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Abstract

In this thesis �crackling� systems have been investigated. Applying an external force on
these systems they respond with events of all sizes. The size distribution follows a power
law of the form S−τ . Di�erent types appear in nature like avalanches or earthquakes.
A magnet exposed to an external magnetic �eld will "crackle" as well during its mag-
netization. Applying the Ising model on the system, a C++ code has been developed
to simulate this process. The resulting data has been used to discuss the system with
concepts of statistical mechanics like universality or scale invariance. Varying the level of
impurity of the magnet, the disorder R, the system exhibits a continuous nonequilibrium
phase transition. At its critical point RC the described power law behavior occurs. The
critical exponent τ has been extracted �tting the histogram data with a power law curve.
RC has been determined using the bahvior of a scaling function for di�erent values of R.
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Chapter 1

Introduction

Systems can be separated in how they react to an applied, external force. Some, which
relax in one big event like a piece of chalk that snaps if it gets bent too much. Other
systems relax in many, but very small events, like popcorn that pops if it gets heated in
a pan. One would imagine that all of nature's systems are placed somewhere between
these two extreme cases, whereby all of them contain equally sized events. However it
turns out, that there are systems that exhibit a wide range of event sizes, like a piece of
wood in the oven that makes a crackling noise. Some other examples for crackling systems
are avalanches, earthquakes, vortices in superconductors, magnets exposed to an external
�eld, but also stock exchanges and group decisions [3, p.242]. These systems are especially
interesting for scientists, because their wide range of event sizes is not distributed equally
but follows a power law. Figure 1.1 shows this extraordinary behavior in comparison to
usual systems. Some systems exhibit the power law distribution only at the critical point
of a continuous phase transition. This fact shows that the discussion is very complex
and connected to many di�erent concepts of statistical mechanics. The reason for the
crackling behavior is thus based on a combined structure of theories in this �eld. To be
able to discuss the crackling systems we will have to introduce some main concepts in
chapter 2.
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Figure 1.1: The contrary progress of event size (in relation to the system size) and event
number is displayed. A piece of chalk may relax in 1 event that constitutes 100% of
the system. The popcorn may relax in 100 events each constituting 1% of the system.
Earthquakes are displayed here as an example of crackling systems. One earthquake can
always be seperated in a combination of smaller earthquakes. So the big earthquake can
be seen as the system and its seperations as the events. These events exhibit a wide
range of sizes distributed by a power law. This means that there will be a few very big
events and many smaller ones. The ratio between the biggest and smallest event of a
crackling system can range from very low numbers up to millions or even higher [9, p.1].

This thesis will discuss the crackling behavior based on one particular system. A
magnet, when exposed to an external magnetic �eld H will magnetize. When H is
increased slowly, the magnetization M will not follow linearly, but in a delayed way
exhibiting hysteresis. The hysteresis curve is not smooth but consists of jumps of di�erent
sizes. If you put a piece of iron (ferromagnet) into a coil that is connected to a speaker and
start to approach a bar magnet (�gure 1.2), you will hear these jumps. This crackling
noise is called �barkhausen e�ect� [7]. What happens inside the magnet is, that the
electrons' spins behave like little compass needles. They will align to the external �eld,
if this is strong enough. Since the spins are coupled to each other, one �ipped spin
can trigger adjacent spins to �ip as well. Thus the spins don't �ip individually but
in groups. A group of �ipping spins at one value of H is called an avalanche. These
avalanches come in di�erent sizes and cause the jumps visible in the hysteresis curve.
They constitute the events of our crackling system. We will apply the very simpli�ed
Ising model on this system in order to describe it. A C++-program has been developed
to simulate the process of magnetization. In chapter 3 a description of the Ising model
and a brief overview of the algorithms used for the simulation will be given. Then we
will discuss the crackling systems using the data obtained from the simulation. First we
are interested in the system's behavior depending on its disorder R. We will see how this
a�ects the sizes of avalanches as well as the shape of the hysteresis loops. The disorder
constitutes the tuning parameter of a continuous nonequilibrium phase transition. There
is a critical point RC where the avalanche sizes follow a power law of the form S−τ . We
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will �t the data to extract the critical exponent τ . Furthermore a scaling collapse will be
performed and a cuto� behavior will be used in order to verify the used value of RC [1,
p.296]. In chapter 4 we will conclude to what extend the developed simulation worked
and matches the theoretical predictions. We will discuss deviations and their reasons as
well as the quality of the Ising model as a simpli�ed description of the system in general.

Figure 1.2
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Chapter 2

Background

Most of the background knowledge is provided by James P. Sethna. His book �Entropy,
Order parameters and Complexity� [1, Ch.8,Ch.12] is very useful for understanding the
main concepts of statistical mechanics. Especially the following section (Universality,
renormalizaion groups and scale invariance) refers to this source. He also published a
couple of papers [3],[7],[8] that deal with hysteresis avalanches and give a more detailed
view into the topic. The Ising model as a description for the crackling magnet is presented
in Sethna's book [1, p.192 �.]. In order to gain a more well-rounded perspective other
papers have been studied [2],[4]. Newman's paper �Power laws, Pareto distributions and
Zipf's law� [9] was especially helpful for the understanding of power laws and extracting
of critical exponents. The developement of the C++-code has been supported by some
main ideas and rough instructions from Sethna's paper [6] and one further paper [5].
In order to understand the concepts of scaling as well as scaling functions and scaling
collapses, a couple of other papers have been studied [10],[11],[12]. Before discussing the
crackling systems a few useful tools of statistical mechanics will be introduced.

2.1 Universality, renormalization groups and scale in-

variance

In many �elds of physics we have very simple laws to describe microscopically complex
systems. Fluid systems, for example, have very chaotic activities on short length scales. If
the shape and velocity of every molecule would in�uence the system on a long length scale
it would not be possible to describe it with simple laws like the Navier-Stokes-equation.
The fact that a system is not dependent on its microscopic details is called universality.
Systems that exhibit universality are separated into universality classes. Two systems in
the same universality can be microscopically di�erent but exhibit the exact same long
length scale behavior; for example, close to the critical point of a phase transition. They
will also have the same singular properties at this critical point. Universality is also the
reason why we can apply very simpli�ed models on complex systems, as long as the model
itself is in the same universality class as the system. In our case this is the justi�cation
to use the Ising model in order to describe the crackling magnet.
Since universality is a tool that describes the behavior on di�erent length scales, a method
is needed to change between the scales. This method is called �coars graining� and
underlies the theory of renormalization group. It introduces the abstract �system space�,
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where every parameter of the system is displayed by its own dimension. An experiment
with one varying parameter would thus leave a line in the system space. The process of
coars graining is a rescaling-method and can be described as �zooming out� of the system,
or shrinking the system. It removes degrees of freedom and changes (or renormalizes) the
values of the parameters. If a system does not change under this process, it is invariant
under di�erent length-scales. This scale invariance or self-similarity is another important
tool to study systems in statistical mechanics. Crackling systems use to exhibit scale
invariance as well. Earthquakes for example show their power law behavior on many
scales. As described in �gure 1.1 one earthquake can be seperated into smaller ones.
Each of these smaller ones can be seperated as well and its events in turn will still
follow the power law. We can also zoom out of the system and collect all earthquakes
that happen on the planet in one year. The size distribution will still follow the power
law. Scale invariance occurs mostly at certain points in system space, for example at
the critical point of a phase transition (like in our case). It is also the reason for the
emergence of power laws. In the next section we will brie�y show how the form S−τ

can be derived from the simple application of scale invariance. Figure 2.1 shows three
examples for the occurance of scale invariance in nature. We can see the characteristic
fractal structure of these objects with holes and roughness on all scales. Looking at them
on shorter length scales would yield the exact same structure. In chapter 3.3.1 we will
see that our avalanches exhibit the same kind of scale invariance at the critical point of
disorder RC .

Figure 2.1: a) Koch's snow �ake. b) Broccoli. c) Fern
It is fascinating that many systems in nature show the behavior of their critical points.
The question emerges, who would �ne-tune their parameters exactly to the critical
point such that scale-invariance can occur. The phenomenon of natural attraction to-
wards the critical point of a system is called self-organized criticallity. Photo source:
http://en.wikipedia.org/wiki/Self−similarity
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2.2 Power laws

Sethna discusses in his book ([1, p.284]) The size distribution of avalanches is best shown
by the function D(S), which describes the amount D of occurring avalanches for each size
S. We want to apply the process of coars graining on this function, zoom out respectively.
Therefore we have to rescale the ruler we use by a factor B = 1 + ε. After zooming out
all lengths of the system will be divided by the factor B, including the correlation length
ξ. It describes the decay rate of a the correlation function, which in turn describes the
coupling strength between two spins in the system. The avalanche sizes S have to be
divided by a factor C = 1+cε as well (c is the fractal dimension of the avalanche, in three
dimensions: S = l3 −→ (1 + ε)3 = 1 + 3ε + O(ε2), which means c = 3) . Furthermore
we have to rescale the overall scale of D(S) by a factor A = 1 + ε, since the probability
density changes with the scale of S.

ξ′ = ξ/B = ξ/(1 + ε),

S ′ = S/C = S/(1 + cε),

D′ = AD = D(1 + aε).

(2.1)

If we use the self-similar property at the critical point: D(S ′) = D′(S ′), and choose ε
in�nitesimally small, we get the di�erential equation:

dD

dS
= −aD

cS
(2.2)

This leads to the power law:
D = D0 · S−

a
c (2.3)
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Chapter 3

Investigation

3.1 The Ising Model

As mentioned before, universality allows us to apply very simple models to complex sys-
tems if their microscopic variations do not a�ect the macroscopic properties. However,
it is necessary that this model is in the same universality class as the system itself. In
case of the crackling magnet the Ising model ful�lls this requirement. Here each site of
the lattice constitutes one spin of an electron, which can either point up or down. The
impurity of the magnet is constituted by a random �eld h that allocates an amount of
impurity to each lattice site. The level of the general impurity in the magnet is expressed
by the standard deviation of the random �eld, the disorder R. The coupling between the
spins is regarded only between the nearest neighbours, which is one of the substantial
simpli�cations of the Ising model. The strength of the couplings is given by the cou-
pling constant J . We will discuss squared lattices for two-dimensional systems (4 nearest
neighbours) as well as cubic lattices for three-dimensional systems (6 nearest neighbours).
The observation is done at low enough temperature to neglect thermal �uctuations. The
main idea is that the Hamiltonian H of the system, will always be in its minimal state.
It can be written as

H = −
∑
<i,j>

Jsisj −
∑
i

(H(t) + hi) · si. (3.1)

where
∑

<i,j> is the sum over the nearest neighbours.

The random �eld h is assumed to follow a Gaussian distribution of the form:

ρ(h) =
1√
2πR

e−
h2

2R2 (3.2)

All spins start with si = −1. The external �eld starts at H(0) = −∞ and increases
adiabatically. Since the Hamiltonian will always be in its most minimal state, it might
come to a point where the minimum occurs for si = 1 ←→ for a certain spin in the
lattice. At the beginning all spins point in the same direction and there is no di�erence
of couplings between them, thus the triggered spin will just be the one with the highest
random �eld h. This spin will then �ip and start a new avalanche.
There are two reasons for a spin to �ip. One is the impact of the random �eld (starting
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a new avalanche), and one is the impact of the coupling ( being triggered by an existing
avalanche):

• Process 1:
We start with the second term of the Hamiltonian: H = −

∑
i(−∞+hi) · (−1) The

bracket is negative (H(0) + hi) < 0. As H(t) increases, the spin will �ip exactly
when this bracket changes sign to remain the Hamiltonian negative. This spin is the
trigger-spin of a new avalanche. One can easily see that a higher positive random
�eld favours this process. Consequently the spins with a high positive random �eld
will �ip �rst.

• Process 2:
If J is very strong compared to the random �eld h, the �rst term of the Hamiltonian
becomes more important.
Assuming that one spin �ips, its neighbours state, i.e. the product si · sj changes
sign. Depending on the size of J this might �ip the spin of its neighbour to mini-
malize the Hamiltonian again −→ the avalanche is propagating. Figure 3.1 shows
how a �ipped spin can trigger its neighbours.

Connecting the two terms of the Hamiltonian yield the local �eld of a spin. The easiest
way to check if a spin �ips at a certain value of H is to check if its local �eld changes
sign:

heffi =
∑
j

(sj) + hi +H (3.3)

Figure 3.1: Spin 11 has the highest local �eld and thus triggered a new avalanche. The
external �eld H is then automatically set to the value H = −3. This in turn increased
the local �elds of 11's nearest neighbours by two (if J = 1). Spins 10 and 15 now also
have a positive local �eld and will get pushed into a �rst-in-�rst-out queue. As a next
step they will be �ipped and their nearsest neighbours will be checked in turn. The
avalanche is propagating.
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The Hamiltonian tells us about dependence of the avalanche sizes occurring on the
ratio between the two processes explained above. Since Process 1 is favoured for high
disorders R and Process 2 for high couplings J , we can rewrite the crucial ratio as R

J

During the following simulations we will set J = 1 to have only one free parameter left,
the disorder R. In chapter 3.3.1, we will discuss how di�erent values of R a�ect the
avalanche sizes and we will see that there is a critical point RC , at which the power law
size distribution occurs.

3.2 Simulation

To study avalanches in the Ising model a simulation code in C++ has been developed.
Sethna describes some useful methods and gives a rough overview of how the program
can be structured [6]. It starts with an array, where each site constitutes one spin and
all are set to −1. A second array gets �lled with a random �eld following the Gaussian
distribution. The basic method is called the �brute force method�. Thereby the program
has to scan the whole array everytime an avalanche stopps and the trigger-spin for the
next one has to be found. This is very time intense (execution time: O(N2), where N
is the number of lattice sites [6, p.2].) and con�nes the simulation to small arrays and
few reruns. To obtain useable results out of the simulation we need big arrays and many
reruns. Thus a much quicker algorithm, like the sorted list method, is needed. It sorts
the local random �eld of each site into a list at the beginning of the simulation. An
algorithm is introduced that searches the trigger-spin in this list, whereby the number of
scanned spins is much smaller. Figure 3.2 shows this process. The implementation of this
method is quite tricky, however it improves the programm's performance many times over
(execution time: O(Nlog(N))). The code was �rst written for two dimensions and later
extended to three dimensions. The main di�erence between the two cases is the amount
of nearest neighbours in the lattice. This changes the Hamiltonian of the Ising model and
thus yields di�erent critical points and cirtical exponents. For displaying the avalanches
in chapter 3.3.1 we used two dimensions. All other investiagions are run in three dimen-
sions. In order to reduce the statistical error we will perform the same simulation up to
1000 times. In every rerun we feed the random function with a new value to obtain a
di�erent distributed random �eld h. Figure 3.3 shows a �owchart of the whole simulation.
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Figure 3.2: Unfortunately there are more facors to consider than just the random �el
to �nd the trigger-spin. If it were just based on the random �eld, we could just step
through the sorted list and take one spin after the other. But we also have to take into
account the couplings of the nearest neighbours. Therefore an array nextpos[0, .., x−1] is
introduced which points to x �ip-candidates, where x is the number of nearest neighbours.
A candidate is the �rst spin in the list that would not �ip if it had x nearest neighbours
pointing up. To �nd the trigger spin, the program only has to �nd the highest local
�eld amongst these candidates. If a spin �ips and the couplings change, the sorted list
remains unchanged but the pointers will shift. Like this the program only has to scan x
possible trigger-spins instead of millions.

Figure 3.3: 1.Quicksort: Builds a list of all spins sorted by their random �elds, 2.Findnext
(explained more detailed in �gure 3.2): Finds the spin with the highest local �eld to
trigger the next avalanche and pushes it into a �rst-in-�rst-out queue . After that the
external �eld H is set such that just this spin can �ip. This process ensures that the
external �eld increases in�nitesimally slowly (or adiabatically), since H will stay �xed
until the current avalanche stops. Hence there will never be more than one avalanche in
the system at the same time. 3: Pops the �rst element out of the queue and Flips it, 4:
Check Neighbours: Checks the new local �eld of the �ipped spin's nearest neighbours.
If the local �eld is higher than H the neighbour gets pushed into the queue. 5. Steps 3
and 4 are repeated until the queue is empty, 6. If all spins are �ipped the simulation is
over, if not the next spin to trigger an avalanche will be searched.
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3.3 Discussion

3.3.1 The critical point

Discussing the features of the Ising model in chapter 3.1, we saw that the occurring
avalanche sizes depend on the disorder of the system R. It turns out that there is a
critical point RC at which the avalanches occur in all sizes, following a power law of
the form: S−τ . RC constitutes the critical point of a continuous nonequilibrium phase
transition [7]. For the further discussion we will extract the values for RC from Sethna's
book: RC = 0.9 (2 dimensions), RC = 2.16 (3 dimensions). The Hamiltonian of the Ising
model (equation 3.1) tells us, how R a�ects the occurring sizes:

• R < RC :

For low disorders well below RC we speak of a clean system. The couplings between
the spins are strong in comparison to their random �elds. Process 2 (chapter 3.1)
will be favoured. Thus if we lower the disorder, the avalanches will decrease in num-
ber and get larger. In the extreme case there will be only one in�nite avalanche
that �ips all spins in the system. Figure 3.4 shows such a clean system with one
big avalanche.

Figure 3.4: A two dimensional system with 500x500 spins. R = 0, 76 < RC

• R > RC :

At disorders above the critical point, the coupling between the spins is relatively
weak. Thus Process 1 (chapter 3.1) dominates and many small avalanches will
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arise everywhere in the system. In the extreme case, where the disorder is so high
that the coupling is negligible all spins �ip individually. Hence the number of
avalanches is the same as the number of spins in the system. Figure 3.5 shows a
system with high disorder, where many small avalanches occur.

Figure 3.5: A two dimensional system with 300x300 spins. R = 4 > RC

• R = RC :

At the critical point the size distribution follows a power law. We can compare
our system to the space of systems in �gure 1.1, if we take the variation of R as
the horizontal axis. The case R < RC would be in the region of chalk and R > RC

in the region of popcorn. The critical point RC behaves like the earthquakes as the
only point to exhibit a power law size distribution. Of course, in our system we will
still have di�erent sizes of avalanches away from the critical point, but the trend
is the same. Figure 3.6 shows a simulation run at RC . We can see that all sizes
of avalanches occur. The �gure also shows a zoomed in section of the system. If
we blur our vision the pictures will look pretty similar. We can still see all sizes of
avalanches and the size distribution follows still the same power law. This means
that the system exhibits scale invariance. If we zoom into �gure 3.4 or 3.5 we would
simply magnify the already visible avalanches. The system is not scale-invariant at
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these values of disorder.

Figure 3.6: The left-hand side shows a two dimensional system with 1000x1000 spins at
the critical point RC = 0.9. On the right-hand side we see a section zoomed in by a
factor of 10.

Scale invariance at the critical point can also be displayed in a time-evolution-plot. Figure
3.7 shows two simulations, one at the ciritcal point and one at a disorder below the cirtical
point. The �rst one is the interesting case. If we look at a whole simulation we see a
few big jumps and many small ones following the power law distribution. If we zoom in
to look at a randomly chosen single avalanche and blur our vision, we will see the same
type of size distribution in this avalanche with jumps of all sizes. If we zoom in further
just looking at one peak of this avalanche we should still be able to see the same pattern.
Thus the system exhibits scale invariance. We can also see that the single avalanche
almost stops at some points. This is a feature of the critical point, where a slightly
higher disorder would make this avalanche split up into several smaller ones. Displaying
the simulation at R = 1.5 < RC we see that almost the whole system is �ipped by one big
avalanche. Zooming in towards this single avalanche we can see the �uctuations alongside
this avalanche. We can imagine that zooming in further would show this �uctuations on
a bigger scale and the structure would have nothing to do with the �rst picture where
we saw just one bump. Thus the system does not exhibit scale invariance at this value
of disorder away from the critical point. If we plot further values of R we will get the
same result and come to the conclusion, that scale invariance only occurs at the critical
point RC .
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Figure 3.7: The time evolution of avalanches can be displayed as the number of �ipped
spins per shell. A shell contains the group of spins pushed into the queue �at the same
time� and can thus be seen as a time unit. On the left-hand side we see two whole
simulations at R = 1.5 and R = RC . The right-hand side shows a single avalanche of
each simulation obtained by zooming in.

Scale invariance occurs also in the structure of avalanches. Figure 3.8 shows a three
dimensional avalanche at the critical point. Regarding the discussion about self-similarity
in chapter 2.1, this avalanche exhibits a self-similar structure. The surface is rugged on
many scales and is reminiscent of the fractal structure of a Koch's snow �ake like in �gure
2.1. It also looks like the structure of a coast.
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Figure 3.8: A three dimensional avalanche in a 1003 system at R = RC . It consists of
257663 spins and is the biggest of 30529 avalanches in this system containing some 25%
of its spins. The colour shows the time progress, going from bright to dark.

3.3.2 Hysteresis

Hysteresis is a characteristic e�ect for non-equilibrium systems showing that the history
of the system matters. If a ferromagnet gets magnetized and the external �eld goes back
to zero, some magnetization will remain. This e�ect is primarily known as a useful tool of
data-storage: A tape gets magnetized by an external �eld and stays magnetized after the
�eld goes back to zero - the tape stores the information. This was the main procedure in
media-industries for many years. If we think about the Barkhausen-e�ect, Hysteresis is
interesting because here the curve is not smooth, but rather shows the crackling e�ect of
the system. Thus it is a good way to visualize the di�erently sized avalanches occurring
during the simulation, like in �gure 3.9.
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Figure 3.9: At the critical point RC all sizes of jumps occur. This plot is an extract of
the hysteresis loop in �gure 3.10, where the loop looks rather smooth. Only if we zoom
in are we able to see the small jumps occurring.

As discussed in chapter 3.1, the strength of disorder R highly in�uences the sort of
size-distribution occurring. Thus it should also a�ect the shape of the hysteresis loop.
Figure 3.10 shows this for four di�erent disorders.
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Figure 3.10: Hysteresis for di�erent values of the disorder R. Below RC we can see one big
jump, caused by one big avalanche that �ips almost the entire system. With increasing
disorder, the �ipped domains become smaller and spins start to �ip more individually.
Thus, the shape of the hysteresis loop becomes smoother and more similar to a linear
progress between M and H. In the extreme case of no couplings and each spin �ipping
individually we expect the curve to exhibit no hysteresis at all.

3.3.3 The critical exponent

The best method to visualize a size-distribution is to produce a histogram. Therefore we
let the program count how many avalanches of each size occur. Then we display these
counted amounts D(S) over the di�erent avalanche sizes S in a log-log plot like in �gure
3.11. If the distribution happens to follow a power-law, it is natural, that the bigger sizes
get fewer samples. This can lead to high noise on the tail of the curve:

18



 1

 10

 100

 1000

 10000

 1  10  100

D
(S

)

avalanche size S

Figure 3.11: The tail of the curve is very noisy as to few samples fall into the bins of the
bigger avalanches

How this noise can be reduced is discussed in Newmans paper [9, p.3-5]. Firstly he
presents the �logarithmic-binning�-method, where several adjacent sizes are combined to
one bin to increase the amount of samples in the bins. This method also has the bene�t
of all bins having the same width on the logarithmic axis. However a lot of information
is lost during this procedure since the exact size of the avalanches changes into a more
general �bin-size�. Therefore a di�erent method called �cumulative distribution function"
can be used. To understand this function one has to look at the main purpose of the
histogram. The curve is �tted using a least-square-�t-method with a function of the
form:

D(S) ∼ S−τ (3.4)

The �t will give us the information we are searching for: the value of the power law
exponent τ . To get the cumulative distribution function, one ha to integrate over the
whole range of sizes:

P (x) =

∫ ∞
x

p(x′)dx′ =
C

α− 1
x−(α−1) (3.5)

where p(x) = C · x−α.

This function also follows a power law, but with di�erent exponent, di�erent prefac-
tor, and shallower slope. It is a well de�ned function and can be plotted without any
data-binning.

To get this function in our case we can use a similar but slightly di�erent method.
We do not integrate over the avalanche sizes S, but over the external �eld H. There is a
region around a critical point HC where the big avalanches occur (�gure 3.10,R = 2.16) .

At RC the avalanche size cuto� goes as: |H −HC |
1
σβδ . If we take the data not only from
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this area but from an entire hysteresis loop, we have to take this cuto� into account.
Thus we multiply the power law by a scaling function f before the integration:∫ H∗

−H∗
D(S,H)dH =

∫ H∗

−H∗
S−τf

(
|H −HC |
Sσβδ

)
dH = Dint(S) = C · S−τ+σβδ (3.6)

The integral is solved by a substitution, whereby f becomes the constant C = ec and
causes the shift of the exponent by th term σβδ. This result shows that if we collect the
data for our histogram from the whole hysteresis loop, and measure the slope of the �tting
function, we will automatically obtain a shifted version of the exponent: τ̄ = −τ+σβδ.
However, we have to consider that the scaling function f is well de�ned only for the
region around HC . If we take data away from this area, it could lead to unknown errors
or deviations. Figure 3.12 shows how we �t the histogram to get the power law exponent.

Figure 3.12: The avalanche size distribution at R = RC in a 1003 size system averaged
over 1000 simulations.

Gnuplot gives us the values: c = 10, 438 ± 0, 0038% and τ̄ = 1, 92 ± 0, 17%. Sethna
in turn obtains the value τ̄ = 2, 03 ± 0, 03 out of his numerical simulation [8]. As our
value deviates by 5.4% from Sethna's, we can use some methods in order to check which
one is the more probable. Therefore we look at the mean size of the avalanches. At the
critical point it is given by [9, p.9]:

< x >=

∫ ∞
xmin

x · p(x)dx = C

∫ ∞
xmin

x−α+1dx =
C

2− τ
[
x−τ+2

]∞
xmin

(3.7)

20



Equation (3.7) shows that for α < 2 the meansize at the critical point will diverge. If
our value of τ = 1.92 was correct, we should see this divergence at R = RC . In Figure
3.13 we plotted the mean size over di�erent R (left) and over di�erent system sizes L for
several R. On the left side we expect a bump at RC = 2.16 whose size depends on the
system size L. In fact real divergence only occurs for L→∞. On the righthand side we
expect to see a straight, non converging slope for R = 2.16.

Figure 3.13: Both simulations are averaged over 100 reruns. On the left-hand side L is
�xed at 1003.

As �gure 3.13 shows both expectations are not visible. Thus we have to assume
that the critical exponent τ̄ is in fact bigger than 2, like Sethna's book predicts it. The
deviation of our value ¯τ = 1.92 can be due to smaller system sizes or fewer reruns, which
both were limited by the machine's performance. Therefore we will use Sethna's τ̄ for
the further discussion.
There is also a formula to calculate the exponent derived from the power law ([9, p.4]):

τ̄ = 1 + n

[
n∑
i=1

ln
Si
Smin

]−1

(3.8)

with the statistical error σ:

σ =
√
n ·

[
n∑
i=1

ln
Si
Smin

]−1

=
α− 1√

n
(3.9)

where Smin is the value where the data starts its power-law behavior. We will take the
same data as in �gure 3.10. If we set Smin = 1, meaning all avalanche sizes contribute,
we get τ̄ = 2, 42±0, 0017. If one looks at �gure 3.10 thoroughly it shows that the smaller
S-values do not �t the power law curve perfectly. Not regarding the avalanches with size
S = 1, and setting Smin = 2 respectively, already yields a much better value τ̄ = 2, 15.
Figure 3.14 continues this process showing the obtained τ̄ -values while varying Smin from
1 to 80.
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Figure 3.14

It turns out that the deviation from our �tted value τ̄ = 1.92 in �gure 3.10 is minimal
for Smin = 5. This matches pretty well with what we would have guessed when looking
at the �gure. The deviation from Sethna's value is minimal in the area Smin = 35− 40.
These facts let us conclude, that our simulation's power law behavior increases in quality
if we do not regard the smallest avalanches.

3.3.4 Scaling collapse

Bhattacharjee presents in his paper the general form and use of a scaling function [11,
p.1]. It reduces the variables of a function by one, by introducing a new combined
scaling variable. Equation (3.10) is a general example for a scaling function. Here the
two variables t and L are combined to a new scaling variable t

Lc
. A power law-like term

is multiplied to the function in turn:

m(t, L) = Ld · f
(
t

Lc

)
(3.10)

An extra exponent can be obtained from this form if we plot mL−d over tL−c. The
exponent c can be �ne-tuned such that for di�erent values of L all curves fall together as
one single curve. This method is called scaling collapse and is a powerful way to extract
exponents from numerical simulations.

To �nd the scaling form of our function D(S,R) we use scale invariance at the criti-
cal point RC similarly to the power-law derivation in chapter 2.2 ([1, p.286]):

S ′ = S/(1 + cε),

D′ = D(1 + aε)
(3.11)

22



The following process consists of two parts. First we increase the system's distance from
the critical point r = R − RC to r′ = Er = (1 + eε)r, and then coars-graining with
S ′ = S

C
will be performed. Let us introduce the combined scaling variable X = S

e
c r.

It can be shown that under the combined process this new variable will not change:
X ′ = X + O(ε2). Then we can write the size distribution as a function of S and X:
D̄(S,X) = D(S,R) As X is �xed under coars-graining, D̄ behaves like a function of only
one variable S. This leads to the di�erential equation:

aD̄ = −cS ′ δD̄
δS ′

(3.12)

which leads to:
D̄(S,X) = S−

a
c ∆(X) = S−τ̄∆(X) (3.13)

where ∆(X) is some scaling function. Following the current convention of using greek
letters for the exponents, where c = 1

σν
, a = τ̄

σν
, and e = 1

ν
we get the scaling form:

D(S,R) ∝ S−τ̄∆(Sσ(R−RC)). (3.14)

or
D(S,R)S τ̄ ∝ ∆(Sσ(R−RC)). (3.15)

As described on equation 3.10, the scaling collapse can help us to extract an extra ex-
ponent out of the equation. Performing this method on equation 3.15 we will obtain the
exponent σ. Therefore we can use the same data as in �gure 3.13, additionally running
the simulation for R = 3, 4, 5, 6. The �rst step is to plot the left side of equation (3.15)
over S for these four values of R, like done in �gure 3.15.

23



Figure 3.15: We multiplied the vertical axes of D(S,R) by the factor S τ̄ , which was done
by a C + +-program. For the exponent we used Sethna's value of τ̄ = 2.03:

We set this program to also put out the most occurring avalanche size Speak for each
R. Then we can plot Speak over R−RC and extract the exponent σ by �tting the curve
with a power law of the form:

Speak ∝ (R−RC)−
1
σ (3.16)

Figure 3.16 shows this process:

Figure 3.16: The �t is made with GNUPLOT giving the parameter: 1
σ

= 3, 053± 0, 062
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Knowing the value of σ we multiply the x-axis of �gure 3.15 by the factor (R−RC)
1
σ

to �nally plot equation 3.15. The quality of our work is veri�ed if the curves all fall
together as one single curve, and the data collapses respectively. In �gure 3.17 we can
see the result. If we compare it to �gure 3.15, the data has obviously collapsed to some
extent. This is a proof that our extracted exponents τ̄ and σ are fairly accurate. If we
look at the area around the peak, we can see that the curves closer to RC are closer
together than the ones with higher R-values. Thus, if we could do the scaling collapse for
values even closer to RC , we would see a cleaner single curve. However, at lower values
of R, bigger avalanc hes occur. This causes much more noise that can only be reduced
by a very high number of reruns. We can already see this e�ect at R = 4. We would
need a faster machine that can perform so many reruns to get rid of the noise and obtain
a cleaner curve.

Figure 3.17: The scaling collapse for four di�erent values R > RC .

3.3.5 Cuto�-histogram

In the previous discussion we used Sethna's value RC = 2.16 for the critical point. Having
derived the scaling form of the function D(S) in chapter 3.3.4, we are able to prove this
value using a method discussed in one of Sethna's papers [8, p.1]. Looking at equation
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3.14 we see that the scaling function ∆ shows us the deviation from the power law
behavior. It increases for longer distances R − RC and bigger avalanche sizes S. For
R → RC should the deviation go to zero. If we plot D(S) like in �gure 3.12, but for
di�erent values of R, we should be able to see a cuto� in the curves at high avalanche
sizes. Curves with values farer away from RC should cuto� �rst and the RC-curve should
exhibit no cuto� at all. Since the scaling function generally also depends on the system
size L: ∆(SL−

1
α (R − RC)), the cuto�s only occur for S >> L

1
α . Thus we have to make

sure to plot the curves in the right range of S to be able to see the cuto�s.
In �gure 3.18 we can see the expected cuto�s. The curve at R = 2.16 is a straight line and
stays perfectly close to the power law �t even at high S. We can thus assume that Sethna's
value RC = 2.16 is quite accurate at these orders of avalanche sizes. Furthermore, we
can say that the critical point is easy to determine generally, but hard to determine with
great accuracy. In other words the more accurately we want to determine it, the higher
system-sizes we need. Our simulation is done with 106 spins. We can barely see the
di�erent behavior of R = 3 and R = 2.16, so we probably could have con�ned the range
of RC to an area between 2 − 2.5. Sethna's machine is capable of driving simulations
with 109 spins, making it possible for him to determine RC to two decimal places.

Figure 3.18: D(S) for di�erent values of R displaying the cuto� at high avalanche sizes.
Simulations are run with in a 1003 system and averaged over 1000 reruns.
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Chapter 4

Summary and Conclusions

The results obtained by our simulation match with the theoretical backgrounds intro-
duced in chapter 2. The Ising model is therefore con�rmed as a reasonable and useful
method to describe our system. Its Hamiltonian predicts the system's behavior for dif-
ferent disorders R, that we were able to show in chapter 3.3.1. The hysteresis loops in
chapter 3.3.2 describe this a�ection in a very vivid way giving a better understanding
of how the progress of magnetization is in�uenced by the impurity of the magnet. We
con�rmed the ferromagnet as a nice example for crackling systems by showing several of
their characteristic features introduced in chapter 1. We saw the scale invariant behavior
at the critical point RC as well as the power law size distribution. The value for the
critical exponent of the power law is close to the one of former expiriments. Drawing
requirements out of theoretical derivations in chapter 3.3.3, we were able to show that
the slight deviation of the value is due to high �uctuations amongst small avalanche sizes.
In chapter 3.3.4 we performed a scaling collapse in order to extract one further exponent
and con�rm the validity of the previous assumptions and calculations. The collapsing
e�ect was visible to some extend, distorted by noise e�ects and slight deviations. The
cuto�-histogram in chapter 3.3.5 is a nice usage of the derived scaling form of D(S) to
determine the critical point RC . Most of the �uctuations and deviations are statistical er-
rors and can thus be reduced by more reruns. Bigger systems would make more accurate
determinations possible (e.g. chapter 3.3.4.). Both factors depend on the performance of
the machine on which the simulation is run. In our case the machine was only a small
notebook, which limited the possible observations to a basic level. However, it is fasci-
nating, how these kinds of abstract behaviors and complex predictions can be visualized
and described by anyone with their private computer. To study the nature of crackling
systems in a more extensive way, a deeper understanding of background concepts like
renormalization groups is required. Since the topic is placed in the �eld of basic research
it is hard to discuss possible applications or other kinds of bene�ts obtained by the ex-
tensive studies that are being performed on these systems all around the globe. Since
many crackling systems involve catastrophical behaviors like earthquakes or avalanches,
a deeper understanding could help someday to develope better methods for predicting
and handling these catastrophes.
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