformation parameter.

We conclude from these results that there is strong evidence that conical singu-
larities appears at the points ψ = ±π/2 in the limit σ →∞. Furthermore, it seems
like there is a conical singularity in this limit even at ψ = 0 but the divergence of
the curvature is much slower. This point seem to have an edge rather than a tip,
so the smoothness of the metric is only broken in one spatial dimension. However,
it is clear that the geodesic equation are undefinable and the analytic curvature
diverges in the limit of very large sigma even at this point.

The analysis performed in this work was mainly concerned in trying to find
and characterize any singularities in the Lunin-Maldacena metric. There are many
different methods for doing so and what worked out best in this case was embedding
the metric in a flat space. However, many of the attempts had issues with them
such as expressions taking imaginary values over a critical value of the deformation
parameter. According to Nash’s theorem it is always possible to embed the metric
if we choose a sufficiently high dimension. It would be interesting to try to solve
many of the issued that we encountered by increasing the number of dimensions of
the embedding.

Furthermore, due to the restrictions of the work preformed we did not explore
any of the implications that the singularities have on the string theory. It would
be interesting to see how the duality reacts to large deformations and how the field
theory side of things are affected when the conical singularities come into play.

The Luninc-Maldacena paper has become one of the most cited papers in the
field of String Theory and dualities between String Theories and Field Theories is
still an intriguing field of study. With possible solutions to the shortcomings of
the SM and with generalizations to M-theory and possible ToE it is indeed worth
while exploring further and it will be interesting to see where these ideas may take
physics in the future.



Appendix A

Derivatives of the LM metric

Calculating the necessary derivatives of the function G as

dG−1

dψ
=
σ̃2 sin 4ψ

2
(A.1)

dG

dψ
=

d

dψ
(

1

G−1
) = − 1

G−2

dG−1

dψ
= −G2 σ̃

2 sin 4ψ

2
(A.2)

dG1/2

dψ
=
G−1/2

2

dG

dψ
= −G3/2 σ̃

2 sin 4ψ

4
(A.3)

dG−1/2

dψ
= −G

−3/2

2

dG

dψ
= G1/2 σ̃

2 sin 4ψ

4
(A.4)

we get the partial derivatives of the metric tensor as

∂g22

∂ψ
= 2R2G1/2 cosψ sinψ +R2 sin2 ψ

∂G1/2

∂ψ
(A.5)

∂2g22

∂ψ2
= 2R2G1/2 cos 2ψ + 2R2 sin 2ψ

dG1/2

dψ
+R2 sin2 ψ

d2G1/2

dψ2
(A.6)(

∂g22

∂ψ

)2

= R4

(
G sin2 2ψ + sin4 ψ(

dG

dψ
)2 + 2 sin 2ψ sin2 ψG1/2 dG

1/2

dψ

)
(A.7)

∂g11

∂ψ
= R2(−1

2
)G−3/2 ∂G

∂ψ
=
R2G1/2σ̄2 sin 4ψ

4
(A.8)
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