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Abstract

Saving fuel for heavy trucks travelling on a highway is possible by
using the vechicles' weight and the knowledge about the road topog-
raphy ahead. This can be done by a Look Ahead Cruise Controller.
Such a controller can calculate an optimal driving strategy for the road
segment ahead. The Look Ahead Cruise Controller is mostly used on
an undulating road with a lot of up-and downhill slopes. Then the
controller could increase the vehicle speed before an uphill or select
the neutral gear and let the vehicle roll in a downhill slope in order to
save fuel.

Particle and nitrogen oxides can have a harmful e�ect on humans
and since these are created in the combustion process of an engine,
it is important to limit their presence in the exhaust gas. Therefore
the Euro VI legislations are now in e�ect. They limit the number of
particles and amount of nitrogen oxides that can be released from the
vehicle. In order to meet these legislation demands the exhaust gas
needs to be cleaned. Selective catalytic reduction (SCR) can be used
to reduce the emission of nitrogen oxides. In order for the reduction
to work as e�cient as possible the catalytic substrate needs to have a
high temperature.

When the engine of a vehicle is working on a low engine speed and
with a low torque demand, the exhaust gas temperature becomes low.
This typically occurs when the vehicle is travelling in a downhill slope,
either by rolling on neutral gear or rolling using engine brake. Thus
the catalytic substrate is cooled, causing the catalytic process to slow
down. A common way to avoid this is to let the engine work in a
warming mode. However, this mode uses more fuel in order to heat
the exhaust gas.

The aim of this thesis is to �nd out if the cooling of the SCR
substrate could have an a�ect on the optimal driving strategy found
by the Look Ahead Cruise Controller.
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1 Introduction

Heavy trucks, with weights above 16 tonnes, are used for a wide range of
purposes. Mining, construction, distribution within cities and long haulage
are some examples. The typical driving situation in long haulage is trans-
porting goods long distances on highways. The maximum allowed weight for
a carriage is typically about 40 tonnes within Europe. In Sweden and Fin-
land trucks with weights up to 60 tonnes are allowed. The need to transport
goods over large distances is currently rising with a more global market and
thus the demand for long haulage transports is also growing. Because of the
heavy weights involved, heavy trucks consume more fuel than ordinary cars.
According to [1] the fuel cost can account for up to 30 % of the total life
cycle cost. By optimizing the driving strategy it is possible to reduce the
fuel consumption of a truck and in extension also the transport costs. With
increasing fuel prices the driving strategy is becoming more important. One
of the most important factors to take into account when �nding an optimal
driving strategy is the road topography. Several studies in this �eld have
been performed, for example [1], [2] and [3].

Driving long distances on highways can be very monotonic. Thus several
automatic support systems have been and are being developed in order to
increase the safety and comfort for the driver. Examples of such systems
are the lane keep warning, which gives a warning if the vehicle is about
to leave the current lane without the driver intending to do so, and the
autonomous emergency brake system, which can automatically activate the
brakes if the vehicle is about to crash with another vehicle. One of the
earliest automatic support systems developed was the cruise control system
(CCS). Activating the CCS helps the driver keeping a constant speed without
using the pedals. This system has been developed so it can use radar and
camera to adjust the speed to a slower vehicle ahead. Today, since the road
topography data is avilable, a new cruise control system has been developed
which will use this data in order to �nd a more fuel e�cient driving strategy.
This cruise control system will be referred to as the Look Ahead Cruise
Control (LACC). A common feature of modern heavy trucks is an automated
manual transmission. Because of that the driver is not required to choose
the gear, as it can be done automatically. The LACC wants to choose the
best gear and speed in order to lower the fuel consumption. The optimal
driving strategies generated in previous studies, [1], [2] and [3], have found
that increasing speed before an uphill and using the neutral gear to utilize
the vehicles' kinetic energy in downhill reduces the fuel consumption without
compromising the driving time considerably. Also lowering the speed before
a downhill slope can be used as a measure to save fuel, since later brake
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usage might be avoided.

1.1 The Euro VI legislations

Another very important consideration when talking about vehicles with a
combustion engine is the particle emissions. The emissions have been linked
to serious health problems such as cardiovascular diseases, cardiopulmonary
diseases and lung cancer. In January 2013 new emission legislations were
put into place in Europe. It is called the Euro VI emission standard. The
legislations state strict limits on nitrogen oxides (NOx) and particulate emis-
sions (PM). The limit for NOx is 0.40 g/kWh and for PM it is 0.01 g/kWh
in steady state testing. For transient testing the limit is 0.46 g/kWh for NOx.

The new legislation have led to a new generation of engines and exhaust
systems, designed to comply with the Euro VI standard. One of the most
important parts in order to comply with the legislations is the selective cat-
alytic reduction (SCR) performed on the exhaust gas from the engine in
order to reduce NOx. Usually ammonia or urea is used as catalytic sub-
strate. The chemical reaction is described in (1.1.1). According to [4] there
exists a temperature window with a lower limit of approximately 200◦C and
an upper limit of approximately 450-500◦C where the catalyst is most ef-
fective. However, when the engine of a vehicle is working on a low engine
speed and with a low torque demand the exhaust gas temperature becomes
lower than otherwise. An example of such a situation is when a vehicle is
travelling in a downhill slope. Then, less heat is transferred from the engine
to the exhaust gas. Thus the SCR substrate is cooled.

4NO + 2(NH2)2CO +O2 → 4N2 + 4H2O + 2CO2 (1.1.1)

1.2 Methods to raise the exhaust system temperatures

A commonly used measure to raise the temperature in the exhaust system if
it drops too low is to let the engine work in a "warming mode". This mode
consumes more fuel than the standard engine mode, since part of the fuel
is used for the heating of the exhaust gas. Thus other methods to raise the
temperature would be preferable.

In [5] a number of ways to raise the temperature in the exhaust system using
the engine were investigated. One of those methods was exhaust gas recy-
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cling (EGR). Recycling the exhaust gas leads to a lowered gas �ow through
the exhaust system, which can slow the cooling of the SCR substrate if the
exhaust gas temperature is lower than the substrate temperature.

Another way to raise the temperature in the exhaust system is to use the
exhaust break when braking is needed. It leads to higher exhaust gas tem-
peratures since excessive heat from the braking would be transferred to the
exhaust gas and thus also to the SCR substrate.

1.3 Thesis objective

The aim of this thesis was to �nd a mathematical model of the exhaust
system and implement it in the algorithm developed earlier in [1] and [3].
The second objective was to �nd an algorithm fast enough to be used online
in a vehicle. Thus a lot of work in this thesis has been performed in order
to reduce the calculation time of the algorithm.

1.4 Outline of the thesis

In Section 2 the vehicle model from previous thesis works will be presented
with some minor changes. It will be described how a vehicle's motion is
governed by certain equations. Thereafter a mathematical model of the
exhaust system will be presented in Section 3. In Section 4 the conditions
stated in the previous two chapters will be summarized into an optimal
control problem. The method used to solve the optimal control problem
is described in Section 5, where the discretization of the problem will be
discussed. A number of measures to improve the algorithm e�ciency will
also be presented in that section. The results will be presented in Section 6
and discussed in Section 7. Finally a conclusion will be formulated in Section
8. A list of the notation used in this thesis can be found in Section 9 and in
Section 10 the references are stated.

Marcus Bergman, <marcberg@kth.se> 8
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Figure 2.1.1: The powertrain as it is regarded in this thesis. The powertrain
consists of the engine, clutch, gearbox, propeller shaft, �nal drive, drive shaft
and wheels.

2 Vehicle model

In order to �nd an optimal driving strategy over a certain distance, where
gear selection and speed pro�les are the resulting output, a model of the
vehicle's powertrain is required. In this thesis the same powertrain model
will be used as in [3]. The mathematical model will, however, be restated
here in Sections 2.1-2.6. Some changes in the way the fuel maps are used is
described in Section 2.7.

2.1 The powertrain

The powertrain consists of the engine and the driveline. The driveline is
divided into six parts, clutch, gearbox, propeller shaft, drive shaft, �nal
drive and wheels. A schematic �gure of the powertrain is shown in Figure
2.1.1.

2.1.1 The engine

The engine burns fuel in order to produce the torque necessary to drive the
vehicle forward. However, some of the energy is lost due to frictions within

Marcus Bergman, <marcberg@kth.se> 9
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the engine. Thus the useful engine torque can be modelled as

Te = Tind − Tfric(ωe) (2.1.1)

where Tind is the gross mechanical energy produced in the combustion engine
and the friction losses, Tfric, are approximated as linear with regard to the
engine speed ωe. Thus it can be expressed as

Tfric(ωe) = a1ωe + a2 (2.1.2)

where a1 and a2 are constants and a1 > 0. The engine transmits a torque
to the clutch described as

Jeωe = Te − Tc. (2.1.3)

In this formula Je is the engine inertia. If the clutch is opened no torque is
transmitted pass the clutch implying that Tc = 0 and Jeωe = Te.

2.1.2 The driveline

As mentioned before the driveline is modelled with six di�erent parts, clutch,
gearbox, propeller shaft, �nal drive and wheels. In this model an automated
manual gearbox is used. It has a number of gears with varying conversion
ratios. The engine torque is transmitted to the gearbox via the clutch. From
the gearbox the torque is transmitted via the propeller shaft to the �nal
drive and at last via the drive shaft to the wheels. Since the engine speed
will not vary too fast the driveline will be considered as sti� and thus po-
tential oscillations will be neglected. The di�erent inertias of the clutch,
propeller and drive shafts are combined with the inertia of the wheels and
denoted Jw. Also the conversion ratios of the gearbox and the �nal drive can
be combined to i(g). There are, however, some energy losses in the gearbox
and �nal drive. They are modelled using an e�ciency η(g). Obviously both
i(g) and η(g) are dependant on the current gear.

A relationship between engine speed and the angular velocity of the wheels
can be written as

ωe = i(g)ωw. (2.1.4)

Marcus Bergman, <marcberg@kth.se> 10
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This equation only holds if a gear is engaged. In the same way the torque
transmitted to the wheels can be written as

Tw = i(g)η(g)Tc. (2.1.5)

The wheel dynamics are stated as

Jwωw = Tw − Tb − rwFw (2.1.6)

where rw is the e�ective wheel radius, Fw is the friction force on the wheel
from the road and Tb is the torque from the brakes. If neutral gear is engaged
Tc = Tw = 0 and thus (2.1.6) becomes

Jwωw = −Tb − rwFw. (2.1.7)

2.2 Forces on the vehicle

In this model the vehicle will be assumed to steer straight forward, which
means that all lateral forces on the vehicle are assumed to be zero. There are
however three longitudinal forces that will be considered. They are the ex-
ternal air resistance, Fa(v

2), the roll resistance, Fr(α), and the gravitational
force, Fg(α). The following expression is an estimation of the air resistance,

Fa(v
2) =

1

2
cwAaρav

2. (2.2.1)

Here cw denotes the air drag coe�cient, Aa is the cross section area of the
vehicles front and ρa is the air density. They are all constants. The vehicle
speed is denoted by v. The roll resistance was modelled as follows

Fr(α) = crmg0 cos(α). (2.2.2)

In this expression the contributions caused by the tire pressure, temperature
and velocity are assumed small and neglected. The third longitudinal force
on the vehicle, the gravitational force, is modelled as

Fg(α) = mg0 sin(α). (2.2.3)

Marcus Bergman, <marcberg@kth.se> 11
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2.3 Longitudinal vehicle dynamics

As all objects, the motion of a heavy truck is governed by Newton's second
law, the mass times the acceleration is equal to the forces applied on the
object. Thus the following expression is obtained,

m
dv

dt
= Fw − Fa(v2)− Fr(α)− Fg(α). (2.3.1)

Substituting the expressions obtained in (2.1.3)-(2.2.3), and putting v =
rwωw into (2.3.1) the expression can be rewritten as

dv

dt
=

rw
Jw +mr2w − η(g)i(g)Je

(η(g)i(g)Te−Tb−rw(Fa(v
2)+Fr(α)+Fg(α))).

(2.3.2)

Since the inertia of the engine and the wheels are much smaller than the
total mass of the vehicle they can be approximated as zero, Jw ≈ 0 and
Je ≈ 0. Thus an expression for the longitudinal dynamics of the truck can
be written as

dv

dt
=

1

mrw
(η(g)i(g)Te − Tb − rw(Fa(v

2) + Fr(α) + Fg(α))). (2.3.3)

2.4 Position-dependent vehicle dynamics

In the expression obtained in (2.3.3) the change in velocity is dependent of the
time. In this model it would be much more convenient to have the dynamics
position-dependent, since that would yield a direct connection between the
mathematical model obtained so far and the road slope data in the LACC.
With help from the chain rule a relation between the time-dependent and
position-dependent vehicle dynamics can be obtained,

dv

dt
=
ds

dt

dv

ds
= v

dv

ds
=

1

2

dv2

ds
. (2.4.1)

When optimizing with distance as the independent variable, it is preferable
to use the energy instead of velocity in the vehicle dynamics model. This was
shown in [6], where the energy approach led to a better numerical stability.
This can be done as follows
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m

2
dv2 = Ftotds. (2.4.2)

Substituting the results from (2.4.1) and (2.4.2) into (2.3.3) the following
expression is obtained,

dv2

ds
= 2

dv

dt
= 2

1

mrw
(η(g)i(g)Te−Tb−rw(Fa(v

2)+Fr(α)+Fg(α))). (2.4.3)

2.5 Shifting gear, neutral gear and rolling

When a gearshift takes place it will be modelled as a constant time period,
τshift, when no gear is engaged. In reality the engine is accelerated if a down
shift is performed and decelerated if an up shift is performed. This will
however make the model more complicated and is thus neglected. Mathe-
matically the shifting model can be expressed as

g(t) =


g1 if t < 0,

0 if 0 ≤ t ≤ τshift,
g2 if t > τshift,

(2.5.1)

where g1 is the initial gear and g2 is the new gear. As seen this expression is
time dependent and the dynamics are thus modelled using (2.3.3). During
the gearshift, when 0 ≤ t ≤ τshift, the following expression is obtained for
the vehicle dynamics,

dv

dt
=

1

mrw
(−Tb − rw(Fa(v

2) + Fr(α) + Fg(α))). (2.5.2)

The same equation can also be used to model the situation when the neutral
gear is engaged. In this case the clutch is opened and no torque is trans-
mitted from the engine to the driveline. Fuel will still be injected into the
engine, but it will be assumed that the engine speed is the same as when
idling. The model for fuel injections will be discussed in Section 2.7.

Situations can also exist where it might be optimal to roll with a gear en-
gaged. In (2.1.1) a relationship between the indicated engine torque and the
actual engine torque was stated. If the vehicle rolls with a gear engaged,
that expression can be modi�ed as

Marcus Bergman, <marcberg@kth.se> 13
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Te = −Tfric(ωe) = −Tfric(v) (2.5.3)

where the relation v = rwωw was used in the last step. Thus (2.4.3) becomes

dv2

ds
= 2

dv

dt
= 2

1

mrw
(−η(g)i(g)Tfric(v)− Tb − rw(Fa + Fr + Fg)). (2.5.4)

This means that when the vehicle is rolling with a gear engaged extra resis-
tance is added because of the friction in the engine compared to when rolling
with neutral gear engaged.

2.6 The gearbox model

Since each engine has a span of angular velocities where it is most e�cient,
the gearbox is used to change the velocity of the vehicle while still keeping the
angular velocities of the engine within the optimal region. This is achieved
using a set of cog wheels and shafts. Thus there is a di�erent ratio between
the ingoing and outgoing torque for each gear. Assuming no losses in the
gearbox, this can be described with the equations

Tini(g) = Tout (2.6.1)

and

ωin
i(g)

= ωout. (2.6.2)

These equations can be combined into

Pin = Tinωin = Toutωout = Pout (2.6.3)

where Pin and Pout are the power in and out of the gearbox. There also
exists some losses in the gearbox, which means that the expression needs to
be modi�ed as follows

Pin = Tinωinη(g) = Toutωout = Pout. (2.6.4)

Marcus Bergman, <marcberg@kth.se> 14
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Figure 2.7.1: Fuel maps of an engine in standard (left) and warming (right)
mode respectively. The fueling rate is dependent on Te and ωe. The axis
have been normalized with respect to the maximum values of the respective
axis for the standard mode.

In this thesis the gearbox e�ciency η(g) will be considered as constant for
each gear. In reality this is not the case, but as shown in [3] the accuracy
losses are acceptable with respect to the gained simplicity.

2.7 The fuel consumption model

The fueling rate in an engine is the mass �ow of fuel per time unit. This rate
is dependent on the useful engine torque, Te, and the engine speed, ωe. As in
[3] a fuel map with measured data of fueling rates at di�erent working points
for an engine is used. However, as explained in Section 1.2, the fueling rate
can also be dependent on the SCR substrate, θSCR. This is implemented
in the model used in this thesis. If the temperature of the SCR substrate
is above a temperature limit, θlimit, the values of the fueling rate will be
taken from a fuel map where the engine is operating in the standard mode.
If, however, the temperature of the SCR substrate is below the temperature
limit the fueling ratio will be evaluated from a fuel map with the engine in
warming mode. This can be formulated as follows

ṁ(Te, ωe, θSCR) =

{
fmap,standard(Te, ωe) if θSCR ≥ θlimit
fmap,warming(Te, ωe) if θSCR < θlimit.

(2.7.1)

As seen in Figure 2.7.1 the maps are very similar, but the map from the
engine in warming mode uses a bit more fuel then when in standard mode
for most combinations of torque and engine speed. In order to better see the
di�erence between the two maps are shown in Figure 2.7.2.
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Figure 2.7.2: The di�erence between the fueling rate in warming and stan-
dard mode.

The use of the maps in the algorithm will also di�er a bit from how they
were used in [3]. This will be described in Section 5.5.3.

Marcus Bergman, <marcberg@kth.se> 16
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Figure 3.1.1: A simple model of the SCR in the exhaust system. Exhaust
air with a lot of NOx arrieves to the SCR substrate from the engine. After
a catalytic reaction it leaves the exhaust system.

3 The exhaust system model

To predict the future temperature in the SCR substrate a model of the
exhaust system is required. In this thesis a very simple model of the exhaust
system will be used. The model will be described in this chapter and a
schematic illustration can be seen in Figure 3.1.1.

3.1 The exhaust gas temperature and �ow models

In the same way as the fueling rate was evaluated using a fuel map the ex-
haust gas temperature and �ow from the engine can be obtained from similar
maps. Examples of such maps can be seen in Figures 3.1.2 and 3.1.4. The
di�erence between the exhaust temperatures of the two modes can be seen
in Figure 3.1.3 and the di�erence between the exhaust gas �ow can be seen
in Figure 3.1.5. Just as in the case with fueling rate the exhaust gas tem-
perature and �ow are dependent on engine torque, Te, engine speed, ωe, and
the SCR substrate temperature, θSCR. The equations for the temperature
and �ow of the exhaust gas are presented below,

θgas,e(Te, ωe, θSCR) =

{
ψmap,standard(Te, ωe) if θSCR ≥ θlimit
ψmap,warming(Te, ωe) if θSCR < θlimit

(3.1.1)

and
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Figure 3.1.2: Exhaust gas temperature maps from an engine in standard
(left) and warming (right) mode. The exhaust gas temperature is dependent
on Te and ωe. The x- and y-axis have been normalized with respect to the
maximum values of the respective axis for the standard mode. The z-axis is
measured in ◦C.

Qgas(Te, ωe, θSCR) =

{
qmap,standard(Te, ωe) if θSCR ≥ θlimit
qmap,warming(Te, ωe) if θSCR < θlimit

(3.1.2)

Assuming no leaks in the exhaust system the gas �ow passing the SCR
substrate will be equal to the �ow out from the engine. However, the exhaust
gas can be expected to cool down a bit on its way from the engine to the SCR
substrate. In reality the degree of cooling is dependent on a lot of di�erent
factors. However, for simplicity reasons this thesis will assume that the
exhaust gas will be cooled with a constant factor, ν. Thus the temperature
of the gas that comes into contact with the SCR substrate is

θgas,scr = νθgas,e. (3.1.3)

3.2 The SCR temperature model

As mentioned before a very simple model of the temperature of the SCR
substrate is used in this thesis. A version of Newton's law of cooling is
used where the change of temperature is dependent on the thermal inertia of
the substrate, m0, the exhaust gas �ow, Qgas, and the current temperature
di�erence between the �owing gas, θgas,scr, and the SCR substrate, θSCR.
This can be expressed as
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Figure 3.1.3: The di�erence in exhaust gas temperatures between engine
warming and standard mode.

dθ

dt
=
Qgas
m0

(θgas,scr − θSCR) (3.2.1)

where the value of the constant m0 is found empirically.

In the same way as with the longitudinal vehicle dynamics this time-dependent
expression can be transformed into a position-dependent formula, using the
chain rule

dθ

dt
=
ds

dt

dθ

ds
= v

dθ

ds
. (3.2.2)

Thus expression (3.2.1) can be modi�ed to

dθ

ds
=
Qgas
vm0

(θgas,scr − θSCR). (3.2.3)
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Figure 3.1.4: Exhaust gas �ow maps from an engine in standard (left) and
warming (right) mode. The exhaust gas �ow is dependent on Te and ωe. The
x- and y-axis have been normalized with respect to the maximum values of
the respective axis for the standard mode. The z-axis is measured in g/s.

3.3 The EGR model

If the vehicle is equipped with an engine that allows exhaust gas recycling,
the exhaust gas �ow can be reduced when rolling with a gear engaged. Thus
the values in the �ow maps for standard and warming mode in the rolling
region can be replaced with values obtained while dragging the engine in
EGR mode, shown in Figure 3.3.1. This means that if the vehicle has an
engine that can operate in EGR mode, the model will always choose to
operate in EGR mode when dragging the engine. This will be optimal in
most cases since the exhaust gas temperature while dragging the engine is
typically lower then the SCR substrate temperature. Thus extra cooling will
be prevented, as can be calculated from equation (3.2.3) as

(
dθ

ds

)
noEGR

=
Qgas
vm0

(θgas,scr − θSCR) (3.3.1)

(
dθ

ds

)
EGR

=
Qgas,EGR
vm0

(θgas,scr − θSCR). (3.3.2)

But if (θgas,scr − θSCR) < 0 if θgas,scr < θSCR the following expression is
obtained

(
dθ

ds

)
noEGR

<

(
dθ

ds

)
EGR

< 0. (3.3.3)

It is assumed that Qgas > Qgas,EGR.
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Figure 3.1.5: The di�erence in exhaust gas �ow between engine warming and
standard mode.

As stated above the expression (3.3.3) is only valid if θgas,scr < θSCR. If
that was not the case it would be optimal for the engine not to work in EGR
mode. This is however rare and is thus neglected in order to keep the model
as simple as possible.

3.4 The exhaust brake model

The exhaust brake is a complimentary brake that exists on many heavy
trucks. It closes of the exhaust path from the engine and thus the the
exhaust gas is compressed in the exhaust manifold and cylinder, causing the
engine to work backwards and slowing down the vehicle. But when the gas
is compressed the temperature also rises, which can be used for warming the
SCR substrate. For the engine modelled in this thesis, a maximum negative
torque that can be applied by the exhaust brake is given for each engine
speed, ωe. It will be assumed that it is possible to control how much exhaust
brake that is being applied. However, it will also be assumed that the exhaust
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Figure 3.3.1: The exhaust gas �ow when dragging engine in EGR mode.

brake will not be used if only a small percentage of the possible exhaust
brake torque is requested. From a lower exhaust brake torque limit and
up to the maximum possible exhaust brake torque the raise in exhaust gas
temperature is considered to be linear. If the requested torque is greater than
the maximum torque possible with the exhaust brake, it will be considered
to be fully applied. In Figure 3.4.1 the di�erence between the exhaust gas
temperature with and without the exhaust brake model is shown.
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Figure 3.4.1: The di�erence in exhaust gas temperature when using the
exhaust brake instead of just the friction brakes.

4 The optimal control problem

As stated previously, the aim of this thesis is to be able to �nd an optimal
driving strategy for a heavy truck with regard to the Euro VI legislations.
More concretely that means to �nd a gear and speed pro�le for a certain
road segment with a known slope that minimizes some objective function.
In this chapter the numerous mathematical models described in Sections 2
and 3 will be summarized into an optimal control problem. The formulation
is very similar to the formulations in [1] and [3]

4.1 The general optimal control problem

As in [7] the general optimal control problem can be formulated as
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minimize J = φ(x(tf )) +

∫ tf

ti

f0(t,x(t),u(t))dt

subject to ẋ = f(t,x(t),u(t))

x(ti) ∈ Xi, x(tf ) ∈ Xf

x ∈ X

u ∈ U.

(4.1.1)

In this equation J denotes the cost−to−go function, φ(x(tf )) is the terminal
cost, u(t) is the control vector, x(t) is the state vector, and X and U are sets
of feasible values for the state and control vectors respectively. As stated in
Section 2.4 it is better to use a position dependent formulation rather than
a time dependent formulation as in (4.1.1). Thus the general problem can
be restated as

minimize J = φ(x(sf )) +

∫ sf

si

f0(s,x(s),u(s))ds

subject to
dx

ds
= f(s,x(s),u(s))

x(si) ∈ Xi,x(sf ) ∈ Xf

x(s) ∈ X

u(s) ∈ U.

(4.1.2)

4.2 The state vector

As seen in the section above, the state vector x needs to be chosen. In [3] the
state vector was chosen as x = [v2, g], but in this thesis the state of the SCR
substrate needs to be accounted for. This is done by adding temperature
states of the substrate. Thus the following state vector is obtained

x = [v2, g, θSCR]. (4.2.1)

As mentioned in Section 2.4 the algorithm will have a better numerical sta-
bility if the energy is used instead of the vehicle speed. That is the reason
for using v2 instead of v in the state vector. The maximum speed limit for
heavy trucks on Swedish highways is 90 km/h, but in many vehicles there
is an internal speed limit of 89 km/h in order to keep a margin to the leg-
islated speed limit. It will also be assumed that the vehicle will only travel
forward. Thus no negative speeds are allowed. This can be summarized as
0 km/h < v <= 89 km/h. This can be converted to
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v2 ∈ [v2min, v
2
max]. (4.2.2)

Di�erent heavy trucks use a lot of di�erent gear con�guration. Just as in [3],
it will be assumed in this thesis that the simulated vehicle has twelve gears
plus a neutral gear. Thus the feasible gears are

g ∈ {0, 1, . . . , 12}. (4.2.3)

Finally the constraints on the SCR substrate temperature needs to be for-
mulated. The SCR substrate can take any temperature between 0 K and
in�nity. Even though it is likely the temperature will keep in a certain in-
terval the constraint will be formulated as

θSCR ∈ [0 K, ∞]. (4.2.4)

There are also initial and �nal boundary conditions on the vehicle speed,
gear and SCR substrate temperatures. This can be formulated as

v2si = v2i , v2sf = v2f , (4.2.5)

gsi = gi, gsf = gf , (4.2.6)

θSCR,si = θSCR,i, θSCR,sf = θSCR,f . (4.2.7)

4.3 The control vector

The control vector will be chosen to be identical to the control vector in [3],

u = [Te, Tb, ug] (4.3.1)

where Te is the useful engine torque control variable, Tb is the brake torque
control variable and ug is the gear selecting control variable. There exist a
minimum and maximum torque limit on Te. They are the drag and maximum
torque curves of the engine and are dependent on the engine speed. The drag
torque is produced by the friction within the engine when no fuel is injected.

Marcus Bergman, <marcberg@kth.se> 25



Master thesis

Figure 4.3.1: An example of a maximum and minumum torque curves. For
each engine speed there is a correspondnig maximum and minimum torque.

Examples of both these curves can be seen in Figure 4.3.1. Mathematically
this can be expressed as

Te ∈ [Te,drag(ωe), Te,max(ωe)]. (4.3.2)

The brake torque is controlled with the variable Tb. It is a negative torque
that can be applied to lower the vehicle speed if the negative engine torque
of the engine is not enough. It will be assumed that the brake torque has no
lower limit, i.e. it is always possible to keep the vehicle below the speed limit.
Of course this is not the case in reality, but a considerable brake torque is
possible to achieve using the friction brakes. Using the brakes will, of course,
lead to a loss of kinetic energy. This can be described as

Tb ∈ [−∞, 0]. (4.3.3)

The limits on the gear selecting control variable can simply be expressed as
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ug ∈ {0, 1, . . . , 12}. (4.3.4)

where ug is a piecewise constant function. The control is simply limited to
the feasible gears.

4.4 The objective function

The objective function is chosen as in [3], with one small modi�cation. The
function is a combination of the total fuel consumption of the vehicle on a
speci�ed distance and the time it takes to travel the distance,

J = M + βT. (4.4.1)

As described in Section 2.7 the fueling rate is dependent on the engine torque,
Te, the engine speed, ωe and the SCR substrate temperature, θSCR. The
engine speed can, however, be expressed using the the engaged gear and the
vehicle speed. This can be done using equation (2.1.4) and the connection
v = rwωw, which can be combined into

ωe =
i(g)v

rw
. (4.4.2)

Using that expression the fueling rate can be expressed as a function of v(s),
g(s), θSCR(s) and Te(s). For a vehicle travelling the distance between the
starting position si and �nal position sf the total fuel used can be calculated
as

M =

∫ sf

si

1

v(s)
ṁ (v(s), g(s), θSCR(s), Te(s)) ds. (4.4.3)

The time it takes to travel the distance can be found using the expression
below

T =

∫ sf

si

1

v(s)
ds. (4.4.4)

The usage of the constant β is thoroughly discussed in [3]. The constant can
be seen as a trade o� between time and fuel. Thus a high value will generate
a solution that is focused on driving the distance as fast as possible, while
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a small value gives a solution focused on saving as much fuel as possible.
In this thesis a value will simply be chosen that gives a solution where a
constant speed on a �at road is obtained.

4.5 The constraints

The constraints in the optimization model are given by the physical con-
straints on the vehicle. They have been described in sections 2.4 and 3.2.
The constraint on the longitudinal dynamics are posed by

dv2

ds
= 2

1

mrw
(η(g)i(g)Te − Tb − rw(Fext(v

2, α(s))) (4.5.1)

where Fext = Fa+Fr+Fg and the constraint on the temperature of the SCR
substrate can be described by

dθ

ds
=
Qgas
vm0

(θgas,scr − θSCR). (4.5.2)

4.6 The optimal control problem

Using the equations formulated in sections 4.2-4.5 and putting them into the
general optimal control problem formulated in (4.1.2) the following problem
can be stated
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minimize J = M + βT

subject to
dv2

ds
= 2

1

mrw
(η(g)i(g)Te − Tb − rw(Fext(v

2, α(s)))

dθ

ds
=
Qgas
vm0

(θgas,scr − θSCR)

v2si = v2i , v2sf = v2f

gsi = gi, gsf = gf

θSCR,si = θSCR,i, θSCR,sf = θSCR,f

v2 ∈ [v2min, v
2
max]

g ∈ {0, 1, . . . , 12}
θSCR ∈ [0 K, ∞]

Te ∈ [Te,drag(ωe), Te,max(ωe)]

Tb ∈ [−∞, 0]

ug ∈ {0, 1, . . . , 12}

(4.6.1)

where x = [v2, g, θSCR] is the state vector and u = [Te, Tb, ug] is the control
vector.

Marcus Bergman, <marcberg@kth.se> 29



Master thesis

5 Dynamic programming

As in [1] and [3], dynamic programming is chosen as algorithm for solving
the optimal control problem stated in (4.6.1). It was �rst introduced in [8]
and the algorithm is built around Bellman's principle of optimality:

The principal of optimality

An optimal policy has the property that whatever the initial state
and initial decisions are the remaining decisions must constitute an
optimal policy with regard to the state resulting from the �rst decision.

Thus it is possible to divide the problem into parts, that separately can be
optimized. Furthermore, if the initial and �nal states are known the solution
for each part can be put together and the optimal solution of the whole
problem is found. As stated in [7], dynamic programming is a systematic
and less expensive way of �nding the minimum cost of an optimal control
problem. In sections 5.1 and 5.2 the dynamic programming algorithm will
be discussed in more detail. In Section 5.3 the optimal control problem will
be discretized into a number of parts. The complexity of the algorithm will
be discussed in Section 5.4 and �nally a number of ways to improve the
algorithm e�ciency is discussed in Section 5.5.

5.1 The dynamic programming algorithm

In order to �nd the optimal solution of a deterministic multi-stage decision
problem dynamic programming (DP) can be used. The problem is divided
into N steps and thus the system can be described as xk+1 = fk(xk, uk) for
k = 0, 1, 2, . . . , N−1. Here x is the state vector. The goal is to �nd a feasible
optimal control vector that brings the initial state x0 to the �nal state xN
in the N steps. In [9] the DP algorithm is stated as

1. Let JN (xN ) = 0

2. Let k = N − 1

3. Let Jk(x) = minu∈Uk
{ξk(x, u) + Jk+1(f(x, u))}, x ∈ Sk

4. Repeat (3) for k = N − 2, N − 3, . . . , 0

5. The optimal cost is J0 and the sought control vector is
the optimal control from the initial state to the �nal state
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where Uk is the set of allowed controls in step k, ξk is the running cost in
step k and Jk+1 is the optimal cost of steps k + 1 to N . The running cost
in each step will be calculated for all feasible control vectors u ∈ Uk and
for each state x ∈ Sk. That leads to an exponentially growing state space,
which is problematic from a complexity standpoint.

5.2 The inverse approach

A di�erent way of running the algorithm is to �x a state space and �nd the
controls for the transitions in a step k which brings the system from xi ∈ Sk
into xj ∈ Sk+1. This is performed for all combinations of states from step
k to k + 1. The running cost will be denoted ξi,jk and there is no feasible
control that takes the system from xi into xj the running cost will be set
to in�nity. This inverse approach was used in [6] to solve a similar optimal
control problem. An illustration of the idea can be seen in Figure 5.2.1. The
algorithm presented in Section 5.1 can thus be restated as

1. Let JN (x) = 0

2. Let k = N − 1

3. Let Jk(x
i) = minxj∈Sk+1

{ξi,jk + Jk+1(x
j)}, xi ∈ Sk

4. Repeat (3) for k = N − 2, N − 3, . . . , 0

5. The optimal cost is J0 and the sought control vector is
the optimal control from the initial state to the �nal state.

5.3 Discretization

To be able to use the DP algorithm presented in Section 5.2 the optimal
control problem needs to be discretized. The �rst step is to de�ne the state
space of the problem. In Section 4.2 the state vector was chosen to be
x = [v2, g, θSCR]. There is also a fourth state variable, the position s.

5.3.1 The state space

The road segment on which the optimal speed and gear selections are to
be calculated are divided into N steps, s1, s2, . . . , sN . The constraint
on the possible vehicle speeds from equation (4.2.2) are used as upper and
lower limits on the discretization of v2. Between the limits v2 is discretized
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Figure 5.2.1: The running cost, ξi,jk , for all combinations of xi and xj are
calculated in each step between k and k + 1.

into V equally spaced steps. The gear variable g is already discrete, g ∈
{0, 1, . . . , gmax} and G is the total number of gears used in the calculation.
Finally the temperature of the SCR substrate is discretized into R equally
spaced steps between θSCR ∈ [θSCR,low, θSCR,high]. Thus a state space, with
a total number of states that can be expressed as N × V ×G×R, has been
created.

5.3.2 Discretizing the di�erential equations

The di�erential equations in the constraints also needs to be discretized. In
[6] it was found that the Euler forward method can be used with adequate
solution characteristics. The Euler forward method used on the longitudinal
dynamics constraint in (4.5.1) gives

v2k+1 = v2k + h
dv2k
ds

. (5.3.1)

where h is the chosen step size and
dv2k
ds can be found from

dv2k
ds

= 2
1

mrw
(η(gk)i(gk)Te − Tb − rw(Fext(v

2
k, α(sk))). (5.3.2)

For the dynamics of the SCR substrate temperature the Euler forward method
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gives

θSCR,k+1 = θSCR,k + h
dθSCR,k
ds

(5.3.3)

where
dθSCR,k

ds is given by

dθSCR,k
ds

=
Qgas,k
vkm0

(θgas,scr,k − θSCR,k). (5.3.4)

Using these equations Te and Tb can be found in steps where no gear shift
takes place.

5.3.3 Dynamics in step with gearshift

As explained in Section 2.5 the dynamics of the vehicle will be considered
to be time-dependent in steps with a shift of gear. Steps with a gearshift is
divided into two parts. One part where no gear is engaged and the vehicle is
considered to be rolling and one part where the gear has been engaged. The
di�erential equation governing the movement of the vehicle during the �rst
part was stated in (2.5.2) as

dv

dt
=

1

mrw
(−Tb − rw(Fext(v, α(s)))). (5.3.5)

Using the Euler forward method to obtain the speed at which the gear is
engaged the following expression is obtained

v′k = vk + τshift
dvk
dt

(5.3.6)

where τshift is the time it takes for the gear to be shifted and

dvk
dt

=
1

mrw
(−Tb − rw(Fext(vk, α(sk)))). (5.3.7)

The distance the vehicle travels during this time is approximated as

dshift = τshift
vk + v′k

2
. (5.3.8)
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The rest of the step can then be calculated as

v2k+1 = v′2k + (h− dshift)
dv′2k
ds

. (5.3.9)

From these equations Te and Tb can be found.

5.3.4 Choosing the step length

As seen in (5.3.9), there is a minimum step length h allowed by the model.
If the vehicle was to roll further than the step distance, that is if dshift > h,
the shifting model would not work. Thus there is a lower limit on the step
length posed by

h > dshift = τshift
vk + v′k

2
. (5.3.10)

At the same time h needs to be small in order to achieve numerical stability.

5.4 Algorithm complexity

As hinted before the algorithm complexity depends on the state and con-
trol space. In [3], where only three state space variables were required, the
number of calculations in each step k were (V G)(V G). And since there were
N steps in the algorithm the total number of calculations needed to be per-
formed was NV 2G2. If the states of θSCR were to be added in the same the
number of calculations needed in the algorithm would be NM2g2maxR

2.

This is however not needed. Since no extra control variables are added,
there are no possibility to control the temperature in the SCR substrate
separately. That is, if in state i and the energy and gear of the next state
j were chosen to be v2j and gj the values of Te ωe and Tb could be uniquely
de�ned. And since the temperature of the SCR substrate is only dependent
on Te and ωe there is only one possible SCR substrate temperature in step j,
θSCR,j . However, the calculation of new SCR substrate temperature needs
to be performed for each feasible temperature state. Thus the number of
calculations needed in the algorithm is NV 2G2R.
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5.5 Improving the algorithm e�ciency

Since a new state variable is added in this thesis compared to the problem
stated in [3] and since the algorithm complexity is directly related to the
time it takes to �nd the solution of the optimal control problem it can be
foreseen that the calculation time of the algorithm will grow with at least
a factor of R. This can be problematic if the goal is to �nd an algorithm
that can be used online in a vehicle. Thus a number of ways to improve
the e�ciency of the algorithm will be studied in this thesis. They will be
presented in this section.

5.5.1 Decreasing the number of feasible states

As a start in trying to decrease the calculation time of the solution to the
optimal control problem, the number of feasible states was decreased. In
Section 4.2 it was stated that the vehicle speed is limited to speeds within
0 km/h < v <= 89 km/h. However, the number of speed states will be
decreased further by using a lower limit of 50 km/h. This, of course, removes
a number of feasible solutions that might have a lower total cost than a
solution obtained with the initial condition. However, since the vehicle will
be assumed to travel on a highway, large variations in speed are not wanted.
That might cause frustration for drivers in surrounding vehicles, as well as for
the driver of the heavy truck. However, it might be impossible for the vehicle
to keep within these limits if travelling in a long steep uphill slope. Then no
solution of the optimal control problem would be obtained. These solutions
are, however, not very interesting from an optimal control standpoint, since
the only thing that can be done is trying to keep the speed as much as
possible and thus it is di�cult to a�ect the fuel consumption on such a road
by means of the LACC. This can be summarized as

v2 ∈ [v2min, v
2
max], where vmin = 50 km/h and vmax = 89 km/h. (5.5.1)

Also the number of feasible gears used in the model is limited even more than
to the existing 12 gears plus neutral gear. Since the vehicle will be assumed
to travel on a highway at high speed only the three highest gears plus the
neutral gear will be considered in the model. Thus the feasible gears are

g ∈ {0, 10, 11, 12}. (5.5.2)

The fact that only three gears are used for calculation might also cause that
the algorithm does not �nd a feasible solution in a long steep uphill slope.
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But as explained earlier, these scenarios are disregarded.

The state variable that is most di�cult to decrease is the number of states
for is the SCR substrate temperature. This is because of the fact explained
in Section 5.4. Since the control variables are uniquely de�ned even with-
out the SCR temperature the number of states of the SCR substrate needs
to cover all states that the optimal solution will consist of. Which these
states are can be di�cult to predict. It is highly dependent on the starting
temperature of the substrate, but it also depends on the road slope of the
road section considered. For example if the road section consists of an uphill
slope it can be guessed that substrate temperature will increase. Reversely,
if the road is a downhill slope the temperature of the SCR substrate can be
expected to decrease. Thus a wider state range needs to be considered on a
longer road horizon. In this thesis a number of di�erent choices will be tested.

Another way of decreasing the numbers of feasible states are to change the
spacing of the states. This can be done for the states of v2, θSCR and the
number of position states s. However, if the spacing is too wide, the model
will become unrealistic. This thesis will use a couple of di�erent spacings of
the SCR temperature states while the spacings for the other two variables
will not be considered.

5.5.2 Limitations on the gear selection control variable

Another simple way to decrease the number of calculations performed in
each step is to put a limitation on the gear selection control variable. This is
done in such a way that if a gear is engaged the gear chosen in the next step
is only allowed to be one gear higher or lower. It is however always possible
to choose the neutral gear in the next step and reversely, if the neutral gear
is chosen any of the other gears can be engaged. For the four feasible gears
in (5.5.2) this can be expressed as

ug,k+1 ∈


{0, 10, 11, 12} if gk = 0,

{0, 10, 11} if gk = 10,

{0, 10, 11, 12} if gk = 11,

{0, 11, 12} if gk = 12.

(5.5.3)

This limitation of the gear selector control variable was used in [3], thus no
evaluation of this e�ciency improving model change will be performed in
this thesis.

Marcus Bergman, <marcberg@kth.se> 36



Master thesis

5.5.3 Changing the use of the fuel, temperature and �ow maps

As mentioned earlier in Section 2.7 the usage of the fuel maps will di�er
from how they were used in [3]. Previously the values of the variables Te
and ωe were calculated in the algorithm from equation (4.5.1). After these
values were found the fuel map was used to interpolate the corresponding
fueling rate. This calculation is, however, computationally very heavy and
since they needed to be performed for each transition of states it made the
algorithm a bit ine�cient. Since there are �ve extra maps added in this
model, the need of a more time e�cient use of the maps are required. Thus
a new way of working with the maps was implemented.

In equation (4.4.2) a connection between the engine speed, the selected gear
and the vehicle speed is presented. But since, both the selection of gear
and the range of feasible vehicle speeds are discretized in the model and
the other involved parameters in the equation are constants, there is a �nite
number of engine speeds that the model will use. Thus also the engine speeds
ωe are discrete. If also the available engine torques could be discretized it
would be possible to create interpolated maps of the fueling rate, exhaust gas
temperature and exhaust gas �ow respectively, which could be used as look-
up tables. However, discretizing the usable engine torque is not an easy task.
Since all other variables are discretized the usable engine torque Te is used
to balance the equations. If that variable would be discretized the equations
would no longer be balanced. But another way of viewing the problem is
to consider the uncertainties of the map values. If the usable engine torque
is discretized with a small enough spacing the map value of the correct Te
could be approximated with a map value where T ′e is used instead. For the
fueling rate in standard engine mode this can be mathematically expressed
as

fmap,standard(Te, ωe) ≈ fmap,standard(T ′e, ωe) (5.5.4)

if the spacing of T ′e is small enough. Thus look-up tables of the six di�erent
maps will be used in this thesis in order to improve the algorithm e�ciency.

In order to get a notion on how much this could a�ect the optimal solution
calculations, the potential error needs to be quanti�ed. This will be done
using the following formula
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Figure 5.5.1: An illustration of the choices of usable engine torque points in
between the grid points used in equation (5.5.5).

E =

∑S
i

√
(Z(T ′e,i)− Z(Te,i))2

SZmax
(5.5.5)

where (Z(T ′e,i) is the interpolation of any of the six maps using the discretized
value of the usable engine torque, Z(Te,i) is the interpolation using the same
map with a value in between the grid points, Zmax is the maximum value of
the map and S are the total number of grid points used. The torque values in
between the grid points are chosen so that |Te,i− T ′e,i−1| = |Te,i− T ′e,i|. This
is illustrated in Figure 5.5.1. This can be seen as the normalized average
error using the changed approach to the maps.

5.5.4 Reducing the search space for the vehicle speed

Another way of improving the e�ciency of the algorithm is to minimize the
number of transitions that a solution needs to be calculated for. This can
easily be done by limiting the number of vehicle speeds allowed in the next
step of the algorithm. Thus, if in position step k of the algorithm with the
speed vk,i, it only be allowed to change a limited amount to the next step.
This is expressed in the following equation as

vk,i − vlim,low ≤ vk+1,i ≤ vk,i + vlim,high (5.5.6)

where vlim,low and vlim,high can be changed dynamically in the model to get
the best performance together with a desired result. The limitations on the
vehicle speed in the following step is illustrated in Figure 5.5.2.

Limiting the model in this way will of course lead to that a number of feasible
solutions will not be evaluated. But since the vehicle is assumed to be trav-
elling on a highway, fast accelerations and decelerations might be disturbing
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Figure 5.5.2: To the left the possible vehicle speeds with respect to the
maximum and minumum torque are shown. To the right an illustration of
how the possible speed transitions is limited by equation (5.5.5) can be seen.

for other road users and would probably also be considered annoying for
the driver of the vehicle. Changing the limits dynamically would also allow
the model to adapt to the current road conditions. For example, it can be
assumed that a heavy vehicle will not decrease its speed considerably in a
downhill slope and reversely it will not increase its speed considerably in an
uphill slope. Thus the limits on the vehicle speed in the next position step of
the algorithm might be considered as dependent on the slope, vlim,low(α) and
vlim,high(α). From experience it is also known that increasing speed in an up-
hill slope or braking in a downhill slope is not very fuel e�cient and thus this
modi�cation of the model is unlikely to neglect any usable driving strategies.

In [6] it was suggested that the algorithm could be improved by taking into
account the fact that di�erent optimal trajectories never intersect. Thus,
the vehicle speed allowed in the following position step, k, can be reduced
even more. For example, if it for vk,i−1 is found that the optimal speed
in the next step is vk+1,i−2, then it is known that the optimal new speed
for vk,i is larger than vk+1,i−2. Thus the lower limit of the vehicle speed
can also be dependent on the optimal solution of the previous vehicle speed
state, vlim,low(α, v̂k,i−1) where v̂k,i−1 is the optimal solution of the previous
vehicle speed state. This is illustrated in Figure 5.5.3.

5.5.5 Compiling Matlab code to C code

The coding in this thesis was done in Matlab. However, since Matlab is
an interpreted programming language an attempt was made to compile the
code into C. The hope was that it could decrease the calculation time. This
was done early in the development process of the algorithm.
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Figure 5.5.3: An illustration of limitations of the vehicle speed in the next
step due to the fact that two optimal trajectories never intersect.

6 Results

In this sections the results of the thesis will be presented. Two algorithms
were developed in this thesis project, one where the exhaust system was
considered and one without the exhaust system model. The algorithm with
an exhaust system model will be referred to as the SCR algorithm and the
algorithm without an exhaust system model will be referred to as the ba-
sic algorithm. In Section 6.1 the resulting solutions of the two di�erent
algorithms will be presented and in Section 6.2 the results of the e�ciency
improving measures described in Section 5.5 will be presented.

6.1 Results from the developed algorithms

Three di�erent road slope pro�les were used in order to analyse the perfor-
mance of the two algorithms developed. One downhill slope, one uphill slope,
and one with a combination of an uphill and downhill slope. The results are
presented in Sections 6.1.1-6.1.3. In the plots shown in Figures 6.1.1-6.1.3
the blue lines mark the solution of the SCR algorithm and the red lines mark
the solution of the basic algorithm. For each solution nine plots are shown.
To the left plots of the road pro�le, the optimal velocity pro�le, the gear
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Figure 6.1.1: The resulting solutions on a 2 km long road segment with
a downhill slope of three percent. The blue graphs are from the solution
obtained with the SCR algorithm and the red is the solution obtained from
the basic algorithm.

selection, the usable torque and the engine speed is shown and to the right
the exhaust gas temperature, the exhaust gas �ow, the SCR substrate tem-
perature and the exhaust brake usage can be seen. For the solutions with the
basic algorithm the graphs of the exhaust gas temperature, exhaust gas �ow,
SCR substrate temperature and exhaust brake percentage were calculated
using the optimal solution, i.e. they were not calculated in the algorithm.
The green dotted line in the plot of the SCR substrate temperature is the
temperature limit at which the engine shifts mode.

6.1.1 Resulting solution of a downhill slope

As road pro�le of the downhill calculations a road segment of 2000 meters was
used. It starts with a 500 meter long �at segment followed by a 1000 meter
long downhill slope of minus three percent and lastly it ends in another 500
meter long �at segment. The solution is shown in Figure 6.1.1. As seen in
the plots to the left, the solutions are almost identical, but the SCR substrate
temperature di�ers. In the SCR algorithm the temperature sinks faster as
well as it rises faster. The algorithm using the exhaust system model used
98.9 % of the fuel used in the basic algorithm. The travel times were, of
course, identical.
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Figure 6.1.2: The resulting solutions on a 2 km long road segment with an
uphill slope of four percent. The blue graphs are from the solution obtained
with the SCR algorithm and the red is the solution obtained from the basic
algorithm.

6.1.2 Resulting solution of an uphill slope

In the calculations of an uphill road slope segment a 2000 meter long road
horizon was used. Just as in the case with a downhill slope the road segment
starts and ends with 500 meter long �ats. In between there is a 1000 meter
long segment with a four percent slope. The solution is shown in Figure
6.1.2. Also for this road pro�le the two solutions are identical in the plots
to the left. However, a down shift of gear is used in the optimal solutions.
In the plots to the right it can be seen that the exhaust gas temperature
and �ow are a bit higher at two points for solution obtained with the basic
algorithm. It can also be seen that the temperature of the SCR substrate
rises faster for the model with an exhaust system. The two solutions have
the same fuel consumption and travel time.

6.1.3 Resulting solution of a combined slope

Lastly the algorithms were tested on a 5000 meter long road segment with
a combination of an uphill and downhill slope. The road segment consisted
of three �ats of 1000 meters and between �at one and two there was an
uphill road segment of three percent and between �at two and three there
was a downhill slope of minus three percent. The slope segments were 1000
meters long. The resulting optimal solutions are shown in Figure 6.1.3. The
solutions are once again identical in the plots to the left, but di�ers a bit in
the plots to the right. Just as in the two previous cases there are some minor
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Figure 6.1.3: The resulting solutions on a 5 km long road segment where the
uphill slope is of 3 percent and the downhill slope is of minus 3 percent. The
blue graphs are from the solution obtained with the SCR algorithm and the
red is the solution obtained from the basic algorithm.

di�erences in exhaust gas temperature and �ow and some clear di�erences
in SCR substrate temperature. In the same way as in Section 6.1.2 the total
amount of fuel used and the travel time are identical for the two solutions.

6.1.4 Comparing calculation times of the two algorithms

In this section the calculation times of the two developed algorithms are
presented. The calculation times for some di�erent slope lengths and algo-
rithm settings are shown in Table 6.1.1. As seen, the calculation time of
the SCR algorithm varies widely depending on the number of SCR substrate
temperatures states, R, used. For the basic algorithm the calculation times
are mostly dependent on the road horizon. The values in column "Range
vnext" corresponds to if a limitation on the search space of the vehicle speed
was used or not.

6.2 Results of algorithm e�ciency improving measures

In this section the results of the e�ciency improving measures discussed in
Section 5.5 will be presented.
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Road horizon [m] R Range vnext Timeexh [h] Timeno_exh [min]

1500 75 Used 1.92 0.81
1500 175 Not used 10.15 0.79
2000 75 Used 2.54 0.95
2000 175 Not used 13.63 1.04
3000 75 Used 3.79 1.43
3000 175 Not used 20.44 1.56
3500 75 Used 4.42 1.65
3500 175 Not used 23.85 1.89
5000 75 Used 6.22 2.28
5000 175 Not used 33.79 2.56

Table 6.1.1: The resulting calculation times of the two algorithms developed
in this thesis for a number of di�erent situations.

Road horizon [m] R = 75 [h] R = 125 [h] R = 150 [h]

1500 1.92 5.01 7.41
2000 2.55 6.66 9.89

Table 6.2.1: The resulting calculation time of the algorithm using three
di�erent SCR substrate temperature state spaces.

6.2.1 Decreasing the number of SCR temperature states

By varying the number of feasible SCR temperature states in the SCR algo-
rithm the calculation time can be improved. As explained in Section 5.5.1
there are two ways of changing the number of feasible states. One way is to
change the range of the states and the other is to change the spacing between
the states. Both techniques can be used to change the number of feasible
states, but ultimately it is the number of states that a�ects the calculation
time. The calculations were performed on two di�erent road horizons, 1500
meters and 2000 meters. The results are shown in Table 6.2.1. It can be
seen that the calculation time grows about linear with the number of states.

6.2.2 Changing the use of the maps

In order to determine how much in�uence the new usage of the maps has
on the calculation time, the basic algorithm was compared to the algorithm
used in [3]. The calculations were performed for four di�erent road horizons.
In the calculations no limitations on the search space of the vehicle speed
were used. The results are shown in Table 6.2.2. As seen in the table, the
algorithm calculation times are decreased with 22-27 % when using the new
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Road horizon [m] New algorithm [s] Old algorithm [s] Ratio [%]

1500 48 65 74
2000 66 88 75
3000 96 132 73
3500 116 149 78

Table 6.2.2: The resulting calculation time of the algorithm using the maps
as a look-up table (new algorithm) compared to using the map to interpolate
the true value (old algorithm).

Map E [10−5]

Fueling rate standard mode 11.6
Fueling rate warming mode 12.0
Exhaust gas temperature standard mode 16.4
Exhaust gas temperature warming mode 17.5
Exhaust gas �ow standard mode 8.13
Exhaust gas �ow warming mode 9.69

Table 6.2.3: The resulting average errors, E, using formula (5.5.5) for the
six di�erent maps used in this thesis.

approach to the maps.

As explained in Section 5.5.3 the error using the estimated value from the
maps needed to be quanti�ed. In Table 6.2.3 the results of using equation
(5.5.5) on the six di�erent maps are shown. The number of grid points used
in the calculations were 532 851. As can be seen the average error is about
0.01 % of the maximum values in the maps.

6.2.3 Limiting the search space of the vehicle speed

To evaluate the e�ect of the search space limitation on the vehicle speed,
explained in Section 5.5.4, the basic algorithm was run twice, once with the
limitation improvement and once without limitations on the search space of
the vehicle speed. The limit values were set to [∆v,small,∆v,mid,∆v,big] =
[5, 8, 10] and if the vehicle were travelling on a �at road segment the lim-
its vlim,low and vlim,high were set to ∆v,mid. Otherwise, if the vehicle was
travelling in an uphill slope vlim,low = ∆v,big and vlim,high = ∆v,small and
reversely if the vehicle was travelling in a downhill slope vlim,low = ∆v,small

and vlim,high = ∆v,big. Thus if travelling in an uphill slope the vehicle was
allowed to lower the speed into the next step with a larger amount than in
a downhill slope or on a �at. The resulting calculation times for the basic
algorithm is shown in Table 6.2.4. As seen, using the vehicle speed search
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Road horizon Limiting [s] No limiting [s] Ratio [%]

1500 44 48 92
2000 59 65 91
3000 88 96 92
3500 101 116 87
5000 145 157 92

Table 6.2.4: The calculation times using the basic algorithm and limitations
on the vehicle speed search space compared to using the algorithm without
limitations.

space limitation led to an increased e�ciency of 8-13 %.

6.2.4 Compiling to C code

As explained in Section 5.5.5 an attempt was made early in the development
process of the algorithm to compile the Matlab code into C code. Using the
compiled code resulted in about twice as long calculation times.
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7 Discussion

In this section the results presented in Section 6 will be discussed. The
discussion will be separated into parts. The main objective of this thesis
work was to �nd and implement a model of the exhaust system in order to
see how much a�ect the Euro VI legislations, presented in Section 1.1, will
have on the optimal solution of the optimal control problem investigated in
[1] and [3]. Thus, a model of the exhaust system has been developed as
described in Section 3. Another objective of this thesis was to try to �nd an
algorithm suitable for online usage in a heavy truck. In order to do this and
also since a simple complexity analysis of the suggested algorithm indicated
that the calculation time would be very long for the SCR algorithm, a lot
of time during this thesis has been spent trying to �nd ways to make the
algorithm more e�cient.

7.1 Discussion of the model and algorithm validity

In this section the results from Section 6.1 will be discussed. As seen in
Figures 6.1.1, 6.1.2 and 6.1.3 the solutions of the two algorithms developed
in this thesis looks very similar when it comes to speed pro�le, gear selec-
tion, usable torque and engine speeds. Taking a closer look on the plots of
exhaust gas temperature, exhaust gas �ow and SCR substrate temperature
reveals a weakness in the SCR algorithm. In the downhill case the exhaust
gas temperature and �ow are almost identical, but still the SCR substrate
temperature reacts much faster in the SCR algorithm. If the exhaust gas
temperature, exhaust gas �ow and vehicle speeds are identical, so should the
SCR substrate temperature since theses are the only three variables e�ecting
the substrate temperature according to the model. In the uphill case there
is also a di�erence in the exhaust gas temperature and �ow at two points.
This could indicate that the error lies within the calculations of the exhaust
gas temperature and �ow of the basic algorithm. However, the two points
corresponds to the positions at which gear shifts are taking place. In these
situations a separate vehicle model is used as explained in Section 2.5. This
model has not been accounted for in the calculations of the exhaust gas tem-
perature and �ow for the basic algorithm. The part of the program that does
these calculations was only supposed to be a simple tool for analysing the
SCR algorithm, thus the calculations were simpli�ed in this aspect. But in
the downhill solution there is no gear shift and thus this can not be the cause
of the error in the calculations of the SCR substrate temperature. Thus it
can be assumed that there exists some bug in the algorithm calculation that
could not be identi�ed within the thesis work due to time limitations.
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Looking at the calculation times of the two di�erent algorithms in Table
6.1.1 it is apparent that the calculation times of the SCR algorithm are
much larger than the corresponding times for the basic algorithm. In order
for an algorithm to have a theoretical chance of working online in a vehicle
the algorithm needs to be able to �nd a solution faster than the vehicle travel
the distance of the model horizon. Since the maximum allowed speed of a
heavy truck is 90 km/h or 25 m/s a simple validation can be performed. In
60 seconds a vehicle at maximum speed travels 1500 meters. Thus, in order
for the algorithm to be able to run online it needs to be able to �nd the
solution of the optimal control problem in less than one minute. As seen the
SCR algorithm is far away from achieving this with calculation times varying
in between two and ten hours for a horizon of 1500 meters. However, the
basic algorithm is able to do this with calculation times between 40 and 50
seconds for that distance.

Another thing that might appear a bit strange is the fact that the fuel
consumption is slightly lower in the SCR algorithm. As explained in Section
1.2 the engine should go into a more fuel consuming warming mode when the
temperature passes below a temperature limit, θlimit. However, by observing
the di�erence in fueling rate shown in Figure 2.7.2 it can be seen that for
certain engine torques and speeds the fueling rate is actually lower in the
warming mode than in the standard mode in regions where the engine does
not work at maximum capacity. This may be an e�ect of the fact that
the map values are most precise when the engine is working at maximum
capacity. Thus it is theoretically possible to �nd solutions where less fuel
is consumed in the warming mode than in the standard mode. But if the
engine was to work in the warming mode for a longer period of time more fuel
would be consumed than in the standard mode since for most combinations
of Te and ωe the fueling rate is higher in the warming mode. As would
be expected for the identical solutions obtained in the uphill and combined
study cases the total fuel consumption is also identical, since the engine is
always working in the standard mode. This is something that speaks for the
validity of the algorithms.

7.2 Discussion of the e�ciency improvements

In this section the results of the e�ciency improvements presented in Section
6.2 will be discussed.
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7.2.1 The number of SCR substrate states

As seen in Table 6.2.1 the calculation times of the SCR algorithm grows
with the number of SCR substrate temperature states. This is as expected.
The calculation time also seems to grow linearly with the number of states
which is what was expected due to the complexity analysis in Section 5.4.
Since the number of states required in order to obtain the correct optimal
solution grows with the horizon length it is di�cult to limit the number of
states by limiting the range of the states. What can be done is to change
the spacing between the states. In order to �nd the optimal state spacing
an analysis of how the state spacing e�ects the optimal solution needs to
be made. But since the algorithm does not calculate the SCR substrate
temperature correctly at this point, that bug would have to be �xed �rst.

7.2.2 The map usage

In Table 6.2.2 it can be seen that the calculation time is decreased consider-
ably by using the maps as look-up tables where the closest map value is used
instead of the interpolated true value. This change decreases the calculation
time by approximately 25 %. From Table 6.2.3 it can also be concluded that
the potential error this change would introduce can be neglected in compar-
ison with the uncertainties of the map values. This change does however
demand more memory, since a more �nely distributed map would need to be
stored in order to keep the accuracy at a high level. Since there is a limited
amount of storing space on a vehicle, a more detailed study of how �nely
distributed the maps need to be compared to the memory usage of storing
the maps could be undertaken. That is however outside the scope of this
thesis.

7.2.3 Discussion of limiting the search space of the vehicle speed

It is possible to decrease the calculation time 8-13 % by using a limitation
on the vehicle speed search space as discussed in Section 5.5.4. This can
be easily seen in Table 6.2.4. It is however important that the limitations
on the search space is not too strict, since that would remove good feasible
solutions. In this thesis a very simple form of limitation is used. It is very
likely that better ways to limit the search space exists.
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7.2.4 The attempt to compile the code

The attempt to compile the Matlab code into C code did not give a quick
improvement of the calculation time. In fact the attempt led to an increase of
the calculation time. Normally an interpreted language as Matlab would be
less time e�cient than a compiling language as C. This would especially be
true for a program with many for-loops as used in the algorithms developed
in this thesis. Matlab has, however, many time optimized functions that can
be used in matrix multiplications. And since the developed programs also
calculates a lot of matrix multiplications, that can explain the increase of
the calculation time. It might be possible to rewrite the algorithm so that it
is better suited for C compiling, but it was deemed that such an operation
would take too much time and thus this way of decreasing the calculation
time was abandoned in this thesis.

7.3 General discussion of the thesis

As discussed in the earlier sections the SCR algorithm is very time consum-
ing. This is mostly due to the SCR substrate temperature states. It would
be very desirable to eliminate the need of those states. This does not seem
impossible, since usable engine torque and engine speed can be uniquely de-
�ned even without the exhaust system model. Looking more closely on the
problem, the task proves to be more di�cult. Since the algorithm works its
way backwards through the states in order to �nd the optimal solution it
is of importance that the last state is known. For the vehicle speed, gear
selection and position this state can be easily identify. This is not the case
with the SCR substrate temperature. Because of the fact that engine torque
and speed is uniquely de�ned without the SCR substrate temperature it is
impossible to control the temperature of the substrate once the speed and
gear is chosen. Thus all feasible temperature states must be considered as
feasible �nal states, i.e. θSCR,sf ∈ θSCR,span.

The initial condition is, however, easily de�ned since it can be measured.
Thus it would be possible to reverse the algorithm presented in Section 5.2
so the calculations would start at the initial state and compute the optimal
solution from there. The di�erence of these approaches are shown in Figure
7.3.1.

Changing the algorithm in this way would, however, result in a very unfortu-
nate side e�ect. The way the algorithm currently operates it can be used in
a feedback loop, which is the second demand on an algorithm if it were to be
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Figure 7.3.1: The left illustration shows how the algorithms developed in
this thesis works. The illustration to the right shows how it can be changed
in order to remove the SCR substrate temperatures from the state space.

used online in a vehicle. This is because the algorithm only needs the �nal
state as input. Then the optimal solutions from all states are calculated. In
the last step the initial conditions are used to �nd the optimal solution from
the initial state. Lets imagine the algorithm was used online in a vehicle
and the optimal solution of a three step road segment from point A to point
C had been calculated with an optimal state B̂ at position B. Then if the
optimal controls for transition A to B were used and the new state became
B′ 6= B̂ due to model uncertainties, the entire algorithm does not need to
be computed once more. It would be su�cient just to re-run the last step
of the algorithm in order to generate a new optimal solution from state B′.
This would only require a very small part of the calculation time needed to
�nd the initial optimal solution. If the algorithm was to be changed so that
the calculations would start from an initial position that is clearly de�ned,
the algorithm would instead �nd the optimal solutions to all other future
states. Because of this, it would be impossible to use such an algorithm in
a feedback loop. Thus it seems to be necessary to use a model with SCR
substrate temperature states. The di�erence between the two suggested al-
gorithms are illustrated in Figure 7.3.1.

At last an observation about the di�erence in fueling rate between the stan-
dard mode and the warming mode is made. It can be seen that the di�erence
in fueling rate is very small, only ±3 % of the maximum value from the maps.
The mean value of the graph shown in Figure 2.7.2 is only 0.3 % of the maxi-
mum values in the maps. With such a small di�erence it is almost impossible
to get any conclusive results since the uncertainties in the maps are probably
at least of the same magnitude.

Marcus Bergman, <marcberg@kth.se> 51



Master thesis

8 Conclusion

This thesis work had two objectives. The �rst was to develop a model of
the exhaust system in order to �nd out how the Euro VI legislations would
e�ect the optimal solution of the optimal control problem that arises in a
Look Ahead Cruise Controller used in a heavy truck. The second objective
was to try and �nd ways to improve the algorithm e�ciency so it might be
used online in a vehicle.

A mathematical model of the exhaust system was developed and imple-
mented into the algorithm used in [3]. The program does, however, have
at least one bug since it does not calculate the SCR substrate temperature
correctly. Thus, it is not possible to know how the Euro VI legislations ef-
fects the solution of the optimal control problem until the bugs have been
corrected. The calculation times required to obtain a solution with the SCR
algorithm are also very long. Because of this the algorithm is not suited
for online usage. Due to time limitations on the thesis work and the long
calculation times, it was decided that the completion of this program was
not a priority.

During the course of the thesis work a number of measures were taken to im-
prove the e�ciency of the algorithm. It can be concluded that an algorithm
that calculates the optimal solution of a road segment faster than the time
it takes to travel the same distance has been developed. The algorithm can
also be used in a feedback loop. More improvements and an analysis of the
memory usage might be needed in order for the algorithm to work online in
a heavy truck.
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9 Notation

Variables

Te Useful engine torque
Tind Indicated engine torque
Tfric Friction torque in the engine
Tc Torque transmitted from the clutch to the gear-

box
Tw Torque at the wheels
Tb Braking torque
ωe Angular speed of the engine
ωw Angular speed of the wheels
i(g) Combined ratios of gearbox and �nal drive
η(g) Gear e�ciency
α Gradient of the road
v The vehicle speed
Fw Friction force on the wheels
Fa Force of external air resistance
Fr The roll resistance
Fg Gravitational force
Ftot Sum of all forces
g(t) Selected gear
Tin Ingoing torque to the gearbox
Tout Outgoing torque from the gearbox
Pin Ingoing power to the gearbox
Pout Outgoing power from the gearbox
ωin Angular speed into the gearbox
ωout Angular speed out from the gearbox
ṁ(Te, ωe, θSCR) Fueling rate
θSCR Temperature of the SCR substrate
θgas,e Temperature of exhaust gas leaving the engine
θgas,scr Temperature of exhaust gas arriving at the SCR

substrate
Qgas Exhaust gas �ow
Qgas,EGR Exhaust gas �ow when EGR is active
x State vector
u Control vector
ug Gear selection control variable
J Optimal cost
M Total fuel consumption
T Total travel time
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N Number of position states
V Number of vehicle speed states
G Number of feasible gears
R Number of SCR substrate temperature states
vmin Minimum allowed vehicle speed in the model
vmax Maximum allowed vehicle speed in the model
E Error introduced when changing the usage of the

maps
∆v,small Tight limitation on the search space
∆v,mid Medium limitation on the search space
∆v,big Wide limitation on the search space
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Constants

Je Engine inertia
Jw Inertia of the wheels and driveline
rw E�ective wheel radius
m Mass of the vehicle
cw Air drag coe�cient
Aa Cross section area of the vehicle front
ρa Air density
cr Drag coe�cient when rolling
g0 Gravitational constant
Te,max Maximum engine torque
Te,drag Engine drag torque
fmap,standard Fuel map of standard engine mode
fmap,warming Fuel map of warming engine mode
θlimit Temperature limit of the SCR substrate at which

the engine changes mode
ψmap,standard Exhaust gas temperature map of standard en-

gine mode
ψmap,warming Exhaust gas temperature map of warming en-

gine mode
qmap,standard Exhaust gas �ow map of standard engine mode
qmap,warming Exhaust gas �ow map of warming engine mode
ν Cooling factor of the exhaust gas
X State space
U Control space
m0 Empirical value of thermal inertia of the cat-

alytic substrate
h Algorithm step size
dshift Distance travelled during a shift of gear
τshift Time of a gearshift
Z Arbitrary map
Zmax Maximum value in map
S Number of grid points
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