
http://www.diva-portal.org

[This is not an article, chapter, of conference paper!]



1

Degrees of Freedom of Two-Hop MISO Broadcast
Networks with Mixed CSIT
Zhao Wang, Ming Xiao, Chao Wang, and Mikael Skoglund

Abstract—A downlink two-hop MISO broadcast network is
considered, with a two-antenna source communicating to 2
single-antenna destinations, via multiple single-antenna relays in
between. The sum degrees of freedom (DOF) of the network
with mixed channel state information at the transmitter (CSIT)
is investigated. The mixed CSIT consists of accurate delayed
CSIT and inaccurate instantaneous CSIT, and its availability
is limited within each hop, i.e. the source is oblivious to the
channels of the second hop. Given a transmission power P
and a real value α ∈ [0, 1], if the variance of the error for
instantaneous CSIT decreases as O(P−α), it is shown that the
sum optimal DOF of the considered network is d = 4+2α

3
when there exist at least 3 intermediate relays. The result
can be extended to the MIMO and multiple-hop cases. The
proposed achievable schemes essentially combine the concept of
retrospective interference alignment based on delayed CSIT and
linear beamforming based on inaccurate instantaneous CSIT into
an integrated form. Our results show that, in multi-hop MISO
broadcast networks, delayed CSIT and inaccurate instantaneous
CSIT can be exploited simultaneously to benefit network DOF.

Index Terms—Degrees of freedom, mixed CSIT, multi-hop
system, interference alignment/neutralization.

I. INTRODUCTION

Channel state information at transmitter (CSIT) plays an
important role in providing degrees of freedom (DOF) gains
in wireless networks. In practical systems, channel state in-
formation (CSI) is normally estimated by the receivers from
pilot symbols. Then CSIT is obtained via feedback. Due to
the fading nature of wireless channels, perfect CSIT is hard
to guarantee. Hence in practice various forms of imperfect
CSIT may be attained instead, resulting in different DOF
performance.

Considering a downlink broadcast channel (BC), a 2-
antenna source intends to communicate to two single-antenna
destinations through identically and independently distributed
(i.i.d.) fading channels. When the channel changes slowly, it
is possible to attain instantaneous CSIT with relatively high
accuracy. In this case, the CSIT is assumed to be perfect and
the system has DOF 2, which can be achieved by dirty-paper
coding [1] or linear beamforming (LBF) [2]. In general, non-
negligible CSIT estimation errors lead to a reduced DOF. For
example, if the variance of the estimation error decays as
O(P−α) for some constant α ∈ [0, 1] and transmission power
P , 2α DOF (i.e., only a fraction of the DOF when perfect
CSIT is available) can be achieved by LBF [3]. If the channel
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varies rapidly, feedback delay may be comparable to channel
coherence time. The extreme scenario in which transmitter-
side channel knowledge is completely outdated is modeled
as delayed CSIT in [4]. With long feedback block length,
it is easier for delayed CSIT to be sufficiently accurate, for
instance, by high resolution CSI quantization [5]–[7]. Then,
with accurate delayed CSIT, the sum DOF of the considered
two-user BC is 4

3 , which can be achieved by a retrospective
interference alignment (RIA) scheme [4] (we name the scheme
following [8]). With the DOF higher than 1 (the sum DOF
when no CSIT is available for isotropic fading BC [9]), it
reveals that even completely outdated CSIT can improve the
DOF of some wireless networks.

A further step towards the study of exploiting CSIT in
wireless networks has been taken recently by [10] through
the model of mixed CSIT, where both delayed CSIT, provided
by a significantly delayed feedback channel, and instantaneous
CSIT, attained via predictions based on the outdated CSIT or
observation of reciprocal reverse channels, can be available.
Recent works exhibit that wireless networks with both forms
of CSIT may have even higher DOF than those with only one.
For instance, it has been shown that when the variance of the
estimation error for instantaneous CSIT decays as O(P−α),
the two-user BC has sum DOF 4+2α

3 ∈ [ 4
3 , 2] [11] [12].

Clearly, situations in which only accurate delayed CSIT (i.e.
no knowledge of instantaneous CSIT) or perfect CSIT (i.e.
the instantaneous CSIT is sufficiently accurate) are included
as special cases and represented by α = 0 and α = 1
respectively. Therefore, the study on mixed CSIT provides
a more comprehensive understanding towards the impact of
CSIT on system DOF performance.

In the aforementioned system, if the source signals cannot
directly reach the destinations due to, for instance, large
distance between them, intermediate relays can be deployed
to conduct communication. Finding the DOF in even small
multi-hop systems is more challenging than in conventional
single-hop networks. This is due to the fact that introducing
relays potentially brings additional issues such as extra inter-
user interference, and extra load of channel estimation and
signal processing. Furthermore, the optimal relay operation
is far from being well understood. Inspired by the concepts
of interference alignment (IA) [13]–[15] and/or interference
neutralization [16]–[20], several pioneering works [21]–[25]
have recently looked at the DOF in relay networks. These
investigations are in general based on the condition that perfect
CSI of the entire network is available at all terminals. Such
an assumption is hard to realize, especially in layered multi-
hop networks where the terminals may not be physically
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connected.
To study the impact of imperfect CSIT on DOF in multi-

hop networks, we consider a two-hop MISO broadcast network
with a 2-antenna source and 2 single-antenna destinations [26].
The source and the destinations are physically unconnected
such that information delivery is assisted by multiple single-
antenna relays. Assume that CSIT is attained through feedback
signals from receivers. Regarding the transmission range of
feedback signals, two scenarios can be considered.

CSIT via global feedback: Feedback signals from any re-
ceiver can reach the source. In other words, the source has the
channel knowledge regarding both hops. Considering isotropic
fading, and let F and G denote the channel matrices of the
first and second hops available at transmitter side via feedback,
respectively. Based on F and G, the source can design its
transmission strategy by treating the two-hop network as an
equivalent single-hop BC, whose channel matrix is represented
by H = F · G (omitting the amplification factor at relays).
Thus the aforementioned DOF results for the single-hop BC
are applicable here. Clearly, attaining global CSI feedback
requires feedback links between the physically unconnected
destinations and source. This may not be applicable in many
systems.

CSIT via local feedback: Feedback signals from any
receiver can reach only the terminals in the previous layer.
Specifically, the source attains F but is oblivious to G,
which is available at the relays. Due to the CSI limitation,
a straightforward cascade approach sees the network as a
concatenation of a single hop BC (the first hop) and an X
channel (the second hop) [15]. By this approach, one may
conjecture that the system sum DOF is limited by that of the
X channel, and is thus smaller than the DOF of a single-hop
BC. However, we can apply transmission strategies similar
to those proposed in [16], [19], [20], [27] to show its sub-
optimality when either perfect CSIT or only delayed CSIT
can be obtained, and the multi-hop broadcast network has the
same DOF as the single-hop BC. Now, it is natural to ask what
will happen if mixed CSIT is attainable. We aim to answer this
question in this paper.

The main contributions of this paper are as follows. We
first establish the sum DOF of the two-hop MISO broad-
cast network with mixed CSIT when at least 3 relays are
deployed. Specifically, we show that when the variance of
the instantaneous CSIT estimation error decays as O(P−α),
where α ∈ [0, 1] , the network’s sum DOF is 4+2α

3 . This result
remains true even when the communication between the source
and its destinations has to be conducted by multiple layers of
relays. Noting that 4+2α

3 is the sum DOF of the corresponding
single-hop BC, our results show that in the considered setup
delivering signals through multiple layers of distributed relay
processing will not lead to degraded DOF. The analysis can be
extended to multiple-antenna scenarios. When the source has
2M antennas and the other terminals have M antennas each,
the system sum DOF is enhance to (4+2α)M

3 . However, for the
two-hop MISO network with only 2 relays, the DOF remains
unsettled with mixed CSIT. It is worth noting that the proposed
achievable schemes in all these cases essentially combine
the concept of retrospective interference alignment based on
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Fig. 1. System model: A 2 × I × 2 MISO broadcast network. fik
represents the channel coefficient between the antenna k of S and Ri, and
gki represents the channel coefficient between Ri and Dk , for k ∈ {1, 2}
and i ∈ {1, 2, . . . , I}.

delayed CSIT and linear beamforming based on inaccurate
instantaneous CSIT into an integrated form. Therefore, we can
conclude that in multi-hop MISO broadcast networks, delayed
CSIT and inaccurate instantaneous CSIT can be exploited
simultaneously to benefit network DOF.

The rest of the paper is organized as follows. In Section
II, we introduce our two-hop MISO broadcast network model.
In Section III, we summarize the main result of the paper.
The proof of the main result is provided in Section IV, with
discussions presented in Section V. Finally, our conclusions
are drawn in Section VI.

Notations: Superscripts T and H represent matrix transpose
and Hermitian transpose, respectively. ‖A‖ denotes the Eu-
clidean norm of vector A. |A| represents the determinant of
matrix A. E(·) denotes the expectation operation. g(x) =
O(f(x)) if and only if there exists a positive real value m and
a real value x0 such that |g(x)| ≤ m|f(x)| for all x > x0.
g(x) = o(f(x)) represents that limx→∞

g(x)
f(x) = 0. A⊥B

represents that vectors A and B are orthogonal. I denotes the
identity matrix.

II. SYSTEM MODEL

A. Channel Model

As shown in Fig. 1, we consider a 2-user 2-hop MISO
broadcast network in which a source node S with 2 transmit
antennas intends to send 2 independent messages to 2 single-
antenna destinations D1 and D2, respectively. There is no
direct link between S and Dk (k = 1, 2). I (I ≥ 2) single-
antenna relaysRi (i ∈ {1, · · · , I}) are deployed between them
to help the communication. We term this network a 2× I × 2
MISO broadcast network.

Let P represent the long term average power of each node.
The sum optimal DOF of the considered network is defined as
d = limP→∞

CΣ(P )
log2P

[28], where CΣ denotes the sum capacity.
{fik(b, t)} and {gki(b, t)} (k ∈ {1, 2},i ∈ {1, 2, . . . , I})

represent the source-relay channel coefficients and the relay-
destination channel coefficients at time slot t in block b,
respectively, for t ∈ {1, 2, . . . , T} and b ∈ Z+, where
T ∈ Z+ represents the length of a block. For each pair
of (b, t), fik(b, t) and gki(b, t) are assumed to be i.i.d.,
drawn from a continuous distribution. Their absolute values
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are bounded away from zero and infinity to avoid channel
degenerations [14]. We consider a time-varying fading en-
vironment such that all channel coefficients remain constant
within one time slot but change independently across different
time slots. Let Fi(b, t) = [fi1(b, t) fi2(b, t)]T and Gk(b, t) =
[gk1(b, t) gk2(b, t) . . . gkI(b, t)]

T . The transmission signal of
S at time slot (b, t) is a 2×1 vector X(b, t). Then, the received
signal of relay Ri (i ∈ {1, 2, · · · , I}) at time slot (b, t) is

yRi(b, t) = FTi (b, t)X(b, t) + zi(b, t), (1)

where zi(b, t) is the unit-power additive white Gaussian noise
(AWGN). We consider full-duplex relaying. At time slot (b, t),
the transmission signal of Ri is xRi(b, t). Then at the second
hop, the received signal of destination Dk (k ∈ {1, 2}) is

yk(b, t) = GTk (b, t)XR(b, t) + nk(b, t), (2)

where XR(b, t) = [xR1
(b, t) xR2

(b, t) . . . xRI (b, t)]
T and

nk(b, t) is unit-power AWGN.

B. Mixed CSIT

Throughout the paper, we assume perfect instantaneous CSI
at receivers. However, two kinds of imperfections affect the
CSIT, namely, inaccurate instantaneous CSIT and accurate
delayed CSIT. We represent them as the mixed CSIT. We note
that these two types of CSIT can be obtained by different
approaches in practice. For instance, instantaneous CSIT can
be attained by observing the reverse reciprocal channel, and
delayed CSIT can be obtained by the high-resolution feedback.

1) Inaccurate instantaneous CSIT: At the transmitter side,
the available CSI can only partially represent the instantaneous
channel condition. We represent the channel coefficients as

fik(b, t) = f̂ik(b, t) + f̃ik(b, t), (3)
gki(b, t) = ĝki(b, t) + g̃ki(b, t), (4)

where f̂ik(b, t) and ĝki(b, t) denote the estimated channel
coefficients, and f̃ik(b, t), g̃ki(b, t) denote the estimation error.
We assume f̂ik(b, t) and f̃ik(b, t) to be independent random
variables with zero-mean and bounded finite moments. Their
variances are 1 − δ2 and δ2, respectively (0 ≤ δ2 ≤ 1). The
same assumption holds for ĝki(b, t) and g̃ki(b, t). {f̂ik(b, t)}
are available at S, and {ĝki(b, t)} are available at the relays at
time slot (b, t). We introduce a parameter α ≥ 0 as the power
exponent of the estimation error:

α
4
= − log(δ2)

logP
. (5)

Assume α has a well-defined limit when P →∞ so that it can
be seen as the quality of instantaneous CSIT in the high SNR
regime. From the perspective of DOF, α = 0 corresponds
to the case with no instantaneous CSIT, while α → ∞
corresponds to the case with accurate instantaneous CSIT (i.e.
perfect CSIT). Therefore, increasing α increases the quality of
CSIT. Furthermore, since α > 1 implies that estimation error
is negligible compared to noise, the instantaneous CSIT can
be regarded as accurate from the DOF perspective [3]. Hence
we only consider α ∈ [0, 1] throughout the paper.

2) Accurate delayed CSIT: The accurate channel informa-
tion can be fed back to the transmitter side after one block
delay. Thus, at block b, the source knows the delayed CSI of
the first hop fik(b−1, t) and the relays know the delayed CSI
of the second hop gki(b−1, t), ∀t ∈ {1, 2, . . . , T}, k ∈ {1, 2}
and i ∈ {1, 2, . . . , I}.

III. MAIN RESULTS

We present our main results in this section.
Theorem 1: With mixed CSIT and I ≥ 3 relays, the

considered two-hop 2 × I × 2 MISO broadcast network has
sum optimal DOF 4+2α

3 , for 0 ≤ α ≤ 1.
Proof: The proof is presented in Section IV.

Remark 1: From Theorem 1, the considered two-hop net-
work has the same sum DOF as the single-hop two-user BC.
As we mentioned earlier, when α = 0 each transmitter has
no information regarding the instantaneous channel condition.
Only delayed CSIT is available. Following Theorem 1, the sum
DOF is 4

3 . This result coincides with that shown in our earlier
work [27]. With a positive α, the sum DOF of the network
is actually a linear function of α and is strictly larger than 4

3 .
In addition, we can prove (see Proposition 1 in Appendix C)
that, with only inaccurate instantaneous CSIT, the LBF-based
amplify-forward relaying can achieve the DOF 2α. Theorem
1 shows that having both forms of inaccurate CSIT provides
extra DOF gain over having only one of them. When α = 1,
the quality of the instantaneous CSIT is sufficiently good such
that the sum DOF of the network is 2, same as that when
perfect CSIT is available.

IV. PROOF OF THEOREM 1: THE SUM DOF OF 2× I × 2
NETWORKS FOR I ≥ 3

In what follows, we present the proof of Theorem 1. To this
end, we first find an upper bound on the sum DOF. Then an
achievable scheme is proposed to show that the upper bound
is tight.

A. Upper Bound
To prove the converse of Theorem 1, we assume that a

genie provides all source messages to the relays non-causally.
This assumption would not degrade the capacity region of
the considered network. Now the new network’s sum DOF is
bounded by only the second hop. Assuming full cooperation at
relays, the second hop works as a single-hop MISO BC with
an I-antenna source and 2 single-antenna receivers. Following
[11] [12], when I ≥ 2, the sum DOF of this I × 2 MISO BC
with mixed CSIT is 4+2α

3 . Thus, 4+2α
3 also serves as the sum

DOF upper bound for the considered network.
It is worth noting that, based on the same arguement, we can

show that the DOF region of the considered network can be
outer bounded as follows, directly following the outer bound
of the single-hop MISO BC [11] [12]. Let (d1, d2) represent
the DOF for messages intended for D1 and D2, respectively.
Then, we have

d1, d2 ≤ 1,

d1 + 2d2 ≤ 2 + α, (6)
2d1 + d2 ≤ 2 + α.
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The polygon given by the above outer bounds can be shown
to be optimal by achieving all the vertices of the polygon:
(1, 0), (0, 1), (α, 1), (1, α) and ( 2+α

3 , 2+α
3 ). In this proof, we

focus on achieving the point d1 = d2 = 2+α
3 , which yields

the maximum sum DOF and implies the achievability of the
other vertices of the region.

To facilitate presentation, we divide the process of designing
the achievable scheme into two steps. We first propose an RIA
method to make use of only the delayed CSIT. We show that,
without taking instantaneous CSIT into consideration, sum
DOF 4

3 is achievable in the 2×I×2 MISO broadcast network.
Afterwards, a new LBF-based protocal is applied on top of the
RIA scheme to take advantage of the available instantaneous
CSIT so that the sum DOF upper bound 4+2α

3 can be achieved.

B. Retrospective Interference Alignment with Delayed CSIT

In this subsection, we present a transmission scheme, mod-
ified from our previous work [27], that aims to make use
of only delayed CSIT. The modification is critical for the
later integration with instantaneous CSIT. From the previous
subsection, it is seen that in this case the maximal achievable
DOF is 4

3 . We show that activating only two relays (R1 and
R2) suffices to attain this result. Without loss of generality,
we assume each Gaussian codeword is transmitted within one
block length, and we drop the time slot index t in the indices
pair (b, t) hereafter to simplify the notations, e.g., we simplify
X(b, t) into X(b), Fi(b, t) into Fi(b), etc.

Consider a multi-round transmission scheme. Let integer
L ≥ 1 represent the round number. We will show that 4L
independent messages from the source can be delivered in
3L+ 3 blocks. Then when L→∞, the sum DOF 4L

3L+3 → 4
3

can be achieved asymptotically. We start introducing the
transmission scheme from the first round, which takes the
blocks 1, 2, 3 at the first hop and the following three blocks
(4, 5, 6) at the second hop. Let X [k]

o = [x
[k]
o,1 x

[k]
o,2]T represent

the codeword intended for Dk (k ∈ {1, 2}), where x[k]
o,1 and

x
[k]
o,2 are two independent Gaussian codewords representing

messages Mk1 and Mk2, respectively. We show X
[k]
o can be

delivered to Dk with 2 DOF after the first round. Assume equal
transmission power P at each terminal, which is omitted for
simplicity.

1) Transmission at the first hop: The transmission signal
of the first block can be written as X(1) = X

[1]
o +X

[2]
o . Use

FTk to denote the channel vector from S to Rk during the first
block (i.e. FTk (1)). The received signals at relays are displayed
in Table I, excluding noise for concise. After block 1, FT2 X

[1]
o

and FT1 X
[2]
o are desired by both relays for decoding, thus are

termed as common-desired signals. Because of the delayed
CSIT, at the beginning of block 2 the source knows the values
of FT1 and FT2 . It constructs its transmission signals for the
following two blocks as

X(2) = [FT2 X
[1]
o 0]T , X(3) = [0 FT1 X

[2]
o ]T .

The received signals of the relays (excluding noise) are dis-
played in Table I. Using yR1

(1) − yR1
(3)

f12(3) and yR1
(2), relay

R1 obtains sufficient independent equations to decode the two

messages in X [1]
o . It also knows an interference term FT1 X

[2]
o ,

which is a linear combination of the two codewords in X [2]
o .

Similarly, relay R2 obtains sufficient independent equations to
decode the two codewords in X [2]

o using yR2(1)− yR2
(2)

f21(2) and

yR2
(3). A linear combination of the two codewords in X

[1]
o

is also available at R2 as an interference term FT2 X
[1]
o . The

interference terms at the relays will play an important role in
the transmission of the second hop.

2) Transmission at the second hop: During the fourth
block, the relays respectively form their transmission signals
xR1(4) and xR2(4) using the decoded codewords and the
interference terms, as shown in Table II (excluding residue
noise for brevity). Define AT1 = g11(4)FT1 + g12(4)FT2 and
AT2 = g21(4)FT1 + g22(4)FT2 . Clearly, A1 and A2 are linearly
independent, almost surely. Again, AT2 X

[1]
o and AT1 X

[2]
o are

desired by both destinations for decoding. Because of the
delayed CSIT, at the beginning of block 5, A1 and A2 are
known at the relays. Then during the fifth and the sixth
blocks, xRk(5) and xRk(6) (k = 1, 2), the transmission signals
of the relays are computed as shown in Table II. Clearly,
using y1(4)− y1(6)

g12(6) and y1(5), D1 obtains sufficient linearly

independent equations to recover the messages in X
[1]
o . D2

also has sufficient linearly independent equations to recover
the messages in X

[2]
o , using y2(4) − y2(5)

g21(5) and y2(6). The
first round of transmission manages to deliver 4 messages
in 6 blocks. By induction, the lth (l ∈ {1, 2, . . . , L}) round
transmission takes the blocks 3l − 2 to 3l at the first hop
and the blocks 3l + 1 to 3l + 3 at the second hop to deliver
4 messages. Therefore, in total 3l + 3 blocks are used to
transmit 4l codewords. The sum DOF 4

3 can be achieved
asymptotically. We can can attain the following result.

Lemma 1: With delayed CSIT and I ≥ 2 relays, the sum
DOF 4

3 can be achieved for the considered 2-hop 2 × I × 2
network.

In the next subsection, we introduce a new LBF-based
scheme on top of the above transmission to take advantage
of the available instantaneous CSIT and obtain higher DOF.
Before proceeding, it is worth noting that the transmission
process of the above RIA scheme can be summarized as
two phases. In phase one, transmission signals are blindly
broadcasted from transmitters and thus are superimposed at
each receiver. Both receivers require more proper linear com-
binations of these codewords (i.e. the common-desired signals)
to decode their expected messages. The critical point is that
the common-desired signals can be recovered at transmitters
with the help of delayed CSIT. Thus in the second phase,
they are delivered to the receivers to facilitate decoding.
This perspective of viewing the transmission is crucial to the
integration of instantaneous CSIT.

C. Integrating Instantaneous CSIT - An Overview

By integrating instantaneous CSIT, we aim to show that in
the considered 2 × I × 2 (I ≥ 3) MISO broadcast network,
the sum DOF 4+2α

3 can be achieved. In this subsection, we
provide an overview of the transmission scheme and address
the key problems in the scheme design. To help understand
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TABLE I
RIA AT THE FIRST HOP [4]

b 1 2 3

X(b) X
[1]
o +X

[2]
o

[
FT2 X

[1]
o 0

]T [
0 FT1 X

[2]
o

]T
yR1 (b) FT1

(
X

[1]
o +X

[2]
o

)
f11(2)FT2 X

[1]
o f12(3)FT1 X

[2]
o

yR2 (b) FT2

(
X

[1]
o +X

[2]
o

)
f21(2)FT2 X

[1]
o f22(3)FT1 X

[2]
o

TABLE II
RIA AT THE SECOND HOP

b 4 5 6

xR1 (b) FT1

(
X

[1]
o +X

[2]
o

)
AT2 X

[1]
o 0

xR2
(b) FT2

(
X

[1]
o +X

[2]
o

)
0 AT1 X

[2]
o

y1(b) AT1

(
X

[1]
o +X

[2]
o

)
g11(5)AT2 X

[1]
o g12(6)AT1 X

[2]
o

y2(b) AT2

(
X

[1]
o +X

[2]
o

)
g21(5)AT2 X

[1]
o g22(6)AT1 X

[2]
o

Mk

Mk0

Mk1

2− α

2α

Mk0 =

[
Mk0,1

Mk0,2

]
→ X [k]

o =

[
x
[k]
o,1

x
[k]
o,2

]

Mk1 = (Mk1,1,Mk1,2) → X [k]
p = [x

[k]
p,1 x

[k]
p,2]

Method  I

Method II

P − P 1−α

P 1−α

x
[k]
o,1

x
[k]
o,2

cR1
(c1) P − PαcR2

(c2)

x
[k]
p,1 x

[k]
p,2 Pα

⇒ 2− α

3

⇒ 2α

3

Method I: Beamforming and RIA

Method II: Interference Neutralization b = 1, 4 b = 2, 5 b = 3, 6

Phase One Phase Two

Fig. 2. Overview of the achievable scheme.

the structure of our proposed transmission approach, we start
from the intuition behind the achieved DOF result, which can
be represented as follows:

d =
4 + 2α

3
=

2× (2− α)

3︸ ︷︷ ︸
Method I

+
2× 2α

3︸ ︷︷ ︸
Method II

.

This implies that we shall split the message into two parts,
each of which is transmitted by a specific method. By keeping
the similar 3-block transmission structure as introduced in the
previous subsection, method I, which occupies two phases,
aims to beamform the transmission signals based on the
instantaneous CSIT in the first phase such that the power
of common-desired signals (interference) is reduced. Conse-
quently, in the second phase, a reduced power level is sufficient
for delivering the common-desired signals. Essentially, method
I captures the idea of combining beamforming and RIA. The
purpose of method II is to convey some extra information by
the residue power in phase two, based on the instantaneous
CSIT. Specifically, only amplify-forward relaying is carried
out in the method II, which exploits the idea of interference
neutralization [19].

In what follows, we raise two key questions in the scheme

design. The proposed solution to the problems addressed in
the questions constitutes the core of our achievable scheme:

Question 1: In method I, how can we reduce the interfer-
ence power based on the instantaneous CSIT, especially at the
second hop by distributed relays?

In [10] [12], the authors proposed a method based on the
LBF and asymmetric power allocation for the single-hop BC.
That can be applied to reduce the interference power at the first
hop. For the second hop, we propose a new LBF-based scheme
at distributed relays which shows that the same purpose can be
achieved without cooperation at relays. The detailed approach
will be presented in the phase one of the second hop.

Question 2: In method II, how can we deliver extra mes-
sages with the residue power in the two-hop network?

In the second phase, we superpose the extra messages on
the common-desired signals with the residue power. After the
common-desired signals are decoded at each relay, the extra
messages are amplified and sent to destinations. The amplifi-
cation factors are designed based on the idea of interference
neutralization, which can be interpreted in the following toy
example. Consider there exist 3 relays in the network, and two
messages at the transmitter, each transmitted by one antenna
and intended for one receiver. Let a1, a2 and a3 denote the
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power amplification factors. In order to neutralize interference
(i.e., eliminate the interference on the air) at D1 and D2, one
should have

g11a1f12 + g12a2f22 + g13a3f32 = 0, (7)
g21a1f11 + g22a2f21 + g23a3f31 = 0. (8)

The above equation group has nonzero solutions for [a1 a2 a3]
almost surely, provided the channel coefficients are chosen
from some continuous distribution. As we will show in the
second phase of transmission, based on the instantaneous CSIT
g̃ij , this amplify-forward method can still introduce a DOF 4α

3 ,
though the interferences are not perfectly neutralized.

As discussed above, the operations at relays are critical to
the achievablity. By keeping the 3-block multi-round trans-
mission structure similar to that shown in Table I and II, we
provide an outline for the proof.
• Rate splitting: Let Mk = (Mk0,Mk1) ∈ [1 : 2TRk ] (k =

1, 2) represent the message intending for Dk, where the
independent messages Mk0 ∈ [1 : 2TR

[k]
o ] and Mk1 ∈

[1 : 2TR
[k]
p ] with Rk = R

[k]
o + R

[k]
p . Intuitively, Mk0

represents the message to be transmitted by mathod I,
and Mk1 represents the extra information to be delivered
by method II.

• Encoding: For each message Mk0, we split it into two
sub-messages Mk0,1 and Mk0,2. Mk0,i is encoded into
a Gaussian codeword x

[k]
o,i (i ∈ {1, 2}). Let X [k]

o =

[x
[k]
o,1 x

[k]
o,2]T , which can be transmitted by 2 antennas

in one block. We split each message Mk1 into two sub-
messages Mk1,1 and Mk1,2 with rates R

[k]
p1 and R

[k]
p2 ,

respectively. Thus, R[k]
p = R

[k]
p1 +R

[k]
p2 . Mk1,i is encoded

into a Gaussian codeword x
[k]
p,i. Let X [k]

p = [x
[k]
p,1 x

[k]
p,2].

The transmission of X [k]
p covers two blocks.

• Consider the first round of transmission, which takes the
blocks 1 to 3 at the first hop and the blocks 4 to 6 at
the second hop. We will show that X [k]

o can be delivered
to Dk with the rate R[k]

o ≥ (2 − α)log(P ) + o(log(P )).
In addition, X [k]

p can be delivered to Dk with the rate
R

[k]
p ≥ 2αlog(P ) +o(log(P )). Therefore, we have Rk =

R
[k]
o +R

[k]
p ≥ (2 + α)log(P ) + o(log(P )).

• The whole transmission works in a pipeline fashion with
multiple rounds, as we interpreted in the delayed CSIT
case. Asymptotically, each round of transmission takes 3
blocks time. Therefore, the achieved sum DOF is d =
limP→∞

R1+R2

3log(P ) = 4+2α
3 .

The overview of the achievable scheme is illustrated in
Fig. 2, with the interpretation of message splitting and the
corresponding transmission approach. The transmission details
of two hops are presented in the following two subsections,
respectively. Note that we omit the power scaling factors as
long as they do not affect the DOF [4].

D. The First Hop - A MISO BC Approach

We treat the first hop as a MISO BC and adopt a similar
transmission approach proposed in [10] [12]. The goal of
the first hop is to let relays R1 and R2 decode X

[1]
o and

X
[2]
o , respectively. Meanwhile, relay R3 only listens to the

transmission without decoding either X [1]
o or X [2]

o .
Phase One - Transmit X [k]

o : The first phase takes the block
1. Let P represent the 2×2 diagonal power allocation matrix.
Vk = [Vk,1 Vk,2] represents the 2 × 2 unitary beamforming
matrix for X [k]

o (k ∈ {1, 2}), where Vk,1 and Vk,2 are two
orthonormal column vectors. Then, the transmitted signal at
the source S is

X(1) = V1P
1
2X [1]

o + V2P
1
2X [2]

o . (9)

We set the power allocation matrix to be P =
diag

{
P − P 1−α, P 1−α} similar to [10]. The received signals

at relays can be represented as

yR1
(1) = FT1 (1)V1P

1
2X [1]

o + σR1
+ z1(1), (10)

yR2(1) = FT2 (1)V2P
1
2X [2]

o + σR2 + z2(1), (11)

yR3
(1) = L1X

[1]
o + L2X

[2]
o + z3(1),

where σR1
= FT1 (1)V2P

1
2X

[2]
o , σR2

= FT2 (1)V1P
1
2X

[1]
o ,

L1 = FT3 (1)V1P
1
2 and L2 = FT3 (1)V2P

1
2 . σRk can

be seen as the interference term at Rk. The beamforming
design at S aims for reducing the power of σRk based on
the instantaneous CSIT F̂k(t). Specifically, the beamforming
matrices are chosen such that V1,1⊥F̂2(1) and V2,1⊥F̂1(1). By
this means, the signal sent with the power P−P 1−α is partially
zero-forced at the unintended user. Because each Gaussian
codeword experiences sufficiently many channel coefficients
in one block, the average power of interference can be shown
to be O(P 1−α) [10] [11]:

E
(
|σRk |2

)
= O(P 1−α). (12)

Quantize the interference σRk : After phase one, because of
the delayed CSI feedback, Fk(1) can be obtained perfectly
at the source. Thus the interference σRk can be recovered by
the source. In order to decode X [1]

o and X
[2]
o at relays, σR1

and σR2
are desired by both R1 and R2. We aim to deliver

them to relays in phase two as common messages. Since the
average power of σRk is O(P 1−α), we transmit them in a
digital fashion for efficiency. We quantize σRk into Σ̂Rk . The
index of Σ̂Rk can be represented in R

′
k bits, which is encoded

into the Gaussian codeword cRk . As shown in [11] and [12],
by setting the distortion level to 1, which does not effect the
DOF, the number of quantization bits can be upper bounded
as R

′
k ≤ (1− α)log(P ) + o(log(P )).

Phase Two - Transmit cRk and X [k]
p : This phase takes the

blocks 2 and 3. The purpose of this phase is to deliver cRk
(k ∈ {1, 2}) to all relays as the common message. Meanwhile,
we send new codewords X [k]

p = [x
[k]
p,1 x

[k]
p,2] for destinations

Dk, for k ∈ {1, 2}. Specifically, the transmission signals are
designed based on superposition coding technique. During the
blocks b = 2, 3, the transmission signals at S are

X(b) =
√
P − Pα

[
cRb−1

cRb−1

]
+
√
Pα

[
x

[1]
p,b−1

x
[2]
p,b−1

]
. (13)

For instance, during the block 2, cR1
is transmitted from

both antennas with power P − Pα, whereas two distinct
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R1

R2

R3

D1

D2

U1X
[1]
o

U2X
[2]
o

L1X
[1]
o + L2X

[2]
o

(g11U1 + g13L1)X
[1]
o︸ ︷︷ ︸+(g12U2 + g13L2)X

[2]
o︸ ︷︷ ︸

︷ ︸︸ ︷
(g22U2 + g23L2)X

[2]
o +

︷ ︸︸ ︷
(g21U1 + g23L1)X

[1]
o

Intended Signal Interference

Intended Signal Interference

P

P 1−α

Power Level

Fig. 3. The main idea of phase one at the second hop.

new codewords x[k]
p,1 are transmitted from the source with the

residue power. Then, the received signals at relays are

yRi(b) = FTi (b)(
√
P − Pα

[
cRb−1

cRb−1

]
+
√
Pα

[
x

[1]
p,b−1

x
[2]
p,b−1

]
)

+ zi(b), i = 1, 2, 3. (14)

Decoding at relays: The decoding process at relays works
as follows.
• Decode cRk : All relays first try to decode cR1

and cR2

from the received signals in phase two (14). Treating X [k]
p as

noise, and because the signal (cRk ) to interference-plus-noise
ratio (SINR) is on the level of O(P−P

α

Pα ) = O(P 1−α), the
following rate can be achieved for decoding cRk :

R
′
c = (1− α)log(P ) + o(log(P )). (15)

• Recover Σ̂Rk from cRk : It is possible to recover the index
of Σ̂Rk if R

′
k ≤ R

′
c. Thus, R

′
c and R

′
k can be chosen properly

to satisfy this constraint.
• Decode X [k]

o at relay Rk: Relay R1 and R2 try to decode
X

[1]
o and X [2]

o , respectively. With Σ̂Rk , combining the received
signal in the first phase, Rk can decode X [k]

o in the following
rate (see details in [11] [12]):

R[k]
o ≥ (2− α)log(P ) + o(log(P )). (16)

• Ri (i ∈ {1, 2, 3}) subtracts the decoded messages cRk
from the received signal (14). The remaining signals will be
transmitted later at the second hop.

E. The Second Hop - Settling Questions 1 and 2

The transmission design of the second hop aims to answer
the two key questions. During phase one (b = 4), we propose
a new LBF-based scheme at distributed relays to reduce the
power of X

[k]
o at Dj to the level of O(P 1−α) (k 6= j).

During phase two (b = 5, 6), an amplify-forward relaying
scheme is applied for neutralizing the interference caused by
the messages X [k]

p at Dj . We summarize the useful signals at
relays after the transmission at the first hop, with the noise
term being omitted for simplicity. From phase one,

R1 : X [1]
o ,

R2 : X [2]
o , (17)

R3 : L1X
[1]
o + L2X

[2]
o .

E(‖ĝ13L2‖2) = O(P )

‖Q1‖ =
√
P 1−α

E(‖ĝ12U2‖2) =?

ĝ13L2

ĝ12U2

Q1

√
P 1−α

⇒ E(‖ĝ12U2‖2) = O(
√
P )

⇒ E(‖U2‖2) = O(P )

Fig. 4. The illustration of interference alignment at destination D1.

And from phase two, b = 2, 3

Ri :
√
PαFT1 (b)

[
x

[1]
p,b−1

x
[2]
p,b−1

]
, i ∈ {1, 2, 3}. (18)

(17) and (18) will be used in the phase one and two, respec-
tively, by two different methods. The details are presented as
follows.

Phase One - Transmit X [k]
o : The key idea of this phase

is to design two 1 × 2 beamforming vectors U1 and U2 at
relay R1 and R2, respectively, for transmitting the signals
(17). The solution of U1 and U2 essentially solves the problem
that we addressed in Question 1: to reduce the interference
power caused by X [k]

o at Dj to the power level O(P 1−α). We
illustrate our main purpose in Fig. 3. The technical details are
presented as follows.

The transmission signals at relays are

xR1
(4) = U1X

[1]
o , xR2

(4) = U2X
[2]
o ,

xR3(4) = yR3(1) = L1X
[1]
o + L2X

[2]
o + z3(1),

In particular, R3 simply transmits its received signal during
block 1. Note that the transmission power is implicitly in-
cluded in the beamforming vectors here. Omitting the block
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indices, the received signals at destinations can be written as:

y1 =(g11U1+g13L1)︸ ︷︷ ︸
H11

X [1]
o +(g12U2+g13L2)︸ ︷︷ ︸

H12

X [2]
o +n

′
1, (19)

y2 =(g21U1+g23L1)︸ ︷︷ ︸
H21

X [1]
o +(g22U2+g23L2)︸ ︷︷ ︸

H22

X [2]
o +n

′
2, (20)

where n
′
k = nk + gk3z3 (k = 1, 2) is the effective noise.

Let us define the interference terms as σ1 = H12X
[2]
o and

σ2 = H21X
[1]
o . For designing the beamforming vectors Uk,

we essentially work on the following problem.

Find Uk, k ∈ {1, 2}
s.t. C1: E

(
log(|σk|2)

)
= (1− α)log(P ) + o(log(P )),

C2: E(‖Hkk‖2) = O(P ),

C3: H1k is independent to H2k,

C4: E(‖Uk‖2) = O(P )

Constraints C1 and C2 are important because they capture
the idea of reducing the power of interference to O(P 1−α),
whereas keeping the power of intended signals as O(P ).
C3 implies that the interference terms should provide new
information (linear combination) for decoding X

[k]
o in the

second phase, delivered as common-desired signals. C4 is the
power constraint on beamforming vectors. In the following, we
present the mathematical details for the feasible Uk to satisfy
all the conditions.

Let Qk represent the 1 × 2 reference vector, k ∈ {1, 2}.
By introducing the reference vectors, we aim to align the
interference along the direction of Qk at destination Dk based
on the inaccurate instantaneous CSIT, with the power level
P 1−α. One should have:

ĝ12U2 + ĝ13L2 = Q1, (21)
ĝ21U1 + ĝ23L1 = Q2, (22)

‖Qk‖2 = P 1−α, k = 1, 2,

Therefore, Qk can be chosen as any arbitrary radius of the
circle shown in Fig. 4. Furthermore, we impose that Q1⊥L2

and Q2⊥L1. As we show in the sequel, this enforcement offers
a feasible solution of Uk.

As illustrated in Fig. 4, at D1, the interferences coming
from R2 and R3 through two independent paths, namely,
U2X

[2]
o and L2X

[2]
o are aligned along the direction Q1 with

the power P 1−α. We can also interpret the idea as finding the
hypotenuse (ĝ12U2) in the right triangle with two sides (ĝ13L2

and Q1) in the two dimensional Euclidean space. Therefore,
the beamforming vectors U1 and U2 can be chosen by solving
the equations (21) and (22):

U1 = ĝ−1
21 (Q2 − ĝ23L1), (23)

U2 = ĝ−1
12 (Q1 − ĝ13L2). (24)

It can be shown that the average power of UkX
[k]
o lies

on the level of P , thus ignoring the power scaling factors
does not affect the DOF analysis. C4 is satisfied. Briefly
speaking, we manage to use the beamforming vectors with
power level P such as Uk and Lk, to align the interference

into power level P 1−α. Fig. 4 provides the intuition of the
beamforming designs. Constraints C1, C2 and C3 are checked
in the following.

Substituting (23-24) into (19-20), we have

H11 =
g11

ĝ21
Q2 + (g13 −

g11ĝ23

ĝ21
)L1,

H22 =
g22

ĝ12
Q1 + (g23 −

g22ĝ13

ĝ12
)L2,

H12 =
g12

ĝ12
Q1 + (g13 −

g12ĝ13

ĝ12
)L2,

H21 =
g21

ĝ21
Q2 + (g23 −

g21ĝ23

ĝ21
)L1.

We observe that H11 and H21 are linearly independent al-
most surely. Thus if D1 can obtain H21X

[1]
o then combining

H11X
[1]
o , it is equivalent to a MIMO channel (see Appendix

B) for decoding X
[1]
o . Similarly, if D2 can obtain H12X

[2]
o ,

then combining with H22X
[2]
o it is also equivalent to a MIMO

channel for decoding X [2]
o . Therefore, C3 is satisfied. For C1,

we calculate the second moment of interference with respect
to logarithm (please refer to Appendix A)

E
(
log(|σk|2)

)
≤ (1− α)log(P ) + o(log(P )). (25)

And meanwhile, it is readily shown that C2 is satisfied based
on H11 and H22. Therefore, all the four constraints are so far
satisfied by (23) and (24).

Quantizing the interference σk: After the block 4, due to
delayed CSIT, H12 and H21 can be obtained by all relays. In
particular, because X [1]

o and X [2]
o can be decoded by R1 and

R2, respectively, σ1 and σ2 can be recovered by R2 and R1,
respectively. σk will be transmitted in the second phase in a
quantized form. Similar to the operations at the first hop, σk
is quantized into Σ̂k, and then the index of Σ̂k containing Rσk
viewed as a message is encoded into a Gaussian codeword ck.
Due to (25), we have (by setting the distortion level to 1) [11]

Rσk ≤ (1− α)log(P ) + o(log(P )).

ck will be transmitted in the following phase for both desti-
nations as common messages.

Phase Two - Transmit ck and X
[k]
p : Phase two takes the

blocks 5 and 6. The goal is to deliver ck to both destinations
for decoding X

[k]
o , and also to deliver X [k]

p to Dk. Briefly
speaking, we provide the solution for Question 2, in which
the delivery of ck completes our transmission of method I and
X

[k]
p is transmitted based on method II.
For block 5, the transmission signals at relays are:

xR1
(5)=a1

(
√
PαF1(2)T

[
x

[1]
p,1

x
[2]
p,1

]
+z1(2)

)
, (26)

xR2
(5)=

√
P − Pαc1+a2

(
√
PαFT2 (2)

[
x

[1]
p,1

x
[2]
p,1

]
+z2(2)

)
,

(27)

xR3
(5)=a3

(
√
PαFT3 (2)

[
x

[1]
p,1

x
[2]
p,1

]
+z3(2)

)
, (28)
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where ai (i ∈ {1, 2, 3}) are the amplification factors with the
constraint

∑3
i=1 |ai|2 = 1. Then, the received signals at the

destinations can be written as (omitting block index):

y1 =
√
P − Pαg12c1

+
√
Pα

(
3∑

i=1

g1iaifi1x
[1]
p,1+

3∑

i=1

g1iaifi2x
[2]
p,1

)
+n

′
1,

y2 =
√
P − Pαg22c1

+
√
Pα

(
3∑

i=1

g2iaifi2x
[2]
p,1+

3∑

i=1

g2iaifi1x
[1]
p,1

)
+n

′
2,

where n
′
k = nk +

∑3
i=3 gkiaizi represents the effective noise

at Dk, k = 1, 2. Apparently, E(|n′k|2) = o(log(P )). The
amplification factors are chosen to neutralize x

[2]
p,1 and x

[1]
p,1

at D1 and D2, respectively. Based on the instantaneous CSI,
ai (i ∈ {1, 2, 3}) are chosen such that

3∑

i=1

ĝ1iaifi2 = 0,

3∑

i=1

ĝ2iaifi1 = 0. (29)

Meanwhile, we can show
∑3
i=1 g1iaifi1 and

∑3
i=1 g2iaifi2

are non-zero almost surely. Consequently, the received signals
at destinations can be re-written as follows

y1 =
√
P − Pαg12c1

+
√
Pα

(
3∑

i=1

g1iaifi1x
[1]
p,1+

3∑

i=1

g̃1iaifi2x
[2]
p,1

)
+n

′
1, (30)

y2 =
√
P − Pαg12c1

+
√
Pα

(
3∑

i=1

g2iaifi2x
[2]
p,1+

3∑

i=1

g̃2iaifi1x
[1]
p,1

)
+n

′
2. (31)

We observe that three classes of information exist in the
received signals, i.e., at Dk, the received signal yk consists
of the common message c1, the extra new private message
x

[k]
p,1 and the interference leakage x[j]

p,1, for j 6= k. The desired
message c1 and x[k]

p,1 will be decoded successively.
Following a similar structure, the transmission signals in the

block b = 6 are

xR1(6)=
√
P − Pαc2+b1

(
√
PαFT1 (3)

[
x

[1]
p,2

x
[2]
p,2

]
+z1(3)

)
,

xR2(6)=b2

(
√
PαFT2 (3)

[
x

[1]
p,2

x
[2]
p,2

]
+z2(3)

)
,

xR3(6)=b3

(
√
PαFT3 (3)

[
x

[1]
p,2

x
[2]
p,2

]
+z3(3)

)
,

where bi are chosen to satisfy a similar neutralization condi-
tions accordingly as shown in (29). The details are omitted to
avoid repetition.

Decoding at destinations: The decoding process consists
of the following steps.
• Decode ck: Both destinations decode c1 and c2 from the

received signals. By treating X [k]
p as noise, the SINR is on the

level of O(P−P
α

Pα ) = O(P 1−α). Then, the following rate can
be achieved for decoding ck:

Rc = (1− α)log(P ) + o(log(P )). (32)

• Recover Σ̂k from ck: The recovery of Σ̂i is possible if
Rσk ≤ Rc. The proper Rσk can be chosen to satisfy the above
constraint.
• Decode X

[k]
p : Destinations remove c1 and c2 from the

received signals. For instance, at D1, after subtracting c1 from
(30), the residual signal can be represented as:

ỹ1 =
√
Pα

(
3∑

i=1

g1iaifi1x
[1]
p,1+

3∑

i=1

g̃1iaifi2x
[2]
p,1

)
+n

′
1. (33)

To decode x[1]
p,1, we can lower-bound the rate R[1]

p1 shown on
the top of the next page. Let H represent the set of channel
coefficients known at destinations. (35) follows from Jensen’s
Inequality, (36) follows from EH(|∑3

i=1 g̃1iaifi2|2) ≤
EH(|∑3

i=1 g̃1ifi2|2) because of
∑3
i=1 |ai|2 = 1, and (37)

follows from E(g̃2
1i) = δ2 = P−α and the statisti-

cal independence of fij and gmn. Similarly, it is readily
shown R

[1]
p2 = αlog(P ) + o(log(P )). Therefore, R[1]

p =

2αlog(P ) + o(log(P )). For decoding X
[2]
p , we also have

R
[2]
p = 2αlog(P ) + o(log(P )) from a similar approach.
• Decode X

[k]
o : By collecting the received signals from

two phases, Dk can decode X [k]
o by constituting an equivalent

MIMO channel as shown in Appendix B with rate:

R[k]
o = (2− α)log(P ) + o(log(P )). (34)

Combining the rate constraints of two hops, the following
sum DOF is achieved

d = lim
P→∞

R1 +R2

3log(P )
=

2(2− α+ 2α)

3
=

4 + 2α

3
.

Remark 2: Note that in block b = 5, we manage to convey
the common message c1 with the DOF 1 − α, and the
private messages x[k]

p,1 to Dk with DOF α, for k = 1, 2. This
observation directly show that the DOF pairs (α, 1) and (1, α)
can be achieved by simply absorbing the common message
into either private message. Therefore, the DOF region (6) can
be settled as optimal by time sharing among all the vertices.

We finish the proof here.

V. DISCUSSIONS

A. Generalizations to Multi-hop and Multi-antenna Networks

The result shown in Theorem 1 is not limited to the two-
hop case. We now consider a more general N -hop (N ≥ 2)
system with a 2-antenna source, 2 single-antenna destinations,
and N − 1 layers of single-antenna relays in between. No
physical connection exists between terminals in non-adjacent
layers. We treat the source as layer-0. Let In represent the
number of relays at layer-n for n ∈ {1, 2, · · · , N −1}. Mixed
CSIT is available but limited within each hop. We term this
network as the N -hop 2×IN−1×2 MISO broadcast network.
Its sum DOF is presented in the following corollary.

Corollary 1: With mixed CSIT and at least 3 relays in
each relay layer, the considered N -hop 2 × IN−1 × 2 MISO
broadcast network has sum optimal DOF 4+2α

3 , for 0 ≤ α ≤ 1.
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R
[1]
p1 = I(x

[1]
p,1; ỹ1,H) = EH

[
log

(
1+

Pα|∑3
i=1 g1iaifi1|2

o(log(P )) + Pα|∑3
i=1 g̃1iaifi2|2

)]

≥ EH

{
log

[
Pα

(
|

3∑

i=1

g1iaifi1|2 +

3∑

i=1

g̃1iaifi2|2
)

+ o(log(P ))

]}

− log

(
PαEH(|

3∑

i=1

g̃1iaifi2|2) + o(log(P ))

)
(35)

≥ EH

(
log

(
Pα|

3∑

i=1

g1iaifi1|2
))
− log

(
PαEH(|

3∑

i=1

g̃1ifi2|2) + o(log(P ))

)
(36)

= αlog(P ) + o(log(P ))− o(log(P )) = αlog(P ) + o(log(P )) (37)

Proof: The converse follows directly from Section IV-A.
For achievability, we start with N = 3 and I1 = I2 = 3 (the 3-
hop network). LetR[n]

i (i ∈ {1, 2, 3} and n ∈ {1, 2}) represent
the i-th relay in layer-n. Keep the rate splitting and encoding
procedures the same as the achievability proof of Theorem 1.
The transmission still works in the two-phase manner. Let us
focus on the layer-2 at first. We observe that ifR[2]

k can decode
X

[k]
o for k ∈ {1, 2}, then by the assist of the received signal

at R[2]
3 the similar beamforming scheme can be designed in

this layer as shown in Fig. 3. Furthermore, if R[2]
k does not

intend to decode X
[k]
p but simply amplifies and forwards it

to destinations, then the amplification factors can be designed
similar to the neutralization requirements (29). In this way,
R[2]
i (i ∈ {1, 2, 3}) plays the same role as Ri in the two-hop

network. Consequently, the same DOF can be achieved in this
3-hop network. To achieve this goal, we first consider the layer
0, 1 and 2 as a subnetwork. We simply treat R[2]

1 and R[2]
2 as

the virtue destinations to decode X [1]
o and X [2]

o , respectively.
Meanwhile, set the amplification factor at R[1]

i to be 1. Then,
after the phase two at the second hop, we consider the layer
2 and 3 as a new subnetwork. We can design the transmission
from layer 2 to 3 similar to the approach introduced in Section
IV-E. Clearly, by this recursive approach, the same DOF 4+2α

3
can be achieved. By induction, for N ≥ 3, the achievability
follows a similar approach to obtain the sum DOF 4+2α

3 .

Remark 3: Corollary 1 shows an interesting result: In a
wireless network with a two-antenna source and two single-
antenna destinations, implementing multiple hops of dis-
tributed processing does not reduce network DOF, as long as
the number of relays at each layer is not less than 3.

In addition, we consider a network consisting of a 2M -
antenna source, two M -antenna destinations, and I (I ≥ 3)
M -antenna relays in between. We term this network as the
2-hop 2M × IM × 2M MIMO broadcast network. The DOF
results can be directly generalized to the MIMO case, where
the achievable scheme is the matrix form accordingly.

Corollary 2: With mixed CSIT and I ≥ 3 relays, the
considered 2-hop 2M × IM × 2M MIMO broadcast network
has sum optimal DOF (4+2α)M

3 , for 0 ≤ α ≤ 1.

B. Discussions on the Half-Duplex Relay Networks

It is observed that the achievablity throughout the paper is
based on full-duplex relaying. It is interesting to note that the
sum DOF 4+2α

3 can also be achieved by half-duplex relaying,
if the number of relays is not less than 6. The key idea is
to apply cluster successive relaying [29] to the considered
network. We provide the sketch of the achievability as follows.
The relays can be divided into two disjoint sets, say A1 and
A2. The cardinality of each set is not less than 3. Accordingly,
we can divide the message into two parts, each of which
will be transmitted through different relay set. Then, adopting
the principle of successive relaying, the relays in set A1 can
work orthogonally to the relays in set A2 for receiving and
transmitting. Equivalently, these two orthogonal sets of relays
can be seen as one set of relays which can receive and transmit
signals at the same time. Therefore, by twice number of relays,
we can design two groups of communications orthogonally to
mimic the behavior of full-duplex relaying. The same DOF
4+2α

3 can be achieved.

C. The Polyhedron Structure of DOF Region with Common
Message

The main result can be extended directly to the case with
common message.

Corollary 3: Let (d0, d1, d2) represent the DOF of the
common message, private message for D1, and private mes-
sage for D2, respectively. Then, the optimal DOF region is
characterized by

d0 + d1 ≤ 1,

d0 + d2 ≤ 1,

2d0 + d1 + 2d2 ≤ 2 + α,

2d0 + 2d1 + d2 ≤ 2 + α,

for the 2× I × 2 network with mixed CSIT when I ≥ 3.
Proof: The converse follows quickly by the same mathod

as proposed in the upper bound proof of Theorem 1. The
DOF region outer bounds for the enhanced second hop (fully
cooperated relays with source messages) are the outer bounds
for our considered two-hop network, with details shown in
[11] and [12].
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d0

d1

d2

1

1

1

(0,
2 + α

3
,
2 + α

3
)

(0, 1,α)

(0,α, 1)

(1− α,α,α)

Fig. 5. The DOF polyhedron with common messages.

The achievability is shown by settling the following vertices
of the DOF polyhedron as shown in Fig. 5 and time sharing,
where the achievability of vertices is also implied by the proof
of Theorem 1 in Section IV-D and IV-E.

D. Discussions on the Sum DOF of the 2× 2× 2 Network

The sum DOF of the 2× 2× 2 network with mixed CSIT
still remains open. We summaize the best known lower and
upper bound for the sum DOF as follows:

max

{
4

3
, 2α

}
≤ d ≤ 4 + 2α

3
. (38)

The upper bound comes directly from Theorem 1. For the
lower bound, 4

3 is clearly achieved only based on the delayed
CSIT as shown in Lemma 1, while 2α is achieved only based
on the instantaneous CSIT shown in Proposition 1 (please refer
to Appendix C). However, the question remains that if the
combination of both forms of CSIT can bring extra benefit to
DOF.

VI. CONCLUSIONS

The sum DOF of the two-hop MISO broadcast network
consisting of a two-antenna source and two destinations with
multiple single-antenna relays has been studied. We consider
scenarios with mixed CSIT, which consists of the two kinds
of CSIT, namely, perfect delayed and inaccurate instantaneous.
When the number of relays is 3 or more, we settle the sum
DOF of the considered network to be the same as the single-
hop broadcast channel, showing that the multi-hop network
structure and distributed processing at relays do not degrade
DOF. Our results are the first to show that the benefits of
these two categories of CSIT can be accumulated in a multi-
hop network scenario. The explicit DOF establishment for
networks with 2 relays remains as an open problem. We
also note that throughout the paper, the instantaneous CSIT
uncertainty is assumed to lie on the same level for both hops.

However, in practice, due to different correlation scenarios of
individual hops, the correlation factors will affect the CSIT
uncertainty of each hop independently. In this scenario, the
impact of the correlation factors on the DOF of multihop
networks is an interesting and meaningful research topic.

APPENDIX A
PROOF OF EQUATION (25)

We consider the average power of interference with re-
spect to logarithm. For instance, when k = 1, we have
E(log(|σ1|2)) = EH,X(log(|σ1|2)) ≤ EH(log(EX(|σ1|2))),
followed by Jensen’s inequality. Define |η1|2 = EX

(
|σ1|2

)
.

Then,

|η1|2 = [
g12

ĝ12
g̃13 −

g̃12

ĝ12
ĝ13]

[
Q1Q

H
1 0

0 L2L
H
2

]

[
g12

ĝ12
g̃13 −

g̃12

ĝ12
ĝ13]H

= |g12

ĝ12
|2P 1−α + |g̃13 −

g̃12

ĝ12
ĝ13|2L2L

H
2 .

As we can see, if the second moment of η1 with respect to
the logarithm is approximately (1 − α)log(P ), by the rate-
distortion theorem [29] it is equivalent to have the average
power P 1−α. In what follows, we adopt this alternative
approach. Averaging the logarithm of |η1|2 over channel
realizations:

EH(log(|η1|2))=EH
(
log(P 1−α + L2L

H
2 |ĝ12g̃13 − g̃12ĝ13|2)

)

− EH
(
log(ĝ2

12)
)

(a)

≤ log
(
P 1−α + PEH(|ĝ12g̃13 − g̃12ĝ13|2)

)

− EH
(
log(ĝ2

12)
)

(b)
= (1−α)log(P )+o(log(P ))−EH

(
log(ĝ2

12)
)
,

where (a) follows from Jensen’s inequality and EH(L2L
H
2 ) =

P , and (b) follows from EH(|ĝ12g̃13 − g̃12ĝ13|2) = O(P−α).
Moreover, we can show that EH

(
log(ĝ2

12)
)

= log(1−P−α)+
O(1) [30], which indicates EH

(
log(ĝ2

12)
)

= o(log(P )).
Therefore, we have

EH(log(|η1|2)) = (1− α)log(P ) + o(log(P )). (39)

Similarly, for k = 2 it follows the same approach. We finish
the proof of (25).

APPENDIX B
PROOF OF INEQUALITY (34): RATE OF X

[k]
o

Because of symmetry, we only consider the rate of X [1]
o .

After the decoding of common messages c1 and c2, the quan-
tized sequence Σ̂1 and Σ̂2 can be recovered by destinations.
Let ∆k (k ∈ {1, 2}) represent the quantization noise, thus we
have Σk = Σ̂k + ∆k, where ∆k is the quantization noise with
average distortion Dk = E(|∆k|2) = 1. For D1, the following
MIMO channel can be constructed by collecting the received
signal during b = 4 (19) and Σ̂k:

Ȳ1 =

[
Σ̂2

y1(4)− Σ̂1

]
= SX [1]

o +

[
−∆2

n1 + ∆1

]
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where

S =

[
g21

ĝ21
g̃23 − g̃21

ĝ21
ĝ23

g11

ĝ21
g13 − g11

ĝ21
ĝ23

]

︸ ︷︷ ︸
G

[
Q2

L1

]
. (40)

We can lower-bound R[1]
o as follows:

R[1]
o = I(X [1]

o ; Ȳ1|S) = I(SX [1]
o ; Ȳ1) (41)

= H(SX [1]
o )−H(

[
−∆2

n1 + ∆1

]
|Ȳ1)

≥ H(SX [1]
o )− log(1 +D1)− log(D2) (42)

= EH
(
log|GGH |

)
+ EH

(
log
∣∣∣∣
Q2Q

H
2 0

0 L1L
H
1

∣∣∣∣
)

+ o(log(P )) (43)

= (1− α)log(P ) + EH
(
log|GGH |

)
+ EH

(
log|L1L

H
1 |
)

+ o(log(P )) (44)

(41) follows from that S is invertible almost surely (which
can be readily shown through |S| 6= 0 with probability one)
and thus the linear transformation is information-lossless; (42)
follows from that conditioning does not increase differential
entropy and Gaussian distribution maximize the entropy of the
distortion term; (43) follows from D1 = D2 = 1 and Q2⊥L1;
(44) follows simply by substituting ‖Q2‖22 = P 1−α in it. To
proceed, in (44) the term EH

(
log|L1L

H
1 |
)

can be bounded as
follows:

EH
(
log|L1L

H
1 |
)

= EH
(
log|FH3 V1PVH

1 F3|
)

≥ EH
(
log|(P − P 1−α)FH3 V11V

H
11F3|

)

= log(P ) + o (log(P )) . (45)

The next step is to show EH
(
log|GGH |

)
≥ o(log(P )), with

the matrix G defined in (40). Let us introduce Hadamard
product denoted by ◦. Then, G can be written as G = G1◦G2,
with G1 and G2 defined as follows:

G1 =

[
g21 1
g11 1

]
G2 =

[
1
ĝ21

g̃23 − g̃21
ĝ23

ĝ21
1
ĝ21

g13 − g11
ĝ23

ĝ21

]
.

By Schur product theorem, we have |G| ≥ |G1||G2|. Then,

EH
(
log|GGH |

)
≥ EH

(
log|G1|2

)
+ EH

(
log|G2|2

)

= o(log(P )) + EH
(
log|G2|2

)
(46)

= o(log(P )) + EH
(
log|ρ|2

)

− 2EH
(
log|ĝ21|2

)
(47)

where (46) follows from the the determinant of G1 which is a
constant with respect to P ; (47) follows from the calculation
of the determinant of G2, where ρ = (g13− g̃23)ĝ21 + (g̃21−
g11)ĝ23. Following the principle of the algebra of random
variables, it can be shown that ρ has variance 2(1+δ2)(1−δ2).
Therefore, we can obtain EH

(
log|ρ|2

)
= O(1) + log((1 +

δ2)(1−δ2)) = O(1)+log((1+P−α)(1−P−α)) = o(log(P )).
Similar analysis can be applied for the third term in (47)
to obtain EH

(
log|ĝ21|2

)
= o(log(P )). Therefore, back to

(47), we have EH
(
log|GGH |

)
≥ o(log(P )). Therefore, back

to (44), we have R
[1]
o ≥ (2 − α)log(P ) + o(log(P )). This

concludes our proof.

APPENDIX C
THE ACHIEVED DOF OF LBF SCHEMES WITH INACCURATE

INSTANTANEOUS CSIT

Proposition 1: With only inaccurate instantaneous CSIT as
defined in Section II, for the 2 × I × 2 broadcast network
(I ≥ 2), 2α sum DOF can be achieved by LBF-based schemes.

Proof: It suffices to show that 2α DOF can be achieved
for the 2×2×2 network. Specifically, we apply the interference
neutralization approach proposed in [20]. Then, the achieved
DOF is analyzed based on the inaccuracy of CSIT.

We consider the M -symbol time-extension of the original
channel. The channel input-output relationship is:

YRk(b, t) = Fk(b, t)X(b, t) + Zk(b, t), (48)
Yk(b, t)=Gk1(b, t)XR1

(b, t)+Gk2(b, t)XR2
(b, t)+Nk(b, t),

(49)

where Fk(b, t) = [Fk1(b, t) Fk2(b, t)], with Fki(b, t) =
diag{fki(b, (M−1)t+m)} and Gki(b, t) = diag{gki(b, (M−
1)t+m)}, for m ∈ {1, 2, . . . ,M}. X(b, t) is a 2M×1 vector
representing the M -symbol extension at two antennas. Corre-
spondingly, XR1(b, t) and XR2(b, t) are M×1 vectors. At the
current time slot (b, t), we represent the channel as Fki(b, t) =
F̂ki(b, t)+F̃ki(b, t), where F̂ki(b, t) = diag{f̂ki(b, (M−1)t+
m)} and F̃ki(b, t) = diag{f̃ki(b, (M − 1)t + m)} denote
the estimated channel and the estimation error, respectively.
Clearly, the covariance matrices of F̂ki(b, t) and F̃ki(b, t)
are (1 − σ2)I and σ2I, respectively. Similarly, Ĝki(b, t) and
G̃ki(b, t) follow the same extension. Again, for simplicity, we
omit the time index t in the indices pair (b, t) hereafter.

Let the M ×1 vector X [k] represent the codeword intended
for Dk. We transmit the symbols with power P , then the
transmission signal at S is X =

√
P [X [1] X [2]]T . At relay

Ri, i ∈ {1, 2}, the transmitted signal is XRi = AiYRi , where
Ai is an M ×M beamforming matrix. Thus, at destinations,
we have

Y1 =
√
P
(
H11X

[1] + H12X
[2]
)

+ Z
′
1 (50)

Y2 =
√
P
(
H21X

[1] + H22X
[2]
)

+ Z
′
2 (51)

where Hki = Gk1A1F1i+Gk2A2F2i and Z
′
k = Gk1A1Z1+

Gk2A2Z2 +Nk. We design A1 and A2 based on the inaccu-
rate Ĝki such that the interference matrices

Ĥ12 = Ĝ11A1F12 + Ĝ12A2F12 = ΥΦH ; (52)

Ĥ21 = Ĝ21A1F11 + Ĝ22A2F11 = 0 (53)

where Υ and Φ are two M×1 vectors whose entries are drawn
identically and independently from a continuous distribution
with finite variance. Therefore, rank(Ĥ12) = 1, indicating to
null the interference in M − 1 dimensions of its rangespace.
The solution of Ai is given in [20] and we do not repeat
here. Let Ai(m,n) represent the (m,n)th entry in Ai. It is
worth noting that Ai(m,n) can be written as Ai(m,n) =
(
√

1− σ2)−1Āi(m,n) = (
√

1− P−α)−1Āi(m,n), where
Āi(m,n) is a random variable which does not rely on P .
This property will be applied when we calculate the covariance
matrix of the interference. Let the (M − 1) ×M matrix ΓH
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represent the zero-forcing matrix at D1, where ΓHΓ = I and
ΓĤ12 = 0. Let Ȳ1 = ΓHY1,

Ȳ1 =
√
P
(
ΓHH11X

[1] + ΓHH̃12X
[2]
)

+ ΓHZ
′
1 (54)

where H̃ki = G̃k1A1F1i + G̃k2A2F2i. Let K̃12 =
E(H̃12H̃

H
12) and KZ = E(Z

′
1Z
′H
1 ) represent the covari-

ance matrices. Then, we have K̃12 = E(H̃12H̃
H
12) =

E(G̃11K1G̃
H
11 + G̃12K2G̃

H
12) = O(P−α)I, with Ki =

AiF12F
H
12A

H
i , i ∈ {1, 2}. It follows from the independence

of G̃1i and Ki, and the covariance matrix of G̃1i is O(P−α)I.
Similarly, we can readily show KZ = O(1)K̄Z , where every
entry of K̄Z does not rely on P . Let R[i]

p denote the rate of
X [i]. For i = 1,

R[1]
p = I(X [1]; Ȳ1,H)

= E
(
log|Ȳ1Ȳ

H
1 |
)
− E

(
log|ΓH(P H̃12H̃

H
12 + Z

′
1Z
′H
1 )Γ|

)

≥ E
(
log|PΓHH11H

H
11Γ|

)

− log|E
(
ΓH(P H̃12H̃

H
12 + Z

′
1Z
′H
1 )Γ

)
| (55)

= log(P ) + E
(
log|ΓHH11H

H
11Γ|

)

− log|ΓH(P K̃12 + KZ)Γ|
= (M − 1)αlog(P ) + o(log(P )) (56)

where (55) follows from Jensen’s inequality and |Ȳ1Ȳ
H
1 | ≥

|PΓHH11H
H
11Γ|, and (56) follows from P K̃12 +KZ is dom-

inated by P K̃12 and P K̃12 = O(P 1−α)I. Analogously, we
can prove X [2] can be decoded at the rate R[2]

p = αM log(P )+
o(log(P )). Therefore, the sum DOF 2M−1

M α can be achieved.
When M →∞, 2α can be achieved asymptotically.

For I ≥ 3, the scalar amplify-forward relaying can achieve
the sum DOF 2α without symbols extension, based on the
method shown in (7) and (8). To avoid repetition, we omit the
proof here.
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