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Abstract

A direction is defined here as a multi-dimensional unit vector. Such unit
vectors form directional data. Closely related to directional data are ax-
ial data for which each direction is equivalent to the opposite direction.
Directional data and axial data arise in various fields of science. In prob-
abilistic modeling of such data, probability distributions are needed which
count for the structure of the space from which data samples are collected.
Such distributions are known as directional distributions and axial distribu-
tions. This thesis studies the von Mises-Fisher (vMF) distribution and the
(complex) Watson distribution as representatives of directional and axial
distributions.

Probabilistic models of the data are defined through a set of parameters.
In the Bayesian view to uncertainty, these parameters are regarded as ran-
dom variables in the learning inference. The primary goal of this thesis is to
develop Bayesian inference for directional and axial models, more precisely,
vMF and (complex) Watson distributions, and parametric mixture models
of such distributions. The Bayesian inference is realized using a family of
optimization methods known as variational inference. With the proposed
variational methods, the intractable Bayesian inference problem is cast as
an optimization problem.

The variational inference for vMF and Watson models shall open up new
applications and advance existing application domains by reducing restric-
tive assumptions made by current modelling techniques. This is the central
theme of the thesis in all studied applications. Unsupervised clustering of
gene-expression and gene-microarray data is an existing application domain,
which has been further advanced in this thesis. This thesis also advances
application of the complex Watson models in the problem of blind source
separation (BSS) with acoustic applications. Specifically, it is shown that
the restrictive assumption of prior knowledge on the true number of sources
can be relaxed by the desirable pruning property in Bayesian learning, re-
sulting in BSS methods which can estimate the number of sources.

Furthermore, this thesis introduces a fully Bayesian recursive framework
for the BSS task. This is an attempt toward realization of an online BSS
method. In order to reduce the well-known problem of permutation ambi-
guity in the frequency domain, the complete BSS problem is solved in one
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unified modeling step, combining the frequency bin-wise source estimation
with the permutation problem. To realize this, all time frames and fre-
quency bins are connected using a first order Markov chain. The model can
capture dependencies across both time frames and frequency bins, simulta-
neously, using a feed-forward two-dimensional hidden Markov model (2-D
HMM).

Keywords: Directional statistics, directional distributions, axial distri-
butions, von Mises-Fisher distribution, complex Watson distribution, com-
plex Bingham distribution, Bayesian inference, probabilistic modeling, vari-
ational inference, two-dimensional hidden Markov models, Markov chain,
blind source separation, frequency domain BSS, underdetermined BSS, on-
line BSS, Bayesian recursive, gene expression data, gene-microarray data,
line spectral frequency, speaker identification.
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Sammanfattning

En riktning definieras här som en multi-dimensionell enhetsvektor. Rik-
tningsdata är en mängd av s̊adana enhetsvektorer. Nära släkt med rikt-
ningsdata är axiella data, där varje riktning är ekvivalent med den mot-
satta riktningen. Riktningsdata och axiella data förekommer i flera veten-
skapsomr̊aden. För att beskriva s̊adana data i en modell behövs sanno-
likhetsfördelningar som motsvarar strukturen hos den rymd fr̊an vilken data
har hämtats. S̊adana fördelningar kallas riktningsfördelningar eller axiella
fördelningar. Denna avhandling studerar von Mises-Fisher-fördelningen och
(den komplexa) Watson-fördelningen.

Probabilistiska datamodeller definieras av en uppsättning parametrar.
I Bayesiansk inferens betraktas dessa parametrar som slumpvariabler. Hu-
vudmålet för denna avhandling är att utveckla metoder för Bayesiansk infer-
ens för riktningsmodeller och axiella modeller, speciellt för vMF- och (kom-
plexa) Watson-fördelningar, samt för parametriska blandningsmodeller med
dessa fördelningar. Den Bayesianska inferensen genomförs med en klass
av optimeringsmetoder som kallas variationell inferens. I dessa metoder
förvandlas det matematiskt ohanterliga inferensproblemet till ett hanter-
bart optimeringsproblem.

Variationell inferens för vMF- och Watson-modeller kan öppna nya
tillämpningsomr̊aden och vidareutveckla existerande tillämpningar genom
att undvika tidigare metoders inskränkningar. Detta är avhandlingens
centrala tema i alla de tillämpningar som studerats. Klustring av gen-
expressionsdata och gen-microarray-data är ett omr̊ade som vidareutveck-
lats i denna avhandling. Avhandlingen utvecklar ocks̊a användning av den
komplexa Watson-fördelningen för blind signalseparation (BSS) för ljud.
Speciellt visas att man kan undvika inskränkningen att antalet signalkällor
måste vara känt p̊a förhand. Detta blir möjligt genom att den Bayesianska
inferensmetoden strävar att begränsa modell-komplexiteten och därigenom
skattar antalet signalkällor.

Avhandlingen introducerar ocks̊a en fullt Bayesiansk rekursiv modell-
ram för BSS. Detta är ett försök att skapa en metod för BSS i löpande tid.
För att minska det välkända problemet med permutation av signalkällornas
identiteter mellan olika frekvensintervall löses hela BSS-problemet i ett sam-
lat steg, som kombinerar skattningen av signalkällor i varje frekvensinter-
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vall med en lösning av permutations-problemet. För att åstadkomma detta
knyts alla tids- och frekvens-intervall samman genom en första ordningens
Markov-kedja. Denna modell f̊angar beroendet mellan tids- och frekvens-
intervall i form av en tv̊adimensionell hidden-Markov-modell (2-D HMM).

Nyckelord: Riktnings-statistik, riktningsfördelningar, axiella
fördelningar, von Mises-Fisher-fördelning, komplex Watson-fördelning,
komplex Bingham-fördelning, Bayesiansk inferens, sannolikhetsmodell,
variationell inferens, tv̊adimensionell hidden-Markov-modell, Markovkedja,
blind signalseparation, BSS i frekvensdomän, underbestämd BSS, BSS
i löpande tid, Bayesiansk rekursiv skattning, gen-expressions-data,
gen-microarray-data, line spectral frequency (LSF), talaridentifiering.
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1 Introduction

Aim of this summary
The aim of this summary is to give a brief introduction to the probabilistic
modeling of directional and axial data and their applications. The theory
underlying each technique is briefly described and limitations of each tech-
nique is discussed. Furthermore, this summary shall summarize the main
applications in focus of this thesis study.

This section begins with the basic definitions and proceeds with the
main contributions.

Classical definition of direction
Restating a definition by Jupp and Mardia [1], “directional statistics
is concerned with observations which are not the familiar counts, real
numbers or (unrestricted) vectors but instead are typically either directions
in a 2- or 3-dimensional space or rotations of such a space”. Originally,
direction is regarded as a point on a circle of unit radius or a unit vector
on the sphere. Observations on the circle are known as circular data and
on the sphere as spherical data.

Diagrammatical representation of directional data
For a better understanding of circular data and their representations,
consider the following example, which is inspired from an example by
Mardia and Jupp [2, Ch. 1, Example 1.1]. A spin wheel of lottery was spun
for ten trials. The stoping positions of the spin wheel were measured in
degrees which were: 25◦, 23◦, 44◦, 123◦, 21◦, 125◦, 128◦, 350◦, 278◦, 24◦.
These observations can be regarded as ungrouped data. The simplest way
of presenting ungrouped data is circular raw data plot [2, Ch. 1]. Fig. 1
illustrates the distribution of such observations on a circular raw data plot,
suggesting a possible preferred direction toward a certain angle.

Observations might as well be in the form of grouped data. Consider
again our example with the lottery spin wheel. The result of lottery
is monitored over the last five years, and they are listed in Table 1.
This is an example of grouped data. A basic way of presenting such
data is a circular histogram [2, Ch. 1]. The circular histogram for
our example is shown in Fig. 2, suggesting a clear preference toward
certain angles. In a circular histogram, each bar has its starting point
at the centrum of the respective group of angles, and the area of the
bar corresponds to the frequency in that group of angles [2, Ch. 1].
There are other representations for circular and spherical data namely
linear histograms, obtained by transforming a circular histogram into a
linear histogram, and rose diagrams, a variant of the circular histogram
in which the bars of the circular histogram are replaced by sectors [2, Ch. 1].
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Classical examples of circular and spherical data
Circular and spherical data are often measured in degree or radians.
However, in addition to measurements which are naturally measured in
angles, such data apply also to types of data revealing a kind of periodicity,
for example day of the year or phase of the moon [2]. Circular and spherical
data rise in many fields of science as diverse as Physics, Earth Science,
Meteorology, Biology, Image Analysis, Medicine, and Astronomy. Following
examples are taken from [2]. For a more complete list of examples, with
more details, interested readers are referred to [2, Ch. 1.4]. In Physics,
circular data occur from converting the fractional parts of atomic weights
to the angles [3], leading to the introduction of one of the fundamental
distributions in directional statistics [2]. In Earth Science, spherical data
occur quite readily, as the surface of earth is nearly a sphere. In such
cases, observations are regarded as points on the surface of earth [4]. In
Meteorology, wind directions are well-known examples of circular data [5].
A classical example is the case of wind directions measured in degrees. In
Biology, studies of animal navigation lead to circular data, for example,
some discussions of various investigations in the field of bird navigation
are given in [6]. In Image Analysis, spherical data occur in machine vision,
as transformed versions of cross-ratios of sets of four collinear points [7].
In Medicine, the incidence of onsets of a particular disease (or of deaths
due to the disease) at various time of year provides circular data [8]. In
Astronomy, spherical data arise quite often, that is because since infor-
mation on distance is often not readily available for astronomical objects,
many astronomical observations are basically points on the celestial sphere,
providing spherical data [2, 9]. Further examples of circular and spherical
data are given by [2, 10].

General definition of directional and axial data
The classical definition of direction includes circular and spherical data, as
discussed earlier. This definition can be generalized to higher dimensions
forming directional statistics on the hypersphere. Thus, a direction is de-
fined as a unit vector on the hypersphere. Observations on the hypersphere
form hyperspherical data, more commonly known as directional data.
Mathematically speaking, a column vector x has directional characteristic
if satisfying x⊤x = 1 (e.g., [2]).

At first sight, it might be unrealistic to experience existence of such data
in the real world, directly. However, with the refined definition of direction,
directional data arise from (multivariate) data in which relative spatial ori-
entations of the observed sample vectors are more important than the mag-
nitudes of the observed sample vectors. Examples where we encounter such
data are in data mining, bioinformatics, signal and image processing. In
bioinformatics, gene expression data can be treated as directional data [11]
[Paper A], [12]. In acoustic signal processing, line spectral frequency (LSF)
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Figure 1: Circular plot of the ungrouped data from the lottery
spin wheel. The spin wheel was spun 10 times. The measurements
are the position at which it stopped (the stopping positions in ten
trials were 25◦, 23◦, 44◦, 123◦, 21◦, 125◦, 128◦, 350◦, 278◦, 24◦).

Table 1: The result of lottery is monitored over the last five years. The
range in which lottery spin wheel has stopped is measured in degree and
collected as grouped data.

Direction (in degrees) Number of occurrences
0− 44 40
46− 89 8
90− 134 15
135− 179 2
180− 224 0
225− 269 12
270− 314 5
315− 359 22

coefficients are treated as directional data [11] [Paper A]. LSF coefficients
are an efficient representation of the linear predictive coding coefficients
and are widely used in speech coding [13], speaker recognition [14], speaker
identification, and other speech processing applications.

Closely related to directional data are axial data. For such data each
direction is considered as equivalent to the opposite direction [2]. As
discussed by Arnold et. al, [15], “data relating to the angular position
of random lines which do not have a natural orientation associated with
them, or in which neither end can be identified as the starting point,
are measured in terms of angles, in degrees (radians), with a range of
possible values between [0, 180◦)”. Such data are often encountered in
environmental sciences and shape analysis [16], and more recently in
bioinformatics and acoustics. In bioinformatics, [17] [Paper B] empirically
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Figure 2: Circular histogram of the grouped data of Table 1.

discusses that the gene microarray data might be treated as axial data
rather than directional data. In acoustics, [18] [Paper C] and [19] [Paper D]
show that the frequency-domain complex gain factors of speech can be
treated as axial data and analysed efficiently by axial models.

Proper statistical tools: directional and axial distributions
Once directional and axial data are defined and properly represented,
proper statistical tools are necessary to describe them. It is worth
noting that conventional statistical tools cannot be an ideal choice for
the statistical analysis of directional or axial data [2, Ch. 2.1]. For the
statistical analysis of such data, we require probability distributions which
take into account the structure of the space from which data samples are
collected. Such distributions are called directional distributions and axial
distributions, which are defined on the unit hypersphere.

The von Mises-Fisher (vMF) distribution
In the family of directional distributions, the von Mises-Fisher (vMF)
distribution is one of the fundamental distributions on the unit hyper-
sphere [2]. Just as Euclidean distance is associated with the multivariate
Gaussian distribution, so is cosine-similarity related to the vMF distri-
bution [20]. Beyond typical applications of the vMF distribution in the
analysis of directional data, this family of distributions has gained much
attention in data mining, bioinformatics, and acoustic signal processing,
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in recent years. Studies in information retrieval applications demonstrate
cosine similarity to be a more effective measure of similarity for analyzing
and clustering text documents than the well-known Euclidean distance [21].
In this domain, there is substantial empirical evidence that normalizing
the data vectors helps to remove the biases induced by the length of a
document and provides superior results (e.g., [12, 22]). In bioinformatics
(e.g., [23]), and collaborative filtering (e.g., [24]), the Pearson correlation
is considered to be a popular similarity measure. The Pearson correlation
can be interpreted as the cosine similarity. As implied by Banerjee et.
al, [12], in fact “analysis and clustering of data using Pearson correlations
is essentially a clustering problem for directional data”. Motivated by this,
directional distributions can prove useful in many clustering application
domains, where the Pearson correlation is a relevant measure of similarity.

Applications of the vMF distribution in this thesis study
This thesis studies possible applications of vMF distributions in modeling
LSF coefficients [11] [Paper A]. LSF coefficients are bounded between 0◦

and 180◦. It is shown that with a proper normalization, a transformed
variant of LSF coefficients, known as ∆-LSF [11] [Paper A], could be
efficiently modeled using vMF distributions [11] [Paper A]. Furthermore,
corroborated with empirical success of the Pearson correlation in clustering
of gene-expression data [12], this thesis further studies this application
domain [11] [Paper A].

The (complex) Watson distribution
Despite the wide application range of vMF distributions, their modeling
capability can be too restrictive in handling directional data with additional
structure. Examples of data with such additional structures are axial data
for which the vMF distributions fail to capture the inherent patterns. One
example is diametric clustering of anti-correlated genes [25]. In such cases,
one could get benefit from using axial distributions. The multivariate
(complex) Watson distribution [26] is one of the simplest distributions for
modeling axially symmetric data [2, Ch. 9.4]. The (complex) Watson
distribution is a special case of the (complex) Bingham distribution [27]
which is developed for axial data with no rotational symmetry property.

Applications of the Watson distribution in this thesis study
Beyond typical applications of (complex) Watson distributions in shape
analysis [16], this family of distributions has found their applications in
signal processing, including signal localization [28] and the problem of blind
source separation (BSS). BSS is a central problem in signal processing
emerging in many applications, including biomedical imaging [29], spectral
analysis, and acoustics [29–32]. BSS with acoustical applications, also
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Figure 3: A typical problem of blind source separation with acous-
tic applications. A pair of directional microphone arrays placed
on the hearing aids receive a mixture of speech signals spoken by
three speakers. This figure shows the direct sound paths and re-
flective sound paths. Microphones receive a mixture of all direct
sounds from all speakers together with their reflective sounds. If
a sound source suddenly becomes silent, the sound waves will con-
tinue to reflect off the hard wall, floor and ceiling surfaces until it
loses enough energy and dies out. The prolongation of the reflected
sound is known as reverberation.

known as acoustic source separation, is of a special interest in this study.
Direct applications include real-time speaker separation for simultaneous
translation, and sampling of musical sounds for electronic music compo-
sition [32]. Many derived applications aim to modify the mixture signal,
for example speech enhancement within hearing aids, voice cancellation
for karaoke, rendering of stereo CDs on multichannel devices [32]. Fig. 3
presents a typical example of BSS with acoustical applications. A pair of
directional microphone arrays placed on a pair of hearing aids receive a
mixture of speech signals spoken by three speakers. The goal is to estimate
the source signals from the mixed signals, without the aid of information
(or with very little information) about the source signals (speech signals)
or the mixing process. In general, this problem is highly underdetermined.
In [18] [Paper C] and [19] [Paper D], it is shown that axial distributions,
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and specifically complex Watson distributions, may be used in order to
develop efficient BSS methods.

It is notable that the meaning of direction in the context of directional
and axial data should not be confused by the meaning of the spatial
direction to the sound source, in the context of acoustic applications. In
fact, as discussed in [19] [Paper D], the model data vectors contain the
frequency-domain complex gain factors which are modelled by complex
Watson distributions, and these data are axial and only indirectly related
to the spatial directions. The fact that the complex Watson distribution
is axial does not mean that the “directivity” pattern of the microphone
array has equal sensitivity in both axial directions. As we shall see later,
the complex Watson distribution is invariant to any fixed phase change in
all vector elements, but it is still sensitive to the phase differences between
vector elements.

Learning inference using maximum likelihood
Analysis of directional (or axial) data often requires statistical models
which are a single or a collection of directional (or axial) distributions.
The model can be parametric or non-parametric. A parametric model is a
collection of distributions, each of which is characterized by a group of dis-
tinctive finite-dimensional parameters. A non-parametric model is a set of
probability distributions with potentially infinite-dimensional parameters.
In a parametric model, the main task is developing a method of estimating
the parameters. Traditionally, inference using maximum-likelihood (ML)
has been the main learning tool for vMF and (complex) Watson models. In
the context of parametric mixture molding with such distributions, often
expectation-maximization (EM) algorithm is used in order to find ML
estimates of parameters in the statistical models. In statistics, the ML ap-
proach is a well-known method of estimating the parameters of a statistical
model. However, in the case of directional statistics, ML estimator does not
provide reliable estimates. Mardia and Jupp [2, Ch. 12.4] argue that the
ML estimates of the concentration parameter of directional distributions
are “far from robust”, as it has infinite standardized gross error sensitivity.
In fact, the main difficulty in working with directional distributions stems
from the complicated normalising constants associated with them. This
makes even a simple task of ML estimation quite challenging [12].

Beside the fact that ML estimates of directional and axial distri-
butions are not available in a closed-form solution and are subject to
approximation, inference with ML, in general, suffers from a number of
limitations. First, learning parameters of models using ML approach may
often lead to the problem of overfitting. In other words, the learning
inference is not capable of determining model complexity. Next, ML
estimations suffer from singularities, that is when a probability density
collapses into a single data point. Singularities have negative effect in the
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overall performance and may cause additional difficulty in determining the
convergence of the estimation process. Furthermore, ML estimates are only
point estimates and do not take into account uncertainties in the estimation.

Practical limitations of ML inference
Fundamental limitations associated with ML inference, from one hand, and
approximations involved in ML inference for vMF and Watson models, on
the other hand, have limited the potential applications of such models in
practice.

• It is often difficult to use such models for unsupervised learning tasks,
for example, when data are unlabeled. This is due to the fact that
learning inference using ML fails to regulate the model complexity. For
example, clustering of gene expression data is one of the application
domains in which, due to the absence of true cluster labels, one might
require learning models capable of determining the model complexity.

• It is often difficult to use such models for prediction tasks due to the
over-fitting problem and incapability of regulating the model complex-
ity.

• It is difficult to use the existing learning inferences, for vMF and Wat-
son models, in an online learning fashion. For example, for developing
a recursive learning method, ideally, we require an inference method
which allows uncertainties to propagate among model parameters.

• In applications where only few observations are available, the ML
estimates of vMF and Watson models become rather poor, as ML
estimates are only point estimates and do not take into account un-
certainties in the estimation.

• As there is no closed-form solution to the ML estimates of the vMF
and Watson’s model parameters, the current methods are either based
on numerical approximations or involve “ad-hoc” approximations in
the inference without introducing any bound on the approximation.
Numerical approximations become computationally demanding and
inaccurate for problems with high dimensionality.

Learning using Bayesian inference
In statistics, an elegant way to avoid inherited limitations associated with
ML inference is facilitated by Bayesian inference. Although there are many
studies on the parameter estimation of directional distributions, Bayesian
literature is considerably less extensive. This is, again, mainly due to the
difficulties in handling complicated normalization factors associated with
such distributions. Recent development of Monte-Carlo Markov chain



1. INTRODUCTION 9

(MCMC) sampling methods can be applied for this purpose. However,
these methods can be prohibitively slow for practical applications (e.g., [33]).

Bayesian learning using variational inference
A deterministic alternative to MCMC sampling methods is provided
by a family of optimization methods in statistics known as variational
inference [34]. With variational inference, the problem of an intractable
Bayesian inference is cast as an optimization problem [35]. As an important
contribution, this thesis study proposes Bayesian learning inference using
variational inference for two fundamental distributions in the family of
directional and axial distributions. More precisely, [11] [Paper A] describes
variational inference for the vMF distribution and in general finite mixture
models of vMF distributions. Moreover, it provides a deterministic ap-
proximate solution for the predictive density of such models. [17] [Paper B]
describes the Bayesian inference for the (complex) Watson distribution and
its finite mixture models using variational inference.

Learning using variational inference vs. inference using ML
and MCMC methods
The proposed variational learning inference for the vMF [11] [Paper A] and
(complex) Watson models [17] [Paper B] have the following properties, in
comparison with ML inference and MCMC inference:

• Contrary to MCMC sampling-based inference, it provides an analyt-
ically tractable approximation to the posterior distribution of vMF
and Watson’s model parameters. Thus, it is deterministic and consid-
erably faster to converge.

• Compared to MCMC methods, although the optimization procedure
in the inference may lead to only local maxima in the variational
parameter space, it is guaranteed to converge and has an optimization
criterion that can be used to determine convergence.

• Contrary to MCMC methods, it scales well with dimensionality.

• Compared to ML inference, the variational inference provides a pos-
terior distribution over the vMF and Watson model parameters. The
posterior is estimated using both the prior and the data under con-
sideration.

• In parametric mixture modeling, the proposed learning inference au-
tomatically determines the necessary model complexity and avoids
over-fitting. This is due to the desirable property of model pruning
which can be seen as an effect of “Occam’s Razor” in Bayesian learn-
ing. In parametric mixture modeling, the model pruning is achieved
by assigning sparse prior distributions over mixture weights.
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• Contrary to learning inference with ML, the singularities are absent
in the developed learning inference.

Potential applications of the proposed learning inference
Given desirable properties of the proposed learning inference for vMF and
Watson models, one should get substantial advantages over learning using
ML inference for such models in the following cases.

• In unsupervised learning scenarios, for example, where the training
data is unlabeled. In such cases, due to the desirable property of
model pruning, the proposed Bayesian learning methods can deter-
mine the model complexity. For example, [11] [Paper A] describes
the clustering problem of gene-expression data, and [17] [Paper B] de-
scribes the clustering problem of gene-microarray data. For such data,
the true cluster labels are not available. Furthermore, [18] [Paper C]
casts the BSS problem of unknown number of sources as the problem
of unsupervised learning, in which the required model complexity in
the generative model is interpreted as the number of sources.

• In prediction tasks when the goal is to know the probability of a new
observation given a statistical model. For the existing ML based meth-
ods developed for vMF and Watson models, this is a quite challenging
task due to the overfitting problem. However, with the developed
learning inference in [11] [Paper A] and [17] [Paper B], this task be-
comes relatively easier for two main reasons. First, such learning
methods do not suffer from overfitting and can regulate their model
complexity. Second, they have a predictive density which takes into
account uncertainties from all model parameters. For example, [11]
[Paper A] and [36] describe the task of speaker identification, which
contains of two phases of training and testing. In the training phase,
the underlying distribution of the feature vectors, characterizing each
speaker, is modeled by mixtures of vMF distributions. Next, in the
testing phase, the probability of a new observation is computed using
the Bayesian predictive density.

• Due to having a posterior distribution over all model parameters, it is
easier to develop online learning methods for such models. For exam-
ple, [19] [Paper D] describes an online learning method in a recursive
fashion, where a posterior of the previous frame is used as the prior
for the next frame.

• Handling data with few observations is another application domain
where the advantage of a Bayesian inference over ML inference is
largest. An example of this is in the problem of online BSS [19] [Pa-
per D].
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Reminder of the thesis summary
The remainder of the summary chapter of this thesis provides a more in-
depth overview of the statistical modeling of directional and axial data with
applications to acoustic source separation. In Sec. 2, basic statistical models
for analysis of directional and axial data are discussed. Specifically, the vMF
distribution is introduced as a representative of directional distributions,
and the (complex) Watson and the (complex) Bingham distributions are
introduced as representatives of axial distributions. Sec. 3 describes learning
inference methods which could be used for such models. Specifically, ML
inference and Bayesian inference are discussed along with their limitations.
As the main focus of this thesis study is on developing Bayesian learning
methods using variational inference, the necessary theoretical background
for this family of optimization methods is briefly discussed. Sec. 4 describes
applications of statistical modeling using directional and axial distributions.
This section only focuses on those applications which are considered in this
thesis with the main focus on the problem of acoustic source separation.
Sec. 5 summarizes contributions of this thesis, and conclusions are given in
Sec. 6.

2 Models for Directional and Axial Data

This section describes models for analysis of directional and axial data.

2.1 Models for Directional Data

Let us consider directions in p-dimensions, that is unit vectors x in p-
dimensional Euclidean space Rp represented as Sp−1 = {x | x ∈ Rp, ‖x‖2 =
1}, where Sp−1 is called (p− 1)-dimensional sphere.

The most basic probability distribution on Sp−1 is the uniform distri-
bution [2]. Another family of distributions on Sp−1 known as von Mises-
Fisher (vMF) distributions consists of distributions with log-densities which
are linear in x [2, Ch. 9]. The vMF distribution is one of the fundamen-
tal distributions in the analysis of directional data. The distribution has
gained much attention in a wide range of application domains, for exam-
ple, data mining, collaborative filtering, and bioinformatics. In particular,
vMF has been successfully employed in clustering problems where the co-
sine similarity or the Pearson correlation, as the distance measure, is a more
effective measure of similarity than the popular Euclidean distance, asso-
ciated with Gaussian distributions [12]. This clustering domain is called
clustering on the unit-hypersphere where one might consider vMF distribu-
tions as an alternative to Gaussian distributions. The vMF distribution is
formally defined as follows.
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Figure 4: The figure shows samples generated from a vMF distri-
bution Fp(µ, κ) for µ = [0, 0, 1]⊤ and for three different values of
concentrations: κ = 4 (shown by blue color), κ = 40 (shown by
red color), and κ = 400 (shown by green color). With increasing
the value of concentration parameters from 4 to 400, distributions
become more concentrated on the sphere. This figure is taken
from [11] [Paper A].

2.1.1 The von Mises-Fisher Distribution

A random vector x ∈ Sp−1 has the (p − 1)-dimensional von Mises-Fisher
distribution Fp(µ, κ), with the mean direction µ and the concentration pa-
rameter κ, if its probability density function is

f(x | µ, κ) =
κ

p

2
−1

(2π)
p

2 I p

2
−1(κ)

eκµ
⊤x, (1)

where κ ≥ 0, ‖µ‖2 = 1, and Iν denotes the modified Bessel function of
the first kind and order ν. With power series expansion, Iν(κ) is defined
as [37, Ch. 10]

Iν(κ) =
∞∑

r=0

1

Γ(ν + r + 1)Γ(ν + 1)

(κ
2

)2r+ν

. (2)

For p = 2, the vMF distribution is called von Mises distribution. This
distribution is commonly used for the analysis of circular data. For p = 3,
the vMF distribution is called Fisher distribution [38], and it is commonly
used for the analysis of spherical data.
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For κ > 0, the distribution has a mode at the mean direction µ, whereas
for κ = 0, the distribution is uniform on Sp−1. When κ → 0, Fp(µ, κ)
reduces to the uniform distribution, and as κ → ∞, Fp(µ, κ) tends to a
point density [2, 38]. Fig. 4 illustrates the described property through an
example. In this example, samples are generated from a vMF distribution
Fp(µ, κ) with the mean direction µ = [0, 0, 1]⊤ and with different values
of concentration parameters κ ∈ {4, 40, 400}. For generating samples from
a given vMF distribution, the sampling approach by Wood [39] has been
employed.

For a complex unit vector x ∈ CSD−1 where CSD−1 = {x | x ∈
CD, ‖ x ‖ = 1}, the vMF distribution can be defined as [11] [Paper A]

f(x | µ, κ) = c2D(κ) e
κRe(µ†x), (3)

where Re(·) takes the real part of its argument, and the superscript (†)
indicates the conjugate transpose operator.

2.2 Models for Axial Data

Observations on the sphere might have additional structure such that the
unit vectors x and −x are equivalent. In other words, it is ±x that is
observed. Here, we need probability density functions for x on Sp−1 which
are axially symmetric, that is f(−x) = f(x) [2]. In such cases, the p-
dimensional observation ±x can be regarded as being on the projective
space Pp−1, which is obtained by identifying opposite points on the sphere
Sp−1, [2].

One of the simplest distributions for axial data, with rotational symme-
try property, is the (Dimroth-Scheidegger-) Watson distribution [26]. The
distribution is defined both for real-valued and complex valued x. A typ-
ical application domain for the complex Watson distribution is in shape
analysis due to the desirable property of Watson’s rotational invariance
(e.g., [16, 40]). In recent years, this distribution has gained renewed atten-
tion in other application domains, for example, clustering spectral embed-
ding which often have noisy formations in the embedding space (e.g., [41])
and clustering gene-microarray data (e.g., [42]). Furthermore, in this thesis,
potential applications of this distribution in acoustics is investigated in [18]
[Paper B] and [19] [Paper D]. The (compelx) Watson distribution is formally
defined as follows.

2.2.1 The (Complex) Watson Distribution

A random vector x ∈ Pp−1, or equivalently ±x ∈ Sp−1, has a (complex)
Watson distribution [26], Wp(µ, κ), with the mean direction µ and the
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(a) κ > 0, κ ∈ {+4,+40}
�0.5

(b) κ < 0, κ ∈ {−4,−40}

Figure 5: Scatter plot of samples from a Watson distribution,
Wp(µ, κ), on the sphere for positive and negative concentration
parameters κ, around the same mean direction, µ = [0, 0, 1]⊤. For
larger concentration parameters, i.e., κ = 40 or κ = −40, sam-
ples are more concentrated around the mean direction (shown by
red color). For smaller concentration parameters, i.e., κ = 4 or
κ = −4, samples are more uniformly distributed around the mean
direction (shown by blue color). This figure is taken from [17]
[Paper B].

concentration parameter κ, if its probability density function is

f(x | µ, κ) =
Γ(p)

(2π)pM(r, p, κ)
eκ|µ

†x|2 ,

{
x ∈ R, r = 1/2, p = d/2
x ∈ C, r = 1, p = d

(4)

where κ ∈ R, ‖µ‖2 = 1, andM is the Kummer’s (confluent hypergeometric)
function (e.g., [43, formula (2.1.2)], or [44, Ch. 13]) defined as

M(r, p, κ) =
∑

j≥0

r(j)

p(j)
κj

j!
, (5)

where r(j) ≡ Γ(r+j)
Γ(r) is the raising factorial. Similar to the case of vMF

distributions, for κ > 0, as κ→ 0, Wp(µ, κ) reduces to the uniform density,
and as κ→ ∞, Wp(µ, κ) tends to a point density. For κ < 0, as κ→ −∞,
the density concentrates around the great circle orthogonal to the mean
direction [2, Ch. 9.4]. Fig. 1 shows a scatter plot of samples drawn from a
Watson distribution on the sphere.

The (complex) Watson distribution is a special case of the (complex)
Bingham distribution [27] which is developed for axial data with no rota-
tional symmetry property. In the following, we shall briefly introduce the
(complex) Bingham distribution, although it is not the main focus of this
study.
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2.2.2 The (Complex) Bingham Distribution

A random vector x ∈ Pp−1, or equivalently ±x ∈ Sp−1, has the (p − 1)-
dimensional Bingham distribution Bp(Σ), with the spectral matrix Σ, if its
probability density function

f(x | µ, κ) =
1

1F1(r, p,Σ)
ex
†Σx,

{
x ∈ R, r = 1/2, p = d/2
x ∈ C, r = 1, p = d

where 1F1(r, p,Σ) is the hypergeometric function of the matrix argument
Σ, [2, 27]. For real-valued Bingham distribution, where r = 1

2 and p = d
2 ,

1F1(r, p,Σ) is defined as [45, p. 288]

1F1(
1

2
,
d

2
,Σ) =

∫

Sp−1

ex
⊤Σxdx, (6)

where the integration is over the complete sphere Sp−1. Bingham [27]
showed that if Σ = ΦΛΦ⊤ is the spectral decomposition of Σ where
Φ ∈ O(p), the space of p×p orthogonal matrices, and Λ = diag(λ1, . . . , λp),
then 1F1(

1
2 ,

d
2 ,Σ) = 1F1(

1
2 ,

d
2 ,Λ). In general, the larger the elements of Λ,

the greater the clustering around the principal axes of Σ [2, Ch. 9.4].
Although Bingham distributions have high modeling capabilities in the

family of axial distributions, it is often difficult to use them in practice
due to the inconvenience in computing the normalizing constant. In this
thesis, we will focus mainly on the (complex) Watson distribution which is
a good alternative to the Bingham distribution in many practical applica-
tions. Later, in [19] [Paper D], a particular situation is discussed where the
complex Watson distribution might be considered as an approximation of
the complex Bingham distribution.

2.3 Mixture Models

Directional distributions similar to most statistical distributions are uni-
modal, meaning that the distribution has a single mode. However, data
in real-world applications is far more complex to be modeled only with a
unimodal distribution. In statistics, mixture models provide a way of han-
dling complex data with possibly multiple modes. A mixture model is a
linear combination of probability distributions each of which is called mix-
ture component. Each mixture component is weighted with a positive fac-
tor called mixture weights. Mixture weights are positive and sum of them is
equal to one, hence a mixture model is also a normalized probability density
function. A well-known example of mixture models is mixture of Gaussian
distributions, or commonly known as Gaussian mixture models (GMM).
The concept of mixture modeling has been developed for a variety of proba-
bility distributions in statistics, including beta mixture model and Gamma
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mixture model. Similarly, it can be also extended to mixture of directional
distributions. This thesis studies mixture modeling of vMF distributions,
as a representative for directional data, and mixture modeling of (complex)
Watson distributions, as a representative for axial data.

In general, mixture models can be formulated as nonparametric statisti-
cal models or parametric statistical models. In nonparametric modeling, the
dimensionality of the parameter is unknown or unbounded in advance. In
other words, a nonparametric formulation allows a flexible model complex-
ity in which the dimensionality of the parameter vector changes with data.
The Dirichlet process (DP) mixture model [46, 47] is an example of such
non-parametric models which has been developed in the context of non-
parametric Bayesian statistics [48–50]. A widely used DP mixture model
is DP mixtures of Gaussian distributions. Approximate inference methods
have been developed for DP mixtures of Gaussians [51–55]. Similarly, there
has been also some attempts to develop the DP mixture of directional dis-
tributions [42,56]. Lennox et al. [42] proposed a Dirichlet process mixture of
bivariate vMF distributions for protein configuration angles, modifying the
finite mixture model of Mardia et al. [57]. Alternatively, Bhattacharya et
al. [56] considered Watson kernel and proposed Dirichlet process mixtures
of Watson distributions with applications to planar shapes. In both cases,
posteriors are estimated using methods based onMonte-Carlo Markov chain
(MCMC) sampling methods, as there is no deterministic solution to the es-
timation of the posterior. However, MCMC methods are prohibitively slow
and difficult to use for many applications. This is because they can be slow
to converge and their convergence can be difficult to diagnose. Properties
of MCMC sampling methods will be discussed briefly in Sec. 3.2.2.

The other alternative is parametric mixture modeling or finite mixture
models [58]. In a parametric model, the dimensionality of the model param-
eters is fixed. Finite mixture models have been developed for both Gaus-
sian [33] and non-Gaussian [58] distributions, for example, beta mixture
models (e.g., [59]) and Gamma mixture models (e.g., [60]). Similarly, finite
mixture model of directional distributions has been studied in the literature,
including mixture of vMF distributions, [12], and mixture of Watson distri-
butions [61], [17] [Paper B]. In this thesis, the parametric mixture model of
directional and axial distributions is further studied, using a Bayesian point
of view.

In the context of mixture modeling, we shall discuss the model complex-
ity. Models are interpretations of reality. In modeling “real-world data”,
there are surely characteristics or features of the data which cannot be mod-
elled exactly, and these are regarded noise. It is usually difficult to know
which features of the data are relevant for the learning inference, and which
features are irrelevant and should be regarded as noise. If we assume a very
complex model, for example consisting of many mixture components, then
one can find model parameters to fit the observed data very closely. How-
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ever, this is not necessarily a favorable outcome because any predictions
using this “best-fit” model will be suboptimal. This is because it has incor-
rectly fitted the noise instead of the patterns of interest [62]. This problem
is often known as over-fitting. Conversely, a model with too few mixture
components could fail to capture the underlying regularities in the data
and therefore might also result in a suboptimal learning inference. This
problem is often known as under-fitting. Thus there must be a trade-off
between the complexity of the model and the degree of the model fitting to
data. Unfortunately, the existing learning inference methods for vMF and
Watson mixture models fail to meet this compromise, and thus, suffer from
under-fitting and over-fitting.

In statistics, a variant of parametric mixture models has been developed
in the context of parametric Bayesian mixture models (e.g., [33]) which
allows models to regulate their complexity, to some extent, in order to avoid
over-fitting and under-fitting. The parametric Bayesian mixture models
of vMF and Watson distributions are studied in [11] [Paper A] and [17]
[Paper B].

3 Learning Models for Directional and Axial

Data

One of the main goals of modelling data with a parametric (mixture) model
is constructing models by first defining a flexible model specified by a set of
parameters and then optimizing these model parameters so that the model
explains (or fits) the data reasonably well, by possibly avoiding under-fitting
and over-fitting. If we succeed building such models, then we might predict
future observations. Moreover, we might expect that the learned model, us-
ing the optimized parameters, delivers some understanding of the underlying
regularities for classification and clustering purposes [62]. The procedure of
fitting model parameters to observed data is called model learning [62].

This section briefly discusses the learning inference for vMF models and
(complex) Watson models. We first start with the inference using maximum
likelihood, next we move on to the Bayesian inference, which is the main
approach developed in the present work.

3.1 Maximum Likelihood Estimation

Let X denote a set of observations. A generative model of the data can
be defined through a set of parameters which define a probability distribu-
tion over data. Let θ = {θ1, . . . , θK} denote the model parameters, and
f(X | θ) denote the likelihood of θ, which is the probability distribution
of the observed data under the model. Then the model learning involves
finding the so called optimized parameters, θ∗, such that the likelihood of θ
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is maximized, that is

θ∗ = argmax
θ

f(X | θ). (7)

As the optimized parameters θ∗ maximizes the likelihood of θ, this proce-
dure is called maximum likelihood (ML) learning. It is often convenient to
work with the logarithm of the likelihood called log-likelihood. In this case,
maximizing the log-likelihood is equivalent to maximizing the likelihood.
Hence, the optimization problem in (7) can be expressed in terms of the
log-likelihood as

θ∗ = argmax
θ

log f(X | θ). (8)

In few cases, the ML estimates exist in an analytically closed form, for exam-
ple, ML estimates of the Gaussian model. However, in many cases including
directional and axial models, specifically vMF and (complex) Watson mod-
els, the ML estimates do not exist in tractable forms. In the following, we
discuss the ML estimates for such models.

3.1.1 ML Estimation of vMF Models

Let X denote a set of sample unit vectors independently drawn from a vMF
distribution Fp(µ, κ), that is

X = {xn ∈ Sp−1 | xn ∼ Fp(µ, κ) ; 1 ≤ n ≤ N}. (9)

Finding ML estimates to µ and κ involves maximizing the log-likelihood of
X , that is

logL(X | µ, κ) ∝ −N log I p

2
−1(κ) + κµ⊤x̄, (10)

where x̄ =
∑N

n=1 xn. Maximization of logL(X | µ, κ) is performed subject
to ‖µ‖2 = 1 and κ ≥ 0, which gives:

µ̂ =
x̄

‖x̄‖2
(11)

and

I p

2

(κ̂)

I p

2
−1(κ̂)

=
‖x̄‖2
N

. (12)

It can be seen that ML estimates to the mean direction, µ̂, is available
in a closed-form solution. However, finding the ML estimate to the con-
centration parameter, κ̂, requires solving an equation involving ratios of
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Bessel functions. Thus, we need to take recourse to numerical or asymp-
totic methods to obtain an approximation. There are a number of studies
for the estimation of κ. For example, Mardia and Jupp [2, Ch. 10] provides

approximations to the limiting cases
I p

2

(κ̂)

I p
2
−1
(κ̂) → 1 [2, equation (10.3.6)] and

I p
2

(κ̂)

I p
2
−1
(κ̂) → 0 [2, equation (10.3.10)]. Other ad-hoc approximations are given

by [63] and [12].

3.1.2 ML Estimation of Watson Model

Let X denote a set of sample unit vectors independently drawn from a
Watson distribution

X = {xn ∈ Pp−1 | xn ∼Wp(µ, κ) ; 1 ≤ n ≤ N}. (13)

The ML estimation of the Watson model can be carried out, in a similar
way as in the vMF model, by maximizing the log-likelihood

logL(X | µ, κ) ∝ −N logM(r, p, κ) + κµ†X̄µ, (14)

where X̄ =
∑N

n=1 xnx
†
n is called the sample scatter matrix. The ML esti-

mates [2, Ch. 10.3.2] are given by

µ̂ =

{
m1 κ̂ > 0
mp κ̂ < 0,

(15)

where {±m1 . . . ,±mp} ∈ Pp−1 are normalized eigenvectors of the scatter
matrix X̄ with corresponding eigenvalues λ1 ≥ . . . ≥ λp. The ML estimate
to the concentration parameter is obtained by solving

∂
∂κ̂
M(r, p, κ̂)

M(r, p, κ̂)
=

1

N
µ̂†X̄µ̂. (16)

Approximation to the limiting cases, which are κ → ±∞ and κ → 0 are
given by [2, equation 10.3.34]. In a general form, an ad-hoc approximation
to κ has been introduced in [41]. Furthermore, Sra and Karp [61] derive a
two-sided bounds to the ML estimates of κ.

3.1.3 Expectation Maximization

The generative model can also include latent variables. Latent variables,
also known as hidden variables, are those variables which are not observed
but yet responsible for generating data through interaction with the pa-
rameters. For example, the mixture models are well-known examples of the
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use of latent variables. Let Z denote the set of latent variables, then the
probability of the data can be written by

f(X | θ) =
∑

Z

f(Z | θ)f(X | Z, θ), (17)

where for continuous latent variables, the summation is replaced by integral
in (17). The quantity (17) is called incomplete-data likelihood because with
now having the latent variables in the model, the observed data are not a
complete account of all the players in the model.

Given θ and the observed data, the posterior distribution over the latent
variables can be inferred using Bayes’ rule, that is

f(Z | X , θ) =
f(Z | θ)f(X | Z, θ)

f(X | θ)
. (18)

In (18), f(Z | θ) is a prior probability of the hidden variables. The model
learning involves alternating between “E-step” and “M-step”. The E-step
is in fact estimating the posterior distribution over latent variables, for a
particular setting of the parameters. The M-step is then re-estimating the
best-fit parameters given the distribution over the latent variables. This
procedure is known as expectation-maximization (EM) algorithm [64,65].

The EM algorithm is widely used in models involving latent variables.
An example of such models is mixture models in which the EM algorithm is
employed for computing the ML estimation of the model parameters [33, Ch.
9], [65, 66].

In general, the main limitation of the ML-EM approach is that the model
learning is not able to determine the model complexity. This limitation par-
ticulary limits their applications where we would like to use the result of
learning in prediction tasks, or in the clustering task where the number of
clusters is unknown, as briefly discussed in Sec. 2.3. In Sec. 3.2, a fam-
ily of learning methods is discussed, which are able to regulate the model
complexity during the learning procedure.

Nevertheless, approximate inference for ML-EM estimation of the model
parameters in vMF and Watson parametric mixture-models has been pre-
viously studied in the literature, for example in [12, 61].

3.1.4 Limitations of Maximum likelihood Estimation

Learning parameters of models using ML approach, as in (7), may often
lead to the problem of overfitting. One interpretation of overfitting is that
the likelihood of the data will be greater for more complex models, as such
methods fail to count for model complexity. As discussed by Bishop [33,
Ch. 3], common ways to avoid the overfitting are, for example, early stop-
ping, cross-validation, and regularization. Early stopping may result in non-
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optimal solutions (bad local optimums). Cross-validation becomes compu-
tationally prohibitive for models with many parameters. A combination of
early-stopping and cross-validation could be effective, but its practicality is
limited only to simple models with few parameters [33, Ch. 3]. Regulariza-
tion can be used in models with many parameters to reduce the overfitting.
This involves adding a penalty term to the likelihood through introducing
regularization coefficients. However, in regularization techniques, it is often
difficult to determine the suitable regularization coefficients. As mentioned
in [33, Ch. 3], “overfitting is really an unfortunate property of maximum
likelihood”.

Another concern (less severe than overfitting) with the ML estimation
is the rise of singularities, when a probability density collapses into a single
data point. Singularities have negative effect on the overall performance.
They may cause additional difficulty in determining the convergence of the
estimation process, and as the result slowing down the process [33, Ch. 3].
Generally speaking, it becomes hard to obtain the covariance matrix of
random variables due to the numerical difficulties arising in the estimation,
and as the result, further difficulties in assessing the quality of the fitted
model [33, Ch. 3].

An elegant way to overcome these limitations is provided by Bayesian
learning, which will be the focus of our discussion in the next section.

3.2 Bayesian Learning

As before, let X denote a set of observations, and a generative model of
the data be defined through a set of parameters θ. These parameters are
unknown quantities. In Bayesian approach to uncertainty, all uncertain
quantities are treated as random variables. In contrast to ML inference
where the aim in model learning is to find those optimized parameters θ∗

maximizing the likelihood, as in (7), in a proper Bayesian approach, the
main idea is to integrate over the possible settings of all uncertain quantities
rather than finding a single optimal point estimate, [62]. The resulting
quantity from integrating out the model parameters is called the marginal
likelihood. Indicating the prior over the parameters of the model by f(θ),
the marginal likelihood can be formally expressed as

f(X ) =

∫
f(θ)f(X | θ)dθ. (19)

Given the marginal likelihood, we can simply compute the posterior
distribution using the Bayes’ rule as

f(θ | X ) =
f(θ)f(X | θ)

f(X )
, (20)
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Theoretically speaking, the posterior distribution captures all information
about the parameters, which are inferred from the observed data. One
can then use this posterior distribution for model selection or to derive
the predictive density for making decisions or predictions. The predictive
density for a new value x̂n of the observed variable is given by

f(x̂n | X ) =

∫
f(x̂n | θ)f(θ | X )dθ, (21)

where f(θ | X ) is the posterior distribution of the parameters given by (20).
However, as for almost all interesting applications, the marginal like-

lihood is analytically intractable, and the posterior distribution has to be
approximated. In this section, we look into some practical Bayesian ap-
proaches and discuss their properties.

3.2.1 Maximum a Posteriori (MAP) Parameter Estimation

The simplest approximation to the posterior distribution (20) is to use a
point estimate, such as the maximum a posteriori (MAP) parameter esti-
mate,

θ̃ = argmax
θ

f(θ)f(X | θ). (22)

MAP parameter estimation chooses the model with the highest posterior
probability density, which is the mode. Naturally, MAP estimation can
be employed to approximate marginal likelihoods. Some of the widely
used methods for this purpose are the Laplace method (e.g., [67]), and the
Bayesian information criterion (BIC) (e.g., [68]). These methods share a
similar property and that is using the MAP estimate (22) in order to account
for the probability mass about the mode of the posterior density, [62]. For
example, the Laplace method makes a local Gaussian approximation around
a MAP parameter estimate θ̃, (22). This is carried out usually by using a

Taylor series expansion around the mode θ̃. The validity of the Gaussian
assumption is based on the large data limit [69], hence, for small data sets,
approximations are rather poor [62]. Moreover, in general, for parameters
with certain constraints, for example, bounded parameters such as mixing
weights in a mixture model, constrained parameters such as mean directions
in directional data, or positive parameters such as concentration parame-
ters, the Gaussian assumption may not be suitable since it assigns non-zero
probability mass outside the parameter space. The BIC is obtained from the
Laplace approximation and thus, similarly to the Laplace method, the va-
lidity of its approximation is based on the large data limit [62]. However, it
should be noted that a very important goal of developing a Bayesian method
is to handle small data sets where the advantages of Bayesian integration
over point estimates, for example using ML, are largest.



3. LEARNING MODELS FOR DIRECTIONAL AND AXIAL DATA 23

Nevertheless, methods based on MAP estimations are appealing, mainly
because they are analytically deterministic and finding the MAP estimate
is usually a fairly straightforward procedure. For example, the MAP point
estimate is sometimes used as a “plug- in” to apply f(x̂n | θ̃) as an approx-
imation of the predictive density (21). However, they can hardly fit into
the category of Bayesian methods. Although MAP estimation includes in-
formation from the prior, it should not be considered as a “fully Bayesian”
method. This is because MAP estimates are only point estimates (the mode
of the posterior) and do not represent the complete posterior distribution,
whereas Bayesian methods are characterized by the use of distributions to
summarize data and make inference.

The MAP estimation to the vMF and Watson models has no analytically
tractable solution, and it is out of focus of this thesis.

3.2.2 Sampling Methods

Sampling methods, also known as Monte Carlo methods, provide a numeri-
cal way of approximating the posterior distribution of interest. Monte Carlo
methods estimate the expectation of some function r(x) under probability
distribution f(x), that is R =

∫
r(x)f(x)dx, by simply taking average of a

set of L samples x(l) drawn independently from f(x), that is

R =

∫
r(x)f(x)dx ≃ R̂ =

1

L

L∑

l=1

r(x(l)). (23)

In the following, we briefly describe two sampling approaches that can be
used for sampling from intractable posteriors of vMF and Watson distribu-
tions.

Importance Sampling: in many situations, it might be just not pos-
sible to take samples from f(x), for example where f(x) is a posterior dis-
tribution with an unknown normalization. In such situations, one can take
samples from an “auxiliary distribution” g(x), instead, and then weight-
ing those samples correspondingly. This method is known as importance
sampling and can be formulated as

R =

∫
f(x)

g(x)
r(x)g(x)dx ≃ R̂ =

1

L

L∑

l=1

w(l)r(x(l)), (24)

w(l) =
f(x(l))

g(x(l))
, (25)

where w(l) is called importance weights. Theoretically, with the importance
sampling, we can evaluate the expectation of an un-normalized posterior
distribution [33, Ch. 11].
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A closely related method to the importance sampling method is
sampling-importance-resampling (SIR), which furthermore allows to take
samples from the posterior. The SIR is a two stage scheme. In the first
stage, L samples x(l) are drawn from the auxiliary distribution, g(x). In the
second stage, normalized weights are constructed using importance weights
as

w̃(l) =
w(l)

∑L

l w(l)
. (26)

Finally, a second set of L samples is drawn from the discrete distribution

x(1), . . . ,x(L) with probabilities given by the weights w̃(1), . . . , w̃(L). The re-
sulting samples are only approximately distributed according to the original
posterior f(x). The approximation will get better as L→∞.

Although importance sampling is simple, it has been shown that the
resulting estimates often will have a high variance [33, Ch. 11.1] for rather
complex models and in spaces of high dimensionality. The success of impor-
tance sampling, and the SIR methods, is highly correlated with the choice
of the auxiliary distribution. The main problem is that the importance
weights can become very small for a majority of the samples, so the effec-
tive number of samples is much smaller than L. For more discussion about
the SIR and similar methods readers are referred to [33, Ch. 11.1].

Bayesian analysis of the vMF distribution using the SIR sampling
scheme has been studied in [70]. The proposed sampling method [70] seems
to be not so efficient in handling high dimensional problems. An alterna-
tive sampling scheme using a Gibbs sampler is developed by Damien and
Walker [71] which handles high-dimensionality better but the sampling be-
comes slow for high values of concentration parameters [70]. A brief review
of sampling methods developed for the vMF models and their shortcomings
are given in [71]. For the sampling from the posterior Watson distributions,
one could use similar ideas as in [70] and [71]. However, similarly to the case
of sampling from posterior of vMF models, handling of high-dimensionality
and high concentration parameters would remain non-trivial.

Markov Chain Monte Carlo (MCMC) methods: originated from
physics, Markov chain Monte Carlo (MCMC) methods [72] are often re-
garded as a powerful class of sampling methods which allow sampling from
a large class of distributions, and unlike importance sampling methods, they
do scale well with the dimensionality of the sample space [33, Ch. 11]. There
have been extensive research on MCMC during the last half a century. It is
out of the focus of this thesis to review these methods. For review, readers
are referred to [33, 73, 74].

One of the MCMC methods that can be used to sample from the pos-
terior of many statistical distributions including vMF and Watson distri-
butions is called Hamiltonian Monte Carlo (HMC), also known as Hybrid
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Monte Carlo. The HMC was developed by Duane et al. in 1987 [75] with
applications in physics. Statistical applications of HMC was introduced
in [76]. HMC methods are developed for fast sampling in continuous state
spaces, which work by extending the state space to include auxiliary mo-
mentum variables, and then simulating Hamiltonian dynamics from physics
in order to traverse along iso-probability trajectories which rapidly explore
the state space.

There are two main requirements in order to be able to use HMC for
sampling from the posterior distribution. First, the posterior that we want
to sample from should be a continuous distribution for which the density
function can be evaluated, perhaps up to an unknown normalizing constant.
Second, the logarithm of the density function must be differentiable. Fortu-
nately, for both vMF and Watson distributions, these two conditions hold
true. In this thesis, the HMC method is used for comparison, when required.
The algorithmic detail of HMC is given by [77, Section 3.2].

3.2.3 Variational Inference

In Sec. 3.2.1, we saw how one can take a point estimate from the poste-
rior distribution using methods based on MAP estimation (e.g., (22)). As
briefly discussed, the main concern with MAP estimation is that it is hardly
a Bayesian method. A desirable learning method should allow recursive
updating, using new training data, for example, for predictions and deci-
sion making. However, MAP estimates by providing only point estimates,
and not the actual posterior, fail to deliver this important goal. Next, we
looked into sampling-based approximations, such as importance sampling
and MCMC methods, that proved to be very successful in approximat-
ing the posterior distributions. Sampling-based approximation methods,
although powerful, have some disadvantages that limit their applications,
particularly in the context of large-scale problems. First, they are not de-
terministic methods and thus slow to converge. Second, it is often difficult
to diagnose their convergence, for example determining when the Markov
chain has reached its stationary distribution is an open research problem.

A deterministic alternative to the sampling methods is provided by vari-
ational inference methods [34, 78, 79]. Like MCMC, variational inference
comes from statistical physics. The basic idea of the variational inference is
to formulate the computation of an intractable marginal likelihood or a pos-
terior probability distribution in terms of a simplified optimization problem,
which depends on a number of free parameters, known as variational param-
eters [34]. Solving for the variational parameters gives an approximation to
the marginal likelihood or the posterior distribution of interest.

Variational methods have potential advantages over sampling methods,
which make them attractive for many application domains, for example,
Bayesian mixtures [33, 80], factorial models [81, 82], and probabilistic topic
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models [83]. First, they are deterministic, and considerably faster to con-
verge compared to MCMC sampling methods. Second, they have an opti-
mization criterion that can be used to determine convergence. But there
are several potential disadvantages of variational methods as well. First,
the optimization procedure may lead to a local maximum in the variational
parameter space. Second, they yield only an approximation to the posterior
distribution, given infinite computational time.

In the next section, we briefly provide the theory for variational learning
that will be used in the rest of this thesis.

3.3 Bayesian Learning with Variational Inference

Let X denote a set of observations, and W = {w1, . . . , wM} denote a set of
parameters and possibly latent variables. The generative model of the data
defined through W can be formally expressed by

p(X ,W) = p(X | W)p(W). (27)

The posterior distribution using the Bayes’ rule, is given by

p(W | X ) =
p(X ,W)∫
p(X ,W)dW

. (28)

As discussed before, the posterior cannot be computed in a closed form,
due to the analytically intractable marginal likelihood. Now the idea of
variational inference is to find an approximate posterior, shown by q(W),
such that the Kullback-Leibler (KL) divergence between q(W) and p(W | X )
is minimized. This can be formally expressed as

KL [q(W) ‖ p(W | X )] = log p(X )

+ 〈log q(W)〉q(W) − 〈log p(X ,W)〉q(W) ,
(29)

where KL [·‖·] shows the KL divergence operation, and in a general form
〈f(ν)〉q(ν) takes the expectation of random variable f(ν) in its argument

with respect to the variational variable distribution q(ν), that is 〈f(ν)〉q(ν) =∫
q(ν)f(ν)dν. It is notable from (29) that the problematic marginal likeli-

hood log p(X ) does not depend on the variational parameters, and it can be
pushed aside in the optimization. Thus, the minimization problem in (29)
can be cast alternatively as the maximization of a lower bound on the log
marginal likelihood, which is

log p(X ) = log

∫
p(X ,W)dW

≥ 〈log p(X ,W)〉q(W) − 〈log q(W)〉q(W)

= L[q],

(30)
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where the L[q] is termed the variational lower bound and it is obtained using
Jensen’s inequality [84], which follows from the fact that the log function
is concave. In the literature, the variational lower bound is also known as
the negative of a quantity known in statistical physics as the free energy.
Thus maximizing the variational lower bound is equivalent to minimizing
the divergence between the true and the approximate posterior.

In variational inference, q(W) is often restricted such that we can find a
tractable solution. The restricted distributions must be flexible enough to
provide a good approximation. In the following, we review some common
cases.

3.3.1 The Mean-Field Approximation

Mean-field variational inference [85] is one of the simplest and most widely
used variational inference methods. The basic idea is to assume a fully
factorized variational family, which is

q(W) =

M∏

m=1

qm(wm), (31)

while no further assumption is made about the functional form of the in-
dividual factors q(wm). The optimization of L[q] now can be carried out
with respect to each individual factor qm(wm) in turn, instead of the joint
distribution q(W). This makes the optimization considerably simpler. The
lower bound is now reduced to

L[q] = cst.+ 〈log p(X ,W)〉\qm(wm)
− 〈log qm(wm)〉qm(wm)

, (32)

where 〈·〉\qm(wm)
takes the expectation of its argument with respect to the

variational distribution of all variables wm′ , m
′ 6= m, and cst. includes all

terms which do not depend on wm. Now the optimized posterior distribution
q∗m(wm) can be obtained by maximizing (32), and can be formally expressed
by

q∗m(wm) ∝ exp
(
〈log p(X ,W)〉\qm(wm)

)

=
exp

(
〈log p(X ,W)〉\qm(wm)

)

∫
exp

(
〈log p(X ,W)〉\qm(wm)

)
dwm

.
(33)

The optimization procedure can be summarized as follows [33, Ch. 10].
First, it starts with initializing all variational factors, that is
q1(w1), . . . , qM (wM ). Next, during optimization, each factor qm(wm) is re-
placed in turn with the revised estimate q∗m(wm), where q∗m(wm) is evalu-
ated using the current estimates of all the other factors. This procedure
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continues until convergence to a local optimum. The convergence is guar-
anteed because the bound is concave with respect to each of the factors
qm(wm) [33, Ch. 10].

A natural extension of the mean-field approximation is often regarded
as the structural factorization. With the structural factorization, we have a
partially factorized model which allows some dependency among variables.
The structural factorization will be used in [11] [Paper A] and [17] [Paper B],
for developing the approximate inference for the vMF and Watson models.
Furthermore, in [19] [Paper D], an online Bayesian learning is introduced
using the structural factorization in variational inference.

3.3.2 Variational Inference for Nonconjugate Models

In conjugate models, the parameter prior is always conjugate to the
complete-data likelihood. For such models, we can always find a closed-
form solution for the variational posterior, and the posterior will have the
same functional form as the prior. If the conjugate prior exists but with-
out a closed-form normalization factor, a prior distribution of some other
form may be used instead, which is then termed as nonconjugate priors. In
such cases, we may or may not be able to find a closed-form solution to the
posterior.

In the family of directional distributions, in particular vMF and Wat-
son models, priors are nonconjugate, that means conjugate priors to the
complete-data likelihood exist but they are not normalized due to the com-
plicated normalization factors associated with them. In this section, we
briefly discuss our approach for developing variational inference for noncon-
jugate models, which will be used in [11] [Paper A] and [17] [Paper B] for
developing the approximate inference for the vMF and Watson models.

Let us again have a look at the lower bound expression:

L[q] = cst.+ 〈log p(X ,W)〉\qm(wm)
− 〈log qm(wm)〉qm(wm)

. (34)

In order to maximize the lower bound, we would need to evaluate
〈log p(X ,W)〉\qm(wm)

. However, in nonconjugate models, often it is not
possible to analytically evaluate this expectation. One approach to tackle
this problem is to approximate the variational lower bound L[q] and then
optimize the approximate variational lower bound. The approximate lower
bound is expressed by

L̃[q] = cst.+
〈

˜log p(X ,W)
〉
\qm(wm)

− 〈log qm(wm)〉qm(wm)

≤ L[q],
(35)

where
〈

˜log p(X ,W)
〉
\qm(wm)

≤ 〈log p(X ,W)〉\qm(wm)
. (36)
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During maximization, we need to guarantee that the approximate lower-

bound L̃[q] is tight at least at one point in the parameter distribution to
the exact variational lower bound. Different methods can be used to ap-
proximate 〈log p(X ,W)〉\qm(wm)

which leads to different update equations
for the posterior distribution. For example, Taylor expansion is a method
commonly used for this purpose and different ways of taking the Taylor ap-
proximation lead to different algorithms. Note that the objective function
that we approximate with a first-order Taylor expansion must be a con-
vex function in order to guarantee the approximate lower bound is always
smaller than the intractable lower bound. In [11] [Paper A] and [17] [Paper
B], a first-order Taylor approximation is employed in order to approximate
the variational objective functions for the vMF and Watson models.

4 Applications and Experimental Results

Directional and axial distributions, particularly the vMF and Watson dis-
tributions, have a wide range of applications. Such models can be used in
clustering and statistical modeling tasks where the Pearson correlation is a
relevant measure of similarity. However, as discussed earlier, until now due
to the lack of proper learning methods, they have not been used up to their
full potentials, in practice. Some examples are as follows:

• unsupervised learning, clustering task of unlabeled data;

• prediction tasks, classifying unknown future observations;

• online learning, learning from very few data samples.

With the proposed Bayesian inference methods for vMF andWatson models,
one should be able to use these models in the above scenarios. In this thesis,
those applications are addressed which could not be solved efficiently with
the existing learning methods for such models.

The reminder of this section is as follows. Sec. 4.1 considers the cluster-
ing problem of gene-expression data and gene-microarray data [11] [Paper A]
and [17] [Paper B]. This is an example of unsupervised learning since, for
such data, the true cluster labels are unavailable. Thus, the learning method
should be able to determine the model complexity during learning. Sec. 4.2
addresses the prediction task, in the problem of text-independent speaker
identification [11] [Paper A]. Sec. 4.3 focuses on developing an on-line learn-
ing method in the context of blind source separation (BSS) with acoustic
applications. It begins with an overview of the source separation problem
and current challenges toward developing on-line BSS methods. Next, thesis
contributions in this regard are summarized. It is shown that the desirable
model pruning property of the proposed learning inference could be benefi-
cial in the BSS problem of unknown number of sources [18] [Paper C]. This
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is the other example of unsupervised learning in this thesis. Furthermore, a
recursive learning method is developed which allows learning from very few
data [19] [Paper D].

4.1 Unsupervised Clustering

Finite mixture models are often used as generative models in clustering
algorithms. The choice of the generative model can be crucial to the perfor-
mance of a clustering procedure. For clustering of gene-expression data and
gene-microarray data, the cosine similarity has been shown to be a more
effective measure of similarity than the Euclidean distance. Thereby, gen-
erative models consisting of directional distributions are preferable to those
with Gaussian distributions [12], [61].

As discussed before, the current learning inference methods for vMF
and Watson models, using the maximum likelihood, are not suitable for
unsupervised learning, due to the lack of capability of regulating the model
complexity. In order to show the proposed learning inference, for the vMF
model [11] [paper A] and the (complex) Watson model [17] [paper B], are
suitable for unsupervised learning tasks, we consider the problem of unsu-
pervised clustering. More precisely, we consider the clustering problem of
gene-expression data and gene-microarray data. The clustering of such data
is considered as a challenging domain because of difficulties in the clustering
validation.

Due to the absence of true cluster labels, the clustering performance is
evaluated by computing certain internal figures of merit. Measuring the ho-
mogeneity and the separation of the clusters are two commonly used figures
of merit (e.g., [86]). The homogeneity determines how similar the individual
members of each cluster are to their cluster representative, providing a mea-
sure of the intra-cluster similarity (higher values are favorable) [12]. The
separation determines how disjoint the clusters are from each other, provid-
ing a measure of inter-cluster similarity (lower values are favorable) [12].

4.1.1 Clustering of Gene-Expression Data

Experiments in [11] [Paper A] are carried out on a curated version of CDC15
yeast gene-expression data set [87]. The data set consists of 23 experiments
measuring expression of 4382 yeast genes1. Out of that, a subset of 1000
randomly selected genes is selected. For each gene, expression vectors are
normalized to have a unit norm.

Model learning using ML-EM inference [12] is compared to the one us-
ing variational inference [11] [Paper A], resulting in two different cluster-
ing methods, namely, EM-based and VB-based clustering methods. For

1The data set is available through:
www.exploredata.net/Downloads/Gene-Expression-Data-Set.
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Table 2: Clustering accuracy on gene-expression data set over 10
trials. VI-WMM refers to the clustering approach based on the
mixture of Watson distributions in the generative model with the
parameter estimation using variational inference [17] [Paper B]. VI-
vMFMM refers to the clustering approach based on the mixture
of von Mises-Fisher distributions in the generative model with the
parameter estimation using variational inference [11] [Paper A].
Noticeable differences in this comparison are shown in bold (i.e.,
> 0.02). For Have higher values and for Save lower values are
preferable. The table illustrates the average and standard error
across 10 trials. The table is take from [17] [Paper B].

Average homogeneity and separation
Data VI-WMM VI-vMFMM

Have Save Have Save

A +0.56 (0.04) −0.71 (0.03) +0.54 (0.07) −0.13 (0.02)
B +0.38 (0.06) −0.29 (0.04) +0.40 (0.09) −0.03 (0.01)
C +0.46 (0.05) −0.44 (0.03) +0.43 (0.04) −0.05 (0.02)
D +0.56 (0.06) −0.65 (0.01) +0.61 (0.13) −0.06 (0.03)

the EM-based approach the clustering performance is evaluated for differ-
ent number of model components (clusters). However, for the VB-based
approach, the number of necessary model components is determined auto-
matically during learning in an unsupervised fashion. The various cluster
quality figures of merit as computed for clusters of the yeast-gene expression
data are shown in Fig. 8. This figure shows that the VB-based approach
performs a slightly better clustering compared to the EM-based approach
both in terms of the intra-cluster similarity (Have and Hmin) and the inter-
cluster similarity (Save and Smax). However, more importantly, we notice
that for the EM-based approach, by increasing the number of clusters, the
intra-cluster similarity improves but the inter-cluster similarity degrades.
Hence, there is a compromise involved so that one may need several runs of
the EM-based approach in order to determine the right number of clusters
satisfying this compromise. The VB-based method can determine the re-
quired model complexity over a single run, and hence it might be preferable
in practice.

4.1.2 Clustering of Gene-Microarray Data

The clustering task of gene-microarray data is a problem of unsupervised
learning. In [17] [Paper B], through empirical evaluations, it is shown that a
generative model using the Watson model could result in a better clustering
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Figure 6: Measures of cluster quality for the gene data set con-
sisting of 23 experiments measuring expression of 1000 randomly
selected yeast genes. (a)-(b) illustrate average and maximum val-
ues of the inter-cluster similarity, respectively, i.e., Save and Smax;
(c)-(d) illustrate average and minimum values of the intra-cluster
similarity, respectively, i.e., Have and Hmin. The “VB-based” refers
to the clustering approach with Bayesian learning using the vari-
ational inference [11] [Paper A], and “EM-based” method refers
to the one with ML inference using EM [12]. For Have and Hmin
greater values are preferable, and for Save and Smax smaller values
are preferable. The figure is taken from [11] [Paper A].

performance compared to the one using the vMF model.
Experiments in [17] [Paper B] are performed on the following gene-

microarray data sets2

• Data A: Diauxic Shift [88], with matrix size of 826× 7.

• Data B: Yeast Cell Cycle [87], with matrix size of 1000 × 23 (these
1000 genes were randomly selected from the original 4382 genes) 3.

• Data C: Human Fibroblasts [89], with matrix size of 517× 18.

2Download: http://transcriptome.ens.fr/gepas/data/index.html
3www.exploredata.net/Downloads/Gene-Expression-Data-Set.
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Figure 7: Measures of cluster quality on Human Fibroblasts data
(Data C): (left) the average homogeneity Have; (right) the average
separation Save, across 10 trials. VI-WMM refers to the cluster-
ing approach based on the mixture of Watson distributions in the
generative model with the parameter estimation using variational
inference [17] [Paper B]. EM.WMM refers to the clustering ap-
proach based on the mixture of Watson distributions in the gener-
ative model with the parameter estimation using ML-EM [61]. For
Have higher values and for Save lower values are preferable. The
figure is taken from [17] [Paper B].

• Data D: Sporulation in Yeast [90], with matrix size of 1000× 7 (these
1000 genes were randomly selected from the original 6118 genes).

In this application domain, we do not have the ground-truth clusterings,
which can further motivate using the proposed variational learning infer-
ence, as it can automatically determine the required model complexity. The
clustering results of mixture modeling with Watson distributions are com-
pared with those with vMF distributions [11] [Paper B]. The clustering per-
formance is evaluated by measuring the homogeneity and the separation,
as the internal figures of merit. Table 5 illustrates the results. We notice
that mixture modeling with Watson distributions (shown by VI-WMM in
the table) compared to mixture modeling with vMF distributions (shown
by VI-vMFMM in the table) yields clusters having similar intra-cluster co-
hesiveness but significantly better inter-cluster separation.

Fig. 7 compares the clustering results of VI-WMM and EM-WMM on
Human Fibroblasts data set (Data C). For the EM-WMM, the number of
clusters J varies from 5 to 19, while for the VI-WMM, it is determined
automatically during optimization. This figure shows that for the EM-
WMM, by increasing cluster numbers, the intra-cluster similarity improves
but the inter-cluster similarity degrades. Hence, one may need several runs
of the EM-WMM in order to determine a suitable number of clusters for
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satisfying the compromise between intra-cluster similarity and inter-cluster
similarity. However, the VI-WMM can find nearly the “right number” of
components over a single run.

4.2 Speaker Identification

In reality, data are often noisy, and thus it is difficult to know which aspects
of data are relevant for the identification task. An ideal learning inference
should take into account the model complexity by avoiding over-fitting and
under-fitting. As discussed earlier in Sec. 3.1.4, the ML inference in partic-
ular suffers from over-fitting, and because of this, one should be cautious in
using such learning tools in identification tasks. With the proposed Bayesian
learning inference, in the context of parametric mixture modeling, the model
complexity is determined during learning by assigning sparse density over
the mixture weights of the mixture model, as described in [11] [Paper A].

In [11] [Paper A], the prediction task is evaluated in the context of
speaker identification (SI). A SI system contains of two phases: training
and testing. In the training phase, first, certain features are extracted to
represent specific characteristics of speakers and, next, separate models are
trained for each speaker to describe the statistical properties of the selected
features. In the testing phase, the speech from an unknown utterance is
compared against each of the trained speaker models, which is the identifi-
cation task.

As a central task in the training phase, feature extraction has been
intensively investigated in the literature. Among them, the mel-frequency
cepstral (MFCC) coefficients and line spectral frequency (LSF) pairs are
the most widely used. The MFCC coefficients, however, have gained more
attention due to the fact that they can be efficiently modeled using GMMs.
Although LSF pairs have been successfully employed in many audio-related
applications, they have not been as successful as using MFCC coefficients in
speaker identification tasks, despite their desirable properties. One possible
reason is that LSF pairs are bounded between 0 and π, and traditional
learning tools using GMMs may not be the best choice. In [11] [Paper A],
it is shown that LSF pairs can be efficiently modeled using vMF mixture
models, arguing that, for modeling such data, the Pearson correlation might
be a better measure of similarity than Euclidean distance, associated with
the GMMs.

[11] [Paper A] proposes an SI system using LSF pairs as the feature
vectors and the mixture of vMF distributions as the generative model for
modeling those feature vectors. The experiment is carried out on the TIMIT
speech database. The TIMIT database contains 630 male and female speak-
ers and each speaker speaks ten sentences. During each round of evaluation,
25 speakers have been randomly selected from the database. Detail of the
experiment is described in [11] [Paper A] in which the following methods
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Table 3: Comparison of speaker identification rate (in %). The
table is taken from [11] [Paper A].

Approach 0.5 s 1 s 1.5 s 2 s
LSFs+vMFMM 83.36 90.92 94.32 95.24
LSFs+GMM 80.14 87.22 88.38 89.75
MFCCs+GMM 85.24 93.00 93.68 94.43

are compared:

• LSFs+vMFMM: the SI system based on LSFs features and modeling
with a mixture of vMF distributions;

• LSFs+GMM: the SI system based on LSFs features and modeling
with a mixture of Gaussian distributions;

• MFCCs+GMM: the SI system based on MFCCs features and model-
ing with a mixture of Gaussian distributions (regarded as the bench-
mark).

Results of this experiment are shown in Table 1. We first notice that, the
proposed SI system, LSFs+vMFMM, provides competitive results compared
to the benchmark MFCCs+GMM for different speech durations. We also
notice that LSFs+vMFMM based SI system performs significantly better
than the LSFs+GMM based SI system. This suggests that the vMF dis-
tribution might be a better candidate in practice for modeling the LSF
parameters.

4.3 Blind Source Separation

Consider a situation where a number of signals emitted by some physical
sources are recorded by a set of sensors located in different positions. The
source signals could be, for example, people speaking in the same room. In
this case, sensors could be microphones located in different positions in the
room, or microphones on a hearing aid device. The microphones record a
mixture of the source signals with slightly different delays and weights (these
weights are complex-valued in the frequency domain). In general, we have
little or no knowledge of the properties of the physical mixing system and the
source signals. The task is to extract the original signals from the mixtures.
The problem of recovering source signals from their mixtures, with only
limited knowledge about the source signals and the mixing process, is often
referred to as blind source separation (BSS) (e.g., [29, 32, 91, 92]). BSS is
a central problem in signal processing with a wide range of applications
including speech processing, network tomography and biomedical imaging.
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Here, the focus is on the acoustic applications of BSS such as the cocktail
party problem.

4.3.1 Underdetermined vs. (Over-)determined Mixtures

In many applications, there might be more source signals than microphones,
which makes the separation task considerably more challenging. More pre-
cisely, when the problem is (over-)determined, that is, when there are no
more signals to estimate (the sources) than signals that are observed (the
sensors), some generic assumptions about the source signals, for example
statistical independence of the sources, can be used in order to perform
the separation task successfully [29]. However, many practical situations
involve under-determined problems, that is where the number of source sig-
nals of interest is larger than the number of microphones. In such cases, the
separation task becomes more challenging and specific assumptions have
to be made in order to separate signals, for example, sparsity assumptions
of source signals (e.g., [93]). This thesis is focused on under-determined
scenarios.

4.3.2 Convolutive Mixtures

The difficulty of the BSS task highly depends on how signals are mixed
in the physical environment [32]. The simplest mixing scenario, is a linear
time invariant mixing known as instantaneous mixing. Only in very lim-
ited real-world applications, an instantaneous mixing system can be safely
assumed. In practice, many acoustic applications of BSS involve convolu-
tive mixing of the source signals. The convolutive mixing rise due to time
delays resulting from sound propagation over space and the multiple acous-
tical paths generated by reflection of sounds from different objects in the
environment [32]. Thus, naturally, the degree of mixing and consequently
the difficulty of separation task increase with increasing the reverberation
time in the room. Various attempts have been made to solve the convolu-
tive BSS problem [31, 94–97]. Among them, frequency-domain approaches
are popular ones, where time-domain observation signals are converted into
frequency-domain time-series signals. This section proceeds with a brief
review of frequency-domain BSS techniques.

4.3.3 Frequency-Domain BSS

With frequency domain BSS methods, time-domain mixed signals, observed
at the microphones, are converted into frequency-domain time-series signals
by a short time Fourier transform (STFT). The main idea is that if the
STFT frame is long enough to cover the main part of the convolutive-
mixing impulse response, the convolutive mixtures in each frequency bin can
be approximated by instantaneous mixtures (e.g., [97]). The correctness of
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this assumption has been experimentally analysed in [98]. Hence, methods
developed for instantaneous BSS can be applied here where the separation
is performed in a frequency bin-wise manner (e.g., [97]).

However, separating signals in a frequency bin-wise manner would cre-
ate another problem known as the permutation ambiguity. The problem
arises from the fact that the index of separated source signals might be
different from one frequency to another. The permutation ambiguity asso-
ciated with frequency-domain BSS methods is a challenging problem and
has gained much attention (e.g., [96, 97, 99–103]). A common strategy is
to exploit the dependence of separated signals across frequencies. Murata
et al. [99] looked into the inter-frequency dependence of signal envelopes
in order to align the permutation. Similarly, in [100], the inter-frequency
dependence of signal power was exploited resulting in a clearer dependence
than the envelope measure. In [96], source direction information and signal
inter-frequency dependence were combined to obtain a better permutation
alignment. Another successful permutation alignment procedure was de-
veloped by Sawada et al. [97] based on source presence probability across
time-frequency bins. The main idea is that if a certain source is present at
a certain frequency, it is very likely to be present in its neighboring frequen-
cies. Almost all of these methods are based on “ad-hoc” approximations
and are reasonably successful if there are enough data (usually few seconds
of speech). More precisely, these methods can be applied only to batch-wise
processing applications.

One might categorize existing methods toward frequency-domain BSS
into two main approaches. One is based on independent component analysis
(ICA), and the other relies on the spareness of source signals. Generally
speaking, methods based on ICA are shown effective in (over-)determined
scenarios where we have a sufficient number of microphones. In this case,
the linear filters that are estimated by ICA can separate the mixtures suc-
cessfully to some extent. However, in underdetermined scenarios, such linear
filters will not work properly. Hence, methods based on sparseness of source
signals are more appealing. In this case, time-frequency masking [104–109]
or a maximum a posteriori (MAP) estimator [110–112] is widely used to
separate such underdetermined mixtures. It is notable that many acoustic
source signals, in particular speech signals, exhibit a sparseness property in
their time-frequency representation. This sparseness property helps design-
ing time-frequency masks (e.g., [18,97]) or deriving efficient MAP estimators
(e.g., [110]).

We proceed with focusing on BSS of convolutive mixtures in under-
determined scenarios known as underdetermined convolutive BSS. Based
on sparseness of source signals in the time-frequency domain, each time-
frequency point can be assigned to a single dominant source, from which
a time-frequency mask can be generated to separate source signals [97].
Thus, the main task is identifying the dominant sources. Many of the ex-
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isting techniques relay on the time-difference-of-arrival (TDOA) estimation
for each source at microphones, or interaural time difference estimations for
a two-microphone stereo case. Here, the task is to cluster these features,
where often clustering is performed in a frequency full-band manner. As
discussed by Sawada et. al, [97], such techniques work effectively where
the assumed anechoic model is satisfied to a certain degree, that is under
low reverberant conditions. However, under severe reverberant conditions,
TDOA estimations become unreliable [97]. Another widely used approach
is to cluster amplitude and phase differences of closely spaced microphone
pairs (e.g., [107,112]), or directly clustering complex-valued time-frequency
points (e.g., [18, 70, 97, 113–115]).

4.3.4 BSS via Frequency Bin-Wise Clustering

In this section, a family of the generative-based clustering methods are
briefly reviewed that perform the clustering task by directly clustering time-
frequency points in a two stage procedure. The first stage is responsible
for frequency bin-wise clustering of time-frequency points, as the key stage
in the separation task. In the second stage, an additional postprocessing
procedure is performed to align bin-wise separated frequency components
associated to the same source. This extra processing procedure is known as
permutation alignment (e.g., [97]).

Based on how the clustering is performed, frequency bin-wise cluster-
ing methods are broadly categorized to be either discriminative or gener-
ative. The performance of the clustering task highly depends on the dis-
tortion measure (in discriminative point of view) or the chosen statistical
generative model (in probabilistic point of view). Examples of discrimina-
tive clustering-based BSS methods include simple k-means based methods
(e.g., [116]), hierarchical clustering based methods (e.g., [117]), and non-
parametric Bayesian methods (e.g., [118,119]). Generative clustering-based
BSS methods have gained more attention though, partly because generative
models provide greater insight into the anatomy of the clusters. Further-
more, domain knowledge can be easily incorporated into generative models,
so that clustering of data uncovers specific desirable patterns, which one is
looking for.

Popular choices for the generative models are Gaussian mixture model as
the generative model (e.g., [112]), mixtures of circular-symmetric complex-
Gaussian distributions projected on the unit-hypersphere (e.g., [97, 114]),
and, more recently, mixtures of complex Watson distributions (e.g., [18,113,
115]). In the latter case, that is mixtures of complex Watson distributions,
the problem of source separation is cast as the problem of clustering on the
unit-hypersphere, motivated by the hypothesis that the clustering problem
on the unit hypersphere is essentially a clustering task for directional data.

This section shall continue with a system overview of frequency bin-wise
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BSS methods and brief overview of related work.

System Overview
Let {si(t)}Ii=1 denote a set of sources and {xm(t)}Mm=1 denote a set of
observations, where I and M indicate the number of sources and the
number of observations, respectively. Assuming a convolutive mixing
model, the observation xm(t) is given by xm(t) =

∑I

i=1

∑
l umi(l)si(t − l),

where umi(l) represents the impulse response from source i to microphone
(sensor) m. The convolutive mixing model xm(t) is transformed to the
time-frequency representation by using the short time Fourier transform,
and can be approximated as an instantaneous mixing model at each
frequency bin as

xm(k, n) =

I∑

i=1

umi(k)si(k, n) + em(k, n), (37)

where si(k, n) is the time-frequency representation of si(t), k indicates the
frequency bin, umi(k) is a complex-valued factor characterizing the delay
and amplitude effects on the i-th source signal at the m-th microphone (also
known as frequency response), and em(k, n) includes the additive back-
ground noise and reverberant components, at n-th time frame and k-th
frequency bin. In vector notation, it can be written as

x(k, n) =

I∑

i=1

ui(k)si(k, n) + e(k, n). (38)

A set of separated frequency components {ŝi(k, n)}Ii=1, where ŝi(k, n) =
{ŝi,m(k, n)}Mm=1, can be simply obtained by applying a time frequency mask
on the observations as

ŝi,m(k, n) =Mi(k, n)xm(k, n), (39)

from which, time domain sources ŝi,m(t) are reconstructed by applying an
inverse short time Fourier transform to the separated frequency sources
ŝi,m(k, n).

Thus, the central task is to design proper masksMi(k, n). For designing
such masks, as discussed earlier, many approaches rely on the sparseness
property of source signals. Under sparsity assumption, (44) can be expressed
by

x(k, n) = ui∗(k)si∗(k, n) +


e(k, n) +

∑

i6=i∗

ui(k)si(k, n)




≈ ui∗(k)si∗(k, n),

(40)
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where i∗ is the index of the dominant source. Hence, one needs to identify
dominant sources for all time-frequency points. This implies that the set
of observations in each frequency {x(k, n)}Nn=1 has to be grouped into I
clusters, where every cluster corresponds to a certain source. Since the
clustering is performed in a frequency bin-wise manner, in a separate stage,
the permutation alignment has to be carried out to complete the BSS task.

Related Work
For ease of discussion, we use short-hand notations, for example x(k, n)
will be represented as xkn and similarly xm(k, n) will be represented as
xm,kn. Let Yk = {ykn}Nn=1 denote a set of time-frequency points projected
on the unit hypersphere in the k-th frequency bin where ykn =

xkn

‖xkn‖
.

In [97], authors model Yk by a finite mixture of J circular-symmetric
complex Gaussian distributions projected on the unit hypersphere as

p(Yk |m,v, τ ) =

N∏

n=1

J∑

j=1

τjNc(ykn|mj , v
−1
j ). (41)

In the above expression, Nc(ykn|mj , v
−1
j ) indicates the probability density

function of the j-th component of the form

Nc(ykn|mj , v
−1
j ) =

1

(πv−1j )M−1
e−vj‖ykn−(m

†
j
ykn)mj‖

2

, (42)

where mj is the centroid with unit norm and vj is the precision. The max-
imum likelihood estimates to the mixture model parameters are derived by
using expectation maximization [97]. In this model, the number of com-
ponents is equal to the number of sources, i.e., J = I. Thus, one needs
prior knowledge on the number of sources. Vu et al. [113] follow similar
probabilistic framework as in [97] and model Yk with a mixture of complex
Watson distributions as

p(Yk | µ,λ, τ ) =
N∏

n=1

J∑

j=1

τjWC(ykn | µj , λj), (43)

where WC(ykn | µj , λj) is the probability density function of the complex
Watson distribution as defined in (1). Authors employ ML-EM inference
for the learning of the model parameters. As discussed in Sec. 3.1.2, the
ML estimate of the concentration parameter of the Watson distribution
is obtained by resorting to numerical approaches. However, it should
be noted that numerical estimation, for example by Newton Raphson
methods, of the concentration parameters is nontrivial in high dimensions
since it involves ratios of Kummer’s hypergeometric function (for more
discussion in this regard, readers are referred to [61, Section 3.1]).
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Limitations
Although the described framework for the frequency bin-wise clustering
methods [97, 113] have been shown to be successful, they suffer from a
number of limitations.

1. They require to know explicitly the number of sources in the mixture.
This is because they employ ML-EM in the parameter estimation of
the generative mixture model; and the ML inference is not able to
regulate the model complexity. The assumption of known number of
sources is restrictive in many situations, for example, in the problem
of source separation of time varying sources.

2. These methods solve the permutation problem among frequency bins
using some “ad-hoc” methods. In order for the permutation alignment
procedure to be successful, a good amount of data is required. More
precisely, they can be used only in a batch-wise fashion.

3. Modeling the underlying distribution of frequency domain observa-
tions using mixture models, as in [97, 113], disregards all the possible
dependencies among time frames. If a source is active at the time n,
it is very likely to stay active in the next frame n + 1. Disregarding
dependencies among time frames might result in quite poor estimates
when only a small amount of data is available, for example, in online
applications of BSS.

4. Solving the clustering task in BSS in a frequency bin-wise manner
disregards all the dependence among frequency bins, although the
permutation disambiguation uses the dependence in an “ad-hoc”
fashion.

Contributions to BSS in this thesis
This thesis aims in addressing the aforementioned limitations and develop-
ing an online learning inference for the BSS task. This can be considered
as an attempt toward online BSS. In so doing:

1. First, the assumption of prior knowledge on the number of sources
is relaxed by developing a method that could estimate the number
of sources in the mixture [18] [Paper C]. Estimating the number of
sources is one of the important steps toward BSS of time-varying
sources, and thus an important step toward realization of an online
BSS method.

2. Next, the complete BSS problem is solved in one step. More precisely,
a uniform framework is proposed that solves both the modeling task
and the permutation alignment task in a single step [19] [Paper D].
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In the following, Sec. 4.3.5 provides a brief overview of the methodology
employed in [18] [Paper C] for estimating the number of sources. Next,
Sec. 4.3.6 summarizes the main idea of the online BSS method described
in [19] [Paper D].

4.3.5 BSS of Unknown Number of Sources

A common practice for relaxing the assumption of known number of sources
is to assign a sparse distribution over the mixture weights of the generative
model, for example, in (49) and (47). This is motivated by the sparseness
assumption of the sources in the frequency domain. Araki et al. [112] as-
signed Dirichlet distributions with the sparse solution as the prior of the
mixture weights. They estimated the model parameters by using the maxi-
mum a posteriori (MAP) estimation in an EM framework. In general, MAP
estimates are only point estimates and do not take into account the remain-
ing uncertainties in the posterior point estimate. Taking point estimates as
the representatives might result in poor estimates when only few data have
been observed, for example in an online BSS, (see discussion in Sec. 3.2.1).
Similarly to [112], in [114] and [18] [Paper C], a sparse Dirichlet distribution
is assigned as the prior over the mixture weights; however, the problem is
formulated in a fully Bayesian inference by estimating posterior probability
distributions over all model parameters using the observed data together
with the prior distributions. This was motivated by the fact that the fully
Bayesian inference also considers the resulting uncertainty in the estimation.

More precisely in [114], as an extension to [97], frequency domain ob-
servations Yk are modeled by a finite mixture of circular-symmetric com-
plex Gaussian distributions projected on the unit hypersphere with a sparse
Dirichlet distribution as the prior over the mixture weights. The posterior
over model parameters is estimated in a fully Bayesian framework using
variational inference. During learning, components which have very small
responsibility in explaining the data will consequently get very small weights
and, thus, can be disregarded; this is known as model pruning in Bayesian
learning.

Next, in [18] [Paper C], the previous work in [114] is extended through
modeling Yk by a mixture of complex Watson distributions and using sparse
Dirichlet priors over mixture weights. In this work, the posterior over model
parameters are estimated in a fully Bayesian inference using the variational
inference described in [17] [Paper B].

In the following, the results of a comparative experiment, detailed in [18]
[Paper C], are briefly discussed. The idea behind this experiment is to show
that assigning a sparse Dirichlet distribution over mixing weights of the
generative model in a fully Bayesian inference could result in a desirable
property of model pruning that can open up the possibility of relaxing the
assumption of the prior-knowledge on the number of sources in the mixture.
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Figure 8: Average signal to distortion ratio (SDR) vs. number
of model components for a given condition. The actual number
of source signals is 3 in mix.A and mix.C, and it is 4 in mix.B
and mix.D. The number of components in the generative models
is allowed to vary. When the actual number of sources is equal to
the number of model components, all methods perform fairly sim-
ilarly. However, when the number of model components is greater
than the actual number of sources, the separation performance
(measured in terms of SDR) constantly degrades with using meth-
ods employing the ML-EM inference in the learning (i.e., EM-
WMM and EM-GMM). Methods using variational inference (i.e.
VI-WMM and VI-GMM), and, in particular VI-WMM [18] [Paper
C], are considerably more robust due to their desirable property
of model pruning. Mix.A–Mix.D refer to various mixing scenarios
with regards to the reverberation time, and microphone spacing.
This figure is taken from [18] [Paper C].
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The following methods are compared in this study [18] [Paper C]:

• VI–WMM: mixture of complex Watson distributions, learning inference by
variational inference (the method described in [18] [Paper C]);

• EM–WMM: mixture of complex Watson distributions, learning inference by
maximum-likelihood-expectation maximization [61];

• EM–GMM: mixture of Gaussian distributions projected on the unit hyper-
sphere, learning inference by maximum-likelihood-expectation maximiza-
tion [97];

• VI–GMM: mixture of Gaussian distributions projected on the unit hyper-
sphere, learning inference by variational inference [114].

The experiment was performed on the SiSEC08 database (Development
Data) [120] on two-channel live recordings of female speech signals for se-
lected conditions. Let triple (I, RT,L) denote the number of sources, rever-
beration time, and microphone spacing, respectively. The following scenar-
ios are considered:

• mix.A: the data has (I, RT,L)=(3, 0.25 s, 1 m),

• mix.B: the data has (I, RT,L)=(4, 0.25 s, 1 m),

• mix.C: the data has (I, RT,L)=(3, 0.25 s, 5 cm),

• mix.D: the data has (I, RT,L)=(4, 0.25 s, 5 cm).

In [18] [Paper C], separation results are evaluated in terms of the output
signal-to-distortion ratio (SDR) [121]. SDR is a measure of evaluating the
overall speech quality, with larger values being favorable. Fig. 1 illustrates
the average SDR value for all sources and over five trials. We notice that
once the true number of sources is given, both EM-based methods and VI-
based methods perform fairly similarly. However, more importantly, when
one initializes the EM-based methods with a larger number of model compo-
nents than necessary, the performance constantly degrades with increasing
the number of components, even though their SDR benefits from knowing
the true number of sources. This is because EM-based methods cannot
regulate their model complexity during optimization. In contrast, VI-based
approaches, in particular the VI-WMM [18] [Paper C], are considerably less
susceptible to the initialization of the number of model components due to
the desirable property of model pruning in Bayesian learning.

4.3.6 Bayesian Recursive Blind Source Separation

As discussed in Sec. 4.3.4, in many frequency-domain BSS methods, for
example [97], [114], [18] [Paper C], [113], the separation task is performed
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in a two-stage procedure. The first stage is responsible for clustering time-
frequency points in a frequency bin-wise manner, such that each cluster
is a representative of a certain source. However, due to the permutation
ambiguity in the frequency domain, the source indexing might be different
from one frequency to another. Thus, a second stage is required to solve
the permutation among frequency bins such that the the same cluster index
implies the same source across all frequencies. The permutation alignment
is performed using some ad-hoc methods in a batch-wise fashion.

As discussed in Sec. 4.3.4, there are a number of disadvantages with this
framework which prohibits developing an online BSS method. To develop
an on-line BSS method, at first, we need to combine these two stages into
a single step. In [19] [Paper D], the complete BSS problem is solved in
one modelling step, combining the bin-wise source estimation with the per-
mutation alignment. Next, we need to capture the possible dependencies
among time frames and frequency bins. Ignoring these dependencies, as
done previously, does not result in the complete failure of the BSS system
in a batch-wise task, but it would almost certainly fail the BSS system in
an online task. In order to capture some correlations both across time and
frequencies, [19] [Paper D] proposes a two-dimensional Markov chain which
directly connects immediate time and frequency neighbors, and indirectly
connects all the time and frequency bins, using a first-order Markov chain.

This section proceeds with an overview of the proposed framework for
an online BSS task [19] [Paper D].

Model Description
Let Xn = (x1n, . . . ,xKn) denote all observations in the n-th frame, where
xkn is given by (44). Since the overall absolute signal amplitudes are fully
modeled by sikn, with no loss of generality, the normalization ‖uik‖ = 1
can be enforced for all k, i. With identical microphone characteristics, the
residual noise em,kn can be assumed to be a zero-mean circular-symmetric
complex Gaussian, with the same precision (inverse variance) rk in all
microphone channels. Thus, the conditional probability of all observations
in the current frame n, given source signals and parameters, is then a
circular-symmetric complex Gaussian at each frequency bin, as

p(Xn | Sn,U , r) =
K∏

k=1

p(xkn | Sn,U , r)

=

K∏

k=1

Nc(xkn |
I∑

i=1

uiksikn, rk),

(44)
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where with short-hand notation r = (r1, . . . , rK)
⊤,

Sn =




s1,1n · · · sI,1n
...

. . .
...

s1,Kn · · · sI,Kn


 , U =




u1,1 · · · uI,1

...
. . .

...
u1,K · · · uI,K


 .

Equation (6) shows a general formulation for expressing the probability
density of the observed data. In [19] [Paper D], under full sparseness as-
sumption, that is when only one source is active at each time-frequency bin,
the output probability density is expressed as

p(Xn | Zn,Sn,U , r) =
I∏

i=1

K∏

k=1

(
Nc(xkn | siknuik, rk)

)zikn

, (45)

in which xkn depends on an 1-of-I binary discrete latent state variable zkn
with elements zikn, i.e., zkn = [z1kn, . . . , zIkn]

⊤
. The binary variable zikn =

1 for only one i, indicating that the i-th source is currently active, and zikn =
0 for all other i in the current frequency bin and time frame, indicating
that all other sources are negligible. In [19] [Paper D], the probability
distribution of source activity indicators zikn are modeled with a first-order
two-dimensional (2-D) Markov chain with dependence across both time and
frequency. A graphical representation of the described model is shown in
Fig. 1. The probability mass for the state variables at time n > 1 can be
formally written recursively as

p(Zn | A,X1:n−1) = p(Zn−1 |X1:n−1)p(z1n | z1,n−1,A)

K∏

k=2

p(zkn | zk−1,n, zk,n−1,A), (46)

whereX1:n−1 is accumulated observations from all the previous time frames,
i.e., X1:n−1 ≡ X1, . . . ,Xn−1; and p(Zn−1 | X1:n−1) represents the accu-
mulated information concluded from those observations.

There are two main benefits with this model. First, the frequency
domain permutation can be reduced by connecting the frequency bins.
Second, dependencies across time frames and frequency bins have been
captured to some extent via first-order Markov chains.

Bayesian Description of the Model
In [19] [Paper D], a fully Bayesian inference is proposed which allows a
recursive model learning, allowing no batch-wise processing backwards
in time. In this learning inference, the model gradually improves over
time with observing new data. A fully Bayesian inference is vital for this
task, as it provides posterior distributions over all model parameters. The
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Figure 9: Graphical model representation of the 2D-HMM with first-order
Markov dependencies. The observed variables are shown with shaded plates.
While observed variables are independent, they are generated from a set of
latent variables which are connected to each other through a first-order Markov
chain, making a lattice structure. With this representation dependencies both
across time frames and across frequency bins can be simultaneously captured.
The figure is taken from [19] [Paper D].

posterior from the previous time frame serves as the prior for the current
time frame, hence, the model learning can take into account uncertainties
in the estimation. A graphical representation of the model is illustrated
in Fig. 2. The generative model is given by the joint distribution of all
random variables and latent variables in the model. Using this graphical
model, the generative model can be expressed exactly as

p(Xn,Zn,Sn,U , r,A | X1:n−1) = p(Xn | Zn,Sn,U , r,X1:n−1)

p(Sn,U , r | Zn,X1:n−1)p(Zn | A,X1:n−1)p(A |X1:n−1), (47)

where

p(Sn,U , r | Zn,X1:n−1) ≈ p(Sn | Zn,U , r,X1:n−1)

p(r |X1:n−1)p(U |X1:n−1). (48)

Note that the independence between U and r is the only approximation in
this representation, in order to derive a tractable learning inference.

The choice of prior is very important. Proper priors should be chosen
which take into account the structure of the space from which data samples
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Figure 10: Directed acyclic graph representing the Bayesian description
of the model. Nodes denote random variables, edges denote possible de-
pendence, and plates denote replication. In this model, ajj′ , rk, sikn,
and uik are the model parameters, and zkn are the latent variables.
Furthermore, ϑjj′i, θk, σk, mik, λik, µik, and κik are the hyperparame-
ters characterizing their respective distributions. During learning, these
hyperparameters in a recursive fashion get updated, using variational
inference. The figure is take from [19] [Paper D].
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are collected. Furthermore, priors should be simple and flexible enough in
order to have a tractable Bayesian inference. In [19] [Paper D], conjugate
priors are chosen such that the posteriors have the same functional form as
the priors. The choice of priors has been described in detail in [19] [Paper D].

As the exact Bayesian inference is not tractable for the described
model, [19] [Paper D] derives a deterministic solution to the Bayesian
inference, using variational inference. The posterior is estimated using
prior and data such that information gained from the observed Xn at the
current frame is optimally combined with the information from previous
data frames.

Experimental Results
In, [19] [Paper D], a subset of publicly available benchmark data, organized
in the Signal Separation Evaluation Campaign (SiSEC2008) (Vincent
et al., 2007), are used. Specifically, the data set include two-channel
live-recordings of three speakers recorded in various conditions, including
various microphone spacings and room reverberation time.

In the following, results of an experiment on this data set is exempli-
fied. Fig. 4 shows the spectrogram of a live recording of three female-speech
signals recorded in a room with 130 ms reverberation time and 5 cm micro-
phone spacing. Fig. 5 illustrates spectrograms of the actual source signals
and estimated source signals obtained by initialization of the method us-
ing known spatial directions. Of course, this is an unrealistic scenario, but
the results are included here mainly to illustrate that the generative model
structure can achieve good separation, if the learning is successful. The
Markov dependence across time and frequency bins tends to sharpen the
bin assignment to one of the sources, i.e., tends to push the latent-variable
probabilities towards 0 or 1. This is indicated by Fig. 7 in [19] [Paper D],
which shows color-coded probabilities of the latent variables. However, as
discussed in [19] [Paper D], when the method is initialized with unknown
spatial directions, the separation quality degrades. This is mainly caused
by remaining source index errors. These index errors seem to appear at
frequencies where the spatial aliasing results in very similar phase relations
for two sources, although they are at different spatial locations. Apparently,
the Markov model structure was not sufficient to completely solve the index
ambiguity problem.

The generative model in fact assumes the complex gain factors uik to be
independent across frequency bins, but in fact they are jointly dependent,
because of the physical properties of wave propagation.

In summary, the results seem promising and confirm the validity of the
theoretical approach, but further work is needed to include a better model
of the parameter dependence between frequency bins.
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Figure 11: Spectrograms of a live-recordings of three female-speech
signals recorded, using a pair of omnidirectional microphones, in a
room with 130 ms reverberation time and 5 cm microphone spac-
ing. The figure is taken from [19] [Paper D].
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Figure 12: Spectrograms of the actual source signals and estimated
source signals. The figure is taken from [19] [Paper D].

5 Main Contributions and Future Work

This thesis studied Bayesian analysis of von Mises-Fisher (vMF) and (com-
plex) Watson distributions as representatives of the directional and axial
distributions. Furthermore, this thesis proposed and investigated further
application domains for such models in bioinformatics and acoustics. The
specific research contributions of this thesis are summarized as follows:

• Paper A: Developing a fully Bayesian inference for the von Mises-
Fisher (vMF) distributions and their finite mixture models. The vMF
distribution is a fundamental distribution for analysing directional
data. The Bayesian learning is carried out using a family of optimiza-
tion methods known as the variational inference. The proposed vari-
ational approach is deterministic and offers an optimization criterion
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which can be used to determine convergence. The learning inference
can determine the model complexity by pruning unnecessary mixture
components while avoiding over-fitting.

• Paper A: Developing an analytically tractable approximation for the
predictive density of the Bayesianmixture model of vMF distributions.

• Paper A: Investigating applications of the proposed learning inference
for vMF models in unsupervised learning tasks. The clustering of
gene-expression data is considered for this purpose, where the true
cluster labels are unavailable.

• Paper A: Investigating applications of the proposed learning inference
for vMF models in identification tasks. The fully Bayesian inference
incorporates all uncertainties among parameters into decisions, which
results in some protection against situations where there is substantial
uncertainty about what parameter value is appropriate. In such cases,
taking a single value through point estimation can be highly inaccu-
rate, and one could get benefit from a fully Bayesian inference and
using the resulting predictive density. The prediction task is studied
in the context of speaker identification using line spectral frequency
(LSF) pairs as features in the training phase. Modeling LSF pairs are
introduced as an application domain in which generative models em-
ploying directional distributions, particularly vMF distributions, can
prove useful.

• Paper B: Developing a fully Bayesian inference for the (complex) Wat-
son distributions and their finite mixture models using variational in-
ference. The Watson distribution is a fundamental distribution for
analysing axial data. A deterministic lower bound is introduced over
the marginal likelihood. The lower bound serves as an optimization
criterion that can be used to determine convergence. During learn-
ing, the training procedure automatically determines the necessary
model complexity and avoids over-fitting, thus suitable for unsuper-
vised learning tasks.

• Paper B: Investigating the problem of unsupervised clustering of gene-
microarray data, as an example of unsupervised learning using Watson
models.

• Paper C: Investigating application of the proposed learning inference
for complex Watson models in a problem known as blind source sepa-
ration (BSS) with acoustic applications. The model pruning property
of the Bayesian inference allows regulating the model complexity dur-
ing learning. With this desirable property, the restrictive assumption
of prior knowledge on the true number of sources can be possibly
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relaxed, allowing developing BSS methods which can estimate the
number of sources. Estimating the number of sources is the key step
toward developing BSS of time-varying sources and an important step
toward realization of an online BSS method.

• Paper D: Developing a Bayesian recursive framework for the BSS task.
This can be considered as an attempt toward developing an online BSS
method. The fully Bayesian inference allows to develop a recursive
model learning, in which the model gradually improves with observing
more data. In this Bayesian recursive framework, the posterior from
previous frame is used as the prior for the current frame.

• Paper D: Developing a Bayesian inference for feed-forward two-
dimensional hidden Markov models (2-D HMMs), using variational
inference. In the context of time-frequency domain, the introduced 2-
D HMM allows only forward processing in time, while allowing both
forward and backward processing across frequencies. The feed-forward
property makes it desirable for the task of online BSS, in which no
backward processing in time is allowed.

• Paper D: Reducing the well-known permutation ambiguity in fre-
quency domain, often associated with frequency domain BSS meth-
ods, using the feed-forward two-dimensional HMMs which connects
all time frames and frequency bins.

• Paper D: Proposing the idea of modeling the frequency-domain im-
pulse responses using axial distributions, specifically (complex) Wat-
son distributions. In acoustics, frequency-domain impulse responses
are complex-valued gain factors characterizing the delay and ampli-
tude effects of a specific source signal at a specific microphone.

In-depth information can be found in the papers themselves, which are
included in the following chapters.

For the future work, many threads remain to be explored. To name a
few, the non-parametric Bayesian learning of vMF and (complex) Watson
distributions, and developing variational inference for such models, are still
open for research. The axial distributions have not been yet fully studied
despite their high modeling capability. In the family of axial distributions,
the (complex) Bingham distribution should deserve more attention. The
main difficulty in using (complex) Bingham distributions is the fact that
the normalization constants for such distributions are computationally in-
convenient, in practice. Thus, further research is needed in this area to find
approximations, which can be efficiently used in practice. The recursive
Bayesian BSS model, described in [19] [Paper D], is an attempt toward an
online BSS method. However, the task of online BSS remains a challenging
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task which requires more research. There are many possible research tasks
still ahead in the area of directional and axial statistics.

6 Conclusions

The von Mises-Fisher and (complex) Watson distributions have been shown
as promising model candidates in a variety of applications. The variational
inference for learning such models leads to promising performance, in par-
ticular with regard to the automatic determination of model complexity.
A unified approach to recursive blind source separation, using variational
inference learning and a two-dimensional hidden Markov model, has been
proposed, with promising preliminary results, awaiting further development
and evaluations in future work.
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