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Abstract

A new general linear contact-interaction model is derived for treat-

ing the dynamic excitation that is due to the rolling contact of rough

surfaces. It is shown that the relative-displacement and blocked-

force models are special cases of this model. A numerical contact-

computation program is utilised to compute the parameters of the

contact-interaction model. This program accounts for the detailed

surface geometry within the contact region. Furthermore, since con-

tact between rough surfaces is accompanied by locally high stresses,

an approximate method for treating plasticity is integrated in to the

contact-computation program. The non-stationary response of the

contacting bodies is accounted for by a state-space formulation, utilis-

ing a modal representation of the dynamic response of the two struc-

tures, respectively. As a consequence, the parameters of the contact-

interaction model have to be time-dependent. This is dealt with

by employing a Monte-Carlo procedure that generates representative

time-dependent parameters.

1 Introduction

All real surfaces are rough in most length scales. Machined surfaces have a
regular structure associated with the manufacturing process. Some statistical
variation is nevertheless present. Surface roughness is important in predicting
the noise generated in rail-wheel contacts. It has also been shown [1–3] that
the surface micro-geometry of gear teeth may have a substantial influence on
noise generated in gearboxes.

1



A lot of research [4–10] was carried out during the 1970s on how to
model the vibration caused by the rolling contact of rough surfaces. Rem-
ington [11, 12] (1987) presented and validated a comprehensive model for
the prediction of the noise caused by a railway wheel rolling on a track,
verifying that small-scale roughness on the running surfaces is a major con-
tributor. The contact-interaction model includes local contact stiffness as
well as spatial filtering of the surface roughness owing to the finite size of
the contact area. Thompson [13,14] (1993) generalises this interaction model
by also including cross-receptances, coupling the response in different direc-
tions at the contact. Thus, in addition to the relative displacement caused
by the surface roughness, normal to the contacting surfaces, similar inputs
in other directions may be included. Remington and Webb [15] (1996) ex-
amines two calculation procedures for estimating the blocked-contact force
spectrum caused by roughness in a rail/wheel contact. This is the contact
force obtained when restricting the relative movement of wheel and rail. By
combining the blocked-contact force with a linearised contact stiffness and
the wheel and rail impedances, the true interaction-force spectrum is esti-
mated.

The above-mentioned models are applied to stationary situations. In
this study, a time-domain state-space methodology is formulated, combining
stationary statistical properties of the surface topographies with the non-
stationary dynamic response of the interacting structures. More specifically,
a general linear contact-interaction model is derived, and it is noted that the
relative displacement [11, 12] and the blocked-force term [15] are included
in this model. A numerical contact-computation procedure [16], taking into
account the rough topographies, is used to find the parameters of the contact
model. The procedure works by dividing the contacting surface topographies
into small rectangular cells. By assuming that the pressure within each cell
is constant, an influence matrix is found [17], relating the deformation of
the cells with the applied pressures. Given a prescribed approach of the
interacting bodies, the resulting pressure distribution is found by iteratively
solving the resulting equation system. Nielsen & Abrahamsson [18] (1992)
also treats a contact-interaction problem in time-domain using a state-space
methodology. Local contact deformation, however, is not taken into account.

In practice, it is not always possible to measure the surface topography
along the complete path of contact. This means that computed quantities,
such as the blocked-force term, are valid only for a substantially shorter
path. For the stationary case [15], this is not a problem. The stationary
response spectrum is obtained by taking the Fourier transform of the com-
puted quantity and introducing this in the linear contact-interaction model.
A method for treating the non-stationary case is developed here. Although
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the computed quantity, e.g. the time-varying blocked force or the relative
displacement, is obtained from a short part of the contact-interaction path,
it is assumed that the corresponding power spectral density (PSD) represents
the complete path. Given the computed PSD, a Monte-Carlo procedure is
employed to generate time-varying terms valid along the complete rolling
contact path. The simulated terms are introduced in a time-domain contact-
interaction model. For the problem studied here, the non-stationary dynamic
response of two structures in rolling contact is obtained by combining the
contact-interaction model with a state-space formulation of the equations of
motion.

2 Formulation of physical model

The problem of two structures with rough surfaces in rolling contact is con-
sidered. The equations of motion for each structure are reduced to a finite
degree of freedom system in Section 2.1. A generalised linear model for the
contact-interaction force is derived in Section 2.2, providing a relationship
between surface roughness, elastic deformation and contact force. The con-
stituents of the contact-interaction model are found by utilising a numerical
contact-computation procedure. This is described in Section 2.3. The sta-
tistical properties of the surface topographies are taken into account by the
Monte-Carlo simulation procedure in Section 2.5.

2.1 Equations of motion in modal co-ordinates

Consider a structure excited by the time-dependent force Fc(t) at position
ξ(t) at its surface, and with a dynamic response governed by the partial linear
differential equation

m(x)ẅ(x, t) + Cẇ(x, t) + Lw(x, t) = Fc(t)δ (x− ξ(t)) (1)

where w(x, t) is the time-varying displacement of the structure at position
x, m(x) represents the mass distribution and δ(·) is the Kronecker delta-
function. The linear homogeneous operators C and L, where L is self-adjoint,
involve spatial derivatives of w through order 2s, where s is an integer. The
special case of a force moving over the structure with the constant velocity
v can be considered by replacing the right-hand term with Fc(t)δ (x− vt).

Associated with (1) there are s boundary conditions that have to be
satisfied,

Biw = 0, i = 1, 2, . . . , s, (2)
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where the boundary operators Bi are linear homogeneous differential opera-
tors of maximum order 2s− 1. In addition, there are two initial conditions

w(x, 0) = w0(x), ẇ(x, 0) = v0(x). (3)

An approximate solution of (1) is found by considering the first N orthogonal
eigenfunctions up, p = 1, . . . , N , with associated modal coefficients qp(t) [19]:

w(x, t) =
N∑

p=1

qp(t)up(x). (4)

The eigenfunctions are obtained by considering the undamped homogeneous
part of (1),

m(x)ẅ(x, t) + Lw(x, t) = 0, (5)

which has the corresponding differential eigenvalue formulation

λm(x)w(x) = Lw(x). (6)

The eigenvalues and the corresponding eigenfunctions are given by λ =
λp ≡ ω2

p, where ωp are the natural frequencies, and by w(x) = up(x),
p = 1, . . . , N , simultaneously satisfying (6) and (2). The orthogonal eigen-
functions are normalised such that (uq,mup) = δqp, where δqp is equal to one
if and only if q = p, otherwise zero, and the inner product

(a, b) =

∫

a(x)b(x)dx. (7)

By introducing the expansion (4) in (1) and utilising that (uq,mup) = δqp,
the modal equations of motion are obtained as

q̈p(t) +
N∑

n=1

cpnq̇n(t) + λpqp(t) = Fc(t)up(ξ(t)), p = 1, . . . , N, (8)

where cpn = (up, Cun), and the initial conditions are

qp(0) = (up,mw0), q̇p(0) = (up,mv0), p = 1, . . . , N. (9)

A simplification is introduced by assuming that cpn = cpδpn. This is the case
when the damping is proportional; that is when C = αm + βL. As a result
of this, a set of uncoupled equations is obtained:

q̈p(t) + cpq̇p(t) + λpqp(t) = Fc(t)up(ξ(t)), p = 1, . . . , N. (10)
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The above N equations are rewritten as the 2N × 2N state-space system

ż = Az + F , (11)

where

z =

[
q̇

q

]

, A =

[
−C −Λ
I 0

]

and F =

[
Fc(t)u(ξ(t))

0

]

. (12)

The elements in the vectors q and u(ξ(t)) are qp and up(ξ(t)), respectively.
The matrices C and Λ are diagonal with elements cp and λp, and I is the
N×N identity matrix. By solving system (11), with initial conditions (9), the
state-space variables qn(t) and q̇n(t) are obtained. The physical displacement
w(x, t) is then given by (4).

In the case of two bodies (denoted by subindex 1 and 2) in rolling contact,
a system similar to (11) is derived for each structure. The structures are
coupled through a mutual contact-interaction force Fc(t), and the response
is obtained by solving

[
ż1

ż2

]

=

[
A1 0
0 A2

] [
z1

z2

]

+

[
F 1

F 2

]

, (13)

where

F 1 =

[
Fc(t)u1(ξ1(t))

0

]

and F 2 =

[
−Fc(t)u2(ξ2(t))

0

]

. (14)

The contact-interaction force Fc(t) is dependent on the topographies of
the contacting surfaces as well as on the deformation within the region of
contact. A theoretical model for the relation between surface topography,
elastic deformation and the contact-interaction force is developed below.

2.2 Contact-interaction model

A close-up of two bodies in rolling contact is shown in Figure 1, where x1

and x2 are the contact-interaction paths along the two surfaces. At time t
the centre of the contact region is positioned at ξ1(t) along x1 and at ξ2(t)
along x2. The contact region is thus moving with the velocity ξ̇1(t) relative
to x1 and the velocity ξ̇2(t) relative to x2.

The global vibratory displacements w1(x1, t) and w2(x2, t) are positioned
slightly below the interacting surfaces, outside the region of contact defor-
mation. The primary region of local contact deformation is indicated by the
shadowed area in Figure 1. Thus, the difference w2(ξ2, t) − w1(ξ1, t) of the
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x1

ξ1(t)

w1(ξ1, t)
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w2(ξ2, t)

r1

r2

Figure 1: Contact interaction.

contacting structures at the moving point of contact is accompanied by local
contact deformation unless the difference is not too large, since this results
in loss of contact.

Consequently, assuming that the interacting surfaces are flexible, the
contact-interaction force Fc(t) is a function of the difference w2(ξ2, t)−w1(ξ1, t).
For example, keeping w2(ξ2, t) fixed and increasing w1(ξ1, t) brings the two
bodies closer. This is accompanied by a rise of contact-interaction force that
is due to a greater amount of local contact deformation.

Since the surfaces are rough, with topographies r1 and r2, the contact
force is also a function of the topographies at the contact. The surface to-
pographies are position dependent and may even vary within the contact
region. The notations r1(ξ1) and r2(ξ2) are introduced, denoting the surface
topographies within the contact region. In Figure 1, a two-dimensional sec-
tion of the contact is shown, indicating that r1 and r2 can be represented
by two vectors. For three-dimensional problems, r1(ξ1) and r2(ξ2) would
typically be represented by two matrices, the value of each element in the
matrices representing the surface amplitude at the corresponding position
within the contact region. As the region of contact moves, the values within
the matrices change accordingly. The rate of change is directly related to
ξ̇1(t) and ξ̇2(t).

2.2.1 The relative-displacement contact-interaction model

The relative-displacement model [11] is obtained by assuming that the surface
topographies provide a varying relative displacement dc(t) between the two
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bodies, and that the contact force is proportional to w1 − w2 + dc:

Fc(t) = k0 · (w1(ξ1, t)− w2(ξ2, t) + dc(t)) , (15)

where k0 is a contact stiffness. Thus, the combined roughness of the two
bodies can be seen as a deformable band of varying thickness dc(t), being
dragged through the contact.

2.2.2 The blocked-force contact-interaction model

The blocked-force excitation model [15] is an alternative to the relative-
displacement model. The blocked force F0(t), is the contact force obtained
while fixing the global distance w2(ξ2, t) − w1(ξ1, t) between the contacting
structures at the point of contact during rolling. In other words, allow-
ing for local contact deformation, but otherwise preventing the two bodies
from moving relative to one another. The corresponding contact-interaction
force [15] is given by

Fc(t) = F0(t) + k0 · (w1(ξ1, t)− w2(ξ2, t)) , (16)

where k0 again is the effective stiffness of the contact. Remington &Webb [15]
computed the blocked contact-interaction force in a wheel/rail contact by
keeping the rail fixed, and allowing the wheel to move as a rigid body. More-
over, the wheel was attached to a damper to prevent excess motion at the
contact resonance. Contact deformation was dealt with by a numerical pro-
cedure, considering the surface topographies of the interacting surfaces, and
treating the wheel and rail as if they were infinite elastic half-spaces. For
the problem considered, it was noted that roughness components with long
wavelengths have much higher magnitude than the shorter wavelength com-
ponents that are important for noise generation. By selecting the mass of
the wheel carefully and computing the response of the coupled system, the
wheel follows the long wavelength surface topography, generating little force
and avoiding loss of contact, while generating the effective blocked force F0(t)
for the shorter wavelengths of interest. The contact-interaction force is then
obtained as seen in equation (16).

2.2.3 Derivation of a new general linear contact-interaction model

The object is now to start from a general expression for the contact-interaction
force, say gc(t), and derive a linear model. Thus,

Fc(t) = gc (w1(ξ1, t)− w2(ξ2, t), r1(ξ1), r2(ξ2)) , (17)
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where ξ1 = ξ1(t) and ξ2 = ξ2(t) are the position of the contact region at the
surfaces of the two contacting structures. The above expression simply states
that the contact-interaction force is a function of the global displacements
w1 and w2 of the two bodies, as well as of the surface topographies r1 and
r2 within the region of contact. The contact force will increase with increas-
ing w1(ξ1, t) − w2(ξ2, t), owing to local contact deformation. The function
gc may represent a numerical procedure; for instance, a finite element com-
putation that accounts for deformation in the vicinity of the contact. For
many applications, a linear contact-interaction model is sufficient. Rather
than employing a possibly time-consuming numerical procedure for comput-
ing Fc(t), accurate enough results might be obtained by linearising (17) and,
instead, introducing that model in Equation (14). An essential question is
how this linearisation is brought about. For example, a reasonable assump-
tion is that the surface topographies r1 and r2 provide a varying displace-
ment dc(t) between the two bodies, contributing to the dynamic excitation.
This is, in fact, the basic assumption of the relative-displacement excitation
model [11]. However, other choices of dc(t) may also provide valid linear
contact-interaction models.

Expanding gc with respect to w2(ξ2, t)− w1(ξ1, t) at dc(t) results in

Fc(t) ≈ gc (−dc(t), r1(ξ1), r2(ξ2)) +
∂gc

∂ (w1 − w2)
︸ ︷︷ ︸

kc

· [w1(ξ1, t)− w2(ξ2, t)− (−dc(t))]

= gc (−dc(t), r1(ξ1), r2(ξ2)) + kc(t) · [w1(ξ1, t)− w2(ξ2, t) + dc(t)] ,

(18)

where kc(t) is a varying contact stiffness. A linear time-invariant contact
model is obtained by replacing kc(t) with a fixed estimate, say k0, resulting
in

Fc(t) = gc (−dc(t), r1(ξ1), r2(ξ2)) + k0 · [w1(ξ1, t)− w2(ξ2, t) + dc(t)] . (19)

Up to this point no new concepts have been introduced. We have simply
linearised the non-linear contact-interaction model (17) by expanding it with
respect to the specific relative displacement dc(t). This results in the linear
model (19). Obviously, the crucial step is how to choose dc(t). This quantity
should be close to the actual relative displacement of the two bodies when
they are brought into rolling contact.

Let us generalise the definition of the blocked force. Instead of restricting
the relative displacement to a constant distance between the two bodies, we
may choose a varying distance, say bc(t). A consequence of the extended
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definition is that the blocked force with respect to bc(t) is the contact force
obtained under the restriction w2(ξ2, t) − w1(ξ1, t) = bc(t). By choosing a
constant bc(t) = b0, the extended definition of the blocked force is reduced to
the original definition [15]. A consequence of the extended definition is that
the first term in the right-hand side of (19) is identified as the blocked force
with respect to dc(t). Denote this term by F0(t, dc(t)). This brings about

Fc(t) = F0(t, dc(t)) + k0 · dc(t) + k0 · [w1(ξ1, t)− w2(ξ2, t)] . (20)

The above expression is a generalised linear contact-interaction model. Note
that this is equivalent to the model (19). We have simply identified
gc (−dc(t), r1(ξ1), r2(ξ2)) as the blocked force with respect to dc(t) and la-
belled it F0(t, dc(t)).

2.2.4 Relation between derived contact model and other models

It is easy to verify that the derived model (20) is reduced to the blocked-force
contact-interaction model, when expanding the expression (17) with respect
to a constant relative displacement dc(t) = d0, since this reduces (20) to

Fc(t) = F0(t, d0) + k0 · d0 + k0 · [w1(ξ1, t)− w2(ξ2, t)] , (21)

where F0(t, d0) is equivalent to the original definition of the blocked force
F0(t), discussed in Section 2.2.2. Note that the above-stated expression differs
from the blocked-force excitation model (16) by the term k0 · d0. The size
of this term, however, is a consequence of how the reference co-ordinates
of w1(ξ1, t) and w2(ξ2, t) are chosen. As a matter of fact, starting from the
blocked-force excitation model (16) and changing the origin of w1(ξ1, t) by
d0 brings about the model (21).

Alternatively, we may linearise gc(t) in another way, expanding it with
respect to the specific dc(t) that brings about a constant F0(t, dc(t)) = F0.
Before doing this, let us reflect upon the physical interpretation of this lin-
earisation. Consider two structures in rolling contact, for example a railway
wheel rolling over a rail. By allowing the wheel to roll very slowly over the
rail, the contact-interaction force will be a constant, corresponding to the
static load of the wheel on the rail. The resulting relative displacement of
the two bodies while rolling the wheel over the rail is the desired source of
excitation in the relative-displacement excitation model (15). If the geome-
tries, including surface topographies, of the wheel and the rail are know, as
well as their material properties, this experiment can also be carried out nu-
merically. But this is exactly what is undertaken when linearising gc(t) so
that F0(t, dc(t)) = F0. Thus, this choice of linearising gc(t) reduces (20) to:

Fc(t) = F0 + k0 · dc(t) + k0 · [w1(ξ1, t)− w2(ξ2, t)] . (22)
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This expression differs from the relative-displacement excitation model (15)
by the term F0. This term corresponds to the static contact-interaction force,
which is implicitly included in (15). Hence, this choice of linearising gc(t)
reduces the general contact-interaction model to the relative-displacement
model.

2.2.5 Validity of the derived contact-interaction model

The general linear contact-interaction model is reduced to either the relative-
displacement or the blocked-force contact-interaction model depending on
how dc(t) is chosen. A question of interest is whether other choices of dc(t)
will result in valid contact-interaction models.

Start again with the general model (17) and expand gc(t) with respect
to d1(t). This is the same procedure that resulted in the linear model (20),
bringing about the linear contact-interaction model

F1(t) = F0(t, d1(t)) + k0 · d1(t)
︸ ︷︷ ︸

P1(t)

+k0 · [w1(ξ1, t)− w2(ξ2, t)] .
(23)

On the other hand, we can expand gc(t) with respect to d2(t), resulting in

F2(t) = F0(t, d2(t))) + k0 · d2(t)
︸ ︷︷ ︸

P2(t)

+k0 · [w1(ξ1, t)− w2(ξ2, t)] .
(24)

The difference between the two linear models (23) and (24) is given by the
first two terms, respectively, denoted by P1(t) and P2(t). A first order ap-
proximation of the difference between these terms is obtained by expanding
P1(t) with respect to d1(t):

P1(t) =F0(t, d1(t)) + k0 · d1(t)

≈F0(t, d2(t)) +
∂F0(t, d1(t))

∂d1(t)
· [d2(t)− d1(t)] + k0 · d1(t).

(25)

But
∂F0(t, d1(t))

∂d1(t)
= kc(t). (26)

As previously, assume that the time-varying contact stiffness kc(t) can be
replaced with a constant k0. This results in

P1(t) ≈F0(t, d2(t)) + k0 · [d2(t)− d1(t)] + k0 · d1(t)

=F0(t, d2(t)) + k0 · d2(t) ≡ P2(t).
(27)
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Thus, P1(t) ≈ P2(t) for two different choices, d1(t) and d2(t), of linearis-
ing gc(t). For instance, we may choose dc(t) so that F0(t, dc(t)) is a con-
stant F0. This reduces the general contact-interaction model to the relative-
displacement model (22). On the other hand, another choice of dc(t), that is
dc(t) is a constant d0, reduces the general contact-interaction model to the
blocked-force model (21).

For the relative-displacement model, the quantity corresponding to P1(t)
and P2(t) is given by

Prelative(t) = F0 + k0 · dc(t). (28)

For the blocked-force model (21), the quantity corresponding to P1(t) and
P2(t) is given by

Pblocked(t) = P0(t) + k0 · d0. (29)

The general statement P1(t) ≈ P2(t) also has the consequence that Prelative(t) ≈
Pblocked(t). This explains why the relative-displacement and the blocked-force
model are equivalent ways of modelling the dynamic excitation that is due
to the rolling contact of rough surfaces. This also has another consequence.
We may choose other ways of linearising gc(t). The linear contact-interaction
model (20) will still be valid. Note, however, that there are some restrictions.
The linearisation of gc(t) must be made with respect to a reasonable dc(t).
This quantity should not differ too much from the actual relative displace-
ment of the contacting bodies during rolling. The above statement also has
consequences with regard to how how to measure the excitation term for
relative displacement. As in the railway example, this term can be estimated
by rolling the wheel slowly over the rail and registering the relative distance
between the wheel and the rail. The contact-interaction force during this
procedure should be very low or constant. This may, however, not be the
case. If the variation of the contact-interaction force is comparable to the
measured relative displacement dc(t) times the contact stiffness k0, that is
k0 · dc(t), the relative-displacement model is not valid. A correction of this
model should then be made by also including the measured contact force
F0(t), since this brings about the general linear model (20).

The applicability of any of the contact models mentioned here relies on es-
timating k0, dc(t) and F0(t, dc(t)), since the sum P0(t) = F0(t, dc(t))+k0 ·dc(t)
provides the dynamic excitation caused by surface roughness topography.
The classic approach [5–8,11–14] is to prescribe dc(t), omitting any contribu-
tion from F0(t, dc(t)), where dc(t) is directly related to the roughness on the
interacting surfaces. As previously discussed, this requires that the variation
of F0(t, dc(t)) should be smaller than k0 · dc(t). Stationary broad-band exci-
tation and response is most conveniently dealt with by providing the power
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spectral density as an input to a dynamic model instead of dc(t) directly.
Obviously, should the contacting surfaces have a predominantly wavy topog-
raphy, with long wavelengths compared with the size of the contact area,
then dc(t) is simply the sum of the surface topography amplitudes at the
point of contact. However, since wavelengths shorter than the size of the
contact area will contribute less effectively to dynamic excitation, dc(t) may
have to be modified by applying a low-pass filter [10], mimicking this effect.
Rather than prescribing dc(t), an alternative is to prescribe F0(t, dc(t)). For
instance by F0(t, dc(t)) = F1(t). Then dc(t) is given by the inverse problem
F1(t) = gc (−dc(t), r1(ξ1), r2(ξ2)). For instance, F1(t) may be selected as the
static contact force.

The specific procedure to be chosen depends on the problem at hand.
Model (20) is a linear expansion of (17) valid at relative displacements
w2(ξ2, t) − w1(ξ1, t) close to dc(t). Should dc(t) be well known, a natu-
ral course of action is to prescribe the relative displacement and compute
F0(t, dc(t)). On the other hand, it might be that F0(t, dc(t)) is the known
quantity, leading to the inverse problem of finding dc(t). An example of this
is the computation of the static transmission error in a gear/pinion contact.

Regardless of the approach taken, a method for estimating the parameters
in the contact model is required. Such a method is outlined below.

2.3 Contact computation

Given two rough surfaces in rolling contact, the object is to obtain the blocked
force F0(t, dc(t)) and the relative displacement dc(t) for the discrete times
t = t1, t2, . . . , as well as the contact stiffness k0 in Equation (20). Assuming
that the three-dimensional topographies of the contacting surfaces are known,
e.g. by measurements, a numerical contact computation can be used for
obtaining these quantities. Furthermore, an estimation of the damping c0

is required. It is, however, often quite difficult to choose a suitable value
of damping for a contact dynamics analysis. Soom & Chen [20] remarked
that one usually chooses this value from experience or measurement. The
procedure described below does not include an estimation of damping.

The problem (17) has to be formulated and solved for each discrete time
t = ti. With knowledge of the rolling velocity, each discrete time corresponds
to the positions ξ1(ti) and ξ2(ti) along surfaces 1 and 2 and the digitised
three-dimensional topographies r1(ξ1) and r2(ξ2). These are used as input to
a contact-computation program [16] that works by replacing the continuous
pressure distribution with a discrete set of elements. The contact computa-
tion applies to normally loaded, frictionless, elastic contacts, modelling the
interacting bodies as infinite half-spaces. Furthermore, it is assumed that the
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slopes of the surface asperities are small, so that the tangential component of
normal traction, and vice versa, may be neglected. This method of comput-
ing the pressure distribution was also used by Remington & Webb [15]. It is
well known that asperity contacts are accompanied by high local pressures,
resulting in plastic deformation even for small contact-interaction forces. A
modification of the contact program is described, accounting for plastic de-
formation.

Each of the two contacting surfaces is divided in N rectangular cells,
numbered so that the ith cell on surface 2 is directly above the ith cell on
surface 1. The vector h is introduced, denoting the gaps between the cells of
surfaces 1 and 2 before deformation. That is when the two surfaces are just
touching. The two bodies are brought into contact and deformed by allowing
distant reference points in the bodies to approach each other a distance of ac.
When the bodies are forced into contact, they will deform and support the
load at one or more contact areas. Assuming that the surface is divided into
a mesh of rectangular cells so small that the pressure within each cell can be
considered constant, the influence matrix G can be found, where component
Gij relates the deformation at cell i owing to a unit pressure in cell j. The
influence coefficients for a uniform pressure on a rectangular cell was found
by Love [17]. For a distributed contact, including a number of cells, the
pressure distribution p is obtained from the equation system

Gp = ac − h ≡ y, (30)

where all elements in ac are equal to ac. The sizes and shapes of the real con-
tact areas are not known in advance. An initial estimate, which will contain
the true contact region, is the contact area obtained if the bodies are allowed
to penetrate each other without any interaction. When solving equation
(30), the pressures at cells outside the true contact regions become negative.
These cells are removed and the equation system is solved iteratively until
all pressures are positive.

The solution obtained from the procedure described above rests on an
assumption of elastic deformation. However, in contacts between rough sur-
faces, it is often found that the pressures in some cells are excessively high,
implying that the deformation is plastic rather than elastic. An approxi-
mate method to account for this is to limit the allowable pressure by a yield
pressure PY . Equation system (30) is first solved according to the procedure
outlined above, removing all cells having negative pressures. The resulting
pressures are inspected, and all pressures exceeding the yield pressure PY

are removed from the equation system. The cells with plastic behaviour still
contribute, however, to the deformation at the elastic cells, and (30) thus
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becomes:
Geepe = ye −Geppp, (31)

where the subscripts e and p indicate cells with elastic and plastic behaviour,
respectively. For example,Gep denotes the rows ofG that correspond to cells
with elastic deformation and the columns that correspond to plastic defor-
mation. Equation (31) is repeatedly solved until all pressures are positive
and less than or equal to PY .

Other researchers have described similar methods to account for plasticity
in contact-pressure calculations [21–23]. The method is very simple and
certainly does not represent the true plastic behaviour in rough contacts. It
is, however, believed that when the plastic deformations are small and limited
to a minor part of the contact area, the approximate method described above
is sufficiently accurate for the purpose of this work.

The object of the contact computation is to generate a varying contact
force F0(t, dc(t)), given a varying displacement dc(t). Or, alternatively, to
compute dc(t) given a prescribed F0(t, dc(t)).

The relative displacement dc(t) = w2(ξ2, t) − w1(ξ1, t), where w2 and w1

are displacements of the interacting bodies outside the region of local contact
deformation, see Figure 1. Thus, for a given relative displacement, the global
approach ac is found and introduced as elements of ac in Equation (30), and
the numerical procedure described above is applied to find the pressure dis-
tribution. Multiplying the pressures in the cells by the areas and summing
the contribution from all contacting cells gives the contact force F0(t, dc(t)).
In addition to F0(t, dc(t)) the contact stiffness k0 is estimated. This is car-
ried out by first computing F0(t, dc(t)) for dc(t), denoting the mean value
of F0(t, dc(t)) by 〈F0〉, and then repeating the computation for dc(t) + ∆dc.
This brings about the mean value 〈F0〉 + 〈∆F0〉. The stiffness is estimated
from the ratio −〈∆F0〉 /∆dc.

On the other hand, should F0(t, dc(t)) be prescribed, the inverse contact
problem has to be solved to obtain dc(t), bringing about the mean value 〈dc〉.
Repeating the computation for F0(t)+∆F0, gives the mean value 〈dc〉+〈∆dc〉.
The stiffness is estimated from the ratio −∆F0/ 〈∆dc〉.

In practice, it is not always possible to measure the surface topography
along the total contact path of interest. Instead, the quantities F0(t, dc(t))
or dc(t) are computed from a substantially shorter contact-interaction path.
Given these quantities, a method to generate representative time-varying
quantities valid along the total path of rolling contact is required. This
procedure is described in Section 2.5.
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2.4 Conversion between wavenumber range and fre-

quency range

The contact-computation procedure is employed to obtain the time-dependent
quantity P0(t) = F0(t)+k0dc(t), resulting from moving the contacting bodies
relative to each other along the path of rolling contact. The corresponding
power spectral density (PSD) SPP (f), expressed in units squared per Hertz,
is obtained as

SPP (f) =
1

T
P̃0(f)P̃

∗

0 (f), (32)

where P̃0(f) is the Fourier transform of F0(t), (·)
∗ denotes the complex con-

jugate and T is the total time. If the path of rolling contact corresponds to
a distance L and the relative rolling rolling velocity U is constant, T = L/U .

An alternative is to compute the PSD Φ(k) of P0(x), x = Ut. This is
usually expressed as a function of the surface wave number k = 2π/λ, where
λ is the surface wavelength along the path of rolling contact. Thus, Φ(k) is
expressed in units squared per wave number. SPP (f) and Φ(k) are related
by

SPP (f) =
2π

U
Φ(

2πf

U
). (33)

The above relationship is useful, since Φ(k) provides a quantity that does
not depend on the relative rolling speed.

2.5 A Monte-Carlo simulation procedure

If the dynamic response is considered to be stationary, the obvious method
is to solve for the response in frequency domain, directly using SPP (f) as a
source of excitation. For problems that cannot be considered as stationary,
however, an alternative method is presented here, enabling a solution of the
response in time-domain.

If P0(t) can be computed along the complete path of rolling contact, a
natural course of action is to directly use this function for computing the
dynamic response directly. If it is not possible to compute P0(t) along the
complete path of rolling contact, however, a method to extrapolate P0(t) is
needed. It may also be that the statistical properties of the specific surface
topography used for obtaining P0(t) is considered to be representative for a
specific application of interest. Thus, rather than using the specific computed
P0(t), it is of more interest to generate a number of representative time-
dependent functions, say P j

0 (t), j = 1, . . . ,M , that have the same mean-
square distribution SPP (f) in frequency-domain as P0(t). A Monte-Carlo
procedure that accomplishes this task is described below.
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The object is to simulate a number of representative force time-histories
P j

0 (t), j = 1, . . . ,M , given the power spectral density SPP (f) of P0(t).
This is accomplished by assuming P j

0 (t) to consist of a sum of harmonic
functions [24] plus the mean value 〈P0〉 of P0(t):

P j
0 (t) =

K∑

k=1

ak sin(2πfkt+ φk) + 〈P0〉 . (34)

The phases φk, k = 1, . . . , K, are generated from a uniform random dis-
tribution [0, 2π], and the frequencies fk, k = 1, . . . , K, are obtained as

fk =
√

f̄kf̄k+1. Each frequency fk is thus assigned a corresponding interval
[
f̄k, f̄k+1

]
. The lowest and highest interval limits are selected as f̄1 = fmin

and f̄K+1 = fmax, where fmin and fmax are the lower and upper frequencies
of the complete frequency interval of interest. The remaining interval limits
f̄k, k = 2, . . . , K, are generated from a uniform random distribution over
[fmin, fmax]. The amplitudes in (34) are given by

ak =

√
∫ fk+1

fk

2SPP (f)df. (35)

Having generated P j
0 (t), j = 1, . . . ,M , the response computation is repeated

for each of these force time-histories. Thus, in response computation j the
contact-interaction model (20) is replaced by

F j
c (t) = P j

0 (t) + k0 · [w1(ξ1, t)− w2(ξ2, t)] + c0 · [ẇ1(ξ1, t)− ẇ2(ξ2, t)] . (36)

3 Summary of procedure

• Employ numerical contact-computation procedure outlined in Section
2.3.

– Obtain estimation of k0 and P0(t) = F0(t, dc(t)) + k0 · dc(t).

• Utilise the Monte-Carlo procedure in Section 2.5

– Generate representative time-histories P j
0 (t), j = 1, . . . ,M .

• Solve system (13) for the dynamic response.

– Use contact-interaction force F j
c (t), j = 1, . . . ,M defined in Equa-

tion (36).

– Solve for ż
j
1 and ż

j
2, j = 1, . . . ,M .

– An averaged spectrum of dynamic response is obtained by aver-
aging the resulting response spectra for j = 1, . . . ,M .
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4 Conclusions

A general linear contact-interaction model is derived. The relative-displacement
model [11] and the blocked-force model [15] are special cases of this model.
The equations of motion of two structures in rolling contact are formulated
and solved in time-domain, enabling a treatment of non-stationary dynamic
responses. Hence, the parameters of the linear contact-interaction model
have to be time-dependent. In many cases, it is not possible or meaning-
ful to obtain an exact detailed knowledge of the parameter variation along
the path of rolling contact, owing to the stochastic nature of the surface
roughness. It may also be that it is only possible to measure the surface to-
pography along a shorter part of the rolling contact path. The corresponding
power spectral density is usually a more significant quantity. Nevertheless,
to compute the non-stationary dynamic response, a method for generating
a representative time-varying quantity is required. Such a method is devel-
oped here. A Monte-Carlo formulation is applied to the estimated spectrum,
generating representative time-histories with the same spectral content. This
brings about a linear contact-interaction model in a form directly accessible
for a non-stationary response computation.
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